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Abstract: In this paper we present some novel fixed point theorems for a family of contractions
depending on two functions (that are not defined on ¢ = 0) and on some parameters that we have
called multiparametric contractions. We develop our study in the setting of b-metric spaces because
they allow to consider some families of functions endowed with b-metrics deriving from similarity
measures that are more general than norms. Taking into account that the contractivity condition we
will employ is very general (of Hardy-Rogers type), we will discuss the validation and usage of this
novel condition. After that, we introduce the main results of this paper and, finally, we deduce some
consequences of them which illustrates the wide applicability of the main results.

Keywords: b-metric space; multiparametric contraction; fixed point; contractivity condition;
Hardy-Rogers contractivity condition

1. Introduction

The field of Fixed Point Theory has very recently undergone a great development, mainly due to
the great number of contractivity conditions, especially in two directions: by considering new terms
and by involving auxiliary functions. Let us briefly describe respective examples. Let (X, d) be a
metric space and let f : X — X be a mapping from X into itself. Starting from the celebrated Banach’s
contractivity condition [1]:

d(fx,fy) < Ad(x,y) forallx,ye€ X,

where A € [0,1), an initial extension of the previous assumption was due to Kannan [2]:
d(fx,fy) <A [d(fx,y),d (x,fy)] forallx,ye X (A €10,1/2)).

This result allowed to extend Banach'’s principle to a family of self-mappings that did not
need to be continuous. Later, other terms were involved in the contractivity condition, as in the
following examples:

d(fx,y) +4d (x,fy)
2

d (fx,fy) < A max { d(x,y),d(x,fx),d(y,fy), } forall x,y € X,
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or
d(fx,fy) < Amax{d(x,y),d(x,fx),d (y,fy),d (fx,y),d (x,fy)} forallx,y e X.

Independently, contractivity conditions evolved towards the inclusion of auxiliary functions.
A first example in this direction was the Boyd and Wang’s contractivity condition [3]:

d(fx,fy) < ¢(d(x,y)) forallxyeX,

where ¢ : [0,00) — [0,00) was a function satisfying key properties (in that case, ¢ (t) < t
and limsup, . ¢ (r) < ¢ (t) for all t > 0; this last condition is verified, for instance, by any
upper semicontinuous from the right on (0,00) function). In recent times, several classes of
auxiliary functions have enriched this theory a lot (altering functions [4,5], simulation functions [6,7],
R-functions [8-10], etc.).

As a mixture of both lines of research, in 1977 Jaggi [11] introduced the following kind of rational
type contractivity condition (where &, 8 € (0,1) satisfy a + < 1):

d (x,fx) d (v, fy)
d(x,y)

Obviously, such kind of contractivity conditions can only be verified by pairs of distinct points

of the metric space (see [12]). This new family of hypotheses allowed the researcher to realize that,
in many cases, contractivity conditions became trivial when the pair of points are equal, thatis, x = v.

d(fx,fy) <ad(x,y)+pB forall x,y € X such that x # y.

As a consequence, a lot of results were introduced by assuming that the contractivity condition must
be only verified for distinct points. Hence, auxiliary functions ¢ : [0, 00) — [0, 00) did not need to be
defined in t = 0, which led to the fact that recent results only use functions such as ¢ : (0,00) — (0, 0),
where ¢ (0) does not necessarily exist. However, when we combine several restrictions, it is possible to
pose a contractivity condition of type

d(fx, fy) < p(M(x,y))

in which, for some distinct points xp, 1y € X, we can deduce M(xg,yp) = 0 but ¢ is not defined in
t = 0. As a consequence, when we apply the contractivity condition, we must take care about the fact
that M(x,y) > 0.

In this paper, we present some novel fixed point theorems for a family of contractions depending
on two functions (that are not defined on t = 0) and on some parameters that we have called
multiparametric contractions. We develop our study in the setting of b-metric spaces because they
are, in our opinion, a very successful context because they allow to consider some important families
of functions endowed with b-metrics deriving from similarity measures that are more general than
norms. Taking into account that the contractivity condition we will employ is very general and it
makes use of functions that are not defined on t = 0, we will discuss the validation and use of this
condition in Section 3. After that, we introduce the main results of this paper and, finally, we deduce
some consequences of them which illustrates the wide applicability of the main results.

2. Background on b-Metric Spaces and Fixed Point Theory

LetN = {1,2,3,...} the family of all positive integers. Henceforth, let X be a non-empty set and
lets € [1,00) be a real number.

A b-metric on X is a function b : X x X — [0, 00) satisfying null self-distance (b(u,u) = 0),
indistinguishibility of indiscernibles (if b(u,v) = 0, then u = v), symmetry (b(v,u) = b(u,v)) and the
following generalized version, involving the number s, of the triangle inequality:

b(u,w) <s [b(u,v)+b(v,w)] foralluv,we X.
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When s = 1, we recover the notion of metric space. However, the notion of b-metric is more
general than the concept of metric (see [13-15]). For instance, in general, a b-metric is not necessarily
continuous.

Example 1 ([16-19]). Let (X, d) be a metric space and let r > 1. If we consider the function dy : X x X —
[0,00) defined by dv(x,y) = d(x,y)" forall x,y € X, then (X, dy,s) forms a b-metric space with s = 2"~ 1.

In a b-metric space (X, b, s), a sequence {u, } is b-convergent to u € X if lgn b(uy,u) =0, and it
n—oo
is b-Cauchy if . ]1%1300 b(xn, xm) = 0. The reader can check that each b-convergent sequence is b-Cauchy.

The b-metric space (X, b, s) is complete if each b-Cauchy sequence is b-convergent to a point in X.

Lemma 1 ([20]). Let {uy} be a sequence of elements in a b-metric space (X, b,s). If there exists C € [0,1/s)
such that b(uy, uy11) < Cb(u,—_1,uy) for every n € N, then {u, } is a b-Cauchy sequence.

Lemma 2 ([21]). Let {uy} be a sequence in a b-metric space (X, b,s) such that {b(up, uy41)} — 0asn — oo.
If the sequence {uy} is not b-Cauchy, then there exist e > 0 and two partial subsequences {uy(, },en and

{u‘i(V) }ren of {un Fnen such that

p(r)<q(r)<p(r+1) and e <b(uyy)41,Ugp)41) forallr €N,

Jimm blup(r), Ugr) = K, b(Upr)1,Ug) = B, D(Upry, gy 1) = B, D(Upry 1, Uy 1) = e
A fixed point of a self-mapping f : X — X is an element ug € X such that fuy = up. We will say
that f is fixed-points free if it has not a fixed point. Associated also to the self-mapping f, a sequence
{un} in X is a Picard sequence of f if u, ;1 = fu, foralln € N.
Following [22], a sequence {uy} in X is infinite if u, # u, for all n # m, and {u,} is almost
periodic if there exist 7o, N € N such that

Urg+r+Np = Urg+r forallp € Nandallr € {0,1,2,...,N—1}.
Proposition 1 ([22], Proposition 2.3). Every Picard sequence is either infinite or almost periodic.

Proposition 2. Let {u,} be a Picard sequence in a b-metric space (X,b,s) such that {b(ur,u,+1)} — 0.
If there are r1, 1o € N such that r1 < ry and uy, = uy,, then there is rg € Nand u € X such that u, = u for all
r > rg (that is, {u,} is constant from a term onwards). In such a case, u is a fixed point of the self-mapping for
which {u, } is a Picard sequence.

Proof. Letf : X — X be a mapping for which {u,} is a Picard sequence. The set
O = {keN:3ry e Nsuch that u;y = u, ¢ }

is non-empty because r; — r; € (), so it has a minimum kyp = min (). Then ky > 1 and thereisryp € N
such that uy, = u, 4,- As {u,} is not infinite, then it must be almost periodic. In fact, it is easy to check,
by induction on p, that:

Urgtr+pky = Urg+r forallp € Nandallr € {0,1,2,...,ko — 1}. 1)
If ko = 1, then uy, = uy,41. Similarly u, 1> = fu, 41 = fuy, = uy,41. By induction, uy 4, = uy, for

all > 0, which is precisely the conclusion. Next we are going to prove that the case kg > 2 leads to a
contradiction.



Mathematics 2020, 8, 957 4 0f 18

Assume that kg > 2. Then all two terms in the set { Urgs Urg+1, Urg+2s - - + s Urg ko —1 } are distinct, that
iS, Uy, 4i # Upyyjforall0 <i < j<ko—1(on the contrary case, k¢ is not the minimum of Q). Let define

N min ({ b(ur0+ir ur0+i+1) 0<i <L ko -1 })
€y = > .

Then ey > 0. Since {b(u,, u,+1)} — 0, there is mg € N such that my > rg and b(umg, Umy+1) < €o-
Letip € {0,1,2,...,kg — 1} the unique integer number such that the non-negative integer numbers
my — ro and iy are congruent modulo ko, that is, ij is the rest of the integer division of my — rg over
ko. Hence there is a unique integer p > 0 such that (mg — ro) — ip = pko. Since my = ro + iy + pko,
property (1) guarantees that

Umo = Urg+ig+pko = Uro+ios

where g + iy € {ro,r0+ 1,70 +2,...,79 + ko — 1}. As a consequence:
2ep = min ({ b(upyris Urgyiv) 20 < i <ko—1}) < b(upyrig, Urgrigs1) = 0(Umg, tmg41) < €0,
which is a contradiction. O

Corollary 1. Let (X,b,s) be a b-metric space and let {u,} C X be a Picard sequence of f such that
{b(ur,up41)} — 0. If f is fixed-points free, then {u,} is infinite (that is, u, # u, for all v # 1').

Remark 1. If ¢ : (0,00) — R is a non-decreasing function and t,r € (0,00) are such that i (t) < i (s), then
t<s.

Given t( > 0, we will use the notation (¢ ) to stand the lateral limit 1irr}r ¥ (¢) (if it exists), that is,
t—tg

a limit taken on values verifying t > ty. We also consider the limit superior lim sup ¢(t), which is the
t—tf

greatest limit of the images by ¢ of any strictly decreasing sequence in the interval (t, c0) converging

to to.

3. Discussion on the Contractivity Condition

As we have pointed out in the introduction, the contractivity condition we will employ is as
general that, for the sake of clarity, we have to previously discuss about how it must be correctly
applied. We set our study in the context of b-metric spaces. In the following definition, we introduce
the algebraic tools we will handle in order to complete this study.

Definition 1. Let (X, b,s) be a b-metric space, let f : X — X be a self-mapping and let sz = {xy, 17, k3, k4, k5 }
be a set of five non-negative real numbers.We will denote by

Af: X x X — [0, 00)
to the function defined, for all x,y € X, by:
As(x,y) = x1b(x,y) + 12b(x, fx) + 13b(y, fy) + x4b(x, fy) + x5b(y, fx). ()

Given two auxiliary functions , ¢ : (0,00) — R and a real number q € [1,00), we will say that f is a
(¥, ¢, 3¢, q)-multiparametric contraction on (X, b,s) if

P(sTb(fx, fy)) < ¢p(As(x,y)) forall x,y € X such that b(fx,fy) > 0. 3)

On the one hand, notice that function As depends on the b-metric b, on the function f and on the
constants of the set sz = {x7, k2, k3, k4, k5 }. However, we center our attention on the dependence w.r.t.
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f because the main aim of fixed point theory is to introduce fixed point result for an operator f : X — X
(if we have removed f from A¢, then reader would not been able to appreciate the dependence on f
on the right-hand side of the contractivity condition (3)). Furthermore, the function Af makes that
(3) is known as a Hardy-Rogers type contractivity condition. In addition to this, this function is not
necessarily symmetric, so some results can be optimized later. Indeed, our contractions satisfy:

P(sb(fx, fy)) < min{p(A¢(x,y)), ¢(As(x,¥))} -

On the other hand, the contractivity condition (3) depends on a function ¢ : (0,00) — R which
is not defined for t = 0, so its applicability needs to only consider pairs of points x and y for which
As(x,y) > 0. Is the condition b(fx,fy) > 0 strong enough in order to guarantee that A¢(x,y) > 0?
The response is not. The condition b(fx, fy) > 0 guarantees that x and y are distinct because fx # fy.
However, we cannot guarantee that A¢(x,y) > 0 when x # y. For instance, when x; = 0 for all
i€{1,2,3,4,5} then A¢(x,y) = 0. In such a case, we cannot apply assumption (3) because the domain
of function ¢ : (0,c0) — R is the family of all strictly positive real numbers, and the evaluation
¢$(Af(x,y)) is meaningless. Furthermore, although x; = x; = k3 = 0 and x4, k5 > 0, it is possible that
A¢(x,y) = 0, as we show in the following result.

Proposition 3. Let (X, b,s) be a b-metric space, let f : X — X be a mapping and let k1, y, k3, kg, k5 > 0 be
five non-negative real numbers. Suppose that there are two distinct points xo,yo € X such that A¢(xo,yo) =0,
where As is defined in (2). Then k1 = 0 and at least one of the following four statements hold.

ki =0foralli € {1,2,3,4,5}. In this case, As is constantly 0.

kp # 0 and xq is a fixed point of f.

k3 # 0 and yo is a fixed point of f.

K1 = K = K3 = 0 and at least one of x4 and «s is strictly positive. In such case, if k4 # O then fxo = yo,
and if k5 # 0 then fyg = x. As a consequence, if k4 and s are strictly positive at the same time, then xg
and vy are distinct fixed points of f.

L b=

Proof. If x; = 0 for alli € {1,2,3,4,5}, then the first case holds. For the contrary case, assume that
some «; is distinct to zero. Since A¢(xo, o) = 0and x; > 0 foralli € {1,2,3,4,5}, then

Klb(xO,yo) = bi(X(), fxo) = K3b(y0, fy()) = K4b(X0, fyo) = K5b(y0,fX0) =0.

Since b(xp,y0) > 0, then necessarily k1 = 0. If x; # 0, then b(xg, fxg) = 0, so xg is a fixed point of f
and the second case holds. Next assume that x, = 0. Similarly, if x3 # 0, then b(yo,fyp) = 0, so yp is a
fixed point of f and the third case holds. Next assume that x3 = 0. Since x1 = x; = x3 = 0, then either x4
or k5 does not vanish. If x4 # 0, then b(xo, fyg) = 0, so fyy = xp. Similarly, if x5 # 0, then b(yo, fxg) = 0,
so fxg = yo. Finally, if x4 and x5 are strictly positive at the same time, then f?(xy) = f (fxp) = fyp = xo
and f2(yo) = f (fyo) = fxo = o, s0 X and ) are distinct fixed points of f2, and the fourth case holds. [

The previous proposition let us to imagine a case in which f is fixed-points free although it satisfies
the contractivity condition (3).

Example 2. Let X = {xq,y0}, where xo # yo, and let define f : X — X by fxog = yo and fyg = xo. Then f
is fixed-points free. However, if k1 = kp = k3 = 0, then A¢(xo,y0) = 0 whatever the values of x4 and xs.
Hence the contractivity condition (3) is empty, so it is not useful in order to guarantee the existence of fixed
points of f.

A simple way to guarantee that A¢(x,y) > 0 for all x,y € X such that b(fx, fy) > 0 follows from
the assumption that 1 # 0. Anyway, although «; = 0, the equality A¢(xg,yo) = 0 implies that xg or yo
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is a fixed point of f when xy # 0 or k3 # 0, respectively. Therefore, in such a case, the existence of a
fixed point of f is guaranteed.

Corollary 2. Let (X, b,s) be a b-metric space, let f : X — X be a mapping, let k1, %, k3, k4, k5 > 0 be five
non-negative real numbers and let A¢ be defined as in (2).

o Ifxy >0, then A¢(x,y) > 0 for all distinct points x,y € X.

o Ifxy > 0and there are xg,yo € X such that A¢(xo, o) = 0, then x is a fixed point of f.

o Ifxg > 0and there are xg,yo € X such that A¢(xo,yo) = 0, then yq is a fixed point of f.

o Ifxy+x2+x3 > 0, then either f admits a fixed point or A¢(x,y) > 0 for all distinct points x,y € X.

Corollary 3. Let (X, b,s) be a b-metric space, let f : X — X be a mapping, let «1, 12, %3, %4, k5 > 0 be five
non-negative real numbers and let A¢ be defined as in (2). Suppose that f is fixed-points free. If k1 +x +x3 > 0,
then A¢(x,y) > 0 for all distinct points x,y € X.

4. Fixed Point Theory for Multiparametric Contractions in the Setting in b-Metric Spaces

In the previous section, we have described the cautions we must observe when applying the
contractivity condition (3). In this section, we introduce the main results of this paper. To reach this
objective, we need to impose some appropriate conditions on the auxiliary functions i, ¢ : (0,00) — R.
Inspired by some results in [21], the restrictions we will consider are the following:

(co) ¢(t) < (t) foranyt > 0;
(c1) ¥ is nondecreasing;
(c2) limsup ¢(t) < ¢(t]) for any to > 0.

+
t—tg

We start this study by introducing a common result in which we describe sufficient conditions in
order to guarantee that the fixed point, if it exists, it is unique.

Theorem 1. Let f : X — X bea (, ¢, 5, q)-multiparametric contraction on a b-metric space (X, b,s). If the
functions P, ¢ : (0,00) — R satisfy (co) and (c1), and

0<x1+x4+x5 <51, (4)
then f admits, at most, a unique fixed point.

Proof. To prove the uniqueness, suppose that f admits two distinct fixed points, that is, there are
Xi, X € X such that fx. = Xy # Xy = fXss. Then b(x., x4 ) > 0 and

Af (X, Xax) = K1D(Xn, s ) + 12D (X, F205) + K30 (X, T ) + 14D (X, Firc) + K5D (X, T2
= Klb(x*/ x**) + K4b(x*, x**) + K5b(x**, x*)
= (K1 + kg + K5) b(Xs, X))

Therefore A¢ (x4, x4x) > 0 because k1 + k4 + k5 > 0 and b(x4, x«x) > 0. Hence the contractivity
condition (3) can be applied because b(fx,, fx.«) = b(xx, X+x) > 0, and it guarantees that

P(TD(Fr., Fx.0) < P (e, 2.0)).

As a consequence, assumptions (4), (¢) and (c;) lead to

P(sTb(xs, x0x)) = P(STD(Frs, Fxa)) < P(Ag (X, X))
P((r1 + K4 +15) b(xs, Xsx))
< P((k1 + x4 +%5) b, Xax)) < P(sTb(x4, X54)),
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which is a contradiction. Hence we can conclude that f admits, at most, a unique fixed point. [J

In the following results, the uniqueness of the fixed point will be deduced from Theorem 1
after firstly proving the existence of such kind of points. In this sense, we introduce now our first
main theorem.

Theorem 2. Let f : X — X bea (y, ¢, », q)-multiparametric contraction on a b-metric space (X, b,s). If the
functions P, ¢ : (0,00) — R satisfy (co) and (c1), and the numbers in s verify

0<x1+Kx+x3 and sky+sky + K3+ (S—I—SZ) Ky <1,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < 59, then f
admits a unique fixed point.

As some arguments of the following proof can be repeated under distinct global hypotheses,
we divide the proof into some steps in order to recall them later (in particular, steps 1 and 2 only
depend on the notion of (, ¢, 7, )-multiparametric contraction on a b-metric space).

Proof. We reason by reductio ad absurdum assuming that f is fixed-points free and getting a
contradiction.
Step 1. A¢(x,y) > 0 for all distinct points x,y € X.
If follows from Corollary 3 taking into account that «1 + x2 + x3 > 0 and f is fixed-points free.
Let w be an arbitrary point in X and let {u, } be a sequence defined as follows:

u = fw, up ="fuy, ..., uy =fu,_q,...

forany n € N.
Step 2. Forall n > 2, A¢(u,—1,u,) > 0and

0< qu(un, un+1) < (K] + K2 + SK4)b(un_1, Un) + (K3 + sm)b(un, un+1). (5)

To prove it, observe that u, # u,41 for all n € N because we assume that f is fixed-points free,
and also A (uy, u,11) > 0 for all n € N because of Step 1. Notice that

0 < A¢(up—1,un) = x1b(up—1,un) + x2b(uy 1, fuy 1) + x3b(un, fun)+
+ x4b(uy_q, fuy) + x5b(up, fu, 1)
= xk1b(Up_1,un) + x2b(uy_1,un) + K30 (Up, Uypq)+
+ x4b(uy_1,upa1) + x50 (up, up) (6)
< x1b(up—1,un) +x2b(up—1, un) + k30 (Un, Upi1)+
+ sk [b(up—1, un) + b(up, upg1) ]
= (11 + K2 + sk4)b(up—1, un) + (K3 + sk4)b(un, Upy1).- 7)

Letting x = u,—1 and y = uy, in (3) for some n > 2, and taking into account that
b(funfllful’l) = b(ui’l/ Un+l) > 0/

Y(sTb(un, uny1)) = Pp(Tb(fup 1, fun)) < P(Ag(un—1,un))-
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As the argument of ¢ in the right-hand term is strictly positive, then (cy) and the nondecreasing
character of ¢ lead to

P(sTb(un, unt1)) < P(Af(up—1,un))
< P(A¢(up—1,un)) ®8)
<9y ((Kl +x2 + SK4)b(Un—1/ Un) + (KB + SK4)b(Un; Un+1)) .

Since 1 is nondecreasing by (c;), then we deduce that
0 < sTb(up, upi1) < (1 4 12 + skg)b(uy 1, up) + (k3 4+ skg)b(up, uyi1),

so Step 2 is completed.
Step 3. We claim that k3 +sxs < 1and

b(up,ups1) < Cob(uy_1,uy) foralln > 2, 9)

where

S

Co =

1
_ K1 + Ko + Sky c (0’ )
ST — K3 — sky

At this moment of the proof, we use that s«xj + sk + x3 + (s + 52) k4 < 1 for the first time.
This inequality is equivalent to

0 <s (k1 +xp+skg) <1—K3 —sky,
which means that 1—x3 — sx4 > 0. Furthermore, from (5) and x3 + sk4 < 1 < s7 we deduce that
0 < (s7—x3 —skq) b(up, upt1) < (K1 + K2 + ska)b(uy—1,un), (10)
which leads to (9). Notice that Cy > 0 becuase the inequality (10) is strict. Furthermore:

G<i & %<% & sk 4 skp + sk < s — K3 — sky

11
& sk s+ K3+ (s+5%) Ky <, (1)
which holds because we assume that skq 4 skp + k3 + (s + 52) Ky < 1.
Step 4. The sequence {uy, } converges to a point of x, € X such that b(x,, fx,) < limsup A¢(up, x«) <

n—oo
b(x, fx.) (which is a contradiction).

Step 3 and Lemma 1 ensure that {u,} is a Cauchy sequence in (X, b,s) and, as it is complete,
there is x, € X such that {b(up, x+)} — 0. In particular, {b(uy, u,+1)} — 0. Since we suppose that f is
fixed-points free, then b(x.,fx,) > 0. If the cardinal of the set

{neN:u, =x,}

is infinite, then there is a partial subsequence {u,, () txen of {un } such that u,, )1 = fu, ) = fx. forall
k € N, 50 {uy ()41} converges, at the same time, to x. and fx., which is impossible because x; # fx..
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As a consequence, there is np € N such that u, # x. for all n > ny. In order not to complicate the
notation, without loss of generality, suppose that u, # x. for all # € N. Then

0 < Af(up, xx) = K15 (up, x4 ) + K2b(up, fun) + x3b (x4, i)+
+ x4b(up, fxi) + x50 (fuy, x4)
= 11b(up, x4 ) + %20 (up, upi1) + 130 (2, Fxs )+
+ x4b(up, Fxo) + 150 (up 11, X4)
< k10 (un, x4) + 120 (up, Uy 1) + w3b(xs, fx.) +
+ skgb(un, X« ) + skab(xs, fxs) + x5b(Uyp1, X4)
= (1 + skq) b(un, x+) + K2b(un, Uy y1) + K55 (Upt1, x4)
+ (K3 + skq) b(xy, fxy).

In particular, the limit superior lim sup A¢(uy, x) exits, and it satisfies:
n—oo

lim sup Af(up, x4) < (k3 + skg) b(xx, fi) < b(xs, fxy).

n—o0

On the other hand, by (8),

¥ (sb(unp1, fx)) < P(s7b(fun, fxi)) < P(Ar(un, x4)) < P(Ag(un, x:))-

Hence
sb(unH,fx*) < Af(un, x*).

Since
b(xs,fxe) < sb(xx,upi1) +sb(upir, fxe) < sb(xs, upi1) + Af(up, xx),
then
b(xy, fxi) < limsup Af(up, x«) < b(xs, fxy),

n—o0

which is a contradiction.
This general contradiction proves that f necessarily admits a fixed point. The uniqueness of the
fixed point follows from Theorem 1. O

There is a particularly simple case that we want to highlight in the following result.

Corollary 4. Let f : X — X be a (y, ¢, ¢, q)-multiparametric contraction on a b-metric space (X, b,s). If the
functions P, ¢ : (0,00) — R satisfy (co) and (c1), and the numbers in s verify

1
0<Kx1+x+x3 and K1+ Ky + K3+ 25Ky <§’

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < 59, then f
admits a unique fixed point.

Proof. Under these assumptions,
2 2 1
sk1 + skp + k3 + (s—i—s )K4 < skq 4 skp + sk + 2s7K4 =s (K1 + K + K3 + 2sky) < sg =1,

so Theorem 2 is applicable. O
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Next we relax the inequality sxj + sxp + x3 + (s =+ 52) x4 < 1 by the weaker one
sk + sko + k3 + (s+ 52> Ky < sT.

However, we additionally need to assume that k3 + sx4 < 1. As a consequence, although their
proofs employ the same arguments, the following result is independent from Theorem 2.

Theorem 3. Let f : X — X bea (¢, ¢, », q)-multiparametric contraction on a b-metric space (X, b,s). If the
functions P, ¢ : (0,00) — R satisfy (co) and (c1), and the numbers in s verify

0<ky+Ky+%k3, *K3+skg<1 and sK1+SK2+K3+(s+52>K4<s",

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < s, then f
admits a unique fixed point.

Proof. We also reason by contradiction. Assume that f is fixed-points free. In such a case, Steps 1 and 2
of the proof of Theorem 2 also hold, so A¢(x,y) > 0 for all distinct points x,y € X and

0< qu(un, un+1) < (K] + Ky + SK4)b(Un,1, Un) + (K3 + SK4)b(un, un+1).

As we are now supposing that x3 +sxg < 1,then0 < 1 — 3 —sky < s7 — k3 — sky, so the last
inequality also lead to
b(up, ups1) < Cob(uy_1,u,) foralln >2

where Co = (i1 + k + skg) / (s7 — k3 — sk ). Furthermore, inequality sk1 + sk + k3 + (s + %) &g < s7
is equivalent to Cy € (0,1/s) as we demonstrated in (11). Therefore, Steps 3 and 4 of the proof
of Theorem 2 can be identically repeated, so we get a contradiction. Hence f has at least one
fixed point. O

In the next result we accept the equality in an inequality inspired in Corollary 4. This fact leads
to Cy € (0,1), which is not strong enough to guarantee that the sequence {u, } is Cauchy in (X, b,s).
Hence we need to include an additional assumption on the auxiliary functions i and ¢.

Theorem 4. Let f : X — X bea (, ¢, », q)-multiparametric contraction on a b-metric space (X, b,s). If the
functions P, ¢ : (0,00) — R satisfy (cg), (c1) and (c3), and the numbers in s verify

0<K1+x+K3, *3+skg<l1, x+x+x3+Kg+xs5 <57
and k1 + Ky + K3 + 2sk4 < 7,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + k5 < s, then f
admits a unique fixed point.

Proof. As in the proof of Theorem 3, we also reason by contradiction. Assume that f is fixed-points
free. In such a case, Steps 1 and 2 of the proof of Theorem 2 also hold, so

A¢(x,y) > 0 for all distinct points x,y € X (12)

and
0< qu(un, un+1) < (K] + K2 + SK4)b(un,1, Un) + (K3 + sm)b(un, un+1).

As we are now supposing that k3 +sxg < 1, then 0 < 1 — 3 —sky < s7 — k3 — sky, so the last
inequality also lead to
b(up, upy1) < Cob(uy—1,uy) foralln >2
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where Cy = (k1 + Ko +sk4) / (s7 — x3 — skyg). Inequality xq + x + k3 + 2sx4 < s7 is equivalent to say
that Cy € (0,1), so the last property becomes

b(up, upy1) < b(uy—1,uy) forallnm > 2.

Let v > 0 the limit of the strictly decreasing sequence {b(uy, u,+1)}. To prove that v = 0, suppose
that y > 0. Let tp = sy > 0. As Steps 1 and 2 of Theorem 2 are now valid, recall that (8) assures that

(T (upn, upi1)) < P(Ag(up—1,un)) < P(Ag(up—1,un))
<y ((K1 +#a + skg)b(uy—1,un) + (k3 + sk4)b(un, uyr1) ) ,

which leads, by (6) and (7), to

sTb(up, un+1) < Af(up—1,un)
< (K1 + K2 + sKa)b(up—1, un) + (k3 + ska)b(up, Up41)
< (11 + K2+ sk4)b(uy_1,upn) + (k3 + skq)b(up_1,un)
= (k1 + K + K3 + 2sK4)b(up_1,un)
<s7b(up—1,un)

As the sequences {b(uy, u,41)} and {b(u,_1,uy)} are strictly decreasing and converging to y > 0,
then the sequence {Af(u,_1,uy)} satisfies tp = sy < s7b(uy, uy+1) < Af(uy—1,uy) forallnm € N
and also

lim A¢(u,_1,uy) =sy =1ty > 0.

n—oo

Letting n — coin
$(s7b(un, unt1)) < (Ar(un—1,un)) < P(A¢(un-1,un))
< (%1 + K2+ 554)b(un 1, U) + (K3 + 554) b, U 1) )
< ¢ (sTb(un-1,un)),

we deduce that

lim p(Ar(1,un)) = Bm (57 b(uy_y,un)) = lim (1) = 9 (7).

n—o0 t—tf
However, condition (c;) means that

lim ¢(Af(up—1,un)) < limsup ¢(t) < p(t7),

n—oo
t—tf

which is a contradiction. This contradiction permit us tu deduce that v = 0, so {b(un, u,11)} — 0.

Next, let show that {u,} is a Cauchy sequence in (X, b, s) by contradiction. If it is not Cauchy,
Lemma 2 demonstrates that there exist e > 0 and subsequences {u,(,) };en and {ug( }ren of {un }bnen
such that

p(r)<q(r)<p(r+1) and e <b(u,p)11,Ugps)4+1) forallr €N, (13)

Jirny blupr),Ugr) = K, b(Up(r) 1, Ugn) = B, b(upr), gy 1) = B, DUy Ug 1) = e (14)
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Let tg = s7e > 0. Corollary 1 ensures that u,, # uy, for all r; # ;. Since Up(r) #* Ug(r)s (12) implies
that A¢(up(r), Uy(r)) > 0 forall € N. Applying (cp) and the contractivity condition (3) to x = u,,) and
Y = ug(y), we deduce that

p

P(STD(Up(r)1, Ug(ry+1)) = P(STD(fup (), fug)) < P(A(Up(ry Ugery))) < P(AF(Upry Ugry)), (1)

where
to = sTe < sTb{up(r)41 Ug(ry 1) < Ar(Up(ryr Ug(r)
= 110(Up(r) Ug(r)) F 2By, Fupiry ) 5B (g ftgiry )+
+xablup(r), fug(r)) + Kb (fup(r), tgir))
= K10(Up(r) Ug(r)) F 2B Uy, Up(ry 1) + K3 (g, Ugry41) +
+Kablup(r), Ug(r) 1) + Ksb(Up(r) 1 Ug(r))-
Therefore

to = sTe < sTb(up() 11, Ugry 1) < Ar(Up(r), Ug(r))-

Letting r — co, we deduce from (14) that

frng q < 1 = < q = .
to Sei}LngoAf(Up(r),Uq(r)) Klet+Kkpetrzet+irgetrse<sle=t

This means that {A¢(u, (), Uy(r))} is a sequence whose terms, by (13), are strictly greater than
and converging to t(. Letting r — oo in (15), we observe that

lim (P(Af(up(r)'uq(r))) = lim lp(sqb(up(r)Jrl/uq(r)Jrl)) = lim ¢ (t) = lp(t(J)r)

r—00 r—00 t_>tar
However, condition (c;) means that

Hm ¢ (Ag(up (), ug(ry)) < limsup ¢(t) < p(ty),

r—o0
t—td

which is a contradiction. This contradiction proves that {u, } is a Cauchy sequence in (X, b, s). The rest
of the proof is similar to Step 4 in the proof of Theorem 2, where we demostrated that the sequence
{un} converges to a point of x, € X such that b(x,, fx.) < limsup A¢(un, xx) < b(x4, fx«), whichis a

n—o0
contradiction. This contradiction finishes the proof. [

5. Consequences and Comparative Results

The first three consequences are particularizations of the three main Theorems 2, 3 and 4 to the
case in which g = 1. The reader can check that, indeed, they are equivalent to their corresponding
general results.

Corollary 5. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sb(fx,fy)) < ¢p(Af(x,y)) forall x,y € X such that b(fx,fy) > 0,
where Ag is defined in (2) and the functions ¢, ¢ : (0,00) — R satisfy (co) and (cy). If the numbers in s verify

0<x1+x+Kk3 and sky+ sky + K3+ (s—i—sz) Ky <1,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < x1 + k4 + x5 <'s, then f
admits a unique fixed point.
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Corollary 6. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sb(fx,fy)) < ¢(Af(x,y)) forall x,y € X such that b(fx,fy) >0,
where A¢ is defined in (2) and the functions ¢, ¢ : (0,00) — R satisfy (co) and (cy). If the numbers in s verify
0<x1+K+%3, *K3+skg<1 and skq+sky+ K3+ (s+sz) Ky <s,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < 's, then f
admits a unique fixed point.

Corollary 7. Let (X,b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sb(fx,fy)) < ¢(Af(x,y)) forall x,y € X such that b(fx,fy) > 0,

where Ag is defined in (2) and the functions 1, ¢ : (0,00) — R satisfy (cg), (c1) and (cp). If the numbers in
2 verify

0<xi+rxa+x3 K3+sxk4<1, w1+x2+x3+x4+%5<5s
and K1+ Ko + K3 + 2sK4 <'s,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < s, then f
admits a unique fixed point.

The case s = 1 leads to metric spaces, and we deduce the following consequence.
Corollary 8. Let (X, d) be a metric space and let f : X — X be a self-mapping satisfying
Y(d(fx,fy)) < ¢(Af(x,y)) forall x,y € X such that d(fx,fy) > 0,
where A¢ is defined in (2) and the functions ¢, ¢ : (0,00) — R satisfy (co) and (cy). If the numbers in s verify
0<ky+Ky+x3 and x1+Ky+x3+2Kk4 <1,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < 1, then f
admits a unique fixed point.

When we include in A¢ less terms than in the original definition (2), we are able to conclude many
particularizations. For instance, the following ones (where we present the case in which x4 = x5 = 0),
whose proofs make use of the same arguments of the general Theorems 2, 3 and 4.

Corollary 9. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sb(fx, fy)) < ¢(be(x,y)) forall x,y € X such that b(fx,fy) >0,
where q > 1, by is defined by
be(x,y) = k1b(x,y) + xab(x, fx) + x3b(y,fy) forall x,y € X
and the functions 1, ¢ : (0,00) — R satisfy (co) and (c1). If the numbers k1,17, k3 > 0 verify

0<Kxi+xr+x3 and sky+skp+x3<1,
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then f has at least one fixed point. Furthermore, if we additionally assume that 0 < x; < s, then f admits a
unique fixed point.

Corollary 10. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sTb(fx,fy)) < ¢(bs(x,y)) forall x,y € X such that b(fx,fy) > 0,
where q > 1, by is defined by
be(x,y) = k1b(x,y) + xab(x, fx) + x3b(y,fy) forall x,y € X
and the functions ¢, ¢ : (0,00) — R satisfy (co) and (cy). If the numbers x1, k3, k3 > 0 verify
0<x1+x+x3, kK3<1 and skq+sky+x3 <s,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 < s, then f admits a
unique fixed point.

Corollary 11. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sb(fx, fy)) < ¢(bs(x,y)) forall x,y € X such that b(fx,fy) >0,
where q > 1, by is defined by
be(x,y) = x1b(x,y) + x2b(x, fx) +x3b(y, fy) forallx,y € X
and the functions ¢, ¢ : (0,00) — R satisfy (cp), (c1) and (cp). If the numbers k1, xp, k3 > 0 verify
0<K1+xr+x3, x3<1, and x1+xy+x3 <5,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + k5 < s, then f
admits a unique fixed point.

The reader can also imagine other combinations as:

b(x,fy) +b(y,fx)
2

bi(x,y) = x1b(x,y) + Ky forall x,y € X.

In order not to extend this papers, we will only enunciate the main consequences that we can
derive from Theorem 4 (we left to the reader to particularize Theorems 2 and 3).

If we take T > Oand ¢ (t) = ¢ (t) — T forall t > 0, then we can deduce the following F-contraction
type corollary of the introduced Hardy-Rogers type results.

Corollary 12. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
T+ ¢(s7b(fx,fy)) < ¢(As(x,y)) forall x,y € X such that b(fx,fy) > 0,

where g > 1, T > 0, At is defined in (2) and the function ¢ : (0, c0) — R is nondecreasing. If the numbers in
» verify

0<x1+x +Kk3, K3+skg<1, «1+Ky+K3+Ky+xs5<5s7
and K1 + Ky + k3 + 2sk4 < &7,
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then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < 59, then f
admits a unique fixed point.

In a similar way, it is also interesting the case in which ¢ (f) = B (t) ¢ (¢) for all t > 0, where
B : (0,00) — R satisfies appropriate properties.

Corollary 13. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
P(sTb(fx, fy)) < B(As(x,v)) p(As(x,y)) forall x,y € X such that b(fx,fy) > 0,
where q > 1, Ag is defined in (2), the function ¢ : (0,00) — (0,00) is nondecreasing and the function
B:(0,00) — (0,1) verifies
limsup B(t) <1 foranyty > 0. (16)

+
t—t]

If the numbers in s verify

0<x1+x+Kk3, K3+skg<l1, K1 +xy+x3+Ky+xs5 <57
and 11+ Ko + K3+ 2sk4 < 87,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < 59, then f
admits a unique fixed point.

Proof. Notice that we assume that ¢ (t) > 0Oand () < 1forallt > 0,s0 ¢ (t) = B(t) P () < ¢ (t)
for all t > 0. Furthermore, condition (16) implies (c), so Theorem 4 is applicable. [

Remark 2. Notice that condition (16) does not quarantee that B (t) < 1 for all t > 0. For instance, let consider
B:(0,00) = {0.5,2} defined by B (1) = 2and B (t) = 0.5if t € (0,00)\{1}.

If we use ¢ (t) = t for all t > 0 in Corollary 13, we obtain the following consequence.
Corollary 14. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
sTb(fx, fy) < B(Af(x,y)) As(x,y) forall x,y € X such that b(fx,fy) > 0,
where g > 1, A¢ is defined in (2) and the function p : (0,00) — (0, 1) verifies

limsup B(t) <1 foranytg > 0.

+
b t]
If the numbers in » verify

0<x1+x+x3, K3+skg<1, *+x+x3+Ky+xs5 <57
and k1 + Ky + K3 + 2sk4 < 7,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + k5 < s, then f
admits a unique fixed point.

Other interesting consequence occurs when ¢ (t) = ki (¢) for all t > 0, where k € (0,1).
Corollary 15. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying

P (sb(fx,fy)) < kyp(Ae(x,y)) forall x,y € X such that b(fx,fy) >0,
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where q > 1, k € (0,1), Ag is defined in (2) and the function ¢ : (0,00) — (0, 00) is nondecreasing. If the
numbers in s verify

0<ky+Kky+%k3 Kz+skg<1, 1 +Ky+x3+xg4+%x5<57
and K1 + Ky + k3 + 2sk4 < &7,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < s, then f
admits a unique fixed point.

Finally, letting ¢ (t) = f for all t > 0 in the previous result, we derive the following consequence.
Corollary 16. Let (X, b,s) be a b-metric space and let f : X — X be a self-mapping satisfying
sb(fx,fy) < kA¢(x,y) forall x,y € X such that b(fx,fy) >0,
where g > 1, k € (0,1) and A is defined in (2). If the numbers in s« verify

0<x1+K +K3, K3+skg<1, «1+xy+x3+xy+xs5 <57
and K1 + Ky + k3 + 2sk4 < &7,

then f has at least one fixed point. Furthermore, if we additionally assume that 0 < k1 + x4 + x5 < s, then f
admits a unique fixed point.

Example 3. Let X = [0,1]U{2,3,4} and let b : X x X — [0, 00) be defined, for all u,v € X, as:

b(u,v) = { 15, if {u,v} = {3,4},

|u—v|, inany other case.

Clearly b is not a metric on X because b (3,4) =15 >3 =1+2 =b(3,2) + b (2,4). However, b is a
b-metric on X with constant s = 5 because, for each u € X\ {3,4},

b(3,4)=15=5-3=5(1+2)=5[b(3,2)+b(2,4)] <5 [b(3,u) +b(u,4)]

(if we consider other points, the Euclidean triangle inequality is applicable). Let f : X — X be the self-mapping
defined, for all u € X, as:

0.5 .
;“, ifueo1],
fu=19 o, ifue {24},
1, ifu=3.

Notice that b (2,3) = b (f2,f3) = 1. This means that other previous theorems in the setting of metric
spaces, or even in the setting of b-metric spaces but involving mappings such that b (fu,fv) < b(u,v),
are not applicable to this mapping. In fact, we cannot apply our main theorems by using x1 = s and
Ky = k3 = kg = k5 = 0 because, in this case, usingu =2 andv = 3,

A¢(2,3) = K1b(2,3) 4 x2b(2, F2) + x3b(3, £3) + Kk4b (2, £3) + K5b(3, £2) = s7b(2,3) = 57

and

P(s0(f2,13)) = P(s7) > ¢ (s7) = P(A¢(2,3)).
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As a consequence, for this mapping f, it is necessary to involve other terms (like b(u, fu) and b(v, fv)) in
the contractivity condition. Hence, let

1
g=1, x1 =4, K2:K3:§ and x4 =%5 =0,
t—sin(755), ift € (0,100)
: — t) =t F = 100/ / ,100),
0o: 0,0 > 0m), P =t o0={ ] e
The following tables describe the b-metrics b (u,v), b (fu,fv) and b (u, fu) in all possible cases.
b(uv) |ve[01] v=2 v=3 v=4 b (ufu)
ue [0,1] lu—v| 2—u 3—u 4-u u€(0,1] lu—05]
u=2 | 2-v 0 1 2 2
u=2 2
u=23 3—-v 1 0 15 3 )
u=
=4 4— 2 1

u v 5 0 u— 4 4

b(fufv) | ve[0,1] v=2 v=3 v=4

lu—v|] 05+u 15—u 05+u
ue o] 2 2 2 2
u=2 | 22*V 0 1 0
2
1.5—-v
u=3 5 1 0 1
u=4 0'5;" 0 1 0

A simple computation considering all possible pairs of points u,v € X show that

P(s"b(Fu, ) = $(5b(fu, fv)) < (4 b(uv) + % b(u, fu) + ;b(v,fv)) — $(Ac(uv)).

For instance, observe that usingu =2 and v = 3,

S(A23) = ¢ <4b(2,3) F1bRR2) 4 b(3,f3))
= 4><4~1+;-2+;~2> = ¢ (6) =6—sin<1go>
> 59> 5= p(5) = p(sb(12, 3)).

As all hypotheses of Theorem 4 hold, we conclude that f has a unique fixed point in X, which is u = 0.5.
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