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Abstract In this paper we explore generalizations of met-
ric structures of the gravitational wave type to geometries
containing an independent connection. The aim is simply to
establish a new category of connections compatible, accord-
ing to some criteria, to the known metric structures for grav-
itational waves and, additionally, provide some properties
that can be useful for the search of solutions of this kind in
different theories.

1 Introduction

Metric-affine gravity is a natural extension of the geometry
typically used in gravitational theories. In this framework the
set of geometrical structures that participate in the gravita-
tional physics contains, apart from the metric, a linear con-
nection. This setting arises naturally when trying to formulate
a gauge theory of certain groups of spacetime symmetries,
such as the Poincaré or the Affine group. These two cases
for example give rise to the so called Poincaré Gauge gravity
(PG) and Metric Affine Gauge gravity (MAG) [1,2], respec-
tively. In this formulation other properties of the matter fields,
apart from the energy momentum tensor, are coupled to the
geometrical structure. The spin density, dilation and shear
currents enter the game as new fundamental properties of the
matter related to the dynamics of the connection [3-5]. This
formulation and its viability from the quantum gravity point
of view has been getting some attention recently [6,7].

It is worth remarking that apart from MAG and PG grav-
ity, many theories have been formulated considering an addi-
tional connection with certain properties or restrictions. See
for example Ricci-Based Gravity theories containing the
well-known f(R) theories [8—18], or the teleparallel equiv-
alents and their generalizations [19-26].

In purely metric (also called Riemannian) geometry, there
is not a general covariant definition of what does it mean for a
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metric to represent a spacetime with gravitational radiation,
for example in terms of certain property of its curvature.
There are different criteria and conditions, as well as known
geometries such as Kundt spacetimes, where we can find e.g.
hypersurfaces playing the role of wave fronts [27,28]. Many
of those criteria are collected in [29] (see also [30] for a
summary of some of them). Moreover, these criteria are con-
structed in the context of General Relativity, so when going
to a generalization we have to ensure that the differential
equations satisfied by the metric continue being compatible
with the criteria. Regarding this aspect, we will not enter into
details in this paper.

Obviously, when working with an independent linear con-
nection, these definitions do not extrapolate due to the dif-
ferent nature of both geometrical structures. However, the
already mentioned criteria for gravitational wave metrics are
essentially conditions on the Riemann tensor associated to it
or, to be more precise, to its Levi-Civita connection. There-
fore they can be seen as a natural window to explore general-
izations of these criteria, simply by considering their appli-
cation to curvature tensors that come from other connections
different from the Levi-Civita one. Indeed, if we consider a
broader notion of curvature within a gauge theoretical con-
text, the torsion, which appears as the fieldstrength of the
translational part, can be regarded as a curvature as well
and, hence, it can be subjected to these conditions. This way
of extending the metric criteria is the idea we are going to
explore in more detail throughout these pages, focusing on
one particular criterion with an interesting physical meaning.

Finally, we would like to mention that exact gravitational
wave solutions have been already explored in geometries
including a non-Riemannian connection. See for example
[31,32] for solutions in the context of PG, and also [33—
37] for solutions in metric-affine theories. In our study, we
will also try to generalize the Ansatzes used by Obukhov in
[31,33] but, as we previously mentioned, respecting some
criteria that can be obtained from the Riemannian ones by
making a reasonable generalization.
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We will start in Sect. 2 with an overview about metric-
affine geometry, and continue with a extensive compilation
of results and criteria on gravitational wave geometries in
metric gravity in Sect. 3. Then in Sect. 4 we discuss how
to extend the criteria of the previous section to the metric-
affine framework. In Sect. 5 we define a particular metric-
affine geometry and see the conditions it needs to satisfy
for the criteria to be fulfilled. A subcase of this geometry is
considered in Sect. 6 and a simpler case of this one in Sect. 7,
where we show several useful properties. Finally, in Sect. 8,
we provide a final discussion and some relevant remarks. At
the end, our symbols are collected in Appendix A and some
other expressions in Appendix B.

2 Review of fundamental objects in metric-affine
geometry

Let M be a D-dimensional smooth manifold and 9 M::(,,)% a
coordinate frame on it. The basic idea of metric-affine geom-
etry is the inclusion of a new fundamental object in M, apart
from the metric g, a linear connection T';,,”, which repre-
sents a notion of parallelism and allows to introduce a covari-
ant derivative of tensors,

V,LLvap_,_:: 3;,4,vap... + F[,LO'UHUW,O...

oo =T H o — e .1

and also defines a curvature tensor and a torsion tensor on
M, respectively

Ryuvp’ = 0,T0p* — 0T pup" + Tpo Tup” — T *Tip”,

2.2)

lepiz ZF[MU]’O. 2.3)

Once the metric is specified, an arbitrary linear connection
is determined by its torsion and the so called non-metricity
tensor,

Quvp:= —Vu&up, (2.4)

while for 7,,,” = 0 and Q,,, = 0 we recover I',,”, the
Levi-Civita connection of g.

In the context of gauge gravity or when we couple the
geometry to matter fields (living in vector spaces under cer-
tain representations of the gauge group) it is specially useful
to work in an arbitrary frame of the tangent bundle. Consider
then a smooth distribution of basis in the tangent space of
each point and its corresponding dual basis of 1-forms or
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coframe’

e, =et,0, 99 =¢, "dx", 2.5)

fulfilling e, “e*;, = &) (and et4e,* = 8. It is important
to remark that this frame is in general anholonomic (i.e. no
coordinate functions are associated) since the vectors of the
basis have non-trivial Lie bracket with each other. This is
reflected in the non-vanishing anholonomy coefficients,

Qabc:z26”(1evba[uecv] = [eq, ep] = —Qapec. (2.6)

Actually, in terms of the dual basis these are indeed the coef-
ficients of the exterior derivative of the coframe,

Ao = 1, 0% A 9P, (2.7)

The information regarding the linear connection is encoded
in an object called the connection 1-form, wab = a)wbdx“,
whose components are given by

b

wue” = €' e’ Fw)‘ + e, 9,.¢% 4. (2.8)

reflecting the fact that the connection does not transform ten-
sorially under basis transformations. From now on the oper-
ator V,, will act on both kind of indices, Greek and Latin, in
one case with I',,” and in the other with w,,,".

However when working with differential forms, the exte-
rior derivative d can also be covariantly extended as the exte-
rior covariant derivative. If we consider an arbitrary tensor-

valued p-form

b 1

b...
Ua." = 51y, dx™ Ao Adxtr, 2.9)
its exterior covariant derivative is defined as
Dozamb"' = daa,,,b“' + wcb Aoy S
tom @l Ae P = (2.10)

which for zero forms gives simply Daamb'“ = Vﬂaamb"'dx”.
The curvature and torsion 2-forms and the non-metricity 1-
form are then defined as

R, = dw,’ + 0l A wC, (2.11)
T9 .= D9°, (2.12)
Q.= —Dgap. (2.13)

whose components (according to (2.9)) are R,wab , Ty,»® and
O jab respectively. This forms (or, equivalently, the corre-
sponding tensors) can be decomposed according to the irre-
ducible representations of GL(D, R). For the torsion we have

! We will extensively use the vielbeins ¢*, and e, “ to change indices
from one basis to the other. Examples:

b b r A
R,uva = epaek Rp.vp s pra :e)LaT;/_u 5

v a L
Qp.ab =e aepr/w,ov Vo = eﬂavlu 9y = e aa//_-
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the trace part T ™ the totally antisymmetric part T and the
rest T™: for the non-metricity we have both traces QD
and Q%) the traceless totally symmetric part @ and the
rest Q(m) ; and finally, the curvature, in the presence of a met-
ric, can be first separated into symmetric and antisymmetric
parts,

Rap = Zap + Wap, (2.14)

where Z,,:= R (4p) and W p,:=R|4p). Then, it can be shown
that W, splits into six irreducible parts w, (A =
1,...,6)and Z,;, into five YA (A=1,...,5). For the
detailed expressions of all of these irreducible components
in arbitrary dimensions, see [2,38].2

3 Gravitational waves in Riemannian geometry
3.1 Transversal space

Given a lightlike vector field £, in order to define the trans-
verse space we need to introduce another lightlike vector
"1, = 0, such that k#[,, # 0. Since the normalization for a
null vector is arbitrary, let us consider without loss of gener-
ality that the field /** verifies

k"1, = 1. 3.
Definition 1 (Zransversal) Given a lightlike congruence
with velocity k* and another non-colinear lightlike vector
[# that satisfy [, k* = 1, the orthogonal

(spang k™3, 1"3,.}) ", (3.2)

is called transversal space of the congruence (with respect to
[*). We will say that a tensor H*!-#r,, ., is transversal if
the contraction of any of its indices with //* and k** vanishes.

At this point it is useful to introduce the projector onto the
transverse spatial slices (see a more detailed explanation in
(39D,

R =8t — kM, — 1Mk, (3.3)

that allows us to extract the transversal part of any tensor,
which we will denote by a tilde over it,

HY . i=hahV g - Y h% - HOPypy G4

2 The dictionary from our notation to the one they use is:

T _ (2)7"’ CEN (I)T,
T@® _ (3>T, VAREEN (i)Z, wo (i)W,
Q(lrl) N (4)Q, Q(lr2) — (S)Q,
Q(m) - (2)Q7 Q(S) - (I)Q,

3.2 Null congruences and optical scalars

Let us now present some quantities that characterize the
behavior of a given lightlike congruence with velocity k*.
Consider the tensor

BY :=V,k" (3.5)

Its transversal part can be decomposed as?

By = @uy + 0py + b, (3.6)

where we have introduced

Oy = B, (3.7)
0 := 55 h" B ), (3.8)

O 1= Bu) = huf, (3.9)

called, respectively, the twist tensor, the expansion scalar and
the shear tensor, and whose expressions in terms of k*, ["
and the projector 2*,, are collected in the Appendix B.1. For
a given [, this decomposition is unique. Making use of these
objects one can construct*

wzz‘/ﬁwwwﬂ", (3.10)
o] := 1/ g v . (3.11)

The objects {#, w, |o|} (expansion, twist and shear) are
known as the optical scalars of the congruence.

Definition 2 (Normal congruence) A congruence is normal
if there exists a family of hypersurfaces orthogonal to the
curves it contains.

A very interesting result is the following [40]:
Proposition 3 In a semi-Riemannian manifold (M, g), any
normal lightlike congruence is pre-geodetic. Therefore it can

be reparameterized to get a geodetic congruence.

Due to this result, we concentrate on geodetic congruences
for which the optical scalars are given by

0 = 555 Vok?, (3.12)
w? = 5159k KY, (3.13)
01> = 55 Viukn VA — 62 (3.14)

3 We absorb the factor (D — 2)~2 of the trace part into the definition
of 0, as it is usual in the literature.

4 Note that the quantities w,,,@"” and o,,,0*’ are non-negative due
to the transversality of @, and oy, .
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which can be expressed in exterior notation as>>°
0 = 55 sen(g) xd x k, (3.16)
o® = 55— sgn(g) * (dk A xdk), (3.17)

o2 = 515 [e(aj) (eb)Jk)] [e‘uf) (e’uk)] — 2. (3.18)

We end this subsection on optical scalars by remarking
a very useful property of lightlike congruences that relates
the nullity of the twist with the existence of wave fronts (see
[27,28,41] and [42, p. 59]):

Proposition 4 A lightlike geodetic congruence is normal if
and only if the twist w vanishes.

More information on twist-free solutions of pure radiation
can be found in [28].

3.3 Kundt and Brinkmann metrics

Now we focus our interest in the concept of plane-fronted
waves. Kundt defined them in [27], a definition that was also
presented in [42, p. 85-86] together with a theorem that intro-
duces a characterization: a plane-fronted wave is a vacuum
field that admits a normal null congruence with |o| = 6 = 0.
Observe that, as a consequence of Propositions 3 and 4, the
congruence of a plane-fronted wave is pre-geodetic (so it can
be expressed as geodetic changing the velocity appropriately)
and, additionally, @ = 0.

These definitions correspond to “vacuum solutions” of
General Relativity, which might not be solutions for other
more general theories. Since we are interested in spacetimes
defined in a theory-independent way, we start introducing:’

Definition 5 (Kundt space) A Kundt space is a Lorentzian
manifold that admits a geodetic null congruence with |o| =
0=w=0.

Every point in a Kundt space admits a coordinate chart
{(x*} = {u, v, 72, ..., zP~1Y (a Kundt chart) in which the
line element is expressed:

ds® = 2dudv + H(u, v, 7)du>

+2W; (u, v, z)dudz’ + g;j(u, z)dz'dz/, (3.19)
where i, j = 2,..., D — 1 and g;; is the spatial metric
with signature (—, ..., —). We have then a local foliation by

3 The symbol V_ represents the interior product by a vector.

© For the Hodge star operator acting on a p-form we use the following
convention,

by..b, “p
x& = i @ Epybyercp, 9 A ABP (3.15)
interms of the Levi-Civita tensor, £y, ...a;:=+/| det(gap)| D!(S[la1 ... Sc?DJ'

7 Note that no allusion to vacuum has been made.
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spacelike surfaces, those with constant . The expressions
for the Christoffel symbols, Riemann and Ricci tensors can
be found in [43] or [44, p. 230-231]. Solutions of this kind
in different backgrounds (e.g. with and without cosmological
constant) are given in [45, chap. 18] and [46, chap. 31].

Observe that the coordinate field 9,=:k*9,,, which satis-
fies

kukt =0, kPV k* =0, (3.20)

is indeed the velocity field of the congruence that appears
in the definition. Moreover, note that d,, is not a covariantly
constant field with respect to V,

Vik? = B = 3 (87 gy + " 008 ) #0,  (32D)

i.e. the tensor B, defined in (3.5) is not trivial for Kundt
spaces. This expression vanishes if H and W; are independent
of the coordinate v. This is a well known particular kind of
Kundt spaces called Brinkmann spaces [47]:

Definition 6 (Brinkmann space) A Brinkmann space is a
Lorentzian manifold that admits a non-vanishing vector field
k"9, which is lightlike and covariantly constant with respect
to the Levi-Civita connection, namely

k" =0 and V,k"* =0. (3.22)

If we introduce the associated 1-form k = k,dx", this
two conditions can be written in the exterior notation, respec-
tively,

kAxk=0, Dk%=0. (3.23)

In an analogous way as in the Kundt case, there is a local
chart we can always find, {x*} = {u, v, z%,...,z2°" 1} (a
Brinkmann chart), that allows to express the metric (see for
example [48]):

ds? = 2dudv + H(u, z)du® + 2W;(u, z)dudz’

+&ij(u, 2)dz'dz/. (3.24)
Moreover, H or W; (but not both) can always be set to zero
with an appropriate redefinition of the spatial coordinates
{z'} (see for example [49]). From now on, when we refer to
the Brinkmann metric we will take W; = 0, so the metric

becomes block-diagonal.

Definition 7 (pp-wave) A plane-fronted wave with parallel
rays (or pp-wave) is a Brinkmann space admitting a coordi-
nate chart in which the metric is expressed

ds? = 2dudv + H(u, z)du* — §;;dz'dz/, (3.25)

By calculating the Einstein tensor of (3.25) it is straight-
forward to prove that this is a vacuum solution of the Ein-
stein equations if and only if H is a harmonic function of the
transversal coordinates,

9;0'H(u, 7) = 0. (3.26)
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This condition obviously will no longer be true in more gen-
eral theories.

3.4 Criteria for gravitational wave spacetimes

As we have already mentioned, there are many different
attempts in the literature trying to (covariantly) characterize
spacetimes with gravitational radiation in General Relativ-
ity. These approaches are based on a previous analysis of the
Einstein equations and the existence of characteristic sub-
manifolds (wave fronts) and bicharacteristics (rays). Several
of these criteria are extensively studied in [29]. Based on that
reference and the overview in [30], here we present some of
them:

e Pirani criterion. We will say there are free gravitational
waves in an empty region of a spacetime if and only
if the curvature there is type II, III or N in the Petrov
classification.

e Lichnerowicz criterion. For a non-vanishing curvature
R,” # 0, we will say there is gravitational radiation
if and only if there exists a non-vanishing 1-form k =
k, dx* satisfying

kA *kab =0 < kul%;wab =0,
kAR, =0 & IkpuRopu” =0.

(3.27)
(3.28)

Lichnerowicz proved that these two conditions, under
the hypothesis R.,” #0, imply that k** is both lightlike
and geodetic [29]. For example, the lightlike condition is
immediate contracting (3.28) with k* and then substitut-
ing (3.27). In addition, another consequence is that the
curvature can be written:

o

Rﬂup)\ = bﬂpkvkx + bvxkukp — b/L)Lkvkp
S ph A

—byokyks & Ryt =4by ki, (3.29)
for some symmetric tensor by, = b,y with the property
ktbyy =

e Zel’manov criterion. We will say there is gravitational
radiation in a spacetime region if and only if the curvature
of this region is not covariantly constant, i.e. V R,wab #
0, and verifies the following covariant generalization of
the wave equation
VoV Ruva” = 0. (3.30)

This condition is formulated in terms of a particular con-

nection (Levi-Civita). Another criterion very similar to

this one but formulated independently of any connection
is the Maldybaeva criterion, which is based on a spe-

cial (metric dependent) operator that acts on differential
forms:

e Maldybaeva criterion. We will say there is gravitational
radiation in a spacetime region if and only if the (non-
trivial) curvature 2-form satisfies the wave equation

o

AR, =0, (3.31)

where A:=d$ + 8d is the Laplace—de Rham operator.

In the context of General Relativity one can easily find the
following relations between these criteria for the particular
case of Einstein spaces:

Proposition 8 (Relations between criteria for Einstein spaces)
Let (M, g) be an Einstein space, namely one satisfying
R, pv” = cguv for some real constant c. Then, the following
statements hold:

e In vacuum (¢ = 0): Lichnerowicz criterion < Petrov

type N.

e Maldybaeva criterion < vacuum (¢ = 0) and Petrov
type N.

e Zel’manov criterion = vacuum (c = 0) and Petrov type
N.

The converse (vacuum +N = Zel’manov) is also true
with only the metrics [29, eq. (7.12)] as exceptions.

The result is the following diagram for the criteria we have
seen in the case of Einstein spaces:

Zel’manov Pirani (N) + vacuum < Maldybaeva
*
¢ (3.32)
Lichnerowicz
“+vacuum

where * denotes that there are two exceptions. For non-
Einstein spaces, the relations become more obscure.

Finally, it is worth mentioning that there are other criteria,
such as the ones by Debever, Bel, etc. More information about
them can be found in [29].

4 Extension to metric-affine geometries

In the previous section we have seen that there are differ-
ent criteria to classify or categorize metrics in a gravitational
wave type. However, in a metric-affine framework we have
an additional field, a linear connection I",,” (or equivalently
w;v®), and the idea now is to analyze how can we restrict in
areasonable way an arbitrary connection to explore gravita-
tional wave scenarios in these theories.

@ Springer
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We start by recalling that Petrov types are based on the
classification of the principal null directions of the Weyl ten-
sor. Therefore, a generalization of the Pirani criterion could
be possible by understanding the behavior of the irreducible
part w®,, of the new curvature, which is the one that
reduces to the Weyl tensor in a Riemannian geometry [2].

For the Maldybaeva and Zel’manov criteria one could gen-
eralize the differential operator, the curvature or both. Actu-
ally, when working either in MAG or in PG gravity, the fields
playing the role of gauge fieldstrengths (gauge curvatures)
are the curvature R,” and the torsion T% of the connection,
so another possibility might be to apply the criterion to both
objects.

Finally, we examine the Lichnerowicz criterion for gravi-
tational waves. If one checks in detail electromagnetic wave
configurations in classical Maxwell theory, it is easy to see
that the curvature form F = § F,,,dx* A dx" associated to
A, satisfies the analogous conditions

kAF =0, knxF=0. 4.1
If we now look at these equations in components,
kipFup =0, kﬂF;w =0, “4.2)

we realize that they essentially encode the well-known radi-
ation conditions for the electromagnetic field,

o o Ko ‘
(SijklEJ :(Sijlej ZO, fijkk_OEj Z(S,’kBl. (43)
After this motivation, and inspired by® [31,32] we are going
to focus on the Lichnerowicz criterion and its generalization
to a metric-affine geometry imposing the corresponding con-
ditions over our curvatures. Considering we are working in
a MAG framework, we define the following generalization
involving both fieldstrengths:

Definition 9 (Generalized) Lichnerowicz Criteria

ILCR kAR =0 & kR =0,
2LCR  kA*R," =0 & KRy, =0, (44)
ILCT kAT =0 &  kyuTyp =0,
JLCT  kAxT" =0 &  K‘T,"=0. (4.5

Now we provide an important general result which allows
to express the curvature and the torsion form under these
conditions in a very special way.

8 Although, in [32] the authors use a different generalization: they con-
tract k with the internal indices:

k¢ Ruvab =0, Ruv[abkc] =0, kaT;wa =0, Tuv[akc] =0.

@ Springer

Proposition 10 Consider a lightlike congruence with veloc-
ityk". Letk = k,dx" be the associated 1-form andl another
lightlike 1-form such that [k, = 1. For an arbitrary tensor-
valued 2-form ota___b'", the following results hold:

1. Ifk A o, b =0, a can be expressed

ag b=k A (g DT+ B, ), (4.6)

where s, 2 is a tensor-valued 0-form and ,Bamb"' isa

tensor-valued transversal 1-form.°
2. Ifk Axaty P =0, then

“a...bm —kA Bamb... + }~,amb...’ 4.7)

for certain tensor-valued transversal forms B 2 band
5 b
Ya. -

3. If the two conditions of the previous points are fulfilled,
the 2-form reduces to

a, b =knB, P, (4.8)

and the following quadratic condition is satisfied,"°

b d..

g " A0 =0 (auva...bm alwc...dm = O)

(4.9)

Proof We drop the external indices for simplicity. An arbi-
trary two form can be decomposed:

a=skAl+kAB+IAB +7.

~ ~/ ~ .
where B and 8 are transversal 1-forms and y is a transversal
2-form.

1. The condition tells

O—kra=kAIAB +kAV, (4.10)
so by linear independence, B/ =y =0.

2. Here we use that k A x acts on differential forms as
the operator *(k"d,)1 = %8, up to a constant. So no
components in the direction of dv (equivalently, /) are
allowed, as can be seen by doing the calculation,

O=kAxat=—%(—sk+pB). 4.11)

And this is true if and only if s = ﬁ/ =0.
3. They are immediate consequences of the previous
results. O

° From now on transversal means transversal to the congruence gen-
erated by k with respect to [.

10° Applied to electromagnetic waves in Maxwell theory, this quadratic

condition lead us to F AxF = 0, namely Fy,, F"*” = 0, that corresponds
to the equality 6;; E' E/ = 6;; B' B/.
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5 General metric-affine setting
5.1 Metric structure

Due to its simplicity, we are interested in a spacetime metric
of the Brinkmann type,!!

ds? = 2dudv + H(u, z)du® + &j(u, z)dz'dz’. (5.1)

As we have seen previously, from this metric we can obtain
two relevant (dual) objects. The first one is the wave vector
k"9 ,:= d, that points towards the direction of propagation
of the wave. It is autoparallel with respect to V and lightlike
by definition of the v coordinate. The other one is the wave
form k:=k,dx", which is indeed du and, consequently, an
exact form.
In addition, consider the 1-form

I =1,dx":=LH(@u, z)du + dv. (5.2)

Itis not difficult to see thatitis lightlike and verifies [, k* = 1.
Clearly, the transversal space of the congruence generated by
k™ with respect to [* is the one generated by the coordinate
vectors in {z'} directions,

1

~ D—
TpM :=spang {3;],},._, < T,M.

; (5.3)

5.2 Coframe

In a theory with GL(D, R) freedom, we can choose a light-
cone gauge for the first two directions and an orthonormal
gauge for the transversal space. Then

g=0"0' +9' @9 —s5;;9' @9’ = g9 @ ¥°.
54
There are several coframes compatible with this gauge. But

one special coframe (we will call gauge basis) that makes this
possible for the Ansatz we have taken for the metric (5.1) is:

#0 =k = du,

(9 =4 ' ;=1 =LHdu +dv, (5.5)
#! =e;ld7

with dual frame
ey = _%Hav + 9y,

{ea} =1 e1 = aya (5.6)
e; =¢e'[0;

where the vielbeins e;’ (u, z) satisfy

—diyeile)) = gij ool =8 el =6l (5.7)

In order to work always with D-dimensional indices and
avoid using the index I, we define the transversal coframe,

1T From now on we choose the orientation Euv2.. 01 =A/|gl

3 =890l (5.8)

Observe that, as the name suggests, these objects only cover
the transversal part of the cotangent space (orthogonal to
the 1-forms k and ). Using this, an arbitrary element of the

coframe can be expressed
# =1k + k1 + 9", (5.9)

The anholonomy two form associated to this coframe and the
Levi-Civita connection 1-form of the metric are given by,!?

a9 = (= 3k0pH + 2 ) k 7 9"
~ ~bh o~
+ 10 9 A D,
@qp = (5[aHkh] - Q[ab]) k
~C

_ Zé(cd)(sﬁlkb];’c - % (Qcab + cha - Qabc) 4

(5.10)

(5.11)
where we have defined the transversal objects

da:=8107 = (82 — 1%k, — K"1,)0p, (5.12)
Q. =51e ;85,1 (5.13)
Qup’ i =8] 8585,k (5.14)

5.3 Connection

Based on the connections used in [31,33], we start by ana-
lyzing the following one

Wap = é)ab + (Cabkc + 7Dcab)ﬂc + kakbA + gava (515)

where A = A,#% and B = B9 are in principle general
1-forms, and C,p, and P,y are arbitrary tensors satisfying

Cab = C[ab] s

Pcab = Pc[ab]v kcpcab =0= lC,Pcab- (5~16)

Obviously @.p, as a whole, is completely independent of
the metric. However we prefer to work with this decompo-
sition into Levi-Civita plus distorsion because the degrees
of freedom of the connection are stored within the tenso-
rial objects Cyp, Peap, Aq and B,. Consequently, expressions
like V,.C,, make sense. But the objects Cyp and Peap are
somehow metric-dependent because of the extraction of the
Levi-Civita part. The actual explicitly non-metric expression
of the connection is

Wap = (Cabkc + Pcab)'}C + kakpA + gap B, (5.17)

12 Note that the last term, —%(me + Qbea — Quabe), is indeed the

Levi-Civita connection 1-form @4 associated to the metric g;; of the
transversal sections.
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where

Cup:=Cup + 5[aHkb] - Q[ab]»

Peab :=Peab — 2S~‘z(cd)(sﬁlkb] - % (Qcab + cha - f‘Zabc) .
(5.19)

(5.18)

Note that these two objects do not transform as tensors.!

Actually, the most important reason to avoid them is that,
at the end of the day, the equations of motion of a covariant
metric-affine Lagrangian can be written in terms of the curva-
ture, the torsion and the non-metricity that can only depend on
the combinations C,p, and Peqp, due to their tensorial nature.

For future purposes we introduce the following decompo-
sitions

Ag = Aq + Al, + Aky, (5.20)
B, = B, + Bl, + Bk,, (5.21)
Cab = Cap + 2Calp) + 2C1akp) + 2Ckialp), (5.22)
Peab = Peab + 2Pejalp) + 2Pejakp) + 2Pckialpy),  (5.23)

where the tensors Aa, Ea, C_'a, Ca, éab, Pe, Peq, Pca and

P.,p are totally transversal. The curvature, torsion and non-
metricity as well as the irreducible decomposition of the last
two are collected in Appendix B.2.

5.4 Summary and Lichnerowicz criteria

Putting together all of the structures described in this section
we have the following geometry

g=0"d' +9' @9 —5,,9' @9’
# = {9 =k = du,
' =1=1Hw, Hdu+dv, ¢ =eu, 2dz'}
wap = Oap + Capke + Peap) P + kakp A + gapB.  (5.24)

Theorem 11 Fora geometry of the type (5.24), the condition
1LCT is equivalent to

0= P. = Py = Pleq) = Plea)” = B = Ba; (5.25)
the condition 2LCT is equivalent to

0= C_va = ﬁca = B»

0= Bc - P,

0=A+C-B; (5.26)

13 Working in terms of them is more cumbersome since, e.g. V,,Cgp
does not make sense.

@ Springer

the condition 1LCR is equivalent to

0=k AdB,

0= eiaejba[iﬂj] + ZA[an],
0=0,A, — 0,A +2AP,,
0= PupA,

0= Ar P,

0= 0y Peab (= k'VaPeap).

0 =3 A3 (ViaPeras + PlaierPresa”) (5:27)
and, finally, the condition 2LLCR is equivalent to

0 = 3,Cap (= kVaCap),

0 = 8y Peab (= k*VaPeap).

0 =20yAu) +2CA = 3,(A — JHA) — 3,A + 2CA,
0=0,Aq — 0,A+2AP,,

0=C,A,

0= PupA,

0=0,B; —9;B,

0 =29;yBy) = 3(B — HB) — 3,B. (5.28)

Proof 1t follows straightforwardly from the application of
Proposition 10 to our particular torsion and curvature 2-forms
(see Appendix B.2). O

Moreover, combining the four conditions we easily arrive
at

Corollary 12 For a geometry of the type (5.24), the gen-
eralized Lichnerowicz criteria for torsion and curvature
(Definition9) is verified if and only if

OZPC:PL‘a:P[Cd]:ﬁ[cd]a:B:Ba:éa
0: 8UB =3UCab == avpcabs

0=23yA, — 3, A,
0=8,(A—$HA) - 3,A +2CA,
0=aduA,

~d = [o 9~ .
0=3" A9 (V[dPC]”b + 2V} Pk

12PN Py, 4 By ﬁc]eb) . (5.29)

As can be proved, the connections chosen in [31,33] are
LCR but not LCT, since the condition 0 = A + C — B is not
satisfied. For future convenience and due to we are interested
in doing part of our calculations generalizing those papers,
we introduce the abbreviation LCT* for those connections
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satisfying all of the conditions except that one. In addition,
to make the violation of the LCT as explicit as possible we
introduce the scalar function

Y:=A+C—B. (5.30)

At this point, it is not difficult to see that under LCT* the
violation of the quadratic condition for the torsion is indeed
proportional to the square of it,

T AxT? = =Yk’ wyq, (5.31)

where @y := * 1 = /[g[du A dv Adz?--- A zP7 1 is the
canonical volume form associated to the metric g.

6 Subcase: pp-waves and other simplifications

If we do not impose additional conditions, we continue hav-
ing a complicated Ansatz to search for solutions in many
metric-affine theories. We are going to restrict further the
theory by imposing two simplifications, one in the coframe
(equivalently in the holonomic metric g,,,) and the other in
the connection.

6.1 Metric and coframe

First we take the pp-wave case (see Definition 7), i.e. we
will assume the transversal space to be only u-dependent
8ij(u, z) = gij(u), consequently there should be a redefini-
tion of the transversal coordinates z' such that g;; becomes

diagonal. Because of this, consider the case
ds® = 2dudv + H(u, z)du® — §;;dz'dz/. (6.1)

In the metric-affine context where we work in terms of the
coframe, this is equivalent to

el =8 & o' =4d. 6.2)
Now, the anholonomy gets simplified and only Q,;'! =
—0; H survives, i.e.

Ao = —Lk“0, Hk A 97, (6.3)
)

Qb =Qu =0. 6.4)

Proposition 13 In the gauge coframe, the Levi-Civita con-
nection 1-form of the pp-wave metric is:

Oup = é[a Hkpk

= g Hkpik &  ®uap = kuojaHkp. (6.5)
Proof Obtaining @,y = 5[a Hkp k is immediate starting
from (5.11). To see the rest we need to expand the transversal
derivative, O

da Hkp) = (8§, — 1ka) — K lta))0c Hkpp) = O Hkp).

When working with indices in the gauge base (because
the connection is non-covariant object under frame transfor-
mations), we have

kcd))cab =0, (66)
I€@eap = O1a Hkp), (6.7)
Wca” = ngd)cab = 0. (6.3)
Consequently for any totally transversal tensor S'ab,_c'",
éagabmc‘.. — 9@ ~ab...cm — %agabmc‘.. — @agabmc...
= 048%.. " = 0,5 (6.9)

Let us insist on that these equations are only true in the gauge
basis because d.g4» = 0 in that particular frame and, as a
consequence of our basis choice, k,, [,, k* and [¢ are also
constant. If we change the frame, the new anholonomy coef-
ficients would enter the game.

Another consequence is that the covariant derivative of /¢
can be written in the following covariant way (valid in any
frame, not only in the gauge basis),

Vel® = Yk (k91° — gP)ap H (6.10)
which implies
V.l€ = 0. (6.11)

Finally we present the Levi-Civita curvature and its irre-
ducible parts in the gauge basis which gives very simple and
practical expressions

kah = écé[aHkb]&C Nk, (6.12)
. (1) -~ oo -
W ap = (0c01a Hkpy — %Beaer[bga]c) ? Ak,
(6.13)
) 1 Feq
W w= ma 0 Hkipga)c? Nk, (6.14)
. (6
W' )ah =0. (6.15)
The non-trivial ones can be covariantized as follows
Rap = Vedia Hkp 9 A K, (6.16)

. (1) . o
w,, = (vca[aHk,,] - ﬁvsz[bga]c> 9 Ak, (6.17)

s (4)

W = 55 Vi Hkpga 9 Ak, (6.18)

where now the Latin indices refer to any basis. These are
totally GL(D, R)-covariant equations. Note that

o o (1 o (4
K Ry = kW, = kW™, = 0. (6.19)

@ Springer
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6.2 Connection C =C(u), B = B(u)k,
.. .. . C_’a =0, 0= avAa - 5(%&
In addition to the pp-wave condition we also impose on the - - _
connection the following metric-independent restriction in Ca=Calu, 2),  0=0y(A—7HA) = 9A+2CA,
the gauge basis, Cub = Cap(u), 0= a[,Aj]. (7.1)

Pear = 0. (6.20)

Note that we specify the basis because P is not a tensor
and this condition only holds in very particular frames. This,
together with (6.4), imply that P4, = 0 and, therefore,

wap = @ap + Capk + kokp A + gap B, (6.21)

whose torsion and curvature get simplified

T =C.hk AN +kANk+ B AD?,
= [-Ck® — C* — Ak* + Bk“ — BI*]k A1

[ Col + Cok® 4 €t = kA, + BOZ — Bl

kAD

+ [Baf - Bck”] LA+ B3 A D (6.22)
R.” = R,” +DC.P Ak + kokPdA + 52dB

= R,> +DCL Ak + kykPdA + 85dB — k. (k,CP

+k°C,Hk A A, (6.23)

while no changes in the non-metricity have been made with
respect to that of the connection (5.15) (see Appendix B.2).
More details on them and their irreducible decomposition, as
well as some other expressions, are presented for complete-
ness in Appendix B.3.

6.3 Summary and Lichnerowicz criteria

Again we summarize the geometry we have considered in
this section,

g=0"d' +9' @9’ —s5,,9 @0’
=" =k=du, 9'=1=1H(@u, 2)du+dv,
?! =sld:'}

Wap = &)ab + Cubkcﬂc + kakpA + gabB~ (6.24)

In this case the generalized Lichnerowicz criteria give
essentially the same as in Theorem 11 and Corollary 12 but
setting P, = Pyp = Pap = Pype = Pape = 0.

7 Further restrictions on the connection

Finally, we consider an additional restriction of the subcase
treated in the last section. The metric and the coframe con-
tinue being the same, but we consider the connection to be
subjected to the following constraints

@ Springer

A few remarks:

e We have as an immediate corollary dB = 0.
e The Levi-Civita part remains the same as in (6.24). So

the Riemannian curvature is purely Weyl (W(l)ab) and

SR C . .
Ricci (W( )ab), while the curvature scalar vanishes.
e This configuration together with the conditions

C,=Capp=C=B=0 (7.2)

reproduces the Ansatz for the connection in [33]. If,
instead, we impose

Au=A=A=C,p=C=B=0, (7.3)

we obtain the one in [31].

Theorem 14 The geometry (6.24) together with (7.1) satis-
fies both LCR and LCT*. If, additionally, Y = 0, then the
full generalized Lichnerowicz criterion is fulfilled.

Let us now focus on the basic tensors associated to the con-
nection and the properties they acquire under (7.1). From now
on we will use (5.30) to eliminate A from all the equations.

7.1 Torsion and its properties
Now we present the torsion and its irreducible components,

T = Yk AL+ [Cc® + (Ce — Ak + B8k A B°
(7.4)
T = L [(D—2)B — Y1k A9, (7.5)

TWe = (7.6)

L Cpe (k”ﬁb A +28%k A 1§b)
Tma _ I:%éba +(Ch— Apke + 5 (V + B)Sg] knd
a7

— D2y 4 Bk AL — LCpkD” A D (7.8)

It is worth remarking that the totally antisymmetric compo-
nent is directly connected with the antisymmetric transversal

tensor C‘ab, and that the trace of the torsion,
— eq0ep T = T,p" = [(D —2)B — V] kq. (7.9)

is proportional to B for geometries LCT (i.e. with J = 0).
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e The operator kA gives zero also when acting on T ("¢
since it is proportional to k, but for the rest of the irre-
ducible components we have

kAT® = kg ATW = 1Cy kT A AN

(7.10)

e However the operator k A x gives zero for T®¢ because
. . . . sy
it only has components in the directions k and ¥ . For

the rest,
kAT = SL[(D—2)B — Y1k xk, (7.11)
k AT = —8=2(Y + B)k" » k. (7.12)

e The contractions of the torsion 2-form and its irreducible
components with k¢ all vanish,

=k, T =k, T™ =0 = £k, T*=0.

(7.13)

ko T@

This is not true for contractions in the first two indices of
the torsion tensor 7p.“ and their irreducible components,
since there are coefficients in the direction of I, which
give 1 instead of O when contracting with k“.

7.2 Non-metricity and its properties

Now we have

0. = 2kakp A + 284, Bk. (7.14)
Therefore the traces are

0. = 04°9% = 2DBk, (7.15)
€ .10.,=0c: =2y +2B—Ck, (7.16)

The irreducible components of 0, do not experience any
changes with respect to those in Appendix B.2, apart from
the substitution B = Bk.

Let us show some properties of this non-metricity:

e Contractions of the non-metricity with k¢

k* Qup = k* QD 4y, = 2Ky Bk, (7.17)

K Q" = pobim Y+ B— Okpk,  (7.18)

K QW = 3BV + B — O)kyk, (7.19)

K Q" = —35=B (Y + B — Okk. (7.20)
An immediate consequence is

Kk Q™ =0 VN. (7.21)

e Contracted wedge with the coframe'*

Q(trl)ab AP = —2B®, Ak, (7.22)
Q(tr2)ab A9 = %Q} +B—CO)¥p Ak, (7.23)

Q" op A9 =2k ANk — 2 (Y + B — Oy Ak,
(7.24)

0¥ A9Y =0. (7.25)

e Finally we apply the operators kA and k A % on the non-
metricity form,

kA Qg = 2kakp(Y + B — Ok A+ 2kokpAck A9,
(7.26)

kA*Qup, = 2kakp (Y + B — C)wyol. (7.27)
7.3 Curvature and its properties

Only the following parts of the curvature survive to the con-
ditions (7.1)

ZD 4 = kakyQCA. — 17 Fye)d A, (7.28)
W, — [2\7<cd) - ﬁgc,ﬂ] 5 kB A K, (7.29)
W, = 2‘7[cd]5flakb]1§c Nk, (7.30)
WD = 525 Veeakn® Ak, (7.31)

where we have introduced the following transversal tensors

o« =30, H + Cy, (7.32)
Vb = 0, V)y = ViV, — kpl€V,.V,, (7.33)
V=V =5V =V, VE, (7.34)

which are going to dominate the antisymmetric part of the
curvature W, and its parts, and the antisymmetric tensor

Fae:=2ViaAq = 2et ge’ -3, A (7.35)
These new objects fulfill the relations

3Vea = 3*Va, 3Vge =3V =4V, (7.36)
19F; 9" = (8,Ac — 3. A)D. (7.37)

As a consequence, the final expression for the total curva-
ture is

Rup = kakyQCA; — 19 Fy) 9" Ak + 2Vopakp 9" A k.
(7.38)

Observe that from this expression we can immediately read
the symmetric (Z,p) and antisymmetric (W) parts of the

14 Here we are extracting the antisymmetric part of the corresponding
tensors in the first two indices, Q(N)[w]b.
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curvature. Notice also that the antisymmetric one is totally
controlled by the tensor V.., while the symmetric part only
depends on A, and its derivatives. Finally we provide some
nice properties of this curvature:

e The Lichnerowicz conditions also hold independently for
ZW 4, W 0 W and WP, since all of them are
linear combinations of #° A k.

e In addition to the Lichnerowicz condition, we also have

kKZyp = kWD = kWP ) = kWP, = 0.
(7.39)

thanks to the fact that k“C, = 0 = kcffc. Consequently

K“R," =0, kyR,”=0. (7.40)
This result together with the fact that R, goes in the
. . € .
direction of # A k tells that any contraction of the cur-
vature tensor R,p.4 (and hence of any of its irreducible
components) with the wave vector k£ vanishes.
e The traces of the curvature are

e’ Ry, = e® WPy, = Viuk, (7.41)

e’ Ry = - WPy, = —Viuk, (7.42)

R, =0, (7.43)

e e’ Ry, = 0. (7.44)
or, equivalently in components,

Racbc = _Raccb = Vkakba (745)

Rabcc =0, (746)

Rup™ = 0. (7.47)

7.4 Evaluated MAG Lagrangian

Finally we would like to end this section with a useful result
when working in Metric-Affine Gauge gravity. Consider the
(even) MAG Lagrangian in arbitrary dimensions,

1
+
Lipy=—5c

|:2)‘<wv()] - a()Rah A*(Bq A D))
+TAx(a T + a2 TW, +a3TW,)
+ an /\*(bl Q(s)ab 4 bZQ(tn)ab

+ b3 Q(er)ab +by Q((rl)ab +bs Q(Irl)b('(.ﬂu)

+2(c2 0™ ap + 3 0“4 + 4 0V ) ABTA *Tb}

6
1
— TRab A *|: E wNW(N)a;, + w73 A (e(‘JW(S)Cb)
0
N=1

5

+ Z ZNZ(N)ab + z6%c A (ea_lZ(z)(‘b)
N=1
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9
+ Z DA (eEJZ(N’Wh)].
N=7

(7.48)

and the 4-dimensional odd parity extension,
- Lr _ o —ma (tn) —ra (tr)
m :—ﬂ[aOR ABaABy+a; T AT™, +2a5 T AT®,
+07 QA QW A B A D
+2e7 QD EAD, ATV 4265 (€500 ABC A Dy AT
+2Qu A9 A (5 TOP + c;T“")b)]
1 _ _
— %R"b A [wl WO+ 2wy W,
+ 2wy Wa +ws W + 27200 + 225, 2% 0

4520, + z;z<4>a,,], (7.49)

where « and p are the gravitational weak and strong coupling
constants, and the rest are free dimensionless parameters.

Theorem 15 Let G = (gap, 9, w,”) be a geometry of the
type treated this section, i.e. (6.24) under the restrictions
(7.1). Then, in arbitrary dimensions, any even parity linear
or quadratic invariant involving exclusively the curvature,
the torsion and the non-metricity of the connection, and no
derivatives of them, is identically zero. Furthermore, the 4-
dimensional odd parity invariants that satisfy the previous
requirements also vanish.

Proof First we use that the irreducible components Z?) with
I = 2,3,4,5and W with I = 3,5, 6 are zero. Then
using the properties in the previous subsections, it is almost
immediate to check that all of the terms that appear in (7.48)
vanish independently. Since they form a basis of all possible
(linear and quadratic) invariants involving the curvature, the
torsion and the non-metricity, then all possible invariants of
this order are zero. Something similar happens with the basis
of odd invariants in four dimensions built with the terms
appearing in (7.49). O

In particular, when looking for solutions of this type for
the 4-dimensional MAG action L) = L?‘_‘) + L, only
the cosmological constant term contributes to the evaluated
Lagrangian,

A
La|g = ——ow (7.50)

This result simplifies considerably the equation of motion of
the coframe. To be precise, the term with the interior deriva-
tive of the Lagrangian reduces to'?

A
eaJ(L(4)|g)=—;*19a. (7.51)

15 The term e, L is in fact the one that comes from the variation of
/g with respect to the metric in the (g, I'y,”) formulation.
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8 Final comments

In this paper we revised several criteria that can be found in
the literature to discern whether a Riemannian spacetime or
a region of it belongs to a gravitational wave category, i.e. it
contains gravitational radiation. We also recalled that, in the
context of General Relativity, some of them are equivalent in
vacuum for very simple kinds of metrics. Then we discussed
some possibilities for them to be extended to a metric-affine
geometry and focused on one of them, the Lichnerowicz cri-
teria. The main motivation for this choice is that this crite-
rion reflects some common features between electromagnetic
radiation and gravitational waves. We therefore proposed a
generalization of it and showed its implications for a particu-
lar geometry. For the metric (or, equivalently the pair formed
by the anholonomic metric and the coframe) we considered a
Brinkmann space, whereas the linear connection was chosen
as a generalization of those studied in the works [31,33]. We
then collected the conditions this connection should satisfy
in order to respect the proposed generalization of the Lich-
nerowicz criteria. Finally, we analyzed some particular cases
providing several properties of the associated curvature, tor-
sion and non-metricity.

At this point, one important remark is that we have con-
centrated here on generalizing the criteria used in Rieman-
nian geometry, but there are other conditions to be taken into
account, for instance, the symmetries of the metric (isome-
tries). In the Brinkmann case, the wave vector 9, = k*9d,, is
indeed a Killing vector, which can be seen in the fact thatnone
of the metric components in the Brinkmann chart depends
on the v coordinate. Encouraged by this fact, one may also
require the linear connection to have zero Lie derivative in
the direction of k**. Since this is true for the Levi-Civita
part, it will be guaranteed whenever the distorsion tensor
has zero Lie derivative. For instance, for our configuration
(6.24) expressed in the Brinkmann chart, this condition gives
essentially

0 = 0,Cpnk” + kyuky 3y AP + £,,,0, B”. 8.1)

Contracting appropriately this equation one obtains that all
of the tensors that the connection depends on must be v-
independent. For C,,,, this is true under the generalized Lich-
nerowicz criteria, but for A* and B* we get new conditions
to be considered, which will obviously simplify further our
geometries.

It is also worth mentioning the role of the metric in the-
ories beyond General Relativity. The criteria explained in
[29] are defined in the context of the differential equations
of motion of General Relativity. So in order for our metric
Ansatz to be associated to gravitational radiation (in the sense
of Lichnerowicz) it should be guaranteed that the equations
of motion of the theory for the metric sector are of the same
type. In the MAG case, this is true e.g. if the parameters of the

action are such that the Riemannian (Levi-Civita) quadratic
partin the curvature gives the Gauss-Bonnet invariant. In that
case, so the four dimensional theory becomes simply General
Relativity plus additional fields (torsion, non-metricity and
their derivatives). The compatibility of the criteria with other
theories that do not respect these requirements should be
carefully studied. In addition, the precise physical meaning of
the generalized Lichnerowicz criterion (Definition 9) in rela-
tion to the dynamical equations for the connection in each
particular theory is another important question to address.
These points and their implications in the MAG theory are
aspects that we leave for future research.

The author is currently exploring the dynamics derived
from the MAG action (7.48) in arbitrary dimensions and
the four dimensional case together with the odd parity terms
(7.49), searching for solutions of the type analyzed in these

pages.
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A Table of symbols

Here we collect our notation providing a table with the sym-
bols we have used throughout the paper and the ranks of the
differential forms (Table 1).
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B Useful expressions
B.1 Optical decomposition

For alightlike congruence with velocity k** and for any light-
like vector [* such that k#[,, = € = %1, the general covariant
expressions for the twist tensor, the expansion and the shear
tensor are

0 = 5 (Vok” = elok7).

vk — € Voky k) + elpuk
— ekp (o) Viik?) + kil lok
Ouv = [%(ukV) -
— €7 Vok()ky) — €k (o] Viyk?)
—€ [l(u/%v) - mhltula/%"] + kbl k°
+kuky (317 Vo k™)

(B.1)
Wpy = V
(B.2)
mh,wv,,k"]

(B.3)
where k% :=k/*V,,k®, which vanishes in the geodetic case.

B.2 Curvature, torsion and non-metricity for the
connection (5.15)

The curvature form (5.15) is given by,
Rap = Rap +DCop Ak 4+ DPrap A3 + kakpdA + gapd B
~d
+2 (Cotak + Pactad” ) kink 1 A
~d = ~d
4+ PacbPod® A ﬂe — ZPd[aCCb]Ck AT, (B.4)

and the torsion by

T =C kAP + Peg® P + kA Ak + B A DY,
= [-Ck* — C* — Ak" + Bk* — BI*|k A1
(G109 + Ck® + C.0 —

(B.5)
P.I°

P — k*Ac + BS® — Bcz“] kA D

Pk 4+ P+ BoZ — Bk |1 A 9

_ - . ¢ ~d
Peal® + Peak + Pog® + Beb3 ] 9 1 3,

+ o+ 4+ o+

(B.6)
with trace and antisymmetric components

T(tr)a — ﬁ(c + A_ _ PCC)"M Ak — ﬁ[_’bbﬂa Al
+ﬁ(éc+ﬁbcb)ﬂa/\"c_"a/\3’

T@Wa = gob [Z(P[b — Cip)kela) + (Crea + 2Piea)ke)

B.7)

+2 Plealp) + f’[bcd]] A B9, (B.8)

@ Springer

while the other one can be calculated simply by T(™¢ =
T¢ — T(tr)a _ T(a)a.

For the non-metricity we have the following expression

Qb = 20(p) = 2kakpA + 28, B. (B.9)
Therefore the traces are
0. =2DB, (B.10)
€“1Q,, =2Ak, + 2By, (B.11)
and its irreducible decomposition,
0"V, = 2g.,B, (B.12)
0wy = 5 A lkw?s) — f8ark], (B.13)
0% = 2[kiakpAcy — 535 Ak(aghe) |9 (B.14)
0™y = 2kakp A — Q) yp — Q% 4 (B.15)

B.3 Irreducible decomposition of the curvature and the
torsion for (6.21)

The irreducible components of the torsion (6.22) are

T = 5L1(C + kAP Ak

+ 57 C? A D+ B AD,

T®a — g“b [—ZC[bk La) + Creakp) ] # A9, (B.16)
e _ _ [léa +222(C + kA )k“]
kAL+ 2 3(D 1)C KA B
_ (mcd(sg + %Ccdk“) ed (B.17)
+ I:%Cca + (Cc - A'C)ka + 3(D l)C la
+ 57 (C + ka2 | kA B (B.18)

For the curvature (6.23) we first separate into antisymmetric
and symmetric parts

(Riap) =) Wap = Rap +DCup Ak, (B.19)
(Rap) =) Zap = kakpdA + g4, dB
— ZkL-k(aCb)ck N A. (B.20)

Taking this into account, it can be shown that the irreducible
components are

W(3)ab = (avé[ablckd] + S[Céabkd])ﬂc A ﬂd,

o (4)
W(4)ab =R ab

_ zg_:é W(6)ab

(B.21)
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+ ﬁ[av Q2Cla — Cra)

+ 3:2C Kkt + CCly) — 3e(Cla — C(S[Ca)]k A D)

+ 53[0 QCka + Cia) + 8cCia |1 A By

+ 53| = 8u(Cokta — Colo)

+ 23 Cay8l, — 84(C1 — Céf)k[a]ﬂc A D),
(B.22)

WOu = 5[ = 8Cla +8Cla — (Gt

+Coi) [l n sy

+ ﬁ[avé[a - 5CC_‘Ck[a]l A By

+ ﬁ[av(cck[a — Celia)

+201.Candt + 34(C + C5§.’)k[a]{7c A B,
(B.23)

WO = 55150 C + 3.C)Ba A B, (B.24)

200, = s 22 e ol A B A 1By — (D = 2k 1)

. -~ ~c  ~d
+ %(elcejdﬁ[iAj] + CCAd)k(aeb)J(k AP AD ),

(B.25)
20 = 2 7-
[kt A B = 56,00 Ak — Fgark 7 ]
(B.26)
ZW 0 = 58abZc" = gapdB, (B.27)
ZO = L7 k@vp) A D°

+ 5 [20CA - duAw + CAYkG + 2
Dy A K, (B.28)

where we have introduced the abbreviation ZE:=2e ;3 At
C4 A, and the other three have been omitted because they can
be calculated by the ones above by the use of the relations

W(Z)ab = %Wab + 4l (eaJebJWdc) "d AP — W(S)ub,

(B.29)

W(l)ab= Wab_W(Z)ab_W(3)ab_W(4)ab_W(5)ab_W(é)ab»
(B.30)

Z(l)ab =Zau — Z(z)ab - Z(S)ah - Z(4)ab - Z(S)ah~ (B31)

B.4 Other expressions derived from the connection (6.21)
The general derivatives of k and [ are

V.k% = —(Ck* + CHk, + k*B,, (B.32)

(Ve = V)I* = (CI* — Ck + k* A, + 1 B,.. (B.33)
With these equations and the following properties of the dis-
torsion tensor (defined as the difference between the connec-
tion and the Levi-Civita one)

gca(wmb - (z)cab) = (A - C) K + BY — éb, (B.34)
kc(wcab - é’cab) = Akakb + Bas, (B.35)
I9(@ca’ — @ca’) = C.° + Akyk® + BSE. (B.36)

one can prove for transversal tensors of arbitrary number of
indices

kcvcsa.‘.bm = kcéc Sa...bm + (nup — Ndown) _Sa...bms

——
dy

(B.37)

lcvcga...bm = lcécsa...hm + (nup - ndown)BSa...bm

—(C, 4 —1,C% — k,CHSy P —

~ b b ~ b o d...

+(Cg” +1°Cyg +k°Cg)S,. “+ ...,
(B.38)
k*VeSap. 4 = CcSap.. (B.39)
1°VeSap. b = (C%e — Vel Sap.. (B.40)

v Sab...cm — %a gab...cm

+ [Ca + (n"? — ndown — l)éa] Sab...cms
(B.41)

where n"'P and ngown are respectively the number of indices up
(contravariance) and down (covariance) of the tensor S‘a“_b
These properties are extremely useful in order to eliminate
or reduce derivatives that appear in the equations of motion
of metric-affine theories.
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