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Abstract: We consider an asymmetric left-invariant norm || - ||x in the first Heisenberg group H' induced by
a convex body K ¢ R? containing the origin in its interior. Associated to || - |k there is a perimeter functional,
that coincides with the classical sub-Riemannian perimeter in case K is the closed unit disk centered at the
origin of R?. Under the assumption that K has C?> boundary with strictly positive geodesic curvature we com-
pute the first variation formula of perimeter for sets with C? boundary. The localization of the variational
formula in the non-singular part of the boundary, composed of the points where the tangent plane is not hor-
izontal, allows us to define a mean curvature function Hg out of the singular set. In the case of non-vanishing
mean curvature, the condition that Hx be constant implies that the non-singular portion of the boundary is
foliated by horizontal liftings of translations of 0K dilated by a factor of HLK Based on this we can define
a sphere Sk with constant mean curvature 1 by considering the union of all horizontal liftings of 0K starting
from (0, 0, 0) until they meet again in a point of the vertical axis. We give some geometric properties of this
sphere and, moreover, we prove that, up to non-homogeneous dilations and left-translations, they are the
only solutions of the sub-Finsler isoperimetric problem in a restricted class of sets.
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1 Introduction

In this paper we consider critical points of the perimeter associated to an asymmetric sub-Finsler structure
in the first Heisenberg group H'. Such a structure is defined by means of an asymmetric left-invariant norm
| -] on the horizontal distribution 3 of H?, that is referred to in this paper simply as a norm. If we fix any
basis of left-invariant horizontal vector fields, any left-invariant norm is uniquely determined by a convex
body (compact set with non-empty interior) K ¢ R? containing O in its interior. We write | - || to indicate the
dependence of the norm on K. The case of a symmetric norm corresponds to a centrally symmetric convex
body. The norm associated to the closed unit disk D centered at O coincides with the Euclidean norm and
is denoted by | - |. Symmetric sub-Finsler structures in IH! have received intense interest recently, specially
the study of geodesics [1, 2], see [33] for the classical sub-Riemannian case, and the associated Minkowski
content [43, 44]. General asymmetric sub-Finsler structures have an associated asymmetric distance and
might have different metric properties, see [31, 32] and [9].
On H! we always consider the standard basis of left-invariant vector fields

0 0 0 0 0
X—a+y&, Y—a—y—X&, T—&,
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and the left-invariant Riemannian metric g, also denoted by (-, - ), making X, Y, T orthonormal. The associ-
ated Riemannian measure is the Haar measure of the group, and coincides with the Lebesgue measure of the
Euclidean space R3. The measure of a set E is the volume of the set and is denoted by |E|. The volume element
is denoted by dH?.

Given a left-invariant norm | - |g, a measurable set E c H! and an open set Q c H', we define the sub-
Finsler perimeter of E in Q by

|0E|x(Q) = sup“ divUdH' : U € H}(Q), |1Ullk,00 < 1},
E

where 5{(1)(0) is the set of C! horizontal vector fields with compact supportin Q and | - | K,o0 1S the infinity norm
associated to | - |g. The perimeter associated to the Euclidean norm | - | is the sub-Riemannian perimeter as
defined in [20, 21, 26]. A set has finite perimeter for a given norm if and only if it has finite perimeter for the
standard sub-Riemannian perimeter. Hence all known results in the standard case apply to the sub-Finsler
perimeter.

In case the boundary S of E is a C! or Euclidean Lipschitz surface, the perimeter of E is given by the
sub-Finsler area functional

AK(S) = [ INal.. ds. (+)
s
where || - ||k, « is the dual norm of | - ||k, N is the orthogonal projection to the horizontal distribution of the
Riemannian unit normal N, and dS is the Riemannian measure on S.
If we consider a convex set K with boundary of class C2 (i.e., so that oK is of class C2 and 0K has posi-
tive geodesic curvature everywhere), we may compute the first variation of the area functional associated to
a vector field U with compact support in the regular part of S to get

AL(0) = J u(divs ) dS.
S
In this formula u = (U, N) is the normal component of the variation and divs 1k is the divergence on S of the
vector field ng = mg(vy), where vy, = &’ﬁ is the horizontal unit normal and 7 is the map projecting any vector
v # 0 to the intersection of the supporting line in the direction of v with |- |x = 1 (the boundary of K). The
strict convexity of | - |x implies that this map is well-defined.

The function Hx = divs nx appearing in the first variation of perimeter is called the mean curvature of S.
Further computations imply that Hy is equal to (Dznx, Z), where Z = —J(vp,) is a choice of horizontal direction
on the regular part of S. Hence the mean curvature function is localized on the horizontal curves of S. It is
not difficult to check that a horizontal curve in a surface with mean curvature Hg must satisfy a differential
equation depending on Hg. Hence we can reconstruct the regular part of a surface with prescribed mean
curvature from solutions of this differential equation. Furthermore, we might be able to classify surfaces with
prescribed mean curvature by classifying solutions of this ordinary differential equation and by looking at
the interaction of these curves with the singular set S of S composed of the points where the tangent plane
is horizontal, as was done in [42] for the standard sub-Riemannian perimeter.

Key observations are that horizontal straight lines are solutions of the differential equation for Hx = 0
and that horizontal liftings of the curve |- |x = 1 are solutions for Hg = 1. The strict convexity of ||-|x = 1
together with the invariance of the equation by left-translations and dilations imply that all solutions are of
this type.

Hence, given a convex body K ¢ IR? containing 0 in its interior and its associated left-invariantnorm || - | ¢,
we consider the set B obtained as the ball enclosed by the horizontal liftings of all translations of the curve
0K containing 0. It is not difficult to prove that with this procedure we obtain a topological sphere Sx with
two poles on the same vertical line, which is the union of two graphs. Moreover, the boundary of By is C?
outside the poles (indeed C? if the boundary of K is of class C¢, ¢ > 2) and of regularity C? around the poles.
When K = D, these sets were build by P. Pansu [38] and are frequently referred to as Pansu spheres. We
remark that Pansu spheres Bp are of class C2 but not C> near the singular points, see [10, Proposition 3.15]
and [42, Example 3.3]. (See Figures 1 and 2.)
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Figure 1: The set Bx when K is the unit ball of the r-norm ||(x, )|l = (Ix|" + |y|r)%, r=1.5.

Figure 2: The set Bx when K is a smooth approximation of the triangular norm.

We observe that these objects have constant mean curvature. Hence they are critical points of the sub-
Finsler area functional under a volume constraint. Further evidence that they have stronger minimization
properties is given in Section 6, where it is proven that, under a geometric condition, a set of finite perimeter E
with volume equal to the volume of Bk has perimeter larger than or equal to the one of Bg. A slightly weaker
result for the Euclidean norm was proven in [40].

We have organized this paper into several sections. In the next one we fix notation and provide some
background, focusing specially in properties of the sub-Finsler perimeter. In Section 3 we compute the first
variation of perimeter for surfaces of class C? and prove the property that the regular part of the surface
is foliated by horizontal liftings of translations of homothetic expansions of oK. In Section 4 we define the
Pansu-Wulff shapes and compute some examples and prove regularity properties of these objects. In Sec-
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tion 5 we study some geometric properties of the Pansu-Wulff shapes and, finally, in Section 6 we obtain
a minimization property of these Pansu-Wulff shapes. This property indicates that these shapes are good
candidates to be solutions of the sub-Finsler isoperimetric problem in H?.

Some justification on the terminology Pansu—Wulff shape must be given. Consider anorm | - || in Euclidean
space and its dual norm | - ||.. For a Lipschitz surface S, the integral

juNu* ds,
S

where N is an a.e. unit normal to S, defines a functional that represents the Gibbs free energy, proportional
to the area of the surface of contact and to the surface tension, of an anisotropic interface separating two
fluids or gases. The contribution of each element of area depends on the orientation. An equilibrium state
is obtained by minimizing the free energy for a drop of given volume. This is an isoperimetric problem in
mathematical terms.

The solutions of this problem were described by the crystallographer G. Wulff in 1895: they are transla-
tions and dilations of the set {x € R : | x|| < 1}, usually referred to as the Wulff shape of the free energy. A first
mathematical proof of this fact was given by Dinghas [11]. Other versions of Wulff’s results were given by
Busemann [4], Taylor [46], Fonseca [15] and Fonseca and Miiller [16]; see also Gardner [25], Burago and
Zalgaller [3], Van Schaftingen [47], and Figalli, Maggi and Pratelli [14].

The counterpart of the free energy in the Heisenberg group H' is given in formula (+). When K = D,
we obtain the classical sub-Riemannian area. In his Ph.D thesis, Pansu exhibited in [38] an example of an
area-stationary candidate, that coincides with the sub-Finsler Wulff shape we obtain this paper, and con-
jectured that this set is a solution of the sub-Riemannian isoperimetric problem in H!. While many partial
results have been obtained in the direction of proving this conjecture, see [10, 17, 18, 28, 34-36, 40-42]
and the monograph [5], it still remains open.

The authors were informed recently of the paper [19], where the same problem is considered.

They would like to thank César Rosales for interesting discussions and Enrico Le Donne for suggesting
the terminology Pansu-Wulff shapes.

2 Preliminaries

2.1 The Heisenberg group H*

The Lie group (R3, *), where = is the product defined, for any pair of points [z, t], [z, t'] € R® = C x R, by
z,t] « 2, ' = [z+ 2, t+t' +Im(zZ))] (z=x+1iy),

is referred to as the first Heisenberg group and denoted by H!. For p € H!, the left translation by p is the
diffeomorphism Ly(q) = p * g. A basis of left invariant vector fields is given by

0 0 0 0 0

x=2 4yl y-2 _x° r-2
ox Vot oy Yot 3t

The horizontal distribution 9 in H! is the smooth planar distribution generated by X and Y. The horizon-
tal projection of a vector U onto H will be denoted by Up. A vector field U is called horizontal if U = Uy,.
A horizontal curve is a C' curve whose tangent vector lies in the horizontal distribution.

We denote by [U, V] the Lie bracket of two C* vector fields U, V on H'. Note that [X, T] = [Y, T] = 0, while
[X, Y] = —=2T. The last equality implies that K is a bracket generating distribution. Moreover, by Frobenius
Theorem we have that H is non-integrable. The vector fields X and Y generate the kernel of the (contact)
1-form w = -y dx + x dy + dt.

We shall consider on H' the (left invariant) Riemannian metric g = (-, -) so that {X, Y, T} is an ortho-
normal basis at every point, and the associated Levi-Civita connection D. The modulus of a vector field U with
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respect to this Riemannian metric will be denoted by |U|. The following derivatives can easily be computed:

DxX=0, DyY=0, DrT=0,
DxY=-T, DxT=Y, DyT-=-X,
DyX=T, DrX=Y, DrY=-X.

For any vector field U on H! we define J(U) = Dy T. Then we have J(X) = Y, J(Y) = -X and J(T) = 0, so
that J> = —Identity when restricted to the horizontal distribution.

2.2 The pseudo-hermitian connection

The pseudo-hermitian connection V on H! is the only affine connection satisfying the following properties:
(1) Visametric connection,
(2) Tor(U, V)= 2{J(U), V)T for all vector fields U, V.
The existence of the pseudo-hermitian connection can easily be obtained adapting the proof of existence of
the Levi-Civita connection, see [12, Theorem 3.6].

We shall use the following relation between the pseudo-hermitian and the Levi-Civita connections.

Lemma 2.1. Let U, V and W be vector fields, where V .and W are horizontal. Then the following equation holds:

(VuV, W) = (DyV, W) + J(W), V)T, U). (2.1)

In particular,
VyV = DyV - (T, U)J(V).

Proof. By Koszul formula, see [12, Section 3]. The terms in the first two lines are equal to (Dy V, W). The last
three terms can be computed using the expression for the torsion to get (J(W), V)(T, U). This proves (2.1). [

Using Koszul formula, it can easily be seen that VX = VY = 0.

Corollary 2.2. Lety: I — S be a curve on H!, and let -~ V and D be the covariant derivatives induced by the
pseudo-hermitian connection and the Levi-Civita connecnon in y, respectively. Let V be a vector field along y.
Then we have

D
gv = V-0, DIW). 2.2)

In particular, if y is a horizontal curve, the covariant derivatives coincide.

2.3 Sub-Finsler norms

The notion of norm we use in these notes is the one of asymmetric norm. This is a non-negative function
|- : V- R defined on a finite-dimensional real vector space V satisfying

(1) vl =0ifand onlyifv =0

(2) IAv] = AJv]l, forallA > 0and v € V, and

3) Ilv+wl<|vll +|lwll, forall v, w € V.

We stress the fact that we are not assuming the symmetry property ||-v| = |v||.

Associated to a given a norm || - || in V we have the set F = {u € V : ||lu| < 1}, which is compact, con-
vex and includes O in its interior. Reciprocally, given a compact convex set K with 0 € int(K), the function
lulg = inf{A > 0 : u € AK} defines a norm in V so that F = {u € V : |lu||x < 1}. The set F is referred to as the
closed unit ball (centered at 0) of the norm || - ||.

Given a norm | - | and an scalar product (-, -) in V, we consider its dual norm | - ||. of || - | with respect
to (-, -) defined by

lull. = sup{u, v).
Ivis1
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The dual norm is the support function h of the unit ball K = {u € V: |u|| < 1} with respect to the scalar
product (-, - ). From this point on, we assume that | - || is smooth (i.e., it is C* in V'\ {0}) and strictly convex:

[Au+ (1 -A)v| <1 forallA e (0,1)whenu +v,|ul =]|v|=1.

Given u € V, the compactness of the unit ball of || - || and the continuity of || - || implies the existence of
up € V satisfying equality ||u|. = (u, ug). Moreover, it can easily be checked that |Jup] = 1. In general, a point
uo satisfying this property is not unique, but uniqueness follows from the assumption that | - | is strictly
convex: this is proved by contradiction assuming the existence of another point uj with ||ugl < 1 satisfying
lull. = (u, ug). Of course ug, must also satisfy |[uy|l = 1. Then all the points v in the segment [uo, u] satisfy
vl <1 and |Ju|« = (u, v); hence |lv| = 1. But this contradicts the strict convexity of || - | unless ugp = u(’). We
shall define 7(u) as the only vector satisfying ||7(u)| = 1 and

h() = llull. = (u, m(w)).

If A > 0, then it is easily checked that m(Au) = m(u).

We further assume that K is of class C¢, with £ > 2. This means that 0K is of class C¢, ¢ > 2, and that
the geodesic curvature of 0K is everywhere positive. Hence the Gauss map N : 0K — $! to the unit circle is
a diffeomorphism of class C¢~1. Since m = N~t, we conclude that 7 is of class C¢~1. Moreover, by [45, Corol-
lary 1.7.3] we have

Vh(u) =N-1(%>,

and so h is of class C¢.
Given a norm | - [|p in Ho, we extend it by left-invariance to a norm | - || in the whole horizontal distribu-
tion H by means of the formula

iy = Ide," Wllo,  p € H', v € Hp.

In particular, for a horizontal vector field fX + gY, its norm at a point p € H! is given by ||f(p)Xo + g(p) Yollo-
Identifying the vector aXo + bY, € Ho with the Euclidean vector (a, b), we can define a norm in R? by the
formula |(a, b)lle = laXo + bYollo-

We consider the norm (]| - [lo)«, dual to | - [lo in Ho, and we extend it by left-invariance to a norm | - || in .
It can easily be checked that (| - [|.) is the dual norm to | - [, since

(IVl)p = (lde;' Wllo)« = sup  (de,'(v), w) = sup (v, W) = ([Vllp)s-
[wllo<1, weF o lw'll,<1, w'eF,

When | - || is Ci with 1 > 2, allnorms | - ||, are Ci. Given a horizontal vector field U of class C!, we define

n1(U) as the C! horizontal vector field satisfying

1Ull« = (U, n(U)),

or, equivalently, (|Upllp)« = (Up, m(U),) for all p € H'. We recall that 71(fU) = n1(U) for any positive smooth
function f.

2.4 Sub-Finsler perimeter

Let E c H! be a measurable set, |- ||x the left-invariant norm associated to a convex body K ¢ R? with
0 € int(K), and Q c H'! an open subset. We say that E has locally finite K-perimeter in Q if for any relatively
compact open set V c Q we have

|0E|k(V) = sup“ div(U) dH : U € 3 (V), |Ullg,c0 < 1} < +00.
E
In this expression, S{é(V) is the space of horizontal vector fields of class C' with compact support in V, and
1Ullk,c0 = SUppeyllUplik. The integral is computed with respect to the Riemannian measure dH? of this left-
invariant metric.
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Let K, K’ be bounded convex bodies containing O in its interior. Then there exist constants a, 8 > 0 such
that
alxlgr < lxlx < Blxllg  forall x € R?.

Let E c H! be a measurable set, Q ¢ H' an open setand V c Q a relatively open set. Take U ¢ }C})(V) a vector
field with |Ullk,co < 1. Hence |laU| g < |Ullk < 1 and
1 1
Jdiv(U) du' = - j div(al) dH' < —[0F (V).
E E

Taking supremum over the set of C! horizontal vector fields with compact supportin V and || - |x < 1, we get
|0E|x(V) < 1|0E[k (V). In a similar way we get the inequality %IaEIKr(V) < |0E|k(V), so that we have

%IOEIKI(V) < IOEKI(V) < TI0Elk (V). 2.3)

As a consequence, E has locally finite K-perimeter if and only if it has locally finite K’-perimeter.
Let E c H! be a set with locally finite K-perimeter in Q. Given the standard basis X, Y of the horizontal
distribution, we can define a linear functional L : C(l)(Q, R?) — Rby

L(g®) = L(81. 82)) = j div(giX + g,Y) dH'.
E

For any relatively compact open set V ¢ Q we have
C(V) = sup{L(g) : g € Co(V, R?), ligllk,c0 < 1} < +00,

We fix any compact subset C ¢ Q and take a relatively compact open set V such that C ¢ V ¢ Q. For each
g € Co(Q, R?) with support in K we can find a sequence of C* functions (g;)ien With support in V such that g;
converges uniformly to g. Hence equality

L(g) = lim L(gy)
1—00
allows to extend L to a linear functional L : Co(Q, R?) — R satisfying

sup{L(g) : g € Co(Q, R?), supp(g) ¢ C, lglk,co < 1} < C(V) < +00.

The proof of the Riesz Representation Theorem, see [13, Section 1.8], can be adapted to obtain the
existence of a Radon measure px on Q and a yg-measurable horizontal vector field vg in Q so that

vg =i X+VvY,

with (v1,v3) : Q > RZa Ux-measurable function, satisfying
L(g) = J(ng +g2Y, vg) dug.
Q

The measure y is the total variation measure

uk(V) = sup{L(g) : g € Co(Q, R?), supp(g) c V, lIglk,co < 1}

that coincides with |0E|x (V) because L is a continuous extension of L. Henceforth we denote Uk by |0E|k.
Let us check that
I(vi)pllk,« =1 for |0E|k-a.e. p. (2.4)
Here |- |lk,« is the dual norm of ||-[k. To prove (2.4) we take a relatively compact open set ¥V c Q and
g € Co(Q, R?) with supp(g) ¢ V and ||gllx,co < 1. Since (g1X + g2, v) < [[vklk,», we have

L < juvKuK,* dIoElk.
74
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Taking supremum over such g, we have

OEIk(V) < juvKuK,* dIdElk.
\74

On the other hand, we can take a sequence of functions (h;) = ((h1);, (h2);) with support in V such that
lhilk < 1and ((h1):X + (h2);Y, vk) converges to |[vk|k,« |0E|k-a.e. This is a consequence of Lusin’s Theorem,
see [13, Section 1.2], and follows by approximating the measurable function 7k (vg) by continuous uniformly
bounded functions. Then we would have

J”VK”K,* d|0E|g = il_i)rélo((hﬂiX + (h2)iY, vi) d|OE|x < [0E|g(V).
v

So we would have
OEI(V) = [Ivili.» dIOElk
v

and so ||vklk,s = 1 for |0E|k-a.e.
Given two convex sets K, K c R? containing 0 in their interiors, we shall obtain the following represen-
tation formula for the sub-Finsler perimeter measure |0E|gx and the vector field vg:

12¢

|0E|k = vk llk,«|0Elgr, vk = (2.5)

Vi i«
From (2.3), there exist two positive constants A, A such that

A|OE|k < |0E|g < A|OE|k.

This implies that each of the Radon measures |0E|k, |0E|g’ is absolutely continuous with respect to the other
one. Hence both Radon-Nikodym derivatives exist. Take a relatively compact openset V. c Qand U € IJ-Cé(V).
Then we have

J(U, Vi) dIOE|xr = J X div(U) dH!

v 14
d|oE
- [« vio 0B = (U, G i) dioElie (2.6)
v v
By the uniqueness of vg’ we have
Vg = dla—ElKv |OE|g -a.e (2.7)
K= A0 K K'-a.e. .

On the other hand, inserting U € 33(V) in (2.6) with [|U|lk < 1, we get

j<U, vi) dI9Elx = j<U, Vi) dIOEl < jnw« k.. dIOE|x.
\74 \74 Vv

Taking supremum over U, we obtain

d|oE|k
Elrr = |0E < , . Elw
JdlaE|K, d|oE|g = |0 |1<(m<J||VK Ik, dIOE|k
v v

and, since V is arbitrary, we have

d|oE|g
—— < 1|k, E|g-a.e. 2.
dIoEle lvilk,« |0E|k-a.e (2.8)
Substituting (2.7) into (2.8), we have
d|oE|k d|oE|k
<lvklk« = =<==— |0E|g-a.e.
d1oEIp v ik, d1oEIp |0E|k
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Hence we have equality and so
d|oE|

d|oE|g
Hence we get from equation (2.5) from (2.9) and (2.7).
In the case of a set E with C! boundary S = OF it is not difficult to check that

= vk lk,« |0E|k-a.e. (2.9)

[0E|x = |Nhlk,«dS, vk =

N
Nk,

where Ny, is the horizontal projection of the unit normal to S and dS is the Riemannian measure on S. Indeed,
for the closed unit disk D c R? centered at O we know that in the C! case vp = vj and |Ny| = [Nxllp,. Hence

we have
Vi

IVhllk,«

|0E|k = lvhlk,«dIOElp, vk =

Here |0E|p is the standard sub-Riemannian measure.

Remark 2.3. Some other notions of perimeter and area for higher codimensional submanifolds have been
considered in [22, 27, 30].

2.5 Immersed surfaces in H!

We consider oriented surfaces of class C?> immersed in H' and we shall choose a unit normal to S. In case S is
the boundary of a domain Q ¢ H?, we always choose the outer unit normal. The singular set of S is denoted
by So and it is composed of the points in p € S where the tangent space T,S coincides with the horizontal
distribution J{,. The horizontal unit normal vy, is defined in S\ Sp by

vy =
|Nhl
The vector field Z is defined by
Z = -J(vp).

Thevector field Z is defined on S \ Sp and itis tangent to S and horizontal. It generates at every point p € S\ So
the subspace TS N Hp.

3 First variation of sub-Finsler area

In this section we fix a convex body K c R? containing O in its interior with C2 boundary and consider
its associated left-invariant norm | - |x in H'. Since the convex body is fixed, we drop the subscript along
this section.

Let S be an oriented C? surface immersed in H!. Let U be a C? vector field with compact support on S,
normal component u = (U, N) and associated one-parameter group of diffeomorphisms {¢s}ser. In this sub-
section we compute the first variation of the sub-Finsler area A(s) = A(¢@s(S)). More precisely:

Theorem 3.1. Let S be an oriented C? surface immersed in H. Let U be a C? vector field with compact support
on S, normal component u = (U, N) and {@s}scr the associated one-parameter group of diffeomorphisms. Let
n = n(vy). Then we have

d
5| A - j(udivS 1 - 2u(N, T)(J(Ny), n)) dS — jdivS(unT) ds, (.1)
- S 5

where divs is the Riemannian divergence in S, and the superscript T indicates the tangent projection to S.

In the proof of Theorem 3.1 we shall make use of the following lemma and its consequences.
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Lemma 3.2. Let y : I — H! be a C' curve, where I c R is an open interval, and V a horizontal vector field
along y. We have

d D ,
VI = <%V,n(m> + O TV (V).

Proof. We fix sg € I and let p = y(so). Assume that n(V(so)) = aXp + bY,, for some a, b € R. Take the vector
field W(s) = aXy(s) + bYy(s) along y. It coincides with m(V(so)) when s = sg, and it is the restriction to y of the
left-invariant vector field aX + bY. In particular, |[(aX + bY), s llys) = 1 forall s € I. Hence

1V(s)l« = (V(s), (aX + bY)yi)) forallsel,

and, since equality holds in the above inequality when s = sg, we have

d d \Y%
—_— VS|l = — V(s),(aX+b :<— V(s), m(V(s >
75l JVOl = 0| (V®), @X+ by = (| Vs) m(Viso)
since v
Is . (@X + bY)ys) = aVysyX + bVy s Y = 0.
=S0
The result follows from the relation between the covariant derivatives given in equation (2.2). O

Remark 3.3. In the proof of Lemma 3.2 we have obtained the equality
d \Y
—|V * = -5 V,
vl = (V)
for a horizontal vector field V along a curve y. Since V is a metric connection, we also have
d \Y \Y
LWL = (S vm ) + (V).
Hence we get
\Y
(V.2 =0 3.2)
ds

for a horizontal vector field V along y, where dls is the covariant derivative induced by the pseudo-hermitian
connection on y. Taking into account the relation between the Levi-Civita and pseudo-hermitian connections
we deduce from (3.2) and (2.2)

D .
(Vo ZomW) = (7, TV ) = . (3.3)
The following is an easy consequence of Lemma 3.2

Corollary 3.4. Let F be a vector field tangent to S and y an integral curve of F. We have

D
(Zeltys Vi) = ~(F, D0, J). (3.4)
In particular, if F is horizontal, then
D
(Zetysvn) =0. (3.5)
Proof. We take V = v, and we get (3.4) from equation (3.3). O

Proof of Theorem 3.1. Standard variational arguments, see the proof of [42, Lemma 4.3], yield

, B d a d
A0 = | Aps(s) -sj(%

VL. + INyl. divs U ) ds,

S S

where N; is a smooth choice of unit normal to ¢(S) for small s. We fix a point p € S and consider the curve
¥(s) = @s(p). Lemma 3.2 now implies

ds

D
ol = (5

ol ) + Uy Ty) (Nl J1,),

S S=
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By the definition of (Ns);, we also have

D
% (NS_<NS’T>T)’

s=0

D
(Ns)h = %

5=0
where N is the Riemannian unit normal to ¢s(S). A well-known lemma in Riemannian geometry implies
D

ds

where Ag is the Weingarten endomorphism of S. Since % | <.oI = J(Up) and n is horizontal. Calling

B(U) = (N, T){J(U), n) + (U, T){N&, J(n)),

ONs = —(Vsu)(p) - As(Uy),

S=

we get
% S:OH(Ns)h"* = ((~Vsu-As(U"), n)p + B(Up)
= —~(Vsu, )p + BURE) + (—(As(U*), m)p + B(U}))
= (= (Vsu, ) = 2u(N, T){J(Nn), 1)), + Up (INnl.).
Observe that

—(Vsu, n) = udivg n — divs(un)
= udivs n — divs(un") - divs(u(N, n)N)
= udivs n — divs(un") — u[ N« divs N.
Hence we get

A'(0) = j(u divs 7 — 2u(N, TYJ(Np), 1)) dS + j divs(INyll. U - un™) ds.
S S

From here we obtain formula (3.1) since the integral JSIIN nll« UT dS is equal to O by the divergence theorem
for Lipschitz vector fields. O

Now we simplify the first term appearing in the first variation formula (3.1).

Lemma 3.5. Let S be a C? surface immersed in H® with unit normal N horizontal unit normal vy. Let Z = J(vp).
Then we have

divs n — 2(N, T){J(Nn), n) = (Dzn, Z). (3.6)

Proof. Consider the orthonormal basis in S\ Sy given by the vector fields E = (N, T)vy — [Ny|T = avy + bT
and Z = —J(vy). Using equation (3.4) with F = E, we get

(Dgn, E) = a{Dgn, vn) + b{Dgn, T)
= —a(E, T)(n,J(vn)) + b(E((n, T)) - (n, DgT))
=—ab(n,J(vn)) - ab{n, J(vn))
=-2ab(n,J(vn)),

as DgT = J(E) = aJ(vp) = —aZ. From ab = —(N, T)|Ny| we obtain
(Dgn, E) = 2{N, T){n, J(Np)).
Taking into account this equation and that divs n = (Dzn, S) + (Dgn, E), we obtain equation (3.6). O

Definition 3.6. Given an oriented surface S immersed in H'! endowed with a smooth strictly convex left-
invariant norm | - | g, its mean curvature is the function

H= (DZYIK,Z), (3-7)

defined on S\ So.
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Remark 3.7. In [43, 44], the author obtained an expression of the mean curvature of a C? surface in terms of
a parametrization when H' is endowed with the left-invariant norm | - |, and defined a notion of distribu-
tional mean curvature for polygonal norms.

Corollary 3.8. Let S be an oriented C? surface immersed in H'. Let U be a C? vector field with compact support
on S \ So, normal component u = (U, N) and associated one-parameter group of diffeomorphisms {¢s}ser. Then

d
5|, A = [ utas,
S

where H is the mean curvature of S defined in (3.7).

By equation (3.7), a unit speed horizontal curve T contained in the regular part of a surface S satisfy the
equation

<%n(](r)), r> _H, (3.8)

where % is the covariant derivative along I'. Uniqueness of curves I’ satisfying (3.8) with given initial condi-
tions '(0), I'(0) cannot be obtained from (3.8). In the next result we prove that the horizontal components of
I’ satisfy indeed an ordinary differential equation, thus providing uniqueness with given initial conditions.

Corollary 3.9. Let S be a C? oriented surface immersed in (H?, | - ||) with mean curvature H. LetT : I — S\ So
be a horizontal curve in the regular part of S parameterized by arc-length with T'(s) = (x1(s), x2(S), t(s)). Then
y(s) = (x1, x2) satisfies a differential equation of the form

y=F©), (3.9)

where F(y) = H [A(y)](y) and A is a non-singular C* matrix of order 2.

Proof. Let % be the covariant derivative along the curve I'. Since T is horizontal and parameterized by
arc-length, the vector field %1'" along T is proportional to J(I'). Then there exists a function A : I — R such

that D
%1‘ =AJ(D).

Taking scalar product with n = a(J(I)), we get

(BLAU)  aip agay -
TS T 775 T

Hence we have D
III(f)II*%f—fJ(l'") = -HJ(D), (3.10)

where f = (I, n(J(I'))). Since I' = x1X + X, Y, 21 =% X + %Y, and J(I') = —%,X + X1 Y, equation (3.10) is
equivalent to the system
@)l %1 + fx2 = Hxo,

() X2 = fx1 = -Hx.
Let us computef = %. Writing n(aX + bY) = my(a, b)X + my(a, b)Y, we have

(3.11)

f =T, nJ(I))) = X1711(~X2, X1) + X272 (X2, X1)

and so
f=(mx O & 6”2)5& + (- oM 4 6”2)5( — gy + hi
=|lm 16X2 zax2 1 2 10)(1 26){1 2 = 8X1 25

where the functions 771, 71, are evaluated at (-x,, X1). Hence equation (3.11) is equivalent to

WDl + gxa hx; X1 X2
, =H . .
( -8X1 IO = hf(l) (X2> (-h) 012
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The determinant of the square matrix in (3.12) is equal to

WL WD) + (gxa - hia)).

Since
2

oT;
ghy — hig = (X — aX1) + ) XiXj—— o “@)0. + Z Xi X,

i,j=1 i,j=1
we get that the determinant is equal to
I Z g
i,j=1
and we write
om om N o
. 0X1 0X> 1
Sungi-ooa)(3 20
i,j=1 Xy 0xz

Since the kernel of ( a”’ )ij is generated by (-x;, X1), we have

om  om
(bxl X2 > (Xl) £0,
om0y
0X> X2

ox1

and, since the image of (‘;—’;}f),-,— is generated by (X1, X»), we get

om  dm N s
. . 0x1 0X> 1
(s Xz)(m %)(kz)ﬂ)'

ax1 aXZ
So we can invert the matrix in (3.12) to get (3.9). O

dS o

Indeed, it is only necessary to show that (2 7(J(I"), J(I')) = 0, which follows from (3.5) using that J(I') = vj.
Observe that the above equation is equivalent to

[%ﬂ(l(f))]h - HE.

bnl aﬂl . .

ox1  0xy -V _ H X

o, om J\ x5 ) T \y)’
0X>

0X1

Writing I = xX + yY, we have

However, since the determinant of the square matrix is 0, we cannot invert it to obtain an ordinary differential
equation for (X, y).

Lemma 3.11. Let |- || be a C2 left-invariant norm in H. Let y : I — R? be a unit speed clockwise parameteri-
zation of a translation of the unit sphere of || - || in R? by a vector v € R?. Let T be a horizontal lifting of z. Then T
satisfies the equation

1= <%n(](r)), r>. (3.13)

Proof. We have n(J(I')) = m1(J(7))X + m2(J(y))Y. Since J () is the outer normal to the unit sphere at y — v, we
have y - v = (m(J(I), m2(J(1))). Hence 2 7(J(I") = X + yY and we get (3.13). 0O

Lemma 3.12. Let |- | be a Ci left-invariant norm in H' and T a horizontal curve parameterized by arc-length
satisfying the equation (%n(} ("), I') = H, with H € R. Then o(s) = ha(T(3)) is parameterized by arc-length
and (£n(J(0)), 0) = ¥

Proof. We have ¢(s) = I'($) and J(a(s)) = J(I'($)). 0
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Remark 3.13. Horizontal straight lines are solutions of
D . .
(Zomg(@), ) =0
ds
since I is the restriction of a left-invariant vector field in H! and so they are J (I') and m(J(I)).

Theorem 3.14. Let |- | be a C? left-invariant norm in H. Let T be a horizontal curve satisfying the equation

<%n(}(r)), F> _H (3.14)

for some H > 0. Then T is either a horizontal straight line if H = O or the horizontal lifting of a dilation and
translation of a unit speed clockwise parameterization of the circle || - | = 1 in R? in case H > 0.

Proof. Horizontal straight lines and horizontal liftings of translations and dilations of the unit circle || - || = 1
in R? satisfy equation (3.14). Uniqueness follow since the projection to ¢ = 0 satisfy equation (3.9) and, by
using translations and dilations, we can obtain any prescribed initial condition. O

Remark 3.15. The result in Theorem 3.14 includes that constant mean curvature surfaces for the sub-
Riemannian area in the Heisenberg group are foliated by geodesics. This result can be found, with slight
variations, in [6-8, 23, 24].

To finish this section we prove the following result, that holds trivially for variations supported in the regular
part of S.

Proposition 3.16. Let S be a compact C? oriented surface in (H2, || - ||) enclosing a region E. Assume that S has
constant mean curvature H and a finite number of singular points. Then:

(1) Sisa critical point of the sub-Finsler area for any volume-preserving variation.

(2) Sisacritical point of the functional A - H| - |.

Proof. Itis only necessary to prove that if U is a smooth vector field with compact support in H! and {@s}ser
is its associated flow, then

ds

Algs(S)) = J Hu dS.
=0 3

S

From formula (3.1) this is equivalent to proving that

Jdivs(unT) dsS = 0.

S
To compute the integral Is un’ dS, we consider the finite number of singular points p1, ..., pn, and take
small disjoint balls B;(p;) centered at the points p;. For € > 0 small enough so that the balls B.(p;) are con-
tained in B; we have .

| dvurtas=Y | cun” dBe),
S\ULLy Be(pi) =18, (py)

where ¢; is the unit inner normal to 0B, (p;). Since un™ is bounded and the lengths of 0B.(p;) go to O when

£ — 0, we have
n

lim j (&, un™) d(dB.(p)) = 0.

e=0i3
"~ 0Be(pi)

Since the modulus of
divs(un") = (Vsu,n") + udivs " = (Vsu,n") + u(divsn - (n ", N) divs N)
is uniformly bounded, the dominated convergence theorem implies

n
jdivs wn” ds = lim I divun” dS = lim )’ J (&, un™) d(dB4(py) = O. 0
E— &E—0F
5 S\UL; Be(p1) =198, (p)
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Corollary 3.17 (Minkowski formula). Let S be a compact C? oriented surface in (H!, || - |) enclosing a region E.
Assume that S has constant mean curvature H and a finite number of singular points. Then

3A(S) - 4H|E| = 0.

Proof. We consider the vector field W = x 2 + yaiy + 22 and its associated flow ps((x, y, 1)) = (€5x, %y, e?5¢).
Since

Is S:OA(fps(S)) = 3A(S), Is S:OIqu(E)I = 4|E|,
Proposition 3.16 implies
0= i A( (S))—Hi los(E)| = 3A(S) — 4H|E] O
~ ds s=0 Ps dsls=o Ps - ’

4 Pansu-Wulff spheres and examples

We consider a convex body K ¢ IR? containing O in its interior and the associated norm || - | x in H®.

Definition 4.1. Consider a clockwise-oriented L-periodic parameterization y : R — R? of the curve || - [|x = 1.
For fixed v € R take the translated curve u — y(u + v) — y(v) and its horizontal lifting T, : R — H! with initial
point (0, 0,0) atu = 0.
The set Sg is defined as
sk=[J Tv(o,L].

vel0,L)

We shall refer to S as the Pansu—Wulff sphere associated to the left-invariant norm | - | k.

When K = D, the closed unit disk centered at the origin in R?, the Pansu-Wulff sphere S$p is Pansu’s sphere,
see [37, 38].

Remark 4.2. Inthe construction of the Pansu-Wulff sphere we are not assuming any regularity on the bound-
ary of K. Since 0K is a locally Lipschitz curve, its horizontal lifting is well defined.

Remark 4.3. The set Sk is union of curves leaving from (0, 0, 0) that meet again at the point (0, 0, 2|K]).
Since y is L-periodic, the construction is L-periodic in v and so Sk is the image of a continuous map from
a sphere to H!.

Example 4.4. Given the Euclidean norm | - | in R? and a = (a1, a), where a1, a, > 0, we define the norm

161, %)l = |("—1 ﬁ)]

a,’ ax

The unit ball K, for this norm is an ellipsoid with axes of length a; and a,. We parameterize clockwise the
unit circle of the norm || - |[x by
y(s) = (ay sin(s), a; cos(s)), s € R.

This parameterization is injective of period 271. The translation of this curve to the origin by the point —y(v)
is given by the curve
Ay(u) = y(u+v) —y(v).

The horizontal lifting of A, is given by (A, (u), t,(u)), where
) = [ 10,9 () dé.
0

Since

Av(§) - J(Av(E) = (V& + V) —y)) - J(V(§ + V),
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-3

Figure 3: The Pansu—-Wulff sphere associated to the norm || - || with a = (1, 1.5). Observe that the projection to the horizontal
plane t = 0 is an ellipse with semiaxes of lengths 2 and 3.

we get
ty(u) = ara>(u + sin(v) cos(u + v) — cos(v) sin(u + v)).

Hence a parameterization of Sk, is given by

x(u, v) = a1 (sin(u + v) — sin(v))
y(u, v) = ay(cos(u + v) —sin(v)),

t(u,v) = aya;(u + sin(v) cos(u + v) — cos(v) sin(u + v)).
(See Figure 3.)

Example 4.5. Given any convex set K containing O in its interior, we can parameterize its Lipschitz bound-
ary oK as
y(s) = (x(s), y(s)) = r(s)(sin(s), cos(s)), s¢€R,
where r(s) = p(sin(s), cos(s)) and p is the radial function of K defined as p(u) = sup{A > 0 : Au € K} for any
vector u of modulus 1 in R2.
A horizontal lifting of the curve y passing through the point (y(0), 0) can be obtained computing
S S
ts) = [ v 1@ d¢ = [ P@as,
0 0

since J(y(s)) = r(s)(sin(s), cos(s)) + 7(s)(- cos(s), sin(s)). Hence the curve

I(s) = (x(s), y(s), t(s)) = (y(S), J r’(é) df)
0

is a horizontal lifting of the curve y.
Now we translate all these curves to pass through the origin of H'. This way we get the parameteriza-
tion @k of Sk given by
(U, v) = Lre(T'(u +v))

for (u, v) € [0, 27]2. Since

€0x0,v0,t0) (X5 V5 ) = (X + X0, ¥ + Yo, t + to + (Xyo — X0¥)),
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computing the left-translation using the expression for I' obtained before, we get

x(u,v) =r(u+v)sin(u +v) — r(v) sin(v),

y(u,v) =r(u+v)cos(u+v) —r(v)cos(v),

t(u, v) = r(v)r(u + v)(sin(v) cos(u + v) — cos(v) sin(u + v)) + J r’ (&) dé. (4.1)

The parameterization given by equations (4.1) is useful to obtain regularity properties of Sk. If 0K is of
class C¢, ¢ > 0, its radial function

r(s) = (x(s)? +y(s)%)?

is of class C? and hence the parameterization @ is an immersion of class C¢ for 0 < u < 2.

Example 4.6. Let ¢ > 1. We consider the £-norm in R? defined as
101, x2)lle = (Xl + xa ).

Denote by K, the unit ball for this £-norm. We can parametrize the unit circle | - ||, = 1 using (4.1). In this case

px,y) |(x, )| = 1.

(Ix1® + ly1)?
By the previous example, the Pansu-Wulff sphere Sk, is parameterized by equations (4.1).

Remark 4.7. Assume we have a sequence of convex sets (K;) converging in Hausdorff distance to a limit con-
vex set K. Then the radial functions rg, uniformly converge to the radial function r of the limit set K. Hence
equations (4.1) imply that the Pansu-Wulff spheres Sk, converge in Hausdorff distance to a ball bounded by
the horizontal liftings of translations of a parameterization y of oK.

Since lime_1[ e = |- l1 and limy_ o] - lle = || - lco, We can use the previous argument to show that the
Pansu-Wulff spheres Sg, converge to the two spheres $; and S.,. Under these conditions, it is not difficult to
check that the corresponding perimeters converge to the limit perimeter. (See Figures 4—6.)
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Figure 4: The Pansu-Wulff sphere Sy, for the £-norm, € = 1.5. The horizontal curve is the projection of the equator to the plane
t = 0. We observe that the Pansu—-Wulff sphere projects to the set || - || < 2 in the t = 0 plane.
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Figure 5: The sphere $1 obtained as Hausdorff limit of the Pansu-Wulff spheres Sk, of the £-norm when ¢ converges to 1.
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Figure 6: The sphere S, obtained as Hausdorff limit of the Pansu-Wulff spheres S, of the £-norm when ¢ converges to co.
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Example 4.8. Let us consider the equilateral triangle T in the plane R? defined as the dual set to the convex
V3 o1
“o0n, a-(2, )
a; =(0,1), a ( )
x € R?.

envelope of the points

1

We can define a norm || - |7 by the equality
Ixllr = max{(x, a;) : i =1, 2, 3},
The unit ball of the norm | - |7 is the triangle T. It is neither smooth nor strictly convex. However, we may
e

3
Ixlze = D max{(x, a;), 0}

i=1

consider the approximating norms

These norms are smooth and strictly convex and
lim |IxI1,e = IxT.
£—00
Hence the Pansu-Wulff spheres S, , converge in Hausdorff distance when £ — co to the sphere S obtained

by translating o T to touch the origin and lifting the obtained curves as horizontal ones to H!. (See Figures 7

and 8.)
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Figure 7: The Pansu—-Wulff sphere St for the norm | - [|7,¢, with r = 2.
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Figure 8: The sphere St obtained as limit of the Pansu-Wulff spheres $7,, when r — co.

5 Geometric properties of the Pansu—-Wulff spheres

In this section we show several geometric properties of the Pansu-Wulff spheres S associated with a left-
invariant norm | - | x . We start by looking at the projection of the sphere to the ¢t = 0 plane. This projection is
determined by the geometry of the convex set K.

Given a convex body K ¢ R", the difference body of K is the set

DK=K-K={x-y:x,y €K}

The difference body DK is a centrally symmetric convex body. This means that —x € DK whenever x € DK. If hg
is the support function of K, then the support function of DK is given by

hpk(u) = hg(u) + hg(-u),
see [45, p. 140]. This is the width of K in the direction of u.
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Lemma 5.1. Let K ¢ R" be a convex body with 0O € int(K). We consider the set

Ko= | J (-p+K).
peok

Then we have:
(1) 0e€ Ko.
(2) Ko is a convex body.
(3) Koy is the difference body of K. In particular, Ko is centrally symmetric.
(4) IfK is centrally symmetric, then Ko = 2K.
(5) We have
U (-p+K) = U (-p + 0K).
peoK peoK
Proof. To prove (1), take into account that 0 = —-p + p € —p + K ¢ K for any p € oK.
To prove (2), we take pq, p> € 0K, q1,q> € Kand A € [0, 1]. Then

AM=p1+q1) + (1 =A)(-p2 + q2) = -pr+qx,

where py = Ap1 + (1 = A)p, and gy = Aq1 + (1 - A)qz. If pp = ga, then —pj + g = 0 € K. Otherwise the seg-
ment [py, ga] is not trivial and contained in K. Let uo > 1 such that g + po(pa — qa) € oK. The value pg is
computed as the supremum of the set {4 > 0 : gx + u(pa — qa) € K}. We have

-pr+qar =—(gr+pHo(Pr - qp) + (qr + (Mo — 1)(pa — qa))-

The point g + po(pa — qa) belongs to K by the choice of ug and the point g) + (1o — 1)(pa — ga) belongs to K
since O < po — 1 < po. Hence —pj + ga € Ko and so Ky is convex.
To prove (3), we take a vector v with (v, v) = 1. Let g € 0K, such that

hg,(v) =(q,Vv) = (z,v) forall z € K. (5.1)

By the definition of Ky, there exists p € 0K such that g € —p + K. We claim that g € —-p + 0K: otherwise
p + q € int(K) and there exists € > 0 such that p + g + €v € K. So we have

(-p+(P+q+ev),v)={(q+ev,v)=(q,V)+&E>(q,V).

Since p + q + €v € K, this yields a contradiction. Hence q € —p + 0K = o(-p + K) for some p € oK. Since
—-p + K c Ko and q is a boundary point for both sets, we deduce that v is a normal vector to —p + K at g. As
h_pik(v) = —(p, v) + hg(v), we have

hg,(v) = h_psx (V) = hg(v) + (p, -v).

It remains to prove that hg(-v) = (p, —v). Assume by contradiction that (p, —v) < hg(-v) = (x, —v) for some
x € oK. Then we have

(~x+(p+q),Vv)={(x+p,v)+{q,V) > (q, V),

that cannot hold by (5.1) sincep + g € Kand so -x + p + g € —x + K ¢ Kj.

To prove (4), we note that hg(v) = hg(-v) when K is centrally symmetric and, by (3), hg, = 2hg. Hence
K = 2K,.

Finally, to prove (5) we notice that Upeok (=P + K) > Upeog(=p + 0K). To prove the remaining inclu-
sion, we take p € 0K and u € K such that g = -p + u € [Jpeox(-p + K). Then Lemma 5.2 allows us to find
p1,u1 € OK'suchthatg = —p + u = —p1 + u;. Hence g € J,cpx(-p + 0K). O

Lemma 5.2. Let K c R be a convex body, and a, b € K. Then there exist p, q € oK such thath — a = q - p.

Proof. If a = b or a, b € 0K, the result follows trivially. Henceforth we assume a # b and that at least a or b
is an interior point of K. We pick a point ¢ € K out of the line ab. Let P be the plane containing a, b, ¢
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and W = Kn P. The set W is a convex body in P and the boundary of W in P is contained in oK. We take
orthogonal coordinates (x, y) in P so that (b — a) points into the positive direction of the y-axis. Let I be the
orthogonal projection in P of W onto the x-axis.

Given x € I, define the set W(x) as {y € R : (x, y) € W}. A simple application of Kuratowski criterion, see
[45, Theorem 1.8.8], implies that W(x;) converges to W(x) in Hausdorff distance when x; converges to x. Hence
the function x € I — |W(x)| is continuous and takes a value larger than ||b — a|| at the projection of a, b over
the x-axis. If |[W(x)| = |b — a| for some x € I, we take as p, g the extreme points of the interval W(x) chosen so
that ¢ — p = b — a to conclude the proof. Otherwise, we would have |W(x()| > |b — al at an extreme point xq
of I. We may choose two points p, g € W(xp) such that |[p, gq]| = ||b - al and g — p = b — a. Since W(xp) is
contained in the boundary of W in P, it is contained in 0K and so p, g € oK. O

Now we refine the results in Lemma 5.1 when K is strictly convex and has boundary of class C%, £ > 2. We
say that a convex body K is of class Cfr, ¢ > 1, when 0K is of class C¢ and its normal map Ng : 0K — $! is
a diffeomorphism of class C¢~1.

Corollary 5.3. Let K c R? be a convex body containing 0 as interior point. Then:
(1) IfK c R? is strictly convex, then Ky is strictly convex.
(2) IfKisof class C&, ¢ > 2, then Ky is of class C°.

Proof. To prove that K, is strictly convex, we take two different points x; — x2, y1 — y2 € 0Kp, with x;, y; € K,
i = 1, 2. Then the four points belong to the boundary of K. Forany A € (0, 1), we write the convex combination
Alx1 =x2) + (1 = A)(y1 - y2) as

xa—ya=Ax1+(1-Ay1) - (Axz + (1 - A)y2).

Since x; # y1 o1 X3 # V2, the strict convexity of K implies that x, or y, is an interior point of K. Then x; — y;
is an interior point of Ky. Since A € (0, 1) and the boundary points are arbitrary, the set Ky is strictly convex.

To prove the boundary regularity of Ko we follow Schneider’s arguments [45, p. 115] and observe that
the support function hg of K is defined, when u # 0, by

hi(u) = (u, Ng* (),
where Ni : 0K — $! is the Gauss map, a diffeomorphism of class C¢~! since K is of class C¢. By [45, Corol-
lary 7.1.3],
u
Vhg(u) = Nt < —),
x(u) = N ul
and so hy is of class C?. This implies that the support function of Ko, hk,(u) = hg(u) + hg(-u), is of class ct.
Hence the polar body K;, of Ko has boundary of class C*. The Gauss map N k; of Ky can be described as
N (u)
INg (w)|
where p(Kj, -) = hi!(+) is the radial function of K3}, of class C¢~*. Hence N, k; is a diffeomorphism of class C**

and so K is of class C¢. Now the support function of K is of class C¢ and we reason in the same way
interchanging the roles of K and Kj to get the result. O

N[(g : p(KG, wu -

Remark 5.4. IfK c R?isacentrally symmetric convex body, forany p € oK, theline passing through p and —p
divides K into two regions of equal area. Hence the line through 0 and -2p divides —p + K into two regions of
the same area. When p moves along 0K, the point —2p parametrizes 0(2K).

Let K be a convex set of class Cfr, ¢22,C=0Kandy: R — R? an L-periodic clockwise arc-length parameteri-
zation of C, with L = length(C). The set K = UpE c(=p + K) has smooth boundary Cy. Forany v € R, we denote
byyy(u) = y(u +v) - y(v).LetT', = (yy, t,) be the horizontal lifting of y, with ¢,,(0) = 0. If we call Q, (u) the pla-
nar region delimited by the segment [0, y,(u)] and the restriction of y, to [0, u], then a standard application
of the Divergence Theorem to the vector field x2 + ya% implies

£y (u) = j<yv,1(yv)><£> dg = 2|0, (u)!.
0
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Our next goal is to prove that S is the union of two graphs defined in Ko of class C? and coinciding
on 0Kp.

Theorem 5.5. Let K c R? be a convex body with C¢ boundary, € > 2. Then:
(1) Sk is of class C? outside the poles.
(2) There exist two functions g1, g> : Ko — R of class C¢ on int(Ko) such that

Sk = graph(g1) U graph(g,),

with g1 > g, onint(Ky) and g, = g, on Cy. This implies that Sk is an embedded surface. Moreover, if K is
centrally symmetric, then g1 + g» = 2|K| and hence Sg is symmetric with respect to the horizontal Euclidean
plane t = |K]|.

Definition 5.6. The domain delimited by the embedded sphere S is a ball Bg that we call the Pansu—Wulff
shape of || - || k-

Proof of Theorem 5.5. That S is C’ outside the singular set follows from the parameterization (4.1) since the
function r(s) is of class C¢. This proves (1).
We break the proof of (2) into several steps. Recall that C = 0K and Cy = 0Kp.

Step 1. Given x € Ky \ {0}, we claim that x € C — p for some p € C if and only if the segment [p, p + x] is
contained in K and p, p + x € C. This means that the number of curves C - p, with p € C, passing through
x # 0 coincides with the number of segments parallel to x of length |x| and boundary points in C. This step is
trivial.

Step 2. Given x € Ko \ {0}, the number of segments [p, p + x] contained in K with p, p + x € Ciseither 1 or 2.
The first case corresponds to maximal length and happens if and only if x belongs to Co.

To prove this we consider v = ﬁ and a line L orthogonal to v. For any z in L we consider the intersection
I, = L, n K, where L, is the line passing through z with direction v. The set ] = {z € L : I, # 0} is a non-trivial
segment in L. The strict convexity of K implies that the map F : ] — R defined by F(z) = |I,| is strictly concave
(see Figure 9). Since F vanishes at the extreme points of J, it has just one maximum point zo € int(J) and each
value in the interval (0, F(zy)) is taken by two different points in J. The observation that there is a bijective
correspondence between the segments [p, p + x] contained in K with p, p + x € C and the points z € L with
F(z) = |x| proves the first part of the claim.

To prove the second part of the claim we fix some x € Ky. We take p € C such that the segment [p, p + x] is
contained in K and p, p + x € C. Assume first that x € Cy. If there were a larger segment [g, g + ux] contained
in K with g, g + ux € C and u > 1, then we would have ux € C - g c Ko, a contradiction. Hence the length of
[p, p + x] is the largest possible in the direction of x. Assume now that the length of [p, p + x] yields the max-
imum of length of intervals contained in K in the direction of x. If x ¢ Co, then x is an interior point of Ky and,
since O € int(Kj), there would exist A > 1 such that Ax € K. Hence there is some q € C such that Ax e C-p
and the segment [g, g + Ax] ¢ C and has length larger than |x|, a contradiction that proves that x € Co.

Figure 9: Construction of the map F.
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Step 3. Given any point x € int(Kp), there are exactly two points in Sk at heights g1 (x) > g>(x). In case K is
centrally symmetric, then g1 (x) + g2(x) = 2|K|.

By the previous steps, there are exactly two points p, g € C so that p + x, g + x € C and the segments
[p, p + x1, [q, q + x] are contained in K. We may assume that p, p + x, g + x, q are ordered clockwise along C.
The heights of the points in Sk projecting over x are given by twice the areas of the sets A and B, where
A is determined by the portion of C from p to p + x and the segment [p + x, p], and B is determined by
the portion of C from g to g + x and the segment [g + x, q]. Since A is properly contained in B we have
82(x) = 2|A| < 2|B| = g1(x).

In case K is centrally symmetric, the central symmetry maps p + x to g and g + x to p since [p, p + X]
and [q, g + x] are the only segments in K of length |x| with boundary points on C. Hence |A| + |B| = |K| and
s0 81(X) + 82(x) = 2|K].

Step 4. The functions g1, g> are of class C? in int(Ko) \ {0}.
This follows from the implicit function theorem since Sg is C¢ outside the poles. O

Theorem 5.7. Let K c R? be a convex body of class C>. Then Sk is of class C? around the poles.
Proof. We consider a horizontal lifting I' = (x, y, t) of a clockwise arc-length parametrization y of oK. Then
a parameterization of Sk is given by (x, y, t)(u, v) = €_r¢)(I'(u + v)). This means

x(u,v) =x(u+v)-x(v),

vy, v) =y(u+v)-y(v),

tu,v) =tu+v)—t(v) —x(u+v)yv) +y(u+v)x(v).

The tangent vectors %, % are the image of (1, 0) and (0, 1) under the parameterization and are given by

% =x(u+v)X+y(u+v)y,

% =(x(u+v)-x()X+Yu+v)-yv)Y + h(u, v)T,

where

h(u,v) = 2(W)(y(u +v) - y(v)) - y(»)(x(u + v) = x(v))).
Geometrically, h(u, v) is the scalar product of the position vector (x(u + v) — x(v), y(u + v) — y(v)) with J((x, y)),
that is always negative for u > 0. A Riemannian unit normal vector N can easily be computed from the expres-

. a a . .
sions of - and 57~ and is given by

_ hGu+vX-xu+v)Y)+gT

N - (5.2)
(h? +g%)2
where
gu,v) =x()y(u+v) - yW)x(u +v).
We have "
Nl = —" - — 8
(h? +g2)2 (h? +g%)2

Let us see that Sk is a C? surface near the south pole (0, 0, 0). The arguments for the north pole of are
similar. To see that Sg is C! near the south pole, it is enough to check that N extends continuously to u = 0.
Let us see that

lim N(u,v)=-T.

(u,v)—(0,vo)

Since g < 0, from the expression (5.2) it is enough to prove that

lim E(u, v) = 0. (5.3)
g

(u,v)—(0,vo)
Since x and y are functions of class C?, we use Taylor expansions around v to get
x(u+v)=x()+x(v)u+Ru,v)u, yu+v)=yw)+yWvu+R(u,v)u,

x(u+v)=x(v)+x(v)u+Ru,v)u, yu+v)=ywv)+yWv)u+R(u,v)u.
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In the above equations R denotes a continuous functions of (u, v) (depending on the equation) that converges
to 0 when u — 0 independently of v. This follows from the integral expression for the reminder in Taylor’s
expansion. Then we have

R(u,v)u . R(u,v)

h
lim —(u,v)= lim = lim —————=0,
(u,v)—(0,vo) g( ) u,v)—0,v0) —=K(V)u + R(u, v)u  (u,v)—(0,vo) —-k(v) + R(u, v)

where
k(v) = (X - xy)(v)
is the (positive) geodesic curvature of y. This proves (5.3) and so S is of class C! around (0, 0, 0).

To prove that Sk is of class C? around the origin, it is enough to show that the Riemannian second
fundamental form of Sk converges to 0 when (u, v) — (0, vo). We first compute

lim D, N.
(u,v)—(0,v9) ou
Since
) hj/(u+v)) _a<h5c(u+v)> g <a> (0( g ) h )
28 = 5y i) e () Gl i) ) 69

a direct computation taking into account g—ﬁ = 2gvyields

i( h )_2g3—ghg—‘§ i( g )_hz%—lgzh
ou\\h21gZ/ (n2+g2)3  ou\h2ig? (h2 +g2)3
It is straightforward to check from the Taylor expressions that

-k(vo)u? + R(u,viu?> -1
w,v)—(0,v0) K(Vo)2u2 + R(u, v)u?>  x(vo)’

. h
lim —z(u, V) =
(u,v)—>(0,vo) §

Then we immediately get, dividing by —g°>,

h 9
o/ h L 2
lim _(—>: lim ——=-1
@)=(0,v0) OUN\hZ 4 g2/ (wy)=(0,v0) (52 +1)2
and h h o h
_hhos  Hh
. g . gg?out g
lim —(—) = lim =0.
()= 0.v0) OUN VR + g7/ ww=0wo) ()2 413

Taking limits in (5.4), we get

lim DgN:](i)—](i)+O:O.
u,v)—>(0,v) ou ou
We complete % to an orthonormal basis of the tangent plane by adding the vector

9 _ (0 0y0
E= ov ou’ ov’/ ou
- PRV

(1- (ﬁ, m) )?
Since lim(y,y)—(0,v,) & = O, we have

lim DgN-= lim  Dy/ovN
(u,v)—(0,vo) (u,v)—(0,vo)
0 h ) 0 g
o eV G e )
(u,v)l»n(l(),vo) v\ \hZ + g2 J ou +av (h2+g2)%
A computation shows that
h 2 9h

g( )zg S -gh%E g< g )_hz%—ghg—’v’
ov\ \/h? + g2 (h2+g2)3 = v\ hZig? (h? + g2)2
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We trivially have
oh og
lim —(Uu,v) = im —(u,v)=0.
(u,v)—(0,v0) av( ) (u,v)—(0,v0) av( )
Hence
g _hh g_g + QL on
lim —(—): lim &% ¥ _g,
w)—=0,v0) OV\ \[hZ + g2/  (u,1)=(0,%) ((g)z +1)3
On the other hand o o
1 g
lim i(—h )— lim Tgov oy =0
@w)—=0v0) OV\\hZ 4+ g2/  ww—0v) (h2 +g2)3 )
This equality holds from the Taylor expansions since
10h R(u,
im M= fim RV
u,v)—(0,v0) § OV (u,v)—(0,v0) —K(V)u + R(u, v)u
So we conclude that lim,)—0,v,) DEN = 0. O

6 A minimization property of the Pansu-Wulff shapes

We prove in this section a minimization property satisfied by the balls Bg. Let K be a convex body containing O
in its interior. We assume that K is of class Cfr, with € > 2.

Remark 6.1. Existence of isoperimetric regions in Carnot and nilpotent groups endowed with a sub-Finsler
norm is proved in [39]. In the Heisenberg group IH! with a sub-Finsler norm this is done in [19, Theorem 3.1].
Proofs are based on Leonardi—Rigot’s paper [29].

Definition 6.2. Given Sk, we let g : Ko — R be the function g(x) = %(gl(x) + g2(x)), where g1 and g, are the
functions obtained in Theorem 5.5. We also introduce the notation

Sp=Skn{(x,t): t =800}, Sp=Sn{(x,t):t<gx)}, Do={(x,gx):x € Ko}.

Theorem 6.3. Let |- |k be the norm associated to a convex body K c R? of class C%, with € > 2. Let r > 0 and
h:rKy — R a C° function. Consider a subset E c H' with finite volume and finite K-perimeter such that

graph(h) € E c rKo x R.
Then
[0E|k > |0BElxk, (6.1)
where Bg is the Wulff shape in (H!, | - | ) with |E| = |Bg|.
Proof. Let g, : rKo — R the function defined by g,(x) = r?g( %x), where g is the function in Definition 6.2.

Let D be the graph of g,. We know that D divides the Wulff shape rSx into two parts rS; and rSy. Let W*
and W~ be the vector fields in 7Ky x R \ L defined by translating vertically the vector fields

x(Vollrsys  7TK(VO)lrsy»

respectively. Here vy is the horizontal unit normal to Sg.
As a first step in the proof we are going to show that if F ¢ rK x Ris a set of finite volume and K-perimeter
so that rel int(D) ¢ int(F), then the inequality

%lFls J(W*—W‘,ND)dD+|aF|K (6.2)
D
holds, where Np is the Riemannian normal pointing down and dD is the Riemannian measure of D. Equal-
ity holds in (6.2) if and only if W* = mg(vy) |0xFl|-a.e. on F* = Fn{t>g,} and W~ = mg(vy) |0xF|-a.e.
on F~ = Fn {t < g;}. Here vy, is the horizontal unit normal to F.
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To prove (6.2), we consider two families of functions. For O < € < 1 we consider smooth functions ¢,
depending on the Riemannian distance to the vertical axis L = {x = y = 0}, so that 0 < ¢, < 1 and

(PS(p):O’ d(p9L)$82’
Y:(p) =1, d(p,L) > &,

2
V)l < 2 e <d(p,L)<e.

Againfor 0 < € < 1 we consider smooth functions Y., depending on the Riemannian distance to the Euclidean
hyperplane Iy = {t = 0}, so that 0 < i, < 1 and

lrbf(p): 1’ d(p’ H0)<€_%,
Ye(p) =0, d(p,To) > €77 +1,
V(D) <2, €7 <d(p,To)<e?+1

For any € > 0, the vector field ¢, W has compact support.
It is easy to prove that F* and F~ have finite K-perimeter. Since F* has also finite (sub-Riemannian)
perimeter, applying the Divergence Theorem to F* and the horizontal vector field ¢, W™, we have

j div(pepe W) dH! = j<<pengW*,ND> dp + j (Pepe W, vi) dIOF], 6.3)
F+ D {t>gr}

where Np is the Riemannian unit normal to D pointing into F~, dD is the Riemannian area element on D,
and vy, is the outer horizontal unit normal to F.
We take limits in the left-hand side of equation (6.3) when € — 0. We write

J div(etpe W) dH? = J Pt div W dH' + j(V((pEl,[)g), W*y dH'. (6.4)
F* F* F*

Since (p:Vip., W*) is bounded and converges pointwise to 0, and

| wevpe.w) < | PelVoe| dHY,
Fr {(x,t): £2<|x|<¢e, 0<t<s'% +1}
we have
lim [ (V(pepe), W) dEt! = 0. 6.5)
£
F+

On the other hand, div W* = %, the mean curvature of rBg. We consider the orthonormal vectors Z = —J(vy),
E =(N, T)vy - |vy| T and N, globally defined on (rK( x R) \ L by vertical translations. We know from Lem-
ma 3.5 that .

(DzW*, Z) = 7 (DEW™, E) = 2(N, T)INp[{W™, J(v)).

It remains to compute (DyW™, N). We express N = AE + uT as a linear combination of E and T, where

= (lzfr\{th) JU= ﬁ Observe that (N, T) # 0 on int(Ko) since rSy is a t-graph. So we have

(DNW™, N) = XDgW™, N) + (Dt W™, N)
= A*(DgW*, E) + Aw(DW*, T) + u(J(W*), Ny)
= A*(DgW*, E) = (N, TY(W™, J(vh)) = uINRI(W*, J(vn))

NN, 1 .
‘(W> (DEW*, E) ~ o=y (D W, )
- (DgW*, E),

where we have used that Dy W* = J(W™*) since W+ is a linear combination of W*, Y multiplied by functions
that do not depend on t. Hence

1
divW* = (DzW*, 2) + (DgW"*, E) + (DyW*, N) = —
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onint(Kp). Since ¢, div W™ is uniformly bounded, F* has finite volume and lim,_,o ¢y, = 1, we can apply
Lebesgue’s Dominated Convergence Theorem to get

lim j Petpe div W* dH' = %lF*l. (6.6)
£—
F+
So we get from (6.4), (6.5) and (6.6),
1
lim J div(petpe W) dH' = ~[F*]. 6.7)
E—
F+

Now we treat the remaining terms in (6.3). Using the representation of perimeter obtained in (2.5) for
sets of finite K-perimeter sets, we have

| v dori< |l dior = oIk, (6.8)
{t>gr} {t>g:}
with equality if and only if W* = 71(vy) |0F|-a.e. on {t > g,}. From equations (6.7) and (6.8), taking limits in
equation (6.3) when € — 0,
%lF*I < J(W*,ND)dD+|aF+|K, (6.9)
D
with equality if and only if W* = n(vy) |0F|-a.e. on oF n {t > g,}.
We consider now the foliation of rKo x R by vertical translations of rS. Reasoning as in the previous
case, we get
%lF‘I S—J(W‘,ND)dD+|aF‘|K, (6.10)
D
with equality if and only if W~ = 71(vy) |0F|-a.e. on 9o{t < g,}. Hence, adding (6.9) and (6.10), and taking into
account |0F|g(H! \ D) = |0F|g and that F n D does not contribute to the volume of F, we get

1
CIFL< [(W*— W, Np) dD +10Fk,
D

and so (6.2) holds, with equality if and only if equalities (6.9) and (6.10) hold. This completes the first part
of the proof.
Recall that h : rKy — R is a function so that D = graph(h) c E. We take two values t,, < ty such that

h+ty<gr<h+ty.

We apply inequality (6.2) to the set B = B~ U B U B*, where
e BY={(x,t):x €rKo, It - g/l < 3(tm — tm)},
e B =rBy+(0, 3(ty — tm)),
« B =rBg - (0, 3(ty — tm)).
By construction, D = graph(g,) c B°. Since the lateral boundary of B is contained in 0(rKo x R) and the
outer unit normal to 0(rKy x R) coincides with W+ and W-, the lateral K-boundary area of B® is equal to

(tr — tw) j Ivoll. d(d(rKo)),
a(rKo)

where d(9(rKp)) is the Riemannian length element of the C! curve o(rKy). Hence we get
|0Blk = (ty — tm) j [voll« d(0(rKo)) + [0(rBg)|k-
9(rKo)
On the other hand, since
|B| = [rBg| + [rKol(tym — tm),

we obtain

1 _

Bl + rKol(tw — b)) = [(W* = W™ Np) dD + (ta ~tw) | Ivoll dO(rKo) + 100 Bl (6.11)

D d(rKo)
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.
rSy

g+ in h+ty
. g
8r— _tMEtm h+tn

Sy

Figure 10: Geometric construction in the proof of Theorem 6.3.

Now we apply (6.2) to the set E consisting on the union of E* = E n {t > h} translated by the vector (0, ty),
E~ = E n {t < h} translated by the vector (0, t;;) and the vertical filling in between the two sets. We reason as
before to get

1
7(|E| +|rKol(ty — tm)) < J(W+ - W™, Np)dD + (tym — tm) J [voll« doDo + |OE|k. (6.12)
D oD
From (6.11) and (6.12) we get
1
[0E|k > [0(rBg)|x + 7(|E| - [rB).

Let f(p) = [0(pBg)|x + %(IEI — |pB|). Since pBg has mean curvature %, Theorem 3.16 guarantees that the
Wulff shape pBy is a critical point of A — %l - | for any variation. Therefore

1
10(pBK)l ~ E|P]BK|’ =0,
where primes indicates the derivative with respect to p. Hence we have
1
f'(p) = _ﬁﬂEl - |pBg)).

So the only critical point of f corresponds to the value pg so that |poBg| = |E|. Since the function p — |pBg]|
is strictly increasing and takes its values in (0, +0co), we obtain that f(p) is a convex function with a unique
minimum at py. Hence we obtain

[0E|k = f(r) = f(po) = [0(roBK)lk,
which implies (6.1). O
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