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Foundations and new insights

Alejandro Jiménez Cano

Summary (in English)

General Relativity (GR) is the geometric theory we currently use as standard frame-
work for gravitation. In GR, gravity is understood as a manifestation of the deformations
of the spacetime caused by the energy-momentum content. The basic mathematical ob-
ject in this theory is the metric, which defines the notion of distance. In addition, this
metric canonically induces a connection (essentially a notion of parallelism), which has a
curvature associated with it. It is this curvature what explains the gravitational effects at
large scales.

This thesis is about developments performed in the so-called metric-affine frame-
work. This alternative framework extends GR by considering a connection more general
than the one induced by the metric. Interestingly, the resulting structure can be integrated
within a gauge procedure, similarly as we do with the other interactions of Nature. The
resulting theory is known as Metric-Affine Gauge (MAG) gravity. Contributing to the
development of this theory, as well as to other modified theories of gravity, is the central
goal of this thesis.

In Chapter 1 we revise the open problems that are present in GR with an extensive bib-
liographic revision and use this to motivate modifications of GR. After this introduction,
the contents of the thesis are divided into three main parts, covering different aspects of
metric-affine theory and other modified theories of gravity.

In the first part we revise more formal aspects of the metric-affine framework. It
contains three chapters:

p Chapter 2. This chapter is a compendium of mathematical definitions, results and
formulae that we will need to properly work in metric-affine theories.

p In Chapter 3, we introduce the gauge approach that leads to metric-affine gravity
and collect some general properties of these theories. We also construct the most
general action up to quadratic order in curvature, torsion and nonmetricity.

p In Chapter 4, we discuss the topological nature of the Lovelock terms when formu-
lated in a metric-affine framework in their critical dimensions. At the end we also
comment on other topological invariants.



In the two chapters that constitute the second part, we study gravitational wave ge-
ometries:

p In Chapter 5, we analyze (kinematically) different ways to generalize the geometry
of a gravitational wave metric to the metric-affine framework. We apply some of
the results and criteria obtained to particular geometries.

p In Chapter 6, we perform, for a particular geometry (Ansatz), the analysis of the
dynamical equations for quadratic metric-affine gravity (only with even parity in-
variants), and search for exact solutions of that type.

The third part is much more physical. The aim here is to analyze the viability of
different extensions of GR by guaranteeing the stability of their degrees of freedom:

p In Chapter 7, we present and discuss some of the most important field-theoretical
pathologies that we can find in general theories and, in particular, in gravity. We
see some particular cases and analyze other types of problems in the particular case
of 4-dimensional Einstein-Gauss-Bonnet gravity.

p In Chapter 8, we collect the results of an analysis of the stability of cosmological
backgrounds in Einsteinian Cubic gravity and other extensions of this theory. The
idea is to explicitly show the consequences of doing physics in a strongly coupled
background. This chapter is not directly related to metric-affine gravity, but it is
a nice example of a modified theory of gravity with problems that could also be
expected in the metric-affine case.

p In Chapter 9, we concentrate on the null-curvature restriction of the even quadratic
metric-affine action. We express the well known teleparallel equivalents of GR as
particular gauge-fixed versions of it. In addition, we show that extra symmetries
are needed to avoid the presence of ghosts.

p In Chapter 10, we present some preliminary results on the particle spectrum of
the full quadratic metric-affine Lagrangian (with even and odd invariants) in four
dimensions around Minkowski space.

The chapters based on published works contain at the end their own conclusions (to-
gether with a list of limitations of that work). In Chapter 11, we just briefly revise the most
important ones, as well as some general ideas and lessons that one could extract from the
whole thesis. This chapter is followed by several appendices that collect complementary
contents, expressions and proofs.
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Resumen (en español)

Relatividad General (GR) es la teoría geométrica que actualmente constituye el marco
estándar de trabajo en gravitación. En ella, la gravedad se entiende como una man-
ifestación de las deformaciones provocadas en el espaciotiempo por el contenido de
energía-momento. El objeto matemático básico de esta teoría es la métrica, la cual de-
fine la noción de distancia. Esta métrica, además, induce canónicamente una conexión
(esencialmente, una noción de paralelismo) que tiene asociada una curvatura. Y es esta
curvatura la que explica a gran escala los efectos gravitatorios.

Esta tesis trata sobre desarrollos llevados a cabo en el llamado marco métrico-afín de
gravedad. Se trata de un marco alternativo que extiende Relatividad General al consid-
erar una conexión más general que la que induce la métrica. Curiosamente, la estructura
resultante puede enmarcarse dentro de un procedimiento gauge, tal y como hacemos
para el resto de interacciones de la Naturaleza. A la teoría resultante se la conoce como
Metric-Affine Gauge (MAG) gravity. Contribuir al desarrollo de esta y, en general, al campo
de la gravedad modificada, es el objetivo central de esta tesis.

En el Capítulo 1 revisamos los problemas abiertos de GR con una extensa batería bib-
liográfica y los usaremos para motivar modificaciones de GR. Tras esta introducción, los
contenidos de la tesis se agrupan en tres grandes bloques, cubriendo diferentes aspectos
de la teoría métrico-afín y de otras teorías modificadas de gravedad.

En la primera parte abarcamos aspectos más formales del marco métrico-afín. Con-
tiene tres capítulos:

p Capítulo 2. Este capítulo es un compendio de definiciones, resultados y fórmulas
matemáticas que necesitaremos para trabajar en teorías métrico-afines.

p En el Capítulo 3 introducimos el procedimiento gauge que conduce a las teorías
métrico-afines y recopilamos algunas propiedades generales de estas. Construimos
también la acción más general hasta orden cuadrático en la curvatura, la torsión y
la no-metricidad.

p En el Capítulo 4 discutimos la naturaleza topológica de los términos de Lovelock
formulados en el marco métrico-afín en sus dimensiones críticas. Al final, comen-
tamos también sobre otros invariantes topológicos.



En los dos capítulos que constituyen la segunda parte estudiamos geometrías de onda
gravitacional:

p En el Capítulo 5 analizamos (cinemáticamente) diferentes modos de generalizar
métricas de onda gravitacional al marco métrico-afín. Aplicaremos también al-
gunos de los resultados a geometrías particulares.

p En el Capítulo 6 llevamos a cabo, para una geometría particular (Ansatz), el análisis
de las ecuaciones dinámicas de la teoría cuadrática métrico-afín (solo con invari-
antes pares bajo paridad), y exploramos soluciones exactas de aquel tipo.

La tercera parte es mucho más física. La idea ahora es analizar la viabilidad de difer-
entes extensiones de GR, usando como criterio la estabilidad de sus grados de libertad:

p En el Capítulo 7 presentamos y discutimos algunas de las patologías más impor-
tantes que pueden aparecer en teorías de campos generales y, en particuar, en
gravedad. Veremos algunos casos particulares y analizaremos otros tipos de prob-
lemas en el caso particular de 4-dimensional Einstein-Gauss-Bonnet gravity.

p En el Capítulo 8 recopilamos los resultados de un análisis sobre la estabilidad de
fondos cosmológicos en Einsteinian Cubic gravity y extensiones de esta. La idea es
mostrar explícitamente las consecuencias de hacer física en un fondo fuertemente
acoplado. Este capítulo no está directamente relacionado con gravedad métrico-
afín, pero es un buen ejemplo de teoría modificada de gravedad con problemas que
podrían esperarse también en el caso métrico-afín.

p En el Capítulo 9 nos concentramos en la restricción de curvatura nula de la parte par
de la acción cuadrática métrico-afín. Expresamos los bien conocidos equivalentes
de GR como versiones de dicha teoría bajo gauge-fixings particulares. Además, de-
mostramos que son necesarias simetrías extra para evitar la presencia de modos
fantasma.

p En el Capítulo 10 presentamos algunos resultados preliminares sobre el espectro de
partículas del lagrangiano cuadrático métrico-afín general (incluyendo invariantes
pares e impares), en cuatro dimensiones y alrededor del espacio de Minkowski.

Los capítulos basados en trabajos publicados contienen al final sus propias conclu-
siones (junto a una lista de limitaciones de dicho estudio). En el Capítulo 11, brevemente
revisaremos las más importantes, así como algunas ideas generales y lecciones que pode-
mos extraer de toda la tesis. A este capítulo le siguen varios apéndices que recopilan
contenidos, expresiones y demostraciones complementarias.
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Conventions

p We take the speed of light in vacuum to be the unit c = 1 (natural units).

p Mostly minus signature for the metric: we assign + to the timelike directions and
− to the spacelike ones. For example, for a Lorentzian metric in four dimensions
we would have (+−−−).

" Only in Chapter 8 we will turn to mostly plus (−+ ++).

p D is the dimension of the spacetime.

p Indices

We will constantly apply the Einstein summation convention: repeated indices up
and down are supposed to be contracted, which means summation over all their
possible values (in general, the dimension of the space in which the involved objects
live). For tensors, upper indices correspond to the contravariant part (vector) and
the lower ones to the covariant part (covector).

Indices Meaning

a, b, c Indices in some abstract Lie algebra (used in Chapter 3).

M, N Generic internal indices in a vector space. Used for generic
vector-valued forms (Chapter 2) and for the matter fields (Chapter 3).

µ, ν, ρ, λ, σ, τ, α, ... Components in a holonomic (coordinate) basis of the manifold.

a, b, c, d, e, f... Components in a anholonomic frame of the manifold. Sometimes they
are used as generic indices (both anholonomic and holonomic).

i, j, k... Spatial coordinate indices. In cosmological situations they will cover
all the D− 1 spatial direction. In gravitational wave situations they
refer to the transversal D− 2 dimensional space.

A,B,C,D,E, ...
A,B,C...

Same as the previous ones but with respect to an arbitrary frame. The
underlined version indicates that they have been raised/lowered with
the δAB metric (only in Chapter 6).

â, b̂ They cover the two non-transversal directions in a GW anholonomic
basis (used in Chapter 6).

Table 0.0.2: Different types of indices used in this thesis.

p Convention for the covariant derivative (index order in the connection):

∇µHν
ρ := ∂µHν

ρ − Γµν
σHσ

ρ + Γµσ
ρHν

σ . (0.0.1)

∇µHa
b := ∂µHa

b − ωµacHc
b + ωµc

bHa
c . (0.0.2)

p Conventions for the Riemann tensor, the Ricci tensor, the Ricci scalar, the torsion
and the nonmetricity components, respectively:

Rµνρ
λ := 2∂[µΓν]ρ

λ + 2Γ[µ|σ
λΓ|ν]ρ

σ , Rµν := Rµρν
ρ , R := gµνRµν ,

Tµν
λ := 2Γ[µν]

λ , Qµνσ := −∇µgνσ . (0.0.3)

" In Chapter 8, the curvature tensors Rµνρλ and Rµν will be as in (0.0.3) but with
a global minus sign (R remains the same due to the change of signature).
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p Symmetrization and antisymmetrization of indices.

H(µ1...µk) :=
1

k!

∑
σ perm

Hσ(µ1)...σ(µk) . H[µ1...µk] :=
1

k!

∑
σ perm

sgn(σ)Hσ(µ1)...σ(µk) .

(0.0.4)

Every index between the parentesis (or square-brakets) participates in the (anti-)
symmetrization process:

V(µ
λWaν) :=

1

6

(
Vµ

λWaν + Vµ
λWνa + Va

λWµν + Va
λWνµ + Vν

λWaµ + Vν
λWµa

)
.

(0.0.5)
Observe that λ is an upper index so it is not affected by the symmetrization.
To exclude indices we use bars:

V(µW|aρ|ν) =
1

2
(VµWaρν + VνWaρµ) (a, ρ are invisible for the symmetrization).

(0.0.6)
We should not use several of these symbols one inside the other because we can
create confusion. Suppose, for instance, that we want to antisymmetrize the object
V[µ

λWν]σρ in νρ. Since one of the indices is involved in two antisymmetrizations,
what we will do is using an auxiliary delta to avoid confusion:

V[µ
λW[ν]|σ|ρ] (ugly/confusing notation) −→ V[µ

λWα]σβδ
α
[νδ

β
ρ] = V[µ

λWα]σ[ρδ
α
ν] .

(0.0.7)

p We will sometimes refer to the metric through the corresponding line element, us-
ing the identifications:

ds2 ≡ g , 2dxdy ≡ dx⊗ dy + dy ⊗ dx . (0.0.8)

p In Chapters 3 and 10, overlined objects are odd parity ones: U , T , Λ... The overlined
parameters are those of the odd parity terms of the action: a1, b5, c1, c2...

p In Chapter 4, objects with tilde are associated to the metric-compatible connection
ω̃a

b defined in Proposition 4.3. Examples: R̃a
b, D̃...

p In Chapters 5 and 6, underlined objects are transversal in a gravitational wave sce-
nario. For tensor-valued differential forms (of non-zero rank) the external indices
can be non-transversal. Examples: ϑa, gij d...

p In Chapters 7 and 10, objects with a big hat on them are the background values of
the fields in perturbation theory. Examples: ĝab, ϑ̂a D̂...
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1 Introduction

Autoritätsdusel ist der größte Feind der Wahrheit
/ Blind obedience to authority is the greatest enemy of truth.

— Albert Einstein, in a letter to Jost Winteler (July 8th, 1901)

1.1 Motivation: General Relativity and reasons to modify it

In Newton’s theory, space and time play the role of a static stage where physics takes
place, in which gravity is just an interaction between masses governed by a certain law.
This changed drastically at the beginning of the 20th century. Two years after its Special
Relativity theory, Albert Einstein discovered that non-accelerated observers and freely
falling observers are two sides of the same coin, and this fact (the equivalence principle)
guided him to relate gravity with intrinsic properties of the spacetime. Finally, in 1915, he
established a new framework for the gravitational interaction, General Relativity (which
we will abbreviate sometimes as GR). In this theory, gravity is a manifestation of the
nontrivial geometry of the spacetime. To properly describe this geometry, one needs to
understand two mathematical structures. The first one is the metric gµν that allows to
measure distances (and any type of hyper-volume) and also distinguishes between space
and time directions. The other structure is the connection Γµν

ρ, which establishes the
notion of parallel transport, i.e. a criterion to compare tensors in different points of the
spacetime. This connection defines the curvature in each point.1

There is a very particular connection which is uniquely defined by the metric, the
Levi-Civita connection Γ̊µν

ρ, whose components {µνρ} (called Christoffel symbols) depend
on the first derivatives of the metric. The curvature of this Levi-Civita connection, R̊µνρλ,
is what explains the gravitational interaction in the context of GR. Indeed, the core of GR
is the Einstein equation,

R̊µν −
1

2
gµνR̊ = κTµν , κ := 8πGN (1.1.1)

where GN is the Newton gravitational constant, R̊µν and R̊ are the Ricci tensor and Ricci
scalar of the geometry (objects derived from R̊µνρ

λ), and Tµν is the energy-momentum
tensor. Therefore, the equation (1.1.1) tells that the curvature of the spacetime (l.h.s.)
is dynamically related to the energy and momentum of the matter and fields that live
in the spacetime (r.h.s.). By following a Lagrangian approach, the equation (1.1.1) can
be derived by varying with respect to the metric a matter action coupled to one of the
following purely gravitational actions (that differ in a boundary term):

SEins =
1

2κ

�
d4x
√
|g| gµν({λσσ}{µνλ} − {µλσ}{νσλ}) , SEH =

1

2κ

�
d4x
√
|g| R̊ ,

(1.1.2)
which we will call Einstein action and Einstein-Hilbert action, respectively.

General Relativity is an extraordinarily successful theory that agrees with all obser-
vations performed in a broad range of scales, from sub-milimetric to Solar System. It
describes the planetary orbits together with their anomalies (e.g. the precession of the

1In the following chapter we will provide a precise definition of all of these objects.
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2 1.1. Motivation: General Relativity and reasons to modify it

perihelion of Mercury), the light deflection in the presence of very massive objects (e.g.
gravitational lenses), time delays due to the curvature effects (experiments with atomic
clocks, Shapiro effect...) among others. The theory has also been used to construct the
most robust cosmological model that we have: Λ-Cold-Dark-Matter (ΛCDM). This model
has survived a great deal of observational test and has provided a notable understanding
of the early Universe (post-inflation), the abundances of different elements and particles,
and the origin of large scale structure. Additionally, the GR dynamics predicts the emis-
sion of perturbations of the metric from extremely violent astronomical processes. These
are the so called gravitational waves (GW), and were finally confirmed in the last years by
LIGO and Virgo Collaborations, through the observations of several black hole mergers
(see e.g. [13, 14]) and a binary neutron star merger [15].2

Nevertheless, GR is not completely absent of problematic issues, which may come
from both the experimental and the theoretical side.

Experimentally, there are several phenomena whose nature is currently under debate:

p The Dark Matter problem. There are astrophysical observations that seem to re-
quire extra matter that we do not see: galaxy rotation curves, gravitational lenses,
the Bullet cluster, the observed Cosmic Microwave Background, etc. This problem
is usually addressed by postulating the existence of some weakly interacting field
that accounts for the missing mass (Dark Matter). These effects can also be inter-
preted as consequence of some unknown features of the gravitational interaction,3

or a combination of them. In the context of ΛCDM, a Dark Matter distribution with
a density parameter Ωc = 0.265(7) (∼5 times the amount of ordinary/baryonic mat-
ter in the Universe) is required [16, 17]. However, the model does not explain the
origin of this exotic matter.

p The Dark Energy problem. Dark Energy is how we call the unknown form of
energy that is responsible of the accelerated expansion of the Universe. According
to observations, Dark Energy behaves as a perfect barotropic fluid (p = wρ) with
w = −1.03± 0.03 [17]. Although we do not know exactly the nature of this energy,
this value is consistent with ΛCDM, which assumes a cosmological constant Λ (i.e.
w = −1).

p The Hubble tension is a disagreement between the value of the Hubble parameter
(the expansion rate of the Universe) obtained by the Planck Collaboration from the
Cosmic Microwave Background (CMB) and ΛCDM [17] and the one coming from
late-time cosmological observations [18], respectively:

H0 = (67.4± 0.5) km/s/Mpc, H0 = (73.52± 1.62) km/s/Mpc . (1.1.3)

In addition to these observational problems, there are also some theoretical ones in
GR, such as:

p Singularities. The theory predicts singularities, e.g. in the interior of black holes
and in cosmological solutions.

p The cosmological constant problem. The problem with invoking a cosmological
constant Λ to describe Dark Energy is that Λ suffers from a naturalness problem.
Basically the idea is that the quantum corrections to the vacuum energy are many
orders of magnitude (at least 40) higher than the observed valued [19, 20].

2However, before these detections, there was some evidence of their existence in the orbit decay rate of
different binary systems (e.g. the Hulse-Taylor binary).

3Although some observations put serious constraints on this: Bullet cluster observations, baryon acoustic
oscillation, etc.
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p Renormalizability and unitarity. This is considered as one of the most important
problems in quantum gravity. GR is known to be non-renormalizable by power
counting [21]. One attempt to solve this was quadratic gravity, which makes use of
the Weyl tensor (conformally invariant) to construct a quadratic Lagrangian which
is renormalizable. However, the theory contains a violation of unitarity (see e.g.
[22, 23]) due to a massive spin-2 ghost.4

In the last decades there have been many attempts to modify and/or extend the
framework of General Relativity. On the one hand, modified theories of gravity usu-
ally propose alternative corrections to GR that presumably will appear before reaching
the Planck scale and that could contribute to solve some of these problems. On the other
hand, the philosophy behind most of them is also to immerse GR within a larger family
of theories, so that its actual status can be contrasted with other alternatives. In principle,
modified theories of gravity are not intended to be final theories, so solving the renor-
malizability problem is not generally perceived as a goal. On the contrary, they search
for alternative perspectives to attack e.g. the cosmological problems by enriching gravity
with extra structure (mainly extra fields).5

Nonetheless, modifying GR is not an easy task. When constructing or proposing a
new theory one could start computing observables and comparing with experiments to
set bounds on the parameters of the theory. However, one should not directly trust any
claim derived from the theory. It is important to be careful and rigorous about how reli-
able are the results and under what hypothesis. Moreover, in many cases, the problems
can be hidden under the bed, waiting patiently. The key point is that, even before con-
trasting it with experiments, there are some theoretical tests that the theory should pass;
some of them are just a matter of mathematical consistency, and others are connected, at
the end of the day, with observable effects. For instance, if we propose a field theory in
the usual sense, it is crucial to check which are the degrees of freedom of that theory and
if they exhibit any kind of pathological behavior. If so, one should analyze whether the
region (in phase space or solution space) where this happens can be discarded by physi-
cal arguments or if the pathologies cannot be reached by any configuration of the system
(in a reasonable time scale), etc. The structure of GR is robust from a field-theoretical
point of view and it is not easy to modify it without introducing pathologies.

1.2 The landscape of modified theories of gravity

There are many approaches to modify gravity. In this section we will present and com-
ment some of them. First, let us briefly characterize GR. From the very fundamental level,
gravity is described as the 4-dimensional relativistic theory of a massless spin-2 particle.6

The massless spin-2 irreducible representation of the Poincaré group correspond to a par-
ticle with two degrees of freedom (helicities). From a the field-theoretical point of view,

4A ghost is a type of unstable field whose modes carry negative kinetic energy. We will see more details
on this in Chapter 7.

5In this thesis we focus on bottom-up approaches, i.e. we move from low to high energies. It is however
worth mentioning the outstanding status of String Theory and Loop Quantum Gravity, which are the most rel-
evant formulations that regularize the behavior of gravity directly at high energies (top-down approaches).
Successful theories in these two regimes should of course match appropriately.

6Let us recall the reasons for this (we follow the Feynman Lectures [24]). The particle must be massless
because gravity is a long-range interaction. The particle must have integer spin to produce a static force and
not just scattering. Since it is universally attractive the spin must be even (s = 0, 2, 4...). Spin-0 particles
do not produce light deflection, whereas spins higher than 2 are constrained by several no-go theorem (e.g.,
Weinberg-Witten theorem). This leads to s = 2 as unique choice.
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4 1.2. The landscape of modified theories of gravity

the dynamics of the graviton can be described by a symmetric tensor field hµν subjected
to the dynamics of the (massless) Fierz-Pauli Lagrangian,

LFP = 1
2∂µhνρ∂

µhνρ − ∂ρhρµ∂σhσµ + ∂σh
σ
µ∂

µh− 1
2∂µh∂

µh , (1.2.1)

which admits GR as non-linear extension.7 Having these ideas in mind, one way of
modifying GR is by relaxing some of its basic principles:

p Massive gravity. These theories describe a gravity framework where the propagat-
ing graviton is massive. In the original formulation, the theory did not recovered
GR prediction in the massless limit at linear order (vDVZ discontinuity) and, ad-
ditionally, the non-linear corrections develop an instability called Boulware-Deser
ghost [27]. The first one was solved in [28], whereas the ghost can be eliminated by
a non-linear completion called dRGT massive gravity [29, 30] (see e.g. the reviews
[31, 32]). The mass of the graviton in this theory is highly constrained [33].

p Lorentz violation. Frameworks have been formulated where Lorentz invariance is
violated at a very fundamental level. Examples of this are: Einstein-Aether theory
[34] in which, together with the metric, there exists a timelike vector field (aether)
that provides a preferred reference frame; or Hořava–Lifshitz gravity [35], in which
the time is treated in a separated way (with respect to the space), and the relativistic
notion of time emerges at large distances.

p Higher dimensions. For instance, one can also develop geometry and field theory
in higher dimensions and study the effective theory in a particular submanifold
(braneworld) of the bulk space. Some examples are the Randall-Sundrum model
[36] and the DGP model [37].

However, probably the most common approach to extend gravity is by adding new
degrees of freedom:

p Scalar-tensor theories. In addition to the metric, these theories consider an extra
propagating scalar as a basic element to construct the action. One example is Brans-
Dicke theory [38],

SBrans-Dicke[gµν , φ] =
1

2κ

�
d4x
√
|g|
(
φR̊− ωBD

φ
∂µφ∂

µφ

)
+ matter

where the presence of the scalar field gives rise to a point-dependent gravitational
coupling. This theory is part of a very important family of scalar-tensor theories,
Horndeski gravity. This was formulated in [39], as the most general scalar-tensor the-
ory (in 4 dimensions) with at most second derivatives of the scalar field that gives
second-order equations of motion (see [40–42]). The theory has many applications
in cosmology, specially to tackle the inflation and the Dark Energy problems [43,
44]. Theories with higher derivatives contain in principle Ostrogradski ghosts (a
type of instability), but they can be avoided by forcing the Lagrangian to be degen-
erate. This gives rise to theories beyond Horndeski [45–53]. Scalar-tensor theories
have received important constraints from the LIGO and Virgo observations [54–56].

p Vector-tensor theories. Similar to the previous ones but now an extra vector vari-
able is considered. A massless U(1) gauge vector does not allow cosmological sce-
narios (homogeneous and isotropic) [57]. There are different ways to circumvent
this, e.g. by going to non-abelian groups [58] or by breaking the U(1) symmetry
with a mass term. The latter approach led to generalized Proca theory [59–61] (see
also [62]). The case with several vectors has also been explored [63].

7See e.g. the Deser’s argument in [25, 26].
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p Tensor-tensor theories. These theories are characterized for having additional dy-
namical metrics. For instance, one can add a kinetic term for the extra metric fµν
in massive gravity (dRGT), and the result is known as bigravity [64]. Again, GW
observations put very strong constrains on these theories.

It is also possible to think of starting from the Einstein-Hilbert action and trying to
generalize it. Nevertheless, most of the resulting theories can be seen as particular cases
of those mentioned above. Let us describe some examples:

p f(R)-gravity. This theory considers as Lagrangian an arbitrary function of the Ricci
scalar and was thought to tackle the Dark Matter and Dark Energy problems. If we
consider a non-trivial case f ′′(R̊) 6= 0 (i.e. when it is different from the Einstein-
Hilbert action), there is a field redefinition that turns the action into the (Jordan
frame of a) Brans-Dicke theory with ωBD = 0,

1

2κ

�
d4x
√
|g|
(
φR̊− V (φ)

)
+ matter , (1.2.2)

such that, on-shell, the scalar is given by φ = f ′(R̊) (see for example [65]). Note
that it includes a potential for the Brans-Dicke scalar that has a purely gravitational
origin [66, 67], and which did not appear in the original formulation of the Brans-
Dicke theory [38].8 Consequently, these theories essentially propagate a graviton
plus a non-minimally coupled scalar. For more information and applications see
[66, 67, 69–72].

p Another theory that has been explored is f(G)-gravity, whose Lagrangian is an ar-
bitrary function of the Gauss-Bonnet invariant (see e.g. [73–75]).

p Ricci-based gravity. The Lagrangian is now an arbitrary function of the symmet-
ric part of the Ricci tensor for an arbitrary connection (they are formulated à la
Palatini). In [76] it is shown that if Zµν = ∂L

∂Rµν
(= Zνµ) admits an inverse tensor,

(Z−1)µν , the general solution of the connection equation is the Levi-Civita connec-
tion associated to the metric qµν := (Z−1)µν up to a projective mode that can be
removed with an appropriate gauge choice. Indeed, the theory admits a field re-
definition to the Einstein frame of qµν (i.e. an Einstein-Hilbert action with qµν play-
ing the role of the metric). In the presence of matter, this redefinition complicates
the matter sector but, if the equations allow some invertibility, there exist a map-
ping between the solutions of Ricci-based gravity with certain matter and those of
GR with another matter Lagrangian [77–80]. One relevant sub-case is Born-Infeld
inpired gravity (see [81, 82]) that, as the name suggests, was motivated by the Born-
Infeld model for non-linear electromagnetism [83]. In these theories it is possible
to construct stable wormhole solutions that extend the interior of Schwarzschild
and Reissner-Nordström black holes, i.e. avoiding the singularity problem. The
stability of the theory and its generalizations is discussed in [84, 85]

Finally, let us also mention unimodular gravity [86, 87]. This theory is a slight modifica-
tion of GR constructed as the Einstein-Hilbert action but subjected to the constraint that
(the absolute value of) the determinant of the metric must be 1. One of the interesting
features of it is that it solves the naturalness problem of the cosmological constant value
[88].

8The Palatini version of this theory, i.e. treating the connection as an independent field, can also be
rewritten as a Brans-Dicke theory with ωBD = −3/2. Interestingly, for this particular value of the parameter
the scalar turns out to be non-dynamical [68].
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6 1.3. The metric-affine framework and MAG

We have performed a general overview of gravity theories. In the next section, we will
focus on the metric-affine framework and theories therein, which will be very relevant in
this thesis.

1.3 The metric-affine framework and MAG

In the original Palatini formalism, the connection is used as a tool to obtain modified
equations of motion for the metric. In fact, not much attention is paid to its physical
meaning. On the contrary, in what we are going to call the metric-affine framework, the
connection is treated as another geometrical field with its own dynamics and physical
implications. In the presence of a metric, an arbitrary connection is characterized by
two tensorial quantities, the torsion and the nonmetricity, which are vanishing in the
Levi-Civita case. These two tensors will be the basic blocks to construct theories in this
framework.

The gauge principle is one of the cornerstones of our current understanding of funda-
mental physical interactions. Inspired by [89], in which Weyl establishes the basis of the
gauge procedure, as well as the subsequent works by Yang, Mills [90] and Utiyama [91],
one can try to extend such gauge formalism to spacetime symmetries. Kibble and Sciama
[92–94] formulated the gauge theory of the Poincaré group, from which a connection with
nontrivial torsion (but zero nonmetricity) emerges. The resulting theory is called Poincaré
Gauge gravity (PG) (see e.g. [95–97]). At this point, a natural question is: is it possible to
extend this formalism in order to get a completely general connection, with nontrivial
torsion and nonmetricity? The answer is yes and the key will be to extend the Poincaré
group to the full affine group.9 This gives rise to Metric Affine Gauge gravity (MAG) [98].
As in any other gauge theory, there are intrinsic properties of the matter (charges) that
couple to the gauge fields. In MAG, the spin density, the dilation and the shear currents
enter the game as new fundamental properties of the matter associated to the dynamics
of the connection [99–101], in addition to the energy-momentum tensor. This formula-
tion and its viability as a quantum gravity model has been discussed in [102–106]. For a
revision of these and other gauge theories of gravity (involving other groups, such as the
conformal group), see [107] and references therein.

It is worth remarking that apart from MAG and PG gravity, many theories have been
formulated considering an additional connection with certain properties or restrictions.
Examples are the already mentioned Ricci-Based gravity, and the teleparallel equivalents
and their generalizations [6, 108–116].10

Finally, it is worth noticing that the formulation of theories within the metric-affine
framework has a very interesting motivation. The deformations of an ideal crystal can
be described by the same techniques used in GR, i.e. with a metric and its associated
curvature. However, real crystals present local defects such as dislocations or point de-
fects and, to describe them, other structures beyond the metric are needed. In particular,
to deal with the previously mentioned defects, respectively torsion and nonmetricity are
invoked (see e.g. [117–119]; see also [99, 120, 121] and references therein). Assuming that
some of these theories turn out to be viable gravitational theories, this analogy suggests
that the connection is indeed encoding information about microscopic defects in the very
fabric of the spacetime that a metric tensor cannot reproduce. Of course, this should be,
at the end of the day, in total agreement with some established quantum gravity frame-
work.

9The affine group contains the translations together with all possible basis transformations.
10Teleparallel means that the curvature of the connection is identically zero. These theories will be dis-

cussed in more detail in Chapter 9.
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1.4 Last comments before starting

This thesis contains both mathematical and physical results and is an invitation to enjoy
both:

p The exploration of theories, looking for interesting mathematical properties and
structures that can change our way to see the world.

p Being extremely critical with any proposed theory (in a constructive sense). Learn-
ing about singularities and pathologies is another way to learn about Nature and
how limited is our knowledge of it.

The PhD program is called “Physics and mathematics”, so I felt free to sail between
these two currents: the first half (approx.) of the thesis is of a more mathematical na-
ture, whereas the second one is more physically focused. It is also worth mentioning that
the derivations and computations of this manuscript are essentially classical (classical
solutions, analysis of stability from the classical Lagrangian...). Going beyond that can
be one of the next steps, but one can imagine how difficult that could be just by look-
ing at what we know of quantum gravity models. Also one can explore the literature
about semiclassical gravity (quantum matter in classical GR gravity) and see that most of
the computations are extraordinarily difficult to perform (they require numerical analy-
sis) and are plagued with ambiguities. For these reasons, we found it convenient to first
focus on understanding these theories at the classical level.11 Finally, just mentioning
that for the realization of the calculations we made use of the xAct package (Wolfram
Mathematica) [122].

11One interesting point here could be “why should we start with a classical Lagrangian?” (or even further:
“do we need a Lagrangian?”), but this is of course a philosophical debate far beyond the goal of this thesis.
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2 Mathematical tools for metric-affine
gravity

If I were again beginning my studies, I would follow the advice of Plato and start
with mathematics.

— Galileo Galilei

This chapter provides an extensive and complete collection of the mathematical con-
cepts and useful tools to work in the metric-affine framework. We start from the very
beginning with the definition of manifold and then we focus on deriving practical objects
and expressions. The idea of this chapter is essentially to give a self-contained character
to the full manuscript and also to be an adequate mathematical starting point for those
interested in metric-affine gravity.1

2.1 Basic differential geometry. Manifolds and tensors

2.1.1 Differentiable manifolds and bundles

Definition 2.1. (Topological manifold) A D-dimensional topological manifold is a topo-
logical space that satisfies the following requirements: (1) Hausdorff, (2) second-
countable and (3) it is locally homeomorphic to the Euclidean space RD.

The third point means that for each point p ∈ M, there is an open neighbourhood U
and a homeomorphism2 ϕ between U and some open set of RD. The pair (U , ϕ) is called
a chart around p, and the component maps xµ : U → R (µ = 1, ..., D) of ϕ are called
coordinate functions. A set of charts that covers the whole manifold is an atlas.

If we consider two charts (U , ϕ) and (V, ψ) around the same point p, the transition
functions are the maps representing the coordinate transformation between them, i.e.

ψ ◦ ϕ−1 : ϕ(U ∩ V) ⊂ RD −→ ψ(U ∩ V) ⊂ RD . (2.1.1)

An atlas containing all possible charts with C∞-differentiable transition functions be-
tween them is called a C∞-differentiable structure.

Definition 2.2. (Smooth manifold) A D-dimensional smooth manifold is a pair (M, D)
whereM is a D-dimensional topological manifold and D is aC∞-differentiable struc-
ture on it.

1Some important references for this chapter are [26, 123] (see also [124, 125]).
2A biyective countinuous map between topological spaces whose inverse is also continuous.
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12 2.1. Basic differential geometry. Manifolds and tensors

Definition 2.3. (Fiber bundle) A fiber bundle is a set (B,M, π,F) where B,M and F
are topological manifolds and π is a continuous surjective map

π : B →M , (2.1.2)

which satisfies the following local triviality condition: for each p ∈M there exists an
open neighborhood of it U and a homeomorphism Φ : π−1(U)→ U ×F such that

π = proj1 ◦ Φ , (2.1.3)

where proj1 is the projection onto the first factor, i.e. proj1(a, b) = a.

B is the total space, M the base manifold, F the (abstract) fiber and π the projection map of
the fiber bundle. For each point p ∈ M, the set π−1(p) is homeomorphic to F and is
called fiber over p. For a given covering {Ui} ofM, one can take the set {(Ui, Φi)} where
Φi : π−1(Ui)→ U i×F are the maps we previously introduced. The pair (Ui, Φi) is called
a local trivialisation over Ui.

The preimage by π of any open set U ⊂M is homeomorphic to a product space U×F ,
so the intuitive idea is that B is locally the base manifoldMwith a “copy” of F attached
to each point, but not globally. We will make an abuse of language and refer to the total
space as the entire bundle and use the abbreviations (B,M, π,F) ≡ B π−→ M ≡ B when
the other elements are clear.

Definition 2.4. (Sections on fiber bundles) Let (B,M, π,F) be a fiber bundle. A local
section around the point p ∈ M (consider some coordinate neighbourhood U of it) is
a continuous map σ : U → B such that π ◦ σ is the identity map.

A (global) section of a fiber bundle is a continuous map σ : M→ B such that π ◦σ
is the identity map.

The set of all global sections is represented as Γ(B).

Intuitively, a section associates to each point of its domain (within the base manifold)
an element of the fiber over it, but in a continuous way. So, it is like if we were “lifting”
part of the base manifold to the total space (keeping each point in its own fiber).3

A very special case of manifolds are Lie groups, i.e. groups which also carry a manifold
structure. With them we can introduce the following concept, extremely important in
gauge theories:

Definition 2.5. (Principal fiber bundle) Let G be a Lie group. A principal fiber bundle
with structure group G is a fiber bundle P π−→M equipped with a right action of G on
P which preserves the fibers and acts freely and transitively on them.

Locally, a principal fiber bundle looks as the product spaceM×G, but not globally.

3The name “section” comes from the idea that after applying the section to its whole domain the image
looks as if we were “cutting” the total space transversely to the fibers.
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2.1.2 Tangent and cotangent space

Let (M, D) be a D-dimensional smooth manifold, p an arbitrary point ofM and (U, ϕ =
(xµ)) ∈ D a chart around p.

Definition 2.6. (Differentiable function on a manifold) A map f : M → R is a
Ck-differentiable function overM if f ◦ ϕ−1 : RD → R is Ck-differentiable.

Ck(M) is the set of all Ck-differentiable functions over the manifold.

We are going to focus on C∞(M) from now on. Notice that the function f ◦ ϕ−1

admits partial derivatives on RD, so we can extend the notion of partial derivative to the
manifold as follows

∂f

∂xµ
(p) :=

∂(f ◦ ϕ−1)

∂zµ
(ϕ(p)) . (2.1.4)

where ∂/∂zµ is the usual partial derivative in RD with respect to the µ-th variable. Ob-
viously this result is chart-dependent, but when working with a fixed set of coordinates
we will use the compact notation ∂µf(p).

For a given chart, consider the set of differentiable operators

∂

∂xµ
: C∞(M) −→ C∞(M)

f 7−→ ∂f

∂xµ
, (2.1.5)

so we can define:

Definition 2.7. (Tangent space) For a given point p ∈M, we define the tangent space
at it, TpM as the vector space (isomorphic to RD) generated by the previous operators,
i.e.

TpM := span

{
∂

∂xµ
|p : µ = 1, ..., D

}
. (2.1.6)

The vector ∂
∂xµ |p ≡ ∂µ|p points in the direction in which the xµ coordinate grows.

These derivatives depend on the chart, but the whole tangent space does not. An arbi-
trary vector in the tangent space v = vµ∂µ|p (vµ ∈ R) acts on functions f ∈ C∞(M) as
v(f) = vµ∂µf(p).

If we consider the disjoint union of all tangent spaces, we get the tangent bundle

TM :=
⊔
p∈M

TpM , (2.1.7)

whose fibers are the tangent spaces TpM = π−1(p). The underlying bundle structure is(
TM,M, proj1,RD

)
, with total space TM.

Once we have the notion of tangent space, i.e., vectors in one particular point p ∈M,
it is natural to built, by duality, the set of 1-forms on p. The dual basis of {∂µ|p} will be
denoted as dxµ|p, so the duality relation is dxµ(∂ν) = δµν . We can then define:4

4However, the cotangent space T ∗pM can be defined independently of the tangent space, as the quotient
vector space Ip/I2p where Ip is the ideal of functions vanishing at p and I2p the set of functions of the form∑
i figi with fi, gi ∈ Ip (notice that both Ip and I2p are vector spaces). The intuition behind this definition

is that the space of differential forms on p can be seen as the set of all possible first-order behaviors that the
functions can have around p (in the sense of the Taylor expansion).
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Definition 2.8. (Cotangent space) For a given point p ∈ M, we define the cotangent
space at it T ∗pM as the dual vector space of the tangent space TpM, i.e.

T ∗pM := (TpM)∗ = span {dxµ|p : µ = 1, ..., D} . (2.1.8)

Similarly, we can also introduce the notion of cotangent bundle,

T ∗M :=
⊔
p∈M

T ∗pM , (2.1.9)

which has the bundle structure
(
T ∗M,M, proj1,RD

)
.

2.1.3 Natural tensor bundles and differential forms

Once we have vectors and 1-forms, it is natural to build other kind of objects in each
point of the manifold. For instance, by taking the tensor product ⊗ of the tangent space
and the cotangent space several times we can generate tensor spaces:

Definition 2.9. ((r, s)-tensor space) For a given point p ∈ M, we define the (r, s)-
tensor space on it T (r, s)

p M as the vector space given by

T (r, s)
p M := TpM⊗ r times. . . ⊗ TpM⊗ T ∗pM⊗ s times. . . ⊗ T ∗pM . (2.1.10)

Or, in terms on a particular chart xµ,

T (r, s)
p M := span

{
∂µ1 |p ⊗ r times. . . ⊗ ∂µr |p ⊗ dxν1 |p ⊗ s times. . . ⊗ dxνs |p

: µ1, ..., µr, ν1, ..., νs = 1, ..., D
}
. (2.1.11)

The elements of the tensor space T (r, s)
p M are called (r, s)-tensors or r-contraviant s-

covariant tensors on p. Consider an element t ∈ T
(r, s)
p M. Once we have a coordinate

basis we can just work with the components of the tensor:

t = tµ1...µrν1...νs∂µ1 |p⊗ r times. . . ⊗∂µr |p⊗dxν1 |p⊗ s times. . . ⊗dxνs |p → tµ1...µrν1...νs ∈ R .
(2.1.12)

We recall now a few basic concepts related to tensors:

p We say that a tensor is symmetric (or antisymmetric) in a pair of indices µν if, t...µ...ν... =
t...ν...µ... (respectively, t...µ...ν... = −t...ν...µ...).

p In a tensor expression, contracting two indices mean to make them equal in the
Einstein summation notation, i.e. to sum in all their possible values. This decreases
in 1 unit the covariance and the contravariance of the tensor

T (3, 2)
p M3 tµ1µ2µ3ν1ν2

↓

Contraction2
1(tµ1µ2µ3ν1ν2) =

D∑
µ2=ν1=1

tµ1µ2µ3ν1ν2 = tµ1σµ3σν2 ∈ T (2, 1)
p M . (2.1.13)
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p In this component notation the product of components is directly associated with
the components of the tensor product, i.e.

tµ1µ2ν1ν2 ∈ T (2, 2)
p M , hµ1µ2µ3ν1 ∈ T (3, 1)

p M → tµ1µ2ν1ν2h
µ3µ4µ5

ν3 ∈ T (5, 3)
p M .

(2.1.14)

Special attention must be paid to the totally antisymmetric covariant tensors which are
called differential forms.

Definition 2.10. (k-forms space) For a given point p ∈ M, we define the space of
k-forms (or differential forms of rank k) on it ΛkpM as the subspace of T (0, k)

p M of totally
antisymmetric tensors.

The relevance of these objects will be clear later when we talk about integration and
volume forms. As we did with the tangent and cotangent spaces, we can also introduce
the corresponding bundles of tensors and k-forms:

T (r, s)M :=
⊔
p∈M

T (r, s)
p M , ΛkM :=

⊔
p∈M

ΛkpM . (2.1.15)

2.1.4 Diffeomorphisms, fields and transformation rules

LetM1 andM2 be two smooth manifolds (we omit the differentiable structure from
now on) of dimensions D1 y D2, and two arbitrary open subsets of them, respectively,
V1 and V2.

Definition 2.11. (Differentiable map) Consider a map F : V1 → V2. We say that
F is a Ck-differentiable map if ∀p ∈ V1 we can find some coordinate chart around it
(U , ϕ) and a map ψ defining a chart (F (U), ψ) around the image point F (p), such
that ψ ◦ F ◦ ϕ−1 : RD1 → RD2 is Ck-differentiable (in the usual sense).

The set of differentiable maps between V1 and V2 is often denoted as C∞(V1,V2).5

In particular, Vi can be the entire manifoldsMi.

Definition 2.12. (Diffeomorphism) A homeomorphism Φ : M1 →M2 is said to be
a diffeomorphism if Φ and Φ−1 are C∞-differentiable maps.

We will be specially interested in the diffeomorphisms M → M, which constitute
the set Diff(M) that, together with the composition, has the structure of an infinite-
dimensional Lie group. Its algebra is generated by transformations that can be seen from
a passive point of view as infinitesimal coordinate transformations. Hence, an arbitrary
diffeomorphism can be identified with a general coordinate transformation (g.c.t.) xµ → yα.
The so-called fields (scalar, vector, tensor, spinor...) over a given manifoldM can be seen,
from a mathematical point of view as sections of bundles. Two important definitions are:

Definition 2.13. (Smooth bundle) A bundle (B,M, π,F) is called smooth if B,M and
F are smooth manifolds and the projection π is a C∞-differentiable map.

5Observe that smooth functions (Definition 2.6) are particular cases. Actually the set of smooth functions
C∞(M) is nothing but C∞(M,R).
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16 2.1. Basic differential geometry. Manifolds and tensors

Definition 2.14. (Smooth section) Let (B,M, π,F) be a smooth bundle. We say that
a section σ (either local, σ : U → B, or global, σ : M → B) is smooth if it is a
C∞-differentiable map.

According to how their components transform under g.c.t. we can define:

p Scalar fields. These are the elements of C∞(M), i.e. objects that associate a real
number to each point of the manifold. They do not change under g.c.t..

p Vector fields. They are the sections of the tangent bundle. At each point, the vector
field V picks up an element of the tangent space V (p) = V µ(p)∂µ|p, where V µ(p) ∈
C∞(M). If we apply a g.c.t. xµ → yα, one can show that vectors transform as

V ′α =
∂yα

∂xµ
V µ , since the basis transforms as (chain rule): ∂α =

∂xµ

∂yα
∂µ .

(2.1.16)
The set of smooth vector fields, C∞(M, TM), is also denoted as X(M).

p 1-form/covector fields. These are sections of the cotangent bundle. Analogously as
the vector fields, they have a local expression α(p) = αµ(p)dxµ|p, where αµ(p) ∈
C∞(M). Under a g.c.t. xµ → yα, 1-forms transform as

α′α =
∂xµ

∂yα
αµ , since the basis transforms as (chain rule): dyα =

∂yα

∂xµ
dxµ .

(2.1.17)
The set of smooth 1-form fields, C∞(M, T ∗M) ≡ C∞(M,Λ1M), is also denoted as
Ω1(M).

p (r, s)- tensor field. They are sections of the corresponding tensor bundle. Locally
they can be expressed as T = Tµ1µ2...µrν1ν2...νs∂µ1 ⊗ ...⊗ ∂µr ⊗ dxν1 ⊗ ...⊗ dxνs and
the transformation rule under g.c.t. is

T ′α1α2...αr
β1β2...βs =

∂yα1

∂xµ1
...
∂yαr

∂xµr
∂xν1

∂yβ1
...
∂xνs

∂yβs
Tµ1µ2...µrν1ν2...νs . (2.1.18)

The set of smooth (r, s)- tensor fields,C∞(M, T (r, s)M), is also denoted as T (r, s)(M).

p k-form overM. They are sections of the corresponding exterior bundle. They trans-
form as (0, s)-tensor fields. We will denote the set C∞(M,ΛkM) of smooth k-form
fields as Ωk(M), as it is usual in the literature.

p Vector/tensor-valued k-form over M. They are sections Γ(ΛkM⊗W ) =: Ωk(M;W )
where W is a vector space. In particular, they can be expressed as α = αM ⊗ ζM,
where αM ∈ Ωk(M) and {ζM} is a basis of W . Sometimes we will refer to the part αM

as tensor-valued form.

One can also find other kinds of objects like the following ones, which we do not intro-
duce formally in order not to complicate these notes unnecessarily.6 Tensor densities and
pseudotensors are objects whose transformation rules under g.c.t. involve the Jacobian
determinant

Jacx→y := det

(
∂yα

∂xµ

)
. (2.1.19)

6One has to introduce orientation bundles and other related topics to do it properly.
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Chapter 2. Mathematical tools for metric-affine gravity 17

p (r, s)-tensor density field of weight w. They transform as tensors do but with an extra
factor consisting on some power of the Jacobian determinant:

T′α1α2...αr
β1β2...βs =

∣∣Jacx→y
∣∣w ∂yα1

∂xµ1
...
∂yαr

∂xµr
∂xν1

∂yβ1
...
∂xνs

∂yβs
Tµ1µ2...µrν1ν2...νs . (2.1.20)

(We use mathfrak-type font for them)

p (r, s)-pseudotensor. They transform as tensors do but with the sign of the Jacobian
determinant:

T ′α1α2...αr
β1β2...βs = sgn(Jacx→y)

∂yα1

∂xµ1
...
∂yαr

∂xµr
∂xν1

∂yβ1
...
∂xνs

∂yβs
Tµ1µ2...µrν1ν2...νs . (2.1.21)

Particular physically relevant cases are pseudoscalars and pseudovectors (also known
as axial vectors).

Finally, we introduce a very important type of differentiable maps: curves.

Definition 2.15. (Curve, velocity, trajectory) LetM be a smooth manifold, U ⊆ M
an open set and I an interval of the real line.

A (smooth) curve on U is a differentiable function γ : I → U . The tangent vector
γ̇(τ) = uµ∂µ is called velocity of the curve. And the image of γ is called trajectory or
path.

2.1.5 (Linear) frames and coframes. Anholonomy

Let M be a smooth manifold. A basis of TpM is called a linear frame on p. This allows
us to construct a bundle by consider all of the possible linear frames at each point of the
base manifold:

Definition 2.16. We define the (linear) frame bundle as the bundle whose total space is

L(M) :=
⊔
p∈M
{linear frames on p} , (2.1.22)

with the projection π(p, {ea}) := p.
Analogously one can define the (linear) coframe bundle L∗(M) by taking all the

basis of the cotangent bundle at each point.

The bundle of linear frames L(M) over a D-dimensional manifold M is a principal
fiber bundle with structure group GL(D,R).

Definition 2.17. ((Co)Frame over a manifold) A linear (co)frame field is a section of
the (co)frame bundle. It can be global or local.7

From now on when we talk about a frame8 {ea} and a coframe {ϑa} we are going to
assume that they are dual, i.e.,

ϑa(eb) = δab . (2.1.23)
7If there exists a global frame overM, the manifold is said to be parallelizable. The 2-sphere is an example

of a non-parallelizable manifold.
8We will generally omit the word “field” (that refers to the fact that it is not a basis just at one point). We

will also omit “linear”, although in the next chapter, in which we will talk about “affine frames”, we will use
it again to avoid confusion.
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18 2.1. Basic differential geometry. Manifolds and tensors

Let us express them in terms of some reference coordinate basis:9

ea = eµa∂µ , ϑa = eµ
adxµ , (2.1.24)

where the coefficients eµa and eµ
a are sometimes call Vielbein (or tetrads in D = 4). The

duality condition (2.1.23) and the one of ∂µ with dxν are now expressed as

eµ
aeµb = δab , eµ

aeνa = δνµ .

According to (2.1.24), the Vielbein are nothing but the basis transformation matrix be-
tween the holonomic frame {∂µ} and the arbitrary frame {ea}. Therefore, whenever we
have a tensor expressed in one of them, its components in the other frame are obtained
by simply multiplying the expression with the appropriate Vielbein, e.g.

Habc
d = Hµνρ

λeµae
ν
be
ρ
ceλ

d ↔ Hµνρ
λ = Habc

deµ
aeν

beρ
ceλd . (2.1.25)

Actually, for practical reasons, it is useful to see the Vielbein as an object that “transforms
indices” {µ, ν...} ↔ {a, b...}.10

It is important to highlight that a general frame is not necessarily associated to coor-
dinates as {∂µ} does. For {ea} to be a coordinate basis there must exist certain functions
ya(x) (the new coordinates) such that

eµa =
∂xµ

∂ya
(integrability condition) , (2.1.26)

and this could not happen. For that purpose it is useful to introduce the Lie bracket of
vector fields.

Definition 2.18. (Lie bracket) Given two vector fields V , W ∈ X(M), their Lie
bracket is another vector field whose components are

[V , W ]µ := V σ∂σW
µ −W σ∂σV

µ . (2.1.27)

Proposition 2.19. The set of smooth vector fields X(M) is a Lie algebra with the Lie
Bracket, i.e. the Lie bracket is (1) bilinear, (2) antisymmetric and (3) satisfies the Jacobi
identity

[[V , W ] , Z]µ + [[Z, V ] , W ]µ + [[W , Z] , V ]µ = 0 ∀V , W , Z ∈ X(M) .
(2.1.28)

With this operation in mind, if we have a frame {ea} over our manifold, we can
compute the Lie bracket of its vectors

[ea, eb] = −Ωab
cec , (2.1.29)

where we have introduced the anholonomy coefficients

Ωab
c := eµae

ν
bΩµν

c , Ωµν
c := 2∂[µeν]

c . (2.1.30)

The powerful result that allows us to find out whether a frame has coordinates associated
to it or not is the following:

9In order to distinguish between coordinate (co)frames and general ones we will use different notations
for the indices: Greek (µ, ν, ρ, λ, σ, η...) for coordinate frames and Latin (a, b, c, d...) for arbitrary frames.

10However, we have to be careful, because the resulting components with different indicesXµν... ↔ Xab...

only represents the components in the other frame if the abstract object X is tensorial. For non-tensorial
objects this is just a convenient way to abbreviate the expressions:

Xab... := Xµνeµ
aeν

b if X is not tensorial.
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Theorem 2.20. The basis {ea} is integrable (i.e., is a coordinate frame) if and only if the
anholonomy coefficients vanish (Ωµν

c = 0).

This basically says that zero anholonomy is connected with the existence of coor-
dinates. That is the reason why we sometimes refer to coordinate frames as holonomic
frames. In gauge gravity an arbitrary (not necessarily holonomic) frame will play a cru-
cial role and will be even more fundamental than the very metric of General Relativity
(which we will introduce in a few sections).

Before ending this section we are going to introduce the Levi-Civita pseudotensor,11

εa1...aD := D!δ1
[a1
...δDaD] , (2.1.31)

i.e. its components are +1 if (a1, a2, ..., aD) is an even permutation of (1, 2, ..., D), −1 if the
permutation is odd, and zero if there are repeated indices. This object have, by definition,
this same form in any frame (holonomic or not) and, consequently,

Proposition 2.21. εa1...aD is a pseudotensor density of weight +1.

2.2 Exterior algebra

2.2.1 Exterior product

Definition 2.22. (Exterior or wedge product of two covariant tensor fields) Given
two covariant tensor fields T and S with covariances k and l, respectively, we define
their wedge product as the following (k + l)-covariant tensor:

(T ∧ S)(V 1, ..., V k+l) :=
1

k!l!

∑
{σ}

sgn(σ)α(vσ(1), ..., vσ(k))β(vσ(k+1), ..., vσ(k+l)) ,

where V 1, ..., V k+l ∈ X(M) and the sum covers all permutations σ. Its components
in certain coframe {ϑa} can be read from

T ∧ S =
(k + l)!

k!l!
T[a1...akSak+1...ak+l]ϑ

a1 ⊗ ...⊗ ϑak+l . (2.2.1)

Note that the result of the wedge product of two covariant tensors (with covariances
k and l) is a totally antisymmetric covariant tensor, i.e., a (k + l)-form.

Proposition 2.23. (Properties of the wedge product) For λ ∈ R and arbitrary covari-
ant tensors A, B, B′ and C with covariance k, l, l and m, respectively, the following
properties hold:

p Antisymmetry
A ∧B = (−1)klB ∧A . (2.2.2)

p Linearity (actually, bilinearity)

A∧(B+B′) = A∧B+A∧B′ , A∧(λB) = (λA)∧B = λ(A∧B) . (2.2.3)

11More information about anti/symmetrisation of indices in p. XX.
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20 2.2. Exterior algebra

p Associative
A ∧ (B ∧C) = (A ∧B) ∧C . (2.2.4)

Example 2.24. Exterior product of two 1-forms

(αaϑ
a) ∧ (βbϑ

b) =
2!

1!1!
α[aβb]ϑ

a ⊗ ϑb = (αaβb − αbβa)ϑa ⊗ ϑb . (2.2.5)

Example 2.25. Product of N 1-forms (k1 = k2 = ... = kN = 1)

T (1) ∧ T (2) ∧ ... ∧ T (N) = N !T (1)
[a1 . . . T

(N)
aN ]ϑ

a1 ⊗ ...⊗ ϑaN . (2.2.6)

In particular if we do the exterior product of the elements of the coframe

ϑb1 ∧ ... ∧ ϑbN = N !δb1[a1
. . . δbNaN ]ϑ

a1 ⊗ ...⊗ ϑaN = N !ϑ[b1 ⊗ ...⊗ ϑbN ] . (2.2.7)

It is not difficult to check that, at each point, the set {(ϑb1 ∧ ...∧ϑbk)|p : bi = 1, ..., D} is
a basis of the space of k-forms ΛkpM, and therefore, underC∞(M)-linear combinations,12

it generates the full space of smooth k-form fields Ωk(M).
Consider an arbitrary differential form of rank k, or k-form,

α = αa1...akϑ
a1 ⊗ ...⊗ ϑak where αa1...ak = α[a1...ak] . (2.2.8)

By virtue of (2.2.7), it can be expressed

α =
1

k!
αa1...akϑ

a1...ak . (2.2.9)

where we have introduced the very convenient abbreviation (that we will maintain through
the whole thesis),

ϑa1...ak := ϑa1 ∧ ... ∧ ϑak . (2.2.10)

Similarly, when dealing with coordinate coframes we will use

dxµ1...µk := dxµ1 ∧ ... ∧ dxµk . (2.2.11)

2.2.2 Exterior derivative

Definition 2.26. (Exterior derivative) The exterior derivative is an operator
d : Ωk(M)→ Ωk+1(M) defined through the expression:

dα =
1

k!
∂[µ1αµ2...µk+1]dx

µ1...µk . (2.2.12)

with respect to an arbitrary holonomic coframe.

If the coframe is not holonomic, in order to have the α components with Latin indices,
one needs to introduce the Vielbeins inside the partial derivative and therefore some
anholonomy coefficients arise.13

12Linear combinations in which the coefficients can be not only numbers but also smooth functions.
13It can also be written as dα = 1

k!
∇̄[a1αa2...ak+1]ϑ

a1...ak+1 where ∇̄ is any torsion-free connection (in
particular the Levi-Civita connection). See Section 2.4 for more information about connections.
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Proposition 2.27. (Properties of the exterior derivative) For λ1, λ2 ∈ R,α ∈ Ωk(M)
and β ∈ Ωl(M), the exterior derivative is linear, nilpotent and verifies a graded Leibniz
rule. Respectively,

d(λ1α+ λ2β) = λ1dα+ λ2dβ , d(dα) = 0 ,

d(α ∧ β) = dα ∧ β + (−1)k(α ∧ dβ) . (2.2.13)

In the language of differential forms, the anholonomy coefficients are encoded in the
anholonomy 2-form, defined as the exterior derivative of the coframe:

dϑa =
1

2
Ωµν

adxµ ∧ dxν . (2.2.14)

Closed forms, exact forms and de Rham cohomology

Definition 2.28. (Closed and exact differential form) A differential formα ∈ Ωk(M)
is said to be exact if α = dβ for some β ∈ Ωk−1(M), and closed if dα = 0.

The vector space of exact k-forms is denoted Bk
d(M) and the one conformed by

all closed k-forms is called Zkd(M).

The fact that d is nilpotent implies that any exact form is also closed and one can
construct the quotient space of closed forms which are equal up to an exact term. The
resulting set is the k-th de Rham cohomology group,

Hk
d (M) = Zkd(M)/Bk

d(M) . (2.2.15)

It can be shown that the dimension of these spaces coincide with the Betti numbers bk(M),
which determine the Euler characteristic. There is indeed an isomorphism Hk

d (M) '
HD−k

d (M) (consequence of the Poincaré duality), which leads us to:

Proposition 2.29. The Euler characteristic of an odd dimensional manifold vanishes. If the
dimension is even, D = 2N , then:

χEuler(M) = (−1)NbN . (2.2.16)

Example 2.30. For example, for the D-dimensional sphere, SD, the sequence of Betti
numbers is {b0, ..., bD} = {1, 0, 0, ..., 0, 0, 1}, which implies

χEuler(SD) = 1 + (−1)D . (2.2.17)

Here we clearly see how the odd dimensional spheres have zero Euler characteristic.
The even-dimensional spheres all have χEuler(SD (even)) = 2.

Example 2.31. For the torus S1 × S1, we have {b0, b1, b2} = {1, 2, 1}, so
χEuler(S1 × S1) = 0.
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2.2.3 Interior product

Definition 2.32. (Interior product) Consider a vector field V . The interior product
with respect to V is a map

V y : Ωk(M) −→ Ωk−1(M)

α 7−→ V yα (2.2.18)

where the resulting (k − 1)-form is the one that acts on vector fieldsXi ∈ X(M) as

(V yα) (X1, ..., Xk−1) := α (V , X1, ..., Xk) . (2.2.19)

In components,

V yα = V cαcb1...bk−1
ϑb1 ⊗ ...⊗ ϑbk−1 =

1

(k − 1)!
V cαcb1...bk−1

ϑb1...bk−1 . (2.2.20)

Proposition 2.33. (Properties of the interior product) Consider the scalars λ1, λ2 ∈ R,
the vector fields V ,W ∈ X(M) and the differential forms α ∈ Ωk(M) and β ∈ Ωl(M).
Then, the interior product is linear in both variables, i.e.,

(λ1V + λ2W y)α = λ1 V yα+ λ2 W yα , (2.2.21)
V y(λ1α+ λ2β) = λ1 V yα+ λ2 V yβ ; (2.2.22)

antisymmetric,
V y (W yα) = −W y(V yα) , (2.2.23)

(and hence, nilpotent, V y(V yα) = 0); and verifies the graded Leibniz rule

V y(α ∧ β)(V yα) ∧ β + (−1)kα ∧ (V yβ) . (2.2.24)

Let {ea} be a frame with dual coframe {ϑa} (i.e., eayϑb = δba), then one can easily
prove

V y (ϑa1...ak) = kV [a1ϑa2...ak] , eayα =
1

(k − 1)!
αab1...bk−1

ϑb1...bk−1 , (2.2.25)

which imply
eayϑ

b1...bk = kδ[b1
a ϑ

b2...bk] . (2.2.26)

Finally we provide a couple of very useful properties valid for arbitrary α ∈ Ωk(M),

ϑa ∧
(
eayα

)
= kα , (2.2.27)

eay
(
ϑa ∧α

)
= (D− k)α . (2.2.28)

2.2.4 Volume forms and integration in manifolds

Definition 2.34. (Volume form) In a D-dimensional smooth manifoldM, a volume
form is a globally non-vanishing D-form.
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If we choose a positively oriented frame/coframe14 a volume form can be expressed

ωvol := fϑ1 ∧ ... ∧ ϑD =
1

D!
fεa1...aDϑ

a1...aD , (2.2.29)

where f is a scalar density of weight −1 and εa1...aD is the Levi-Civita pseudotensor in
(2.1.31).

Some important remarks:

p Observe that under orientation-preserving frame transformations, the whole object
transforms tensorially, since the weights of f and εa1...aD cancel out.

p If the manifold is not orientable, it is not possible to find a (globally defined) volume
form.

p Any two volume forms are equal up to a global positive factor (consequence of the
fact that the space of D-forms is a 1-dimensional C∞-module).

Consider an open set U ⊂ RD and a D-form with coordinate expression

α = αdx1 ∧ ... ∧ dxD , α ∈ C∞(U) , (2.2.30)

and such that its support is contained in U . Then its integral is defined:�
U
α :=

�
U
α dx1...dxD . (2.2.31)

To define the integration in a manifold we usually proceed in two steps. First we
introduce the generalization of the previous concept:

Definition 2.35. (Integration within charts) Consider an oriented manifold M, an
open set U ⊂ M and a D-form α whose support is contained in U . Then its integral
is defined: �

M
α =

�
U
α :=

�
ϕ(U)

(ϕ−1)∗α , (2.2.32)

where (U , ϕ) is an arbitrary chart over U that preserves the orientation.

The definition of the pullback ∗ can be found in Appendix A. Note that (ϕ−1)∗α is a
D-form in RD, so we can use (2.2.31) to solve it.

However, in general, we want to be able to integrate D-forms with a support not nec-
essarily included in a chart. Since the differential form has compact support, there must
exist a finite cover of it made of positively-oriented charts {(Ui, ϕi)}mi=1. Let {νi}mi=1 be a
partition of the unity subordinate to {Ui}mi=1, 15 then the differential form νiα has com-
pact support included in Ui. And now we can apply the previous definition of each of
these pieces and add all of them up:

�
M
α :=

n∑
i=1

�
M

(νiα) . (2.2.33)

It can be proved that the resulting quantity in independent of the family {(Ui, ϕi)}mi=1 and
also independent of the partition of unity {νi}mi=1 chosen (see a more detailed explanation
in [123]).

14This means that the volume form ωvol verifies ωvol(e1, ..., eD) > 0.
15By definition it is a family of smooth maps νi : M→ [0, 1], such that the following three conditions are

fulfilled: (1) supp(νi) ⊂ Ui, (2)
∑
i νi(p) = 1 for all p ∈ M, and (3) any point ofM admits a chart around it

that only intersects a finite number of elements of {supp(νi)}.
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2.3 Metric structure

2.3.1 Metric tensor

Definition 2.36. (Metric) Let M be a smooth manifold. A metric is a 2-covariant
tensor field g over the manifold that is symmetric and non-degenerate. The pair
(M, g) is called metric manifold.

Due to the non-degeneracy, each metric (scalar product in the tangent space), g =
gµνdxµ ⊗ dxν , determines a unique inverse metric (scalar product in the cotangent space),
i.e. a 2-contravariant symmetric and non-degenerate tensor field g−1 = gµν∂µ⊗∂ν , such
that:

gµρgρν = δµν . (2.3.1)

The metric determines a natural isomorphism between the tangent space and the
cotangent space at each point p ∈M, the musical isomorphisms:

[ : V = V µ∂µ|p 7−→ V [ = V νgµνdxµ|p ≡ Vµdxµ|p , (2.3.2)

] : α = αµdxµ|p 7−→ α] = ανg
µν∂µ|p ≡ αµ∂µ|p . (2.3.3)

These isomorphisms also relate (r, s)-tensors with (r′, s′)-tensors, provided that r + s =
r′+s′. In components notation this is indeed the “raising and lowering indices” operation

Tµνρσ
λ = Tµνρ

τλgστ = Tµνρστg
λτ = ... . (2.3.4)

Definition 2.37. (Classification of vectors) A vector16is called timelike if g(V , V ) > 0,
spacelike if g(V , V ) < 0, and lightlike if g(V , V ) = 0 and V 6= 0.

Definition 2.38. (Signature) The signature of a metric is the pair (p, n) where p and n
are, respectively, the number of positive and negative eigenvalues.

The metrics with signatures (0, D) (all eigenvectors are spacelike) and (1, D − 1) (only
one is timelike) are called, respectively, Riemannian and Lorentzian. A generic metric is
sometimes called pseudo-Riemannian.

For physical applications, we will consider that the metric is Lorentzian, i.e. each tan-
gent space has the structure of Minkowski space,17 and that the manifold is a connected
topological space.

2.3.2 Canonical volume form and Hodge duality

The metric also induces a canonical volume form:

volg :=
1

D!
Ea1...aDϑa1...aD , (2.3.5)

16A similar definition can be given for 1-forms by using the inverse metric.
17One can be even more restrictive and add the requirement of time orientability. In a Lorentzian manifold,

one can select in each point which of the two lightcones is the one pointing to the future, but it is not always
possible to make such choice everywhere in the manifold in a continuous way. If it is possible to do that,
then the manifold is said to be time orientable (one can then say that there is a “global” notion of time flow).
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where Ea1...aD is the Levi-Civita tensor,18 given in terms of the Levi-Civita symbol:

Ea1...aD :=
√
|det(gab)|εa1...aD . (2.3.6)

In other words, a metric defines naturally a volume form (2.2.29) with f =
√
|det(gab)|.

The expression (2.3.5) is valid in arbitrary frames, but in a coordinate one, we find:

volg =
1

D!

√
| det(gµν)|εµ1...µDdxµ1 ∧ ... ∧ dxµD =

√
| det(gµν)| dx1 ∧ ... ∧ dxD︸ ︷︷ ︸

dDx

. (2.3.7)

From now on we will denote
√
|g| :=

√
|det(gµν)|, i.e., whenever we see g we are re-

ferring to the determinant in the coordinate basis. One important property of the Levi-
Civita tensor is the following (that can be easily proved by using the properties of the
Levi-Civita symbol εa1...aD):

Ec1...cka1...aD−kE
c1...ckb1...bD−k = sgn(g) k! (D− k)!δb1[a1

. . . δ
bD−k
aD−k] . (2.3.8)

which can be used to deduce

ϑa1...aD = sgn(g) Ea1...aDvolg . (2.3.9)

In addition, we also get a duality between spaces of differential forms:

Proposition 2.39. (Hodge duality) Consider a manifoldM equipped with a metric. For
any 0 ≤ k ≤ D, there is an isomorphism (Hodge duality) of vector spaces between k-forms
and (D− k)-forms given by:

? : Ωk(M) −→ ΩD−k(M)

α 7−→ ?α :=
1

(D− k)!k!
αb1...bkEb1...bkc1...cD−kϑ

c1...cD−k . (2.3.10)

By using (2.3.8), it can be shown that, for an arbitrary k-form α,

? ?α = (−1)k(D−k) sgn(g)α . (2.3.11)

Some interesting particular cases are:

?ϑc1...ck =
1

(D− k)!
Ec1...cka1...aD−kϑ

a1...aD−k , (2.3.12)

?ϑc1...cD = Ec1...cD , (2.3.13)
?volg = sgn(g) , (2.3.14)

?1 = volg . (2.3.15)

The following expressions are extremely useful when we are interested in extracting
a Hodge star from an expression involving a k-form α:

eay (?α) = ? (α ∧ ϑa) , (2.3.16)

ϑa ∧ ?α = (−1)k+1 ? (eayα) (2.3.17)

18εa1...aD is a pseudo-tensor density of weight w = 1 and
√
|det(gab)| a scalar density of weight w = −1.

Therefore their product, Ea1...aD , is strictly speaking a pseudo-tensor (zero weight).
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(indices have been raised/lowered with gab as usual). It is interesting to see the particular
case α = ϑb1...bk

eay(?ϑ
b1...bk) = ?ϑb1...bka , (2.3.18)

ϑa ∧ ?ϑb1...bk = k(−1)k+1ga[b1 ? ϑb2...bk] , (2.3.19)

where, in the last one, we made use of (2.2.26).
The property

α ∧ ?β =
1

k!
αa1...akβa1...akvolg (2.3.20)

is going to be very useful to built invariants for a Lagrangian in terms of forms.

2.4 Connection

2.4.1 Linear connection

In principle there is no natural way to compare vectors (and, by extension, tensors) in
different points of the manifold, since there is no criterion that tells us how we should
move a vector in p ∈ M to a different point q ∈ M, where we have another vector, to
compare them. We then need an additional structure called linear connection.19 Suppose
that p and q are infinitesimally closed, so that they can be assumed to be connected by
a straight line with displacement vector δxµ. A connection basically defines, for a given
vector v ∈ TpM, a representative vp→q in TqM. In components in a particular coordinate
basis, we have

(vp→q)
µ = vµ − Γλρ

µδxλvρ , (2.4.1)

where Γλρ
µ are certain functions. This correspondence allows to define a covariant deriva-

tion of vector fields V µ, i.e. a limit

(∇νV µ) (q) = lim
δxν→0

V µ(q)− (V (p)p→q)
µ

δxν
. (2.4.2)

Now we give the formal definition:

Definition 2.40. (Covariant derivative) LetM be a differentiable manifold. A covari-
ant derivative overM,∇, is a map

∇ : X(M)× X(M) −→ X(M)

(V , W ) 7−→ ∇VW

satisfying the following properties for arbitrary vector fields U , V , W ∈ X(M), any
arbitrary functions f, g ∈ C∞(M) and any real numbers a, b ∈ R:

p C∞(M)-linearity in the first variable:

∇fV +gWU = f∇V U + g∇WU . (2.4.3)

19We do not use the name “affine connection” because it can be confused with connections in an affine
bundle.
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p R-linearity and Leibniz rule in the second variable:

∇U (aV + bW ) = a∇UV + b∇UW , (2.4.4)
∇U (fV ) = U(f)V + f∇UV . (2.4.5)

∇ is also known as linear connection (or, simply, connection), although we will use this
name for the associated components:

Γµν
ρ := dxρ

(
∇∂µ∂ν

)
. (2.4.6)

Now we show how this∇ acts in components:

∇UV = ∇Uµ∂µ (V ν∂ν) = Uµ
(
∂µ(V ν)∂ν + V ν∇∂µ∂ν

)
= Uµ (∂µV

ρ + Γµν
ρV ν)∂ρ ≡ Uµ∇µV ρ∂ρ , (2.4.7)

i.e.,
∇µV ρ = ∂µV

ρ + Γµν
ρV ν . (2.4.8)

For covectors we have
∇µVρ = ∂µVρ − Γµρ

νVν (2.4.9)

and, in general, for an arbitrary tensor density of weight w (for tensors just take w = 0):

∇µTν...ρ... := ∂µT
ν...

ρ... + Γµσ
νTσ...ρ... + ...same for all upper indices...

− Γµρ
σTν...σ... − ...same for all lower indices...

+ wΓµσ
σTν...ρ... . (2.4.10)

Notice that the object Γµν
ρ cannot be associated with the components of a tensor,

because under a g.c.t. xµ → yα, it transforms as

Γ′αβ
γ =

∂xµ

∂yα
∂xν

∂yβ
∂yγ

∂xρ
Γµν

ρ − ∂xµ

∂yα
∂xν

∂yβ
∂2yγ

∂xµ∂xν
. (2.4.11)

The last term cancels a term coming from the partial derivative term in (2.4.10), making
the whole object ∇µX... be always tensorial (or a tensor density depending on X...). One
can also clearly check that the difference between connections transforms tensorially un-
der g.c.t., and consequently, the quantity δΓµν

ρ is treated as a tensor when performing
variations of connection-dependent actions.

Definition 2.41. ((Auto-parallel vector (tensor) field) Consider a curve γ with ve-
locity uµ, a connection Γµν

ρ with covariant derivative ∇ and a vector field over the
image of the curve V ∈ X(Im(γ)). The vector field is said to be parallel with respect to
Γµν

ρ along γ if uµ∇µV ν = 0.
A general vector field (defined in some open set) is called parallel with respect to

Γµν
ρ (without mentioning the curve) if∇µV ν = 0.

These definitions are straightforwardly generalized to arbitrary tensor fields and densi-
ties. In some situations, to avoid ambiguity we will use the word “auto-parallel”.

The connection then defines the notion of parallelism. In particular, the correspon-
dence between tangent spaces that we saw at the begining of this section can be extended
to arbitrary points p and q of the manifold connected by a curve γ:
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Definition 2.42. (Parallel transport) For any curve γ with velocity uµ and any point
p ∈ Im(γ), the connection defines uniquely a map (τ∇γ )p, called the parallel transport,
which is given by

(τ∇γ )p : TpM−→ X(Im(γ)) . (2.4.12)

vµ 7−→
(
(τ∇γ )p(v)

)µ ≡Wµ (2.4.13)

where Wµ is the unique parallel vector field along γ such that Wµ(p) = vµ.

If we fix the end point we get an isomorphism of tangent spaces(
(τ∇γ )p( . )

)
(q) : TpM−→ TqM . (2.4.14)

Indeed, if the path is infinitesimal, it can be approximated by a straight line and we can
drop γ from the notation. The result is (compare with (2.4.1))(

(τ∇γ )p(v)
)µ

(q)
∣∣∣
Infinitesimal γ

≡ (vp→q)
µ . (2.4.15)

2.4.2 Curvature and torsion

Definition 2.43. (Curvature and torsion tensors) Consider a manifold equipped with
a connection Γµν

ρ. The curvature and torsion tensors (both antisymmetric in the first
two indices) are the tensors given in components by

Rµνρ
λ := ∂µΓνλ

ρ − ∂νΓµλ
ρ + Γµσ

ρΓνλ
σ − Γνσ

ρΓµλ
σ , (2.4.16)

Tµν
ρ := Γµν

ρ − Γνµ
ρ . (2.4.17)

They naturally appear when computing the commutator of covariant derivatives act-
ing on a vector

[∇µ, ∇ν ]V λ = Rµνρ
λV ρ − Tµνρ∇ρV λ . (2.4.18)

Indeed, acting on an arbitrary tensor density of weight w we get

[∇µ, ∇ν ]Tλ...σ... = Rµνρ
λTρ...σ... + ...same for all upper indices...

−RµνσρTλ...ρ... + ...same for all lower indices...

− Tµνρ∇ρTλ...σ... + wRµνρ
ρTλ...σ... . (2.4.19)

At this point it is interesting to revise the interpretation of these two tensorial quanti-
ties. Suppose that we have a vector in a particular point p of the manifold and consider
a closed curve (loop) γ(τ) such that p ∈ Im(γ(τ)). The idea is to move the vector along
the loop by using the parallel transport of Γµν

ρ. If, when reaching again the initial point,
we do not recover the original vector, we say that the curvature is non-vanishing. To be
precise, we considered that the infinitesimal loop is an rectangle constructed with two
frame-dragged vectors V µ and Wµ (not parallely transported vectors [126]) as in Fig.
2.4.1 left. Then, if we perform the parallel transport20 of some (not necessarily infinitesi-
mal) vector Aµ, we find (see Fig. 2.4.1 right),

Aλ|after loop −Aλ = Rµνρ
λV µW νAρ . (2.4.20)

20See also [127], although our curvature tensors differ by a sign (and the ordering of the indices).
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pa
ral
lel
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m
ap

Figure 2.4.1: Left: Schematic view (2 dimensional) of a non-holonomic infinitesimal frame
{V µ,W ν} (see them as the elements of an ordinary frame multiplied by some infinitesimal
parameter). The non-vanishing Lie bracket indicate that they do not constitute a coordinate
basis. Right: Geometrical interpretation of the curvature.

paralleltransport
map

Figure 2.4.2: Geometrical interpretation of the torsion.

On the other hand, the torsion measures the “closure failure”, when trying to con-
struct a parallelogram: if we take two different vectors at some point and parallely trans-
port each of them along the other, the resulting parallelogram could not close. This indi-
cates the presence of torsion. To be precise, if we do such operation with two infinitesimal
vectors V µ and Wµ (see Fig. 2.4.2), we see that the vector measuring the “closure failure”
is given by TµνρV µW ν .

Definition 2.44. (Flat and torsion-free connection) LetM be a differentiable mani-
fold equipped with a connection Γµν

ρ. We say that the latter is flat if the curvature
vanishes, and torsion-free if the torsion vanishes.

We also introduce the following notation for the two independent traces of the curva-
ture21 and for the torsion trace

Rµρ ≡ R(1)
µρ := Rµλρ

λ (Ricci tensor) , (2.4.21)

R(3)
µν := Rµνλ

λ , (2.4.22)

Tµ := Tµλ
λ . (2.4.23)

21There is another one, but we need a metric to construct it.
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30 2.4. Connection

Proposition 2.45. The curvature tensor satisfies:

R[µνρ]
λ = ∇[µTνρ]

λ − T[µν
σTρ]σ

λ , (2.4.24)

∇[µRνρ]τ
λ = T[µν

σRρ]στ
λ , (2.4.25)

−2R[µν] = ∇µTν −∇νTµ +∇λTµνλ + Tµν
ρTρ +R(3)

µν . (2.4.26)

Therefore, in the torsion-free case:

R[µνρ]
λ = 0 , ∇[µRνρ]τ

λ = 0 , 2R[µν] = R(3)
µν . (2.4.27)

Finally one may wonder about the relation between the curvature and the torsion of
two connections. The result is the following:

Proposition 2.46. Consider two connection Γ′µν
ρ and Γµν

ρ = Γ′µν
ρ + Aµν

ρ, then their
curvatures and torsions are related via:

Rµνρ
λ = R′µνρ

λ + 2∇′[µAν]ρ
λ + T ′µν

σAσρ
λ + 2A[µ|σ|

λAν]ρ
σ , (2.4.28)

Tµν
ρ = T ′µν

ρ + 2A[µν]
ρ , (2.4.29)

where the objects with ′ are referred to Γ′µν
ρ.

2.4.3 Nonmetricity

So far in this section about linear connections we have provided general results that do
not require a metric. Now, in the presence of both, metric and connection, we can intro-
duce:

Definition 2.47. (Nonmetricity) Let (M, g) be a metric manifold equipped with a
connection Γµν

ρ. The nonmetricity tensor is the 3-covariant tensor given in compo-
nents by

Qµνρ := −∇µgνρ . (2.4.30)

The geometrical interpretation of the nonmetricity is quite direct: Qµνρ measures how
far the metric gµν is from being a parallel tensor. This has to do, of course with the change
in the scalar product under parallel transport. Suppose we have two arbitrary vectors at
some point p, vµ and wµ, and we are interested in understanding the meaning of Qρµν at
the point p. The idea is: first take the coordinate curve γ generated by ∂ρ, and construct
the parallel transport of vµ and wµ along that curve. Let us call the resulting auto-parallel
fields V µ and Wµ, respectively. The scalar product gµνV µW ν is a function and we can
calculate its directional derivative in the direction of the curve on the point p as

∂ρ(gµνV
µW ν)(p) = ∇ρ(gµνV µWµ)(p) = −Qρµν(p)vµwν . (2.4.31)

Therefore, zero nonmetricity means that the scalar product of any two auto-parallel vec-
tors is a constant function.

The nonmetricity has two independent traces, that we will represent as:

Qµ := Qµλ
λ , (2.4.32)

Q̌µ := Qλλµ = Qλµλ . (2.4.33)

The first one is also called the Weyl vector (or, more rigorously, Weyl 1-form).
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Notice that, when a metric is present we can additionally compute a third indepen-
dent trace of the curvature and the total trace (scalar):

R(2)
µ
λ := Rµρ

ρλ , (2.4.34)

R := R(1)
ρ
ρ = −R(2)

ρ
ρ (Ricci curvature scalar) . (2.4.35)

Proposition 2.48. The curvature tensor of an affine structure, when a metric is present,
satisfies:

Rµν(ρλ) = ∇[µQν]ρλ +
1

2
Tµν

σQσρλ , (2.4.36)

R(3)
µν = ∂[µQν] , (2.4.37)

R(2)
µν = −Rµν + 2gλρ∇[µQρ]νλ + gλρTµρ

σQσνλ , (2.4.38)

Definition 2.49. (Metric-compatible connection) Let (M, g) be a metric manifold
equipped with a connection Γµν

ρ. We say that the latter is metric-compatible (or com-
patible with the metric) if the nonmetricity tensor vanishes.

Corollary 2.50. The curvature tensor of a metric-compatible connection satisfies:

Rµν(ρλ) = 0 , R(3)
µν = 0 , R(2)

µν = −Rµν . (2.4.39)

If, in addition, it is torsion-free:
Rµνρλ = Rρλµν . (2.4.40)

2.4.4 Levi-Civita connection

Definition 2.51. (Levi-Civita connection) Let (M, g) be a metric manifold. The
Levi-Civita connection associated to the metric is the one whose components are the
Christoffel symbols:

Γ̊µν
ρ = {µνρ} :=

1

2
gρσ [∂µgσν + ∂νgµσ − ∂σgµν ] . (2.4.41)

Proposition 2.52. In a metric manifold (M, g), the Levi-Civita connection of the metric
is the only connection with zero torsion and zero nonmetricity.

Proposition 2.53. The curvature tensor of the Levi-Civita connection has the symmetries

R̊µνρλ = −R̊µνλρ , R̊µνρλ = R̊ρλµν , (2.4.42)

and fulfills the (first and second, respectively) Bianchi identities:

R̊[µνρ]
λ = 0 , ∇̊[σR̊µν]ρ

λ = 0 . (2.4.43)
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Consequently, there is only one independent trace (Ricci tensor)

R̊µν = R̊νµ = −R̊(2)
µν , R̊(3)

µν = 0 . (2.4.44)

2.4.5 Linear connection in an arbitrary frame

As a matter of generality it is better to work with the connection in an arbitrary frame.
The transformation reads, in terms of the Vielbeins,

eνaeλ
bΓµν

λ + eσ
b∂µe

σ
a =: ωµa

b , (2.4.45)

which can be easily inverted

ωµa
b = eνaeλ

bΓµν
λ + eσ

b∂µe
σ
a ⇔ Γµν

λ = eν
aeλbωµa

b + eλa∂µeν
a . (2.4.46)

Thus, ωµab and Γµν
ρ contain the same information, once the Vielbein are known.

The derivative associated to ωµab acts as follows:

DµT a...b... := ∂µT
a...

ρb... + ωµc
aT c...b... + ...same for all upper Latin indices...

− ωµbcT a...c... − ...same for all lower Latin indices... . (2.4.47)

Coordinate indices are however transparent to this derivative, i.e., DµT ρ = ∂µT
ρ. It is

then interesting to introduce the total covariant derivative (the one that affects both kind of
indices). We extend the notation ∇µ (see (2.4.10)) to represent this total covariant deriva-
tive. For a tensor density with weight w under g.c.t., and both types of indices, we have

∇µTνa...ρb... := ∂µT
νa...

ρb... + Γµσ
νTσa...ρb... + ωµc

aTνρc...b... + ...same for all upper indices...
− Γµρ

σTνa...σb... − ωµbcTνa...ρc... − ...same for all lower indices...
+ wΓµσ

σTνa...ρb... . (2.4.48)

This derivative is both tensorial under g.c.t. and under frame transformations. This
definition also implies that the Vielbein is covariantly constant

∇µeνa = ... = (eσ
b∂µe

σ
a + Γµσ

ρeσaeρ
b − ωµab)eνb

(2.4.45)
= 0 . (2.4.49)

From here one can construct the curvature and the torsion associated to ωµab through
the analogous of (2.4.18),

[∇µ, ∇ν ]V a = Rµνc
aV c + Tµν

beρb∇ρV a , (2.4.50)

and one gets

Rµνa
b = ∂µωνa

b − ∂νωµab + ωµc
bωνa

c − ωνcbωµac , (2.4.51)

Tµν
c = ∂µeν

c − ∂νeµc + ωµb
ceν

b − ωνbceµb = Dµeνc −Dνeµc . (2.4.52)

Observe that the torsion can be rewritten Tµνc = Ωµν
c + 2ω[µν]

c. Then,

Proposition 2.54. The torsion components corresponds to the antisymmetric part of the
connection if and only if the anholonomy is zero (i.e. if the frame is associated to some
coordinates).
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Note that everything is consistent. Since ωµab is nothing but Γµν
λ expressed in another

frame, one can easily check that Rµνab and Tµνc correspond to Rµνρλ and Tµνρ defined in
(2.4.16) and (2.4.17) under the frame transformation:

Rµνa
b = Rµνρ

λeρaeλ
b , Tµν

c = Tµν
ρeρ

c . (2.4.53)

In the presence of a metric gµν = gabeµ
aeν

b, the components of its Levi-Civita connec-
tion in an arbitrary frame are equal to the Christoffel symbols of the anholonomic metric
gab plus an additional term that depends on the anholonomy coefficients:

eµcω̊µa
b = eµc(e

ν
aeλ

bΓ̊µν
λ + eσ

b∂µe
σ
a) (2.4.54)

= eµce
ν
aeλ

b 1

2
gρσ (∂µgσν + ∂νgµσ − ∂σgµν) + eµceσ

b∂µe
σ
a , (2.4.55)

which, after some abuses of notation can be express22

ω̊cab =
1

2
(∂cgba + ∂agcb − ∂bgca)−

1

2
(Ωcab + Ωbca − Ωabc) , (2.4.56)

i.e.,

ω̊c(ab) =
1

2
∂cgab ω̊c[ab] = ∂[agb]c − Ωc[ab] +

1

2
Ωabc . (2.4.57)

Since we have a metric, one can additionally define the nonmetricity tensor associated to
the arbitrary connection ωµab,

Qµab = −∇µgab = −∂µgab + 2ωµ(a
cgb)c = −∂µgab + 2ωµ(ab) = −Dµgab , (2.4.58)

which, again, corresponds to the nonmetricity Qµνρ translated to the general frame:

Qµab = Qµνρe
ν
be
ρ
b . (2.4.59)

From (2.4.58) one can easily derive an interesting result:

Proposition 2.55. Consider a frame in which gab is constant. A connection is metric-
compatible (i.e. the nonmetricity vanishes) if and only if the object ωµab = ωµa

cgcb is
antisymmetric in the last two indices.

2.4.6 General decomposition of a connection

Definition 2.56. (Distorsion) The distorsion tensor is the deviation of a connection
with respect to the Levi-Civita connection of the metric, i.e.,

Ξµa
b := ωµa

b − ω̊µab . (2.4.60)

The distorsion can be split into two parts, one depending on the torsion (contorsion
tensor) and another one depending on the nonmetricity (disformation tensor):

Ξcab =
1

2
(Tcab + Tbca − Tabc) +

1

2
(Qcab +Qabc −Qbca) . (2.4.61)

22To be precise Ωcad := Ωca
eged and ω̊cab := gdbe

µ
cω̊µa

d.
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So, in general, an arbitrary linear connection looks

ωcab =
1

2
(∂cgba + ∂agcb − ∂bgca)−

1

2
(Ωcab + Ωbca − Ωabc)︸ ︷︷ ︸

Levi-Civita connection

+
1

2
(Tcab + Tbca − Tabc)︸ ︷︷ ︸

contorsion

+
1

2
(Qcab +Qabc −Qbca)︸ ︷︷ ︸

disformation︸ ︷︷ ︸
distorsion

, (2.4.62)

from which we can read

ωc(ab) =
1

2
(∂cgab +Qcab) , (2.4.63)

ωc[ab] = ∂[agb]c +Q[ab]c + (Tc[ab] − Ωc[ab])−
1

2
(Tabc − Ωabc) . (2.4.64)

2.4.7 Connection and associated objects in differential form notation

In metric-affine gravity it is specially useful to work in differential form notation, and
define a set of new variables different from {gµν , Γµν

ρ}, although at the end of the day
the results are equivalent. The set of fundamental variables that we will consider in the
physical framework is made of three objects: the anholonomic metric gab (which, as we
will see, can be fixed by a gauge), the coframe ϑa and the connection 1-form defined as

ωa
b := ωµa

bdxµ . (2.4.65)

In the language of differential forms all of the objects that are going to appear have their
coordinate indices (if there are any) hidden, so no Greek indices are going to appear in
our expressions. We will only have to deal with Latin indices (a, b, c, ...) and internal
indices for the matter fields. However, let us forget about the latter for simplicity (they
will be introduced in the next chapter).

Definition 2.57. (Metric-affine geometry) A tuple (gab, ϑ
a, ωa

b) is called a metric-
affine geometry over the considered manifold.

If we move on in our description in terms of differential forms, the next step would
be to generalize appropriately the notions of covariant derivative, curvature, torsion and
nonmetricity. Such generalization is quite simple and can be easily understood. Concern-
ing the covariant derivative, instead of generalizing ∂µ, the idea will be to generalize the
exterior derivative d. We will do it as follows

Definition 2.58. (Exterior covariant derivative) The exterior covariant derivative acting
on an arbitrary tensor-valued differential form αa...

b... is defined as the operator:

Dαa...
b... := dαa...

b... + ωc
b ∧αa...c... + ...same for all upper indices...

− ωac ∧αc...b... − ...same for all lower indices... (2.4.66)

If we extract the components:
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Proposition 2.59. For an arbitrary tensor-valued k-form αa...
b...,

Dαa...
b... =

1

k!
D[ραµ1...µk]a...

b...dxρµ1...µk (2.4.67)

=
1

k!

(
∇[ραµ1...µk]a...

b... +
k

2
T[ρµ1

σα|σ|µ2...µk]a...
b...

)
dxρµ1...µk . (2.4.68)

Now consider the covariant objects constructed with the derivatives of the basic fields.
For the coframe and the metric, we can directly write Dϑa and Dgab, but since ωab is
not tensorial in its external indices (i.e., the connection is not a tensor-valued form),
one cannot write “Dωa

b”. However it is not difficult to check that the combination
dωa

b + ωc
b ∧ ωac is a tensor valued 2-form. With all of this in mind, we introduce the

following definitions:

Definition 2.60. (Curvature, torsion, nonmetricity and distorsion forms) We define
the curvature 2-form, the torsion 2-form and the nonmetricity 1-form associated to some
metric-affine geometry (gab, ϑ

a, ωa
b), respectively as:

Ra
b := dωa

b + ωc
b ∧ ωac , (2.4.69)

T a := Dϑa , (2.4.70)
Qab := −Dgab . (2.4.71)

We can also define a distorsion 1-form representing the difference with respect to the
Levi-Civita connection 1-form

Ξa
b := ωa

b − ω̊ab . (2.4.72)

It is not difficult to prove that, once we extract the components of these differential forms,
what we get is nothing but the components of the tensors we defined in previous sections:

Ra
b =

1

2
Rµνa

bdxµν , T a =
1

2
Tµν

adxµν , Qab = Qµabdx
µ , Ξa

b = Ξµa
bdxµ . (2.4.73)

It is specially interesting to decompose the torsion, the curvature and the nonmetricity
forms according to the irreducible representations of the group GL(D,R). But, since we
work in the presence of a Lorentzian metric, we can go even further and decompose those
parts into other smaller ones with respect to the pseudo-orthogonal group SO(1, D − 1)
(basically by extracting the traces). Indeed, these irreducible parts will be key ingredients
in many situations within metric-affine gravity and related theories. See Appendix B for
their explicit expressions together with some useful properties.

Proposition 2.61. Consider two connection 1-forms ω′ab and ωab = ω′a
b +Aa

b. Then,
their curvatures are related via

Ra
b = R′a

b + D′Aa
b +Ac

b ∧Aa
c . (2.4.74)

This is the equivalent in differential form notation of the expression (2.4.28). In particular,
this can be applied to the Levi-Civita connection, which, in terms of the distorsion reads

Ra
b = R̊a

b + D̊Ξa
b + Ξc

b ∧Ξa
c . (2.4.75)
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36 2.4. Connection

Proposition 2.62. (Bianchi identities) The curvature, torsion and nonmetricity forms
fulfill

DRa
b = 0 , (2.4.76)

(DDϑa =) DT a = Rb
a ∧ ϑb , (2.4.77)

(−DDgab =) DQab = 2R(ab) . (2.4.78)

These are nothing but the expressions (2.4.25), (2.4.24) and (2.4.36), respectively, rewritten
in another language. Here one can see how useful and compact can be the differential
form notation. In addition, applying twice the exterior covariant derivative only gener-
ates curvature terms:

Proposition 2.63. For an arbitrary tensor-valued differential form αa...
b...,

DDαa...
b... = Rc

b ∧αa...c... + ...same for all upper indices...

−Ra
c ∧αc...b... − ...same for all lower indices... . (2.4.79)

Other useful formulae:
DEa1...aD = −1

2
Qc

cEa1...aD , (2.4.80)

D ? ϑa1...ak = −1

2
Qc

c ∧ ?ϑa1...ak + T c ∧ ?ϑa1...akc . (2.4.81)

Finally, let us mention that metric-affine geometries are also commonly called in the
literature post-Riemannian or non-Riemannian geometries, and depending on the prop-
erties of the connection, they receive special names:

1. Riemannian geometry, if the connection is Levi-Civita.23

2. Riemann-Cartan geometry, if the connection is metric-compatible (arbitrary torsion).

3. Weyl-Cartan geometry, if the nonmetricity is purely Weyl, i.e. Qρµν = 1
D
Qρgµν .

4. Torsion-free geometry (alse called symmetric), if the connection is torsion-free (the
nonmetricity is arbitrary).

5. Teleparallel geometry, if the curvature of the connection is identically zero. Subcases
of this are:

(a) Symmetric teleparallel geometry, if, in addition, the torsion is zero (R = T = 0).

(b) Weitzenböck geometry, if, in addition the nonmetricity vanishes (R = Q = 0).

23Riemannian/post-Riemannian geometries should not be confused with the concepts of
Riemannian/pseudo-Riemannian metrics we previously introduced and that refer to the signature of
the metric.
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Chapter 2. Mathematical tools for metric-affine gravity 37

2.5 Miscellany

2.5.1 Autoparallels, geodesics and congruences

If we have a connection, we can define the notion of autoparallel curves:

Definition 2.64. (Pre-autoparallel and autoparallel) Consider a manifold with a con-
nection Γµν

ρ. A pre-autoparallel is a curve γ(τ) whose velocity γ̇(τ) = uµ∂µ is invari-
ant under parallel transport up to a term proportional to the velocity, i.e.,

(uν∇νuµ ≡)
duµ

dτ
+ Γνρ

µuνuρ = f(τ)uµ . (2.5.1)

A pre-autoparallel with f = 0 is called simply autoparallel.

Given a pre-autoparallel, there is always an autoparallel with the same image. Essentially
they represent the same path over the manifold but with a different parameterization.
The parameter that makes f to vanish is called affine parameter.

Definition 2.65. (Pre-geodesics and geodesics) The (pre-)autoparallels of the Levi-
Civita connection of some metric g are called (pre)-geodesics of the metric.

Indeed, if we have a metric tensor g in the manifold, there is a canonical notion of length:
for a given curve γ : [τi, τf ]→ U with velocity uµ, then

Lengthg(γ) :=

� τf

τi

√
|gµν(γ(τ))uµ(τ)uν(τ)|dτ .

This quantity is independent of the parameterization. One can show that indeed the
(pre-)geodesics are those curves of stationary length, i.e., those such that

δLengthg(γ) = 0 . (2.5.2)

Notice that, these two families of paths do not coincide in general:

uν∇νuµ − uν∇̊νuµ = Ξ(νρ)
µuνuρ

(2.4.61)
=

[
Tµ(νρ) +Q(νρ)

µ − 1

2
Qµνρ

]
uνuρ . (2.5.3)

Definition 2.66. (Congruence) A (smooth) congruence on U is a family of (smooth)
curves on U such that each point of U belongs to the image of one and only one curve
of the family.

The set of velocities uµ∂µ of a smooth congruence in each point defines a smooth
vector field on U . In the presence of a metric, the associated 1-form u = uµdxµ can be
expressed as an exact form,

uµ = ∂µu ⇔ u = du , (2.5.4)

i.e. the gradient of a (coordinate) function u. This can always be completed to give a
chart that covers the entire U . These sets of coordinates are called adapted coordinates for
the congruence. We will say that a congruence is (pre-)geodetic if the curves that con-
stitute the congruence are (pre-)geodesics. Similarly we will say that a congruence is
timelike/lightlike... if the velocity vector field is timelike/lightlike/... everywhere in U .
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38 2.5. Miscellany

2.5.2 Lie derivative and covariant Lie derivative

Consider a vector field V = V µ∂µ ∈ X(M).

Definition 2.67. (Lie derivative)
The Lie derivative with respect to V is an operator LV : T (r, s)(M) → T (r, s)(M)

that acting on an arbitrary tensor field S ∈ T (r, s)(M) with components Sµ1...µrν1...νs ,
gives another tensor in the same space with components:

(LV (S))µ1...µr ν1...νs := V σ∂σS
µ1...µr

ν1...νs

− ∂σV µ1Sσ...µrν1...νs − ...same for all upper indices... (2.5.5)
+ ∂ν1V

σSµ1...µrσ...νs + ...same for all lower indices...

We are going to use the usual notation in the physics literature, LV Sµ1...µrν1...νs .

The particular cases of a scalar, a vector and the metric are, respectively,

LV f = V σ∂σf , LVW
µ = V σ∂σW

µ − ∂σV µW σ = [V , W ]µ , LV gµν = 2∇̊(µVν) .
(2.5.6)

It is important to recall that the Lie derivative is an operator that can be constructed in
any smooth manifold (with no further structure), i.e. it is connection-independent.

If we apply the Lie derivative to the elements of Ωk(M), it can be shown that LV is
nothing but a very simple combination of the exterior derivatives and interior products:

LV = d ◦ (V y) + (V y) ◦ d . (2.5.7)

This is sometimes called the Cartan magic formula.
This definition for scalar-valued differential forms can be extended to tensor-valued

forms in order to be covariant under internal transformations (in the space in which the
differential form takes values). We define then:24

Definition 2.68. (Covariant Lie derivative)
The covariant Lie derivative with respect to the vector field V ∈ X(M) and the linear

connection ωab is the operator defined over the space of tensor-valued differential
forms given by

LV = D ◦ (V y) + (V y) ◦D , (2.5.8)

where D is the exterior covariant derivative of ωab.

For example, when dealing with k-forms with tensor values of the type αa...b..., the ordi-
nary Lie derivative (2.5.7) is covariant only under diffeomorphisms, but not under local
GL(D,R) transformations of the frame. However, the covariant version in Definition 2.68
is well-behaved under both types of transformations.

24For an exhaustive study of Lie derivatives and generalizations see the PhD Thesis [128].
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3 Metric-Affine gauge theories

We are all agreed that your theory is crazy. The question that divides us is
whether it is crazy enough to have a chance of being correct.

— Niels Bohr, said to W. Pauli after presenting his (and Heisenberg’s)
nonlinear field theory of elementary particles at Columbia U. (1958).

The idea of this chapter is to introduce the gauge approach to metric-affine gravity
[97, 98, 107, 129]. We will describe the fundamental geometrical construction without
entering in subtle mathematical details, as well as the gravitational currents and Noether
identities for a generic action. At the end, we will build the general quadratic MAG
Lagrangian, its associated objects and have a look at the Einstein-Palatini theory, as a
particular example.

3.1 Gauge theory: connections in principal bundles

Geometrically, a gauge theory can be described in terms of connections defined over prin-
cipal bundles and sections of associated bundles to it [130]. The aim of this first section
is to clarify this statement, specially for the case of internal symmetries (e.g., the usual
Yang-Mills theory).

3.1.1 Principal connection and gauge fields

In a general bundle B π−→ M, the directions tangent to the fibers are called “vertical”
directions. Let us call VuB the vertical space at the point u ∈ B and the corresponding
bundle V B := tuVuB. Nonetheless, there is not such thing as a canonical notion of “hori-
zontal” directions in the total space. One can smoothly define a distribution of subspaces
Hu (called horizontal subspaces) at each point, in such a way that

TuB = VuB ⊕Hu ∀u ∈ B . (3.1.1)

The distribution {Hu} is what is called a connection over the bundle (sometimes called
Ehresmann connection).1 This definition, based on horizontal subspaces, does not look
very practical. Interestingly, in particular types of bundles one can look for connection
1-forms, which are in one-to-one correspondence to connections. One example, as we will
see in the following sections, is the object ωab we defined in the previous chapter.

Let us now jump to the particular case of principal bundles, i.e. those that locally
look as the base manifold times a Lie group (see Definition 2.5). In this case, we ask
the distribution of horizontal subspaces to respect the right action of the group over the
fibers. To be precise, what we mean is that if we translate an horizontal subspace to
another point of the same fiber with the right action, the result must be the horizontal
space at that point. This type of connections are called principal connections and are in
one-to-one correspondence with principal connection 1-forms (see Definition 3.2). Let us
briefly see how this works.

Let P π−→M be a principal bundle with structure group G and right actionRg (g ∈ G).
Let us also denote the Lie algebra of the structure group as g and its Lie bracket as [·, ·].

1See [131] for n very pedagogical introduction to the concept of connection.
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40 3.1. Gauge theory: connections in principal bundles

First we introduce the concept of fundamental field:

Definition 3.1. (Fundamental vector field) The fundamental vector field associated
with T ∈ g is the vector field T# ∈ X(P) given at each point u ∈ P by

T#|u :=
d

dt

∣∣∣∣
t=0

(
Rexp(tT )(u)

)
, (3.1.2)

where exp is the usual exponential map from the Lie algebra to the group.2

The fundamental fields are vertical fields (tangent to the fibers) and constitute a basis of
the C∞-module of vertical vector fields Γ(V B). This concept allows us to define:

Definition 3.2. (Principal connection 1-form) A g-valued 1-form over the total space,
ω ∈ Ω1(P; g), is called a principal connection 1-form if the following requirements are
fulfilled:

p ω(T#) = T ∀T ∈ g.

p ω(X) = Adg ((Rg∗ω) (X)) ∀g ∈ G and ∀X ∈ X(P).

Here Ad is the adjoint representation on the Lie algebra.

In principal bundles, the one-to-one correspondence between the description with
horizontal subspaces and the one with connection 1-forms goes as follows:

p (⇒) For a given principal connection {Hu}, we can define the g-valued 1-form
ω(X) := T where T is the only element of g such that T# is the vertical part of
X . It can be shown that this ω verifies the two conditions in Definition 3.2.

p (⇐) For a given principal connection 1-form, we can introduce the distribution of
subspaces Hu := ker(ω|u), which turns out to be a principal connection.

This latter point is remarkable: a vector is horizontal with respect to a given connection if and
only if the associated connection 1-form vanishes on it.

Before continuing, let us introduce a notion directly associated with the connection:3

Definition 3.3. (Curvature 1-form) The curvature 2-form associated with a principal
connection 1-form is the object Ω ∈ Ω2(P; g) defined by

Ω := dωa ⊗ Ja +
1

2
(ωa ∧ ωb)⊗ [Ja, Jb] , (3.1.3)

where {Ja} is some arbitrary basis of the Lie algebra g.

This surely continues being very abstract. But now we proceed to relate all of this
with the very physical concept of gauge field.

2For those familiar with Lie group theory, this definition is quite interesting. The elements of the Lie al-
gebra (seen as TeG), {T }, are in one-to-one correspondence to the so-called left-invariant vector fields, {L(T )}.
Fundamental fields constitute the canonical construction based on left-invariant vector fields and the fact
that the fibers are homeomorphic to the group.

3Formally, it is more instructive to introduce the notion of exterior covariant derivative in the principal
bundle and then prove the equation (3.1.3) (called structure equation) as a corollary. However our idea is to
avoid details that do not contribute to a general understanding of the structure of gauge theories.
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Chapter 3. Metric-Affine gauge theories 41

Definition 3.4. (Gauge section. Gauge transformation. Potential and field strength)
A gauge section (or, in more physical terms, a gauge choice) is a section of the principal
bundle σ ∈ Γ(P).

Given a principal connection 1-form ω, its pullback4 with respect to a gauge sec-
tion, A := σ∗ω, is called the gauge field or gauge potential. The pullback of the associ-
ated curvature, F := σ∗Ω, is called the gauge field strength.

We call gauge transformation with group element g : P → G to the change of gauge
section σ → σ′ given by

σ(p)
g−→ σ′(p) := Rg(σ(p))−1

(
σ(p)

)
. (3.1.4)

Notice that the gauge field and the gauge field strength are also g-valued differential
forms but over the base manifoldM, so we can expand them in a particular coordinate
basis A = dxµ ⊗ Aµ and F = 1

2(dxµ ∧ dxν) ⊗ F µν (where Aµ and F µν are g-valued
functions). Indeed, it can be checked from Definition 3.3 that

F µν = (∂µAν
a − ∂νAµa + fbc

aAµ
bAν

c) Ja, [Jb, Jc] =: fbc
aJa . (3.1.5)

From now on (as it is usual in physics), we are going to assume that the structure
group is a matrix Lie group, i.e., a closed subgroup of GL(n,C) for some n. In that case,
the corresponding Lie algebra is also a matrix space and we can represent g-valued forms
as matrices whose elements are (scalar-valued) differential forms. This simplifies the
formal expressions of bundle theory enormously; for instance, the formulas that express
how the gauge field and the field strength change under a gauge transformation with
group element g are5

A′µ = g ·Aµ ·g−1 + g ·∂µg−1 , F ′µν = g ·F µν ·g−1 (3.1.6)

where · is just the matrix multiplication (which we will omit from now on) and ∂µ acts on
each element of the matrix that follows it. Here we recognize the transformation rules of
the usual Yang-Mills connection, where g ∈ SU(n).6

3.1.2 Matter fields in standard gauge theory

We have all of the ingredients of a gauge theory except two: the matter fields and the
covariant derivative that acts on them. Let us quickly revise how this is built in bundle
theory.

The matter fields in physics are usually elements of some vector space W associated
with a linear representation of the structure group. Formally, the idea is the following:
first we take the representation over the vector space where our matter field takes values,
i.e. a smooth map

ρ : G −→ GL(W ) (3.1.7)

4See the definition of pullback and pushforward in Appendix A.
5Let us insist on that this is an abuse of notation. One interested in understanding deeply how these

structures work should be able to derive and work at the abstract level. The actual formulae involve the
adjoint representation and the Maurer-Cartan form of the structure group. However, again, we are trying to
avoid introducing many definitions.

6In physics, some imaginary factors i appear, because it is more convenient to work in the complexified
algebra. In particular, it is usual to do a substitution of the type Ja → iJa, to ensure that the generators Ja

are Hermitian matrices.
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42 3.1. Gauge theory: connections in principal bundles

such that ρ(gh) = ρ(g) ·ρ(h) for all g, h ∈ G. Secondly, we introduce the following natural
right action Φ : g 7→ Φg (g ∈ G) over the product P ×W :

Φg(u,v) :=
(
Rg(u), ρ(g−1) (v)

)
. (3.1.8)

Now we identify elements connected by this action and construct the corresponding orbit
space (which has a manifold structure):

E ≡ P ×ρW := (P ×W )/Φ . (3.1.9)

By using local trivializations of the principal bundle P , one can construct local trivializa-
tions U ×W → E (for some open set U ⊂M), i.e., E locally looks as the productM×W .
Furthermore, we can introduce a projection map πE([u,v]) := πP(u). We realize that this
orbit space has a bundle structure:

Definition 3.5. (Associated bundle. Matter fields) The fiber bundle we have con-
structed above is called associated bundle of P with respect to the representation ρ.

Given an associated bundle, a matter field of the gauge theory is a section (local or
global) of it Ψ ∈ Γ(E).

The key point of all of this construction is that the principal connection 1-form ω in P
induces canonically a derivation of matter fields in any of its associated bundles:

p On the one hand, remember that the representation ρ is a smooth map between
manifolds. Thus, we can take its differential (pushforward) at the identity,

ρ̄ := (ρ∗)e : g −→ gl(W ) ∼= {(dimW )-dimensional real matrices}. (3.1.10)

This is indeed a representation of the Lie algebra over the same vector spaceW . We
can then use the gauge fieldA to construct the following object:

A = Aµ
adxµ ⊗ Ja −→ ρ̄(A) := Aµ

adxµ ⊗ ρ̄(Ja) . (3.1.11)

p On the other hand, consider a matter field compatible with the gauge choice σ :
U → P , i.e., a section of the associated bundle of the type:

Ψ(p) := [(σ(p), ΨMvM)] ≡ ΨM(p)ξM(p). (3.1.12)

where {vM} is some basis ofW , and {ξM(p) := [(σ(p),vM)]} is a frame of matter fields
over U under the gauge choice σ.

Definition 3.6. (Covariant derivative of matter fields) The covariant derivative along
a certain vector fieldX ∈ X(U) is the map

DX : Γ(E) −→ Γ(E)

Ψ 7−→ DXΨ := Xµ(DµΨ) , (3.1.13)

(i.e., the result is another matter field of the same type) where

(DµΨ)(p) :=
(
∂µΨ

M +Aµ
a(ρ̄(Ja))

M
N Ψ

N
)
ξM(p) . (3.1.14)

Alejandro Jiménez Cano



Chapter 3. Metric-Affine gauge theories 43

In differential form notation (DXΨ)(p) ≡XyDΨ ,

DΨ(p) =
(

dΨM +Aµ
adxµ(ρ̄(Ja))

M
N Ψ

N
)
ξM(p) . (3.1.15)

These matter fields are W -valued functions (sections), but this definition can be ex-
tended to W -valued differential forms straightforwardly:

DΨ(p) =
(

dΨ M +Aµ
adxµ ∧

(
(ρ̄(Ja))

M
NΨ

N
))
⊗ ξM(p) . (3.1.16)

3.2 Gauge approach to metric-affine gravity

The way the fundamental gravitational fields arise from a gauge approach is not as di-
rect as in Yang-Mills theory. Let us assume that we want to obtain a metric-affine geom-
etry {gab,ϑa,ωab} from a gauge construction, i.e., two 1-form fields ωab and ϑa, and a
Lorentzian metric gab over the manifold that transform under a GL(D,R) transformation
{ea} → {e′a = eb(M

−1)ba(x)} as follows:

ωa
b → ω′a

b = M b
dωc

d (M−1)ca +Ma
c d(M−1)cb ,

ϑa → ϑ′a = Ma
b ϑ

b , gab → g′ab = (M−1)ca(M
−1)db gcd . (3.2.1)

and such that ϑa fulfills det(∂µyϑ
a) = det(eµ

a) 6= 0 (non-degenerate).
The linear connection shows up in principle quite naturally, as we will see. However,

the construction of the metric and the coframe is more involved. In this thesis we will
follow the approach in [129, 132] (see also [133]).

3.2.1 The principal bundle of MAG: the affine frame bundle

The affine group and its Lie algebra. Some remarks

Definition 3.7. ((Real) affine group) The D-dimensional (real) affine group is the Lie
group given by the semi-direct product

Aff(D,R) := Tran(RD) o GL(D,R) , (3.2.2)

where Tran(RD) is the group of translations of RD.

Now we present some remarks about this group and its Lie algebra:

p Due to the decomposition (3.2.2) of the group, we have a corresponding decompo-
sition of Lie algebras,

aff(D,R) = tran(RD)⊕ gl(D,R) . (3.2.3)

p Let us revise the explicit Lie algebra structure of aff(D,R). For the translational part,
since we have the canonical isomorphism tran(RD) ∼= RD, it is natural to choose for
the translational algebra the basis {Pa} associated with the standard basis of RD.
For gl(D,R), which corresponds to the set of all real D-dimensional matrices, we
choose the basis {Lab}, where Lab is the matrix with a 1 in the (a, b) position and
zeros elsewhere. The commutation relations in this basis are

[Lab, Lcd] = δadLcb − δcbLad , (3.2.4)
[Lab, Pc] = δacPb , (3.2.5)
[Pa, Pb] = 0 . (3.2.6)
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44 3.2. Gauge approach to metric-affine gravity

p The affine group is a matrix Lie group, since it can be embedded in the space of
(D+1)-dimensional matrices. Here we present the explicit form of this isomorphism
and the induced one in the Lie algebra:

Aff(D,R) ∼=
{(

M b
0 1

)
: M ∈ GL(D,R), b ∈ Tran(RD)

}
, (3.2.7)

aff(D,R) ∼=
{(

N d
0 0

)
: N ∈ gl(D,R), d ∈ tran(RD)

}
. (3.2.8)

The affine frame bundle

Definition 3.8. (Affine tangent space) The affine tangent space at a point p ∈ M,
denoted as ApM, is the affine space canonically constructed from the tangent space
(the one in which TpM is both the space of points and the vector space of directions).

Definition 3.9. (Affine frame) An affine frame at a point is a pair (z, {ea}) where z is
a point in ApM and {ea} is a linear frame.

Definition 3.10. (Affine frame bundle) The affine frame bundle is the bundle whose
total space is

A(M) :=
⊔
p∈M
{affine frames on p} . (3.2.9)

with the projection π(p, (z, {ea})) := p.

From now on, we will use the abbreviations (p, ea) ≡ (p, {ea}) and (p, z, ea) ≡ (p, (z, {ea})).
The affine frame bundleA(M) is a principal bundle whose structure group is Aff(D,R).

Indeed, the right action of the structure group over the fibers is given by

(p, z, ea)→ (p, z′, e′b) := (p, z + baea, eaM
a
b) (3.2.10)

where M ∈ GL(D,R) and b ∈ Tran(RD).
As a consequence of the decomposition (3.2.3), a connection 1-form in the affine frame

bundle ω̃ can always be decomposed into two parts, one living in the general linear
algebra and another one in the translational algebra:

ω̃ = Lω̃ + Tω̃ . (3.2.11)

In addition, if we use the isomorphism (3.2.8), we can write our gauge field as follows
(this is an abuse of notation):

A = σ∗ω̃ =

(
LA TA
0 0

)
, (3.2.12)

where LA := σ∗Lω̃ and TA = σ∗Tω̃. Under a gauge transformation, i.e., a change of section

σ(p) = (p, z, ea) → σ′(p) = (p, z + ba(p)ea, ea(M
−1)ab(p)) , (3.2.13)

we have that (we used (3.1.6))
LA→ LA′ = M LAM−1 +MdM−1 ,
TA→ TA′ = M TA − db− (M LAM−1 +MdM−1)b . (3.2.14)

We observe here that the linear part of the gauge field can be identified naturally with
our connection ωab, once we extract the generators. However, the translational part has
not a tensorial behavior as the one of the coframe.
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3.2.2 Non-linear treatment of translational connection

If we decompose the translational gauge field as TA = TAa ⊗ Pa and rewrite it as
TAa = ϑa − dχa − LAb

aχb ≡ ϑa −DLχa , (3.2.15)

for some 0-form χa ∈ C∞(M) transforming χa → Ma
bχ
b under a gauge transformation

(3.2.13), we can prove that the object ϑa transforms as a coframe. Let us try to understand
what is this χ and show that ϑa is an example of something called non-linear connection.

In geometrical terms, a non-linear realization [134]7 is the reduction of the G-principal
bundle of the theory to a principal subbundle with a subgroupH ⊂ G as structure group.
It can be shown that such reduction is possible if and only if there exists a global section
of an associated bundle with fiber homeomorphic to the orbit space G/H [129, 135]. We
can then express such section as σ(p) := exp(ξa(p) Pa).8

Definition 3.11. (Non-linear realization) Consider the object ΨH := ρ(σ−1)Ψ where
Ψ is a certain matter field transforming under the representation ρ. Then we say that
the pair (σ, ΨH) defines a non-linear realization if under the action of the group G, it
transforms as9

(σ, ΨH)
g−−→ (σ′, ρ(h) ΨH) , (3.2.16)

where h ∈ H and σ′ ∈ G/H are related by

g σ = σ′ h . (3.2.17)

Here ΨH is the non-linear matter field and the parameters ξa are called Goldstone fields.
Notice that h depends on g and ξ non-linearly.

Consider a principal connection in P . We omit the construction of the non-linear
connection in the bundle and directly formulate it locally (at the level of gauge fields).
The non-linear gauge field with respect to the Goldstone fields ξa is [129]:

B := σ−1 A σ + σ−1 dσ , (3.2.18)

withA our gauge field. This object transforms under gauge transformations as

B
g−−→ hB h−1 + hdh−1 , (3.2.19)

where h is defined in (3.2.17). Consider now the non-linear covariant derivative of the
non-linear field (same as the usual covariant derivative but with B instead of A). Inter-
estingly, (3.2.19) implies that the result of taking such derivative is also a non-linear field,
i.e., it only “feels” theH part of the group:

DB ΨH
g−−→ ρ(h) DB ΨH . (3.2.20)

Now let us apply this to our gravitational gauge theory. For the particular case of
G = Aff(D,R) and H = GL(D,R), we decompose the non-linear connection B according
to (3.2.3),B = LB + TB [129]. As a consequence, (3.2.19) can be split as

LB → LB′ = h LB h−1 + h dh−1 ,
TB → TB′ = h TB h−1 . (3.2.21)

7This is related, though not equivalent, to spontaneous symmetry breaking in physics.
8Using a more physical jargon, the field σ(x) lives in the “part” of the group covered by the exponential

of the “broken” generators.
9This can also be defined at the level of Lie algebra, i.e., in terms of {ξa, ξ′a}, instead of {σ, σ′}.
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If we compare this with (3.2.14) we notice that the linear part continues transforming
inhomogeneously under the H part,10 while the translational part transforms homoge-
neously. In fact one can prove that11

LB = LA , TB = TA+ dσ + LA σ ≡ TA+ DLσ . (3.2.22)

So we can finally conclude, just by comparing with (3.2.15), that χ was nothing but the
section generated by the Goldstone fields ξa and that ϑa corresponds to the translational
part of the non-linear connection TB. Notice that for this particular reduction, the infor-
mation of LA is directly encoded in LB with no extra terms.

So far we have found an object that can be identified with the connection 1-form of
our metric-affine geometry (LB = LA ≡ ωa

b ⊗ Lab) and another one (TB ≡ ϑa ⊗ Pa)
with the same transformation rules as the coframe.12 Under this reduction, the degrees
of freedom of the gauge theory (those corresponding to the fundamental object, ω̃) are
rearranged within these two objects. But, where is the metric?

3.2.3 The origin of the metric in MAG

To obtain the entire metric-affine geometry we have to consider a further reduction of the
subgroup GL(D,R) into the Lorentz subgroup SO(1, D−1) [129, 132, 138]. Let us call r the
section that takes values in the orbit space GL(D,R)/SO(1, D−1) and Γ the corresponding
non-linear connection (analogues of σ and B, respectively). Following the steps of the
previous section, and after performing a decomposition Γ = LΓ + TΓ, one can prove the
following expressions [129, 132]:

LΓ = r−1 LA r + r−1 dr , (3.2.23)
TΓ = r−1

(
TA+ DLσ

)
= ϑ̊

b ⊗ Pb ϑ̊
b

:= (r−1)baϑ
a . (3.2.24)

In this case, LΓ is a connection 1-form transforming (inhomogeneously) under the Lorentz
group, whereas TΓ transforms tensorially under the same group. The important thing
now is that the Lorentz group has naturally associated the Minkowski metric ηab, and
this allows to define the following object:

gab := (r−1)ca(r
−1)dbηcd . (3.2.25)

Observe that, since r’s are invertible matrices, this operation preserves the symmetry and
the signature of ηcd. The resulting symmetric and non-degenerate tensor, gab, corresponds
to the MAG metric.

10Notice that h 6= M . M is the linear transformation contained in g, whereas h is the linear transformation
fixed by the non-linear realization (see (3.2.17)).

11One easy way to see this is by using the isomorphisms with (D + 1)-dimensional matrices (3.2.7)-(3.2.8).

We have σ →
(
1 σ
0 1

)
, so the expression (3.2.18) can be rewritten as:

B →
(
1 σ−1

0 1

)(
LA TA
0 0

)(
1 σ
0 1

)
+

(
1 σ−1

0 1

)(
0 dσ
0 0

)
=

(
LA TA+ dσ + LA σ
0 0

)
.

12Due to the special structure of the affine Lie algebra, the geometry we are describing is a reductive Cartan
geometry [136] and B is a Cartan connection. Indeed, the affine Lie algebra is even more interesting, because
the vector space aff(D,R)/gl(D,R) of “broken” generators has the same dimension as the tangent spaces of
the base manifold. The global section σ allows to identify the tangent to the fibers at the points σ(p) of
the abstract Aff(D,R)/GL(D,R)-bundle with the tangent spaces TpM. This is the so called soldering process,
which is a key feature of gauge theories of gravity (see also [133, 137] for a different view in terms of a section
of origins).

Alejandro Jiménez Cano



Chapter 3. Metric-Affine gauge theories 47

Notice that the invariants of the geometry can be either expressed in terms of Lorentz-
non-linear objects or GL-non-linear objects [132]. For instance, for the line element, we
have

ds2 = ηabϑ̊
a ⊗ ϑ̊b = gabϑ

a ⊗ ϑb . (3.2.26)

Therefore, when we fix the MAG metric to be Minkowski, what we are doing is using
the reduction introduced in this section. Therefore the r’s, which contain the true degrees
of freedom, are hidden in the coframe. Alternatively, one can also choose a description of
MAG purely in terms of the metric (this is the usual (gµν ,Γµν

ρ) formulation, which does
not require the coframe). As we have seen, the metric has a Goldstone nature in MAG
[132], playing the role of a “generalized Higgs field” [139].

3.2.4 Final comments on the gauge construction of MAG

Let us briefly sum up what we have done. At the beginning, we had a smooth manifold
with no extra structure, i.e., a blank canvas waiting for extra structures that will come
from the gauge approach. We considered the affine frame bundle, whose structure group
is the affine group, as the basic principal bundle of the gauge procedure. We selected a
connection there and then performed reductions into the general linear group and the
Lorentz group. The coframe arises as the non-linear translational connection, whereas
the metric can be expressed purely in terms of Goldstone fields.

Although we did not derived this in detail, let us mention that the curvature Ra
b is

nothing but the field strength of the general linear part, whereas the torsion T a comes
from the non-linear translational part.

If we follow the latter approach (the reduction into the Lorentz group), Ra
b and T a

are the true field strengths in MAG. The nonmetricity however, is derived from the metric
which has a Goldstone nature. In fact, when we fix gab to be Minkowski, the nonmetric-
ity is just the symmetric part of the connection (see Proposition 2.55). Therefore, when
constructing the action, the terms quadratic in the nonmetricity should be seen as mass
terms for the connection and not as kinetic terms for the gauge potentials.13

Finally, it is worth noticing that one can find alternative ways to do gauge gravity or
generalizations of structures that give other perspectives. For instance, based on some
works of Lord [140, 141] Tresguerres framed all of this in the language of composite
principle bundles [142] (see also [143]).

3.3 Field theory machinery for a Metric-Affine Gauge action

In this section we move to the physical (dynamical) part of MAG and establish some
general results. The gravitational basic fields are the metric gab, the coframe ϑa and the
connection ωab.

3.3.1 The general MAG action

Due to the gauge symmetry under linear transformations of the coframe, the Lagrangian
must be a function of the metric and the coframe, their exterior covariant derivatives (T a,

13In the description entirely in terms of the metric (gµν ,Γµνρ), the torsion is just 2Γ[µν]
ρ (no derivatives of

the coframe) so it is not a true field strength. In the meantime, the nonmetricity acquires the term −∂ρgµν ,
which contains the derivative of the translational degrees of freedom.
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Qab) and the field strength associated with ωab, i.e. Ra
b, but there cannot be any explicit

dependence on ωab.
Let us assume that in this metric-affine spacetime, there are some matter fields de-

scribed by certain vector-valued differential forms {Ψ (i)}nº matter fields
i=1 . From now on, we

will drop the index (i) and suppose that, when needed, there is an omitted summation
over all the matter fields. In general we have

Ψ = Ψ M ⊗ ξM =
1

k!
Ψµ1...µk

M (dxµ1 ∧ ... ∧ dxµk)︸ ︷︷ ︸
dxµ1...µk

⊗ξM , (3.3.1)

where {ξM} is a basis of sections of the corresponding associated bundle. In the usual
components/tensor notation, one works with the functions Ψµ1...µk

M ∈ C∞(M) while, in
the differential form notation of MAG, the basic objects are the differential forms Ψ M ∈
Ωk(M).

With all of this in mind, the most general MAG action that we are going to consider
is a functional of the metric-affine geometry

{
gab, ϑ

a, ωa
b
}

and some matter fields Ψ M of
the type

S[gab, ϑ
a, ωa

b, Ψ M] =

�
L(gab, ϑ

a, Ra
b, T a, Qab, Ψ

M, DΨ M) . (3.3.2)

Note that higher gauge derivatives in the matter fields have been dropped since,

DDΨ M = Ra
b ρ̄(Ψ)(Lab)

M
N ∧ Ψ M ∼ f(Ra

b, Ψ M) , (3.3.3)

where ρ̄(Ψ) is Lie algebra representation associated with the Lie group representation
ρ̄(Ψ) defined in the space where Ψ takes values (see (3.1.10)). Higher derivatives of the
gravitational fields can be reduced to field strength higher order terms, thanks to the
Bianchi identities (see Proposition 2.62).

Obviously all of this admits a corresponding formulation in terms of tensor compo-
nents. If we call

L =: L dDx =: L volg , (3.3.4)

where L is a scalar density of weight −1 and L is a pure scalar, then,14

S[g, e, ω, Ψ ] =

�
L(gab, eµ

a, Rµνa
b, Tµν

a, Qµab, Ψµ1...µk
M, ∇[ρΨµ1...µk]

M) dDx . (3.3.5)

We will give the relevant results in both notations. But first we will provide some expres-
sions to translate between the language of tensor components and the differential form
notation.

3.3.2 Functional variations in MAG

Convention. For variations and partial derivatives in the language of differential
forms we choose the convention in which the chain rule is applied to the left so, in
particular, the variations δα are extracted from the left.

For example:

∂L(β(α))

∂α
=:

∂β

∂α
∧ ∂L
∂β

or δαS[α] =:

�
δα ∧ δS

δα
. (3.3.6)

14We omitted the indices in the functional dependence of S to abbreviate.
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Consider a generic action of some tensor-valued k-form field αM, S[α]. It is useful to
have a dictionary to translate the variations between the components approach in which
the fundamental objects are the components αµ1...µk

M and the differential form notation
where αM is the basic object. If we perform a variation of the action with respect to this
field in both ways we get15

δαS[α] =

�
δαM ∧ δS

δαM
, δαS[α] =

�
δαµ1...µk

M δcS

δαµ1...µk
M

dDx . (3.3.7)

The question is: how are the objects δS
δαM and δcS

δαµ1...µk
M related? One can straightforwardly

establish such relation:

Proposition 3.12. The variations in both languages are related through the equations:

1√
|g|

δcS

δαµ1...µk
M

=
1

k!
sgn(g)(−1)k(D−k)∂µky...∂µ1y

(
?
δS

δαM

)
, (3.3.8)

δS

δαM
=

1√
|g|

δcS

δαµ1...µk
M
? dxµ1...µk . (3.3.9)

where ∂µ := gνµ∂ν and dxµ := gµνdxν .

We continue with the following powerful result that gives the functional derivatives
for any tensor-valued k- form αM:

Theorem 3.13. Let αM be a tensor-valued k-form. Consider the following expression of the
covariant derivative acting on αM,

DαM = dαM +AN
M ∧αN , (3.3.10)

and the following for the associated co-objects (with opposite indices),

DβM = dβM −AM
N ∧ βN , (3.3.11)

whereAN
M is the connection 1-form. Then, for any action

S[α, ...] =

�
L(αM, DαM, ...) , (3.3.12)

the following holds:
δS

δαM
=

∂L

∂αM
− (−1)rank(αM)D

∂L

∂DαM
. (3.3.13)

This theorem is valid for any exterior covariant derivative D or, equivalently, for any
connection 1-form AN

M: it can be the gravitational connection, an internal one or a com-
bination of both. For the particular case of pure metric-affine gravity (3.3.2) (in which
AN

M = ωa
bρ̄(Lab)

M
N), one can use this result to derive the functional variation with respect

15The notation δc to distinguish both types of variations is normally not necessary except when we vary
with respect to a 0-form field because in that case there is no distinction between the differential form and
its components. One example is the metric

δαS[α] =

�
δgab

δS

δgab
, δαS[α] =

�
δgab

δcS

δgab
dDx .

where δS/δgab is a D-form and δcS/δgab is a 0-form.
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to the metric, the coframe and the matter fields, since all of them are tensor-valued forms.
However, notice that Dωa

b is not well-defined since ωab is not a tensor-valued form (it
is not tensorial in its Latin indices). For this reason, when we vary with respect to the
connection we cannot use the previous theorem, only valid for tensor-valued forms,

δωS =

�
δωa

b ∧ δS

δωab

"
6=

�
δωa

b ∧

[
∂L

∂ωab
+ D

∂L

∂Dωa
b︸ ︷︷ ︸

??

]
. (3.3.14)

After carefully doing the whole computation with the connection, one can collect all of
the variations for the general MAG action (3.3.2):

Proposition 3.14. For a MAG action of the type (3.3.2), the functional variation with
respect to each of the fields are given by:

δS

δΨ M =
∂L

∂Ψ M − (−1)rank(Ψ M)D
∂L

∂DΨ M , (3.3.15)

δS

δgab
=

∂L

∂gab
+ D

∂L

∂Qab

, (3.3.16)

δS

δϑa
=

∂L

∂ϑa
+ D

∂L

∂T a
, (3.3.17)

δS

δωab
=
(
ρ̄(Ψ)(Lab)

M
NΨ

N
)
∧ ∂L

∂DΨ M + 2gbc
∂L

∂Qac

+ ϑa ∧ ∂L

∂T b
+ D

∂L

∂Ra
b
. (3.3.18)

Now one can derive the corresponding variations in components notation directly
from (3.3.5) or by using Proposition 3.14. In any case, the result is:

Proposition 3.15. For an action of the type (3.3.5), it follows

δcS

δΨµ1...µk
M

=
∂L

∂Ψµ1...µk
M
− (∇ρ + Tρ)

(
∂L

∂∇[ρΨµ1...µk]
M

)
, (3.3.19)

δcS

δgab
=

∂L

∂gab
+ (∇ρ + Tρ)

(
∂L

∂Qρab

)
(3.3.20)

δcS

δeµa
=

∂L

∂eµa
− 2 (∇ρ + Tρ)

(
∂L

∂Tρµa

)
+ Tρσ

µ ∂L

∂Tρσa
, (3.3.21)

δcS

δωµab
= ρ̄(Ψ)(Lab)

M
N

∂L

∂∇[µΨν1...νk]
M
Ψν1...νk

N + 2gbc
∂L

∂Qµac
+ 2

∂L

∂Tµρb
eρ
a

− 2 (∇ρ + Tρ)

(
∂L

∂Rρµab

)
+ Tρσ

µ ∂L

∂Rρσab
. (3.3.22)

Now that we know the dynamical equations for any MAG theory (3.3.2) we derive
the Noether identities under the general linear group and the diffeomorphisms. These
identities will lead us to a very relevant result: the equation of motion of the metric gab is
redundant and we will be able to drop it in our future studies.16

16This is of course not surprising since we know from previous sections that the metric is just a Goldstone
field. Its degrees of freedom can be completely translated to the coframe.
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3.3.3 Noether identities

This section is essentially extracted and adapted from [98, Sec. 5.2], where more details
on this derivations can be found.

Noether identity under diffeomorphisms

Consider a vector X generating a one-parameter subgroup of Diff(M). The Lagrangian
form must be a scalar under Diff(M) or, in other words, its Lie derivative along any X
must vanish.17 Since L is a scalar, the operators LV and LV are equivalent (see Section
2.5.2). But it is convenient to choose the covariant version. Therefore, if we act on the
general MAG Lagrangian (3.3.2),

LXL = (LXgab) ∧
∂L

∂gab
+ (LXϑa) ∧

∂L

∂ϑa

+ (LXRa
b) ∧ ∂L

∂Ra
b

+ (LXT a) ∧
∂L

∂T a
+ (LXQab) ∧

∂L

∂Qab

+ (LXΨ M) ∧ ∂L

∂Ψ M + (LXDΨ M) ∧ ∂L

∂DΨ M . (3.3.23)

Taking into account the definition of the covariant Lie derivative one can straightfor-
wardly derive [98]:

Proposition 3.16. For the Lagrangian (3.3.2) the following equation holds

LXL = A+ dB , (3.3.24)

where

A := −(XyQab)
δS

δgab
− (Xyϑa)D

δS

δϑa

+ (XyT a) ∧ δS

δϑa
+ (XyRa

b) ∧ δS

δωab

+ (XyDΨ M) ∧ δS

δΨ M + (−1)rank(Ψ M)(XyΨ M) ∧D
δS

δΨ M (3.3.25)

B := XyL−
[
(XyQab)

∂L

∂Qab

+ (Xyϑa)
∂L

∂ϑa
+ (XyT a) ∧ ∂L

∂T a
+ (XyRa

b) ∧ ∂L

∂Ra
b

+ (XyΨ M) ∧ ∂L

∂Ψ M + (XyDΨ M) ∧ ∂L

∂DΨ M

]
. (3.3.26)

Notice how beautifully, the partial derivatives of the Lagrangian disappear from the
expression of A and combine into variations of the action (the equations of motion).
Observe also that A and B are proportional to the components Xa, so if we introduce
A =: XaAa andB =: XaBa we get

LXL = Xa(Aa + dBa) + dXa ∧Ba . (3.3.27)

If our Lagrangian verifies LXL = 0 for arbitrary diffeomorphisms (for which we can take
Xa and dXa to be independent and arbitrary), we arrive at:

Aa = Ba = 0 ⇒ A = B = 0 . (3.3.28)

In particular,A = 0 leads us to:
17To be precise, the Lie derivative can be zero up to a total derivative which will enter in the expression of

B below. But it is irrelevant for the derivation of the Noether identity, whose information is contained inA.
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Theorem 3.17. Consider a Lagrangian (3.3.2) which is a scalar under diffeomorphisms
(LXL = 0), then:

1. Its variations with respect to the gravitational fields and the matter are related via the
identity:

D
δS

δϑc
= −(ecyQab)

δS

δgab
+ (ecyT

a) ∧ δS

δϑa
+ (ecyRa

b) ∧ δS

δωab

+ (ecyDΨ
M) ∧ δS

δΨ M + (−1)rank(Ψ M)(ecyΨ
M) ∧D

δS

δΨ M . (3.3.29)

2. In particular, if either the matter is on-shell (i.e. δS
δΨ M = 0) or the Lagrangian does not

contain any matter fields (only metric, coframe and linear connection), we arrive at
the identity18

D
δS

δϑc
Ψ
≈ −(ecyQab)

δS

δgab
+ (ecyT

a) ∧ δS

δϑa
+ (ecyRa

b) ∧ δS

δωab
. (3.3.30)

The latter looks in components as follows(
∇µ + Tµλ

λ
)( δcS

δeµc

)
Ψ
≈ −eνc

[
Qcab

δcS

δgab
− Tµνa

δcS

δeµa
−Rµνab

δcS

δωµab

]
. (3.3.31)

Noether identity under the general linear group

Now we revise the implications of the invariance under GL(D,R)local. We start, as usual,
with a frame transformation {ea} → {ebM b

a(x)} (M b
a(x) ∈ GL(D,R)local) and assume it

to be infinitesimal, i.e.,
M b

a(x) = δba +$a
b(x) , (3.3.32)

where $a
b is a small parameter. One can easily check that our fields transform as:

δ$gab = 2$(ab) , δ$ϑ
a = −$b

aϑb , δ$ωa
b = D$a

b ,

δ$Ψ
M = −$a

bρ̄(Ψ)(Lab)
M
NΨ

N , (3.3.33)

or, in components,

δ$gab = 2$(ab) , δ$eµ
a = −$b

aeµ
b , δ$ωµa

b = Dµ$a
b = ∇µ$a

b ,

δ$Ψµ1...µk
M = −$a

bρ̄(Ψ)(Lab)
M
NΨµ1...µk

N . (3.3.34)

And now we get [98]

Proposition 3.18. For the Lagrangian (3.3.2) the following equation holds

δ$L = −$a
b

[
−2gbc

δS

δgac
+ ϑa ∧ δS

δϑb
+ D

δS

δωab
+ ρ̄(Ψ)(Lab)

M
NΨ

N ∧ δS

δΨ M

]
+ d

{
$a

b

[
δS

δωab
− ρ̄(Ψ)(Lab)

M
NΨ

N ∧ ∂L

δDΨ M

− 2gbc
∂L

∂Qac

− ϑa ∧ ∂L

∂T b
−D

∂L

∂Ra
b

]}
. (3.3.35)

18The symbol
f, g...

≈ means “equal if the fields f , g... are on-shell or absent in the Lagrangian”.
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For the same argument we previously used for Diff(M), the two square brackets in
(3.3.35) must vanish and from the first one, we obtain the corresponding Noether iden-
tity:

Theorem 3.19. Consider a Lagrangian (3.3.2) which is a scalar under local transformation
in GL(D,R)local then:

1. Its variations with respect to the gravitational fields and the matter are related via the
identity:

D
δS

δωab
= 2gbc

δS

δgac
− ϑa ∧ δS

δϑb
− ρ̄(Ψ)(Lab)

M
NΨ

N ∧ δS

δΨ M . (3.3.36)

2. In particular, if either the matter is on-shell (i.e. δS
δΨ M = 0) or the Lagrangian does not

contain any matter fields (only metric, coframe and linear connection), we arrive at
the identity

D
δS

δωab
Ψ
≈ 2gbc

δS

δgac
− ϑa ∧ δS

δϑb
. (3.3.37)

The latter in components reads(
∇µ + Tµλ

λ
)( δcS

δωµab

)
Ψ
≈ 2gbc

δcS

δgac
− eµa

δcS

δeµb
. (3.3.38)

This immediately leads us to one of the most powerful results in MAG:

Theorem 3.20. For any MAG Lagrangian (3.3.2):

1. Either the equation of motion of the metric or the equation of motion of the coframe
(Vielbein) is redundant.

2. If the matter and the connection are on-shell (or they do not appear in the Lagrangian)
then:

(a) The symmetric part of the Vielbein equation coincides with the equation of the
metric:

2
δS

δgab

Ψ, ω

≈ gc(aϑb) ∧ δS

δϑc
In components−−−−−−−−→ 2

δcS

δgab

Ψ, ω

≈ eµ
(agb)c

δcS

δeµc
. (3.3.39)

(b) The antisymmetric part of the Vielbein equation vanishes,

gc[aϑb] ∧ δS

δϑc
Ψ, ω

≈ 0
In components−−−−−−−−→ eµ

[agb]c
δcS

δeµc
Ψ, ω

≈ 0 . (3.3.40)

It is important to remark that this results are true for any configuration of the metric and
the coframe (even for off-shell configurations).

From now on, we eliminate the equation of the metric from our set of gravitational
equations, and concentrate just in the coframe and connection equations. In the next sec-
tion we are going to define a few objects that will allow as to rewrite the MAG equations
of motion in a very nice form, which will also be very useful in order to calculate the
dynamics in real situations (for example with a computer program).
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3.3.4 Momenta and matter currents

Matter currents

So far, we have been dealing with a totally general action of the type (3.3.2). Consider
now the following splitting of it:

S[gab, ϑ
a, ωa

b, Ψ M] = SGrav[gab, ϑ
a, ωa

b] + SMatt[gab, ϑ
a, ωa

b, Ψ M] , (3.3.41)

where

SGrav[gab, ϑ
a, ωa

b] :=

�
LGrav(gab, ϑ

a, Ra
b, T a, Qab) , (3.3.42)

SMatt[gab, ϑ
a, ωa

b, Ψ M] :=

�
LMatt(gab, ϑ

a, Ra
b, T a, Qab, Ψ

M, DΨ M) . (3.3.43)

It is worth mentioning that this separation has been done in such a way that all the terms
inLMatt contain the matter fields. In other words, any purely gravitational term has been
extracted and placed in LGrav. Now we introduce the matter currents:

Definition 3.21. (Matter currents). We define respectively the hypermomentum, the
canonical energy-momentum and the metric energy-momentum currents:

∆a
b :=

δSMatt

δωab
, Σa :=

δSMatt

δϑa
, σab := 2

δSMatt

δgab
. (3.3.44)

When working in components we will use the following notation19

√
|g|T ab := 2

δcSMatt

δgab
, (3.3.45)√

|g|Σµ
a :=

δcSMatt

δeµa
, (3.3.46)√

|g|∆µa
b :=

δcSMatt

δωµab
. (3.3.47)

By virtue of our dictionary (Proposition 3.12), one can easily check that

∆a
b = ∆µa

b ? dxµ , Σa = Σµ
a ? dxµ , σab = T abvolg . (3.3.48)

Via the Noether identities, one can show that σab can be expressed in terms of the
other currents. The fundamental matter currents in MAG are then the hypermomen-
tum and the canonical energy-momentum. The latter is associated with the translational
part of the gauge group, whereas the hypermomentum corresponds to the general linear
group. In particular, the hypermomentum can be decomposed in antisymmetric, trace
and traceless symmetric parts. Each of them has a different physical meaning according
to the following decomposition of the generators of the algebra gl(D,R) (possible in the
presence of gab)

gacL
c
b = L[ab] +

1

D
gabL

c
c+↗Lab . (3.3.49)

L[ab] are the Lorentz generators, the second term generates the dilations, and the remain-
ing term↗Lab := L(ab) − 1

D
gabL

c
c is the shear part. According to these parts, the hypermo-

mentum splits, respectively, into the spin density current∆[ab], the dilation current∆c
c, and

19Notice that Tµν ≡ eµaeνbTab is the usual Hilbert energy-momentum tensor used in GR.
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the shear density current∆(ab)− 1
D
gab∆

c
c. These are, respectively, the sources of contorsion

(i.e., torsion), the Weyl 1-form and the traceless part of the nonmetricity 1-form.
The spin current is one of the main characters in PG, since the connection is antisym-

metric and, hence, the hypermomentum coincides with the spin current. For instance,
in [144] it is shown that, in the context of Einstein-Cartan gravity with a fluid made of
neutrons, the torsional gravitational effects (associated with the spin density) would be
appreciable for densities of the order of 1057 kg/m3 (much higher than the density of a
neutron star which is 1017 kg/m3). Interestingly, in earlier epochs of the Universe, scale
invariance is expected to arise, and this has a dilation current associated which might be
the one that naturally appears in MAG. Therefore, the latter seems to be a quite reason-
able extension of PG to be considered. Nevertheless, the shear effects are also expected
at higher energies, and their interpretation is subjected to speculation.20 These currents,
which are associated with the microstructure of matter, are the essential quantities that
should be used to detect post-Riemannian geometry [149–152].

More explicit expressions for the matter currents can be obtained using the relations
given in Proposition 3.14. The presence of Ra

b, T a and Qab in the matter Lagrangian
reflects what we are going to call non-minimal couplings:21

Definition 3.22. (Minimal coupling). For a given matter field Ψ living in some rep-
resentation of the total gauge group of a theory, we will say that it is minimally couple
to the gauge structure if the matter-dependent part of the Lagrangian depends exclu-
sively on Ψ and their total gauge exterior covariant derivative (including not only
gravity but also Yang-Mills connections if other gauge structures are involved). Con-
sequently, no curvatures or field strengths appear in it.

As immediate consequence of Proposition 3.14 we find:

Proposition 3.23. For a matter field Ψ M minimally coupled to the MAG action, the matter
currents are given by:

∆a
b =

(
ρ̄(Ψ)(Lab)

M
NΨ

N
)
∧∂LMatt

∂DΨ M , Σa =
∂LMatt

∂ϑa
, σab = 2

∂LMatt

∂gab
. (3.3.50)

Gravitational momenta and currents

In the gravitational sector we are going to distinguish between momenta and currents,
because they play a different role in the equations of motion:

Definition 3.24. (Gravitational momenta and gravitational currents). For a general
gravitational Lagrangian (3.3.42), we define the gravitational momenta (or excitations):

H[ω]ab := −∂LGrav

∂Ra
b
, H[ϑ]a := −∂LGrav

∂T a
, H[g]ab := −2

∂LGrav

∂Qab

. (3.3.51)

20See [98, 145–148].
21Interestingly, GR can be recovered within the Poincaré gravity framework under the assumption of an

appropriate nonminimal coupling of the matter to the geometry [153].
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The gravitational currents are:

E[ω]ab := −ϑa ∧H[ϑ]b − gbcH[g]ac , (3.3.52)

E[ϑ]a :=
∂LGrav

∂ϑa
, (3.3.53)

E[g]ab := 2
∂LGrav

∂gab
. (3.3.54)

They are called momenta because (up to maybe a sign or a constant factor) they coin-
cide with the canonical momenta of the gravitational fields in the Hamiltonian formula-
tion. One interesting consequence of the Noether identities (see eqs. (5.4.11) and (5.4.15)
of [98]) is that the currents E[ϑ]a and E[g]ab are totally determined by the gravitational
momenta through the equations

E[ϑ]a = eayLGrav + (eayT
b) ∧H[ϑ]b + (eayRb

c) ∧H[ω]bc +
1

2
(eayQbc)H[g]bc,

(3.3.55)

E[g]acgcb = ϑa ∧E[ϑ]b +Qbc ∧H[g]ac − T a ∧H[ϑ]b −Rc
a ∧H[ω]cb +Rb

c ∧H[ω]ac .
(3.3.56)

We see that the Lagrangian and the momenta determine E[ϑ]a. Moreover, E[ϑ]a and
the momenta fix the current E[g]ab.22 As a consequence of this result and the equation
(3.3.52), we only need to compute the momenta H[ω]ab, H[ϑ]a and H[g]ab, since the rest
of the objects are determined by them (and the Lagrangian).

3.3.5 Equations of motion and procedure to explore solutions in MAG

Taking into account the previous definitions, we can write the equations of motion of
MAG in terms of the momenta and the gravitational and matter currents:

Theorem 3.25. (Eq. of motion of general MAG)
The equations of motion of (3.3.41) are

0 =
δS

δωab
≡ −DH[ω]ab +E[ω]ab +∆a

b , (3.3.57)

0 =
δS

δϑa
≡ −DH[ϑ]a +E[ϑ]a + Σa , (3.3.58)

0 =
δS

δgab
≡ −DH[g]ab +E[g]ab + σab , (3.3.59)

0 =
δS

δΨ M ≡
∂L

∂Ψ M − (−1)rank(Ψ M)D
∂L

∂DΨ M . (3.3.60)

But we know that some of the objects involved in these equations can be computed
from others and, additionally, that the equation of motion of the metric is on-shell redun-
dant. So a standard procedure to find solutions of a MAG theory is the following:

1. Compute the gravitational momentaH[ω]ab,H[ϑ]a andH[g]ab and the matter cur-
rents∆a

b and Σa.

2. Compute E[ω]ab and E[ϑ]a.

22However computing the quantity E[g]ab is not needed. The reason is that it is only relevant for the
metric equation of motion and, as we have seen, such equation is redundant in metric-affine gravity.
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3. Evaluate ∆a
b, Σa, H[ω]ab, H[ϑ]a, E[ω]ab and E[ϑ]a in the specific Ansatz we are

interested in. Fix also the gauge by a taking, e.g., a simple form for the metric
(usually Minkowski gab → ηab).

4. Solve the dynamical equations

DH[ϑ]a −E[ϑ]a = Σa ,

DH[ω]ab −E[ω]ab = ∆a
b . (3.3.61)

This procedure can also be followed in components notation and at the end one has
to solve√
|g|Σµ

a = 2 (∇ρ + Tρ)

(
∂LGrav

∂Tρµa

)
− Tρσµ

∂LGrav

∂Tρσa
− ∂LGrav

∂eµa
, (3.3.62)

√
|g|∆µa

b = 2 (∇ρ + Tρ)

(
∂LGrav

∂Rρµab

)
− Tρσµ

∂LGrav

∂Rρσab
− 2gbc

∂LGrav

∂Qµac
− 2

∂LGrav

∂Tµρb
eρ
a . (3.3.63)

These expressions are easier to be programmed in xAct for example, so one can avoid
dealing with differential forms. However we will exploit the nice algebra of forms e.g.
in Chapter 6 to find some exact solutions. Differential forms notation can be very use-
ful (specially in gauge theories) due to their algebraic properties, its compactness and
because several identities take a very simple form, such as the Bianchi identities.

3.4 The (quadratic) Metric-Affine Gauge action

Now that we are familiar with the general metric-affine theory, we proceed to introduce
the general quadratic MAG theory. The corresponding Lagrangian is defined as the most
general linear combination of MAG invariants up to quadratic order in the curvature, torsion and
nonmetricity. In addition, the resulting dynamical equations are going to be quasilinear in
the basic fields [154]. Of course this choice is also a matter of simplicity since, as we will
see, it is already considerably complex to consider just up to quadratic invariants. The
construction of the basis of invariants that we use is explained in more detail in Appendix
C.1.23

3.4.1 The (quadratic) Metric-Affine Gauge action

The most general quadratic MAG action can be decomposed into an even part (dimension
independent) and the odd part corresponding to the chosen dimension D. For the even

23If one tries to construct the usual Yang-Mills like Lagrangian, due to the fact that the gauge group is
not semi-simple, the resulting action does not lead to the correct results in the case of PG [155]. Something
analogous will happen in MAG.
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c = 1 c, ~ = 1[
κD
]

=
[
G

(D)
N

]
M−1LD−3 M−(D−2)[

ρD
]

M−1LD−5 M−(D−4)

[λ] L−2 M2

[Λ] ML−(D−1) MD

Table 3.4.1: Dimensionful MAG parameters

part, we consider the following parameterization24

Leven
MAG = − 1

2κ(D)

[
2λvolg − a0R

ab ∧ ?ϑab + T a ∧ ?
3∑
I=1

aI
(I)T a +Qab ∧ ?

4∑
I=1

bI
(I)Qab

+ 2b5((3)Qac ∧ ϑa) ∧ ?((4)Qbc ∧ ϑb)− 2
3∑
I=1

cI
(I+1)Qab ∧ ϑa ∧ ?T b

]

− 1

2ρ(D)
Rab ∧ ?

[
6∑
I=1

wI
(I)W ab + v1ϑ

a ∧
(
ecy

(5)W cb
)

+
5∑
I=1

zI
(I)Zab + v2ϑc ∧

(
eay(2)Zcb

)
+

5∑
I=3

vIϑ
a ∧
(
ecy

(I)Zcb
)]
.

(3.4.1)

Some remarks about the constants and parameters introduced:

p The usual cosmological constant (with units of energy density) is given by Λ := λ
κ .

p There are 29 parameters: λ is dimensionful and the other 28 (ai, bi, ci, wi, zi, vi) are
dimensionless.

p κ(D) and ρ(D) are, respectively, the weak and the strong gravitational couplings of
the corresponding dimension. In four dimensions we will simply write

κ(4) =: κ , ρ(4) =: ρ . (3.4.2)

The dimensions of these parameters as well as those of the cosmological constant
are shown in Table 3.4.1.

p Among the 29 parameters, only 28 are physical, since one global factor can be ex-
tracted from the action. The parameter that will play such role is a0, the one in front
of the metric-affine Einstein term. We will write it explicitly so that the derived for-
mulae can be used also in the study of MAG without the Einstein term (a0 = 0). In
any other case it will be (virtually) a 1 in order to have the Einstein term correctly
normalized.

All of this was for the even part in general dimensions.

24The signs and factors of 2 have been adjusted so that the Lagrangian coincides with the Lagrangian V in
[1] (except for the cosmological constant which is not considered in that paper).
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Type of term Parameters of the even part Parameters of the 4D odd part
∼ volg λ

∼ R a0 a0

∼ TT a1, a2, a3 a1, a2, (a3)

∼ QQ b1, b2, b3, b4, b5 b5
∼ TQ c1, c2, c3 c1, c2, c3, c4

∼ RR (WW ) w1, w2, w3, w4, w5, w6, w1, w2, w3, (w4), w5, (w6)

∼ RR (ZZ) z1, z2, z3, z4, z5 z1, z2, z3, (z4), z5

∼ RR (mixed) v1, v2, v3, v4, v5 v1, v2, v3, v4, v5

Table 3.4.2: Table of independent parameters of the MAG (quadratic) Lagrangian (29 from
the even part, and 16 from the odd part). Parenthesis indicate that they are not independent
parameters and can be fixed due to (C.1.32), (C.1.39) and (C.1.42).

On the other hand, the odd-parity Lagrangian in D = 4 is given by

L
odd(4)
MAG = − 1

2κ

[
− a0R

ab ∧ ϑab + T a ∧
3∑
I=1

aI
(I)T a

+ b5((2)Qab ∧ ϑb) ∧ ((2)Qac ∧ ϑc)− 2

3∑
I=1

cI
(I+1)Qab ∧ ϑa ∧ T b

]
− 1

2ρ
Rab ∧

[
6∑
I=1

wI
(I)W ab + v1ϑ

a ∧
(
ecy

(5)W cb
)

+

5∑
I=1

zI
(I)Zab + v2ϑc ∧

(
eay(2)Zcb

)
+

5∑
I=3

vIϑ
a ∧
(
ecy

(I)Zcb
)]
,

(3.4.3)

Here we have introduce 24 dimensionless parameters (a0, ai, b5, ci, wi, zi, vi), but due to
the properties (C.1.32), (C.1.39) and (C.1.42), only 20 are independent. We will assume
the choice

a3 = a2, w4 = w2, w6 = w3, z4 = z2 . (3.4.4)

Indeed (see next chapter), two more parameters can be dropped since there are two topo-
logical invariants that can be used to eliminate two of the terms from the odd Lagrangian
(see Section 4.6).

Finally, the metric-affine Lagrangian is the addition of these two parts:

LMAG = Leven
MAG +L

odd(4)
MAG . (3.4.5)

In Table 3.4.2 we show the 45 parameters of the MAG action.

Momenta for the (quadratic) MAG action

Recall that the essential objects to construct the gravitational equations of motion are the
momenta. If we introduce the following useful decomposition:

H[g]ab =:
2

κ(D)
mab +

2

κ
mab , (3.4.6)

H[ϑ]a =:
1

κ(D)
ha +

1

κ
ha , (3.4.7)

H[ω]ab =:

(
− 1

2κ(D)
a0 ? ϑ

a
b +

1

ρ(D)
hab

)
+

(
− 1

2κ
a0ϑ

a
b +

1

ρ
hab

)
, (3.4.8)
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where the second terms in the r.h.s. of the three equations are those contributions com-
ing from the odd part of the Lagrangian. After a pretty long calculation based on the
results in Appendix C.3, it can be shown that (as a matter of generality, we have kept the
dimension D arbitrary in the even objects):25

mab = ?
{ 4∑
I=1

bI
(I)Qab − b5

[
ϑ(a(eb)yQ) +

1

D
gab(Λ−Q)

]
+ c1e

(ayT b) − Dc1 − c2 − (D− 1)c3

D(D− 1)
gabT +

c1 − c2

D− 1
ϑ(a(eb)yT )

}
, (3.4.9)

mab = −b5ϑ(a ?Λb) − c1ϑ
(a ∧ T b) − c2 − c1

3
ϑ(a ∧ eb)y ? T − c3 − c2

4
gab ? T , (3.4.10)

ha = ?
{ 3∑
I=1

aI
(I)T a + ϑb ∧

4∑
I=2

cI−1
(I)Qab

}
, (3.4.11)

ha = a1
(1)T a + a2((2)T a + (3)T a) + ϑb ∧

4∑
I=2

cI−1
(I)Qab , (3.4.12)

hab = ?
{ 6∑
I=1

wI
(I)W ab +

5∑
I=1

zI
(I)Zab

+
1

2
v1

[
ϑa ∧ (ecy

(5)W c
b) +

1

2
ϑ[a ∧ eb]yP

]
+

1

2
v2

[
ϑc ∧ (e(ay

(2)W c
b)) + ϑc ∧ (e[ay

(2)Zc
b])− 2(2)Zab

]
+

1

2
v3

[
ϑa ∧ (ecy

(3)Zc
b)−

1

2
ϑ(a ∧ (eb)yP ) +

1

D
gabP

]
+

1

2
v4

[
ϑ[a ∧ (e|c|y

(4)Zc
b]) + ϑ(a ∧ (e|c|y

(4)W c
b)) + D(4)Zab

]
+

1

2
v5

[
ϑa ∧ (ecy

(5)Zc
b) +

1

D
gabP

]}
, (3.4.13)

hab =
6∑
I=1

wI
(I)W ab +

5∑
I=1

zI
(I)Zab

+
1

2
v1

[
ϑa ∧ (ecy

(5)W c
b)−

1

2
ϑ[a ∧ eb]y ? P

]
+

1

2
v2

[
ϑc ∧ (e[ay

(2)Zc
b])− ϑ(a ∧ (e|c|y

(4)W c
b))− (2)Zab − (4)Zab

]
+

1

2
v3

[
ϑa ∧ (ecy

(3)Zc
b)−

1

2
ϑ(a ∧ (eb)y ? P ) +

1

4
gab ? P

]
+

1

2
v4

[
ϑ[a ∧ (e|c|y

(4)Zc
b])− ϑc ∧ (e(ay

(2)W c
b)) + 2(2)Zab + 2(4)Zab

]
+

1

2
v5

[
ϑa ∧ (ecy

(5)Zc
b)−

1

4
gab ? P

]
, (3.4.14)

where the forms T , T , Λ, Λa, P and P are defined in Appendix B.

25See also [156].
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3.4.2 Equations of motion of the quadratic MAG action in D = 4

Now we are in position to rewrite the currents and equations of motion in terms of the
quantities (3.4.9)-(3.4.14). Similarly as we did in (3.4.8), it is also useful to separate the
quadratic part of the Lagrangian from the linear one. In D = 4,

LMAG =
1

2κ

[
Rab ∧ (a0 ? ϑab + a0ϑab)− 2λvolg

]
+L(2) . (3.4.15)

In addition, let us introduce the following parameter with dimensions of area:

`2ρ :=
κ

ρ
, (3.4.16)

which measures the contribution of the curvature square terms of the Lagrangian.
First we prove some previous results:

Lemma 3.26. The gravitational current E[ϑ]a is given by:

E[ϑ]a =
1

2κ

(
a0Rbc ∧ ?ϑabc + 2a0R[ac] ∧ ϑc − 2λ ? ϑa

)
+

1

κ
qa , (3.4.17)

where

qa := eayL(2)+(eayT
b)∧(hb+hb)+(eayQbc)(m

bc+mbc)+`2ρ(eayRb
c)∧(hbc+hbc) .

(3.4.18)

Proof. We compute

(eayRb
c) ∧H[ω]bc −

1

ρ
(eayRb

c) ∧ (hbc + hbc)

= − 1

2κ
(eayRb

c) ∧
(
a0 ? ϑ

b
c + a0ϑ

b
c

)
(3.4.19)

= eay

[
L(2) −

λ

κ
volg −LMAG

]
+

1

2κ
Rbc ∧ eay

(
a0 ? ϑ

bc + a0ϑ
bc
)

(3.4.20)

= eay
[
L(2) −LMAG

]
+

1

2κ

(
a0R

bc ∧ ?ϑbca + 2a0R[ac] ∧ ϑc − 2λ ? ϑa

)
. (3.4.21)

And, finally, we substitute this in (3.3.55). �

Lemma 3.27. The following relation holds in general for the quadratic MAG action in four
dimensions:

κDH[ω]ab = −1

2
a0 (T c ∧ ?ϑabc +Qac ∧ ?ϑcb − 2Q ∧ ?ϑab) (3.4.22)

− 1

2
a0 (T a ∧ ϑb − T b ∧ ϑa −Qcb ∧ ϑac) + `2ρD(hab + hab) . (3.4.23)

Proof. To prove this, after the substitution (3.4.8), we just need to use

D ? ϑab = D ? (gbcϑ
a ∧ ϑc) = Qac ∧ ?ϑcb − 2Q ∧ ?ϑab + T c ∧ ?ϑabc , (3.4.24)

Dϑab = D(gbcϑ
a ∧ ϑc) = T a ∧ ϑb − ϑa ∧ T b −Qcb ∧ ϑac . (3.4.25)

To compute the first one we made use of (2.4.81).
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Then we lower the index

κDH[ω]ab = −1

2
a0 (T c ∧ ?ϑabc −Qa

c ∧ ?ϑbc − 2Q ∧ ?ϑab) (3.4.26)

− 1

2
a0

(
2T [a ∧ ϑb] −Qcb ∧ ϑac

)
− `2ρQca ∧ (hcb + hcb) + `2ρD(hab + hab)

(3.4.27)

and from here one trivially obtains the symmetric and antisymmetric parts above.
�

These previous results make it immediate to derive the following final form for the
equations of motion of the 4-dimensional quadratic MAG theory:

Theorem 3.28. (Eq. of motion of quadratic MAG)
The variations with respect to the coframe and the connection of S =

�
LMAG + SMatt in

D = 4, with LMAG given in (3.4.5) and SMatt being a general matter action, can be written

κ
δS

δϑa
=
a0

2
Rbc ∧ ?ϑbca + a0R[ac] ∧ ϑc − λ ? ϑa + qa

−D(ha + ha) + κΣa , (3.4.28)

κ
δS

δωab
= −ϑa ∧ (hb + hb)− 2(ma

b +ma
b)

+
a0

2
(T c ∧ ?ϑabc +Qac ∧ ?ϑcb − 2Q ∧ ?ϑab)

+
a0

2

(
2gacT [c ∧ ϑb] −Qcb ∧ ϑac

)
− `2ρD(hab + hab) + κ∆a

b , (3.4.29)

where qa is given by (3.4.18).

3.4.3 Comments on exact solutions

The search and study of exact solutions is a crucial step to understand the physical as-
pects and the implications of any theory. The construction of concrete models is an ex-
cellent way to get a reduced framework in which one can compute physical observables.
In the context of (quadratic) MAG, this also allows to fix the structure of the Lagrangian,
in order to avoid problematic solutions or propagating modes (see Chapter 7) and also to
ensure certain consistency conditions (e.g. appropriate GR limit [133, 154, 157]). More-
over, the exact solutions of MAG could also bring new insight on the microstructure of
the spacetime. An exhaustive collection of exact solutions for the parity even Lagrangian
(and sub-cases of it) can be found in [154]. We extract some of the references therein and
some posterior ones for the present discussion.26

Regarding spherically and axially symmetric solutions (describing some compact grav-
itational source distribution), one can find in the literature solutions with gravito-electric
charge of the Reissner-Nordström type [160, 163–166] and of the Kerr-Newmann type
[159], as well as solutions with both gravito-electric and gravito-magnetic charges [167,
168]. Other electrovacuum solutions have been explored extending a Plebański-Demiański27

26It is worth mentioning the so-called triplet Ansatz technique used e.g. in [158–161], which consists in
selecting a purely trace torsion and nonmetricity, i.e. T a = (2)T a and Qab = (3)Qab + (4)Qab such that (see
the definitions of the traces in Appendix B)Q = k0A, Λ = k1A and T = k2A for some 1-formA and some
real parameters {k0, k1, k2}. This has proven to be a very effective method to derive exact solutions in MAG
[162].

27This is an important family of Petrov type D solutions of the Einstein–Maxwell equations, which in-
cludes as sub-cases the Plebański-Carter, the Kerr–Newman, and the Kerr solutions.
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metric structure to the metric-affine framework [158, 169, 170]. In these solutions, in ad-
dition to the mass, some of the other MAG currents (dilation, shear and spin currents) are
also present. Recently in [171] new solutions of the Black-Hole type have been studied
for a restricted MAG action.

Metric-affine extensions of pp-waves have also been explored, see [166, 172–182].
Some contributions in this direction are provided in Chapter 6.

At last, but no least, let us also comment a bit on cosmological solutions (see e.g.
[101, 162, 183]. One interesting solution here is the one presented in [183], which is a
Weyl-Cartan geometry whose Weyl vector (the only nonmetricity of the solution) expo-
nentially decays in time. This is quite interesting since, one would expect deviations with
respect to Poincaré gauge gravity only at the very beginning of the Universe, when the
dilation invariance (and hence the Weyl vector) plays a role. This is of course a simpli-
fied model, in which the arising of shear type excitations of the multispinor matter is not
taken into account, although MAG predicts its existence. The development of PG and
MAG cosmological models requires to generalize the GR perfect fluid by adding spin
current to it (e.g. the Weyssenhoff fluid model [184]), as well as shear and dilation currents,
something called hyperfluid (see [101] and the recent developments [185, 186]). This is
also an interesting line of research from which we can learn about matter microstructure,
depending on their compatibility with cosmological phenomenology.

Interestingly, the metric-affine framework allows for singularity-free solutions; a great
example in the context of PG is the cosmological solution [187] (see also [188, 189]). Of
course, we also have to be aware of the new ones that could arise in this framework,
due to the existence of new matter currents. For instance, torsion singularities have been
noticed in the context of Einstein-Cartan gravity28 [190] (see also [191]).

3.4.4 A particular example: Einstein-Palatini

The simplest sub-case of the quadratic MAG theory is the metric-affine generalization of
the Einstein-Hilbert Lagrangian (Einstein-Palatini theory),

LEP =
1

2κ(D)

[
−2λvolg +Rab ∧ ?ϑab

]
=

(
−Λ +

1

2κ(D)
R

)
volg , (3.4.30)

We assume also some matter Lagrangian and that the dimension is D > 2. The gravita-
tional momenta are

H[g]ab = 0, H[ϑ]a = 0, H[ω]ab =: − 1

2κ(D)
? ϑab , (3.4.31)

which allow to compute the currents

E[ω]ab = 0 , (3.4.32)

E[ϑ]a = eayLEP + (eayRb
c) ∧H[ω]bc = ... =

1

2κ(D)

[
−2λ ? ϑa +Rbc ∧ ?ϑbca

]
. (3.4.33)

The equations of motion, in this case are (compare with (3.4.28)-(3.4.29)):

2κ(D) δSEP

δϑa
= Rbc ∧ ?ϑbca − 2λ ? ϑa + 2κ(D)Σa , (3.4.34)

2κ(D) δSEP

δωab
= Qac ∧ ?ϑcb − 2Q ∧ ?ϑab + T c ∧ ?ϑabc + 2κ(D)∆a

b , (3.4.35)

Let us now extract the components of these equations.
28Essentially the Einstein-Palatini action with zero nonmetricity.
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Equation of the connection

Consider a matter Lagrangian free of hypermomentum for simplicity. If we expand the
differential forms in the coframe basis, the equation of the connection can be written

2κ(D) δSEP

δωab
=

(
Qe

ca − 1

2
Qeg

ac

)
ϑe ∧ ?ϑcb +

1

2
Tef

dgacϑef ∧ ?ϑcbd (3.4.36)

=

(
Qe

ca − 1

2
Qeg

ac

)
(−1)2δe[c ? ϑb] +

1

2
Tef

dgac(−1)(3× 2)δf[cδ
e
b ? ϑd]. (3.4.37)

If we simplify the previous expression and lower the indices, we get

Qbac − Tbac −
(
Ta −

1

2
Qa + Q̌a

)
gbc +

(
Tb −

1

2
Qb

)
gac = 0 . (3.4.38)

The general solution of this equation is Levi-Civita up to an arbitrary mode A = Aµdxµ

[11, 192],
ωa

b = ω̊a
b +Aδba ⇔ ωµa

b = ω̊µa
b +Aµδ

b
a . (3.4.39)

This mode is called projective mode and is a consequence of the projective symmetry
[193] that this Lagrangian has (see for instance [194]):

ωa
b → ωa

b +Aδba ∀A ∈ Ω1(M) . (3.4.40)

Indeed, the Noether identity under this transformation basically tells that the variation
of the EP action with respect to the connection is traceless as can be easily shown:

0 = δprojSEP =

�
δprojωa

b ∧ δSEP

δωab
=

�
A ∧ δba

δSEP

δωab
⇒ δba

δSEP

δωab
= 0 . (3.4.41)

which can be immediately checked by contracting with gab in (3.4.38) or by taking the
trace of (3.4.35) with zero hypermomentum.

Equation of the coframe

Let us recover the Einstein equations in this formalism. We first compute

Rbc ∧ ?ϑbca =
1

2
Rmn

bcϑmn ∧ ?ϑbca (3.4.42)

=
1

2
Rmn

bc(−1)(3× 2)δn[bδ
m
c ? ϑa] (3.4.43)

= −Rmnbc
(
δ

[n
b δ

m]
c ? ϑa − δ[n

a δ
m]
c ? ϑb − δ

[n
b δ

m]
a ? ϑc

)
(3.4.44)

= +R ? ϑa −R(1)
a
b ? ϑb +R(2)

a
c ? ϑc (3.4.45)

Therefore, the equation of the coframe (3.4.34) can be written

1

2

[
R(1)

ab −R(2)
ab −Rgab

]
? ϑb = κ(D)(−Λgab + Σba) ? ϑ

b . (3.4.46)

We extract the components:

1

2

(
R(1)

ab −R(2)
ab −Rgab

)
= κ(D)(−Λgab + Σba) . (3.4.47)

If we assume that the matter has zero hypermomentum, the solution of the connection
equation is Levi-Civita plus a projective mode. Such connection satisfies

R(1)
ab −R(2)

ab = 2R(1)
ab ≡ 2Rab . (3.4.48)
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Then, our equation (3.4.47) becomes

Rab −
1

2
Rgab = κ(D)(Σba − Λgab) , (3.4.49)

which can be decomposed into symmetric and antisymmetric parts

Rab −
1

2
Rgab = κ(D)(Σ(ab) − Λgab) , Σ[ab] = 0 . (3.4.50)

The second condition is a restriction for the matter sector. Assuming that the matter is
on-shell, the absence of hypermomentum implies that Σ(ab) is nothing but Tab (see eq.
(3.3.39)), as a consequence of the gauge symmetry, and we obtain the Einstein equations:

Rab −
1

2
Rgab = κ(D)(Tab − Λgab) . (3.4.51)
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4 Metric-Affine Lovelock gravity

Scientific theories can always be improved and are improved. That is one of the
glories of science. It is the authoritarian view of the Universe that is frozen in
stone and cannot be changed, so that once it is wrong, it is wrong forever.

— Isaac Asimov, “The Nearest Star” (1989)

In the preliminary works [9, 11] the equivalence between metric and Palatini formu-
lation was explored for the Einstein and the Gauss-Bonnet theories. In [9] some families
of non-Levi-Civita solutions of the pure Gauss-Bonnet-Palatini theory were found. These
works constitute a clear motivation analyze the topological character of the metric-affine
Lovelock terms in general. Are they boundary terms in their corresponding critical di-
mension? This is the question we are going to address.

4.1 Introduction

Lovelock gravities constitute a family of higher-curvature Lagrangian terms that form a
natural extension to standard General Relativity. Introduced in the early 1970s by Love-
lock [195, 196] (though the simplest non-trivial case, Gauss-Bonnet gravity, was already
identified by Lanczos in 1938 [197]), they are characterized as the unique higher-curvature
terms for which the equation of motion of the metric (the only field) is second-order. This result is
also known as the Lovelock theorem. As we will see along this section, these terms exhibit
many special properties. Interestingly, they appear as string corrections to supergravity
[198–203] and over the years have attracted a lot of attention as alternatives of Dark Mat-
ter or Dark Energy, and in order to obtain corrections to black hole, cosmology and some
holographic models (see for example [73, 204–209]).

We start by introducing their analytic form:

Definition 4.1. ((Metric) Lovelock invariant)
Let (M, g) be a D-dimensional manifold with a metric structure. The k-th order (met-
ric) Lovelock invariant is the D-form

L̊
(D)
k := R̊

a1a2 ∧ . . . ∧ R̊a2k−1a2k ∧ ?ϑa1...a2k . (4.1.1)

After extracting the volume form, L̊
(D)
k =: L̊(D)

k volg, we obtain the scalar Lagrangian

L̊(D)
k =

1

2k

∣∣∣∣∣∣∣
δν1µ1 ... δν1µ2k
...

...
δν2kµ1 ... δν2kµ2k

∣∣∣∣∣∣∣ R̊ν1ν2µ1µ2 . . . R̊ν2k−1ν2k
µ2k−1µ2k (4.1.2)

=
1

2k
(2k)!δ[ν1

µ1 ...δ
ν2k]
µ2k

R̊ν1ν2
µ1µ2 . . . R̊ν2k−1ν2k

µ2k−1µ2k , (4.1.3)

where the vertical lines represent the determinant.
Some examples of (metric) Lovelock invariants are:

1. The Einstein term (k = 1):

L̊
(D)
1 = R̊ab ∧ ?ϑab ⇒ L̊(D)

1 = R̊ . (4.1.4)
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2. The Gauss-Bonnet term (k = 2):

L̊
(D)
2 = R̊ab ∧ R̊cd ∧ ?ϑabcd ⇒ L̊(D)

2 = R̊2− 4R̊µνR̊
µν + R̊µνρλR̊

µνρλ . (4.1.5)

Two interesting properties of the Lovelock invariants are:

p L̊
(D)
k ≡ 0 for all D < 2k.

This is easy to check from the definition, since ϑa1...a2k ≡ 0 if 2k > D and ?0 = 0.
Consequently, in a given dimension D the most general Lagrangian containing Love-
lock invariants is (D-dimensional Lovelock theory)

L̊
(D)
Lov = λ1L̊

(D)
1 + λ2L̊

(D)
2 + . . . λmL̊

(D)
m m := bD2c , (4.1.6)

where bxc is the floor function and λk are certain dimensionful parameters.

p L̊
(D)
k is a boundary term if D = 2k (from now on, critical dimension) [210]. Indeed,

the integrals of these invariants correspond to the Euler characteristic as can be
proved via the generalized Gauss-Bonnet Theorem (see [124, 211] for a pedagogical
introduction).

In addition to these, other important properties of them, now from a field-theoretical
point of view, are the following:

p They propagate only the two degrees of freedom of a massless graviton.

p As we have already mentioned, the equations of motion for the metric (the only
field) are second-order and free of Ostrogradski ghosts1 [212, 213].

Due to these properties, Lovelock gravities are singled out with respect to all other higher-
curvature extensions, which generically do suffer ghostly propagations. There have been
some recent attempts to endow the Gauss-Bonnet term with nontrivial dynamics in D = 4
[214]. We will comment some of the problems that arise in the original formulation of that
theory in Chapter 7.

Now we generalize these invariants in order to include the curvature of a connection
not necessarily equal to the Levi-Civita connection of the metric:

Definition 4.2. (Metric-affine Lovelock invariant)
Consider a D-dimensional manifold equipped with a metric and a connection. The
k-th order metric-affine Lovelock invariant is the D-form

L
(D)
k := Ra1a2 ∧ . . . ∧Ra2k−1a2k ∧ ?ϑa1...a2k , (4.1.7)

whereRa
b is the curvature 2-form associated to the connection.

At this point one important observation to take into account is that we cannot construct
these invariants without a metric. Note that we are making use of the Hodge star operator
and, in addition, we are using gab to raise/lower some indices.

If we consider these metric-affine Lovelock invariants isolated (without matter or any
other gravitational sector), some results are known about the space of allowed connec-
tions. In [215–217] it was shown that a general metric-affine Lagrangian L(gµν , Rµνρ

λ)

1See section 7.1.3 for more information on Ostrogradski ghosts.
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allow the Levi-Civita connection as a solution only if the Lagrangian is Lovelock. In this
sense, the metric formulation is always a consistent truncation of metric-affine Lovelock
theories [217]. Furthermore, there are indications that Levi-Civita is in general not the
only allowed connection. In particular, we already know for the special case k = 1, i.e.
Einstein-Palatini, that an extra projective mode is permitted [11, 192] (see also Section
3.4.4).

Of course the propertyL(D)
k ≡ 0 for all D < 2k holds exactly for the same argument we

previously used. However the fact that this invariant is a boundary term in the critical
dimension is not necessarily true in principle. It has been shown that if we assume the
connection to be metric-compatible (i.e. zero nonmetricity), then we get a boundary term
[218]. The question we are going to address in this chapter is: what happens with this
fact when we switch on the nonmetricity?

To gain some intuition, we will first analyze the simplest cases k = 1 and k = 2 (which
are not boundary terms as it is suggested by the results in Section 3.4.4, as well as [9, 219]).
But before that, let us introduce a very convenient decomposition of the connection.

4.2 Useful decomposition of the connection

The Lovelock term is a metric-affine Lagrangian of the type (3.3.2) with no explicity de-
pendence on the torsion and the nonmetricity. Consequently, the corresponding mo-
menta vanish H[g]ab = 0 = H[ϑ]a, so the variations with respect to the coframe (3.3.17)
and the connection (3.3.18) can be expressed as:

δS
(D)
k

δϑa
=
∂L

(D)
k

∂ϑa
, (4.2.1)

δS
(D)
k

δωab
= D

∂L
(D)
k

∂Ra
b
. (4.2.2)

This would be the dynamics (or the contribution of this term to the dynamics in a
more general Lagrangian) described in terms of the coframe and the connection 1-form.
Of course, as a field theory, it is completely equivalent to work, for instance, with the
coframe, the nonmetricity and the torsion as the independent variables. However we are
going to use a slightly different approach.

Proposition 4.3. Consider a general metric-affine geometry (gab,ϑ
a,ωa

b) in an arbitrary
D- dimensional manifold. Then, under the hypothesis dgbc = 0, the object ω̃ab := ω[ab],
which can be expressed

ω̃ab = ωab −
1

2
Qab , (4.2.3)

is a metric-compatible connection with torsion

T̃
a

= T a − 1

2
Qb

a ∧ ϑb =
1

2

(
Tcb

a − 1

2
Q[cb]

a
)
ϑcb , (4.2.4)

where T a andQab are the torsion and the nonmetricity of ωab.

Proof. This proof can be easily done in components by using the decomposition
(2.4.61). For the first part we have:

eµaωµbc ≡ ωabc = ω̊abc +
1

2
(Tabc + Tcab − Tbca) +

1

2
(Qabc +Qbca −Qcab) (4.2.5)
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= ω̊abc +
1

2
Ta[bc] −

1

2
Tbca +Q[bc]a︸ ︷︷ ︸

antisym. in bc

+
1

2
Qabc︸ ︷︷ ︸

sym. in bc

(4.2.6)

In order to include the full Levi-Civita part into the antisymmetric part we have to
ensure that ω̊a(bc) = 0. From (2.4.57), one can easily check that ω̊a(bc) = 1

2∂agbc so
it is enough to impose the metric gab to be constant. Therefore, if dgbc = 0, indeed,
ωa[bc] = ωabc − 1

2Qabc or, in differential form notation, ω[bc] = ωbc − 1
2Qbc.

The resulting object is ωabc up to a tensorial part, 1
2Qabc, therefore ω̃ab is a con-

nection. It is metric-compatible by construction because it is antisymmetric and the
metric in the chosen frame is constant (see Proposition 2.55). Finally, the torsion can
be obtained by direct computation:

T̃
a

= D̃ϑa = dϑa + ω̃b
a ∧ ϑb (4.2.7)

= dϑa + ωb
a ∧ ϑb − 1

2
Qb

a ∧ ϑb (4.2.8)

= T a − 1

2
Qb

a ∧ ϑb =
1

2

(
Tcb

a − 1

2
Q[cb]

a
)
ϑcb . (4.2.9)

�

Notice that this relation is trivially invertible:

T̃
a

= T a − 1

2
Qb

a ∧ ϑb ⇔ T a = T̃
a

+
1

2
Qb

a ∧ ϑb . (4.2.10)

Therefore we can redistribute the degrees of freedom contained in the connection as

ωa
b ↔ T a,Qab ↔ T̃

a
,Qab ↔ ω̃a

b,Qab . (4.2.11)

Indeed we will further split the nonmetricity as the Weyl vector (i.e., the principal trace
(4)Qab = 1

D
Qc

cgab = Qgab) plus the remaining traceless part,Qab = Qgab+↗Q ab.
To sum up, we are going to consider the following splitting of the connection,

ωab = ω̃ab +
1

2
Qgab +

1

2
↗Q ab , (4.2.12)

and, hence, the set of fundamental variables we will use for our Lovelock theories is

{gab, ϑa, ω̃ab, Q, ↗Q ab} under dgab = 0. (4.2.13)

Let us also show the relation between the curvatures of ωab and ω̃ab:

Proposition 4.4. Consider a general geometry (gab,ϑ
a,ωa

b) for which dgab = 0. The
curvature of ωab can be expressed in terms of the objects previously defined as

Rab = R̃
ab

+
1

4
↗Q c

b∧ ↗Q ac +
1

2
D̃↗Q ab +

1

2
gabdQ , (4.2.14)

where R̃a
b is the curvature 2-form of ω̃ab.

Proof. We use (2.4.75) with Ξa
b = 1

2Qa
b

Ra
b = R̃a

b + D̃

[
1

2
Qa

b

]
+

[
1

2
Qc

b

]
∧
[

1

2
Qa

c

]
(4.2.15)

= R̃a
b +

1

2
D̃↗Q a

b +
1

2
δbadQ+

1

4
↗Q c

b∧ ↗Q a
c (4.2.16)
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Finally, since D̃ is metric-compatible we can raise the indices here with no worries,
and that is the end of the proof.

�

In the Lovelock terms, only the antisymmetric part of the curvature is relevant. This
implies that the last two terms in (4.2.14) completely drop from the Lovelock invariants.
This has two main consequences: the first one is that no derivatives of↗Q ab appear in the
Lagrangian (it only enters polynomially), and the second one is that the Weyl 1-form Q
does not play any role in these theories. This last fact is a manifestation of the projective
symmetry [193],

ωa
b → ωa

b +Aδba, (4.2.17)

that all of these terms exhibit in arbitrary dimensions. Indeed, this transformation in the
connection is nothing but a (local) shift of the Weyl 1-form.

To finish this section, it is important to highlight what we have done. We have taken
the connection and split its degrees of freedom into two objects (three, butQ disappears)
the metric-compatible connection ω̃ab and the traceless part of the nonmetricity 1-form
↗Q ab. We have managed to re-express the Lovelock terms as Lagrangians of the type

L̃
(D)
k (gab,ϑ

a, R̃a
b,↗Q ab) := L

(D)
k

(
gab,ϑ

a,Ra
b(gab, R̃a

b,↗Q ab)
)
, (4.2.18)

Now instead of the equation of motion of the connection, we have that same information
encoded into two variations,

δS̃
(D)
k

δω̃ab
= D̃

∂L̃
(D)
k

∂R̃a
b
, (4.2.19)

δS̃
(D)
k

δ ↗Q ab
=

∂L̃
(D)
k

∂ ↗Q ab
, (4.2.20)

whereas the equation of motion of the coframe remains the same since the change of
variables does not involve the coframe.

4.3 The Einstein-Palatini action in D = 2

4.3.1 Solving the theory

Consider the Einstein-Palatini action in D = 2 and in the absence of matter. In Section
3.4.4 we compute the equation of the connection in components (3.4.38),

Qρµν − Tρµν −
(
Tµ −

1

2
Qµ + Q̌µ

)
gρν +

(
Tρ −

1

2
Qρ

)
gµν = 0 . (4.3.1)

For D > 2 the general solution is Levi-Civita plus an arbitrary projective mode (3.4.39).
Nevertheless, in D = 2 the situation is degenerate and should be studied separately. First,
notice that in dimension 2, the torsion is pure trace, i.e.,

Tµν
ρ = 2T[µδ

ρ
ν] , (4.3.2)

In other words, (1)T a = 0 = (3)T a. If we plug this into the equation of the connection
the trace of the torsion completely drops from the equation (i.e., the torsional degrees of
freedom are not constrained by the dynamics):

Qρµν +

(
1

2
Qµ − Q̌µ

)
gρν −

1

2
Qρgµν = 0 (4.3.3)
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Tensor Components in D dim. Components in 2 dim. Condition imposed by EoM

Tµν
ρ 1

2D
2(D− 1) 2 (pure trace) None

Qµ D 2 None

↗Qµνρ 1
2D(D + 2)(D− 1) 4 They are zero

Table 4.3.1: Splitting of the independent components of the connection in general dimension
and in D = 2. The last column shows the conditions imposed by the equations of motion of the
two-dimensional metric-affine Einstein theory. Observe that the indetermination of the trace
of the non-metricity holds in arbitrary D due to projective symmetry.

If we take the trace in ac we arrive at

Qµ = 2Q̌µ (4.3.4)

And if we substitute this into our equation (4.3.3) we get

Qρµν =
1

2
Qρgµν . (4.3.5)

Hence, the nonmetricity is pure Weyl-trace, i.e., only the irreducible component (4)Qab is
non-zero.

It is specially useful to introduce a couple of auxiliary variables and express

Tµ =: Aµ −Bµ, Qµ =: 4Aµ , (4.3.6)

so that the general solution of the equation of the connection is

Tµν
ρ = 2(A[µ −B[µ)δρν], Qρµν = 2Aρgµν , , (4.3.7)

or, equivalently,

Γµν
ρ = Γ̊µν

ρ +Aµδ
ρ
ν +Bνδ

ρ
µ −Bρgµν . (4.3.8)

We thus find that the two-dimensional metric-affine Einstein term leaves the trace of the
nonmetricity and the (pure trace) torsion completely undetermined. At this point, it is
important to highlight that the pure-trace conditions for the torsion and nonmetricity
have a completely different origin. The first one is an intrinsic property of the irreducible
decomposition of the torsion in D = 2. However, the fact that the nonmetricity is equal to
its Weyl trace is derived from the dynamical equations of this theory.

Once the solution of the connection equation is known, let us look at the other dy-
namical equation. The curvature tensor constructed from (4.3.8) is

Rµν
ρλ = R̊µν

ρλ + Fµν(A)gρλ + 4δ
[ρ
[µ∇̊ν]B

λ] + 4B[λB[µδ
ρ]
ν] + 2BσB

σδρ[µδ
λ
ν]. (4.3.9)

where Fµν(A) := 2∂[µAν]. Then,

R(1)
µν = R̊µν + Fµν(A) + gµν∇̊λBλ , (4.3.10)

R(2)
µν = −R̊µν + Fµν(A)− gµν∇̊λBλ , (4.3.11)

R = R̊+ 2∇̊λBλ , (4.3.12)
(4.3.13)
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and the coframe equation becomes:

R̊µν −
1

2
gµνR̊ = 0 , (4.3.14)

i.e., the Einstein equations, which are trivial in 2 dimensions. The reason is that the
Einstein tensor vanishes identically in D = 2. An easy way to see this is to use the result
that any 2-dimensional metric is conformally flat, gµν = e2φ(x)ηµν . Consequently the
expressions of the Ricci tensor and the curvature scalar are,

R̊µν = ∇̊λ∇̊ληµν R̊ = 2e−2φ(x)∇̊λ∇̊λ (4.3.15)

so
G̊µν = R̊µν −

1

2
gµνR̊ ≡ 0 . (4.3.16)

As a result of this analysis, the on-shell geometry depends on three objects, φ, Bµ and
Aµ, which are related to the only independent components of the metric, the torsion and
the trace of the nonmetricity, respectively. All of them remain undetermined. However,
observe that, beside the trace (see Table 4.3.1), the nonmetricity in dimension 2 also has
a traceless part with 4 independent components, and this part is forced to be zero by the
equations of motion. This last result is crucial because it means that a field configuration
whose nonmetricity has a non-trivial traceless part, is not a solution of the variational
problem. Therefore, this Lagrangian cannot be a boundary term as long as the nonmetricity
is present. This fact will be explored in the next section by performing the splitting of the
connection introduced in the previous section.

4.3.2 The D = 2 Einstein-Palatini term is not a total derivative

In 2 dimensions, the splitting (4.2.12) (or, for the curvatures (4.2.14)) permits to rewrite
the Einstein-Palatini action in differential form notation as2

S
(2)
1 =

1

2κ

�
EabRa

b(ω) ⇒ S̃
(2)
1 =

1

2κ

�
Eab
[
R̃ab(ω̃) − 1

4
↗Q ac∧ ↗Q c

b
]
, (4.3.17)

where we have used (2.3.13). Here we see maybe more clearly that the presence of the
Levi-Civita tensor Eab is what antisymmetrizes the curvature and, hence, eliminates the
Weyl 1-form, in agreement with the projective symmetry [9].

Considering an orthonormal gauge gab = ηab, we find that

EabR̃ab = Eab dω̃ab = d(Eab ω̃ab) . (4.3.18)

In the first step we have used that Eab ω̃ac ∧ ω̃cb = 0, due to the antisymmetry of both
Eab and ω̃ab and the fact that the theory lives in D = 2 (the indices a, b and c have to be
all different, but at the same time can only take values in the set {1, 2}). In the second
step we used the fact that Eab = εab (because the determinant of the anholonomic metric
is just a sign) and since εab is a constant object, dEab = dεab = 0. The two-dimensional
Einstein-Palatini action therefore reduces to

S̃
(2)
1 =

1

2κ

� [
d(Eabω̃ab)−

1

4
Eab ↗Q ac∧ ↗Q c

b
]
, (4.3.19)

2Recall that S and S̃ represent the same action but with different functional dependence:

S̃
(2k)
k [g,ϑ, ω̃,↗Q ] = S

(2k)
k [g,ϑ,ω(ω̃,↗Q )] .

Analogous notation will be used with the Lagrangian.
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which is not a boundary term, unless the connection verifies ↗Q ab = 0. It is only the
(traceless part of) the nonmetricity what spoils the topological character of the theory.

Finally, let us quickly re-derive the results of the previous subsection, but in the lan-
guage of differential forms. As can be directly seen from (4.3.17), the only dynamical
variable is↗Q ab. The corresponding equation of motion is:

0 = δ ↗Q S̃
(2)
1 =

1

2κ

�
δ ↗Q ac ∧

(
− 1

2
Eab ↗Q c

b
)
⇒ Eb(a ↗Q c)

b = 0 , (4.3.20)

whose only solution is the one we found in (4.3.5),

↗Q ab = 0 . (4.3.21)

4.4 The Gauss-Bonnet-Palatini action in D = 4

In this section we are going to focus on the next Lovelock term, the Gauss-Bonnet-Palatini
Lagrangian, in its critical dimension (D = 4). Unfortunately, its dynamical equations are
already too complicated to be solved in full generality, as we have done for the Einstein-
Palatini theory in D = 2. However, as we will see, again it is the traceless part of the
nonmetricity↗Q ab what prevents the theory from being a boundary term.

The fact that Gauss-Bonnet-Palatini is not topological was already pointed out in
[219]. Our alternative proof is in complete agreement with those results. After the present
analysis, in Section 4.5, we will see how our proof can be straightforwardly generalized
to higher order Lovelock terms.

4.4.1 The D = 4 Gauss-Bonnet-Palatini term is not a total derivative

We start by rewriting the action in terms of the new variables via the splitting (4.2.12) (or,
for the curvatures (4.2.14)):

L̃
(4)
2 = Eabcd

[
R̃ab ∧ R̃cd − 1

2
R̃ab∧ ↗Q cf∧ ↗Q f

d +
1

16
↗Q ae∧ ↗Q e

b∧ ↗Q cf∧ ↗Q f
d
]
. (4.4.1)

The first term is the four-dimensional Euler characteristic and can easily be written as a
total derivative (see for example [98, 210]). If we choose again the orthonormal gauge
gab = ηab, we find that the Lagrangian is of the form

L̃
(4)
2 = dC − Eabcd

[1

2
R̃ab∧ ↗Q cf∧ ↗Q f

d − 1

16
↗Q ae∧ ↗Q e

b∧ ↗Q cf∧ ↗Q f
d
]
, (4.4.2)

where
C := Eabcd

[
R̃a

b ∧ ω̃cd +
1

3
ω̃a

b ∧ ω̃cf ∧ ω̃f d
]
. (4.4.3)

One might think that there could be a way to re-express the last term as a total derivative.
It is true that one can extract other exact parts by making use of the derivative contained
in the curvature that appears in the first term inside the square bracket. However, it is
not enough to cancel all of the nonmetricity terms.

In order to see that indeed this Lagrangian is not a boundary term we are going to use
another strategy. It is well-known that a boundary term has trivial equations of motion
(0 = 0), namely, there are no dynamical conditions on the fields. In other words, any
possible field configuration is allowed as a solution. The strategy will actually be to find
a configuration that violates at least one of the dynamical equations, since the existence
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of such configurations implies that some of the fields are constrained. Consequently, the
dynamical equations cannot be reduced to 0 = 0 (at least not all of them).

The equations of motion of the auxiliary connection ω̃ab and the traceless part of the
nonmetricity ↗Q ab can be obtained from the general equations (4.2.19) and (4.2.20), and
the results are, respectively,

0 = D̃
[
↗Q c

a∧ ↗Q bc
]
, (4.4.4)

0 = Ecde(a ↗Q b)e ∧
[
R̃cd − 1

4 ↗Q f
c∧ ↗Q df

]
. (4.4.5)

The first one has been contracted by another Levi-Civita tensor to eliminate the one com-
ing from the Lagrangian. This produces an antisymmetrisation in {ab}, which can be
dropped, because the combination↗Q c

a∧ ↗Q bc is already antisymmetric.
Recall that the goal is to find a field configuration violating at least one of the dynam-

ical equations. For example, consider the following one

gab = ηab , ϑa = dxa , ω̃ab = ω̊ab + fα[aδ
b]
t , ↗Q ab = 2α(aδ

b)
t , (4.4.6)

where f is an arbitrary function and the vector-valued 1-form αa is defined by the fol-
lowing expression in terms of the Cartesian coframe {dt,dx,dy,dz}(≡ ϑa),

αa := et
(
δaydy + δazdz

)
. (4.4.7)

Note that this Ansatz is consistent with the fact that↗Q ab is traceless, since αcδct = 0. Fur-
thermore, observe also that we can everywhere drop the Levi-Civita connection, since the
considered metric is the Minkowski one and the anholonomic (Latin) indices are referred
to the Cartesian basis of the space.

In addition, αa verifies
↗Q c

a∧ ↗Q bc = αa ∧αb . (4.4.8)

With this in mind, it is not difficult to check that the Ansatz (4.4.6) violates the equation
of motion of ω̃ab (4.4.4):

D̃
[
↗Q c

a∧ ↗Q bc
]

= d
[
αa ∧αb

]
= 2e2t

(
δayδ

b
z − δbyδaz

)
dt ∧ dy ∧ dz 6= 0 . (4.4.9)

It is worth remarking that this last inequality holds in the entire manifold, because the
chosen set of coordinates is globally defined. This result proves that the metric-affine
generalization of the Gauss-Bonnet term in D = 4 cannot be written as a total derivative,
since only some field configurations are allowed by the equations of motion.

4.5 The k-th order metric-affine Lovelock term in D = 2k

With the previous two cases in mind, it is not difficult to generalize the procedure to the
general Lovelock term in its critical dimension.

4.5.1 Proving that the theory is not a boundary term

The starting point is the Lagrangian

L
(2k)
k = Ea1a2 ...a2k−1

a2kRa1
a2 ∧ . . . ∧Ra2k−1

a2k . (4.5.1)
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Now we substitute the splitting (4.2.12) (or, for the curvatures (4.2.14)) and the Lagrangian
can be written as a power series in R̃ and↗Q ∧ ↗Q terms,

L̃
(2k)
k = Ea1...a2k

k∑
m=0

1

4k−m
k!

m!(k −m)!
R̃a1a2 ∧ . . . ∧ R̃a2m−1a2m∧ (4.5.2)

∧ ↗Q a2m+1f1∧ ↗Q f1
a2m+2 ∧ . . .∧ ↗Q a2k−1fk−m∧ ↗Q fk−m

a2k , (4.5.3)

Them = k term R̃a1
a2 ∧ . . .∧R̃a2k−1

a2k is in fact a boundary term [220, 221] (see also [222,
223]). This can be easily seen by using the Bianchi identity D̃R̃a

b = 0 to show that it is a
closed form and, hence, locally exact by Poincaré lemma. For this reason, we will ignore
it in the subsequent computations, as it does not contribute to the functional variations.

The equation of motion of ω̃ab (4.2.19) is in this case

gca
δS̃

(2k)
k

δω̃cb
= Eaba3...a2k

k−1∑
m=1

1

4k−m
k!

m!(k −m)!
R̃a3a4 ∧ . . . ∧ R̃a2m−1a2m∧

∧ D̃
[
↗Q a2m+1f1∧ ↗Q f1

a2m+2 ∧ . . .∧ ↗Q a2k−1fk−m∧ ↗Q fk−m
a2k
]
, (4.5.4)

where we have taken into account the Bianchi identity D̃R̃a
b = 0.

As we did in the Gauss-Bonnet case, we are going to design a counterexample that
violates this equation. Consider the Ansatz

gab = ηab , ϑa = dxa , ω̃ab = ω̊ab , ↗Q ab = 2α(aδ
b)
t , (4.5.5)

where xa takes values in the set {x1 = t, x2, ..., x2k} and we have defined

αa := et
(
δa3dx3 + . . .+ δa2kdx

2k
)
, (4.5.6)

which is consistent with↗Q c
c = 0. Similarly as in the Gauss-Bonnet case, this configura-

tion satisfies
↗Q c

a∧ ↗Q bc = αa ∧αb . (4.5.7)

Note that the connection ω̃ab is flat (R̃
ab

= R̊
ab

= 0) and identically vanishing because
the chosen coframe is Cartesian. There are two important consequences of this: first we
have that D̃ = d, and secondly that only the m = 1 term in (4.5.4) survives, as it is the
only one that does not contain R̃ab. Therefore, (4.5.4) becomes

ηca
δS̃

(2k)
k

δω̃cb
= Eaba3...a2k

k

4k−1
d
[
↗Q a3f1∧ ↗Q f1

a4 ∧ . . .∧ ↗Q a2k−1fk−1∧ ↗Q fk−1

a2k
]
. (4.5.8)

If we now use the property (4.5.7), we get

−4k−1

k2!(2k − 2)!
Ecba3...a2k

δŜ
(2k)
k

δω̃cb

= d
(
αa3 ∧ . . . ∧αa2k

)
= 2(k − 1)e2(k−1)t(2k − 2)!δ

[a3
3 . . . δ

a2k]
2k dt ∧ dx3 ∧ dx4 ∧ . . . ∧ dx2k . (4.5.9)

Again, it is easy to see that this expression is non-zero in the entire manifold, except for
k = 1. Nevertheless, the case k = 1 was completely solved in Section 4.3, so in practice
we are only interested in k > 1. In summary, by finding a field configuration for which
the variation with respect to ω̃ab is not zero, we have extended the argument from the
metric-affine Gauss-Bonnet term to the general k-th order critical Lovelock term. We
have proved that none of the latter is a boundary term in the metric-affine formulation
due to the presence of nonmetricity.
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4.5.2 Exploring non-trivial solutions of the critical case of arbitrary k

According to the previous result, it makes sense to search for non-trivial solutions for the
critical metric-affine Lovelock theory of arbitrary order. We are going to come back to the
initial description in terms of the basic fields {gab,ϑa,ωab}.

Let us stop for a moment and comment a little bit on the coframe equation. Consider
that the dimension is arbitrary in principle. Since the torsion does not appear explicitly
in the Lovelock term, the variation with respect to the coframe coincides with the partial
derivative (4.2.1):

δS
(D)
k

δϑa
=

∂L
(D)
k

∂ϑa
. (4.5.10)

If we expand the Hodge star in the definition of the metric-affine Lovelock term, we get

L
(D)
k = Ra1a2 ∧ ... ∧Ra2k−1a2k ∧ ?ϑa1...a2k (4.5.11)

=
1

(D− 2k)!
Ea1...a2kb1...bD−2k

Ra1a2 ∧ . . . ∧Ra2k−1a2k ∧ ϑb1...bD−2k . (4.5.12)

We see that the coframe appears just D − 2k times in this expression. Therefore, in the
critical dimension D = 2k, the Lovelock term only depends on the curvature and the
Levi-Civita tensor (which is a purely gab-dependent object). In conclusion, the equation
of motion of the coframe is trivially satisfied in the critical dimension,

δS
(2k)
k

δϑa
≡ 0 . (4.5.13)

Consequently, we only have to solve the equation of motion of the connection (4.2.2),
which for the k-th Lovelock term reads

0 = DEa1a2 ...ab ∧Ra1
a2 ∧ ... ∧Ra2k−3

a2k−2 (4.5.14)

=
[
δda1Eca2...a2k−2ab + ... + δda2k−3

Ea1...a2k−4ca2k−2ab

+ δda Ea1...a2k−2cb

]
↗Q c

d ∧Ra1a2 ∧ ... ∧Ra2k−3a2k−2 . (4.5.15)

By observing (4.5.15) one can easily obtain various non-trivial connections that are solu-
tions of the theory:

p Solutions for arbitrary k: In general, the equation is fulfilled by any connection
with ↗Q ab = 0 (i.e., the nonmetricity 1-form coincides with its trace (4)Qab). Note
that an interesting sub-case is the connection (4.3.8), that was presented in [9] as
a particular non-trivial solution for the k = 2 case, but conjectured to hold for
arbitrary k.

p Solutions for k > 1: For the second or higher order Lovelock critical Lagrangian,
in (4.5.15) there is at least one curvature multiplying the whole expression, so any
teleparallel connection (Rc

d = 0) is a solution. Indeed, we can infer a slightly more
general result: any connection fulfilling

↗Q ab ∧Rc
d = 0 (4.5.16)

solves the equation of motion (4.5.15). For instance, the configurations we explore
in Chapter 6 with U = 0, belong to this class (see also the original publication [1]).
One can also find solutions of this kind by restricting appropriately the geometries
in Chapter 5.
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p Solutions for k > 2: In these cases, there are at least two curvatures in the equation
of motion (4.5.15). Hence, any connection with curvature of the form

Rab = αab ∧ β , (4.5.17)

for certain 1-forms αab and β, is a solution (since β ∧ β = 0). One example in
this category is the Ansatz for the connection used in [224] in the context of grav-
itational waves in Poincaré gravity, where β is the dual form of the wave vector.
Other example is given by any metric-affine geometry satisfying the generalized
Lichnerowicz criterion (Definition 5.9) since, as a consequence of Proposition 5.10,
the condition (4.5.17) is guaranteed under such criterion, with β the wave form k.

4.6 Metric-affine extension of the Pontryagin and Nieh-Yan
invariants

If we now concentrate in D = 4, one may ask what happens with the other two boundary
terms used in Poincaré gauge gravity (zero nonmetricity): the Pontryagin invariant and
the Nieh-Yan invariant (see some complementary derivations in [219]). The idea is to see
if, contrary to the metric-affine Gauss-Bonnet term, they are boundary terms and can be
used to eliminate terms from the general MAG quadratic action ((3.4.1) and (3.4.3)).

The first one, can be easily generalized from the Riemann-Cartan case to the general
metric-affine case as follows:

LPontr := Ra
b ∧Rb

a . (4.6.1)

The same argument used in the Riemann-Cartan case applies in the metric-affine one:
the Bianchi identity of the curvature Rb

a makes the equation of the connection to be
identically satisfied as can be checked by direct computation (we use (3.3.18)):

δSPontr

δωab
= D

∂LPontr

∂Ra
b

= 2DRb
a = 0 . (4.6.2)

This Lagrangian can be considered in the absence of metric and coframe, since it is only
connection-dependent. However, in the context of metric-affine geometry, the nonmetric-
ity is well defined and we can perform the splitting (4.2.12). By doing so, the Lagrangian
can be easily expressed as a total derivative:

Ra
b ∧Rb

a = d
[
R̃a

b ∧ ω̃ba + 1
3 ω̃a

b ∧ ω̃bc ∧ ω̃ca + 1
4 ↗Q

ab ∧ D̃↗Q ab + 1
16Q ∧ dQ .

]
. (4.6.3)

This permits to eliminate one term from the odd part of the quadratic MAG Lagrangian
in 4 dimensions (3.4.3).

The Nieh-Yan invariant in Riemann-Cartan geometry (i.e. zero nonmetricity) with
connection ωab is given by

LNieh−Yan[ω] := T a ∧ T a + ϑab ∧Rab = d(ϑa ∧ T a) . (4.6.4)

This invariant is nothing but the divergence of the torsion axial vector, which is only a
vector in D = 4:

LNieh−Yan[ω] = ∇̊λ
(1

2
TµνρEµνρλ

)
volg . (4.6.5)

Consider the same expression (4.6.4) in the metric-affine formalism (i.e., from now on
ωa

b will have non-trivial nonmetricity). The result is not a total derivative as can be seen
for instance in components, due to the presence of nonmetricity:

T a ∧ T a + ϑab ∧Rab =
1

2

[
∇̊λ
(
TµνρEµνρλ

)
−QµνσTρλσEµνρλ

]
volg . (4.6.6)

Alejandro Jiménez Cano



Chapter 4. Metric-Affine Lovelock gravity 79

In order to recover the same boundary term we have to move the nonmetricity term to
the l.h.s. of this equation. By direct computation, it is straightforward to check that

d(ϑa ∧ T a) = D(ϑa ∧ T a) = T a ∧ T a + ϑab ∧Rab − T a ∧Qca ∧ ϑc . (4.6.7)

This suggests the following generalization to the Nieh-Yan invariant to the metric-affine
framework:

LNieh−Yan[ω] := T a ∧ (T a −Qca ∧ ϑc) + ϑab ∧Rab . (4.6.8)

Notice that the contribution we need to add in order to recover a boundary term is linear
in the curvature, and quadratic in torsion and nonmetricity. Therefore, we can make
use of it to eliminate one term from the odd part of the quadratic MAG Lagrangian in 4
dimensions (3.4.3). Observe that this does not happen with the Gauss-Bonnet invariant,
since the necessary term in that case is quartic in the nonmetricity.

4.7 Conclusions

In this chapter we have focused on metric-affine Lovelock terms in critical dimensions
(D = 2k for the k-th order term). It is standard lore that these terms are topological invari-
ants when equipped with the Levi-Civita connection and also for a metric-compatible
connection. What we have shown is that this does not hold for general connections. To
be precise, it is the traceless part of the non-metricity↗Q ab = Qab −Qgab the responsible
for this violation of the topological character.

We showed that the coframe equation is identically satisfied in critical dimension, but
the equation of the connection imposes non-trivial restrictions. To prove that we have
proceeded in two steps. First, after assuming a constant metric by fixing the GL(D,R)
gauge, we split the connection in a very specific way in terms of two objects: its anti-
symmetric part (which is a connection in its own) ω̃ab and the traceless part of the non-
metricity. We showed that due to the projective symmetry the trace of the nonmetricity
disappears from the Lagrangian, so we can ignore it from a field-theoretical point of view.
In the second step we provided a explicit configuration that violates the equation of mo-
tion of ω̃ab. This implies that there are restrictions in the space of fields (i.e. the space
of fields does not coincide with the space of solutions) and, consequently, the associated
Lagrangian cannot be a boundary term.

It is worth mentioning that this general result was obtained after a case by case study.
In particular, we first analyzed the lowest order case, the Einstein-Palatini action, for
which we found the most general solution. The corresponding geometry can be de-
scribed by just a function φ (related to the conformal class of the metric gµν) and two
1-forms that parameterize a general 2-dimensional connection with vanishing↗Q ab. This
last constraint, is an indicator that the Lagrangian cannot be a boundary term. The anal-
ysis we made for the Gauss-Bonnet-Palatini case is in agreement with our previous work
[9] and [219], and was extended to the general critical metric-affine Lovelock term. Re-
garding the solutions of the theories with k > 1, the equations are too complicated to
be solved in general. However, from the equation of the connection some non-trivial
families of solutions can be obtained for different values of k.

In conclusion, in the metric-affine formulation, one should be careful when using
Lovelock terms to rewrite curvature invariants in terms of other ones through integration
by parts, since additional terms depending on the traceless part of the non-metricity come
into play. A similar analysis (that does not appear in the paper [8]) for the metric-affine
extensions of the Pontryagin and Nieh-Yan invariants has been presented in this chapter,
in agreement with [219]. The result of this study is that only the first one is a boundary
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term, although the generalization of the Nieh-Yan invariant also allows to eliminate a
term from the quadratic MAG action.

Limitations of this work/future directions

p To further split the traceless part of Qab in its three irreducible components and
understand the role of each of them in the destruction of the topological character.

p It would be interesting to investigate the full Lovelock theory including all the
terms with k ≤ bD/2c, and look for non-trivial solutions of it. However, the strong
restriction that the Einstein-Palatini term imposes, suggests that Levi-Civita plus a
projective mode is the only solution allowed in such theories.
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5 Generalizations of GW geometries to
metric-affine formulation

General relativity is certainly a very beautiful theory, but how does one judge the
elegance of physical theories generally?

— Roger Penrose, “Fashion, faith, and fantasy
in the New Physics of the Universe”, p. 7.

In this chapter we are going to analyze different criteria used in General Relativity to
characterize spacetimes that contain gravitational radiation. We will explore their extrap-
olation (from a kinematical point of view) to the metric-affine setting and see applications
to a particular geometry.

5.1 Introduction

In the last few years, the gravitational wave research has experienced an important de-
velopment due to the recent detection of the first gravitational wave signals [13, 14].
Interestingly, in purely metric geometry (zero torsion and zero nonmetricity), there is not
a general covariant definition of what does it mean for a metric to represent a spacetime
with gravitational radiation (e.g. in terms of certain property of its curvature). We have
instead different criteria and conditions, as well as known geometries such as Kundt
spacetimes, where we can find e.g. hypersurfaces playing the role of wave fronts [225,
226]. Many of those criteria are collected in [227] (see also [161] for a summary of some
of them). Moreover, these criteria are constructed in the context of General Relativity, so
when going to a generalization we have to ensure that the differential equations satisfied
by the metric continue being compatible with the criteria. We are not going to address
this aspect here, and just try to make a kinematic generalization (without referring to any
particular theory).

The already mentioned criteria for gravitational wave metrics are usually conditions
on the Riemann tensor associated to it or, to be more precise, to its Levi-Civita connection.
Therefore, they can be seen as a natural window to explore generalizations of these cri-
teria, simply by considering their application to curvature tensors that come from other
connections different from the Levi-Civita one. Indeed, if we consider a broader notion
of curvature within a gauge theoretical context, the torsion, which appears related to the
field strength of the translational part, can be regarded as a curvature as well and, hence,
it can be subjected to these conditions. This way of extending the metric criteria is the
idea we are going to explore in more detail throughout the following sections, focusing
on one particular criterion with an interesting meaning.

Finally, we would like to recall that exact gravitational wave solutions have been al-
ready explored in metric-affine geometry [172–182]. In our study, we will try to gener-
alize the geometries used by Obukhov in [174, 224] but, as we previously mentioned,
respecting some criteria that can be obtained from the Riemannian ones by making a
reasonable generalization.
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5.2 Gravitational waves in Riemannian geometry

5.2.1 Transversal space

Given a lightlike vector field kµ, in order to define the transverse space we need to intro-
duce another lightlike vector lµlµ = 0, such that kµlµ 6= 0. Since the normalization for a
null vector is arbitrary, let us consider without loss of generality that the field lµ verifies

kµlµ = 1 . (5.2.1)

Definition 5.1. (Transversal). Given a lightlike congruence with velocity kµ and an-
other non-colinear lightlike vector lµ that satisfy lµkµ = 1, the orthogonal

(spanR{kµ∂µ, lµ∂µ})
⊥ , (5.2.2)

is called transversal space of the congruence (with respect to lµ). We will say that a
tensor Hµ1...µr

ν1...νs is transversal if the contraction of any of its indices with lµ and kµ

vanishes.

At this point it is useful to introduce the projector onto the transversal spatial slices
(see a more detailed explanation in [228]),

Πµ
ν := δµν − kµlν − lµkν , (5.2.3)

that allows us to extract the transversal part of any tensor, which we will denote as1

Hµν...
ρλ... := Πµ

αΠν
β · · · Πγ

ρΠ
δ
λ · · · Hαβ...

γδ... . (5.2.4)

5.2.2 Null congruences and optical scalars

Let us now present some quantities that characterize the behavior of a given lightlike
congruence with velocity kµ. Consider the tensor

Bν
µ := ∇̊µkν . (5.2.5)

Its transversal part can be decomposed as2

Bµν = ωµν + σµν + Πµνθ , (5.2.6)

where we have introduced

ωµν := B[µν] , (5.2.7)

θ :=
1

D− 2
ΠµνB(µν) , (5.2.8)

σµν := B(µν) −Πµνθ . (5.2.9)

1In general, we will use the underlined notation throughout this thesis to indicate transversality (or some-
thing related to it): underlined tensor components means (as we have just defined) total transversal part;
underlined tensor-valued differential forms are transversal in the internal indices (not necessarily in the
external ones); underlined indices (next chapter) are (spatial) indices raised/lowered with the signature-
(+,+,+) part of the transversal metric, etc.

2We absorb the factor (D− 2)−2 of the trace part into the definition of θ, as it is usual in the literature.
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called, respectively, the twist tensor, the expansion scalar and the shear tensor, and whose
expressions in terms of kµ, lν and the projector Πµ

ν are collected in the Appendix D.4. For
a given lµ, this decomposition is unique. Making use of these objects one can construct3

ω :=

√
1

D− 2
ωµνωµν , (5.2.10)

|σ| :=
√

1

D− 2
σµνσµν . (5.2.11)

The objects {θ, ω, |σ|} (expansion, twist and shear) are known as the optical scalars of the
congruence.

Definition 5.2. (Normal congruence). A congruence is normal if there exists a family
of hypersurfaces orthogonal to the curves of the congruence.

A very interesting result is the following [229]:

Proposition 5.3. In a pseudo-Riemannian manifold (M, g), any normal lightlike congru-
ence is pre-geodetic. Therefore it can be reparameterized to get a geodetic congruence.

Proof. See Appendix D.2. �

Due to this result, we concentrate on geodetic congruences for which the optical
scalars are given by

θ =
1

D− 2
∇̊σkσ =

1

D− 2
sgn(g) ? d ? k , , (5.2.12)

ω2 =
1

D− 2
∂[µkν]∂

µkν =
1

2(D− 2)
sgn(g) ? (dk ∧ ?dk) , (5.2.13)

|σ|2 =
1

D− 2
∇̊(µkν)∇̊µkν − θ2 =

1

D− 2

[
e(ayD̊

(
eb)yk

)] [
eayD̊

(
ebyk

)]
− θ2 . (5.2.14)

We end this subsection on optical scalars by remarking a very useful property of light-
like congruences that relates the nullity of the twist with the existence of wave fronts (see
[225, 226, 230] and [231, p. 59]):

Proposition 5.4. A lightlike geodetic congruence is normal if and only if the twist ω van-
ishes.

Proof. See Appendix D.3. �

More information on twist-free solutions of pure radiation can be found in [226].

3Note that the quantities ωµνωµν and σµνσµν are non-negative due to the transversality of ωµν and σµν .
This can be easily seen if we go to the basis that diagonalizes the transversal metric. If we call −gi(< 0) the
eigenvalues of the transversal part of the inverse metric, then:

ωµνω
µν =

D∑
i,j=3

gigj(ωij)
2 ≥ 0 , σµνσ

µν =

D∑
i,j=3

gigj(σij)
2 ≥ 0 .
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5.3 Kundt and Brinkmann spaces

Now we focus our interest in the concept of plane-fronted waves. Kundt defined them in
[225], a definition that was also presented in [231, p. 85–86] together with a theorem that
introduces a characterization: a plane-fronted wave is a vacuum field that admits a normal
null congruence with |σ| = θ = 0. Observe that, as a consequence of Propositions 5.3
and 5.4, the congruence of a plane-fronted wave is pre-geodetic (so it is geodetic after an
appropriate reparameterization) and, additionally, ω = 0.

These definitions correspond to “vacuum solutions” of General Relativity, which might
not be solutions for other more general theories. Since we are interested in spacetimes
defined in a theory-independent way, we start by introducing:4

Definition 5.5. (Kundt space). A Kundt space is a Lorentzian manifold that admits a
geodetic null congruence with |σ| = θ = ω = 0.

Every point in a Kundt space admits a coordinate chart {xµ} = {u, v, z2, ..., zD−1} (a
Kundt chart) in which the line element is expressed:

ds2 = 2dudv +H(u, v, z)du2 + 2Wi(u, v, z)dudzi + gij(u, z)dz
idzj , (5.3.1)

where i, j = 2, ..., D − 1 and gij is the spatial metric with signature (−, ...,−). We have
then a local foliation by spacelike surfaces, those with constant u. The expressions for
the Christoffel symbols, Riemann and Ricci tensors can be found in [232] or [233, p. 230–
231]. Solutions of this kind in different backgrounds (e.g. with and without cosmological
constant) are given in [234, chap. 18] and [235, chap. 31].

Observe that the coordinate field ∂v =: kµ∂µ, which satisfies

kµk
µ = 0 , kρ∇̊ρkµ = 0 , (5.3.2)

is indeed the velocity field of the congruence that appears in the definition. Moreover,
note that ∂v is not a covariantly constant field with respect to ∇̊,

∇̊µkρ = Γ̊µv
ρ =

1

2

(
gρu∂vgµu + gρi∂vgµi

)
6= 0 , (5.3.3)

i.e., the tensor Bµν defined in (5.2.5) is not trivial for Kundt spaces. This expression van-
ishes if H and Wi are independent of the coordinate v. This is a well-known particular
kind of Kundt spaces called Brinkmann spaces [236]:

Definition 5.6. (Brinkmann space). A Brinkmann space is a Lorentzian manifold that
admits a non-vanishing vector field kµ∂µ which is lightlike and covariantly constant
with respect to the Levi-Civita conection, namely

kµk
µ = 0 and ∇̊ρkµ = 0 . (5.3.4)

If we introduce the associated 1-form k = kµdxµ, these two conditions can be written
in the exterior notation, respectively, as

k ∧ ?k = 0 , D̊ka = 0 . (5.3.5)
4Note that no allusion to vacuum has been made.
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In an analogous way as for the Kundt case, there is a coordinate chart we can always
find, {xµ} = {u, v, z2, ..., zD−1} (Brinkmann chart), that allows to express the metric (see
for example [237]):

ds2 = 2dudv +H(u, z)du2 + 2Wi(u, z)dudzi + gij(u, z)dz
idzj . (5.3.6)

Moreover, H or Wi (but not both) can always be set to zero with an appropriate redefini-
tion of the spatial coordinates {zi} (see for example [26]). From now on, when we refer
to the Brinkmann metric we will take Wi = 0, so the metric becomes block-diagonal.

Definition 5.7. (pp-wave). A plane-fronted wave with parallel rays (or pp-wave) is a
Brinkmann space admitting a coordinate chart such that

ds2 = 2dudv +H(u, z)du2 − δijdzidzj . (5.3.7)

By calculating the Einstein tensor of (5.3.7) it is straightforward to prove that this is a
vacuum solution of the Einstein equations if and only if H is a harmonic function of the
transversal coordinates,

δij∂i∂jH(u, z) = 0 . (5.3.8)

This condition obviously will no longer be true in more general theories. Indeed, in
Chapter 6 we will find solutions of quadratic MAG that violate this condition.

5.3.1 Criteria for gravitational wave spacetimes

As we have already mentioned, there are many different attempts in the literature trying
to (covariantly) characterize spacetimes with gravitational radiation in General Relativ-
ity. These approaches are based on a previous analysis of the Einstein equations and the
existence of characteristic submanifolds (wave fronts) and bicharacteristics (rays). Sev-
eral of these criteria are extensively studied in [227]. Based on that reference and the
overview in [161], here we present some of them:

p Pirani criterion. We will say there are free gravitational waves in an empty region
of a spacetime if and only if the curvature there is type II, III or N in the Petrov
classification.5

p Lichnerowicz criterion. For a non-vanishing curvature R̊a
b 6= 0, we will say there is

gravitational radiation if and only if there exists a non-vanishing 1-form k = kµdxµ

satisfying

k ∧ ?R̊a
b = 0 ⇔ kµR̊µνa

b = 0 , (5.3.9)

k ∧ R̊a
b = 0 ⇔ k[µR̊νρ]a

b = 0 . (5.3.10)

Lichnerowicz proved that these two conditions, under the hypothesis R̊a
b 6= 0, im-

ply that kµ is both lightlike and geodetic [227]. For example, the lightlike condition
is immediate contracting (5.3.10) with kµ and then substituting (5.3.9). In addition,
another consequence is that the curvature can be written:

R̊µνρλ = bµρkνkλ + bνλkµkρ − bµλkνkρ − bνρkµkλ ⇔ R̊µν
ρλ = 4b[µ

[ρkν]k
λ] ,

(5.3.11)
for some symmetric tensor bµν = b(µν) with the property kµbµν = 0.

5See the original formulation in [238].

Alejandro Jiménez Cano



88 5.3. Kundt and Brinkmann spaces

p Zel’manov criterion. We will say there is gravitational radiation in a spacetime
region if and only if the curvature of this region is not covariantly constant, i.e.
∇̊σR̊µνab 6= 0, and verifies the following covariant generalization of the wave equa-
tion

∇̊σ∇̊σR̊µνab = 0 . (5.3.12)

This condition is formulated in terms of a particular connection (Levi-Civita). An-
other criterion very similar to this one but formulated independently of any con-
nection is the Maldybaeva criterion, which is based on a special (metric dependent)
operator that acts on differential forms:

p Maldybaeva criterion. We will say there is gravitational radiation in a spacetime
region if and only if the (non-trivial) curvature 2-form satisfies the wave equation

∆g
LdRR̊a

b = 0 , (5.3.13)

where ∆g
LdR := dδg + δgd is the Laplace-de Rham operator.6

In the context of General Relativity one can easily find the following relations between
these criteria for the particular case of Einstein spaces:

Proposition 5.8. Relations between criteria for Einstein spaces.
Let (M, g) be an Einstein space, i.e., one satisfyingRµρνρ = cgµν for some real constant

c. Then, the following statements hold:

p In vacuum (c = 0): Lichnerowicz criterion⇔ Petrov type N.

p Maldybaeva criterion⇔ vacuum (c = 0) and Petrov type N.

p Zel’manov criterion⇒ vacuum (c = 0) and Petrov type N.
The converse (vacuum +N⇒ Zel’manov) is also true with only the metrics [227, eq.
(7.12)] as exceptions.

The result is the following diagram for the criteria we have seen in the case of Einstein
spaces:

Zel’manov
=⇒
⇐=∗

Pirani (N) + vacuum ⇔ Maldybaeva

m
Lichnerowicz

+vacuum

(5.3.14)

where ∗ denotes that there are two exceptions. For non-Einstein spaces, the relations
become more obscure.

Finally, it is worth mentioning that there are other criteria, such as the ones by De-
bever, Bel, etc. More information about them can be found in [227].

6Here, δg is the codifferential of d with respect to the Hodge star operator of the metric g. It is generally
defined (up to signs that depend on the convention) as δg := (sign) ? d?.
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5.4 Extension to metric-affine geometries

In the previous section we have seen that there are different criteria to classify or cate-
gorize metrics in a gravitational wave type. However, in a metric-affine framework we
have an additional field, a linear connection Γµν

ρ (or equivalently ωµab), and the idea now
is to analyze how can we restrict in a reasonable way an arbitrary connection to explore
gravitational wave scenarios in these theories.

We start by recalling that Petrov types are based on the classification of the principal
null directions of the Weyl tensor. Therefore, a generalization of the Pirani criterion could
be possible by understanding the behavior of the irreducible part (1)W ab of the new cur-
vature, which is the one that reduces to the Weyl tensor in a Riemannian geometry [98].

For the Maldybaeva and Zel’manov criteria one could generalize the differential op-
erator, the curvature or both. Actually, when working either in MAG or in PG gravity,
the field strengths are the curvatureRa

b and the torsion T a of the connection, so another
possibility might be to apply the criterion to both objects.

Finally, we examine the Lichnerowicz criterion for gravitational waves. If one checks
in detail electromagnetic wave configurations in classical Maxwell theory, it is easy to
see that the curvature form F = 1

2Fµνdxµ ∧ dxν associated to Aµ satisfies the analogous
conditions

k ∧ F = 0 , k ∧ ?F = 0 . (5.4.1)

If we now look at these equations in components,

k[µFνρ] = 0 , kµFµν = 0 , (5.4.2)

we realize that they essentially encode the well-known radiation conditions for the elec-
tromagnetic field,

δijk
iEj = δijk

iBj = 0 , εijk
ki

k0
Ej = δikB

i . (5.4.3)

After this motivation, and inspired by7 [224] and [239] we are going to focus on the
Lichnerowicz criterion and its generalization to a metric-affine geometry imposing the
corresponding conditions over our curvatures. Considering we are working in a MAG
framework, we define the following generalization involving both fieldstrengths:

Definition 5.9. (Generalized) Lichnerowicz Criteria

1LCR k ∧Ra
b = 0 ⇔ k[µRνρ]a

b = 0 ,

2LCR k ∧ ?Ra
b = 0 ⇔ kµRµνa

b = 0 , (5.4.4)
1LCT k ∧ T a = 0 ⇔ k[µTνρ]

a = 0 ,

2LCT k ∧ ?T a = 0 ⇔ kµTµν
a = 0 . (5.4.5)

Now we provide an important general result which allows to express the curvature
and the torsion form under these conditions in a very special way.

7Although, in [239] the authors use a different generalization: they contract k with the internal indices:

kaRµνab = 0 , Rµν[abkc] = 0 , kaTµνa = 0 , Tµν[akc] = 0 .
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Proposition 5.10. Consider a lightlike congruence with velocity kµ. Let k = kµdxµ be
the associated 1-form and l another lightlike 1-form such that lµkµ = 1. For an arbitrary
tensor-valued 2-form αa...

b..., the following results hold:

1. If k ∧αa...b... = 0, we can express

αa...
b... = k ∧ (sa...

b... l+ βa...
b...) , (5.4.6)

where sa...b... is a tensor-valued 0-form and βa...b... is a tensor-valued transversal 1-
form.8

2. If k ∧ ?αa...b... = 0, then

αa...
b... = k ∧ βa...b... + γ

a...
b... , (5.4.7)

for certain tensor-valued transversal forms βa...b... and γ
a...

b....

3. If the two conditions of the previous points are fulfilled, the 2-form reduces to

αa...
b... = k ∧ βa...b... , (5.4.8)

and the following quadratic condition is satisfied,9

αa...
b... ∧ ?αc...d... = 0

(
αµνa...

b... αµνc...
d... = 0

)
. (5.4.9)

Proof. We drop the external indices for simplicity. An arbitrary two form can be
decomposed:

α = s k ∧ l+ k ∧ β + l ∧ β′ + γ .

where β and β′ are transversal 1-forms and γ is a transversal 2-form.

1. The condition tells 0 = k ∧α = k ∧ l ∧ β′ + k ∧ γ so, by linear independence,
β′ = γ = 0.

2. 0 = k ∧ ?α = − ? (−s k + β′), which is true if and only if s = β′ = 0.

3. They are immediate consequences of the previous results.
�

Consequently, a metric-affine geometry satisfying the generalized Lichnerowicz criteria
(Definition 5.9) fulfills

Rab = k ∧αab, T a = k ∧ βa, (5.4.10)

for some tensor-valued transversal 1-forms αab and βa. Notice that the condition for the
curvature guarantees that this is a solution of the equations of motion of the metric-affine
Lovelock term with k > 2 in its critical dimension (see Section 4.5.2).

9From now on transversal means transversal to the congruence generated by k with respect to l. Notice
also that the differential forms that appear in this proposition are not transversal in their Latin indices, but
in their internal (coordinate) indices, which are hidden in this notation.

9Applied to electromagnetic waves in Maxwell theory, this quadratic condition lead us to F ∧ ?F = 0,
namely FµνFµν = 0, that corresponds to the equality δijEiEj = δijB

iBj .
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5.5 A particular case: analysis

5.5.1 Generalities

Metric structure

Due to its simplicity, we are interested in a spacetime metric of the Brinkmann type,10

ds2 = 2dudv +H(u, z)du2 + gij(u, z)dz
idzj . (5.5.1)

As we have seen previously, from this metric we can obtain two relevant (dual) objects.
The first one is the wave vector kµ∂µ := ∂v, that points towards the direction of propaga-
tion of the wave. It is autoparallel with respect to ∇̊ and lightlike by definition of the v
coordinate. The other one is the exact form

k := kµdxµ = du (5.5.2)

which we will call the wave form.
In addition, consider the 1-form

l = lµdxµ :=
1

2
H(u, z)du+ dv . (5.5.3)

It is not difficult to see that it is lightlike and verifies lµkµ = 1. Clearly, the transversal
space of the congruence generated by kµ with respect to lµ is the one generated by the
coordinate vectors in {zi} directions,

TpM := spanR {∂i|p}
D−1
i=2 ⊂ TpM . (5.5.4)

Coframe

In a theory with GL(D, R) freedom, normally fixing the anholonomic metric gab to be
Minkowski is quite convenient. This choice is indeed the one we will make in the next
chapter. However, when dealing with gravitational waves, there is another gauge that
can be also quite convenient: a lightcone gauge for the first two directions and an orthonor-
mal gauge for the transversal space. In this chapter we will make use of this one. Therefore
(we use A,B... for the transversal anholonomic indices),

g := ϑ0 ⊗ ϑ1 + ϑ1 ⊗ ϑ0 − δABϑA ⊗ ϑB = gabϑ
a ⊗ ϑb , (5.5.5)

There are several coframes compatible with this gauge. But one special coframe (we will
call gauge basis) that makes this possible for the Ansatz we have taken for the metric (5.5.1)
is:

{ϑa} =


ϑ0 := k = du ,
ϑ1 := l = 1

2Hdu+ dv ,

ϑA := ei
Adzi

(5.5.6)

with dual frame

{ea} =


e0 = −1

2H∂v + ∂u ,
e1 = ∂v ,
eA = eiA∂i

(5.5.7)

where the Vielbeins eiA(u, z) satisfy

− δABeiAejB = gij eiBei
A = δAB eiAej

A = δij . (5.5.8)

10From now on we choose the orientation Eu,v,z2,...,zD−1 =
√
|g|.
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In this chapter we will try to work always with D-dimensional indices and avoid using
the indices A,B.... For this purposes, we define the transversal coframe,

ϑa := δaAϑ
A . (5.5.9)

Observe that, as the name suggests, these objects only cover the transversal part of the
cotangent space (orthogonal to the 1-forms k and l). Using this, an arbitrary element of
the coframe can be expressed

ϑa = lak + kal+ ϑa , (5.5.10)

The anholonomy two form associated to this coframe and the Levi-Civita connection 1-
form of the metric are given by,11

dϑa =

(
−1

2
ka∂bH + Ωb

a

)
k ∧ ϑb +

1

2
Ωbc

aϑb ∧ ϑc , (5.5.11)

ω̊ab =
(
∂[aHkb] − Ω[ab]

)
k − 2Ω(cd)δ

d
[akb]ϑ

c − 1

2
(Ωcab + Ωbca − Ωabc)ϑ

c (5.5.12)

where we have defined the transversal objects

∂a := δAa ∂A = (δba − lbka − kbla)∂b , (5.5.13)

Ωa
b := δBa e

i
Bδ

b
AΩui

A , (5.5.14)

Ωab
c := δBa δ

C
b δ

c
AΩBC

A . (5.5.15)

Connection

Based on the connections used in [174, 224], we start by analyzing the following general-
ization

ωab = ω̊ab + (Cabkc + Pcab)ϑc + kakbA+ gabB , (5.5.16)

where A = Aaϑ
a and B = Baϑ

a are in principle general 1-forms, and Cab and Pcab are
arbitrary tensors satisfying

Cab = C[ab] , Pcab = Pc[ab] , kcPcab = 0 = lcPcab . (5.5.17)

ωab, as a whole, is completely independent of the metric. However, in this chapter we
are going to decompose it into Levi-Civita plus distorsion in order to work in terms of
the tensorial objects Cab, Pcab, Aa andBa. Of course, the objects Cab and Pcab are somehow
metric-dependent because of the extraction of the Levi-Civita part. The actual explicitly
metric-independent expression of the connection is

ωab = (Cabkc + Pcab)ϑ
c + kakbA+ gabB , (5.5.18)

where

Cab := Cab + ∂[aHkb] − Ω[ab] , (5.5.19)

Pcab := Pcab − 2Ω(cd)δ
d
[akb] −

1

2
(Ωcab + Ωbca − Ωabc) . (5.5.20)

In a strict gauge setting (e.g. in the next chapter in which we are going to explore so-
lutions), it is convenient to work in terms of Cab and Pµa

b because they contain purely

11Note that the last term, − 1
2
(Ωcab + Ωbca − Ωabc), is indeed the Levi-Civita connection 1-form ω̊cab asso-

ciated to the metric gij of the transversal sections.
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information about the connection (and not the metric or the coframe). However they do
not transform tensorially. Therefore, for the purposes of the present study, we found it
convenient to work in terms of the tensors.12

For future purposes we introduce the following decompositions

Aa = Aa + Âla +Aka , (5.5.21)

Ba = Ba + B̂la +Bka , (5.5.22)

Cab = Cab + 2Ĉ[alb] + 2C[akb] + 2Ck[alb] , (5.5.23)

Pcab = P cab + 2P̂c[alb] + 2Pc[akb] + 2Pck[alb] , (5.5.24)

where the tensors Aa, Ba, Ĉa, Ca, Cab, Pc, Pca, P̂ca and P cab are totally transversal. The
curvature, torsion and nonmetricity as well as the irreducible decomposition of the last
two are collected in Appendix E.1.

Summary and Lichnerowicz criteria

Putting together all of the structures described in this section we have the following ge-
ometry

g = ϑ0 ⊗ ϑ1 + ϑ1 ⊗ ϑ0 − δABϑA ⊗ ϑB

ϑa =
{
ϑ0 = k = du, ϑ1 = l =

1

2
H(u, z)du+ dv, ϑA = ei

A(u, z)dzi
}

ωab = ω̊ab + (Cabkc + Pcab)ϑc + kakbA+ gabB . (5.5.25)

Theorem 5.11. For a geometry of the type (5.5.25), the condition 1LCT is equivalent to

0 = Pc = P̂ca = P[cd] = P [cd]
a = B̂ = Ba ; (5.5.26)

the condition 2LCT is equivalent to

0 = Ĉa = P̂ca = B̂ ,

0 = Bc − Pc ,
0 = Â+ C −B ; (5.5.27)

the condition 1LCR is equivalent to

0 = k ∧ dB ,

0 = eiae
j
b∂[iAj] + 2A[aPb] ,

0 = ∂vAa − ∂aÂ+ 2ÂPa ,

0 = P̂abÂ ,

0 = A[aP̄b]c ,

0 = ∂vPcab (= kd∇̊dPcab) ,

0 = ϑd ∧ ϑc
(
∇̊[dPc]ab + P[d|ebP|c]ae

)
; (5.5.28)

12At the end of the day, the equations of motion of a covariant metric-affine Lagrangian can be written in
terms of the curvature, the torsion and the nonmetricity that can only depend on the combinations Cab and
Pcab, due to their tensorial nature.
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and, finally, the condition 2LCR is equivalent to

0 = ∂vCab (= kd∇̊dCab) ,
0 = ∂vPcab (= kd∇̊dPcab) ,

0 = 2∂[vAu] + 2CÂ = ∂v

(
A− 1

2
HÂ

)
− ∂uÂ+ 2CÂ ,

0 = ∂vAa − ∂aÂ+ 2ÂPa ,

0 = ĈaÂ ,

0 = P̄abÂ ,

0 = ∂vBi − ∂iB̂ ,

0 = 2∂[vBu] = ∂v

(
B − 1

2
HB̂

)
− ∂uB̂. (5.5.29)

Proof. It follows straightforwardly from the application of Proposition 5.10 to our
particular torsion and curvature 2-forms (see Appendix E.1). �

Moreover, combining the four conditions we easily arrive at

Corollary 5.12. For a geometry of the type (5.5.25), the generalized Lichnerowicz criteria
for torsion and curvature (Definition 5.9) is verified if and only if

0 = Pc = P̂ca = P[cd] = P [cd]
a = B̂ = Ba = Ĉa

0 = Â+ C −B ,
0 = ∂vB = ∂vCab = ∂vPcab ,
0 = ∂vAa − ∂aÂ ,

0 = ∂v

(
A− 1

2
HÂ

)
− ∂uÂ+ 2CÂ ,

0 = ∂[iAj] ,

0 = ϑd ∧ ϑc
(
∇̊[dP c]

ab + 2∇̊[dPc]
[akb] + 2P [d

e[akb]Pc]e + P [d
eaP c]e

b
)
. (5.5.30)

As can be proved, the connections chosen in [174, 224] are LCR but not LCT, since
the condition 0 = Â + C − B is not satisfied. For future convenience and due to we are
interested in doing part of our calculations generalizing the geometries in those papers,
we introduce the abbreviation LCT* for those connections satisfying all of the conditions
except that one. In addition, to make the violation of the LCT as explicit as possible we
introduce the scalar function

Y := Â+ C −B . (5.5.31)

At this point, it is not difficult to see that under LCT* the violation of the quadratic con-
dition for the torsion is indeed proportional to the square of it,

T a ∧ ?T b = −Y2kakb volg . (5.5.32)

Recall that for our Ansatz, volg := ?1 =
√
|g|du ∧ dv ∧ dz2... ∧ zD−1.

5.5.2 Subcase: pp-waves and other simplifications

We are going to restrict further the theory by imposing two simplifications, one in the
coframe (equivalently in the holonomic metric gµν) and the other in the connection.
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Metric and coframe

First we take the pp-wave case (see Definition 5.7), i.e., we will assume the transversal
space to be only u-dependent gij(u, z) = gij(u), consequently there should be a redefi-
nition of the transversal coordinates zi such that gij becomes diagonal. Because of this,
consider the case

ds2 = 2dudv +H(u, z)du2 − δijdzidzj . (5.5.33)

In the metric-affine context where we work in terms of the coframe, this is equivalent to

ei
A = δAi ⇔ ϑA = δAi dzi . (5.5.34)

Now, the anholonomy gets simplified and only Ωui
1 = −1

2∂iH survives, i.e.

dϑa = −1

2
ka∂bHk ∧ ϑb , (5.5.35)

so
Ωa

b = Ωab
c = 0 . (5.5.36)

Proposition 5.13. In the gauge coframe, the Levi-Civita connection 1-form of the pp-wave
metric is:

ω̊ab = ∂[aHkb]k = ∂[aHkb]k ⇔ ω̊µab = kµ∂[aHkb] . (5.5.37)

Proof. Obtaining ω̊ab = ∂[aHkb]k is immediate starting from (5.5.12). To see the rest
we need to expand the transversal derivative,

∂[aHkb] = (δc[a| − l
ck[a| − kcl[a|)∂cHk|b] = ∂[aHkb] .

�

When working with indices in the gauge base (because the connection is non-covariant
object under frame transformations), we have

kcω̊cab = 0 , (5.5.38)
lcω̊cab = ∂[aHkb] , (5.5.39)

ω̊ca
c ≡ gcbω̊cab = 0 . (5.5.40)

Consequently for any totally transversal tensor Sab...c...,

∂aSab...
c... = ∂aSab...

c... = ∇̊aSab...c... = ∇̊aSab...c... = ∂aS
a
b...

c... = ∂aS
a
b...

c... . (5.5.41)

Let us insist on that these equations are only true in the gauge basis because ∂cgab = 0
in that particular frame and, as a consequence of our basis choice, ka, la, ka and la are
also constant. If we change the frame, the new anholonomy coefficients would enter the
game.

Another consequence is that the covariant derivative of la can be written in the fol-
lowing covariant way (valid in any frame, not only in the gauge basis),

∇̊cla =
1

2
kc(k

alb − gab)∂bH (5.5.42)

which implies
∇̊clc = 0 . (5.5.43)
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Finally we present the Levi-Civita curvature and its irreducible parts in the gauge
basis which gives

R̊ab = ∂c∂[aHkb]ϑ
c ∧ k , (5.5.44)

(1)W̊ ab =

(
∂c∂[aHkb] −

1

D− 2
∂e∂eHk[bga]c

)
ϑc ∧ k , (5.5.45)

(4)W̊ ab =
1

D− 2
∂e∂eHk[bga]cϑ

c ∧ k , (5.5.46)

(6)W̊ ab = 0 . (5.5.47)

The non-trivial ones can be covariantized as follows

R̊ab = ∇̊c∂[aHkb]ϑ
c ∧ k , (5.5.48)

(1)W̊ ab =

(
∇̊c∂[aHkb] −

1

D− 2
∇̊2Hk[bga]c

)
ϑc ∧ k , (5.5.49)

(4)W̊ ab =
1

D− 2
∇̊2Hk[bga]cϑ

c ∧ k , (5.5.50)

(now the Latin indices refer to any basis). These are totally GL(D, R)-covariant equations.
Note that

kaR̊ab = ka(1)W̊ ab = ka(4)W̊ ab = 0 . (5.5.51)

Connection

In addition to the pp-wave condition we also impose on the connection the following
metric-independent restriction in the gauge basis,

Pcab = 0 . (5.5.52)

Note that we specify the basis because Pcab is not a tensor and this condition only holds
in very particular frames. This, together with (5.5.36), imply that Pcab = 0 and, therefore,

ωab = ω̊ab + Cabk + kakbA+ gabB , (5.5.53)

whose torsion and curvature get simplified

T a = Ccak ∧ ϑc + kaA ∧ k +B ∧ ϑa ,

=
[
−Cka − Ĉa − Âka +Bka − B̂la

]
k ∧ l

+
[
Ĉcl

a + Cck
a + Cc

a − kaAc +Bδac −Bcl
a
]
k ∧ ϑc

+
[
B̂δac −Bck

a
]
l ∧ ϑc +Bcϑ

c ∧ ϑa . (5.5.54)

Ra
b = R̊a

b + DCab ∧ k + kak
bdA+ δbadB

= R̊a
b + D̊Cab ∧ k + kak

bdA+ δbadB − kc(kaCbc + kbCac)k ∧A , (5.5.55)

while no changes in the nonmetricity have been made with respect to that of the connec-
tion (5.5.16) (see Appendix E.1). More details on them and their irreducible decomposi-
tion are presented for completeness in Appendix E.2.
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Summary and Lichnerowicz criteria

Again we summarize the geometry we have considered in this section,

g = ϑ0 ⊗ ϑ1 + ϑ1 ⊗ ϑ0 − δABϑA ⊗ ϑB

ϑa =
{
ϑ0 = k = du, ϑ1 = l =

1

2
H(u, z)du+ dv, ϑA = δAi dzi

}
ωab = ω̊ab + Cabkcϑc + kakbA+ gabB . (5.5.56)

In this case, the generalized Lichnerowicz criteria give essentially the same as in Theorem
5.11 and Corollary 5.12 but setting Pc = P̂ab = Pab = P abc = Pabc = 0.

5.5.3 Further restrictions

Finally, we consider an additional restriction of the subcase treated in the last section.
The metric and the coframe continue being the same, but we consider the connection to
be subjected to the following constraints

C = C(u) , B = B(u)k ,

Ĉa = 0 , 0 = ∂vAa − ∂aÂ ,

Ca = Ca(u, z) , 0 = ∂v

(
A− 1

2
HÂ

)
− ∂uÂ+ 2CÂ ,

Cab = Cab(u) , 0 = ∂[iAj] . (5.5.57)

A few remarks:

p We have as an immediate corollary dB = 0.

p The Levi-Civita part remains the same as in (5.5.56). So the Riemannian curvature
is purely Weyl ((1)W̊ ab) and Ricci ((4)W̊ ab), while the curvature scalar vanishes.

p This configuration together with the conditions

Ca = Cab = C = B = 0 (5.5.58)

reproduces the Ansatz for the connection in [174]. If, instead, we impose

Aa = A = Â = Cab = C = B = 0 , (5.5.59)

we obtain the one in [224].

Theorem 5.14. The geometry (5.5.56) together with (5.5.57) satisfies both LCR and LCT*.
If, additionally, Y = 0, then the full generalized Lichnerowicz criterion is fulfilled.

Let us now focus on the basic tensors associated to the connection and the properties
they acquire under (5.5.57). From now on we will use (5.5.31) to eliminate Â from all the
equations.
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Torsion and its properties

Now we present the torsion and its irreducible components,

T a = −Ykak ∧ l+
[
Cc

a + (Cc −Ac)ka +Bδac
]
k ∧ ϑc (5.5.60)

(2)T a =
1

D− 1
[(D− 2)B − Y]k ∧ ϑa , (5.5.61)

(3)T a =
1

3
Cbc

(
kaϑb ∧ ϑc + 2gack ∧ ϑb

)
(5.5.62)

(1)T a =

[
1

3
Cb

a + (Cb −Ab)ka +
1

D− 1
(Y +B)δab

]
k ∧ ϑb (5.5.63)

− D− 2

D− 1
(Y +B)kak ∧ l− 1

3
Cbck

aϑb ∧ ϑc (5.5.64)

It is worth remarking that the totally antisymmetric component is directly connected with
the antisymmetric transversal tensor Cab, and that the trace of the torsion,

− eayeby(2)T b = Tab
b = [(D− 2)B − Y] ka , (5.5.65)

is proportional to B for geometries LCT (i.e. with Y = 0).

p The operator k∧ gives zero also when acting on (2)T a since it is proportional to k,
but for the rest of the irreducible components we have

k ∧ (3)T a = −k ∧ (1)T a =
1

3
Cbck

ak ∧ ϑb ∧ ϑc . (5.5.66)

p However the operator k ∧ ? gives zero for (3)T a because it only has components in
the directions k and ϑc. For the rest,

k ∧ ?(2)T a =
1

D− 1
[(D− 2)B − Y] ka ? k , (5.5.67)

k ∧ ?(1)T a = −D− 2

D− 1
(Y +B)ka ? k . (5.5.68)

p The contractions of the torsion 2-form and its irreducible components with ka all
vanish,

ka
(3)T a = ka

(2)T a = ka
(1)T a = 0 ⇒ kaT

a = 0 . (5.5.69)

This is not true for contractions in the first two indices of the torsion tensor Tbca and
their irreducible components, since there are coefficients in the direction of l, which
give 1 instead of 0 when contracting with ka.

Nonmetricity and its properties

Now we have
Qab = 2kakbA+ 2gabBk . (5.5.70)

Therefore the traces are

Qc
c = Qac

cϑa = 2DBk , (5.5.71)
ecyQca = Qca

c = 2(Y + 2B − C)ka (5.5.72)

The irreducible components of Qab do not experience any changes with respect to those
in Appendix E.1, apart from the substitutionB = Bk.

Let us show some properties of this nonmetricity:
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p Contractions of the nonmetricity with ka

kaQab = ka(4)Qab = 2kbBk , (5.5.73)

ka(3)Qab =
2(D− 2)

(D− 1)(D + 2)
(Y +B − C)kbk , (5.5.74)

ka(1)Qab =
2(D− 2)

3(D + 2)
(Y +B − C)kbk , (5.5.75)

ka(2)Qab = −2(D− 2)

3(D− 1)
(Y +B − C)kbk . (5.5.76)

An immediate consequence is

kakb(I)Qab = 0 ∀I . (5.5.77)

p Contracted wedge with the coframe

(4)Qab ∧ ϑa = −2Bϑb ∧ k , (5.5.78)

(3)Qab ∧ ϑa =
2

D− 1
(Y +B − C)ϑb ∧ k , (5.5.79)

(2)Qab ∧ ϑa = 2kbA ∧ k −
2

D− 1
(Y +B − C)ϑb ∧ k , (5.5.80)

(1)Qab ∧ ϑa = 0 . (5.5.81)

p Finally we apply the operators k∧ and k ∧ ? on the nonmetricity form,

k ∧Qab = 2kakb(Y +B − C)k ∧ l+ 2kakbAck ∧ ϑc , (5.5.82)
k ∧ ?Qab = 2kakb(Y +B − C)volg . (5.5.83)

Curvature and its properties

Only the following parts of the curvature survive to the conditions (5.5.57)

(1)Zab = kakb(2CAc − ldFdc)ϑc ∧ k , (5.5.84)

(1)W ab =

[
2N (cd) −

2

D− 2
gcdN

]
δd[akb]ϑ

c ∧ k , (5.5.85)

(2)W ab = 2N [cd]δ
d
[akb]ϑ

c ∧ k , (5.5.86)

(4)W ab =
2

D− 2
Ngc[akb]ϑ

c ∧ k , (5.5.87)

where we have introduced the following transversal tensors

Na :=
1

2
∂aH + Ca , (5.5.88)

Nab := ∂aN b = ∇̊bNa − kblc∇̊cNa , (5.5.89)

N := N c
c = ∂cN

c = ∇̊cN c , (5.5.90)

which are going to dominate the antisymmetric part of the curvature W ab and its parts,
and the antisymmetric tensor

Fdc := 2∇̊[dAc] = 2eµde
ν
c∂[µAν] . (5.5.91)

These new objects fulfill the relations

∂cN cd = ∂2Nd , ∂cNdc = ∂dN
c
c = ∂dN , (5.5.92)
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ldFdcϑc = (∂uAc − ∂cA)ϑc . (5.5.93)

As a consequence, the final expression for the total curvature is

Rab = kakb(2CAc − ldFdc)ϑc ∧ k + 2N c[akb]ϑ
c ∧ k . (5.5.94)

Observe that from this expression we can immediately read the symmetric (Zab) and
antisymmetric (W ab) parts of the curvature. Notice also that the antisymmetric one is
totally controlled by the tensor N ca, while the symmetric part only depends on Aa and
its derivatives. Finally we provide some nice properties of this curvature:

p The Lichnerowicz conditions also hold independently for (1)Zab, (1)W ab, (2)W ab and
(4)W ab since all of them are linear combinations of ϑc ∧ k.

p In addition to the Lichnerowicz condition, we also have

kaZab = ka(1)W ab = ka(2)W ab = ka(4)W ab = 0 . (5.5.95)

thanks to the fact that kaCa = 0 = kcϑ
c. Consequently

kaRa
b = 0 , kbRa

b = 0 . (5.5.96)

This result together with the fact that Rab goes in the direction of ϑc ∧ k tells that
any contraction of the curvature tensor Rabcd (and hence of any of its irreducible
components) with the wave vector ka vanishes.

p The traces of the curvature are

ebyRba = eby(4)W ba = Nkak , (5.5.97)

ebyRab = −eby(4)W ba = −Nkak , (5.5.98)
Ra

a = 0 , (5.5.99)

eayebyRba = 0 . (5.5.100)

or, equivalently in components,

Racb
c = −Raccb = Nkakb , (5.5.101)

Rabc
c = 0 , (5.5.102)

Rab
ab = 0 . (5.5.103)

Evaluated MAG Lagrangian

Finally we would like to end this section with a useful result when working in Metric-
Affine Gauge gravity. Consider the (even) MAG Lagrangian in arbitrary dimensions,
(3.4.1) and the 4-dimensional odd parity extension (3.4.3),13

Theorem 5.15. Let G = (gab, ϑ
a, ωa

b) be a geometry of the type treated this section, i.e.
(5.5.56) under the restrictions (5.5.57). Then, in arbitrary dimensions, any even-parity
linear or quadratic invariant involving exclusively the curvature, the torsion and the non-
metricity of the connection, and no derivatives of them, is identically zero. Furthermore, the
4-dimensional odd-parity invariants that satisfy the previous requirements also vanish.

13Here we extend the result in [5]. In the paper we did not considered the most general odd parity
(quadratic) extension, as we are doing in this thesis (see (3.4.3)).
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Proof. First we use that the irreducible components (I)Z with I = 2, 3, 4, 5 and (I)W
with I = 3, 5, 6 are zero. Then using the properties in the previous subsections,
it is almost immediate to check that all of the terms that appear in (3.4.1) vanish
independently. Since they form a basis of all possible (linear and quadratic) in-
variants involving the curvature, the torsion and the nonmetricity, then all possible
invariants are zero at this order. Something similar happens with the basis of odd
invariants in four dimensions built with the terms appearing in (3.4.3). �

In particular, when looking for solutions of this type for the complete 4-dimensional
MAG action LMAG (defined in (3.4.5)), only the cosmological constant term contributes
to the evaluated Lagrangian,

LMAG|G = −λ
κ

volg . (5.5.104)

This result simplifies considerably the equation of motion of the coframe. To be precise,
the term with the interior derivative of the Lagrangian reduces to

eay
(
LMAG|G

)
= −λ

κ
? ϑa . (5.5.105)

5.6 Final comments and conclusions

In this chapter we have revised several criteria that can be found in the literature to dis-
cern whether a metric spacetime or a region of it belongs to a gravitational wave category,
i.e. it contains gravitational radiation. We also recalled that, in the context of General Rel-
ativity, some of them are equivalent in vacuum for very simple kinds of metrics. Then
we discussed some possibilities for them to be extended to a metric-affine geometry and
focused on one of them, the Lichnerowicz criteria. The main motivation for this choice is
that this criterion reflects some common features between electromagnetic radiation and
gravitational waves. We therefore proposed a generalization of it and showed its impli-
cations for a particular geometry. For the metric (or, equivalently the pair formed by the
anholonomic metric and the coframe) we considered a Brinkmann space, whereas the
linear connection was chosen as a generalization of those studied in the works [174, 224].
We then collected the conditions this connection should satisfy in order to respect the pro-
posed generalization of the Lichnerowicz criteria. Finally, we analyzed some particular
cases providing several properties of the associated curvature, torsion and nonmetricity.

Limitations of this work/future directions

p We have concentrated here on generalizing the criteria used in Riemannian geom-
etry (i.e. with the Levi-Civita connection), but there are other conditions to be
taken into account, for instance, the symmetries of the metric (isometries). In the
Brinkmann case, the wave vector ∂v = kµ∂µ is indeed a Killing vector, which can
be seen in the fact that none of the metric components in the Brinkmann chart de-
pends on the v coordinate. Encouraged by this fact, one may also require the linear
connection to have zero Lie derivative in the direction of kµ. Since this is true for the
Levi-Civita part, it will be guaranteed whenever the distorsion tensor has zero Lie
derivative. For instance, for our configuration (5.5.56) expressed in the Brinkmann
chart, this condition gives essentially

0 = ∂vCµνkρ + kµkν∂vA
ρ + gµν∂vB

ρ . (5.6.1)
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Contracting appropriately this equation one obtains that all of the tensors that the
connection depends on must be v-independent. For Cµν this is true under the gen-
eralized Lichnerowicz criteria, but for Aµ and Bµ we get new conditions to be con-
sidered, which will obviously simplify further our geometries.

p It is also worth mentioning the role of the metric in theories beyond General Rel-
ativity. The criteria explained in [227] are defined in the context of the differential
equations of motion of General Relativity. So in order for our metric Ansatz to
be associated to gravitational radiation (in the sense of Lichnerowicz) it should be
guaranteed that the equations of motion of the theory for the metric sector are of the
same type. In the MAG case, this is true e.g. if the parameters of the action are such
that the Riemannian (Levi-Civita) quadratic part in the curvature gives the Gauss-
Bonnet invariant. In that case, the four dimensional theory becomes simply General
Relativity plus additional fields (torsion, nonmetricity and their derivatives). The
compatibility of the criteria with other theories that do not respect these require-
ments should be carefully studied. In addition, the precise physical meaning of
the generalized Lichnerowicz criterion (Definition 5.9) in relation to the dynamical
equations for the connection in each particular theory is another important ques-
tion to address. These points and their implications in the MAG theory are left for
future research.
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6 Exact GW solutions in quadratic MAG

If I had an hour to solve a problem I’d spend 55 minutes thinking about the
problem and 5 minutes thinking about solutions.

— Albert Einstein? (Actually, it is not clear whether
Einstein said this, but it is a nice quote)

As we have already commented in the previous chapter, the plane-fronted gravita-
tional waves generalize the basic properties of electromagnetic waves in flat spacetime
to the case of curved spacetime geometry. In the framework of GR, the theoretical study
of the gravitational waves has a long and rich history [225, 227, 235, 236, 240–260]. A
wide variety of exact gravitational plane wave solutions have been obtained in Poincaré
gauge gravity [224, 239, 261–271], in teleparallel gravity [272–277], in a number of mod-
ified gravity theories [278–281], as well as in supergravity [282–285] and in superstring
theories [286–292]. The higher-dimensional generalizations of the gravitational wave so-
lutions were discussed in [293–296].

The earlier studies [172–182] had demonstrated the existence of solutions of that kind
in the metric-affine theory of gravity with propagating torsion and nonmetricity fields.
For instance, in some of these studies the solutions were found for a specific set of param-
eters of the MAG Lagrangian (3.4.1) and by using the triplet technique [154, 162]. In the
present study, we will consider the full even parity Lagrangian together with a particular
Ansatz containing both torsion and nonmetricity.

The goal of this chapter, is to study plane gravitational waves for the general quadratic
MAG Lagrangian. Analyzing wave exact solutions is in fact a good approach to the un-
derstanding of the particle spectrum of these MAG models, extending the earlier results
[105, 297–302]. One good example was given in [271], where some parameters coming
from the wave analysis were found to be related to the masses of the spin-2± torsional
modes.

6.1 Lagrangian and Ansatz

6.1.1 Metric-affine setting

We are going to explore four-dimensional solutions for the gravitational action (3.4.1),
i.e., the most general even-parity quadratic metric-affine action with zero cosmological
constant. To simplify the notation we will simply denote the Lagrangian asL throughout
this chapter. We have removed the odd sector just for simplicity.

The Ansatz we chose is a plane wave configuration that we will describe in this sec-
tion in terms of the basic gravitational fields (gab,ϑ

a,ωa
b). Essentially, we will extend the

approach [174, 224, 271] in which the gravitational waves are patterned by the electro-
magnetic waves on a curved spacetime.

We fix the GL(D,R) gauge by choosing the metric to be the one of Minkowski space
in Cartesian coordinates:

gab = diag(+1,−1,−1,−1) . (6.1.1)
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104 6.1. Lagrangian and Ansatz

Now we specify the Ansatz for the coframe 1-form that is going to be1

ϑ0 =
1

2
(H + 1)du+ dv, (6.1.2)

ϑ1 =
1

2
(H − 1)du+ dv, (6.1.3)

ϑA = dxA, A = 2, 3, (6.1.4)

where H = H(u, xA). Here we continue using the family of indices A,B,C,D, ... for
the transversal directions of either the coframe or the coordinate basis (since they both
coincide in the transversal subspace according to (6.1.4)). We additionally introduce the
family of indices â, b̂, ... = 0, 1 for the non-transversal anholonomic indices. To sum up,
we have:

µ =
{
u, v, 2, 3︸︷︷︸

A

}
 xµ = (xu ≡ u, xv ≡ v, xA) , (6.1.5)

a =
{

0, 1︸︷︷︸
â

, 2, 3︸︷︷︸
A

}
 ϑa = (ϑâ,ϑA) . (6.1.6)

This choice for the coframe implies that the line element (i.e., the holonomic compo-
nents of the metric gµν) corresponds to a Brinkmann metric

ds2 = gabϑ
a ⊗ ϑb = 2dudv +Hdu2 − δABdxAdxB . (6.1.7)

Similarly as we did in the previous chapter, we introduce the wave 1-form k,

k := du (= ϑ0 − ϑ1) , (6.1.8)

which, as we saw, verifies k ∧ ?k = 0. This is just reflecting that eayk = ka = (1,−1, 0, 0)
is a null field, i.e., kaka = 0.

For the connection 1-form, we assume the form

ωa
b = −k

(
kaV

b + kbWa

)
+ kak

bU , U := Uaϑ
a, (6.1.9)

where three new vector variables are introduced: Wa, Va and Ua. These variables are
considered to be functions of the coordinates (u, xA) only.

The 1-form U , as well as W a and V a, are assumed to be orthogonal to the wave
covector, i.e.

k ∧ ?U = 0 (⇔ kaUa = 0) , (6.1.10)

kaW
a = 0, kaV

a = 0. (6.1.11)

These conditions are guaranteed if we choose these objects to be purely transversal (the
only non-vanishing components are those in the x2 and x3 directions). In other words,
they have the following form:

W a = δaAW
A(u, xB) , V a = δaA V

A(u, xB) , Ua = δAa UA(u, xB) . (6.1.12)

In total, our metric-affine Ansatz is described by 7 variables: H = H(u, xB), WA =
WA(u, xB), V A = V A(u, xB) and UA = UA(u, xB). These functions determine the wave
profile and their explicit form should be found from the equations of motion.

1We have introduce a factor of 2 in front of dv that does not appear in the article [1]. This and the changes
in the names of the free function H and the null coordinates are done just in order to use the same notation
for the Brinkmann metric as in the previous chapter. The extra factor of 2 is completely irrelevant for our
computations.
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Chapter 6. Exact GW solutions in quadratic MAG 105

One immediately verifies that the wave 1-form is closed, and the wave covector is
both, constant and covariantly constant:

dk = 0, dka = 0, Dka = 0. (6.1.13)

With this in mind, we compute the nonmetricity 1-form and the torsion and curvature
2-forms:

Qab = −2kk(a

(+)

W b) + 2kakbU , (6.1.14)

T a = −k ∧ ka Θ, (6.1.15)

Ra
b = k ∧

(
kadV

b + kbdWa

)
+ kak

bdU , (6.1.16)

where we introduced

Θ :=
1

2
dH +Waϑ

a +U =

(
1

2
∂AH − δABWB + UA

)
ϑA, (6.1.17)

(±)

W a := Wa ± Va , (6.1.18)

and the transversal exterior derivative d, which only acts in the 2-space spanned by xA =
(x2, x3):

d := ϑAeAyd = dxA∂A, A = 2, 3. (6.1.19)

From (6.1.16) we can immediately deduce

(R[ab] =:) W ab = k ∧
(−)

Ω [akb] , (6.1.20)

(R(ab) =:) Zab = k ∧
(+)

Ω (akb) + kakbdU , (6.1.21)

where

(±)

Ωa := d
(±)

W a = (δaA∂B
(±)

WA)ϑB . (6.1.22)

The new objects (6.1.17) and (6.1.22) verify the properties:

k ∧ ?Θ = 0, k ∧ ?
(±)

Ωa = 0 , ka
(±)

Ωa = 0 . (6.1.23)

Applying the transversal differential to (6.1.17), and making use of (6.1.22), we find

dΘ =
1

2
(
(+)

Ωa +
(−)

Ωa) ∧ ϑa + dU . (6.1.24)

This expression is essentially equivalent to the Bianchi identity DT a = Rb
a ∧ ϑb, which

can be immediately checked by applying D to (6.1.15) and using (6.1.16). It is worthwhile
to notice that

dU = k ∧ U̇ + dU , U̇ = (∂uUa)ϑ
a , (6.1.25)

where U̇ is transversal. This immediately implies

kbebydU = 0 (6.1.26)

or, equivalently,
k ∧ ?dU = 0 . (6.1.27)
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106 6.1. Lagrangian and Ansatz

Comments on the wave-like structure of R, T and Q

It is worthwhile to notice that the 2-forms of the gravitational gauge field strengths
(6.1.15) and (6.1.16) have the same structure as the electromagnetic field strength of a
plane wave, when U = 0. Indeed, we have (we also include the nonmetricity)

Qab = k qab, T a = k ∧ aa, Ra
b = k ∧ aab, (6.1.28)

where the objects qab := −(ka
(+)

W b + kb
(+)

W a), aa := − kaΘ and aab := kadV
b + kbdWa play

the role of the gravitational “polarization” forms, in complete analogy to the polarization
1-form A in the electromagnetic plane wave field F = k ∧A, which is orthogonal to the
wave covector k ∧ ?A = 0 (see Section 5.4).

By using Proposition 5.10, it can be easily checked that the generalized Lichnerowicz
criteria is fulfilled (indeed, also the nonmetricity verifies an analogous criterion):

k ∧ ?Qab = 0, k ∧ ?T a = 0, k ∧ ?Ra
b = 0, (6.1.29)

k ∧Qab = 0, k ∧ T a = 0, k ∧Ra
b = 0, (6.1.30)

Qab ∧ ?Qcd = 0, T a ∧ ?T b = 0, Ra
b ∧ ?Rc

d = 0, (6.1.31)

in complete analogy to the electromagnetic plane wave (see Section 5.4). This can be also
seen as a consequence of the following properties that the gravitational “polarization”
forms verify

k ∧ ?aa = 0, k ∧ ?aab = 0, (6.1.32)

kaqab = 0, kaa
a = 0, kbaa

b = 0, kaaa
b = 0. (6.1.33)

In addition to this discussion, notice that the following conditions are satisfied in
general (also for U 6= 0):

kaQab = 0, kaT
a = 0, kbRa

b = 0, kaRa
b = 0, . (6.1.34)

6.1.2 Transversal geometry. Useful properties

Although the geometry of the transversal 2-space spanned by xA = (x2, x3) is fairly
simple, it is convenient to describe it explicitly. This space is a flat Euclidean space with
metric δAB . As any other metric, it defines a canonical volume form and a Hodge star
operator on the transversal space:

volδ :=
1

2
EABϑA ∧ ϑB = dx2 ∧ dx3 (6.1.35)

?ϑA := EABϑB. (6.1.36)

where E23 ≡ ε23 = 1. Notice that this identification between the Levi-Civita tensor and
the Levi-Civita symbol can be done since

√
|δ| = 1.

It is not difficult to check that the canonical volume of the entire spacetime (associated
to gµν) can be rewritten as

ϑ0 ∧ ϑ1 ∧ ϑ2 ∧ ϑ3 ≡ volg = k ∧ dv ∧ volδ (6.1.37)

As a consequence of this, one can deduce

? k = −k ∧ volδ , (6.1.38)
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from which the following properties can be derived:

?(k ∧α) = k ∧ ?α , (6.1.39)
?(k ∧ β) = (kaβa)volδ , (6.1.40)

?α = ϑ0 ∧ ϑ1 ∧ ?α , (6.1.41)

where α = αAϑ
A is an arbitrary transversal 1-form and β = β0ϑ

0 + β1ϑ
1 is an arbitrary

non-transversal 1-form. If, in addition, the components of the transversal 1-form α only
depend on the coordinates u and xA, the following relation holds:

d(k ∧α) = −k ∧ dα . (6.1.42)

It also worth remarking that the dual of the transversal volume form is closed, i.e.,
d ? volδ = 0. This is an immediate consequence of

? volδ = ϑ0 ∧ ϑ1 = du ∧ dv . (6.1.43)

6.1.3 Auxiliary decomposition of Omega

For the irreducible decomposition of the curvature, it will be very useful to perform the

following splitting of
(±)

Ωa:

(±)

Ωa = (1)
(±)

Ωa + (2)
(±)

Ωa + (4)
(±)

Ωa, (6.1.44)

which read explicitly:

(1)
(±)

Ωa :=
1

2

((±)

Ωa + ϑbeay
(±)

Ω b − ϑaeby
(±)

Ω b
)
, (6.1.45)

(2)
(±)

Ωa :=
1

2

((±)

Ωa − ϑbeay
(±)

Ω b

)
, (6.1.46)

(4)
(±)

Ωa :=
1

2
ϑaeby

(±)

Ω b . (6.1.47)

Let us now analyze in more detail the components of these 1-forms:

p The objects (I)
(±)

ΩA are purely transversal, i.e., they can be expanded as (I)
(±)

ΩA =

(I)
(±)

ΩA
Bϑ

B . The matrices (I)
(±)

ΩA
B correspond to, respectively, the symmetric trace-

less part, the skew-symmetric part and the trace of the 2× 2 matrix ∂B
(±)

WA:

(1)
(±)

ΩA
B =

1

2

(
∂B

(±)

WA + ∂A
(±)

WB − δAB∂C
(±)

WC
)
, (6.1.48)

(2)
(±)

ΩA
B =

1

2

(
∂B

(±)

WA − ∂A
(±)

WB

)
, (6.1.49)

(4)
(±)

ΩA
B =

1

2
δAB∂C

(±)

WC . (6.1.50)

p On the contrary, (I)
(±)

Ω â are purely non-transversal 1-forms and are given by

(1)
(±)

Ω â = − (4)
(±)

Ω â = −1

2
ϑâeby

(±)

Ω b , (2)
(±)

Ω â = 0 . (6.1.51)

Notice that (1)
(±)

Ω â + (2)
(±)

Ω â + (4)
(±)

Ω â = 0, as it should be because
(±)

Ω â = 0.
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108 6.1. Lagrangian and Ansatz

With all of this information, one can demonstrate the following properties of these
1-forms:

p Antisymmetric part (ϑa ∧αa = α[ab]ϑ
ab)

ϑa ∧ (1)
(±)

Ωa = 0 , ϑa ∧ (2)
(±)

Ωa = ϑa ∧
(±)

Ωa , ϑa ∧ (4)
(±)

Ωa = 0 . (6.1.52)

p Trace (eayαa = αa
a)

eay
(1)

(±)

Ωa = −eay
(±)

Ωa , eay
(2)

(±)

Ωa = 0 , eay
(4)

(±)

Ωa = 2eay
(±)

Ωa . (6.1.53)

p Contraction of the external index with ka

ka
(1)

(±)

Ωa = −ka(4)
(±)

Ωa = −1

2
(eay

(±)

Ωa)k , ka
(2)

(±)

Ωa = 0 . (6.1.54)

p Contraction of the internal index with kb (k ∧ ?αa = ?(kbαb
a))

k ∧ ?(1)
(±)

Ωa = −k ∧ ?(4)
(±)

Ωa = −1

2
kaϑb ∧ ?

(±)

Ω b , k ∧ ?(2)
(±)

Ωa = 0 . (6.1.55)

6.1.4 Irreducible decompositions of T, Q and R

Taking into account (6.1.11) one can check, directly from (6.1.15), that the trace and the
totally symmetric part of the torsion vanish, i.e.,

eayT
a = 0 ϑa ∧ T a = 0 . (6.1.56)

This implies that, respectively, the second and third irreducible parts of the torsion are
zero. In other words, the torsion is purely tensorial, so its irreducible decomposition
reads:

(1)T a = T a = −k ∧ ka Θ , (6.1.57)
(2)T a = 0 (6.1.58)
(3)T a = 0 . (6.1.59)

Similarly it can be easily proven that the two traces of the nonmetricity (6.1.14) are
zero

eay↗Q ab = 0 , Qa
a = 0 . (6.1.60)

Hence, only the first and the second irreducible components survive. The decomposition
now is:

(1)Qab = −4

3
kk(a

(+)

W b) −
2

3
kakb

(+)

W cϑ
c +

4

3
kk(aUb) +

2

3
kakbU , , (6.1.61)

(2)Qab = −2

3
kk(a

(+)

W b) +
2

3
kakb

(+)

W cϑ
c − 4

3
kk(aUb) +

4

3
kakbU . (6.1.62)

(3)Qab = 0 (6.1.63)
(4)Qab = 0 . (6.1.64)

Finally, concerning the structure of the curvature Rab = W ab + Zab, five irreducible
pieces are trivial,

(3)W ab = (5)W ab = (6)W ab = 0 (3)Zab = (5)Zab = 0 , (6.1.65)
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whereas the rest can be expressed in terms of (I)
(±)

Ωa and U :

(1)W ab = k ∧ (1)
(−)

Ω [akb] , (6.1.66)

(2)W ab = k ∧ (2)
(−)

Ω [akb] , (6.1.67)

(4)W ab = k ∧ (4)
(−)

Ω [akb] , (6.1.68)

(1)Zab =
1

2
k ∧ (1)

(+)

Ω (akb) +
1

4
kakb ϑc ∧

(+)

Ω c +
1

2
k ∧ k(aeb)ydU +

1

2
kakbdU +

1

2
k ∧

(+)

Ω (akb) ,

(6.1.69)

(2)Zab =
1

2
k ∧ (2)

(+)

Ω (akb) − 1

4
kakbϑc ∧

(+)

Ω c − 1

2
k ∧ k(aeb)ydU +

1

2
kakbdU , (6.1.70)

(4)Zab =
1

2
k ∧ (4)

(+)

Ω (akb) . (6.1.71)

Notice that although some of the irreducible parts (I)
(±)

Ωa are not orthogonal to the
wave covector (see (6.1.54)), all irreducible parts of the curvature, nonmetricity and tor-
sion satisfy

ka
(I)W ab = 0 , ka

(I)Zab = 0 , ka(I)Qab = 0 , ka
(I)T a = 0 , (6.1.72)

in complete agreement with (6.1.34).

6.2 Equations of motion

6.2.1 Gravitational momenta

According to what we presented in Section 3.4.1, the gravitational momenta can be writ-
ten (in the absence of the odd sector):

H[g]ab =
2

κ
mab , H[ϑ]a =

1

κ
ha , H[ω]ab =

1

κ

(
−1

2
a0 ? ϑ

a
b + `2ρh

a
b

)
, (6.2.1)

where the mab, ha and hab are given by (3.4.9), (3.4.11) and (3.4.13), respectively. If we
impose the nullity of the trivial irreducible components of our Ansatz, i.e.,

(3)W ab = (5)W ab = (6)W ab = 0 , (3)Zab = (5)Zab = 0 ,

(3)Qab = (4)Qab = 0 , (2)T a = (4)T a = 0 , (6.2.2)

we get

mab = ?
[
b1

(1)Qab + b2
(2)Qab + c1e

(ayT b)
]
, (6.2.3)

ha = ?
[
a1T a − c1

(2)Qab ∧ ϑb
]
, (6.2.4)

h(ab) = ?
[
z1

(1)Zab + (z2 − v2)(2)Zab + (z4 + 2v4)(4)Zab

+
v2

2
ϑc ∧ (e(ay

(2)W c
b)) +

v4

2
ϑ(a| ∧ (e|c|y

(4)W c
|b))
]
, (6.2.5)

h[ab] = ?
[
w1

(1)W ab + w2
(2)W ab + w4

(4)W ab

+
v2

2
ϑc ∧ (e[ay

(2)Zc
b]) +

v4

2
ϑ[a ∧ (e|c|y

(4)Zc
b])
]
. (6.2.6)

In view of (6.1.72), we verify the orthogonality properties for the duals:

kam
ab = 0 , kaha = 0 , kah[ab] = 0 , kah(ab) = 0 . (6.2.7)
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Coframe momentum

From (6.2.4) it is straightforward to prove that

ha = − ?
[
kak ∧Ξ

]
, (6.2.8)

where we have introduced the following transversal 1-form

Ξ := a1 Θ− c1

(+)

WAϑ
A − 2c1U . (6.2.9)

Metric momentum

If we introduce

µa := c1eayΘ−
4b1 + 2b2

3

(+)

W a +
4(b1 − b2)

3
Ua , (6.2.10)

µ̌ := c1Θ +
2b1 − 2b2

3

(+)

W bϑ
b − 2b1 + 4b2

3
U , (6.2.11)

the equation (6.2.3) can be expressed

mab = ?
[
k ∧ µ(akb) − kakbµ̌

]
. (6.2.12)

Connection momentum

Finally, by substituting the irreducible components of the curvature for our Ansatz (6.1.67)-
(6.1.71) in (6.2.5) and (6.2.5), we obtain, respectively,

h[ab] = ?
[
k ∧

(w)

Υ [akb]
]
, h(ab) = ?

[
k ∧

(z)

Υ (akb) +
1

4
kakbΥ

]
, (6.2.13)

where we have introduce some auxiliary objects

(w)

Υ a := w1
(1)

(−)

Ωa + w2
(2)

(−)

Ωa + w4
(4)

(−)

Ωa −
v2

2
(2)

(+)

Ωa +
v4

2
(4)

(+)

Ωa +
v2

2
eaydU , (6.2.14)

(z)

Υ a := z1
(1)

(+)

Ωa +
z1 + z2 − v2

2
(2)

(+)

Ωa +
z1 + z4 + 2v4

2
(4)

(+)

Ωa

− v2

2
(2)

(−)

Ωa +
v4

2
(4)

(−)

Ωa +
z1 − z2 + v2

2
eaydU , (6.2.15)

Υ := ϑc ∧
[
(z1 − z2 + v2)

(+)

Ω c + v2

(−)

Ω c

]
+ 4z1k ∧ U̇ + 2(z1 + z2 − v2)dU . (6.2.16)

These objects have the following properties:

p The 1-forms
(w)

Υ A and
(z)

Υ A are purely transversal.

p The 1-forms
(w)

Υ â and
(z)

Υ â are purely non-transversal and can be expressed as:

(w)

Υ â =
1

4

(w)
ϕϑâ

(z)

Υ â =
1

4

(z)
ϕϑâ (6.2.17)

where we have introduced the scalar functions

(w)
ϕ := 2(w4 − w1) eby

(−)

Ω b + v4eby
(+)

Ω b , (6.2.18)
(z)
ϕ := (z4 − z1 + 2v4) eby

(+)

Ω b + v4 eby
(−)

Ω b . (6.2.19)
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If we take into account these properties it can be shown that

h[AB] = 0 , h[âb̂] = 0 , h[Aâ] =
1

2
k ∧ ?

(w)

Υ Akâ , (6.2.20)

h(AB) = 0 , h(âb̂) =
1

4
kâkb̂

(
?Υ − (z)

ϕvolδ

)
, h(Aâ) =

1

2
k ∧ ?

(z)

Υ Akâ . (6.2.21)

6.2.2 Dynamical equations and reduction of the derivatives

If we use Theorem 3.28, the gravitational equations of motion can be recast as

κ
δS

δϑa
=
a0

2
Rbc ∧ ?ϑbca −Dha , (6.2.22)

κ
δS

δωab
= −ϑa ∧ hb − 2ma

b +
a0

2
(T c ∧ ?ϑabc +Qac ∧ ?ϑcb)− `2ρ Dhab . (6.2.23)

Notice that we have already dropped qa from the first equation and the term proportional
toQ from the second one, since they vanish for our particular Ansatz.

For the derivative term of the coframe equation we use the structure of ha in (6.2.8)
to show that

ωa
b ∧ hb = ωa

bkb ∧ ?(...) = 0, (6.2.24)

which implies
Dha = dha . (6.2.25)

Finally, we have to deal with Dhab. We start by lowering the index a in the whole
equation, so the derivative term becomes

gcaDh
c
b = Dhab −Qca ∧ hcb . (6.2.26)

The last term vanishes if we take into account the orthogonality kchcb = 0 and the de-
composition (6.2.20)-(6.2.21). Similarly to the case of ha it can be shown that

ωa
b ∧ h[bc] = 0, ωa

b ∧ h(bc) = 0 , (6.2.27)

so,

gcaDh
c
b = dhab . (6.2.28)

These three results completely eliminate the exterior covariant derivative from the
equations of motion and reduce it to the ordinary exterior derivative in some cases. The
equations of motion after these substitutions read

κ
δS

δϑa
=
a0

2
Rbc ∧ ?ϑbca − dha , (6.2.29)

κgac
δS

δωcb
= −ϑa ∧ hb − 2mab +

a0

2
(?ϑabc ∧ T c +Qa

c ∧ ?ϑcb)− `2ρ dhab . (6.2.30)
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6.2.3 Coframe equation

Let us now focus on the coframe equation (6.2.29). The term with the curvature can be
expressed

R[bc]∧?ϑabc
(6.1.20)

= ?ϑabc∧k∧
(−)

Ω bkc = ... = ka?k eby
(−)

Ω b (6.1.38)
= −kak∧volδ eby

(−)

Ω b . (6.2.31)

In addition, according to (6.2.8),

ha = −ka ? (k ∧Ξ)
(6.1.39)

= − kak ∧ ?Ξ , (6.2.32)

and we can evaluate the exterior differential

dha = −kad(k ∧ ?Ξ)
(6.1.42)

= kak ∧ d ?Ξ . (6.2.33)

In conclusion, the equation of the coframe (6.2.29) can be recast as

− kak ∧
[a0

2
volδ eby

(−)

Ω b + d ?Ξ
]

= 0 . (6.2.34)

Notice that the free index a appears in a global ka, so it can be removed (only the compo-
nent “â” of the equation is non vanishing).

6.2.4 Connection equation

Now we are going to simplify the terms in (6.2.30). By evaluating the torsion (6.1.15) we
can easily rewrite the first term as

a0

2
? ϑabc ∧ T c = a0 ? k(e[ayΘ)kb]

(6.1.38)
= − a0k ∧ volδ (e[ayΘ)kb], (6.2.35)

For the following two terms we substitute the nonmetricity (6.1.14) and use ϑa ∧ hb =
− ? (eayhb)

a0

2
Qa

c ∧ ?ϑcb − ϑa ∧ hb = ?kνakb − kakb ? ν̌ + a0 ? kkaUb, (6.2.36)

(6.1.38)
= − k ∧ volδ(νakb + a0kaUb)− kakb ? ν̌ , (6.2.37)

where

νa := a1eayΘ− (
a0

2
+ c1)

(+)

W a − 2c1Ua , (6.2.38)

ν̌ := a1Θ + (
a0

2
− c1)

(+)

W aϑ
a − 2c1U . (6.2.39)

With all of this and after substituting (6.2.12), the equation of motion of the connection
(6.2.30) becomes

k ∧ volδ

[
− a0 (e[ayΘ)kb] − (νakb + a0kaUb) + 2µ(akb)

]
+ kakb ? (−ν̌ + 2µ̌)− `2ρ dhab = 0 .

(6.2.40)

From now on we are going to work separately with the symmetric and antisymmetric
parts of this equation which are, respectively,

k ∧ volδ

[
− (ν(akb) + a0k(aUb)) + 2µ(akb)

]
+ kakb ? (−ν̌ + 2µ̌)− `2ρ dh(ab) = 0 , (6.2.41)

k ∧ volδ

[
− a0 (e[ayΘ)kb] − (ν[akb] + a0k[aUb])

]
− `2ρ dh[ab] = 0 . (6.2.42)
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Finally, the derivative terms read

dh[ab] = −k ∧ d ?
(w)

Υ [akb], (6.2.43)

dh(ab) = d ? (k ∧
(z)

Υ (a)kb) +
1

4
kakbd ? Υ . (6.2.44)

Notice that in (6.2.44) we have the full differential instead of the transversal one. Its
evaluation is somewhat nontrivial.

Now that we have all of the ingredients, we are going to specialize to the subsets of
indices: a = (â, A), where â = 0, 1 and A = 2, 3. For this purpose, it is important to
keep in mind (6.2.20) and (6.2.21). Regarding the antisymmetric equation (6.2.42), only
the component “[Aâ]” is not trivial:

k ∧
[
volδ(a0eAyΘ + νA − a0UA)− `2ρ d ?

(w)

Υ A

]
kâ = 0. (6.2.45)

However, the symmetric part (6.2.41) encompasses two nontrivial components, “(âb̂)”
and “(Aâ)”, respectively,

kâkb̂

[
? (2µ̌− ν̌)−

`2ρ
4

d(?Υ − (z)
ϕvolδ)

]
= 0, (6.2.46)

k ∧
[
volδ(νA − 2µA + a0UA)− `2ρ d ?

(z)

Υ A

]
kâ = 0. (6.2.47)

Finally, let us rewrite a little bit the equation (6.2.46). Since from (6.2.16) we have

Υ = χvolδ + k ∧ ξ , (6.2.48)

with

ξ := 4z1U̇ , (6.2.49)

χ := EAB∂A
[
(z1 − z2 + 2v2)δCBW

C + (z1 − z2)δCBV
C + 2(z1 + z2 − v2)uB

]
. (6.2.50)

By using (6.1.41) and (6.1.39),

? Υ = χϑ0 ∧ ϑ1 + k ∧ ?ξ , (6.2.51)

which implies
d ? Υ = ϑ0 ∧ ϑ1 ∧ dχ− k ∧ d ?ξ. (6.2.52)

As a result, with the help of (6.1.41) and (6.2.52) we recast (6.2.46) into

ϑ0 ∧ ϑ1 ∧
[
?(2µ̌− ν̌)−

`2ρ
4

dχ
]

+
`2ρ
4
k ∧

[
volδ∂u

(z)
ϕ + d ?ξ

]
= 0. (6.2.53)
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6.2.5 Final set of equations in components

From the last two subsections we have obtained the following system of equations:

(EoM ϑa)â −k ∧
[a0

2
volδ eby

(−)

Ω b + d ?Ξ
]

= 0 ,

(6.2.54)

(EoM ωa
b)[Aâ] k ∧

[
volδ(a0eAyΘ + νA − a0UA)− `2ρ d ?

(w)

Υ A

]
= 0 ,

(6.2.55)

(EoM ωa
b)(âb̂) ϑ0 ∧ ϑ1 ∧

[
?(2µ̌− ν̌)−

`2ρ
4

dχ
]

+
`2ρ
4
k ∧

[
volδ∂u

(z)
ϕ + d ?ξ

]
= 0 ,

(6.2.56)

(EoM ωa
b)(Aâ) k ∧

[
volδ(νA − 2µA + a0UA)− `2ρ d?

(z)

Υ A

]
= 0 .

(6.2.57)

The final steps before the exploration of the space of solutions are: firstly, expanding
all of the objects in these equations (undoing all of the definitions) in terms of our basic
variables, which we will fix to be

{H,WA, V A, UA} (6.2.58)

(with the indices in that position); and, secondly, extracting the components of these
equations, i.e., eliminate the differential forms and express them as scalar differential
equations.

Since the metric gab is going to disappear from the equations and will be split into H
and δAB , it is useful to introduce the following notation for the basic vectorial variables
with the indices raised/lowered by the transversal flat metric (to be precise, its part with
signature (+,+,+))2

WA := δABW
B , VA := δABV

B , UA := δABUB , (6.2.59)

as well as the differential operator

∂A := δAB∂B . (6.2.60)

This convention is extremely important when we recast the 4-dimensional expressions in
the formulas (6.2.54)-(6.2.57) into the 2-dimensional transversal ones. In particular, one
should be always careful with ∂a,Wa, Va, and ua, when we specialize to a = A, since then

∂A = −∂A , WA = −WA , VA = −VA , uA = −UA . (6.2.61)

It is also convenient to introduce the transversal Laplacian

∆ := δAB∂A∂B (= ∂A∂
A = −∂A∂A) . (6.2.62)

2Let us insist on this detail to avoid confusion. In the previous chapter, we have been calling “transversal
metric” to the transversal part of the metric, i.e. gAB . But this is equal to −δAB .
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In components, the equations (6.2.54), (6.2.55) and (6.2.57) read

0 = −a1

2
∆H +

(a0

2
− c1 + a1

)
∂AW

A −
(a0

2
+ c1

)
∂AV

A − (a1 − 2c1)∂AU
A , (6.2.63)

0 =
a0 + a1

2
∂AH +

(
c1 −

a0 + 2a1

2

)
WA +

(a0

2
+ c1

)
VA + (a1 − 2c1)UA

−
`2ρ
4

[
2w1∆WA − 2w1∆VA + (2w4 + v4)∂A∂BW

B + (−2w4 + v4)∂A∂BV
B
]

−
`2ρ
4
EAB∂B

{
ECD

[
(−2w2 + v2)∂CWD + (2w2 + v2)∂CVD − 2v2∂CUD

]}
, (6.2.64)

0 =
a1 − 2c1

2
∂AH +

(a0

2
− a1 + 3c1 −

8b1 + 4b2
3

)
WA

+
(a0

2
+ c1 −

8b1 + 4b2
3

)
VA +

(
a0 + a1 − 4c1 −

8b1 − 8b2
3

)
UA

−
`2ρ
4

[
2z1∆WA + 2z1∆VA + (z1 + z4 + 3v4)∂A∂BW

B + (z1 + z4 + v4)∂A∂BV
B
]

−
`2ρ
4
EAB∂B

{
ECD

[
(−z1 − z2 + 2v2)∂CWD − (z1 + z2)∂CVD − 2(z1 − z2 + v2)∂CUD

]}
,

(6.2.65)

whereas, the equation (6.2.56) yields two equations:

0 =
2c1 − a1

2
∂AH +

(a0 + 2a1

2
− 3c1 −

4b1 − 4b2
3

)
WA+

+
(a0

2
− c1 −

4b1 − 4b2
3

)
VA +

(
4c1 − a1 −

4b1 + 8b2
3

)
UA

+
`2ρ
4
EAB∂B

{
ECD

[
(z1 − z2 + 2v2)∂CWD + (z1 − z2)∂CVD + 2(z1 + z2 − v2)∂CUD

]}
,

(6.2.66)

0 = ∂u

[
(z4 − z1 + 3v4)∂AW

A + (z4 − z1 + v4)∂AV
A − 4z1∂AU

A
]
. (6.2.67)

The total number of equations (6.2.63)-(6.2.66) is 7, which coincides with the number
of unknown variables H,WA, V A, UA; so it is expected that one can find the latter as
functions of transversal coordinates xA. The additional equation (6.2.67) does not make
the system over-determined, since it merely fixes the dependence on u.

6.3 Particular solutions

We are now in a position to solve the field equations (6.2.63)-(6.2.67). Before studying the
general case, we are going to check some particular ones.

6.3.1 Riemannian gravitational waves

The nonmetricity (6.1.14) and the torsion (6.1.15) vanish whenU = 0,
(+)

W a = 0, and Θ = 0
which is realized for

WA = −V A =
1

2
δAB∂BH. (6.3.1)

Substituting this into our equations, we find that (6.2.66) is identically satisfied, the equa-
tion of motion of the coframe (6.2.63) becomes

a0∆H = 0 , (6.3.2)
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whereas the rest reduce to

v4∂u∆H = 0 , (6.3.3)

`2ρ(w1 + w4)∂A∆H = 0 , (6.3.4)

`2ρv4∂A∆H = 0. (6.3.5)

An immediate conclusion is that the well-known plane wave solution of GR, with the
function H satisfying the Laplace equation in the transversal space, is an exact solution
of the general quadratic MAG model. Notice that this is consistent with earlier results on
the torsion-free solutions in Poincaré gauge theory [96, 303, 304].

In fact, there is a very strong result that one can derive from here. According to the
results in [162], the Riemannian wave (6.3.1)-(6.3.2) is not just a particular solution but
the only possible solution for the purely torsion + nonmetricity quadratic class of MAG
models (wI = 0, zI = 0, vI = 0), except for two special choices of the coupling constants:

− a1 =
a2

2
= 2a3 = 2c1 = −c2 = −c3 = a0 , (6.3.6)

4b1 = 2b2 = −8b3 =
8b4
3

= 2b5 = a0 . (6.3.7)

6.3.2 (General) Teleparallel solutions

In this subsection we consider the general teleparallel solutions, i.e., configurations sat-
isfying the condition of zero curvature, Ra

b = 0. In the framework of MAG, the torsion
and the nonmetricity are nontrivial and can propagate, as long as the curvature is zero.

The curvature (6.1.16) vanishes if and only if

dW a = 0 , dV a = 0 , dU = 0 . (6.3.8)

These conditions tell that WA and V A are independent of the transversal coordinates,
whereas UA is pure gradient and independent of u:

W a = W a(u) , V a = V a(u) , UA =
1

2
∂A U(xB) . (6.3.9)

Under these conditions, (6.2.67) is identically fulfilled, while the three equations (6.2.66),
(6.2.64) and (6.2.65) after a lengthy but straightforward derivation can be recast into the
algebraic system

(a0 − 4b1)ΦA = 0 , (6.3.10)
3(a0 + 2c1)ΘA + 2(a0 + 2b2)ΨA = 0 , (6.3.11)

2(a0 + a1) ΘA + (a0 + 2c1)ΨA = 0 , (6.3.12)

where we introduced the abbreviations

ΘA ≡ eAyΘ =
1

2
∂AH −WA + UA , (6.3.13)

ΦA := WA + VA + UA , (6.3.14)
ΨA := WA + VA − 2UA . (6.3.15)

Besides, the equation of the coframe (6.2.63) is reduced to

a1∆H + (a1 − 2c1)∆U = 0. (6.3.16)
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If we write the previous system (6.3.10)-(6.3.12) in matrix form, 0 (a0 − 4b1) 0
2(a0 + a1) 0 (a0 + 2c1)
3(a0 + 2c1) 0 2(a0 + 2b2)

 ΘA

ΦA
ΨA

 = 0, (6.3.17)

we conclude that a nontrivial solution exists whenever the determinant vanishes, i.e.

(a0 − 4b1)
[
3(a0 + 2c1)2 − 4(a0 + a1)(a0 + 2b2)

]
= 0 . (6.3.18)

This must be seen as a restriction on the coupling constants of the general Lagrangian
(3.4.1). Only the MAG models for which this condition holds, admit (nontrivial) telepar-
allel gravitational waves.

Let us clarify what happens if the determinant is not zero (i.e. what we mean by
“trivial” solution). In principle, the only possible solution is ΘA = ΦA = ΨA = 0. It
is not difficult to check that this implies that the nonmetricity and the torsion are zero.
Then, the connection is Levi-Civita. Therefore the curvature (which is zero by hypothesis)
coincides with the one of the metric. The only geometry compatible with this condition
is the Minkowski space.

6.3.3 Weitzenböck solutions (standard teleparallelism)

The nonmetricity (6.1.14) is zero if and only if

(+)

W a = 0
(
⇔ W a(u, xB) = −V a(u, xB)

)
, U = 0 . (6.3.19)

Then, for the standard teleparallel setting we have

− V A = WA = WA(u) , U = 0 (6.3.20)

which, in terms of the auxiliary variables (6.3.13)-(6.3.15), corresponds to

ΘA =
1

2
∂AH −WA , ΦA = ΨA = 0 . (6.3.21)

The system (6.3.10)-(6.3.12) is considerably simplified

(a0 + 2c1)ΘA = 0 , (a0 + a1) ΘA = 0 . (6.3.22)

The torsion is controlled by the value of ΘA, so a nontrivial solution only exists in a class
of quadratic models restricted by the conditions

a0 + a1 = 0, 2c1 + a0 = 0 . (6.3.23)

In addition, the equation of the coframe (6.3.16) becomes

a1∆H = 0
(6.3.23)−−−−→ a0∆H = 0 . (6.3.24)

Then, the metric structure coincides with the solution of GR, whereas the torsion will be
determined by the non-vanishing ΘA.
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6.3.4 Symmetric teleparallel solutions

Symmetric teleparallel geometry is characterized by the vanishing curvature and torsion,
along with a nontrivial nonmetricity [108, 273–275, 305–307]. The torsion (6.1.15) is zero
under the conditions

Θ = 0
(
⇔ 1

2∂AH(u, xB)−WA(u, xB) + UA(u, xB) = 0
)
. (6.3.25)

This, together with the conditions (6.3.9) for the nullity of the curvature gives

W a = W a(u) , V a = V a(u) , UA =
1

2
∂A U(xB) , ∂A(H + U)− 2WA = 0 . (6.3.26)

If we take the derivative ∂A of the last condition, since uWA is independent of xB , gives

∆(H + U) = 0 . (6.3.27)

This allows to rewrite the equation of the coframe (6.3.16) as

c1∆H = 0 . (6.3.28)

The algebraic system (6.3.10)-(6.3.12) is simplified to

(a0 − 4b1)ΦA = 0 , (a0 + 2b2)ΨA = 0 , (a0 + 2c1)ΨA = 0 . (6.3.29)

Consequently, nontrivial symmetric teleparallel wave solutions exist when ΦA 6= 0
or ΨA 6= 0. Otherwise, solutions reduce to the flat Minkowski spacetime. Moreover, the
general solutions (with nontrivial ΦA and ΨA) are only allowed in those MAG models
fulfilling

a0 − 4b1 = 0 , a0 + 2b2 = 0 , c1 +
a0

2
= 0 . (6.3.30)

6.4 General solutions

6.4.1 Potential-copotential decomposition and splitting of the equations

The first step to find the general solution will be to perform an appropriate splitting of the
two independent components contained in each of our vector variables: WA, V A and UA.
Since they are defined in a flat 2-dimensional space, we can consider a decomposition of
the type:

WA =
1

2

(
∂AW + EAB∂BW

)
, (6.4.1)

V A =
1

2

(
∂AV + EAB∂BV

)
, (6.4.2)

UA =
1

2

(
∂AU + EAB ∂B U

)
. (6.4.3)

Physically, the six new variables W,V,U (potentials) and W,V,U (copotentials) are ana-
logues of the well-known Hertz potentials in classical electrodynamics. The overline
denotes the three parity-odd variablesW,V,U to distinguish them from the parity-even
variables U,W,V,U . These decompositions are quite practical because if we have

FA =
1

2

(
∂AF + EAB∂BF

)
, (6.4.4)
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then one immediately shows that

∂AF
A =

1

2
∆F and EAB∂BFA =

1

2
∆F . (6.4.5)

In our system of dynamical equations (6.2.63)- (6.2.67), there are two types of equa-
tions depending on the number of free indices. The equations (6.2.63) and (6.2.67) do not
have free indices and depend only on the divergences of WA, V A and UA. Therefore,
only the potentials appear on them. These equations can be recast, respectively, as

0 = −a1∆H +
(a0

2
− c1 + a1

)
∆W −

(a0

2
+ c1

)
∆V − (a1 − 2c1)∆U , (6.4.6)

0 = ∂u

[
(z4 − z1 + 3v4) ∆W + (z4 − z1 + v4) ∆V − 4z1 ∆U

]
. (6.4.7)

Let us now focus on the other three equations (6.2.64)- (6.2.66), which have a free
transversal index. The idea that we are going to apply to each of them is the following:
the entire equation can be seen as some transversal vector equal to zero, and such vector
admits a decomposition of the type (6.4.4). A vector decomposed in this way is zero if
and only if its potential and copotential vanish up to a harmonic function. Then, the three
equations are split into six (with one less derivative) with an arbitrary harmonic function
as an inhomogeneous term. However, we have six variables in (6.4.1)-(6.4.3) and the
equations are linear, so we have enough freedom in general to absorb those harmonic
functions by redefining the variables {W,V,U ,W,V,U}. After applying this procedure
to (6.2.64) (component “[A, â]” of the equation of the connection) we get,

0 = (a0 + a1)H +
(
c1 −

a0 + 2a1

2

)
W +

(a0

2
+ c1

)
V + (a1 − 2c1)U

−
`2ρ
4

[
(2w1 + 2w4 + v4)∆W − (2w1 + 2w4 − v4)∆V

]
, (6.4.8)

0 =
(
c1 −

a0 + 2a1

2

)
W +

(a0

2
+ c1

)
V + (a1 − 2c1)U

−
`2ρ
4

[
(2w1 + 2w2 − v2)∆W − (2w1 + 2w2 + v2)∆V + 2v2∆U

]
. (6.4.9)

If we do the same for (6.2.65) (component “(A, â)” of the equation of the connection) the
result is

0 = (a1 − 2c1)H +
(a0

2
− a1 + 3c1 −

8b1 + 4b2
3

)
W +

(a0

2
+ c1 −

8b1 + 4b2
3

)
V

+
(
a0 + a1 − 4c1 −

8b1 − 8b2
3

)
U −

`2ρ
4

[
(3z1 + z4 + 3v4)∆W + (3z1 + z4 + v4)∆V

]
,

(6.4.10)

0 =
(a0

2
− a1 + 3c1 −

8b1 + 4b2
3

)
W +

(a0

2
+ c1 −

8b1 + 4b2
3

)
V +

(
a0 + a1 − 4c1 −

8b1 − 8b2
3

)
U

−
`2ρ
4

[
(3z1 + z2 − 2v2)∆W + (3z1 + z2)∆V + 2(z1 − z2 + v2)∆U

]
. (6.4.11)

And, finally, for (6.2.66) (part of the component “(â, b̂)” of the equation of the connection)
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we obtain the following two conditions:

0 = (2c1 − a1)H +
(a0 + 2a1

2
− 3c1 −

4b1 − 4b2
3

)
W

+
(a0

2
− c1 −

4b1 − 4b2
3

)
V +

(
4c1 − a1 −

4b1 + 8b2
3

)
U , (6.4.12)

0 =
(a0 + 2a1

2
− 3c1 −

4b1 − 4b2
3

)
W +

(a0

2
− c1 −

4b1 − 4b2
3

)
V +

(
4c1 − a1 −

4b1 + 8b2
3

)
U

−
`2ρ
4

[
(z1 − z2 + 2v2)∆W + (z1 − z2)∆V + 2(z1 + z2 − v2)∆U

]
. (6.4.13)

It is worth noticing that after this splitting, the even-parity variables and the odd-parity
ones do not mix in the same equation. In other words, we have obtained two uncoupled
systems of equations: one, with four equations, for the potentials and H , and another
system of three equations for the copotentials. This is a consequence of the fact that
the Lagrangian only contains even parity invariants. If we had included the odd parity
sector, this separation does not generically happen. Good examples of the failure of this
decoupling in the presence of odd-parity invariants can be found in [224, 271], in the
context of Poincaré gauge gravity.

The analysis of this system of equations is considerably simplified by a convenient
choice of variables. The key to this is discovered when we substitute (6.4.1)-(6.4.3) into
(6.3.13)-(6.3.15), which yields

ΘA =
1

2

(
∂AX1 + EAB∂BX 1

)
, (6.4.14)

ΦA =
1

2

(
∂AX2 + EAB∂BX 2

)
, (6.4.15)

ΨA =
1

2

(
∂AX3 + EAB∂BX 3

)
, (6.4.16)

where

X1 = H −W + U , X 1 = −W + U ,
X2 =W + V + U , X 2 =W + V + U ,
X3 =W + V − 2U , X 3 =W + V − 2U . (6.4.17)

We choose these, together with
X0 =W −V (6.4.18)

as the new set of variables. The inverse relations are

H =
1

2
X0 + X1 +

1

2
X3 ,

W =
1

2
X0 +

1

3
X2 +

1

6
X3 , W = −X 1 +

1

3
X 2 −

1

3
X 3 ,

V = − 1

2
X0 +

1

3
X2 +

1

6
X3 , V = X 1 +

1

3
X 2 +

2

3
X 3 ,

U =
1

3
X2 −

1

3
X3 , U =

1

3
X 2 −

1

3
X 3 . (6.4.19)

In the following two subsections we will provide the final form of our dynamical equa-
tions in terms of these new variables and analyze each sector separately.
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6.4.2 Analysis of the even-parity sector

Substituting (6.4.19) into the field equations, we recast (6.4.12), (6.4.8), (6.4.10), (6.4.6),
(6.4.7), respectively, into

0 = (2c1 − a1)X1 +
1

3
(a0 − 4b1)X2 +

[
− a0

2
− c1 +

2

3
(a0 + 2b2)

]
X3 , (6.4.20)

0 = (a0 + a1)X1 +
(a0

2
+ c1

)
X3 −

`2ρ
4

[
2(w1 + w4)∆X0 +

2

3
v4∆X2 +

1

3
v4∆X3

]
,

(6.4.21)

0 = (a1 − 2c1)X1 +
2

3
(a0 − 4b1)X2 +

[a0

2
+ c1 −

2

3
(a0 + 2b2)

]
X3

−
`2ρ
4

[
v4∆X0 +

2

3
(3z1 + z4 + 2v4)∆X2 +

1

3
(3z1 + z4 + 2v4)∆X3

]
, (6.4.22)

0 =
a0

2
∆X0 − a1∆X1 − c1∆X3 , (6.4.23)

0 = ∂u

[
v4∆X0 +

2

3
(z4 − 3z1 + 2v4)∆X2 +

1

3
(z4 + 3z1 + 2v4)∆X 3

]
. (6.4.24)

It is important to notice the existence of a very special solution of this system. If we
take X2 = 0 and X3 = 0 or, equivalently

U = 0 , W = −V , (6.4.25)

the remaining system for X0 and X1 can be recast into

v4∆X0 = 0, (2c1−a1)X1 = 0, −a0

2
∆X0+a1∆X1 = 0, (a0+a1)X1−

`2ρ
2

(w1+w4)∆X0 = 0.

(6.4.26)
Assuming v4 6= 0 and a1 6= 2c1, we find ∆X0 = 0 = X1 and the four equations (6.4.26)
are automatically satisfied. In summary, we have found the solution for which the even-
parity variables fulfill

∆H = 0, W = −V = U, U = 0 , (6.4.27)

and this describes the massless graviton mode.
In general, (6.4.20)-(6.4.24) is a second order differential systems with constant coeffi-

cients, for which solutions are sought in the form

XI = X (0)
I (u) ei qA x

A
, I = 0, 1, 2, 3 . (6.4.28)

Under this Ansatz, the first four equations (6.4.20)-(6.4.23) become an algebraic system
for the amplitudes X (0)

I which, in matrix form, reads
−a0

2 a1 0 c1

0 2c1 − a1
1
3(a0 − 4b1) −a0

2 − c1 + 2
3(a0 + 2b2)

2(w1 + w4)Q2 a0 + a1
2
3v4Q2 a0

2 + c1 + 1
3v4Q2

Q2v4 0 a0 − 4b1 + 2
3Q

2λ0
1
3Q

2λ0




X (0)

0

X (0)
1

X (0)
2

X (0)
3

 = 0.

(6.4.29)
Here we are denoting

Q2 :=
`2ρ
4
qAqBδ

AB , λ0 := 3z1 + z4 + 2v4 . (6.4.30)
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In order to have non-trivial solutions, the determinant of the 4 × 4 matrix in (6.4.29)
must vanish. It is interesting to notice that, although the matrix is 4 × 4, the quantity
Q2 only appears in two rows of it. Then, the condition of vanishing determinant is a
quadratic equation in the variable Q2. In [271], it was proven that the solutions of such
quadratic equation in PG are related to the masses of the spin-2± torsional modes of
PG around Minkowski spacetime. Since we do not currently have a detailed analysis of
the full spectrum of MAG,3 we cannot make a strong statement here. Nevertheless, we
conjecture that something similar will happen in our MAG model.

Finally, the remaining field equation (6.4.24) constrains the u-dependence of the even-
parity amplitudes imposing the relation

v4 ∂uX (0)
0 +

2

3
(z4 − 3z1 + 2v4)∂uX (0)

2 +
1

3
(z4 + 3z1 + 2v4) ∂uX (0)

3 = 0 . (6.4.31)

6.4.3 Analysis of the odd sector

Similarly as we did for the even sector, the substitution of (6.4.19) into the field equations
allows to recast (6.4.13), (6.4.9) and (6.4.10), respectively, into

0 = (2c1 − a1)X 1 +
1

3
(a0 − 4b1)X 2 +

[
− a0

2
− c1 +

2

3
(a0 + 2b2)

]
X 3

−
`2ρ
4

[
− 2v2∆X 1 +

4

3
z1∆X 2 −

1

3
(z1 + 3z2)∆X 3

]
, (6.4.32)

0 = (a0 + a1)X 1 +
(a0

2
+ c1

)
X 3 −

`2ρ
4

[
− 4(w1 + w2)∆X 1 − (2w1 + 2w2 + v2)∆X 3

]
,

(6.4.33)

0 = (a1 − 2c1)X 1 +
2

3
(a0 − 4b1)X 2 +

[a0

2
+ c1 −

2

3
(a0 + 2b2)

]
X 3

−
`2ρ
4

[
2v2∆X 1 +

8

3
z1∆X 2 +

1

3
(z1 + 3z2)∆X 3

]
. (6.4.34)

A peculiar property of this system is that the variable X 2 is decoupled from the other
two. To see this, let us construct an equivalent system of equations. We take the sum
(6.4.32) and (6.4.34), which yields an equation exclusively for X 2. Then, we add (6.4.32)
and (6.4.33) and use the latter to eliminate X 2. The resulting equations, together with
(6.4.33), read

0 = (a0 − 4b1)X 2 − `2ρz1∆X 2 , (6.4.35)

0 = (a0 + 2c1)X 1 +
2

3
(a0 + 2b2)X 3

−
`2ρ
4

{
−2 [2w1 + 2w2 + v2] ∆X 1 −

[
2w1 + 2w2 + v2 +

1

3
(z1 + 3z2)

]
∆X 3

}
,

(6.4.36)

0 = (a0 + a1)X 1 +
(a0

2
+ c1

)
X 3

−
`2ρ
4

[
− 4(w1 + w2)∆X 1 − (2w1 + 2w2 + v2)∆X 3

]
. (6.4.37)

Again, we consider solutions of the following form:

X J = X (0)
J (u) eiqAx

A
, J = 1, 2, 3, (6.4.38)

3Some preliminary steps are shown in Chapter 10.
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where qA is of course not necessarily equal to the qA introduced in (6.4.28).

For the odd sector, the resulting algebraic system for the amplitudes X (0)
I has the

following matrix form:
0 a0 − 4b1 + 4z1Q2 0

a0 + 2c1 − 2Q2λ2 0 2
3(a0 + 2b2)−Q2(λ2 + λ3)

a0 + a1 −Q2λ1 0 a0
2 + c1 −Q2λ2



X (0)

1

X (0)
2

X (0)
3

 = 0.

(6.4.39)
Here we introduced

Q2 :=
`2ρ
4
qAqBδ

AB , (6.4.40)

and the abbreviations

λ1 := 4(w1 + w2) , λ2 := 2(w1 + w2) + v2 , λ3 :=
1

3
(z1 + 3z2) . (6.4.41)

The system (6.4.39) shows that there are three propagating parity-odd modes which
are determined by

a0 − 4b1 + 4z1Q2 = 0, AQ4 + BQ2 + C = 0 , (6.4.42)

where we denoted the combinations of the coupling constants

A := 2λ2
2 + λ1(λ2 + λ3) , (6.4.43)

B := −4
(a0

2
+ c1

)
λ2 + (a0 + a1)(λ2 + λ3)− 2

3
(a0 + 2b2)λ1 , (6.4.44)

C := 2
(a0

2
+ c1

)2
− 2

3
(a0 + 2b2)(a0 + a1) . (6.4.45)

Since the equation (6.4.7) (the only one that constrains the u-dependence) is inde-
pendent of the copotentials, the parity-odd amplitudes X (0)

I = X (0)
I (u), J = 1, 2, 3, are

arbitrary functions of u.

6.4.4 “Pseudo-instanton” solutions

In the article [178], Vassiliev considered the particular class of MAG models containing
only the ((I)W ab)2 and ((I)Zab)2 invariants. In other words, the considered Lagrangian is
(3.4.1) with a1 = a2 = a3 = 0, b1 = · · · = b5 = 0, c1 = c2 = c3 = 0 and also vI = 0.
In this context, Vassiliev defined “pseudo-instantons” as those solutions of the vacuum
MAG field equations with metric-compatible connection and purely irreducible curvature. The
idea of this section is to explore if solutions of this kind are allowed under our particular
Ansatz for the gravitational variables (6.1.2)-(6.1.4) and (6.1.9).

For our wave Ansatz, trivial nonmetricityQab = 0 means thatU = 0 andWA = −V A.
In terms of potentials and copotentials, this condition is given by

U = U = 0 , W = −V , W = −V , (6.4.46)

or equivalently

X0 = 2W , X1 = H −W , X2 = X3 = 0 , (6.4.47)

X 1 = −W , X 2 = X 3 = 0 . (6.4.48)
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Consider the general curvature quadratic model, i.e., all of the parameters (including
a0) vanish except wI , zJ , and vK . Under the conditions (6.4.48), our MAG field equations
reduce to

∆W = 0, ∆W = 0. (6.4.49)

By virtue of the decomposition (6.4.1), we find

∂AW
A = 0, EAB∂AWB = 0 (6.4.50)

and, therefore, from (6.1.48)-(6.1.50) and (6.4.46) we conclude that

(2)
(−)

Ωa = (4)
(−)

Ωa = 0,
(+)

Ωa = 0 (i.e.,(I)
(+)

Ωa = 0 ∀I). (6.4.51)

The resulting curvature is
Ra

b = (1)W a
b , (6.4.52)

which is purely irreducible and, hence, a “pseudo-instanton” solution in the sense of
[178]. We have found that all metric-compatible solutions respecting our Ansatz are
Weyl-pseudo-instantons (i.e. the curvature is equal to (1)W a

b which is the generalization
of the Weyl tensor to metric-affine geometry).

6.5 Conclusions

In this chapter we have considered the Lagrangian (3.4.1), which contains all possible
parity-even linear and quadratic invariants in curvature, torsion and nonmetricity. The
cosmological constant has been dropped for simplicity and the work has been focused on
vacuum solutions (i.e., zero energy-momentum and hypermomentum content). We as-
sumed a pp-wave Ansatz for the coframe (6.1.2)-(6.1.4) and the linear connection (6.1.9).
The resulting curvature, torsion and nonmetricity exhibit very special structure (see Sec-
tion 6.1.4).

We have shown that the pp-wave solutions of GR and teleparallel gravity arise as
special cases of our solutions.

We have extended the method used in [224] to MAG under our particular Ansatz. We
first performed a Helmholtz-like decomposition of each of the three transversal 2-vectors
WA, V A and UA into its scalar potential and copotential. The MAG dynamical equations,
when written in terms of these six variables, together with the function H from the pp-
wave metric Ansatz, constitute a system of eight equations (6.4.6)-(6.4.13). The equation
(6.2.67) (equivalently (6.4.7) in terms of the potentials), constrains the dependence on
the null coordinate u, whereas the remaining seven equations are of the Helmholtz or
screened Laplace type and determine the seven unknown variables as the functions of
transversal coordinates xA.

The structure of the field equations is very special and allows to decouple the parity-
even (the three potentials and H) and the parity-odd (the three copotentials) variables
into two separate sets of equations. As we mentioned above, this decoupling is a conse-
quence of the absence of parity-odd invariants in the action. We considered the standard
exponential substitution (6.4.28) and (6.4.38) for the seven scalar variables, extracting the
transversal dependence in a plane-wave-like factor. After substituting this into our dy-
namical equations, they can be rewritten as an algebraic system of equations for the wave
amplitudes.

We took advantage of the previous result and focused on the type models in which the
Lagrangian is constructed only from the curvature invariants, whereas the quadratic in
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torsion and nonmetricity terms are set to zero. In this context we checked that “pseudo-
instanton” solutions (in the sense of [178]) are allowed under our Ansatz and we found
the general solution, which are of the Weyl-pseudo-instanton type.

It is important to stress that most of our results were obtained without or under very
mild restrictions imposed on the parameters (coupling constants) of the action. Therefore,
the resulting geometries are exact solutions for large families of MAG models of the type
(3.4.1), and not for specific sets of parameters.

Limitations of this work/future directions

Finally, we comment on the possible future directions arising from the limitations (hy-
pothesis) of this work. One possibility is of course to consider other Ansatz for the geom-
etry (a Kundt metric Ansatz for gµν or connections with other nonvanishing irreducible
parts...). The other option is, instead, modifying the Lagrangian. One could then search
for:

p Solutions with non-vanishing cosmological constant. This case would require
important modifications in the Ansatz for the coframe (along the lines of [296] and
[271]).

p Solutions with a nontrivial odd-parity gravitational sector. This direction could
be very relevant since a possible violation of parity is widely discussed in the cur-
rent literature [308–316].

p Non-vacuum solutions. It is also interesting to consider solutions in the presence of
some realistic (but simple) matter distributions such as in-falling dust or collapsing
spheres of relativistic particles.
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7 On the stability of gravitational theories

People who want to improve should take their defeats as lessons, and endeavor
to learn what to avoid in the future. You must also have the courage of your
convictions. If you think your move is good, make it.

— José Raúl Capablanca

When we extend a well-behaved theory by introducing new degrees of freedom, we
often pay attention just to the contributions to those physical observables we are inter-
ested in. However, it is important to adopt a broader perspective, because some fields
or couplings can render unstable behaviors, for instance. In some cases, the instability
appears just in some backgrounds, invalidating them as reliable models, but in others, its
presence can spoil the general dynamics of the theory. In this chapter we are going to fo-
cus on revising some basic types of instabilities that usually appear in modified theories
of gravity.

7.1 Introduction: stability in field theory

The intuitive notion of stability corresponds to the idea that if we slightly perturb a sys-
tem, the resulting evolution should not be so different with respect to the unperturbed
one, for instance, oscillating around it. In particular, if there are dissipative effects, one
would expect the system to evolve towards the unperturbed solution. These can be for-
malized in the framework of dynamical systems: that perturbative excitations of the orig-
inal trajectory with sufficiently small amplitude will remain in certain neighborhood of
the original solution in phase space. Usually, in theoretical physics, we require our mod-
els (by this we mean a solution of a particular theory) to be perturbatively well-behaved.
Therefore it is crucial to know and identify the instabilities that can invalidate them.

In principle, we can separate the instabilities into two groups: those that manifest in
particular backgrounds (background-dependent) and those that are intrinsic to the the-
ory. The first ones indicate that the chosen model is problematic and, generally, should
not be treated as a reliable physical model (e.g. in the context of cosmology, it would
not describe the real Universe). The second ones are more severe since the propagating
unstable modes will generically be present around any solution, implying that the entire
theory is pathological. In this chapter we are going to focus on four types of instabil-
ities, gradient ones, tachyons, ghosts and strong coupling.1 For the description of the
pathologies, we base our discussion on the references [317–319].

Modified theories of gravity are usually intricate theories with several degrees of free-
dom coupled in very complicated ways. If a potentially problematic term is noticed, it
must be checked whether the instability is actually present or if some miracle could pre-
vent the dynamics from the unstable behavior [320] (in Section 7.2 we will see the case of
R̊2 gravity, which is an example of such miracle).

1Another relevant one, which is worth remarking, is the stability under quantum corrections. This is an
extra test that classically stable theories have to pass.
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7.1.1 Background stability I: Gradient instabilities, tachyons and ghosts

Consider a field theory in Minkowski space for certain scalar Φ. Suppose that we perform
a perturbative expansion Φ = Φ0 + φ around some background solution Φ0. The action
for the perturbation (at the lowest order) will be something like

L = F1(Φ0)φ̇2 − F2(Φ0)|~∇φ|2 − F3(Φ0)φ2 . (7.1.1)

Let us assume now a slow-varying background, i.e. that ∂Φ0
Φ0
� ∂φ

φ .2 In that case, the
previous Lagrangian can be recast as

L =
1

2a
φ̇2 − 1

2
b|~∇φ|2 − 1

2
m2φ2 where b,m2 ∈ R, a ∈ R \ {0} . (7.1.2)

Here the dot represents the time derivative ∂0 of the field, ~∇ is the gradient operator in
R3 and |.| is the module taken with the Euclidean metric of R3. The equations of motion
are

φ̈ = a(b~∇2φ−m2φ) . (7.1.3)

If we now take the Fourier transform of the field

φ̂(k) :=
1√
2π

�
R3

e−ikµxµφ(x) dtd3x , kµ = (ω,~k), (7.1.4)

we get the following dispersion relation

ω2 = a(b|~k|2 +m2) . (7.1.5)

Notice that depending on the values of {a, b,m2}we might be allowing modes with imag-
inary frequencies, i.e. exponentially growing/decaying modes.

The corresponding Hamiltonian functional is3

H[φ, π] =

�
d3x

1

2

(
aπ2 + b|~∇φ|2 +m2φ2

)
, π :=

δL
δφ̇

= aφ̇. (7.1.6)

Here we see the problems from another perspective. For instance, observe that certain
values of {a, b,m2} prevent the Hamiltonian from being bounded from below.

It is not difficult to see that the case a, b,m2 > 0 is free of these exponentially growing
modes (since all of the frequencies are real). Therefore, the Hamiltonian is non-negative
and, consequently, bounded from below. Among these cases, we can find the Klein-
Gordon Lagrangian

LKG =
1

2
∂µφ∂

µφ− 1

2
m2φ2 , (7.1.7)

which corresponds to a = b = 1 and m2 ≥ 0.

2This is valid for perturbations φ of high frequency.
3In the context of the Hamiltonian formulation of field theory, it is useful to work in terms of the Hamil-

tonian functional (instead of the Hamiltonian density). This is constructed not in terms of the Lagrangian
density L(φ, ∂µφ, ...), which is a function of the fields and their derivatives, but in terms of the Lagrangian
functional. The latter is a functional of the fields and their time derivatives (seen as independent variables),
L[φ, φ̇, φ̈...] :=

�
d3xL. The spatial derivatives are then considered within the functional dependence on the

fields.
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Figure 7.1.1: Here we schematically show the evolution of the modes for different |~k| in the
presence of a tachyonic instability. For simplicity we took |b| = 1. Observe that the instability
time scale τinst. is momentum independent and defined by the mass |m| of the tachyon. For
times much smaller than τinst. the instability is controlled.

Tachyons

We say that a field is a tachyon, if the mass term has the wrong sign or, equivalently, if the
mass parameter m is purely imaginary. Usually tachyons indicate that the background is
not the true vacuum of the theory.4

In our example, if we assume a > 0 (since it is a global normalization we choose
a = 1), the tachyonic instability appears whenever b ≥ 0 and m2 < 0. Then, if we look at
the dispersion relation

ω2 = b|~k|2 +m2, (7.1.8)

we see that for sufficiently small 3-momentum (b|~k|2 < −m2), the r.h.s. becomes negative
and the associated modes have exponential behaviors [317, 318],

φ(x) ∝ e±|ω|t = e±
√
|m|2−b|~k|2t. (7.1.9)

The presence of growing modes indicate that the theory is unstable. Observe that we do
not have modes growing arbitrarily fast. The limiting case (highest |ω|) corresponds to
~k = 0. This mode defines the scale of the instability

τinst. = |m|−1 . (7.1.10)

At this time, the unstable modes will reach amplitudes comparable to the background
(see Fig 7.1.1). Notice that for larger masses of the tachyon, τinst. decreases (for a fixed
initial amplitude) and the instability is even more severe. In the opposite case, the dy-
namics is reliable at short times, whereas at large times one cannot say anything about
stability. The reason for this is that the slow-varying hypothesis we assumed is violated,
since τinst. is comparable with the characteristic time scale of the background τbackg.. The
analysis of stability in that case cannot be done with the Lagrangian (7.1.2).

4In fact, tachyon instabilities play a role in cosmology. See e.g. [321, 322].
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Figure 7.1.2: Here we schematically show the evolution of the modes for different |~k| in the
presence of a gradient/Laplacian instability. For simplicity we took |b| = 1. Observe that the
instability time scale τinst. is essentially zero (ignoring a possible cutoff) since the exponential
growing is faster for higher momenta.

Gradient instabilities

Gradient instabilities (also called Laplacian) are those characterized by imaginary frequen-
cies at high momenta. This is a consequence of the wrong sing in front of the gradient
term in the Lagrangian, leading to imaginary sound speed parameter (c2

s < 0).
Let us take our example with the scalar field with the normalization a = 1 and a

“good” mass term with m2 ≥ 0. The dispersion relation for b < 0,

ω2 = b|~k|2 +m2, (7.1.11)

shows, as we announced at the beginning, that for high momenta (|~k|2 > m2/|b|) the
frequencies are imaginary. In other words, there will be exponentially growing modes.
When the mass is negligible with respect to the momentum we have [317, 318]

φ(x) ∝ e|ω|t ≈ e|b|
1/2|~k|t. (7.1.12)

Contrary to the tachyonic case, we see that in a system with a gradient instability, modes
with higher momenta grow faster and faster. Consequently, the characteristic time of the
instability goes to 0, i.e., the instability develops arbitrarily fast. (see Fig. 7.1.2).

One might think that this situation can be alleviated and we can do phenomenology
if we put some cutoff Λ to the momenta, but the problem continues. First of all notice that
the time scale characteristic of the background (τbackg.) should be larger than the cutoff
time scale Λ−1 (if not, we would be working beyond the limits of the Effective Field The-
ory). In addition, there are exponentially growing modes developing the instability up to
the cutoff scale [317]. Then, for |m| < |~k| < Λ the background is ruined by the instability,
similarly as in the tachyonic case for 0 < |~k| < |m|. On the other hand, the region of
momentum space |~k| > Λ is directly outside the regime of validity of the Effective Field
Theory. Therefore, a gradient instability completely invalidates the theory and makes it
non-predictive [318].
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G

G

Before the collision

After the collision

Figure 7.1.3: Left: A classical ghostly particle moving towards an ordinary particle at rest.
As a result of an elastic collision, the latter acquire some kinetic energy, which also implies a
boost on the velocity of the ghost. Since its kinetic energy is negative, this process does not
violate energy conservation. Notice that also the conservation of the momentum is different in
the presence of a ghost. Right: Example of the typical pathological quantum process allowed
in theories with ghosts. Here we see the vacuum decaying into two healthy particles and
two ghosts (based on the example (7.1.13)). This process would quickly happen everywhere,
making the vacuum unstable.

Ghosts

In classical theory, a ghost is a field with negative kinetic energy. From a quantum per-
spective, the associated quanta have either negative energy or negative norm.

In a theory with just one field, the corresponding kinetic term can always be canon-
ically normalized. The problem arises when there are couplings to other fields whose
kinetic terms have the correct sign. Consider our previous example with a = b = −1 and
m2 > 0, coupled to another scalar field ψ with the canonical kinetic term and the same
mass for simplicity:

L =
1

2
∂µψ∂

µψ − 1

2
∂µφ∂

µφ− 1

2
m2(φ2 + ψ2) + αφ2ψ2 . (7.1.13)

If we compute the Hamiltonian we can clearly see the problem:

H[φ, πφ, ψ, πψ] =

�
d3x

[
1

2
(π2
ψ − π2

φ) +
1

2
(|~∇φ|2 − |~∇ψ|2) +

1

2
m2(φ2 + ψ2)− αφ2ψ2

]
.

(7.1.14)

Indeed, the term −π2
φ prevents the Hamiltonian from being bounded from below. These

contributions have catastrophic consequences even in the classical regime (see Fig. 7.1.3
left). However, the problem is even worse in the quantum theory since there is no ground
state. In that case the problem is not that the energy becomes lower and lower, since the
energy (assuming the system is isolated) is conserved, but that certain sectors become
highly excited, triggering the unstable behavior [320, 323, 324]. The vacuum of the the-
ory will copiously decay into ghosts and non-ghostly particles (with arbitrary positive
energy) without violating energy conservation.5 In our particular example, this would
happen through the process 0→ φ+ φ+ ψ + ψ (see Fig. 7.1.3 right).6

5For a scalar ghost, the propagator can be expressed in any of these two forms [324],

−i

p2 −m2 + iε
,

−i

p2 −m2 − iε
.

The first one gives negative norms, and hence violation of unitarity. However, the second one gives a unitary
theory with negative energy states that can produce these uncontrolled decays.

6In quantum-field-theoretical terms, the available phase space of the decay is typically large so the time
scale of instability is short [317]. Of course if we work at scales much lower than the mass of the ghost, the
instability is not active.
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Some authors have been working in the direction of clarifying that having a Hamil-
tonian with no ground state does not necessarily implies a pathological theory (see e.g.
[325–327]). These solutions usually involve non-standard approaches and their classical
limit is not clear, so we are not going to enter into details since the complexity of the field
is remarkable.7 For the purposes of this thesis, we will adopt the most strong position
and try to totally eliminate the ghosts. Nevertheless, each particular theory should be
carefully studied to reveal whether the instability is actually present. In any case, the
alarm should turn on whenever these terms or negative energy densities are present.

7.1.2 Background stability II: Strongly coupled backgrounds

In this section we are going to briefly comment on strong coupling. This is another type
of background-dependent instability that is very common in modified theories of gravity
and that cannot be directly seen at linear order in perturbations.

The general idea is the following. Suppose we have a theory that we know that con-
tains n propagating modes in its general spectrum (or n degrees of freedom). Now we
perform perturbations around certain solution and check that only m (< n) propagate at
linear order but at certain higher order, some of the remaining ones become active. This
discontinuity in the number of propagating modes at different orders in the perturbation
expansion indicates an instability of the background called strong coupling.

One way to see the problem is that, after canonical normalization, the vanishing coef-
ficient of the kinetic term will affect all the interaction terms and consequently the effec-
tive couplings in the interactions will become infinite (this motivates the denomination
“strong coupling”).

From the point of view of dynamical system theory, strongly coupled solutions typi-
cally lie in a phase space surface that presents some kind of singular behavior. In Chapter
8, we will see that indeed the strongly coupled background is a singular point of the prin-
cipal part of the dynamical system of differential equations. To be precise, what happens
there is that the matrix of coefficients for the highest derivative sector does not have max-
imum rank at that point. In other words, the order of the system is abruptly reduced in
that solution. It is worth highlighting that this singular point is not a point in spacetime
(whose presence could allow regular solutions), but a singularity in phase space, which
is something much more severe.

One important consequence of having a strongly coupled background is that solu-
tions around it cannot be perturbatively computed in the standard way, i.e., part of the
information about them could not be capture by the perturbative method (see Appendix
F).

7.1.3 Background-independent instabilities: Ostrogradski ghosts

Ostrogradski theorem

The previously mentioned instabilities usually appear in field theory when performing
perturbations around certain backgrounds and can be absent in other solutions. Unfor-
tunately, there could be instabilities totally inherent to the very theory, which are not
artefacts of the specific background under study. A quite notable example, which is of-
ten present in modified gravity, are those ghosts predicted by the Ostrogradski theorem

7In some cases, the ghosts can be eliminated via Gupta-Bleuler formalism, as in Quantum Electrodynam-
ics, by consistently restricting the Hilbert space.
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(Ostrogradski ghosts). We are going to start by revising such result, which is indeed one of
the most powerful results about stability in field theory.

In 1850, Ostrogradski formulated an extension of the ordinary Hamiltonian formal-
ism to higher derivative theories [328]. Here we reproduce the theorem as was stated in
[329]:8

Theorem 7.1. (Ostrogradski Theorem)
Let a Lagrangian involve n-th order finite time derivatives of variables. If n ≥ 2 and the
Lagrangian is non-degenerate with respect to the highest-order derivatives, the Hamiltonian
of this system linearly depends on a canonical momentum.

Here non-degenerate Lagrangian means that the Hessian has maximum rank. In this con-
text, the Hessian should be understood as the matrix of second variations of L with re-
spect to the highest time derivatives of each field. See e.g. (7.1.41).

For completeness, we reproduce here the Ostrogradski construction with second time
derivatives in the context of point particles, just to fix ideas [332]. Consider the La-
grangian (we use L and H for the Lagrangian and the Hamiltonian in point particle
dynamics) L = L(x, ẋ, ẍ) and assume that it is non-degenerate, i.e.,

∂2L

∂ẍ2
6= 0 . (7.1.15)

Notice that this condition permits the Euler-Lagrange equation,

∂L

∂x
− d

dt

∂L

∂ẋ
+

d2

dt2
∂L

∂ẍ
= 0 (7.1.16)

to be re-expressed as [332]
x(t) = f(t, x0, ẋ0, ẍ0, ˙̇ẋ0) . (7.1.17)

Thus, instead of two, four initial values are needed. This reflects the fact that there are
4/2 = 2 degrees of freedom and not 1, even when we have just one unknown function
x(t). This “hidden” degree of freedom is a consequence of having higher-derivatives.

Let us move on to the Hamiltonian view. For this particular case, the Ostrogradski
procedure requires to introduce two generalized coordinates and two generalized mo-
menta as follows

q1 := x, q2 := ẋ , π1 :=
∂L

∂ẋ
− d

dt

∂L

∂ẍ
, π2 :=

∂L

∂ẍ
. (7.1.18)

The non-degeneracy condition implies that one can invert these definitions to write

ẍ = F (q1, q2, π2) , (7.1.19)

such that
π2 =

∂L

∂ẍ

∣∣∣
x=q1, ẋ=q2, ẍ=F

. (7.1.20)

At this point, we introduce the Ostrogradski Hamiltonian, defined in the usual way
as the Legendre transformation of L with respect to the velocities (derivatives of qi):

H = q̇1π1 + q̇2π2 − L(x, ẋ, ẍ) (7.1.21)
= q2π1 + F (q1, q2, π2)π2 − L(q1, q2, F (q1, q2, π2)) . (7.1.22)

8See also [330, 331].
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We clearly see here that the momentum π1 only appears once in the Hamiltonian and
linearly, as we wanted to prove. Let us finally show that this Hamiltonian is not just an
artificial construction but indeed reproduces the same dynamics as the Lagrangian we
started with. Three of the Hamilton equations are nothing but the definitions of q2, F
and π1, respectively,

q̇1 =
∂H

∂π1
= q2 , q̇2 =

∂H

∂π2
= F (q1, q2, π2) , π̇2 = −∂H

∂q2
= −π1 +

∂L

∂ẋ
, (7.1.23)

whereas the remaining one,

π̇1 = −∂H
∂q1

=
∂L

∂x
, (7.1.24)

is the Euler-Lagrange equation (7.1.16) (after the substitutions (7.1.18)). It is important to
note that, also in this formulation, H continues being the energy of the system, i.e., the
Noether current for the time translation symmetry [332].

These notions can be generalized to field theory. Let us see a particular example (see
Appendix D of [318]):

Example 7.2. Consider the following Lagrangian for a scalar field

L =
1

2
∂µφ∂

µφ+
λ

2
(�φ)2 − V (φ), λ 6= 0. (7.1.25)

where � := ηµν∂µ∂ν . We construct the Lagrangian functional

L[φ, φ̇, φ̈] =

�
d3xL =

�
d3x
[1

2
(φ̇2 − |~∇φ|2) +

λ

2
(φ̈− ~∇2φ)2 − V (φ)

]
, (7.1.26)

which is indeed non-degenerate,

det
[
Hess(L)

]
=

δ2L

δφ̈δφ̈
= λ 6= 0 . (7.1.27)

We introduce canonical variables according to the Ostrogradski procedure:

q1 := φ , π1 :=
δL

δφ̇
− d

dt

δL

δφ̈
= φ̇− λ˙̇φ̇+ λ~∇2φ̇ ,

q2 := φ̇ , π2 :=
δL

δφ̈
= λ(φ̈− ~∇2φ) . (7.1.28)

From the expression of π2 we can obtain the function F ,

φ̈ = F (q1, q2, π2) =
1

λ
π2 + ~∇2q1 . (7.1.29)

The resulting Hamiltonian functional is indeed linear in π1:

H[q1, q2, π1, π2]

=

�
d3x
[
q̇1π1 + q̇2π2 − L

]
=

�
d3x
[
q2π1 +

( 1

2λ
π2 + ~∇2q1

)
π2 −

1

2

(
(q2)2 − |~∇q1|2

)
+ V (q1)

]
. (7.1.30)
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The appearance of the ghostly mode can be also seen directly in Lagrangian formal-
ism by introducing auxiliary variables (at the end of the day this is just a “dof redefini-
tion” that allows to extract the pathological part). Let us revisit the previous example:

Example 7.3. Consider the following Lagrangian density depending on two fields
φ and χ

L =
1

2
∂µφ∂

µφ+ χ�φ− 1

2λ
χ2 − V (φ) . (7.1.31)

This theory is on-shell equivalent to the one of the Example 7.2. Indeed χ is an
auxiliary field, since no derivatives of it appear in the action and it does not appear
linearly (in such case it would not be an auxiliary field but a Lagrange multiplier).
Its equation of motion is algebraic and can be solved as

0 =
∂L
∂χ

= �φ− 1

λ
χ ⇒ χ = λ�φ . (7.1.32)

If the equation of motion for certain field can be solved exactly and we plug it back
in the Lagrangian, we do not alter the dynamics of the rest of the fields (i.e. it is
consistent to do that). If we plug this solution we immediately get the Lagrangian
of the Example 7.2. The thing is now to realize (see [318]) that we can perform a field
redefinition φ → χ − α (which is completely regular) and the Lagrangian (7.1.31)
becomes

L =
1

2
∂µα∂

µα− 1

2
∂µχ∂

µχ− 1

2λ
χ2 − V (χ− α) . (7.1.33)

We can see that the kinetic term of χ has the wrong sign and thus is responsible for
the Hamiltonian not to be bounded from below. In this final rearrangement of the
fields, χ is the one that we can identify with the Ostrogradski ghost.

Avoiding Ostrogradski ghosts and gauge symmetries: the massive spin 1 particle

The most general kinetic term one can construct for a relativistic field theory of a vector
field Aµ is a combination of the invariants

∂µAν∂
µAν , ∂µAν∂

νAµ , (∂µA
µ)2 . (7.1.34)

Up to boundary terms, only two are independent, so let us consider the following La-
grangian

LA = −1

4
aFµν(A)Fµν(A)− 1

2
b(∂µA

µ)2 +
1

2
m2AµA

µ , (7.1.35)

where we have introduced a mass term for the field and also the usual notation Fµν(X) :=
2∂[µXν]. This Lagrangian is assumed to be part of a larger one with other fields that are
canonically normalized and such that (for simplicity) the only derivatives ofAµ are those
of LA.

If we separate spatial and time components Aµ ≡ (A,Ai), we obtain

LA =
1

2
aδijȦiȦj −

1

2
bȦ2 + aȦi∂

iA− bȦ∂iAi

− 1

2
a∂iA∂

iA− 1

4
aFij(A)F ij(A)− 1

2
b(∂iA

i)2 +
1

2
m2(A2 +AiA

i) . (7.1.36)

Here we see that either a < 0 or b > 0 (or both) implies the presence of a ghost. If we
jump to the Hamiltonian formulation by introducing the momenta

π :=
δLA

δȦ
= −b(Ȧ+ ∂iA

i) , πi :=
δLA

δȦi
= −a(Ȧi − ∂iA) , (7.1.37)
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we can identify the ghosts in the following kinetic contributions to the Hamiltonian func-
tional (assuming both a, b 6= 0)

HA[A, π,Ai, π
i] =

�
d3x

(
−1

b
π2 +

1

2a
δijπ

iπj + ...

)
. (7.1.38)

Interestingly, the term with b contains a ghost even when b < 0. Indeed, this mode
can be transformed into an Ostrogradski one. To see this, let us perform, instead of a
3 + 1 decomposition of the field, a splitting into longitudinal φ and transversal part Bµ as
follows9

Aµ = ∂µφ+Bµ with ∂µB
µ = 0 , (7.1.39)

which implies ∂µAµ = �φ and Fµν(A) = Fµν(B). The Lagrangian can be then recast as

LBφ = −1

4
aFµν(B)Fµν(B)− 1

2
b(�φ)2 +

1

2
m2(∂µφ+Bµ)(∂µφ+Bµ). (7.1.40)

The Lagrangian functional LBφ[Bµ, Ḃµ, φ, φ̇, φ̈] is non-degenerate for nontrivial a and b:

det
[
Hess(LBφ)

]
= det


δ2LBφ

δḂµδḂν

δ2LBφ

δḂµδφ̈

δ2LBφ

δφ̈δḂν

δ2LBφ

δφ̈δφ̈

 = det

−aηµν 0

0 −b�φ

 = −ab�φ . (7.1.41)

One can now check that there are two degrees of freedom associated to φ instead of one.
To see this, we rewrite the Lagrangian density as

LBφ = −1

4
aFµν(B)Fµν(B) +

1

2
m2BµB

µ +
1

2
φ
(
−b�2 −m2�

)
φ+ total der. (7.1.42)

and compute the propagator in momentum space (we follow the steps of [333])

Πφ =
1

bk4 −m2k2
=

1

m2

[
1

k2
− b

bk2 −m2

]
. (7.1.43)

Note that the second term has negative norm for generic b. To avoid the Ostrogradski
ghost we need to impose b = 0. In addition, in order to get the correct normalization for
the kinetic term ofBµ we need a = 1 (we avoid the other ghostly modes since a > 0). The
resulting Lagrangian (Stückelberg Lagrangian),10

LBφ = −1

4
aFµν(B)Fµν(B) +

1

2
m2(∂µφ+Bµ)(∂µφ+Bµ) , (7.1.44)

is gauge invariant under

Bµ → Bµ + ∂µg , φ→ φ− g . (7.1.45)

If we fix the gauge that makes φ = 0 we recover the Proca Lagrangian, which describes
the three degrees of freedom of a massive spin-1 particle.

9This decomposition can always be done. See [333, sec. 8.7.1].
10The elimination of the ghost is a degenerate case of the theory in terms of A and Ai, because a 0 is

introduced in the (diagonal) kinetic matrix

LBφ =
1

2
(Ȧ, Ȧi)

(
0 0
0 δij

)(
Ȧ

Ȧj

)
+ ... .

From the Hamiltonian perspective, it is not possible to solve for the velocities in terms of the momenta
(we get π = 0). The correct way to continue with the Hamiltonian approach is the Dirac procedure for
constrained systems [334–336] (see also [337] and the explanations in [97, 129]).
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The introduction of gauge symmetries (redundancies) allows to eliminate degrees of
freedom. This can be used to cure theories from ghostly behaviors. In the previous ex-
ample under the longitudinal+transversal decomposition, the symmetry makes the La-
grangian degenerate so that the Ostrogradski theorem cannot be applied (we will explicit
use this in several examples in Chapter 9). In general, one should be careful and ensure
that the introduced gauge symmetry has indeed eliminated pathological modes (as in
this case) and not healthy ones.

Similarly, the U(1) gauge symmetryAµ → Aµ+∂µg prevents the Maxwell Lagrangian
from being pathological, since it allows to eliminate the ghost associated to the longi-
tudinal mode. Another example of this is the Fierz-Pauli Lagrangian for a massless
spin-2 field, where the ghosts can be removed thanks to the gauge symmetry under
hµν → hµν + ∂µξν + ∂νξµ.

7.2 Stability problems in different modified theories of gravity

If we look at (massless) Fierz-Pauli as the linearization of GR around Minkowski back-
ground, we can check that the gauge transformation hµν → hµν + ∂µξν + ∂νξµ is just
the linearization of a general diffeomorphism. The already mentioned healthiness of
the Fierz-Pauli Lagrangian is then a crucial result that reflects the linear stability of GR
around Minkowski. A more careful Hamiltonian analysis reveals that the theory is in-
deed healthy at the full non-linear level.11

If we construct a modified theory of gravity at the non-linear level (combining cur-
vatures with other tensor quantities for instance), instabilities of different kinds are ex-
pected. Here we present some examples of modified theories of gravity and currently
known pathologies they exhibit:

p Except Lovelock terms, higher order curvature theories of gravity (in the metric for-
mulation) propagate two extra fields in addition to the massless graviton: a ghostly
spin-2 field with nontrivial mass and a scalar. In general, these theories will have
the ghostly modes propagating. One example is (Cosmological) Einsteinian Cubic
gravity (see Chapter 8), which contains a propagating ghost and whose cosmologi-
cal backgrounds (at least with flat spatial slices [2]) are strongly coupled.

However, there are some very special cases such as f(R̊), in which a miracle hap-
pens. Of course, if we go to the Einstein frame, we are done (because GR is healthy).
But it is interesting to see more closely why the ghost disappears in more physical
terms. To see this, consider the particular example of R̊2 + aR̊µνR̊

µν . In the limit
a → 0, one can check that the mass of the extra spin-2 field goes to infinity (in ap-
propriate variables) without generating any pathologies [2]. This leads us to the
well-known result that the term R̊2 is healthy. This result can be extended to all
f(R̊) [320].

p The case of an arbitrary function of the Gauss-Bonnet invariant, called f(G)-gravity
(see e.g. [73–75]), is similar to f(R̊): the ghostly spin-2 is absent and only the mass-
less graviton and the scalar propagate [44].

p Ricci based gravity, as commented in Section 1.2, can be mapped into an Einstein
frame. The resulting theory is just GR, so it propagates only a healthy graviton.
However, the inclusion of the antisymmetric part of the Ricci in the action com-
pletely destroys the well behavior of these theories transforming the projective

11In this thesis we do not enter in Hamiltonian analysis, so we leave the details for the reader.
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mode in a propagating ghost [84]. See also the extension of this analysis in [85],
where they argue that these problems will be present in more general metric-affine
theories.

p The non-linear extensions of the teleparallel equivalents, f(T ) [116, 338, 339] and
f(Q) [108, 340] (we will introduced them in Chapter 9) also suffer from instabilities.
The reason is that the nice symmetries (which allow for instance the elimination
of ghosts) of the teleparallel equivalents T and Q are in fact symmetries up to a
boundary terms. These boundary terms cannot be extracted from the function f , so
the symmetries are lost in the non-linear extensions. In addition, the cosmological
backgrounds are generically strongly coupled in f(T ) [116], while f(Q) alleviates
the situation, suffering the problem only on maximally symmetric backgrounds
[340] (in particular, in Minkowski spacetime).

p The quadratic PG gravity Lagrangian contains ghosts and tachyons for generic val-
ues of the parameters (see for instance the analysis of the particle spectrum in [298]).
Similar problems are expected in MAG.

Of course, it is possible to find sets of parameters in some of these theories that lead to
healthy propagations. Relevant examples of this are the already mentioned (see the Sec-
tion 1.2) Horndeski [39–44], beyond Horndeski [45–53] and generalized Proca [59–62].
They remove Ostrogradski ghosts by construction via ensuring either the degeneracy of
the Lagrangian or the presence of, at most, 2nd-order derivatives in the dynamical equa-
tions. Indeed, in theories involving scalars, vectors, etc., such as MAG, the corresponding
terms must belong to one of the known classes of healthy theories.12

7.3 Inconsistencies in 4DEGB

In addition to the possible instabilities, the very definition of a theory might contain
inconsistencies. Although it has been refined a posteriori, the initial formulation of 4-
dimensional Einstein-Gauss-Bonnet gravity (abbreviated as 4DEGB) is a good example of
this. This theory was recently proposed [214] as a candidate that incorporates dynamical
contributions coming from the Gauss-Bonnet (metric) term in dimension 4 (which, as we
know, is just a boundary term). After the publication, there have been many contribu-
tions regarding the nature and/or the well-definiteness of 4DEGB (some examples are
[342–350]). Here we are going to discuss some of these problematic aspects in the formu-
lation [214]. The full detailed analysis of inconsistencies was performed in [3]13 (see also
the comment [4]).

12Some further recommended literature is [57] for an extensive review of cosmology in different modified
gravity theories and [341] on massive gravity.

13This work contains an additional section about spherically symmetric solutions and the singularity prob-
lem (which is supposedly solved in this 4DEGB theory) that we have omitted in this thesis.
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Essentially, [214] proposed the following method to bypass the Lovelock theorem (see
Section 4.1): we consider Einstein-Gauss-Bonnet (EGB) theory in an arbitrary dimension
D with a coupling constant for the Gauss-Bonnet term L̊(D)

2 (given in (4.1.5)) re-scaled by
a factor of 1/(D− 4),14

S[gµν ] =

�
dDx
√
|g|
[
−Λ +

M2
Pl

2
R+

α

D− 4
L̊(D)

2

]
, (7.3.1)

and then we vary the dynamical equations and take the limit α → 0. Now we are going
to dive into the problems of this procedure.

7.3.1 Problem 1. The (D− 4)-factor and the definition of the equations

The central point of the approach of [214] is the statement that the contribution of the
Gauss-Bonnet term to the equations of motion is proportional to a factor of (D−4), which
is cancelled with the one in the coupling constant, allowing for a well defined D→ 4 limit
at the level of the field equations. The problem here is that there are contributions to the
equation of motion which are not proportional to (D− 4) (this was also noticed in [351]).

Consider the k-th order Lovelock term in an arbitrary dimension D. When varying
the action with respect to the coframe ϑa, we find

?
δS̊

(D)
k

δϑa
= (D− 2k)(D− 2k − 1)! J (k)

ac ϑ
c , (7.3.2)

where J (k)
ac is a regular tensor built from combinations of the Riemann tensor that dif-

fer for each k. The second factor comes from the contraction of two Levi-Civita sym-
bols. Therefore, it is of combinatorial nature. Note that the involved counting is not a
continuous process in which the number of indices being counted (or equivalently the
dimension) can take any value; rather, the value must be an integer. Indeed, for (7.3.2)
to be valid, D must be greater than 2k because a (−1)! cannot arise from counting possi-
ble permutations. Since (7.3.2) is not valid for D = 2k, it cannot be stated that the factor
(D − 2k) is the responsible for the vanishing of (7.3.2) in D = 2k. Instead, the nullity of
this variation in D = 2k is due to two reasons: (1) the curvatures in the Lagrangian (via
Levi-Civita connection) do not contribute to the coframe variation (see [352]) and (2) the
explicit dependence on the coframes dissappears from the Lagrangian in D = 2k, since

? (ϑa1...a2k)
D=2k
= F (k)Ea1...a2k , (7.3.3)

where Ea1...a2k is the Levi-Civita tensor associated to the anholonomic Minkowski metric
(i.e., it is a constant object) and F (k) is a non-zero constant fo each k. It is important to
remark that the property (2) is very special of the D = 2k case.

If we work in components, we find that the equation of motion can be rearranged as

1√
|g|
δcS̊

(D)
k

δgµν
= (D− 2k)Aµν +Wµν , (7.3.4)

where no D− 2k factor can be extracted from Wµν . For instance, the first-order Lovelock
term (the Einstein-Hilbert action) leads to AEH

µν = 0 and W EH
µν = G̊µν , which vanishes in

D = 2. If we split the Riemann into its irreducible parts, the Gauss-Bonnet term leads to

14Here and in the following two chapters we use units κ = M−2
Pl , where MPl is the Planck mass.
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(see also [351])

AGB
µν =

D− 3

(D− 2)2

[ 2D

D− 1
R̊µνR̊−

4(D− 2)

D− 3
R̊ρλC̊µρνλ

− 4R̊µ
ρR̊νρ + 2gµνR̊ρλR̊

ρλ − D + 2

2(D− 1)
gµνR̊

2
]
, (7.3.5)

WGB
µν = 2

[
C̊µ

ρλσC̊νρλσ −
1

4
gµνC̊τρλσC̊

τρλσ

]
, (7.3.6)

where we have introduced the Weyl tensor C̊µνρλ. Taking this into account, the field
equations given by (7.3.1) in arbitrary dimension are

G̊µν +
1

M2
Pl

Λgµν +
2α

M2
Pl

(
AGB
µν +

WGB
µν

D− 4

)
= 0 . (7.3.7)

We see here that the regularization made in [214] (i.e. evaluating D = 4 after calculating the
equations of motion in arbitrary D) works fine for the AGB

µν term, giving a nontrivial con-
tribution. However, the WGB

µν term is generically ill-defined. Indeed, the 4-dimensional
identity WGB

µν = 0 is due to the loss of independent components of the curvature as the
dimension approaches (discretely) D = 4. It is an algebraic identity, analogous to G̊µν = 0
in D = 2. Therefore, it is not due to any proportionality to (D− 4).15

This is of course very different from what is done, e.g. in dimensional regulariza-
tion. In the latter the divergent integrals in D = 4 are extended analytically to complex
D, and then the limit D → 4 is taken, so that the divergent and finite contributions are
separated. A key aspect of dimensional regularization is that such analytic continua-
tion is performed over scalar functions,16 whose algebraic structure is not sensitive to the
value of D. However, the quantity WGB

µν is tensorial, so it is not clear how to extend it
to arbitrary (real or complex) dimensions (what does it mean to have

√
2 + i number of

components?). Of course this problem can be solved if we can generalize appropriately
the notion of limit (see, e.g., [353])

7.3.2 Problem 2. Beyond linear perturbations around maximally symmetric
backgrounds

In order to avoid the previous problem we could simply restrict ourselves to metrics for
which C̊µνρλ = 0 in arbitrary D (implying WGB

µν = 0), i.e., conformally flat geometries.
One particular case are maximally symmetric spacetimes, i.e. those for which

R̊
ab

=
K

M2
Pl(D− 1)

ϑab or, equivalently, Rµν
ρσ =

K

M2
Pl(D− 1)

(
δρµδ

σ
ν − δσµδρν

)
,

(7.3.8)
where K is a real constant. In this case, the (restricted) variation of the Gauss-Bonnet
term is indeed proportional to (D− 4), and the variation gives

G̊µν +
1

M2
Pl

Λgµν +
2α

M2
Pl

AGB
µν = 0 . (7.3.9)

15Examples of zero variation due to algebraic reasons are Galileon theory and some interacting massive
vector theories. There, it can be seen that due to the Cayley-Hamilton theorem, the interaction Lagrangian
of a given order k identically vanishes for dimensions higher than the critical dimension associated to k [61].

16Typically the tensorial structures within the integrals are extracted from them by employing Lorentz-
covariance arguments, and therefore the integral to regularize is always a scalar function.
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Although this is true for conformally flat geometries, one should bear in mind that ar-
bitrary perturbations around these backgrounds are sensitive to the ill-defined contribu-
tions that come from the WGB

µν dependence of the full 4DEGB field equations (7.3.7).
It is worth noticing, though, that the ill-defined corrections that enter the equations

of motion through the αWGB
µν /(D − 4) term do not contribute to linear order in perturba-

tion theory around a maximally symmetric background. Presumably, this is the reason
why these problematic contributions were unnoticed in [214], where only linear pertur-
bations were considered. Nonetheless, the ill-defined terms related to WGB

µν will enter the
perturbations at second-order.

To show this, let us consider a general perturbation around a maximally symmetric
background by splitting the full metric as

gµν = ĝµν + εhµν (7.3.10)

where ĝµν is a maximally symmetric solution of (7.3.7). Therefore, the l.h.s. of (7.3.7) can
be written as a perturbative series in ε:

E(0)
µν + εE(1)

µν + ε2E(2)
µν . . . . (7.3.11)

Here E(0)
µν = 0 are the background field equations, E(1)

µν = 0 are the equations for
linear perturbations, and so on. Using the zeroth-order equation, the linear perturbations
in D dimensions and around a maximally symmetric background are described by

0 =

(
1 +

4(D− 3)

D− 1

αK

M4
Pl

)
×
[
∇̂ρ∇̂µhνρ + ∇̂ρ∇̂νhµρ − ∇̂ρ∇̂ρhµν − ∇̂µ∇̂νh

+ δµν(∇̂σ∇̂σh− ∇̂ρ∇̂σhρσ)− K

M2
Pl

(δµνh− 2hµν)

]
, (7.3.12)

where h := hσσ and the indices have been raised with ĝµν . This equation is regular
in D = 4 and, as noted in [214], coincides with the GR result (up to an overall factor).
Nevertheless, the problem arises at second order in perturbations. If we restrict to the
simplest case K = 0 (Minkowski background), the second-order equations E(2)

µν = 0
can be recast as

0 = [GR terms of O(h2)]µν +
α

M2
Pl(D− 4)

×[
− 2∇̂γ∇̂αhνβ∇̂γ∇̂βhµα + 2∇̂γ∇̂βhνα∇̂γ∇̂βhµα − 2∇̂µ∇̂γhαβ∇̂ν∇̂βhαγ

+ 4∇̂γ∇̂βh(µ
α∇̂ν)∇̂αhβγ + 2∇̂µ∇̂γhαβ∇̂ν∇̂γhαβ − 4∇̂γ∇̂βh(µ

α∇̂ν)∇̂βhαγ

+ ĝµν
(
2∇̂δ∇̂βhαγ − ∇̂δ∇̂γhαβ − ∇̂β∇̂αhγδ

)
∇̂δ∇̂γhαβ

]
, (7.3.13)

where we have substituted the 0th- and 1st-order equations. Notice that, given that the
numerator of the 1/(D−4) term comes entirely fromWGB

µν , it vanishes identically in D = 4,
rendering an indeterminate 0/0 after the limit outlined in [214] is taken. The situation is
similar if K 6= 0, and all of this seems to be in the line of [343], where it was shown that
the amplitudes of Gauss-Bonnet in the D → 4 limit correspond to those of a scalar-tensor
theory. Moreover, the scalar was found to be infinitely strongly coupled, suggesting that
a new (hidden at linear order) pathological degree of freedom will show up beyond linear
order perturbations.

7.3.3 Problem 3. An action for the regularized equations?

At this point one may wonder: if the problem is the term WGB
µν , why not trying to find

a diffeomorphism-invariant action whose field equations in D ≥ 4 are of the form (7.3.9)
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(i.e., only with the AGB
µν contribution)? To find such an action, one could try to subtract

a scalar from the EGB action so that the contribution of WGB
µν disappears after taking the

variation with respect to the metric, without losing the diffeomorphism symmetry of the
EGB action. However we found the following no-go theorem:

Theorem 7.4. There is no Lagrangian, exclusively metric-dependent and invariant under
diffeomorphisms, whose equations of motion are (7.3.9) in arbitrary dimensions.

Proof. For metric-dependent theory, the Noether identity associated to Diff(M) in
components notation tells that the variation with respect to the metric is identically
divergenceless (true off-shell for any configuration). Therefore, the divergence of
(7.3.9) should be identically zero. After substituting AGB

µν from (7.3.5), we get

∇̊µ
[
M2

Pl

2
G̊µν +

1

2
Λgµν + αAGB

µν

]
= α∇̊µAGB

µν =
4α

D− 2
C̊νρλµ∇µR̊ρλ . (7.3.14)

Now we only have to check that the r.h.s. is not identically zero in an arbitrary
dimension. To see that, consider the following counterexample in five dimensions:

ds2 = dt2 − e2tdx2 − e4t(dy2 + dz2 + dw2) , (7.3.15)

for which
∇̊µAGB

µν = 4δtν 6= 0 . (7.3.16)

�

This result means that the WGB
µν term does not come from a scalar Lagrangian under

diffeomorphisms. One might think of breaking this symmetry, but even in that case it
is not possible reproduce the equations (7.3.9) [354]. The other possibility is to add new
fields. In particular, some authors have proposed regularizations of the action involving
a scalar field of the Horndeski type [342, 343, 345, 348].

To conclude this section about 4DEGB, it is important to recall that the idea of ex-
tracting well-defined contributions from topological terms by considering a divergent
coupling constant is an appealing issue with an immense range of applicability. Similar
ideas has been seen to lead to well-defined theories in the context of Weyl geometry [62,
355, 356]. However one should define a consistent way of performing such procedure.

7.4 Some general ideas to remember

This chapter summarizes some of the problems we have to deal with when formulating
a modification of GR (or, in general, any field theory). Ghosts, gradient instabilities,
tachyons and strong coupling are just some examples of potentially dangerous issues,
that are very present in these theories. These pathologies are normally discussed around
particular backgrounds, although ghosts will appear generically in theories with higher-
order time derivatives by virtue of the Ostrogradski theorem. However, as we have seen,
dodging the consequences of this theorem is possible if we violate the non-degenerancy
hypothesis; and one way to do this is by introducing redundancies (gauge symmetries)
in the theory.

We have also enumerated some modified theories of gravity with their associated
problems. At this point, it is interesting to come back to our gauge metric-affine theories
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and make an important remark. It is actually quite common the idea that these theories
allow to avoid Ostrogradski ghosts since the Lagrangian depend at most on first deriva-
tives of the gravitational fields (within the curvature, the torsion and the nonmetricity).
However, some families of metric-affine theories have been studied and they are also gen-
erally plagued by ghosts [84]. What happens here (and in extensions of these theories)
can be seen from several perspectives. Let us mention two of these views:

p In those theories in which the connection plays the role of an auxiliary field (e.g.
Einstein-Palatini) even if there are no derivatives of metric in the action, once we
solve the equation of the connection and plug the solution back into the action we
may generate a Lagrangian containing Ostrogradski ghosts. This same idea can be
applied to other metric-affine theories, and it is in this substitution process when
the higher derivatives (that may render ghost propagations) are introduced (see
Example 7.3).

p Once we have a Lagrangian, the way we rearrange the degrees of freedom is ir-
relevant. In any metric-affine theory with, e.g. higher order curvature terms, we
can perform a Levi-Civita + distorsion expansion. Then, second derivatives of the
metric will appear and could lead to a pathological propagation for the graviton,
for instance.

It is also worth remarking that in most of the modified theories of gravity constructed
as f(K), with K some special gravitational invariant, new degrees of freedom are intro-
duced due to the loss symmetries and they are usually problematic. In Chapter 9 we will
see some examples.

We insist one more time in that these problems should be carefully analyzed. In this
thesis we will explore different theories and reveal some of their problems. In some of
the cases the catastrophic consequences will be evident; in some others a deeper analysis
is needed to finally state whether the theories are healthy. In particular, in the context of
strong coupling, it may happen that the full structure of the interactions at all orders is
such that this problem never appears [2].

Finally, we have also revised the formulation of 4DEGB in [214], which involves a
delicate limit, as an example of theory with inconsistencies. We have highlighted the
ill-definiteness of the equations [351], the undetermined terms that enter at 2nd order in
perturbations (that seem to be related with strongly coupled modes [343]), and the fact
that one cannot derive the theory from a “regular” action [354].

About the following chapters

In the following chapters we are going to apply these ideas to some particular examples.
In the next chapter (Chapter 8) we will see a great example of the consequences of per-
turbing a strongly coupled background. In Chapter 9, among other things, we will use
the introduction of gauge symmetries to avoid the presence of pathological modes in the
teleparallel restriction of the even MAG Lagrangian (3.4.1). Finally, in Chapter 10 we will
start exploring the spectrum of the full quadratic MAG.

Alejandro Jiménez Cano



146 7.4. Some general ideas to remember

Alejandro Jiménez Cano



8 Strong coupling of cosmological models
in Einsteinian Cubic Gravity and
beyond

The history of science is full of cases where previously accepted theories and hy-
potheses have been entirely overthrown, to be replaced by new ideas that more
adequately explain the data. (...) This self-questioning and error-correcting as-
pect of the scientific method is its most striking property, and sets it off from
many other areas of human endeavor where credulity is the rule.

— Carl Sagan, “Broca’s Brain” (1979), p. 96.

We start the chapter by introducing the theories we are going to deal with. Einsteinian
Cubic Gravity [357] is a higher curvature theory of gravity defined to possess the same
linear spectrum as General Relativity, i.e., a massless spin-2 field, around maximally sym-
metric spacetimes in arbitrary dimension [357–359]. In our analysis we are going to con-
sider the extension of Einsteinian Cubic Gravity that was introduced in [360] (ECG).1 The
latter has the same property as the original Einsteinian Cubic Gravity but around arbi-
trary cosmological scenarios (Friedmann-Lemaître-Robertson-Walker (FLRW)), not only
the maximally symmetric ones. Another way of generalizing the original Einsteinian
Cubic Gravity is by relaxing the definition. In particular one can consider the higher cur-
vature theory with the GR linear spectrum around maximally symmetric backgrounds in
a given dimension (not necessarily in arbitrary dimensions). The resulting theories are
the so-called Generalized Quasi-Topological Gravity theories (GQTG) [361].

The main goal of this chapter is to analyze the presence of instabilities in the cosmo-
logical solutions of ECG (see e.g. [360, 362, 363]), in which the symmetries allow a more
straightforward analysis of the pathologies. However, as we will discuss, other back-
ground are also prone to these problems [364–379]. At the end of the chapter, we will
study GQTG corrections and show that cosmological solutions are even more pathologi-
cal than in the ECG case.

8.1 Previous indications of potential problems

As it is well-known, Lovelock terms (see Definition 4.1) are the only higher curvature
theories that share the field content of GR around any background or, in other words,
at the full non-linear order [195, 196]. Therefore, ECG necessarily contains additional
dofs which in turn are associated to the higher than second-order nature of the field
equations.2 Among these additional dofs there will be ghostly modes associated to an
Ostrogradski instability. In an attempt to avoid this pathology, ECG selects a particular
cubic polynomial of the Riemann tensor so that the field equations become second order
around specific backgrounds. This construction amounts to requiring that those back-

1Notice that throughout this chapter, by ECG we do not mean the original Einsteinian Cubic Gravity but
its cosmological generalization.

2More precisely, one should say that these theories are neither any of the Lovelock Lagrangians nor are
they related via a regular field redefinition to them. See [380] for an interesting discussion about the role of
field redefinitions within the framework of GQTG where it is shown that they constitute a complete basis
for the Lagrangians of the type L(gµν , Rµνρλ).

147



148 8.2. (Cosmological) Einsteinian Cubic Gravity

grounds correspond to surfaces in phase space, or in the space of solutions, where the
principal part of the system of equations is singular. This has many associated problems.
For instance, standard perturbation theory will not be well-defined around such a sin-
gular surface or, at least, not in a standard form. Notice that the principal part becomes
singular not at a given point or surface in the spacetime (in which case regular solutions
might still exist thanks to the mildness of the singular behavior of the principal part in
that situation), but on a surface in the space of solutions, which is a fundamentally more
pathological situation. Thus, the very construction of the theory suggests that the back-
grounds with the same linear spectrum as GR will be strongly coupled (see Section 7.1.2)
and, therefore, they cannot correspond to stable trajectories in phase space, i.e., no phys-
ical curves in phase space will smoothly evolve towards those solutions. Notice that this
pathology is independent from the existing Ostrogradski instability in arbitrary higher
order curvature theories and it would exist even if the full theory did not contain any
ghosts. What this discussion suggests is that the strongly coupled modes will in turn be
associated to the ghosts present in the theory.

Recently, it has been shown the presence of instabilities in these theories for inflation-
ary solutions in [381]. We we will confirm this findings and complement them with extra
evidence for the generic pathological character of these solutions.

Note on conventions: In this chapter we are using the mostly plus convention for the
metric (signature (−,+,+,+)) and the Riemann, the Ricci tensor and the curvature
scalar differ from our original definition in a global sign. The rest remains the same.

8.2 (Cosmological) Einsteinian Cubic Gravity

The action of ECG is

S =

�
d4x
√
|g|
(
−Λ +

M2
Pl

2
R+

β

M2
Pl

R(3)

)
, (8.2.1)

where the first two terms simply reproduce the pure GR sector with cosmological con-
stant, andR(3) is a cubic polynomial of the Riemann tensor given by

R(3) = −1

8

(
12Rµ

ρ
ν
σRρ

τ
σ
ηRτ

µ
η
ν +Rµν

ρσRρσ
τηRτη

µν + 2RRµνρσR
µνρσ

− 8RµνRµ
ρστRνρστ + 4RµνRρσRµρνσ − 4RRµνR

µν + 8Rµ
νRν

ρRρ
µ
)
.

(8.2.2)

The relative coefficients are carefully selected to guarantee that the linear spectrum of the
theory around maximally symmetric and cosmological backgrounds is the same as that
of GR, i.e., only the usual two polarizations of the gravitational waves propagate.

For a FLRW universe of the type

ds2 = −dt2 + a2(t)δijdx
idxj , (8.2.3)

the gravitational Friedmann equation reads

3M2
PlH

2(t)− 6
β

M2
Pl

H6(t) = ρ+ Λ , (8.2.4)

where ρ is the energy-density of the matter sector and H(t) := ȧ
a is the Hubble parameter.

In the absence of any matter ρ = 0, we can see that we have (at most) three branches
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of expanding de Sitter solutions. Among these de Sitter branches, the stability of the
gravitational waves will impose some stability conditions. Indeed, if we consider metric
perturbations gij = a2(δij + hij) with hij transverse and traceless, the corresponding
quadratic action for the tensor perturbations around the de Sitter solutions is given by
(see e.g. [381])

S(2) =
M4

Pl − 6H4
0β

8M2
Pl

∑
λ

�
dtd3x a3

[
ḣ2
λ −

1

a2
(∂ihλ)2

]
, (8.2.5)

where the sum extends to the two polarizations of the gravitational waves and H0 is
the considered de Sitter branch. From this expression it follows that we need to have
M4

Pl − 6H4
0β > 0 in order to avoid ghostly gravitational waves. As a consequence of this

condition, the only allowed de Sitter solutions satisfy Λ > 2H2
0 > 0 [381].

This quadratic action for the tensor modes explicitly shows the property of these the-
ories that only the usual polarizations of the GWs propagate on a cosmological back-
ground at linear order. However, being a higher order curvature theory outside the Love-
lock class, the full theory is expected to contain extra degrees of freedom, that will enter
at higher orders in perturbation theory.

8.2.1 Approaching FLRW from Bianchi I in ECG

To show the singular nature of the FLRW solutions of ECG, the idea will be to break
the isotropy of the spacetime while keeping homogeneity, and study the evolution of the
universe near the isotropic case.3 In our analysis, which partially overlap with the results
presented in [381], we will discuss some subtleties and give complementary arguments
that will support the pathological character of these solutions.

8.2.2 Bianchi I solutions. Theory-independent generalities

Consider a general gravitational action S[gµν ], as well as an arbitrary Bianchi I spacetime.
The latter is described by the line element

ds2 = −N 2(t)dt2 + a2(t)dx2 + b2(t)dy2 + c2(t)dz2 =: gI
µν , (8.2.6)

where N (t) is the lapse function and a(t), b(t) and c(t) stand for the scale factors along
the three coordinate axis. We will work in cosmic time, i.e. N (t) = 1, but we need to keep
it general to correctly derive the dynamical equations. To make a more direct contact
with the isotropic FLRW solutions, it is convenient to introduce the isotropic scale factor
ā := (abc)1/3 with the corresponding expansion rate

H(t) :=
˙̄a

ā
=

1

3

(
ȧ

a
+
ḃ

b
+
ċ

c

)
. (8.2.7)

In addition, we will encode the anisotropic part in two functions, σ1(t) and σ2(t), defined
implicitly by

ȧ

a
= H + εσ(2σ1 − σ2) ,

ḃ

b
= H− εσ(σ1 − 2σ2) ,

ċ

c
= H− εσ(σ1 + σ2) , (8.2.8)

where εσ is certain (not necessarily small) fixed parameter representing the deviation
with respect to the isotropic case (εσ = 0). Notice that these definitions are consistent
with (8.2.7).

3A gravitational wave with a sufficiently long wavelength mimics the shear of a Bianchi I universe, so
our study will give the non-linear evolution of gravitational waves, but restricted to the infrared sector.
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Since the metrics of the type (8.2.6) fulfill the requirements of the Palais’ principle of
symmetric criticality [382] (see also [383–385]), one can use the minisuperspace approach4

and substitute the Ansatz (8.2.6) in the action before taking the variation. We denote the
resulting action as

S̄[N , a, b, c] := S[gI
µν(N , a, b, c)] . (8.2.9)

It will be also convenient to introduce the following notation for some combinations of
the equations of motion

Eab := 0 =
δS̄

δa
a− δS̄

δb
b , Eabc := 0 =

1

3

(
δS̄

δa
a+

δS̄

δb
b+

δS̄

δc
c

)
,

Ecb := 0 =
δS̄

δc
c− δS̄

δb
b , EN := 0 =

δS̄

δN
,

Eca := 0 =
δS̄

δc
c− δS̄

δa
a . (8.2.10)

Notice that not all of them are independent equations. The set {Eabc,Eab,Ecb,Eca} is
indeed linearly dependent, but there is an additional constraint we should take into ac-
count: the Noether identity associated to diffeomorphisms,

d

dt

(
δS̄

δN

)
+

(
Ṅ
N

+
ȧ

a
+
ḃ

b
+
ċ

c

)
δS̄

δN
− 1

N

(
ȧ
δS̄

δa
+ ḃ

δS̄

δb
+ ċ

δS̄

δc

)
= 0 . (8.2.11)

The parameterization (8.2.8) for the shears σ1 and σ2 has been chosen so that it is conve-
nient to work with {EN ,Ecb,Eca}. However, in order to obtain a more direct generaliza-
tion of the results obtained in [381], only in Section 8.2.3 we will make the (equivalent)
choice {EN ,Eab,Eca}, which agrees with the one made by the authors of that paper.

8.2.3 Perturbative solution around de Sitter spacetime

In [381] it was argued that de Sitter is a stable perturbative solution of (8.2.1) in the case
of an axisymmetric Bianchi I (the case c(t) = b(t)). The idea will be to reproduce the same
analysis for the general Bianchi I case in order to clarify some subtle shortcomings of the
solutions generated perturbatively.

From (8.2.4) one can trivially obtain that the de Sitter spacetime given by

N (t) = 1 and a(t) = b(t) = c(t) = eH0t (8.2.12)

is a solution of {EN ,Eab,Eca} if and only if the cosmological constant and the Hubble
parameter fulfil

Λ = 3
H2

0

M2
Pl

(M4
Pl − 2H4

0β) . (8.2.13)

Now we are going to take this isotropic configuration as our background and perform a
perturbative expansion around it,

a(t) = a(0)(t)+
∞∑
k=1

εka(k)(t) , b(t) = a(0)(t)+
∞∑
k=1

εkb(k)(t) , c(t) = a(0)(t)+
∞∑
k=1

εkc(k)(t) ,

(8.2.14)
where a(0)(t) := eH0t and ε is the (small) perturbation parameter, which should not to be
confused with the anisotropic parameter εσ introduced above.

4This is also known as Weyl method, because Weyl made use of it to derive the Schwarzschild solution
of the Einstein field equations in [386].
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Since the background is a solution, if we substitute the perturbative expansion (8.2.14)
into our set of dynamical equations {EN ,Eab,Eca}, we expect the first non-trivial contri-
bution to appear at first order. Indeed, we get the following system of second-order
differential equations

0 = ȧ(1) + ḃ(1) + ċ(1) −H0

(
a(1) + b(1) + c(1)

)
,

0 = b̈(1) − ä(1) + H0

(
ḃ(1) − ȧ(1)

)
− 2H2

0

(
b(1) − a(1)

)
,

0 = c̈(1) − ä(1) + H0

(
ċ(1) − ȧ(1)

)
− 2H2

0

(
c(1) − a(1)

)
, (8.2.15)

provided M4
Pl 6= 6H4

0β. As shown in (8.2.5), this is in turn a necessary condition to avoid
a pathological behavior of the tensor modes, which requires M4

Pl − 6H4
0β > 0 (see also

[381]). The general solution for this first order contribution is

a(1) = C1e−2H0t + C3eH0t ,

b(1) = C2e−2H0t + C4eH0t ,

c(1) = −(C1 + C2)e−2H0t + C5eH0t , (8.2.16)

for some integration constants Ci (i = 1, ..., 5). We can proceed analogously to obtain the
solution at second order that is found to be

a(2) =
C2

1 − C1C2 − C2
2

4

M4
Pl − 258H4

0β

M4
Pl − 6H4

0β
e−5H0t +

1

3

[
C̄ +D1

]
e−2H0t +D3eH0t ,

b(2) =
C2

2 − C1C2 − C2
1

4

M4
Pl − 258H4

0β

M4
Pl − 6H4

0β
e−5H0t +

1

3

[
C̄ +D2

]
e−2H0t +D4eH0t ,

c(2) =
C2

1 + 3C1C2 + C2
2

4

M4
Pl − 258H4

0β

M4
Pl − 6H4

0β
e−5H0t +

1

3

[
C̄ −D1 −D2

]
e−2H0t +D5eH0t ,

(8.2.17)

whereDi (i = 1, ..., 5) are new integration constants and C̄ := C1C3 +C2C4−(C1 +C2)C5.
The resulting perturbative expansion reproduces the exactly isotropic de Sitter so-

lution at all orders, since the anisotropic contributions decay exponentially making the
whole series converge to it. Notice that the perturbative contributions proportional to
eH0t can be absorbed into the background solution. According to [381], this behavior
guarantees the existence of FLRW solutions. However, some care must be taken to cor-
rectly interpret this perturbative solution since the zeroth order corresponds to a singular
surface in phase space where dynamical dofs disappear, as we will see in the next section.
Consequently, a standard perturbative expansion around this surface can be problematic
and the conclusions drawn from it can be flawed.

In the present case, there is something crucial to notice: each order is obtained by
solving second order equations, while the full equations are known to be fourth order.
This can be seen in the equations at first order (8.2.15), and it is easy to understand that
this will be the case at all orders in perturbation theory. The reason is that the coeffi-
cients of the terms with third and fourth derivatives of the scale factors at n-th order
must be evaluated on the purely isotropic zeroth order solution. But we know that the
isotropic case, by definition of the theory, gives second order differential equations, so
the coefficients of these terms must vanish necessarily. The importance of this observa-
tion is that it implies that we are necessarily missing perturbative modes along specific
directions whose stability is not under control and, certainly, they are not captured by
the perturbatively-generated solution. From this analysis, we cannot conclude that the
de Sitter solution is a good background solution. In Appendix F we illustrate these issues
with a simple one-dimensional mechanical toy example.
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8.2.4 Shear equations

In the theory (8.2.1), one finds that the highest order derivatives of the anisotropy func-
tions σ1 and σ2 appear in the evolution equations (shear equations), Ecb and Eca. Ob-
viously, these equations trivialize in the isotropic case because they describe the evolu-
tion of the shear σ1 and σ2, which means that there is an overall factor εσ (that goes to
zero in the isotropic limit). In the absence of any anisotropic stress, as we are consider-
ing, and away from the isotropic case, the shear evolution equations can be taken to be
{Ecb/εσ,Eca/εσ} (we remove the global εσ factor), which can be written in the following
schematic form:

β

M2
Pl

[
εσM1

(
˙̇σ̇2

˙̇σ̇1

)
+ εσM2

(
σ̈2

σ̈1

)
+ V

]
+ 3M2

Pl

(
3Hσ2 + σ̇2

3Hσ1 + σ̇1

)
= 0 . (8.2.18)

where the matrices M1 and M2, and the column vector V start at zeroth order in εσ.5 This
equation shows how the higher order terms containing second and third derivatives of
the shear trivialize in the isotropic limit εσ → 0. Consequently, in this limit, the order of
the corresponding differential equations is reduced. This does not imply that the shear
evolution is not modified by the ECG term in the action, since the usual GR evolution
(described by the last term in the l.h.s. of (8.2.18)) receives corrections from V.

Now that we have obtained the non-linear equation for the anisotropic homogeneous
modes, we can corroborate that the isotropic solution lies on a singular surface of phase
space. This means that solutions near the singular isotropic surface can never end in
the isotropic solution. At best, a given trajectory could approach the isotropic solution,
but its intrinsically singular nature prevents the possibility of making any reliable claim.
In particular, this is the reason why the perturbative expansion of Section 8.2.3 fails to
capture the full perturbative spectrum around the isotropic solution.

8.2.5 Complete dynamical analysis

In order to go deep into the pathological character of the isotropic solutions we can con-
sider the full system of equations, i.e., the shear equations (8.2.18) together with the lapse
equation EN , in terms of σ1, σ2 and H (we take εσ = 1 from now on). The highest deriva-
tives of the isotropic Hubble expansion rate H and the shears σ1 and σ2 that appear in
each of them are:

EN : (Ḧ, σ̈1, σ̈2) , Ecb : ( ˙̇Ḣ, ˙̇σ̇1, ˙̇σ̇2) , Eca : ( ˙̇Ḣ, ˙̇σ̇1, ˙̇σ̇2) . (8.2.19)

Although the shear equations contain third order derivatives of H, they can be eliminated
by taking successive time derivatives of EN . This procedure results in additional correc-
tions to the coefficients of ˙̇σ̇1 and ˙̇σ̇2. We are interested in obtaining the matrix of the
principal part of the equations once they are written in the discussed normal form, i.e.,
with derivatives only up to the orders (˙̇σ̇1, ˙̇σ̇1, Ḧ).

At this point, it is convenient to factor the isotropic expansion out by introducing the
variables

X(t) :=
σ1(t)

H(t)
and Y (t) :=

σ2(t)

H(t)
, (8.2.20)

and work with the number of e-folds

dN = H(t)dt (8.2.21)
5To be more specific, the components of M1 depend polynomially on σ1, σ2 and H, whereas those of M2

and V also depend on σ̇1, σ̇2 and the derivatives of H.
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as time variable (we will use a prime to represent the derivative with respect to N ). After
these manipulations, the full system of equations can be written as

Hij(ξj)′ + F i(X,Y,X ′, Y ′, X ′′, Y ′′,H,H′) = 0 , (8.2.22)

where ~ξ := (H′, X ′′, Y ′′), ~F is a vector that depends on the displayed dynamical variables
and Hij is the desired matrix of coefficients for the principal part. The determinant of
this matrix is given by

detHij = −1458β3H15

M12
Pl

(
X2 − 2Y 2 + 2Y −X + 2XY

)
×

×
(
Y 2 − 2X2 + 2X − Y + 2XY

)(
Y 2 +X2 − 4XY −X − Y

)
. (8.2.23)

Besides the singular curves given by detHij = 0, there is an additional separatrix
associated to a null eigenvalue along the H′′ direction given by

2
(
X3 + Y 3

)
− 3
(
XY 2 +X2Y

)
− 2
(
X2 + Y 2

)
+ 2XY = 0 . (8.2.24)

This separatrix does not appear from the vanishing of the determinant because the other
two eigenvalues diverge on this curve in such a way that the determinant remains finite.
Thus, we also have to consider this separatrix in our analysis. Notice that the equations of
the singular separatrices in (8.2.23) and (8.2.24) are invariant under X ↔ Y (i.e., σ1 ↔ σ2)
and only depend algebraically on X , Y . Consequently, these separatrices correspond to
singular hypersurfaces in phase space that are orthogonal to the plane (X,Y ) or, equiva-
lently, parallel to the other directions.6

In Fig. 8.2.1, the curves displayed in yellow, orange and red are the critical curves
where the determinant (8.2.23) vanishes, while the dark red ones represent the additional
separatrix given by (8.2.24). Notice that the isotropic point (X = Y = 0) is crossed by the
first three, whereas it is just an isolated solution of (8.2.24). In total, the separatrices have
only four intersection points as can be seen in Fig. 8.2.1. These special points are collected
in Table 8.2.1. These critical points correspond, in addition to the isotropic solution, to the
three FLRW universes with flat spatial slices in which only one of the spacelike directions
is dynamical.

The analysis of the full dynamical system and its phase map is quite cumbersome.
However, we do not need to perform such analysis for our purposes, since we are only
interested in explicitly showing the pathological character of the isotropic solutions. This
should already be clear from the fact that such a solution in fact belongs to the discussed
separatrices. However, we can be more explicit by considering the following restricted
situation:

6Let us be more explicit on this and notice that the considered phase space is spanned by the coordi-
nates (H, X, Y,H′, X ′, Y ′, X ′′, Y ′′). The singular surfaces then exhibit a symmetry under translations in the
subspace (H,H′, X ′, Y ′, X ′′, Y ′′).
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(X, Y ) (σ1, σ2)
(
ȧ
a ,

ḃ
b ,

ċ
c

)
Description

(0, 0) (0, 0) (H, H, H) Isotropic point

(1, 0) (H, 0) (3H, 0, 0) b, c constant functions

(0, 1) (0, H) (0, 3H, 0) a, c constant functions

(−1, −1) (−H, −H) (0, 0, 3H) a, b constant functions

Table 8.2.1: In this table we summarise the four special points in the plane XY where the
different singular branches intersect. These special solutions correspond to universes with
isotropic evolution and with evolution along one of the directions while the transverse one
remain static.
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Figure 8.2.1: These plots show how the field (ξ2, ξ3)′ = (X ′′′, Y ′′′) behaves with respect to X
and Y under the conditions H′ = X ′ = Y ′ = X ′′ = Y ′′ = 0 and H = HdS. The curves in red,
orange and yellow are, respectively, the three branches of singular separatrices as they appear
in (8.2.23), while the dark red one is the additional separatrix that does not appear in the
Hessian determinant. The isotropic solution corresponds to the blue point at the origin. We
can also see other three distinctive singular points that correspond to the physical solutions
where only one of the directions expands (see Table 8.2.1). The first two plots correspond to
the value βM4

Pl/H
4
dS = 0.1 and the last ones to βM4

Pl/H
4
dS = 0.001.
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1. First, since the critical surfaces only depend onX and Y , we will focus on this plane
of the phase space.

2. Then we will consider the flow of the trajectories with H′ = X ′ = Y ′ = X ′′ = Y ′′ =
0 and H = HdS that correspond to trajectories that are anisotropically displaced
from the de Sitter solution and left at rest.

3. We can then plot the flow of the vector field (ξ2, ξ3)′ = (X ′′′, Y ′′′) in the (X,Y )
plane as we show in Fig. 8.2.1.

Let us clarify the procedure we are following: we first take the phase space flow on the
hypersurface H′ = X ′ = Y ′ = X ′′ = Y ′′ = 0 and H = HdS. Then we project it onto the
plane (ξ2, ξ3) = (X ′′, Y ′′). And, finally, we plot how this projected flow varies with the
coordinates (X,Y ) (they can be seen as external parameters for the resulting vector field).

A cautionary word might be in order here. The plots in Fig. 8.2.1 involve an identifica-
tion of the (X,Y ) axis with the directions of (ξ2, ξ3). Thus, although these diagrams pro-
vide limited information on the physical trajectories, they can be used to clearly see the
separatrices as well as the crucial consequence that no physical solutions can smoothly
approach them. In particular, we can see that the isotropic point (the origin of the plot) is
an unstable point. In the following subsection we will provide some numerical examples
to clearly illustrate these arguments.

8.2.6 Numerical analysis

We will now examine numerical solutions for the full set of equations in the Bianchi I
spacetime. We choose again the independent set of differential equations {EN ,Ecb,Eca}.
As we saw in (8.2.19), in order to reduce the order in H, we replace Ḧ and ˙̇Ḣ in the shear
equations by the expressions obtained by taking successive time derivatives of EN .

Our goal is to scan the phase space around the de Sitter solution. With this space as
our baseline, we give randomly generated initial condition with a small amplitude to the
initial shears and their derivatives. We show the obtained numerical solutions in Fig.
8.2.2, which confirms our discussion above. The left panel shows the evolution for H
together with the exact de Sitter solution. We see that in all of the numerical solutions,
which are perturbatively closed to de Sitter at the beginning, quickly deviate from the
isotropic one. In addition, the solutions that eventually turn and approach the isotropic
solution encounter a point beyond which the evolution ceases. This behavior clearly
reflects the fact that the solution reaches a singular point. For illustrative purposes we
only plot ten solutions, but we have checked that this is the general tendency.

8.2.7 Numerical analysis for a radiation dominated era

In this section we will perform a similar numerical integration but in the presence of a
matter sector SMatt describing radiation, i.e., one whose energy-momentum tensor (as
defined in (3.3.45)) has the form

T µν = (ρr + Pr)u
µuν + Prg

µν , (8.2.25)

where Pr = 1
3ρr and uµ is the fluid 4-velocity. Therefore, among {EN ,Ecb,Eca}, only the

equation of the lapse is modified, according to EN → EN − ρr(t), with respect of the
equations of the previous subsection.

In the presence of radiation it is convenient to work in terms of the number of e-folds
N , defined in (8.2.21). Then, the Bianchi identity associated to diffeomorphisms for the
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Figure 8.2.2: In the first plot we represent the isotropic solution for H(t) (black line) and the
numerical ones (blue lines) starting with the same initial conditions for H, but for randomly
generated initial conditions for σ1(t) and σ2(t). The second plot shows the result of the in-
tegration for σ1(t) and σ2(t). For this numerical result we have chosen Λ = 0.5, MPl = 1,
β = 0.01 and the initial value H(t = 1) = 0.408362 (the only solution of (8.2.4) compatible
with the stability condition that forces Λ > 2H2 [381]).
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Figure 8.2.3: In these plots we represent the evolution of the perturbed solution around a
isotropic radiation dominated background similarly as in Fig. 8.2.2, but now expressing the
evolution in terms of the number of e-folds N instead of the cosmic time t. For this numerical
result we have chosen Λ = 0.5, MPl = 1, β = 0.01 and the initial value H(N = 1) = 1 (which
implies ρ0 = 160.519 due to (8.2.4)).

matter action,

0 = ∇µTµν ⇒ ρ̇r(t)

ρr(t)
= −4H(t) , (8.2.26)

can be immediately integrated:
ρr(N) = ρ0e−4N . (8.2.27)

With all of this in mind, we proceed in a similar way as in the previous section. For the
numerical computation we use the initial value of the Hubble constant, H(Nini), as an
input and employ it to determine ρ0 through the isotropic equation (8.2.4).7 If we focus
on a radiation dominated era, we can neglect the cosmological constant term (initially,
ρ0e−4 � Λ). In Fig. 8.2.3 we show the evolution for ten sets of randomly generated
initial values for the shears σ1 and σ2. As in the case discussed in the previous sec-
tion, the numerical solutions exhibit an important deviation with respect to the isotropic
background. It is worth noticing that the blue curves show no tendency to return to the
isotropic curve. Again, we have checked that these ten curves are representative of the
general behavior.

7When solving for ρ0 for the given value of H(Nini), there are more than one branch of solutions in general.
Actually, for the set of parameters employed in Fig. 8.2.3, there is another real branch where the isotropic
solution for H is an increasing function. For that case, the same conclusions can be reached.
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8.3 Pathologies in higher order generalized quasi-topological
theories

Pathologies as the ones we have discussed in the previous section for ECG, are in princi-
ple expected in any of the Generalized Quasi-Topological Gravity theories introduced in
[363]. Interestingly, we will find that the cosmological solutions based on these extended
GQTG are even more prone to problems than in the ECG case, in a sense that we explain
in the following.

The theory we will consider is ECG (8.2.1) plus a series of higher order terms in the
curvature of the type GQTG. For our purposes here it will be sufficient to restrict our
analysis to the first three higher order terms. Consider then the action (8.2.1) with the
correction

∆S =

�
d4x
√
|g|
(
β4

M4
Pl

R(4) +
β5

M6
Pl

R(5) +
β6

M8
Pl

R(6)

)
, (8.3.1)

where βi (i = 4, 5, 6) are dimensionless parameters andR(i) (i = 4, 5, 6) are the curvature
invariants given in [363] and that we reproduce in Appendix G for completeness. Fol-
lowing the same procedure as in the ECG theory, we can obtain the evolution equations
for the shear functions σ1 and σ2, which now have the form (compare to (8.2.18))[
Ḣ2v1 12×2 + εσ

(
β

M2
Pl

M1 + N1

)](
˙̇σ̇2

˙̇σ̇1

)
+

[
Ḣv2 12×2 + εσ

(
β

M2
Pl

M2 + N2

)](
σ̈2

σ̈1

)

+
β

M2
Pl

V + W + 3M2
Pl

(
3Hσ2 + σ̇2

3Hσ1 + σ̇1

)
= 0 ,

(8.3.2)

where

v1 := −6
β4

M4
Pl

− 2

5

(
2 H2 + 3 Ḣ

) β5

M6
Pl

+
3

1040

(
16848 H4 + 90357 H2Ḣ + 136175 Ḣ2

) β6

M8
Pl

,

(8.3.3)

v2 := −12 (3HḢ + 2Ḧ)
β4

M4
Pl

− 4

5

(
6 H3Ḣ + 13 HḢ2 + 4 H2Ḧ + 9ḢḦ

) β5

M6
Pl

+
3

520

(
50544 H5Ḣ + 338463 H3Ḣ2 + 589239 HḢ3

+ 33696 H4Ḧ + 271071 H2ḢḦ + 544700 Ḣ2Ḧ
) β6

M8
Pl

, (8.3.4)

and the rest of the contributions coming from ∆S are encoded in the matrices N1 and
N2, and in the vector W. These three objects start at zeroth order in εσ.

As in the ECG case we see that the isotropic de Sitter solution (Ḣ = 0 = εσ) corre-
sponds to a singular surface in phase space, thus giving rise to the same type of strong
coupling problems due to the disappearance of some dofs. However, we can see that the
higher order terms do not trivialize in the case of an arbitrary cosmological background
(εσ = 0 but Ḣ 6= 0). The reason is in the very definition of these theories: they have the
linear spectrum of GR only around maximally symmetric backgrounds. On a general
isotropic cosmological background the additional modes associated to the higher order
nature of the field equations are fully active. Though this prevents any strong coupling
issue, it indicates that the ghostly degrees of freedom will propagate on general cosmo-
logical backgrounds, thus making them unstable.
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A possible improvement of this pathological behavior can be obtained by noticing
that there are several inequivalent terms at each order in curvature that lead to second
order gravitational equations for an isotropic Ansatz, but differ beyond the isotropic so-
lutions. In that respect, we have taken the particular combination given in (8.3.1) to illus-
trate the present pathologies, but this is not unique nor the most general choice. Thus, it
is conceivable that these terms can be combined in such a way that the equations remain
of second order around arbitrary FLRW spacetimes and not only for the maximally sym-
metric ones, as suggested in [363]. In other words, there could exist combinations so that
the higher order contributions completely vanish in the limit εσ → 0, similarly to what
happens for the ECG. This currently remains as an open question.8

8.4 Discussion and conclusions

In this chapter we have discussed the pathologies present in ECG and GQTG that arise as
a direct consequence of their defining prescription. These theories contain a massless spin
2, a massive spin-2 and a massive scalar fields, but only the former propagates on some
specific backgrounds (same linear spectrum as GR on those spacetimes). This condition is
imposed in order to get rid of the ghostly modes associated to the higher order nature of
the theories. The evanescence of dofs on these backgrounds however can be interpreted
as an indication for the presence of strongly coupled modes. Since this cannot be seen at
linear order, we have instead studied the full non-linear equations of slightly deformed
backgrounds with fewer symmetries than the spacetimes used to define the theories. We
have mainly focused on cosmological solutions and the ECG action. In this setting, we
have shown that the isotropic solution indeed corresponds to a singular surface in phase
space, preventing the solution trajectories from smoothly evolving towards it. Further-
more, we have analyze how standard perturbation theory around the isotropic solution
fails to reproduce the full landscape of perturbations and, consequently, the conclusions
drawn from a perturbative analysis cannot be fully trusted. We have also discussed these
problems for the extended class of GQTG. Here we have found that, not only the same
strong coupling problems around the maximally symmetric backgrounds that define the
theories persist, but the ghostly degrees of freedom are actually active around general
cosmological backgrounds.

Although we have focused on cosmological backgrounds, there is nothing really spe-
cial about them (other than the simplicity introduced by the additional symmetries) and
it is easy to envision that the same class of pathologies will be present e.g. around static
and spherically symmetric backgrounds. Likewise, similar problems are expected to arise
in extension involving additional fields. Recently, a new class of quasi-topological elec-
tromagnetic theories has been introduced in [387] where theories featuring non-minimal
couplings of a U(1) gauge field to gravity are explored along the lines of GQTG. In this
respect, it is known that the so-called Horndeski vector-tensor interaction (see e.g. [388])
is the only gauge-invariant non-minimal coupling that gives rise to second order field
equations (i.e. the analogue of Lovelock terms). Thus, the Lagrangians obtained in [387]
without additional modes on spherically symmetric backgrounds will again be prone to
the same type of pathologies discussed here. That would not be the case if those La-
grangians were related to the Horndeski vector-tensor interaction via a field redefinition
for instance. In this respect, similar conclusions would apply to GQTG including a scalar
field featuring derivative non-minimal couplings and constructed so that the scalar only
propagates one additional dof around some specific backgrounds, thus lying outside the
class of Horndeski theories or any of the known healthy scalar-tensor theories (see e.g.

8We thank Pablo A. Cano for pointing out this possibility to us.
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[46, 47, 53]).
Undoubtedly, the general class of GQTG exhibit a series of remarkable properties

that make them very interesting and worth investigating. However, it is crucial to bear in
mind that their very defining property is intimately related to the presence of pathologies
that need to be properly tackled to guarantee the physical viability of models based on
these theories (e.g. inflationary scenarios). Of course, this should not preclude exploiting
their exceptional properties to draw physically sensible and useful results from them9

(see for instance [373, 391], where analytical results for the thermodynamical properties of
Taub-NUT solutions were derived). Therefore, the main conclusion from our analysis is
that certain backgrounds cannot be regarded, at least a priori, as viable physical models.

Other comments and future directions

p Relation to cuscuton model. It is interesting to notice a certain resemblance of
what happens in the theories under consideration in this chapter and the cuscu-
ton model, first introduced in [392] (see [393] for an extended version). This model
describes a scalar field whose propagation speed becomes infinite around homoge-
neous configurations so it does not propagate. This feature was analyzed from a
full Hamiltonian approach in [394], where it was shown that indeed the homoge-
neous configuration corresponds to a singular surface in phase space. The authors
argued that the cuscuton could be defined in a sensible manner only if the homo-
geneity of the field is imposed a priori. It would be interesting to study if a similar
interpretation could be employed for the ECG and GQTG by constraining the space
of allowed metrics.

p EFT considerations. Theories with a reduced spectrum around some backgrounds
are sometimes interpreted within the realm of Effective Field Theories (EFT). In
this respect, we find it convenient to stress that, with that philosophy in mind, one
should include all operators complying with the symmetries (diffeomorphims in
this case) and field content (the metric and, possibly, a matter sector). In particular,
there is no reason not to include the quadratic terms in the curvatures, which also
introduce ghostly dofs and would become dominant at a lower scale, and higher
order curvature terms that would then be order one whenever the ECG operator
becomes non-perturbative. If we do not include these terms, then the question is:
how stable is the resulting tuning of the coefficients under quantum corrections
(graviton and matter loops)?10

9This happens in other theories. For instance, in massive gravity, open FLRW solutions (the only ones
allowed) are plagued by strong coupling issues and non-linear ghost-like instabilities (see e.g. [389, 390]).
Nevertheless, it is important to remark that in GQTG the full theory generically exhibit the pathology (be-
cause it is of the Ostrogradski type).

10It is interesting to note that all higher order curvature terms with up to two covariant derivatives acting
on the Riemann can be related to the GQTG Lagrangians via field redefinitions [380]. This seems to suggest,
that the GQTG could serve as a basis for the gravitational EFT operators (see [395]), at least partially for
operators not involving higher than second derivatives of the curvatures.

Alejandro Jiménez Cano



160 8.4. Discussion and conclusions

Alejandro Jiménez Cano



9 The General Teleparallel Quadratic
theory

An expert is a man who has made all the mistakes which can be made in a very
narrow field.

— Niels Bohr, as quoted by Edward Teller (10 October 1972)

Analyzing the stability of the full quadratic MAG Lagrangian is quite a challenging
task. In this chapter we are going to focus on the teleparallel restriction of the Lagrangian
(3.4.1) in dimension 4, i.e., with vanishing curvature. Imposing a local symmetry under
the general linear group turns the Lagrangian into the general teleparallel equivalent of
General Relativity carrying both torsion and nonmetricity. We will show how the GR
equivalents with either zero torsion or zero nonmetricity can be seen as gauge-fixed ver-
sions of the general equivalent. We will also study the linear theory around Minkowski
spacetime to prove that the presence of extra gauge symmetries is required for the theory
to be potentially viable.

9.1 Introduction to general teleparallel theories

The metric-affine geometries with zero curvature have a well-defined notion of distant
parallelism (teleparallelism). In this framework it is possible to formulate other fully equiv-
alent descriptions of GR. On the one hand we have the Teleparallel Equivalent of GR (TEGR)
[396] formulated in the absence of nonmetricity (Weitzenböck geometries), where grav-
ity is identified with the torsion. On the other hand, flat spacetimes with zero torsion
can accomodate the GR effects in the nonmetricity giving rise to the Symmetric Telepar-
allel Equivalent of GR (STEGR) [108, 305]. Generalizations of these theories (of course,
inequivalent to GR) have been considered by the modified gravity community such as
f(T )-gravity [116, 338, 339] and f(Q)-gravity [108, 340], whose Lagrangians are arbitrary
functions of the TEGR and STEGR invariants, respectively.

Consider a teleparallel framework in which we allow both torsion and nonmetricity.
The only constraint is then the teleparallel condition,

Rµνρ
λ = 0. (9.1.1)

This can be integrated and the resulting connection (also known as inertial connection) can
be expressed

Γµν
ρ = (Λ−1)ρσ∂µΛσν , (9.1.2)

where Λαβ is an arbitrary (constant) invertible matrix (i.e., an element of GL(4,R)). No-
tice that the connection exhibits a global symmetry Λµν →Mµ

ρΛ
ρ
ν for a constant Mµ

ρ ∈
GL(4,R) that will be present in the teleparallel theories.1 The torsion and the nonmetric-
ity for this geometry can be straightforwardly computed:

Tµν
ρ = 2(Λ−1)ρσ∂[µΛσν], (9.1.3)

Qρµν = −∂ρgµν + 2(Λ−1)λσ∂ρΛ
σ

(µgν)λ. (9.1.4)

1Notice that Λµν is not a tensor under diffeomorphisms, as can be easily seen from the transformation of
Γµν

ρ as a connection.
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162 9.1. Introduction to general teleparallel theories

These are the two fundamental pieces to construct a general teleparallel theory since,
by covariance, the connection will only appear within tensorial quantities (and the only
available options are torsion and/or nonmetricity).

Consider a general metric-affine action S∗[g, Γ] (the ∗ is conventional). We are not
interested in its teleparallel solutions (i.e., varying first and then imposing the teleparallel
condition), but in studying its teleparallel restriction. The natural way to proceed would
be to impose the restriction dynamically through a Lagrange multiplier, although there
are other possibilities (see [397]),

STot[g, Γ, l] = S∗[g, Γ] +

�
lµνρλRµνρ

λ
√
|g|dDx , (9.1.5)

where the second term contains a Lagrange multiplier lµνρλ = l[µν]ρ
λ that forces the the-

ory to be teleparallel. The equations of motion for the Lagrange multiplier, the connection
and the metric are, respectively,

0 =
δSTot

δlµνρλ
= Rµνρ

λ , (9.1.6)

0 =
δSTot

δΓµνρ
=

δS∗

δΓµνρ
− 2(∇λ + Tλ)lλµνρ + Tλσ

µlλσνρ , (9.1.7)

0 =
δSTot

δgµν
=

δS∗

δgµν
+

1

2
gµνRστρ

λlστρλ , (9.1.8)

where lµνρλ :=
√
|g|lµνρλ. Notice that the last term in (9.1.8) disappears whenever the

Lagrange multiplier is on-shell.
Although the Lagrange multiplier appears in the equation of the connection and one

has to deal with it, fortunately, it is possible to eliminate it by taking an appropriate
derivative [397]:

Proposition 9.1. The equations (9.1.6) and (9.1.7) imply

(∇µ + Tµ)
δS∗

δΓµνρ
= 0 . (9.1.9)

Proof. First, let us write the equation (9.1.7) as follows:

δS∗

δΓµνρ
= Kµνρ where Kµνρ := 2(∇λ + Tλ)lλµνρ − Tλσµlλσνρ . (9.1.10)

To prove (9.1.9), we simply act with the operator ∇µ + Tµ on both sides of this
equation and take into account that

(∇µ + Tµ)Kµνρ = −[∇µ, ∇λ]lµλνρ + 2∇µTλlλµνρ + 2Tλ∇µlλµνρ + 2Tµ∇λlλµνρ
−∇µ(Tλσ

µlλσνρ)− TµTλσµlλσνρ
= Tµλ

σ∇σlµλνρ + 2∇µTλlλµνρ −∇σ(Tλµ
σlλµνρ)− TµTλσµlλσνρ

= −(2∇[λTµ] +∇σTλµσ + TσTλµ
σ)lλµνρ = 0 , (9.1.11)

where we have substituted the identity

2R[µ|σ|λ]
σ +Rλµσ

σ = 2∇[λTµ] +∇ρTλµρ + Tλµ
σTσ , (9.1.12)
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in the last step, and we have used several times the teleparallel condition. �

On the other hand, we can consider the action already evaluated in the teleparallel
connection (9.1.2), i.e., directly formulated in terms of the fundamental fields gµν and
Λµν :

S [gµν , Λµν ] := S∗ [gµν , Γσλ
ρ(Λµν)]. (9.1.13)

Then one can easily check:

Proposition 9.2. The variations of S with respect to gµν and Λµν are given by:

δS

δgµν
=

δS∗

δgµν
,

δS

δΛσν
= (Λ−1)ρσ(∇µ + Tµ)

δS∗

δΓµνρ
. (9.1.14)

Proof. The equation of the metric is straightforward. To compute the field equations
of Λµν , we use the following identity that can be easily checked by direct computa-
tion of both sides:

δΓµν
α = ∇µ

[
(Λ−1)ρσδΛ

σ
ν

]
. (9.1.15)

And, with this in mind,
�

dDx
δS

δΛµν
δΛµν = δΛS =

�
dDx

δS∗

δΓµνρ
δΛΓµν

ρ (9.1.16)

(9.1.15)
(9.2.4) =

�
dDx

δS∗

δΓµνρ
∇µ
[
(Λ−1)ρσδΛ

σ
ν

]
(9.1.17)

int. by parts =

�
dDx (∇µ + Tµ)

δS∗

δΓµνρ
(Λ−1)ρσδΛ

σ
ν (9.1.18)

⇒ Λλρ
δS

δΛλν
= (∇µ + Tµ)

δS∗

δΓµνρ
. (9.1.19)

And finally, we multiply both sides by (Λ−1)ρσ. �

We see that by assuming the teleparallel condition at the level of the action we recover
the same equation for the metric and the equation (9.1.9). The remaining one, which is
the rest of the equation (9.1.7) that is not fixed by (9.1.9) can be seen as an equation for the
Lagrange multiplier that we will ignore. Therefore, from now on we will work in terms
of gµν a Λµν at the level of the action.

9.2 Teleparallel Quadratic gravity

The most general (parity-preserving) teleparallel action quadratic in torsion and non-
metricity is

S‖ [gµν , Λµν ] =
1

2
M2

Pl

�
d4x
√
|g| G, (9.2.1)

with2

G := α1TµνρT
µνρ + α2TµνρT

µρν + α3TµT
µ − β1QµνρT

µνρ − β2QµT
µ − β3Q̌µT

µ

+ γ1QρµνQ
ρµν + γ2QρµνQ

µνρ + γ3QµQ
µ + γ4Q̌µQ̌

µ + γ5QµQ̌
µ, (9.2.2)

2Since we are using different conventions than [6], some signs have been introduced in the action to
ensure the following relations between our parameters and those of that article: αi ↔ ai, βi ↔ bi, γi ↔ ci.
In addition, we corrected here the misprint in the term γ1 ↔ c1 that appears in [6].
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where the traces Tµ, Qµ and Q̌µ agree with the definitions (2.4.23), (2.4.32) and (2.4.33),
respectively. This teleparallel action reduces to New GR [398] for a metric-compatible
connection, and to Newer GR [108] for a torsion-free connection.

Let us now present the equations of motion of this theory. Consider the theory S‖ +
SMatt for some matter action that does not depend on the connection (i.e., it has zero
hypermomentum). Then, according to the previous section, the field equations for the
metric and Λµν are, respectively,

Gµν =
1

M2
Pl

T µν , (∇µ + Tµ)Pµνρ = 0 . (9.2.3)

where we have introduced the abbreviations3

Gµν :=
2

M2
Pl

1√
|g|

δS‖

δgµν
T µν :=

2√
|g|
δSMatt

δgµν
Pµνρ :=

δS∗‖

δΓµνρ
, (9.2.4)

and the explicit expressions of Gµν and Pµνρ are

Gµν = L‖gµν + α1

[
T σρµTσρ

ν − 2TµσρT
νσρ
]
− α2T

µ
σρT

νρσ − α3T
µT ν

− β1(Q(µ
σρ −Qσρ(µ)T ν)σρ − β2(QρµνTρ +Q(µT ν))− β3(Q(µν)ρTρ + Q̌(µT ν))

− γ1(QµσρQ
νσρ + 2QσρµQσρ

ν)− γ2(2Qσρ
(µQν)σρ +QρσµQσρ

ν)

− γ3(QµQν + 2QρQ
ρµν)− γ4(Q̌µQ̌ν + 2Q̌ρQ

(µν)ρ)

− γ5(Q(µQ̌ν) + Q̌ρQ
ρµν +QρQ

(µν)ρ)

+
(
∇ρ −

1

2
Qρ + Tρ

)[
2γ1Q

ρµν + 2γ2Q
(µν)ρ + 2γ3Q

ρgµν + 2γ4g
ρ(µQ̌ν)

+ γ5(Q̌ρgµν + gρ(µQν))− β1T
ρ(µν) − β2T

ρgµν − β3g
ρ(µT ν)

]
, (9.2.5)

Pµνρ = 2α1T
µν
ρ − 2α2Tρ

[µν] + 2α3T
[µδν]

ρ

− β1(Q[µν]
ρ + Tµ(νλ)gλρ)− β2(Q[µδν]

ρ + Tµδνρ)− β3(Q̌[µδν]
ρ + gµ(νT λ)gλρ)

+ 2γ1Q
µν
ρ + 2γ2Q

(νλ)µgλρ + 2γ3Q
µδνρ + 2γ4g

µ(νQ̌λ)gλρ + γ5(Q̌µδνρ + gµ(νQλ)gλρ) .

(9.2.6)

In principle we have 10(g) + 16(Λ) = 26 independent components, but the invariance
under diffeomorphisms reduce them to a maximum of 18 propagating fields that can
be associated to the 16 components of Λµν plus the two polarizations of the graviton
contained in gµν . As we will see, further restrictions in the parameters are needed to
avoid ghosts.

9.3 On the equivalents of GR

Here, we are going to elaborate a bit more on the equivalence between GR and their
teleparallel equivalents. The starting point is the post-Riemannian expansion of the Ricci
scalar of the general connection around the Levi-Civita of the spacetime metric:

R = R̊− LGTEGR − ∇̊µ
(
Q̌µ −Qµ + 2Tµ

)
, (9.3.1)

where we have defined

LGTEGR :=
1

4
TµνρT

µνρ +
1

2
TµνρT

µρν − TµTµ +QµνρT
µνρ −QµTµ + Q̌µT

µ

+
1

4
QµνρQ

µνρ − 1

2
QµνρQ

νµρ − 1

4
QµQ

µ +
1

2
QµQ̌

µ, (9.3.2)

3The notation for the energy-momentum tensor is consistent with (3.3.45).
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which is obtained from G upon the parameters choice4

(α1, α2, α3 | β1, β2, β3 | γ1, γ2, γ3, γ4, γ5) =
(

1
4 ,

1
2 ,−1

∣∣ 1,−1, 1
∣∣1

4 ,−
1
2 ,−

1
4 , 0,

1
2

)
. (9.3.3)

The general relation (9.3.1) between the Ricci scalars, up to an irrelevant total derivative,
is the root for the equivalents of GR in teleparallel geometries. If we evaluate (9.3.1) in
the teleparallel case (i.e., R = 0), we get that the Einstein-Hilbert term R̊ is dynamically
equivalent to LGTEGR,

R̊ = LGTEGR + ∇̊µ
(
Q̌µ −Qµ + 2Tµ

)
. (9.3.4)

For this reason, LGTEGR is called General Teleparallel Equivalent of GR (GTEGR) (general,
because both torsion and nonmetricity are non-vanishing).

Now we are in position to give a nice interpretation of TEGR and STEGR as different
gauge-fixed versions of the general equivalent:

p TEGR gauge

In the TEGR, the connection is further restricted to be metric-compatible, i.e.,

2(Λ−1)λσ∂ρΛ
σ

(µgν)λ = ∂ρgµν . (9.3.5)

This relates the metric and Λµν . This gauge does not fix the full GL(4,R) symmetry.
To see this, notice that (9.3.5) is solved if

gµν = ΛρµΛσνcρσ (9.3.6)

for an arbitrary constant cρσ. The gauge (9.3.5) indeed leaves undetermined the
orthogonal subgroup with respect to the metric cρσ. Since we are interested in
Lorentzian metrics, it is natural to choose cρσ = ηρσ, and the residual symmetry
is nothing but a local Lorentz invariance, which is the well-known symmetry of
TEGR.

p STEGR gauge

The STEGR on the other hand is obtained by imposing Tµν
ρ = 0. This forces the

condition Λµν = ∂νξ
µ for some arbitray ξµ’s that can be identified with a coordi-

nate transformation. In fact, the parameters ξµ can be interpreted as Stückelberg
fields introduced to restore covariance of the Einstein Lagrangian, giving rise to the
Einstein-Hilbert one (see (1.1.2)).

These two formulations of GR purely in terms of nonmetricity and torsion (respec-
tively), together with the usual Einstein-Hilbert formulation in terms of the Levi-Civita
Ricci scalar have been dubbed the geometrical trinity [114]. Note that these are just two
very specific gauges and one can consider choices that interpolate between them. This
opens up the possibility for a whole plethora of modifications of gravity based on non-
linear extensions of the corresponding partially gauge-fixed version of the GR equiva-
lent analogous to the f(T ) and f(Q) theories based on the TEGR and STEGR gauges.
It is important to emphasize that most of these extensions will be prone to suffer from
pathologies due to the loss of symmetries, as we explained in Section 7.2. In particular,
a potentially interesting non-linear extension could be that without any partial gauge-
fixing, i.e., f(LGTEGR) where the full Λαβ is allowed to contribute.

4Here we corrected another misprint in [6] concerning the value of β2 ↔ b2.
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166 9.4. Perturbative spectrum on Minkowski

9.4 Perturbative spectrum on Minkowski

9.4.1 Quadratic Lagrangian and symmetries

Let us focus in the linear theory on a Minkowski background. Consider the following
first-order expansions of the fields:

gµν = ηµν + hµν , Λµν = δµν + λµν . (9.4.1)

If we define Hµν := 2λ(µν)and Bµν := 2λ[µν], the torsion and the nonmetricity are given
by:

Tµν
ρ = ∂[µ(Hρ

ν] +Bρ
ν]) , Qρµν = −∂ρ

(
hµν −Hµν

)
. (9.4.2)

If we express the Lagrangian in S‖ =:
�

d4x
√
|g|L‖ in terms of the perturbations, at lead-

ing (second) order we get, up to boundary terms,

1

M2
Pl

L(2)
‖ =

γ1

2
∂ρhµν∂

ρhµν +
γ24

2
∂µh

µρ∂νhνρ +
γ5

2
∂µh∂νh

µν +
γ3

2
∂µh∂

µh

+
γ̃1

8
∂ρHµν∂

ρHµν +
γ̃2

8
∂µH

µρ∂νHνρ +
γ̃3

4
∂µH∂νH

µν +
γ̃4

8
∂µH∂

µH

+
2α1 − α2

8
∂µBρβ∂

µBρβ +
2α1 − 3α2 − α3

8
∂µB

µρ∂νBνρ

+
β2 − 4γ3

4
∂µh∂

µH +
2α1 + α2 + α3 − β1 + β3

4
∂µB

µρ∂νHνρ +
β1 − β3

4
∂µB

µρ∂νhνρ

+
β1 − 4γ1

4
∂ρhµν∂

ρHµν − β1 + β3 + 4γ24

4
∂µh

µρ∂νHνρ

+
β3 − 3γ5

4
∂µH∂νh

µν − β2 + 2γ5

4
∂µh∂νH

µν , (9.4.3)

where h := hλ
λ, H := Hλ

λ and we have defined

γ24 := γ2 + γ4, γ̃1 := 2α1 + α2 − 2β1 + 4γ1, γ̃2 := −2α1 − α2 + α3 + 2(β1 + β3) + 4γ24,

γ̃3 := −α3 + β2 − β3 + 2γ5, γ̃4 := α3 − 2β2 + 4γ3. (9.4.4)

Let us notice that the parameters γ2 and γ4 only enter through the combination γ24 at this
order. This degeneracy disappears at the non-linear level, due to the interactions. For
arbitrary parameters, this quadratic Lagrangian contains the 2-symmetric rank-2 fields
hµν and Hµν plus the antisymmetric field Bµν .

Before the study of the field content of the linearized theory, let us revise how the
different symmetries of the theory are realized in the perturbations of the metric and the
connection:

p Diffeomorphisms (local). At linear order we have

δζhµν = −2∂(µζν), δζλ
α
β = −∂βζα. (9.4.5)

The latter translates into

δζHµν = −2∂(µζν) and δζBµν = 2∂[µζν]. (9.4.6)

As a consequence of the Stewart-Walker lemma [399], since the background torsion
and nonmetricity vanish, their perturbations are gauge-invariant under linearized
diffeomorphisms.
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p General linear transformations (global). This global symmetry of the connection
is realized as

δ$λ
µ
ν = $µ

ν or δ$Hµν = 2$(µν), δ$Bµν = 2$[µν], (9.4.7)

where $µ
ν ∈ gl(4,R) is constant. The absence of any masses for Bµν and Hµν is

guaranteed by this global symmetry. Notice that the fieldBµν transforms according
to the so(1, 3) subalgebra, i.e., the Lorentz part. On the other hand, Hµν transforms
with the generators of the complementary part of the algebra. One interesting con-
sequence of this is that the realization of a local Lorentz symmetry in the quadratic
Lagrangian will be connected with the absence of Bµν .5

9.4.2 Minimal field content: GTEGR

Here we consider the general equivalent of GR (9.3.2). At second order the Lagrangian
reads

1

M2
Pl

L(2)
GTEGR =

1

8
∂αhµν∂

αhµν − 1

4
∂µh

µα∂νhνα +
1

4
∂µh∂νh

µν − 1

8
(∂h)2. (9.4.8)

This is precisely the Fierz-Pauli Lagrangian for the metric perturbations hµν . Therefore,
only a (healthy) spin-2 mode propagates, whereas the dofs associated to the connection
enter as a total derivative. This reflects that, at linear level, the local gauge symmetry
GL(4,R) is realized up to the total derivative term that we have dropped.

It is interesting to check that requiring the local GL symmetry, even at linear order, is
a very strong condition that fixes the theory to be GTEGR (i.e. GR) at that order, except
for the degeneracy between γ2 and γ4, so there is only one free parameter in the full
theory.6 This can be directly obtained by imposing Hµν and Bµν to have trivial linear
field equations.

This is the minimal field content in order to describe gravity. Therefore theories with
other parameters, and with gravity as a required sector, will propagate more dofs.

9.4.3 Maximal field content

The general quadratic Lagrangian contains the fields hµν , Hµν and Bµν , which are prone
to propagate ghost-like modes. To avoid it, in addition to the Diff symmetry, we are going
to introduce appropriate extra gauge symmetries. The maximum number of physical
dofs that we can have without incurring in ghostly instabilities will correspond to having
2 massless spin-2 fields (2×2) plus a massless Kalb-Ramond field (1), making a total of
5 dofs. Indeed any choice of parameters propagating more than 5 dofs will have ghosts
around a Minkowski background. It will then be useful to study those theories that
precisely propagate this number of dofs.

5The reason for this is that the Noether identity under a local shift symmetry of a field says that the
corresponding equation of motion must be fulfilled off-shell. And this is only true if all the contributions of
that field to the Lagrangian are either zero or a boundary term.

6Observe that here we are imposing local GL symmetry at linear order. If at higher orders such symmetry
is violated, this would diagnose a a strong coupling problem in Minkowski, because there is a discontinuity
in the number of dofs.
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Conditions on Bµν
We are going to consider that the transformation δBµν = 2∂[µθν] (usual transformation

of a massless 2-form) is a gauge symmetry of δS(2)
‖ . The associated Noether identity is

0 = ∂µ

(
δS

(2)
‖

δBµν

)
∝ (2α1 + α2 + α3 + β3 − β1) (�∂σH

νσ − ∂ν∂µ∂σHµσ)

− (β3 − β1) (�∂σh
νσ − ∂ν∂µ∂σhµσ) + (2α1 + α2 + α3)�∂µB

µν ,
(9.4.9)

where � := ηµν∂µ∂ν . This condition imposes

Gauge 2-form: 2α1 + α2 + α3 = 0 and β3 = β1. (9.4.10)

Since Qρµν is independent of Bµν , the pure nonmetricity sector remains completely free.
The first condition is the same that one obtains in the context of New GR to ensure the
decoupling between the Kalb-Ramond field and the graviton [26]. On the other hand, the
second condition comes from the mixed sector that combines torsion and nonmetricty,
which is absent in New GR and also in Newer GR. Note that imposing this symmetry
decouples Bµν from the symmetric sector hµν and Hµν .

Conditions on the symmetric sector. Alternative I
Consistency of the symmetric sector requires additional gauge symmetries. In par-

ticular, we will impose invariance under another copy of linearized diffeomorphisms
(independent from the one that the full theory exhibits).7 The corresponding Noether
identity is

0 = ∂µ

(
δS

(2)
‖

δhµν

)
∝ (β1 − β3 − 8γ1 − 4γ24)�∂µH

µν − (β1 + 2β2 + β3 + 4γ24 + 4γ5)∂ν∂µ∂σH
µσ

+ 2(β2 + β3 − 2γ5 − 4γ3)�∂νH − (β1 − β3)�∂ρB
νρ

+ 4(2γ1 + γ24)�∂µh
µν + 4(γ24 + γ5)∂ν∂µ∂σh

µσ + 4(2γ3 + γ5)�∂νh .
(9.4.11)

Assuming (9.4.10), this identity is identically satisfied if

Diff×Diff: γ5 = 2γ1, γ3 = −γ1, γ24 = −2γ1, and β2 = −β1 . (9.4.12)

Finally, we impose the decoupling of hµν and Hµν , which requires the additional con-
dition β1 = 4γ1. This guarantees that the Newtonian limit is appropriately recovered.8

Under all of these conditions the quadratic Lagrangian reduces to

1

M2
Pl

L(2)
‖ = −γ1hρλE

ρλµνhµν −
2α1 + α2 − 4γ1

4
HρλE

ρλµνHµν +
2α1 − α2

24
FµνρF

µνρ,

(9.4.13)
7 We have chosen to fully realize the extra copy of Diff with hµν , but it could also be realized with Hµν ,

giving the same results. Indeed, the general transformations δhµν = α1∂(µζ
1
ν) + α2∂(µζ

2
ν) and δHµν =

β1∂(µζ
1
ν) + β2∂(µζ

2
ν) can be trivially diagonalized with a redefinition of the gauge parameters.

8Here we are ensuring that only the metric perturbations hµν couples to the matter.
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where we have introduced the Kalb-Ramond field strength Fµνρ := 3∂[µBνρ] and the
Lichnerowicz operator in Minkowski space,9

Eµν
ρσ :=

1

2

(
δρµδ

σ
ν�− 2δρ(µ∂ν)∂

σ + ηρσ∂µ∂ν + ηµν (∂ρ∂σ − ηρσ�)
)
. (9.4.14)

One interesting final remark is that the three gauge symmetries that we have obtained
give rise to a full decoupling of the original Diffs for the three fields, i.e., the transforma-
tions (9.4.5) and (9.4.6) become symmetries with independent parameters for hµν , Hµν

and Bµν .

Conditions on the symmetric sector. Alternative II
An alternative to the previous extra Diff symmetry is imposing an additional Weyl

Transverse Diffeomorphism (WTDiff). This also guarantees the propagation of 2 massless
spin-2 fields. Firstly, Transverse Diffeomorphism (TDiffs), correspond to the invariance
under a diffeomorphism with ∂µζµ = 0. This can also be realized either with hµν or with
Hµν independently.10 In both cases we get

TDiff: 2γ1 + γ24 = 0. (9.4.15)

The idea now, instead of completing this symmetry to full Diffs as before, is to add invari-
ance under Weyl transformations. We consider the transformation δhµν = whϕηµν and
δHµν = wHϕηµν , wherewh andwH are not-necessarily equal weights. The corresponding
Noether identity is

ηµν

[
wh

δ

δhµν
+ wH

δ

δHµν

]
S

(2)
‖ = 0, (9.4.16)

which is fulfilled under the following conditions:

0 = 2(2α1 + α2)wH − 2(γ24 − 8γ3 − γ5)(wh − wH)− β1(2wh − 3wH)− β2(4wh − 7wH) ,

0 = β1wh + 2(β2 + γ24 + 2γ5)(wh − wH)− (2α1 + α2)wH ,

0 = 2(γ24 − 8γ3 − γ5)(wh − wH)− (β1 + 3β2)wH ,

0 = 2(γ24 + 2γ5)(wh − wH)− β1wH . (9.4.17)

Two interesting realizations of the additional Weyl symmetry are:11

p wH = 0: The Weyl symmetry is fully realized on hµν while the connection does not
transform. The solution is then β1 + 2β2 = 3γ24 − 16γ3 = 8γ3 + 3γ5 = 0.

p wH = wh: The Weyl symmetry is covariantly realized with the change in the metric
perturbation accompanied by the corresponding change in the connection. In this
case we find 2α1 + α2 = β1 = β2 = 0.

9This operator basically allows to rewrite the Fierz-Pauli Lagrangian in a compact way as follows

LFP = 1
2
∂µhνρ∂

µhνρ − ∂ρhρµ∂σhσµ + ∂σh
σ
µ∂

µh− 1
2
∂µh∂

µh

= −hµνEµνρσhρσ + boundary term .

10This can be seen by using an similar argument as in Footnote 7, thanks to the already existing Diff
symmetry and to the fact that TDiff is a subgroup of Diff.

11See [400] for a detailed analysis of the different realizations of conformal/scale/Weyl transformations
within the metric-affine framework.
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Let us finally mention that the parameters αi = βi = 0 and γ5 = −8
3γ3 = −1

2γ24 = γ1 6= 0
gives the following Lagrangian

1

M2
Pl

L(2)
‖ = γ1

[
1

2
∂µh̃νρ∂

µh̃νρ − ∂ρh̃ρµ∂σh̃σµ +
1

2
∂σh̃

σ
µ∂

µh̃− 3

16
∂µh̃∂

µh̃

]
, (9.4.18)

for h̃µν := hµν−Hµν and h̃ := h̃σ
σ. This is invariant under WTDiff transformations for ar-

bitrary wH and wh). Indeed, the object in square brackets is the 4-dimensional evaluation
of the so-called WTDiff-theory in flat space [401]:

LWTDiff,D(h̃µν) =
1

2
∂µh̃νρ ∂

µh̃νρ − ∂ρh̃ρµ ∂σh̃σµ +
2

D
∂σh̃

σ
µ ∂

µh̃− D + 2

2D2
∂µh̃ ∂

µh̃ . (9.4.19)

This Lagrangian also describes a massless spin-2 field (see e.g. [86]). The only difference
with linearized GR is the appearance of a cosmological constant as an integration con-
stant. In fact, (9.4.19) corresponds to the linearization of unimodular gravity (see [402] and
references therein).

9.4.4 Theories with local Lorentz invariance

An interesting class of theories with enhanced symmetries are those with a local Lorentz
invariance. As we explained above, this is achieved at linear order by imposing the dis-
appearance of Bµν from the Lagrangian or, equivalently, by obtaining the parameters
that trivialize its equation of motion. Notice that only the terms involving the torsion are
relevant, since the nonmetricity is exclusively Hµν-dependent at this order. In particular,
this means that the coefficients γi are not constrained by this requirement. Therefore, re-
quiring this local Lorentz symmetry implies β3 = β1, α3 = −4α1 and α2 = 2α1, i.e., the
pure torsion sector must reduce to the TEGR Lagrangian, while β2 remains unfixed and
β3 = β1. This of course comprises the GTEGR case discussed above.

9.5 Conclusions

In this chapter, we have shown how TEGR and STEGR can be seen as particular gauge-
fixings of the general equivalent GTEGR. Indeed, the singular nature of GTEGR has been
revealed to be a complete gauging of the global GL(4,R) symmetry enjoyed by the gen-
eral inertial connection. In addition to this, we have shown that requiring such a gauging
of the global symmetry in the linear theory around Minkowski only leaves one free pa-
rameter.

Then we have obtained the 2nd-order perturbative Lagrangian around the Minkowski
spacetime with Levi-Civita connection, and discussed the need for additional symmetries
in order to avoid ghosts. We provided two alternatives. The first one consists in imposing
the usual gauge symmetry in the 2-form field Bµν and an extra copy of diffeomorphisms
in the symmetric sector {Hµν , hµν}. The other one is identical to the latter concerning the
antisymmetric sector; however, in the symmetric sector we introduced an extra WTDiff
symmetry, which also permit the propagation of an additional healthy graviton.

Finally we comment on a somewhat extended folk argument in favor of teleparallel
theories stating that they provide a better starting point for modifications of gravity. The
alluded reason is that the action only contains first order derivatives of the fields and,
consequently, the corresponding extensions are less prone to introducing Ostrogradski
instabilities than the curvature based theories that contain second derivatives of the met-
ric. For reasons we explained in Section 7.4, this is not necessarily true. The equivalents
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of GR crucially realize some symmetries up to total derivatives so one must be very care-
ful when considering either extensions or non-standard matter couplings in order not to
introduce additional potentially unstable dofs.

Limitations of this work/future directions

Our enhancement of the symmetries to avoid pathologies, however, is not the end of the
story. There are some limitations/details one should be aware of:

p Imposing the required gauge symmetries at linear order is a necessary but not a
sufficient condition. A good example of this subtlety is New GR. In this theory it
has been observed that the gauge symmetry that renders the 2-form stable at linear
order cannot be maintained at the non-linear order [111].

p Even if the additional massless spin-2 field can be made to enjoy the necessary
symmetries at linear order, it is expected that at full non-linear order the two spin-2
fields will interact. But it is known that a theory with massless spin-2 fields in its
spectrum only admits one single species of this type. Another possibility one could
envision is that one of the spin-2 fields becomes massive with healthy interactions.
However, also in that situation the two spin-2 fields would present derivative inter-
actions which are prone to the re-introduction of pathological modes [403, 404]. The
difficulty to realize in general the safe self-interactions obtained in [405] suggests
that GTEGR is probably the only consistent general quadratic teleparallel theory
that includes gravity.
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10 Particle spectrum of quadratic MAG

I can live with doubt, and uncertainty, and not knowing. I think it’s much more
interesting to live not knowing than to have answers which might be wrong. I
have approximate answers, and possible beliefs, and different degrees of certainty
about different things, but I’m not absolutely sure of anything.

— Richard P. Feynman, “The Pleasure of Finding Things Out” (1981)

In this chapter we present some preliminary results on the particle spectrum of quadratic
metric-affine gravity. We consider the perturbation expansion in four dimensions, around
Minkowski space and including both the even and the odd parity sectors in (3.4.5). We
will focus just on the spin-0 sector of the theory; the rest is still work in progress [12].

10.1 Introduction

The complete stability analysis of the (quadratic) MAG theory (3.4.5) is a really challeng-
ing task. Among the different approaches that can be followed to understand the behav-
ior of its dofs, probably the most natural one to begin with is the study of the particle spec-
trum in flat space. Basically, the idea will be to perform a perturbation expansion of the
fields in our metric-affine geometry (gab,ϑ

a,ωa
b) using the flat metric and its Levi-Civita

connection as background values.1 At the level of the action (and in terms of field con-
tent), (quadratic) MAG theory (3.4.5) can be seen as a direct generalization of (quadratic)
PG. Therefore, it is interesting to have a look at the latter first, to see what kind of stabil-
ity problems are expected in MAG. In [406, 407], the linear spectrum of (quadratic) PG is
analyzed, and it is shown that only an extra scalar or an extra pseudo-scalar (besides the
graviton) can propagate in order to have a healthy theory. Moreover, in [408], the authors
follow a different approach. First they performed a Levi-Civita + distorsion splitting to
work with the metric, the torsion and the nonmetricity as basic variables. Then they
impose several strong constraints on the vector sector of the theory, such as an appropri-
ate Riemannian limit for the quadratic curvature sector (to avoid ghostly propagations
coming from the metric), and the vanishing of certain types of terms to avoid ghosts and
strong coupling issues. Interestingly, they reached similar conclusions as [406, 407]. This
strong result, one more time, reflects how difficult is to consistently modify GR without
incurring in pathologies.

(Quadratic) MAG is even more complex than PG, so all these problems are expected
to occur. Maybe a complete Hamiltonian analysis could be the most powerful tool to
find out the number of true degrees of freedom of the theory by studying the associ-
ated algebra of constraints [97, 129, 334–337].2 However, it is better to start with more
simple approaches to learn first about the new subtleties associated to the presence of
nonmetricity (which includes a spin-3 mode). Here, we will address the study of the
particle spectrum of (quadratic) MAG in flat space.

For the spectrum analysis there are also different ways to proceed. One of the classical

1We say “flat” and not Minkowski intentionally, since by “Minkowski” metric we usually mean the flat
metric in Cartesian coordinates.

2See for instance [409, 410] as examples of applications of the Hamiltonian analysis to theories with non-
metricity, or [411] (and references therein) for a review on Hamiltonian analysis in teleparallel theories.
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Spin-0 modes Spin-1 modes Spin-2 modes Spin-3 modes

(1)T 0 2 2 0

(2)T 1 1 0 0

(3)T 1 1 0 0

(1)Q 1 1 1 1

(2)Q 0 2 2 0

(3)Q 1 1 0 0

(4)Q 1 1 0 0

Total 5 9 5 1

Table 10.1.1: Spin content (number of spin modes) of the irreducible components of the torsion
and the nonmetricity.

ones is by the method of spin projectors.3 Some work has been done in MAG in this
direction [105], although they focus on the two particular cases with either zero torsion
or zero nonmetricity. Our idea here will be not to restrict the fields, at least in a ad hoc
way and, instead of using this spin-projector technique, we will follow the steps of [298].

To finish this introduction we present in Table 10.1.1 the number of irreducible spin-
modes that can arise from the connection in MAG via Young scheme [105, 299, 412].
Notice that this could not necessarily coincide with the number of connection degrees of
freedom in MAG, because there could be special constraints fixing some dofs in terms
of others or extra modes that were not a priori due to the presence of ghosts (higher
derivatives in the longitudinal modes of some fields, see e.g. (7.1.43)).

10.2 Perturbative expansion

Let (ĝab, ϑ̂
a, ω̂a

b) be our background metric-affine geometry. In principle, we consider
it to be a Riemannian geometry (i.e., zero torsion and zero nonmetricity) with constant
curvature:

D̂ ĝab = dĝab − ω̂ac ĝcb − ω̂bc ĝac = 0, (10.2.1)

D̂ϑ̂a = dϑ̂a + ω̂b
a ∧ ϑ̂b = 0, (10.2.2)

R̂a
b = dω̂a

b + ω̂c
b ∧ ω̂ac = K ĝacϑ̂

c ∧ ϑ̂b, (10.2.3)

where K is some real constant.
Now we perform a perturbation of these variables around the chosen background,

gab = ĝab + µab, (10.2.4)

ϑa = ϑ̂a + χa, (10.2.5)

ωa
b = ω̂a

b + γa
b, (10.2.6)

3See [297] for the application of this technique to the analysis of the PG spectrum. Other examples are
[300–302].
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which give the following (exact) expansions for the torsion, the curvature and the non-
metricity:

Qab = −D̂µab + 2γ(a
c ĝb)c + 2γ(a

c µb)c, (10.2.7)

T a = D̂χa + γb
a ∧ ϑ̂b + γb

a ∧ χb, (10.2.8)

Ra
b = K ĝacϑ̂

c ∧ ϑ̂b + D̂γa
b + γc

b ∧ γac. (10.2.9)

From now on we will use the metric ĝab to raise/lower the indices and write ? instead of ?̂
in order to alleviate the notation.4 In addition, we will assume small perturbations so we
will drop the quadratic contributions represented by the last terms in these expressions.

It is worthwhile to notice that by combining (10.2.7) and (10.2.8), we can express the
connection perturbation in terms of the perturbed nonmetricity and the torsion:

γab =− e[ayT b] + e[ayD̂χb] +
1

2
ϑ̂ceayebyT c −

1

2
ϑ̂ceayebyD̂χc

+ ϑ̂ce[ayQb]c + ϑ̂ce[ayD̂µb]c +
1

2
Qab +

1

2
D̂µab . (10.2.10)

By using this in (10.2.9), we find

?ϑ̂ab∧Rab = 12Kvolδ+d?(2T −Λ+3Q)+d?
[
− eayD̂(2χa+µabϑ̂

b)
]

+O(2). (10.2.11)

Hence, the perturbed curvature scalar Xvolδ = − ? ϑ̂ab ∧Rab is not just a function of the
perturbed torsion and nonmetricity, but it also picks up a contribution from the metric
and coframe perturbations,

(−R ≡) X = −12K+?d?(2T −Λ+3Q)+?d?
[
−eayD̂(2χa+µabϑ̂

b)
]

+O(2). (10.2.12)

10.2.1 Linearized MAG field equations

Following along the lines of [298], we take flat spacetime as background (K = 0 in
(10.2.3)). This choice is only consistent if the cosmological constant vanishes. Under
these assumptions and after removing the matter sector, the linearization of the general
MAG equations presented in Theorem 3.28 yields

Ea := κ
δS

δϑa
=
a0

2
Rbc ∧ ?ϑ̂abc + a0R[ac] ∧ ϑ̂c − D̂(ha + ha) +O(2) , (10.2.13)

Ca
b := κ

δS

δωab
= −ϑ̂a ∧ (hb + hb)− 2(ma

b +ma
b)

+
a0

2

(
T c ∧ ?ϑ̂abc +Qac ∧ ?ϑ̂cb − 2Q ∧ ?ϑ̂ab

)
+
a0

2

(
2gacT [c ∧ ϑ̂b] −Qcb ∧ ϑ̂ac

)
− `2ρD̂(hab + h

a
b) +O(2) . (10.2.14)

Notice that the term qa disappeared since it is purely second-order. In these equations the
objectsQab,T

a,Ra
b, andmab,ha,h

a
b,mab,ha,h

a
b represent the variables up to first order

in perturbation theory (they differ from the original ones by second-order terms). From
now on, the symbol O(2) will be dropped, and all of the expressions will be understood
as valid up to second-order terms.

4Indeed, this can be seen as a direct substitution ? = ?̂ (and not just as a matter of notation). This is
justified because the star will always be in expressions of the type ?α or α ∧ ?ϑ̂a...b where α represents
a first-order object. Therefore, the difference between ? and ?̂ is second-order and can be ignored in our
computations, since we will work at linear order.
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10.2.2 Linearized Bianchi identities

Now we are going to derive some useful expressions from the linearized Bianchi identi-
ties (see Proposition 2.62),

DQab = 2R(a
c gb)c ⇒ D̂Qab = 2Zab , (10.2.15)

DT a = Rb
a ∧ ϑb ⇒ D̂T a = Rb

a ∧ ϑ̂b , (10.2.16)

DRa
b = 0 ⇒ D̂W ab = 0, D̂Zab = 0 . (10.2.17)

From the trace of (10.2.15), we find

Z = 2dQ, dZ = 0. (10.2.18)

In fact, the second equation in (10.2.17) is redundant, being a direct consequence of
(10.2.15). From the latter we derive, by taking into account (10.2.18),

↗Zab =
1

2
D̂↗Q ab. (10.2.19)

In addition, from the linearized Bianchi identities of the curvature (10.2.17), we can derive
some useful properties for the objects Ψa, Ψa, Φa and Φa, which determine some of the
irreducible components of the curvature (see Appendix B). If we introduce

(ϑX) := ϑ̂a ∧Xa , (10.2.20)

(ϑY ) := ϑ̂a ∧ Y a , (10.2.21)

Φ := (eby ? D̂ ? D̂↗Q ab) ϑ̂
a , (10.2.22)

then one can show:

D̂ ?Ψa = ϑ̂a ∧
[
−1

2
d(ϑX)− 1

4
? dX

]
, (10.2.23)

D̂ ?Φa = ϑ̂a ∧
[
−1

2
d(ϑY )

]
, (10.2.24)

D̂ ?Ψa = ϑ̂a ∧
[1

2
d ? (ϑX) +

1

4
? dX

]
, (10.2.25)

D̂ ?Φa = ϑ̂a ∧
[
−1

2
d ? (ϑY ) +

1

2
?Φ
]
. (10.2.26)

The first three equations are obtained either by multiplying each of equations in (10.2.17)
with ϑa∧, or by taking interior products eayeby. For the last one, we used the definition
of Φa and then (10.2.19).

The 1-form Φ we have introduced in (10.2.22), is characterized by the crucial property

d ?Φ = d ?∆− 2

3
d ? d ? d ?Λ, (10.2.27)

where we defined the 1-form

∆ := (eby ? D̂ ? D̂ (1)Qab) ϑ̂
a. (10.2.28)

Finally, we linearize the expression (4.6.7) we derived in Chapter 4 for the metric-
affine generalization of the Nieh-Yan invariant. The result is:

X = ?d ? T . (10.2.29)
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10.3 Analysis of the particle spectrum: Spin-0 sector

The spin-0 sector is described by the scalar variables which can be constructed from the
irreducible parts of the gravitational fields. In [298], the only scalars correspond to the
divergences of the trace and the axial part of the torsion. Indeed, for a given 1-form
α = αaϑ

a if we call ∂α ≡ ∇̂aαa, it is not difficult to check that ∂α = − ? d ? α. In MAG,
four scalars can be constructed from the connection in this way,

∂T = − ? d ? T , ∂T = − ? d ? T , (10.3.1)

∂Q = − ? d ?Q, ∂Λ = − ? d ?Λ. (10.3.2)

However, from the analysis of the Young diagrams (see Table 10.1.1), we expect 5 scalar
modes coming from the connection. Indeed, in addition to the four variables above, from
(10.2.28) we construct the fifth one

∂∆ = − ? d ?∆ (= ∇̂a∇̂b∇̂c(1)Qabc). (10.3.3)

Recall that we work under the conditions (3.4.4). However, we will not take into
account the two quadratic metric-affine topological invariants (see Chapter 4) to drop
two extra parameters from the odd sector. The idea is to work in general and use this
freedom after performing the full analysis to simplify the equations appropriately.

10.3.1 Previous results

Here we are going to derive expressions for the curvature scalar X (= −R) and the cur-
vature pseudo-scalar X in terms of the variables {∂T, ∂T , ∂Q, ∂Λ}, as well as a constraint
that will allow to eliminate one of these four scalars.

The expression of X can be immediately read from (10.2.29),

X = −∂T . (10.3.4)

The other two equations are obtained from ϑ̂a ∧ Ea = 0 and Ca
a = 0, which, when

computed in tensor notation, are nothing but the trace of the equation of the coframe and
the trace of the equation of the connection in the last two indices. These equations are
explicitly given by

a0 ? ϑ̂ab ∧Rab + a0Rab ∧ ϑ̂ab + d(ϑ̂a ∧ ha + ϑ̂a ∧ ha) = 0, (10.3.5)

ϑ̂a ∧ ha + ϑ̂a ∧ ha + 2(ma
a +ma

a) + `2ρ d(haa + haa) = 0, (10.3.6)

respectively. In order to simplify them we use the following properties, that can be de-
rived from (3.4.9)-(3.4.14),

ϑ̂a ∧ ha + ϑ̂a ∧ ha = ?(−a2T + a2T + c2Λ− 3c3Q), (10.3.7)

ma
a +ma

a = ?(c3T − c3T − b5Λ+ 4b4Q), (10.3.8)

haa =
1

2
? [(2z5 + v5)Z − (v1 + v5)(ϑX) + (v3 + v5)(ϑY )], (10.3.9)

haa =
1

2
[(2z5 + v5)Z − (v1 + v5)(ϑX) + (v3 − v5)(ϑY )]. (10.3.10)

If we substitute these equations in (10.3.5), and making use of (10.2.29), we can express
the curvature scalar as a linear combination of the divergences of our vector variables:

a0X = − a2∂T + (a0 + a2)∂T + c2∂Λ− 3c3∂Q . (10.3.11)

Alejandro Jiménez Cano
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Now we take the exterior derivative of (10.3.6), and we find that not all scalars are
independent:

−(a2 − 2c3)∂T + (a2 − 2c3)∂T + (c2 − 2b5)∂Λ− (3c3 − 8b4)∂Q = 0 . (10.3.12)

This property means that not all four variables are independent in a generic case. So we
only need four equations of motion for our five scalar (spin-0) variables.

10.3.2 Deriving the first two equations for the spin-0 sector

Now we are going to consider the other two independent traces of the equation of the
connection: ϑ̂a ∧ Ca

b (trace in the first two indices) and ϑ̂b ∧ Ca
b (trace in the first and

the third indices). From (10.2.14) we can derive explicitly these expressions, which read
respectively

1

2
ϑ̂b ∧

[
− a0 ?(2T +Λ+ 3Q)− a0 ? T

]
−2 ϑ̂a ∧ (ma

b +ma
b) + `2ρ D̂ (ϑ̂a ∧ hab + ϑ̂a ∧ hab) = 0, (10.3.13)

1

2
ϑ̂a ∧

[
a0 ?(2T − 3Λ+ 3Q) + a0 ? T

]
+ ϑ̂a ∧ (ϑ̂b ∧ hb + ϑ̂b ∧ hb)

− 2 ϑ̂b ∧ (ma
b +ma

b) + `2ρ D̂ (ϑ̂b ∧ hab + ϑ̂b ∧ hab) = 0. (10.3.14)

Again, from (3.4.9)-(3.4.14), we derive the following properties:

ϑ̂a ∧ma
b =

1

4
ϑ̂b ∧ [(4b3 − b5) ?Λ+ (4b4 − 9b5) ?Q+ (−3c2 + c3) ?T ] , (10.3.15)

ϑ̂a ∧ma
b =

1

4
ϑ̂b ∧ (3c2 − c3) ? T , (10.3.16)

ϑ̂a ∧ hab = ϑ̂b ∧ ?
[
−w5 + 2v1

2
(ϑX) +

2z3 + v1 + 3v3

4
(ϑY ) +

2z5 + v1 + 3v5

8
Z

+
v5 − 3v3

8
P
]

+ (w4 + v4) ?Ψb −
2z4 + 5v4

2
?Φb +

w6

4
X ?ϑ̂b, (10.3.17)

ϑ̂a ∧ hab = ϑ̂b ∧
[
−w5

2
(ϑX)− z3

2
(ϑY ) +

z5

4
Z +

−2v1 + 3v3 − v5

8
?P
]

+ (w2 + v4) ?Ψb + (z2 − v2 + v4) ?Φb +
w3

4
X ?ϑ̂b, (10.3.18)

ϑ̂b ∧ hab = ϑ̂a ∧ ?
[w5

2
(ϑX) +

2z3 + v3 − v1

4
(ϑY ) +

2z5 − v1 + v5

8
Z +

v5 − 3v3

8
P
]

+ (−w4 + v4) ?Ψa − 2z4 + 3v4

2
?Φa − w6

4
X ?ϑ̂a, (10.3.19)

ϑ̂b ∧ hab = ϑ̂a ∧
[w5 + v1

2
(ϑX)− z3 + v3

2
(ϑY ) +

z5 − v5

4
Z +

2v1 + 3v3 − v5

8
?P
]

+ (−w2 + v4) ?Ψa + (z2 + v4) ?Φa − w3

4
X ?ϑ̂a. (10.3.20)

These expressions together with (B.4.13) allow to re-express our two equations (10.3.13)
and (10.3.14) as

1

2
ϑ̂b ∧ (F1 + `2ρ dB1) = 0 ,

1

2
ϑ̂a ∧ (F2 + `2ρ dB2) = 0 , (10.3.21)
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where

F1 := −
`2ρ(2z4 + 5v4)

2
?Φ +

`2ρ(w4 + w6 + v4)

2
? dX +

`2ρ(w3 − w2 − v4)

2
? dX

+ (3c2 − c3 − 2a0) ? T − (3c2 − c3 + a0) ? T

− (a0 + 4b3 − b5) ?Λ− (3a0 + 4b4 − 9b5) ?Q, (10.3.22)

F2 := −
`2ρ(2z4 + 3v4)

2
?Φ−

`2ρ(w4 + w6 − v4)

2
? dX +

`2ρ(w2 − w3 − v4)

2
? dX

+ (2a0 − 2a2 + 3c2 − c3) ? T + (a0 + 2a2 − 3c2 + c3) ? T

+ (−3a0 + 2c2 − 4b3 + b5) ?Λ+ (3a0 − 6c3 − 4b4 + 9b5) ?Q, (10.3.23)

and

B1 := (w4 + w5 + v4 + 2v1) ? (ϑX)− 2z3 − 2z4 + v1 + 3v3 − 5v4

2
? (ϑY )

+ (w5 − w2 − v4) (ϑX) + (z3 − z2 + v2 − v4) (ϑY )

− 2z5 + v1 + 3v5

4
?Z +

3v3 − v5

4
? P − z5

2
Z +

2v1 − 3v3 + v5

4
? P , (10.3.24)

B2 := − (w4 + w5 − v4) ? (ϑX) +
2z4 − 2z3 + v1 − v3 + 3v4

2
? (ϑY )

+ (w2 − w5 − v1 − v4) (ϑX) + (z3 − z2 + v3 − v4) (ϑY )

− 2z5 − v1 + v5

4
?Z +

3v3 − v5

4
? P − z5 − v5

2
Z − 2v1 + 3v3 − v5

4
? P .

(10.3.25)

After applying the interior product eby and eay to (10.3.21), we obtain

F1 + `2ρ dB1 = 0, F2 + `2ρ dB2 = 0. (10.3.26)

And, finally, if we take the exterior derivative, we end up with dF1 = 0 and dF2 =
0, which are the first two dynamical equations for the scalar modes. If we make use
of (10.2.27), insert the curvature scalar X from (10.3.11) and the pseudoscalar X from
(10.2.29), as well as the d’Alembertian operator ∇̂2 := −?d?d, they can be recast as:

−
`2ρ(w4 + w6 + v4)

2a0

[
a2∇̂2∂T − (a0 + a2)∇̂2∂T − c2∇̂2∂Λ+ 3c3∇̂2∂Q

]
−
`2ρ(w3 − w2 − v4)

2
∇̂2∂T −

`2ρ(2z4 + 5v4)

3
∇̂2 ∂Λ−

`2ρ(2z4 + 5v4)

2
∂∆

+ (3c2 − c3 − 2a0) ∂T − (3c2 − c3 + a0) ∂T

−(a0 + 4b3 − b5) ∂Λ− (3a0 + 4b4 − 9b5) ∂Q = 0,
(10.3.27)

`2ρ(w4 + w6 − v4)

2a0

[
a2∇̂2∂T − (a0 + a2)∇̂2∂T − c2∇̂2∂Λ+ 3c3∇̂2∂Q

]
−
`2ρ(w2 − w3 − v4)

2
∇̂2∂T −

`2ρ(2z4 + 3v4)

3
∇̂2 ∂Λ−

`2ρ(2z4 + 3v4)

2
∂∆

+ (2a0 − 2a2 + 3c2 − c3) ∂T + (a0 + 2a2 − 3c2 + c3) ∂T

+ (−3a0 + 2c2 − 4b3 + b5) ∂Λ+ (3a0 − 6c3 − 4b4 + 9b5) ∂Q = 0.
(10.3.28)
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10.3.3 Deriving the third equation for the spin-0 sector

The following independent dynamical equation for the scalar modes can be derived, in
tensor notation, from the totally antisymmetric part of the equation of the connection. In
terms of differential forms, such equation can be encoded in ?Ca

b ∧ ϑ̂ab = 0.
First we find that
a0

2

(
T c ∧ ?ϑ̂abc +Qac ∧ ?ϑ̂cb − 2Q ∧ ?ϑ̂ab

)
∧ ϑ̂ab = a0 ? T , (10.3.29)

a0

2

(
2gacT [c ∧ ϑ̂b] −Qcb ∧ ϑ̂ac

)
∧ ϑ̂ab = −a0 ? (2T −Λ+ 3Q), (10.3.30)

?
[
ϑ̂a ∧ (hb + hb)

]
∧ ϑ̂ab = 2 ? (eayh

a + eayh
a)

= 2 ? (a3 T + a2 T − c2Λ+ 3c3Q).
(10.3.31)

Obviously ?(ma
b +ma

b) ∧ ϑ̂a ∧ ϑ̂b = 0 in view of the symmetry.
The last thing we need is to compute the contribution of the derivative terms in

(10.2.14). They can be expressed

?(D̂hab) ∧ ϑ̂ab = ?(D̂h[ab]) ∧ ϑ̂ab = 2eayD̂

[
?Aa + ϑa ∧ ?(ϑA)− 1

2
A ? ϑa

]
, (10.3.32)

?(D̂hab) ∧ ϑ̂ab = ?(D̂h[ab]) ∧ ϑ̂ab = 2eayD̂

[
?Aa + ϑa ∧ ?(ϑA)− 1

2
A ? ϑa

]
, (10.3.33)

where we have introduced

Aa := ebyh
[ab], Aa := ebyh

[ab], (10.3.34)

which explicitly read

Aa = −w2 Ψa +
v2

2
Φa − w3

4
X ϑ̂a

+ eay ?
[w5

2
(ϑX)− v1

4
(P − (ϑX))− v3

4
(ϑY )− v5

8
Z
]
, (10.3.35)

Aa = w2 Ψa − v4

2
Φa +

w3

4
X ϑ̂a

+ eay

[
w5

2
(ϑX) +

v1

4
(?P + (ϑX))− v3

4
(ϑY )− v5

8
Z

]
. (10.3.36)

and their traces and antisymmetric parts:

A := eayA
a, A := eayA

a, (ϑA) := ϑ̂a ∧Aa, (ϑA) := ϑ̂a ∧Aa . (10.3.37)

Now that we have all of the ingredients we can write our equation as

?Ca
b ∧ ϑ̂a ∧ ϑ̂b = F3 + `2ρ dB3 = 0, (10.3.38)

where

F3 =
`2ρv4

2
?Φ +

`2ρ(w3 − w2)

2
? dX −

`2ρ(w2 + w3)

2
? dX

− 2(a0 + a2) ? T + (a0 − 2a3) ? T + (a0 + 2c2) ?Λ− 3(a0 + 2c3) ?Q, (10.3.39)

B3 = − 2w2 − 2w5 − v1

2
? (ϑX)− v3 + v4

2
? (ϑY )− v5

4
?Z − v1

2
P

− 2w2 + 2w5 + v1

2
(ϑX) +

v2 + v3

2
(ϑY ) +

v5

4
Z +

v1

2
P . (10.3.40)

As we did in the previous section, we take the exterior derivative and obtain dF3 = 0,
which is the third equation for the spin-0 sector. Explicitly, this equation reads:
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`2ρ(w3 − w2)

2a0

[
a2∇̂2∂T − (a0 + a2)∇̂2∂T − c2∇̂2∂Λ+ 3c3∇̂2∂Q

]
−
`2ρ(w2 + w3)

2
∇̂2∂T −

`2ρv4

3
∇̂2 ∂Λ−

`2ρv4

2
∂∆

+2(a0 + a2) ∂T − (a0 − 2a3) ∂T − (a0 + 2c2) ∂Λ+ 3(a0 + 2c3) ∂Q = 0. (10.3.41)

10.3.4 Results up to the present moment

By using the constraint (10.3.11), we can eliminate ∂Q from our set of equations. If we
introduce the following 3-component object

U :=

∂T∂T
∂Λ

 , (10.3.42)

we can then recast our three dynamical equations (10.3.27), (10.3.28) and (10.3.41) in ma-
trix notation as5

K ∇̂2 U + M U + N ∂∆ = 0. (10.3.43)

The explicit form of the 3 × 3 matrices K and M, and the 3-column N can be read from
(10.3.27), (10.3.28) and (10.3.41).

Observe that there is no dynamical term for ∂∆ in (10.3.43). So far it is not clear how
to derive this extra equation (a difficulty that was not present in the analysis of PG [298]).
Interestingly, the scalar variable ∂∆ is defined in terms of the irreducible component
(1)Qab, whose leading spin-order is 3 (see Table 10.1.1). Motivated by this, we conjecture
that the derivation of the (still) missing equation for this scalar mode is very related to
the analysis of the spin-3 sector of the MAG equation, which remains to be done.

5Here we have focused on scalar modes coming from the torsion and the nonmetricity, but it is important
to remark that there could also be spin-0 modes coming from the metric/coframe sector. They are currently
under study.
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11 Final comments

Bang...

— Spike Spiegel (last episode of Cowboy Bebop)

To finish this thesis, we proceed to discuss and collect some general ideas about the
results we have obtained.

From the first part of the thesis, we can highlight the enormous interest both math-
ematical and physical of MAG. In contrast to the ordinary gauge theories of internal
symmetries, MAG requires an additional process (soldering) to appropriately generate
the coframe, which appears as a non-linear translational connection after the reduction
Aff(D,R) → GL(D,R). Interestingly, the MAG metric can also be motivated in a sim-
ilar way by an additional reduction into the Lorentz subgroup of GL(D,R). There are
however different ways to formulate and motivate this structure, besides the one we pre-
sented here. This is a consequence of several subtleties and features that are very charac-
teristic of gauge theories of gravity and that are far from being completely solved. For-
mulations with the same observational consequences provide different understandings
of how gravity and, consequently, the spacetime emerges. Therefore the investigation
along this line is well justified, at least from a fundamental perspective.

It is interesting to notice the number of special difficulties of MAG in contrast to
PG. The addition of nonmetricity and, in particular, its traceless part gives rise to many
of these theoretical complications. Known examples are the interpretation of the shear
current, or the fact that the equivalent to spinor representations in MAG correspond to
spaces of infinite dimension. In this thesis we have checked another peculiarity in this
regard which is the violation of the topological character of critical Lovelock terms in
this frame, precisely due to terms depending on the traceless part of the nonmetricity. To
prove this, we used the fact that the equations of motion of a boundary term are trivial,
and explicitly constructed a particular geometry for which one of them is violated. It is
worth remarking that for the metric-affine Gauss-Bonnet theory, the extra term needed
to get a boundary term is quartic in the nonmetricity, so it cannot be used to simplify the
4-dimensional quadratic MAG Lagrangian. Despite this, we have found that the Nieh-
Yan invariant admits a direct generalization by adding a quadratic term from the mixed
sector with both Q and T . Moreover, the Pontryagin invariant is automatically a bound-
ary term in metric-affine formulation. These results tell that two invariants from the odd
sector can be dropped from the general quadratic Lagrangian.

Concerning particular MAG geometries, we have revised the GW criteria in GR and
proposed some possible metric-affine generalizations that keep a similar algebraic struc-
ture in terms of field strengths, although the physical interpretation of them are theory-
dependent. We have focused on the Lichnerowicz criteria which are a direct application
of the radiation conditions in Maxwell theory to the Levi-Civita curvature tensor. In our
extension, we applied the same conditions but over the full curvature and the torsion
of the metric-affine geometry. Then, we selected a particular family of geometries and
revised the conditions that those criteria impose on the different variables.

As we have already mentioned, the exploration of exact solutions provides very valu-
able information about the non-linear regime of a theory. In an independent work, we
used a particular Ansatz to search for vacuum solutions of the general quadratic MAG
(even-parity) theory. Riemannian solutions as well as teleparallel ones and of the pseudo-
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instanton type have been found. Moreover, the conditions for having nontrivial general
solutions (without restricting to any type of geometry) have also been explicitly com-
puted. It is worth noticing that the method used in the general case, based on a potential-
copotential decomposition of the 2-vector variables, allowed to write the complicated
MAG equations as a set of Helmholtz equations for general values of the even param-
eters. In the future, these results will be extended to include the odd parity sector, or
maybe by adding matter sources.

Physically speaking, a viable theory is in particular characterized by the well-behavior
of their degrees of freedom. Furthermore, one should also be aware of possible inconsis-
tencies derived from the very construction of the theory. In this regard, we have analyzed
the particular case of 4DEGB, and revised some of its inconsistencies, which are essen-
tially due to a “0/0” term that makes the equations of motion ill-defined and that cannot
be regularized, because each of the zeros has a completely different origin.

Regarding the stability of the degrees of freedom, the different analysis we have ex-
plored in that direction constitute a fascinating field of study in between the purely the-
oretical and observational sides. As we have seen for the particular case of ECG, even
if the linear spectrum of the theory is healthy, strongly coupled modes can render catas-
trophic unstable behaviors around specific backgrounds. Indeed, in the context of ECG,
the isotropic solution (FRLW with flat spatial slices) lies in the intersection of singular
surfaces in phase space. As we saw in general, and also in some numerical simula-
tions, any little initial (anisotropic) deviation from such background push the solution far
from the initial configuration, showing that these backgrounds cannot be seen as viable
physical models in these theories. We have also added the first three GQTG corrections
and checked that the problem is even more severe, since then the ghosts are fully active
around these cosmological backgrounds.

In addition to the previous analysis, we have also learned how important is to kill
those problematic modes that are intrinsic to the theory. We have seen several examples
of this in the context of general quadratic teleparallel gravity. In particular, we ended
up with two possibilities that ensure (at linear level) a well-behaved propagation for
its maximal field content. In one case the symmetric sector (made of two spin-2 fields)
has Diff×Diff symmetry, whereas in the other one they present local invariance under
Diff×WTDiff. In both cases, there is an additional Kalb-Ramond field equipped with the
standard gauge transformation. To reach these results, we introduced additional symme-
tries that allow to “bypass” the Ostrogradski theorem by violating the non-degeneracy
hypothesis. Such technique has been shown to be very useful to remove dangerous
ghosts in those theories.

These analysis, together with what we know about PG, clearly indicate that these
problems will be present in MAG. In fact, one would expect that a safe theory free of
ghosts within MAG will likely end up being GR with extra scalars or vectors belonging
to one of the known types of well-behaved theories. From the analysis of the spin-0 sec-
tor, we noticed that it is not obvious to get a dynamical equation for one of the five spin-0
modes of the theory associated with the connection, in particular, the one that is related
to the spin-3 sector. The rest of the spectrum is currently under study: the possible addi-
tional spin-0 modes coming from the metric/coframe, the spin-1 and spin-2 modes, the
latter being usually problematic, and the spin-3 mode, which is prone to generate even
more problems. Future results on the analysis of the linear spectrum around flat space-
time will help to restrict the theory to safer subsets of parameters. Other complementary
(and necessary) works such as the Hamiltonian analysis, and the explicit stability anal-
ysis of certain backgrounds are also needed to further establish the limitations of MAG.
All of these theoretical developments are crucial, and must be performed before doing
any strong claim about the observational consequences of MAG.
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A Pullback and pushforward

Let φ : M→N be a smooth map between manifolds.

Definition A.1. (Pullback of a function) The pullback of a smooth function f : N → R
is the function φ∗f : N → R given by

φ∗f := f ◦ φ . (A.0.1)

Definition A.2. (Pushforward of a vector) The pushforward of a vector v ∈ TpM is the
vector (φ∗v) ∈ Tφ(p)N that acts on functions as

(φ∗v) (f) := v (φ∗f) = vµ∂µ|p (φ∗f) . (A.0.2)

Definition A.3. (Pullback of a differential form) The pullback of a k-form at q, α ∈
ΛkqN , to the point p ∈ M such that φ(p) = q, is a k-form in p, represented as (φ∗α) ∈
ΛkpM, which acts as:

(φ∗α) (v1, ..., vk) := α (φ∗v1, ..., φ∗vk) , (A.0.3)

where v1, ..., vk ∈ TpM.

Notice that the first one is always well defined (it is just the composition). Neverthe-
less, generalising the last two to vector fields or k-form fields is not trivial, because if φ
is not surjective, the result will be, at most a field over the image or pre-image of φ (and
there is no natural way to extend it to the entire manifold). Moreover, the pushforward
has an additional problem:

p If φ is not injective, we do not even get a vector field over Im(φ). The reason is the
following: imagine two points p1, p2 ∈ M with the same image φ(p1) = φ(p2) ≡ q,
there is an ambiguity on how to chose the vector at q (is it the one coming from
X(p1) or the one coming fromX(p2) by the pushforward?).

Observe how, for the particular case in which φ is a diffeomorphism, these definitions
can be extended to fields. Indeed, since the inverse of the diffeomorphism is also a dif-
feomorphism, φ establishes an identification between a field and its pullback / pushfor-
ward, making it possible to the define the operations that go in the opposite direction. In
other words, if φ is a diffeomorphism, we can actually speak about the “pushforward of
a k-form” and the “pullback of a vector field”.
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B Irreducible decompositions

B.1 Irreducible decomposition of the torsion

Irreducible parts

Under the pseudo-orthogonal group, the torsion 2-form can be decomposed into three
parts:

T a = (1)T a + (2)T a + (3)T a , (B.1.1)

where

(2)T a :=
1

D− 1
ϑa ∧ (ebyT

b) , (B.1.2)

(3)T a :=
1

3
eay(T b ∧ ϑb) , (B.1.3)

(1)T a := T a − (2)T a − (3)T a. (B.1.4)

which correspond, respectively, to the trace, the totally antisymmetric part and the re-
maining tensorial part. The first two can be rewritten as

(2)T a =
1

D− 1
ϑa ∧ T , (3)T a :=

1

3
sgn(g)(−1)D−3eay ? T , (B.1.5)

where we have introduced the torsion trace form (1-form) and the axial torsion ((D − 3)-
form):

T := eayT
a = −Tµρρdxµ , (B.1.6)

T := ?(T b ∧ ϑb) =
1

2(D− 3)!
(T[µνρ]Eµνρλ1...λD−3)dxλ1 ∧ ... ∧ dxλD−3 . (B.1.7)

Components of the irreducible parts of the torsion

If we expand the torsion parts (I)T a = 1
2
(I)T bc

aϑbc we have

(2)T bc
a =

2

D− 1
T[bδ

a
c] , (B.1.8)

(3)T bc
a = T[bcd]g

ad , (B.1.9)
(1)T bc

a = Tbc
a − (2)T bc

a − (3)T bc
a . (B.1.10)

Properties of the irreducible parts of the torsion

p Totally antisymmetric parts
(I)T a ∧ ϑa = 0 ⇔ (I)T [abc] = 0 (⇔ (I)T abc = −2(I)T c[ab]) I = 1, 2 ,

(B.1.11)
(3)T a ∧ ϑa = T a ∧ ϑa ⇔ (3)T abc = T[abc] . (B.1.12)

p Traces

eay
(I)T a = 0 ⇔ (I)T ac

c = 0 I = 1, 3 , (B.1.13)
eay

(2)T a = eayT
a ⇔ (2)T ac

c = Tac
c . (B.1.14)
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Arbitrary dimension D D = 4

Total 1
2D

2(D− 1) 24

(1)T a 1
3D(D + 2)(D− 2) 16

(2)T a D 4

(3)T a 1
6D(D− 1)(D− 2) 4

Arbitrary dimension D D = 4

Total 1
2D

2(D + 1) 40

(1)Qab
1
6D(D− 1)(D + 4) 16

(2)Qab
1
3D(D2 − 4) 16

(3)Qab D 4

(4)Qab D 4

Table B.1.1: Distribution of the independent components of the torsion (left) and the non-
metricity (right).

B.2 Irreducible decomposition of the nonmetricity

Irreducible parts

We start by introducing the traceless part (in the external indices) of the nonmetricity,

↗Q ab := Qab −
1

D
gabQc

c , (B.2.1)

and the following independent 1-forms that contain the two traces of the nonmetricity
tensor Qµνρ,

Q :=
1

D
Qc

c =
1

D
Qµdxµ , (Weyl 1-form) (B.2.2)

Λ := (ecy↗Q cb)ϑ
b =

[
Q̌µ −

1

D
Qµ

]
dxµ . (B.2.3)

If we work in terms of the nonmetricity tensor Qµνρ there is no canonical way to
separate the two traces (each of them is an irreducible component). In differential form
notation there is a canonical choice: first we extract the trace in the last two (second term
in the r.h.s. of (B.2.1)) and then we further split the traceless part, which contains three
additional irreducible parts. Therefore, the whole nonmetricity 1-form can be split as

Qab = (1)Qab + (2)Qab + (3)Qab︸ ︷︷ ︸
↗Q ab

+(4)Qab . (B.2.4)

The last one is the trace in the external indices (contains the Weyl 1-form) and (3)Qab is
the remaining trace. The other two have totally traceless components: the components
of (1)Qab are totally symmetric, whereas those of (2)Qab constitute the remaining tensorial
part. The explicit definitions are:

(4)Qab := gabQ (B.2.5)

(3)Qab :=
2D

(D− 1)(D + 2)

(
ϑ(aeb)yΛ−

1

D
gabΛ

)
(B.2.6)

(2)Qab := −2

3
sgn(g) ?

(
Λ(a ∧ ϑb)

)
(B.2.7)

(1)Qab := Qab − (2)Qab − (3)Qab − (4)Qab (B.2.8)

where we have introduced the auxiliary (D− 2)-form

Λa := ?

[
↗Q ac ∧ ϑc −

1

D− 1
ϑa ∧Λ

]
. (B.2.9)
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By expanding this last object one can prove:

(2)Qab =
2

3
↗Q ab −

2

3
(e(ay↗Q b)d)ϑ

d +
2

3

1

D− 1
(gabΛ− ϑ(aeb)yΛ) . (B.2.10)

Components of the irreducible parts of the nonmetricity

The nonmetricity parts (I)Qab = (I)Qcabϑ
c can be expressed

(3)Qcab =
2D

(D− 1)(D + 2)

[(
Q̌(a −

1

D
Q(a

)
gb)c −

1

D
gab

(
Q̌c −

1

D
Qc

)]
, (B.2.11)

(4)Qcab =
1

D
Qcgab , (B.2.12)

(1)Qcab = Q(cab) −
1

D + 2
g(ab

(
Qc) + 2Q̌c)

)
, (B.2.13)

(2)Qcab = Qcab − (1)Qcab − (3)Qcab − (4)Qcab , (B.2.14)

Properties of the irreducible parts of the nonmetricity

p Antisymmetric parts (of the components) in the first two indices

(1)Qab ∧ ϑb = 0 ⇔ (1)Q[ab]c = 0 , (B.2.15)

Only the following are non-trivial

(2)Qab ∧ ϑb = sgn(g) ?Λa

[
= Qab ∧ ϑb +

(
1

D−1Λ−Q
)
∧ ϑa

]
, (B.2.16)

(3)Qab ∧ ϑb =
1

D− 1
ϑa ∧Λ , (B.2.17)

(4)Qab ∧ ϑb = Q ∧ ϑa . (B.2.18)

p Traces

(I)Qc
c = 0 ⇔ (I)Qac

c = 0 I = 1, 2, 3 (B.2.19)
eay(I)Qab = 0 ⇔ (I)Qcca = 0 I = 1, 2 (B.2.20)

Only the following are non-trivial

(4)Qc
c = Qc

c (= DQ) , (B.2.21)
eay(3)Qab = eayΛ , (B.2.22)
eay(4)Qab = eayQ . (B.2.23)

p Totally symmetric parts:

e(ay
(2)Qbc) = 0 ⇔ (2)Q[abc] = 0 I = 1, 2 (B.2.24)

Only the following are non-trivial

e(ay
(3)Qbc) =

2

D + 2
g(abec)yΛ , e(ay

(4)Qbc) = g(abec)yQ , (B.2.25)

e(ay
(1)Qbc) = e(ayQbc) − g(abec)y

[
Q− 2

D + 2
Λ

]
. (B.2.26)
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B.3 Irreducible decomposition of the curvature

Irreducible parts

For the curvature 2-form we first split it into symmetric and antisymmetric part (in the
external indices):

Rab = W ab +Zab (B.3.1)

= W ab+↗Zab +
1

D
gabZ (B.3.2)

whereW ab := R[ab], Zab := R(ab), Z := Rc
c and↗Zab is the traceless part of Zab.

Under the pseudo-orthogonal group, the antisymmetric part can be separated into six
irreducible partsW ab =

∑6
I=1

(I)W ab, given by

(2)W ab := sgn(g) ?
(
ϑ[a ∧Ψb]

)
(B.3.3)

(3)W ab := sgn(g)
1

12
?
(
X ∧ ϑab

)
(B.3.4)

(4)W ab := − 2

D− 2
ϑ[a ∧Ψb] (B.3.5)

(5)W ab := − 1

D− 2
ϑ[a ∧ eb]y (ϑc ∧Xc) (B.3.6)

(6)W ab := − 1

D(D− 1)
Xϑab (B.3.7)

(1)W ab := W ab −
6∑

I=2

(I)W ab (B.3.8)

where we have introduced the following auxiliary objects (the number at the left of each
quantity represents its rank as differential forms)

[1] Xa := ebyW
ab , [D− 3] Xa := ?(W ba ∧ ϑb) , (B.3.9)

[0] X := eayX
a [D− 4] X := eayX

a , (B.3.10)

[1] Ψa := Xa −
1

D
Xϑa −

1

2
eay(ϑ

b ∧Xb) , (B.3.11)

[D− 3] Ψa := Xa −
1

4
ϑa ∧X −

1

D− 2
eay(ϑ

b ∧Xb) . (B.3.12)

Some of these pieces have a straightforward interpretation: (3)W ab corresponds to the
totally antisymmetric part of the curvature (∼ R[µνρλ]) and (6)W ab is the Ricci scalar (since
X = Rba

ab = −R). For a metric compatible connection Zab ≡ 0 and, in particular, for
the Levi-Civita curvatute, only the Ricci scalar, the symmetric part of the Ricci tensor and
the Weyl curvature tensor survive, and they are encoded into (6)W ab, (4)W ab and (1)W ab,
respectively.
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Arbitrary dimension D D = 4

TotalW ab
1
4D

2(D− 1)2 36

(1)W ab
1
12 (D + 2)(D + 1)D(D− 3) 10

(2)W ab
1
8 (D + 2)D(D− 1)(D− 3) 9

(3)W ab
1
24D(D− 1)(D− 2)(D− 3) 1

(4)W ab
1
2 (D + 2)(D− 1) 9

(5)W ab
1
2D(D− 1) 6

(6)W ab 1 1

Arbitrary dimension D D = 4

Total Zab 1
4D

2(D2 − 1) 60

(1)Zab
1
8 (D− 2)(D + 4)(D2 − 1) 30

(2)Zab
1
8 (D + 2)D(D− 1)(D− 3) 9

(3)Zab
1
2D(D− 1) 6

(4)Zab
1
2 (D + 2)(D− 1) 9

(5)Zab
1
2D(D− 1) 6

Table B.3.1: Distribution of the independent components of the curvature (a total of
1
2
D3(D− 1), which correspond to 96 in D = 4).

Furthermore, the symmetric part contains five irreducible parts Zab =
∑5

I=1
(I)Zab

defined as follows1

(2)Zab :=
1

2
sgn(g) ?

(
ϑ(a ∧Φb)

)
(B.3.13)

(3)Zab :=
1

D2 − 4

[
Dϑ(a ∧ eb)y(ϑc ∧ Y c)− 2gab(ϑ

c ∧ Y c)
]

(B.3.14)

(4)Zab :=
2

D
ϑ(a ∧Φb) (B.3.15)

(5)Zab :=
1

D
gabZ (B.3.16)

(1)Zab := Zab −
5∑

I=2

(I)Zab (B.3.17)

where we have introduced (again, the number at the left of each quantity represents its
rank as differential forms)

[1] Y a := eby↗Zab , [D− 3] Y a := ?(↗Zba ∧ ϑb) , (B.3.18)

[1] Φa := Y a −
1

2
eay(ϑ

b ∧ Y b) , [D− 3] Φa := Y a −
1

D− 2
eay(ϑ

b ∧ Y b) . (B.3.19)

Components of the irreducible parts of the curvature

The irreducible parts of the antisymmetric part of the curvature (Wcdab = Rcd[ab])
(I)W ab = 1

2
(I)W cdabϑ

cd have the following components

(2)W cdab = −1

2
(Wabcd −Wcdab)−

2

D− 2

(
R(1)

[ef ] −R(2)
[ef ]

)
δe[agb][cδ

f
d] , (B.3.20)

(3)W cdab = W[cdab] = R[cdab] , (B.3.21)

(4)W cdab = − 2

D− 2

(
R(1)

(ef) −R(2)
(ef)

)
δe[agb][cδ

f
d] −

4

D(D− 2)
gc[agb]dR , (B.3.22)

(5)W cdab =
2

D− 2

(
R(1)

[ef ] −R(2)
[ef ]

)
δe[agb][cδ

f
d] , (B.3.23)

(6)W cdab =
2

D(D− 1)
gc[agb]dR , (B.3.24)

1All of the conventions for the irreducible parts of the torsion, nonmetricity and curvature are in agree-
ment with the ones used in [1]. In fact, they correspond to those of [98, 413], except for (4)Zab and (5)Zab that
have been exchanged.
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196 B.3. Irreducible decomposition of the curvature

(1)W cdab = Wcdab −
6∑

I=2

(I)W cdab . (B.3.25)

and the five parts of the symmetric curvature (Zcdab = Rcd(ab)) (I)Zab = 1
2
(I)Zcdabϑ

cd cor-
respond to

(2)Zcdab =
1

2

(
Zcdab − Zc(ab)d + Zd(ab)c

)
− 1

2(D− 2)

(
R(1)

[ef ] +R(2)
[ef ] −R(3)

ef

)(
2δe(agb)[cδ

f
d] − gabδ

e
[cδ

f
d]

)
, (B.3.26)

(3)Zcdab =
2

D2 − 4

(
R(1)

[ef ] +R(2)
[ef ] −

2

D
R(3)

ef

)
(Dδe(agb)[cδ

f
d] − gabδ

e
[cδ

f
d]) , (B.3.27)

(4)Zcdab = −2

D

(
R(1)

(ef) +R(2)
(ef)

)
δe(agb)[cδ

f
d] , (B.3.28)

(5)Zcdab =
1

D
gabR

(3)
cd , (B.3.29)

(1)Zcdab = Zcdab −
5∑

I=2

(I)Zcdab . (B.3.30)

Properties of the irreducible parts of the curvature

p Properties of the auxiliary objects

? (ϑc ∧Xc) = −ϑc ∧Xc , ?(ϑc ∧ Y c) = −ϑc ∧ Y c , (B.3.31)

eayY a = eayY a = 0 , (B.3.32)

eayΨa = eayΨa = eayΦa = eayΦa = 0 , (B.3.33)

ϑa ∧Ψa = ϑa ∧Ψa = ϑa ∧Φa = ϑa ∧Φa = 0 . (B.3.34)

p Trivial traces and contractions with the coframe

eby(I)W ab = 0 ⇔ (I)W cda
c = 0 I = 1, 2, 3 (B.3.35)

eayeby(I)W ab = 0 ⇔ (I)W cd
dc = 0 I = 1, 2, 3, 4, 5 (B.3.36)

ϑa ∧
(
eby(I)W ab

)
= 0 ⇔ (I)W c[da]

c = 0 I = 1, 2, 3, 4, 6 (B.3.37)

ϑa ∧ (I)W ab = 0 ⇔ (I)W [cda]b = 0 I = 1, 4, 6 (B.3.38)

ϑa ∧ ϑb ∧ (I)W ab = 0 ⇔ (I)W [cdab] = 0 I = 1, 2, 4, 5, 6 (B.3.39)

(I)Zc
c = 0 ⇔ (I)Zdac

c = 0 I = 1, 2, 3, 4 (B.3.40)

eby(I)Zab = 0 ⇔ (I)Zcda
c = 0 I = 1, 2 (B.3.41)

ϑa ∧ (I)Zab = 0 ⇔ (I)Z [cda]b = 0 I = 1, 4 (B.3.42)

p Non-trivial traces

eby(4)W ab = Ψa , eby(3)Zab =
1

2
eay(ϑ

c ∧ Y c) ,

eby(5)W ab =
1

2
eay(ϑ

c ∧Xc) , eby(4)Zab = Φa ,

eby(6)W ab =
1

D
Xϑa , eby(5)Zab =

1

D
eayZ . (B.3.43)
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p Non-trivial contractions with the coframe

ϑa ∧ (2)W ab = sgn(g)(−1)D−1 ?Ψb , ϑa ∧ (2)Zab = sgn(g)(−1)D−1 ?Φb ,

ϑa ∧ (3)W ab = −1

4
sgn(g)eby ?X , ϑa ∧ (3)Zab = − 1

D− 2
ϑb ∧ ϑc ∧ Y c ,

ϑa ∧ (5)W ab = − 1

D− 2
ϑb ∧ ϑc ∧Xc , ϑa ∧ (5)Zab =

1

D
ϑb ∧Z . (B.3.44)

p Other special properties

(5)W ab =
2

D− 2
ϑ[a ∧ e|c|y(5)W c

b] ⇔ (5)W cd
ab = − 2

D− 2
(5)W e[c

e[aδ
b]
d] .

(B.3.45)
(2)Zab =

1

2
e(ay(ϑ

c ∧ (2)Zb)c) ⇔ (2)Zcd
ab = −2(2)Z [c

(ab)
d] . (B.3.46)

(5)Zab =
2

D
ϑ(a ∧ (ecy(5)Zb)c) ⇔ (5)Zcdab = −4

D
(5)Ze[ce(aδ

d]
b) . (B.3.47)
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198 B.4. Decomposition of the auxiliary P-objects

B.4 Decomposition of the auxiliary P-objects

Definitions

It is useful to introduce the following objects (the numbers at the left of each quantity
represents its rank as differential forms):

[2] P ab := ϑa ∧ (ecyRcb) , [2] P ab := ?eay(ϑ
c ∧Rcb) , (B.4.1)

[1] P a := ecyRcb , [D− 3] P a := ?(ϑc ∧Rcb) , (B.4.2)

[2] P := ϑa ∧ P a , [D− 2] P := ϑa ∧ P a . (B.4.3)

Then, one can prove that

P ab = ϑa ∧ P b , P ab = ϑa ∧ P b , (B.4.4)

P c
c = P , P c

c = P . (B.4.5)

Decomposition of P a and P a. Useful expressions

Explicitly in terms of the objects used in the irreducible decomposition of the curvature,
we get

P a = Y a −Xa +
1

D
eayZ , (B.4.6)

P a = Y a +Xa +
1

D
eay ?Z . (B.4.7)

Similarly as the decomposition of the torsion one can extract the trace and the totally
antisymmetric parts of P a and P a as follows

P a =↗P a +
1

D
ϑa(ecyP

c) +
1

2
eay (ϑc ∧ P c)︸ ︷︷ ︸

P

(B.4.8)

P a =↗P a +
1

4
ϑa(ecyP

c) +
1

D− 2
eay (ϑc ∧ P c)︸ ︷︷ ︸

P

(B.4.9)

where the traces and the tensorial parts are:

ecyP
c = −X , ecyP

c = X , (B.4.10)

↗P a = Φa −Ψa , ↗P a = Φa + Ψa . (B.4.11)

Notice that, by construction, the tensorial parts verify

eay↗P a = eay↗P a = 0 , ϑa∧ ↗P a = ϑa ∧↗P a = 0 . (B.4.12)

We also derive

P = −ϑa ∧Xa + ϑa ∧ Y a +
1

2
Z, ?P = ϑa ∧Xa + ϑa ∧ Y a −

1

2
Z . (B.4.13)
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C MAG invariants and variations

C.1 The construction of the quadratic MAG action

C.1.1 Even parity MAG invariants (up to second order)

MAG zero order and linear invariants (even)

At zero order in curvature, tensor and nonmetricity the only possibility is the canonical
metric volume form:

I0 := volg . (C.1.1)

This term, which can be multiplied by some dimensionful constant is indeed the cosmo-
logical constant term.

At linear order in torsion or nonmetricity there is no possible invariant. The reason is
that there is no covariant scalar (total trace) of them, since they have an odd number of
indices (Tµνλ andQµνλ). However form the curvature one can construct in any dimension
a linear invariant proportional to the curvature scalar. In differential form notation this
can be written as

I+
R := Rab ∧ ?ϑab = Rµν

µνvolg = Rvolg , (C.1.2)

MAG quadratic invariants in torsion and nonmetricity (even)

One can distinguish three sectors: TT , QQ and TQ:

p TT sector
The part quadratic in torsion can be generated by three invariants: each irreducible
component contracted with itself. In exterior notation:

I+
TT (1)

:= (1)T a ∧ ?(1)T a = 1
2
(1)Tµνρ(1)Tµνρvolg , (C.1.3)

I+
TT (2)

:= (2)T a ∧ ?(2)T a = 1
2
(2)Tµνρ(2)Tµνρvolg , (C.1.4)

I+
TT (3)

:= (3)T a ∧ ?(3)T a = 1
2
(3)Tµνρ(3)Tµνρvolg . (C.1.5)

Due to the orthogonality of the irreducible components of T a under the product
∧?, we can rewrite:

I+
TT (I)

:= T a ∧ ?(I)T a for I = 1, 2, 3 . (C.1.6)

p QQ sector
The part quadratic in nonmetricity admits a basis of five invariants: each irreducible
component contracted with itself (4) plus the contraction of both traces (1), i.e.

I+
QQ(1)

:= (1)Qab ∧ ?(1)Qab = (1)Qµνρ(1)Qµνρvolg , (C.1.7)

I+
QQ(2)

:= (2)Qab ∧ ?(2)Qab = (2)Qµνρ(2)Qµνρvolg , (C.1.8)

I+
QQ(3)

:= (3)Qab ∧ ?(3)Qab = (3)Qµνρ(3)Qµνρvolg

= 2D
(D−1)(D+2)

[
1
D
Qµ − Q̌µ

]2
volg . (C.1.9)

I+
QQ(4)

:= (4)Qab ∧ ?(4)Qab = (4)Qµνρ(4)Qµνρvolg = 1
D
QµQ̌

µvolg . (C.1.10)

(I+
QQ(5))

′ := (Qab ∧ ?ϑa)(ebyQc
c) = QµQ̌

µvolg (C.1.11)
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200 C.1. The construction of the quadratic MAG action

however we prefer to work with another one instead of the last one:

I+
QQ(5)

:= ((3)Qac∧ϑa)∧?((4)Qbc∧ϑb) = 1
D
Qµν

ν
(

1
D
Qµρρ −Qρρµ

)
volg , (C.1.12)

and they are related by

I+
QQ(5) = 1

D

(
I+
QQ(4) − (I+

QQ(5))
′
)
. (C.1.13)

Again, due to the orthogonality of the irreducible components ofQab with the prod-
uct ∧?, we can rewrite the first four with a total nonmetricity at one side,

I+
QQ(I)

:= Qab ∧ ?(I)Qab for I = 1, 2, 3, 4 . (C.1.14)

p TQ sector
The mixed sector only has three independent invariants: the only nontrivial con-
traction of the full torsion with the full nonmetricity (1) plus the trace of the torsion
contracted with both traces of the nonmetricity (2). Respectively,

I+
TQ(1)

:= (2)Qab ∧ ϑa ∧ ?T b = Tµνρ(2)Qµνρvolg , (C.1.15)

I+
TQ(2)

:= (3)Qab ∧ ϑa ∧ ?T b = Tµνρ(3)Qµνρvolg

= 1
D−1

[
1
D
Qµ − Q̌µ

]
Tµvolg , (C.1.16)

I+
TQ(3)

:= (4)Qab ∧ ϑa ∧ ?T b = Tµνρ(4)Qµνρvolg = 1
D
QµT

µvolg . (C.1.17)

MAG quadratic invariants in curvature (even)

In components it is not so difficult to see that there is a total of 16 independent invariants:

p Six involving the full curvature:

RabcdR
abcd , RabdcR

abcd , RacbdR
abcd , RacdbR

abcd , RcdabR
abcd , RadcbR

abcd .
(C.1.18)

p Nine involving the traces:

R(1)
abR

(1)ab , R(1)
abR

(1)ba , R(1)
abR

(2)ab , R(2)
abR

(2)ab , R(1)
abR

(2)ba ,

R(2)
abR

(2)ba , R(1)
abR

(3)ab , R(2)
abR

(3)ab , R(3)
abR

(3)ab . (C.1.19)

p One involving the total trace:
R2 . (C.1.20)

In differential form notation we are going to make use again of the irreducible compo-
nents of the curvature 2-form and we separate the 16 independent invariants into three
sectors:

p The sector containing the squares of the irreducible components of the antisymmet-
ric partW ab = R[ab]. For I = 1, ..., 6 we have

I+
RR(I)

:= (I)W ab ∧ ?(I)W ab = 1
2
(I)Wµνρλ(I)Wµνρλvolg . (C.1.21)

p The sector containing the squares of the irreducible components of the symmetric
part Zab = R(ab). For I = 1, ..., 5 we have

I+
RR(6+I)

:= (I)Zab ∧ ?(I)Zab = 1
2
(I)Zµνρλ(I)Zµνρλvolg . (C.1.22)
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p An additional sector containing five additional independent invariants:

I+
RR(12)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(5)W cb
)]

= Rµλ
λν (5)Wµσ

σ
νvolg . (C.1.23)

I+
RR(13)

:= Rab ∧ ?
[
ϑc ∧

(
eay(2)Zcb

)]
= Rµνρλ(2)Zρ[νµ]λvolg . (C.1.24)

I+
RR(14)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(3)Zcb
)]

= Rµλ
λν (3)Zµσ

σ
νvolg . (C.1.25)

I+
RR(15)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(4)Zcb
)]

= Rµλ
λν (4)Zµσ

σ
νvolg . (C.1.26)

I+
RR(16)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(5)Zcb
)]

= Rµλ
λν (5)Zµσ

σ
νvolg . (C.1.27)

As in the previous section, the orthogonality under ∧?, allows to rewrite

I+
RR(I)

:= Rab∧?(I)W ab (I = 1, ..., 6) and I+
RR(6+J)

:= Rab∧?(J)Zab (J = 1, ..., 5)

(C.1.28)
so that a globalRab ∧ ? can be extracted in the action.

C.1.2 MAG odd parity invariants in four dimensions

All of the invariants constructed in the previous section exist in any dimension since they
all have the form (ignoring the external indices) α ∧ ?β with α,β ∈ Ωk(M) for some
k. Then, due to the Hodge star, the combination α ∧ ?β is a differential form of rank
k + (D− k) = D, i.e. a perfectly valid term to be consider in the Lagrangian. In principle,
combinations that do not involve the Hodge star can be or not D-forms depending on the
dimension. For instance, the term

Qab ∧Qab ∈ Ω2(M)

is a good metric-affine term for the action only in 2 dimensions. These kind of terms in
a Lagrangian are called odd-parity since they contain a Levi-Civita tensor inside. For
instance, for the previous example in D = 2,

Qab ∧Qab = QcabQd
abϑcd = −QµabQνabEµνvolg

where we have used the equation (2.3.9) and that for Lorentzian 2-dimensional metrics
sgn(g) = −1.

Since the most interesting situation is the 4-dimensional case, we are going to provide
in this section all of the possible odd parity invariants (linear and quadratic in torsion,
nonmetricity and curvature) in that dimension.

MAG zero order and linear invariants (odd in 4 dimensions)

There are no zero order odd parity invariants. Similarly as in the even parity case there
are also no linear invariants in torsion or nonmetricity. With the curvature there is one
possibility, constructed with its totally antisymmetric part. In differential form notation
this can be written as

I−R := Rab ∧ ϑab =
1

2
sgn(g)R[µνρλ]Eµνρλvolg . (C.1.29)
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202 C.1. The construction of the quadratic MAG action

MAG quadratic invariants in torsion and nonmetricity (odd in 4 dimensions)

One can distinguish three sectors: TT , QQ and TQ:

p TT sector
The part quadratic in torsion can be generated by two invariants:

I−TT (1)
:= T a ∧ (1)T a = (1)T a ∧ (1)T a =

1

4
sgn(g)(1)Tµν

σ(1)T ρλσEµνρλvolg , (C.1.30)

I−TT (2)
:= T a ∧ (2)T a = (3)T a ∧ (2)T a =

1

4
sgn(g)(3)Tµν

σ(2)T ρλσEµνρλvolg , (C.1.31)

because
T a ∧ (3)T a = T a ∧ (2)T a . (C.1.32)

In components one can choose TµT[νρλ]Eµνρλ and TµνσTρλσEµνρλ.

p QQ sector
Interestingly, there is only one possible independent invariant. The traces cannot
be involved since there are not enough indices with two of these vectors and the
Levi-Civita tensor. The traceless totally symmetric part cannot be involved either,
so the only possibility is

I−QQ := ((2)Qac ∧ ϑa) ∧ ((2)Qbc ∧ ϑb) = sgn(g)(2)Qµν
σ(2)QρλσEµνρλ (C.1.33)

= sgn(g)Qµν
σQρλσEµνρλ . (C.1.34)

p TQ sector
In this sector we have again three possibilities. A basis of invariants in tensorial
notation can be TµνρQλEµνρλ, TµνρQ̌λEµνρλ and TµνσQρλσEµνρλ. In terms of the irre-
ducible components and in differential form notation we will take the basis:

I−TQ(1)
:= (2)Qab ∧ ϑa ∧ T b =

1

2
sgn(g)(2)QµνσTρλ

σEµνρλvolg , (C.1.35)

I−TQ(2)
:= (3)Qab ∧ ϑa ∧ T b =

1

2
sgn(g)(3)QµνσTρλ

σEµνρλvolg

= 1
6 sgn(g)

[
1
4Qµ − Q̌µ

]
TνρλEµνρλvolg , (C.1.36)

I−TQ(3)
:= (4)Qab ∧ ϑa ∧ T b =

1

2
sgn(g)(4)QµνσTρλ

σEµνρλvolg

=
1

8
sgn(g)QµTνρλEµνρλvolg . (C.1.37)

MAG quadratic invariants in curvature (odd in 4 dimensions)

We again separate the invariants into three sectors:

p The sector containing the squares of the irreducible components of the antisymmet-
ric partW ab = R[ab]. We construct for I = 1, ..., 6 the quantities

W ab ∧ (I)W ab =
1

4
sgn(g)Rµν

στ (I)W ρλστEµνρλvolg . (C.1.38)

However by virtue of the properties

W ab ∧ (2)W ab = W ab ∧ (4)W ab (2)W ab ∧ (4)W ab ,

W ab ∧ (3)W ab = W ab ∧ (6)W ab (3)W ab ∧ (6)W ab , (C.1.39)
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only four of them are independent:

I−RR(1)
:= W ab ∧ (1)W ab , I−RR(2)

:= W ab ∧ (2)W ab ,

I−RR(3)
:= W ab ∧ (3)W ab , I−RR(4)

:= W ab ∧ (5)W ab . (C.1.40)

p The sector containing the squares of the irreducible components of the symmetric
part Zab = R(ab). For I = 1, ..., 5 we have

Zab ∧ (I)Zab =
1

4
sgn(g)Rµν

στ (I)ZρλστEµνρλvolg . (C.1.41)

Now due to
Zab ∧ (2)Zab = Zab ∧ (4)Zab (2)Zab ∧ (4)Zab , (C.1.42)

we choose the following set of independent invariants:

I−RR(5)
:= Zab ∧ (1)Zab , I−RR(6)

:= Zab ∧ (2)Zab ,

I−RR(7)
:= Zab ∧ (3)Zab , I−RR(8)

:= Zab ∧ (5)Zab . (C.1.43)

p An additional sector containing five additional independent invariants:

I−RR(9)
:= Rab ∧

[
ϑa ∧

(
ecy

(5)W cb
)]

=
1

2
sgn(g)Rµνρτ

(5)W λσ
στEµνρλvolg ,

(C.1.44)

I−RR(10)
:= Rab ∧

[
ϑc ∧

(
eay(2)Zcb

)]
=

1

2
sgn(g)Rµνστ

(2)Zσλρ
τEµνρλvolg ,

(C.1.45)

I−RR(11)
:= Rab ∧

[
ϑa ∧

(
ecy

(3)Zcb
)]

=
1

2
sgn(g)Rµνρτ

(3)Zλσ
στEµνρλvolg ,

(C.1.46)

I−RR(12)
:= Rab ∧

[
ϑa ∧

(
ecy

(4)Zcb
)]

=
1

2
sgn(g)Rµνρτ

(4)Zλσ
στEµνρλvolg ,

(C.1.47)

I−RR(13)
:= Rab ∧

[
ϑa ∧

(
ecy

(5)Zcb
)]

=
1

2
sgn(g)Rµνρτ

(5)Zλσ
στEµνρλvolg .

(C.1.48)
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C.2 Summary of MAG invariants up to quadratic order in T, Q,
R

D-dimensional even parity invariants 4-dimensional odd parity invariants

I0 := volg ,

I+
R := Rab ∧ ?ϑab , I−R := Rab ∧ ϑab ,

I+
TT (1)

:= T a ∧ ?(1)T a , I−TT (1)
:= T a ∧ (1)T a ,

I+
TT (2)

:= T a ∧ ?(2)T a , I−TT (2)
:= T a ∧ (2)T a ,

I+
TT (3)

:= T a ∧ ?(3)T a ,

I+
QQ(1)

:= Qab ∧ ?(1)Qab , I−QQ := ((2)Qac ∧ ϑa) ∧ ((2)Qbc ∧ ϑb) ,

I+
QQ(2)

:= Qab ∧ ?(2)Qab ,

I+
QQ(3)

:= Qab ∧ ?(3)Qab ,

I+
QQ(4)

:= Qab ∧ ?(4)Qab ,

I+
QQ(5)

:= ((3)Qac ∧ ϑa) ∧ ?((4)Qbc ∧ ϑb) ,

I+
TQ(1)

:= (2)Qab ∧ ϑa ∧ ?T b , I−TQ(1)
:= (2)Qab ∧ ϑa ∧ T b ,

I+
TQ(2)

:= (3)Qab ∧ ϑa ∧ ?T b , I−TQ(2)
:= (3)Qab ∧ ϑa ∧ T b ,

I+
TQ(3)

:= (4)Qab ∧ ϑa ∧ ?T b , I−TQ(3)
:= (4)Qab ∧ ϑa ∧ T b ,

I+
RR(1)

:= Rab ∧ ?(1)W ab , I−RR(1)
:= Rab ∧ (1)W ab ,

I+
RR(2)

:= Rab ∧ ?(2)W ab , I−RR(2)
:= Rab ∧ (2)W ab ,

I+
RR(3)

:= Rab ∧ ?(3)W ab , I−RR(3)
:= Rab ∧ (3)W ab ,

I+
RR(4)

:= Rab ∧ ?(4)W ab ,

I+
RR(5)

:= Rab ∧ ?(5)W ab , I−RR(4)
:= Rab ∧ (5)W ab ,

I+
RR(6)

:= Rab ∧ ?(6)W ab ,

I+
RR(7)

:= Rab ∧ ?(1)Zab , I−RR(5)
:= Rab ∧ (1)Zab ,

I+
RR(8)

:= Rab ∧ ?(2)Zab , I−RR(6)
:= Rab ∧ (2)Zab ,

I+
RR(9)

:= Rab ∧ ?(3)Zab , I−RR(7)
:= Rab ∧ (3)Zab ,

I+
RR(10)

:= Rab ∧ ?(4)Zab ,

I+
RR(11)

:= Rab ∧ ?(5)Zab , I−RR(8)
:= Rab ∧ (5)Zab ,

I+
RR(12)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(5)W cb
)]
, I−RR(9)

:= Rab ∧
[
ϑa ∧

(
ecy

(5)W cb
)]
,

I+
RR(13)

:= Rab ∧ ?
[
ϑc ∧

(
eay(2)Zcb

)]
, I−RR(10)

:= Rab ∧
[
ϑc ∧

(
eay(2)Zcb

)]
,

I+
RR(14)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(3)Zcb
)]
, I−RR(11)

:= Rab ∧
[
ϑa ∧

(
ecy

(3)Zcb
)]
,

I+
RR(15)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(4)Zcb
)]
, I−RR(12)

:= Rab ∧
[
ϑa ∧

(
ecy

(4)Zcb
)]
,

I+
RR(16)

:= Rab ∧ ?
[
ϑa ∧

(
ecy

(5)Zcb
)]
, I−RR(13)

:= Rab ∧
[
ϑa ∧

(
ecy

(5)Zcb
)]
.
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C.3 Useful variations

Here we collect the variations of the metric-affine invariant that conform the Lagrangians
(3.4.1) and (3.4.3) (the most general ones with linear and quadratic terms in nonmetric-
ity, torsion and curvature). The operator δ that we use below represents an arbitrary
variation with respect toQab, T

a andRab (as independent fields).

C.3.1 Even sector in arbitrary dimension

For arbitrary metric signature in dimension D we have:

δI0 = 0 , (C.3.1)

δI+
R = δRab ∧ ?

[
ϑab

]
, (C.3.2)

δI+
TT (I) = δT a ∧ ?

[
2(I)T a

]
for I = 1, 2, 3 , (C.3.3)

δI+
QQ(I) = δQab ∧ ?

[
2(I)Qab

]
for I = 1, 2, 3, 4 , (C.3.4)

δI+
QQ(5) = δQab ∧ ?

[
−ϑ(a(eb)yQ)− 1

D
gab(Λ−Q)

]
, (C.3.5)

δI+
TQ(1) = δT a ∧ ?

[
(2)Qab ∧ ϑb

]
+ δQab ∧ ?

[
−1

D− 1
(ϑ(aeb)y− gab)T − e(ayT b)

]
,

(C.3.6)

δI+
TQ(2) = δT a ∧ ?

[
(3)Qab ∧ ϑb

]
+ δQab ∧ ?

[
1

D− 1

(
ϑ(aeb)y− 1

D
gab
)
T

]
, (C.3.7)

δI+
TQ(3) = δT a ∧ ?

[
(4)Qab ∧ ϑb

]
+ δQab ∧ ?

[
−1

D
gabT

]
, (C.3.8)

δI+
RR(I) = δRab ∧ ?

[
2(I)W ab

]
for I = 1, 2, 3, 4, 5, 6 , (C.3.9)

δI+
RR(6+I) = δRab ∧ ?

[
2(I)Zab

]
for I = 1, 2, 3, 4, 5 , (C.3.10)

δI+
RR(12) = δRab ∧ ?

[
ϑa ∧ ecy(5)W c

b +
1

2
ϑ[a ∧ eb]yP

]
, (C.3.11)

δI+
RR(13) = δRab ∧ ?

[
ϑc ∧ (e(ay

(2)W c
b)) + ϑc ∧ (e[ay

(2)Zc
b])− 2(2)Zab

]
, (C.3.12)

δI+
RR(14) = δRab ∧ ?

[
ϑa ∧ ecy(3)Zc

b −
1

2
ϑ(a ∧ eb)yP +

1

D
gabP

]
, (C.3.13)

δI+
RR(15) = δRab ∧ ?

[
ϑ[a ∧ (e|c|y

(4)Zc
b]) + ϑ(a ∧ (e|c|y

(4)W c
b)) + D(4)Zab

]
, (C.3.14)

δI+
RR(16) = δRab ∧ ?

[
ϑa ∧ ecy(5)Zc

b +
1

D
gabP

]
. (C.3.15)
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C.3.2 Odd sector in four dimension

For arbitrary metric signature in four dimensions we have:

δI−R = δRab ∧
[
ϑab

]
, (C.3.16)

δI−TT (1) = δT a ∧
[
2(1)T a

]
(C.3.17)

δI−TT (2) = δT a ∧
[
(2)T a + (3)T a

]
(C.3.18)

δI−QQ = δQab ∧
[
−ϑ(a ∧ ?Λb)

]
(C.3.19)

δI−TQ(1) = δT a ∧
[
(2)Qab ∧ ϑb

]
+ δQab ∧

[
ϑ(a ∧ T b) − 1

3
ϑ(a ∧ eb)y(ϑc ∧ T c)

]
, (C.3.20)

δI−TQ(2) = δT a ∧
[
(3)Qab ∧ ϑb

]
+ δQab ∧

[
1

3
ϑ(a ∧ eb)y(ϑc ∧ T c)−

1

4
gab(ϑc ∧ T c)

]
,

(C.3.21)

δI−TQ(3) = δT a ∧
[
(4)Qab ∧ ϑb

]
+ δQab ∧

[
1

4
gabϑc ∧ T c

]
, (C.3.22)

δI−RR(1) = δRab ∧
[
2(1)W ab

]
, (C.3.23)

δI−RR(2) = δRab ∧
[
(2)W ab + (4)W ab

]
, (C.3.24)

δI−RR(3) = δRab ∧
[
(3)W ab + (6)W ab

]
, (C.3.25)

δI−RR(4) = δRab ∧
[
2(5)W ab

]
, (C.3.26)

δI−RR(5) = δRab ∧
[
2(1)Zab

]
, (C.3.27)

δI−RR(6) = δRab ∧
[
(2)Zab + (4)Zab

]
, (C.3.28)

δI−RR(7) = δRab ∧
[
2(3)Zab

]
, (C.3.29)

δI−RR(8) = δRab ∧
[
2(5)Zab

]
, (C.3.30)

δI−RR(9) = δRab ∧
[
ϑa ∧ ecy(5)W c

b +
1

2
sgn(g)ϑ[a ∧ eb]y ? P

]
, (C.3.31)

δI−RR(10) = δRab ∧
[
ϑc ∧ (e[ay

(2)Zc
b])− ϑ(a ∧ (e|c|y

(4)W c
b))− (2)Zab − (4)Zab

]
, (C.3.32)

δI−RR(11) = δRab ∧
[
ϑa ∧ ecy(3)Zc

b +
1− 2 sgn(g)

3

(
− 1

2
ϑ(a ∧ eb)y ?P +

1

4
gab ?P

)]
,

(C.3.33)

δI−RR(12) = δRab ∧
[
ϑ[a ∧ (e|c|y

(4)Zc
b])− ϑc ∧ (e(ay

(2)W c
b)) + 2(2)Zab + 2(4)Zab

]
,

(C.3.34)

δI−RR(13) = δRab ∧
[
ϑa ∧ ecy(5)Zc

b −
1

4
gab ? P

]
. (C.3.35)

In our computations we performed the substitution sgn(g) = −1, since we are always
dealing with a Lorentzian metrics in mostly minus convention.

Alejandro Jiménez Cano



D On null congruences and optical
decomposition

D.1 Distributions and Frobenius theorem

LetM be a smooth manifold and U ⊆M an open set.

Definition D.1. (k-distribution). In each point p ∈ U we define a k-dimensional sub-
space of the tangent space D(k)

p satisfying the following: there exists a neighborhood
of p and a set of k linearly independent smooth vector fields {X1, ..., Xk} such that
at p they generate D(k)

p :

spanR{(X1)p , ..., (Xk)p} = D(k)
p . (D.1.1)

The collection D(k) =
⋃
p∈U D

(k)
p is called a k-distribution over U .

Definition D.2. (Involutive distribution). A distribution is said to be involutive if for
every p ∈ U , there exists a basis {Ei}ki=1 of the distribution such that in a neighbor-
hood of p:

[Ei, Ej ] ∈ spanR{E1, ..., Ek} . (D.1.2)

It is interesting to know when a given k-distribution can be seen as “tangent” to cer-
tain hypersurfaces of our manifold. The following theorem gives us the recipe:

Theorem D.3. (Frobenius) A k-distribution D(k) induces integral submanifolds iff it is
involutive.

Indeed, for our purposes there is a much more useful formulation of this theorem.
The idea is to take the k-distribution at each point and consider the (D − k)-dimensional
annihilator subspace for the distribution:

AnnD(k)
p := {α ∈ T ∗pM | α(v) = 0 ∀v ∈ D(k)

p } . (D.1.3)

Theorem D.4. (Frobenius (reformulated)) A k-distribution D(k) induces integral sub-
manifolds iff every α ∈ AnnD

(k)
p satisfies:

dα = α ∧ β components−−−−−−→ ∂[µαν] = α[µβν] (D.1.4)

for a certain β ∈ T ∗pM.
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208 D.1. Distributions and Frobenius theorem

Proposition D.5. Equivalent conditions to (D.1.4) are the following

1. Every α ∈ AnnD
(k)
p satisfies:

α ∧ dα = 0
components−−−−−−→ α[µ∂ναρ] = 0 . (D.1.5)

2. If the hyperplanes of the distribution have codimension 1, every α ∈ AnnD
(D−1)
p can

be locally expressed:

α = fdu
components
−−−−−−−→ αµ = f∂µu . (D.1.6)

for some real functions f and u.

Proof. First we start with the equivalence between (D.1.4)⇔ 1.

p ⇒) It is trivial multiplying by α∧ both sides of (D.1.4).

p ⇐) We write dα in components with respect to a basis given by {ϑ1 = α, ϑ2, ..., ϑD}.
We will use the indices a, b = 1, ..., D and i, j = 2, ..., D:

dα =
1

2
cabϑ

a ∧ ϑb = 0 + c1iα ∧ ϑi +
1

2
cijϑ

i ∧ ϑj (D.1.7)

And now:
α ∧ dα = 0 +

1

2
cijα ∧ ϑi ∧ ϑj (D.1.8)

Due to the vector space structure cij = 0. Consequently dα = α ∧ β with
β ≡ c1iϑ

i.

Now we check the equivalence with the last statment.

p 2. ⇒ 1.) is immediate by direct computation: α ∧ dα = fdu ∧ d (fdu) = 0.

p For a given point p, it is always possible to find a chart around it with asso-
ciated coordinates {∂u, ∂x2 , ..., ∂xD}where {∂x2 , ..., ∂xD} generate the distribu-
tion, i.e.,

αp(∂u) = f(p) , and αp(∂xi) = 0 ∀i = 2, ..., D , (D.1.9)

such that the function f(p) does not vanish (if not, ∂λ would be linearly de-
pendent with the rest of the basis). And the only 1-form that satisfies that
conditions is

1

f(p)
α = du . (D.1.10)

�
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D.2 Proof of Proposition 5.3

By the Theorem D.4, the associated 1-form k = kµdxµ satisfies:

dk = k ∧ β ⇔ ∂[µkν] = k[µβν] , (D.2.1)

for a certain 1-form β = βµdxµ. Then, using kνkν = 0,

kν∇̊νkµ = gµρkν∇̊νkρ = gµρ
(

2kν∂[νkρ] + kν∇̊ρkν
)

= gµρ (kνkν)︸ ︷︷ ︸
0

βρ − gµρkνkρβν + 2gµρ∇̊ρ (kνk
ν)︸ ︷︷ ︸

0

= (−kνβν) kµ = f(τ) kµ (D.2.2)

so it is a pre-geodesic. So we can reparameterize the curve kµ → fkµ, where f is some
monotonic function of the parameter. The new curve continues being lightlike and the
normality condition holds:

0 = k ∧ dk → 0 = f2k ∧ dk − f k ∧ k︸ ︷︷ ︸
0

∧df ⇔ 0 = k ∧ dk . (D.2.3)

D.3 Proof of Proposition 5.4

(We follow [230, p. 38–39]). Let us call

Hρµν = 3k[µ∂ρkν] = 3k[µBνρ] = kµB[νρ] + kρB[µν] + kνB[ρµ] , (D.3.1)

contracting with εlρ:

εlρHρµν = B[µν] − ε
[
kµB[ρν] + kνB[µρ]

]
lρ = B[µν] − ε

[
k[νBµ]ρ +Bρ[νkµ]

]
lρ . (D.3.2)

In addition to this, it can be shown that the following equation holds for a geodesic:

B⊥µν = Bµν − εlσkνBµσ − εlσBσνkµ + kµkν l
λlσBλσ , (D.3.3)

and, finally, taking the antisymmetric part:

ωµν = B[µν] − ε
[
k[νBµ]σ +Bσ[νkµ]

]
lσ

(D.3.2)
= εlρHρµν . (D.3.4)

⇒) If the congruence is normal, then by the Frobenius theorem 0 = k[µ∂ρkν] = 1
3Hρµν ,

so ωµν = 0.
⇐) It can be proved that if ωµν vanishes for a particular lρ, then it is zero for any lρ

(any null vector non-colinear with kµ). We know kρHρµν = 0, so

nρHρµν = 0 ∀nρ lightlike. (D.3.5)

And since, any vector in a Lorentzian space can be expressed as the sum of two lightlike
vectors, we obtain in each p ∈M:

wρHρµν = 0 ∀wρ ∈ TpM ⇒ 0 = Hρµν , (D.3.6)

so, by Frobenius theorem, the congruence is normal.
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D.4 Optical decomposition

For a lightlike congruence with velocity kµ and for any lightlike vector lµ such that kµlµ =
ε = ±1, the general covariant expressions for the twist tensor, the expansion and the shear
tensor are

θ = 1
D−2

(
∇̊σkσ − εlσk̇σ

)
, (D.4.1)

ωµν = ∇̊[νkµ] − ε(lσ∇̊σk[µ)kν] + εl[µk̇ν] − εk[µ(l|σ|∇̊ν]k
σ) + k[µlν]lσk̇

σ , (D.4.2)

σµν =
[
∇̊(µkν) − 1

D−2Πµν∇̊σkσ
]
− ε(lσ∇̊σk(µ)kν) − εk(µ(l|σ|∇̊ν)k

σ)

− ε
[
l(µk̇ν) − 1

D−2Πµν lσk̇
σ
]

+ k(µlν)lσk̇
σ + kµkν(lλl

σ∇̊σkλ) (D.4.3)

where k̇σ := kµ∇̊µkσ, which vanishes in the geodetic case.
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E Curvature, torsion and nonmetricity for
the geometries in Chapter 5

E.1 Curvature, torsion and non-metricity for the connection
(5.5.16)

The curvature form (5.5.16) is given by,

Rab = R̊ab + D̊Cab ∧ k + D̊Pcab ∧ ϑc + kakbdA+ gabdB

+ 2
(
Cc(ak + Pdc(aϑd

)
kb)k

c ∧A+ PdcbPeacϑd ∧ ϑe − 2Pd[a
cCb]ck ∧ ϑd , (E.1.1)

and the torsion by

T a = Ccak ∧ ϑc + Pcdaϑcd + kaA ∧ k +B ∧ ϑa , (E.1.2)

=
[
−Cka − Ĉa − Âka +Bka − B̂la

]
k ∧ l

+
[
Ĉcl

a + Cck
a + Cc

a − Pcla + Pc
a − kaAc +Bδac −Bcl

a
]
k ∧ ϑc

+
[
Pck

a + P̂c
a + B̂δac −Bck

a
]
l ∧ ϑc

+
[
P̂cdl

a + Pcdk
a + P cd

a +Bcδ
a
d

]
ϑc ∧ ϑd , (E.1.3)

with trace and antisymmetric components

(2)T a = 1
D−1(C + Â− Pcc)ϑa ∧ k − 1

D−1 P̄b
bϑa ∧ l

+ 1
D−1(Ĉc + P bc

b)ϑa ∧ ϑc − ϑa ∧B , (E.1.4)
(3)T a = gab

[
2(P[b − C̄[b)kcld] + (C [cd + 2P[cd)kb] + 2P̄[cdlb] + P [bcd]

]
ϑc ∧ ϑd , (E.1.5)

while the other one can be calculated simply by (1)T a = T a − (2)T a − (3)T a.
For the non-metricity we have the following expression

Qab = 2ω(ab) = 2kakbA+ 2gabB . (E.1.6)

Therefore the traces are

Qc
c = 2DB , (E.1.7)

ecyQcb = 2Âkb + 2Bb , (E.1.8)

and its irreducible decomposition,

(4)Qab = 2gabB , (E.1.9)
(3)Qab = 4D

(D−1)(D+2)Â
[
k(aϑb) − 1

D
gabk

]
, (E.1.10)

(1)Qab = 2
[
k(akbAc) − 2

D+2Âk(agbc)
]
ϑc , (E.1.11)

(2)Qab = 2kakbA− (3)Qab − (1)Qab . (E.1.12)

211



212 E.2. Irreducible decomposition of the curvature and the torsion for (5.5.53)

E.2 Irreducible decomposition of the curvature and the torsion
for (5.5.53)

The irreducible components of the torsion (5.5.54) are

(2)T a = 1
D−1(C + kcA

c)ϑa ∧ k + 1
D−1 Ĉcϑ

a ∧ ϑc +B ∧ ϑa ,
(3)T a = gab

[
−2Ĉ[bkcld] + C[cdkb]

]
ϑc ∧ ϑd , (E.2.1)

(1)T a = −
[

1
3 Ĉ

a + D−2
D−1(C + kcA

c)ka
]
k ∧ l+ 2D−5

3(D−1) Ĉck
al ∧ ϑc

−
(

1
D−1 Ĉdδ

a
c + 1

3Ccdk
a
)
ϑcd (E.2.2)

+
[

1
3Cc

a + (Cc − Ãc)ka + D−4
3(D−1) Ĉcl

a + 1
D−1(C + kdA

d)δac

]
k ∧ ϑc . (E.2.3)

For the curvature (5.5.55) we first separate into antisymmetric and symmetric parts

(R[ab] ≡) W ab = R̊ab + D̊Cab ∧ k , (E.2.4)

(R(ab) ≡) Zab = kakbdA+ gabdB − 2kck(aCb)ck ∧A . (E.2.5)

Taking this into account, it can be shown that the irreducible components are

(3)W ab =
(
∂vC [ablckd] + ∂[cCabkd]

)
ϑc ∧ ϑd , (E.2.6)

(4)W ab = (4)W̊ ab − 2D−1
D−2

(6)W ab

+ 1
D−2

[
∂v(2Cl[a − C[a) + ∂c(2C

ck[a + Ĉcl[a)− ∂c(C [a
c − Cδc[a)

]
k ∧ ϑb]

+ 1
D−2

[
∂v(2Ck[a + Ĉ[a) + ∂cĈ

ck[a

]
l ∧ ϑb]

+ 1
D−2

[
− ∂v(Cck[a − Ĉcl[a) + 2∂(cĈd)δ

d
[a − ∂d(Cc

d − Cδdc )k[a

]
ϑc ∧ ϑb] , (E.2.7)

(5)W ab = 1
D−2

[
− ∂vC[a + ∂cĈ

cl[a − ∂c(C [a
c + Cδc[a)

]
k ∧ ϑb]

+ 1
D−2

[
∂vĈ[a − ∂cĈck[a

]
l ∧ ϑb]

+ 1
D−2

[
∂v(Cck[a − Ĉcl[a) + 2∂[cĈd]δ

d
[a + ∂d(Cc

d + Cδdc )k[a

]
ϑc ∧ ϑb] , (E.2.8)

(6)W ab = 2
D(D−1)(∂vC + ∂cĈ

c)ϑa ∧ ϑb , (E.2.9)

(2)Zab = 1
2(D−2)Z

−
c e(a|y

{
k ∧ ϑc ∧ [ϑ|b) − (D− 2)k|b)l]

}
+ 1

2(eice
j
d∂[iAj] + ĈcAd)k(aeb)y

(
k ∧ ϑc ∧ ϑd

)
, (E.2.10)

(3)Zab = D
D2−4

Z−c

[
k(aϑb) ∧ ϑc − δc(aϑb) ∧ k −

2
D
gabk ∧ ϑc

]
, (E.2.11)

(4)Zab = 1
D
Z+
c k(aϑb) ∧ ϑc + 1

D

[
2
(
2(CÂ− ∂[uAv]) + ĈcA

c
)
k(a + Z+

(a

]
ϑb) ∧ k , (E.2.12)

(5)Zab = gabdB , (E.2.13)

where we have introduced the abbreviation Z±a := 2eia∂[vAi] ± ĈaÂ, and the other three
have been omitted because they can be calculated by the ones above by the using

(2)W ab = 1
2W ab + 1

4 (eayebyW dc)ϑ
d ∧ ϑc − (5)W ab , (E.2.14)

(1)W ab = W ab − (2)W ab − (3)W ab − (4)W ab − (5)W ab − (6)W ab , (E.2.15)
(1)Zab = Zab − (2)Zab − (3)Zab − (5)Zab − (4)Zab . (E.2.16)
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E.2.1 Other expressions derived from the connection (5.5.53)

The general derivatives of k and l are

∇cka = −(Cka + Ĉa)kc + kaBc , (E.2.17)

(∇c − ∇̊c)la = (Cla − Ca)kc + kaAc + laBc . (E.2.18)

With these equations and the following properties of the distorsion tensor (defined as the
difference between the connection and the Levi-Civita one)

gca(ωca
b − ω̊cab) = (Â− C)kb +Bb − Ĉb , (E.2.19)

kc(ωca
b − ω̊cab) = Âkak

b + B̂δba , (E.2.20)

lc(ωca
b − ω̊cab) = Cab +Akak

b +Bδba . (E.2.21)

one can prove for transversal tensors of arbitrary number of indices

kc∇cSa...b... = kc∇̊c︸ ︷︷ ︸
∂v

Sa...
b... + (nup − ndown)B̂Sa...

b... , (E.2.22)

lc∇cSa...b... = lc∇̊cSa...b... + (nup − ndown)BSa...
b...

− (Ca
d − laĈd − kaCd)Sd...b... − ...+ (Cd

b + lbĈd + kbCd)Sa...
d... + ... ,

(E.2.23)

ka∇cSab...d... = ĈakcSab...
d... , (E.2.24)

la∇cSab...d... = (Cakc − ∇̊cla)Sab...d... , (E.2.25)

∇aSab...c... = ∇̊aSab...c... +
[
Ĉa + (nup − ndown − 1)Ba

]
Sab...

c... , (E.2.26)

where nup and ndown are respectively the number of indices up (contravariance) and
down (covariance) of the tensor Sa...b.... These properties are extremely useful in order
to eliminate or reduce derivatives that appear in the equations of motion of metric-affine
theories.
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F A toy example

In order to illustrate the problematic nature of dwelling on a surface where the principal
part of the equations is singular, we will analyse a simple mechanical example. This will
also allow us to illustrate the problem with generating perturbative solutions around
a singular surface in phase space. Thus, let us consider a system with one degree of
freedom q(t) that evolves according to the following equation:1

q(t)q′′(t) +
(

1− q′(t)
)
q′(t) = 0. (F.0.1)

This equation has a singular surface given by q = 0 where the principal part vanishes,
which in turn is an exact solution. The general solution can be written as

q(t) = C1 + C2e−t/C1 (F.0.2)

as can be checked by direct substitution. We can see that the family with C2 = 0 re-
produces the obvious constant solutions. However, among those constant solutions, the
trivial one q = 0 would require C1 = 0, which, as we can see from the general solution,
corresponds to the paradigmatic example of an essential singularity. This clearly shows
that the trivial solution actually dwells on a singular surface of the space of solutions so
one can expect to find difficulties to obtain perturbative solutions around it. To clearly
see this, let us try to perturbative solve around q = 0 so we expand

q(t) = q(1)(t) + q(2)(t) + q(3)(t) + · · · (F.0.3)

where q(n)(t) is assumed to be of order n in some expansion parameter. It is not difficult
to see that the term with second derivatives always contributes at order (n+ 1) so that it
plays no role in determining q(n)(t). This is analogous to what happens in the perturba-
tive expansion around FLRW, where the terms with 4-th order derivatives never appear
at n−th order in perturbations. This is clearly an indication that the perturbative expan-
sion will fail in exploring the whole space of solutions around the trivial one. In our
simple example, it is immediate to check that the solution for q(n)(t) is always a constant
mode so the full perturbative solutions is

q = c(1) + c(2) + c(3) + · · · (F.0.4)

i.e., only the constant mode of the general solution is generated. On the other hand, if
we expand around a constant but non-trivial solution q(t) = q0, the perturbative solution
can be obtained to be

q(t) = q0 + c
(1)
2 + c

(2)
2 + c

(3)
2 + · · ·

+
[
q0

(
c

(1)
1 + c

(2)
1 + c

(3)
1

)
+ (c

(1)
1 c

(1)
2 + c

(1)
2 c

(2)
1 + c

(1)
1 c

(2)
2 )

(
1 +

t

q0

)
+ c

(1)
1

(
c

(1)
2

)2 t2
2q3

0

+ · · ·
]
e−t/q0 (F.0.5)

which reproduces the expansion of the general solution (F.0.2) around C1 = q0 and C2 =
0, as it should. Notice that this perturbative solution is singular for q0 = 0, thus showing
once again the singular character of the trivial solution.

1This is not a Hamiltonian system, but this property is not relevant for our purposes here where we want
to illustrate the problematic nature of solutions where the principal part vanishes.
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Figure F.0.1: In this Figure we show the phase map of the toy example given in (F.0.2). We can
clearly see how the surface q = 0 corresponds to a separatrix in phase space as expected.

The second order equation (F.0.2) can be written in an autonomous first order system
as

q′ = p, p′ =
p− 1

q
p. (F.0.6)

Again it is obvious that q = 0 represents a singular surface in phase space that describes
a separatrix (see Fig. F.0.1). Furthermore, there is one critical trajectory given by p = 0. It
is not difficult to see that the trajectories are straight lines of the form p = 1+cq. From the
phase map it is apparent that the separatrix is not a good physical solution for the system.
Among the problems reported above, we can see that the separatrix can never be exactly
reached from any point in phase space (unless it already belongs to the separatrix) and
it does not correspond to an attractor region so the system will hardly evolve towards
there.
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G Curvature invariants in GQTG

In this appendix we reproduce the terms given in [363] for completeness:1

R(4) := − 1

192

[
5R4 − 60R2Q1 + 30R2Q2 − 160RC1 + 32RC2 − 104RC3

+ 272Q2
1 − 256Q1Q2 + 336A10 + 48A14

]
(G.0.1)

R(5) := − 1

5760

[
15R5 − 36R3Q1 − 224R3Q2 − 336R2C1 − 140R2C2 + 528R2C3

− 592RQ2
1 + 1000RQ1Q2 + 301RQ2

2 − 912RA2 − 928RA10

+ 1680RA14 + 1152Q1C1 + 264Q1C2 + 312Q2C2 − 64Q1C3

− 2080Q2C3 + 4992I1

]
(G.0.2)

R(6) :=
1

3594240

[
56813R6 − 523188R4Q1 + 6234R4Q2 + 798849R3C2 − 558622R3C3

+ 1235848R2Q2
1 − 163250R2Q1Q2 + 42084R2Q2

2 − 707808R2A2

+ 231048R2A10 + 439920R2A14 − 5265366RQ1C2 + 23208RQ2C2

+ 4902132RQ1C3 + 44880RQ2C3 − 704400Q3
1 + 289200Q1Q

2
2

− 62400Q3
2 + 1168128RI1 + 792000Q1A2 + 374400Q2A2

− 723600Q2A10 − 676800C2
1 + 7903368C1C2 − 8581680C1C3

− 3782484C2
2 + 15454692C2C3 − 12753720C2

3

]
, (G.0.3)

where we are using the abbreviations

Q1 := RµνR
µν , (G.0.4)

Q2 := RµνρσR
µνρσ , (G.0.5)

C1 := Rµ
ρ
ν
σRρ

τ
σ
ηRτ

µ
η
ν , (G.0.6)

C2 := Rµν
ρσRρσ

τηRτη
µν , (G.0.7)

C3 := RµνρλR
µνρ

σR
λσ , (G.0.8)

A2 := Rµ
σ
ρ
τRµνρλRναλβRσ

α
τ
β , (G.0.9)

A10 := RµνRµ
ρ
ν
λRσταρR

στα
λ , (G.0.10)

A14 := RµνRρλRσρτλR
σ
µ
τ
ν , (G.0.11)

I1 := Rρσ
µνRµτ

ρλRαγ
στRνδ

αβRλβ
γδ . (G.0.12)

1It is worth recalling that here we are using a different convention for the Riemann, Ricci and curvature
scalar. All of them have an extra global sign with respect to our original definition.
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