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1 Introduction

In this paper we shall consider tubular neighborhoods of closed sets in the sub-Riemannian Heisenberg
groups H", n > 1, endowed with their Carnot—Carathéodory distance. We are mainly interested in the regu-
larity of the distance function to a closed set E, and in obtaining an expression for the volume of a tubular
neighborhood of E in terms of its radius and of the local geometry of 0E. The corresponding formula in
Euclidean space was obtained by Steiner for convex sets [42] (see also [41, Section 4.2]), by Weyl for smooth
submanifolds [44], and by Federer for sets of positive reach [15]. Weyl’s result provided the starting point
to obtain a generalization of the Gauss—-Bonnet formula [1, 13]. In all these cases, the volume of a tubu-
lar neighborhood is a polynomial whose coefficients, in the smooth case, are integrals of certain scalar
functions associated with the Riemannian curvature tensor. In convex set theory, the coefficients are the
well-known Minkowski’s Quermassintegrals and, in the theory of positive reach sets, the total mass of the
curvature measures. Gray’s monograph [23] contains a comprehensive historical account, and generaliza-
tions of Weyl’s formula to Riemannian manifolds.

In sub-Riemannian manifolds, these problems have been considered in recent works. Arcozzi and Ferrari
discussed the case of open sets Q ¢ H! with boundary S and, under the hypothesis of C k regularity of S, k > 2,
they proved that the Carnot—Carathéodory distance function is of class C¥~! out of the singular set of points
in S where the tangent plane is horizontal, see [4, Theorem 1.1]. The same authors later studied the Hessian
of this distance function in [5]. A Steiner-type formula has recently been obtained in H' by Balogh, Ferrari,
Franchi, Vecchi and Wildrick. They proved in [7, Theorem 1.1] that the volume of a tubular neighborhood
of a domain with C*® boundary has, out of the singular set, a power series expansion whose coefficients
are integrals of polynomials of certain second order derivatives of the distance function. The proof of this
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result was obtained by taking iterated divergences of the distance function. A similar formula was obtained
by Ferrari [16] by computing the flow of the horizontal gradient of the distance function. Properties of the
Carnot—Carathéodory distance in special 2-step Carnot groups, focusing on the case of 2-step ones, can be
found in [6]. Amongst several remarkable results, the authors give a sub-Riemannian version of the Gauss
Lemmain [6, Theorem 1.2], and a proof of the C k regularity, k > 2, of the distancetoa C k hypersurface without
singular points in [6, Theorem 1.1]. Interesting results on the distance function to curves and surfaces in H?,
with applications, have been obtained by Arcozzi [3]. The results in [4] and [5] have been used by Ferrari
and Valdinoci [17, Section 2] to obtain geometric inequalities in H'. Several recent works use the distance
function and techniques of Integral Geometry to obtain geometric inequalities in sub-Riemannian manifolds
(e.g., [9, 14, 28]). From the Brunn—Minkowski-type inequality obtained by Leonardi and Masnou [31], lower
estimates of the volume of a tubular neighborhood of a given set can be obtained.

In this work, we deal with properties of the Carnot—Carathéodory distance to a closed set E in the
sub-Riemannian Heisenberg groups H", n > 1. The cases where E has C? boundary and when E is an
m-dimensional submanifold of class C? of H" will be specially considered.

The paper has been organized into several sections. In Section 2 we fix notation and recall basic facts and
geometric properties of the Heisenberg groups H", including geodesics, Jacobi fields, basic properties of the
Carnot-Carathéodory distance and the horizontal second fundamental form. Many of the results included in
this section are known while others have never explicitly appear in the literature.

In Section 3 we look at basic properties of the distance function 6 to a closed set E ¢ H", focusing
on the behavior of length-minimizing geodesics. It is a trivial fact that 6 is Lipschitz with respect to the
Carnot—Carathéodory distance and so differentiable almost everywhere by Pansu-Rademacher’s Theorem,
see [36]. In the first part of this section, following Federer [15], we define a tangent cone Tan(E, p) at a point
p € E roughly as the set of tangent vectors to curves starting at p and contained in E, and a horizontal nor-
mal cone Nory (E, p) as the set of horizontal vectors orthogonal to Tan(E, p). This notion is independent from
the one of tangent cone of a finite perimeter set given in H", see [18]. Another relevant notion here is that
of singular point p € E, i.e., one for which the tangent cone Tan(E, p) is contained in one of the half-spaces
of TpHH" determined by the horizontal distribution hyperplane (,. The set of singular points will be denoted
by Eo. We shall say that a point is regular if it is not singular, and we also define the reach of E at a given
point p € E, the metric projection é to E and the set of points Unp(E) with unique metric projection. Stan-
dard properties such as the continuity of £ on Unp(E), Proposition 3.3, the continuity of the curvature of
length-minimizing geodesics on Unp(E) \ E, Proposition 3.4, and the continuity of the initial speed of length-
minimizing geodesics on Unp(E) \ E for regular points, Proposition 3.6, are obtained. In Lemma 3.7 we show
that the distance function to a closed set is H-differentiable in the interior of (Unp(E) \ E) N .Sgl(aE \ Eop).
Hence the Carnot—Carathéodory distance 6 to E is H-differentiable in the interior of the set of points with
unique metric projection to a regular point in E.

Given a closed set E c H" and a point g ¢ H", there always exists a length-minimizing geodesic, con-
necting a point in 0E to g, realizing the distance from E to g. In the second part of Section 3 we analyze the
behavior of such geodesics. We prove in Lemma 3.11 that the initial speed of length-minimizing geodesics
lies in the horizontal normal cone to the set, and that the curvature of the geodesic lies in a precisely described
interval of real numbers. In particular, when the boundary of the closed set E is a C' hypersurface, we can
prove in Theorem 3.12 that the points in 0E at minimum distance are regular points where the tangent hyper-
plane is not horizontal, that the initial speed of a length-minimizing geodesic joining E to a given point is the
outer horizontal unit normal to E, and that the curvature of the geodesic is exactly

LoD
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where N is the outer unit normal to oE, T is the Reeb vector field on H", and Ny, is the orthogonal projection
of N to the horizontal distribution . The significance of the quantity A in () for surfaces in H' was recog-
nized by Arcozzi and Ferrari, who called it the imaginary curvature of S, see [5, Section 1]. From Theorem 3.12
we deduce that length-minimizing geodesics leaving E begin at regular points and are unique. This allows to
define an exponential map and to describe precisely the regularity of this map and of the distance function.
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Since A goes to co when we approach the singular set, the interval where the geodesics are length-minimizing
become very small, so that the reach of the set E at p € 0F approaches 0 when p approaches the singular set,
see Corollary 3.14. When the boundary of E is merely H-regular in the sense of Franchi, Serapioni and Serra-
Cassano [18], we can prove that the initial speed of a length-minimizing geodesic is the outer horizontal unit
normal, but we do not get additional information on the curvature of the geodesic, see Theorem 3.15. Finally,
in Examples 3.16, 3.17 and 3.18 we analyze the behavior of length-minimizing geodesics in vertical planes
and near isolated singular points and singular curves in particular examples. The last two examples should
be compared to the results by Arcozzi and Ferrari in [4, Section 3].

In Section 4 we treat the regularity of the distance function to a given m-dimensional submanifold S
of class CX, k > 2, in H". Here the tangent Tan(S, p) coincides with the classical tangent space T,S of the
submanifold S, and the set of singular points So ¢ Sis composed of those p € S for which T,S ¢ (. As a con-
sequence of the techniques developed in Section 3, we are able to prove that length-minimizing geodesics
leaving S from a regular point have a unique geodesic curvature, which also allows us to define an exponen-
tial map. Our main result in this section, Theorem 4.2, is that the reach of S is positive on compact subsets K
of S\ So, and that the distance function & is of class C* near S on &' (K) when S is of class Ck, k > 2. A corre-
sponding result, Theorem 4.5, is proved when S is a hypersurface of class C', generalizing a result by Arcozzi
and Ferrari in H', see [4]. In particular, it is obtained in Proposition 4.6 that the parallel hypersurfaces are
of class C-1,

Finally, in Section 5, we obtain a Steiner-type formula for the volume of the tubular neighborhood of a set
with C? boundary in H". To obtain this formula we follow a classical approach, using Jacobi fields associated
to variations by length-minimizing geodesics to compute the volume element along a variation by parallels,
and using a coarea formula. In the case of H! we get in Theorem 5.2 the following explicit formula for the
tubular neighborhood U, of radius r > 0 of points whose metric projection lies in an open subset U ¢ S such

that U c S\ So:
4

r
Ul =) J { J aifi(A, s) ds} ds.
=07 %o
Here A is the function 2(N, T)/|Ny| defined in (%), the functions f; are explicit trigonometric analytic functions
defined in (2.11) and (2.10), dS is the Riemannian area element associated to the canonical left-invariant
Riemannian metric in H", and the coefficients a; are given by the expressions

ao = |Nnl,
ay = [NplH,
(N, T))
- 4N,
a = -4 h|€1< RANA
B (N, T)
=Ty )
(N, T)

a4:—4H6’2( A )—4|Nh|(€1(<]|\1[\}h7|">))2»

where H is the sub-Riemannian mean curvature of S\ Sg, e1 = J(vy), where v, = Ny /|Ny| is the horizon-
tal unit normal to S, J is the standard 90 degrees horizontal rotation, to be defined in Section 2.1, and
e, = (N, T)vp — |[Ny|T. It is worth noting that all these coefficients depend on the local geometry of the sur-
face S. A similar formula has been obtained by Balogh et al., see Theorem 1.1 in [7]. The quantity |U,| can be
developed as a power series in r. The expression up to order three is

Uyl = AU)r + %( JHdP)rZ - %( [ {es( <f\1]\,th|> )+( <1|>]\;th> )2} dP)r3 +o(r"),
U U

where U is an open set in S with U ¢ S\ Sp. The quantity A(U) is the sub-Riemannian area of U, dP is the
sub-Riemannian area element on S, H is the sub-Riemannian mean curvature of S computed as the sum of
the principal curvatures of the horizontal second fundamental form defined in Section 2.6, the vector e is
equal to J(vy), where vy, is the horizontal unit normal to S.
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In the case of H", n > 2, we obtain the formula as the integral of the modulus of the determinant of
a computable square (2n) matrix, whose coefficients depend on the geometry of the boundary hypersurface.
We obtain in equation (5.18) in Theorem 5.5 that

\U,| = A(U)r + %( JHdP)rz - %( J(461< (N, T) ) +Qn+ 2)( (N, T) )2 +lo]? - HZ) dP)r3 +o(r"),
U U

[Nnl INgl

where we are using the same notation as above. In addition, |o|? is the squared norm of the horizontal second
fundamental form of S, defined in Section 2.6.

We conclude the paper by showing how Steiner’s formula looks like when S is a umbilic hypersurface
in H", a class recently introduced by Cheng, Chiu, Hwang and Yang in [11], and by providing a characteriza-
tion of sets with polynomial Steiner’s formula.

2 Preliminaries

2.1 The Heisenberg group

The Heisenberg group H" is the (2n + 1)-dimensional space R>"*!, endowed with the group law * given by

(z,t) * (W, s) = (z +W,t+S+ z Im(znﬁn))

i=1

for (z, ), (W, s) € C" x R = R*™1, In H" we may consider the contact 1-form

n
0 :=dt+ Z(—Yidxi + x;dyi),

i=1
which satisfies .
d6 =Y 2dx; A dy;,
i=1
and the horizontal distribution H := ker(6) generated by the left-invariant vector fields

0 0 -=i_x~2 i=1,...,n.

Xii= — i—, it s
! oX; Vi ot ! oy; ‘ot

A vector field is horizontal if it is tangent to the horizontal distribution at every point. We shall say that a C!
curve y : I — H" is horizontal if the tangent vector y(t) belongs to Hy for any ¢ € I. A basis of left-invariant
vector fields is given by

{Xl,---’Xn, Yl;---yYn’ T}7 (2'1)
where 5
T := E

is the Reeb vector field of the contact manifold (IH", 6): the only vector field such that (T) = 1 and £16 = 0,
where £ denotes the Lie derivative in H". Any left-invariant vector field is a linear combination (with constant
coefficients) of the ones in (2.1). The only non-trivial bracket relation between the vector fields in (2.1) is

[Xi, Yi]=-2T, i=1,...,n. (2.2)

Since dO(X, Y) = X(6(Y)) - Y(6(X)) - 6([X, Y]), condition (2.2) implies that the distribution H is completely
non-integrable by the Frobenius Theorem. A field of endomorphisms J : H — ¥ such that J? = -Id is defined
by J(X;) := Y;, J(Y;) := -X;,i =1, ..., n. We extend it to the whole tangent space by setting J(T) := 0.

We choose on H" the Riemannian metric (-, - ) so that the basis {X;, Y;, T : i = 1, ..., n}is orthonormal.
The norm of a vector field X with respect to this metric will be denoted by |X]|, and the associated Levi-Civita
connection by D. If X is any vector field, we shall denote by X := X — (X, T) T its orthogonal projection to
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the horizontal distribution. Since T is orthogonal to H and 6(T) = 1, we infer that 8(X) = (X, T) for any vector
field X. Writing any pair of left-invariant vector fields X, Y as a linear combination (with constant coefficients)
of the elements of the basis (2.1) and using (2.2), we have

(X, Y] =2¢X, J(Y))T. (2.3)
In particular, this implies
(LrHX) = [T, J(X)] - J(T, X]) = 0.
Moreover, if X, Y are left-invariant and horizontal, we get
de(Xa Y) = _6([X’ Y]) = _2<X3 ](Y)>s
which implies that the quadratic form
X € H - dO(X, J(X)) = 2|X|?

is positive definite. Let V be any affine connection in H" with torsion tensor Tor(X, Y) := VxYV - VyX - [X, Y].
Assuming it is a metric connection with respect to the left-invariant Riemannian metric (-, -) previously
defined, we have

X(Y,Z) =(VxY, Z) + (Y, VxZ).

Then V can be computed in terms of the scalar product and the torsion tensor using Koszul formula

2<VXY’ Z> = X<Y’ Z> + Y<Xa Z> _Z<X’ Y> + <[Xa Y]’Z> - <[Y’ Z]’X> - <[X’ Z]’ Y>
+ (Tor(X, Y), Z) — (Tox(Y, 2), X) — (Tor(X, 2), Y).

Since the scalar product of left-invariant vector fields is a constant function, the Levi-Civita connection D is
torsion-free, and (2.3), we obtain, for any pair of left-invariant vector fields X, Y,

DxY = 6(M)J(X) + 6(X)J(Y) - (X, J(Y))T.
Observe that, in particular, for X left-invariant,
DxT =J(X), DxX=0.
The pseudo-hermitian connection V in H" is the only metric connection whose torsion tensor Tor satisfies
Tor(X,Y) = -2(X, J(Y))T (2.4)
for any pair of arbitrary vector fields X, Y, see [43] and [40]. Equation (2.3) then implies
Tor(X, Y) = -[X, Y]
for any pair of left-invariant vector fields X, Y. From Koszul formula we get
VxY =0, (2.5)

for any pair of left-invariant vector fields X, Y. The pseudo-hermitian connection and the Levi-Civita connec-
tion can be related by Koszul formula to get

2(VxY, Z) = 2(DxY, Z) + (Tor(X, Y), Z) — (Tor(X, Z), Y) — (Tor(Y, Z), X).
If R is the curvature operator associated to the pseudo-hermitian connection V, equation (2.5) implies
R(X,Y)Z =VxVyZ -VyVxZ -Vixv)Z=0

for X, Y, Z left-invariant vector fields. This implies that the connection V is flat.
If X, Y are left-invariant, then J(Y) is also left-invariant and

VxJ(Y) - J(VxY) = 0.

This implies V] = 0 (J is integrable in the sense of Frobenius).
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2.2 Horizontal curves and geodesics in H"

We refer the reader to [39, Section 3] for detailed arguments. A smooth geodesic in H" is a smooth horizontal
curve y : I — H" which is a critical point of the Riemannian length L(y) := L |y(s)|ds for any variation by
horizontal curves y, with fixed endpoints. Consider a variation {y,}, |u| < €, of y = yo with variational vec-
tor field U := 9y, /ou. The variation of (y,, T) in the direction of U was computed in [38] and is given by
U(yu, T) = y(U, T) + 2{y, J(U)). Hence if {y,} are horizontal curves, then U satisfies the equation

y(U, T) + 2(y, J(U)) = 0. (2.6)

Conversely, if U satisfies equation (2.6), we choose a vector field V along y so that y(U, T) + 2{y, J(U)) + 0
(for instance V(s) := sT)s)). We consider the variation F(s, u, v) := expy(s)(UUy(s) + VVy(s)), where exp is the
exponential map with respect to the Riemannian metric (-, - ), and the function

oF
f(S, u, V) = <$(S) u, V)! TF(s,u,v)>-

Then we have f(s, 0, 0) = 0, %(s, 0,0) =0and %(5, 0, 0) + 0. By the Implicit Function Theorem, there exists
v(s, u) with v(s, 0) = O such that s — F(s, u, v(s, u)) is a horizontal curve for u small. Moreover, since % =0,
by the Implicit Function Theorem we have that the associated variational vector field is U.

So assume that y : I — H" is a smooth regular (y # 0) horizontal curve reparameterized to have constant

speed (|y| = ¢ € R\ {0}). The derivative of the length for a variation of y by horizontal curves is given by

de

Lye) = - J(Vy)", v, 2.7)
I

e=0

where by V;V, with V a vector field along y, we have denoted the covariant derivative of V along y with
respect to the pseudo-hermitian connection V. Observe that V;y is orthogonal to both y (since |y| is con-
stant) and T (since T is parallel for V). Consider an orthonormal basis of TH" along y given by T, y, J(y),
Z1,...,Z_>. Asin the case of the first Heisenberg group H! (see [38, Section 3]), we take any smooth func-
tion f : I — R vanishing at the endpoints of I and such that L f = 0. Then the vector field U along y defined
by the conditions Uy = fJ(y) and (U, T) = 2 Lf satisfies (2.6). From (2.7) we conclude that (D;y, J(y)) is con-
stant. Now let g : I — Rbe any smooth function vanishing at the endpoints of I. Then the vector field U = gZ;,
fori=1,...,2n -2, satisfies (2.6), and hence Dy is orthogonal to Z; foralli = 1, ..., 2n - 2. So we obtain
that the horizontal geodesic y : I — H" satisfies the equation

V7 +AJ(y) =0 (2.8)

for some constant A € R. If y satisfies (2.8), we shall say that y is a smooth geodesic of curvature |iy| Observe
that any curve satisfying (2.8) has constant speed since

VIVIZ = 2(Yyp, 7y = =2A0()), y) = 0.

Moreover, the notion of curvature of a smooth geodesic is invariant by reparameterization with constant
speed: in case y satisfies (2.8) and ¢ € R is different from 0, we define y.(s) := y(cs). Then we have

Vybe = Vi = =Ac2J()) = -AcJ(Ve),

that has curvature ﬁ = fﬂ as claimed. If y is parameterized by arc-length and satisfies equation (2.8), then y.

is a smooth geodesic with constant speed and curvature A.

ForAeR,p e H",andv € T,H", v # 0, we shall denote by y;‘,", the geodesic y : R — H" satisfying (2.8)
with initial conditions y(0) = p, y(0) = v. The curve y} , has curvature |"7| Lety =yp,. If ¢ #0, then y is
a geodesic satisfying (2.8) with constant cA and initial conditions y.(0) = p and y.(0) = cy(0) = cv. Hence
we have y(s) = y§'.,(s) and so

Vpr () = V5ley ().
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The equations of a geodesic can be computed easily: let y(s) = (x1(S), y1(S), . . . , Xn(S), ¥n(S), t(s)) be
a horizontal geodesic. Then

¥(8) = Y Xi()Xi)y(s) + Vi) (Yi)yes),»
i=1

n
t(s) = Y (iyi = xiyi)(s).
i=1
From (2.8), the coordinates of y satisfy the system
Xi = Ayi,
Vi =-Ax;
with initial conditions x;(0) = (xo)i, yi(0) = (¥0)i, X;(0) = A;, yi(0) = B;, and Z?:1(Ai2 + Bl.z) = |y(0)|?. Integrat-
ing these equations, for A = 0, we obtain
xi(s) = (xo)i + 4is,
yi(s) = (Yo)i + Bis,
n
t(s) = to + Y (Ai(yo)i — Bi(X0):)s,
i=1
which are horizontal Euclidean straight lines in IH". Integrating, for A # 0, we obtain

xi(s) = (xo)i +Ai(sin/(1/\s)) + i< 1o C;S(AS) >,
yi(s) = (Yo)i — Ai<—1 — CKS(AS)> + i(sin/(l/\s) )

t(S) =to+

ly(i)lz <s - sin/(\/ls)) + i {(Ai(XO)i + Bi()’o)i)(—1 — CZS(AS) )}

i=1

sin(As) )}

- Zl {(Bl-o«))i - o0 (2 (2.9)

For future reference, we shall consider the analytic functions

Foo = 209 Gy o= 1200500 ey ’%zn(x)

the analytic functions

R = 00,
1 - cos(x)
_ =
sin(x) — x cos(x)
_ 5
2 — 2 cos(x) — x sin(x)
_ g
X — sin(x)

K(X) = X—3’ (2.10)

oy

N

=
|

>

»71

w

=
|

3

&y

=

=
|

>

and the functions
fo(A, s) := cos(As),
fi(A, s) := F1(As)s,
f2(A, s) == F2(As)s?,
f3(A, 8) = F3(As)s>,
fa(A, s) = F4(As)s*,
k(A, s) := K(As)s>, (2.11)

that are analytic functions of A and s.
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Let 7 : H" — R?" be the Riemannian submersion over R?". Fix a point p € H" and identify a horizontal
vector v € J(, with the vector win R2" given by the coordinates of vin the basis {X;, Y; : i = 1, ..., n}. Denote
by t the Euclidean height function in H". With this identification, the involution J induces a involution on
vectors of R2™,

(Al,Bl, e ,An,Bn) = (—Bl,Al, ceey —Bn,An),

that will be also denoted by J.
Choose A € R and consider the geodesic y := y;‘,’v. Leta := moyand 8 = t o y. Then we have
a(s) = (p) + s(F(As)w - G(As)](w)),
B(s) = t(p) +17(0)*s*H(As) + (71(p), S(G(As)w + F(As)](w))), (2.12)
where (-, -) is the Euclidean product in R?".

Remark 2.1. IfT': I —» R?"isa C! curve and c € R, then

S

= (F(s), c+ % j(I(F), (6 df)

(0]

is a smooth horizontal curve in IH" with initial condition (I'(0), c).

2.3 Jacobifields in H"

Some of the results of this section have already appeared in [40, Section 6] and [9], see also [10] for the case
of Riemannian manifolds.
Lety : I — H" be asmooth geodesic in H" of curvature A parameterized by arc-length satisfying equation
Vv +AJ(y) = 0.

Consider a variation {y.} of y = yo by curves y, : I — H" satisfying

Vi Ve + A&)J(ye) = 0.

OYe

5 le=o the deformation vector

We know that the curves y, have constant speed and curvature % Let U :=
field. Then we have
VuVyve + A'T(Ye) + AJ(Vy,U) = 0,

where A' = U(A) = a’;ff) |e=0. Using the sub-Riemannian curvature tensor R associated to V, we get
VuVy.Ve = R(U, Ve)Ve + Vi VuVe + ViujaVe = Vi VuVe,
since R = 0in H" and [U, y,] = 0. From (2.4) we have
Vy.Vuye =V, Vy U+ Vy, Tor(U, ye) = Vy, Vy, U = 2y (U, J(ye)) T.
Evaluating at € = 0, we obtain the Jacobi equation along the geodesic y
VyViU + A(VyU) + X' J(y) = 27CU, J(7) T = 0.
Letting U = V; U, U = V;V; U, we get
U+M0) +A'J(y) - 29U, J(/) T = 0. (2.13)

A Jacobi field along a sub-Riemannian geodesic y will be a vector field along y that is a solution of
equation (2.13). The solutions of equation (2.13) can be explicitly computed in H". We first observe that the
tangent vector of a sub-Riemannian geodesic is contained in a horizontal two-dimensional plane determined
by its initial velocity.
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Lemma 2.2. Lety : R — H" be a geodesic in H" with curvature A, and let X be a left-invariant vector field. Then
d . .
1 Xy) = A7 JXKyo),
5Ty = A5 Xy, (.14
where s is the arc-length parameter of y. In particular,
(V(s), Xy(s)) = (¥(0), Xy(0)) cos(As) + (y(0), J(Xy(0))) sin(As),

¥(8), J(Xy(5))) = =(¥(0), Xy(0)) sin(As) + (y(0), J(Xy(0))) cos(As), (2.15)

Moreover, if X is a left-invariant vector field so that X, = y(0), then
V() = cos(As)Xy(s) — sin(As)J (Xys))-

Proof. System (2.14) is obtained from the geodesic equation (2.8) taking into account that left-invariant vec-
tor fields in H" are parallel for the pseudo-hermitian connection. From this observation, the equations in
(2.15) are obtained. Assume A # O since the case A = 0 is trivial. Then the expression for y is obtained by
extending X to an orthonormal basis of left-invariant vector fields X, J(X), X5, J(X2), ..., X, J(Xy), and using
equations (2.14) and (2.15). O

Now we compute explicitly the Jacobi fields along a given sub-Riemannian geodesic. Let us introduce the
following notation: if v € T,H", then v is the only left-invariant vector field such that (v*), = v.

Lemma 2.3. Let y : R —» H" be a sub-Riemannian geodesic of curvature A parameterized by arc-length, and
let U be a Jacobi field along y satisfying equation (2.13). Then U is given by U(s) = Up(s) + c(s)Tys), where Uy
and c satisfy the equations

Un+AJ(Up) +A'J(7) =0 (2.16)

and
¢=2b, whereb = U]J{y)). (2.17)

Moreover, Uy, is given by

Un(s) = [Un(0) 1)) + f1A, $)[Ur(0) 1ys) — Af2(A, $)IJ(U(0)) s
+ A [AkQA, $)y(s) + Af2(A, $)I(7(s))]. (2.18)

Proof. Consider an orthonormal basis of horizontal left-invariant vector fields X, Y1, ..., X,, Y, so that
Y; = J(X;) for all i. The Jacobi field U(s) can be expressed as

n
U(s) = Un(s) + c(8)Ty(s) = ( Z a;(s)(Xi)ys) + bi(s)(yi)y(5)> + () Tys).
i=1
Observe that for any vector field U we have (U);, = (Up). Decomposing the Jacobi equation (2.13) into their
horizontal and vertical components, we get

Up +AJ(Up) +A'J(y) =0, ¢ =2b. (2.19)

The first of these equations is exactly (2.16). However, the second one in (2.19) is weaker than (2.17).
We notice that ¢ = 2b is satisfied whenever we have a variation by horizontal curves, since in this case,
= (Vyye + Tor(y, U), T)
= U(ye, T) + 2{J(y), U) = 2J(y), U),

as (ye, T) = 0. Hence the vertical component of the Jacobi equation (2.13) does not provide any additional
information.
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Taking into account the expression for Uj, the horizontal Jacobi equation (2.16) implies that the system
—Ab; - A'(y, Yi) =0
bi +Aa;i + A'(y, X;) = 0, (2.20)
is satisfied by the horizontal components a;, b;, i = 1, ..., n, of U. Defining the coefficients a;, §; by the
equality
y(0) = i(ai(xi)y(o) + Bi(Y)y(),

i=1
we get (y, X;) = a; cos(As) + B; sin(As) and (y, Y;) = —a; sin(As) + B; cos(As) from (2.15). Hence the two equa-
tions in (2.20) can be rewritten as
— Ab; + A (a; sin(As) — B; cos(As)) = 0
b; + Aa; + A'(a; cos(As) + B sin(As)) = 0

The solutions of this system of ordinary differential equations can be explicitly computed. They are given by

ai(s) = ai(0) + a;(0)f1(A, s) + Ab(0)f2(A, s) + A'a;h(A, s) + A'Bij(A, s),
bi(s) = bi(0) + bi(0)f1(A, s) - Aa;(0)f>2(A, s) — X' aij(A, 5) + A'Bih(A, s), (2.21)
where f (A, s) and f> (A, s) were defined in (2.11), and h(A, s) and j(A, s) are given by
As cos(As) — sin(As)
A2 ’
—1 + cos(As) + As sin(As)
A2 )
They are analytic functions of A and s. In particular, h(0, s) = 0 and j(0, s) = % forall s € R.
From (2.21) we get

h(A,s) =

](A’ S) =

Un(s) = Z(ai(s)(Xi)y(s) +bi(8)(Yi)y(s)
i-1

= Z ai(0)(Xi)y(s) + bi(0)(Yi)y(s) + ( Y @i(0)(Xi)y(s) + bi(0)(Yi) s>)f1(A s)

i=1

( Y bi(0)(Xi)y(s) — @i(0)(Y; >y<s>)Afz<A s) ( Y ai(Xi)ys) + BiYiys )A’h(/\, s)

i i=1

Un(s) = [Un(0)°]ys) + fr A, $)IUR(0)1y(5) = Af2(A, 9)U(U(0)) Iys)
+ A'h(A, $)[7(0) Tys) = A'j(A, $)U(7(0) Ty(s)-

s

Bi Xiy(s) ai(Yi)y(s)>A’j(Aa S).
1

So we have

By letting X = y(0)¢, Lemma 2.2 implies
Xy(s) = cos(As)y(s) + sin(As)](y(s)),
J(X)y(s) = —sin(As)y(s) + cos(As)J (y(s)),

and so

h(A, $)Xys) = J(A, ) (X)y(s) = Ak(A, $)y(s) + Af2(A, )] (¥(s)),
which implies (2.18). O
Remark 2.4. If U is a Jacobi field along a geodesic y associated to a variation by arc-length parameterized

curves, we have
VU, + XU, J(y) =0 (2.22)
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since
0= %UI)"I2 = (VyU + Tor(U, y), y) = y(U, y) = (U, Vyy) = y{U, ) + XU, J(¥)).
Moreover, using equations (2.17) and (2.22), we get
WU + 490, D =0, (2.23)
andso (U, y + ’%T} is constant along y.

Lemma 2.5. Let y : R — H" be a sub-Riemannian geodesic of curvature A. Consider a Jacobi field U along y
satisfying equation (2.13) given by

U(s) = a(s)y(s) + b(s)J(y(s)) + c(s) Tys) + Z(ui(s)(xi)y(s) +Vi(S)(Yi)yes)),
i

where {X;,Y;:i=1,...,n}is an orthonormal set of left-invariant horizontal vector fields such that y, J(y)
belong to the space generated by X1, Y1, and Y; = J(X;) for all i. Then the functions u;, vi, i > 2, satisfy the
equations

il —Av; =0,

Vi + Ait; = 0. (2.24)

If we further assume that the variation associated to U consists of arc-length parameterized geodesics, then the
functions a, b, c satisfy the differential equations

a+Ab=0,
b-Aa+A =0,
¢-2b=0. (2.25)

Proof. The Jacobifield U can be expressed as a linear combination of y, J(y), T and X;, Y;,i > 2, by Lemma 2.2,
since y and J(y) are linear combinations of X; and Y; = J(X;). By using the geodesic equation (2.8) and the
fact that X;j, Y;, i > 2, and T are parallel for the pseudo-hermitian connection V, the Jacobi equation (2.13)
can be written as

n
(@+Ab)y+ (b -Aa+A)Jy) + (& -2b)T + ( Y (it = AV X + (Vi + }lu,-)Yi> =0.
i=2
This immediately implies (2.24). The stronger equation a + Ab = 0 in (2.25) holds because of (2.22) in

Remark 2.4.
To get the third equation in (2.25), we differentiate to get

¢=y(U, T) = (VyU, T) = (Vuy + Tox(y, U), T) = 2{J(y), U) = 2b. O

Taking third order derivatives we, immediately see that all components of the Jacobi field satisfy an ordinary
differential equation of a given type.

Corollary 2.6. Lety : R — H" be a sub-Riemannian geodesic of curvature A, and U a Jacobi field along y such
that the associated variation consists of unit speed geodesics. Let c(s) = (U(s), Ty(s)) and A" = U(A). Then

t+A%¢c+21 = 0. (2.26)

In particular,
c(s) = c(0) + ¢(0)f1(A, s) + £(0)f2(A, 5) - 2A'k(A, 5), (2.27)
where f1, >, and k are the functions defined in (2.11).

Proof. To obtain (2.26), we shall use the equations in (2.25). We differentiate twice equation ¢ = 2b to get
¢ = 2b. Then we replace the value of b to obtain ¢ = 2(Aa — A"). Finally, from (2.23) we get 2a = —A¢. Replacing
2a in the previous equation, we are done.
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The expression for ¢ in (2.27) follows from the identities

d d d
gfl(A,S)ZCOS(AS): gfz(/l,s):fl(/l,s), gk(/l,s):fz(/\,S)-

Thus fi(A,-) and f>(A,-) satisfy the differential equation ii + A>it = 0 and k(A, -) satisfies the equation
i+ A% = 1. 0O
We remark that, for A = 0, formula (2.27) becomes

c(s) = ¢(0) + ¢(0)s + %&(0)52 - %'53
since F1(0) = 1, F2(0) = 3 and K(0) = £ by (2.10).

2.4 Basic properties of the Carnot-Carathéodory distance

The Carnot—Carathéodory distance d(p, q) between p, g € H" is defined as the infimum of the Riemannian
length of the piecewise smooth horizontal curves joining p and q. Chow’s Theorem [24] implies that two given
points can be joined at least by one piecewise smooth horizontal curve. Following Gromov [25, Chapter 1], we
define a minimizing geodesic as an absolutely continuous curve a : I — H" such that d(a(s), a(s")) = |s — s'|.
By the Hopf-Rinow Theorem, [25], any pair of points in H" can be joined by a minimizing geodesic. By
the Pontryagin Maximum Principle, see [35], any minimizing geodesic is a regular smooth horizontal curve
satisfying equation (2.8) and, hence, it is uniquely determined by its initial conditions y(0), y(0), and its
curvature A. We must remark that minimizing geodesics in arbitrary sub-Riemannian manifolds do not need
to satisfy the geodesic equations. This leads to the notion of abnormal geodesics, see [32, 34].

Assume that y1, y2 : [0, L] — H" are two different minimizing geodesics joining p and gq. Then y; is
not minimizing in a larger interval. Although this fact is well known, let us sketch a proof. Assume by
contradiction the existence of ¢t > L such that y; : [0, ] —» H" is minimizing. Then the concatenation of
y2:[0,L] - H" and y; : [L, t] —» H" is also a a minimizing geodesic. By Pontryagin Maximum Principle,
this concatenation is regular. Since it coincides with y, in the non-trivial interval [t, L], the uniqueness of
geodesics implies that y; = y, on [0, L], a contradiction.

From Section 2.3, two different geodesics of curvature A # 0 extending from a given point p € H", meet
again for s = IZ—’T Hence geodesics of curvature A are minimizing in intervals of length IZTT’ but not on larger
ones. This property also follows from the second variation of length as indicated by Rumin [40, p. 327].

Let us show that the Carnot-Carathéodory distance is in fact a smooth function in the Euclidean sense
outside a vertical line, see [2] and [35] for the H! case.

Lemma 2.7. Letp € H" and L, the vertical axis passing through p. Then the distance function d,(q) := d(p, q)
is analytic, with non-vanishing Euclidean gradient, in H" \ L,.

Proof. Since left-translations preserve the Carnot-Carathéodory distance and the vertical lines, it is enough
to prove the result for p = 0.
Let U:={(v,A,5) € ™1 x RxR* : |v| = 1, |As| < 7}, and define the C* map E : U — R>"*1 by
E(v,A,s) := y?)’v(s) = (sF(As)v — sG(As)J(v), s>H(As)).
It is straightforward to check that E is an injective mapping, and that its image is R?" \ Lo.

We compute the matrix of the differential dEy, ). Consider the orthonormal basis of R?" given by
Jwi), wi, ..., J(Wn-1), Wn-1, J(v), v}. Then {J(w1), w1, ..., J(Wn-1), Wn-1, J(v)} is an orthonormal basis of
T,$%"1. We identify these vectors with the ones in the tangent space to $2 x R x R* at (v, A, s). We denote
by 0, and 05 the tangent vectors to the coordinates A and s. We consider in R?"*! the orthonormal basis
Jw1), wi, ..., J(Wp_1), Wn1, J(V), v, %}. Let w be one of the vectors w;, J(w;). Then from (2.12) we have

dFw,,5 (W) = (sF(As)w - sG(As)](w), 0),
dF (1.5 (01) = 2s°F'(As)v — 25*G' (As)J(v), 25> h' (As)),
dFy,1.5(9s) = (F(As) + ASF'(As))v — (G(As) + AsG' (As))](v), 2sH(As) + 25> H'(As)),
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and so we obtain that the determinant of dF,,; s) in the above basis is given by

i sF(As) -2s2G'(As) —G(As)
(252%/}:)) det| sG(As) 2s?F'(As)  F(As) |,
0 2s3H'(As)  2sH(As)

which is equal to

(252 G;/ls) )"‘1< -1+ cos(/ls)i: As sin(As) ),

and hence to

5 G(As) \""1 7 sin(As)(As cos(As) — sin(As))
(22%) A-a )

Observe that @ = g(x) is an analytic function that does not vanish in the interval (-2, 277), and that %‘X)
and X%(x cos(x) — sin(x)) are analytic functions that do not vanish in the interval (-, 7). Hence the Jacobian
of dE,,),s) does not vanish, so that E is a local analytic diffeomorphism.

Since E is a bijective mapping, it is also a global diffeomorphism. Hence, for any point p € H" \ Lo
there exists a unique geodesic yéyv so that p = yA ,(s) and |As| < 71. We conclude that Yé,v is minimizing and
that s = d(p, 0).

Composing the local inverse of the mapping E with the projection over the coordinate s, we conclude
that the Carnot-Carathéodory distance is an analytic function out of the vertical axis passing through the
origin. O

A simple corollary of the previous result is:
Lemma 2.8. Let W = {(p, q) €« H" x H" : n(p) # n(q)}. Then d : W — R is an analytic function.

Proof. We simply consider the map
H'xU - H'xH", (p,(v,A,5)) = 0,y ,(s),

which is locally invertible by the previous lemma. Composing the local inverse with the projection over s,
we obtain the desired result. O

The analyticity of the distance function has recently been treated by Hajtasz and Zimmerman in [26].

2.5 Variations by geodesics

We shall often use variations by horizontal curves. The existence of such variations is guaranteed by the
following result.

Lemma 2.9. Let y : [0, a] — H" be a smooth horizontal curve, I c R an open interval containing the origin,
and a, B : I — H" smooth curves such that a(0) = y(0), B(0) = y(a). Then there exist €y > 0 and a variation y.,
le| < €0, of y by horizontal curves such that y.(0) = a(e) and y.(a) = B(¢) for |g| < &o.

Proof. We decomposey = (y1,y2) € R?"xR. Consider the two-parameter family of curves [ep:[0,a] — R2"
defined by
Tep(s) = yi(s) + eUe, s) + pV(s). (2.28)

Here U(e, s) is defined by
S S
U, s) = (1 - E),Da(s) + Ep;;(S),
where

a1(€) = a1(0) + epa(e), P1(e) = P1(0) + epp(e),
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and V(s) is a vector field along y; (s) vanishing at 0 and a and such that
a
| vi@ag +o.
0

It is enough to take V(s) = cos(—s)— + sm( )
Now we consider the two- parameter famlly of horlzontal curves in H" given by

Aep(s) = (rgp(s) () + = j<1(rgp) Tep)(® d{)
0

When € = p = 0, we have from (2.28) that I'g,o = y1 and so Ag,o = y. For s = 0, we have

A p(0) = (y1(0) + €pale), a2(€)) = (a1(€), a2(€)) = a(e)

for any ¢, p. For s = a we have
(Aep)i(a) =Tep(a) = yi(a) + epp(e) = Pa(e).

So it remains to prove we can choose p(¢g) for € small so that p(0) = 0 and

1 ( .
(As,p(s))Z(a) =ay(e) + 5 J(](rs,p(s)): rs,p(s))({) dé = ,82(8)-

0

We define a smooth function of two variables G : I x R — R by

Gle, p) = (aa(e) - Bae)) + jum,p), Te ) (&) dE.
0

N —

This function satisfies

G(0,0) = y1(0) = y2(0) + = | J(y1), yi)(§)dé =0

N =
Ot

as y is a horizontal curve. Moreover,
a
oG 1 .
—(0,0) == ),V d 0
510.0=5 !m ) V@ d #

by the choice of V. By the Implicit Function Theorem, there exist £y > 0 and a function p : (-€¢, £9) — Rsuch
that p(0) = O and G(g, p(¢)) = O forall € € (=&, £0). This implies that y. = A¢ p(¢) : [0, a] — H" is a variation
of y by smooth horizontal curves joining a(g) and (). O

In the next result we compute the derivative of length when we deform a sub-Riemannian geodesic by hori-
zontal curves.

Lemma 2.10. Lety : [0, a] — H" be a geodesic of curvature A, and {y.}. a variation of y by horizontal curves.
Let U(s) := %(s). Then

de g:oL(yg) = (2.29)
Proof. We have
d (o o .
% E:OL(YS) = J(VUY, Y> = I(VYU + TOl’(U, y), y) = j(y(U’ y> _ <U, Vyy)),
0 0 0

since [U, y] = 0 and Tor(U, y) is a vertical vector. From equations (2.8) and (2.6) we get

U, = WG = Sy,

from which (2.29) follows. O
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2.6 A second fundamental form for C? hypersurfaces

In this subsection, assume that S ¢ H" is an embedded hypersurface of class C2. Let Sy be the singular set
of points g € S where TS coincides with the horizontal distribution. Let N be a unit normal to S and vy the
horizontal unit normal, defined by

N
" INul
The characteristic vector field Z is defined by
Z = J(vp).

It is a horizontal vector field defined in S \ Sp and tangent to S. The vector field (N, T)vy — |N|T, tangent to S
and not horizontal, will be often considered along this paper.
If g € S\ Soand u € T;S n Hy, we define the horizontal second fundamental form of S by

Aw) = Vv - Dy, (2.30)
INal

where by Uy we denote the tangent horizontal projection onto S, defined by
Une = U-(U, )T - (U, vn)vn

for any vector field U. The operator A : TS N Hy — T4S N Hy defined by (2.30) was introduced in [37] and
studied in [11] and [12] .

Given a C! function f : S — R, we define its horizontal gradient on S as the tangent and horizontal vector
field ng in S\ Sy satisfying ((ng)q, u) = u(f) forany g € S\ Sp and u € T4S n H,. The following properties
are known.

Proposition 2.11. Let S c H" be an embedded C? hypersurface with horizontal unit normal vy, and horizontal
second fundamental form A. Then the following statements hold:

(1) (Au),v) =(u, AW)), u,v e TySNHy.

(2) ForE = (N, T)vy — |[Ny|T, we have on S \ Sy that

WD) (1)

2
INal W) o (2.31)

~ INAl"\VEvy = vz(

(3) Z = J(vp) is an eigenvector of A if and only if [U, Z] is tangent and horizontal for any vector field Uin S \ Sy
tangent, horizontal and orthogonal to Z.

Proof. To prove the symmetry of A, take U, V € TS n H. Since ([U, V], N) = 0, we have
(VyV - VyU - Tor(U, V), N) = 0.
As VyV, Vy U are horizontal and Tor(U, V) = 2{J(U), V)T is vertical, we get
—(V, INrIVuvn + (N, T)J(U)) + (U, INp|Vvvp + (N, T)J(V)) = 0,

which implies the symmetry of A.
Let us now prove (2.31). Let Z = J(vy). We observe first that Vgvy, is orthogonal to v, and T. Let U be any
horizontal and tangent vector field on S \ Sp. Since [E, U] is tangent, we have

(VgU - VyE - Tor(E, U), N) = 0.
Decomposing N = |Np|v, + (N, T)T, we have
INk{VEU, v) = (VuE, N) - 2(N, T) J(E), U) = 0.
As U is horizontal, it follows that (Vg U, v) = —(U, Vgvy). From the definition of E and Z we obtain

(N, T){J(E), U) = (N, T)*(Z, U).



16 —— M. Ritoré, Tubular neighborhoods in the sub-Riemannian Heisenberg groups DE GRUYTER

Finally,
2 (Ny T)
(VuE, N = ~(E, VyN) = (N, TYU(NI) + INp|U((N, T)) = [N| U(W>
So we obtain N T
(U, ~INWIVvy - |Nh|2U(<”\; |>)—2<N, 122) =0,
h
which implies (2.31). O
The symmetry of the horizontal second fundamental form proved in part (1) of Proposition 2.11 implies the
existence, at every point g € S\ So, of an orthonormal basis e, ..., e,-1 of T¢S N ¥4 and of real numbers
K1, ..., Kan_1 such that

A(e;) = ke, i=1,...,2n-1.
The mean curvature H of S, defined on S \ Sy as the trace of the operator A on T4S n 3, is thus given by
H-= K1+ -+ Kin-1.

The mean curvature plays a prominent role in some geometric variational problems in sub-Riemannian
geometry because of its relation to the first variation of the sub-Riemannian perimeter functional in contact
sub-Riemannian manifolds, see e.g. [39], [20] and [37].

The norm of the horizontal second fundamental form is the function |o|? defined on S \ Sy by the formula

2n-1
o> = ) x?. (2.32)
i=1
By taking an orthonormal basis eq, . . . , e2,-1 of the tangent horizontal space TS n K, the trace Zizfl‘ ! Ve,V l?

does not depend on the basis. The function |¢|? can be computed this way since (2.32) is the trace correspond-
ing to an orthonormal basis of principal directions.

Following [11], we define an umbilic hypersurface in the sub-Riemannian Heisenberg group H" as one
for which Z is a principal direction, and the remaining ones have equal principal curvatures. More precisely,
there exist an orthonormal basis e; = Z, e,, ..., e2,-1 and scalars p, pu such that A(e;) = pe1 and A(e;) = pe;
for i > 2. Hypersurfaces of revolution are umbilic by [11, Proposition 3.1].

The following result can be deduced from [11, Proposition 4.2].

Proposition 2.12. Let S ¢ H" be an umbilic hypersurface with A(Z) = pZ and A(V) = uV for all tangent hori-
zontal vectors V orthogonal to Z. Then we have

—vio) = v DY _ —(p— 2N 1)
VG0 = Vie) = v( o )-=o, 200 = (p =205

A(22) (2 -

<f\ll\}h];>) B Z( <]|\1[\’7th> )Z'

3 The distance function to a closed set

Let E ¢ H" be a closed set with boundary S = 0E. We define the distance to E by
6r(x) :=1inf{d(x, q) : q € E},

where d is the Carnot—Carathéodory distance in IH". The function 6F is Lipschitz with respect to d as it satis-
fies |6g(x) — 6(y)| < d(x, y). By Pansu-Rademacher’s Theorem [36], the function & is Pansu-differentiable
almost everywhere (see also Calder6n’s proof of this result in [8, Theorem 6.13]). For r > 0 we define the open
tubular neighborhood of E of radius r > 0 by

E,:={peH":6g(p)<r}.
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For g € E, we define the set Tan(E, q) of tangent vectors to E at g as the subset of T;IH" composed of
the zero vector and the limits, in the tangent bundle, of the tangent vectors of C! curves starting from g and
contained in E. The set Tan(E, q) is closed and positively homogeneous and will be called the tangent cone
of E at q. Obviously, if E c F, then Tan(E, q) ¢ Tan(F, q). The horizontal tangent cone Tany(E, q) is defined as
Tan(E, q) n H4. The normal cone Nor(E, q) is defined as the set of vectors u € T;H" such that (u, v) < 0 for
all v e Tan(E, q). The set Nor(E, gq) is a closed convex cone of T;HH". The horizontal normal cone Nory(E, q) is
defined as the set

Nory(E, q) ={v € Hy : (v,u) < Oforall u € Tang(E, q)}.

In general, Nory(E, q) # Nor(E, q) n 4. Observe that if 7(; ¢ Tan(E, q), then Nory(E, q) = {0}.

We shall say that g € E is a singular point if the tangent cone Tan(E, q) is contained in one of the
half-spaces in T,H" determined by the hyperplane J{,. We shall say that a point g € E is regular if it is
not singular. The set of singular points of E will be denoted by E,. Observe that interior points of E are regular
since Tan(E, q) = T,H" when g ¢ int(E). The set of singular points of E at the boundary S of E will be denoted
by So.

For sufficiently regular boundaries we have the following result.

Lemma 3.1. Let E c H" be the closure of an open set with boundary S = OE. Let q € S.

(i) Assume that S is of class C! in an open neighborhood of g, and let Ny be the outer unit normal to S at q.
Then Tan(E, q) = {u € TgH" : (u, Ng) < 0} and Nor(E, q) = {pNy : p > O}.

(i) Assume that S is of class Cg; in an open neighborhood of g, and let v4 be the outer horizontal unit normal
of Sat q. Then Tany(E, q) = {u € Hy4 : (u, vq) < 0} and Nory(E, q) = {pvq : p = 0}.

Proof. We shall give the proof of (ii) since the one of (i) is similar.

If S is of class C]h near g, then there exists an open ball B(g, r) and a function f € C]%{(B(q, r)) such that
EnB(q,1) =f((-00,0]),0ENB(q, r) = f1(0), and v4 = (Vuf)q/|(Vuf)ql- Take u € H, such that (u, v4) < 0
and a horizontal curve a : [0, 1] — H" of class C! satisfying a’(0) = u. Since

(U, vg) = [(Vufgl ™ (U, (Vuf)g) < O,
we get
= d (fea)(s)<O
u = % o S .

Hence there exists € > 0 such that a([0, €]) ¢ E. This implies that u € Tany(E, q) and so the inclusion
{u € My : (u, vq) < 0} c Tang(E, q) holds. Since Tany(E, q) is closed, we obtain

{u e Xy :(u,vqg) <0} c Tanu(E, q).

For the opposite inclusion take u € Tang(E, q). The vector u is the limit of a sequence u; of tangent vectors
to C! curves contained in E for which inequality (u;, Vg) < 0 holds. Taking limits when i — co, we obtain
(u,vq) <0.

Finally, equality Nor(E, q) = {pv4 : p > 0} follows trivially. O

Remark 3.2. Lemma 3.1 implies that the set of singular points of a closed set E with C! boundary S is the

union of the interior of E and the points in S with TS = H,.

Following Federer’s terminology [15], we define Unp(E) as the set of points p € H" for which there is a unique
point of E nearest to p. The map &g : Unp(E) — E associates with p € Unp(E) the unique g € E such that
6e(p) = d(p, q). Trivially, E c Unp(E) and ég(q) = g forall g € E.

For g € E we define reach(E, q) as the supremum of r > 0 for which B(g, r) c Unp(E). If K c E, then
reach(E, K) is defined as the infimum of reach(E, q) for q € K. The reach of a set E is defined by

reach(E) := inf{reach(E, q) : q € E}.

Observe that the function g — reach(E, q) is continuous.
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Let us now prove that the metric projection é is a continuous function in Unp(E).
Proposition 3.3. Let E ¢ H" be a closed set. Then the function &g : Unp(E) — E is continuous.

Proof. Let & = . Consider a sequence {p;}ien C Unp(A) converging to p € Unp(A). Let us prove that &(p;)
converges to &(p) by contradiction: otherwise, passing to a subsequence, we may assume that there exists
some £ > 0 such that

d(é(py), §p)) = €. (3.1)
Observe that the quantity

d(é(pi), p) < d(&(pi), pi) + d(pi, p) = 6e(pi) + d(pi, p)

isbounded. Hence &(p;) is bounded and we may assume, passing again to a subsequence, that é(p;) converges
to some point g € E. By the continuity of 6 and d we have

6e(p) = ilirgo Oe(pi) = ilirgo d(&(pi), pi) = d(q, p).

Since p € Unp(E), we have é(p) = g and, since q = lim;_,, &(p;), we get a contradiction to (3.1) that proves
the continuity of &g. O

Letp € Unp(E) \ E. Then there is either just one minimizing geodesic connecting p and ég(p) of curvature A(p)
(in case p and ég(p) do not lie in the same vertical line), or there are at least two minimizing geodesics con-
necting p and ég(p), and all geodesics joining connecting both points have the same geodesic curvature A(p)
(in case p and ég(p) lie in the same vertical line).

So even if the minimizing geodesic connecting p and éz(p) is not unique, the quantity A(p) is well defined.
Let us see that it is a continuous function.

Proposition 3.4. Let E c H" be a closed set. Then A : Unp(E) \ E — R is a continuous function.

Proof. Consider asequence {p;}ien € Unp(E) converging toa pointp € Unp(E) \ E. Let us prove the continuity
that lim;_,o, A(p;) = A(p) by contradiction: passing eventually to a subsequence, we assume that there exists
some ¢ > 0 such that

[A(pi) - A(p)| = &. (3.2)

For every i, choose a minimizing geodesic connecting é(p;) and p; with initial velocity v;. Passing again
to a subsequence if necessary, we may assume that v; converges to some unit vector vg.

By the minimality of geodesics, |A(p;)|0g(p;) < 2m and, since 6g(p;) — 6r(p) > 0, we have that [A(p;)| is
bounded. Passing again to a subsequence, we may assume that A(p;) converges to some A, € R.

Since &(p;) — &(p) and & is continuous, we have that

85(p) = lim 85(pi) = lim Y2 (65(P) = Vi), (BE(P).

By the uniqueness of curvatures of minimizing geodesics, we obtain A(p) = Ag, which contradicts (3.2). [

Remark 3.5. Let p ¢ E and g € E be such that 6z(p) = d(p, q). Assume that there is not a unique length-
minimizing geodesic connecting p and gq. Then p and g lie in the same vertical line. The set
Ap) 21
- U e ([o.25)
veX, A(p)
is a C? sphere (Pansu’s sphere) and S \ {g} is contained in H" \ E. Hence the tangent cone Tan(E, q) is con-
tained in one of the half-spaces determined by the hyperplane 3. This implies that g is a singular point

of E.
Hence, if g is regular, then the length-minimizing geodesic connecting p and q is unique.

Let p € Unp(E) \ E be such that é(p) is aregular point. We shall denote by v(p) the initial velocity of the unique
minimizing geodesic connecting é(p) to p.
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Proposition 3.6. Let E ¢ H" be a closed set. Consider a sequence {p;}icn € Unp(E) \ E converging to a point
p € Unp(E) \ E. Assume that &(p) is a regular point. Let {vi}icn be a sequence of initial tangent vectors to
minimizing geodesics connecting &(p;) to p;. Then lim;_,, v; = v(p).

In particular, the function q — v(q), assigning to q € £~%(S\ So) the initial tangent vector to the unique
geodesic connecting &(q) and q, is continuous in £1(S \ Sop).

Proof. In case the sequence v; does not converge to v(p), we may extract a convergent subsequence to some
vector v # v(p). Since &(p;) — &(p), A(pi) — A(p) and 6g(pi) — 8r(p), passing to a subsequence we may
assume that
. A i A
tim VA2, 00 = V2D, 640

By Remark 3.5, the regularity of {(p) implies the existence of a unique minimizing geodesic connecting é(p)
and p. By the above formula this geodesic should be yg((g)) v, Hence we would have vg = v(p), yielding a
contradiction. O

We conclude this section by considering the regularity of the boundaries of tubular neighborhoods of a set E
in Unp(E). We shall need first the following lemma.

Lemma 3.7. Let E c H" be a closed set. Let § = 6, & = k.

(i) Let f be a Lipschitz function on an open subset Q ¢ H". Let X be a continuous vector field on Q such that
(Vuf)q = X4 whenever f is H-differentiable at q. Then (Vuf)q = X4 forall q € Q.

(ii) Ifp ¢ E and 6 is H-differentiable at p, then

(Vub)p = y'(6(p)), (3.3)

wherey : [0, 6(p)] — H" is any minimizing geodesic connecting oE and p.
(iii) Let A be the interior of the set (Unp(E) \ E) N £~Y(0E \ Ey). Then the horizontal gradient Vi 8 is continuous
in A andso 6 € Cg;(A).

Proof. The proof of (i) was given in [4, Lemma 6.1]. It is inspired by [15, Lemma 4.7].

To prove (ii), consider a point p ¢ E where § is H-differentiable and let g € S be a point in E at minimum
distance from p. Take a minimizing geodesic y : [0, 6(p)] — H" connecting g and p. Let a : (-¢, €) — H" be
a C! horizontal curve satisfying a(0) = p and a’(0) = u, and define f(s) := d(a(s), q). Then §g(a(s)) < f(s) and
6r(a(0)) = f(0). Since 6 is assumed to be H-differentiable at p, we have % ls=08(a(s)) = f'(0). The derivative
£'(0) can be computed using (2.29) to obtain

5 ~ 8p(a(0)) .,
(Va18)p, ) = lim SEED OO _ 10 - gy, 5.

Now we prove (iii). By the Pansu-Rademacher Theorem, the Lipschitz function § is H-differentiable
almost everywhere. For any point p € A, its metric projection &(p) is a regular point. If § is H-differentiable
at p, then (ii) implies that its horizontal gradient coincides with the vector field

P U (Vi) ) (B(D),

that is continuous because of Propositions 3.3, 3.4 and 3.6. We conclude from (i) that (Vi 6), exists for any
q € A and it is continuous. O

Remark 3.8. Formula (3.3) implies that, at a point p of differentiability of &, all minimizing geodesics con-
necting E with p have the same tangent vector at p. This condition guarantees uniqueness of geodesics
in Riemannian geometry since they only depend on the initial position and velocity. The dependence of
sub-Riemannian geodesics in H" on curvature prevents the same conclusion for the Carnot—Carathéodory
distance.

Remark 3.9. If p projects to two different points in E, the minimizing geodesics joining E to p are not mini-
mizing beyond p because of the regularity of geodesics.

Let us now prove that the boundaries of tubular neighborhoods of H-regular hypersurfaces are also regular.
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Theorem 3.10. Let E c H" be a closed set with boundary S, and for r > 0 let S, = OE,. Consider the set
A = int(Unp(E) \ E), and take an open set U c A. If Sn &(U) is an H-regular hypersurface, then S, n U is
also H-regular.

Proof. Observe first that Sg is empty for an H-regular hypersurface since Nory(E, q) is one-dimensional
for any g € S by Lemma 3.1 (ii). Lemma 3.7 (iii) implies that the function § is in CllH(int(Unp(E) \ E)). From
Lemma 3.7 (ii) we get (Vi 6)4 # O for every g € int(Unp(E) \ E). Hence S, n U is H-regular since it is the level
set of a Cj; function with non-vanishing horizontal gradient. O

Now we start the study of the regularity of the distance function to a closed set. The following lemma considers
geodesics minimizing the distance to a closed set and would be essential for what follows.

Lemma 3.11. Let E c H" be a closed set. Takep ¢ E and q € E such that 6(p) = d(p, q). Lety : [0, 6(p)] — H"
be a length-minimizing geodesic of curvature A joining q and p. Then the following statements hold:

(i) y(0) € Nory(E, q).

(ii) The curvature A of the geodesic y lies in the interval

sup -2(v, y(0)) inf -2(v, y(0))

veTan(E,q) (V, Tq) ’ veTan(E,q) (V, Tq)
(v, T4)<0 (1,Tg)>0

, (3.4)

where the left quantity is replaced by —co if (v, Tq) > O for all v € Tan(E, q), and the right quantity by +co
when (v, Ty) < 0 for all v € Tan(E, q).

Proof. Leta : [0, &9) — E be a smooth curve with a(0) = g, a’(0) = v. Using Lemma 2.9, we construct a vari-
ation of y by smooth horizontal curves y; : [0, d(p, q)] — H" joining a(¢) and p. Let U(s) := %(s). Consider
the function f(€) := L(y,). As U(0) = v and U(d(p, q)) = 0, equation (2.29) implies

en o A
7@ =-(v10)+5T,).
As f(€) = 8g(p) and f(0) = 6g(p) for € > 0, we have f'(0) > 0. Hence we obtain
. A
0<—<v, y(0)+5Tq>. (3.5)

By approximation, inequality (3.5) holds for any v € Tan(E, q). In particular, we have (v, y(0)) < 0 for all
v € Tanyg(E, q), which implies (i). From (3.5) we also have

Ay, Tg) <-2(v, y(0)),
which implies (ii). O

In case the interval defined in (3.4) is empty, there are no minimizing geodesics joining a point outside E
with g. When S is a Euclidean C! hypersurface, we can prove that the normal horizontal cone is generated by
the outer horizontal unit normal v and the interval in (3.4) is a single point.

Theorem 3.12. Let E ¢ H" be a closed subset with C* boundary S. Let N be the outer unit normal to S and v the
corresponding horizontal unit normal. Take p ¢ E and q € S such that §(p) = d(p, q), and consider a minimizing
geodesicy : [0, 6(p)] — H" of curvature A connecting q and p. Then the following statements hold:
(i) qis aregular point of S.
(i) J(0) = vq.
(iii) The curvature of y is given by

_2(N,T)

[Nl
Moreover, in case N is a Euclidean Lipschitz vector field, the function A is locally Lipschitz in S \ S.

(q). (3.6)

Proof. When S is a Euclidean C! hypersurface and g € S, the horizontal normal cone Norg(E, q) is either
{0} when ¢ is a singular point, or {uv, : u > 0} when q is regular. Lemma 3.11 then implies that g must be
aregular point and that y(0) = v4. This proves (i) and (ii).
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If g € S, then Tan(E, q) = {v € T;H" : (v, Ng) < 0}. Since N = |[Np|v + (N, T) T, we obtain

=V, vg) INRl(q) = (v, Tq){(Ng, tg)
forall v € Tan(4, q). In case (v, T;) > 0, the above inequality implies

20, vg) _ 2N, T)

n >
veTan(4,q) (v, Tq) [N
(v, Tg)<0

(). (3.7

Taking v := —(Ng, Tq)vq + INul(q) T4, we have
veT,ScTan(d,q), (v,Tg) >0, —(v,vg)INpl(q) = (v, Tg)(Ng, tg),

so that equality holds in (3.7). The case (v, T;) < 0 is handled in a similar way. Hence the interval (3.4) is
reduced to the point (2(N, T)/|Ny|)(q). This proves (iii). O

Remark 3.13. Assume that S is locally defined as a level set of a function g : Q — R of class C! on an open
set Q ¢ H!. Then we may assume that SN Q = {x : g(x) = 0}. A horizontal unit normal and a unit normal are
given, respectively, by

Vng Vg

Vh =TS =TS 0
[Vrgl Vgl

where V}, is the orthogonal projection of the gradient V to the horizontal distribution. So we have

2N, T) _ 2T(2)/IVgl _ X, YI(@)
N~ Vagl/IVel ~ Vgl

which only depends on the horizontal derivatives of g.

The importance of the function —[X, Y](g)/|Vnrg| for surfaces in H! was recognized by Arcozzi and Ferrari,
who called it the imaginary curvature of S. The interested reader is referred to the detailed discussion in the
introduction of [5]. A remarkable property of the function A is its differentiability along tangent horizontal
directions in minimal surfaces of class C! in H, see [21, Lemma 4.4 (3)].

)

Theorem 3.12 implies that the reach of a point approaches O when we approach a singular point since the
curvature of a minimizing geodesic approaches co by (3.6). Hence the geodesic is minimizing in smaller and
smaller intervals near the singular point.

Corollary 3.14. Let E c H" be a closed set with C' boundary S. Then reach(E, q) approaches O when q € S
approaches the singular set Sy.

Proof. This follows easily since reach(E, g) is no larger that the length of a minimizing geodesic leaving q,
that is smaller than or equal to 271/A(q) = n(|Ny|/{N, T))(q). O

For sets with local C; boundary we have the following:

Theorem 3.15. Let E ¢ H" be a closed set with boundary S. Take p ¢ E and q € S such that 6(p) = d(p, q), and
consider a minimizing geodesicy : [0, 6(p)] — H" connecting q and p. Assume that S is H-regular near q. Then
7(0) = vq, where v is the outer horizontal unit normal to S at q.

Proof. We make use again of Lemma 3.11 to conclude that y(0) € Norg(E, q). Lemma 3.1 (ii) implies that
Nory(E, q) = {pvg : p > 0}. Since both y(0) and v, are unit vectors, we obtain y(0) = v,. O

Theorem 3.12 allows to describe geometrically the metric projection and the distance function to some simple
closed sets in H".

Example 3.16. Let E := {x; < 0} c H". The tangent space at every point of every point of S = 0E is generated
by {Y1, X5, Y2, ..., Xn, Yy, T}. This implies that the outer unit normal N is given by X;, which coincides
with vg. Since (N, T) = 0, it is consequence of Theorem 3.12 that the curvature of any minimizing geodesic
leaving from S is 0. So minimizing geodesics are straight lines tangent to X;. Given a point p ¢ E with
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coordinates (X1, 1, . . . » Xn, ¥n, t), asimple computation implies that the only pointin S at minimum distance
from p is (0, y1, ..., Xn, ¥Yn, t — X1y1). Since

(0,)/1,---,Xn,}/n,t—xl)’l)"'xl(l,oa---yOyJ’1):(Xl,J/hn-,Xn,)/n,t)’

we conclude §g(p) = x1. In this case the reach of E is +0o. Moreover, the distance function 8 is C* (analytic)
out of the set E.

Example 3.17 (Behavior near an isolated singular point). We denote by (x, y, t) the coordinates in H'. Let
E := {t < 0} c H'. The tangent plane at a boundary point (x, y, 0) is spanned by X - yT and Y + xT, and so it
is never horizontal unless x = y = 0. Hence E = {(0, 0, 0)}. The outer unit normal to S = 0E is given by

N = yX -xY + T
and the horizontal unit normal on S \ Sy by
yX -xY

Theorem 3.12 implies that the curvature of a minimizing geodesic starting from a point (xo, yo, 0), with
re = x3 +y§ # 01is given by

Vs =

(N,T) 2

INkl 10
The projection of this geodesic to the xy-plane is, by the discussion in Section 2.2, a circle of radius %. Its
initial velocity is given by the projection of vs to the xy plane, and it is given by yoa—"x - Xoa%,- Such circles
always contain the origin.

The horizontal liftings of these circles are horizontal geodesics containing points in the positive part ofthe
t-axis. Any geodesic starting from a point (xg, yo, 0) in the c1rc1e xO + y0 = rO with initial velocity yo < a =~ Xo aay
reaches the t-axis after a dlstance ’"0 at the point (0, 0, °) (twice half of the area of the disk of radius 7).
Observe that the point (0, O, g 2) 1s only reached by the geodesics described above, and so they are geodesics
realizing the distance. Since an infinite number of geodesics reach this point, they are not minimizing in larger
intervals. On the other hand, smaller segments minimize the distance to E. In particular, setting t = =2, we

have 12
mr 4t T
0 ( ) 212102

2 \n 2

and so
85((0, 0, t)) = /2 ¢1/2,

To explicitly calculate the distance to the set E, we compute from (2.9) the geodesics with initial condi-
tions (xo, Yo, 0), (A, B) = (Yo, —Xo) and curvature 2r(‘)1 to obtain

x(s) = %(Xo + Yo sin(2ryts) + xo cos(2ryts)),
y(s) = %(yo +Yo cos(2rgts) — xo sin(2rgls)),
t(s) = %O(s + %0 sin(2rals)).
We know that §g((x(s), y(s), t(s))) = s. The distance should only depend on x? + y? and t. Indeed
x(s)? +y(s)* = l(r(z) + 1§ cos(2rgts)),
t(s) = (s + % sin(2r, s)).

Example 3.18 (Behavior near a singular curve). Let E := {t < xy} ¢ H! be the subgraph of the function u
defined by u(x, y) = xy, and let S = 0E be the graph of u. The tangent plane at every boundary point (x, y, xy)
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is generated by X and Y + 2xT. Hence the outer unit normal and the corresponding horizontal unit normal
are given by

-2xY+T v X
e — S=—7,1
V1 + 4x2 x|

The singular setis Sp = {(0, y, 0) : y € R}. Its projection to the xy-plane is x = 0. Given a point pg € S\ Sp with
coordinates (xo, Yo, X0Yo0), Xo # 0, Theorem 3.12 implies that the curvature of a minimizing geodesic leaving

from p is given by
(N, T) 1

So the projection of this geodesic to the xy-plane is a circle of radius |x| with initial velocity —sgn(x) b%. We can
compute from (2.9) the geodesics with initial conditions (xo, yo, XoY0), (4, B) = (0, —sgn(xo)) and curvature
|xo|~! to obtain

x(s) = xo cos(|xo|*s),
y(s) = yo — xo sin(|xo|™'s),

-1 1,2
t(s) = xoyo cos(|xol™"s) + |xol™ " xgs.

Such geodesics reach the plane with equation x = O attime s = %lXo |. For such avalue, x(s) = 0, y(s) = yo — Xo
and t(s) = gx(z). Hence the point (0, yo — xo, %x(z,) is only reached by two geodesics of the same length: the one
with initial condition (xo, Yo, Xo¥0), B = (0, —sgn(xo)) and curvature |xo|~! and the one with initial condition
(=x0, Yo — 2x0, Zx(z) - XoYo), (A, B) = (0, —sgn(-xo)) and curvature |xo|~!. This implies that both geodesics
are minimizing.

Observe that §5((0, 0, t)) = (2~ 1)1/2¢1/2,

4 Regularity properties of the distance function to a submanifold

In this section we shall consider the regularity properties of the distance function to an m-dimensional sub-
manifold S ¢ H" of class CX, with k > 2. Similar results in Euclidean spaces were obtained by Gilbarg and
Trudinger [22, Section 14.6] and Hérmander [27, p. 50]. The reader is referred to Krantz and Parks’ mono-
graph [30, Section 4.4] for historical background and references.

Given a point ¢ in a submanifold S of class C!, the tangent space Tan(S, q), as defined in the previous
section, coincides with the classical tangent space TS to the submanifold S. Hence a point g is singular if
and only if T;S c H,. As usual, we denote the set of singular points in S by So. The set Sy is a closed subset
of S. If S ¢ H" is a hypersurface of class C1, then the set Sy coincides with the set of points where T,S = H,.

Lemma 4.1. LetS c H" be an m-dimensional submanifold of class C'. Let p ¢ S and assume that q € S satisfies
6s(p) = d(p, q). Then there exists a length-minimizing geodesic y : [0, 6(p)] — H" of curvature A, parameter-
ized by arc-length, joining q and p such that the following hold:
(i) y(0) L TySnH,.
(i) Ifq € S\ So, the curvature A of y is given by
o 2(Eq, y(0))

(Eq, Tg)

where E; € T,S is a unit vector orthogonal to T¢S n 3.
Proof. Since y is length-minimizing, equation (2.29) implies
A
0= <u, 7(0) + 5T4>

for any tangent vector u € T,S. This immediately implies (i). If g € S\ So, then y(0) is orthogonal to T;S N H,.
If g is regular, there exists a unit vector E; € TS orthogonal to T;S N H,, unique up to sign. The above
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equation implies )
_{Eq, ¥(0))
<Eq’ Tq> ’

which proves (ii). O

A:

For aregular point g € S\ Sp and v € H,; we define

(Eg, V)
Ag,v)i=-2——-L L. 4.1
(q,v) (Eq» Tg) (4.1)

For g regular and v horizontal and orthogonal to TS n {4, we define the map

Alq,

exps(q,v) =Yg (1),

where ygfg"’) = yis the sub-Riemannian geodesic of curvature A(g, v) and initial conditions y(0) = g, y'(0) = v.
When v # 0 is horizontal and orthogonal to T4S n 34, we have

Ag,
exps(q, v) = v, 5" (i),
which coincides with the smooth geodesic starting from g with initial speed ﬁ, parameterized by arc-length
and (possibly) minimizing the distance to S, evaluated at |v/|.
Our main result in this section is the following.

Theorem 4.2. LetS c H" be a closed m-dimensional submanifold of class Ck, wherek > 2and1 < m < 2n, and
let K ¢ S\ So be a compact set. Then reach(S, K) > 0. Moreover, for O < r < reach(S, K), the distance function
8s is of class Ckin (§51(K) \ K) N S, where S, = {p € H" : 85(p) < r}.

For the proof of this result we shall need the following.

Lemma 4.3 (Tubular Neighborhood Lemma). Let S ¢ H" be a closed m-dimensional submanifold of class C,
wherek >2 and 1 <m < 2n,and let K ¢ S\ So be a compact set. Let Q = 2n + 1. Then, for each point q € K,
there exist a neighborhood U of q in S and an orthonormal family of (Q — m) horizontal C*~1 vector fields
X; : U — H" such that the map @ : U x R¢"™ — H" defined by

Q-m
D(x,y) = exps(x, > in1~> (4.2)

i-1
is a Ck-! diffeomorphism in a neighborhood of U x {0}.

Proof. We take a coordinate neighborhood U’ of g in S contained in the regular set and a family of m vector
fields on U’ of class Ck~! that span the tangent space T, S for every x € U’. This can be done using the Jacobian
matrix of the immersion U’ — H". Projecting to the horizontal distribution, and using the Gram-Schmidt
procedure, we can find an orthonormal family 71, ..., Z,-1, N, X1, ..., Xg-m of vector fields of class ck-1
so that Zy, ..., Zmn-1, N span the tangent space to Sand Z4, ..., Z,_1 are horizontal.

On U’ x R&™ we use formula (4.2) to define the map @, which is of class C k=1 since the vector fields X;
and the function A are of class Ck-1.

To apply the Implicit Function Theorem, we compute the differential d®,, o) of the map ® at (g, 0). For
any vector u € TS we take a curve a defined in an open interval containing O such that a(0) = g, &(0) = u.

Then

Ala(s),0)

d d .
@0, 0) = 5| @(®),0= | Vi3 =a0) = u.

S=

On the other hand, if we take the coordinate vector e; in R¢ ™ fori =1, ..., Q — m, we have

(1) d A(g,sX;) d A, X:)
®(q, (0, ..., S,...,0) = — SX) gy = & XD (6) = (X)),
-0 (q’( H S )) dS |s:OYq’SXl ( ) dS szqu’Xl (S) ( l)q

S=|

d
d®d,0)(0, e;) = s

Hence d® 4,0, is a linear isomorphism. The inverse function theorem then implies that @ is a C*~! diffeomor-
phism in a neighborhood of U x {0} for some open neighborhood U ¢ U’ of q. O
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Proof of Theorem 4.2. Assume that reach(S, K) = 0. Then we can find sequences of points p; € H" \ S and
gi, q; € S such that g; # g}, and 8(p;) = d(p;, q;) = d(pi, g;) — 0. Since the three sequences are bounded,
we can extract subsequences, denoted in the same way as the original sequence, converging to the same
point g € K.

Using Lemma 4.3, we can find a neighborhood U of g in S so that @ is a C¥~! diffeomorphism of a
neighborhood of (p, 0) in S x R&-™ onto a neighborhood of g in H". Since p;, gi, qlf converge to g, thisis a con-
tradiction to the injectivity of @ (since ®(q;, y;) = CD(qlf, ylf) = p; for large i) which proves that reach(S, K) > 0.

Observe that the inverse function of ®@ associates with every p, in the image of @, the point é(p) € S at
minimum distance from p and the vector y € R2~™ such that the geodesic with initial speed Zg"lm YiD)Xiew)
connects &(p) to the point p. It follows that the distance §(p) of p to &(p) equals d(p, é(p)), that is equal to
(Z?z_lm yi(p)?)1/2. Hence 68(p) is of class Ck-! whenever y # 0, i.e., when p ¢ S. We have also that the map ¢ is
of class Ck-1.

Now, for p in the image of @, define the function

Q-m
v(p) = Y VD) Xi)ep)s
i=1
that it is of class Ck~1. Equation (2.29) implies that the gradient of 6 at the point p is given by

_ AP A&(p), v(p))
(Vé)p = Ye) vip) (6(p)) + pr-
The function A is easily seen to be C*1 when S is C* from its definition in (4.1). Since &(p), 6(p) and v(p) are
of class C*1, it follows that V4 is of class C™~1. Hence § is of class C¥ as claimed. O

Remark 4.4. One can replace the notion of m-dimensional manifold by a suitable one of intrinsic m-dimensi-
onal submanifold. Two non-equivalent definitions were given by Franchi, Serapioni and Serra-Cassano [19].

The following result extends the one by Arcozzi and Ferrari in H! (see [4]) to higher-dimensional Heisenberg
groups. It allows to slightly decrease the C? regularity hypothesis to obtain that a C'! hypersurface has
positive reach far from the singular set. Moreover, it provides many examples of sets of positive reach in
H".
Theorem 4.5. Let S c H" be a closed C1' hypersurface. Then, for any compact setK c S\ So, reach(S, K) > 0.
Proof. Consider two points pg and g in H" \ S at the same distance from S. Let p, g € S be points satisfying
6(po) = d(p, po) and 6(qo) = d(q, qo). Let wp := vs(p), wq := vs(q), and let A, and A, be the curvatures of
unit speed minimizing geodesics joining p, po, and ¢, qo, respectively. Let v, and v, be the vectors in R?"
obtained from the coordinates of w, and wy in the basis {X;, Y; : i =1, ..., n}, let
AI’ Aq
Yo = Vpw,s VYa:i=Vqw,
and, fora = p, q,let ag := o yg4, ty := t o y4. Then from (2.12) we get
aq(s) = m(a) + s(F(AgS)va + G(AaS)] (Va)),
ta(s) = t(a) + s*H(AS) + SG(AaS)(1(a), Va) + SF(AgS)(m(a), J(Va)).
From these expressions we obtain
It(p) — (@) < lap(s) — ag(s)| + SIF(Aps)vp — F(Ags)wyl + sIG(Aps)](vp) — G(Ags)](wg)l
and
It(p) — t(q)] < |tp(s) — tg(s)| + S*|H(ApS) — H(AgS)| + SIG(Aps)(m(p), vp) — G(Ags){m(q), vg)l
+ S|F(Aps)(mt(p), J(vp)) — F(Ags)(m(q), J(vg))!.
Since we are considering minimizing geodesics, we know that |A,s], |A4s| < 2. As F, G, H are Lipschitz in
the interval [-27, 271], and A, vs and 7 are Euclidean Lipschitz, there exist positive constants C;, C { such that
17(p) - 1(q)] < lap(s) — ag(s)| + (C15 + C25%)|p - gl,
|t(p) — t(q)] < |tp(s) — tg(s)| + (Cys + Cys® + C4s%)|p — ql.
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Hence we get, fors < 1,

1
lyp(s) = yq(s)l = —=Ip — ql(1 - Cs)
Yp Yq NG pP-q
for some constant C > 0. This inequality implies that S is locally of positive reach, since two minimizing
geodesics cannot reach the same point for s small enough. O

Proposition 4.6. Let E c H" be a closed set, and let K c OF be a compact set contained in the set of regular
points of E. Assume that reach(E, K) > ro > 0, andlet O < r < ro. Then oE, n £1(K) is contained in a Euclidean
CY1 hypersurface.

Proof. Let p € 0E, n ¢"1(K). Then p € 0B(&(p), r). Since p, &(p) do not lie in the same vertical line, p lies in
the regular part of the boundary of B(¢(p), r).

Let y : [0, r] — H" be the unique minimizing geodesic connecting é(p) and p. We claim that y is also
minimizing in the larger interval [0, ro]. To prove this, let g € 0E,, be the point in 0E,, at minimum distance
from p. Then

d(g, &) <d(g,p) +d(p,ép) <(ro-1)+1=Tr0.

So we have &(q) = é(p) and the only minimizing geodesic connecting g and &(p) is y : [0, ro] — H". Then
p € 0B(g, ro — r) and p lies in the regular part of the boundary of B(q, ro — r).

Assume that g € 671(0, ro) N £~1(K). Then &(q), A(q) and v(q) are three continuous functions of g. Hence
the principal curvatures of 0B(é(q), r) at yggg))’v( q)(r) depend on the second derivatives of dg() at y’;((g))’v( q)(r)
and so they are continuous functions of g. Observe that the same argument can be applied to the balls
B(y/;y((g;,v( q)(l’o), ro — ). By Blaschke’s Rolling Theorem, for every g € 0F, n £~1(K), there are two Euclidean
balls of radius R > 0 which are tangent at g and leave 0E, n §~1(K) outside of the union of the balls. By
Whitney’s Extension Theorem in Euclidean space, 0E, n £~1(K) is contained in a Euclidean C! hypersurface.
The condition on the tangent balls of uniform radius imply that 0E, n £~1(K) is of Euclidean positive reach

on both sides and so it is a Euclidean C'>! hypersurface. O

Remark 4.7. An interesting open question is the regularity of the distance function to a closed set E ¢ H"
when the boundary oF is of class C}i. This means that oF is locally the level set of a continuous function
possessing horizontal derivatives of order two, see [18].

5 Steiner’s formula for hypersurfaces

Let E c H" be a closed set with C?> boundary S. Consider a relatively compact open set U in S such that
U ¢ S\ So. We know from Theorem 4.2 that reach(S, U) > 0 and that the distance function 8 is of class C2 in
a neighborhood of U intersected with H" \ E. For r > 0 small enough, we want to find a formula expressing
the volume of the set

U :={peH"\E: &p) e U, 6(p)<r}

in terms of r > 0 and the geometry of S.

The next lemma, a version of the coarea formula, shows that it is enough to consider the sub-Riemannian
area of the equidistant hypersurfaces. More general coarea formulas have been proven in the Heisenberg
group and in more general spaces by, e.g., Magnani [33] and Karmanova [29].

Lemma 5.1. Let E c H" be a closed set with C?> boundary S, and let U be a relatively compact open set in S
such that U c S\ So. Then, forr > 0 small enough, we have

Uy = jA(Sm{*(U))dt, (5.1)
(0]

where A is the sub-Riemannian area and Sy is the hypersurface S; := {p € H" \ E : 6(p) = t}.
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Proof. In a neighborhood of U intersected with H" \ E the distance function § is of class C? and has non-
vanishing gradient by Theorem 4.2. Hence, for ¢ > 0 small enough, the surface S¢ n &~1(U) is a C? level set
of 6. By the Riemannian coarea formula

r
1
IUrlzj{ J stt} dt,

0 "Sn¢1(U)
where dS; is the Riemannian hypersurface area element on S;. If p € S; n £-1(U), observe that we have

A
(V) = V42 0 60D + "2,

Since A(p)/2 = ({N, T)/|Nn|)(é(p)), where N is the outer unit normal to S, we get

1
Vo)t = ———
VOl = e
Then formula (5.1) follows if we show
I(Nn)ep)| = I(N}pl, (5.2)

where N'is the outer unitnormal to S;, forall t € (0, r). To prove (5.2), consider the geodesicy : [0, §(p)] — H"
joining g = &(p) and p with initial conditions g, (vi)q and curvature A = 2(Ny, T4)/|(Np)4|. For t € (0, 6(p)),
the geodesic y restricted to [t, 6(p)] also minimizes the distance to S; (this is a standard metric argument
using the triangle inequality). Hence y : [t, §(p)] — H" realizes the distance from p to S; and we conclude
that its curvature A equals ((N?, Tp)/INfll)(y(t)). So we have

(N, T)
IN‘I

(N, T)

A v W) =

————(y(t)) forallte (0,6(p)).

By continuity this formula also holds for y(6(p)) = p, which implies (5.2). Hence we obtain

| %dsp | glas - acsngt,

Sing~H(U) Seng=H(U)
which implies (5.1). O

To obtain an expression for |U,| is then enough to compute the sub-Riemannian area of the parallel hyper-
surface S, N £~1(U). We shall do it using the area formula. So let us consider the exponential map

A
exp5(q) == y,'L (O

restricted to U, expfs : U — S; n & 1(U), and take into account that

ASng @)= [ NS = [ INulTactexp}) ds,
S$:n&~1(U) 1)

where dS and dS; are the Riemannian volume elements in S and S, respectively, and Iac(expg) is the Jacobian
of the map exp¥,.

We compute the Jacobian of expg the following way: we fix g € S and an orthonormal basis e1, ..., e
of T,S. Let y be the geodesic with initial conditions g, (vn)4, and curvature 2(Ny, T¢)|(Np)q4l. The vector
fields (d expg)q(ei), i=1,...,2n,along y are the Jacobi fields E;(t) along the geodesic y(t) with initial con-
ditions E;(0) = e;, Ei(0) = Ve,vi + 2(J(3(0)), e;) T4, and derivative of curvature given by 2e;((N, T)/|Nn|). By
choosing, for any i, a curve q; : (-¢, €) — S satisfying a;(0) = g and &;(0) = e;, it is easy to check that Ej(¢) is
the vector field < " sls=0 exps(a(s)) associated to the variation (s, t) — exps(a(s)) by arc-length parameterized
geodesics. Observe that any Jacobi field U along y corresponding to a variation by arc-length parameterized
curves and such that U(0) € T,S satisfies

<My+%T>=O (5.3)
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along y, where A = 2(Ny, T4)/|(Np)4|. To prove (5.3), we recall that the function p(t) := (U(¢), y(t) + %Ty(t))
is constant by Remark 2.4. Since y(0) + ’% Ty0) = N4, where N is a Riemannian unit normal to S, we get

p(0) = (U(0), Ng) = 0.

The Jacobian is then given by
Jac(exp§)(q) = [E1(t) A+ A Egn(t)].

If n > 2, we take an orthonormal family X;, Y,,..., X, Y, of horizontal left-invariant vector fields,
orthogonal to y and J(y), and such that Y; = J(X;). We consider the orthonormal basis along y given by the
vectors y, J(¥), T, X2, Y2, ..., Xn, Yy. Because of equality (5.3), we can express E; A --- A E», along y as alin-
ear combination of J())ATAX,s A---AY, and y AJ(y) AXa A--- A Yy Again by equality (5.3), we get that
Jac(exp$)(q) is equal to (1 + (@)2)1/ 2 = 1/|Ny|(g) times the modulus of the determinant of the matrix

(E1, J(y))  (E1, T) (E1,X2) (E1,Y2) ... (E1,Xn) (E1, Yn)
B(t) = (Ei, J(y))  (E;, T) (Ei,X2) (Ei,Y2) ... (E;,Xn) (Ei, Yn) (5.4)
(Ean, J())  (E2n, T)  (Ean, X2) <(E2n,Y2) ... (E2n,Xan) <(E2n,Yon)
evaluated at the point y(t). Hence we get
A(S N &) = Ildet(B(t))l ds. (5.5)
U

If n = 1, reasoning as in the previous paragraph we obtain that y A J(y) is a linear combination of J(y) A T
and y A J(y), and that the Jacobian is given by |Np|~!|det(B(t))|, where B(t) is now the matrix

<<E1,]()'/)> (E1, T))
(E2,J(y)) (E2,T)

evaluated at the point y(t). Again the expression for A(S; n £~1(U)) is given by formula (5.5).

(5.6)

5.1 The case of H!

For the first Heisenberg group we have the following result.

Theorem 5.2. Let S ¢ H! be a hypersurface of class CX, k > 2, bounding a closed region E, and let U c S be an
open subset such that U c S\ So. Then the volume of the one-side tubular neighborhood

Uy ={p e H" : &(p) € U, §p(p) < 1}

is given by
4 r
Ry | { [ asirs ds} ds, (5.7)
i=0p Lg
where A is the function 2{N, T)/|Npn|, defined on S\ Sy, the functions f; have been defined in (2.11), and the
coefficients a; are given by the expressions

ao = [Ny,
a; = |Ny|H,
ax = —4|Nh|€1( <f\ll\}:lw> ),
- (<1|\]’\}th> '
ay = —4He2( <f\1[\’th|> ) - 4|Nh|(e1( U'\]’\’MT') ))2 (5.8)

In (5.8), H is the mean curvature of S\ So, e1 = J(vy) and e, = (N, T)vy, — |Ny|T.
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The rest of this subsection is devoted to the proof of Theorem 5.2. We shall use formula (5.5) and the expres-
sion of B(t) given in (5.6). For the first part of these computation we shall consider an arbitrary orthonormal
basis {e1, e,} of the tangent plane T,S. Consider the functions ¢; = (E;, T), i = 1, 2, defined along y. By (2.25)
we have 2(E;, J(y)) = ¢;,1 =1, 2, so that

1 . .
ASNENU) = 5 j |12 — C162] dS.
U

To compute c;(s), i = 1, 2, we shall use that c; satisfies the third order equation &; + A%¢; + ZAIf = 0, as shown
in Corollary 2.6, where A is the function 2(N, T)/|Npy|, and /Ilf is equal to e;(A) for i = 1, 2. By (2.27), the
solutions of this equation are given by

ci(s) = ¢i(0) + ¢i(0)f1(A, 8) + &i(0)f2(A, 5) - 2ATk(A, 5),
where the functions f1, f>, k were defined in (2.11). So we get
¢i(s) = ¢i(0)fo(As) + €i(0)f1 (A, s) — 2Alf> (A, 5).

Hence

(€162 — €261)(1) = (€162 = €261)(0)fo(A, 8) + (c1&2 — €261)(0)f1 (A, 8) + (€1€2 — €281)(0)(fF — fof2)(A, 5)
= 2(c1(0)A} = c2(0ADf2(A, ) = 2(€1(0)A5 = E2(00A)(f1f2 - fok)(A, S)
= 2(£1(0)A) - &2(00A) (5 - f1l(A, 5).

A simple computation shows that

(ff - fof2A,5) = (A, ),
and so we get
1, . . 1 . 1, ..
E(Clcz - c201)(8) = 5(c1c2 - €2¢61)(0)fo(A, s) + 5(c1c2 - c2¢1)(0)f1(A, )
+ %((Cﬁz - £2€1)(0) - 2(c1(0)A; - c2(0)A)f2(A, 5)
- (€1(0)A5 = €2(0)A)f3(A, 5) = (€1(0)A) — £2(0)A))f4(A, s).

Let us remark that the functions fy, f1, f2, f3, f4 have the order indicated by their subscripts. Let us call a;
to the coefficients appearing in the above formula, that is

ap = %(le:z —C2€1)(0),

a, = %(Cltfz —C2€1)(0),

@2 = 5 (€162 - £81)(0) - 2c1 (O - 2 (OA)),
a5 = ~(E: (O - (0N,

as = —(¢1(0)A5 - &2(0)A)).

Hence we have
1
E(Clcz - 261)(8) = aofo(A, 5) + a1f1(A, s) + axf>(A, 5) + asf3(4, s) + asfs(A, s).

We now compute the coefficients c¢;(0), ¢;(0), ¢;(0) and /11’. fori =1, 2. At this point we choose as orthonor-
mal basis on T;S the one determined by the vectors e; = J((vx)q) and e, = ({N, T)vy — |[Ny|T)q. We have

o, i=1,
ci(0) = ] (5.9)
—|(Np)gl, 1=2.
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For the first derivative take into account that, for a generic Jacobi field U along the geodesic y we get

% _0<U(S), Tys)) = (Vi) U, Tq) = 2 Tor(J(y(0)), U(0)) = 2{e1, U(0)), (5.10)
so that
. 2, i=1,
¢i(0) = { (5.11)
0, i=2.

For the second derivative we obtain from the Jacobi equation (2.13)

2
;—Szw, Ty = (Y, U, T) = j(Tox(y, U)

=2y{J(y), U)
=2(JVyy), U) + J(), Vuy))
= 2Ny, U) + J(¥), Vuy)).

Evaluating at s = 0, we get

d2
157 0(U(S), Tys)) = 2A{(vr)q, U(0)) + 2{e1, Vu(o)Vn)- (5.12)
S=
Hence we obtain
2(e1, V ) i=1,
&i0) = 2o Vevw l
2AM(Ng, Ty) + 2{e1, Ve,Vn), 1=2.

When the surface is of class C?, its sub-Riemannian mean curvature, see [39] and [37], is defined by

H(q) = {e1, Ve,Vn).

The covariant derivative of vy, in the direction of e, was computed in (2.31). Its product with e; is given by

@ernren) = -l(er () 257 Y (@),

Hence we get

. 2H(q), i=1,
oy =47 W (5.13)
—2|(Nn)gler (), 1=2.
Finally, we notice that
A} :ei(/\)zzei(M), i=1,2. (5.14)
[N

From equations (5.9), (5.11), (5.13) and (5.14) we finally obtain (5.8).

Remark 5.3. The functions f; are analytic and can be written as power series. This way we can obtain an
expression for |U,| of any order. To obtain an expansion of order three, using (2.11), we compute

2.2
fo(A, s) = cos(As) = 1 — ATS +o(s?),

fi(A, s) =s +o(s?),
fr(A, s) = %sz +o(s?).

So, using (5.7) and (5.8), we have

U, = A(U)r + %( deP)rz - %( j {el< (f\;’lh? ) + ( <1|\1’\’,th> )2} dP)r3 +o(r),
U U

where A(U) is the sub-Riemannian area of U and dP is the sub-Riemannian perimeter measure on S, defined
as |Np|dS (dS is the Riemannian measure on S).
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5.2 Thecaseof H", n > 2

For higher-dimensional Heisenberg groups we have the following result.

Theorem 5.4. Let S ¢ H", n > 2, be a hypersurface of class Ck, k=2, andlet U c S be an open subset such
that U c S\ So. Then the volume of the tubular neighborhood U, = {p € H' : &(p) € U, d(p, S) < r} is given by

Uyl = j { j|det(B(s))| ds} ds,

U 0

where B(s) is the matrix in (5.4). The function |det(B(s))| is an analytic function of A and s multiplied by coeffi-
cients involving (N, T)/|Ny|, |Ny|, the horizontal gradient in S of the function (N, T)/|Ny| and the principal
curvatures of the horizontal second fundamental form.

The proof of Theorem 5.4 was given at the beginning of Section 5. We now make a choice of the orthonormal
basis e; of T;S.
For fixed g € U, we take an orthonormal basis (e1, . . ., e2) of T¢S so that

e1 =J((Vvi)g), €2= (N, T)vy —[Nn|T)g,
and the remaining vectors e;j, j > 2, are chosen so that
(e3,e4,...,€2n1,€2n) = (e3,](€3), ..., em1,J(€2n-1)) = (X2)gq, (Y2)g» - - - » Xn)g> (Yn)g)-

With this notation, we have egi_l = X;and egi =Y;foralli=> 2.

We shall consider the Jacobi fields E;, i = 1, ..., 2n, along the geodesic r — exps(q, r(vy),) satisfying
E;(0) = e;, E;(0) = Ve, Vi + 2{J(y(0)), ei) Tq and/llf = ej(2(N, T)/|INn|). Welet c; = (E;, T). Using the third equa-
tion in (2.25), we rewrite the first two columns of the matrix B so that

361 ¢ (B, X2) (B, Y2) ... (E1,Xn) (E1, Yn)
36 € (B2, X2) (B2, Y2) ... (Ey,Xp) (E2, Yn)
B ; : : : . : : (5.15)
56 ¢ (Ei,X3) (Ei,Y2) ... (Ei,Xn) (Ei, Yn)
L1em Ccan (Ean,X2) (Ean,Y2) ... (Ea2n,Xon) (Ean,Yan)

The first two columns of the matrix B(s) can be computed from Corollary 2.6 since

ci(s) = ¢i(0) + ¢;(0)f1(A, 8) + &i(0)f2(A, 5) = 2ATk(A, 5),
¢i(s) = ¢i(0)fo(A, s) + &(0)f1(A, 5) — 2Aif2 (A, s).
The coefficients c¢;(0), ¢;(0), ¢;(0) can be obtained as in the case of the first Heisenberg group, using formu-

las (5.10) and (5.12), to get
ci(0)=0, i+2, €2(0) = —|Npl,

é‘i(o)zoa l:/: 1’ é‘1(0):2’

and

N, T
¢i(0) = 2(e1, Ve,vn), 1#2, &2(0):_2|Nh|€1(( , )).

[N

The remaining columns can be calculated from the expression for the horizontal component of a Jacobi field
given in Lemma 2.3 and the fact that Xj, Y}, j > 2, are orthogonal to y and J(y) along y. From equation (2.18)
we obtain the equality

(EDn(s) = (e{)yis) + fr(A, $)(@1)s) = Af2 (A, )] (81)y ) + €i(MIKA, V() + A2 (A, )] (¥()],  i=1,...,2n,
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where é; = V¢, vp, and so

(Ei, Xj) = (ej, e2j_1) + f1(A, 5){&i, €2j-1) — Af2(A, s){J(&1), €2j-1),
(E;, Yj) = (e, ezj) + [1(A, 5)(&i, ezj) + Af2(A, s5){J (&), e2j) (5.16)

foralli=1,...,2nandj > 2. The above formulas follow since ((ef)p, (ef)p) = (e, ej) foralli, jand p € H".

We now use these computations to calculate the series development of |U,| up to order three. First we
notice that |det(B(s))| = — det(B(s)) for s > 0 small enough. The derivatives of the function s +— det(B(s)) at
s = 0 will be obtained writing the matrix B(s) as a function of their columns B(s), . . ., B2"(s), and using the
classical formulas

d _Zn 1 pi 2n
%det(B(s))—i:Zldet(B ... B BYY(s)

and
2

2n
_ 1 pi 2 1 i hi 2
12 det(B(s)) = i;det(B ....,B,...,B ")(s)+§det(B v BL LB, BPYS).
= j
The first column of the matrix B and their derivatives up to order two are computed from formulas (5.10),

(5.12) and equation (2.26):

1 (e1, Ve, vh) -A2—e1(d)

0 ~INnle1 (45 ) —es(A)
Blo)=| O |, BY0)-= (€1, VesVh) , BY0) = -e3(A)

0 (€1, Ve,,Vh) —eon(A)

The second column and their derivatives are computed from (5.10) and (5.12):

0 2 2<elsvelvh>
~|Nnl 0 —2|Nh|e1(<fx;fl>)

B*(0) = 0 , BXo)=| O |, B%0) = 2(e1, Ve, Vi)
0 0 2<el: VGvah>

The remaining columns B, i > 3, and their derivatives at s = 0 are computed from (5.16):

0
: (Ve,Vh, €) ~4J(Ve,vh), €:)
Bo=| 9 |, B©-= ; . B(O= ,
: (Ves, Vs €1) ~2UVep i), €1)
0
Hence we get
% __, det(B(s)) = ~INx| Y (Ve,vh, €i) = ~INnlH,

i#2
where H is the mean curvature of S, and
2

dsz s=0

N, T
det(B(s)) = INy|(A* + e1 (1)) - Z'Nh'el( <|Nh|> )

2n A
= INal Y. 5U(Veiva), e}
i=3

N, T
+aes ()
=Nkl ) ((Vevhs €)(Ve;Vh, €)) = (Ve,Vhs €5)(Ve, Vi, €1)). (5.17)

i,j#2, i)
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Adding the first and third lines in (5.17), we obtain
(N, T) (N, T) \?
4|Nh|<el< N7l )+( N7l )) )

To treat the second line in (5.17), we notice that the quantity 21-233 (J(Ve,vh, €;) is the trace of the bilinear form
(v, w) = {J(Vyvp), w) in the subspace TS n H (since (J(Ve, v, e1) = 0). Hence it can be computed using any

orthonormal basis in TS n J. Taking one basis composed of principal directions v;,i =1, ..., (2n - 1), for
the horizontal second fundamental form we obtain
2n 2n-1
N, T N, T
Y 0Wevmen = Y D 0wy = 2n - 2) 1)
i=3 S INkl [Ngl

To treat the last line in (5.17), we first notice that the terms corresponding to i = j can be added since they all
vanish. This way we obtain

Y (Vevhs €)(Ve,Vh, ) = Y. (Ve Vi, €)) (Ve Vi, €).
ij#2 ij#2

The first sum is just the squared mean curvature (3;,,(Ve,Va, e;))2. The second one can be expressed as

2 T (Tevns ) + (Vevn, e = ¥ Vel
i,j#2 i#2
Both quantities are independent of the orthonormal basis chosen. The first one since it is the squared norm
of the symmetric bilinear form (v, w) — (V, vy, W) + (Vy, v, v). The second one is just the squared norm of
the horizontal second fundamental form. If we choose an orthonormal basis of principal directions, we get
the value |o|?. Hence the last line in (5.17) is equal to |[Ny|(~H? + |¢]?). In summatry,

;—; - |Nh|(4e1( UI\I[\’MTI) ) +(n+ 2)< (N, 1) )2 +lof? - HZ).

det(B(s —_—
(B(s) |Np|
We have thus proved the following result.

Theorem 5.5. Let S c H", n > 2, be a hypersurface of class CX, k > 2, and let U c S be an open subset such
that U c S\ So. Then the volume of the tubular neighborhood U, = {p € H? : &s(p) € U, d(p, S) < 1} can be
written as

U, = A(U)r + %( JHdP)rz - %( J(4e1( (N. T) ) +(2n+ 2)( (N, T) )2 +]of? —H2) dP>r3 +o(r*), (5.18)
U U

INn| |Nh|
where dP = |Ny| dS is the sub-Riemannian area element on S.
Let us finally look at the case of an umbilic hypersurface.

Theorem 5.6. LetS ¢ H", n > 2, be an umbilic hypersurface of class C¥, k > 2, and let U c S be an open subset
such that U c S\ So. Then the volume of the tubular neighborhood U, = {p € H' : &5(p) € U, d(p, S) < r} can
be written as

r
|U,| = J { J %(Clcz — 162)(s) det(D(s))" 1(s) ds]» das, (5.19)
U o
where D is the matrix

- (1—uf1 -5h —%flmufz)
- 2
Sh-Aufa  1-pfi-%f
and y is the principal curvature of any tangent horizontal vector orthogonal to J(vy).

Proof. We use the same notation as in the previous case. Proposition 2.12 implies that

A(er) = pes, A(e;) = pe;, i=3, (5.20)

V?(%) = e1< <1|\th|> >e1 = (u(u -p)- (%)2)91- (5.21)

and
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In particular,

QCMH

=0 foralli>3
[Nl )

When i > 3, we have
A
Ve = —pei = 5J(ei). (5.22)

We observe first that, when i > 3, ¢;(0) = ¢;(0) = ¢;(0) = 0 because of equations (5.10), (5.22) and (5.12).
Since e;(A) = 0, we get that c;(s) = 0 fori > 3. Equations (2.18), (5.20), (2.31) and (5.21) imply that (E1), and
(E»)p are linear combination of e; and J(e1). Hence the scalar products of E; and E, with any X; or Y;, i > 2,
is identically zero. Taking now any i € {1, ..., n}, we get from (2.18) and (5.22) that

Eyi1 = (1 -ufi- Az—zfz)egi_l + (_%fl +/\Hf2)€§i,

A e /\2 4
Eji= (Efl - Allfz)ez,-_1 + (1 - uf- 7f2)ezi-

Hence the Jacobian matrix (5.15) is of the form

c 0 0 ... O
O D O 0
0 0 D o |,
O 0 O ... D
where ,
C:<%61 C1> D:<l—yf1—%fz —’—‘f1+/t}1fz)
36 A -f, 1-ufi-5f
which implies (5.19). O

As an application, we characterize the surfaces S ¢ H' of class C? such that, forany openset U € S \ Sop whose
closure is a compact subset of S\ S, the Steiner function |U,| is a polynomial. We will then prove that S is
locally a vertical cylinder. By equation (5.7) we have

4 r
Ay j { Jaif,-(/l, s)ds} ds.
=07 o

In case A = 0 formulas (2.10) and (2.11) imply that fi(A,s) = s’ foralli =0, ..., 4. In this case it also
follows from (5.8) that a, = a3z = a4 = 0. So |U,| is a degree two polynomial. Observe that the equality A = O
implies that S\ Sy is locally a vertical cylinder since the Reeb vector field T is tangent to S.

Hence assume that |U,| is a polynomial for any subset U € S\ Sy. Then the function Zf-‘zo aifi(A, s) is
a polynomial at every point in U. Let us prove that A = 0 at any given point reasoning by contradiction.
So assume that A = 0 at a given point. Straightforward computations show that the series expansion of the
functions fi(A, s), whenA # Oand i = 0, ..., 4, are given by

-DF

QW@#K

hM)—Z

( 1) 2k+1
fid. ) = A Z (2k+ 1)' AT

A (1)k1/1 2k
fo(A,5) = NZ(MNH),

+ 2] +
f4,5) = pZ(NQM me1

2(k-1)
(2k)!

ﬁww=ﬁg(m (As)?k,
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Observe that in the expansions of fy, f>, f4 only even terms appear, while in the expressions of f1, f3 only odd
terms appear. Hence we have

4

>

i=0

k1, 2 w QX (-DF 1
(Zk)' A_A(A aop -A ap + 2(k - 1)(14)(AS) + kzo m/l—}

o0
aifi(A, s) = ag + Z (A%ay - 2kasz)(As)?k+1.
k=1

In case this function is a polynomial we have

AMag - A%as + 2(k - 1)ay =0,
}lzal - 2ka3 =0

for all k large enough. This implies as = a4 = 0. From these equalities and the expressions (5.8) we get

that

e1(A) = e>(A) = 0 and so, again from (5.8), we obtain that a, = 0. It follows from the first equation that

A%ag = a, = 0. But this is a contradiction to our assumption A # 0 since ag # 0.
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