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Abstract

The homogeneity problem for testing if more than two different samples come from the same pop-
ulation is considered for the case of functional data. The methodological results are motivated by
the study of homogeneity of electronic devices fabricated by different materials and active layer
thicknesses. In the case of normality distribution of the stochastic processes associated with each
sample, this problem is known as Functional ANOVA problem and is reduced to test the equality
of the mean group functions (FANOVA). The problem is that the current/voltage curves associated
with Resistive Random Access Memories (RRAM) are not generated by a Gaussian process so that
a different approach is necessary for testing homogeneity. To solve this problem two different para-
metric and nonparametric approaches based on basis expansion of the sample curves are proposed.
The first consists of testing multivariate homogeneity tests on a vector of basis coefficients of the
sample curves. The second is based on dimension reduction by using functional principal component
analysis of the sample curves (FPCA) and testing multivariate homogeneity on a vector of principal
components scores. Different approximation numerical techniques are employed to adapt the exper-
imental data for the statistical study. An extensive simulation study is developed for analyzing the
performance of both approaches in the parametric and non-parametric cases. Finally, the proposed
methodologies are applied on three samples of experimental reset curves measured in three different
RRAM technologies.

1 Introduction

The methodological results in this paper linked to homogeneity tests for func-
tional data are motivated by the study of variability in Resistive Random Access
Memories. In this work, the devices under study were fabricated making use of
different materials for the metal electrodes and dielectrics of different thicknesses.
RRAMs are currently considered a serious contender for non-volatile memory
applications. These devices operate under the principles of resistive switching
(RS), i.e., their internal resistance is switched between different values by chang-
ing the nature and features of charge conduction within a dielectric layer. Many
different developments are being considered in the research of these devices such
as fabrication and characterization; also, the simulation and modeling facets are
under study for this emerging technology [9, 20].

The use of devices based on RS for cryptographic applications is based on
the inherent stochasticity of their operation. The device resistive state changes
in many cases because of the creation (set) or destruction (reset) of a conductive
filament that is formed by the random movement of ions in a dielectric. The
result of this randomness is a sample of current-voltage curves corresponding to
reset-set cycles with variability. So, the variability turns into different voltages
and currents within the set and reset processes for each cycle. The analysis of
the statistics of the RS operation is essential to understand the devices underly-
ing physics [1, 18, 13]. It is necessary to theoretically investigate the stochastic
characteristics of RRAMs (directly related to variability), from both the math-
ematical point of view and the compact modeling perspective. The variability
characterization will be essential to develop the infrastructure for device and
circuit design software tools.
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As the experimental data set connected to each device is a group of current/-
voltage curves associated with the reset/set cycles of the device, functional data
analysis (FDA) methodologies could be the ideal tool to explain the associated
variability. Nowadays, FDA is a leading research topic in statistics in which the
methods developed for samples of vectors are becoming extended to the case
of samples of curves. Besides, the interest in methodological developments as
well as in applications to fields such as life science, chemometrics, environment,
economy, electronics, among others, are growing continuously. A good review of
the main FDA methods, interesting applications and computational algorithms
with the free software R can be seen in the books [15, 16, 14]. The sample
curves are usually observed at a finite set of discrete points so that the first step
in FDA is usually the smoothing of each sample curve through its representation
as a linear combination of basis functions. A comparison of different types of
penalized smoothing with B-splines basis was performed in [3].

The basic tool in FDA is functional principal component analysis (FPCA)
that reduces the dimension of the stochastic process generating the sample curves
by providing a small set of uncorrelated scalar variables that represent the most
important variation modes in the sample. Different penalized PCA approaches
for B-spline expansions of smooth functional data were introduced in [2]. FPCA
was recently applied to model the variability of the reset processes associated
with RRAM devices [4]. In the FDA context, the problem in the present work
consists of testing homogeneity for several independent samples of experimental
data obtained from different RRAMs. The aim is to characterize the device
variability by considering different metals as electrode materials and dielectrics
of different thicknesses in the fabrication process. The homogeneity problem
addressed in this contribution consists of deciding if several independent samples
of curves have been generated by the same stochastic process (homogeneity), so
that they have equal probability distributions. In order to solve this problem,
different parametric and non-parametric approaches based on basis expansion of
the sample curves are proposed here.

In the case of normality distribution of the stochastic processes associated
with each sample, the homogeneity problem is known as the multi-sample prob-
lem or one-way ANOVA problem for functional data, and it is equivalent to
equality of the mean functions among the different samples (FANOVA). A de-
tailed description and comparison of tests for the one-way ANOVA problem for
functional data can be seen in [10, 21]. Taking into account the basis expan-
sion of the sample curves, the FANOVA is reduced to a multivariate ANOVA
(MANOVA) with the vector of basis coefficients of the sample curves as depen-
dent variable and the categorical variable representing the groups as independent
variable. The problem is that the current/voltage curves associated with RRAMs
are not generated by a Gaussian process so that a different approach is necessary
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for testing homogeneity. Multivariate non-parametric homogeneity tests [12] on
the vector of basis coefficients are considered in this paper to solve the problem.
Other important problem is that multivariate homogeneity tests do not perform
well with high-dimensional vectors and the number of basis functions needed for
an accurate approximation of the sample curves is usually high. In order to solve
it, a new approach based on dimension reduction by using FPCA of the sample
curves and testing homogeneity on the vector of the most explicative principal
components scores is introduced.

Apart from this introduction, the manuscript scheme consists of a theoreti-
cal development of functional homogeneity test procedures adapted to the data
measured for the devices under study (Section 2), a simulation study to evalu-
ate the performance of the testing approaches in Section 3, an application with
data from resistive memories and the corresponding discussion in Section 4, and
finally, the main conclusions in Section 5.

2 Statistical homogeneity tests for basis expan-
sion of functional data

Let {xij(t) : i = 1, . . . ,m; j = 1, . . . , ni; t ∈ T} denote m independent samples
(groups) of curves defined on a continuous interval T. Let us assume that they
are realizations of i.i.d. stochastic processes (functional variables) {Xij(t) : i =
1, . . . ,m; j = 1, . . . , nit ∈ T} with distribution SP (µi(t), γi(s, t)),∀i = 1, ...,m,
with µi(t) being the mean function and γi(s, t) the covariance function associated
with each of them stochastic processes. Let us also assume that all sample curves
belong to the Hilbert space L2[T ] of the square integrable functions on T , with
the natural inner product defined by

< f |g >=

∫
T

f(t)g(t)dt for all f, g ∈ L2[T ].

The homogeneity of the m samples of curves means that they have been gener-
ated by the same stochastic process SP (µ(t), γ(s, t)) with the same probability
distribution ∀i = 1, ...,m. This problem has been recently considered from dif-
ferent points of view. If the processes are Gaussian, then the problem is known
as the multi-sample problem or one-way ANOVA problem for functional data
(see the book [21] for a detailed study). A comprehensive comparison of tests for
the one-way ANOVA problem for functional data was developed in [10]. More
recently, an approach based on the concept of functional depth measures was in-
troduced in [7]. In this paper we focus on basis expansion of functional data and
propose two different type of approaches. One consists on testing multivariate
homogeneity on the random vector of basis coefficients for the m groups, and the
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other is based on testing multivariate homogeneity on the associated functional
principal components (p.c.’s).

Then, the starting point is to assume that the sample curves belong to a finite-
dimension space spanned by a basis {φ1 (t) , . . . , φp (t)} , so that each stochastic
process is represented by its vector of basis coefficients. Let us assume that

Xij(t) =

p∑
k=1

aijkφk(t) i = 1, . . . ,m; j = 1, . . . , ni, (1)

where aijk are scalar random variables with finite variance and p is sufficiently
large to assure an accurate representation of each process. In vector form
Xij(t) = a′ijΦ(t) with aij = (aij1, ..., aijp)

′ being the vectors of basis coeffi-
cients and Φ(t) = (φ1(t), ..., φp(t))

′. On the one hand, the selection of the type
and dimension of the basis (Fourier, B-splines, wavelets, polinomials, etc) is
an important problem that must be solved by taking into account the sample
curve characteristics. In the application in this paper a base of cubic splines is
chosen because the analysed current/voltage curves are smooth enough. Other
useful basis systems are Fourier functions for periodic data, piecewise constant
functions for counting processes or wavelets bases for curves with strong local
behavior. On the other hand, the basis coefficients are usually estimated by least
squares (with or without penalization) from discrete-time noisy observations. A
good review about different ways to proceed and how to do it with the software
R can be studied in the books [16, 14].

2.1 Homogeneity testing on basis coefficients

The first type considered approach consists of performing a multivariate ho-
mogeneity test on the m samples of the basis coefficient vector {aij : i =
1, . . . ,m; j = 1, . . . , ni}.

When the processes are Gaussian, the one-way ANOVA problem for func-
tional data is equivalent to equality of the mean functions among the different
samples provided that the covariance functions in the groups are equal (ho-
moscedastic case) or different (heteroscedastic case). This problem can be for-
mulated as the hypothesis test of equality of the unknown group mean functions
of the m samples

H0 : µ1(t) = · · · = µm(t),∀t ∈ T, (2)

against the alternative that its negation holds.
In the case of the one-way FANOVA problem (2) the functional data verify

the following linear model:

Xij(t) = µ(t) + αi(t) + εij(t), i = 1, ...,m, j = 1, ..., ni, (3)
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where µ(t) is the overall mean function, αi(t) is the i-th main-effect function, and
εij(t) are the subject-effect functions (i.i.d. errors) with distribution SP (0, γ(s, t))
∀i = 1, . . . ,m; j = 1, . . . , ni, and γ(s, t) being the common covariance function
in the homoscedastic case.

The main-effect functions are not identifiable so that in order to be estimated
some constraint must be imposed. The most used constraint is

∑m
i=1 αi(t) = 0.

Under this constraint you have that µi(t) = µ(t) +αi(t). Then, by assuming the
basis expansion in 1, the unbiased estimators of the functional parameters in
model 3 are given by

� µ̂(t) = x(t) = a′Φ(t),

� α̂i(t) = x̄i(t)− x̄(t) = (a′i − a′) Φ(t),

� ε̂ij(t) = xij(t)− xi(t) =
(
a′ij − a′i

)
Φ(t),

where x̄ and x̄i(t) are the usual unbiased estimators of the grand mean function
and the group mean functions, respectively, and, ā and ai are the correspond-
ing unbiased estimators of the grand mean vector and the group mean vector
associated with the coefficient vectors aij .

Taking into account the basis expansions of the sample curves the FANOVA
testing problem is equivalent to the usual multivariate ANOVA test (MANOVA)
for the matrix of basis coefficients A =

(
a(ij)k

)
n×p , with n =

∑m
i=1 ni. This is

equivalent to test the equality of mean vectors for the basis coefficients in the
m groups. This problem is solved by using one of the well known MANOVA
tests: the Wilks’s lambda, the Lawley-Hotelling’s trace, the Pillai’s trace, and
the Roy’s maximum root. In most cases, the exact null distributions of these
four test criteria can not be computed, and approximate F-tests statistics are
often used in computer programs. A detailed explanation on these tests can be
seen in [17].

The main requirements for estimating a one-way MANOVA model are: 1)
observations are randomly and independently sampled from the population; 2)
the sample size in each group must be larger than the number of dependent
variables; 3) dependent variables are multivariate normally distributed within
each group; 4) homogeneity of variance-covariance matrices in the m groups;
and 5) no multicollinearity.

When the m samples of vectors coefficients are not Gaussian, the F-type tests
described earlier can not be applicable. Other approaches based on bootstrap
versions of these tests methods may be considered [10]. In this paper non-
parametric multivariate homogeneity tests based are considered to solve this
problem. Specifically, the extensions of the univariate Kruskal Wallis’s test and
Moods’s test [12, 6] that try to check whether the medians are equal in all
groups, are applied in the simulation and the application developed in Section 3
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and 4, respectively. The Moods’s test is less sensitive with the outliers than the
Kruskall Wallis’s test but it is less powerful when the data are generated from
some distributions as, for instance, the normal distribution.

Let us finally observe that unbalanced sample sizes can lead to unequal vari-
ances between samples that could affect to the statistical power and type I error
rates of parametric (ANOVA type) tests [19]. In fact, equal sample sizes maxi-
mize statistical power. On the other hand, nonparametric rank-based tests could
lead to paradox results due the non-centralities of the test statistics which may
be non-zero for the traditional tests in unbalanced designs. A simple solution is
the use of pseudo-ranks instead of ranks [5].

2.2 Homogeneity testing on functional principal compo-
nents

This new approach for solving the homogeneity problem with functional data
consists of reducing the infinite dimension of the stochastic procecess by using
FPCA and then performing a multivariate homogeneity test on the vectors of
the most explicative principal components scores.

FPCA provides the following orthogonal decomposition of the process (Karhunen-
Loève expansion):

Xij(t) = µ(t) +

∞∑
k=1

fk(t)ξijk, (4)

where {fk} are the orthonormal eigenfunctions of the covariance operator asso-
ciated with its decreasing sequence of non null eigenvalues {λk}, and {ξk} are
uncorrelated zero-mean random variables (principal components) defined by

ξijk =

∫
T

fk(t)(Xij(t)− µ(t))dt.

The k-th p.c. ξk has the maximum variance λk out of all the generalized linear
combinations of the functional variable which are uncorrelated with ξl (l =
1, .., k − 1).

By truncating the expression (4), the process admits a principal component
reconstruction in terms of the first q principal components so that the sum of
their explained variances is as close as possible to one. Then, in vector form
the functional variable X(t) is approximated by Xq

ij(t) − µ(t) = ξ′ijf(t), with
ξij = (ξij1, ..., ξijq)

′ being the vectors of principal components scores and f(t) =
(f1(t), ..., fq(t))

′.
In practice, and assuming the basis expansion of sample curves given in

1, the functional PCA is equivalent to multivariate PCA of matrix AΨ
1
2 [11],

with Ψ
1
2 being the squared root of the matrix of inner products between basis
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functions Ψ = (Ψij)p×p =
∫
T
φi (t)φj (t) du. Then, the principal component

weight function f̂k admits the basis expansion f̂k (t) = b′kΦ(t), so that, the

vector bk of basis coefficients is given by bk = Ψ−
1
2uk, where the vectors uk are

computed as the solutions to the eigenvalue problem n−1Ψ
1
2A′AΨ

1
2uk = λkuk,

where n−1Ψ
1
2A′AΨ

1
2 is the sample covariance matrix of AΨ

1
2 .

Again, we propose two different ways to solve the problem of homogeneity
of the vector of the first q principal components in the m groups. In the case of
multivariate normality of the vector of principal components scores, a MANOVA
testing procedure based on the F-type statistics is not advisable because the de-
pendent variables are uncorrelated. In this case, we propose to perform univari-
ate ANOVA on each p.c. score that has more power than MANOVA analysis. In
order to control the Type I error when conducting these multiple ANOVA tests,
the additive Bonferroni inequality will be applied so that the alpha level for each
ANOVA test is given by the overall level divided by the number of tests. On the
other hand, if normality is not verified, then non-parametric multivariate tests
will be applied.

3 Simulation study

In this section, an extensive simulation study with artificial data is developed
to check the performance of the two functional homogeneity approaches: one is
based on testing homogeneity on the basis coefficients and the other on testing
homogeneity on the principal components.

In this study, three groups have been considered (m=3) with the following
three different models for the mean functions:

� M1 : µi(t) = 0.1| sin (4πt)| i = 1, 2, 3,

� M2 : µi(t) = 0.05i| sin (4πt)| i = 1, 2, 3,

� M3 : µi(t) = 0.025i| sin (4πt)| i = 1, 2, 3.

Let us observe that M1 corresponds to situations where H0 is true while M2 and
M3 corresponds to situations where H0 is false. In M3 the differences between
the means are smaller so that the testing problem is more difficult.

In addition, two different type of error functions are added to simulate a sam-
ple of functional data in the interval [0,1] for each case according to the model in
Equation 3. For the parametric approaches (Gaussian case), an approximation of
the standard Wiener process given by its Karhunen-Loève expansion truncated
in the qth term is used. This is a Gaussian process with covariance function
given by C(t, s) = σ2 min (t, s). The Karhunen-Loeve expansion of this process
is given as follows in terms of the eigenvalues and eigenfunctions of its covariance
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operator: ε(t) =
∑∞
k=1

√
λkξkfk(t), where the p.c.’s ξk are independent Gaussian

random variables with mean zero and variance one, the eigenvalues are given by

λk = σ2

(k− 1
2 )2π2 , with the associated eigenfunctions fk(t) =

√
2 sin

((
k − 1

2

)
πt
)
.

The truncation point in this study is q = 20, and five different values for the
dispersion parameter (σ = 0.02, σ = 0.05, σ = 0.10, σ = 0.20, σ = 0.40) are con-
sidered. For the non-parametric approaches, the error functions are computed
in the same form as the exponential, adequately centered, of ε(t) (log-normal
distribution).

Then, i.i.d. samples, with three different sample sizes (ni = 15, ni = 25, ni =
35; i = 1, 2, 3), are simulated at 51 equally spaced time points in the interval
[0, 1] for each one of the thirty considered functional models. Finally, 1000
Monte Carlo replications are developed for each one of the ninety considered
cases (three mean models*two type of error *five dispersion parameters*three
sample sizes). In order to obtain the basis coefficients for each sample curve
from its discretized values in the interval [0,1], least squares approximation in
terms of a basis of cubic B-splines of dimension 18 was used in all cases. All
the computations were obtained with the packages fda [14] and npmv [6] of
statistical software R. As indicator of the test performance, the observed accep-
tance proportions at a significance level 0.05 under every considered model were
computed. Three different number of p.c.’s were considered for the principal
component approach: the first three p.c.’s, the first five p.c.’s and the first eight
p.c.’s that explain approximately a 95%, a 97%, and a 99% of the total variabil-
ity, respectively. The results for the two testing parametric approaches with the
F-type tests (Gaussian errors) appear in Table 1. MANOVA testing with the
Pillai statistics was conducted for the basis coefficients approach and multiple
univariate ANOVA for the principal component approach, using Bonferroni’s
inequality for preserving the overall significance level. On the other hand, the
results for the non-parametric approaches (Log-normal errors) appear in Table
2. The multivariate extension of the Kruskall-Wallis univariate test was used to
compute the p-values.

Next, a discussion of the simulation experiment is presented that can help to
show the practical utility of the proposed methodology:

1. An important key point to keep in mind is the dispersion parameter σ. It
seems that the testing performance depends strongly on the error disper-
sion, getting worse as σ increases in all cases. In fact, when σ = 0.40 the
power of the tests is too small, especially in the case of the model M3 in
which the differences between the group means are smaller. This must be
taken into account for future analysis because previous simulation studies
of this type (see [10]) do not consider a value of σ higher than 0.20.

2. Another interesting point has to do with sample sizes. For small values of
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σ the sample size does not have an important effect in the power of the
test. However, the sample size plays a fundamental role when σ increases,
as the test converts into less conservative for the cases M2 and M3.

3. Regarding to the number of p.c.’s selected for the testing procedure, it
can be seen in Tables 1 and 2 that the greater the number of p.c.’s, the
better results the tests achieve. In fact, the tests don’t behave well in the
situations where the variability explained is lower than 99% and the term
σ is large. So, it would be recommendable to consider a number of p.c.’s
that guarantees around the 99% of the variability.

4. For the model M1 (H0 is true), both the parametric and the non-parametric
tests provide excellent results. The acceptance proportions are greater than
0.938 in all the cases.

5. In the case of model M2, the results obtained in the parametric case with
the basis coefficients and with eight p.c.’s are really good, even when the
dispersion is very high (σ = 0.4). Only some problems are detected when
the sample size is small in this case. Nevertheless, the tests provide slightly
better results for the basis coefficients approach. On the other hand, the
outputs for M2 when we consider the non-parametric tests change a bit in
comparison with the previous situation. Now, the basis coefficients model
does not work very well when the sample is not large enough for σ = 0.20
and for σ = 0.40, with the acceptance proportion being 0.169 and 0.706,
respectively. Instead, if we consider the approach with 8 p.c.’s the results
are much better, only having controversy when ni = 15 and σ = 0.40 just
like in the parametric case.

6. The behavior of results with model M3 are very similar to the case of
model M2, basis coefficients approach is slightly better in the parametric
case but it occurs the opposite in the non-parametric case. In addition,
the tables bring to light the lack of power of both tests (parametric and
non-parametric) when the differences among group means are small and σ
is large. We are rather concerned with the frequency of a correct decision
in these situations.

To sum up, we can firstly conclude that the parametric tests are more power-
ful than the non-parametric ones and, for that reason, they must be considered
when the conditions of validity are satisfied. Another important aspect to keep
in mind is the reduction of the dimension provided by the principal component
approach. This approach can be really interesting when the number of depen-
dent variables (basis coefficients) is large and the problem is reduced to testing
homogeneity on a small number of p.c’s. Based on the results of this simulation
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study, it can be concluded that the principal component approach explaining
a 99% of variability gives better results than the basis coefficients approach in
the non-parametric case. Regarding to the parametric case, the fact of using
the Bonferroni’s inequality for correcting the significance level in the multiple
ANOVA tests on the p.c.’s, could be the reason for a slight decrease in the
power with respect to the basis coefficient approach in this study where 8 p.c.’s
are needed to explain at least a 99% of the total variability. This problem dis-
appears in practice when only two or three components are necessary so that
the corrected level of significance is not so small and the acceptance proportion
would increase.

4 Application results and discussion

In this paper, we will use experimental data measured at the Institute of Micro-
electronics of Barcelona (CNM-CSIC) where the devices were also fabricated.
The devices are based on a metal-oxide-semiconductor stack [8]. The metal
electrodes employed were Ni and Cu, the dielectrics (HfO2) and Si-n+ was em-
ployed as bottom electrode. In particular, the following devices were used: De-
vice 1 (DV1): Ni/HfO2 (20 nm thick)/Si-n+, Device 2 (DV2) Ni/HfO2(10 nm
thick)/Si-n+, Device 3 (DV3): Cu/HfO2(20 nm thick)/Si-n+. The I–V charac-
teristics were measured using a HP-4155B semiconductor parameter analyzer. A
negative voltage was employed although we used the absolute value for easiness
in the numerical analysis. The functional homogeneity approaches presented
here will be applied to decide about the existence of significant statistical differ-
ences between the three devices considered.

More precisely, RRAM operation is based on the stochastic nature of resistive
switching processes; these, in the most cases, create and rupture conductive
filaments that change drastically the resistance of the device. These processes
are known as set and reset, respectively. Moreover, the resistance change gives
rise to a sample of current-voltage curves corresponding to the reset-set cycles,
where the mentioned variability is translated to different voltages and currents
related to set and reset processes for each cycle. See the set and reset curves in
Figure 1 of reference [4] and the variation of the set and reset voltages, where
the current drastically increases or drops off.

In this study, we have information about 2782 reset curves corresponding
to the device with the nickel electrode and the dielectric 20 nanometres thick
(Device 1), 1742 reset curves for the device with nickel electrode and a dielectric
10 nanometres thick (Device 2) and 233 reset curves for devices with a copper
electrode and a dielectric 20 nanometres thick (Device 3), denoted as {Iij(v) :
v ∈ [0, Vij−reset]} being i = 1, 2, 3 the type of device and j = 1, ..., ni the sample
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Mean ni Model σ=0.02 σ=0.05 σ=0.10 σ=0.20 σ=0.40

M1

15

Basis coef. 0.949 0.956 0.951 0.957 0.944
3 p.c.’s 0.938 0.954 0.968 0.959 0.949
5 p.c.’s 0.948 0.944 0.941 0.945 0.958
8 p.c.’s 0.958 0.955 0.946 0.946 0.942

25

Basis coef. 0.952 0.953 0.953 0.964 0.951
3 p.c.’s 0.952 0.942 0.953 0.948 0.959
5 p.c.’s 0.954 0.962 0.945 0.948 0.950
8 p.c.’s 0.962 0.947 0.951 0.954 0.956

35

Basis coef. 0.949 0.953 0.944 0.948 0.946
3 p.c.’s 0.951 0.956 0.951 0.952 0.959
5 p.c.’s 0.949 0.953 0.954 0.953 0.948
8 p.c.’s 0.951 0.955 0.960 0.943 0.957

M2

15

Basis coef. 0 0 0 0 0.170
3 p.c.’s 0 0 0.001 0.448 0.852
5 p.c.’s 0 0 0 0.043 0.681
8 p.c.’s 0 0 0 0.003 0.298

25

Basis coef. 0 0 0 0 0.005
3 p.c.’s 0 0 0 0.265 0.789
5 p.c.’s 0 0 0 0.006 0.595
8 p.c.’s 0 0 0 0 0.042

35

Basis coef. 0 0 0 0 0
3 p.c.’s 0 0 0 0.157 0.746
5 p.c.’s 0 0 0 0.001 0.552
8 p.c.’s 0 0 0 0 0.007

M3

15

Basis coef. 0 0 0 0.181 0.783
3 p.c.’s 0 0 0.465 0.879 0.937
5 p.c.’s 0 0 0.043 0.724 0.914
8 p.c.’s 0 0 0.004 0.307 0.752

25

Basis coef. 0 0 0 0.005 0.537
3 p.c.’s 0 0 0.286 0.802 0.925
5 p.c.’s 0 0 0.009 0.607 0.879
8 p.c.’s 0 0 0 0.044 0.627

35

Basis coef. 0 0 0 0 0.330
3 p.c.’s 0 0 0.178 0.724 0.903
5 p.c.’s 0 0 0 0.485 0.880
8 p.c.’s 0 0 0 0.004 0.466

Table 1: Observed acceptance proportions for each scenario at a significance
level 0.05 in the case of Gaussian errors.
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Mean ni Model σ=0.02 σ=0.05 σ=0.10 σ=0.20 σ=0.40

M1

15

Basis coef. 0.984 0.983 0.975 0.982 0.982
3 p.c.’s 0.960 0.951 0.957 0.946 0.960
5 p.c.’s 0.967 0.965 0.950 0.950 0.951
8 p.c.’s 0.966 0.972 0.952 0.959 0.970

25

Basis coef. 0.966 0.962 0.978 0.964 0.972
3 p.c.’s 0.951 0.943 0.945 0.964 0.930
5 p.c.’s 0.951 0.958 0.955 0.961 0.953
8 p.c.’s 0.943 0.950 0.955 0.963 0.959

35

Basis coef. 0.960 0.959 0.971 0.967 0.967
3 p.c.’s 0.947 0.950 0.941 0.949 0.956
5 p.c.’s 0.954 0.949 0.958 0.957 0.950
8 p.c.’s 0.960 0.964 0.952 0.957 0.949

M2

15

Basis coef. 0.005 0.009 0.011 0.169 0.706
3 p.c.’s 0 0 0.001 0.525 0.894
5 p.c.’s 0 0 0 0.041 0.793
8 p.c.’s 0 0 0 0 0.365

25

Basis coef. 0 0 0 0 0.136
3 p.c.’s 0 0 0 0.309 0.865
5 p.c.’s 0 0 0 0 0.663
8 p.c.’s 0 0 0 0 0.046

35

Basis coef. 0 0 0 0 0.010
3 p.c.’s 0 0 0 0.18 0.795
5 p.c.’s 0 0 0 0 0.568
8 p.c.’s 0 0 0 0 0.006

M3

15

Basis coef. 0.007 0.025 0.142 0.697 0.940
3 p.c.’s 0 0.001 0.484 0.890 0.933
5 p.c.’s 0 0 0.044 0.775 0.910
8 p.c.’s 0 0 0.001 0.322 0.863

25

Basis coef. 0 0 0 0.112 0.784
3 p.c.’s 0 0 0.325 0.840 0.916
5 p.c.’s 0 0 0 0.636 0.908
8 p.c.’s 0 0 0 0.039 0.716

35

Basis coef. 0 0 0 0.006 0.606
3 p.c.’s 0 0 0.157 0.776 0.917
5 p.c.’s 0 0 0 0.542 0.887
8 p.c.’s 0 0 0 0.002 0.557

Table 2: Observed acceptance proportions for each scenario at a significance
level 0.05 in the case of Log-normal errors
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size of the group i. It would have been interesting to have at our disposal
data related to RRAMs fabricated with a copper electrode and a dielectric 10
nanometres thick, but for reasons connected to the fabrication plans, it was not
possible.

From mathematical viewpoint, and before applying FDA, the reset curves
require some previous transformations because they are not defined on the same
domain (reset voltages are different in each curve due to variability), and we only
have discrete observations at a finite set of current values until the reset voltage
is achieved in each curve. In order to solve these problems, [4] proposed a simple
FDA approach to analyze these kind of curves prior to apply some specific statis-
tical FDA techniques. Firstly, the initial domain [0, Vij−reset] was transformed
in the interval [0, 1] in a way that every registered sample curve I∗ij(u)(u ∈ [0, 1])
has a new set of arguments given by transformation u = v/Vij−reset. Secondly,
taking into account that the curves are smooth enough, P-spline smoothing with
B-spline bases was used to reconstruct all reset curves. The principal reasons
why P-spline are usually considered a great accurate approximation of sam-
ple curves, are less numerical complexity and computational cost, and that the
choice and position of knots is not determinant, so that it is sufficient to choose
a relatively large number of equally spaced basis knots [2]. In this paper, for
each reset curve of the three devices, it has been considered a cubic B-spline
basis of dimension 20 with 17 equally spaced knots in the interval [0, 1] and a
penalty parameter λ = 0.5. In order to select the same smoothing parameter for
all the sample paths a leave-one-out cross validation procedure was used.

Let us remember that the aim is to test if there are significant differences
between RRAMs of the three different technologies under study. The first step
is to test the equality of the three unknown mean functions by using the one-way
FANOVA approach under the assumption that the reset curves of each group
are generated by a Gaussian process with the same covariance operator. The
estimation of the sample mean function in each group is displayed in Figure 1
(bottom-right) next to all the corresponding smoothed registered curves. Graph-
ically, it seems that there are differences depending on the type of material and
thickness.

In order to test the equality of the three unknown mean functions, MANOVA
on the matrix of basis coefficients A(4757×20) could be applied (see Subsection
2.1) so that we have 20 dependent quantitative variables (the dimension of the
B-spline basis) and one independent categorical variable (the three types of de-
vices). It is well known that the main purpose of this technique is to compare
the mean vectors of the three samples for significant differences. Equality of the
mean vectors implies that the three single means are equal for each dependent
variable. Before applying MANOVA, we must verify that the vectors of ba-
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sis coefficients of each device technology have multivariate normal distribution
with equal covariance matrices. However, these hypothesis are not fulfilled for
the considered reset curves. As a matter of fact, the p-values associated with
the Kullback’s test or M-Box’s test for the homogeneity of covariance matrices,
and the p-value linked with the Kolmogorov-Smirnov’s test for the univariate
normality of each single basis coefficient are all < 0.001. This means that the
assumptions of multivariate normality and homogeneity of covariance matrices
are not true. Therefore, the second step consists of using a non-parametric test
for the homogeneity of the vectors of basis coefficients in the three devices. In
this application, due to the high presence of outliers, the extension of the uni-
variate Mood’s test which is based on spatial signs is employed (see results in
Table 3). Taking into account that the associated p-value is less than 0.001, we
can conclude that the reset voltage distribution is different according the kind of
metal for the electrode and dielectric thickness used in the RRAM technologies.

Finally, we are going to test homogeneity on the functional principal com-
ponents computed from the P-spline smoothing of the sample curves. The per-
centages of variance explained by the first four principal components are 99.639,
0.284, 0.046 and 0.020, respectively. Let us observe that only the first princi-
pal component explains more than 99% of the total variability of the process.
Hence, by truncating K-L expansion 4 the reset process can be represented as
I∗1(u) = I

∗
(u) + ξ∗1f

∗
1 (u), u ∈ [0, 1], where ξ∗1 is an scalar random variable

called first principal component score and f∗1 is a function that represents the
principal component weight curve. Thus, the problem of homogeneity is re-
duced to one-way ANOVA for the first principal component if this variable is
normal distributed and with the same variance in the three devices. However,
neither the normality nor the homogeneity of variance are accepted for these
data so that the p-values associated with the corresponding tests (Kolmogorov-
Smirnov’s test for the univariate normality and Levene’s Test for homogeneity
of variance) are less than 0.001. Again, the ANOVA methodology can not be
applied and so, non-parametric tests are used in order to test the differences
among group means of the first p.c. Specifically, univariate Mood’s median test
is used for the general homogeneity hypothesis (see results in Table 3). It could
be also interesting to test whether there are differences among pairs of devices in
order to prove if the dielectric thickness or the electrode material by separated
play some important role in the RRAMs operation. Wilcoxon’s rank sum test
is applied for the pairwise comparisons by means of the Benjamini’s method for
adjusting p-values. In both cases the associated p-values are less than < 0.001.
On the other hand, the p-values provided by Wilcoxon’s rank sum test for the
pairwise comparisons are also smaller than 0.001. Based on these results we can
conclude that the distribution of the first p.c. are significantly different for the
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Chi-squared df p-value
Basis coef. 5516.5 40 < 0.001
First p.c. 2538.2 2 < 0.001

Table 3: Chi-squared test statistic, the degrees of freedom of its approximated
chi-squared distribution and the p-value for the Mood’s median test

three considered devices. Therefore, it can be highlighted in what is referred
to the reset curves of the technologies under consideration here that the type
of metal employed for the electrodes and the dielectric thickness have a high
influence on RRAMs operation and in the statistical information linked to their
inherent variability.

5 Conclusions

The aim of this work is to decide if there are significant differences in the proba-
bility distribution that generates the reset processes associated with RRAMs fab-
ricated making use of different materials for the electrodes and using dielectrics
of different thicknesses. From the methodological point of view, this homogene-
ity problem consists of testing if different samples (groups) of curves come from
the same population. Several FDA approaches have been proposed in literature
when the stochastic processes associated with each sample are Gaussian. This
problem is known as multi-sample problem or FANOVA and consists of testing
the equality of the group mean functions. If the normality assumption is not
true some bootstrap approaches were developed. In this paper, two different
parametric and non-parametric homogeneity testing approaches are proposed
by assuming a basis expansion of the sample curves. Both are reduced to testing
multivariate homogeneity (parametric and non-parametric), the first one on a
vector basis coefficients and the second one on a vector of principal component
scores. The different proposals are motivated by the statistical study of the
variability in the three samples of reset curves analyzed at the end of the paper.
On the other hand, an extensive simulation study has been developed to check
the practical performance of the testing approaches. In this study, the influence
of sample size and variability of errors has been revealed, in addition to the im-
provement in the behavior of the tests with the principal component approach
for the non-parametric case.
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Figure 1: Sample group mean functions (bottom-right) and all the P-spline
smoothed registered curves for each type of device.
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and M. Liu. A new compact model for bipolar rrams based on truncated
cone conductive filaments, a verilog-a approach. Semiconductor Science and
Technology,, 31(11):115013, 2016.

[10] T. Gorecki and L. Smaga. Comparison of tests for the one-way anova prob-
lem for functional data. Computational Statistics, 30(4):987–1010, 2015.

[11] F. A. Ocaña, A. M. Aguilera, and M. Escabias. Computational considera-
tions in functional principal component analysis. Computational Statistics,
22(3):449–465, 2007.

17



[12] H. Oja. Multivariate Nonparametric Methods with R. Springer Science &
Business Media, 2010.
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