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Abstract

The aim of this paper is to study the numerical index with respect to an operator between
Banach spaces. Given Banach spaces X and Y, and a norm-one operator G € L(X,Y) (the
space of all bounded linear operators from X to Y), the numerical index with respect to G,
ne(X,Y), is the greatest constant k > 0 such that

FIT| < inf sup{ly”(Tz)|: y" € Y7, @ € X, |ly"|| = l|lz]| = 1, Rey™(Gz) > 1 -6}

for every T € L(X,Y). Equivalently, ng(X,Y) is the greatest constant k& > 0 such that
max |G +wTl| > 1+ k| T|
w|=

for all T € L(X,Y). Here, we first provide some tools to study the numerical index with respect
to G. Next, we present some results on the set N'(£(X,Y")) of the values of the numerical indices
with respect to all norm-one operators in £(X,Y). For instance, N (£(X,Y)) = {0} when X
or Y is a real Hilbert space of dimension greater than 1 and also when X or Y is the space of
bounded or compact operators on an infinite-dimensional real Hilbert space. In the real case

N(L(X, £p)) € [0, Mp] and  N(L(¢y,Y)) C [0, M,]

[P~ —t]

for 1 < p < oo and for all real Banach spaces X and Y, where M, = supyc(o1) "5
For complex Hilbert spaces Hi, H> of dimension greater than 1, N (L(H1, H2)) C {0,1/2}
and the value 1/2 is taken if and only if H; and H2 are isometrically isomorphic. Moreover,
N(L(X,H)) C [0,1/2] and N(L(H,Y)) C [0,1/2] when H is a complex infinite-dimensional
Hilbert space and X and Y are arbitrary complex Banach spaces. Also, N'(L(L1(u1), L1(u2))) C
{0,1} and N (L(Loo (1), Loo(p2))) C {0,1} for arbitrary o-finite measures p1 and ps2, in both
the real and the complex cases. Also, we show that the Lipschitz numerical range of Lipschitz
maps from a Banach space to itself can be viewed as the numerical range of convenient bounded
linear operators with respect to a bounded linear operator. Further, we provide some results
which show the behaviour of the value of the numerical index when we apply some Banach space
operations, such as constructing diagonal operators between co-, £1-, or £s-sums of Banach
spaces, composition operators on some vector-valued function spaces, taking the adjoint to an
operator, and composition of operators.
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1. Introduction

The study of isometric properties of the space £(X,Y") of all bounded linear operators
between two Banach spaces X and Y and their impact on the domain and range spaces
is a traditional subject of Banach space theory, and it remains to be an active area of
research. For instance, in the second part of the twentieth century there were a number
of results [B, 22, 40} [47), 48] 49, 50] on the structure of extreme points of the unit ball
of £L(X,Y) (sometimes known as extreme operators or extreme contractions), but the
subject attracts researchers until now, see for instance [10, 111 [32] 411 [46] and references
therein. When X = Y, the space £(X) := L(X,X) is a Banach algebra with unit Id
(or Idx if it is necessary to mention), and there are many deep results in this case (see,
for instance, the classical references [42, [45]). The starting point of all these results is
a celebrated result of 1955 by Bohnenblust and Karlin [6] which related the geometric
and the algebraic properties of the unit. To state their result, they introduce and study
a numerical range of elements of a unital algebra which generalized the classical Toeplitz
numerical range of operators on Hilbert spaces from 1918. Let us state here an extension
of this numerical range, which implicitly appeared in Bohnenblust—Karlin paper, and
which was introduced in the 1985 paper [39]. We refer the reader to the classical books
[7, 8] by Bonsall and Duncan, and to the recent book [9], Sections 2.1 and 2.9] for more
information and background. Given a Banach space Z, we write Bz and Sz to denote the
closed unit ball and the unit sphere of Z, respectively. If © € Z is a norm-one element,
the (abstract) numerical range of z € Z with respect to (Z,u) is given by

V(Z,u,z) :=={¢(2): ¢ € F(Bz~,u)},
where Z* denotes the topological dual of Z and
F(Bz«,u) :=={¢ € Sz+: ¢(u) =1}

is the face of Bz~ generated by u € Sz (also known as the set of states of Z relative to u).
Let us mention that when Z = A is a unital Banach algebra and u is the unit of A, then
V(A,u,a) is the algebra numerical range of the element a € A. The well-known formula

-1
supReV(Z,u,z) = lim flutazf =1

a—0t o

(see Lemma|2.2)) connects the geometry of the space Z around u with the numerical range
with respect to (Z,u). The numerical radius of z € Z with respect to (Z,u) is

v(Z,u,z) :=sup{|\|: A € V(Z,u,z)},

(6]
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which is obviously a seminorm on Z satisfying v(Z, u, z) < ||z|| for every z € Z. Sometimes
the numerical radius is an equivalent norm on Z. The constant

n(Z,u) == inf{v(Z,u,2): z € Sz} = max{k > 0: k|z|| <v(Z,u,2) Vz € Z}

clearly measures this fact quantitatively. This constant is called the (abstract) numerical
index of (Z,u) or the numerical index of Z with respect to u. Clearly, 0 < n(Z,u) < 1 and
n(Z,u) > 0 if and only if v(Z, u,-) is an equivalent norm on Z (and this is equivalent to
the fact that u is a geometrically unitary element of By, see the beginning of Chapter [2)).
When n(Z,u) = 0, it is possible that v(Z,u, ) is not a norm, or that v(Z, u,-) is a non-
equivalent norm on Z (and in this case, u is a vertex of Bz which is not a geometrically
unitary element, see also the beginning of Chapter . The value n(Z,u) = 1 means
that the numerical radius with respect to (Z,u) coincides with the given norm of Z
(and in this case, we say that u is a spear element of Z, see Proposition and the
paragraph after it for some equivalent formulations). With this language in mind, the
announced result of Bohnenblust and Karlin states that unitary elements of a unital
complex algebra A (a purely algebraic concept) are geometrically unitary elements of A
(a purely geometric concept), actually n(A,u) > 1/e if u is a unitary element of the
complex Banach algebra A, see [9, Corollary 2.1.21]|. This is no longer true in the real
case as, for instance, the identity is not even a vertex of L(H) when H is any real Hilbert
space of dimension greater than 1. Nevertheless, by numerical range arguments, the unit of
a unital real Banach algebra is a strongly extreme point (see [9, Corollary 2.1.42] and [25]
for a quantitative version). For (complex) C*-algebras, the concepts of unitary element
and geometrically unitary element coincide (see [9, Theorem 2.1.27] for the details). Let
us also comment that the study of the algebra numerical range was crucial to state very
important results in the theory of Banach algebras such as Vidav’s characterization of C*-
algebras (see [7] or [9]). More recently, geometric characterizations of algebraic properties
of elements of C*-algebras have been given by Akeman and Weaver [2], some of which can
be expressed in terms of the numerical ranges (see [43]). Let us observe that geometrically
unitary elements (and even vertices) of the unit ball of a Banach space are extreme points
of the unit ball (see Lemma for instance) so, when non-zero, the abstract numerical
index measures “how extreme” a point of the unit ball of a Banach space is. Finally, let
us recall that the concept of numerical range (and so the ones of numerical radius and
numerical index) depends on the base field, as for a complex Banach space Z and a norm-
one element u € Z, V(Zg,u,z) = ReV(Z,u, z), where Zg is the real space underlying
the space Z and Re represents the real part function.

Let us now return to our aim of studying the geometry of £(X,Y) around a norm-one
operator GG. For this to be done, we introduce the numerical range with respect to G. If
X and Y are Banach spaces and G € £(X,Y) is a norm-one operator, we consider the
numerical range of T € L(X,Y") with respect to G, which is the set

VIL(X,Y), G T) ={p(T): ¢ € LIX,Y)", |9 = o(G) =1}
Analogously, we may consider the corresponding numerical radius with respect to G:

v(L(X,Y),G,T)=sup{|A\|: e V(L(X,Y),G,T)} (T e€L(X,Y)),
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and the numerical index of (L(X,Y), G) (or the numerical index of £(X,Y") with respect
to G):

ne(X,Y) = n(L(X,Y),G) = nf{v(L(X,Y),G,T): T € L(X,Y), |T| = 1}.

This will be the central concept of study in this paper. Note that ng(X,Y) is the greatest
constant k > 0 such that

max G+ wT || > 1+ K|7]
wl=

for every T € L(X,Y') (see Proposition[3.3). The case k = 1 in the inequality above gives
the concept of spear operator, introduced in [3] and deeply studied in [26].

Usually, when one deals with the geometry of spaces of operators, it is convenient
to have tools which allow to describe this geometry in terms of the geometry of the
domain and range spaces, allowing us to work on these spaces and not on the whole
space of operators and, even more, on its wild dual space. In the case of the numerical
range of operators on a Banach space (with respect to the identity operator), this tool
is the “spatial” version of the numerical range. For a Banach space X and T € £(X),
the spatial numerical range of T' was introduced by Bauer (and in a somehow equivalent
reformulation by Lumer) in the 1960s (see [7] for instance) as the set

(1.1) W(T) :={a*(Tx): z* € Sx«, x € Sx, z*(x) = 1},

which is the direct extension of Toeplitz’s numerical range of operators on Hilbert spaces.
There is a straightforward inclusion W (T') C V(£(X),Id, T) and, actually, one has

come(W(T)) = V(£(X),1d,T)

for every T' € L(X) (see [9, Proposition 2.1.31], for instance). Hence, the spatial numerical
radius v(T) of an operator T' € L(X) coincides with the numerical radius with respect
to Id, that is,

v(T) :=sup{|A|: A €e W(T)} = v(L(X),1d,T).

Therefore, the same happens with the corresponding numerical index:
n(X) :=inf{v(T): T € L(X), ||T| = 1} = n(L(X),1d).

With this tool it has been possible to construct an example of a Banach space X such
that the identity operator is a vertex but not a geometrically unitary element (see [9]
Proposition 2.1.39] for instance). For a detailed study of the Banach space numerical
index, we refer the reader to the expository paper [27] and to Subsection 1.1 of the very
recent paper [28§].

When dealing with a general operator G € £(X,Y), it is not possible to get a spatial
numerical range with respect to G with a formula analogous to . Indeed, for the set

{(xay*): T e SXa y* S SY*v y*(GCL’) = 1}

to be non-empty, we need the operator G to attain its norm; but even in the case of G
being an inclusion operator, the above set is not always representative (see [34]). Nev-
ertheless, there is an “approximate spatial” numerical range with respect to an operator
recently introduced by Ardalani [3] which does the job. Given two Banach spaces X
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and Y and a norm-one operator G € L(X,Y), the approzimate spatial numerical range
of T € L(X,Y) with respect to G is the set

Va(T) == () {y*(T2): y* € Sy-, = € Sx, Rey*(Gz) > 1 — 4}
6>0

It was shown in [3], using the Bishop—Phelps—Bollobas theorem, that Viq(T) = W(T) for
every T € L(X) and every Banach space X, so both numerical ranges produce the same

associated numerical radii. Moreover, the equality
(1.2) conv(Ve(T)) =V(L(X,Y),G,T)

holds [33 Theorem 2.1] for all Banach spaces X, Y and all operators G,T € L(X,Y).
Consequently,

va(T) = }r;%sup{\y*(Txﬂ: y* € Sy, x € Sx, Rey™(Gz) > 1 -0} =v(L(X,Y),G,T),

and
ng(X,Y) =inf{vg(T): T € L(X,Y), |T| =1} =n(L(X,Y),G).

This provides a “spatial” way to deal with the numerical radius and the numerical index
with respect to an arbitrary operator, which is especially interesting when we work in
concrete Banach spaces and when we study the behaviour of these concepts with respect
to Banach space operations on the domain and range spaces.

The aim of this paper is to present a number of results on the numerical indices
with respect to operators. Let us detail the content of the paper. First, we finish this
introduction with a short section containing the needed terminology and notation. Next,
we provide in Chapter [2] some basic results on abstract numerical index. Some of the
results were previously known, but some others are new. Among the new ones, we may
stress the fact that the set {u € Sz: n(Z,u) > 0} is countable (i.e. finite or infinite and
countable) when Z is a finite-dimensional real space, and we provide some estimations on
the sum of the values n(Z,u) with varying u € Sz. On the other hand, for every subset
A C [0,1] containing 0, we show that there is a (real or complex) Banach space Z such
that {n(Z,u): u € Sz} = A. Moreover, an extension of the formula is given, which
provides some useful ways to calculate numerical radii with respect to operators. Next,
we particularize these results to numerical indices with respect to operators and also give
some more important tools in Chapter 3] Namely, we show that the numerical index with
respect to an operator always dominates the numerical index with respect to its adjoint,
we calculate the value of the numerical index with respect to a rank-one operator and we
show some estimations of the numerical index with respect to an operator in terms of the
numerical radii of operators on the domain space or on the range space. In Chapter [ we
provide results on the set of values of the numerical indices with respect to all norm-one
operators between two fixed Banach spaces, that is, on the set

N(L(X,Y)) = {ne(X,Y): G e L(X,Y), |G| =1}

for given Banach spaces X and Y (this notation is coherent with the one that we will
introduce at the beginning of Section [2.2] for the abstract numerical index). For example,
0 € N(L(X,Y)) unless both X and Y are one-dimensional, and the set N'(L(X,Y)) is
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countable if X and Y are finite-dimensional real spaces. In addition, for a real Hilbert
space H with dim(H) > 2 one has

N(L(X, H)) = N(L(H,Y)) = {0}

for all Banach spaces X and Y. The role of the space H can also be played by some non-
Hilbertian real Banach spaces like £(H) where H is an infinite-dimensional real Hilbert
space. Estimations of the numerical indices with respect to operators whose domain or
range is a real space ¢, are also given: for 1 < p < oo,

N(L(X, £p)) € [0, Mp]  and N(L(Lp,Y)) € [0, M,]

for all real Banach spaces X and Y, where M, = SUP;e(o,1] % For complex Hilbert
spaces Hy, Hs of dimension greater than 1, N'(L(Hy, H2)) C {0,1/2} and the value 1/2
is taken if and only if H; and Hs are isometrically isomorphic. Moreover, N'(L(X, H)) C
[0,1/2] and N (L(H,Y)) C [0,1/2] when H is a complex infinite-dimensional Hilbert

space and X and Y are arbitrary complex Banach spaces. Also

for many families of Hausdorff topological compact spaces K7 and Ks, both in the real
and the complex cases. As a consequence, we demonstrate the inclusions

N(L(Loo(pt1), Leo(p12))) €{0,1} and  N(L(L1(p1), L1(p2))) € {0,1}

for all o-finite positive measures pq and pus.

In Chapter [5] we use the tools presented in Chapter [3] to prove that the concept of
Lipschitz numerical range introduced in [51}, [52] for Lipschitz self-maps of a Banach space
can be viewed as a particular case of numerical range with respect to a linear operator
between two different Banach spaces.

Finally, we collect in Chapter [6] some results which show the behaviour of the value
of the numerical index when we apply some Banach space operations. For instance, the
numerical index of a cg-, £1- or £s-sum of Banach spaces with respect to a direct sum
of norm-one operators in the corresponding spaces coincides with the infimum of the nu-
merical indices of corresponding summands. As a consequence, we show the existence of
real and complex Banach spaces X for which N'(£(X)) = [0, 1]. We also show that a com-
position operator between spaces of vector-valued continuous, integrable, or essentially
bounded functions produces the same numerical index as the original operator. Next, we
provide two independent conditions ensuring that the numerical index with respect to
an operator and the numerical index with respect to its adjoint coincide: that the range
space is L-embedded or that the operator is rank-one. Finally, we discuss some results on
the value of the numerical index with respect to a composition of two operators, and then
we show how to extend the domain of an operator retaining the value of the numerical
index, and an analogous result for the codomain. In particular, the results of the chapter
allow us to solve Problem 9.14 of [26].

1.1. Notation and terminology. By K we denote the scalar field (R or C), and we
use the standard notation T := {A € K: |A| = 1} for its unit sphere. We use the letters
X, Y, Z for Banach spaces over K and by a subspace we always mean a closed subspace.
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In some cases, we have to distinguish between the real and the complex case, but for
most results this difference is insignificant. We write Jx : X — X** to denote the natural
isometric inclusion of X into its bidual X**. Given a subset C of X we denote by conv(C')
and aconv(C) the convex hull and the absolutely convex hull of C, respectively.

Let T' be a non-empty index set, and {X,: vy € I'} be a collection of Banach spaces.

We write
x] @], (@,
Dx] . [Bx],. [,
AEA AEA AEA
to denote, respectively, the cg-, £1-, and £o-sum of the family. If F is R™ endowed with

an absolute norm |- |g and X1, ..., X,, are Banach spaces, we write X = [X;®---®X,,|p
to denote the product space X; x --- x X,, endowed with the norm

1@,y za)ll = [(lzall, - lzal)]
forall z; € X;,i=1,...,n.

Given 1 < p < 0o and a non-empty set I', we write £,(I") to denote the L,-space asso-
ciated to the counting measure on I'. For n € N, we just write £} to denote £,({1,...,n}).
Given a Banach space X, a compact Hausdorff topological space K, and a o-finite mea-
sure space (2, %, 1), we write C(K, X), L1 (u, X), and Lo (pt, X) to denote, respectively,
the spaces of continuous functions from K to X, (classes of) Bochner-integrable func-

tions from Q to X, and (classes of ) strongly measurable and essentially bounded functions
from Q to X.



2. Some old and new results on abstract numerical index

Our aim here is to collect a few basic facts about the abstract numerical range, some of
which seem to be new. We start by recalling some related definitions which were already
mentioned in the introduction.

DEFINITION 2.1. Let Z be a Banach space and let u € Sz.

(a) We say that u is a vertex of By if F(Bz+,u) separates the points of Z (i.e. for every
z € Z\ {0}, there is ¢ € F(Bz«,u) such that ¢(z) # 0). This is clearly equivalent to
the fact that v(Z,u,2) =0 for z € Z implies z = 0.

(b) We say that u is a geometrically unitary element of By if the linear span of F(Bz«, u)
is equal to the whole Z*. It is known (see [9, Theorem 2.1.17]) that u is a geometrically
unitary element if and only if n(Z,u) > 0.

We refer the reader to the already cited book [9], and to the papers [4] 19} 21, [43] for
more information and background on these concepts.

2.1. A few known elementary results. First, we present some known results on
abstract numerical index which we will use throughout the paper. They are elementary
and come from many sources, but we use the recent monograph [9] as reference for them
for the convenience of the reader.

The first result allows us to relate the numerical range to a directional derivative.

LEMMA 2.2. Let Z be a Banach space and let uw € Sz. Then

tz|| — 1
maxReV(Z,u,z) = lim Itz =1

t—0t t
for every z € Z. Therefore,
toz|| — 1 t02l — 1
U(Z,U7 Z) — max lim M = lim max M
bt t=07 t t—0+ 6T ¢

The first part of the above lemma is folklore and can be found in [9, Proposition 2.1.5].
The first equality for the numerical radius is an immediate consequence, and the second
equality follows routinely from the compactness of T. Indeed, let {¢,},cn be a sequence
of positive scalars converging to 0 and for each n € N, take 6,, € T such that

lu+t,0z]| —1 Jlu+t,Onz||—1
max = )
6T tn ty

Extract a subsequence {0, () }nen which is convergent to, say, 6y € T. Then

|+ tombozll =1 _ |lu+tem)fom)zl] — 1
t( ) > (t) (n) _ wg(n) — 0o]|2|-
o(n) o(n)

(12]
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Finally,

> lim max

o(Zou,) > lim lu+ tomyboz| —1 1w+ to(n) 02| — 1.
n—00 to(n) n—oo 9T to(n)

The next result relates the numerical index with respect to a point to the geometry at
the point. Recall that a norm-one element u of a Banach space Z is said to be a strongly
extreme point of Bz if whenever {z,}nen and {yn}nen are sequences in Bz such that
lim(x,, + yn) = 2u, then lim(x,, — y,) = 0. Strongly extreme points are extreme points,
but the converse result is not true (see [29] for instance).

LEMMA 2.3. Let Z be a Banach space and u € Syz.

(a) Ifu is a vertex of By, then u is an extreme point, and if moreover dim(Z) > 2, then
the norm of Z is not smooth at u.

(b) If u is a geometrically unitary element of Bz (i.e. n(Z,u) > 0), then u is a strongly
extreme point of By.

The extreme point condition appears in [0, Lemma 2.1.25]; if the norm of Z is smooth
at u, then F(Bz«,u) is a singleton, so either dim(Z) = 1 or u cannot be a vertex. The
result in (b) appears in [9, Proposition 2.1.41]. There are vertices which are not strongly
extreme points [9, Example 2.1.43].

The next result, which can be found in [9, Corollary 2.1.2], is elementary and very
useful.

LEMMA 2.4. Let y: Zy — Zs be a linear operator between Banach spaces Z1 and Zs, let
u € Sz, be such that ||¢(u)| = 1.

(a) If |[¥|| =1, then v(Z2,v¢(u),¥(2)) < v(Z1,u,2) for every z € Zy.
(b) If is an isometric embedding, then v(Za, ¥ (u),¥(z)) = v(Z1,u, z) for every z € Zy;
therefore, n(Zs, v (u)) < n(Zy,u) in this case.

We next would like to present a pair of characterizations of the abstract numerical
index.

PROPOSITION 2.5. Let Z be a Banach space, u € Sz, and 0 < A < 1. Then the following
statements are equivalent:
(1) n(Z,u) > .
(iig) In the real case, ABz+ C conv(F(Bgz«,u) U —F(Bz«, u)).
(iic) In the complex case, given € > 0, 01,...,0; € B¢ satisfying

Be C (1+¢€)conv{b,...,0k},

we have
k

ABz« C (14¢) CODV(U 0; F(BZ*,u)).
j=1
(iil) maxger ||u + 0z|| > 1+ A||z|| for every z € Z.

The equivalence between (i) and (ii) is well known and can be found, for instance, in [9]
Theorem 2.1.17]. The implication (i)=-(iii) is immediate from the Hahn-Banach theorem.
The converse result follows straightforwardly from the last equality in Lemma [2.2]
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The strongest possibility in Proposition that is, A\ = 1, gives rise to the concept
of spear vector introduced in [26]. A norm-one element u of a Banach space Z is a spear
vector if

max lu+0z|| =14 ||z|| forevery z € Z.

The previous proposition shows that this is equivalent to n(Z,u) = 1. We refer the reader
to [206, Chapter 2] for more information and background.

Finally, we present a result relating the numerical index of a Banach space with respect
to a point to the numerical index of its bidual with respect to the same point which can
be found in [9, Theorem 2.1.17.v].

LEMMA 2.6. Let Z be a Banach space and let uw € Sz. Then n(Z**, Jz(u)) = n(Z,u).

2.2. On the set of values of the abstract numerical indices with respect to all
unit vectors of a given space. For a given Banach space Z, denote

N(Z) :={n(Z,u): ue Sz}.

In this section we concentrate on the properties of A'(Z) for various classes of Banach
spaces Z.
Let us start with a general important observation.

PROPOSITION 2.7. Let Z be a Banach space with dim(Z) > 2. Then 0 € N (Z).

Proof. LetY be a two-dimensional subspace of Z. Then there is a smooth point u € Sy
and we have n(Y,u) = 0 by Lemma [2.3|(a). Now, Lemma [2.4|b) gives n(Z,u) = 0. =

For many Banach spaces Z, zero is the only element of N (Z). Say, this happens
for smooth spaces of dimension greater than 1, a fact which follows immediately from
the above proof. In Chapter [ the reader will find many examples of operator spaces
Z = L(X1, Xs) with the property that A (Z) = {0}. On the other hand, for “big bad”
spaces Z, the corresponding set A'(Z) can be big. Moreover, it is possible to show that
this set can be any subset of [0, 1] containing 0.

PROPOSITION 2.8. For every subset A of [0,1] with 0 € A, one can find a (real or complex)
Banach space Z with N'(Z) = A.

In order to demonstrate this result, we need some preparatory work.

EXAMPLE 2.9. For every a € [0, 1] there is a two-dimensional (real or complez) space Z,
with N'(Z,) = {0, a}.
Indeed, for r € [0, 1] denote by Z* the two-dimensional space K? equipped with the

norm
[(@1, 22)[| = max{|z1|, V7l + |22}

Then the intersections of Bz with the lines {z; = 6} for § € T are the only non-trivial
faces of Bz« (see Figure|l)). Therefore, in the predual space Z,. the only elements u of Sz,
with n(Z,,u) # 0 are u = (0,0) with 6 € T. As Z, has the same abstract numerical index
with respect to all these elements, N (Z,.) consists of two points: 0 and some h(r) > 0.
The value h(r) varies continuously from 1 to 0 as r varies from 0 to 1 (because Zg = 2,
and Z1 = f%)
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y=vi—rzz |01

(1,0)

y=—VI—Ta?

Fig. 1. The unit ball of Z;

The next result may be known, but we include the easy proof as we have not found
it in the literature.

LEMMA 2.10. Let {Z,: v € '} be a family of Banach spaces. Then
N([Bz],) = UnNE.
1
yel’ yel’

Proof. If a norm-one element u = (uy)yer € [, cr
zero coordinate, then n([,cr Zyle,,u) = 0 as u is then not an extreme point. In the
Z’y]flau) = n(ZTa uT)

Z+)e, has more than one non-

case of u having just one non-zero coordinate u., one has n([®,cr

routinely. m
We are now ready to provide the pending proof.

Proof of Proposition [2.8 For every a € A, select a two-dimensional Z, such that
N(Z,) = {0,a} provided by Example and then the desired example is Z =

[@Doca Zale, by Lemma .

Our next goal is to find the restrictions on N'(Z) which appear in the finite-dimensional
case. We start by showing that, in this case, the corresponding N (Z) is at most countable.

PROPOSITION 2.11. Let Z be a finite-dimensional real Banach space. Then the set of
points u € Sz satisfying n(Z,u) > 0 is countable. As a consequence, N'(Z) is countable.

Proof. Let u € Sz be such that n(Z,u) > 0. By Proposition the set
conv(F(Bz«,u) U—F(Bz«,u))

has non-empty interior so, being Z* finite-dimensional, F(Bz-,u) has non-empty interior
relative to Sz-. Indeed, otherwise F(Bz+,u) has affine dimension at most dim(Z*)—2, so
its linear span has dimension at most dim(Z*) — 1, and so conv(F(Bz«,u)U—F(Bz«,u))
has empty interior, a contradiction. Furthermore, for uq,us € Sz, as

(21) F(Bz*,ul) N F(BZ*,UQ) - ker(u1 — ’LLQ),
the relative interiors of F(Bz«,u;) and F(Bz+,us) are disjoint if u; # wus. Hence, by

separability, the set of those u € Sz satisfying n(Z,u) > 0 has to be countable and,
a fortiori, so is N'(Z). m
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We do not know if the above corollary remains valid for “small” infinite-dimensional
spaces, such as Banach spaces with separable dual. We also do not know whether N (Z)
is countable for every finite-dimensional complex Banach space Z.

Our next aim is to give a strengthening of Proposition [2.11] for real finite-dimensional
spaces, where some techniques from combinatorial geometry are applicable. Note that
neither Theorem 2.12] nor Proposition 2.13] below are needed in the rest of the paper. We
introduce some notation. For a convex body K C R"™ let us denote its inradius by

7(K) :=sup{r > 0: 3z € K such that x + 7By C K}.
Note that in the case of K = — K, the above formula simplifies to
r(K) =sup{r > 0: rByy C K}.
We denote by vol,[K] and S(K') the volume and the surface area of K, respectively.

THEOREM 2.12. Let Z be a real space with dim(Z) = m > 2. Then

Z n(Z,u)™ ! < oo.
u€eSy
Proof. Let us identify, as usual, Z with (R™, |- ), Z* with (R™, || - ||*) and Bz~ with
the polar body of Bz. Given a finite set F' of points in Sz, we evidently have

(22) Z voly,—1[F(Bz«,u)] < S(Bz+)
uelr

by . Using Proposition for every u € F, we have
n(Z,u)r(Bz-)Bey € n(Z,u)Bz- C conv(F(Bz-,u) U —F(Bz~,u))
and so,
n(Z,u)r(Bz-)Bgy Nker(u) C [conv(F(Bz-,u) U —F(Bz-,u))] Nker(u).
For an arbitrary z* € F(Bz~,u), the latter set can be rewritten as
1[F(Bz-,u) — F(Bz+,u)] = 3[(F(Bz+,u) — 2*) — (F(Bz~,u) — z*)].
According to the Rogers—Shephard theorem [44] Theorem 1],

1
2

vol [K — K] < <2:) vol, [K]

for every convex body K in an n-dimensional space. Applying this to the convex body
(F(Bgz+,u) — z*) of the (m — 1)-dimensional space ker(u), we obtain the inequality

vOly,—1[n(Z, u)r(Bz~)Bey Nker(u)] < 2771171 (2(”:1_—11)) VOl —1[F(Bzx,u)].

Therefore, we can write
n(Z,u)" r(Bg. )" Volm,l[BZ;n_l] = Vol 1[n(Z,u)r(Bz+)Bep Nker(u)]
1 (2(m —1)

>~ 2777,—1 m—l )Volml[F(BZ*,u)]
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which, combined with (2.2)), gives

- 1 (2(m—1) S(Bz-)
m—1 <
(2'3) 'L; n(Z7 u) - Zm—l < m — 1 ) VOI’"L—l [Bz;yzfl] . T(BZ* )m_l .

As F was arbitrary, we get the desired result. m

For a finite-dimensional polyhedral space (i.e. finite-dimensional real space whose unit
ball has finitely many faces), we can give a lower bound for the sum of numerical indices
of the elements of the unit sphere.

PROPOSITION 2.13. Let Z be R™ endowed with a polyhedral norm such that Bz~ C By
Then
(2.4) > n(Z,u) > r(Bz).
uESz
Proof. Since Z* is also polyhedral, Sz« is the union of finitely many sets of the form
F(Bz+,u) U —F(Bz«,u) for some u € Sz. Let us denote by F the set of corresponding
u € Sz. Then obviously

By« C U conv(F(Bgz+,u) U —F(Bgz+,u)).

Since
conv(F(Bz+,u) U—F(Bgz+,u)) D r(conv(F(Bz«,u) U — F(BZ*,u)))ngz
D r(conv(F(Bgz+,u) U —F(Bgz-,u))) Bz,
Proposition implies n(Z,u) > r(conv (F(Bz«,u)U—F(Bz~,u))). As the convex
body Bz~ is covered by a finite number of convex bodies, we can use [24, Theorem 2.1]
to get
> n(Zu) > r(conv(F(Bz+,u) U—F(Bg-,u))) > r(Bz-). =
ueF u€F
Let us remark that the estimates in ([2.3)) and (2.4) depend on the particular chosen
representation of Z as R™, and they do not pretend to be optimal. It would be interesting
to find the sharp estimates in both inequalities.

2.3. A new result on abstract numerical ranges. Our goal here is to present a very
general result about numerical range spaces which extends and generalizes the results
of [33]. It will be useful to study the behaviour of the numerical ranges with respect to
operators when dealing with some Banach space operations on the domain and range
spaces (see Chapter @ and also to study Lipschitz numerical ranges (see Chapter [5)).

PROPOSITION 2.14. Let Z be a Banach space, let uw € Sz, and let C C By« be such that
Bz. =comv® (C). Then

V(Z,u,z) = conv ﬂ {z*(2): 2 € C, Rez*(u) > 1 — ¢}
6>0

for every z € Z. Consequently,
v(Z,u,z) = gnf(’)sup{|z*(z)|: z* € C, Rez*(u) >1— 0}
>

for every z € Z.
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Let us first observe that the inclusion “2” is a straightforward application of the
Banach-Alaoglu theorem. Indeed, given Ao € (V55 {2*(2): 2* € C, Rez*(u) > 1 — 6},
for every n € N there is z;; € C' such that

Rezi(u) >1—1/n and |Ao— 2z (2)| < 1/n.

If 2§ € Bz~ is a limiting point of the sequence {2} } nen, we have 2§ (u) = 1 and 2§ (z) = Ao,
50 A\g € V(Z,u, z). As the latter set is convex, the inclusion follows.

To prove the more intriguing reverse inequality, we need a couple of preliminary
results. The first one is a general version of [33] Lemma 2.5].

LEMMA 2.15. Let Z be a Banach space, let C C Bz- be such that Bz- = conv® (C), and
let we Sz and z € Z. Then for every z§ € Sz» with 2§(u) =1 and every 6 > 0, there is
z* € C such that

Rez*(u) >1—0 and Rez"(z) > Rezj(z) — 0.

Proof. As Bz. = comv® (C), for & > 0 satisfying 2||z[|6’ < &, we may find n € N,
25,28 €C o, .. 0 €0,1] with >, o = 1 such that

ZakRezk )>1—(8)? and Y arRezi(z) > Rezj(z) - 6/2.

k=1
Now, consider
J={ke{l,...,n}: Rezj(u) >1-4¢}
and let L ={1,...,n}\ J. We have

<Za;€Rezk Zak—i-Zak (1-96 —1—5'20%,

keJ kel keL
from which we deduce
E ap < 5.
kel

Now, we have
Rezj(2) —d/2 < Zak Re z;(2)

<Y arRezi(2) + 2] Dok <> axRezi(z) +6/2.

keJ keL keJ
Therefore,

ZakRezk ) > Rezj(z) — 0,

keJ

and an obvious convexity argument provides the existence of k € J such that
Rez;(z) > Rezj(z) — 6.
On the other hand, Rezj(u) > 1—46 as k € J, so the proof is finished. m

The next preliminary result follows straightforwardly from [33] Lemma 2.4].
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LEMMA 2.16. Let {W5}s~0 be a monotone family of compact subsets of K (i.e. W5, C Wy,
when §; < 62). Then
sup Re m Ws = gr;f(; sup Re Ws.
6>0
Proof of the main part of Proposition[2.1]} For z € Z, write

Ws(z) :={z*(2): z2* € C, Rez*(u) >1 -6} and W(z):= ﬂ Ws(z).
6>0

To get the desired inclusion V(Z, u, z) C conv W (z) for every z € Z, it is enough to prove
that for every § > 0 and every z € Z,

(2.5) supReV(Z,u, z) < supRe Ws(z) + 4.

Indeed, it then follows from Lemma that supRe V(Z,u, z) < supRe W(z) for every
z € Z. Now, as for every 6 € T, we have

V(Z,u,0z) =0V (Z,u,z) and W(0z)=0W(z),

the desired inclusion follows easily.
So let us prove that inequality (2.5]) holds. Fix z € Z and 6 > 0. Given 2§ € F(Bz«, u),
we may use Lemma [2.15] to get 2* € C such that

Rez*(u) >1—48 and Rezj(z) <Rez"(z)+4.
So, Re z{(z) < supRe Ws(z) + §. Varying 2§ in F(Bz«, u), we get
supReV(Z,u, z) < supReW;s(z) + 6,

as desired. m



3. Tools to study the numerical index with respect to an operator

Our aim in this chapter is to provide some tools to calculate, or at least estimate, the
numerical indices with respect to operators. Some of the results are just direct translation
to the operator spaces setting of the abstract results contained in the previous chapter,
but other ones rely on specifics of the operator case.

We need some notation. Let X and Y be Banach spaces. For a norm-one operator
G € L(X,Y) and § > 0, we write

vG,6(T) :=sup{ly*(Tz)|: y* € Sy-, x € Sx, Rey"(Gzx) > 1— ¢}
for every T € L(X,Y). It then follows from [33] (or from Proposition [2.14) that
v(L(X,Y),G,T) =vg(T) = }n%vgﬁg(T)
>

for every T € L(X,Y), a result which we will use without any further mention (see

Lemma [3.4] for details).

We include first some results which directly follow from those of Chapter 2] The first
one is the translation of Lemmal[2.3]to the setting of the spaces of operators. For a simpler
notation, let us say that a norm-one operator G € L£(X,Y) is an extreme operator (or
extreme contraction) if G is an extreme point of the unit ball of £(X,Y).

LEMMA 3.1. Let X, Y be Banach spaces and let G € L(X,Y) be a norm-one operator
with ng(X,Y) > 0. Then G is a strongly extreme point of Br(x,y); in particular, G is
an extreme operator. Moreover, if dim(X) > 2 or dim(Y") > 2, then the norm of L(X,Y)
is mot smooth at G.

Next, we particularize Lemma [2.2] to our setting.

LEMMA 3.2. Let X, Y be Banach spaces and let G € L(X,Y) be a norm-one operator.
Then
G oT| —1 G 0T — 1
ve(T) = max lim w = lim maxw

0€T a—0t « a—0t 0€T o
for every T € L(X,Y).
We now include a part of Proposition [2.5] particularized to spaces of operators, which

allows us to characterize the numerical index in terms of the norm of the space of oper-
ators.

PROPOSITION 3.3. Let X, Y be Banach spaces, let G € L(X,Y) be a norm-one operator,
and 0 < X\ < 1. Then the following statements are equivalent:

(ii) maxger |G+ 60T > 14 N|T|| for every T € L(X,Y).

20]
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The case A = 1 in the previous result gives us the concept of spear operator. A norm-
one operator G € L(X,Y) is said to be a spear operator if

max |G+ 0T =1+ |7
0€T

for every T € L£(X,Y). This concept was introduced in [3] and deeply studied in [26],
where we refer for more information and background. Observe that Proposition [3.3] says,
in particular, that G is a spear operator if and only if ng(X,Y) = 1.

The next result is a direct consequence of Proposition 2.14] and will be very useful
later on.

LEMMA 3.4. Let X,Y be Banach spaces. Suppose that A C Bx and B C By« satisfy
conv(A) = Bx and conv® (B) = By-. Then given G € L(X,Y) with |G| = 1, we have

V(L(X,Y),G,T) = conv ﬂ {y*(Tz): y* € B, x € A, Rey*(Gz) > 1 -6}
>0
for every T € L(X,Y). Accordingly,

va(T) = gggsup{|y*(Tx)|: y* € B, x € A, Rey"(Gz) > 1 —6}.

Proof. The result follows from Proposition 2.14] as the hypotheses on A and B give
Br(x,y) = comv” (A ® B). Indeed, for every G € L£(X,Y), we have

sup Rey*(Gz) = sup sup Rey”(Gz) = sup sup Rey*(Gzx)

r€A, y*€EB y*€EBxEA y*€Bx€Bx
= sup sup Rey*(Gz) = sup sup Rey*(Gz)=|G|,
re€Bx y*€B r€EBx y*€By =

as desired. m

We may also relate the numerical index with respect to an operator to the numerical
index with respect to its adjoint.
LEMMA 3.5. Let X,Y be Banach spaces. Then
ng« (Y*7X*) < ’I’L(;(X,Y)
for every norm-one G € L(X,Y).
Proof. The result follows immediately from Lemma and the fact that the norm
of an operator and the norm of its adjoint coincide. Alternatively, it also follows from

Lemma as the operator U: L(X,Y) — L(Y™*, X*) given by T — T* is an isometric
embedding. =

In the case of a rank-one operator, we may provide a formula for the numerical index
with respect to it.

PRrRoPOSITION 3.6. Let X, Y be Banach spaces, x5 € Sx~, and yo € Sy. Then the rank-
one operator G = xf ® yo satisfies
ng(X,Y) =n(X", z{) n(Y, yo)-
We need to introduce some notation, just for this proof. Given a Banach space Z,
u € Sz, and 0 € (0,1), we write
v5(Z,u, z) == sup{|z*(2)|: 2* € Sz+, Rez"(u) > 1 — §}.
Then (use Proposition [2.14] for instance) v(Z,u, z) = infs=o v5(Z, u, 2).
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Proof of Proposition [3.6, Given z* € Sx- and y € Sy, we consider the norm-one
operator T = z* ® y and show
va,5(T) < vs (X7, 25, 2%)vs (Y, 9o, y)
for every § > 0. To do so, we first observe that
vs(X*, xh, %) = sup{|z*(2)|: € Sx,Rexj(z) > 1 -6}

as Jx(Bx) is weak* dense in Bxs«. Therefore, we can write

vG,6(T) = sup{|y*(Tx)|: y* € Sy~, z € Sx, Re(y" (yo)zy(x)) >1— 45}
< sup{|y*(y)||z*(x)|: y* € Sy~, x € Sx, Rey*(yo) > 1 -6, Rexj(x) > 1 -6}
< sup{|z*(z)|: z € Sx, Rexj(z) > 1 -6} sup{|ly*(v)|: y* € Sy~, Rey™(yo) > 1 — 4}
= vs(X", 20, 27) v5 (Y, o, )

This clearly gives ng(X,Y) < n(X*,z§)n(Y,yo). To prove the reverse inequality, fixed
T € L(X,Y) with ||T|| = 1 and 6 > 0, observe that

sup{||Tz||: « € Sx, Rex{(z) > 1 -6}
=sup{|z*(Tz)|: z* € Sy+, x € Sx, Rex{(x) > 1— 4}
= sup{|[T"z"|(x)|: z* € Sy~, x € Sx, Rezj(z) > 1— 4§}
= sup{vs(X™*, (5, T72"): 2* € Sy«}
> sup{n(X*, )| T*z"||: 2* € Sy~}
= (X, 20) [ T[] = n(X7, z5).

Therefore, we can write

vg.26(T) = sup{ly*(Tx)|: y* € Sy, x € Sx, Re(y*(yo)zj(x)) > 1 — 26}
> sup{|ly*(Tz)|: y* € Sy-, x € Sx, Rey*(y0) > 1 — 6, Rezj(z) > 1 -4}
> sup{n(Y,yo)||Tz|: x € Sx, Rexg(z) >1—0} > n(Y,yo) n(X", z7),
which gives the desired inequality ng(X,Y) > n(X*, z5)n(Y,y0). »
To finish the chapter, we would like to present some results which allow to control
the numerical index with respect to operators in terms of the numerical radius of the

operators on the domain space or on the range space, which we will profusely use in
Chapter [ They all follow from this easy key lemma.

LEMMA 3.7. Let X,Y be Banach spaces and let G € L(X,Y) be such that |G|| = 1. Then

(a) va(GoT) <v(T) for every T € L(X),
(b) va(T o G) < v(T) for every T € L(Y).

Proof. Both statements follow from Lemma [2.4] by considering, respectively, the op-
erator £(X) — L(X,Y) given by T +— G o T, and the operator L(Y) — L(X,Y) given
byT—ToG. n
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As a consequence of this result, we have the following chain of inequalities:

ne(X,Y) < inf{ ”C”:(OT;” T € L(X),GoT # o}

<supinf{v(T): T € L(X), |GoT| >1—c¢}

>0
and, analogously,
ng(X,Y) < inf{U(T): TeL(Y), ToG# 0}
1T o G|

<supinf{v(T): T € L(Y), |[ToG| >1—¢}.
e>0

These inequalities immediately imply the following result.

LEMMA 3.8. Let X, Y be Banach spaces, G € L(X,Y) with |G| =1, and 0 < o < 1.
Then ng(X,Y) < a provided one of the following statements is satisfied:

(a) For every e > 0 there exists T, € L(X) such that v(T;) <« and |GoT.|| > 1 —e.
(b) For every e > 0 there exists Se € L(Y) such that v(S:) < a and ||S: o G|| > 1 —e.

The previous result gives some important consequences.
PROPOSITION 3.9. Let X, Y be Banach spaces and let 0 < a < 1.
(a) Let Ala) ={T € L(X): |T||=1,v(T) <a}. If

Bx =aconv | J T(Bx),
TeA(a)

then ng(X,Y) < « for every norm-one operator G € L(X,Y).
(b) Let B(a) ={T € L(Y): |T]| =1, v(T) < a}. If for every € > 0, the set

U wesSv: Iyl >1-¢)
TeB(x)
is dense in Sy, then ng(X,Y) < « for every norm-one operator G € L(X,Y).
(c) In particular, if there exists a surjective isometry T € L(X) with v(T) < « or there
exists a surjective isometry S € L(Y) with v(S) < «, then ng(X,Y) < a for every
norm-one operator G € L(X,Y).

Proof. Fix G € L(X,Y) with |G| = 1.

(a) For every € > 0, we may use the hypothesis to find T, € £(X) with ||7;]| =1 and
v(T:) < a such that |G(T:(z))|| > 1 — € for some = € Bx. Therefore, |[GoT.|| >1—¢
and Lemma [3.8] gives the result.

(b) For every £ > 0, we take © € Sx such that ||Gz| > 1 — /3. Now, we may use
the hypothesis to find S. € L(Y) with ||Sc|| = 1 and v(S.) < «, and y € Sy such that
Syl > 1—¢/3 and ||y — Gz/||Gzl||| < &/3. Now, ||y — Gz|| < 2¢/3, and so

15e(Gz)l| = |Seyll = 1Se(y — Ga)| > 1 —¢/3 -2¢/3=1—¢.

Consequently, ||S: o G|| > 1 — & and Lemma [3.8| gives the result.
Finally, (c) clearly follows from (a) and (b). m
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For the special case a = 0, the above result can be improved as we do not have to
pay attention to the norm of the operators.

ProrosITION 3.10. Let X, Y be Banach spaces.
(a) Let G € L(X,Y) with |G| = 1.
(a.1) If there exists T € L(X) with v(T) =0 and GoT # 0, then ng(X,Y) =0.
(a.2) If there exists T € L(Y) with v(T) =0 and T o G # 0, then ng(X,Y) = 0.
(b) If
m ker T = {0},

TeLl(Y),v(T)=0
then ng(X,Y) =0 for every norm-one operator G € L(X,Y).
(c) If
U 7

TeL(X),v(T)=0
is dense in X, then ng(X,Y) =0 for every norm-one operator G € L(X,Y).

We emphasize the following immediate consequence of the previous result which will
be useful.

COROLLARY 3.11. Let W be a Banach space such that there is an onto isometry J € L(W)
with v(J) = 0. Then

(a) ng(X,W) =0 for every Banach space X and every operator G € L(X, W) of norm 1,
(b) ng(W,Y) =0 for every Banach space Y and every operator G € L(W,Y) of norm 1.



4. Set of values of the numerical indices with respect to all
operators between two given Banach spaces

We start by showing some general results which can be deduced from the tools imple-
mented in the previous sections. The first result shows that 0 is always a possible value
of the numerical index with respect to operators (unless we are in the trivial case of both
spaces being one-dimensional). It is a direct consequence of Proposition

PROPOSITION 4.1. Let X, Y be Banach spaces. If dim(X) > 2 or dim(Y') > 2, then
0e N(L(X,Y)).

The result above is actually an equivalence, as the following result is immediate.
ExaMmPLE 4.2. N(L(K,K)) = {1}.
Next, we particularize Proposition [2.11] to spaces of operators.

PROPOSITION 4.3. Let X, Y be finite-dimensional real Banach spaces. Then the set of
norm-one G € L(X,Y) with ng(X,Y) > 0 is countable. In particular, N(L(X,Y)) is
countable.

Our next result shows that all values of the numerical index are valid for operators
between Banach spaces. In the real case, this is clear as the numerical indices of all two-
dimensional norms do the job (and they are the numerical index with respect to the
corresponding identities). But in the complex case, the values of the numerical indices
with respect to the identity are not enough (as they are always greater than or equal
to 1/e; see [9, Corollary 2.1.19], for instance).

A first simple way of getting arbitrary values of the numerical indices with respect to
operators is given in the following result which follows immediately from Proposition [2.8

EXAMPLE 4.4. For every subset A C [0,1] containing 0, there is a Banach space X such
that N(L(X,K)) = A. Indeed, just take X to be the predual of the space Z provided in
Proposition (which is a dual Banach space as it is the ¢;-sum of finite-dimensional
spaces).

Let us also observe that if X is a Banach space of dimension at least 2 whose dual
space is smooth, it follows from Lemmal[2.3|that N'(£(X,K)) = {0}. This result contrasts
with the already cited fact that n(X) > 1/e for every complex Banach space X, so
N(L(X, X)) cannot reduce to 0 when X is a complex Banach space. Therefore, it seems
more interesting to perform the study of the set of values of the numerical indices with
respect to all operators from a Banach space to itself, that is, the set

{ng(X,X): X (real or complex) Banach space, G € L(X), |G| = 1}.

25]
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In the real case it is immediate that this set covers [0,1], just using identity operators
[16, Theorem 3.6]. In the complex case, using identity operators one can only cover the
interval [1/e, 1]. The result will be stated in Example Even more, we will show that
there are Banach spaces X such that AM(£(X)) = [0,1], both in the real and in the
complex case, see Theorem [6.4]

For real Banach spaces, the Banach space numerical index may be zero, so there is no
obstacle for the set N'(£(X)) to be equal to {0}. We are going to prove that this happens
when X is a real Hilbert space of dimension greater than 1. Actually, we show that zero
is the only possible value of the numerical index with respect to operators, when either
the domain space or the range space is a real Hilbert space of dimension at least 2.

THEOREM 4.5. Let H be a real Hilbert space of dimension at least 2. Then
N(L(X, H)) = N(L(H,Y)) = {0}
for all real Banach spaces X and Y. In particular, N(L(H)) = {0}.

Proof. Observe that for every pair of points z,y € Sy with (z,y) = 0, the operator
T € Sy given by T(z) = (z,2)y — (z,y)x for z € H satisfies v(T') = 0. So, clearly

U T(H) is densein H and ﬂ ker(T') = {0}.
TeL(H),v(T)=0 TeL(H),v(T)=0

Now, both assertions are immediate consequences of Proposition n

For every complex Banach space W, its underlying real Banach space Wy also has
trivial set of values of the numerical indices with respect to operators. This is an imme-
diate consequence of Corollary as multiplication by 4 is an onto isometry which has
numerical radius zero when viewed in £(Wg).

PROPOSITION 4.6. Let Wx be the real Banach space underlying a complexr Banach
space W. Then
N(L(X, Wr)) = N(L(W,Y)) = {0}

for all real Banach spaces X and Y. In particular, N'(L(Wg)) = {0}.

Another kind of spaces having trivial set of values of the numerical indices with respect
to operators are L(H) and also K(H ), the space of compact linear operators from H to H.

THEOREM 4.7. Let H be a real Hilbert space of dimension at least 2. Then
N(L(X, L(H))) = N(L(X, K(H))) = {0}
for every Banach space X. In particular,
N(L(L(H))) = N(L(K(H))) = {0}
Moreover, if H is infinite-dimensional or has even dimension, then
N(L(L(H),Y)) = N(L(K(H),Y)) = {0}
for every Banach space Y .

Proof. Let us start with the case of L(H). For J € S(g) we define the operator
Oy L(H) = L(H) by &;(T) = JoT for every T € L(H). Evidently, ||®,]| = ||J] =1
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and ®1q,, = Id(g). Therefore,
v(®s) = v(L(L(H)), 1 a), @) = v(L(H), 1dn, J) = v(J])
by Lemma [2.4b). Let us write
B={®;:JeL(H),|J]|=1,0(J])=0}
and observe that the result will follow from Proposition [3.10|(b) if we prove the equality
ﬂ ker ® = {0}.
deB
To do so, fix Ty € Sy () and take & € Sy such that [|Toz| > 1/2. Now, define e; = H%—g”
and take es € Sy satisfying (e;,e2) = 0. We define the operator J € L(H) given by
Jh = (h,es)e; — (h,e1)es for h € H, which satisfies |J|| = 1 and v(J) =0, so ®; € B.
Moreover, we can write
1@ (To)[| = [I.7 o Toll = [ /(Tox)|| = | = [ Toxllez|| = | Tox] > 1/2.
Therefore, Ty ¢ ker ®; and thus (g3 ker ® = {0}, which finishes the proof for L(H).

For IC(H), it suffices to observe that the same argument is valid since @ ;(K(H)) C K(H)
and we may repeat the argument considering ®;: KK(H) — K(H) and getting

v(®) = v(L(K(H)), dg (), ®s) = v(L(H),1dp, J) = v(J).

The rest of the proof is identical.

To prove the moreover part, observe that when H is infinite-dimensional or has even
dimension, then there is an onto isometry J € L(H) with v(J) = 0. Indeed, in this case
we may write H = [@, ., ¢3¢, for a suitable index set A and, defining A € L(¢3) by
A(z,y) = (y, —x), the surjective isometry with numerical index zero is given by

Jl(xx)aen] = (Azx)ren  ((wa)ren € H).

Now, the operator ®; is an onto isometry on L(H) or K(H) (® ;-1 is clearly the inverse
of ® ;) satisfying v(®;) = 0. Then Corollary gives the result. m

When H has odd dimension, we do not know if the equality ng(L(H),Y) = 0 holds
for every Banach space Y and every operator G € L(L(H),Y).

Another result of the same kind tells us that there are many other spaces of operators
having trivial set of values of the numerical indices with respect to operators.

PROPOSITION 4.8. Let W1,...,W,, be real Banach spaces, let E be R™ endowed with an
absolute norm, and let W = [W1 @ --- @ W,|g. Then the following statements hold:

(a) If Sg is smooth at points whose first coordinate is zero and
({ker(S1): Si € LW), v(S1) = 0} = {0},

then N'(L(X,W)) = {0} for every Banach space X .

(b) If Sg is rotund in the direction of the first coordinate, that is, Sg does not contain
line segments parallel to (1,0,...,0), and |J{S1(W1): S1 € L(W1), v(S1) = 0} is
dense in Wy, then N(L(W,Y)) = {0} for every Banach space Y.

Consequently, if the assumptions of (a) or (b) hold, then N'(L(W)) = {0}.
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Proof. (a) Given a Banach space X, a norm-one operator G € L(X,W) can be seen
as G = (Gy,...,Gy) where G, € L(X, W) for k = 1,...,n. We claim ng(X,W) =0
if G1 # 0. Indeed, let Py € L(W,W;) denote the natural projection on W; and let
I, € L(W;,W) be the natural inclusion, so G; = P; o G. Observe now that for every
Sy € L(W7) with v(S1) = 0, the operator S € L(W) given by S = I; 0 S; o Py clearly
satisfies ||.S]| = ||:S1]] and v(S) = 0. Since

P,oG#0 and N ker(S;) = {0},
Sleﬁ(Wl),U(Sl):O

we can find S; € L(W7) with v(S7) = 0 such that S;oP;oG # 0 and so [10S510P;0G # 0.
As v(I; 0 510 Py) =0, we get ng(X,W) = 0 from Proposition [3.10(a.2). Therefore, we
may and do assume from now on that G; = 0. Next we fix wyg € Sy, and z* € Sx~, we
consider the norm-one operator T' = z* ® (wyp,0,...,0) € L(X,W), and we shall prove
va(T) = 0. To this end, as

va(T) = gggsupﬂw*(Tx)\: w* € Sy, x € Sx, Rew"(Gz) > 1 -0}
for every k € N we can take wy = (wj ;,...,wy ) € Sw+ and x), € Sx satisfying
liIICnRewZ(ka) =1 and 11£1|WZ(T“T//<)| =va(T).
For each k € N define
ek = (Jwpall, - llwipl) € Spe and ex = ([|Gragll;. ., [Grzxll) € Be

which satisfy 1 = limy, Re w}(Gxy) < limg(e}, ex) < 1, and thus limy (e}, ex) = 1. Now, by
passing to a subsequence, we may find y* = (y,...,v%) € Sg~ and y = (y1,...,yn) € Sg
such that limy_, o €}, = y* and lim,_,c e, = y. Then it follows that

<y*7y> = hllc’n <67;a6k> =1

and y* is a supporting functional of y. Moreover, we have y; = 0 as the first coordinate
of ey, is equal to ||G1ag|| = 0 for every k, so

L=(y"y) =Y ui(y) =D v (y)
= i=2

and the element y* = (0,3, ...,y") € Bg- is also a supporting functional of y. Therefore,
we get §* = y* by the smoothness of Sg at y and so y7 = 0. Finally, we can write

va(T) = lilgn |wi(Txy)| = 1i]£n |wi (wp, 0, ...,0)| |x* (zx)]
< limfjwp o [} [lwoll < lim [lwy 1 || = y1 = 0,

which gives ve(T) = 0 and finishes the proof of (a).

To prove (b) we start by observing that we can assume G oIy o Sy 0o P, = 0 for
every S1 € L(W7) with v(S1) = 0. Indeed, if there is S; € L(W;) with v(S;) = 0 such
that GoI; 0 Sy 0 Py # 0, then S = I; 0 S] o Py satisfies v(S) = 0 and G o S # 0. So
Proposition gives ng(W,Y) = 0. Then Go I; 0 S; 0 Py = 0 for every S; € L(W;)
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with v(S7) = 0. This, together with the fact that the set

U S1(Wh)

S1eL(W1),v(S1)=0

is dense in Wy, implies G o I} = 0. Next, we fix yo € Sy, wy € Swy, we define w* =
(wg,0,...,0) € Sy~ and the rank-one operator T' = w* ® yo € Sc(w,y), and we shall
prove v (T) = 0. To do so, since

va(T) = g%sup{|y*(Tw)|: y* € Sy=, w € Sy, Rey"(Gw) > 1 — 4§}
for every k € N we can take wy = (wg,1,...,Wk,n) € Sw and y; € Sy~ satisfying
li]?lReyZ(ka) =1 and lil£n|yZ(ka)| =vg(T).

By passing to a subsequence, we may assume that {|wy ;|/}r is convergent for every

j=1,...,n. So, since the norm in F is absolute, we can define elements
e = (tim|fwg, |, lim w2l T eogn] )
e = (= lim el Hm gl lim o],
e= (O,Ii]£n||wk,2||,...,li]£n||wk,n||) = %(e+ ter),
which clearly satisfy [|e]| < |leT|| = [le”|| < 1. Since Gol; = 0, we can estimate as follows:

1= liin Rey; (Guwy) = 1il£n Reyi (G(0, wi,2, ..., Wkn))
< B [0, - i) | < 0. el )] = 21 < 1

which gives ¢ € Sg and thus e* € Sg. So, we deduce that limy, ||wy 1| = 0 since Sg is
rotund in the direction of the first coordinate. To finish the proof, observe that

06 (T) =l |y (Tu)| = lim [y )| o ()| < i | ] = 0.
Therefore, we get va(T) =0 and ng(W,Y) =0. »

REMARK 4.9. The smoothness and rotundity hypotheses in Proposition [{.8 cannot be
omitted. Indeed, on the one hand, the rank-one operator G € L({3 ®o R, R) given by
G = (0,0,1) ® 1 is a spear operator by Proposition as 1 is a spear vector in R and
(0,0,1) is a spear vector in (¢3 ©o, R)* = ¢3 @1 R. Thus, the assumption of smoothness
in Proposition a) is essential. On the other hand, the operator G* € L(R, /3 ®; R) is
also a spear operator by the same argument, showing that we cannot omit the rotundity

in Proposition [£.8|(b).
The next example is even more surprising.

EXAMPLE 4.10. There exists a Banach space X with n(X) = 0 such that L(X) contains
a spear operator. Indeed, consider X = (£2 @, R) @1 R, which clearly satisfies n(X) = 0,
and G € L((£3® s R)®1R) given by G = (0,0,0,1)®(0,0,0, 1), which is a spear operator
by Proposition [3.6
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Our next result estimates the numerical indices with respect to operators whose do-
main or range is an ¢,-space.

PROPOSITION 4.11. Let 1 < p < o0, 1 < g < 0o with % + % =1, let M, = sup
and let T' be either an infinite set or a finite set with an even number of elements. Then
N(L(X, 6,(T1)) € [0, Mp]  and N (L((,(I),Y)) € [0, M]

hold in the real case for all Banach spaces X and Y.

Proof. The argument is very similar to the one given at the end of the proof of
Theorem By the assumption on the set I' we may write £,(T') = [, 5 £2]¢, for a
suitable index set A. Defining A € E(ﬂg) by A(z,y) = (y, —z), the operator given by

Jl(@x)rea] = (Azx)ren  ((xa)rea € £,(T))

is then a surjective isometry. As v(A) = M, (see the comments after |27, Theorem 1]),
we get v(J) < M,. Now, Corollary gives the result. m

We now pass to study some results for complex spaces. As a first result, we may
calculate the set of values of the numerical indices with respect to operators between two
Hilbert spaces.

ProrosiTION 4.12. Let Hy,H, be complex Hilbert spaces with dimension greater
than 1. Then N (L(Hy, Hs)) = {0,1/2} if Hy and Hy are isometrically isomorphic and
N(L(Hy, Ha)) = {0} in the other case.

Proof. L(Hy, Hs) is a JB*-triple (see [9] §2.2.27, §4.1.39] for the definition) under the
triple product

{zyz} = 5(ay"z +2y"x)  (2,y,2 € L(Hy, H)),

as it is a closed subtriple of the C*-algebra L(H; &2 Hy) (we may use [9, Facts 4.1.40 and
4.1.41]). Now, as L(Hj, H3) is not abelian since dim(H;) > 2 and dim(Hz) > 2 (see [0,
§4.1.47]), it follows from [9, Theorem 4.2.24] that the quantity ng(Hy, Hs) is equal to 0
or 1/2 for every norm-one operator G € L(Hy, Hs).

Next, we take into account that, by [0, Theorem 4.2.24|, J = L(Hy, H3) contains
a geometrically unitary element if and only if J contains a unitary element as Jordan
«-triple, that is, if there is U € J such that {UUT} = T for every T € J (see [9]
Definition 4.1.53|). This implies that H; and Hs are isometrically isomorphic, as is known
to experts, but we give an easy argument. Taking into account the formula for the product
in J, we get

vu*T+TU*U =2T

for every T € L(H1, Hy). Just considering rank-one operators T' € L(Hy, Hy), we obtain
UU* :IdH2 and U*U:IdHl,
which gives the desired result. m

Following an argument similar to the one given in Theorem [I.5] we can establish the
next result.



On the numerical index with respect to an operator 31

PROPOSITION 4.13. Let H be a complex Hilbert space with dim(H) > 2. Then
N(L(X,H)) C[0,1/2] and N(L(H,Y))C[0,1/2]
for all complex Banach spaces X and Y .
Proof. For each u € Sy, let v € Sy with (u,v) = 0 and define
T:H—H, T(x)=x,v)u,
which satisfies v(T") < 1/2. An application of Proposition [3.9| gives the result. m

Our next aim is to study the set N'(L(C(K;),C(K>))), where K; and K3 are compact
Hausdorff topological spaces. Recall that, by Lemma if ng(C(K1),C(K2)) > 0 for
some G € L(C(K1),C(K3)), then G is an extreme operator. There is a well studied
special kind of extreme operators between C(K) spaces, the nice operators. A norm-one
operator G € L(C(K;),C(K3)) is said to be nice if

G*((St) S T{dsi S € Kl}

for every t € Ky (that is, G* carries extreme points of B¢ (x,)- to extreme points of
Be(xyy+)- It is immediate that nice operators are extreme, but the converse result is
not always true (see Remark below). We claim that a nice operator G satisfies
ng(C(K1),C(K3)) = 1. Indeed, this is easy to show by hand using the properties of the
o-functions in the dual of a C(K) space, but also follows directly from [26] Proposition 4.2]
and |26, Example 2.12(a)]. Therefore, if for a pair of compact Hausdorff topological spaces
(K1, K3) it is known that every extreme operator in £(C(K1),C(K>)) is nice, then the
only possible values of the numerical index of operators in £(C(K7),C(K3)) are 0 and 1.
This idea leads to a couple of results, one for the real case and another one for the complex
case.

THEOREM 4.14. Let K1, K5 be compact Hausdorff topological spaces such that at least
one of them has more than one point. Then, in the real case, one has

N(L(C(K1), C(K2))) = {0,1}
provided at least one of the following assumptions holds:

(1) Kj is metrizable,

(2) K is Eberlein compact and Ky is metrizable,
(3) Ko is extremally disconnected,
(4) K is scattered.

Proof. First, as at least one of the spaces C(K;) and C(K3) has dimension greater
than 1, Proposition [4.1] gives 0 € N (L(C(K1),C(K32))). By considering the rank-one op-
erator G = 0; ® 1, we immediately obtain 1 € N (L(C(K;),C(K2))) by Proposition
Finally, to get the reverse inclusion, by the comments before the statement of the the-
orem, we just have to check that under the given conditions, every extreme operator in
L(C(K;),C(K2)) is actually nice. For (1), this is shown in [5, Theorem 1]; for (2) in [11
Theorem 7]; [47, Theorem 4] gives (3); finally, (4) follows from [47, Theorem 5. m

For the complex case, we have a similar result.
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THEOREM 4.15. Let K1, Ko be compact Hausdorff topological spaces such that at least
one of them has more than one point. Then, in the complex case, one has

N(L(C(K1), C(K2))) = {0,1}
provided at least one of the following assumptions holds:

(1) K is extremally disconnected,

(2) K is metrizable and Ko is basically disconnected (i.e. the closure of every F,-open
is open),

(3) K is scattered.

Proof. We just need to follow the lines of the proof of Theorem [£.14] but here we have
to provide references for the fact that, in the complex case, every extreme operator in
L(C(Ky),C(K2)) is actually nice under the presented conditions. For (1), this is shown
in [47, Theorem 4]; (2) is proved in [I7, Theorem 1.4]; finally, (3) follows from [47]
Theorem 5]. m

REMARK 4.16. There are examples showing that it is not true in general that all extreme
operators between spaces of continuous functions are nice [49, [50]. The underlying idea in
these examples is to consider for an arbitrary compact Hausdorff space K the canonical
inclusion G given by
G: C(K) — C(Beoy~w")
which satisfies
G*(6,) = 1

for every 1 € Bo(k) and so it is not nice. Additional hypothesis on the compact space K
(e.g. K perfect in the complex case, see [49, Theorem 2.5]) ensure, however, that G is an

extreme point. We do not know whether the numerical index with respect to operators G
defined as above has to be always 0 or 1.

REMARK 4.17. Let us also comment that, in the real case, examples as the ones in
the previous remark cannot be compact: for arbitrary compact Hausdorff topological
spaces K7 and Ko, every compact extreme operator G € L(C(K),C(K>)) is nice [40,
Theorem 4.5] (see [54, Theorem 2.4] for an extension of this result). Moreover, if Ko is
separable, every weakly compact extreme operator G € L(C(K7),C(Kz)) is nice [14]
Proposition 2.8].

As a consequence of Theorems [£.14] and [£.15] we get the following particular case.

COROLLARY 4.18. Let K be a compact Hausdorff topological space and let (2, %, 1) be a
o-finite measure space such that at least one of the spaces C(K1) or Loo () has dimension
at least 2. Then

N(L(C(K1), Loo () = {0, 1}
in both the real and the complex case.

Indeed, this is a consequence of the fact that every L., (1) space can be identified with
a C(K,)-space where K, is extremally disconnected. With this in mind, the following
particular case also holds.
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COROLLARY 4.19. Let (4, %, i), i = 1,2, be o-finite measure spaces such that at least
one of the spaces Loo(p:), i = 1,2, has dimension at least 2. Then

N(L(Los(p1), Loo(p2))) = {0, 1}
in both the real and the complex case.

We get an analogous result for L;(u) spaces.

COROLLARY 4.20. Let (0,5, i), ¢ = 1,2, be o-finite measure spaces. Then
N(L(L1(p1), L1 (p2))) € {0,1}
in both the real and the complex case.

Proof. Fix a norm-one operator G € L(L1(p1),L1(u2)). If G is not extreme,
Lemma gives ng(L1(p1), L1(pue2)) = 0. If, otherwise, G is an extreme operator, then
G* € L(Loo(ph2), Loo(p1)) is nice by [48, Corollary 2.4], so ng«(Loo(t2), Loo(pt1)) = 1
from the discussion preceding Theorems and But then ng(L1(p1), L1(u2)) =1
by Lemma [3.5] This shows N (L(L1(p1), L1(p2))) € {0,1}. =

Let us show that the set N'(L(L1(u1), L1(p2))) does not always contain the value 1.
EXAMPLE 4.21. N (L(¢, L1[0,1])) = {0}.

Indeed, by [26, Proposition 3.3] any norm-one operator G € L({1, L1]0, 1]) satisfying
ng(f1, L1]0,1]) = 1 would carry the elements of the basis of ¢; to spear vectors of L1[0,1]

and thus to extreme points of the unit ball of L0, 1] [26, Proposition 2.11(b)], so there
are no such operators. On the other hand, 0 € N'(£(¢1, L1[0, 1])) by Proposition



5. Lipschitz numerical range

We would like to deal now with the Lipschitz numerical range introduced in [511, [52] and
show that it can be viewed as a particular case of the numerical range with respect to
a linear operator. We need some notation. Let X, Y be Banach spaces. We denote by
Lip, (X,Y) the set of all Lipschitz maps F': X — Y such that F'(0) = 0. This is a Banach
space when endowed with the norm

Il —sup{W: ryeX.a #y}.

Following [51], 62|, the Lipschitz numerical range of F' € Lipy(X, X) is

(F(x) = F

i) o {0 P
Iz —yll

the Lipschitz numerical radius of F' is

wr(F) :=sup{|A]: A € Wr(F)},

£ € Sxe, iy Xy £y € —y) = |x—y||},

and the Lipschitz numerical index of X is
nr(X) := inf{wy (F): F € Lipy(X, X), |F|lL =1}
= max{k > 0: k||F| . < wr(F) VF € Lipy(X, X)}.

We would like to show that the closed convex hull of the Lipschitz numerical range is
equal to the numerical range with respect to a linear operator. To do so, we need to recall
the concept of Lipschitz free space. First, observe that we can associate to each z € X
an element &, € Lip, (X,K)* which is just the evaluation map 6,(F) = F(x) for every
F € Lipy(X,K). The Lipschitz free space over X is defined as

F(X):=spanl'l{5,: z € X} C Lipy (X,K)".

The space F(X) is an isometric predual of Lip, (X, K). Moreover, the inclusion map
0: x ~ §, establishes an isometric (non-linear) embedding X <— F(X) since

162 = 0yll7(x) = llz — yllx

for all z,y € X. The term “Lipschitz free space” comes from [20], but the concept was
studied much earlier and it is also known as the Arens—Eells space of X. We refer the
reader to the paper [I8] and the book [53] for more information and background. The
main features of the Lipschitz free space we are going to use here are contained in the
following result which is nowadays considered folklore in the theory of Lipschitz maps
and can be found in the cited references [18], [20], or [63, Chapter 3].

[34]
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LEMMA 5.1. Let X, Y be Banach spaces.

(a) For every F € Lipy(X,Y) there exists a unique linear operator Tp: F(X) =Y such
that Trod = F and | Tr|| = ||F||L. Moreover, Lipy(X,Y") is isometrically isomorphic
to L(F(X),Y). In particular, Lipy(X,K) = F(X)*.

(b) When the above is applied to Id € Lipy(X, X), we get the operator Gx : F(X) — X

given by
QX(Z az(sw) = Z Az,

reX rzeX
which has norm 1 and satisfies Gx o § = Idx.
(¢) The set

Bx = {|(|5 6“ x,y € X, m;«éy}g]:(X)

is norming for F(X)* = Lipg(X,K), i.e. Br(x) = aconv(Bx).
Our result for Lipschitz numerical ranges is the following.
THEOREM 5.2. Let X be a Banach space. Then
conv(WL(F)) = V(L(F(X), X),Gx,Tr) = V(Lipy(X, X),1d, F)
for every F' € Lipy(X, X).

The result will be a consequence of two lemmas. The first one follows directly from
Proposition as the set

)
C= {x*@ IIx—yll}I cr,ye X, x Ay, " GSX*} C L(F(X),X)*

satisfies Bz (r(x),x) = conv? (C) by Lemma c).
LEMMA 5.3. Let X be a Banach space. Then
V(L(F(X), X),Gx,T) =

convm {w:x,yeX,x;éy, J:*ESX*,Rex(gX(aw_dy))>1—5}
[z =yl [z =yl

for every T € L(F(X), X). Equivalently,

V (Lipy(X, X), IdX,F> -

convﬂ{ ” ﬁ(y)) z,y € X, x#y, x* € Sx«, Re H(x ﬁ)>1—5}
T —y

for every F € Lipy(X, X).

The second preliminary result follows from the Bishop—Phelps—Bollobés theorem.
LEMMA 5.4. Let X be a Banach space. Then
*(F(x) — F —
WL(F) = ﬂ {x ( ||(;f) i W) rx,y € X, x#y, x* € Sx«, Re ”(x :ﬁ) >1—6}
-y
6>0

for every F € Lipy(X, X).
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Proof. The inclusion “C” is obvious, so let us prove the reverse one. Fix F in
Lipy(X, X). For every 6 > 0, write

W :{x*(F(;c)_—y}"(y)) x,y € X, x#y, z* € Sx+, Re T(m_ﬁ) >1—5}.

It is enough to show that for every € > 0, there is § > 0 such that W5 C Wy (F') 4 eBxk.
So let us fix 0 < € < 1 and consider § > 0 such that 2||F||Lv26 < €. Given z,y € X with
x #y and x* € Sx« satisfying

Rem*(u ||) 4

we can use the Bishop—Phelps-Bollobas theorem (see [13] Corollary 2.4] for this version)
to find u € Sx, 0 < p < V2§ and z* € Sy« such that

Z<H +pu> _|=my
[z —yll yll

Write 2’ := 2 + p|jlz — y|ju and 3’ := y, and observe that

z* — 2| < V26.

=1 and ‘

+ pu

r—y
2" =yl = ||z —y + plle = yllu|| = |z — yll| =5 + pu|| = llx — yl|
|z —yll
and so , ,
«f[ T —Y «f T—Y
)=z +pu> =1.
(IIw’—y’> (IIw—yII
Therefore, W € W (F). Moreover,
(@) - F)) ' (F(z) — F(y)) H
=" — |l III*yll
F - F F - F
< [FD=EW) _rEZE) e E0= )
y || Hx—y\l |z —yll
< [ HR=E FIF 12" — o)
||90 y||

< [1Flz +IFll V28 = | Fllz(p + v20) < 2| F[[V26 <.

H
We have shown W € WL(F) + eBg, so Ws C WL(F) + €Bxk as desired. =



6. Some stability results

In this chapter we collect some results which show the behaviour of the value of the
numerical index when we apply some Banach space operations. We have divided the
chapter into several subsections.

6.1. Diagonal operators. The next result allows us to calculate the numerical index
with respect to a diagonal operator between cg-, £1- and £,,-sums of Banach spaces.

PROPOSITION 6.1. Let {Xx: A € A}, {Yx: A € A} be two families of Banach spaces and
let Gy € L(X),Y)) be a norm-one operator for every A € A. Let E be one of the Banach
spaces ¢y, boo, or Ly, let X = [Pcp Xale and Y = [P, cp Yale, and define the operator
G:X—->Y by

Gl(za)rea] = (Gaza)rea

for every (xx)aen € [Drcp Xale. Then
ng(X,Y) = II){f TLG)\(X)\,Y)\).

Proof. We follow the lines of [37, proof of Proposition 1]. Given k € A, we first
have to show ng(X,Y) < ng, (Xx,Ys). Observe that setting W = [P, Xalp and
Z = [Q}A;‘é,€ Y\ g, we can write X = X, @ W and Y = Y,, & Z when E is £, or ¢y and
X=X, ®1WandY =Y, ®; Z when E is ¢;. Given S € L(X,Y,), define T € L(X,Y)
by

T(x.,w) = (Sz,,0) (z, € Xy, we W)
which obviously satisfies |T|| = [|S||. We claim vg(T) = vg,.(S). In order to obtain
va(T) < vg, (5), given § > 0, we may suppose vg,s(T") > 0. For our goal, it is sufficient
to prove vg s(T) < UGMS(S) where 6 = 26/va,s(T). For every 0 < ¢ < vg,s(T)/2, we
may find z = (z,,w) € Sx and y* = (y}, 2*) € Sy~ such that |y*(Tz)| > vg,s(T) — e >
(Yex) (T)/Q and

1 -0 <Rey"(Gz) < Reyp(Graw) + ||l2°|| [[w].
Moreover,
Iyl lzall + 271wl < ly*[ =]l = 1.
Consequently,
lyill llzell + 112" lwll =6 <1 =6 < Reyr(Grzx) + |27 [|w]]
and so Rey(Grxy) > |kl llzxl — d. Since

va,s(T)

5 <1y (T2)| = lye(Sze)l < [yl llzell,

[37]
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we deduce

* . S .
Ro (G ) > 1 i 1,
g5l X\ [ [yl

vas(T) — e < 1y (Ta)l = (S < |25 (57250 ) < v, 405).

Then

and hence vg(T) < vg, (95).

To prove the reverse inequality, we fix § > 0 and z, € Sx,, y; € Sy satisfying
Rey!(Grxy) > 1 — 9, and define © = (z,,0) € Sx and y* = (y},0) € Sy~. We clearly
have

Rey*(Gz) >1—0 and |y.(Sz.)| = |y"(Tz)| <wvas(T).

Consequently, vg, 5(S5) < vg,s(T) and the claim follows by letting d | 0.

To sum up, we have proved that given S € L(X,,Y,) there is T € L£(X,Y) with
I = ||S|| and va(T) = ve,, (S); consequently,

na(X,Y)[IS] = ne(X, V)T < va(T) = v, (9)

and the arbitrariness of S € L(X,,Y,) gives ng(X,Y) < ng,(X,,Ys).

We now prove the reverse inequalities when F is ¢y or ¢. In both cases, an operator
T € L(X,Y) can be seen as a family (T)xea, where T\ € L(X,Y)) for every A, and
IT|| = sup{||Tx||: A € A}. Given € > 0, we may find x € A such that ||T,|| > ||T]| —¢, and
write X = X, @ W where W = [EB)\;Mg X,]g- Since By is the convex hull of Sx, x Sy,
we may find zg € Sx, and wy € Sy such that

1T (0, wo) || > IT[| — .
Now, fix 2§ € Sx: with xj(2¢) = 1 and define the operator S € L(X,Y.) by
Sz =T,(x,0) + z5(z) T(0,wp) = T (z, zj(x)wo) (€ Xy)
which satisfies
[S1 = 1Szoll = 1Tk (o, zg(zo)wo) | = [T (xo, wo) || > T —e.

Given 6 > 0, we claim that vg, 5(5) < vg,s(T). Indeed, we may find u € Sx, and
v* € Sy: with Rev* (G u) > 1 —J. Now, we write

x = (u,x5(w)wo) € Sx, y* = (v*,0) € Sy~
which satisfy Rey*(Gz) = Rev*(Gxu) > 1 — 4, hence
" (Su)| = [v* [T (u, 25 (w)wo)]| = [y (Tx)| < va.s(T).
Then we deduce vg, 5(S) < va,s(T). From this, we get
ve(T) = ve, (5) 2 na, (Xu, Yo)IS] 2 ne, (X, Vo) [IT]] — €]
Therefore,

va(T) 2 inf ne, (X3, Y3)|T|

and so ng(X,Y) > infy ng, (X, Y)), as required.
Suppose now E = ¢;. In this case, we can write every operator T € L(X,Y) as
a family (Th)xea of operators where T\ € L(X,,Y) for every A € A, and satisfying
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IT|| = sup{||Txl|: A € A}. Given € > 0, find x € A such that ||Tx| > ||T| — ¢, and write
X=XoW,Y =Y. ®1Z,and T, = (A,B) where W = [@A#n X)\}gl, 7 = [@A;ﬁm Y,\]gl,
A€ L(X,,Y,) and B € L(X,, Z). Now, we choose zy € Sx, such that

[Tcwoll = [[Azol| + [| Bzol| > IT]] — ¢,
we find ag € Sy and 2* € Sz~ satisfying
Axg = [|Azollag and  z"(Bzo) = |[Bxo|,
and define an operator S € £(X,,Y,) by
Sz = Az + [2*(Bx)]ag  (z € Xi).

Then
IS = [[Szoll = [|Azo + 2" (Bzo)aol| = [[Azol| + | Bzoll > T[] —e.

Given ¢ > 0, we prove vg, 5(5) < vg,s(T). To do so, given u € Sx, and v* € Sy« with
Rev*(G,u) > 1 — 0, we define

x = (u,x5(w)wy) € Sx and y* = (v*,0) € Sy~.
Since Rey*(Gz) = Rev*(Gxu) > 1 — 4§, we get
[v*(Su)| = [v*(Au) +v"(a0) 2" (Bu)| = |y*(Thu)| = [y" (T2)| < va s(T),

which gives vg, s(S) < vg,s(T) thanks to the arbitrariness of u and v*. Finally, we can
write

va(T) 2 va, () =2 ne, (X, Vo) 151 = na, (X, Ye)[I T — €]

and so we deduce vg(T) > infyng, (X, Y2)||T||, from which the desired inequality
’I’L(;(X, Y) > inf>\ na, (XA, Y)\) follows. m

Let us observe that the first part of the above proof is valid for general absolute sums.

PROPOSITION 6.2. Let X1, X», Y1, Ys be Banach spaces and let E be R? endowed with
an absolute norm. Given norm-one operators G; € L(X;,Y;) for i = 1,2, define G €
L(X1 Dp X2,Y1 ®pYs) by

G(71,72) = (G171, Gax2) € Y1 O Yo
for every (z1,22) € X1 ®g Xo. Then
ng(X1 ®p Xo2,Y1 ®r Ys) < min{ng, (X1,Y1),na, (X2, Y2)}.
The associativity of £,-sums allows us to get the following result from the above one.

COROLLARY 6.3. Let {X: A € A}, {Yoa: A € A} be two families of Banach spaces,
let Gy € L(X,,Y)) be a norm-one operator for every X € A, let 1 < p < oo, and let
X = [@yrcr Xale, and Y = [Dycp Yale, - Define the operator G: X —Y by

Gl(za)aenr] = (Gazx)rea
for every (xx)xen € [Drcp Xale,. Then
ng(X,Y) < iI)\lf ng, (X, Ya).



40 V. Kadets, M. Martin, J. Meri, A. Pérez, and A. Quero

The main application of Proposition is the following important example.

THEOREM 6.4. In both the real and the complex case, there exist Banach spaces X such
that

N(L(X)) = [0,1].
The proof will follow immediately from Proposition [6.1] and the next example.

EXAMPLE 6.5. For every v € [0,1] there exist a real or complex Banach space Y, and
norm-one operators G1,G~ 0 € L(Y,) with ng. ,(Y,,Y,) =7 and ng_,(Y,,Y,) =1

Proof. We start by showing the existence of a real or complex space Z., such that there
exists a norm-one operator G € L£(Z,) satisfying ng(Z,, Z,) = v. For v € [1/2,1], it is
enough to use the fact that the set {n(W): W two-dimensional space} covers the interval
[0,1] in the real case and [1/e, 1] in the complex case [16, Theorems 3.5 and 3.6]. So, for
v € [1/2,1] there is a two-dimensional (real or complex) space Z, satisfying n(Z,) = v
and it suffices to take G = Idz, .

For v € [0,1/2], let X, = K? endowed with the norm

[z, 22)|ly = max{|aa|, [21] + (1 = Y)|z2l}  ((z1,22) € K?),
let Z = ¢2

%, and let Z, = X, @ Z. Take x5 = (0,1) € SX;, 20 = (1,1) € Sz,
zo = (1,0) € Sx, 25 = (1,0) € Sz«, and define J; = zj ® 29, Jo = 2§ ® o, and
G = (J1, J2). Let us prove the equality ng(Z,,Zy) =~

Observe first that X3 is K? endowed with the norm

(21, 23)[| = max{|zi], yloi| + |23} ((21,22) € K?).

Since [|J1]| = || J2]| = 1 and zp € Z, 2§ € Z* are spear vectors, by Propositions [6.1] and [3.6]
we have
nG(Zy, Zy) = min{ny, (X4, Z),n5,(Z, X4)}

= min{n(XJ, x5)n(Z, 20),n(Z", 25)n(X,, z0)} = min{n(X7, z5), n(X,, o)}
So it suffices to show n(X>,z5) = v and n(X,,29) > 1 — 1. To do so, we fix z* =
(21, 23) € Sx» and we compute v(X], 25, z"). The points z € Sy, satisfying z(z) = 1
are of the form x = (¢0, 1) with ¢t € [0,~] and § € T. Thus we have

v(XT, w5, ") = sup{[t0z] + x5]: t € [0,9],0 € T} = ~lai] + [a3] > [z,

which implies n(X7,z5) > 7. Finally, (X}, z§,2%) = v for 2* = (1,0) € Sx» and so
n(X3,x5) =7 as desired.

To prove n(X,,x¢) > 1 -, we fix = (21,22) € Sx., and we estimate v(X,, zo, z).
The points z* € Sx satisfying 2" () = 1 are of the form 2* = (1,¢6) with ¢ € [0,1 -]
and 6 € T. Thus we have

v(Xy, o, x) = sup{lzy + t0x2]: t € 0,1 —7], 6 € T} = [z1| + (1 = 7)|wz| = (1 =),

which implies n(X,,zg) > 1 — +. This finishes the proof of the existence of Z.,.
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Now, for each v € [0,1], we take Y, = (Z, ®s K) @1 K. On the one hand, define
Gy € £(Y,) by
Gy1(z,0a,8) =(Gz,a,8) (z€ Zy,0, 8 €K),
which satisfies ng. , (Y5,Y,) = ng(Z,,Z,) = v by Proposition On the other hand,
observe that Y = (Z7 @1 K) ®« K, so the elements y = (0,0,1) € Sy, and y* =
(0,1,1) € Sy}y* are spear vectors in Y, and Y respectively. Therefore, the norm-one
operator G2 = y* ®@y € L(Y;) satisfies ng_,(Y5,Y,) = 1 by Proposition n

We are now able to provide the pending proof.

Proof of Theorem . For each v € [0, 1], consider the space Y, given in Example
and consider the norm-one operators G, 1, G 2 € L(Y,)) satisfying ng_ , (Y;,Y,) = v and
ne, (Y, Yy) = 1. Now, let X = [, (1) Y~]eo, and for every £ € [0,1], consider the
norm-one operator G¢ € £(X) to be the diagonal operator given by [G5]7 =Gypify#&
and [G®]¢ = G¢,1. By Proposition nge (X, X) = &, finishing the proof. =

6.2. Composition operators on vector-valued function spaces. The first result
here gives the numerical index with respect to composition operators between spaces of
vector-valued continuous functions.

PROPOSITION 6.6. Let X, Y be Banach spaces, let K be a compact Hausdorff topological

space and~G € L(X,Y) be a norm-one operator. Consider the norm-one composition
operator G: C(K,X) — C(K,Y) given by G(f) = Go f for every f € C(K,X). Then

Proof. We follow the lines of [37 proof of Theorem 5]. To show
ng(C(K,X),C(K,Y)) > na(X,Y),

we fix T € L(C(K,X),C(K,Y)) with ||T[| = 1 and prove the inequality vz(T) >
ng(X,Y). Given € > 0, we may find f, € C(K,X) with || fo]| = 1 and ¢ty € K such
that

(6.1) 1T fol(to) | > 1 —&.

Define zy = fo(to) and find a continuous function ¢: K — [0, 1] such that ¢(tg) = 1 and
o(t) = 01if || fo(t) — 20]| > . Now write zg = (1 = A)x1 + Azg with 0 < A < 1, 21,25 € Sk,
and consider the functions

fJ:(1_<p)f0+<prEC(KaX) (.7:172)
Then |[¢fo — ¢z0|| < € meaning that
[ fo—((1 =X f1+Af2)l <e,
and, by (6.1]), we must have
[T fil(to)l > 1 —2e or [T f2](to)l] > 1 — 2e.

By making the right choice of xg = 1 or g = x2, we get xyp € Sx such that

(6.2) 1T = ©)fo + ewo)l(to)] > 1 — 2.
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Next, we fix xf € Sx» with z§(zo) = 1, denote
D(z) = 25(2)(1 —¢)fo+pz € C(K,X) (2 €X),
and consider the operator S € L(X,Y) given by
Sz = [T(®(x))](to) (v € X)

which, by (6.2)), obviously satisfies ||S|| > ||Szol| > 1 — 2e.
Now, given 6 > 0, and = € Sy, y* € Sy- such that Rey*(Gz) > 1 — 4, we define
[ € Sc(k,x) by f = ®(x), and consider the functional g* € S¢(k,y)- given by

g"(h) = [y" ® 0y, ](h) =y (h(to))  (h € C(K,Y)).
Since f(to) = x, we have Re g*(Gf) > 1— 6 and

ly*(Sz)| = |y*([T(@(«))](t0))| = 9" (TF)] < vg,5(T),
hence vg,5(S5) < vg 5(T). Therefore,

va(T) =2 va(S) 2 na(X, Y)[IS]| = (1 = 2¢)na(X,Y),

and the arbitrariness of € > 0 gives v5(T) > ng(X,Y), as desired.

To prove the reverse inequality, we take an operator S € L£(X,Y) and define the
operator T' € L(C(K,X),C(K,Y)) by

[T(HIE) =S(f#) (e K, feC(K, X))
Clearly, ||T|| = ||S||. To estimate the value of v5(T) we use Lemma considering
A= Sck,x)and B = {y*®0;: y* € Sy«, t € K}, where (y*®;)(g9) = y*(g(t)) for every
g € C(K,Y) (as these subsets satisfy conv(A) = Be(k,x) and conv? (B) = Be(r,yy+)-
Now, for every § > 0, f € Sc(k, x),t € K, and y* € Sy~ satisfying Rey*(G(f(t))) > 19,
we set x = f(t) € Sx and observe that Rey*(Gz) > 1 — § and

ly* ([T 1) = ly" (S(FO)] = ly™(Sz)| < v s(9).
Consequently, vg 4(T) < vg,s(S) and
so ng(X,Y) > nz(C(K,X),C(K,Y)), as desired. m
We next deal with Kéthe-Bochner vector-valued function spaces, for which we need
to introduce some terminology.
Let (2,3, 1) be a complete o-finite measure space. We denote by Lo(u) the vector
space of all (equivalent classes modulo equality a.e. of) X-measurable locally integrable

real-valued functions on Q. A Kdthe function space is a linear subspace E of Lg(u)
endowed with a complete norm || - || satisfying the following conditions:

(i) If|f| <lg| a.e.on £, g € E and f € Lo(u), then f € E and || f|lg < ||9]l&-
(ii) For every A € ¥ with 0 < pu(A) < oo, the characteristic function 14 belongs to E.

We refer the reader to the classical book by J. Lindenstrauss and L. Tzafriri [31] for more
information and background on Ké&the function spaces. Let us recall some useful facts
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about these spaces. First, F is a Banach lattice in the pointwise order. The Kdéthe dual
E’ of F is the function space defined as

E/:{geL()( ) laller = sup / Ifgdu<00}

which is again a Kothe space on (2,3, u). Every element g € E’ defines naturally a
continuous linear functional on E by the formula

fH/Qfgdu (f € B),

so we have £/ C E* and this inclusion is isometric.

Let E be a Kothe space on a complete o-finite measure space (2,%, u) and let X
be a real or complex Banach space. A function f: Q — X is said to be simple if f =
Z?:l x;1 4, for some z1,...,2, € X and some A;,..., A, € X. The function f is said
to be strongly measurable if there exists a sequence {f,}nen of simple functions such
that lim || f,(t) — f(¢)||x = 0 for almost all ¢ € Q. Given a strongly measurable function
f:Q — X we use the notation |f| for the function |f|(-) = [|f(*)|lx. We write E(X)
to denote the space of (classes of) strongly measurable functions f:  — X such that
|f| € E and we endow E(X) with the norm

1flLeco = [[11]]

Then FE(X) is a real or complex (depending on X) Banach space and it is called a
Kéthe-Bochner function space. We refer the reader to the book [30] for background. For
an element f € E(X) we consider a strongly measurable function f: Q — Sy such that
=111 F ace.

Our result for composition operators between Kéthe-Bochner function spaces is the
following inequality.

PROPOSITION 6.7. Let X, Y be Banach spaces, let (2,5, ) be a o-finite measure space,
let E be a Kothe space on (2, %, 1) such that E' is norming for E, and let G € L(X,Y)
be a norm-one operator. Consider the norm-one composition operator G: E(X) — E(Y)
given by é(f) = Go f for every f € E(X). Then

ng(E(X),E(Y)) <ng(X,Y).

We need a preliminary lemma which is considered folklore in the theory of Kothe—
Bochner spaces. As we have not found direct references, we will include a short sketch of
its proof. Let us introduce some notation. Let E be a Kothe space on a o-finite measure
space (€,3, 1) and let Y be a Banach space. If ®: Q — Y™ belongs to E’(Y™), then the
integral functional on F(Y") defined by ® is given by

(6.3) (@, f) :/Q<‘I>(t)7f(t)>du(t) (f € E(Y)).

We keep the notations |®| = ||®(-)||y~ € E' and ®: Q — Sy, which satisfy ® = |®|® a.e.
It is possible to define integral functionals as in for functions satisfying weaker
requirements but, actually, here we are only interested in those integral functionals coming
from functions ® in E’(Y*) having countably many values.
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LEMMA 6.8. Let E be a Kothe space on a o-finite measure space (2,3, 1) and let Y be
a Banach space.

(a) The set of measurable functions from Q to'Y having countably many values is dense
in E(Y).

(b) If ® € E'(Y*) has countably many values, then the integral functional defined as
in belongs to E(Y)* and satisfies ||®|| gy = || @] &/

(¢) If E' is norming for E, then the set B of all integral functionals defined by norm-one
functions in E'(Y*) having countably many values satisfies conv® (B) = Bgyy»

Sketch of the proof. (a) Fix f € E(Y) and € > 0. We consider a partition of {2 into
countably many pairwise disjoint measurable sets @ = UnENU{O} Q,, with u(0) = 0,
0 < u(Qy) < oo for all n € N, and such that f(£,) is separable for all n € N. Now, for
every n € N we use the Bochner measurability of flg, to find a measurable function
gn: Q=Y with g,(Q\ Q,) = {0}, having countably many values and satisfying

1(#) = gn(t)

(see [15] Corollary 3, p. 42], for instance). We have

E
< — teQ,
| 27| 1q, |l ( )

E]lQ

[flo, = gn| < 57
27| 1g, |

50 gn € E(Y) and || flg, — gnl| < 57 It is now clear that the sum g of the (formal) series
> n>19n belongs to E(Y), has countably many values, and satisfies || f — g|| <e.
(b) Our @ is of the form

®(t) =Y ypla,(t) (t€9Q)
n=1

for suitable sequences {y},en of elements of Y* and {4, },en of pairwise disjoint ele-
ments of ¥ such that the scalar function

t > llynlta, ()
n=1

belongs to E’. Then the action of ® on E(Y) is given by

1) = [0, 00 a0 =3 [ o)) (e p0)

It is now routine to show ® € E(Y)*

Assertion (c) follows routinely from the density in F(Y) of the set of countably-valued
functions, from the fact that E’ is norming for F, and from the density in E’ of the set
of countably-valued functions. =

Proof of Proposition . We follow the lines of [36] proof of Theorem 4.1]. Take an
operator S € L(X,Y) with ||S|| = 1, and define T € L(E(X),E(Y)) by

[T(HIE) = S(f(1) = F1(D) () (teQ | BX)).



On the numerical index with respect to an operator 45

We claim that T is well defined and ||T|| = 1. Indeed, for f € E(X), T(f) is strongly
measurable and

TNy = LAGISTE) < 1f1) (¢ e ),
so T'(f) € E(Y) with |[T(f)| gy < |||f|||E = || fllg(X). This gives ||T|| < 1. Conversely,
fix A € ¥ with 0 < p(A) < oo and for each z € Sx consider f = ||La[|z'z1a € Sp(x).-
Then || f|| = 1 and
La(@[S()lly

1Lalle

TNy =

SO
LalS@I 5 g1
11alle E

Taking supremum over z € Sx, we get [|T[| > [|S]| = 1 as desired.

Next, we fix 0 < d < 1, f = |f| f € Sp(x) and ® = |®|® € B satisfying the condition
Re (®,G(f)) > 1 — 4, where B C E(Y)* is the set given in Lemma (c) Let 0 < a <1
be such that 1 — o = v/§ and write

Q1 = {t € Q: Re(D(1),G(f(1))) <} and Q= {t € Q: Re(®(t), G(f(t))) > a}.
Then

1 -5 <Re(® G(/f Re/|<1>| )V I£1(8) (B (1), G(F(1))) dut)

1Tl = I T(Necy = ‘

—re | RIOUIO@O.CAON a0+ Re [ 01017100, G0 dute)
<o [ @O0 o+ [ 19101710 duty
<o [ 1010 110 ey +1 - [ j0100)1710) du)

hence [, [®[(t)[f[(t) du(t) < t=5. Moreover,
(@, Tf)| = \ PRI <<T><t>,s<f<t>>>du<t>\

< [ 1RIO110) vea-a(S)dutt) + [ 121(0) A1 @, SO dutt)
Qo 1951
4

< _o(S —_—
<vg1-al )+1—a

= UG,\/E(S) + \/S

Thus, we get vg 5(T') < vg /5(5) + V6 by Lemmas and c). So, taking infimum
over 0 < § < 1, we obtain ng(E(X), E(Y)) < vg(T) <ve(S) and the desired inequality
follows. m

For G = Idx, the above result improves [36], Theorem 4.1]:

COROLLARY 6.9 (Extension of [36, Theorem 4.1]). Let X be a Banach space, let (2, %, )
be a o-finite measure space, and let E be a Kothe space on (Q,2,u) such that E' is
norming for E. Then

n(E(X)) < n(X).
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There are Koéthe spaces which do not satisfy the norming requirement of Proposi-
tion (see [31l Remark 1, p. 30] for instance). We next present some particular cases
in which the previous proposition applies. First, we deal with order continuous spaces.
We say that a Kothe space E is order continuous if 0 < z, | 0 and z, € E imply
lim ||z, = O (this is known to be equivalent to the fact that E does not contain an
isomorphic copy of {o,). If E is order continuous, then E' = E* (see [30 p. 169] or [31]
p. 29]).

COROLLARY 6.10. Let X,Y be Banach spaces, let (2,3, 1) be a probability space, let
E be an order continuous Kothe space on (,%, ), and let G € L(X,Y) be a norm-
one operator. Consider the norm-one composition operator G: E(X) — E(Y) given by

G(f) =Go f for every f € E(X). Then
ng(E(X), E(Y)) < ng(X,Y).

For 1 < p < oo, L,-spaces over o-finite measures are order continuous Kéthe spaces;
for p = oo, this is no longer true, but Lo (1)’ is norming for L. (i) (see [31, Remark 1,
p. 30] for instance). Therefore, we get the following consequence:

COROLLARY 6.11. Let X, Y be Banach spaces, let (2,3, 1) be a o-finite measure space,
let 1 < p < o0, and let Ci € L(X,Y) be a norm-one operator. Consider the norm-
one composition operator G: Ly(p, X) — L,(u,Y) given by G(f) = G o f for every
feLy(pX). Then

né(LP(/iaX)va(/J»Y)) < nG(Xa Y)

Equality does not hold in general, since for p # 1, 00 we have n(¢2) < 1. On the other
hand, we will show that equality holds for p =1 and p = oco.
We start by dealing with spaces of Bochner integrable functions.

PROPOSITION 6.12. Let X, Y be Banach spaces, let (Q, %, 1) be a o-finite measure space,
and lgt G € L(X,Y) be a norm-one operator. Consider the norm-one composition oper-
ator G: Ly(p, X) = Li(p,Y) given by G(f) = Go f for every f € L1(u, X). Then

né(Ll(.ua X)le(:uvy)) = nG(X7Y)'

Proof. We follow the lines of [37, proof of Theorem 8]. Without loss of generality,
(Q, %, 1) can be considered a probability space, as vector-valued L;-spaces associated to
o-finite measures are (up to an isometric isomorphism) vector-valued L;-spaces associated
to probability measures (see [I12] Proposition 1.6.1] for instance).

In order to prove ng(Li(u, X),L1(p,Y)) > na(X,Y), we need to introduce some
notation. If (2, %, ) is a probability space, we write X := {B € X: u(B) > 0}. Given
Banach spaces X and Y, the set

B .= {Z yplp: m C X7 finite partition of Q, y5 € Sy*} CSn(uy)
Ben
satisfies

(6.4) Bu,uy)- = o (B)
since TB = B and it is clearly norming for the simple functions of L;(u,Y). On the other
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hand, we will write

14
A= x:x€S7A€E+},
{ u(A4) *

which satisfies
(65) BLl(M7X) = COHV(A).
Indeed, it is enough to notice that every simple function f € Sz, (, x) belongs to the
convex hull of A: such an f can be written as f =" , ., £4l4, where 7 C X% is a finite
family of pairwise disjoint sets of Q and x4 € X \ {0} for each A € 7. Then

£l =" lwallu(4) =1,

Aem

and hence

—— € conv(A).

Now, fix T € £(L1(,u,X)7L1(M, Y)) with ||T|| =1 and ¢ > 0. We may find by (6.5)
elements o € Sx and A € ¥T such that

?(voi)

By (6.4), there exists f* = > 5. y51p, where 7 is a finite partition of Q into sets of X+
and yj € Sy~ for each B € m, satisfying

(6:6) Ref*<T<x 1(A) )) Re;ryf’(/ ( u]éjl)>dﬂ> sioe

Then we can write

Ta ) n(ANB) . lanB
() = )Y (i)
u(ANB)#0

'>1—€

so, by a standard convexity argument, we can assume that there is By € 7 such that,
if we take the set A N By in the role of new A, the inequality remains true. After
this modification of A, we additionally obtain A C By. By the density of norm-attaining
functionals, we can assume that every yj is norm-attaining, so there is yp, € Sy such
that y; (yB,) = 1. Define the operator S: X — Y by

- o) [ 3, w(re ) wen

Berm\{Bo}

It is easy to check that ||S|| < 1, and moreover ||S| > 1 — ¢ since, as a consequence

of , we obtain

1S(zo)ll = lyp, (Szo)| = ’f* (T(‘UO u]a)»

Now, fixed 6 > 0, we consider z € Sx and y* € Sy« with Rey*(Gz) > 1—0. Take f € A
defined by

>1—¢
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and g* € B by
=y ([ na) s 3 wp( [ ndn)yom) e L.
Bo Bem\{Bo} B
‘We have

Gf =G|z La =G(x La
Gf‘G< u(A)> ) Ly

and, since A C By and a partition is a family of pairwise disjoint sets, we deduce

Reg*(éf)=Re<y*( . G(w)u]tz) du> + L . Y (/ G(x )]y*(y30)>
= Rey*(Gz) > 1—4. o

() )+, 2

Bem\{Bo}
=1g"(Tf)l < vg 5(T).
So, ve,5(S) < vg 5(T) and hence
va(T) > va(S) > na(X,Y)|IS|| > (1 —e)ng(X,Y).

Taking € | 0, we get vz(T) > ng(X,Y), and the arbitrariness of 7" gives the desired
inequality.
The reverse inequality ng(Li(p, X), L1(p,Y)) < ng(X,Y) follows directly from

Corollary [6.11] =

The last result on composition operators on vector-valued function spaces deals with

Moreover,

ly" (Sz)| =

(e o

spaces of essentially bounded vector-valued functions.

PROPOSITION 6.13. Let X,Y be Banach spaces, let (2, X, 1) be a o-finite measure space,
and let G € L(X,Y) be a norm-one operator. Consider the norm-one composition oper-
ator G: Loo(pt, X) = Loo(,Y) given by G(f) = G o f for every f € Loo(pt, X). Then
né(LOO (M7 X), Loo(/% Y)) = ’I’Lg(X, Y)
The proof of this result borrows ideas from [38], proof of Theorem 2.3]. We also borrow

from [38] two preliminary lemmas that we state for the convenience of the reader.

LEMMA 6.14 ([38, Lemma 2.1)). Let f € Loo(pt, X) with || f()]| > X a.e. Then there exists
B e X with 0 < u(B) < oo such that

[ J, o0

LEMMA 6.15 ([38, Lemma 2.2]). Let f € Loo(p, X), C € X with positive measure, and
e > 0. Then there exist x € X and A C C with 0 < p(A) < oo such that ||z| = || flc]||
and ||(f —x)1 4| < e. Accordingly, the set

{2la+ flo\a:z € Sx, [ € Br_(u,x), A€ X with 0 < u(A) < oo}

is dense in Sp__(u,x)-
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Proof of Proposition . In order to show nz(Leo(t, X), Loo(p1,Y)) > na(X,Y),
we fix an operator T' € L(Loo (i, X ), Loo (11, Y)) with ||T|| = 1. Given € > 0, we may find
Jo € St (u,x) and C C Q with u(C) > 0 such that
(6.7) [Tl >1-e (teC).

On account of Lemma [6.15] there exist yo € Bx and A C C with 0 < u(A) < oo such
that ||(fo — vo)1al| < e. Now, write yo = (1 — AN)a1 + Azg with 0 < A < 1, 21,29 € Sk,
and consider the functions

fi=zjla+ folgya € Loo(p, X) (= 1,2).
which clearly satisfy || fo — ((1 —A)f1 + Af2)|| <e. Since A C C, by (6.7)) we have

I[TAION>1=2e or [T >1-2e
for every t € A. Now, we choose i € {1,2} such that

A= (e A ITFIO) > 1 - 22)
has positive measure, we write zyo = x;, and we finally use Lemmal6.14to get B C A; C A
with 0 < p(B) < oo such that
1
1(B)
Next, we fix xf € Sx~ with zf(zo) = 1, we write
O(x) = 2l +25(2) foloa € Loo(p, X)  (z € X).
and we define the operator S € L(X,Y) by
1
So = 7/ T@@)dy  (x € X)
w(B) Jp

which, by , satisfies ||.S]| > ||Szol| > 1 — 2e.

Given 0 > 0, we fix 2 € Sx and y* € Sy~ with Rey*(Gx) > 1—4. Define f € Sp_ (.., x)
by

(6.8)

/ T(LIJ'()]].A +f0]]-Q\A) d‘LLH >1—2e.
B

f=@() =2la+z5() folaa
and g* € S;_(,,v)- by

() = y(@ /B hdu) (h € Loo(p, V).

Since B C A, we have

Reg” (@) = ey (s [ G0 )
~ ey (s [ Gaa0) + 250) fo(O)121a0)) )
(L x = Rey*(Gzx —
= Rey (M(B)/BG( )]lB(t)du(t)> Rey*(Gz) > 1-4.
Moreover,
o= v (i [ T@@) )| =191 < v (1
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s0 vg,5(5) < vg 5(T') and hence
v5(T) > va(S) > na(X,Y)|IS]| > (1 = 2e)na(X,Y).

Taking ¢ | 0, we get v5(T) > ng(X,Y), and the arbitrariness of T' gives the desired
inequality.
The reverse inequality is a consequence of Corollary n

6.3. Adjoint operators. As shown in Lemma the numerical index with respect
to an operator always dominates the numerical index with respect to its adjoint. Our
aim here is to give some particular cases in which the two indices coincide. First, we
have to recall that this is not always the case, as there are Banach spaces X for which
n(X*) < n(X) (see [27, §2] for instance). We also provide an easier example which does
not use the identity operator.

EXAMPLE 6.16. The inclusion G: co — c satisfies ng(co,¢) = 1, whereas its adjoint
G*: b1 &1 K — {4, given by (x,\) — z, is not even a vertex of L(c*,c}) and so it satisfies
ng«(c*,c§) = 0.

Indeed, G is a spear operator by, for instance, |26, Proposition 4.2], so ng(co, ¢) = 1.
To prove G* is not a vertex, consider the operator T': £; ®1 K — ¢; given by T'(z, A) = e}
for x € /1 and X € K. Then we have

IG* (2, \) + 0T (2, \)|| = H( )+ 0Ne; + > 2 (k)
k=2

DI+ (A +Z\w )= [zl + Al = [I(z, A

for every 6 € T, every z € (1, and every A € K. ThlS shows ||G* 4 0T|| < 1 and so G* is
not an extreme operator. Therefore, G* is not a vertex by Lemma

If X and Y are both reflexive spaces, the numerical index with respect to every norm-
one operator G € L(X,Y) coincides with the numerical index with respect to G*. Indeed,
the inequality

ne (X, V™) <ng+ (Y, X*) <ng(X,Y)

gives the result. Actually, it is enough that Y is reflexive, or even a much weaker hypoth-
esis: we show that the numerical index with respect to an operator coincides with the one
with respect to its adjoint when the range space is L-embedded. Recall that a Banach
space Y is L-embedded if Y** = Jy(Y) @, Y; for suitable closed subspace Y of Y**.
We refer to the monograph [23] for background. Examples of L-embedded spaces are
reflexive spaces (trivial), preduals of von Neumann algebras, in particular L (i) spaces,
the Lorentz spaces d(w, 1) and LP-!, the Hardy space H}, and the dual of the disk alge-
bra A(D) (see [23] Examples IV.1.1 and III.1.4]).

PROPOSITION 6.17. Let X be a Banach space, let Y be an L-embedded space, and let
G € L(X,Y) be a norm-one operator. Then ng(X,Y) =ng«(Y*, X*).

Proof. We follow the lines of [26], proof of Proposition 5.21]. Write Y** = Jy (Y) &1 Y,
and let Py : Y** — Jy(Y) be the natural projection. For a fixed T' € L(Y™*, X*) consider
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the operators
A=PyoT*oJx: X - Jy(Y), B:=[ld—PyloT oJx: X =Y.

Then T* o Jx = A@® B. Given ¢ > 0, since Jx(Bx) is dense in Bx+« by the Goldstine
Theorem and T™ is weak*-to-weak™ continuous, we may find xg € Sx such that

1T Jx (o) || = [Azol| + [ Bxoll > IT7]| —&.
Now, we may find yo € Sy and y; € Sy such that
|Azollyo = Az and yi(Bxzo) = || Bxol|.

Define S: X — Y by
S(x) = Az +yi(Bx)yo (x € X).
For this operator
IS1 = [1Szoll = [Azo + y5 (Bxo)yoll = [[Azoll + [ Bxoll > || — e
Given 0 > 0, we take x € Sx and y* € Sy~ with Rey*(Gz) > 1 — 4, and consider
z=Jx(x) € Sx+ and 2z = (Jy-(y"),y" (vo)ys) € Sy---
as Y*** = Jy« (Y*)®o Y. Now, Re 2*(G**2) = Rey*(Gx) > 1—0 since G**oJx = JyoG.
Moreover,
|2°(T"2) = [Jy- (y*)(Az + y" (yo)ys (Bx))| = |y* (Sz)l,

hence |y*(Sz)| = |2*(T*2)| < vg=s(T*) and, taking supremum, v s5(S) < vgx s(T%).
Therefore,

va=(T') = v (T7) =2 va(S) 2 na(X,Y)|[S]| > na (X, Y)[||T]| - &].

The arbitrariness of € > 0 and of T' € L(Y™, X*) gives ng(X,Y) < ng-(Y*, X*), and the
other inequality is always true. m

Particular cases of the above result are the following.
COROLLARY 6.18. Let X be a Banach space and let Y be a reflexive space. Then
ng(X,Y) =ng-(Y*, X¥)
for every norm-one G € L(X,Y).

COROLLARY 6.19. Let X be a Banach space and let p be a positive measure. Then
ng(X, L1(p)) = ne+ (L1 (p)*, X*) for every norm-one G € L(X, L1(u)).

Finally, we show that, for rank-one operators, the numerical index is preserved by
passing to the adjoint.

PROPOSITION 6.20. Let X,Y be Banach spaces, and let G € L(X,Y) be a rank-one
operator of norm 1. Then ng(X,Y) = ng«(Y*, X*) and so the same happens to all the
successive adjoints of G.

Proof. We can write G = xf; ® yo for some z§ € Sx~ and yo € Sy, so

ng(X,Y) = n(X", z5)n(Y, yo)
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by Proposition Furthermore, as G* = Jy (y0) ® x5, we have
ng- (Y7, X7) = n(Y™, Jy (yo))n(X™, x5)
again by Proposition[3.6] But n(Y™**, Jy (yo)) = n(Y, o) by Lemma[2.6/and we are done. =

6.4. Composition of operators. The next result allows us to control the numerical
index with respect to the composition of two operators in two particular cases.

LEMMA 6.21. Let X,Y,Z be Banach spaces and let G1 € L(X,Y) and Ga € L(Y, Z) be
norm-one operators.

(a) If Go is an isometric embedding, then ng,oc, (X, Z) < ng,(X,Y).

(b) IfGl(Bx) = By, then NG,0G, (X, Z) S nGZ(Y, Z)
Proof. Both (a) and (b) follow from Lemma In the first case, it is enough to
see that the map 7' +— G2 o T from L(X,Y) to L(X,Z) is an isometric embedding by

the hypothesis on Gs. For (b), we see that S — S o G; from L(Y,Z) to L(X,Z) is an
isometric embedding by the hypothesis on G;. =

We now collect some consequences of this result.
The first immediate consequence is that the restriction of the codomain of an operator
cannot decrease the numerical index.

PROPOSITION 6.22. Let X,Y be Banach spaces, let G € L(X,Y) be a norm-one operator,
and let Z be a closed subspace of Y with G(X) C Z. Consider the operator G: X — Z
given by Gz = Gz for every x € X. Then ng(X,Y) < ng(X, Z).

Proof. This follows from Lemma a) as G = I oG where I: Z — Y denotes the
inclusion. m

The inequality in the above result can be strict:
EXAMPLE 6.23. The operator G: K — K @y K given by G(z) = (x,0) satisfies
nG(K, K @ K) = 0, whereas G: K — K satisfies ng(K,K) = 1.

Another consequence of Lemma [6.21] is that the numerical index with respect to the
injectivization of an operator is an upper bound for the numerical index with respect to
the original operator.

PROPOSITION 6.24. Let X, Y be Banach spaces, let G € L(X,Y) be a norm-one
operator, and let q: X — X/ker G be the quotient map. Consider the injectivization
G € L(X/ker G,Y) satisfying Goq=G. Then
ng(X,Y) <ng(X/kerG,Y).
Proof. This follows from Lemma b) as Go q=G and ¢(Bx) = Bx/ker - ®

In the particular case when ng(X,Y) = 1, we obtain the following result which gives
a partial answer to |26, Problem 9.14].

COROLLARY 6.25. Let X, Y be Banach spaces, let G € L(X,Y) be a norm-one operator.
Then, under the notation of Proposition [6.24], if G is a spear operator, then so is its
ingjectivization G.
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Again, the inequality in Proposition may be strict, as the following example
shows. It also proves that Corollary is not an equivalence.

EXAMPLE 6.26. The operator G: {1®1K — ¢4 given by G(x, \) = x satisfies the condition
na(l &1 K, 01) = 0 (as proved in Example [6.16)), whereas the injectivization G is the
identity operator in £1 and so it satisfies ng(l1,£1) = n(f1) = 1.

With the aid of all of these examples and some others from previous sections, we may
prove the following assertion.

REMARK 6.27. There is no general function Y': [0,1]x [0, 1] — [0, 1] such that the equality
NGy0G, (Xa Z) = T(nG2 (Y7 Z)? nG, (Xv Y))

holds for all Banach spaces X,Y, Z and for all norm-one operators G; € £(X,Y) and
Gs € ;C(Y: Z)

Indeed, suppose that such a function Y exists. In Remark an example is given
of a real Banach space Z with n(Z) = 0 and a norm-one operator G € L(Z,R) such
that ng(Z,R) = 1. As G = G o1dy, it follows that 1 = Y(1,0). Moreover, there is a
similar example in Remark showing 1 = T(0,1). On the other hand, if X, Y are
two-dimensional Banach spaces, we may always find G € L(X,Y) with ng(X,Y) =0 by
Proposition[£.1] As G = Goldx = Idy oG, it follows that 0 = T(0,n(X)) = T(n(Y),0).
It is enough to consider X =Y = (2 to get a contradiction.

Now, we may wonder whether a further relationship with the composition is valid in
general. We answer this question in the negative giving some counterexamples.

Example shows that, in general, there is no inequality

NG30G, (X7 Z) < maX{nGl (X7 Y)7nG2 (Y7 Z)}7

with G playing the role of G; and the identity operator playing the role of Gs.
Example [6.23] also shows the absence, in general, of the inequality

NG30G, (X7 Z) > max{ngl (Xa Y)a ng, (K Z)}

Actually, it is possible that the inequality ng,oq, (X, Z) > min{ng, (X,Y),ne, (Y, 2)}
fails, as the following example shows, since n(¢,) > 0 for p # 2 by [35].

EXAMPLE 6.28. Let 1 < p < g < oo. The canonical inclusion G: £, — {; satisfies
ng(fp,f(ﬂ =0.

Proof. Consider the norm-one operator T' € L(£p,£,) given by T' = e5 ® e1. Given a
scalar 0 < € < 1/4, our goal is to prove vg(T) < max{e'/?, (1 — (1 — 2¢)7)'/49}. To do so
we need the following claim.

CLAIM. Let 0 < & < 1/2 be such that (1 —6)?/(47P) > 1 —e. Given x € Sy, such that
2]l > (1 —282)Y9, there exists a unique ko € N satisfying |z(ko)[P > 1 — ¢.

Indeed, the uniqueness of ky is clear because |z(ko)|P > 1—¢, e < 1/4, and ||z||, = 1.
Let us show the existence of ko. Since 1 — 26 < |[lz||¢, there is n € N satisfying
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1—62 <>, |z(k)]9, and thus

ih:( —52<1- 52<Z\J; |Q—Z\m )P le(k)|97P.
k=1

k=1
Let I ={k e {1,...,n}: |z(k)|?P > 1 — ¢}. Using |26, Lemma 8.14] with A\, = |z(k)|?,
Br =1 and ay = |z(k)|77P, we get 3,4/ [x(K)[P < 0. So we can write

1—52<Z|x \q—|—Z|x |q<2\m |p—|—2|x |q<5+2\x

kgl kel kgl kel kel
which gives Y, o, [#(k)|? > 1 — 6% — 6 > 0 and therefore I # . For kg € I, we have
w(ko)[P > (1= )75 >1—¢,

finishing the proof of the claim.
To estimate the numerical radius of 7', let 0 < § < & be such that 1 -4 > (1 - 262)1/4
and take z € S¢, and y* € Sp- satisfying Rey*(z) > 1 — ¢, which implies

|#]lq > Rey*(z) >1—0 > (1—282)1/¢.

The claim tells us that there is kg € N such that |z(kg)[? > 1—¢ and so Zi‘;ko |z(k)|P < e.
Now, we can estimate |y*(Tx)| = |y*(1)| |«(2)| depending on the value of ko. If kg # 2
then |x(2)| < e'/? and |y*(Tx)| < |=(2)| < €'/P. Suppose, otherwise, ky = 2. Then, as

1 -6 <Rey*(z) = ly*(2)]| |=(2) |+Z\y )| 2 (k
kA2
<y |+||quZ|5C WP < 1y*(2)] +e,
kA2

we get |y*(2)| > 1 — 6 —e > 1 — 2¢. Therefore,
ly*(2)]7 > (1 -2)7 and |y*(Ta)| < |y (1)] < (1 - (1 —26))"/.
Hence, in any case,
va(T) Svg5(T) < max{al/p, (1-(1- q)l/q}

and the arbitrariness of € gives vg(T") = 0 and so, ng(¥p,¢,) = 0.

6.5. Extending the domain and the codomain. Our final aim in this chapter is to
study ways of extending the domain and the codomain of an operator maintaining the
same numerical index. For the domain, we have the following result.

PROPOSITION 6.29. Let XY, Z be Banach spaces, let G € L(X,Y) be a norm-one oper-
ator, and consider the norm-one operator G: X &g Z — Y given by G(z, z) = G(z) for
every (x,z) € X @®oo Z. Then

Proof. Fix T € L(X oo Z,Y) with ||T|| > 0 and 0 < € < ||T||. We may find z¢ € Sx
and zg € Sz satisfying ||T(xo,20)|| > ||T|| — €. Now take x§ € Sx« with z{(zo) = 1 and
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define the operator S € L(X,Y) by
S(z) =T (z,x5(x)20) (z€X),
which satisfies ||S|| > [|Szo|| = || T (z0, 20)|| > [|T]| — €.

Now, given 6 > 0, z € Sx, and yi* € Sy with Rey*(Gz) > 1 — §, we consider
(x,28(x)20) € Sx@..z- Clearly, Rey*(G(z, x§(x)20)) = Rey*(Gz) > 1 — §. Moreover,

ly" (Sz)| = [y (T (2, 25(x)20))| < vg 5(T),
hence vg 5(S) < vg 5(T). Therefore,
va(T) 2 va(S) = na(X, Y)|IS| > na(X, V)T — €]
The arbitrariness of € > 0 and T' € L(X @ Z,Y) gives nz(X O Z,Y) > ng(X,Y).

The reverse inequality follows immediately from Lemma b) as G = G o P where
P: X ®& Z — X denotes the natural projection. m

For the range space, the result is the following.

PROPOSITION 6.30. Let X,Y,Z be Banach spaces, let G € L(X,Y) be a norm-one op-
erator, and consider the norm-one operator G XY Z given by Gz = (Gx,0) for
every x € X. Then

TLé(X,Y b1 Z) = ’I’Lg(X, Y)

Proof. Fix T € L(X,Y @1 Z) with ||[T|| > 0, ||T']] > € > 0, and z¢ € Sx such that
ITxol| > ||T|| — €. Denote by Py and Pz the projections from Y @; Z to Y and Z,
respectively. Take yo € Sy so that PyTzo = ||PyTzollyo and z§ € Sz« satisfying
25 (PzTxo) = || PzTzo||. Now define S € L(X,Y) by

Sz = PyTx+ z5(PzTx)ye  (z € X),

which satisfies
151 = [[Szoll = [Py Two + [|PzTxo|lyoll = [|1Py Txo|l + [[PzTxoll > T —e.
Given § > 0, x € Sx, and y* € Sy~ with Rey*(Gz) > 1 — 4, we consider (y*, y*(yo)z5) €
Sye.z)- as (Y ©1 Z2)* =Y @ Z*. Clearly,
Re(y”,y" (y0)75)(Gz) = Rey”(Gz) > 1 - 4.
Moreover,
ly*(Sz)| = ly" (PyTa + 25 (PzTx)yo)| = (v, y" (o) 25 ) (T2)| < vg 5(T),
and then vg 5(S) < vg 5(T). Therefore,
va(T) = va(S) = na(X, Y)||S]| > na (X, Y)[|T]| — ]

The arbitrariness of € and T gives n5(X,Y ©1 Z) > ng(X,Y).

The reverse inequality is an immediate consequence of Lemma a) as G=I0oG
where I: Y — Y ®; Z denotes the natural inclusion. m
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