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Abstract The couplings of axion-like particles are probed
by different experiments across a huge range of energy scales.
Accordingly, a consistent analysis of the corresponding con-
straints requires the use of the renormalization group equa-
tions. We compute the full one-loop renormalization group
evolution of all – relevant and marginal – parameters in the
effective field theory for axion-like particles up to dimen-
sion five, above and below the electroweak scale, assuming
only that new physics does not violate CP. We also include
a detailed discussion of the different bases used in the liter-
ature, the relations among them and the interplay of the CP
and shift symmetries.
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1 Introduction

Axion-like particles (ALPs), s, are pseudo-scalar singlets of
the Standard Model (SM) gauge group, whose interactions
are typically assumed to respect an approximate shift sym-
metry s → s + σ with constant σ . They arise naturally in
theories with a spontaneously broken global symmetry such
as the Peccei–Quinn solution to the strong CP problem [1–
4], composite Higgs models [5–7] and others [8,9], as well
as in different explanations for dark matter [10–12] and for
the flavour [8,13–15] and hierarchy [16] problems. The shift
symmetry must be broken explicitly by at least the ALP mass,
and potentially also by its marginal couplings to the Higgs
boson and even by higher-dimensional interactions. In the
following we will consider a generic pseudo-scalar in which
the shift symmetry is not imposed at any level. As we will
discuss in detail below, it is easy to enforce shift invariance
in the couplings we consider a posteriori.

The phenomenology of ALPs is mostly triggered by effec-
tive operators, the first of which arise at dimension five.
Their impact has been studied at photon regeneration exper-
iments [17–20], beam dumps [21,22] and high-energy col-
liders including LEP [23–25] and more recently the LHC
[23–34] and future facilities [35–37]; see also Refs. [38–40].
Searches for ALPs produced from the blackbody photons in
the solar core [41] and in other astrophysical events [42–49]
have been performed too. ALP searches in flavour experi-
ments have been studied recently in Refs. [50–55]; while CP
violation signatures of ALPs have been considered in Ref.
[56]. (Recent reviews on the physics of ALPs can be found
for example in Refs. [57,58].)

These experiments span a huge range of energies, across
which the Wilson coefficients of the ALP effective field the-
ory (EFT) run, and mix, following the corresponding renor-
malization group equations (RGEs). Different computations
of parts of the RGEs are spread in the literature [24,59,60].
However, to the best of our knowledge, there is no system-
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atic study of the entire ALP anomalous dimension matrix in
any concrete basis of operators. We fill this gap in this work,
extending also previous computations in different ways. In
particular we compute the gauge dependence of the ALP-
fermion–fermion operators running, as well as the RGE
dependence on the ALP-Higgs marginal coupling. Moreover,
we work in a basis closer in spirit to the Warsaw basis [61]
of the SMEFT; i.e. involving operators with less derivatives,
not limiting to purely shift-invariant interactions. However,
we cross check (and update where necessary) previous par-
tial results performed with different sets of operators. Most
importantly, we match at tree level at the electroweak (EW)
scale the ALP EFT onto the low-energy version in which the
heavy top quark, the Higgs and the Z andW gauge bosons are
integrated out, and we compute the running within this ALP
low-energy EFT (ALP LEFT) too, including the mixing of
higher-dimensional operators into renormalizable ones, as
well as the mixing between purely SM EFT operators and
others that do involve the ALP. For the sake of generality,
we compute this running for an arbitrary ALP LEFT, i.e.
independently of whether the EFT above the EW scale is the
ALP EFT or a more generic theory. As far as we are aware,
essentially all results in this latter EFT are completely new.

The article is organised as follows. In Sect. 2 we intro-
duce the ALP Lagrangian, including a Green basis of effec-
tive operators and their on-shell relations. We compute the
one-loop counterterms for effective operators in Sect. 3. In
Sect. 4 we obtain the complete anomalous dimension matrix
for dimension-five operators at one loop. The different layers
of the EFT valid at energies below the EW scale as well as
their connection through renormalization and matching are
discussed in Sect. 5. In Sect. 6 we present some phenomeno-
logical implications of the previous results, most importantly
the possibility of probing ALP interactions to the Z boson or
to the top quark through their mixing into ALP-lepton oper-
ators. We conclude in Sect. 7. In Appendix A we provide the
different Feynman diagrams computed for the renormaliza-
tion of the ALP EFT. In Appendix B we report our results
in a different basis commonly used too in phenomenological
studies, while in Appendix C we collect the renormalization
group running of renormalizable parameters within this EFT.
Finally, in Appendix D we report the Feynman diagrams nec-
essary for the computation of the RGEs in the ALP LEFT.

2 Effective field theory for ALPs

The renormalizable Lagrangian of the SM extended with a
real pseudo-scalar singlet, s, reads,

LSM+s = −1

4
GA

μνG
μν
A − 1

4
Wa

μνW
μν
a − 1

4
BμνB

μν

+ qα
L i /Dqα

L + lαL i /DlαL + uα
R i /Duα

R + dα
R i /Ddα

R + eα
R i /Deα

R

+ (
Dμφ

)† (
Dμφ

) − μ2|φ|2 − λ|φ|4

−
(
yuαβq

α
L φ̃uβ

R + ydαβq
α
Lφdβ

R + yeαβl
α
Lφeβ

R + h.c.
)

+ 1

2

(
∂μs

) (
∂μs

) − 1

2
m2s2 − κs

3! s
3

− λs

4! s
4 − κsφs|φ|2 − λsφ

2
s2|φ|2, (1)

where α and β are flavour indices, qL and lL denote the left-
handed (LH) quark and lepton doublets, respectively, and
uR , dR and eR the right-handed (RH) up-type, down-type
quark and charged lepton singlets, respectively. The gluon
and the EW gauge bosons are represented, as usual, by G
and by W and B, respectively. The Higgs doublet is called
φ, while its conjugate is given by φ̃ = εφ∗ = iσ2φ

∗, with
σ2 being the second Pauli matrix. A possible tadpole term
has been eliminated via a field redefinition of s and we use
the minus-sign convention for the covariant derivative. In the
renormalizable Lagrangian above, all coefficients are real
except for the Yukawa couplings. Complex phases in these
Yukawa couplings, as well as the couplings κs and κsφ , induce
CP violation.

The first tower of effective interactions arise at dimension
five. We provide a Green basis (checked with BasisGen
[62]) of such set of operators in Table 1. Any other dimension-
five operator can be written in terms of these via algebraic or
integration by parts identities. We have collected the opera-
tors in the table according to their CP properties, with CP-
even and CP-odd operators in the top and bottom panels of
the table, respectively. All the operators in the table are her-
mitian (for fixed values of flavour indices if present) and the
corresponding Wilson coefficients are therefore real param-
eters (real matrices for operators involving flavour). A min-
imal basis of non-redundant operators, enough to describe
all physical processes, is given by the operators named with
O. The ones denoted by R can be written in terms of the
ones in the minimal basis by performing field redefinitions
and are therefore equivalent to them in all physical observ-
ables. To O(1/�) accuracy, these field redefinitions can be
enforced through the equations of motion of the dimension-
four Lagrangian, namely,

∂2s = −m2s − κs

2
s2 − λss3

3! − κsφ |φ|2 − λsφs|φ|2, (2)

D2φk = −μ2φk − 2λ|φ|2φk − κsφsφk

− λsφ

2
s2φk − yuαβq

α
L jε jku

β
R

− yd ∗
αβ d

β
Rq

α
Lk − ye ∗

αβ e
β
Rl

α
Lk, (3)

i /Dqα
Lk = ydαβφkd

β
R + yuαβφ̃ku

β
R, i /DlαLk = yeαβφke

β
R, (4)

i /Duα
R = yu ∗

βα φ̃
†
k q

β
Lk , i /Ddα

R = yd ∗
βα φ

†
k q

β
Lk , i /Deα

R = ye ∗
βαφ

†
k l

β
Lk;
(5)
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where we use Latin indices for SU (2). Using these equations
we can arrive at the following identities, valid for physical
observables:

rsφ�Rsφ� = −rsφ�Re(yu)Osuφ

+ rsφ�Re(yd)Osdφ + rsφ�Re(ye)Oseφ

+ rsφ�Im(yu)Õsuφ

− rsφ�Im(yd)Õsdφ
− rsφ�Im(ye)Os̃eφ, (6)

rsqRsq = −rsqRe(yu)Osuφ − rsqRe(yd)Osdφ

+ rsq Im(yu)Õsuφ
+ rsq Im(yd)Õsdφ

, (7)

rslRsl = −rslRe(ye)Oseφ + rsl Im(ye)Os̃eφ, (8)

rsuRsu = Re(yu)rTsuOsuφ − Im(yu)rTsuÕsuφ
, (9)

rsdRsd = Re(yd)rTsdOsdφ − Im(yd)rTsdÕsdφ
, (10)

rseRse = Re(ye)rTseOseφ − Im(ye)rTseOs̃eφ; (11)

where flavour indices are left implicit and we have always
assumed that each Wilson coefficient and its corresponding
operator have the flavour indices in the same order so that,
for instance,

Re(ye)rTseOseφ ≡ Re(ye)αγ (rTse)γβOαβ
seφ, (12)

with repeated indices summed over.
For the CP-odd ones we have

rs�Rs� = −rs�m2s3 − rs�
κs

2
s4 − rs�

λs

3!Os5

− rs�κsφs
2|φ|2 − rs�λsφOs3 , (13)

r
˜sφ�R

˜sφ� = −2r
˜sφ�μ2s|φ|2 − 4r

˜sφ�λOs

− 2r
˜sφ�κsφs

2|φ|2 − r
˜sφ�λsφOs3

− r
˜sφ�Re(yu)Õsuφ

− r
˜sφ�Re(yd)Õsdφ

− r
˜sφ�Re(ye)Os̃eφ

− r
˜sφ�Im(yu)Osuφ − r

˜sφ�Im(yd)Osdφ

− r
˜sφ�Im(ye)Oseφ, (14)

rφs�Rφs� = −rφs�m2s|φ|2 − rφs�
κs

2
s2|φ|2

− rφs�
λs

3!Os3 − rφs�κsφ |φ|4 − λsφOs, (15)

rs̃qRs̃q = rs̃qRe(yu)Õsuφ
+ rs̃qRe(yd)Õsdφ

+ rs̃q Im(yu)Osuφ + rs̃q Im(yd)Osdφ, (16)

rs̃lRs̃l = rs̃lRe(ye)Os̃eφ + rs̃l Im(ye)Oseφ, (17)

rs̃uRs̃u = Re(yu)rTs̃uÕsuφ
+ Im(yu)rTs̃uOsuφ, (18)

rs̃dRs̃d = Re(yd)rT
s̃d
Õsdφ

+ Im(yd)rT
s̃d
Osdφ, (19)

rs̃eRs̃e = Re(ye)rTs̃eOs̃eφ + Im(ye)rT
s̃d
Oseφ. (20)

For the sake of generality we have not made use of the free-
dom to make ye and one of yu or yd diagonal, with real and
positive entries, in the equations above.

Note that, despite their field content, the operators Rsφ�
and R

˜sφ� do not induce the process sφ → φZ . Indeed, by
using the field redefinitions above we note that these opera-
tors are equivalent to Yukawa-like operators (or to operators
with no gauge bosons in the CP-odd case), which clearly do
not trigger the aforementioned process. An explicit calcula-
tion with these operators shows indeed that the corresponding
amplitude goes with p2

Z , which vanishes on-shell as the Z
boson is massless before EW symmetry breaking (EWSB).1

In the following we will consider that CP is a good sym-
metry of the EFT. This amounts to setting the coefficients
of the CP-odd operators to zero, including κs = κsφ = 0
in the renormalizable Lagrangian and the ones in the bottom
panel of Table 1. This is a radiatively stable choice up to the
complex phase in the SM Yukawa couplings. The main goal
of the present paper is to obtain the RGEs for the CP-even
sector in isolation. However, we will provide our results for
arbitrary Yukawa couplings, so that the mixing of the CP-
even operators into the CP-odd sector via the imaginary part
of the SM Yukawa couplings can be easily obtained. Under
these conditions, the relevant Lagrangian reads:

LCP−even =
∑

ψ=u,d,e

asψφOsψφ +
∑

X=G,W,B

as X̃Os X̃

+ rsφ�Rsφ� +
∑

�=q,l,u,d,e

rs�Rs�, (21)

where all the Wilson coefficients are real or real matrices in
flavour space.

For the sake of generality we are not enforcing shift sym-
metry. However, in Appendix B we provide conditions on
the Wilson coefficients that guarantee that this symmetry is
preserved. We also explain why, although customary, trad-
ing the Yukawa-like operators Osψφ , with ψ = u, d, e,
by the explicitly shift-invariant terms ∂μs(�γ μ�), with
� = qL , lL , uR, dR, eR [24,27,29,60,63], is not necessar-
ily an optimal choice, as the set of operators thus constructed
is overcomplete. Still, in the same appendix we will also
provide the RGEs of these operators under some simplifying
assumptions.

1 This can be trivially shown by considering the on-shell scattering
amplitude M(1s2φ3φ4Z ). By dimensional arguments, M ∼ 〈i j〉/�
(or with squares). The only way to satisfy little-group covariance is
therefore i = j = 4, which makes M vanish due to the antisymmetry
of brackets.
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Table 1 Green basis of effective operators of dimension five. All opera-
tors are hermitian (operators with flavour indices are hermitian for each
fixed value of α and β, (Oαβ)† = Oαβ ). The ones in the top (bottom)

panel are CP conserving (violating). The dual field strength tensor is
defined by B̃μν = 1

2 εμνρσ Bρσ (with ε0123 = 1) and likewise for W
and G

Scalar Yukawa Derivative Gauge

Oαβ
suφ = is(qα

L φ̃uβ
R − uβ

R φ̃†qα
L ) Rsφ� = is(φ†D2φ − (D2φ)†φ) OsG̃ = sGA

μν G̃
μν
A

Oαβ
sdφ = is(qα

Lφdβ
R − dβ

Rφ†qα
L ) Rαβ

sq = s(qα
L

/Dqβ
L + qβ

L

←−
/Dqα

L ) OsW̃ = sWa
μν W̃

μν
a

Oαβ
seφ = is(lαLφeβ

R − eβ
Rφ†lαL ) Rαβ

sl = s(lαL /DlβL + lβL
←−
/D lαL ) Os B̃ = sBμν B̃μν

Rαβ
su = s(uα

R
/Duβ

R + uβ
R

←−
/Duα

R)

Rαβ
sd = s(dα

R
/Ddβ

R + dβ
R

←−
/Ddα

R)

Rαβ
se = s(eα

R
/Deβ

R + eβ
R

←−
/Deα

R)

Os5 = s5 Oαβ

˜suφ
= s(qα

L φ̃uβ
R + uβ

R φ̃†qα
L ) Rs� = s2∂μ∂μs OsG = sGA

μνG
μν
A

Os3 = s3|φ|2 Oαβ

˜sdφ
= s(qα

Lφdβ
R + dβ

Rφ†qα
L ) Rφs� = |φ|2∂2s OsW = sWa

μνW
μν
a

Os = s|φ|4 Oαβ

s̃eφ
= s(lαLφeβ

R + eβ
Rφ†lαL ) R

˜sφ� = s(φ†D2φ + (D2φ)†φ) OsB = sBμνBμν

Rαβ
s̃q = s(qα

L i /Dqβ
L − qβ

L i
←−
/Dqα

L )

Rαβ

s̃l
= s(lαL i /DlβL − lβL i

←−
/DlαL )

Rαβ
s̃u = s(uα

R i /Duβ
R − uβ

R i
←−
/Duα

R)

Rαβ

s̃d
= s(dα

R i /Ddβ
R − dβ

R i
←−
/Ddα

R)

Rαβ
s̃e = s(eα

R i /Deβ
R − eβ

R i
←−
/Deα

R)

3 Divergences at one loop

In order to obtain the RGEs of the ALP EFT, we have com-
puted the divergences generated by one-particle-irreducible
(1PI) diagrams at one loop with off-shell momenta and to
order O(1/�). In doing so, we have employed the back-
ground field method in the Feynman gauge in dimensional
regularisation with space-time dimension d = 4 − 2ε. The
1/ε poles obtained this way are gauge invariant. We have sub-
sequently matched these onto the Green basis of operators
of Table 1. We have implemented the model in FeynRules
[64] and used FeynArts [65] and FormCalc [66] for the
calculations. In a completely independent cross-check, we
have evaluated by hand the Yukawa and λsφ pieces of each
of the Feynman diagrams as obtained with Qgraf [67].

In the remainder of this section we will go through the dif-
ferent amplitudes that we need for matching the divergences
in the ALP EFT. For each amplitude we will provide the
ultraviolet (UV) divergence, matched onto our Green basis.
We will denote the corresponding Wilson coefficients with a
prime in order to distinguish them from the ones of the opera-
tor insertion in the one-loop calculation (which appear, with-
out a prime, on the right-hand side of our equations). Recall
that we assume the EFT to preserve CP and we are interested
in the RGEs of the CP-even operators among themselves. In
particular we will consider only insertions of CP-even oper-

ators in the one-loop calculation. Within our assumptions
the corresponding divergences can be again parameterized
in terms of the CP-even operators up to the imaginary part
of the SM Yukawa couplings. In this section we will provide
the matching in the full basis, including the contribution via
complex Yukawa couplings to the CP-odd operators so that
the interested reader can obtain the corresponding mixing. In
all these equations we leave flavour indices implicit.

• s(p1)φ
†
i (p2) → qα

L j (p3)u
β
R(p4)

The relevant diagrams, given in Fig. 1, produce the fol-
lowing UV divergence,

a′
suφ − ia′

˜suφ

= − 1

(4π)2ε

{[

λsφ −
(

25g2
1

36
+ 3g2

2

4
+ 16g2

3

3

)]

asuφ

−yd yd†asuφ − asdφ y
d†yu + ydaTsdφ y

u

}

. (22)

• s(p1)φi (p2) → qα
L j (p3)d

β
R(p4)

The relevant diagrams, given in Fig. 2, produce the fol-
lowing UV divergence,

a′
sdφ − ia′

˜sdφ

123



Eur. Phys. J. C           (2021) 81:181 Page 5 of 34   181 

= − 1

(4π)2ε

{[
λsφ −

(
g2

1

36
+ 3g2

2

4
+ 16g2

3

3

)]
asdφ

− yu yu†asdφ − asuφ y
u†yd + yuaTsuφ y

d
}
. (23)

• s(p1)φi (p2) → lαL j (p3)e
β
R(p4)

The diagrams in Fig. 3 give,

a′
seφ = − 1

(4π)2ε

[

λsφ − 9g2
1

4
− 3g2

2

4

]

aseφ. (24)

• s(p1) → φi (p2)φ
†
j (p3)

The diagrams are shown in Fig. 4, and give

r ′
sφ� − ir ′

˜sφ� = − 1

16π2ε

{
Tr

[
yeaTseφ

]

+3 Tr
[
ydaTsdφ − asuφ y

u†
]}

,

r ′
φs� = 0. (25)

• s(p1) → �α(p2)�β(p3)

For the process s(p1) → �α(p2)�β(p3), with � =
qL , lL , uR, dR and eR , we collect the one-loop diagrams
in Figs. 5, 6, 7, 8, 9, respectively. The resulting diver-
gences read2:

r ′
sq + ir ′̃

sq = 1

32π2ε

[
asuφ y

u † + asdφ y
d †

− g2
1

3
as B̃ − 9g2

2asW̃ − 16g2
3asG̃

]
, (26)

r ′
sl + ir ′̃

sl
= 1

32π2ε

[
aseφ y

e † − 3g2
1as B̃ − 9g2

2asW̃

]
,

(27)

r ′
su + ir ′̃

su = − 1

16π2ε

[
aTsuφ y

u − 8

3
g2

1as B̃ − 8g2
3asG̃

]
,

(28)

r ′
sd + ir ′̃

sd
= − 1

16π2ε

[
aTsdφ y

d − 2

3
g2

1as B̃ − 8g2
3asG̃

]
,

(29)

r ′
se + ir ′̃

se = − 1

16π2ε

[
aTseφ y

e − 6g2
1as B̃

]
. (30)

We have partially cross-checked the results above by
computing some amplitudes related to the ones above by
gauge invariance. As an example the process sB → ��

allows us to cross check the anti-symmetric combination
(rs�)αβ − (rs�)βα .

2 Note that only the terms proportional to the imaginary part of the
Yukawa couplings contribute to the corresponding CP-odd operators.

• s(p1) → V (p2)V (p3)

No diagrams can be written at the order we are con-
sidering for the process s → BB. The Feynman dia-
grams for the amplitudes s → W 3W 3 and s → GG are
shown in Figs. 10 and 11, respectively. The correspond-
ing amplitudes are all non divergent. For W bosons, the
second diagram is zero while the divergences of all oth-
ers together vanish. In the case of gluons, the second and
third diagrams vanish, while the divergences of the rest
of the diagrams cancel each other. It is evident from the
diagrams that Yukawa-like operators do not renormal-
ize ALP-vector-vector ones (redundant operators do not
contribute to ALP-vector-vector couplings either). This
is in agreement with the non-renormalization results in
Refs. [68,69].

CP-even renormalizable couplings do not receive any con-
tribution from dimension-five operators at one loop. This is
easy to see from the fact that CP-even renormalizable opera-
tors are even under s → −s whereas all dimension-five oper-
ators are odd under such replacement and therefore they can-
not induce one-loop corrections to the renormalizable ones.

3.1 Eliminating redundancy

Once we have matched all the possible one-loop divergences
onto our Green basis, we can use the relations in Eq. (11) to
obtain the divergences in the minimal basis. From this point
on, even though we will continue writing Yukawa couplings
in matrix form, we will neglect their complex phases. This
amounts to the following replacements:

a′
suφ → a′

suφ − r ′
sφ�yu − r ′

sq y
u + yur ′T

su

= −1

(4π)2ε

[(

λsφ − 25g2
1

36
− 3g2

2

4
− 16g2

3

3

)

asuφ

− yd yd†asuφ − asdφ y
d†yu + ydaTsdφ y

u + 1

2
asuφ y

u †yu

+ 1

2
asdφ y

d †yu + yu yu †asuφ

− Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ y

u†
]
yu

−
(

17

6
g2

1as B̃ + 9

2
g2

2asW̃ + 16g2
3asG̃

)
yu

]
, (31)

a′
sdφ → a′

sdφ + r ′
sφ�yd − r ′

sq y
d + ydr ′T

sd

= −1

(4π)2ε

[(

λsφ − g2
1

36
− 3g2

2

4
− 16g2

3

3

)

asdφ

− yu yu†asdφ − asuφ y
u†yd

+ yuaTsuφ y
d + 1

2
asuφ y

u†yd
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+ 1

2
asdφ y

d†yd + yd yd †asdφ

+ Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ y

u†
]
yd

−
(

5

6
g2

1as B̃ + 9

2
g2

2asW̃ + 16g2
3asG̃

)
yd

]
, (32)

a′
seφ → a′

seφ + r ′
sφ�ye − r ′

sl y
e + yer ′T

se

= −1

(4π)2ε

[(

λsφ − 9g2
1

4
− 3g2

2

4

)

aseφ + 1

2
aseφ y

e†ye

+ ye ye †aseφ + Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ y

u†
]
ye

−
(

15

2
g2

1as B̃ + 9

2
g2

2asW̃

)
ye

]
. (33)

4 Anomalous dimensions and comparison with the
literature

In the previous section we have determined completely the
divergent Lagrangian in the physical basis as

Ldiv = Ona
′
n ≡ On

Cnm
32π2ε

am, (34)

where n,m run over all operators (including flavour indices
when present) and the coefficientsCnm involve only dimension-
four couplings. The β-function governing the RGEs is given
by

βan = 16π2μ
dan
dμ

= γnmam, (35)

where γ is the anomalous dimension matrix. It is completely
determined by the divergence matrix C up to the wave func-
tion renormalization factor for the different operators:

γnm = −(Cnm + K F
n δnm), (36)

where K F parametrises the divergences in the wave function
renormalization factors of each operator:

Z F
n = 1 + K F

n

32π2ε
, (37)

with

Z F
Osuφ

= √
ZqL ZφZuR , Z F

OsG̃
= √

ZG , (38)

Z F
Osdφ

= √
ZqL ZφZdR , Z F

OsW̃
= √

ZW , (39)

Z F
Oseφ

= √
ZlL ZφZeR , Z F

Os B̃
= √

ZB, (40)

and the following wave function renormalization factors, in
agreement with Refs. [70,71],3

ZqL = 1 − 1

96π2ε

[
1

6
g2

1 + 9

2
g2

2 +8g2
3 +3yu yu †+3yd yd †

]
,

(41)

ZlL = 1 − 1

64π2ε

[
g2

1 + 3g2
2 + 2ye ye †

]
, (42)

ZuR = 1 − 1

48π2ε

[
4

3
g2

1 + 4g2
3 + 3yu †yu

]
, (43)

ZdR = 1 − 1

48π2ε

[
1

3
g2

1 + 4g2
3 + 3yd †yd

]
, (44)

ZeR = 1 − 1

16π2ε

[
g2

1 + ye †ye
]
, (45)

Zφ = 1 + 1

32π2ε

[
g2

1 + 3g2
2 − 2γ

(Y )
φ

]
, (46)

ZB = 1 − 41g2
1

96π2ε
, (47)

ZW = 1 + 19g2
2

96π2ε
, (48)

ZG = 1 + 14g2
3

32π2ε
, (49)

where we have defined

γ
(Y )
φ ≡ Tr

[
ye †ye + 3yu †yu + 3yd †yd

]
. (50)

The final result for the β-functions, written as usual in
matrix form with flavour indices implicit, reads:

βasuφ = 2

[(
λsφ − 17g2

1

24
− 9g2

2

8
− 4g2

3 + 1

2
γ

(Y )
φ

)
asuφ

− 3

4
yd yd†asuφ + 5

4
yu yu†asuφ + asuφ y

u†yu

+ ydaTsdφ y
u − 1

2
asdφ y

d†yu

−
(

17g2
1

6
as B̃ + 9g2

2

2
asW̃ + 16g2

3asG̃

+ Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ y

u†
])

yu
]
, (51)

βasdφ
= 2

[(
λsφ − 5g2

1

24
− 9g2

2

8
− 4g2

3 + 1

2
γ

(Y )
φ

)
asdφ

− 3

4
yu yu†asdφ + 5

4
yd yd†asdφ + asdφ y

d†yd

+ yuaTsuφ y
d − 1

2
asuφ y

u†yd

−
(

5g2
1

6
as B̃ + 9g2

2

2
asW̃ + 16g2

3asG̃

3 Note however that in Ref. [70] the Higgs is also split into background
and quantum fields, therefore comparing Zφ in this case is not straight-
forward. It can be also trivially seen that Zs vanishes.
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− Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ y

u†
])

yd
]
, (52)

βaseφ = 2

[
aseφ

(
λsφ − 15g2

1

8
− 9g2

2

8
+ 1

2
γ

(Y )
φ

)

+ 5

4
ye ye†aseφ + aseφ y

e†ye

−
(

15g2
1

2
as B̃ + 9g2

2

2
asW̃

− Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ y

u†
])

ye
]
, (53)

βas B̃ = 41

3
g2

1as B̃, (54)

βasW̃ = −19

3
g2

2asW̃ , (55)

βasG̃ = −14g2
3asG̃ . (56)

A more graphic picture of the operator mixing can be
obtained for the case in which different fermion families
factorize, so that all dimension-five Wilson coefficients are
flavour diagonal, aαβ = δαβaα (and neglecting also off-
diagonal Yukawa couplings). Writing γnm , where n runs over
Oα

suφ , Oα
sdφ , Oα

seφ , OsG̃ , OsW̃ and Os B̃ , and m over the same
operators but with flavour index ρ, we can express the anoma-
lous dimensions in the following form:

γ =

⎛

⎜⎜⎜⎜⎜
⎜⎜⎜⎜⎜⎜
⎝

γ11 + 6yα
u y

ρ
u yα

d y
α
u − 6yα

u y
ρ
d −2yα

u y
ρ
e −32g2

3 y
α
u −9g2

2 y
α
u − 17

3 g2
1 y

α
u

yα
u y

α
d − 6yα

d y
ρ
u γ22 + 6yα

d y
ρ
d 2yα

d y
ρ
e −32g2

3 y
α
d −9g2

2 y
α
d − 5

3g
2
1 y

α
d

−6yα
e y

ρ
u 6yα

e y
ρ
d γ33 + 2yα

e y
ρ
e 0 −9g2

2 y
α
e −15g2

1 y
α
e

0 0 0 −14g2
3 0 0

0 0 0 0 − 19
3 g2

2 0

0 0 0 0 0 41
3 g2

1

⎞

⎟⎟⎟⎟⎟
⎟⎟⎟⎟⎟⎟
⎠

, (57)

where a δαρ should be understood in every entry in which the
ρ-index does not explicitly appear, and we have defined

γ11 = 2λsφ − 3

2

(
yα
d

)2 + 9

2

(
yα
u

)2

− 17

12
g2

1 − 9

4
g2

2 − 8g2
3 + γ

(Y )
φ , (58)

γ22 = 2λsφ − 3

2

(
yα
u

)2 + 9

2

(
yα
d

)2

− 5

12
g2

1 − 9

4
g2

2 − 8g2
3 + γ

(Y )
φ , (59)

γ33 = 2λsφ + 9

2

(
yα
e

)2 − 15

4
g2

1 − 9

4
g2

2 + γ
(Y )
φ . (60)

Note that, due to the contribution to rsφ�, even in the
flavour diagonal case there is inter-generational mixing but
the choice of diagonal Wilson coefficients is radiatively sta-
ble (up to the small non-diagonal terms in the SM Yukawa
couplings).

Different pieces of the anomalous dimension matrix have
been previously computed in the literature. In particular,
the mixing of the operators Osuφ , Osdφ and Oseφ driven
by Yukawa interactions has been obtained in Ref. [60].
Such work relies, however, on a different basis of effec-
tive interactions, where the fermionic operators take the
form (∂μs)�C�γ μ�. Using the relation between their
Wilson coefficients and asuφ , asdφ and aseφ we have
obtained the beta functions for the latter from the results
in Ref. [60] and compared them with our direct calcu-
lation reported in Eqs. (51)–(53). The results completely
agree up to a sign difference in the terms proportional to

Tr
[
yeaTseφ + 3ydaTsdφ − 3asuφ yu†

]
yψ , with ψ = u, d, e.

Unfortunately, we do not find enough information to track
the origin of this discrepancy.

It is also worth emphasizing that the set of effective opera-
tors used in Ref. [60] is over-complete. As we discuss in detail
in Appendix B, if the Yukawa couplings commute with C� ,
a minimal explicitly shift-invariant basis involves only RH
currents. The RGEs in this new basis read:

βCu = yu †yuCu + 2Cu y
u †yu

+ 2λsφCu + (yu)−1ydCd y
d †yu

+ 17

3
g4

1CB + 9g4
2CW + 32g4

3CG − 2γ ′, (61)

βCd = yd †ydCd + 2Cd y
d †yd

+ 2λsφCd + (yd)−1yuCu y
u †yd

+ 5

3
g4

1CB + 9g4
2CW + 32g4

3CG + 2γ ′, (62)

βCe = ye †yeCe + 2Cey
e †ye

+ 2λsφCe + 15g4
1CB + 9g4

2CW + 2γ ′, (63)

with
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γ ′ ≡ Tr
[
yeCey

e † + 3ydCd y
d † − 3yuCu y

u †
]
. (64)

CB,CW and CG are the Wilson coefficients of g2
1Os B̃ ,

g2
2OsW̃ and g2

3OsG̃ , respectively.
The dependence of the RGEs above on CB,CW and CG

was computed already in Ref. [24]. We find exact agreement.
Likewise, in Ref. [59] it was shown that CB,CW and CG are
scale invariant, i.e. they do not depend on μ. This is consis-
tent with our results, for which all the running of asG̃,sW̃ ,s B̃
can be accounted for by the running of the corresponding
gauge couplings, which are determined by the wave function
renormalization of the gauge fields in the background field
method.

Finally, the RGEs for the dimension-four operators in the
ALP EFT Lagrangian must be provided in order to fully
determine the theory. We have obtained these with the help
of Pyr@te [72]; they are reported in Appendix C. Let us
remind once more that the RGEs of renormalizable interac-
tions are not perturbed by higher-dimensional operators at
order O(1/�).

5 Matching and running below the electroweak scale

At energies smaller than the EW scale, set by the Higgs vac-
uum expectation value (VEV), v ∼ 246 GeV, the ALP phe-
nomenology must be described by a different EFT, that we
call ALP LEFT, organised in inverse powers of v, in which
the now massive top quark and the Higgs, Z and W bosons
are not present. Assuming still CP conservation, the corre-
sponding ALP LEFT Lagrangian, to dimension five, takes
the following form:

LLEFT = 1

2
(∂μs)(∂

μs) − 1

2
m̃2s2 − λ̃s

4! s
4

− 1

4
Aμν A

μν − 1

4
GA

μνG
Aμν

+
∑

ψ=u,d,e

{
ψα i /Dψα −

[
(m̃ψ)αβψα

Lψ
β
R

− s i(c̃ψ)αβψα
Lψ

β
R + h.c.

]}

+ ãsG̃ s G
A
μν G̃

Aμν + ãs Ãs Aμν Ã
μν

+
∑

ψ=u,d,e

{
(ãψ A)αβψα

Lσμνψ
β
R Aμν

+ (ãψG)αβψα
LσμνTAψ

β
RG

A
μν + s2(ãψ)αβψα

Lψ
β
R + h.c.

}
,

(65)

where α, β are flavour indices that run over the three families
for d and e and over the lighter two for the case of u.

The assumed CP invariance forces all coefficients to be
real (matrices in case flavour is involved). When no chi-
ralities for the fermions are explicitly written we assume

ψ = ψL + ψR and the covariant derivative in this regime
reads Dμ = ∂μ − iẽQAμ − ig̃3T AGA

μ , with Q being the
electric charge. We emphasise that contrary to the ALP EFT
above the EW scale, in this case there are (lepton-number
conserving) effective operators of the same dimension with
and without the ALP. Note that, as explicitly written above,
we work in a flavour basis in which mass matrices are not nec-
essarily diagonal. At the level of computation, this is equiva-
lent to promoting the masses to Yukawa couplings of a spu-
rion scalar field which is later set to its VEV. Technically,
every time we have to integrate out one of the SM fermions
(the top in this case, lighter fermions as we go to lower ener-
gies, see below) we go to the physical basis in which the
mass matrix is diagonalised; off-diagonal mass terms being
generated by running to lower energies.

The following redundant operators arise at dimension five:

LR =
∑

ψ=u,d,e

[ (
r̃ψ�

)
αβ

ψα
L D

2ψ
β
R + i

(
r̃sψL

)
αβ

sψα
L i /Dψ

β
L

+i
(
r̃sψR

)
αβ

sψα
R i /Dψ

β
R + h.c.

]
, (66)

where again the operators are CP-even for real Wilson
coefficients. The purely SMEFT redundant operator can be
removed by making use of the relation

D2 = /D2 + σμν

2

(
ẽQAμν + g̃3G

μν
A TA

)
. (67)

The first term in the equation above can then be further
reduced by applying the equations of motion for fermions
in the ALP LEFT,

i /Dψα = (
m̃ψ

)
αβ

ψ
β
R + (m̃†

ψ)αβψ
β
L

−i
(
c̃ψ

)
αβ

sψβ
R + i(c̃†

ψ)αβsψ
β
L . (68)

There is an apparent ambiguity in this process for the /D2

term due to the possibility of performing integration by parts
before applying the equations of motion. However, this ambi-
guity simply corresponds to a chiral rotation and therefore
has no physical consequences (see Ref. [73] for a related dis-
cussion).4 We choose to split the covariant derivative sym-

4 As an example of the mentioned apparent ambiguity, we could choose
to apply the equations of motion without the splitting in Eq. (70). In that
case we obtain the same contribution to the dimension-five operators
but a different contribution to the renormalizable ones. This difference
is however removed, after canonical normalization, by the following
chiral unitary rotation:

ψL →
⎛

⎝1 +
r̃ψ�m̃†

ψ − m̃ψ r̃
†
ψ�

4

⎞

⎠ψL , (69)

ψR →
⎛

⎝1 +
m̃†

ψ r̃ψ� − r̃†
ψ�m̃ψ

4

⎞

⎠ψR .
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metrically:

/D2 = 1

2
( /D2 + ←−

/D 2). (70)

In this case we obtain the following on-shell equivalence
relations (as usual we write our equations in matrix form in
flavour space):

ψLr̃ψ�D2ψR + h.c.

= −ψL

r̃ψ�m̃†
ψ + m̃ψ r̃

†
ψ�

2
i /DψL

− ψR

r̃†
ψ�m̃ψ + m̃†

ψ r̃ψ�
2

i /DψR

+
[

isψL

m̃ψ r̃
†
ψ�c̃ψ + c̃ψ r̃

†
ψ�m̃ψ

2
ψR

+ s2ψL c̃ψ r̃
†
ψ�c̃ψψR + ψL

eQψ r̃ψ�
2

σμνψR A
μν

+ ψL
g̃3r̃ψ�

2
TAσμνψRG

μν
A + h.c.

]
, (71)

isψLr̃sψL i /DψL + h.c.

= isψLr̃sψL m̃ψψR + s2ψLr̃sψL c̃ψψR + h.c., (72)

isψRr̃sψR i /DψR + h.c.

= −isψLm̃ψ r̃
†
sψR

ψR − s2ψL c̃ψ r̃
†
sψR

ψR + h.c.. (73)

The parameters of the ALP LEFT can be fully fixed at the
scale μ = v by requiring that it describes exactly the same
physics as the EFT before EWSB at the scale μ. Proceed-
ing this way at tree level, we obtain the following matching
conditions for the interactions in Eq. (65):

ẽ = g2sw = g1cw, m̃2 = m2 + λsφ

2
v2, (74)

g̃3 = g3, λ̃s = λs − 3
v2

m2
h

λ2
sφ, (75)

(m̃u)αβ = v√
2
(yu)αβ, (c̃u)αβ = v√

2
(asuφ)αβ, (76)

(m̃d)αβ = v√
2
(yd)αβ, (c̃d)αβ = v√

2
(asdφ)αβ, (77)

(m̃e)αβ = v√
2
(ye)αβ, (c̃e)αβ = v√

2
(aseφ)αβ, (78)

ãsG̃ = asG̃ , ãs Ã = asW̃ s2
w + as B̃c

2
w; (79)

where, as before, α and β are flavour indices that run over
the three families for d and e and over the first two for u; cω

and sω are the cosine and sine of the Weinberg angle, respec-
tively. All the other Wilson coefficients vanish at the order we
are computing. The fact that the three coefficients ãu,d,e van-
ish might be surprising at first glance, as the Higgs couples
to both s2 and to fermionic currents with overall strength
∼ λsφ yψ/v. However, precisely because the Higgs boson

sets the scale of light masses [74], i.e. because yψ ∼ mψ/v,
the product λsφ yψ/v ∼ λsφmψ/v2 is of higher order in the
low-energy power counting and therefore negligible. This is
no longer true at dimension six (it is in the pure SM EFT even
at dimension six because an s-channel Higgs always involves
two powers of Yukawa couplings). Similarly, a possible con-
tribution proportional to two powers of vasuφ is also higher
order in the 1/� expansion.

At energies below the bottom quark mass mb, the effec-
tive Lagrangian takes exactly the same form as in Eq. (65)
except that the flavour indices now run only over the remain-
ing fermions and the Wilson coefficients in the new EFT
have to be matched accordingly. The same logic applies as
we cross new fermionic thresholds. At the order we are con-
sidering, however, the matching is straightforward and the
only thing we have to do is to remove the Wilson coefficients
involving the particle being integrated out. The only excep-
tion arises if c̃ψ is unsuppressed, in which case integrating
out a massive fermion would result in the following matching
condition:

(ãψ)αβ = − (c̃ψ)αγ (c̃ψ)γβ

(m̃ψ)γ
(no sum over γ ), (80)

where γ corresponds to the flavour that is being integrated
out while α and β run over lighter flavours of the same type
of fermion. This term is higher order if the ALP LEFT is
obtained from the ALP EFT. However, we prefer to keep this
section completely general, independently of which theory
completes the ALP LEFT in the UV.

The running of the Wilson coefficients between different
thresholds is very different from the running above the EW
scale (the operators in Table 1). In particular, operators of
different energy dimensions, as well as operators with and
without the ALP field, will now mix under renormalization.

5.1 Divergences at one loop

Similar to how we proceeded in Sect. 3, we fix the ALP
LEFT divergences by computing a reduced set of 1PI ampli-
tudes, the 1/v term of which we reproduce below. Since the
dimension-five operators mix into renormalizable ones, we
start with the divergences that can be absorbed in the renor-
malizable operators. In particular, the divergences associ-
ated to the kinetic terms can be parametrised, at the one-loop
order, in terms of the wave function renormalization factors
as follows:

Lkin = ψL(1 − δZL)i /DψL + ψR(1 − δZR)i /DψR

+ 1

2
(1 − δZs)(∂μs)(∂

μs) − 1

4
(1 − δZA)Aμν A

μν

− 1

4
(1 − δZG)GA

μνG
Aμν, (81)
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where the wave function renormalization factors are defined
in general by

Z = 1 + δZ , (82)

and the relative minus sign is due to the fact that the Z factors
are conventionally defined to absorb, rather than parametrise,
the corresponding divergences. As discussed above, the wave
function renormalization factors have contributions propor-
tional to only renormalizable couplings (that contribute to the
running of the non-renormalizable ones; see Figs. 12, 13, 14,
15, 16 and 17) and to dimension-five couplings (that con-
tribute to the mixing into renormalizable ones). We obtain
the following result:

ZeL = 1 − α

4πε
− 1

32π2ε

(
c̃ec̃

†
e

)

− 3ẽ

16π2ε

(
m̃eã

†
eA + ãeAm̃

†
e

)
, (83)

ZeR = 1 − α

4πε
− 1

32π2ε

(
c̃†
e c̃e

)

− 3ẽ

16π2ε

(
ã†
eAm̃e + m̃†

e ãeA
)

, (84)

ZdL = 1 − 1

3πε

[
1

12
α + αs

]
− 1

32π2ε

(
c̃d c̃

†
d

)

− ẽ

16π2ε

(
m̃d ã

†
d A + ãd Am̃

†
d

)

+ g̃3

4π2ε

(
m̃d ã

†
dG + ãdGm̃

†
d

)
, (85)

ZdR = 1 − 1

3πε

[
1

12
α + αs

]
− 1

32π2ε

(
c̃†
d c̃d

)

− ẽ

16π2ε

(
ã†
d Am̃d + m̃†

d ãd A
)

+ g̃3

4π2ε

(
ã†
dGm̃d + m̃†

d ãdG
)

, (86)

ZuL = 1 − 1

3πε

[
1

3
α + αs

]
− 1

32π2ε

(
c̃u c̃

†
u

)

+ 2ẽ

16π2ε

(
m̃uã

†
uA + ãuAm̃

†
u

)

+ g̃3

4π2ε

(
m̃uã

†
uG + ãuGm̃

†
u

)
, (87)

ZuR = 1 − 1

3πε

[
1

3
α + αs

]
− 1

32π2ε

(
c̃†
u c̃u

)

+ 2ẽ

16π2ε

(
ã†
uAm̃u + m̃†

uãuA
)

+ g̃3

4π2ε

(
ã†
uGm̃u + m̃†

uãuG
)

, (88)

ZA = 1 − α

3πε

[
n� + 1

3
nd + 4

3
nu

]

+ ẽ

2π2ε
Tr

[
(ã†

eAm̃e + m̃†
e ãeA)

−2(ã†
uAm̃u + m̃†

uãuA) + (ã†
d Am̃d + m̃†

d ãd A)
]
, (89)

ZG = 1 + αs

4πε

[
11 − 2

3
(nu + nd)

]

− g̃3

4π2ε
Tr

[
ã†
dGm̃d + m̃†

d ãdG + ã†
uGm̃u + m̃†

uãuG
]
,

(90)

Zs = 1 − 1

8π2ε
Tr

[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
, (91)

where we have defined α = ẽ2/(4π) and αs = g̃3
2/(4π). For

the remaining couplings we only need to consider diagrams
with a single insertion of a dimension-five operator. The
result is given below, organised according to the amplitudes
we have used to compute the corresponding divergences. We
provide all the relevant diagrams in Appendix D.

• s(p1) → s(p2)

The amplitude given by the diagrams in Fig. 14 fixes the
divergence of the mass term,

m̃′2 = − 3

4π2ε

(
Tr

[
m̃†

d ãd m̃
†
dm̃d + m̃†

dm̃d ã
†
dm̃d

]

+Tr
[
m̃†

uãum̃
†
um̃u + m̃†

um̃uã
†
um̃u

])

− 1

4π2ε
Tr

[
m̃†

e ãem̃
†
em̃e + m̃†

em̃eã
†
e m̃e

]
. (92)

• ψ(p1) → ψ(p2)

The diagrams for ψ = e, u, d are shown in Figs. 15, 16
and 17. They contribute to the fermion mass divergences,

m̃′
e = − 3

8π2ε
ẽ
(
m̃em̃

†
e ãeA + ãeAm̃

†
em̃e

)
+ 1

16π2ε
m̃2ãe,

(93)

m̃′
u = 2

8π2ε
ẽ
(
m̃um̃

†
uãuA + ãu Am̃

†
um̃u

)

+ 1

2π2ε
g̃3

(
m̃um̃

†
uãuG + ãuGm̃

†
um̃u

)
+ 1

16π2ε
m̃2ãu ,

(94)

m̃′
d = − 1

8π2ε
ẽ
(
m̃d m̃

†
d ãd A + ãd Am̃

†
d m̃d

)

+ 1

2π2ε
g̃3

(
m̃d m̃

†
d ãdG + ãdGm̃

†
d m̃d

)
+ 1

16π2ε
m̃2ãd ,

(95)

as well as to the dimension-five contribution to the kinetic
terms reported above.

• s(p1)s(p2) → s(p3)s(p4)

The corresponding amplitude, represented by the dia-
grams in Fig. 18, fixes the ALP quartic coupling,

λ̃′
s = − 3

π2ε

[
Trλ̃e + 3

(
Trλ̃u + Trλ̃d

) ]
, (96)
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where we have defined

Trλ̃ψ ≡ Tr

[
ãψ c̃

†
ψ c̃ψ m̃

†
ψ + ãψ m̃

†
ψ c̃ψ c̃

†
ψ − ã†

ψ c̃ψ m̃
†
ψ c̃ψ

−ãψ c̃
†
ψ m̃ψ c̃

†
ψ + ã†

ψ c̃ψ c̃
†
ψ m̃ψ + ã†

ψ m̃ψ c̃
†
ψ c̃ψ

]
.

• s(p1) → ψα(p2)ψ
β(p3)

The corresponding diagrams are shown in Figs. 19, 20
and 21 for ψ = e, u, d. We obtain the following diver-
gences for the renormalizable operators:

c̃′
e = 1

8π2ε

(
ãem̃

†
e c̃e + c̃em̃

†
e ãe

)

+ 3ẽ

8π2ε

(
m̃ec̃

†
e ãeA + ãeAc̃

†
e m̃e − c̃em̃

†
e ãeA − ãeAm̃

†
e c̃e

)
,

(97)

c̃′
u = 1

8π2ε

(
ãum̃

†
u c̃u + c̃um̃

†
u ãu

)

− 2ẽ

8π2ε

(
m̃u c̃

†
u ãuA + ãuAc̃

†
um̃u − c̃um̃

†
u ãuA − ãuAm̃

†
u c̃u

)

− g̃3

2π2ε

(
m̃u c̃

†
u ãuG + ãuG c̃

†
um̃u − c̃um̃

†
u ãuG − ãuGm̃

†
u c̃u

)
,

(98)

c̃′
d = 1

8π2ε

(
ãd m̃

†
d c̃d + c̃d m̃

†
d ãd

)

+ ẽ

8π2ε

(
m̃d c̃

†
d ãd A + ãd Ac̃

†
d m̃d − c̃d m̃

†
d ãd A − ãd Am̃

†
d c̃d

)

− g̃3

2π2ε

(
m̃d c̃

†
d ãdG + ãdG c̃

†
d m̃d − c̃d m̃

†
d ãdG − ãdGm̃

†
d c̃d

)
,

(99)

and for the non-renormalizable ones:

r̃ ′
seL = − 1

16π2ε
ãec̃

†
e + 3

2πε
αãs Ã − 3ẽ

16π2ε
c̃eã

†
eA,

(100)

r̃ ′
seR = 1

16π2ε
ã†
e c̃e − 3

2πε
αãs Ã + 3ẽ

16π2ε
c̃†
e ãeA, (101)

r̃ ′
suL = − 1

16π2ε
ãu c̃

†
u + 2

πε

(
1

3
αãs Ã + αs ãsG̃

)

+ 2ẽ

16π2ε
c̃u ã

†
uA + 1

4π2ε
g̃3c̃u ã

†
uG , (102)

r̃ ′
suR = 1

16π2ε
ã†
u c̃u − 2

πε

(
1

3
αãs Ã + αs ãsG̃

)

− 2ẽ

16π2ε
c̃†
uãuA + 1

4π2ε
g̃3c̃

†
uãuG , (103)

r̃ ′
sdL = − 1

16π2ε
ãd c̃

†
d + 2

πε

(
1

12
αãs Ã + αs ãsG̃

)

− ẽ

16π2ε
c̃d ã

†
d A + 1

4π2ε
g̃3c̃d ã

†
dG, (104)

r̃ ′
sdR = 1

16π2ε
ã†
d c̃d − 2

πε

(
1

12
αãs Ã + αs ãsG̃

)

+ ẽ

16π2ε
c̃†
d ãd A + 1

4π2ε
g̃3c̃

†
d ãdG . (105)

• A(p1) → ψα(p2)ψ
β(p3)

The corresponding diagrams are shown in Figs. 22, 23
and 24 for ψ = e, u, d, respectively. This process fixes
the divergences

ã′
eA = − ẽ

16π2ε

(
ẽãeA + 2c̃eãs Ã

)
, (106)

ã′
uA = − ẽ

12π2ε

(
1

3
ẽãuA − c̃u ãs Ã

)
− ẽ

18π2ε
g̃3ãuG ,

(107)

ã′
d A = − ẽ

24π2ε

(
1

6
ẽãd A + c̃d ãs Ã

)
+ ẽ

36π2ε
g̃3ãdG,

(108)

r̃ ′
e� = 3

8π2ε
ẽãeA, (109)

r̃ ′
u� = − 1

4π2ε
ẽãuA − 1

2π2ε
g̃3ãuG , (110)

r̃ ′
d� = 1

8π2ε
ẽãd A − 1

2π2ε
g̃3ãdG , (111)

as well as a contribution to the fermion kinetic term,
which we have provided fully (i.e. including all contri-
butions up to order 1/v) above.

• G(p1) → ψα(p2)ψ
β(p3)

The diagrams for ψ = u, d are respectively shown in
Figs. 25 and 26. Similar to the previous case, we obtain:

ã′
uG = 1

8π2ε
g̃3c̃u ãsG̃ + 7

6πε
αs ãuG − 1

24π2ε
ẽg̃3ãuA,

(112)

ã′
dG = 1

8π2ε
g̃3c̃d ãsG̃ + 7

6πε
αs ãdG + 1

48π2ε
ẽg̃3ãd A,

(113)

as well as cross-check the previous redundant operators
and contribution to the kinetic terms for the quarks.

• s(p1)s(p2) → ψα(p3)ψ
β(p4)

The diagrams for ψ = u, d, e are given in Figs. 27, 28
and 29. We get:

ã′
e =

[
1

πε
α − λ̃s

32π2ε

]
ãu

+ 1

16π2ε

(
c̃eã

†
e c̃e − 2ãec̃

†
e c̃e − 2c̃ec̃

†
e ãe

)

+ 3ẽ

8π2ε

(
c̃ec̃

†
e ãeA + ãeAc̃

†
e c̃e

)
, (114)

ã′
u =

[
4

3πε

(
1

3
α + αs

)
− λ̃s

32π2ε

]
ãu

+ 1

16π2ε

(
c̃u ã

†
u c̃u − 2ãu c̃

†
u c̃u − 2c̃u c̃

†
uãu

)

123
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− ẽ

4π2ε

(
c̃u c̃

†
uãuA + ãuAc̃

†
u c̃u

)

− g̃3

2π2ε

(
c̃u c̃

†
uãuG + ãuG c̃

†
u c̃u

)
, (115)

ã′
d =

[
1

3πε

(
1

3
α + 4αs

)
− λ̃s

32π2ε

]
ãd

+ 1

16π2ε

(
c̃d ã

†
d c̃d − 2ãd c̃

†
d c̃d − 2c̃d c̃

†
d ãd

)

+ ẽ

8π2ε

(
c̃d c̃

†
d ãd A + ãd Ac̃

†
d c̃d

)

− g̃3

2π2ε

(
c̃d c̃

†
d ãdG + ãdG c̃

†
d c̃d

)
. (116)

• s(p1) → V (p2)V (p3)

The diagrams for V = A,G are given in Figs. 30 and 31.
The corresponding divergences read:

ãs Ã = ẽ

8π2ε
Tr

[
−

(
c̃eã

†
eA + c̃†

e ãeA
)

−
(
c̃d ã

†
d A + c̃†

d ãd A
)

+ 2
(
c̃u ã

†
uA + c̃†

uãuA
) ]

,

(117)

ãsG̃ = g̃3

16π2ε
Tr

[
c̃d ã

†
dG + c̃†

d ãdG + c̃u ã
†
uG + c̃†

uãuG
]
.

(118)

5.2 Eliminating redundancy

We can now go to the on-shell basis by using the redun-
dancy relations in Eqs. (71)–(73). The kinetic terms for
fermions receive an extra contribution from the coefficient
of the redundant operators,

−δZψL → −δZψL −
r̃ψ�m̃†

ψ + m̃ψ r̃
†
ψ�

2
, (119)

−δZψR → −δZψR −
r̃†
ψ�m̃ψ + m̃†

ψ r̃ψ�
2

. (120)

Upon replacing the values in Eqs. (83)–(88) and Eqs. (109)–
(111), we find that the contributions of dimension-five oper-
ators to the fermion kinetic terms precisely cancel in the
on-shell basis. The resulting wave function renormalization
factors then read in the on-shell basis:

ZeL = 1 − α

4πε
− 1

32π2ε

(
c̃ec̃

†
e

)
, (121)

ZeR = 1 − α

4πε
− 1

32π2ε

(
c̃†
e c̃e

)
, (122)

ZdL = 1 − 1

3πε

[
1

12
α + αs

]
− 1

32π2ε

(
c̃d c̃

†
d

)
, (123)

ZdR = 1 − 1

3πε

[
1

12
α + αs

]
− 1

32π2ε

(
c̃†
d c̃d

)
, (124)

ZuL = 1 − 1

3πε

[
1

3
α + αs

]
− 1

32π2ε

(
c̃u c̃

†
u

)
, (125)

ZuR = 1 − 1

3πε

[
1

3
α + αs

]
− 1

32π2ε

(
c̃†
u c̃u

)
, (126)

ZA = 1 − α

3πε

[
n� + 1

3
nd + 4

3
nu

]

− ẽ

2π2ε
Tr

[
−(ã†

eAm̃e + m̃†
e ãeA)

+2(ã†
uAm̃u + m̃†

uãuA) − (ã†
d Am̃d + m̃†

d ãd A)
]
,

(127)

ZG = 1 + αs

4πε

[
11 − 2

3
(nu + nd)

]

− g̃3

4π2ε
Tr

[
ã†
dGm̃d + m̃†

d ãdG + ã†
uGm̃u + m̃†

uãuG
]
,

(128)

Zs = 1 − 1

8π2ε
Tr

[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
. (129)

We also have a contribution to renormalizable coefficients
from redundant ones:

c̃ψ → c̃ψ +
m̃ψ r̃

†
ψ�c̃ψ + c̃ψ r̃

†
ψ�m̃ψ

2
+r̃sψL m̃ψ − m̃ψ r̃

†
sψR

, (130)

which results in the following values:

c̃′
e = 3

4π2ε
ẽ2ãs Ãm̃e

− 1

16π2ε

[
ãe

(
c̃†
e m̃e − 2m̃†

e c̃e
) + (

m̃ec̃
†
e − 2c̃em̃

†
e

)
ãe

]

+ 3ẽ

8π2ε

[
m̃ec̃

†
e ãeA + ãeAc̃

†
e m̃e

− c̃em̃
†
e ãeA − ãeAm̃

†
e c̃e

]
, (131)

c̃′
u = 1

π2ε

[
1

3
ẽ2ãs Ã + g̃2

3 ãsG̃

]
m̃u

− 1

16π2ε

[
ãu

(
c̃†
um̃u − 2m̃†

u c̃u
) + (

m̃u c̃
†
u − 2c̃um̃

†
u

)
ãu

]

− ẽ

4π2ε

[
m̃u c̃

†
uãuA + ãuAc̃

†
um̃u − c̃um̃

†
u ãuA − ãuAm̃

†
u c̃u

]

− g̃3

2π2ε

[
m̃u c̃

†
uãuG + ãuG c̃

†
um̃u − c̃um̃

†
u ãuG − ãuGm̃

†
u c̃u

]
,

(132)

c̃′
d = 1

4π2ε

[
1

3
ẽ2ãs Ã + 4g̃2

3 ãsG̃

]
m̃d

− 1

16π2ε

[
ãd

(
c̃†
d m̃d − 2m̃†

d c̃d
)

+
(
m̃d c̃

†
d − 2c̃d m̃

†
d

)
ãd

]

+ ẽ

8π2ε

[
m̃d c̃

†
d ãd A + ãd Ac̃

†
d m̃d − c̃d m̃

†
d ãd A − ãd Am̃

†
d c̃d

]

− g̃3

2π2ε

[
m̃d c̃

†
d ãdG + ãdG c̃

†
d m̃d − c̃d m̃

†
d ãdG − ãdGm̃

†
d c̃d

]
.

(133)
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Finally, the redundancies imply the following relations for
the coefficients of non-renormalizable operators:

ãψ → ãψ + c̃ψ r̃
†
ψ�c̃ψ + r̃sψL c̃ψ − c̃ψ r̃

†
sψR

, (134)

ãψ A → ãψ A + ẽQψ r̃ψ�
2

, (135)

ãψG → ãψG + g̃3r̃ψ�
2

, (136)

resulting in the following on-shell non-renormalizable diver-
gences:

ã′
u =

[
1

9π2ε
ẽ2 + 1

3πε
g̃2

3 − λ̃s

32π2ε

]
ãu

+ 1

π2ε

[
1

3
ẽ2ãs Ã + g̃2

3 ãsG̃

]
c̃u

− 1

16π2ε

[
− c̃u ã

†
u c̃u + 3ãu c̃

†
u c̃u + 3c̃u c̃

†
uãu

]

− 1

4π2ε
ẽ

[
c̃u c̃

†
uãuA + ãuAc̃

†
u c̃u

]

− g̃3

2π2ε

[
c̃u c̃

†
uãuG + ãuG c̃

†
u c̃u

]
, (137)

ã′
d =

[
1

36π2ε
ẽ2 + 1

3πε
g̃2

3 − λ̃s

32π2ε

]
ãd

+ 1

4π2ε

[
1

3
ẽ2ãs Ã + 4g̃2

3 ãsG̃

]
c̃d

− 1

16π2ε

[
− c̃d ã

†
d c̃d + 3ãd c̃

†
d c̃d + 3c̃d c̃

†
d ãd

]

+ 1

8π2ε
ẽ

[
c̃d c̃

†
d ãd A + ãd Ac̃

†
d c̃d

]

− g̃3

2π2ε

[
c̃d c̃

†
d ãdG + ãdG c̃

†
d c̃d

]
, (138)

ã′
e =

[
1

4π2ε
ẽ2 − λ̃s

32π2ε

]
ãe + 3

4π2ε
ẽ2ãs Ãc̃e

− 1

16π2ε

[
− c̃eã

†
e c̃e + 3ãec̃

†
e c̃e + 3c̃ec̃

†
e ãe

]

+ 3

8π2ε
ẽ

[
c̃ec̃

†
e ãeA + ãeAc̃

†
e c̃e

]
, (139)

ã′
eA = − ẽ

8π2ε

[
2ẽãeA + c̃eãs Ã

]
, (140)

ã′
uA = − ẽ

12π2ε

[
4

3
ẽãuA − c̃u ãs Ã

]
− 2ẽ

9π2ε
g̃3ãuG̃ , (141)

ã′
d A = − ẽ

24π2ε

[
2

3
ẽãd A + c̃d ãs Ã

]
+ ẽ

9π2ε
g̃3ãdG̃ , (142)

ã′
uG = − g̃3

8π2ε

[
4

3
ẽãuA − c̃u ãsG̃

]
+ 1

24π2ε
g̃2

3 ãuG , (143)

ã′
dG = g̃3

8π2ε

[
2

3
ẽãd A + c̃d ãsG̃

]
+ 1

24π2ε
g̃2

3 ãdG . (144)

5.3 Anomalous dimensions

Once we have parametrised all the relevant divergences in
the on-shell basis, we can obtain the beta functions of the
different parameters following the standard procedure out-
lined in Sect. 4. We start reporting the beta functions for the
renormalizable couplings, which read:

βẽ = 4

3

[
n� + 1

3
nd + 4

3
nu

]
ẽ3

+ 8ẽ2Tr

[
− (ã†

eAm̃e + m̃†
e ãeA) + 2(ã†

uAm̃u + m̃†
uãuA)

− (ã†
d Am̃d + m̃†

d ãd A)

]
, (145)

βg̃3 = [−11 + 2

3
(nu + nd)]g̃3

3 + 4g̃2
3Tr

×
[
ã†
dGm̃d + m̃†

d ãdG + ã†
uGm̃u + m̃†

uãuG
]
, (146)

βm̃e = −6ẽ2m̃e + 1

2
(m̃ec̃

†
e c̃e + c̃ec̃

†
e m̃e + 4c̃em̃

†
e c̃e)

+ Tr(c̃em̃
†
e + c̃†

e m̃e + 3c̃um̃
†
u + 3c̃†

um̃u

+ 3m̃d c̃
†
d + 3m̃†

d c̃d)c̃e

+ 12ẽ
(
m̃em̃

†
e ãeA + ãeAm̃

†
em̃e

)
− 2m̃2ãe, (147)

βm̃u = −8g̃2
3m̃u − 8

3
ẽ2m̃u

+ 1

2
(m̃u c̃

†
u c̃u + c̃u c̃

†
um̃u + 4c̃um̃

†
u c̃u)

+ Tr(c̃em̃
†
e + c̃†

e m̃e + 3c̃um̃
†
u + 3c̃†

um̃u + 3m̃d c̃
†
d + 3m̃†

d c̃d )c̃u

− 8ẽ
(
m̃um̃

†
u ãuA + ãuAm̃

†
um̃u

)

− 16g̃3
(
m̃um̃

†
u ãuG + ãuGm̃

†
um̃u

) − 2m̃2ãu, (148)

βm̃d = −8g̃2
3m̃d − 2

3
ẽ2m̃d

+ 1

2
(m̃d c̃

†
d c̃d + c̃d c̃

†
dm̃d + 4c̃d m̃

†
d c̃d)

+ Tr(c̃em̃
†
e + c̃†

e m̃e + 3c̃um̃
†
u

+ 3c̃†
um̃u + 3m̃d c̃

†
d + 3m̃†

d c̃d)c̃u

× 4ẽ
(
m̃dm̃

†
d ãd A + ãd Am̃

†
dm̃d

)

− 16g̃3

(
m̃dm̃

†
d ãdG + ãdGm̃

†
dm̃d

)
− 2m̃2ãd , (149)

βm̃2 = λ̃sm̃
2 + 4m̃2Tr(c̃ec̃

†
e )

+ 12m̃2Tr(c̃d c̃
†
d) + 12m̃2Tr(c̃u c̃

†
u)

− 24Tr(c̃u c̃
†
um̃um̃

†
u + c̃d c̃

†
dm̃dm̃

†
d)

− 18Tr(c̃†
u c̃um̃

†
um̃u + c̃†

d c̃d m̃
†
dm̃d)

− 12Tr(c̃um̃
†
uc̃um̃

†
u + c̃†

um̃u c̃
†
um̃u

+ c̃d m̃
†
d c̃d m̃

†
d + c̃†

dm̃d c̃
†
dm̃d)
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− 6Tr(c̃um̃
†
um̃u c̃

†
u + m̃d c̃

†
d c̃d m̃

†
d + c̃†

e c̃em̃
†
em̃e)

− 2Tr(4c̃ec̃
†
e m̃em̃

†
e + 2c̃em̃

†
e c̃em̃

†
e

+ 2c̃†
e m̃ec̃

†
e m̃e + c̃em̃

†
em̃ec̃

†
e )

+ 8

[
3Tr

(
m̃†

d ãd m̃
†
dm̃d + m̃†

dm̃d ã
†
dm̃d

)

+ 3Tr
(
m̃†

uãum̃
†
um̃u + m̃†

um̃uã
†
um̃u

)

+ Tr
(
m̃†

e ãem̃
†
em̃e + m̃†

em̃eã
†
e m̃e

) ]
, (150)

βλ̃s
= 3λ̃2

s − 144Tr(c̃d c̃
†
d c̃d c̃

†
d)

− 144Tr(c̃u c̃
†
u c̃u c̃

†
u) − 48Tr(c̃ec̃

†
e c̃ec̃

†
e )

+ 24λ̃sTr(c̃d c̃
†
d) + 24λ̃sTr(c̃u c̃

†
u)

+ 8λ̃sTr(c̃ec̃
†
e ) + 96

[
Trλ̃e + 3

(
Trλ̃u + Trλ̃d

) ]
, (151)

βc̃u = −24

9
(ẽ2 + 3g̃2

3)c̃u + 3c̃u c̃
†
u c̃u

+ 2

[
Tr(c̃ec̃

†
e ) + 3Tr(c̃d c̃

†
d ) + 3Tr(c̃u c̃

†
u)

]
c̃u+

− 32

[
1

3
ẽ2ãs Ã + g̃2

3 ãsG̃

]
m̃u

+ 2

[
ãu

(
c̃†
um̃u − 2m̃†

u c̃u
) + (

m̃u c̃
†
u − 2c̃um̃

†
u

)
ãu

]

+ 8ẽ

[
m̃u c̃

†
uãuA + ãuAc̃

†
um̃u − c̃um̃

†
u ãuA − ãuAm̃

†
u c̃u

]

+ 16g̃3

[
m̃u c̃

†
uãuG + ãuG c̃

†
um̃u − c̃um̃

†
u ãuG − ãuGm̃

†
u c̃u

]
,

(152)

βc̃d = −2

3
(ẽ2 + 12g̃2

3)c̃d + 3c̃d c̃
†
d c̃d

+ 2

[
Tr(c̃ec̃

†
e ) + 3Tr(c̃d c̃

†
d ) + 3Tr(c̃u c̃

†
u)

]
c̃d

− 8

[
1

3
ẽ2ãs Ã + 4g̃2

3 ãsG̃

]
m̃d

+ 2

[
ãd

(
c̃†
d m̃d − 2m̃†

d c̃d
)

+
(
m̃d c̃

†
d − 2c̃d m̃

†
d

)
ãd

]

− 4ẽ

[
m̃d c̃

†
d ãd A + ãd Ac̃

†
d m̃d − c̃d m̃

†
d ãd A − ãd Am̃

†
d c̃d

]

+ 16g̃3

[
m̃d c̃

†
d ãdG + ãdG c̃

†
d m̃d − c̃d m̃

†
d ãdG − ãdGm̃

†
d c̃d

]
,

(153)

βc̃e = −6ẽ2c̃e + 3c̃ec̃
†
e c̃e + 2

[
Tr(c̃ec̃

†
e )

+ 6Tr(c̃d c̃
†
d) + 6Tr(c̃u c̃

†
u)

]
c̃e

− 8

[
3ẽ2ãs Ã

]
m̃e + 2

[
ãe

(
c̃†
e m̃e − 2m̃†

e c̃e
)

+
(
m̃ec̃

†
e − 2c̃em̃

†
e

)
ãe

]

− 12ẽ

[
m̃ec̃

†
e ãeA + ãeAc̃

†
e m̃e − c̃em̃

†
e ãeA − ãeAm̃

†
e c̃e

]
;

(154)

where the contributions from the effective operators are
apparent from the presence of the corresponding Wilson
coefficients, and we have used Pyr@te [72] with manual
cross-checks to compute the part of the beta functions that
depend only on renormalizable couplings.

As a byproduct of this work, we have reproduced the
anomalous dimensions of purely SM operators to dimension
five given in Ref. [73]. One can also trivially reproduce the
log (mW /mψ) piece of the ALP-fermion–fermion couplings
induced by ALP-vector-vector ones in Eqs. 3.15 and 3.20 of
Ref. [24].

In the case of the non-renormalizable Wilson coefficients,
the beta functions read:

βãu =
[

− 8

3
ẽ2 − 8g̃2

3 + λ̃s

]
ãu

− 32

[
1

3
ẽ2ãs Ã + g̃2

3 ãsG̃

]
c̃u

+ 2

[
− c̃u ã

†
u c̃u + 13

4
ãu c̃

†
u c̃u + 13

4
c̃u c̃

†
uãu

]

+ 4Tr
[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
ãu

+ 8ẽ

[
c̃u c̃

†
uãuA + ãuAc̃

†
u c̃u

]

+ 16g̃3

[
c̃u c̃

†
uãuG + ãuG c̃

†
u c̃u

]
, (155)

βãd =
[

− 2

3
ẽ2 − 8g̃2

3 + λ̃s

]
ãd

− 32

[
1

12
ẽ2ãs Ã + g̃2

3 ãsG̃

]
c̃d

+ 2

[
− c̃d ã

†
d c̃d + 13

4
ãd c̃

†
d c̃d + 13

4
c̃d c̃

†
d ãd

]

+ 4Tr
[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
ãd

− 4ẽ

[
c̃d c̃

†
d ãd A + ãd Ac̃

†
d c̃d

]

+ 16g̃3

[
c̃d c̃

†
d ãdG + ãdG c̃

†
d c̃d

]
, (156)

βãe =
[

− 6ẽ2 + λ̃s

]
ãe − 24ẽ2ãs Ãc̃e

− 12ẽ

[
c̃ec̃

†
e ãeA + ãeAc̃

†
e c̃e

]

+ 2

[
− c̃eã

†
e c̃e + 13

4
ãec̃

†
e c̃e + 13

4
c̃ec̃

†
e ãe

]

+ 4Tr
[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
ãe, (157)
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βãs Ã
= 4ẽTr

[ (
c̃eã

†
eA + c̃†

e ãeA
)

+
(
c̃d ã

†
d A + c̃†

d ãd A
)

− 2
(
c̃u ã

†
uA + c̃†

uãuA
) ]

+ 2Tr
[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
ãs Ã

+ 8

3
ẽ2

[
n� + 1

3
nd + 4

3
nu

]
ãs Ã, (158)

βãsG̃
= −2g̃3Tr

[
c̃d ã

†
dG + c̃†

d ãdG + c̃u ã
†
uG + c̃†

uãuG
]

+ 2Tr
[
c̃ec̃

†
e + 3

(
c̃d c̃

†
d + c̃u c̃

†
u

)]
ãsG̃

+ 2g̃2
3

[
2

3
(nu + nd) − 11

]
ãsG̃ , (159)

βãeA = 10ẽ2ãeA + 4ẽc̃eãs Ã + 1

2

(
c̃ec̃

†
e ãeA + ãeAc̃

†
e c̃e

)

+ 4

3
ẽ2

[
n� + 1

3
nd + 4

3
nu

]
ãeA, (160)

βãuA = 40

9
ẽ2ãuA − 8

3
ẽc̃u ãs Ã + 64

9
ẽg̃3ãuG + 8

3
g̃2

3 ãuA

+ 1

2

(
c̃u c̃

†
uãuA + ãuAc̃

†
u c̃u

)

+ 4

3
ẽ2

[
n� + 1

3
nd + 4

3
nu

]
ãuA, (161)

βãd A = 10

9
ẽ2ãd A + 4

3
ẽc̃d ãs Ã − 32ẽ

9
g̃3ãdG + 8

3
g̃2

3 ãd A

+ 1

2

(
c̃d c̃

†
d ãd A + ãd Ac̃

†
d c̃d

)

+ 4

3
ẽ2

[
n� + 1

3
nd + 4

3
nu

]
ãd A, (162)

βãuG = 16

3
g̃3ẽãuA − 4g̃3c̃u ãsG̃ + 8

9
ẽ2ãuG

+ 1

2

(
c̃u c̃

†
uãuG + ãuG c̃

†
u c̃u

)

+ 1

3

[
2 (nu + nd) − 29

]
g̃2

3 ãuG , (163)

βãdG = −8

3
g̃3ẽãd A − 4g̃3c̃

1
d ãsG̃ + 2

9
ẽ2ãdG

+ 1

2

(
c̃d c̃

†
d ãdG + ãdG c̃

†
d c̃d

)

+ 1

3

[
2 (nu + nd) − 29

]
g̃2

3 ãdG; (164)

where nu , nd and ne are the number of dynamical up-type
quarks, down-type quarks and charged leptons, respectively,
for the EFT we are considering. The appearance of fermionic
dipole moments induced by ALP couplings [50] is manifest.

The equations above are fully generic, meaning that they
hold irrespective of whether the EFT in the UV is the one we
have assumed in Sect. 2 and that leads to the matching con-
ditions in Eqs. (74)–(79), or rather any other EFT containing
different degrees of freedom such as for example a second

scalar doublet with arbitrary Yukawa couplings which would
lead to non vanishing ãu,d,e. In the former case, though, one
should take into account that c̃u,d,e are already 1/� sup-
pressed and therefore terms with more than one appearance
of these Wilson coefficients should be neglected for consis-
tency.

Within our EFT(s), the parameters ãu , ãd and ãe vanish at
all scales, and the renormalizable fermion and ALP masses
do not get contributions from dimension-five operators. In
general this is not the case and we have, for example,

δm̃2 ∼ m̃3
e ãe, δm̃e ∼ m̃2ãe, (165)

and likewise for quarks.
The running of the operators involving coloured particles

should not be taken at face value at energies close or below
�QCD ∼ 200 MeV, where QCD becomes strongly coupled.
Otherwise, the equations above, together with Eqs. (51)–
(54), can be used to make predictions within the ALP EFT
to leading-log accuracy across all energy scales.

6 Some phenomenological applications

The mixing of different operators can have a significant
impact in the understanding of extensions of the SM with
ALPs. To exemplify this point, we consider in this sec-
tion the following simple Lagrangian, defined at the scale
� = 10 TeV:

L = LSM + 1

2
∂μs∂

μs + 1

2
m̃2s2

+ as Z̃
c2
ω − s2

ω

s
(
c2
ωWμνW̃

μν − s2
ωBμν B̃

μν
)

, (166)

whereLSM stands for the SM Lagrangian. In this Lagrangian,
the ALP couples to pairs of Z bosons but not to pairs of pho-
tons. Despite its simplicity, this structure arises for exam-
ple in the next-to-minimal composite Higgs model based on
SO(6)/SO(5) as a result of quantum anomalies [6]. Within
this framework, the photophobic condition is stable, namely
as Ã remains vanishing at all scales. (The ALP can still cou-
ple to photons proportionally to m̃ via loops of heavy gauge
bosons [25], for instance.) However, below the EW scale, the
ALP coupling to photons could be induced by (purely SM)
dipole operators even at dimension five if the high-energy
theory is not just the ALP EFT, but it rather involves other
states near the EW scale.

Let us assume that the physical ALP mass is O(KeV).
While as Z̃ can be directly constrained at colliders, e.g. in
pp → Zs, the corresponding bounds are very weak. For
example, values of as Z̃ larger than 0.2 TeV−1 can be bound,
depending on the value of m̃, from LHC Run II data [27].
This bound can be extended to values above 0.04 TeV−1 for
the High-Luminosity phase of the LHC [27]. However, as Z̃
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does generate, through mixing, other operators with non-
vanishing Wilson coefficients, in particular aseφ , which is
very constrained experimentally. Indeed, the most stringent
bound for ALPs with masses ∼ KeV comes from the modifi-
cation of Red Giants cooling due to ALP radiation. This sets
a bound on the ALP coupling to electrons c̃e � 3 × 10−13,
for a typical core temperature of T ≈ 108 K [42]. Since we
are assuming that there are no degrees of freedom other than
the ALP and the SM ones below �, c̃e runs proportional to
itself. Resumming Eqs. (145) and (154), including O(1/�)

effects, we obtain at the EW scale:

c̃e(v) � 2.8 × 10−13, (167)

which translates into

aseφ(v) � 1.6 × 10−12 TeV−1. (168)

Solving numerically Eqs. (51)–(56), (199)–(201) and (207)–
(209) for λsφ = 0, we can compute the maximum allowed
value for as Z̃ (10 TeV):

as Z̃ (10 TeV) � 4.8 × 10−6 TeV−1. (169)

Despite the electron Yukawa suppression, this is four orders
of magnitude stronger than prospects from direct searches.
Such analysis of the photophobic ALP was previously per-
formed in Ref. [25] by considering solely the running of the
gauge operators. As shown in Eq. (167) the running from the
EW scale down to the KeV amounts to a ∼ 6% effect, which
can be taken as a systematic theory error when using only
the EFT before EWSB. See also Ref. [75] for an analysis of
the RGE effects in bounds on neutrino interactions resulting
in similar numbers.

As another example, we consider the case of a top-philic
ALP at � = 10 TeV, with Lagrangian

L = LSM + 1

2
∂μs∂

μs + 1

2
m̃2s2 + at s[iqL φ̃tR + h.c.],

(170)

where qL stands for the third generation quark doublet and,
in our notation, at = (asuφ)33. As before, at generates, via
renormalization mixing, a non-vanishing aseφ . Proceeding
in the same way as above, we obtain at (10 TeV) � 4.3 ×
10−6 TeV−1 from the bound c̃e(μ ∼ KeV) � 3 × 10−13.
Direct bounds on this coupling could in principle be obtained
from pp → t ts, but they are likely to be very weak due to the
challenging final state. Other indirect constraints on at have
been studied in Ref. [30] but they are again much weaker
than the one we have obtained.

Other interesting phenomenological implications, like the
possible impact of non-SM degrees of freedom using the
generic RGEs, and in particular the mixing between operators
of different dimensions and different ALP content, are left
for future work.

7 Conclusions

In this article we have investigated the EFT for ALPs up
to order O(1/�) in the cutoff scale �. We have worked in a
complete basis of EFT operators to dimension five, including
both shift-preserving and shift-breaking interactions. Assum-
ing that CP is conserved in the UV, we have computed, at one
loop, the evolution of the CP-even effective operators under
renormalization group running from arbitrarily high energies
down to the EW scale. In the ALP LEFT, relevant at smaller
energies, in which the heavy top quark and the Higgs, Z and
W bosons are no longer dynamical, we have also computed
the renormalization of all, relevant and marginal, parame-
ters. We have found that, in general, effective interactions
can renormalize dimension-four ones, and operators involv-
ing the ALP mix with pure SM operators; although the lat-
ter effect vanishes if the theory above the EW scale involves
only the ALP and SM degrees of freedom. For this latter case
we have also provided the matching conditions between the
EFTs above and below the EW threshold. Interestingly, we
have shown that in the presence of SM dimension-five inter-
actions below the EW scale, the ALP coupling to photons no
longer renormalizes proportionally to itself.

To make our work more useful, we have not only given
the full list of beta functions in a minimal basis but we have
also explicitly written the corresponding counterterms of all
independent (off-shell) Green functions. This is important
for two reasons: first because without this information, the
RGEs of extensions of our EFT, e.g. by adding right-handed
neutrinos, can not be built on our results, as redundancies are
different in different EFTs;

second because while in analytical one-loop computations
within MS the counterterms might be in principle ignored by
just dropping the 1/ε poles, their precise value is of funda-
mental importance in numerical Monte Carlo simulations.

For the ALP EFT in the unbroken phase, several RGEs
have been obtained previously in the literature. These
assumed however shift invariance, and were therefore pre-
sented in a different set of operators, in which the ALP comes
always in derivatives. We have discussed some redundancies
that appear in this set of operators, and obtained conditions
on the corresponding coefficients under which they actually
form a basis of independent interactions. Upon relating this
basis to ours, we have obtained the RGEs in the former. In this
way, we have not only completely solved the full dimension-
five ALP EFT to leading-log order, but also cross-checked
several of the partial results which were somewhat spread
over different references [24,59,60].

Finally, as an example of the utilization of our results, we
have explored the possibility of indirectly probing ALP-Z
as well as ALP-top interactions through their contribution to
the ALP-electron coupling, which is bounded by very low-
energy measurements. (We leave the interesting possibility
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of testing ALP interactions through its mixing into pure SM
ones, and vice-versa, to future work.) This shows the poten-
tial of our results to study the ALP EFT phenomenology to
leading-log accuracy across all energy scales.
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Appendix A: One-loop diagrams in the ALP SMEFT

See Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 and 11.
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Fig. 1 Feynman diagrams for s(p1)φ
†(p2) → qL (p3)uR(p4)

Fig. 2 Feynman diagrams for s(p1)φ(p2) → qL (p3)dR(p4)

Fig. 3 Feynman diagrams for s(p1)φ(p2) → lL (p3)eR(p4)
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Fig. 4 Feynman diagrams for s(p1) → φ(p2)φ
†(p3)

Fig. 5 Feynman diagrams for s(p1) → qL (p2)qL (p3)

Fig. 6 Feynman diagrams for s(p1) → lL (p2)lL (p3)

Fig. 7 Feynman diagrams for s(p1) → uR(p2)uR(p3)
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Fig. 8 Feynman diagrams for s(p1) → dR(p2)dR(p3)

Fig. 9 Feynman diagrams for s(p1) → eR(p2)eR(p3)

Fig. 10 Feynman diagrams for s(p1) → W 3(p2)W 3(p3)

Fig. 11 Feynman diagrams for s(p1) → G(p2)G(p3)
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Appendix B: Shift symmetry and relations between dif-
ferent bases

It is often interesting to assume that the ALP EFT is strictly
invariant under the shift s → s+σ , with σ being constant. In
this case, the following Lagrangian is more commonly used
in the literature:

Ldim−5 =
∑

�

(
∂μs

)
�C�γ μ� + CBg

2
1sBμν B̃

μν

+CWg2
2sW

a
μνW̃

μν
a + CGg

2
3sG

A
μν G̃

μν
A , (171)

where � runs over qL , lL , uR, dR, eR and C� are hermitian
matrices in flavour space. The advantage of this parametri-
sation is that the shift symmetry is explicit. However, it must
be noted that not all terms in the Lagrangian are independent.
Indeed, focusing for concreteness on the leptons, we note that
there are 9 + 9 = 18 independent real parameters from Ce

and Cl . This is the same number of parameters that we have
in the lepton sector of the (non-redundant) Lagrangian used
in Sect. 2, but the latter involves all possible terms, including
those that are not shift-invariant.

One could be tempted to think that the LH operators can
be traded, on-shell, by the RH ones. This is however not true.
In general, the following relation holds on shell:

∂μslLClγ
μlL = ∂μseRHγ μeR + seR(iA)i

←→
/D eR, (172)

where
←→
Dμ ≡ Dμ − ←−

Dμ and H and A are hermitian and
anti-hermitian matrices, respectively, given by

A = 1

2

[
(ye)−1Cl y

e − ye†Cl(y
e)−1†

]
, (173)

H = −1

2

[
(ye)−1Cl y

e + ye†Cl(y
e)−1†

]
. (174)

So the LH and RH operators are only equivalent if A vanishes.
A sufficient condition for this to happen is that the Yukawa
coupling commutes with Cl , which happens in particular if
the ALP couples to a single lepton family.

The on-shell relation in Eq. (172) might seem counter-
intuitive at first, since the left-hand side is explicitly shift-
invariant but the term in the right-hand side proportional to
A does not seem to be. However a closer inspection shows
that this term is in fact shift-invariant as it should. To prove
it, let us consider the operator

seRC i
←→
/D eR, (175)

with C being an arbitrary hermitian matrix of order 1/�.
In order to see under which conditions this operator is shift
invariant we perform a shift, s → s + σ ,

seRC i
←→
/D eR → (s + σ)eRC i

←→
/D eR, (176)

and we get an extra contribution to the e kinetic term, which
can be canonically normalized via the following field redef-
inition,

eR → (1 − σC)eR . (177)

Since C is of order 1/�, the only effect of this field redefini-
tion happens in the renormalizable Lagrangian and therefore
only in the Yukawa term:

lLφyee → lLφ(ye − σ yeC)eR . (178)

We can now perform arbitrary chiral rotations which, to the
order we are considering, read

lL → (1 + AL)lL , eR → (1 + AR)eR, (179)

where AL ,R are anti-hermitian matrices of order σ/�. Under
these rotations, the Yukawa Lagrangian receives the follow-
ing correction:

lLφyeeR → lLφ(ye − σ yeC − AL y
e + ye AR)eR, (180)

which is independent of σ (and therefore shift invariant) if

yeC = ye AR − AL ye

σ
. (181)

Using the hermiticity of C we can eliminate AR and get the
following sufficient condition for shift invariance:

Cshift−inv = ye †AL(ye †)−1 − (ye)−1AL y
e, (182)

with AL being an arbitrary anti-hermitian matrix of order
1/� (we have absorbed in its definition a factor of 1/2σ ).
We see from Eq. (173) that iA has precisely that form with
the identification AL = −iCl/2 and therefore Eq. (172) is,
as anticipated, shift invariant.

Equation (172) shows that the Lagrangian in Eq. (171) is in
general redundant but also that, if A vanishes, a minimal basis
is given by eliminating the operators with LH fields in this
equation. In this case the Wilson coefficients are univocally
related in both bases and we can translate the anomalous
dimensions to the new one. The relations between the Wilson
coefficients are:

asB = CBg
2
1, (183)

asW = CWg2
2, (184)

asG = CGg
2
3, (185)

asψφ = −Re(yψCψR ), (186)

ãsψφ
= Im(yψCψR ), (187)

where ψ stands for u, d or e. Using the results in Sect. 4
and the SM RGEs in Appendix C, we can obtain the RGEs
in this new basis, valid in the limit of vanishing complex
phases for the Yukawa couplings. The results are presented
in Eqs. (61)–(63).

123



  181 Page 22 of 34 Eur. Phys. J. C           (2021) 81:181 

Note that the ALP-fermion–fermion operators in the new
basis are not renormalized by gauge interactions. The gauge
contributions to the s�φ� operators is exactly cancelled
by the running of the Yukawa couplings. This result can be
ultimately rooted to the fact that ψγμψ is a conserved current
of U (1) and therefore does not renormalize to itself off-shell
[76], and by noticing that the non-abelian structure of the
EW and color gauge interactions does not manifest in the
renormalization of ∂μsψγμψ at one loop.

Given the discussion so far, we find worth discussing shift
invariance in the basis of operators introduced in Sect. 2,
which contrary to Eq. (171) is minimal. We find the following
sufficient conditions on the Wilson coefficients for a shift-
invariant theory:

ashift−inv
suφ = Re(HqL y

u + yuHuR ), (188)

ashift−inv
˜suφ

= −Im(HqL y
u + yuHuR ), (189)

ashift−inv
sdφ = Re(HqL y

d + yd HdR ), (190)

ashift−inv
˜sdφ

= −Im(HqL y
d + yd HdR ), (191)

ashift−inv
seφ = Re(HlL y

e + yeHeR ), (192)

ashift−inv
s̃eφ

= −Im(HlL y
e + yeHeR ), (193)

with HqL ,lL ,uR ,dR ,eR being arbitrary hermitian matrices.
Let us see that this is indeed the case. We show it explic-

itly for the case of leptons, quarks being a straightforward
generalization. Let us consider the following Lagrangian:

L = −lL(ye − isαe)φeR + h.c. + · · · , (194)

where αe is an arbitrary matrix in flavour space of order 1/�

and the dots stand for other interactions that are not relevant
for the present discussion. A shift s → s + σ induces the
following change in the Lagrangian:

L → L − [
lL(−iσαe)φeR + h.c.

]
. (195)

Performing again arbitrary chiral rotations as in Eq. (179) we
get, to the order we are considering,

L → L − [
lL(ye AeR − AlL y

e − iσαe)φeR + h.c.
]
. (196)

We therefore see that a sufficient condition for αe to keep
shift invariance is that it has the form

αshift−inv
e = HlL y

e + yeHeR , (197)

with HlL ,eR being arbitrary hermitian matrices, correspond-
ing to ±iAlL ,eR/σ in Eq. (196), respectively. Taking now into
account the relation between αe and the Wilson coefficients
in our basis, namely,

aseφ = Reαe, as̃eφ = −Imαe, (198)

we obtain the condition in Eqs. (188)–(193).

Appendix C: Running of renormalizable parameters
above the electroweak scale

The renormalizable parameters of the theory above EWSB
evolve following:

βg1 = 41

6
g3

1, (199)

βg2 = −19

6
g3

2, (200)

βg3 = −7g3
3, (201)

βm2 = 4λsφμ2 + λsm
2, (202)

βμ2 = λsφm
2 +

[
2Tr(ye ye†

)

+6Tr(yu yu†
) + 6Tr(yd yd

†
) − 3

2
g2

1 − 9

2
g2

2 − 12λ

]
μ2,

(203)

βλs = 3λ2
s + 12λ2

sφ, (204)

βλsφ =
[
λs + 4λsφ + 2Tr(ye ye†

) + 6Tr(yu yu†
)

+6Tr(yd yd
†
) + 12λ − 3

2
g2

1 − 9

2
g2

2

]
λsφ, (205)

βλ = 1

2
λ2
sφ − 6Tr(yu yu†yu yu†

) − 6Tr(yd yd
†
yd yd

†
)

− 2Tr(ye ye†ye ye†
) + 3

8
g4

1 + 9

8
g4

2 + 3

4
g2

1g
2
2

+
[
24λ − 3g2

1 − 9g2
2 + 4Tr(ye ye†

)

+12Tr(yu yu†
) + 12Tr(yd yd

†
)
]
λ, (206)

βyu =
{

3

2
yu yu† − 3

2
yd yd

†

+ 3
[
Tr(yu yu†

) + Tr(yd yd
†
)
]

+Tr(ye ye†
) − 17

12
g2

1 − 9

4
g2

2 − 8g2
3

}
yu, (207)

βyd =
{

3

2
yd yd

† − 3

2
yu yu† + 3

[
Tr(yu yu†

) + Tr(yd yd
†
)
]

+Tr(ye ye†
) − 5

12
g2

1 − 9

4
g2

2 − 8g2
3

}
yd , (208)

βye =
{

3

2
ye ye† + 3

[
Tr(yu yu†

) + Tr(yd yd
†
)
]

+Tr(ye ye†
) − 15

4
g2

1 − 9

4
g2

2

}
ye. (209)

Appendix D: One-loop diagrams in the ALP LEFT

See Figs. 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26, 27, 28, 29, 30 and 31.
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Fig. 12 Feynman diagrams for A(p1) → A(p2)

Fig. 13 Feynman diagrams for G(p1) → G(p2)

Fig. 14 Feynman diagrams for s(p1) → s(p2)

Fig. 15 Feynman diagrams for e(p1) → e(p2)

Fig. 16 Feynman diagrams for u(p1) → u(p2)
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Fig. 17 Feynman diagrams for d(p1) → d(p2)
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Fig. 18 Feynman diagrams for s(p1)s(p2) → s(p3)s(p4)
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Fig. 19 Feynman diagrams for s(p1) → e(p2)e(p3)

Fig. 20 Feynman diagrams for s(p1) → u(p2)u(p3)

Fig. 21 Feynman diagrams for s(p1) → d(p2)d(p3)
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Fig. 22 Feynman diagrams for A(p1) → e(p2)e(p3)

Fig. 23 Feynman diagrams for A(p1) → u(p2)u(p3)
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Fig. 24 Feynman diagrams for A(p1) → d(p2)d(p3)

Fig. 25 Feynman diagrams for G(p1) → u(p2)u(p3)
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Fig. 26 Feynman diagrams for G(p1) → d(p2)d(p3)

Fig. 27 Feynman diagrams for s(p1)s(p2) → e(p3)e(p4)
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Fig. 28 Feynman diagrams for s(p1)s(p2) → u(p3)u(p4)
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Fig. 29 Feynman diagrams for s(p1)s(p2) → d(p3)d(p4)

Fig. 30 Feynman diagrams for s(p1) → A(p2)A(p3)
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Fig. 31 Feynman diagrams for s(p1) → G(p2)G(p3)
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