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Abstract. We consider real hypersurfaces M in complex projective space
equipped with both the Levi-Civita and generalized Tanaka—Webster
connections. Associated with the generalized Tanaka—Webster connec-
tion we can define a differential operator of first order. For any nonnull
real number k and any symmetric tensor field of type (1,1) B on M,
we can define a tensor field of type (1,2) on M, B(Tk), related to Lie de-
rivative and such a differential operator. We study symmetry and skew

symmetry of the tensor Agc ) associated with the shape operator A of
M.

Mathematics Subject Classification. 53C15, 53B25.

Keywords. kth g-Tanaka—Webster connection, complex projective space,
real hypersurface, shape operator, Lie derivatives.

1. Introduction

We will denote by CP™, m > 2, the complex projective space equipped
with the Kéhlerian structure (.J, g), J being the complex structure and g the
Fubini-Study metric with constant holomorphic sectional curvature 4. Take a
connected real hypersurface without boundary M in CP™ whose local normal
unit vector field is N. Take £ = —JN. Then £ is a tangent vector field to M
that we call the Reeb vector field (or the structure vector field) on M. For
any tangent vector field X on M, we write JX = ¢X +n(X)N, where ¢ X is
the tangent component of JX and n(X) = g(X,&). Then (¢,£,n,g) defines
on M an almost contact metric structure [1], where g is the induced metric
on M.

Takagi, see Refs. [5,8-10], classified homogeneous real hypersurfaces of
CP™ into six types. All of them are Hopf, that is, their structure vector
fields are principal (A¢ = «f, for a function o on M). Denote by D the
maximal holomorphic distribution on M: at any point p € M, D, = {X €
T,M|g(X,&,) = 0}. Kimura [5] proved that any Hopf real hypersurface M in
CP™ whose principal curvatures are constant belongs to Takagi’s list.
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The unique real hypersurfaces in CP™ with two distinct principal curva-
tures are geodesic hyperspheres of radius r, 0 < r < 7, see Ref. [2]. Their prin-
cipal curvatures are 2cot(2r) with eigenspace R[{] and cot(r) with eigenspace

D.

The canonical affine connection on a non-degenerate, pseudo-Hermitian
CR-manifold was defined, independently, by Tanaka [11], and Webster [13],
and it is known as the Tanaka—Webster connection. For contact metric man-
ifolds, Tanno [12] introduced a generalized Tanaka—Webster connection.

For a real hypersurface M of CP™ and any nonnull real number k, Cho,
see [3,4], generalized Tanno’s definition to the concept of kth generalized
Tanaka—Webster connection by

VY = VxV + g(pAX,Y)E — n(Y)$AX — kn(X)eY  (11)

for any X,Y tangent to M. Then the four elements of the almost contact
metric structure on M are parallel for this connection and if the shape oper-
ator of the real hypersurface satisfies A+ A¢p = 2k¢, the real hypersurface is
contact and the kth generalized Tanaka—Webster connection coincides with
the Tanaka—Webster connection.

We define the kth Cho operator on M associated with the tangent
vector field X by FFY = g(¢AX,Y)¢ — n(Y)pAX — kn(X)¢Y, for any
Y tangent to M. The torsion of the connection V®) g given by T7'*) (X,Y) =
F)((k)Y — F}(,k)X for any X,Y tangent to M. We also define the kth torsion
operator associated with the tangent vector field X by T)(f)Y =TH(X,Y)
for any Y tangent to M.

Let £ denote the Lie derivative on M. Then LxY = VxY — Vy X for
any X,Y tangent to M. On M we can also define a differential operator of
first order associated with the kth generalized Tanaka—Webster connection

by Eg];)Y = @()?)Y — @gf)X =LxY + T)((k)Y, for any X,Y tangent to M.

Let now B be a symmetric tensor of type (1,1) defined on M. We can as-
sociate with B a tensor field of type (1,2) B(Tk) by Bgc)(X7 Y)= [T)((k), BlY =
THBY — BTV, for any X,Y tangent to M.

Consider the condition L*) B = LB for some nonnull real number k.
This means that for any X,Y tangent to M (Cg?)B)Y = (LxB)Y. This is
equivalent to having B(Tk) =0.

Generalizing this we can consider that the tensor B(Tk) is symmetric, that
is, B¥ (X, V) = B¥(Y, X) for any X,Y tangent to M. This is equivalent
to have the following Codazzi-type condition

(8 -cx)B)Y = (£ - 2v) B) X (1.2)

for any X,Y tangent to M.

On the other hand, we can suppose that B(Tk) is skew symmetric, that
is, B;k) (X,Y) = _B;k) (Y, X), for any X, Y tangent to M. This is equivalent
to the following Killing-type condition:
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(£ - cx)B)y + (8 —£v) B) x =0 (1.3)

for any X,Y tangent to M.
In the particular case of B = A, the shape operator of M, in Ref. [7]
the first author proved non-existence of real hypersurfaces in CP™, m > 3,
satisfying L") A = LA, that is, Agc) = 0, for any nonnull real number k.
The purpose of the present paper is to study real hypersurfaces M in
CP™ such that the shape operator satisfies either (1.2) or (1.3). In fact, we
will obtain the following.

Theorem 1. There does not exist any real hypersurface M in CP™, m > 3,
such that, for some nonnull real number k, Agpk) s symmetric.

In the case of Agfc ) being skew symmetric, we have a very different
situation given by the

Theorem 2. Let M be a real hypersurface M in CP™, m > 3, and k a nonnull
real number. Then the tensor field Agc) 18 skew symmetric if and only if M

is locally congruent to a geodesic hypersphere of radius v, 0 < r < 3, such
that cot(r) = k.

2. Preliminaries

Throughout this paper, all manifolds, vector fields, etc., will be considered
of class C'*° unless otherwise stated. Let M be a connected real hypersurface
in CP™, m > 2, without boundary. Let N be a locally defined unit normal
vector field on M. Let V be the Levi-Civita connection on M and (J, g) the
Kéhlerian structure of CP™.

For any vector field X tangent to M, we write JX = ¢X +n(X)N, and
—JN =£. Then (¢,£,n,¢) is an almost contact metric structure on M, see
Ref. [1]. That is, we have

P*X = —X+4n(X)E, n(€)=1, g(¢X,¢Y)=g(X,Y)-n(X)n(Y) (2.1)
for any vectors X, Y tangent to M. From (2.1), we obtain

¢ =0, n(X)=g(X,§). (22)
From the parallelism of J, we get
(Vx9)Y =n(Y)AX — g(AX,Y)¢ (2.3)
and
Vx&=9pAX (2.4)

for any X,Y tangent to M, where A denotes the shape operator of the im-
mersion. As the ambient space has holomorphic sectional curvature 4, the
equation of Codazzi is given by

(VxA)Y = (Vy A)X = n(X)oY —n(Y)oX —29(¢X,Y)E (2.5)

for any tangent vector fields X,Y to M. We will call the maximal holomor-
phic distribution D on M to the following one: at any p € M, D, = {X €
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T,M|g(X,€p) = 0}. We will say that M is Hopf if £ is principal, that is,
A& = af for a certain function o on M.

In the sequel, we need the following result, which consists of a combi-
nation of the Lemmas 2.1, 2.2 and 2.4 in Ref. [6].

Theorem 2.1. If & is a principal curvature vector with corresponding principal
curvature «, this is locally constant and if X € D is principal with principal

curvature X\, then 2\ — a # 0 and ¢X is principal with principal curvature
al+2
2 —a”

3. Proof of Theorem 1

It M satisfies (1.2) for B = A, we get LAY — Lx AY — ALY + ALxY =
ng)AX —LyAX — Aﬁgf)X + ALy X for any X,Y tangent to M. Therefore,
we have FAY — FX — 24FPy +24FP x = FPAx — F)Y, for
any X,Y tangent to M. This yields
29(pAX, AY )€ — n(AY)pAX — kn(X)pAY — g(¢pA%Y, X)¢
+n(X)pA%Y + kn(AY)pX
—29(pAX,Y)AE + 20(Y)AGAX + 2kn(X)AdY + 2g(pAY, X) A€
—2n(X)ApAY — 2kn(Y)ApX
= —n(AX)PAY —kn(Y)pAX — g(pA*X,Y )¢
+n(Y)pA*X + kn(AX)pY
(3.1)
for any X,Y tangent to M. If we suppose that X, Y € D, (3.1) becomes
29(¢pAX, AY )¢ — n(AY)pAX — g(¢pA?Y, X)& + kn(AY)pX
—29(pAX,Y) AL + 29(pAY, X )AL
= —n(AX)pAY — g(pA*X,Y)E + kn(AX)pY (3:2)
for any X, Y € D. If M is Hopf, that is A{ = a&, then (3.2) gives 2¢g(pAX,
AY )€ — g(pA%Y, X)E — 2a9(pAX, Y )E + 2ag(pAY, X )€ = —g(pA* X, Y)E for
any X,Y € . This yields 240AX + A20X — 200AX — 20A¢pX = —pA%2X
for any X € . Let us suppose that X € D satisfies AX = AX. From
Theorem 2.1, we have ApX = pupX with pu = g;js Therefore, we obtain
20 + 2 — 2a(X + p) + A2 = 0. That is, (A + p)(A + . — 2a) = 0.
IfA+p=0,as p=2+2 we obtain 22’;2_"’0(2 = 0. This yields A2 +1 = 0,
which is impossible.
If A+ u = 2o, we should have A2 — 2aX + o® + 1 = 0. This gives
A = «a + v/—1, which is also impossible. Thus, our real hypersurface must
be non-Hopf. This means that £ is not principal. Therefore, we can write
A& = af + BU at least on a neighborhood of a point of M, where U is a
unit vector field in D and § a nonvanishing function on such a neighborhood.
From now on, we will denote Dy = {X € D|g(X,U) = g(X,¢U) = 0} and
make the calculations on that neighborhood. Then (3.2) becomes

29(¢AX, AY )¢ — Bg(Y,U)pAX — g(pA?Y, X)& + kBg(Y,U)pX
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—29(pAX,Y) AL + 29(pAY, X) AL
= —B9(X,U)pAY — g(¢pA>X,Y)¢ + kBg(X,U)pY (33)
for any X,Y € D. The scalar product of (3.3) and ¢U yields —8g(Y,U)g(AX,
U) + kBg(Y,U)g(X,U) = —Bg(X,U)g(AY,U) + kg(X,U)g(Y,U), for any
X, Y € D. As 3 # 0, we obtain
9(Y,U)g(AX,U) = g(X,U)g(AY,U) (3.4)
forany X,Y € D. If in (3.4) we take X = U, Y € Dy we obtain g(AU,Y) =0
for any Y € Dy, and if we take X = U, Y = ¢U we get g(AU,¢U) = 0.
Therefore, we have
AU = BE+~U (3.5)
for a certain function ~.
The scalar product of (3.3) and U yields —3¢(Y,U)g(¢pAX,U) + kg
(Y, U)g(oX,U) — 289(pAX.Y) + 2Bg(¢pAY, X) = —B9(X,U)g(¢AY,U) +
kBg(X,U)g(¢Y,U), for any X,Y € D. If Y = U it follows —Bg(¢pAX,U) +
kBg(pX,U) — 20g(¢AX,U) + 28g(pAU, X) = 0 for any X € D. That is,
39(AgU, X) — kg(oU, X) 4+ 2vg(¢U, X ) = 0. Therefore,
k — 2y
3
Take now X =&, Y € D in (3.1). We obtain
2B9(ASU, Y — B(AY)GU — kGAY + 6A°Y — 2B9(0U, V) A + 2k AGY
—2A0AY = —adAY + afg(U, $Y)E + Bg(AU, oY )€ + kadY  (3.7)
for any Y € D. Its scalar product with £ gives, being 8 # 0, 2g(A¢U,Y) —

2ag9(U,Y) + 2kg(¢Y,U) — 29(¢AY,U) = ag(U,¢Y) + vg(U, ¢Y), for any
Y € D. Therefore, we have 449U = («a + 2k — 7v)¢U, which is equivalent to

a+2k—~
4

ApU = oU. (3.6)

ApU = oU. (3.8)

From (3.6) and (3.8), it follows
3a+ 2k + 57 = 0. (3.9)

If we take Y = U in (3.7), it follows — 329U — koAU + pA?U + 2k ApU —
2ApAU = —adAU + kaogU. That is, —3% — ky + 62 + 2 + 2ky' — 29+ =
—ay+ka, where v/ = %’M. This yields 72— (27 —a+k)y+k(2y —a) = 0.

Therefore, v = 2 otk VQ(QVI_a_k)Q. From this, either v = k or v = 27 — ..

Suppose now X,Y € Dy. Then (3.2) yields 29(¢pAX, AY)E—g(pA%Y, X)
£—29(pAX,Y)AE+2g(pAY, X) AL = —g(pA%Y, X)E. Tts scalar product with
U gives —28¢g(¢pAX,Y)+208g(¢AY, X) = 0. Then g((¢A+ Ap)X,Y) =0 for
any X,Y € Dy. This implies that (¢pA + A¢)X = 0 for any X € Dy. If we
suppose that AX = AX we obtain that A¢pX = —A¢X. If we take such an
X in (3.7) we get —kdAX + pA2X +2kApX —2A9pAX = —apAX +kagX.
Therefore, —kA+A2—2kA+2)%2 = —aA+ka. This yields 3\%2— (3k—a)\—ka =

(A —k)(A+ 2) = 0. Thus, either A = k or A = —2.
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From (3.6) and (3.9) if v = k, a constant, v/ = —g is constant and

a = —% is also constant. Furthermore, all principal curvatures on Dy are
also constant.

Ifvy =2y —-a = — «, we obtain 3y = 2k — 4y — 3a. Then
2k — 7y —3a = 0 and from (3.9) 4k — 2y = 0. This yields v = 2k is constant,
a = —4k and 7/ = —Fk are also constant. As above, all principal curvatures
in Dy are constant.

Take a unit X € Dy such that AX = AX. The Codazzi equation gives
(VxA) — (VeA)X = —¢X. That is, Vx(af + pU) — ApAX — V(AX) +
AVeX = —¢X. Therefore, aAdX + X(B)U + BVxU + A\2¢pX — AV X +
AVeX = —¢X. If we take ¢X instead of X, we have similarly aAX +
(6X)(B)U + BV xU — XX +AVpX + AV X = X. In both cases, taking

the scalar product with £, we have
9(VeX,U) = (VedX,U) = 0. (3.10)
The scalar product with U of the expression for X yields X(5) —
Ag(VeX,U)+g(VeX, BE+~U) = 0 In the case of ¢X we obtain (¢.X)(5) +

Ag(VepX,U) + g(VepX, BE +~+U) = 0. Bearing in mind (3.10), we conclude
that

2k—4~

Z(B)=0 (3.11)
for any Z € D.
On the other hand, we have (V 4y A)§—(VeA)pU = U. That is, V4u (aé+
BU) — ApAGU — Ve(y'¢U) + AVedU = U. This implies
abAGU + BV 50U + (U (B)U +~ AU — ' VedU + AVeoU = U.  (3.12)
Its scalar product with ¢ gives Bg(AoU,oU) + By + v'g(A&,U) + g
(VeoU,a + U) = 0. That is, 387 — af + Bg(VepU,U) = 0. Therefore,
9(VedU,U) = -39 + a. (3.13)
The scalar product of (3.12) with U gives —ag(A¢U, ¢U) + (pU)
(B) + 97 = 9'9(VedU,U) + g(VepU, BE +4U) = 1. From (3.13) this yields
—ay' + (oU)(B) + 77 — 7' (=37 + a) — 3% — 37y + ary = 1. Thus, we obtain
(@U)(B) =1+ 20y + 297 — 372 + 5% — a. (3.14)
Now (VyA) — (VeA)U = —¢U implies
apAU +U(B)U + VU — vy ¢U — E(B)E — BHAE —yVeU + AVU = —oU.
(3.15)

Its scalar product with & gives —Bg(U, oAU )—&£(8)+v9(U, pAE)+g(VeU, ab+
BU) = 0. From this we have

£(9) = 0. (3.16)
The scalar product of (3.15) with U yields U(8) +g(VeU, 8¢ +~U) = 0.
This gives
U(B) =0. (3.17)
From (3.11), (3.14), (3.16) and (3.17) we obtain

grad(B) = (8% + 1+ 207y + 2vy — 37"? — ay)oU. (3.18)
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We will call w = %2 + 1+ 20y + 29y — 372 — ay. We know that
g(Vxgrad(B),Y) = g(Vygrad(f), X) for any X, Y tangent to M. In our case
we have X (w)g(¢U,Y) +wg(VxoU,Y) =Y (w)g(oU, X) + wg(Vy U, X). If
we take X = ¢, from (3.16) and the fact that the all the elements differ-
ent from [ appearing in w are constant, we have {(w) = 0. Thus, we get
—wg(U, AY) = wg(VeoU,Y) for any Y tangent to M. Taking now ¥ = U
, bearing in mind (3.13) we arrive to —wy = w(—37 + «). If we suppose
w# 01t follows —y = =3y +a. lfy =k, 7' = 7% and o = f%’“. Therefore,
—k=k— %’“ implies k& = 0, which is impossible. In the other possible case
v = —k,v =2k and o = —4k. Then —2k = 3k—4k gives also a contradiction.

Thus, we have proved that w = 0. Then 142ay'+2vy' =372 —ay+32 =
0.If vy =4k, v =—% and @ = =T, This yields 2 + 1+ 3k? = 0, which is
impossible. Then v = 2k, a = —4k and 7/ = —k. Thus 32 +9k? +1 = 0, also
impossible, and we have finished the proof. O

4. Proof of Theorem 2

If M satisfies (1.3) for B = A and any X,Y tangent to M we obtain
—(AY)PAX — kn(X)pAY — g(pA?Y, X)€ + n(X)pA*Y + kn(AY)pX
—n(AX)pAY — kn(Y)pAX — g(pA2X,Y)E +n(Y)pA?X + kn(AX)pY = 0.

(4.1)
for any X,Y tangent to M. If XY € D (4.1) becomes
—n(AY)PAX — g(¢A%Y, X)€ + kn(AY )X — n(AX)pAY
—9(¢pA’X, Y )€ + kn(AX)¢Y =0
for any X, Y € D. If in (4.1) we take X =&, Y € D, we obtain
— DAY )AL — kGAY + GAZY — n(AQ)DAY — g($AZE,Y)E + kn(A§)¢Y(: ())
4.3

(4.2)

for any Y € D.

Let us suppose that M is Hopf and A¢ = «f. From (4.2) we obtain
—g(pA%Y, X)¢ — g(¢pA%2X,Y )¢ = 0 for any X,Y € D. Therefore, A2¢X =
$A%X for any X € D. If X € D satisfies AX = AX, we know that A¢pX =
wpX with p = % Thus, we have A\? = ;2 and either A =y or = —\.

If 2042 — X we obtain aA 4+ 2 = —2A2? + Aa. This implies A + 1 =0,
which is impossible. Therefore, A = p. Taking such a Y in (4.3), we have
—kpAY +pA%Y —apAY +EkapY = 0. That is, —kA+ A2 —aX+ka = 0. This
gives A2 — (a+ k)X +ka = (A —k)(A —«a) = 0, and the possible solutions are
either A = k or A = a. Then M has two distinct constant principal curvatures
and from Ref. [2] M must be locally congruent to a geodesic hypersphere
whose principal curvature on D is cot(r) = k.

If M is non-Hopf, as in the previous section, we write A = & 4 BU,
with the same conditions. From (4.2), it follows

—Bg(U.Y)$AX — g(¢A%Y, X)€ + kBg(U.Y )X
—Bg(U, X)pAY — g(¢A*X,Y )€ + kBg(U, X )oY =0

for any X,Y € D. Its scalar product with U yields

(4.4)
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B9(U,Y)g(A¢U, X) — kBg(U,Y)g(oU, X) + Bg(U, X)g(AsU,Y')
_kﬁg(U7X)g(¢U’ Y) =0

for any X,Y € D. If in (4.5) we take X € Dy, Bg(U,Y)g(AoU, X) = 0. As
8 #0,ifY = U we obtain g(A¢U, X) = 0 for any X € Dy. If in (4.5) we take
X =Y =U we have 208g(A¢U,U) = 0. This implies g(AoU,U) = 0. Finally,
taking Y = ¢U in (4.5) we get Bg(U, X)g(AoU, ¢U) — kBg(U, X) = 0 for any
X €D. For X = U we obtain g(A¢U, ¢U) = k. Therefore, we have seen that

ApU = koU. (4.6)

The scalar product of (4.4) and ¢U gives —8¢(Y,U)g(AU, X) + kBg
(U, Y)g(U, X)—Bg(U, X)g(AU,Y)+kBg(U, X)g(U,Y) = 0 for any X,Y € D.
Taking X =Y = U we have —28¢g(AU,U) + 2k = 0 and then g(AU,U) = k.
On the other hand, (4.3) yields —32¢(Y,U)pU — k¢ AY + ¢pA%Y — agpAY +
ag(AE, oY)E + Bg(AU, oY )€ + kagY = 0 for any Y € D. Its scalar product
with £ implies

(4.5)

ag(Ag, ¢Y) + Bg(AU, ¢Y) = 0 (4.7)
forany Y e D. f Y = ¢X, X € Dy, we obtain Sg(AU, X) = 0 for any
X €Dy and if Y = ¢U in (4.7) it follows —af8 — Bg(AU,U) = 0. Therefore,
g(AU,U) = —a and we get

a=—k (4.8)
and
AU = €+ kU. (4.9)

Let X,Y € Dy. From (4.4) we have —g(¢A%Y, X) — g(¢A%2X,Y) = 0.
From (4.6) and (4.9) Dy is A-invariant and we obtain ¢pA2X = A%¢X for any
X € Dy. Let us suppose that Y € Dy satisfies AY = AY. From (4.3) we get
—kAGY +A20Y —adY +kaoY = 0. From (4.8) it follows A2¢Y — k2¢Y = 0.
Thus, A% = k2 and ) is constant.

For such a Y € Dy the Codazzi equation gives (VyA){ — (VLAY =
—oY . Therefore, Vy (—ké + BU) — ApAY — V¢ (A\Y) + AV:Y = —¢Y. Then
—kpAY + Y (B)U + fVyU — ApAY — AV Y + AV:Y = —¢Y. Its scalar
product with U yields Y (8) — Ag(V¢Y,U) + g(V¢Y, 8§ + kU) = 0 and

Y(B) = (AN—k)g(VeY,U). (4.10)

On the other hand, (VyA)U — (VyA)Y = 0. From this we obtain
Vy (B + kU) — AVyU — Vi (AY) + AVyY = 0. That is, Y (3)¢ + BpAY +
kVyU — AVyU — AVyY + AVyY = 0. Its scalar product with £ gives
Y(B) = kg(U,pAY) — g(VyU,a€) + Ag(Y,0AU) + g(VuY,af + BU) = 0.
Then

Y(3) = —Bg9(VuY,U). (4.11)

Its scalar product with U implies —g(Vy U, 3¢) = Ag(VuY,U)+g(ViY,
B¢ + kU) = 0. This yields (A — k)g(VyU,Y) = 0. If ¢(VyY,U) = 0 from
(4.11) we get Y(8) = 0. If g(VyY,U) # 0, A = k and from (4.10) again

Y(B)=0 (4.12)

for any Y € Dy.
Moreover (Vi A)¢ — (Ve A)U = —¢U implies Vy (—kE+ BU) — ApAU —
Ve(€ + kU) + AVeU = —6U. Then —k¢AU + U(B)U + SVyU — AAU —
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E(B)E — BPAE — kV U + AVU = —¢U and its scalar product with & gives
—Bg(U, 9AU) = &(B) + kg(U, pAS) + g(VeU, o + BU) = 0. Therefore,

&3 =0 (4.13)
and its scalar product with U yields U(8) + g(V¢U, 8¢) = 0. That is
U(B) = 0. (4.14)

Now we develop (Vg A)é — (VeA)pU = U. Then Vyy(—k€ + BU) —
APpAPU — V¢ (koU) + AVepU = U that implies —kpAoU + (¢U)(B)U +
BV ouU — ApAPU — kV U + AV U = U. Its scalar product with U yields

(6U)(8) = 1+ B° — 2k>. (4.15)

Tts scalar product with & gives Sg(AoU, oU) + Bg(AoU, ¢U) + kg(oU,
PAE) + g(VeoU, —k& + BU) = 0. Therefore,

9(VedU,U) = —4k (4.16)

and
grad(f) = woU (4.17)
where w = 1 + (32 — 2k?. Now, as in previous section, g(Vx(woU),Y) =
g(Vy (weU), X) for any X,Y tangent to M. This yields X (w)g(¢U,Y) +
wg(VxoU,Y) =Y (w)g(oU, X) +wg(Vy U, X). If X =& we get wg(VeoU,
Y) = wg(VyoU,&) = —wg(oU, pAY) = —wg(U, AY). Take Y = U. Then
wg(VepU,U) — kw. This and (4.16) give w = 0 and, therefore, § is constant
and equals 2k? — 1.
Now (Vi A)pU — (Vg AU = —2€. Then Vi (kéU)— AV dU —V opr (5€+
kU) + AVypU = —2€, that is, kVyoU — AVyoU — BoAdU — kV oy U +
AV4pU = —2¢€. If we take its scalar product with U we obtain 3k5 = 0,
which is impossible and finishes the proof. O
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