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1. Introduction

Since the 1980 paper by Thomason [1], we know that the categories SSet, of simplicial sets,
and Cat, of small categories, are equivalent from a homotopical point of view. Indeed, there are several
basic functorial constructions by which one can pass freely between these categories, preserving all the
homotopy invariants of their objects and morphisms. For instance, we have the functor N : Cat — SSet
which assigns to each small category C its nerve N(C), and the functor A : SSet — Cat sending each
simplicial set X to its category of simplices A(X).

Nevertheless, there are interesting algebraic constructions, both on simplicial sets and on small
categories, that are not invariants of their homotopy type. This is the case for Gabriel-Zisman cohomology
groups H" (X, A) ([2] Appendix II), of simplicial sets X with arbitrary coefficient systems on them, that is,
with coefficients in abelian group valued functors A : A(X) — Ab. Recall from Quillen ([3] II
§3, Prop. 4) that a simplicial map f : ¥ — X is a weak homotopy equivalence if and only if it
induces an equivalence of fundamental groupoids IT(X) ~ I1(Y), as well isomorphisms H" (X, A) =
H"(Y, f*A), for all n > 0, whenever A is a local coefficient system on X, that is, whenever A is
a morphism-inverting functor or, equivalently, if A : IT(X) — Ab is actually an abelian group valued
functor on the fundamental groupoid of X. Similarly, Baues—Wirsching cohomology groups H" (C, A) [4],
of a small category C with coefficients in natural systems A on it, that is, with coefficients in abelian
group valued functors on its category of factorizations A : F(C) — Ab, are homotopy invariants of C
only for local coefficients A : IT(C) — Ab.

There are, however, some particular weak homotopy equivalences that have a stronger
conservation property of cohomology than for local coefficients. For instance, for any small category
C, the morphism between end vertices functor e : AN(C) — F(C) is a weak homotopy equivalence
of categories which induces isomorphisms H"(C, A) = H"(N(C),e*A) for any natural system
of coefficients A on C. The aim of this paper is to prove that two relevant and well-known
weak homotopy equivalences have similar strong cohomology-preserving properties. These come
respectively associated to diagrams of small categories and simplicial sets. The first of them arises from
the seminal Homotopy Colimit Theorem by Thomason ([5] Theorem 1.2). This theorem states that,
for any indexing small category C and any functor F : C°? — Cat, there is a natural weak homotopy
equivalence of simplicial sets

11 - hocolime NF — N( [ F )
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between the homotopy colimit of the C-diagram of simplicial sets NF, obtained by applying the nerve
construction N(F(c)) to each category F(c), and the nerve of the category obtained by applying the
Grothendieck construction on F, see (9) below for details. Thus, the Grothendieck construction on
a diagram of small categories represents its homotopy colimit with respect to the Thomason model
structure in Cat [1]. Since one easily sees that the simplicial map # induces an isomorphism between
the associated fundamental groupoids IT(hocolimcNF) = TI(N [ F) = TI([.F) (see ([5] p. 95)),
Thomason’s theorem is actually equivalent to the fact that 77 induces isomorphisms

H"([c F, A) = H"(hocolimc NF, 7 A) (n>0) 1)

for every local coefficient system A : TI( [ F) — Ab on the category [ F. We prove here the following
stronger result.

Theorem 1. For any natural system A : F( [ F) — Ab, the isomorphisms (Equation (1)) hold.

The proof we give of this theorem is independent of that given by Thomason in [5] of his
Homotopy Colimit Theorem, so that this latter appears now as a consequence.

Going in the opposite direction, we also consider diagrams of simplicial sets. For any functor
G : C%7 — SSet, there is a known natural weak homotopy equivalence in Cat

p : A(hocolimeG) — [AG,

between the category of simplices of the homotopy colimit of G and the Grothendieck construction
on the diagram of small categories AG, obtained by applying the category of simplices construction
A(G(c)) to each simplicial set G(c), see Equation (29) below for details. Then, for any local coefficient
system A : I1( [cAG) — Ab, the functor y induces isomorphisms

H"([-AG, A) = H"(hocolim¢cG, u* A) (n>0). ()

Our second main result in the paper is the following.
Theorem 2. For any coefficient system A : [ AG — Ab, the isomorphisms (Equation (2)) hold.

We show several consequences of the above theorems. For instance, given a functor F : C°? — Cat
and a natural system A on [ F, for any morphism u : ¢’ — ¢ in C, there is an induced natural system
15 A on the category F(c). We describe a first quadrant spectral sequence

EYT = HP(C, HI(F, " A)) = HPM( [ F, A),

where H(F,*A) is the natural system on C that assigns to each morphism u : ¢’ — ¢ the cohomology
group H7(F(c), 1;;.A). This spectral sequence reduces to that constructed by Pirashvili-Redondo in ([6]
Theorem 5.2) when the natural system of coefficients A is h-local (see also Galvez-Neumann-Tonks
([7] Theorem 2.5) and ([8] Theorem 2.16)). In the other direction, given a functor G : C°? — SSet,
for a coefficient system A on [ AG and an object ¢ of C, there is an induced coefficient system 1.4 on
the simplicial set G(c). We describe a Bousfield-Kan type first quadrant spectral sequence (cf. ([9] XII,
4.5,5.8))

Ef"’ = HP(C, H1(G,*A)) = HP(hocolimc G, u*A),

where H7(G,*A) : C — Ab is the functor that assigns to each object c of C the cohomology group
H1(G(c),1rA). Various invariance results appears here as corollaries. Some of them are already
known, such as the Invariance Theorem by Moerdijk-Svensson ([10] Theorem 2.3), but others are new.
For example, if F, F' : C°? — Cat are diagrams of categories and v : F " = F a natural transformation
such that every functor v, : F'(c) — F(c), ¢ € ObC, is a weak homotopy equivalence having the
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Baues-Wirsching cohomology-preserving property, then the induced [-v : [ F' — [ F is also
a weak homotopy equivalence with the same cohomology-preserving property.

The plan of the paper is simple. After this introductory section, the preliminary Section 2
comprises some notations and a brief review of notions and facts concerning cohomology of small
categories and simplicial sets, and Sections 3 and 4 are essentially dedicated to proving Theorems 1
and 2 above, respectively. Although the proofs of both theorems follow a similar strategy, they are
independent.

2. Preliminaries

This section aims to make this paper as self-contained as possible; hence, at the same time as fixing
notations and terminology, we review some needed constructions and facts concerning cohomology of
small categories and simplicial sets.

Throughout the paper, the composition of maps between sets, homomorphisms between abelian
groups, and functors between categories, is written by juxtaposition. The composition of arrows in
any abstract small category C is denoted by the symbol o.

2.1. Cohomology of Small Categories

If C is any small category, then the category of C-modules, denoted C-Mod, has as objects the
abelian group valued functors A : C — Ab, with morphisms the natural transformations between
them. If A is any C-module and u : a — b is a morphism in C, then we write the associated
homomorphism A(u) by u, : A(a) — A(b).

The category C-Mod is abelian. We refer to Mac Lane ([11] Chapter IX, §3) for details, but recall
that the set of morphisms between two C-modules A and A’, denoted by Homc (A, .A’), is an abelian
group by pointwise addition, that is, if f,g : A — A’ are morphisms, then f + g : A — A’ is defined
by setting (f + ¢)a = fa + ga, for each object a2 € ObC. The zero C-module is the constant functor
0 : C — Ab defined by the trivial abelian group 0, and a sequence of C-modules A — A" — A" is
exact if and only if all the induced sequences of abelian groups A(a) — A’(a) — A”(a) are exact.

Furthermore, the category C-Mod has enough projective objects. A way to see this is by means of
free C-modules: There is a forgetful functor ¢/ : C-Mod — Set|opc, from the category of C-modules
to the comma category of sets over the set of objects of C, which carries a C-module A to the disjoint
union set

UA = Uzeobc A(a) ={(a,x) | a € ObC, x € A(a)},

endowed with the projection map 7 : YA — ObC, given by 7(a,x) = a. If f : A — A’ is any
morphism of C-modules, then U f : UA — UA’ is defined by Uf(a,x) = (a, fa(x)). This functor
U has a left adjoint, the free C-module functor, F : Set| opc — C-Mod, which is defined as follows.
If S=(S,m: S — ObC) is any set over ObC, then

FS = @ ZHomc(7ts, —)
s€S

is the C-module that assigns to each 2 € ObC the free abelian group FS(a) = Z{(s, u) } with generators
all pairs (s, 1) consisting of an element s € S together with a morphism u : 7rs — a of C. We usually
write (s, ids) simply by s, so that each element of s € S is regarded as an element of FS(7ts). For any
morphism v : a — b in C, the homomorphism v, : FS(a) — FS(b) is defined on generators by
v.(s,u) = (s,vou). Thus, for any generator (s, u) of FS(a), we have the equality u.(s) = (s, u),
where u, : FS(ms) — FS(a) is the homomorphism induced by u. If A : § — S’ is any map of sets over
ObC (so that 7'A = ), the induced FA : FS — FS' is the morphism whose component at an object a
of C is the homomorphism (FA), : FS(a) — FS'(a) such that (FA),(s,u) = (A(s),u).
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Proposition 1. The functor F is left adjoint to the functor U. Thus, for S = (S, 7t) any set over ObC and any
C-module A, there is a natural isomorphism

Home(FS, A) = TLA(7s),  fr= (frs(s)) s

seS

Proof. This follows from the Yoneda Lemma. For any list ¢ € []sc5 A(7s), the unique morphism
of C-modules f : FS — A such that frs(s) = ¢(s), forall s € S, consists of the homomorphisms
fa: FS(a) — A(a), a € ObC, defined on generators by f, (s, u) = u.¢(s). O

From the above proposition, it is plain to see that any free C-module is projective and, moreover,
the counit FU A — A is a projective presentation of any C-module A.
Let
Z:C— Ab

be the C-module that associates to each a € ObC the free abelian group on the generator 4, and to each
morphism u : 2 — b the isomorphism of abelian groups u, : Z(a) — Z(b) such that u.a = b. This is
isomorphic to the constant functor on C defined by the abelian group Z.

The cohomology groups H"(C, A) of a small category C with coefficients in a C-module A (cf., e.g.,
Gabriel-Zisman [2], Illusie [12], Roos [13], and Watts [14]), are defined as

H"(C, A) = Ext’.(Z, A) (n>0). 3)

2.2. Baues—Wirsching Cohomology of Small Categories

If C is any small category, its category of factorizations, F(C), is the category whose objects are the
morphisms u : a — b in C, and whose morphisms (v,v’) : u — u’ are pairs of morphisms of C such
that v o 0 v’ = 1/, that is, making commutative the square below.

Composition is given by the formula (w,w’) o (v,v") = (wov,v' ow'). The identity arrow at any
u:a— bisthe pair (14,1) : u — u. In [4], Baues and Wirsching call such F(C)-modules by the name
of natural systems on C, and they define the cohomology groups H" (C, A) of C with coefficients in a natural
system A to be those of its category of factorizations (see ([4] Theorem (4.4))):

H"(C, A) = H"(F(C), A) (n > 0). )

Notation: If A : F(C) — Ab is a natural system, for a —> b —> ¢ any two composible arrows in C,
we denote the induced homomorphisms (v, 1,)+ and (1., u). briefly by

vet A(u) = A(vou), u*: Av) — A(vou),
respectively. Thus, for any composible arrows a —> b —> ¢ —> d , the equalities below hold.
(w,u)y = wu* = uw*w, : A(v) - A(wovou),

(wov)y =wvs: Au) - A(wovou),
(vou)* =u*v*: A(w) — A(wovou).
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Baues-Wirsching cohomology recovers the cohomology of a small category C with coefficients in
C-modules, as follows. There is a canonical target functor

t:F(C) = C ®)

sending a morphism (v,?') : u — u' inF(C) to t(v,v') = v: b — b'. By composing with this functor
t, every C-module A gives rise to a natural system on C, which is equally denoted A. This way,
every C-module A is regarded as a natural system on C and, by ([4] Proposition (8.5)), there are
natural isomorphisms Ext¢(Z, A) = Ext]’ﬁ(c) (Z, A), so that both Equations (3) and (4), for coefficients
in C-modules, are the same.

2.3. Cohomology of Simplicial Sets

As usual, let A denote the simplicial category, whose objects are the finite ordered sets n =
{ 0,1,..., n}, and morphisms the weakly order-preserving maps between them. The coface maps are
denoted by d:n—1-=n,0 < i< n. Recall that these are the injections that omit the ith element.
We denote by SSet the category of simplicial sets. If X : A°’ — Set is any simplicial set, for any map
a :m — nin A, we write the attached map X(«) : X(n) — X(m) by a* : X, — Xy. In particular,
the face maps (d')* are denoted by d; : X, — X,,_1.

The category of simplices of a simplicial set X is denoted by A(X). This has as objects the pairs
(n,x) where n € A and x € X, and an arrow & : (m,x’) — (n,x) is map « : m — n in A such
that a*x = x’. The assignment X — A(X) is the function on objects of a functor A : SSet — Cat,
from the category of simplicial sets to the category of small categories, which carries a simplicial map
f: X — Y to the functor A(f) : A(X) — A(Y) sending an arrow « : (m,x’) — (n, x) of A(X) to the
arrow « : (m, fx') — (n, fx) of A(Y).

A coefficient system on a simplicial set X is a A(X)-module, that is, a functor A : A(X) — Ab.
To shorten notation, for an object (n, x) of A(X), we usually write A(x) instead of A(n, x), leaving
understood the dimension # of the simplex x. Thus, if « : (m,a*x) — (n, x) is a morphism in A(X), the
associated homomorphism is written as a, : A(a*x) — A(x). In particular, for any x € X,,, we have
the coface homomorphisms

di s A(dix) — A(x), 0<i<n.

The cohomology groups H" (X, A) of a simplicial set X with coefficients A(X)-module A are defined
to be those of its category of simplices (cf., e.g., Illusie ([12] Chapitre VI §3) and Gabriel-Zisman ([2]
Appendix II)), that is,

H"(X, A) = H"(A(X), A) (n>0).

Remark 1. A A(X)-module A is called a local coefficient system on the simplicial set X (see Goerss—Jardine
([15] Chapter Il §1) and Gabriel-Zisman ([2] Appendix 1I, 4.7)) whenever, for any map & : m — n of A
and any n-simplex x of X, the induced homomorphism w, : A(a*x) = A(x) is an isomorphism. A weak
homotopy equivalence f : Y — X induces isomorphisms H" (X, A) = H"(Y, f*A), provided A is a local
coefficient system on X, see Quillen ([3] Chapter II, §3, Prop. 4). Howeuver, for arbitrary coefficient systems A
on a simplicial set X, the cohomology groups H" (X, A) are not invariants of the homotopy type of X.

The standard cochain complex C(X, A), of a simplicial set X with coefficients in a A(X)-module A,
consists of the abelian groups

(XA =T] Ax),
xeXy
with coboundary 9 : C"~1(X, A) — C"(X, A) given by (3¢)(x) = Y1 (—1)' d.¢(d;x). In Section 4
below (see Corollary 8) there is a proof of the following well-known fact (see Illusie ([12] Chapitre VI,
(3.4.3))) and Gabriel-Zisman ([2] Appendix II, Prop. 4.2).
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Fact 1. For any coefficient system A on a simplicial set X, there are natural isomorphisms
H"(X,A) = H'"C(X, A) (n>0).

2.4. The Nerve of a Small Category

We usually regard the ordered sets n of A as categories with only one arrow (i, j) : i — j whenever
i < j, and the maps « : m — n in A as functors. The nerve N(C) of any small category C is the
simplicial set whose n-simplices are the functors ¢ : n — C, and the map a* : N(C),, — N(C),
induced by a map « : m — n, is given by a*c = o a. The functor nerve N : Cat — SSet carries
a functor f : C — C’ to the simplicial map N(f) : N(C) — N(C’) such that N(f)(¢) = f o.

From now on, we will employ several times the following notation: If ¢ : n — C is a functor,
then we write 0; : 0(i — 1) — o1 for the morphism ¢ (i — 1,7). Thus, for any i < j in n, we have

o(i,j) = 0jo--- 0041 : 0l — 0]. 6)
The morphism between end vertices functor is denoted by
e: AN(C) — F(C). (7)

This carries any object (n, o) of AN(C) to the morphism ¢(0,7) : ¢0 — on of C, and carries
a morphism & : (m,ca) — (n,0) of AN(C) to the morphism of F(C)

(o(am,n),o(0,a0)) : oa(0,m) — o(0,n),

depicted as below.

ow(0,m)
o) —— oam

o(0,20) T la(am,n)
o(0,n)

00 ———=on

By composing with this functor e, every natural system A : F(C) — Ab on C produces
a coefficient system on the simplicial set N(C), which is denoted also by \A. In Section 3 below (see
Corollary 1) there is a proof of the following well-known fact (cf. Baues-Wirsching ([4] Definition (1.4),
Theorem (4.4)), Illusie ([12] Chapitre VI, (3.4.2)), and Gabriel-Zisman ([2] Appendix II, Proposition 3.3)).

Fact 2. For any natural system A on a small category C, there are natural isomorphisms
H"(C,A) = H"(N(C), A) (n>0).

Let us stress that, after Fact 1, it is implicit in the above Fact 2 that, for any natural system .4 on
C, the cohomology groups H"(C, A) can be computed by means of the standard cochain complex
C(N(C),.A), which is denoted in [4] by F(C, A). Thus,

F'(C,A) = [] A(c(0,n))

on—C
and the coboundary 9 : F*~1(C, A) — F"(C, A) is given by
n—1

(99)(0) = o7 ¢(docr) + ;<_1>i¢(di0) + (=1)" o p(dn).
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Also, let us point out that the composition of the functors in Equations (7) and (5),

I=te: AN(C) *~F(C) 1=, 8)

is just the last vertex functor, which sends each object (n,o) of AN(C) to the object on of C.
By composition with it, any C-module defines a coefficient system on N(C) and, in this way, Fact 2
applies to the ordinary cohomology groups of C with coefficients in C-modules.

Remark 2. For a small category C, arbitrary coefficient systems on N(C), that is, arbitrary functors
A : AN(C) — Ab, are called Thomason natural systems on C by Gdlvez—Carrillo-Neumann—Tonks
in [8], where the cohomology groups H" (N(C), A) are denoted by H}, (C, A) and studied under the name of
Thomason cohomology groups of the category.

3. On the Weak Equivalence 7 : hocolim¢cNF — N( [ F)

Throughout this section, F : C°? — Cat denotes a functor, where C is a small category.
For a morphism u : a — b of C, we write u* : F(b) — F(a) for the functor F(u). Thus, for any
n-simplex ¢ of N(C), that is, for any functor ¢ : n — C, we have functors (see Equation (6) for the
notation)
o(i,j)" =04y - 0f  F(oj) = F(oi) (0<i<j<n).

3.1. The Involved Constructions

By composing F with the nerve functor, we get a diagram of simplicial sets NF : C°? — SSet,
whose homotopy colimit ([9] Chapter XII, §5) is denoted by hocolimc NF. This simplicial set has as
n-simplices pairs of functors (¢, 7), where 0 : n — Cand 7: n — F(on) and, forany map « : m — n
in A, the induced a* : (hocolimcNF),, — (hocolimcNF),, acts by

a*(o,7) = (oa, o(lam,n)" Ta).
In particular, its face operators are given by

d;o, d;T), 0<i<n,
di(g/f):{ (4, dr0)

(dno, 0, dyT), i=n.

On the other hand, the Grothendieck construction [5,16,17] on the diagram F yields a small category,
denoted by [ F, whose objects are pairs (a,x) where a is an object of C and x is an object of F(a).
A morphism form (g, x) to (b,y) in [-F is a pair (u, f) with u : @ — bamorphism in Cand f : x — u*y
a morphism in F(a). Arrows in [F compose by the formula

(v.8) 0 (u f) = (vouugof).
The Thomason weak equivalence ([5] Theorem 1.2) is the simplicial map
11 : hocolimeNF — N( [ F) , 9)

which carries an n-simplex (o, T) of the homotopy colimit to the n-simplex of the nerve of the
Grothendieck construction 77(c, 7) : n — [F defined by

n(o,1)i = (oi,o(i,n)*Ti),

o (i), o(in)* (i)
1o, D)) = (@i onyeet) U —
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3.2. A Free Resolution of the Natural System Z over [~ F

The following construction is key for our main result in this section.
Let ¥ = Y (F) be the simplicial replacement construction of Bousfield—Kan ([9] Chapter XII, §5) on
NF: that is, the bisimplicial set
Y A% x AP — Set,

whose (p, q)-simplices are pairs of functors (¢, 7) whereo : p — Cand 7: q — F(op). Ifa: p’' — p
and B : q' — q are maps in A, the induced maps

a=(a,1q)" Bo=1p.p)"
Yyq P4 Y0

are defined on a (p, q)-simplex (o, T) as above by
6(0,0) = (a0, p) T, Bio,T) = (0,7B).

dh dv
In particular, its face operators ¥,_1, <— ¥4 s ¥y,4-1 actby

h (dio, T) 0<i<p, .
di(o,7) = d?(O’,T) = (o,djTt), 0<j<q.
(dpo, 05 T) i=p,

Now, for each integers p, g > 0, let the set ‘I’p/q be endowed with the morphism between end vertices
map 77 : ¥, — ObF( [ F), defined by

(e(0p), 0(0,p) T(04))
(o, 7) = ( (¢0,0(0,p)*70) (op,1q))

and let Py = FY¥p, be the corresponding free F( [.F)-module (i.e., free natural system on [ F).
Thus, for each morphism (u, f) : (a,x) — (b,y) in [.F,

Ppa(u, f) = 2Z{(0,7,v,8,7",¢')} (10)

is the free abelian group with generators the sextuples (¢, 7,v,g,v',¢’), where

S|

:p — C isa functor,

:q — F(op) is a functor,

:op — b isamorphism in C,

: Tq — v*y is amorphism in F(cop),

:a — 00 is a morphism in C,

:x — 0*0(0, p)*70 is a morphism in F(a),

<

0 I T A

such that
{ u=voc(0,p)o?,
f=1v"0(0,p)*(g07(0,9))0g".

Note that the latter equations mean that the square in the category | F below commutes.

(@(0,p).0(0,p)"1(0,9))

(¢0,0(0,p)*70) (ep,7q)

(") T l (v.8)
(uf)
(a,x) (b,y)
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For any three composible morphisms in [ F,

(a/ x/) (u/’f,)

(w.f) (", f)
(a,x) y

the induced homomorphisms
(', f)* Ppg(u, f) — Ppguo u', ufof),
(W', ") s s Ppgu, f) — Ppg(u’ ou, u*f" o f),
are, respectively, given on generators by
', f)*(o,7,0,87,8) = (0,1,0,8 0 ou',u""g o f),
(u//’f//)*(a., T, U,g, vllg/) — (0., T, u// 1o ,U, ,U*f// o) g, U’,g/)-

These Pp,4 provide a bisimplicial natural system on [F
P =Pc(F) : AP x AP — F([.F)-Mod , (11)

where, for any maps in the simplicial category, & : p’ — pand f: q' — q, theinduced aj; : Ppg — Py,
and B : Ppq — P,y are the morphisms whose respective components at a morphism (u, f) : (a,x) —
(b,y) of [F are the homomorphisms aj; : Py q(u, f) — Py q(u, f) and B} : Ppq(u, f) — Py (1, f)
respectively defined on generators by
w,(0,7,0,8,0,8") = (ow, o(ap’,p)* T, voo(ap’,p), o(ap’, p)*8,0(0,a0) 0/, g'),
Bi(0,7,0,8,0,8) = (0, 7B 0,80 T(Beq), o, ("0(0,p)T(0,B0)) 0 ).

In particular, the horizontal and vertical face homomorphisms

h qv

P, f) <—Ppa(it, f) —> Ppg1(u, )

act on generators by

(doo,t,0,8,0107,¢) i=0,
d?(a,r,v,g,v’,g’): (dio,t,0,8,7,¢") 0<i<p,
(dpa,a; T,voap,al’;g,v’,g’) i=p,
(0,doT,v,8,0, (v (0,p)*11) 08') j=0,
d;-’(a,r,v,g,v’,g’)z (o,dit,0,8,9,¢") 0<j<g,
(0,d47,0,807,7',¢) j=a

Let diagP be the complex associated to the simplicial natural system diagonal of P: that is,
the cochain complex of natural systems on [, F with (diagP), = Py, and whose differential
0 : Puultt, f) = Puana(u, f), atamorphism (u, f) : (a,x) = (b,y) of [-F, is given on generators by

n—1 )
(0, 7,0,8,v,8") = (doo,doT,0,8, 01 0¥, (V0 (0,n)*11) 0 g') + Y (1) (djo, diT,v, 8,7, 8")  (12)

i=1
+ (=1)"(dno, 0jdntT, vo Oy, 0 (g0 Th), ', ).
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Lemma 1. diag Pc(F) is a projective resolution of the natural system Z on [-F. Therefore, for any natural
system A on [F,

H"( [c F, A) = H" (Homg; r(diag PcF, A)) (n>0).

Proof. Let us write P = Pc(F) as in Equation (11). Let € : Py — Z be the morphism of natural
systems whose component € : Pog(u, f) — Z(u, f), at a morphism (u, f) : (a,x) = (b,y) of [ F,
is the homomorphism defined on generators by

’ ’
€(ag, x0, a0 2 b, xo LN vy, a 2 ag, x LI vl.x0) = (u, f),

where we have identified any object ag of C with the functor ¢ : 0 — C such that ¢0 = 49 and,
similarly, an object x( of F(ag) with the functor T : 0 — F(ap) with 70 = x. It is easily seen that this
morphism € : Pyg — Z determines an augmentation € : diag P — Z.

Since every natural system P, is free, whence projective, it suffices to prove that, for any
morphism (u, f) : (a,x) = (b,y) of [ F, the augmented chain complex of abelian groups

oo Paa(u, f) =5 Prau, f) —5 Poolu, f) = Z(u, f) — 0 (13)

is exact. To do this, let us fix such a morphism (1, f) and proceed as follows.

For each g > 0, let P;(u, f) = Z{(t, w,w") } be the free abelian group on the set of triples (7, w, w')
consisting of a functor T : q¢ — F(b) and morphisms w : 74 — u*y and w’ : x — 70 of F(a) with
f=wot(0,q9) ow, that is, making commutative the square

(0.9)
70— 19

wa E

x ——u*y.

These Py (u, f) define a simplicial abelian group P(u, f), where each map 8 : " — q of A induces
the homomorphism g* : P;(u, f) — Py (u, f) defined on generators by

B (z,w, /) = (v, wo(Bqq), 7(0, 60) o).
In particular, its face homomorphisms d; : P;(u, f) — P;_1(u, f) are defined by

(dot,w, 71 0 W), j=0,
d]-("[, w, w/> = (d]'T, w, ZU/), 0 <] <4q,
(dqr,worq,w’), i=q

This simplicial abelian group P(u, f) can be endowed with an augmentation over Z(u, f) by the

homomorphism € : Py(u, f) — Z(u, f) which acts on generators by €(xq, Xo — t*y, x w, x0) = (u, f).
Let us also denote by P(u, f) the associated chain complex, in which the differentials 9 = Y(—1)d;
are obtained by taking alternating sums. The resulting augmented chain complex of abelian groups
admits a contracting homotopy k

NN Pz(u,f)—a>§i(u,fj—a>fé(u,f)%Z(u, ) =0 (14)
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whence it is exact. Such a contraction k is given by the homomorphisms k_1 : Z(u, f) — Py(u, f) and
kg : Py(u, f) — Pyy1(u, f), 9 > 0 which act on generators by

koi(u, f) = ¥y, Lusy, f), kg(t,w,w') = (—1)’7+1(w*'r,1u*y,w’).

In the above formula, for any functor 7 : q — F(a) and any morphism w : 7q — u*y, the functor
wxT:q+1— F(a) is defined by

. { i i<q,
(wxT)i= ‘
uty i=q+1, (15)
- w(i,j) : i = 1], j<4
(wxT)(i,j) =

wot(i,q):Ti»u*y, j=q+1

To check that k : idp(, ) = 0 is actually a chain homotopy, we first observe the equalities

wxd;T, 0<j<yg,
di(wxt) =q (woty)*dy, i=gq,
T j=q+1

From these, it is not hard to see that the operators k; satisfy the equations

—k,1d; 0<j<gq,

djkq:{ B ._]_q

idp,u) J=q+1

whence the equality ok; + kg—10 = idp, (,,5) follows for all g > 0.
Consider now the simplicial abelian group P(u, f) as a bisimplicial abelian group which is

constant in the horizontal direction. Then, the homomorphisms € : Py, (u, f) — P;(u, f) defined on
generators by

f /
(a0, q 5 Flag),ag = b,v.7q N y,a > ag,vlx L 70) = (v, 7, v"g, ¢'),

determine a bisimplicial homomorphism € : P(u, f) — P(u, f). For every q > 0, the associated
augmented chain complex of abelian groups

8 ho h_y

i ’P2’q(u,f)4a>7;1./q(u,f;)L)ﬁd’q(u,f);—fé(u,f) _>0/

is exact, because of it admits a contracting homotopy / given by the homomorphisms h_q : P;(u, f) —
Poq(u, f)and hy : Ppg(u, f) = Ppi1,4(u, f) which act on generators by

{ hoy(t,w,w') = (a,t,uwl,w),

hp(o-/ T/ U/g/ U//g/) - (0-* U// T/ U/ g/ 111/g/)/

where, for any functor ¢ : p — C and any morphism v’ : @ — 00, the functor o x?' : p+1 — Cis
defined by the formulas



Mathematics 2020, 8, 981 12 of 27

" a i=0,
@xohi=4 "
c(i—1) i>0,

N c(0,j—1)od :a—o(j—1), i=0,
(U*v)(l’])_{ o(i—1,j—1):0(i—-1) = 0o(j—1), i>0.

As above, to check that / is actually a contracting chain homotopy, we first observe the equalities

o i=0,
di(ocxd') =< doox(o100) i=1,
di_1o0%xv 1<i<p+1l

From these, we see that the operators &, satisfy the equations

i — | P 1=0
P hpadl, 0<i<p+l,

whence the equality oh) + h,_10 = idp, (,,s) follows.
Finally, the Dold-Puppe theorem implies that the induced map on the associated augmented
diagonal complexes € : diag P(u, f) — P(u, f),

(13) o Pan(u, f) T Pra(u, f) =2 Poo(u, f) > Z(u, f) —=0
(14) oo P, f) —2= Py (u, f) — 2> Po(u, f) —= Z(u, f) —=0,

is a homology isomorphism. Therefore, the chain complex Equation (13) is exact, since the chain
complex Equation (14) is such. O

Let us now consider the category of simplices A(hocolimc NF), whose objects are triples (n, o, 7),
where 0 : n — Cand 7 : n — F(00) are functors, and whose morphisms « : (m,?,6) — (n,0, T) are
those maps @ : m — n in A such that ca = y and o(am, n)* Ta = 6. We have the composite functor

eA(n),
A(n)

A(hocolime NF) —— A(N [oF) ——F( [ F), (16)
of the functor A(7) induced by Thomason simplicial map Equation (9) with the morphism between
end vertices functor e Equation (7). This functor eA(7) carries each object (n, o, T) to the morphism of
JeF

(00,0(0,1)*70) (7O Om7e(Om) (on,tn),

and a morphism « : (m,v,d) — (n, 0, T), as above, to the morphism of the category of factorizations
F( [ F) given by the broken arrows below.

(70, 7/(0, m)*60) —TOMAOIIION) (o s

4
A I
I

[

I

[

I

: (o(am,n),o(ammn)*t(amn))

(¢(0,0),0(0,20)*T(0,40))

Y

(o(0,n),0(0,n)*T(0,n)) (O'n Tn)

(¢0,0(0,n)*70)
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Then, by composition with e A(#7), any natural system A on [F gives rise to a coefficient system,
denoted by 77*A, on the simplicial set hocolimcNF. As a main result in this paper, we have

Theorem 3. For any natural system A on [ F, the Thomason map 1 in Equation (9) induces isomorphisms
H"( [cF, A) = H"(hocolimc NF, 7" A).

Proof. For any given natural system A on [ F, the coefficient system #*A on the homotopy colimit
hocolim¢ NF carries an n-simplex (o, T) to the abelian group

n*A(o,t) = A(e(0,n),0(0,n)*7(0,n))

and, for any map « : m — n in the simplicial category, the induced homomorphism «, :
n*A(a*(o, 7)) = n*A(0o, 7) is the homomorphism

wy = (o(am, n),o(am,n)*t(am,n))_(c(0,0),0(0,1)*7(0,40))"
: A(o (a0, am), o(a0,n)*t(a0,am)) — A(c(0,n),0(0,n)*t(0,n)).
In particular, for any n-simplex (¢, T) of hocolimc NF, the coface homomorphisms
d. 1" A(di(, 7)) — 1" A(0, T)
are
d° = (01,0(0,n)*)* : A(c(1,n),0(1,n)*t(1,1n)) — A(c(0,n),0(0,n)*T(0,n)),

di =id : A(c(0,n),0(0,1)*T(0,n)) — A(c(0,n),0(0,n)*7(0,1)) 0<i<mn,
d? = (on,00T0)« : A(c(0,n—1),0(0,n)*t(0,n—1)) — A(c(0,n),c(0,n)*T(0,n)).

Then, the standard cochain complex C(hocolim¢c NF, 7*.A) consists of the abelian groups

C"(hocolimcNF, 7* A) = [T A(e(0,n),0(0,n)*7(0,n)), (17)
c:n—C
T:n— F(on)

with coboundary 9 : C"~!(hocolimcNF, 7*A) — C"(hocolimcNF, * A) given by

n—1
(09) (0, 7) =(01,0(0,n)*11)*@(door, doT) + Y, (= 1) p(dic, d;T)
izl

18
+ (=1)" (0w, 05 T0) , @(dn0, 0y dnT). 18)

Now, let P = Pc(F) be the bisimplicial natural system in Equation (11). By Proposition 1, for
every n > 0, there is an isomorphism of abelian groups

T : C"(hocolimcNF, * A) = Homyp | F)(Pun, A),

which carries any n-cochain ¢ € C"(hocolimcNF, A) to the morphism of natural systems ' : Py, ,, —
A whose component at every morphism (u, f) : (a,x) — (b,y) of [ F is the homomorphism of
abelian groups

Lo : Pun(u, f) = Alu, f) | (0,7,0,8,9,8") = (v,8)«(v),8') 9(o, 7).
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These morphisms I’ fit together to define an isomorphism of cochain complexes
I' : C(hocolim¢ NF, 7% A) = Homg|_p) (diagP, A).

In effect, for any ¢ € C"~! (hocolim¢c NF, 7*A), any morphism (u, f) : (a,x) — (b,y) of [ F, and
any generator (0, 7,v,g,v0',¢") of Py (u, f), we have

(T(09))(0,7,0,87,8") = (v,8)«(v, &) ((9¢9) (v, 7))

D (0,90, )" (01, 0(0,n)"11)* p(door, doT) + i(—l)l‘(v,g>*<v',g’>*(p<dia, d;7)
£
+(=1)"(0,8)4 (¢, §) (0, 07T« @(du0, 07 )
— (0,8)«(01 0, (V" 0(0,n)*11) 0 )" (doc, doT) + 'fj(—l)i(v,g)*<v’,g’>*<o<dia, i)
£
+ (1) (00 0w, 038 0 07 T) 4 (0, §')* Pdnr, 07 dyT)
n—1

= (To) ((doa,dor, v,8,0100,(v0(0,n)" 11) 0 g’) + i (-1)(dio,diT,v,8,7',8")
i=1

+ (=1)"(due, 05 duT,0 0 0,03 (g 0 ), ¥, ) )

(12)
= ((T9)o)(c,7,v,8,,¢).

Hence, the result follows from Lemma 1 and Fact 1 (=Corollary 8 below). O

Theorem 3 above is actually a natural generalization of the useful and well-known result below,
already presented as Fact 2 in the preliminary Section 2.

Corollary 1. Let C be a small category. For any natural system A on C, there are natural isomorphisms
H"(C, A) =2 H"(N(C), A) (n>0).

Proof. Let us specialize Theorem 3 to the case when F = 0 : C°%” — Cat is the constant functor
defined by the only-one-arrow category 0. In this case, [0 = C, hocolim¢NO = N(C), and the
Thomason simplicial map Equation (9), # : hocolimeNO — N( [ 0), is the identity map on NC.
Therefore, Theorem 3 just says that, for any natural system A on C, there are isomorphisms
H"(C,A) =2 H"(N(C),A). O

Particular cases of the following corollary have been used several times in homological algebra to
compute cohomology of semidirect products of groups or monoids, diagrams of groups, etc. (see, e.g.,
Cegarra [18,19]), by means of certain chain complexes more manageable than the standard ones.

Let P = Pc(F) be the bisimplicial natural system on [ F in Equation (11), and let A be any
given natural system on [ F. By Proposition 1, there is a natural isomorphism of bicosimplicial
abelian groups

Homg | p (P, A) = C([cF A),

where C ( f C F, A) is the bicosimplicial abelian group described as follows: for every integers p,q > 0,

Cri(JcFA) =TI A(e(0,p),o(0,p) 7(0,9)), (19)
c:p—C
T:q— F(op)
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and, for any maps a : p’ — p and B : ' — q in the simplicial category, the induced homomorphisms

“

~ oL v
CA(fo F A) == CPA( [ F, A) <= CPA( [ F, )
are defined by

(“ZQD) (0’, T) = (J(D‘p// P)/ 1a(zxp/,p)*rq)* ((7(0, 0‘0)/ 10(0,p)*T0)* (‘7 x, U(‘Xp/r P)* T)r
(BL@) (0, 7) = (Lop, T(Bq', 9))+ (100, (0, p)*(0, p0))* (0, T B).-

In particular, its horizontal and vertical coface homomorphisms

~ di, - I
CrM(Jo FLA) = CP(Jo F, A) < CP1 ([ F, A)
are given by the formulas
(0’1, 1(7(0,p)*10)*(/)(d0(7/ T) i=0,
digp(o,7)={ o¢(dio,T) 0<i<p, (20)

(0 Lojeq)+ 9 (dpo, T) i=p,

(150,0(0, p)*11)* (0, doT) j=0,
dop(o,T) =3 ¢(o,djT) 0<j<gq, (21)
(1¢Tp/ Tq)*ﬁ"(‘ff qu) =4

Define the non-standard cochain complex of [ F with coefficients in a natural system A to be
TotC( /o F, A), the total cochain complex of the associated double cochain complex to C( [ F, A).
Thus, it consists of the abelian groups

Tot'C([F,A) = ] A(e(0,p),c(0,p)*1(0,9)),

c:p—C
T:q— F(op)
ptqg=n

with coboundary 9 : Tot""'C( [ F, A) — Tot"C( [ F, A) given by

p—1

(89)(0,7) = (01, L0y 20)+9(do0, D) + 1 (1) 9(di,T) + (—1)P (0, Ly ag) ¢y, )
i=1

q—1

+(~1)7 {(100,0(0,p)*fl)*go(a,dor) + 2(—1)&,)(0,51]-7) + (—1)7(1gp, Tq)*(p(a,d,,r)]
=

Corollary 2. For any natural system A on [ F, there are natural isomorphisms
H"([oF, A) = H'"TotC( [ F, A) (n>0).

Proof. From the descriptions of the bicomplex 6( fc F, A) in Equations (18) and (17) and the
complex C(hocolimc NF,7*A) in Equations (19)—(21), a straightforward comparison shows that
diag C( JcELA) = C (ho~colimc NF,17*.A).~Then the result follows from Theorem 3, since both
cochain complexes diag C( [ F, A) and TotC( [ F,.A) are cohomology equivalent by the generalized
Eilenberg—Zilber theorem of Dold and Puppe (see, e.g., Goerss-Jardine ([15] Chapter IV,
Theorem 2.4)). O
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Spectral sequences for the cohomology of the Grotendieck construction are implicit in the above
corollary. Let A be a natural system on [ F. Every arrow u : a — b in C determines a functor between
the categories of factorizations

W F(E(b)) = F(J ), (22)

which acts on objects by

(w1f)
—=(by))

tu(x 4 y) = ((a,u*x)

and on morphisms by

f L ()
x—Loy (a,u7x) — b,y
g’T J{g — (1mu*g’)T J{(lb,g)
¥ Loy (a,utx) =L (b,).

Then, by composition with 1, the natural system .4 on the Grothendieck construction gives rise
to a natural system on the category F(b), denoted by .4, so that the cohomology groups

HI(F(b),1;A) (23)
are defined. For any integer 4 > 0, there is a natural system on C,
HI(F,i*A) : F(C) — Ab, | (a-%b)+— HI(F(b),iA), (24)

which acts on morphisms as follows: For any morphism (v,?’) : u — u’ in F(C),

whose component at a morphism f : x — y of F(b’) is the morphism of F( [ F)

(0.0)(f) = (v, 10ry), (0, L)) < (u,00"f) = (u',u™ )

depicted as
(uu*o" f)
(a,u*v*x) ———
(‘U’,lul*x)T

(@', u"x)

(b,0"y)
l(v,lv*y)

(u' ' f)

—(V,y).

Then, the induced homomorphism

0.0+ HI(E(b), 15.A) — HI(E(b), 5, A)
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is the composite of the homomorphisms

(o)

HI(F(b), 2, A) — = HI(F(b), 07 5.A4)

HI(E(V'), i, A).

Corollary 3. For any natural system A on [ F there is a natural first quadrant spectral sequence
EYT = HP(C,H(F,i*A)) = HF ([ F, A)

where H1(F, 1*A) is the natural system on C defined in Equation (24).

Proof. Let C( Jc F, A) be the double cochain complex associated to the bicosimplicial abelian group in
Equation (19). Fixing any p > 0, and taking homology in the vertical complex CP* JcE, A), we have

HICP* ([cF, A) =HI( [T F(F(ep), iy, A) = T[T HU(F(@p), 5, A)

op—C op—C
[T #'(F,A)(e(0,p)).

op—C

Taking now the cohomology again, we have H{ZHZCV (JcF,A) = HP(C, HI(F,i*A)), whence the

result follows from Corollary 2. [

Note that, when u = 1; is the identity arrow of any object b of C, then functor ¢, : F(F(b)) —
F( [ F) in (22) is the induced one on the category of factorizations by the canonical inclusion functor

4 F(b) = [oF Ly (1) L (5,y)). (25)

So, in this case, we can write the corresponding cohomology group Equation (23) simply as
HA(F(b),1;A). For any g > 0, we have the C-module

Hi(F,irA):C— Ab | b+ H1(F(b),1;A), (26)
which carries every morphism v : b — b’ to the composite homomorphism

HI(E(b), 55 A) 5 HI(F(), 0713 A) 2 HI(F (), 13, A),

where (v) : 1, v* = 1y
‘\—> JcF
is the natural transformation defined, at any object x of F(V'), by
() (x) = (v, 1p0x) : (b,0*x) — (V/, x).

There is, for any integer g > 0, a morphism of natural systems on C

(Vs : HI(F,i*A) — HI(F,*A), (27)
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where, recall, the C-module H7(F,*A) is regarded as a natural system by composition with the
target functor f : F(C) — C in Equation (5). Its component at any morphism # : 2 — b in C is the
homomorphism

()« : HI(F(b), 1 A) = H1(F(b),1;A)
induced by the natural transformation (u) : 1, = 1,

/%\
F(F(b))  wd  F(fcF),
\/

Ly
which is defined on any morphism f : x — y of F(b) by

(W) (f) = Loy, (w,luex)) = (o, f) = (w07 f)

(1p.f)
(b, x) —> (b,y)
(u'lu*x)T
(uu*f)

(a,u) L (b,).
Following to Pirsahvili-Redondo [6], we say that the natural system A is h-local provided the
morphism ( ), : H1(F,*A) = H(F, *A) in Equation (27) is an isomorphism, for all 4 > 0. This means
that, for any arrow u : a — b in C, the cochain map (u). : F(F(b), ;. A) — F(F(b), 1;,A)

oo T1 AL, T(0,9) ——>  TI A1y, t(0,g+1)) — ---

T:q—F(b) T:q+1—F(b)
Lg(”/lu*fﬂ)* J/I;I(”rlu*ro)*

oo T A ut(0,9) =2 TT A(w,u't(0,g+1)) — - -
T:q—F(b) T:q+1—F(b)

is a homology isomorphism. We call the natural system A local whenever the natural transformations
(u) : 1 = 1, induces an isomorphism ;A = 1§ A of natural systems on F(b), that is, if forany f : x — y
in F(b),

(1, Lyen)* - A(Lp, f) = A(u, u™ f)

is an isomorphism (note that this condition is a bit weaker than the corresponding one stated
in [6]). Clearly every local natural system on fC F is h-local, as well as every fC F-module is
a local natural system. The spectral sequence by Pirsahvili-Redondo in ([6] Theorem 5.2) (cf. also
Galvez-Neumann-Tonks ([7] Theorem 2.5)) and ([8] Theorem 2.16)) appears now as a particular case
of the spectral sequence in the above Corollary 3.

Corollary 4. For any h-local natural system A on [ F there is a natural spectral sequence
Ey" = HP(C,H(F,1"A)) = HP*( [ F, A)
where H1(F,1*A) is the natural system on C defined in Equation (26).

The spectral sequence in Corollary 3 involves some invariance results, as we show below.
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Corollary 5. Let F,F' : C°? — Cat be functors, let v : F' = F be a natural transformation, and let A
be a natural system on [ F. If, for any arrow u : a — b in C, the functor v, : F'(b) — F(b) induces

isomorphisms
H"(F(b), i A) = H"(F'(b),vji,A), n>0,

then the functor [ v : [« F' — [ F also induces isomorphisms
H"([cF, A)=H"([cF,(Jcv)*"A), n>0.

Proof. For any arrow u : a — b of C, the square

F(F/ (b)) s [ P

e

F(F(b) = Jc F
commutes. Therefore v, induces isomorphisms
H"(F(b), . A) = H'(F'(b), 1 (Jev) ™ A) -

Since these are natural in u, it follows that v induces an isomorphism of natural systems on C between
H"(F,i*A) and H" (F',/"*( [v)*A). Then, for any integers p,q > 0, there are natural isomorphisms

HP(C,H(F,1*A)) = HP (C,HI(F,/"*([cv)*A))

and the result follows from the spectral sequences in Corollary 3 for F and A and F’ and
(Jov)* A, respectively. [

Recall now that a functor A : [ F — Ab is called a twisted system of coefficients on the diagram of
categories F : C°P — Cat whenever, for any object b of C, i; A is a local system of coefficients on the
category F(b); that is, provided that, for any arrow f : x — y in F(b), the induced (1;, f)« : A(b, x) =
A(b,y) is an isomorphism, see ([10] Definition 2.1). The following invariance result was proved by
Moerdijk-Svensson in ([10] Theorem 2.3).

Corollary 6. Let F,F' : C°? — Cat be functors. Suppose v : F' = F is a natural transformation such that all
the functors v, : F'(b) — F(b), b € ObC, are weak homotopy equivalences of categories. Then, for any twisted
system of coefficients A on F, v induces natural isomorphisms

H"([F, A) = H"([oF,([cv)*A), n>0.

Proof. For any twisted system of coefficients A on F, the induced homomorphisms v}
H"(F(b),1;A) = H"(F'(b),v;;A) are isomorphisms. Since, for any u : a — b in C, we have
iy A = 1;; A, the hypothesis of Corollary 5 above hold, whence the result follows. [

The following terminology is suggested by T. Pirashvili.

Definition 1. A weak homotopy equivalence of categories f : C' — C is a Baues-Wirsching weak homotopy
equivalence (resp. a Roos—Watts weak homotopy equivalence) provided that, for any natural system A on
C (resp. C-module), the induced homomorphisms H"(C, A) = H"(C', f*A), n > 0, are all isomorphisms.
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For instance, if f : C' — C is any functor with a left or right adjoint, then it is a Baues—Wirsching
weak homotopy equivalence. This fact follows from ([20] Lemma 1.5, p. 10). See also ([6] Lemma 2.2),
([8] Corollary 2.3), and ([21] Corollary 4.3).

Corollary 7. Let F,F’ : C°? — Cat be functors. Suppose v : F' = F is a natural transformation such
that all the functors v, : F'(b) — F(b), b € ObC, are Baues—Wirsching (resp. Roos—Watts) weak homotopy
equivalences, then [v: [ F' — [ Falsois.

Proof. This follows from Corollary 5. O

4. On the Weak Equivalence  : A(hocolimc G) — [-AG

Throughout this section, C is a small category and G : C°? — SSet is a functor. For any morphism
u:a— bof C,wewrite u* : G(b) — G(a) for the simplicial map G(u). Since u* is simplicial, for any
map &« : m — nin A, we have a*u* = u*a*, that is, the square below commutes.

*

G(b)y —— G(a),

u*

G(b)m —— G(a)m
In particular, every functor o : n — C gives rise to the simplicial maps, see Equation (6),

o(i,j)* =0y - 0] : G(of) — G(oi) 0<i<j<n).

4.1. The Involved Constructions
The simplicial replacement of G of Bousfield—Kan ([9] Chapter XII, §5) produces the bisimplicial set

¥ = ¥c(G) : A% x A% — Set, (28)

whose (p, q)-simplices are pairs (o, x) where o : p — Cis a functor and x € G(op); is a g-simplex of
G(op).Ifa:p’ — pand B: @' — qare maps in A, the induced maps

“Z:(“rlq)* .Bg:(lp/ﬁ)*
Y Y
PA

Yy g

are respectively defined on any (p, q)-simplex (o, x) as above by

wy(o,x) = (ca,o(ap’,p)'x),  By(o,x) = (0, B"x).

dl a7
In particular, its horizontal and vertical face maps ¥,_1, <— ¥p,4 s ¥p5-1 actby
(dio, x) 0<i<p,
(dpo,opx) i=p,

o) - {
P

dj(o,x) = (0,d;x), 0<j<qg.

The homotopy colimit construction on G is the simplicial set

hocolime G = diag ¥ (G).
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Its n-simplices are then pairs (¢, x) where ¢ : n — Cis a functor and x € G(op),. If & : m — nis
any map in A, then the induced map a* : (hocolimcG), — (hocolimcG)y, acts by

a*(o,x) = (ca, o(am,n) a*x).
In particular, its face maps are given by

d( ) (di(f,dix) 0<i<mn,
i(o,x) =
l (dpo,ohdyx) i=n.

On the other hand, by composing G with the category of simplices functor A : SSet — Cat,
we get a diagram of categories AG : C°? — Cat on which we can apply the Grothendieck construction.
This yields the small category

JcAG,

whose objects are triples (n,a,x), where n € ObA, a € ObC, and x € G(a), is a n-simplex of G(a).
A morphism («,u) : (m,b,y) — (n,a,x) consists of morphisms« : m — n,of A,and u : b — a,of C,
such that y = u*a*x. Composition in [-AG is given by (B,v) o («,u) = (Ba,vou).

Let A(hocolimc G) be the category of simplices of the homotopy colimit of G. Its objects are
triples (n, 0, x), where o : n — Cis a functor and x € G(on),. Its morphisms a : (m, 7,y) — (n,0,x)
are those maps & : m — nin A such that T = ca and y = o(am, n)*a*x. We have the functor

pt : A(hocolime G) — [ AG, (29)
which is defined on objects by u(n, o, x) = (n,on, x), and on morphisms « : (m, 7,y) — (n,c, x) by
u(a) = (o, 0(am,n)) : (m,tm,y) — (n,on,x).

4.2. A Projective Resolution of the [~ AG-module Z

To shorten some expressions, if A is any [ AG-module and (n, 4, x) is an object of [~ AG, then we
write A(a, x) for A(n, a, x), leaving understood the dimension # of the simplex x of G(a).

Let ¥ = ¥¢(G) be as in Equation (28). For any integers p,q > 0, let the set ¥}, ; be equipped with
the map

m:¥, = Ob [.AG, (0,x)— (q,0p,x),

and let Q) ; = FY,, be the associated free [~ AG-module. Thus, for each object (n,a, x) of [ AG,
Qpq(a,x) = Z{(0,za,u)} is the free abelian group on the set of lists (¢, z, &, ) consisting of a functor
o:p — C,asimplexz € G(op)s, amap & : q — nin A, and a morphism u : ¢p — a in C, such that
z = u*a*x. Equivalently, we can take

Qpqla,x) =7Z{(o,u,a)} (30)

the free abelian group on the set of triples (¢, u, ) consisting of a functor ¢ : p — C, a morphism
u:op—ainCandamapa : q — minA. If (8,v) : (m,b,y) = (n,a,x) is any morphism of
the category [~ AG, then the induced homomorphism (B,v)« : Qp4(b,y) = Qp4(a, x) is given on
generators by (B,v)«(c,a,u) = (0, B, vou).

These Q, 4 provide us of a bisimplicial [ AG-module

Q= Qc(G) : A7 x A? — [ AG-Mod, (31)
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in which, for any maps 8 : p’ — p and 1y : @' — q in the simplicial category, the induced morphisms
at any object (n, a, x) of fC AG,

P 7
Qy q(a,x) -~ Qpq(a,x) —> Q, (a,x)

are the homomorphisms acting on generators by

{ Bi(0,0,u) = (0, a, uoo(pp,p)),
vi(o,a,u) = (0, ay, u).
In particular, the horizontal and vertical face homomorphisms

h qv

Qp—l,q(a/ X) < Qp,q (LZ, x) > Qp,q—l (ar x)
are defined on generators by

(dio,a,u), 0<i<p,

d'(o,a,u) = {

(dpo,a,uo00y) i=p,

d;-’(a,(x,u) = (o,ad,u), 0<j<qg.

Let diagQ be the complex associated to the simplicial [-AG-module diagonal of Q.
Thus, (diag Q) = Qmm and, at any object (n,a,x) of fC AG, the differential 0 : Qy;m(a,x) —
Qu1m-1(a, x) is given on generators by

oo, u) = Y (=) (dio,ad',u) + (=1)" (dmo, ad™, uocy). (32)
i=0

Lemma 2. diag Qc(F) is a projective resolution of the [ AG-module 7. Hence, for any [~ AG-module A,
H"( [c AG, A) = H"(Hom _xg(diag Qc(F), A)).

Proof. Let us write Q@ = Q¢(F) as in Equation (31). There is an augmentation € : diag Q — Z which,
at any object (n,a,x) of [ AG, is given by the homomorphism

€: Qoo(a,x) = Z(a,x)

that carries all generators (o, a,u) of Qgo(a,x) to the generator (n,a,x) of Z(a,x). Since every
JcAF-module Q, , is free, whence projective, it suffices to prove that, for any object (n,a,x) of
Jc AF, the augmented chain complex of abelian groups

coo = Qaa(a,x) —5 Q11(a,x) 2 Qoo(a,x) > Z(a,x) — 0 (33)

is exact. To do this, let us fix any such (n, 4, x) and proceed as follows.

Let A" = Homy (—, n) be the standard simplicial n-simplex, and let us consider the simplicial
abelian group ZA", q — ZHoma(q,n), as a bisimplicial abelian group which is constant in the
horizontal direction. Then, a bisimplicial homomorphism € : Q(a,x) — ZA" is given by the
homomorphisms € : Qo 4(a, x) — ZA} defined on generators by

e(ap,q > n,a9 > a) =a,
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where we have identified any object a9 of C with the functor o : 0 — C such that ¢0 = 4¢. For any
g > 0, the associated augmented chain complex of abelian groups admits a contracting homotopy k
) K ka
o= Qog(a,x) —— Qi 4(a,x) —— Qoq(a,x) —=ZA; — 0,
whence it is exact. Such a homotopy k is given by the homomorphisms
ko1 ZA; — Qogqla,x),  kp: Qpgla,x) = Qpi14(a,x),
which act on generators by

k_i(a) = (a,a,15), kp(o,a,u) = (—DP Y uxeo,aly,),

where, foranyc:p — Candu : op — a,uxo : p+1 — Cis defined as in Equation (15). It follows
from Dold-Puppe Theorem that the induced map on the associated augmented diagonal complexes
€ : diag Q(a,x) — diag ZA" = ZA",

— Qoo(a,x) 9 Q11(a, x) _9. Qo,0(a,x) LN Z(a,x) —0

e

— ZAy

IR

0,

is a homology isomorphism. Then, the exactness of Equation (33) follows from the exactness of the
augmented chain complex at the bottom in the above diagram, as it has a contracting homotopy given
by the homomorphisms

hoy:Z — ZBy,  hg: ZAG — ZAG 4, (34)

which are defined on generators as follows: h_1(1) : 0 — nis the map 0 — 0, and, forany a : ¢ — n,
hg(x) :q+1 — nisthemap0— Oand i+ 1+ a(i). O

By composing with the functor y : A(hocolimcG) — [-AG in Equation (29),
every [- AG-module A gives rise to a coefficient system y*A on hocolim¢ G, and we have

Theorem 4. For any f C AG-module A, there are natural isomorphisms
H"( [ AG, A) = H"C(hocolim¢ G, u*A).

Proof. Let Abe any given [~ AG-module. As we did before, for any object (n, 4, x) of [- AG we write
A(a, x) instead of A(n, g, x), and also, for any morphism u : b — a of C we write

s+ A(b,u*x) — A(a, x)

for the induced homomorphism (idn, )+ : A(n,b,u*x) — A(n,a,x). Similarly, for « : m — n any
map in A, we write

ay : Aa,ax) — A(a, x)

by the homomorphism («,14)+ : A(m,a,a*x) — A(n,a, x). Thus, we have the equalities

oty = (0, 1)y = Uity A(b,u"ax) — A(a, x), (35)
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that is, both inner triangles in the diagram below commutes.

A(b, u*a*x) === A(b, u*x)

| e

Ala, a*x) A(a, x)

The induced coefficient system p*A on hocolim¢ G carries an n-simplex (o, x) to the abelian
group 1*A(c,x) = A(on,x) and, for any map « : m — n in A, the attached p*A(a) : p*A(a*(o,x)) —
1*A(o, x) is the homomorphism

axo(am,n)y : A(cam,o(am,n)*a*x) — A(on, x).

In particular, the cofaces u*A(d’) : u*A(d;(c, x)) — p*A(c, x) are the homomorphisms

{ di - A(on,dix) — A(on, x), 0<i<mn,

doys : A(o(n—1),05d,x) — Alon,x), i=n.
Then, the standard cochain complex C(hocolim¢ G, #*A) consists of the abelian groups

C"(hocolimc G, u*A) =[] Alom, x),
c:m— C
x € F(om)y,

with coboundary 9 : C"~!(hocolimc G, u*A) — C™(hocolimc G, u*A) given by
(0p) (o, x) = (=1)idLp(dio, dix) + (—1)"d" Cpw@(d o, 0 X). (36)

Now, let Q = Qc(G) be the bisimplicial [- AG-module in Equation (31). By Proposition 1,
there are isomorphisms of abelian groups

I’ : C"(hocolimc G, u*A) = HomfC ac(Qmm, A)  (m>0)

which carry an m-cochain ¢ € C"(hocolime G, A) to the morphism of [~ AG-modules I'¢ given,
at any object (n,a, x) of [ AF, by the homomorphism of abelian groups

U'e: Qum(a,x) = Ala,x) | (o,a,u) — asu.(o,a*u*x).
These I" fit together to define an isomorphism of cochain complexes
I : C(hocolimc G, u*A) = Hom_,g(diag Q, A).

In effect, for any ¢ € C"~!(hocolimc G, i*A), any object (n,4,x) of [ AF, and any generator
(0,a,u) of Qum(a,x), we have
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(I'(09)) (0, &, u) = a,u,(99) (0, u*a*x)
1

m_ . .
9 —D'ajusdio(dio, diu*a*x) + (= 1) ausd o @(diyo, o dpu™ o™ x
? ¢ m

E P S

= (=1)iwad usp(dio, dia*u*x) 4+ (=1)" @ s Os (A0, dyytt* oy 1* x)

= (—1)i(ocdi)*u*(p(di0, (adi)*u*x)
+ (= 1) (@d™ ). (1 0 T )5 (A0, (@d™)* (14 0 03)*x)
D (1'9) (3(0, 0, 1)) = (T'9)3) (¢, &, u).

Hence, the result follows from Lemma 2. O

Let X be a simplicial set. When we specialize Theorem 4 above to the case when C = 0 is
the only-one-arrow category and G : 0 — SSet the functor with G(0) = X, then hocolim¢ G = X,
the simplicial set X, [ AG = A(X), the category of simplices of X, and the comparison functor
(Equation (29)), p : A(hocolim¢ G) — [ AG, is the identity on A(X). Therefore, we obtain the
following well-known result, already mentioned in Section 2 as Fact 1.

Corollary 8. For any simplicial set X and any A(X)-module A, there are natural isomorphisms
H"(X,A) = H"C(X,A) (n>0).

Returning to the general case, if A is any [. AG-module, we have are natural isomorphisms

4 8
H"( [cAG, A) = H"C(hocolime G, u*A) = H" (hocolim¢ G, u*A),
whence our second main result in the paper follows

Corollary 9. The functor p in Equation (29) is a Roos—Watts weak homotopy equivalence; that is, for any
Jc AG-module A, y induces isomorphisms

H"( [cAG, A) = H"(hocolim¢ G, i*A).
Remark 3. Forany [ AG-module A, the spectral sequence in Corollary 4 can be written as
EY'" = HP(C,HY(G,1*A)) = HP*(hocolimc G, u*A),

where H1(G, 1*A) : C — Ab is the C-module assigning to each object b of C the q-th cohomology group of the
simplicial set G(b) with coefficients in the AG(b)-module obtained by restriction of A via the inclusion functor
iy : AG(b) = [ AG (25).

Remark 4. Let us say that a weak homotopy equivalence of simplicial sets f : Y — X is Gabriel-Zisman
weak homotopy equivalence provided that, for any coefficient system A on Y, the induced f* : H*(X, A) =
H"(Y, f*A) are isomorphisms for all n > 0. That is, whenever A(f) : A(X) — A(Y) is a Roos—Watts
weak homotopy equivalence. The invariance result in Corollary 7, tell us that if v : G' = G is a natural
transformation between diagrams of simplicial sets G', G : C°P — SSet, such that every v, : G'(a) — G(a),
a € ObC, is a Gabriel-Zisman weak homotopy equivalence, then the induced functor [v: [ G — [-Gisa
Roos—Watts weak homotopy equivalence (cf. Moerdijk—Svensson ([10] Corollary 2.5)).
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Finally, it is worth noting that both Theorem 3 and Corollary 9 can be useful in combination. For
example, for any diagram of categories F : C°? — Cat, there is a canonical functor

L= [.IF: [ ANF—> [.F,

induced by the natural transformation /F : ANF — F, whose component at any object 2 € ObC, is the
last vertex functor Ip(,) : AN(F(a)) — F(a), see Equation (8). We now can prove

Corollary 10. For any functor F : C° — Cat, the functor L above is a Roos—Watts weak
homotopy equivalence.

Proof. We know that every last vertex functor Ip,) : AN(F(a)) — F(a) is a weak homotopy
equivalence (see, e.g., Illusie ([12] Chapitre VI, Theormé 3.3)). Then, the functor L is also a weak
homotopy equivalence by Thomason ([5] Corollary 3.3.1). Furthermore, since the square of functors

A
A(hocolime NF) 2L AN [ F

”l |

JoANF—t JoF.

commutes, for any Jc F-module A, the induced homomorphisms
H"([.F, A) — H"([-ANF,L*A) are the composite of the isomorphisms

I

3
H"([cF, A) = H"(hocolimcNF, " I"A) = H" (hocolimeNF, u*L*A) = H"( [ ANF,L*A).

O
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