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closed for powers, inverses and products of the form U, (b). In this paper we prove
that for each surjective isometry A : 9 — I there exists a surjective real-linear

fgg:j;g;r) isometry isometry Tp : M — N and an element up in the McCrimmon radical of N such
Jordan *-isomorphism that A(a) = To(a) 4+ uo for all @ € M. Assuming that M and N are unital JB*-
Invertible elements algebras we establish that for each surjective isometry A : 9 — 9 the element
Jordan-Banach algebra A(1) = u is a unitary element in N and there exist a central projection p € M and
JB”-algebra a complex-linear Jordan *-isomorphism J from M onto the u*-homotope N, such
Extension of isometries that

Afa) = J(poa)+ J((1 —p)oa’),

for all a € M. Under the additional hypothesis that there is a unitary element wg
in N satisfying U, (A(1)) = 1, we show the existence of a central projection p € M
and a complex-linear Jordan *-isomorphism & from M onto N such that

A(a) = Uug (@(poa) + (1 — p) oa”)),

for all a € M.
© 2021 The Author. Published by Elsevier Inc. This is an open access article under
the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The topological properties of the invertible subgroup, A~!, of an associative unital Banach algebra
A are not enough to distinguish A from another associative unital Banach algebra. Actually, there are
examples of associative unital complex Banach algebras A and B which are not isomorphic as real algebras
while the invertible groups A~! and B~! are homeomorphically isomorphic as topological groups (see
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[31, Remark 1.7.8]). After the aforementioned counterexample it was clear that, in order to identify two
associative unital Banach algebras by a bijective mapping between their invertible groups, we must assume
additional properties on this bijection. Henceforth all algebras will be assumed to be complex algebras. A
very natural hypothesis is to assume that the bijection preserves the distances induced by the norms of
the Banach algebras. This was first confirmed by O. Hatori who proved in [12] that, for each surjective
isometry A from an open subgroup of the group of invertible elements in an associative unital semisimple
commutative Banach algebra A onto an open subgroup of the group of invertible elements in an associative
unital Banach algebra B, the mapping A(1)~!A is an isometric group isomorphism. Consequently, A(1)~*A
extends to an isometric real-linear algebra isomorphism from A onto B.

In the non-commutative setting, let A and B be associative unital Banach algebras and suppose that
2 and B are open multiplicative subgroups of A~! and B~!, respectively. Another remarkable result, also
due to O. Hatori, asserts that for each surjective isometry A : 2 — B there exist a surjective real-linear
isometry Ty from A onto B and an element ug in the Jacobson radical of B for which the identity

A(a) = To(a) + ug

holds for every a € 2 (see [13, Theorem 3.2]). O. Hatori and K. Watanabe concretized this description
in the most favorable case of surjective isometries between open multiplicative subgroups of the invertible
elements of two unital C*-algebras (see [16]). The result reads as follows:

Theorem 1.1. ([16, Theorem 2.2]) Let A and B be unital C*-algebras, and let A and B be open subgroups of
A=Y and B™1, respectively. Suppose A is a bijection from 2 onto B. Then A is an isometry if and only if
A(1) is unitary in B and there are a central projection p in B, and a complex-linear Jordan *-isomorphism
J from A onto B such that

Aa) = A(DpJ(a) + A(1)(1—p)J(a)*, for all a € .

Furthermore, the operator A(1)pJ(-)+A(1)(1—p)J(-)* defines a surjective real-linear isometry from A onto
B.

O. Hatori and L. Molnar considered subtle variants of the above problem on non-linear preservers (see
[14,15]). These authors achieved fascinating conclusions by showing, for example, that for each surjective
isometry A between the unitary groups U(A) and U(B) of two unital C*-algebras A and B, then A maps
the set e+« onto the set A(1)e*Pse, and there exists a central projection p € B and a Jordan *-isomorphism
J : A — B satisfying

Ae) = AM)(PJI () + 1 =p)J(€*)), (z € Aw)

(cf. [15, Theorem 1]). As a consequence, they also proved that every surjective isometry between the unitary
groups of two von Neumann algebras admits an extension to a surjective real-linear isometry between these
algebras (see [15, Corollary 3]).

There is no direct connection between the results on surjective isometries between open subgroups of
invertible elements in unital C*-algebras A and B in [13,16] and those about surjective isometries between
the unitary groups of A and B in [15], none of them seems to be deducible from the other. Despite in the
case of von Neumann algebras both results lead to the same conclusion.

The reader has probably realized the strong connections of the above commented result with the Jordan
structure underlying associative Banach algebras and C*-algebras. It was I. Kaplansky who first suggested a
definition of a suitable Jordan analogue of C*-algebras, which later materialized in the notion of JB*-algebra
(see sections 2 and 4 for the concrete notions and basic references). At this stage we shall simply recall that
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a Jordan-Banach algebra is a (non-necessarily associative) algebra M whose product is abelian and satisfies
the so-called Jordan identity: (aob)oa? =ao (boa?) (a,b € M), and is equipped with a complete norm,
II.]l, satistying ||aob|| < |la|| ||b]| (a,b € M). If M is unital, with unit 1, we shall also assume ||1|| = 1. Every
associative Banach algebra A is a Jordan-Banach algebra with respect to the natural Jordan product given
by aob = %(ab+ ba). It is worth to note that, even in the case of associative Banach algebras, invertible
elements are not stable under Jordan products, what constitutes a real handicap when working with Jordan
structures. However, an expression of the form U,(b) = 2(a 0 b) 0 a — a? o b defines and invertible element in
M if and only if a and b are invertible (see [6, Theorem 4.1.3]). A JB*-algebra is a complex Jordan-Banach
algebra M equipped with an algebra involution * satisfying ||U,(a*)|| = ||al|*, a € M.

The category of C*-algebras is a strict subclass of that given by all JB*-algebras. In a recent collaboration
with M. Cueto-Avellaneda we generalized the mentioned Hatori-Molndr theorem to the setting of unital JB*-
algebras, and we prove, among other things, that every surjective isometry between the sets of unitaries of
two (unital) JBW™-algebras admits a (unique) extension to a surjective real-linear isometry between them
(see [8, Theorem 3.9]). In the category of Jordan algebras, we lack of a good description of those surjective
isometries between certain subsets of invertible elements in two unital Jordan-Banach algebras. This paper
is aimed to throw some new light to those questions which remain unsolved in the setting of Jordan-Banach
algebras.

Let M and N be unital Jordan-Banach algebras, and let M~! and N~! denote the sets of invertible
elements in M and N, respectively. Suppose that 9t C M~ and 91 C N~! are clopen subsets of M ~! and
N~1 respectively, which are closed for powers, inverses and expressions of the form U, (b). In Theorem 3.5
we establish that for each surjective isometry A : 9% — 1, there exist a surjective real-linear isometry
To : M — N and an element ug in the McCrimmon radical of N such that A(a) = To(a) +ug for all a € M.
That is, every surjective isometry between certain subsets of invertible elements in unital Jordan-Banach
algebras can be extended to a surjective real-linear isometry between these algebras up to a translation by
an element in the McCrimmon radical.

JB*-algebras constitute a subclass of complex Jordan-Banach algebras, which is the best known and
studied. In Jordan theory, JB*-algebras play the role performed by C*-algebras in the category of associative
Banach algebras. We shall devote our final section 4 to prove a more concrete description of those surjective
isometries between certain subsets of invertible elements in two unital JB*-algebras M and N. If we assume
that 9 C M~ and M C N~! are clopen subsets of M~ and N~!, respectively, which are closed for
powers, inverses and expressions of the form U,(b), and A : 9t — D is a surjective isometry, we show that
A(1) = u is a unitary element in N and there exist a central projection p € M and a complex-linear Jordan
*-isomorphism J from M onto the u*-homotope N« such that

Afa) = J(poa) + J((1 —p)oa’),

for all a € M. If we additionally suppose that there exists a unitary wg in N such that the identity
U, (A(1)) = 1 holds, then there exist a central projection p € M and a complex-linear Jordan *-isomorphism
® from M onto N such that

A(a) = Uy (P(poa)+2((1 —p)oa™)),

for all a € M (see Theorem 4.1).

It should be observed here that not only the results possess their own interest and independence from the
previous contributions in the associative setting, but we also present a completely new strategy based on a
better understanding of this kind of surjective isometries on particular convex subsets to apply a celebrated
result by P. Mankiewicz in [21] (cf. Lemma 3.4). That is, the proofs here also provide a new independent,
and perhaps shorter, strategy to rediscover Hatori’s theorem in [13], where the arguments are based on a
technical result inspired by the new proof of the Mazur-Ulam theorem given by Véisild in [28].
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In order to conclude the description of this note’s structure, we add that section 2 is devoted to present
the McCrimmon radical of a Jordan-Banach algebra together with its main properties and characterizations.

2. McCrimmon radical in Jordan-Banach algebras

During the thirties of the twentieth century, P. Jordan, J. von Neumann, E. Wigner and some other
authors introduced the notion of Jordan algebra as a mathematical model for quantum mechanics. A complex
(respectively, real) Jordan algebra M is a (non-necessarily associative) algebra over the complex (respectively,
real) field whose product is abelian and satisfies the so-called Jordan identity: (aob)oa? = ao(boa?) (a,b €
M). A normed Jordan algebra is a Jordan algebra M equipped with a norm, ||.||, satisfying ||aod|| < ||al| ||b]]
(a,b € M). A Jordan-Banach algebra is a normed Jordan algebra M whose norm is complete. If M is unital
with unit 1, we also require ||1]] = 1. In the case that M does not possess a unit, it can be always embedded
in a unital Jordan-Banach algebra. Every real or complex associative Banach algebra is a real or complex
Jordan-Banach algebra with respect to the Jordan product a o b := %(ab + ba); Jordan-Banach algebras
obtained in this way are called special. We shall always assume that our Jordan-Banach algebras are complex
and unital. A Jordan homomorphism between Jordan-Banach algebras is a linear map preserving Jordan
products (equivalently, squares of elements). A real-linear Jordan homomorphism is a real-linear mapping
preserving Jordan products. We shall follow classical notation like in [22-24,17,1]-the reader should be
warned that our notation might slightly differ from the one employed in the recent monograph [6], where
for example, the McCrimmon radical is called the Jacobson radical.

Let M be a Jordan-Banach algebra. Two key notions to work with a Jordan algebra M are the (Jordan)
multiplication operator by an element a € M (denoted by L,) defined by L,(b) =aob (b € M), and the
U, operator given by

Ud(z) = (2L2 — L2)(z) =2(aox)oa—a’ox (x € M).

Furthermore, given a,b € M, we shall write U, : M — M for the (complex-)linear mapping on M defined
by

Upp(z) =(aox)ob+ (box)oa—(aob)ox, (x€M).
One of the main identities in Jordan algebras assures that
UsUpUy = Uy, ) (“fundamental formula”), (1)

for all a,bin M (cf. [11, 2.4.18] or [22] or [6, Proposition 3.4.15]).
Henceforth, the powers of an element a in a Jordan algebra M will be denoted as follows:

If M is unital, we set a® = 1. An algebra B is called power associative if the subalgebras generated by single
elements of B are associative. In the case of a Jordan algebra M this is equivalent to say that the identity
a™oa™ = a™"™, holds for all a € M, m,n € N. It is known that any Jordan algebra is power associative
([11, Lemma 2.4.5]).

From a purely algebraic point of view, elements a, b in a Jordan algebra M are said to operator commute
if

(aoc)ob=ao(cod),
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for all c € M (cf. [11, 4.2.4]). The center of M is, by definition, the set of all elements of M which operator
commutes with any other element in M, and will be denoted by Z(M). Elements in the center of M are
called central.

An element a in a unital Jordan-Banach algebra M is called invertible if there exists b € M satisfying
aob=1and a® ob = a. The element b is unique and it will be denoted by a=! (cf. [11, 3.2.9] and [6,
Definition 4.1.2]). We know from [6, Theorem 4.1.3] that an element a € M is invertible if and only if U,
is a bijective mapping, and in such a case U, ' = U,-1. The set M~! of all invertible elements in M is
open (see [6, Theorem 4.1.7]), and hence M ~! is locally connected and its connected components are open.
An element of the form U, (y) is invertible if and only if both 2 and y are (cf. [6, Theorem 4.1.3(vi)]), and
then (U, (y))~! = U;(y™1); consequently, (z71)? = (2%)~! = 272. The reader should be warned that the
Jordan product of two invertible elements is not, in general, an invertible element. However, the square and
the n-th power (n € N) of each invertible element is an invertible element.

The spectrum of an element a of a complex Jordan-Banach algebra M, Sp(a), is the set of all A € C
for which @ — A1 is not invertible. As in the setting of associative Banach algebras, Sp(a) is a non-empty
compact subset of the complex plane (see [6, Theorem 4.1.17] where even a Jordan version of the famous
Gelfand-Beurling formula is stated). Moreover the mapping a — Sp(a) is upper semi-continuous on M. The
symbol p(a) will stand for the spectral radius of a, that is, the greatest modulus of spectral values.

An element a in a unital Jordan-Banach algebra M is quasi-invertible with quasi-inverse b € M if 1 —a
is invertible with inverse 1 —b. A subset of M is called quasi-invertible if all its elements are quasi-invertible
in M.

An outer ideal of a Jordan-Banach algebra M is a subspace J such that Uy (J) C J; an inner ideal or
a strict inner ideal is a subspace I satisfying Uy(M) C I and I? C I (if M is unital the second condition
clearly follows from the first one). An ideal J is a subspace that is both an outer and a strict inner ideal (i.e.
J% C J). It is known that if J is an ideal or an inner ideal, then the quasi-inverse w of any quasi-invertible
element z € J also belongs to J (see [23, page 672]).

Let us recall the notion of radical in the Jordan setting. For each Jordan algebra M there exists a unique
maximum quasi-invertible ideal Rad(M) of M, called the McCrimmon radical of M, which contains all
quasi-invertible ideals (see [23, Theorem 1]). In [6] and in the original paper by K. McCrimmon [23], the
McCrimmon radical is called the Jacobson radical (cf. [6, Proposition 4.4.11 and Definition 4.4.12]). If M is
a special Jordan-Banach algebra the McCrimmon radical coincides with the usual Jacobson radical (cf. [6,
Theorem 3.6.21]). L. Hogben and K. McCrimmon proved in [17, Theorem 1.1] that the McCrimmon radical
of a unital Jordan algebra coincides with the intersection of all maximal inner ideals. A Jordan-Banach
algebra M is called Jordan-semisimple or simply J-semisimple if Rad(M) = {0}.

B. Aupetit established in [1] several characterizations of the Jacobson and McCrimmon radicals of asso-
ciative Banach algebras and Jordan-Banach algebras, respectively. The next result has been borrowed from
the just quoted reference.

Theorem 2.1. [1, Theorem 2, Corollaries 1 and 2] Let a be an element of a Jordan-Banach algebra M. Then
the following statements are equivalent:

(a) a is in the McCrimmon radical of M ;

(b) sup{p(z + aa) : a € C} < o0, for every x € M;

(¢) p(Ug(a)) =0, for every x in M;

(d) There exists C > 0 such that p(z) < Cllz — al| for all x in a neighborhood of a.

Let A be a unital associative Banach algebra with unit 1, whose subgroup of invertible elements is denoted
by A~1. Let A;" denote the principal component of A~'. The next result was proved by O. Hatori in [13].
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Lemma 2.2. [13, Lemma 3.1] Let A be a unital (associative) Banach algebra and a € A. Suppose that
p(ba) = 0 for every b in the principal component of A=*. Then a lies in the Jacobson radical of A.

Our next goal is a Jordan version of the previous result. As we have already commented, the left and right
multiplication operations have no direct Jordan analogue, and the set of invertible elements in a Jordan-
Banach algebra M is not, in general, closed under Jordan products; however U, (b) is invertible if and only
if a and b are (cf. [6, Theorem 4.1.3(vi)]).

As pointed out by Aupetit in [2, Theorem 2.3], since the closed subalgebra of a unital Jordan-Banach
algebra M generated by 1 and an element a is an associative Banach algebra, the standard holomorphic
functional calculus in Banach algebras can be extended to the situation of Jordan-Banach algebras. Beside
the properties stated in [2, Theorem 2.3] we shall employ the detailed construction developed in [6, Theorems
4.1.88 and 4.1.93]. Suppose (Q is an open neighborhood of Sp(a), and let kg stand for the inclusion mapping
Q < C. Then there is a unique continuous unit-preserving algebra homomorphism f — f(a) from the
complex algebra H(), of all complex-valued holomorphic functions on €, into M taking hy to a and
satisfying the following properties:

@) f =5 / FN(AL = a)~td\, for any positively orientated curve included in © and surrounding
i

Sp(a);

(i) f(a) is contained in the smallest closed strongly associative subalgebra of M containing 1 and a;
(#i) (Spectral mapping theorem) For each f € H(€2) we have Sp(M, f(a)) = f(Sp(M, a));
(iv) The set

Mq :={x € M : Sp(M,z) C Q}

is a non-empty open subset of M, and the mapping f: x — f(x) from Mg to M is holomorphic (i.e.

there exists a bounded linear operator 1" : M — M such that }llin% If (@ + 1) _lfj:'(x) — Tl = 0 for
—

any x € Mg).

Henceforth, given a Banach space X, the open (respectively, closed) ball of radius p and center a € X
will be denoted by B, (a, p) or by B(a,p) (respectively, B, (a,p)).

Proposition 2.3. Let M be a unital Jordan-Banach algebra and a € M. Then the following statements are
equivalent:

(a) a is in the McCrimmon radical of M ;

(b) p(Ux(a)) =0, for every x in M;

(¢) p(Up(a)) =0, for every b in M~1;

(d) p(Up(a)) =0, for every b in the principal component My of M.

Proof. The equivalence (a) < (b) is given by Theorem 2.1. The implications (b) = (¢) = (d) are clear.

To prove the implication (d) = (a) we shall show how to adapt and modify an argument from Aupetit’s
paper [1]. Fix an arbitrary y € M and p € C with |u| > p(y). Let us observe that y — t“’j—|1 e MY
equivalently, — ‘“‘y +1e€ ML forall t € [|ul, —|—oo) The mapping 7 : [0,1] — M~1, y(s) = —su~ty + 1
gives a continuous curve Connectlng 1 and —p 'y + 1. Since for each a € C\{0} we can easily find a
continuous path in M ~! connecting 1 and al (actually if a € M~ is connected by a continuous path in

M~! with 1, the same holds for aa), it follows that y — tI_Z\I € My, for all t € [|p|, +00).
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Let us make some observations on the spectrum of the elements of the form y — t“’j—ll € M;*', with

t € [|u|, +00). Since for ¢ € [|u|, +o0) we have

Sp (y - tﬁl) = Sp(s) ~ i € plBe(0.1) ~ 5 = Be(—t 0, plw)

and

Sp (1 — |/:,u1y> = f|%|u*18p (y — t|5|1) C{zeC:Re(z) >0} =Q.

Consider the holomorphic function f: Q — C, f(A\) = % —where we work with the principal branch of

_1
the square root— and the holomorphic functional calculus to compute (1 — % /fly) e f (1 - % u*y)

with ¢ > |u|. By the continuity of the holomorphic functional calculus, the mapping 7 : [|u], 00) — M1,
_1 1
~y(t) = (1 - %,ufly) * is continuous, and clearly satisfies Y(lul) = (1= p~ty) ? and limy—, yoo ¥(¢) = 1.

_1
Therefore the element z = (1 — p~1y) " ? lies in M; ', and hence Bz € M ' for all 3 € C\{0}.
We know from the hypothesis that p(Us;(a)) = 0 for all non-zero 8 € C. In this case

U.(1— pu ty — f%a) =1 — Us,(a) is an invertible element for all 3 € C\{0}.

But the same conclusion trivially holds for 8 = 0. We therefore deduce that the element U, (1 — p~ 1y + aa)
is invertible for all & € C, and by the fundamental identity

Uv,—p—1y+aa) = UzUi_p-1y4 00Uz, and 1 — p~ Yy 4+ aa both are invertible for all a € C.
In particular,
—plty—aa=—p(l—plyt+apla)e M,
for all & € C. We thus deduce that u ¢ Sp(y — aa) for all « € C. This proves that for each & > 0,
C\Bc(0,p(y) +¢) € C\Sp(y — aa),

equivalently, Sp(y — aa) C Be (0, p(y) + €), and thus p(y — aa) < p(y) + ¢, for all a € C. We can clearly let
€ — 0. It can be easily deduced that for each z in M taking y = z — a we have

p(z) = ply +a) < p(y) < [lyll = [Iz — al,
and Aupetit’s Theorem 2.1 implies that a lies in the McCrimmon radical of M. O

It is perhaps worth to remark several of the properties employed in the proof above. The reader will
probably feel more comfortable with some references in the Jordan setting. A more detailed exposition is
presented in the next remark.

Remark 2.4. Let M be a unital Jordan-Banach algebra and let M, ! denote the principal component of
M~!. Then the following properties hold:

(1) If b€ My * and a € C\{0}, the element ab lies in M ';
(2) If y € M and pu € C with |u| > p(y), the elements (y & p1) and (y + p1)~2 belong to M; !
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(3) If a € M~! then its square is also in M ~!. Furthermore, defining a=" := (a=!)" for n > 0 and a° := 1,

b = aF*! for all integer numbers k,l. The element a” is invertible for every natural n, and

then a* o a
(a™)~! = (a=1)™ for all integer number n;

(4) The inverse of every element in the principal component M, ! ies in My L

Statements (1) and (2) have been explicitly justified in the proof of the previous result. Statement (3) is
proved in [6, Theorem 4.1.3(v)]. The final statement follows from the fact that the mapping M—1 — M1,
a+~ a~! is a homeomorphism (cf. [6, Proposition 4.1.6]) with 1 =171

In order to review some additional properties of the principal component of the set of invertible elements

in a Jordan-Banach algebra M, we shall recall the exponential function in this setting. For each element

oo n

a
a in M, the series exp(a) = Z — is uniformly convergent on bounded subsets of M. Furthermore, the
n!

mapping a — exp(a) defines gn analytic mapping on M. It is known that the Jordan-Banach subalgebra
C of M generated by an element a is a commutative associative subalgebra with respect to the inherited
Jordan product [18, 1.1]. If an associative Banach algebra A is regarded as a Jordan-Banach algebra, for
each a € A, exp(a) is just the usual exponential series in the usual sense for associative Banach algebras.
It follows that exp(a) has its usual meaning in C, and consequently exp(sa) exp(ta) = exp((s + t)a) for all
s,t € C. We also have U, (b) = a? o b for a,b € C, which yields

Uexp(t:r) (exp(—tx)) = exp(ta:), and Uexp(tz) (exp(—tx)2) =1

It follows, for example from [18, 1.6.1], that exp(tz) is invertible in M with inverse exp(—tz).

A well known result in the theory of associative Banach algebras proves that for each unital Banach alge-
bra A, the least subgroup of A~! containing exp(A) is the principal component of A~1 (cf. [3, Propositions
8.6 and 8.7]). The description of the principal component of the invertible elements in a Jordan-Banach
algebra was an open problem for many years. The final answer was obtained by O. Loos in [20], where it is
shown that for each unital Jordan-Banach algebra M the principal component of M ! is the set

Z\ll_1 = {Uexp(al) U UeXP(an)(l) ra; € M, m > 1} ’

in particular, My 1is open and closed in M 1. It follows from this that each connected component of M1
is analytically arcwise connected [20, Corollary]. It should be noted that in Loos’s theorem the norm is not
required to satisfy ||z o y|| < [lz]| [[y]| and [[1[| = 1.

The subset of invertible elements in a unital Jordan-Banach algebra M lacks stability under the Jordan
product. However, we have

Uy (M™Y) = {Ua(b) :a,be M~y € M.

This motivates us to introduce the following notion. A subset 9t of M ~! will be called a quadratic subset
if Upn (901) C 0.

Lemma 2.5. Let M be a unital Jordan-Banach algebra. Then the principal component of M~ is precisely
the least quadratic subset of M~' containing exp(M). As a consequence, for each integer number n and
each a € My ' the element a™ lies in My '.

Proof. Let us first show that M;' is a quadratic subset of M~' (clearly, M;' contains exp(M)).
For this purpose, by Loos’ theorem [20], we take two elements a = Uecxp(a,) " Uexp(an) (1) and b =
Uexp(br) =+ Uexp(b,) (1) in M7y *. By the fundamental formula
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Ua(0) = Ul Vepiany @) Uexp(1)  * Uexp(s,,) (1))
= Vexp(a1) " Uexp(an)Uerxp(an) T Uexp(al)Uexp(bl) to Uexp(bm)(]-) € Mfl

Given a € My, it follows from the above that a® = U,(1) € My ', a® = U,(a) € My ', and by an induction
argument a” = U,(a""2) € M;* for all n > 3. We have seen in Remark 2.4(3) that the inverse of every
element in My ! also lies in M;'. Therefore the previous arguments also show that a” € M; "' for all
a € My 1 and every integer number n.

Suppose M is a quadratic subset of M~! containing exp(M ). Since, clearly 1 € 9, we have Uexp(a) (1) € M.
Suppose that Uexp(a,,) - - - Uexp(ay) (1) € M for n > 2, a; € M. Then, by the assumption on 9, we have

Uexp(an+1)Uexp(an) co Uexp(al)(l) € UQLYZ (m) - M.
It follows by induction and Loos’ theorem that M; ' C 9. O

Remark 2.6. Let A be a unital (associative) Banach algebra. Let 2 be an open subgroup of A=1. It is well
known that under these assumptions 2{ is closed, and consequently 2( contains the principal component of
A1, The proof of this result employs the left or right multiplication operations in A, operations which have
no direct Jordan analogue. For a Jordan-Banach algebra M, it would be interesting to know if every open
quadratic subset 9 of M ! containing the unit must be also closed, and hence M; Lcom.

Furthermore, since A~! is open (and hence locally connected and its connected components are all open),
and 2 is clopen, a classic result in topology (see, for example, [26, Theorem 5]) asserts that 20 must coincide
with the union of some connected components of A~! (but not necessarily all of them).

The main component A; ' of A™! is a subgroup of A (see [3, Proposition 8.6]). If C is another connected
component of A~! and we pick b € C, it is easy to see that C = bAl_1 = Al_lb (just apply that the left
and right multiplication operators by b are homeomorphisms mapping 1 to b). If we replace the product
of A with the one defined by z ;-1 y = b~ 'y, we get another associative complete normed algebra A,-1,
called the b=!-homotope of A, with unit b. The main connected component of A,-: is precisely C, which is
therefore a subgroup of Ay-1.

3. Surjective isometries between subsets of invertible elements in Jordan-Banach algebras

The lacking of left and right multiplication operators in the Jordan setting increase the difficulties to
get similar conclusions to those in the previous Remark 2.6 for Jordan-Banach algebras. As in previous
contributions, passing to an homotope is in some sense a substitute for the left multiplication by an invertible
element in an associative Banach algebra. We recall the notion of isotope [18, 1.7] (also called homotope by
McCrimmon in [24]): Suppose ¢ is an invertible element in a unital Jordan-Banach algebra M then the vector
space M becomes a Jordan-Banach algebra M, with unit element ¢~!, Jordan product @ o. b := Ua (),
and quadratic operators UC(LC) =U,U,, for all a,b € M.

Henceforth we shall consider two unital Jordan-Banach algebras M and N. Let M; ' and N; ' denote
the principal components of M~ and N~!, respectively. We shall consider two clopen subsets 9t C M !
and M C N~! which are quadratic subsets of M ~! and N~!, respectively, and are closed for powers and
inverses. In particular 9t and 91 coincide with the union of some connected components of M~! and N1,
respectively. It is easy to see that 9t (respectively, 91) contains the unit of M (respectively, the unit of N).
Namely, given b € 9, b= !, b=2 and 1 = Uy(b~2) belong to M. By applying that M and N are clopen sets
we obtain M; ' C M and Ny ' C 9. We observe that the sets M; ' = 90t and N; ' = 9 satisfy the stated
hypotheses.

As in Remark 2.4(1) if @ is an element in a connected component, C, of M~! and a € C\{0}, then
aa € C. In particular (C\{0})0t = M.
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Our goal is to determine the structure of every surjective isometric mapping A : 9t — 9. The result will
be derived after a series of lemmata and propositions.

Let D be a convex subset of a Banach space X. We shall say that a mapping F' from D into another
Banach space Y is real affine or simply affine if for each t € [0,1], and z,y € D we have F(tx + (1 —t)y) =
tF(z)+ (1 —1t)F(y). We begin with an observation on the local affine behavior of A. We state next an easy
observation, which combined with a powerful result of Mankiewicz asserting that every surjective isometry
between convex bodies in two arbitrary normed spaces can be uniquely extended to an affine function
between the spaces (see [21, Theorem 5]), provides an useful tool for our goals.

Lemma 3.1. Let A : 9% — N be a surjective isometry. Then A is a local affine mapping, concretely, for each
a € M there exists a positive §,, depending on a, such that B(a,d,) C M, B(A(a),d,) CN, A(B(a,d,)) =
B(A(a),dq) and there exists a surjective affine isometry F, 5, : M — N such that A|p(as,) = Fa.|B(a,5.)
(is an affine mapping). Furthermore, suppose that v : [0,1] — I is a continuous path. Then there exists
a surjective affine isometry F : M — N and an open neighborhood U of v([0,1]) such that U C 9 and
F|U =A.

Proof. Since A is a surjective isometry, for each § > 0, a € 9, we have
A (B(a,d) NIM) = B(A(a),d) NIN.

Since M and 1 are open we can find 0, > 0 satisfying B(a,d,) C M, B(A(a),d,) C 9 and A(B(a,d,)) C
B(A(a),dq). Since Alg(a,s,) : Bla,0s) — B(A(a),d,) is a surjective isometry, the final conclusion follows
from a celebrated result due to P. Mankiewicz (see [21, Theorem 2]).

For the final statement, let us take a continuous path « : [0, 1] — 9. For each ¢ € [0, 1], by the first part
of the proof, there exist d; > 0 and a surjective affine isometry F; : M — N satisfying B(vy(t),d;) C I,
B(A((1),0)) © N, AB((1),6:)) = B(A((1)),6¢), and Alp(y),50) = Filp(y(1).6,)- By applying that
~([0,1]) is compact we deduce the existence of tp = 0 < t; < ... < t,—1 < t, = 1 such that ¥([0,1]) C

U B(y(tk), d¢,). We claim that F;, = F, for all k,l € {0,...,n}. We observe that two surjective affine
k=0

isometries from M onto N coinciding on an open subset must be the same. If the open set B(vy(tx), d;, ) N
B(7(t1), d,) is non-empty we clearly have F;, = F},, otherwise, by the connectedness of v([0,1]), we can

find a finite collection ty, =t;,,...,t;, =t € {to =0,t1,...,tn—1,t,} such that

B(’Y(tjk)’(stjk) mB(’Y(tijrl)vét ) 7& (2)7

Jk+1

for all k € {1,...,m—1}. It then follows that F}, = Iy, = Fy,, =...=F;, = F;, which gives the desired

statement. Therefore the mapping F' = F;, : M — N is a surjective affine isometry, U = U B(y(tx), 0,)
k=0

is an open neighborhood of ([0, 1]) and F|y = Aly because Alp(y(14),6,,) = Frl B(v(ta),60,) = FlB(r(t),60,)

forall0<k<n. O

J2

We continue with a proposition showing that, as in the case of associative Banach algebras [13], each
surjective isometry between the sets 9t and 91 admits a limit at zero and this limit is precisely an element
in the McCrimmon radical of the Jordan-Banach algebra N.

Proposition 3.2. Let A : 9 — N be a surjective isometry. Then the limit smhm OA(a) exists, and its value
Sa—

is an element ug in the McCrimmon radical of N.
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Proof. Let (a,), be a sequence in 9 converging to 0. By applying that A is an isometry, we can easily prove
that (A(an))n is a Cauchy sequence in N, therefore there exists u, € N, depending on (ay),, such that
(A(an))n — tg. If (by)y is any other null sequence in 9, we can similarly prove that (A(b,)), converges
to some uy, € N. The hypotheses on A assure that

[A(arn) = A(b)|| = [|an — ball — 0,

and hence u, = up.

We shall finally prove that ug € Rad(N). Since 901 is a quadratic subset of M~ and exp(M) C 90, given
c € M and a € C\{0}, by taking 3 € C\{0} with 3% = a we deduce that ac = Ug1(c) € M.

Fix an arbitrary b € Ny ' € 0 and A € Sp(Uy(up))\{0}. Since —A\b=2 € N;' C 9 (cf. Lemma 2.5 and
Remark 2.4), by the surjectivity of A there exists (a unique) c) € 9 such that A(cy) = —\b~2.

As we have mentioned several times before, tcy € M for every ¢ € R\{0}. Fix an arbitrary 0 < s < 3
in R, by applying Lemma 3.1 to the continuous path ~(t) = tscy + (1 — t)(1 — s)cx, we can find an open
neighborhood U of v([0, 1]) with U C 9t and a surjective affine isometry F : M — N such that Aly = F|y.
Since F' is affine on U and ([0, 1]) C U we deduce that

A (%) =F (%sc,\ + %(1 - s)c,\> (G S)C;) + F(sca)

_ A((1 = s)ex) + A(sey)
2

1
'3
A is continuous and the first part of this proof, we get

Since s was an arbitrary real number in (0, 5), by taking lir(I)l+ in the above identity and applying that
S—

A (c,\) CAen) Fug A2+
2 2 B 2 '

Evaluating the mapping U, at both sides of the previous equality, and having in mind that 91 is a quadratic

set, we deduce that

L+ Up(ug) = —AUp(b™2) + Uy (o) = 205 (A (%)) € Un(M) CNC N,

witnessing that A ¢ Sp(Us(up)) and leading to a contradiction. We have therefore shown that Sp(Up(ug)) =
{0}. The arbitrariness of b € Ny ' € 9t and Proposition 2.3 guarantee that ug belongs to Rad(N). O

Lemma 3.3. Let N be a unital Jordan-Banach algebra, and let | C N~ be a clopen subset which is a
quadratic subset of N~ and is closed for powers and inverses. Then for each element ug in the McCrimmon
radical of N the identity 9T — ug = I holds.

Proof. Let us begin with an observation. Fix b € 91. Let N}, be the homotope algebra with unit 6=! € 9.
By [24, Proposition 3] we have

Rad(Ny) = {z € N : Up(z) € Rad(N)},
and consequently Uy-1(ug) = Uy *(ug) € Rad(Ny). Tt follows that
P, (UL (Uy=1(ug))) = 0, for all & € N (cf. Theorem 2.1).

In particular p,, (tUle)1 (Up-1(up))) = 0, and thus
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UL, (U1 (uo)) + b1 € N Y,
for all t € ]RSF. Having in mind that b~! is the unit of the homotope Ny, we deduce that Ulfﬁ)l is the identity
mapping, and hence tUy-1(ug) +b~1 € (N,)™1 = N7L, for all t € R{. Therefore U,-1(ug) +b~" is connected

with b~ by a continuous path contained in Nljl = N1 It then follows that U1 (ug) + b~! is in the
connected component of N~! containing b~!, and thus the element

up + b= Up(Uy-1(uo) + b7 7)

is in the connected component of N~! containing b, and hence uy + b € M. The arbitrariness of b and the
fact that —b = Uy, (b~1) € 91 give the desired conclusion. O

The next technical result might be known, it is included here due to the lacking of a concrete reference.
Lemma 3.4. Let X be a Banach space. Suppose G : C — X is a continuous mapping satisfying:

(a) G(0) =0;

(b) The restriction of G to each segment not containing zero is an affine map.
Then G is real-linear.
Proof. We begin by proving that
G(=A) =—-G(\) forall A e C. (2)

We can clearly assume that A # 0. Since for n big enough 0 ¢ [/\—l-i%, —)\—l—i%], it follows from the hypothesis

that
G (A) _lg ()\+i)\> +le (AM).
n 2 n 2 n

Taking limit n — +oo and applying that G is continuous we derive 0 = G(0) = G(\) + G(—X).
We shall next show that

G is affine (i.e., real-linear) on every segment of the form [0, A] with A # 0. (3)

Namely, given 0 < t < 1, we need to show that G(t0 + (1 — t)\) = G((1 — t)A) = tG(0) + (1 — t)G(N) =
(1—t)G(N). Pick an arbitrary s with 0 < s < t. We observe that (1—t)A = r(sA)+(1—r)A for r = £ € (0,1).
By applying that G|,y is affine we get

G((1=t)A) =G(r(sA) + (1 —=7r)A) =rG(sA) + (1 —r)G(N)
1—-s—1
1-s5

= t G(s\) +

— GN).

Since s was an arbitrary element in (0,¢), and G is continuous, we can take limit s — 0 in the above identity
to deduce that G((1 —t)A) = (1 — ¢)G(A) as desired.

It is now easy to check that

G(aX) = aG()) for all a € R, A € C. (4)
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We can assume that A # 0, and by (2) that a > 0. Indeed, if 0 < a < 1, since G is affine on [0, \] we have
G(aX) = Glad+ (1 — a)0) = aG(A) + (1 — @)G(0). If @ > 1, by applying that G is affine on [0, «\] we get
G(N) =G(2ar+ (1 - 1)0) = LG(a)). The case a =1 is clear.

Suppose next that 0 lies in a segment of the form [—a), 8] for some «, 5 > 0 and A € C\{0}. Given
t € (0,1) we want to prove that G(t(—aX)+(1—t)B\) = tG(—aX)+(1—t)G(BA). Suppose —ta+(1—t)3 = 0.
The left-hand-side term in the desired equality is G(0) = 0, while in the right-hand-side we have

tG(—a)) + (1 = )G(BA) = (by (4)) = —taG(A) + (1 — t)BG(X) = 0.
Assume next that —ta + (1 — )5 # 0. In this case we have
G(t(—aX) + (1 —¢)BA) = (—ta+ (1 —t)B)G(N\) = —taG(A) + (1 = t)BG(N)
=tG(—aX) + (1 = t)G(BN),

where in the first and third equality we applied (4).
We have proven that G is real homogeneous and affine on every segment. Finally, given A\, u € C, it is
easy to see from these properties that

COS 6 (A1) = JGm+ 6.

Let us briefly equip the reader with some basic notions on numerical ranges. A (real or complex) numerical
range space is a pair (X, u), where X is a (real or complex) Banach space X and u is a fixed element in the
unit sphere of X. The state space of (X,u) is the set

D(X) = D(X,u) ={¢p € X" : 9] = ¢(u) =1}.
The numerical range of an element x € X is the non-empty compact and convex set defined by
V(X,2) = V(z) = {6(z) : 6 € D(X,u)}.
The numerical radius of x € X is the number given by
v(z) = max{|A| : A € V(z)},
while the numerical index of X is defined by

n(X,u) =n(X) =inf{v(z) :z € X, ||z| =1}

= max{a > 0: a|z|| < v(z) for all z € X}.

The element u is called a geometrically unitary element of X if and only if n(X,u) > 0. The celebrated
Bohnenblust—Karlin theorem asserts that if A is a norm-unital Banach algebra with unit 1, then the nu-
merical radius is a norm on A which is equivalent to the original norm of A, furthermore n(A,1) > %
and thus v(a) < |la]| < e v(a) for all @ € A (cf. [27, Theorem 2.6.4]). It is known that the requirement
concerning associativity of A in the previous result can be relaxed. Namely, suppose M is a norm-unital
(non-necessarily associative) normed complex algebra. Then n(M,1) > L, and thus v(a) < ||a|| < e v(a) for
all a € M (see [6, Proposition 2.1.11]).

We can establish next a Jordan version of the result proved by O. Hatori in [13, Theorem 3.2].
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Theorem 3.5. Let M and N be unital Jordan-Banach algebras. Suppose that M C M~' and 91 C N~}
are clopen quadratic subsets of M~ and N, respectively, which are closed for powers and inverses. Let
A M — N be a surjective isometry. Then for each wqy in the McCrimmon radical of N the mapping
a — A(a) — wy is a surjective isometry from M to M. Furthermore, there exist a surjective real-linear
isometry Ty : M — N and an element ug in the McCrimmon radical of N such that A(a) = To(a) + ug for
all a € M.

Proof. The first statement follows from Lemma 3.3 and the fact that the translation by a fixed vector is a
surjective isometry.

Let ug € Rad(N) be the element given by Proposition 3.2. We deduce from the first conclusion that the
mapping Ag : M — N, Ag(a) = A(a) — ug is a surjective isometry. Clearly, mlaizn_)() Ag(a) = 0.

We claim that for each a € 9 the mapping

A= G(A) = Ap(Aa) for A € C\{0}, and G(0) = 0, is real-linear. (5)

Clearly G is continuous, and if [\, u] is a segment in C not containing zero, by applying Lemma 3.1 to the
continuous path v : [0,1] — M, v(t) = tAa + (1 — t)ua we can deduce that Al[xg .4 is an affine mapping
because [Aa, pa] is convex. Lemma 3.4 proves the statement in (5).

Suppose a,b € I satisfy that [a,b] C 9. Lemma 3.1 can be applied to deduce that Al is affine.
Combining this property with (5) we obtain

, Ya,b € M with [a,b] C . (6)

%AO(CL—F b) = Ao (aer) = Bol@) + o(®)

2 2

Alike in the proof of the associative version of our result (see [13, proof of Theorem 3.2]), we consider
the open convex subset

0= UB(al,a):{xeM:Hx—alH<af0rsomea>0}§Mf1CSm.
a>0

We claim that Ag(€2) is convex. Namely, combining that 2 C 9 is convex, (5) and (6) we deduce that given
a,b € Qand t € [0,1], we have tAg(a) + (1 —t)Ag(b) = A(ta + (1 — t)b) € A(Q), which proves the claim.

The mapping Agla : @ — Ap(f2) is a surjective isometry between two open convex sets. A celebrated
result by P. Mankiewicz [21, Theorem 5 and Remark 7] assures the existence of a surjective affine isometry
To : M — N such that Ag|g = Tola-

It is easy to see that for each a €  and each ¢ € R™ the element ta lies in Q too. Therefore, Ag(ta) =
To(ta). Taking limit ¢ — 0 we get 0 = Tp(0), which in particular assures that Tj is a surjective real-linear
isometry.

We shall finally prove that Tp|sn = Ao. To this end pick an arbitrary a € 9. Since ||£a+2||al|1-2]a|/1]] =
lla]] < 2||a||, we deduce that £a + 2|/a]|1 € Q and hence To(Fa + 2||a||1) = Ag(£a + 2|ja]|1). Now, having in
mind that T is a surjective real-linear isometry and that Ay is an isometry, we compute

2jall = fla+2[lal1 - all = [Ao(a + 2llal[1) = Ao(a)]| = fla+2[lal1 - Tg " Ao(a)ll, (7)

and by (¢

ot
~

2f|all = [I = a+2[lal1 + a] = [[Ao(—a + 2[la]|1) — Ao(—a)]|

_ _ (8)
=l —a+2]alll = T5 Ao(=a)|| = || - a+2llal[L + T Ao(a)].

Let us take a state ¢ € D(M,1) = {¢ € M* : ||¢|]| = ¢(1) = 1}. By applying (7) and (8) it follows that
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2]lall £ ¢(a — Tg ' Ao(a))| = |(2]lal|1 £ (a — Tg ' Ao(a)))]
< [I2llallt £ (a = Tg Ao(@)]| = 2 [all,

witnessing that ¢(a—T,; *Ag(a)) = 0. The arbitrariness of ¢ proves that the numerical radius of a—T; ' Ag(a)
is zero, that is, v(a — Ty 'Ag(a)) = 0. Finally, as we commented before this theorem, [ja — T5 ' Ag(a)|| <
e v(a — Ty Ag(a)) = 0 (see [6, Proposition 2.1.11]), and thus a = T; *Ag(a), which concludes the proof
because A(a) = To(a) + ug for all a € M. O

Corollary 3.6. Let M and N be unital Jordan-Banach algebras with N Jordan-semisimple. Suppose that
IMC M~ and M C N~ are clopen quadratic subsets of M~ and N, respectively, which are closed for
powers and inverses. Let A : I — N be a surjective isometry. Then there exists a surjective real-linear
isometry Ty : M — N such that A(a) = To(a) for all a € M.

Remark 3.7. We would like to note that the arguments given in the proof of Theorem 3.5 are completely
independent from those given by O. Hatori in the proof of the same result for associative unital Banach
algebras in [13, Theorem 3.2], and the prior study for unital semisimple commutative Banach algebras by
the same author in [12]. The proof of [13, Theorem 3.2] relies on some technical results [13, Lemmata 2.1
and 2.2] based on the new proof of the Mazur-Ulam theorem given by Viisild [28]. The proof here, which
is also valid for associative unital Banach algebras, does not depend on the commented technical results
but on an analysis of the local convex properties of A and an application of a celebrated result due to
Mankiewicz [21]. The arguments seem a bit shorter here than in the commented references.

Remark 3.8. The reader should be warned about a non-fully convincing argument in the final part of
the proof of [13, Theorem 3.2]. More concretely, suppose A is a unital Banach algebra and 21 is an open
multiplicative subgroup of A~'. As in the proof of Theorem 3.5 the set

Qa={zrcA:|z—all <aforsomea>0}C A cA

is an open convex subset, and a + 2||a||1 € Q4 for all a € 2A. However the element —2i||a||1 does not belong
to Q4. This produces subtle difficulties in the statements in [13, pages 89, 90| affirming that elements of
the form t(a + 2|jal|1) + (1 — ¢)(£2i]|al|]1) belong to Q4 for every 0 < ¢ < 1. So, the final paragraphs in
the proof of [13, Theorem 3.2] are affected by these obstacles. The proof is clarified and simplified in the
demonstration we gave above by an argument which is also valid in the associative setting. In a private
communication O. Hatori indicated to us that the just commented difficulties in the proof of [13, Theorem
3.2] can be also avoided by just observing that for each a € A we have

H 2+ (1 1— t)i)lall

(t(a + Jlal|L) + (1 — t)(&2il|a]1)) - 1H <1,

and hence

1
2(t £ (1 —t)i)|all

(t(a+ [lalj1) + (1 — t)(£2i]lal]1)) € Q4 C A7' C 2
Therefore t(a + ||a||1) + (1 — ¢)(£2i]jal|1) € A for all 0 < ¢ < 1.
3.1. Surjective isometries preserving the quadratic structure

We recall, once again, that the set of invertible elements in a unital Jordan-Banach algebra M is not, in
general, stable under Jordan products. So, contrary to what is done by O. Hatori in [13, §4] for surjective
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isometries which are also group isomorphisms between open subgroups of associative unital Banach, the
problem of studding surjective isometries preserving Jordan products between subsets of invertible elements
in unital Jordan-Banach algebras does not make any sense. Instead of that, we explore surjective linear
isometries preserving the quadratic expressions of the form U, (b).

Proposition 3.9. Let M and N be unital Jordan-Banach algebras. Suppose that 9 C M~' and 91 C N1
are clopen quadratic subsets of M~ and N1, respectively, which are closed for powers and inverses. Let
A D — N be a surjective isometry and set u = A(1). We shall also assume that A satisfies the following
property:

A(Uq (b)) = Un(ay(A(D)), for all a,b € M. (9)

Then there exists a real-linear isometric Jordan isomorphism Ty : M — N, such that A(a) = Ty(a) for all
a € M, where N,, stands for the u-homotope of N.

Proof. By observing that (N,)~! = N1, the mapping A : M C M~ — N C (N,)~! can be regarded as
a surjective isometry between clopen subsets of M1 and (N,)~! satisfying the same hypotheses. To see
this statement, let us take a,b € 9. It is known that if a=! denotes the inverse of a in N, then U,-1(a™1)
is the inverse of a in the u-homotope N, and lies in M. Furthermore, by definition Uéu)(b) =U,U,(b) e M,
because U, (b) € M.

We claim that, in this case, A also satisfies property (9) for the Jordan product in the u-homotope.
Namely, by the assumptions,

Ui“()a) (A1) = Ua(a)Ua@)(A(D)) = Ua)A (U1(b))
=UnaA () = A (U (b)),

(10)

for all a,b € M, which proves the claim. Therefore A : 9 € M1 — N C (N,)~! is a unital mapping
satisfying the same hypotheses. By applying Theorem 3.5 to the latter mapping, we deduce the existence
of a surjective real-linear isometry Ty : M — N and an element ug in the McCrimmon radical of N, such
that A(a) = Ty(a) + ug for all a € M.

Pick a € M with A(a) = 2u~!. For each norm-null sequence (a,,), in 9, it follows from Proposition 3.2
and (10) that

up = lim A (U, (ay)) = lim U (A(a,)) = lim UL
poy Py A(a) poy 2u

) (Aan)) = lim 44 (a,) = 4u,
which implies that ug = 0, and thus A(a) = Ty(a) for all a € M.

Next, we focus on the real-linear isometry Ty : M — N,,. Fix an arbitrary a € M. Since for r € R with
7| large enough we have a + 71 € My C 9M, we deduce from (9) and the conclusions in the previous
paragraphs that

Uézzaﬂl) (To(a +r1)) = U(Au()a+r1) (Ala+7r1)) = A (Usgri(a +71))

(11)
= T() (Ua+r1(a + T].)) .

By expanding the extreme terms in the previous identity we get

U;“;gam) (To(a+11)) = U;gga)m (To(a) + ru) = U;gga) (To(a)) + rU;gga)(u)
+r2Ty(a) + r3u + 27"U%2a)7u(T0(a)) + 27‘2U%2a)7u(u)

= UL (To(a)) + 3rTo(a) o To(a) + 3r°To(a) + ru
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and
Uasr(a+11) = Uy(a) + 3ra® + 3r%a + r°1,
which combined with (11) gives

nga) (To(a)) + 3rTy(a) o, To(a) + 3r*To(a) + r3u

= To(Uy(a)) + 3rTo(a o a) + 3rTy(a) + ru.
Now, we apply that Tp(b) = A(b) for all b € M, (9) and (10) on the first terms to conclude that
To(a) oy, To(a) = To(a o a), for all a € M.

It is well known that in this case Tj is an isometric Jordan isomorphism. O
4. The case of JB*-algebras

After Hatori’s studies on surjective isometries between groups of invertible elements in associative unital
Banach algebras (cf. [12,13]), it was determined that each surjective isometry between open subgroups of
the groups of all invertible elements in unital semisimple Banach algebras extends to a surjective real-linear
isometry between the underlying Banach algebras. The conclusion is even better if the Banach algebras
are commutative, because in such a case the real-linear extension is in fact a real isomorphism followed by
multiplication by some element. In 2012, O. Hatori and K. Watanabe completed the description in the case
of unital C*-algebras by establishing the result that we commented at the introduction (see Theorem 1.1).

JB*-algebras are the Jordan alter ego of C*-algebras. These structures are Jordan-Banach algebras satis-
fying a geometric axiom. Concretely, a JB*-algebra is a complex Jordan-Banach algebra M equipped with an
algebra involution * satisfying || {a, a,a} || = |a||®, a € M (where {a,a,a} = U,(a*) = 2(aca*)oa—a%oca*).
A well known result in Jordan theory proves that the involution of every JB*-algebra is an isometry (cf.
[30, Lemma 4]).

Given a JB*-algebra M we shall consider the following triple product on M
{a,b,c} = (aob*)oc+ (cob*)oa—(aoc)odb” (a,b,ce M). (12)

This triple product permits to see every JB*-algebra inside the wider class of JB*-triple introduced in [19],
however we shall not make any use of this general structures.

A JBW*-algebra is a JB*-algebra which is also a dual Banach space. The bidual, M**, of every JB*-
algebra M is a JBW™-algebra with respect to a Jordan product and an involution extending the original
ones in M (cf. [11, 4.1.1, Theorems 4.4.3 and 4.4.16)).

A Jordan *-homomorphism between JB*-algebras M and N is a Jordan homomorphism J : M — N
satisfying J(a*) = J(a)* for all a € M. A real-linear mapping J : M — N preserving Jordan products such
that J(a*) = J(a)* for all a € M will be called a real-linear Jordan *-homomorphism. An element p in a
JB*-algebra M is called a projection if p = p* = p?. The reader is referred to the monographs [11] and [6]
for the basic notions and results in the theory of JB*-algebras.

Elements a, b in a C*-algebra A are called orthogonal (a L b in short) if ab* = b*a = 0. This is equivalent
to say that {a,a,b} =0 (< {b,b,a} =0 < {a,b,x} =0 for all z € A, where the triple product is defined by
{z,y,2} = %(my*z+zy*x), see for example [5, comments in page 221]). In the wider setting of JB*-algebras,
elements a,b in a JB*-algebra M are said to be orthogonal if {a,b,z} = 0 for all x € M, which is precisely
the definition of “being orthogonal” in the JB*-triple given by M with the triple product in (12) (cf. [5,
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Lemma 1] for additional details). It is worth to comment that if p,q are projections in a JB*-algebra M,
p L qif and only if po g = 0.

Thought these mathematical models are widely known and studied in physics and mathematics, the
definitions can be better understood by the most natural examples: every C*-algebra A is a JB*-algebra
when equipped with its natural Jordan product a o b = %(ab + ba) and the original norm and involution.
Norm-closed Jordan *-subalgebras of C*-algebras are called JC™-algebras.

We recall for later purposes that every JB*-algebra is Jordan-semisimple (cf. [6, Lemma 4.4.28(#ii)]).

In the frame of unital JB*-algebras we have an undoubted advantage with the notion of unitary. An
element u in a JB*-algebra M is called unitary if it is invertible in the Jordan sense and its inverse coincides
with u* (cf. [11, 3.2.9] and [6, Definition 4.1.2]).

As well as in the associative context Hatori’s study on surjective isometries between open subgroups of
invertible elements in two Banach unit algebras [13] was particularized and detailed to unital C*-algebras
by Hatori and Watanabe [16], our next goal is to determine a more concrete conclusion for Theorem 3.5 in
the case of unital JB*-algebras.

Theorem 4.1. Let M and N be unital JB*-algebras. Suppose that M C M~ and M C N~! are clopen
quadratic subsets of M~ and N~ respectively, which are closed for powers and inverses. Let A : I — N
be a surjective isometry. Then A(1) = w is a unitary element in N and there exist a central projection
p € M and a complex-linear Jordan *-isomorphism J from M onto the u*-homotope Ny~ such that

Afa) = J(poa)+ J((1—p)oa’),

for all a € M.

If we additionally assume that there exists a unitary wo in N such that the identity U, (A(1)) = 1 holds,
then there exist a central projection p € M and a complez-linear Jordan *-isomorphism ® from M onto N
such that

Afa) = Ung (B(poa) + @((1—p)oa’)),
for all a € M.

Proof. By Theorem 3.5, or by Corollary 3.6, there exists a surjective real-linear isometry 7y : M — N such
that A(a) = Tp(a) for all a € M. By [9, Corollary 3.2] (or by [10, Corollary 3.4]) the mapping Tp is a triple
isomorphism, that is, Ty preserves triple products of the form {a,b,c} = (aob*)oc+ (cob*)oa— (aoc)od*
(a,b,c € M). The element u = Tp(1) satisfies {u,u,u} = To({1,1,1}) = To(1) = u. Moreover, by the
surjectivity of Ty, for each z in N we can find € M with Ty(x) = z. Therefore, {u,u,z} = To({1,1,2}) =
To(x) = z (z € N), that is, u is a unitary tripotent in N in the sense employed in [4]. We know from [4,
Proposition 4.3] that this is equivalent to say that v is a unitary in N.

By [6, Lemma 4.2.41] the w*-homotope N~ becomes a unital JB*-algebra with unit u for its natural
Jordan product x oy« y := U,y (u*) = {x,u,y} and the involution %, given by z*+ := U,(z*) = {u, z,u}.
Since

To(zoy) = To({z,1,y}) = {To(x), To(1), To(y)} = To(x) ou- To(y)

and
To(z") = To({1,z,1}) = {To(1), To(x), To(1) } = To(z)™, (z,y € M),

we deduce that Ty : M — N,- is an isometric real-linear unital Jordan *-isomorphism.
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By a more careful reading of [9, Corollary 3.2] we deduce the existence of two JB*-subalgebras M; and M»
of M such that M is the (orthogonal) direct sum M = My ®‘>~ My, Ty|rs, : My — Ny is a complex-linear
triple homomorphism and Tp|pz, : M2 — Ny is a conjugate-linear triple homomorphism. Let p denote the
unit of M;. Clearly, p is a central projection in M and 1 — p is precisely the unit of Ms. The arguments
in the previous paragraphs show that Tp|as, : M1 — N+ is a complex-linear Jordan *-monomorphism and
Tola, : My — Ny« is a conjugate-linear Jordan *-monomorphism. Furthermore, bearing in mind that M,
and Ms are orthogonal in M and that Ty : M — N,« is a real-linear Jordan *-isomorphism, we deduce that
N; = Ty(M;) and Ny = Ty(Ms) are orthogonal JB*-subalgebras of N, with N, = Ny ®&‘~ N,. Moreover,
the mapping J : M — Ny,

J(@) =To(pox) +To((1 —p)ox)™ =To(pox) +To((1 —p)oz”) (ze M)

is a complex-linear Jordan *-isomorphism (just apply that  — poz and  — (1 — p) o z are the natural
projections of M onto M; and Ma, respectively), and the identity

Afa) = J(poa)+ J((1—p)oa’),

holds for all a € 9.

Suppose, finally, that we can find a unitary wg € N such that Uy, (A(1)) = 1. The mapping Uy, : N - N

is a surjective complex-linear isometry and a triple isomorphism mapping u to 1 (cf. [6, Theorem 4.2.28]),

therefore Uy, : Ny» — N is a complex-linear Jordan *-isomorphism. Let p € M and J : M — Ny~ be

the central projection and the complex-linear Jordan *-isomorphism given by our first conclusions. Clearly,
®=Uy,0J: M — N is a Jordan *-isomorphism and the equality

Aa) =U

—1
Wo

(®(poa)+®((1—p)oa”)) = Uu; (®(poa) + (1 —p)oa’)),
holds for all a € 9. O

Remark 4.2. It should be remarked that Theorem 4.1 can be also deduced, via an alternative argument,
from the conclusions in the recent papers [7,8]. Let A : 0T — N be a surjective isometry in the conditions
of the just quoted theorem. Let Ty : M — N be the surjective real-linear isometry given by Theorem 3.5 or
by Corollary 3.6. Let 0.(Bas) and 9.(By) denote the sets of all extreme points of the closed unit ball of M
and N, respectively. Clearly Ty maps 9.(Bys) onto 0.(By).

Let w be an extreme point of the closed unit ball of a unital JB*-algebra M’. Theorem 3.8 in [7] proves
that w is a unitary if and only if the set

M, ={e € d(Bar) : ||w=e| <V2}

contains an isolated point. Let U (M) and U(N) denote the sets of unitary elements in M and N, respectively.
The just quoted result and the observations in the previous paragraph show that To(U(M)) = U(N), and
hence Toly(ar) @ U(M) — U(N) is a surjective isometry. In particular, u = Tp(1) is a unitary in N. Let
U(Ny~) stand for the set of unitaries in the u*-homotope of N. It is known that U(Ny») = U(N) (cf. [6,
Lemma 4.2.41(ii)] or [4, Proposition 4.3]). We therefore conclude that Toly(ar) @ U(M) — U(Ny+) is a
surjective isometry. By [8, Corollary 3.5] there exist a central projection p in M and an isometric Jordan
*-isomorphism J : M — N, such that

Ty(w) = J(pow) + J(1—p) ow’), (13)

for all w € exp(iM,,) € My C M.
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On the other hand, the Russo-Dye type theorem for unital JB*-algebras proved by J.D.M. Wright and M.
Youngson in [29, Corollary 2.4] (see also [6, Corollary 3.4.7]) asserts that the closed unit ball of M coincides
with the closed convex-hull of the set exp(iMs,). Since the maps Ty and = — J(pox + (1 — p) o z*) are
real-linear and continuous, we deduce from (13) that Tp(z) = J(pox) + J((1 — p) o z*), for all x € M, and
consequently, A(a) = J(poa)+ J((1 —p) oa®), for all a € M. The rest follows from the arguments given
in the final part of the proof of Theorem 4.1.

Remark 4.3. In the same way that in Remark 4.2 we have given an alternative proof of Theorem 4.1 from
[7, Theorem 3.8], [8, Corollary 3.5] and an appropriate version of the Russo-Dye theorem for unital JB*-
algebras, the C*- version of our Theorem 4.1 in [16, Theorem 2.2] can be also derived from [25, Lemma 3.1]
and [15, Theorem 1].
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