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Abstract

The least-squares linear centralized estimation problem is addressed for discrete-time signals from
measured outputs whose disturbances are modeled by random parameter matrices and correlated
noises. These measurements, coming from different sensors, are sent to a processing center to
obtain the estimators and, due to random transmission failures, some of the data packet processed
for the estimation may either contain only noise (uncertain observations), be delayed (sensor
delays) or even be definitely lost (packet dropouts). Different sequences of Bernoulli random
variables with known probabilities are employed to describe the multiple random transmission
uncertainties of the different sensors. Using the last observation that successfully arrived when a
packet is lost, the optimal linear centralized fusion estimators, including filter, multi-step predictors
and fixed-point smoothers, are obtained via an innovation approach; this approach is a general and
useful tool to find easily implementable recursive algorithms for the optimal linear estimators under
the least-squares optimality criterion. The proposed algorithms are obtained without requiring the
evolution model of the signal process, but using only the first and second-order moments of the
processes involved in the measurement model.



1. Introduction

In recent years, the use of sensor networks has been widely encouraged in
many different fields of application, due to the fact that they usually provide
more information than traditional single-sensor communication systems. For
this reason, much thought has been given to the multi-sensor fusion estima-
tion problem in many significant research fields of engineering, computing, and
mathematics, mainly because of its wide variety of applications, including target
tracking, habitat monitoring, animal tracking or communications, among oth-
ers. Depending on the way the multi-sensor measurements are combined and
processed, there are two fundamental fusion techniques: (1) centralized fusion
approach, where the measurements of all the sensors are sent directly to the
processing center and fused for signal estimation, and (2) distributed fusion ap-
proach, where the measurements of each sensor are processed independently to
obtain local estimators before they are sent to the processing center for fusion
(see e.g. [1]-[3]). Centralized algorithms provide estimators by jointly process-
ing the measurements of all the sensors at each instant of time; hence, when
all the sensors work correctly, and the connections are perfect, they have the
optimal estimation accuracy.

The aforementioned literature deals with different fusion estimation algo-
rithms for conventional network systems with additive noises, when there are
no error in the sensors (except those described by the additive noises) and the
measured data packets are transmitted to the processing center over perfect
connections. However, uncertainties in the sensor output measurements, such
as stochastic sensor gain degradation, multiplicative noises, missing or fading
measurements (see e.g. [4]-[8]), and failures during the transmissions, as for
example random delays and packet dropouts or uncertain observations (see e.g.
[9]-[12]), commonly occur and can spoil dramatically the quality of the fusion
estimators designed without considering these drawbacks.

A unified framework to model the random disturbances in the output mea-

surements is provided by the use of random measurement matrices and, for this



reason, the estimation problem in this type of systems has become an issue of
great concern in the last years (see e.g. [13]-[19] and references therein). Also,
it is well known that the correlation of sensor measurement noises is inevitable
in many network systems, due to the internal structure of the sensor and the
influence of the practical environment. Systems with correlated measurement
noises usually arise in situations where all the sensors operate in the same noisy
environment, or when augmented systems are used to describe random delays
and measurement losses. So, the assumption of uncorrelated sensor noises is
commonly weakened and, in the past years, a great deal of efforts have been de-
voted to the research of the signal estimation problem in systems with correlated
noises (see e.g. [5], [7], [11], [17] and [18]).

As already indicated, some fusion estimation algorithms consider conven-
tional systems, where the sensors transmit their output measurements to the
processing center over perfect connections. However, usually the communication
channels may not be completely reliable and some anomalies (e.g. uncertain ob-
servations -measurements that contain only noise-, random delays and/or packet
dropouts) may arise when the sensor measurements are sent to the processing
center. Hence, the design of new fusion estimation algorithms for systems fea-
turing one of these uncertainties (see e.g. [11], [14] and references therein), or
even several of them simultaneously (see e.g. [10], [15], [20], [21] and references
therein), has become an active research topic.

In some practical systems, these three random transmission failures can co-
exist with uncertainty in the measured outputs and correlation in the sensor
noises. Up to now, to the best of the authors’ knowledge, the signal estimation
problem in sensor networks with noise correlation and simultaneous transmis-
sion uncertainties of sensor delays, packet dropouts and uncertain observations,
has not been fully investigated in the framework of random measurement ma-
trices modelling the random disturbances in the measured outputs, so it is still
a challenging research topic.

Motivated by the above discussion, in the current paper, we aim to investi-

gate the centralized fusion linear signal estimation problem from measurement



outputs, whose disturbances are modeled by random parameter matrices and
correlated noises, coming from multiple sensors subject to mixed uncertainties of
random sensor delays, packet dropouts and uncertain observations. The major
contributions and novelties of this paper are highlighted as follows: (1) Random
matrices are considered in the measurement outputs of the sensors to provide a
unified framework to address some random uncertainties, such as missing and
fading measurements or sensor gain degradation, and, simultaneously, random
delays, packet dropouts and uncertain observations are considered in the data
transmissions from each sensor. (2) The proposed recursive prediction, filter-
ing and fixed-point smoothing algorithms, based on covariance information, do
not require the signal evolution model and they are computationally simple and
suitable for online applications. Compared to [21], the main contributions of the
current paper are: (a) The consideration of measurement outputs with random
parameter matrices, which provides a unified framework to model some random
phenomena as stochastic sensor gain degradation, missing or fading measure-
ments, which cannot be described only by the usual additive disturbances. (b)
The design of optimal linear centralized fusion estimation algorithms, includ-
ing, not only filtering as in [21], but also multi-step prediction and fixed-point
smoothing.

The rest of the paper is organized as follows. In Section 2, we present
the measurement model of the different sensors and the assumptions under
which the estimation problem is addressed. In Section 3, the original model is
rewritten in a stacked form to carry out the centralized fusion estimation and
the necessary statistical properties of the stacked observations are displayed.
In Section 4, the LS linear centralized fusion estimation algorithms, obtained
by the innovation approach, are presented. The performance of the proposed
estimators is illustrated by numerical simulations in Section 5 and the paper

concludes with some final comments in Section 6.

Notation. The notation used throughout the paper is standard. R™ denotes

the n-dimensional Euclidean space. For a matrix A, AT and A~' denote its



transpose and inverse, respectively. 1,, = (1,...,1)T denotes the all-ones n x 1-
vector and I,, the n X n identity matrix. If a matrix dimension is not specified,
it is assumed to be compatible with algebraic operations. The Kronecker and
Hadamard product of matrices will be denoted by ® and o, respectively. d s
denotes the Kronecker delta function. For any a,b € R, a Ab is used to mean the
minimum of a and b. Finally, for any function G}, s, depending on the sampling
times k and s, for simplicity we will write Gj, = Gy, x; analogously, K () = K (%)

will be written for any function K (%) depending on the sensors i and j.

2. Observation model and hypotheses

The aim of this section is to design a model for the observations to be
processed in the least-squares (LS) linear estimation problem of discrete-time
random signals from multi-sensor noisy measurements transmitted through im-
perfect communication channels, when three types of random uncertainties may
arise in the transmission process. More specifically, it is assumed that the mea-
sured outputs of each sensor, perturbed by random parameter matrices, are
transmitted to a processing center (PC), and the observations processed for the
estimation may randomly be one-step delayed, contain only noise (uncertain
observations), or be lost during transmission. Different sequences of Bernoulli
random variables with known probabilities are introduced to depict these dif-
ferent uncertainties in the transmission and, in case of loss, the last observation
that successfully arrived is used for the estimation.

In this context, our goal is to find recursive algorithms for the LS linear
prediction, filtering and fixed-point smoothing problems using the centralized
fusion method. These algorithms will be obtained under the assumption that the
evolution model of the signal to be estimated is unknown and only information
about its mean and covariance functions is available; this information is specified

in the following hypothesis:

Hypothesis 1: The ny-dimensional signal process {xi}r>1 has zero mean

and its autocovariance function is expressed in a separable form, Elzpzl] =



A BT s <k, where Ay, B, € R™>*M gre known matrices.

s

2.1. Multi-sensor measured outputs with random parameter matrices

Usually, the signal measured outputs are subject to uncertainties which can-
not be described only by the usual additive disturbances. For example, stochas-
tic sensor gain degradation [4], multiplicative noises [5], missing [6] or fading
[7] measurements, or even both multiplicative noises and missing measurements
[8]. A unified framework to model these random phenomena is provided by the
use of random measurement matrices.

In this paper, we consider measured outputs with random parameter matri-
ces. So, we assume that there are m sensors which provide measurements of the

signal process according to the following model:

20 =H 2+, k=1, i=1,...,m, (1)

where z,(:) € R™= is the signal measured output from the i-th sensor at time k,

which will be transmitted to the PC by an unreliable network, H. ,Ei) is a ran-

)

dom parameter matrix and v,(: is the measurement noise vector. The following

hypotheses are assumed:

Hypothesis 2: {ngi)}kzl, i1=1,...,m, are independent sequences of indepen-
dent random parameter matrices with known means, E[H,gl)] = F,(:). Moreover,
by denoting hifz)(k) the (p, q)-th entry of H](Ci), the expectations E[hz()?(k)h(f), (k)]

are also assumed to be known, for p,p’ =1,...,n, and q,¢' =1,...,n,.

Hypothesis 3: The measurement noises {Uz(gz)}ka; i=1,...,m, are zero-mean

second-order processes with

E[’U](Ct)vgj)T] — R}(j])gkg + Rg’j];;)_l(sk—l,sa s S k

2.2. Observation transmission model with mized uncertainties

As already indicated, due to eventual imperfections of the communication

channels, one-step delays, uncertain observations or packet dropouts may occur



randomly in data transmissions from the individual sensors to the PC, with

different rates. Specifically, the following model is considered for the processed
()

measurements, y,~, coming from the i-th sensor:

o =r00a” +maas + e il k22

(” =920 + 400, i=1,...

(2)

m,

Where *yd k, d =0,1,2,3, are Bernoulli random variables such that, for k£ > 2,

Z 'yd k =1, and 'yé )1 + vé )1 1. The following hypothesis on these variables is

assumed

Hypothesis 4: {('Yom’y”m% k) }k>1, with vﬁ =0, 2 =1,...,m, are
independent sequences of independent random wvectors, whose components are
Bernoulli random variables with known probabilities, ’y((i)k = [’yd w = 1], for

t=1,....,mandd=0,1,2.

, 2

From this assumption, it is clear that yéi = P[Ayé’?C =1]=1-> 7&’),9 and,
: &,

(4)

also, fori,7 =1,...,m, and d,d’ = 0,1, 2,3, the correlation of the variables Y.k
and ’y(J )S is known, and it is given by:
() () ig)kéd g, t=jand k=s
E {W’d ks } = (3)

TOADL, i#jork#s.
Finally, the following independence hypothesis is also required:

Hypothesis 5: For each i = 1,...,m, the signal, {zr}r>1, and the processes
{H,gi)}kzl, {U;(:)}kzl and {('y(()fk,'yﬁli,% k) }k>1 are mutually independent.

3. Stacked observation model

To address the estimation problem by the centralized fusion method, the
observations from the different sensors are gathered and jointly processed at
each sampling time to yield the optimal signal estimator. Therefore, our aim
is to obtain a recursive algorithm for the LS linear estimator of zj based on

{y%i), ... ,y(Li), i=1,...,m}, which will be denoted by Z,;, and the problem



will be addressed considering, at each time k£ > 1, the vector constituted by the
measurements of all sensors. For this purpose, the equations (1) and (2) are

combined to yield the following stacked observation model:

2 = Hyxp + v, k> 1.
Y = Dorzr + T pzp—1 + Topvr + T3 pypi—1, k> 2; (4)
y1 =To121 + 2101,

where:

2K = (z,(cl)T, e ,z,im)T)j: Hy = (ngl)T, cee H,gm)T)T, v = (v,(:)T, e ,vlgm)T)T,

and Ty, = diag(1y}, ..., AYY) @ L., d=0,1,2,3.

Therefore, the problem is reformulated as that of obtaining the LS linear
estimator of the signal, xj, based on the observations {yi,...,yr}, given in
(4). Next, the statistical properties of the processes involved in the observation
model (4), necessary to address the LS linear estimation problem are specified:

o {Hj}i>1 is a sequence of independent random matrices with known means,

Hi = ElH) = @7, 7™ and it satisfies

ElHyaa{ HY) = E[HABLHL] = (Bl ABTHOT)
i,j=1,....m
where the (p, ¢)-th entries, p,q = 1,...,n,, of these matrices are given by:
ElH A B HY) = SSCERD (k)R (8)] (AR BT)
(B ABEET) =305 B (9 (1) (445 ).,

Also, for s # k, we have E[H, Ay BTHT) = H,A,BTH. .

S

o {vx}k>1 is a zero-mean noise process with Elvv!l] = Rpdk s+ Rk k—10k—1,s,

for s < k, where Ry, s = (Rl(c”s))

ij=1,...,m’

° {Pd,k}kZh d = 0,1,2,3, are sequences of independent random matrices
with means Ty = E[l4x] = diag (7&,1,...,7&?) ® I,,_. If we denote
Yar = (7((1712, . ,’ygz))T@)lnz, the Hadamard product properties guarantee
that, for any deterministic matrix S, EF[l'q ST ¢ 1] = Kg:‘;i, oS, being K;’“d, =

Ely,, 4L ], for d,d =0,1,2,3, the correlation matrices whose entries are
’ d’k

given in (3).



e The processes {@x}e>1, {Hk i1, {Ute=1 and {(Cok, T1 ks Dok, Tak) brz1

are mutually independent.

Remark 1. In order to simplify the algorithm derivations, the observation model

(4) is rewritten in an equivalent way as follows:

yr = Do xHrwg + D1 Hp—125-1 + Da pyr—1 + Wi, k > 2;
y1 =To 1 Hywy +vy. (5)
Wy = Fl,kﬁk—lxk—l + (Tok + Tok)ve + Ty pvk—1, k> 2,

with j:vfk = Hk —Fk, for k 2 1.

In the following lemmas we present the expressions of the covariance matrices
of the processes involved in the observation model. From the previous properties,

the proof of these lemmas is straightforward, so the details are omitted.

Lemma 1. {z;}r>1 is a zero-mean mn.,-dimensional process whose autocovari-

ance function, Xf = E[zkzg], s given by:
is=FE[HeAxBIH] ] + Rib s + Rip—10k-1,5, 1< s<k.

Lemma 2. {yg}r>1 is a zero-mean mn,-dimensional process and the covari-
. T
ance matrices ¥y . = Elyry?l], for s = k,k —1, and ¥_,, = XV | are

obtained by the following expressions:

Y = Kt o Bf + K14 o Xy + (g + K3l + K)o R+ K5 0 B
R 0%y + KT oS K oS+ Ky oxY
+K17,k3 oX Y, + K??ﬁ oX¥ + KiYkQ oRp_11+ K;,’Cl o Ry 1
+EK3"% o (Top—1 + Top—1) Re—1,1)
+K;,% © (Rk7k—1(f0,k—1 +f2,k_1)), k>2,

BY = Kgy o Xf + (Ko + K3y + K33) o R,

Yk = fo,kEZ%Ik,1 + T30 + Do Ry k-1 (Dok—1 4+ Tae—1)
+f3,kzz_1a k 2 27



where Ez%’s = E[zkyf] are given by:

S =97 Lo+ 5 Tre + BiTon0ks + Ripo1Doio105-1.s
+E;?,Js—1f3,s; 2 S S S k’
Z?,}l = EiJfo,l + (R15k,1 + R2,15k71,1)fz,1, E>1.

Lemma 3. The mn,-dimensional process {Wy}r>2, defined in (5), has zero

mean and the covariance matrices Egk_l = E[WkW];‘F_l] are obtained by:

51 = ((Cok +Top)Reg—1 + TipRi1) (Tor—1 + T2 1)
+T1 g Re—1 k—2L1 51, k> 3;
S = (To2+T22)Re1 + 1Ry

4. Centralized fusion estimators

Our aim in this section is to obtain recursive algorithms for the LS linear
centralized prediction, filtering and fixed-point smoothing problems. For this

purpose, an innovation approach will be used.

4.1. Inmovation approach to the LS linear estimation problem

The innovation approach consists of transforming the observation process
{yr}r>1 into an equivalent one of orthogonal vectors, the innovation process,
{ik }k>1, defined as py, = yg, — Yk /k—1, where Yy, /1, the one-stage observation
predictor, is the orthogonal projection of y; onto the linear space generated by
{p1,-- ., pk—1}. So, denoting 1T, = E[usul], the following general expression
for the LS linear estimator of a vector £ based on the observations {y1,...,yr}

is obtained

L
gk/L = Z E &, | 11, . (6)
h=1

From this expression, the first step to obtain the signal estimators is to find
an explicit formula for the innovation or, equivalently, for the one-stage linear
predictor of the observation. Using (5) and applying orthogonal projections, we

have:
Uk/k—1 = fo,kﬁkfk/kq +f1,kﬁk—1£k71/k71 + s kyk—1 + Wijk—1, k=2

10



Now, from (6), denoting Wy, = E[Wk,uﬂ, h < k—1, and taking into account
that Wy, =0 for h < k — 3, we obtain:

Wi k-1 = Wi p—oIl ' opio—o + Wipo1 I 1, k> 37 Wy = Wa Il g,
and, hence, the observation predictor is given by

Ujk—1 = Lo pHpZrp—1 + D1 pHp—1Tp—1 k-1 + D3 kYr—1
(k—1)A2 (7)
+ Z Wi Iy pth—n, k> 2.
h=1

This expression for the one-stage observation predictor, along with the general
expression (6) for the LS linear estimators as linear combination of the innova-
tions, are the starting points to derive the centralized prediction and filtering

recursive algorithm presented in Theorem 1.

4.2. Centralized prediction and filtering recursive algorithm

In the following theorem, a recursive algorithm is given for the optimal LS
linear centralized fusion estimators Zy,r, L < k, of the signal x;, based on the
observations {y1,...,yr} given in (4) or, equivalently, in (5). The theorem
includes a recursive expression for the error covariance matrices, which are a

measure of the estimator performance.

Theorem 1. The centralized predictors and filter, Ty, L < k, and their
corresponding error covariance matrices, /Z\)k/L = El(xr — Zp/r)(or — fk/L)T],

are obtained by
Ty = A0y, Skyp = Ak (B — Aprr)", L<k, (8)

where the vectors O, and the matrices rp, = E[OLOH are recursively obtained
from
OpL=0p1+J 0 pp, L>1; Oy=0, (9)
re=rpa+ UL, L>1; =0, (10)

and the matrices Jy, = E[OL,uﬂ satisfy

(L—=1)A2
=T =T _ =T
Jo=Hp, —roaHa, — > JonIpEWE o L>2 Ji=THp. (11)
h=1

11



The innovations, pr, and their covariance matrices, Iy, are given by

(L-1)A2
pr=yr —Tsryr—1—Ha,Op_1 — Z W oIt up—n, L>2; (1)
h=1
K1 = Y1,
and

1 ™ 1 1 ™ T 1 ™ a7 7T
M =%] -T3:%] 4, %Y, Tsr+T3.3) Tap—Ha, (Hp,— Jr)

(L—1)A2
1 A T
- Z Wr n—n I (Ha, Jo—n +Wien-n), L>2;
h=1
I, = >V
(13)
The coefficients Wy, 1,—n = E[WLu%_h], for h =1,2, satisfy

Wrp—2=T1Rr-10-2(To-2+T2r-2), L>3.
Wi r-1= E,kE[I?kflAkf1B,€T_1fI{_1}fo7k71 + ZKL,l (14)

1 T
~Wr oMy (Ha, Jr—a+Wi_11-2) , L>3;
Finally, the matrices 37, E%’Lil and ZE{L% are given in lemmas 2 and 3,

respectively, and the matrices Hy, with Wy, = Ar, Br, are defined by

Ho, =TorHpVy+T1 Hp 1Yy, L>2 Hy, =To1H19;.  (15)

Proof. From the general expression (6), to obtain the LS linear estimators

Ty/r, L <k, it is necessary to calculate the coefficients
Xon = Elowpy] = Elowyy ] — E[zidhyn o], h <k

Using the separable form of the signal covariance (Hypothesis 1) and the in-
dependence hypotheses on the model, it is clear that F [xkyg] = A,ﬁﬁh, with
Hp, given in (15). Now, from expression (7) for Jj/,_1, together with (6) for
Tpp—1 and Tp_q/p—1, it is immediately deduced that the coefficients A} ;, can
be expressed as Xy p, = AgJp, 1 < h <k, with Jj, given by

h—1 (h—1)A2
—T _ —T _ —T
Tn=Hp,— Y TG L HL, =Y T W, h =20 Jy=THp,. (16)

j=1 j=1

12



L
Then, by denoting O = ZJhH,:luh for L > 1, which clearly satisfies (9),

h=1
expression (8) for Ty, is easily obtained from (6).
L
Now, denoting ry, = ZJhH,:ng, for L > 1, which obviously satisfies (10),
h=1

expression (11) for Jy, is easily derived just making h = L in (16). Next, by
substituting 27,7, = AzOr and T/, = ALOp_ in (7) for k = L and using

(15), expression (12) for the innovation is obtained.

To prove expression (13) for 11, = Efuru?], we apply the Orthogonal Pro-
jection Lemma (OPL) to write II;, = XY — E[QL/L_lﬂg/L_l], with XY =
E [yLyf] given in Lemma 2, and applying again the OPL, we have

EliL/1-101,1-1] = ElUr/n-191]
=E[yr/r-1(yr — FS,LyL—l)T] +3% 1. 5L,

where Z%L_l =F [yLy%ll] is also given in Lemma 2. Now, using that @\L/L,l =
(L—1)A2

T3 ryr—1+Ha,OnL_1+ Z WL,L,hHZLluL,h in the expectation F/ @L/L_l (yL—
h=1
ngLyL,l)T} and taking into account that

 Blyr (v —Taryr1)' | = %) 4, = %Y Tau,
e E[Or-1(yL — Fg,LyL—1)T] =FE[Or-1(Jr/n-1 — f:’,,L?JL—1)T} = ﬁgL* Ji,
e Elur—n(yr — Fs,Lqu)T] = (Ha,Jo-n+ WL,th)T7 h=1,2,

expression (13) for IIy, is easily obtained.

Next, expression (14) for Wy, 1, = E[Wrul_,], h = 1,2, with W, given in
(5), is derived. Taking into account that Wy, is uncorrelated with y,, h < L—3,
we have that, for L > 3,

Wi 2 =E[Wryl_5] = E[WW[_,] =T1.Rr-1,0-2 (Tor—2+T21-2).

Now, using (6) for §,_1/p—o in Wr 1 = E[WLyg_l] — E[WLﬂf_l/L_ﬂ, we
have W 11 = E[WLy{_l] - WL,L,QHZEZE[ﬂL,gyE_l]. From (5) and the

independence between the signal and the observation noise, the first expectation

13



involved in the previous formula is given by
EWryf_ 1l = EWral _HE_JTor-1 +Wrr—oTar_1+ EE‘{L_p
and using again (5) for Wy, we have
EWpaf_Hf 1| =T1 E[H, 1AL 1B H]_,].

. . — T —
Finally, using that Efur—oy; 1| = (Ha,_,Jo—2+Wr-1,0-2) +1L_ol3 11,
after some manipulations, expression (14) is proven and the proof of Theorem

1 is complete. O

4.8. Centralized fixed-point smoothing recursive algorithm

Starting with the filter, 2, the fixed-point smoothers Zj, /v, N >0, k >
1, and their error covariance matrices are calculated in the following theorem

by a recursive algorithm.

Theorem 2. The fived-point smoothers of the signal, Ty pqen, N > 0, and
their error covariance matrices, ik/k-{-N = Bl(wr — Trjpgn)(@n — /I\;C/;H_N)T],

are calculated as
Th/ktN = Th/kpN—1 T Xk,k+NH;;iNuk+N, N>1, k>1 (17)
and
/AN = Sk/k+N-1 — Xeri NG N s N>1, k> 1 (18)

The matrices Xy j+N = E[wkuf+N] satisfy

(k+N—1)A2
—T _
Xy oy N = (Bk - Mkvk+N_1)HAk+N - Z kak+N—thiN—th+N,k+N—h7
h=1
(19)
where My v = Elx,OF, \] are obtained from the recursive formula
My N =M pyn-1 + Xk,k+NH;iNJ;?+N7 k>1; Myp=Agrs. (20)

14



Proof. From (6), the signal smoothers are written as

k+N

Brjken = O Xenlly  pn, N > 1
h=1

then, by starting with the filter, Z /5, it is immediately clear that such estima-
tors are recursively obtained by (17), and from it, the recursive formula (18) for

the error covariance matrices, ¥/, v, is easily deduced.

Since Xy p+n = E[mky,a_N} — E[mkglz+N/k+N71]’ N > 1, expression (19) is

derived, calculating each of these expectations, as follows:

e Hypothesis 1 together with (15), lead us to

—T —
Elxryiyn] = BiHa,, y + Elesyiyn—1]Tsrin, N> 1.
e Using the expression of ¥ n/k4n—1 Obtained from (12) is clear that

E[$k371{+N/k+N—J = E[210¢ n-1|Hanin + Elzryiin_1]Ts N
(k+N—-1)A2

-1 T
+ Z X ot N—n L Ny Wi N e N—ns N 2 1
h=1

From the above items, we conclude that expression (19) holds true simply by
denoting My, 4N = E[a:kO,a_N]. Using (9) for Oy, the recursive expression

(20) for the matrices My, 4 is also clear. O

5. Numerical simulation example

In this section, a numerical example is shown to illustrate the application
of the proposed centralized filtering and fixed-point smoothing algorithms and
how the estimation accuracy is influenced by the probabilities of occurrence of
missing measurements, random delays and packet dropouts during transmis-
sion. This example also illustrates some of the sensor uncertainties which are
particular cases of the current measurement model (1) with random parameter

matrices.

Let us consider that the system signal to be estimated is a zero-mean scalar

process, {zy}x>1, with autocovariance function E[zgz;] = 1.025641 x 0.95%~7
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j <k, which is factorizable according to Hypothesis 1 just taking, for example,
A, = 1.025641 x 0.95% and Bj, = 0.957F.

The measured outputs of this signal, which are provided by four different
sensors, are described in a unified way as in the proposed model (1) with random

measurement matrices and correlated noises. Specifically,

A= Bn el k21 =123

where the additive noises are defined as v,(:) = ¢i(Mk + Mrt1), @ = 1,2,3,4,
with ¢1 = ¢3 = 0.25, co = 0.75, ¢4 = 0.5, and {nx}x>1 is a standard Gaussian
white process. These noises are clearly correlated, with R,(jj ) = 2¢;¢, R%g_l =
cicj, 1,7 = 1,2,3,4. The random measurement matrices are defined by H,gi) =
09CW, for i = 1,2,3, where C\V = 0.82, C? = 0.75, ¥ = 0.74, and
H,E4) = 0,24) (0.75 + 0.9590k), with {¢g}r>1 a standard Gaussian white process,
and {9;(:)}1@21, 1 =1,2,3,4, white processes with the following time-invariant

probability distributions:
. {91(;)};@1 are uniformly distributed over [0.2,0.7].
e P(0P =0)=03, P(6Y =05) =03, PP =1)=04, k>1.
e Fori =34, {Hl(f)}kzl are Bernoulli variables with P(Q,(j) = 1) =0, k>1.

According to the theoretical observation model, suppose that random one-
step delays, packet dropouts and uncertain observations with different rates
happen in the data transmissions. More precisely, the possibility that uncertain
observations, delays and packet dropouts simultaneously occur in the transmis-
sions from sensor 4 is considered, while the measurements transmitted by the
other sensors are only subject to one random failure: uncertain observations in
sensor 1, one-step delays in sensor 2 and packet dropouts in sensor 3. Specifi-

cally, let us consider the observation model (2):

b s sy sl k> 2
)
1

47 e,
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where, fori =1,2,3,4,andd =0, 1,2, 3, {7&2}@1 are sequences of independent
Bernoulli variables with 78% = 7((;2 = 0.9, 7&?} = Wg’% =1, and for £ > 2,

Tik =75 -

To illustrate the feasibility and effectiveness of the proposed algorithms, they
were implemented in MATLAB and fifty iterations of the centralized filtering

and fixed-point smoothing algorithms were run.

For 8 = 05, 7y = 05, i = 1,2,3, 75" =% = 7Y = 05 and
7&4) = 0.25, d = 0,1,2,3, Figure 1 displays the error variances of the cen-
tralized prediction, filtering and smoothing estimators. On the one hand, this
figure shows that, as expected, the centralized fusion filtering estimators outper-
form the prediction ones and the error variances corresponding to the smoothers
are less than those of the filter, thus confirming that the estimation accuracy
of the smoothers is superior to that of the filters which, in turn, are more ac-
curate than the predictors. On the other, it is also gathered that the accuracy
of the predictors and fixed-point smoothers is better as the number of avail-
able observations increases. Similar results are obtained for other values of the

probabilities 6 and 75;)’ as we show below in Figure 2.

Next, for 7§ = 0.9, i = 1,2,3, 75" =5 =7 = 0.1 and 7" =
0.25, d=0,1,2,3, in order to show how the estimation accuracy is influenced
by the probability 6 that the signal is present in the measured outputs of sensors
3 and 4, the centralized filtering and smoothing error variances are displayed in
Figure 2 for different values of these probabilities. From this figure, it is observed
that the performance of the centralized fusion estimators is indeed influenced by
the probability 6 and, as expected, the filtering and smoothing error variances
become smaller as @ increases, which means that the performance of the central-
ized fusion estimators improves as the probability 1 — @ of only-noise measured
outputs decreases, although this improvement is practically imperceptible for

small values of 6 (see e.g. § = 0.2 and 0.4).

Next, in order to show how the estimation accuracy is influenced by the effect
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Figure 1: Error variance comparison of the centralized fusion filter and smoothers.
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of missing measurements, random delays and packet dropouts in the transmis-
sions from the sensors 1, 2 and 3, the centralized filtering error variances are
displayed in Figure 3 for different probabilities, iéi), for ¢+ = 1,2, 3, consider-
ing, as in Figure 1, the value § = 0.5, and 7&4) =0.25, d=0,1,2,3. From
this figure, it is deduced that the performance of the filters is indeed influenced
by these uncertainties and, as expected, the centralized error variances become
smaller as some of the probabilities Wéi) increase, which means that the perfor-
mance of the centralized filter improves when 1 — 75;% for i = 1,2,3 (missing
measurement probability in sensor 1, delay probability in sensor 2 and packet

dropout probability in sensor 3) decrease. For example:

o If 7(1) = 762) = 'Yo , better estimators are obtained as ’y( )

7 =07, 08, 0.9,i=1,2,3).

increases (see

o If 7(2) = 7( ) the error variances become lower as 7 is higher (see

3 =09, i=2,3and 7" = 0.3, 0.9).

o If ¥ 7(1) = fyo , better estimators are obtained as ’y(() ) is higher (see W(gi) =

0.9,i=1,3 and 7 = 0.4, 0.9).

o If% *( ) = 0.9 and 7(3) = 0.2, also lower error variances are obtained as fy( )

increases (see 78 ) = 0.5, 0.9).

Finally, in order to analyze the performance of the proposed centralized filter
in comparison with the centralized filter in [21] and the centralized Kalman filter,

the different estimates are compared using the filtering mean-squared error at
1000
1

each time instant k (M SE}), calculated as MSE;, = m (xés) — E;Cs/)kf :
where {33](:), 1<k < 150} denote the s-th set of artificially sunulated data and
xff/)k is the filter at the sampling time & in the s-th simulation run. The results,
assuming the same probabilities  and it(j)k as in Figure 1, are displayed in Figure
4, which, as expected, shows that the M SE}, for the proposed filtering estimates
are less than those of the other two filtering estimates. Indeed, the performance

of the proposed filter was expected to be better than that of the centralized
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Figure 4: Comparison of mean-squared errors for the Kalman filter, filter in [21] and proposed

filter.

filter [21], since the latter does not take into account the uncertainties in the
sensor measurements, and the centralized Kalman filter was also expected to
provide the worst estimations as it ignores the uncertainties in both the sensor

measurements and the transmissions.

6. Conclusion

Centralized fusion prediction, filtering and fixed-point smoothing algorithms

have been designed in sensor networks with measured outputs perturbed by ran-
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dom parameter matrices and correlated noises, using an innovation approach.
Owing to the unreliable network characteristics, the information transmission
through the network communication channels is assumed to be subject to mixed
random failures. The current measured output model with random parameter
matrices and correlated noises provides a general framework to deal with a great
variety of networked systems featuring different network-induced stochastic un-
certainties.

The proposed recursive estimation algorithms are easily implementable and
do not require the evolution model generating the signal process, since it is
based on covariance information. The estimation accuracy is measured by the
estimation error covariances, which can be calculated offline as they do not
depend on the current set of observed data.

A more general model, suggested by the anonymous reviewer, would be ob-
tained by considering that, for each sensor, the transmission noise is not equal
to the measurement noise. For this new model, estimation algorithms with a
similar structure to the proposed ones would be obtained, but essential differ-
ences would arise in the expressions of the covariance matrices given in Lemma
2 and Lemma 3, as well as in expression (14) of Theorem 1. Consequently,
the algorithms in the current paper would not be directly applicable in this

situation.
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