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Abstract

The calibration technique ([? ]) to estimate the finite distribution function
have been studied in several papers. Calibration seeks for new weights close
enough to sampling weights according to some distance function and that, at
the same time, match benchmark constraints on available auxiliary information.
The non smooth character of the finite population distribution function causes
certain complexities that are resolved by different authors in different ways. One
of these is to have consistency at a number of arbitrarily chosen points. This
paper deals with the problem of the optimal selection of the number of points
and with the optimal selections of these points, when auxiliary information is
used by means of calibration.
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1. Introduction

Calibration is the principal theme in many recent articles on estimation in
survey sampling ([? 1, [? I, [? 1, [2 ], [? |, [? ],...) Calibration has established
itself as an important methodological instrument in large scale production of
statistics. Several national statistical agencies have developed software designed
to compute weights, usually calibrated to auxiliary information available in

administrative registers and other accurate sources.
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The calibration approach adapts itself to the estimation of more complex
parameters than a population total. Before calibration became popular, several
papers considered the estimation of distribution functions, with or without the
use of auxiliary information ([? ], [? ],[? |, [ ]- As [? ] illustrates, there is
more than one way to implement the calibration approach in the estimation of
the distribution function. Some applications to missing data problems can be
seen in [? ]| and [? |.

The non smooth character of the finite population distribution function
causes certain complexities; these are resolved by different authors in differ-
ent ways. Furthermore, in some cases it not possible to find an exact solution
of the calibration problem as stated.

The computationally simpler method of [? | is an application of model
calibration, in that they calibrate with respect to a population total of predicted
y-values. Complete auxiliary information is required. Using the known finite
population distribution functions of auxiliary variables, compute first the linear
predictions. The calibrated weights are obtained by minimizing the chi-square
distance subject to calibration equations stated in terms of the predictions, so
as to have consistency at J arbitrarily chosen points. It is suggested that a
fairly small number of arbitrarily selected points may suffice.

The idea of to create many benchmarks based on an auxiliary variable was
proposed in [? | (Exercise 3.35). This estimator of median can be shown as a
special case of how to use 99 known percentiles of an auxiliary variable.

The question of the optimal values in order to obtain the best estimation
under simple random sampling without replacement for an arbitrary number of
calibration points can be seen in [? |. This paper shows the optimal size of the
chosen points (Section 3) and the optimal vector (Section 4). In Section 5 we
define the optimum estimator with estimated optimal vector and in Section 6

we include some numerical comparisons.

2. Calibration estimation of the distribution function
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Let U = {1,2,...,N} be a finite survey population from which a realized
sample s = {1,2,...,n} is drawn with a measurable design d with first and
second order inclusion probabilities 75 and ;. We note by vy the main variable
and by zj a vector of auxiliary variables at unit k. The values xj are known
for the entire population but yx is known only if the kth unit is selected on the

sample, s. To estimate the distribution function of the study variable y

Fy() = 5 3 AU - w) 1)

keU
where
1 if¢ Z Yk
A(t — yk) =
0 ift <y

we consider the calibration approach, which consist in the construction of an

estimator Z wrA(t — yg) where the calibration weights wy are chosen to mini-

kes
mize their average distance from the basic design weights d, = 1/m that are

used in the Horvitz-Thompson estimator
~ 1
Fynr = Z drA(t — yi) (2)
kes
subject to conditions that use the auxiliary information provided by the auxi-

liary vector x.

The distance measure is most commonly chosen as

6, =Lyl 0 ®

2 kes dek

with gi are known positive constants unrelated to dj. Following [? | and [? ], in
the definition of calibration conditions, we consider a pseudo-variable g, = 3’ Tk

for k=1,2,..., N where:

—1
g = (deqkmk%) 'dequkyk-

kEs kes
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With the pseudo-variable g, we consider the minimization of (3) subject to the

following conditions:

1
N ZWkA(tg —gk) = Fy(tg) (4)
kes
with tg = (t1,...,tp) is a vector chosen arbitrarily, assuming that

th <ty <...<tp.

Note that this estimator can be seen as a particular case under a more general
model g = a + bz with the condition Y wi = > di. AQUI HABRA QUE
ANADIR UNA REFERENCIA PARA LA CONDICION ESTA The resulting
estimator ([? |) is given by

~ ~ ~ / ~

Fyelt) = Fyur(t) + (Fy(tg) = Fonr(ts)) - D (5)
where ﬁGHT is the Horvitz-Thompson estimator of F, and

D=T7""3" dpgrA(tg — gr) At — yi)

kes
assuming that the inverse of symmetric matrix T
T = drqrl(te — gi)Altg — gr)’
kes

exists.

The asymptotic variance of ﬁyc(t) is studied in [? | and is given by:
=~ 1
AV(Fye(t)) = 52 3> AuldiEr)(diEr) (6)
keU leU

where E, = A(t —yi) — A(tg — gx) - D, with

D= ( Z arA(tg — gr)A(tg — gk)/> ' < Z A(tg — gr)A(t - yk)) :

keU keU
The precision of ﬁyc(t) changes with the selection of tg. In [? |, the authors
studied, for a fixed P, the problem of selection the optimal vector tg, under sim-

ple random sampling and g = 1 for all k£ € U, that gives the best estimation of
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F,(t), that is, the problem of determining an auxiliary vector tg = (¢1,... tp),
with t; < to < ... < tp that minimizes the asymptotic variance of the estimator

~

Fyc(t) given a point t for which we want to estimate F),(¢).

Following [? ], the problem of determining an auxiliary vector tg that mini-
mizes the asymptotic variance (6), under simple random sampling, is equivalent

to minimizing the following function:

P

kj—kj_1)?
Gl s -ste) = 2NF(0) -y = 3 e
where
ki= Y A(t—yp)A(ti—g) i=12...,P.
keU
The global minimum of the function G ([? |) is a vector tg = (t1,%2,...,tp),

with t1 <ty <...<tpandt; € A;ort; € By for i =1,2,..., P, where the set

A and By are given by

Ay ={gr :yr <t} ={a1,a9,...,am} (8)
with a1 < as < ... < ap and

By = {b1,ba,...,bn} (9)
with
by = max{g;} where Uy ={l €U : g; < a1}
leU,
by, = ?é%x{gl} where U, ={l €U :ap1 < g1 <ap}, h=23,....M
h

where b1 < by < ... < by. Since the sets A; and B; are finite, finding the
global minimum is computationally simple. For some h in 1,2,..., M the cor-
responding point by may not exist, but in this case, the minimization problem

is simpler than the current case ([? ]).

In the next section, we consider the optimal dimension P of the auxiliary vec-
tor tg, that is, the optimal number of auxiliary points ¢; used in the calibration

process in order to obtain the best estimation of F,(t).
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3. Optimal dimension P of the auxiliary vector tg

In this section, given a point ¢ for which we want to estimate F(t), we study
the problem of the optimal dimension P of the auxiliary vector tg used in the
calibration process of the estimator F ye(t). The following theorem establishes

the optimal dimension of the vector tg.

Theorem 1. Suppose that we wish to estimate Fy at point t with the calibration
estimator ﬁyc(t), then the optimal dimension of the auxiliary vector tg is P =
2M, where M is the number of points of the finite set Ay given by (8), provided
that by exits and for alli=1,..., M — 1, b; 11 # a;.

Proof.

The proof of the theorem is developed in two steps. In the first step, we show
that the calibration process with P — 1 auxiliary points is a particular case of P
auxiliary calibration points. In the second step, we show that the minimization
of the asymptotic variance of F ye(t) with P auxiliary points, where P > 2M

is equivalent to the minimization of the asymptotic variance of F ye(t) with 2M

auxiliary points. In order to develop the two steps, the function G(t1,ts,...,tp)
([? ]) is a piecewise function given by: G(t1,...,tp) =
0 iftp <y
P
(Kp. — Kp._,)? 5 .
2NF, () Ky, — z z — K ifap <t; <by,.
_ w6} he z:: (Fylt;) — Fytj—1)) " he == T
j=1 (10)
j=12,...P
h; =0,1,2,...M
NF,(t))? .
NF,(t 2—($ fay <t
( ’U( )) Fg(tl) Lapm =11

where ay = gmin; OM+1 = Gmaz; ho = 05 to any value with ¢y < ag and

Imin = géllr}{gk:}v 9max = rlglea[}{{gkh



and

0 if tj < ai
Kn, =4 DA —yi)Aan, —gr) if an, <t; <bpa (11)
keU

hj=1,2,...M —1,
NFy(t) :KM if apng § tj.

80

First step. The function G with an auxiliary vector tg of dimension P—1 is a par-
ticular case of function G with an auxiliary vector tg of dimensionP: If we denote
by Gp_1 the function G when the auxiliary vector tg = (t1,t2,...,tp_1) have di-
mension P—1 and G p the function G when the auxiliary vector tg(t1,%2,...,tp)
have dimension P, then it’s clear that if t; > aps, we have:

(NFy(1))?

Gp_1(ti,ta,...,tp_1) = Gp(ti,ta, ..., tp) = (NF, (1)) —
Fg(tl)

For tp_1 < by, it is sufficient to consider tp < by and we have
Gp_1(ti,ta,...,tp_1) = Gp(t1,ta, ... tp) = 0.

Finally, for ap; <t; <bp, 41, wih j=1,2,...P—1and h; =0,1,2,... M — 1,
if we consider tp € [app_,,bnp_,+1], that is hp = hp_q, it is easy to see that
Ky, = Ky, _,, and consequently

P
Gp(ti,ta,...,tp) = 2NF,(t)Kp, — Z

Jj=1

(Khj — K, )2 2
(F, oy~ e =

o(tj) — Fy(tj—1))

Pl (Khj - Kh_7_1)2
AINFy(t)Knp_, — Z (Fy(t;) — Fy(tj—1))

j=1
Thus, the function Gp_1 (t1t2,...,tp_1) is a particular case of Gp(t1,t2,...,tp)

- Kigp,l =Gp_1(ti,ta,...,tp_1).

and we have

minGp_l(tth, ce ,f,p_l) Z HliIle(tl,tQ, ce ,tp).
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Therefore

minG’l(tl) Z minGg(tl,tg) Z NN Z miHGgM(tl,tQ, ‘e ,t21\/[). (12)

Second step. Minimization of Gp(t1,ta,...,tp) with P > 2M is equivalent to

the minimization of Gap(t1,ta,...,tan):

First, to demonstrate the second step, we consider the case where P =
2M + 1, that is, the function G(tg) = Ganr41(ti,t2, ..., taar41) has dimension
2M + 1. Because the number of different points in the set A; is M, we have
M +1 sets [a;, bi11] with i =0,1,..., M and it’s clear that the auxiliary vector

tg = (t1,%2,...,tanr11) satisfies one of three conditions:
e t1,ty or more points of tg are in [ag, b1].
® tonrt1,tan or more points of tg are in [anr, bary1].

e Forsomel=1,2,... M—1,exitsi € {1,2,...2M—1} such that t;, t;11,t;12

or more points of tg are in [az, bj41].

Case 1) t1,t2 or more points of tg are in [ag, b1]:

If f2M+1 € [ao,bl], then
Ganryi(tr,te, . tom1) = 0= Gan(ta, - -y tonrg1) = Gane (T, ..., Tong)

where T; = t;41 and T; € [ag, b1] for i = 1,2,...2M, and therefore the minimiza-
tion of Gapr41(t1, ta, ..., tapr41) is equivalent to the minimization of Gapy(t1, to,
oy tonr).

If topr+1 € [ao, b1], the values Kp, = K, = 0 and the function Gapr41(t1, ta,

ooy topr4) 18 given by

2M+1 2
Ky —Kn )
Gonsi(ti,ta, .. tonrgr) = 2NEy(8) Knypyyy — Z G L

Jj=3

—KQL
(Fy(ty) — Fy(tj—r)) ~ M=y
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where for j = 3,...2M, ap, < t; < by, 41 with h; = 0,1,2,... M, and for
j =2M + 1 we have Qhonst1 <tom41 < bh2M+1+1 with h2]\/[+1 =1,2,... M.

Thus, if we denote by T; = t;41 for ¢ =2,...,2M, it is easy to see that
Goym(Th, ..., Ton) = Ganya(ta, - - -, tonrt1)

and the minimization of Gapri1(t1,t2,...,taar+1) is equivalent to the minimi-

zation of GQM(t1, tg, . ,tQM).
Case 2) toary1,t2nr or more points of tg are in [aas, bary1):

Ift; € [CLJW, bM-‘rl] we have:

(NFy(t))”

Goni(ti,ta, ... topgr) = (NFy(t))Q B Fy(t1)

=Gon(Th, ..., Tonm)

where T; = t; and T; € [apr,bar41] for @ = 1,2,...2M, and consequently, the
minimization of Gapry1(t1,ta, ..., tapr+1) is equivalent to the minimization of
Gon(t1,to, ... tanr).

If t1 ¢ [arr, barsa], the values Ky,,, = Kp,,,., = NF,(t) and we have

G (t ¢ ¢ )_ (NF (t))2 % (Khj _Khj—1)2
2M 41015025 - - -5 L2M 41 Y = (Fg(tj)_Fg(tjfl))

where for j = 1 we have ap, < t; < bp,41 with Ay = 0,1,...M — 1, and for
J=2,...2M — 1; ap; < t; < bp;41 with hy =0,1,2,... M. Then, if we define

T; = t;, we have:
Gom(Th, ..., Tonr) = Ganrya(ta, - - -, tonrs1)

and the minimization of Gaon11(t1,t2,.-.,taar+1) is equivalent to the minimi-

zation of Gan(t1,t2,. .., tanr).

Case 3) For some | = 1,2,... M — 1, exits ¢ € {1,2,...2M — 1} such that

ti,ti+1, tiv2 Or more points of tg are in [ay, bj4+1].
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In this case, h; = h;y1 = hi;2 = [ and the values K, = K, , = Ky, ., = ki.

Therefore:
i 2
(Kn, — Kn,_,)
Gon41(ti,ta, ... tav41) = 2NF, (1)K, - . v
+ + y 2M+1 Jz:; (Fg(t]-) — Fg(tjfﬂ)
2M+1 (K, — Khj_l)z o
(Fy(ty) — Fy(tj—1)) hanri

j=it3
and it’s clear that the function Gapr41 does not depend on ;1.

Thus, if we consider T; = t; for j = 1,...,i and T; = tj4q for j = ¢ +

1,...,2M, the minimization of Gapr41(t1,t2,...,tap+1) s equivalent to the
minimization of Gops(Th, To, ..., Tonm)-

Thus, for all cases, the minimization of Gapri1(t1,t2,. .., tanr+1) i equiva-
lent to the minimization of Gaops (11, Ts, - .., Tor).

If we consider a dimension P > 2M + 1 for the auxiliary vector tg, in a simi-
lar way we can establish that the minimization of Gp(t1,ts,...,tp) is equivalent
to the minimization of Gp_1(t1,t2,...,tp—1) and applying L times, with L =
P —2M, this property recursively, the minimization of Gp(t1,ta,...,tp) is equi-
valent to the minimization of Gp_p (t1,t2,...,tp_1), and it’s clear that the mi-
nimization of Gp(t1,ta,...,tp) is equivalent to the minimization of Gaps(t1, ta,
ooy tong).

Now, we consider the case where for some i1,42,...ig € {0,1,...,M — 1};
a;, = by, +1 with R < M and i), # ¢; if h # j. In this case the next theorem

establish the optimal dimension of the auxiliary vector tg.

Theorem 2. Suppose that we wish to estimate Fy at point t with the calibration
estimator ﬁyc(t) and suppose that for some i1,ia,...ig € {0,1,...,M — 1};
ai;, = by, 41 with R < M and in, # i; if h # j, then the optimal dimension of
the auziliary vector tg is P = 2M — R, where M is the number of points of the
finite set A, given by (8).

Proof.
It is clear that the function G with an auxiliary vector tg of dimension P —1

is a particular case of function G with an auxiliary vector tg of dimension P

10
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(previous theorem) and in a similar way, we have
minGl(tl) Z minGz(tl,tg) Z .o 2 minGzM(tl,tQ, [N ,tQJV[,R). (13)

Now, we consider the case where the dimension of function G is P = 2M —
R+1, and ip, # 0 for all h = 1,...,R. Then, we have M + 1 sets [a;, bit1]
with ¢ =0,1,..., M but for h = 1,..., R the set [a;,,bi, +1] = {a;, }. Thus, we
have R sets {a;, } and M + 1 — R intervals [a;, b;1+1]. If we consider an auxiliary
vector tg = (t1,...,tanr—Rr+1), the points t; with i = 1,...,2M — R satisfies one

of four conditions:
e t1,ty or more points of tg are in [ag, b1].
® ton—R41,tanm—g Or more points of tg are in [anr, bary1].

e For some | = 1,2,...M — 1, with [ # i) for h = 1,... R, exits i €

{1,2,...2M —1} such that ¢;,t;11, t; 12 or more points of tg are in [a;, bj41]

e Forsome !l =1iy,...ig exits ¢ € {1,2,...2M — 1} such that ¢;,¢; 1 or more

points of tg are in {a;}, that is t; = t; 11 = a;.

Similarly to previous theorem, the minimization of Gapr—g11(t1,- .-, tam—Rr+1)
is equivalent to the minimization of Gaopr—g(t1,...,top—gr) in the first three

cases. For the last case, it is easy to see that:
Gov—pri1(ty, -t tivr, - tavr— 1) = Gam—rea(ty, - - ar, ar, - tapr—Ry1) =

Gonv—r(ti, .. tic1,an, tiva, ... tan—R41)-

Therefore, if we consider
Tj=tjforj=1,2...;i—1land T =tj;  forj=7+1,...2M — R

it is clear that the minimization of Gapr—pi1(t1,...ti,tig1, .., tanr—Ry1) 18
equivalent to the minimization of Gopr—g(Th, ... Ti—1,a1, Tix1 - .., Tori—R)-
Thus, if 5, # 0 for all h = 1,..., R the optimal dimension of tg is 2M — R.

If for some h € {i1,...,ir}, in = 0; then ap = a; and we have M intervals

[ai,bi+1] where R of them are of the form {a;,}. In this case, the auxiliary

11
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vector tg = (t1,...,tanr—r+1) fulfills one of the last three above conditions and

consequently the optimal dimension of tg is 2M — R.

4. Optimal auxiliary vector t,p;

In this section, we will obtain the optimal auxiliary vector t,,; of the optimal
dimension, given a point ¢ for which we want to estimate F),(t), that is, we obtain
a vector t,,; of the optimal dimension obtained in the previous section, such
that the value of AV(ﬁyc(t)) calibrated with t,,; the value is less than the value
of AV(ﬁyc(t)) calibrated with any vector tg.

Theorem 3. Suppose that we wish to estimate F, at point t with the calibra-
tion estimator pyc(t), and suppose that by exits and for all t = 1,...,M — 1;
bit1 # a;, then the optimal auziliary vector top = (to1,...,to2m) is a vector

of dimension 2M given by:
topt = (to1, ... toan) = (b, a1,ba, a0, ..., bar, anr) (14)

If for some iy,12,...ir € {0,1,..., M —1}; a;;, = bj, 41 with R < M and i, # i;
if h # j the optimal auxiliary vector t,,r = (to1,-..,to@m—Rr)) is a vector of

dimension 2M — R given by:

t(}p/ - (bla at, b23 aAgy ...y bilaai17ai1+1a bi1+27 e 5bih7aih,a Ay, 41, bih+27 cee bM; (11\4)
(15)

Proof.
First, we consider the case where b; exits and for all ¢ = 1,.... M — 1;

bi+1 # a;. Because the function Gap(tg) is a piecewise function, to demonstrate
that the auxiliary vector t,,: given by (14) is the vector where the function Gaas
attains the global minimum, we have to obtain the minimum of the function
Gaopr on each piece and compare the value of the function Gops at the vector

topt with the minimum obtained in each piece. For it, if we define Ky = 0, the

12
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value of function Gaps(t1,. .., tan) at the vector t,,; given by (14) is:

M

2 K;—K;_1)?
Gan(tepe) = (NE/D) = 3 e Rl

It is clear that for any 2M dimensional auxiliary vector tg = (¢1,...toas) with

(16)

toi—1 € [ai—1,b]; to; € [ai, bipa] fori=1,2,... .M (17)

we have:
Gan(tg) > Ganr(topt).
Therefore, the auxiliary vector t,,; is the optimal choice for those vectors which
verify (17).
Now, let’s analyze the minimum of the function G on each piece. For it, if
we consider an auxiliary vector tg with 2as < by, the function Gy is null, then
the function Gops has a local minimum at t; = to = tapr = by and the local

minimum value is 0.

Next, if aps < t1, the function Gops attains a local minimum at t; = apy
and ta,...,tops are arbitrary chosen points of the interval [aps, bpr41). Thus,
the function Gaojps attains the local minimum at ¢ = --- = topr = apr and the

local minimum value is

(NFy(t))?
T ) <0. (18)

Therefore, the value 0 in the first case cannot be the global minimum of Gayy.

Gone(th, ... tanr) = (NE,(t))* —

Now, if we consider that
an, <t; <bp,41; j=1,2,...2M; hj =0,1,2,... M

the function Gays is given by
oM

Gonr(tr, - tans) = 2N Fy () Knypy — (

Jj=1

(Khj - Khj—l)Q
Fy(t;) — Fy(tj-1))

The local minimum of the function Gays is attained at ¢; = ap; or t; = by, 41

2
- KhQM'

([? ]), consequently the local minimum is given by:

Gani (A Asp) = 2NF,(HK, % (K, = K, )”
M sty M) = 1 ho -
A ’ ! Y (Fy(4y) — Fy(Aj-)

- K;,,, (19

13
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with A; = ap; or Aj = by, 11 and where we take Ao any value such that Ay < ao.
In order to compare the local minimum of function G2ps on each piece with

the value of function Gaps at t,,:, we establish the following inequalities

K? K2 . 2
! < I + (K = K1) for j=1,2,...,M
Fyla;) — Fy(b1) = Fylaj—1) — Fy(b1) ~ Fy(az) — Fy(b;)
(20)
(Kjon = K5)* (K = K)? (Kjx — Kj41)? (21)

Fylajsr) — Fy(bjr1) = Fylajir) — Fy(bjr1)  Fylajir) — Fy(bjy2)

forj=0,1,....M —land k=1,...,M — j.

We begin with the proof of the inequality (20). It easy to see that the
inequality (20) for j = 1 is trivial because Ky = 0 and for j > 1, the inequality

K7 (K; — Kj-1)* K

S ) = o) T Fylay) — Fylby)  Fylay) — Fy(br)

is equivalent to

0<A-K; | +B-K; 1+C (22)
with
- 1 1
Fq(aj—l)_Fq(bl) Fq(a])_F(](b])’
2-K:

B=-— J ,

Fy(aj) — Fy(bs)
and

1 1
C=K?2. < — >
T\ Fylag) = Fe(by)  Fyla;) — Fy(b)
The right hand of (22) is a parabola in K;_; with vertex
Kj - (Fg(aj—l) - Fg(bl))
(Falas) = Fylby) + Fylaj1) = Fy(b))

V =

The value of the parabola at the vertex is:

14
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A V24 B-V+C= (23)

. (F< )= Fylb) )

" (B = By 0) (Fo(e) - Fyon))

. (Folaj-1) = Fybn) )
" (Fylag) = Fylbg)) (Folas) = Fylby) + Fylag 1) = Fy(br))

. (Fo0) = Fylaj-)

(o) = Fy) (Fylag) = Fy(by) + Fylag 1) = Fy(bn))

Because a; > b; > aj—1 > by for all j > 1 it is clear that the value of the
parabola at the vertex given by (23) is greater than or equal to zero. For the
same reason, the value of the coefficient A of the parabola is greater or equal to
zero and consequently the inequality (20) holds.

The proof of inequality (21) is similar. For j = M — 1 we have k = 1 and
the inequality is trivial because Ky = NF,(t). For j < M —1 and k = 1,
the inequality is trivial too. Therefore, we consider the case j < M — 1 and
k=2,...,M — j. In this case, the inequality

0<_ I m K2 (K= Kjen)®  (Bjuw = K)?

T Fylaji1) = Fo(bjrr)  Fylajpn) — Fy(bj2)  Folajrr) — Fy(bjya)

is equivalent to

0<D-Kj ,+E-Kj1+F (24)
with
1 1
D = +
Fy(ajy1) — Fy(bjy1)  Fylajr) — Fy(bjiz)
K, K
E = -2. J + It >
(Eq(aj-s-l) = Fy(bjy1)  Fylajir) — Fy(bjt2)
1 1
F = K?. ( - )
T\ Fylajyr) = Fy(bjr1)  Fylajrn) — Fy(bj1)
1 1
+ K7, - ( - )
I\ Fy(ajen) — Fy(bjs2)  Fylajsr) — Fy(bjz)
n 2-K; Kj

Fy(ajix) — Fy(bj1)

15



Thus, the right hand of (24) is a parabola and its vertex is

K; - (Fq(aj+k) - Fg(bj+2)> + Ktk (Eq<aj+l) - Eq(ij))

(Fg(aj+k) — Fy(bj2) + Fylaji1) — Fg(bj+1))

If we replace the vertex in the expression of the parabola given by (24), we have:

D Vi E.V4F= (25)
(Kj+k - Kj)2 : (Fg(ng) - Fg(ajJrl))
(Fg(aj+k) — Fy(bjy2) + Fy(aj41) — Fg(bj+1)) : (Fg(aj+k) - Fg(bj+1)> .

For j=0,1,...,M —1and k=2,..., M — j, it is clear that
Gjyr 2> bjro > aj41 > bjp

and consequently the value (25) and the coefficient D are greater or equal to
zero. Thus, the inequality (21) holds.

Now, if we compare the value (18) with (16), we have

Y

=

Kj— K;_1)? (J\fﬂl(t))2

( Ay 1)
Gonr(ty, ...t Gam(to N
anm (1 am) — Ganr (topr) < Fy(aj) — Fy(b)) Fy(an)

=
Because Ky = NFy(t), if we apply the inequality (21) recursively for k = M —j

and j =0,1,..., M — 1; it is easy to see that

()’ om0 )’ 1y
Fy(an) SFg(aM) ;Fg(% Fy(b;)
Therefore

G2M (t17 e ;tQJ\/[) - GQM (topi,) Z 0.

Next, we compare the value (19) with (16). Thus

Gaoni(Ar, ..., Aonr) — Gane (tope) =

oM (Khj B Khj,l)Q M

2 (K — 1)
_(NFy(t) —thM) _; (F,(A;) — Fy(A; 1)) +j:1 Fy(a;) — Fy(bs)

16



First, we consider the case where Aapr < apy, then exits somel € {1,..., M —1}

such that a; < Aspr < bi41 and consequently

Gan(Ar, ..., Aonr) — Ganr (topt) =

2 M (Khj - Khj—1)2 (
(VRO 1) =3 e R, ) T

with ag < AJ‘ < bl+1 for all j € {1,...,2M}.

Now, it is clear that

2
5 NF,(t) — K,
(N, - ki) < FS(GM) = Fg(blz-l)

and applying the inequality (21) recursively for j = I,{+ 1,...,M — 1 and
k=M — j; we have

2
(VR0 -F) M (g k)
Fy(an) — Fylbirs) = 2= Fylay) = Fy(5)

or equivalently

then

Gan(Ar, ..., Aonr) — Ganr (topt) =
2M (Kh] _ Khj71)2

l
(Kj — Kj1)
M= L TR = FA, ) T 22 Fla = R0

with Hyy > 0 and ag < A; < bjyq forall j € {1,...,2M}.

Next, if we consider that hy = 0, we have K, = Ko = 0. Thus

ZQ: (Khj — Khj—1)2 0 (Kn, = 0)?
(Fg(Aj) -

Fy(Aj—1))  Fy(Ay) * Fy(Az) — Fy(Ay)

j=1
with ag < A; <b; and ap, < Ay < bp,41 and therefore

(Kh2>2 < (Kh2)2
Fy(Az) — Fyg(A1) = Fylan,) — Fy(b1)

17



Now, if we apply the inequality (20) recursively for j = ho,ho — 1,...,1; it is

easy to see that

(K, )? < (K — Kj1)?
Fylan,) — Fg(br) — = Fy(aj) — Fy(b;)
and ’
- (KJ — Kjfl)Q (Khr Ky, 1)
_ J J — H Z 0
i=1 Fy(a;) — Fg(bj) ; (Fy(Aj) — Fy(Aj-1)) '
Consequently

Gom(Ar, ..., Aonr) — Gang(topt) =

M (Khj - Khj—l)Q l (KJ - Kjfl)Q
R DY v vy v D DR Y H B A (Y

with Har; Hi > 05 apy, < Aj <bjq and ho < hy <lforj=3,...,2M.

Now, for j = 3,...,2M, we can consider three cases: h; = hj_1; h; =
hj—1 +1 or exists k, with 2 < k < M — hj_; such that h; = h;_1 + k. If we
consider that h; = h;_; then

(Khj - Khj—1)2
(Fg(Aj) - Fg(Ajfl))

If hj = hj—1 + 1, then exist some ¢ with ho < ¢ < I such that h;_1 = ¢

=0

hj =c+ ]., Qe S Aj—l S bc+1 and Aet1 < Aj < bc+2. Thus

(Khj - Khj71)2 _ (KC+1 — KC)2 <
(Fy(Aj) — Fg(Aj-1))  (Fg(Ay) — Fy(Aj-1)) —

(Kc+1 - Kc)2
(Fylact1) — Fq(bc-&-l))'

Finally, if exists k, with 2 <k < M — h;_; such that h; = h;_1 + k, then exist

some hs < ¢ <[ with
hj—1=c¢ hj=c+k; ac < Aj_1 <beyr; and acpr < Aj < bejpyr-

Therefore

(Khj - Khj—l)z _ (Kchk - Kc)2 <
(Fy(Aj) = Fy(Aj-1))  (Fy(Aj) — Fy(Aj-1)) —

(Kc+k - Kc)2
(Fg(ac+k) - Fg(bc+1)).

18
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Now, applying the inequality (21) recursively for j =c¢,c+1,...,c+k — 2 and

k= hj - hj_l; we have

(Kc+k _Kc)2 c+
(Fy(actr) — Fy(bet1)) = Z

Thus, in any case, it is easy to see that

: 2M (Khj - K}Lj71)2

(K~ Ky
X Fa)- R 2 B~ R,

and consequently
Gon (A1, ..., Aapr) — Gang(top) > 0.
On he other hand, if we consider hy > 0, then ap, < Ay < bp,+1 and

(Khl _Kh0)2 (Kh1)2 < (Kh1)2

(Fy(A1) = Fy(Ao))  Fy(Ar) ~ Fylan,) — Fy(br)
Now, if we apply the inequality (20) recursively for j = hy,hy — 1,...,1; it is

easy to see that

and replacing Hy in (26) we have

GQM(Ala oo 7A2M) - GQM(t()pl,) ==

2M l
(Kn;, — Kn,_,)? (K; — Kj_1)?
Hy+ Hy = 3 it + > |
M 1 = (Fy(Aj) — Fy(Aj-1)) Pl Fy(a;) — Fy(bj))

with Hay, Hy > 0.

Now, similarly to the case hy = 0, it can be shown that
GQM(A17 R A2M) - G2M(t()pt) 2 0. (26)
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Thus, for the case where Ay < aps we have (26).

Finally, if we consider the case where Aanr > anr, then Kj,,, = NF,(t) and

1)2 X (Khj *K’l.f—l)z

(bj)_j:1 (Fy(A;) — Fy(Aj-1))

In a similar way to the case Aaps < ayps, it can be shown that

M
(K; — K-
Goni (A1, ..., Aapg)—Goapr (tope) =
anr (A 211) —Gan (topt) ;Fg(aj)—Fg

JXW: (KJ_Kj—1)2 _% (Kh]. _Kh]’—l)2 >0

= Folay) = Fylby) = (Fy(Aj) = Fy(A;-1)) —

and the inequality (26) holds in any case. Consequently, the auxiliary vector
topt given by (14) is the vector where the function Gaps attains the global mi-

nimum when by exits and for all i =1,..., M — 1; b; 11 # a;.

Now, if for some i1,149,...ig € {0,1,...,M — 1}; a;;, = b;;41 with R < M
and iy, # ¢; if h # j the vector t,,; is a vector with dimension 2M — R given by

(15) and the value of function Gaa(t1, ... ,t2n) at the vector to, is:

M R
_ 2 (K; — Kj71)2 (K’iﬁ'l — Kia‘)Q
Ganlton) = (NRO) = 3 o652 Ry = Foa)

Jj=1 j=1
(27)

ALy iR
To prove that the vector t,,; is the vector where the function G2y attains
the global minimum, we need inequalities (20) and (21) and we also need the

following inequalities that we can establish in a similar way

(Kij 4k — Kij1)? (Ki, — Kij 1) (Kijpr — Ki,)? (28)
Fy(ai;+k) — Folbi;) = Fylai;,) — Fy(biy) — Fylai4x) — Fylai,)
forj=1,...,Rand k=1,...,M — ;.
(Kij+r — Ki,)? (Kij+1 — Ky,)® (Kiy 41 — Kij1)? (20)

< +
Folaizir) = Fylaiy) = Fylaigpn) = Folaiy) — Fylai;1x) = Fy(bi;42)
forj=1,...,Rand k=1,...,M — ;.

With the inequalities (20); (21);(28) and (29), we can show, as in the previous

case, that the value of the function Gaar at the vector t,,: given by (27) is less

20
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than or equal to the minimum of the function Gs,; in each piece and therefore

the function Gaps attains the global minimum at t,,:.

5. The optimum estimator with estimated optimal vector

The optimal auxiliary vector t,,; depends on some unknown values, thus a
calibration estimator based on t,,: cannot be calculated. In the absence of good
a priori knowledge these characteristics, we go to replace the optimal vector t,,,
by sample-based estimates. For it, given a point ¢ for which we want to estimate

F,(t), we consider the the following sets based on the sample s
Ag={gr €s 1y <t} ={a1,a9,...,an} (30)
with a1 < as < ... < a,, and
Bst = {b1,ba,...,bm} (31)

with
by = ngx{gl} where Uy, ={l€s: g < a1}
€lUi,

by, = lm[z]xx{gl} where U, ={l€s:ap_1 < g <ap}, h=23,...,m.
€Ung

If by exits and for all ¢ = 1,...,m — 1; b;y1 # a;, we consider the auxiliary

vector fop given by:

top = (fo1, -, toam) = (b1, a1,b9, a2, .., b, @) (32)
If for some i1,42,...4, € {0,1,...,m —1}; a;, = b;, 41 with » < m and i, # i,

if h # j we consider the auxiliary vector top given by:

topt = (b1, a1,b2, a2, ..., by, @iy @iy 1,542, -+ b4y Qi s Qi 11, Dip g2, - o by Q).
(33)
Thus, we can define a new calibration estimator Foaropr(t) based on the

auxiliary vector EOP obtained.
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6. Numerical comparisons

In this section we present the results of a Monte Carlo comparison of the
various estimators of F(¢). We compare the precision of the proposed optimal

calibration estimator ﬁcALopT(f) with the following estimators:
e the Horvitz Thompson estimator, F HT,
e the Chamber Dunstan estimator, Fcp(t) {k)E
e the ratio estimator, F(t) ([? ]),
o the difference estimator, Fip(t) ([? ]),
e the Rao, Kovar and Mantel estimator, Frp(t) ([7 ]),

e the calibration estimator with t; = (Q4(0.5), the population median, as

point for calibration, ﬁCAL(t),
e the calibration estimator with one optimal point, ﬁCALMAX @®) (7 ],

o the calibration estimator with three points t1 = (Q4(0.25), ta = Q4(0.5)
and t3 = Q4(0.75), the population quartiles, as points for calibration,

Foarps(t).
e and finally the optimal calibration estimator ﬁCALOPT(t).

Our simulations are programmed in R.

To investigate the efficiency of the estimators under a variety of models for
the relationship between y and x, we consider three populations.

The first population is the datasets ToothGrowth included in The R Datasets
Package "The Effect of Vitamin C on Tooth Growth in Guinea Pigs". The
response, y, is the length of odontoblasts (teeth) in each of 10 guinea pigs at
each of three dose levels of Vitamin C (0.5, 1, and 2 mg), the auxiliary variable
x.

The other two populations are also in the library datasets. The DNase data

frame contains data obtained during development of an ELISA assay for the
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recombinant protein DNase in rat serum. As main variable y we select density,
the measured optical density (dimensionless) in the assay and as auxiliary vari-
able, x we select the known concentration of the protein. And the Loblolly data
frame with records of the growth of Loblolly pine trees. In this case the main
variable is the tree heights (ft), and the auxiliary variable the tree ages (yr).

In the simulation study we drawn 1000 samples of several sizes by simple
random sampling without replacement. For each sample and for each estimator,
estimates of the distribution function F'(t) were calculated for 11 different values
of ¢, namely the quantiles Q, () for a=0.1, 0.2, 0.25, 0.3, 0.4, 0.5, 0.6, 0.7, 0.75,
0.8 and 0.9.

The performance of all the estimators is measured by means of the average
relative bias (AVRB) and the average relative efficiency (AVRE), given respectively

by

11 11
1 1
AVRB(t) = o Z |RB(ty)|, AVRE(t) = o ZRE(tq)
q=1 q=1
where RB and RE are defined as
B ~ ~
1 F(t)y, — Fy(t MSE|F(t
RB(t) = — Z s — £, () and  RE(t) = MSEIF®)] £ vl : (34)
Bi=  Fy) MSE[Fyr(t)]

where b indexes the bth simulation run, F(t) is an estimator for the distribution
function, MSE[F(t)] = B~* Y2 | [F(t), — F,(t)]? is the empirical mean square
error for F(t) and MSE[Fy7(t)] is similarly defined for the Horvitz-Thompson
estimator.

Figure 1 gives the values of the average relative bias and the average relative
efficiency for all populations.

Some observations:

- The ﬁc p estimator has a serious problem of bias, as previously indicated
by ([? ]). This is expected because the CD-estimator is most susceptible to
model misspecification. ﬁCD estimator has not been included in Figure 1. By

similar raison, the ratio estimator ﬁ, is also excluded from Figure 1.
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- We found no evidence of any significant bias for the other estimators con-
sidered.

- In terms of precision, the best overall performance is achieved by the opti-
mal calibration estimator, ﬁc aropr(t).

Other simulations studies also show the potential gains from the use of the
proposed calibration estimator with optimal points instead of the customary
estimators used in the literature. From a computational point of view, the
proposed optimal estimator is more efficient that the calibration estimator with
one optimal point [? ], because last theorem yields the calibration points.

In conclusion, we suggest that the study of optimum points for calibration
provides a practical approach to estimating distribution functions, and offers

useful gains in efficiency.
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Figure 2: Average relative bias (avkRB) and average relative efficiency (avRE) of the estimators
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Figure 3: Average relative bias (avkRB) and average relative efficiency (avRE) of the estimators

compared.
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Figure 4: Average relative bias (avkRB) and average relative efficiency (avRE) of the estimators

compared.
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