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en el Instituto de Matemáticas y Ciencias Actuariales de la
Universidad de Berna (Suiza) y, segundo, en el Departamento
de Geografı́a de San Diego State University en California
(USA).

También debo reconocer al departamento de Es-
tadı́stica e Investigación Operativa de la Universidad de
Granada. Desde el comienzo de mis estudios me ha propor-
cionado maravillosos maestros, más tarde colegas y ahora
amigos.

Me gustarı́a mostrar mi gratitud a todas las personas
que han compartido mi vida durante el desarrollo de esta tesis
y que me han ayudado en los momentos difı́ciles, en particular
a mi familia. A mis padres y hermanos, por ayudarme siempre.

Finalmente, dedico esta tesis a Susana, Cayetano y
Jimena, no solo por su paciencia, apoyo y ayuda durante su
actuación, sino también por su papel protagonista en mi vida.

III



Thesis



Contents

Summary 1

Resumen 1

Introduction 3

Introducción 9

I PRELIMINARIES 17

1 Risk Measure Theory 19
1.1 Coherent and Convex Risk Measures . . . . . . . . . . . . . . . . . . . . . . . . 19
1.2 Quantile-Based Risk Measures . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
1.3 Analytical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 Random Field Threshold Exceedances 25
2.1 Preliminary Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2 Asymptotic Error Bound for Threshold Exceedance Probabilities . . . . . . . . . 26

II SPATIAL AND SPATIOTEMPORAL RISK ASSESSMENT OF EX-
CEEDANCES 29

3 Methodological Aspects 31
3.1 Structural Random Indicators of Random Fields . . . . . . . . . . . . . . . . . . 31
3.2 Some Preliminary Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.3.1 Local Analysis and Risk Mapping . . . . . . . . . . . . . . . . . . . . . 35
3.3.2 Further Computational Aspects . . . . . . . . . . . . . . . . . . . . . . 36

V



CONTENTS CONTENTS

3.4 Illustration Based on Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.4.1 Spatial Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4.2 Spatiotemporal Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 52

4 Real Data Applications 57
4.1 Rainfall Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

4.1.1 Spatial Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.1.2 Spatiotemporal Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2 Ambient PM10 Concentration Data . . . . . . . . . . . . . . . . . . . . . . . . 71

5 Analytical Aspects and Formal Extension to Generalized Scenarios 75
5.1 A Spatial Relationship Between Quantile-Based Risk Measures and Random Field

Threshold Exceedances . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.1.1 The Expected Volume vs. Expected Area Ratio in Terms of the Compound

CDF AVaR-VaR Increment . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.1.2 Asymptotics in Relation to the Shape Parameter of the Generalized Pareto

Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Effect of Deformation in Spatiotemporal Risk Analysis . . . . . . . . . . . . . . 79

5.2.1 ‘Level’ Type Deformation Effects . . . . . . . . . . . . . . . . . . . . . 80
5.2.2 ‘Flow’ Type Deformation Effects . . . . . . . . . . . . . . . . . . . . . 82

5.3 Effect of Covariates in Spatiotemporal Risk Assessment . . . . . . . . . . . . . . 86
5.3.1 Population Covariate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
5.3.2 Ambient PM10 Pollution Population Exposure . . . . . . . . . . . . . . 88

5.4 Generalized Scenarios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

III EXTENSIONS OF THRESHOLD EXCEEDANCE ASYMPTOTIC
ERROR BOUNDS 93

6 Non-stationary Extensions for Random Field Threshold Exceedance Asymptotic Er-
ror Bounds 95
6.1 Asymptotic Approach Based on Regularizing Sequences: mollifier . . . . . . . . 95
6.2 Extension for Spatially Deformed Random Fields . . . . . . . . . . . . . . . . . 100

IV COMPLEMENTARY ASPECTS AND CONCLUSIONS 105

7 Synthesis and Open Lines 107
7.1 Synthesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107
7.2 Open Lines . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

Thesis



7.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

IV ASPECTOS COMPLEMENTARIOS Y DISCUSIÓN 113

7 Sı́ntesis y Lı́neas Abiertas 115
7.1 Sı́ntesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115
7.2 Lı́neas abiertas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
7.3 Contribuciones . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

Bibliography 120

Appendix 129

Thesis



Thesis



List of Figures

3.1 Simulated realizations on the square [−100,100]2 from Cauchy model with σ2 = 0.1. . . 40
3.2 Simulated realizations on the square [−100,100]2 from Cauchy model with σ2 = 0.1,

conditional to given values at 50 pre-fixed points for each model. . . . . . . . . . . . . 41
3.3 Surface plots for the map of variances from Cauchy model. . . . . . . . . . . . . . . . 42
3.4 Level plots for the map of variances (top plots) and corresponding level plot of differences

of variances between scenarios (bottom plot) from Cauchy model. . . . . . . . . . . . 43
3.5 Simulated realizations on the square [−100,100]2 from Student model, (top plots) at orig-

inal scale and (bottom plots) using the scale transformation g(x) = sgn(x) ln(1+ |x|), for
(left to right) (α,β ) = (0.5,0.9) and (2,0.1), with σ2 = 0.1. . . . . . . . . . . . . . . 44

3.6 Simulated realizations on the square [−100,100]2 from Fisher-Snedecor model, (top plots)
at original scale and (bottom plots) using the scale transformation h(x) = ln(x), for (left
to right) (α,β ) = (0.5,0.9) and (2,0.1), with σ2 = 0.1. . . . . . . . . . . . . . . . . 45

3.7 Level plots of AVaR1−α2(I (Au1−α1
(X ,D))) for (a) I =V , (b) I =V Au and (c) I = V̄ cc

based on varying (u1−α1 ,1−α2) values, from Cauchy model with (α,β )= (2,0.1), σ2 = 0.1. 47
3.8 Level plots of AVaR1−α2(V

Au(A1−α1(X ,D))) based on varying (u1−α1 ,1−α2) values from
(a) Cauchy, (b) Student and (c) Fisher-Snedecor models with (α,β ) = (2,0.1), σ2 = 0.1. 48

3.9 Local measurements of VaR for indicators (a) λ D′ and (b) V A′u from Cauchy class model
with (α,β ) = (0.5,0.9), σ2 = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.10 Local measurements of VaR for indicators (a) λ D′ and (b) V A′u from Cauchy class model
with (α,β ) = (2,0.1), σ2 = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.11 Local measurements of (a) VaR and (b) AVaR for indicator V A′u from Cauchy class model
with (α,β ) = (2,0.1), σ2 = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.12 Local measurements of AVaR0.95(λ
D′) (left) and AVaR0.95(V A′u) (right) from (a) Cauchy,

(b) Student and (c) Fisher-Snedecor models with (α,β ) = (2,0.1), σ2 = 0.1. . . . . . . 51
3.13 Local measurements of AVaR0.95(λ

D′) from model (3.2)-(3.3) at horizons (left to right)
t = 1,2,3. Top plot represents the observed realization at t = 0. . . . . . . . . . . . . . 53

3.14 Local measurements of AVaR0.95(V D′) from model (3.2)-(3.3) at horizons (left to right)
t = 1,2,3. Top plot represents the observed realization at t = 0. . . . . . . . . . . . . . 54

IX



3.15 Local measurements of AVaR0.95(V A′u) from model (3.2)-(3.3) at horizons (left to right)
t = 1,2,3. Top plot represents the observed realization at t = 0. . . . . . . . . . . . . . 55

4.1 Rainfall measurement network in Andalusia. . . . . . . . . . . . . . . . . . . . . . . 60
4.2 Simulated realizations on the square [0,175]× [0,93] conditional to observed data. . . . 61
4.3 Level plots for the map of variances for each period. . . . . . . . . . . . . . . . . . . 61
4.4 Local measurements of VaR and AVaR for indicator λ A′u : VaR0.95(λ

D′(A0.9(X ,D′))) (lelft)
and AVaR0.95(λ

D′(A0.9(X ,D′))) (right). . . . . . . . . . . . . . . . . . . . . . . . . 62
4.5 Local measurements of VaR and AVaR for indicator V A′u : VaR0.95(V D′(A0.9(X ,D′))) (left)

and AVaR0.95(V D′(A0.9(X ,D′))) (right). . . . . . . . . . . . . . . . . . . . . . . . . 63
4.6 Local measurements of VaR and AVaR for indicator V D′ : VaR0.95(V D′(A0.9(X ,D′))) (left)

and AVaR0.95(V D′(A0.9(X ,D′))) (right). . . . . . . . . . . . . . . . . . . . . . . . . 64
4.7 Rainfall measurement network in Cádiz province. . . . . . . . . . . . . . . . . . . . 67
4.8 Simulated realizations on the square [0,111]× [0,104] conditional to observed data. . . . 68
4.9 Level plots for the map of variances (February to June 2015). . . . . . . . . . . . . . . 68
4.10 Local measurements of VaR and AVaR for indicator λ A′u : VaR0.95(λ

D′(A0.9(X ,D′))) (left)
and AVaR0.95(λ

D′(A0.9(X ,D′))) (right). . . . . . . . . . . . . . . . . . . . . . . . . 69
4.11 Local measurements of VaR for indicator V A′u : VaR0.95(V D′(A0.9(X ,D′))). . . . . . . . 70
4.12 PM10 measurement network. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.13 Simulated realizations on the square [0,377]× [0,175] conditional to observed data. . . . 74
4.14 Local measurements of VaR for indicator λ A′u , VaR0.95(λ

D′(A0.9(X ,D′))). . . . . 74

5.1 Simulated realization on the square [0,200]2 of RF of Cauchy class with α = 0.5 and
β = 0.1 , with variance σ2 = 0.1, conditional to given values at 50 fixed points: Original
(left) and deformed towards origin (right). . . . . . . . . . . . . . . . . . . . . . . . 81

5.2 Simulated realization on the square [0,200]2 of RF of Cauchy class with α = 0.5 and
β = 0.1 , with variance σ2 = 0.1, conditional to given values at 50 fixed points: Original
(left) and deformed towards edges (right). . . . . . . . . . . . . . . . . . . . . . . . 81

5.3 Local measurements of AVaR (1−α2 = 0.95) of VOLUME/AREA PER CC, from Cauchy
class model with (α,β ) = (0.5,0.1), σ2 = 0.1, for excursion set at percentile level 1−
α1 = 0.90: Original (left) and deformed towards center (right). . . . . . . . . . . . . . 82

5.4 Local measurements of AVaR (1−α2 = 0.95) of VOLUME/AREA PER CC, from Cauchy
class model with (α,β ) = (0.5,0.1), σ2 = 0.1, for excursion set at percentile level 1−
α1 = 0.90: Original (left) and deformed towards edges (right). . . . . . . . . . . . . . 82

5.5 Simulated realization on the square [0,200]2 of RF of Cauchy class with α = 0.5 and
β = 0.1 , with variance σ2 = 0.1, conditional to given values at 50 fixed points: Original
(left) and deformed towards origin (right). . . . . . . . . . . . . . . . . . . . . . . . 85

5.6 Local measurements of AVaR (1−α2 = 0.95) of VOLUME/AREA PER CC, from Cauchy
class model with (α,β ) = (0.5,0.1), σ2 = 0.1, for excursion set at percentile level 1−
α1 = 0.90: Original (left) and deformed towards center (right). . . . . . . . . . . . . . 85

Thesis



5.7 PM10 measurement network and population density distribution at 250m scale. . . . . . 88
5.8 Local measurements of VaR for indicator population exposed. . . . . . . . . . . . . . 89
5.9 Local measurements of VaR for indicator proportion of population exposed. . . . . . . 89

6.1 Mollifier kernels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
6.2 Mollifier smoothing effect. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
6.4 Error-bound order of approximation. . . . . . . . . . . . . . . . . . . . . . . . . . . 102
6.3 Cauchy class sample paths. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Thesis



Thesis



List of Tables

3.1 Some first-order random indicators of RF threshold exceedances. . . . . . . . . . . . . 32

4.1 Estimated parameter values of the Cauchy model for the two periods. . . . . . . . . . . 58
4.2 Estimated parameter values for the Gneiting model (Rainfall). . . . . . . . . . . . . . 66
4.3 Estimated parameter values for the Gneiting model (PM10). . . . . . . . . . . . . . . 72

5.1 Relationship between E
[
V D(AVaR1−α (XD)(X ,D))

]
and E

[
λ D(AVaR1−α (XD)(X ,D))

]
as α → 0. 78

XIII



Thesis



Summary

With the reference goal of bringing together the theory of risk measures and the analysis of struc-

tural characteristics of random field excursion sets, this thesis work addresses two general objec-

tives: (i) to develop methodologies for risk assessment in spatial and spatiotemporal scenarios in

relation to threshold exceedances; (ii) to analyze the effect of transformations, with reference to

the spatial domain and the state space, on structural characteristics of threshold exceedance sets,

as well as the consideration of related generalizations.

Regarding the first objective, a general and flexible methodology for spatial and spatiotempo-

ral risk assessment is proposed based on a conditional approach. More specifically, for a given

random field model and available observations, empirical distributions of different threshold ex-

ceedance indicators are obtained from conditional simulation, as a basis for evaluation of measures

of risk. In particular, the study is focused on the global and local assessment of exceedance area

and excess volume indicators, from which different risk maps are derived. For these first-order

indicators, the compound cumulative distribution function plays a key role, both formally and re-

garding the practical threshold specification. Illustrations based on simulation and applications to

real data (Hydrology and Environmental Health) of this methodology are performed in spatial and

spatiotemporal scenarios.

Relationships between widely used risk measures such as Value-at-Risk and Average Value-

at-Risk, and structural characteristics of excursion sets of the underlying random field such as

exceedance area and excess volume, for varying thresholds, are established. The asymptotics of

these relationships are interpreted in relation to the shape parameter of the Generalized Pareto

Distribution. Formal extensions are developed in scenarios of special interest (‘level’ and ‘flow’

type deformation effects and population covariate effect), and finally, a generalized formulation in

terms of non-constant thresholds and non-Lebesgue measures is also established.

In addition with respect to the second objective, in this thesis work two approaches are pro-

posed to address the asymptotic behaviour for threshold exceedance probabilities for random fields

without some restrictive conditions of regularity, stationarity or isotropy. A first approach is based

on regularizing sequences and a second approach on adequate spatial deformation and blurring

transformations.
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Resumen

Con el objetivo de referencia de hacer interactuar la teorı́a de medidas de riesgo con el análisis

de caracterı́sticas estructurales de conjuntos de excursión de campos aleatorios, este trabajo de

tesis aborda dos objetivos generales: (i) desarrollo de metodologı́as para la valoración de riesgos

en entornos espaciales y espacio-temporales relativos a excedencias de umbrales; (ii) análisis del

efecto de transformaciones, con referencia al dominio espacial y al espacio de estados, sobre

caracterı́sticas estructurales de conjuntos de excedencia de umbrales ası́ como la consideración de

formas generalizadas.

Con respecto al primer objetivo, se propone una metodologı́a general y flexible para la valo-

ración de riesgos en entornos espaciales y espacio-temporales basada en un enfoque condicional.

De forma especı́fica, para un modelo de campo aleatorio dado y para un conjunto de observaciones

disponibles, se obtienen distribuciones empı́ricas de distintos indicadores de excedencia de um-

bral por medio de simulación condicionada, como base para la evaluación de medidas de riesgo.

En concreto, el estudio se centra en la valoración global y local de indicadores relacionados con el

área de excedencia y con el volumen en exceso, a partir de los cuales se derivan diferentes mapas

de riesgo. Para éstos, también llamados indicadores de primer orden, la función de distribución

acumulativa compuesta juega un papel clave, tanto desde un punto de vista formal como práctico,

en este último caso relacionada con la especificación práctica del umbral. Se realizan ilustraciones

basadas en simulaciones y aplicaciones con datos reales (Hidrologı́a y Medio Ambiente) con esa

metodologı́a en entornos espaciales y espacio-temporales.

Se formalizan relaciones analı́ticas entre los indicadores área de excedencia y volumen de

exceso con las medidas de riesgo VaR y AVaR, para umbrales variables. Estas relaciones pro-

porcionan interpretaciones asintóticas interesantes en términos del parámetro de forma de la dis-

tribución de Pareto generalizada. Se realizan extensiones formales de los resultados anteriores en

escenarios generalizados (efectos de deformaciones tipo ‘nivel’ y ‘flujo’ y el efecto de la covari-

able población) y, finalmente, se establece una formulación generalizada que involucra umbrales

no constantes y medidas no Lebesgue.

Adicionalmente con respecto al segundo objetivo, en este trabajo de tesis se proponen dos

enfoques para abordar el comportamiento asintótico de las probabilidades de excedencia de um-

brales para campos aleatorios sin algunas condiciones restrictivas de regularidad, estacionariedad

o isotropı́a. Un primer enfoque está basado en sucesiones regularizantes y un segundo enfoque en

3



Resumen 4

deformaciones espaciales y trasformaciones de borrosidad adecuadas.
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Introduction

This thesis work is carried out within the framework of the research line Structural complexity and
extreme values in spatio-temporal processes, included in the doctoral program in Mathematical

and Applied Statistics of the University of Granada with RD99/2011 regulations. The projects of

Spanish MINECO/FEDER, EU entitled “Spatio-temporal analysis: structural complexity, extreme
behaviour and generalized information measures” (ref. MTM2012-32666) and “Risk analysis
in complex systems. Theoretical and methodological advances” (ref. MTM2015-70840-P), and

the project “Space-time random fields, point processes and multifractal measures: information,
complexity and risk analysis approaches” of MCIU/AEI/FEDER, EU, of which Prof. José Miguel

Angulo is the Chief Investigator, support this research line.

The dynamics of a wide variety of physical phenomena (e.g. in Geophysics, Environmental

Sciences, etc.) can be appropriately represented in terms of random field models. There is a vast

literature related to modelling of these phenomena, in particular under the hypotheses of station-

arity and isotropy in the covariance structure. In this sense, depending on the phenomenon of

interest and the relevant characteristics analyzed in the spatial or spatio-temporal scenario, differ-

ent families of covariance models are used: Gaussian, exponential, Cauchy, spherical models (see,

for example, Stein 1999; Gneiting and Schlather 2004; Gelfand et al. 2010; Strokorb et al. 2015),

fractal Brownian motion, Matern, stable (powered exponential) (see Handcock and Wallis 1994;

Diggle et al. 1998; Chiles and Delfiner 1999; Stein 2002; Guttorp and Gneiting 2006); Cauchy or

Dagum families are suitable for modeling the fractal dimension and the Hurst effect (see Gneiting

and Schlather 2004; Berg et al. 2008), etc. Different probabilistic aspects of random fields are

addressed, for example, in Adler (1981, 2008), Yaglom (1987a,b), Christakos (1992, 2000, 2017),

Piterbarg (1996), Vanmarcke (2010). Extreme behaviour analysis is associated with the study of

threshold exceedance probabilities, intrinsically related to geometric characteristics of excursion

sets defined by threshold exceedances, and constitutes one of the main objectives of many appli-

cations. Deriving formal asymptotic results to assess threshold exceedance probabilities implies

a certain degree of complexity depending on the assumptions of the model under consideration.

In this context, Adler and Taylor (2007) and Azaı̈s and Wschebor (2009) prove that, for a Gaus-

sian random field, under rather restrictive appropriate conditions, an explicit error-bound for the

order of approximation between the threshold exceedance probabilities and the expected Euler-

Poincaré characteristic of the associated excursion set, can be established. This approach has been

5
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followed by some extensions to certain classes of random fields (see, for instance, Adler et al.

2010, 2013). The literature in this context is usually related to Gaussian fields under stationarity

hypotheses, but with an increasing interest in more general scenarios. Spatial deformation has

been used in different application areas, such as image analysis or environmental studies, to rep-

resent certain forms of heterogeneity which can be explained by transformation of a reference

stationary random field (see, for instance, Amit et al. 1991; Christensen et al. 1996; Glasbey and

Mardia 1998, 2001; Goitı́a et al. 2004; Mardia et al. 2006; Angulo and Madrid 2014). Fitting

homogeneous/isotropic random field models to spatially non-homogeneous data is also of interest

(see, for example, Sampson and Guttorp 1992; Perrin and Senoussi 2000; Clerc and Mallat 2003;

Anderes and Stein 2008; Anderes and Chatterjee 2009; Fouedjio et al. 2015; Vera et al. 2017).

In this context, Angulo and Madrid (2010) study the asymptotic behaviour of the Euler-Poincaré

characteristic, under the effect of spatial deformation and blurring transformation. Derivation of

results in relation to threshold exceedance probabilities constitutes an open field in terms of the de-

velopment of extensions with respect to the conditions required of the reference model, regarding

the consideration of generalized forms of thresholds, etc. On the other hand, analysis of extremal

behaviour also constitutes one of the main objectives in many applications oriented to risk assess-

ment. In fact, different functionals related to geometrical characteristics of excursion sets, such as

the exceedance area, the excess volume or the number of connected components, among others,

provide suitable random indicators useful for quantification of risk (see, for example, Christakos

and Hristopulos 1996, 1997; Adler and Taylor 2007; Angulo and Madrid 2010, 2014; Madrid

et al. 2012, 2016; Chiu et al. 2013; Yang and Christakos 2015). If closed random sets defined

from a random field are considered in terms of threshold exceedances, getting their probability

distribution would be desirable. In this sense, approaches based on the theory of random closed

sets (see Matheron 1975, as the origin of the mathematical basis), address this problem. The con-

cept of capacity functional (see, for instance, Molchanov 2005, 2017; Schneider and Weil 2008;

Chiu et al. 2013; Vila 2014) is a first approximation to the distribution of these sets, without

actually being a probability distribution. From this concept, distributional properties such as in-

dependence, stationarity, isotropy and ergodicity, as well as expectation or covariance structure

has been studied (see Castaing et al. 1997; Bohm and Schmidt 2003; Teran 2008), among other

aspects.

Concerning risk analysis, in the last two decades, the development of a well-founded theory

of measures of risk has arisen as a new scientific discipline, mainly motivated and also impulsed

by areas of applications such as Finance and Insurance (see, for instance Artzner 1998; Wang and

Dhaene 1998; Artzner et al. 1999; Wang 2000; Szego 2002; Goovaerts et al. 2004), although

with an increasing interest in many other areas of knowledge due to its potential applicability

(see, for example, Haimes 2004; Klüppelberg et al. 2014; Föllmer and Schied 2016). Among the

variety of risk measure families introduced in this framework, quantile-based risk measures such

as Value-at-Risk (VaR) and Average Value-at-Risk (AVaR) have received special attention because

of their direct interpretation and easy computational implementation, besides the compliance of
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certain axioms. There is a very vast literature on applications of risk measures under this approach

in diverse fields; in the geostatistical context, see, for example, Bernardi et al. (2018), Li et al.

(2018). This theory quickly advances in different challenging directions from the complexity

perspective, including entropic risk measures (e.g. Fölmer and Knispel 2011; Ahmadi-Javid 2012)

and systemic risk measures (e.g. Souza et al. 2016; Kleinow et al. 2017), risk transfer optimization

(e.g. Filipović and Kupper 2008; Haier et al. 2016), generalized risk measures (e.g. Bellini et al.

2014), new properties/axioms such as elicitability (Wang and Ziegel 2015), etc. Because of the

financial origin, this theory, has been mainly focused on risks analysis for random variables that

represent monetary gains or losses. In particular, there is an increasing interest to formalize a

theory of spatial risk measures (see, for example Koch 2017, 2019; Ahmed et al. 2019).

With the reference goal of bringing together the theory of risk measures and the analysis of

structural characteristics of random field excursion sets, this thesis work addresses two general

objectives:

(i) To develop methodologies for risk assessment in spatial and spatiotemporal scenarios in

relation to threshold exceedances.

(ii) To analyze the effect of transformations, with reference to the spatial domain and the state

space, on structural characteristics of threshold exceedance sets, as well as the consideration

of related generalizations.

Regarding the first objective, a general and flexible methodology for spatial and spatiotempo-

ral risk assessment is proposed based on a conditional approach. More specifically, for a given

random field model and available observations, empirical distributions of different threshold ex-

ceedance indicators are obtained from conditional simulation, as a basis for evaluation of measures

of risk. In particular, the study is focused on the global and local assessment of exceedance area

and excess volume indicators, from which different risk maps are derived. For these first-order

indicators, the compound cumulative distribution function (e.g. Lahiri et al. 1999; Wright et al.

2003; Craigmile et al. 2005; Zhang et al. 2008; French and Sain 2013) plays a key role, both for-

mally and regarding the practical threshold specification (a formal definition is given in Chapter

3). Illustrations based on simulation are also performed for different spatial and spatiotemporal

scenarios. Applications of this methodology, in spatial and spatio-temporal frameworks, are il-

lustrated in fields such as Hydrology and Environmental Health. Relationships between widely

used risk measures such as Value-at-Risk and Average Value-at-Risk, and structural characteris-

tics of excursion sets of the underlying random field such as exceedance area or excess volume,

for varying thresholds, are established. The asymptotics of these relationships are interpreted in

relation to the shape parameter of the Generalized Pareto Distribution. Formal extensions are de-

veloped in scenarios of special interest (‘level’ and ‘flow’ type deformation effects and population

covariate effect), and finally, a generalized formulation in terms of non-constant thresholds and

non-Lebesgue measures is also established. In addition with respect to the second objective, in
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this thesis work two approaches are proposed to address the asymptotic behaviour for threshold

exceedance probabilities for random fields without some restrictive conditions of regularity, sta-

tionarity or isotropy. A first approach is based on regularizing sequences and a second approach

on adequate spatial deformation and blurring transformations. For both approaches, the behaviour

of the error bounds proposed by Adler and Taylor (2007) and Azaı̈s and Wschebor (2009) is

discussed. This thesis report is structured as follows:

Part I provides a basic introduction to preliminary concepts and results used in the investi-

gation. This part is divided in two chapters. In Chapter 1 aspects related to quantile-based risk

measures are introduced. Chapter 2 refers to some aspects related to notation and definition of ran-

dom field threshold exceedance indicators, with, a brief review of the asymptotics for threshold

exceedance probabilities.

Part II is focused on spatial and spatiotemporal risk assessment of exceedances. This part is

structured in tree chapters. In Chapter 3 a conditionally quantile-based risk assessment methodol-

ogy is proposed for general scenarios. Random indicators based on structural characteristics of the

underlying random field are considered in terms of exceedance areas and excess volumes. Some

preliminary results concerning these indicators an their expected values are formalized in terms of

the compound cumulative distribution function and its corresponding compound random variable.

A detailed analysis of the methodology is described, first formally and then from a computa-

tional point of view. Finally, an illustration based on simulations under different spatial (Cauchy,

Student and Fisher-Snedecor random fields) and spatiotemporal (blur-generated autoregressive

model) scenarios is performed, emphasizing different aspects of particular relevance. Chapter 4

consists of three applications of the methodology proposed in the previous chapter in real sce-

narios: first, a comparative spatial rainfall risk analysis in Andalusia (Spain) for the same rainfall

period but in different years; second, a predictive spatiotemporal rainfall risk analysis, in Cádiz

province (Andalusia); third, the pollution issue of the Carboneras industrial area in the province

of Almerı́a is illustrated with this methodology as an example of spatiotemporal risk analysis.

Analytical aspects and formal extension to generalized scenarios are addressed in Chapter 5. This

chapter is structured in four sections. Section 5.1 establishes a reciprocal VaR-related interpreta-

tion of the expected excess volume vs. expected excedance area ratio in terms of the compound

CDF AVaR-VaR increment. The asymptotics of this relationship is analyzed in relation to the

shape parameter of the Generalized Pareto Distribution (GPD). In Section 5.2, ‘level’ and ‘flow’

type deformation are considered as generalized scenarios and previous results are developed under

these effects. In Section 5.3 the population covariate effect is formalized. Here random indicators

based on population density are considered. These indicators are analyzed in a real data applica-

tion of ambient PM10 pollution population exposure, as before, in the Carboneras industrial area.

Finally Section 5.4 establishes a generalized formulation in terms of non-constant thresholds an

non-Lebesgue measures.

Part III is related to extensions of threshold exceedance asymptotic error bounds in general-

ized scenarios. This part consists of only one chapter with two sections. Section 6.1 analyses
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this issue for non-suitable regular random fields by means of regularizing sequences (mollifers).

Under appropriate assumptions, regularizing sequences provide sample-path convergence to the

reference model. In this section, the smoothing effect and order of approximation are studied in

relation to exceedance probabilities for increasing thresholds, considering different regularizing

sequences, within different scenarios regarding the underlying random field. In Section 6.2 the

asymptotic approaches introduced in Chapter 2 are discussed in the context of spatially deformed

random fields.

Part IV also consists of one chapter. A summary, including references of contributions related

to this thesis work (see Romero and Angulo 2014; Romero et al. 2015a,b; Angulo et al. 2016a,b;

Romero et al. 2018), is given with further details on some directions of continuing research.

Source code developed was written with the R Statistical Computing software and the MAT-

LAB environment. In particular, the R-package RandomFields was used for conditional simula-

tion and model fitting, and for the generation of realizations of the different random field scenarios

considered. The MATLAB environment was used for the remaining computational and graphical

aspects (mollifier kernels, sliding windows, random indicators, etc.). A selection of source codes

is included in the Appendix.
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Introducción

Esta tesis doctoral se desarrolla en el marco de la lı́nea de investigación “Complejidad estruc-
tural y valores extremos en procesos espacio-temporales”, incluida en el programa de doctorado

en Estadı́stica Matemática y Aplicada de la Universidad de Granada con normativa RD99/2011.

Los proyectos nacionales a través de MINECO/FEDER, EU denominados “Análisis espacio-
temporal: complejidad estructural, comportamiento extremal y medidas de información genera-
lizadas” (ref. MTM2012-32666) y “Análisis de riesgos en sistemas complejos. avances teóricos y
metodológicos” (ref. MTM2015-70840-P), y el proyecto “Campos aleatorios, procesos puntuales
y medidas multifractales en espacio-tiempo: enfoques de análisis de información, complejidad
y riesgo” de MCIU/AEI/FEDER, EU, de los que es investigador principal el Prof. José Miguel

Angulo, sustentan esta lı́nea de trabajo.

La dinámica de una amplia variedad de fenómenos fı́sicos (e.g. en Ciencias Medioambientales,

Geofı́sica, etc.) se puede representar de forma apropiada según modelos de campos aleatorios.

Existe una amplia literatura relacionada con la modelización de estos fenómenos, en particular

bajo hipótesis de estacionariedad e isotropı́a en la estructura de covarianzas. En este sentido, de-

pendiendo del fenómeno bajo estudio y de las caracterı́sticas que se deseen analizar en el escenario

espacial o espaciotemporal, se utilizan distintas familias de modelos de covarianzas: gausianas,

exponenciales, Cauchy, modelos esféricos (ver, por ejemplo, Stein 1999; Gneiting and Schlather

2004; Gelfand et al. 2010; Strokorb et al. 2015), movimiento Browniano fraccionario, Matern, es-

tables (ver, por ejemplo, Handcock and Wallis 1994; Diggle et al. 1998; Chiles and Delfiner 1999;

Stein 2002; Guttorp and Gneiting 2006); familias como la de Cauchy o Dagum son apropiadas

para modelar la dimensión fractal y el efecto de Hurst (ver Gneiting and Schlather 2004; Berg et al.

2008), etc. Diferentes aspectos probabilı́sticos de campos aleatorios son tratados, por ejemplo, en

Adler (1981, 2008), Yaglom (1987a,b), Christakos (1992, 2000, 2017), Piterbarg (1996), Vanmar-

cke (2010). El análisis de comportamientos extremos está asociado al estudio de probabilidades

de excedencia de umbrales, intrı́nsecamente relacionadas con caracterı́sticas geométricas de con-

juntos de excursión definidos por excedencias de umbrales, y constituye uno de los principales

objetivos de muchas aplicaciones. La derivación de resultados asintóticos formales para evaluar

probabilidades de excedencia de umbrales implica cierto grado de complejidad dependiendo de

los supuestos del modelo bajo consideración. En este contexto, Adler and Taylor (2007) y Azaı̈s

and Wschebor (2009) prueban que para un campo aleatorio gaussiano, bajo condiciones adecuadas
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bastante restrictivas, se puede establecer una cota explı́cita para el orden de aproximación entre

las probabilidades de excedencia de umbrales y la esperanza de la caracterı́stica de Euler-Poincaré

del conjunto de excursión asociado. A este enfoque le han seguido algunas extensiones a ciertas

clases de campos aleatorios (ver, por ejemplo, Adler et al. 2010; Adler et al. 2013). La literatura

en este contexto suele estar relacionada con campos gaussianos bajo hipótesis de estacionariedad,

pero con un creciente interés en escenarios más generales. La deformación espacial se ha utilizado

en diferentes áreas de aplicación, como el análisis de imágenes o estudios ambientales, para re-

presentar ciertas formas de heterogeneidad que pueden explicarse mediante la transformación de

un campo aleatorio estacionario de referencia (ver, por ejemplo, Amit et al. 1991; Christensen

et al. 1996; Glasbey and Mardia 1998, 2001; Goitı́a et al. 2004; Mardia et al. 2006; Angulo

and Madrid 2014). El ajuste de modelos de campos aleatorios isotrópicos/homogéneos a datos

espacialmente no homogéneos es otro área donde se ha trabajado mediante deformación espacial

(ver, por ejemplo, Sampson and Guttorp 1992; Perrin and Senoussi 2000; Clerc and Mallat 2003;

Anderes and Stein 2008; Anderes and Chatterjee 2009; Fouedjio et al. 2015; Vera et al. 2017).

En este contexto, Angulo and Madrid (2010) estudian el comportamiento asintótico de la carac-

terı́stica de Euler-Poincaré bajo el efecto de transformaciones de borrosidad y deformación espa-

cial. La derivación de resultados relativos a probabilidades de excedencia de umbrales constituye

un campo abierto en cuanto al desarrollo de extensiones, con respecto a las condiciones exigibles

al modelo de referencia, sobre la consideración de formas generalizadas de los umbrales, etc. Por

otro lado, el análisis de comportamientos extremos también constituye uno de los principales ob-

jetivos en muchas aplicaciones centradas en el análisis de riesgos. De hecho, distintos funcionales

referidos a caracterı́sticas geométricas de conjuntos de excedencias de umbrales proporcionan

indicadores aleatorios útiles para la cuantificación del riesgo (ver, por ejemplo, Christakos and

Hristopulos 1996, 1997; Adler and Taylor 2007; Angulo and Madrid 2010, 2014; Madrid et al.

2012, 2016; Chiu et al. 2013; Yang and Christakos 2015). Si se consideran conjuntos aleatorios

cerrados definidos a partir de un campo aleatorio en términos de excedencia de umbrales, serı́a

útil conocer su distribución de probabilidad. En este sentido, enfoques basados en la teorı́a de

conjuntos aleatorios cerrados (ver Matheron 1975, como origen de su base matemática) abordan

este problema. La introducción del conocido como funcional de capacidad (ver, por ejemplo,

Molchanov 2005, 2017; Schneider and Weil 2008; Chiu et al. 2013; Vila 2014) es una primera

aproximación a la distribución de estos conjuntos, sin ser realmente una distribución de probabi-

lidad. A partir de este concepto, se han estudiado propiedades distribucionales como la indepen-

dencia, estacionariedad, isotropı́a y ergocididad, la esperanza o la estructura de covarianzas (ver

Castaing et al. 1997; Bohm and Schmidt 2003; Teran 2008), entre otros aspectos.

En el contexto del análisis de riesgos, a lo largo de las últimas dos décadas se ha llevado a

cabo el desarrollo de toda una teorı́a de medidas de riesgo, que de hecho se ha convertido en

una nueva disciplina cientı́fica, principalmente motivada e impulsada por áreas de aplicación tales

como Finanzas y Seguros (ver, por ejemplo Artzner 1998; Wang and Dhaene 1998; Artzner et al.

1999; Wang 2000; Szego 2002; Goovaerts et al. 2004), aunque con un creciente interés en otras
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muchas áreas del conocimiento debido a su potencial aplicabilidad (ver, por ejemplo, Haimes

2004; Klüppelberg et al. 2014; Föllmer and Schied 2016). Entre la diversidad de familias de

medidas de riesgo introducidas en estos ámbitos, las medidas de riesgo basadas en cuantiles tales

como el Valor en Riesgo o Value-at-Risk (VaR) y el Déficit Esperado o Average Value-at-Risk

(AVaR) han recibido especial atención dado lo directo de su interpretación y fácil implementación

computacional, además del cumplimiento de ciertos axiomas con interpretaciones significativas.

Existe una amplia literatura sobre aplicaciones de medidas de riesgo bajo este enfoque en di-

versas áreas; en el contexto geoestadı́stico, ver, por ejemplo, Bernardi et al. (2018), Li et al.

(2018). Esta teorı́a avanza rápido en diferentes direcciones que abordan importantes desafı́os

desde la perspectiva de la complejidad, medidas de riesgo entrópicas (e.g. Fölmer and Knispel

2011; Ahmadi-Javid 2012), medidas de riesgo sistémicas (e.g. Souza et al. 2016; Kleinow et al.

2017), optimización de las transferencias de riesgos (e.g. Filipović and Kupper 2008; Haier et al.

2016), medidas de riesgo generalizadas (e.g. Bellini et al. 2014), nuevas propiedades como la

elicitabilidad (Wang and Ziegel 2015), etc. Dado su origen, eminentemente financiero, esta teorı́a

ha estado centrada principalmente en al análisis de riesgos de variables aleatorias que representan

perdidas o ganancias monetarias. En particular, hay un creciente interés en el desarrollo de una

teorı́a fundamentada de medidas de riesgo espaciales (ver Koch 2017, 2019; Ahmed et al. 2019).

Con el objetivo de referencia de hacer interactuar la teorı́a de medidas de riesgo con el análisis

de caracterı́sticas estructurales de conjuntos de excursión de campos aleatorios, este trabajo de

tesis aborda dos objetivos generales:

(i) Desarrollo de metodologı́as para la valoración de riesgos en entornos espaciales y espacio-

temporales relativos a excedencias de umbrales.

(ii) Análisis del efecto de transformaciones, con referencia al dominio espacial y al espacio de

estados, sobre caracterı́sticas estructurales de conjuntos de excedencia de umbrales ası́ como

la consideración de formas generalizadas.

Con respecto al primer objetivo, se propone una metodologı́a general y flexible para la valo-

ración de riesgos en entornos espaciales y espacio-temporales basada en un enfoque condicional.

De forma especı́fica, para un modelo de campo aleatorio dado y para un conjunto de observaciones

disponibles, se obtienen distribuciones empı́ricas de distintos indicadores de excedencia de um-

bral por medio de simulación condicionada, como base para la evaluación de medidas de riesgo.

En concreto, el estudio se centra en la valoración global y local de indicadores relacionados con el

área de excedencia y con el volumen en exceso, a partir de los cuales se derivan diferentes mapas

de riesgo. Para éstos, también llamados indicadores de primer orden, la función de distribución

acumulativa compuesta (e.g. Lahiri et al. 1999; Wright et al. 2003; Craigmile et al. 2005; Zhang

et al. 2008; French and Sain 2013) juega un papel clave, tanto desde un punto de vista formal

como práctico, en este último caso relacionada con la especificación práctica del umbral. Se reali-

za una ilustración basada en simulación en diferentes escenarios espaciales y espacio-temporales.
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Se aplica esta metodologı́a en entornos espaciales y espacio-temporales en campos tales como la

Hidrologı́a y Medio Ambiente. Se formalizan relaciones analı́ticas entre los indicadores área de

excedencia y volumen de exceso con las medidas de riesgo VaR y AVaR, para umbrales variables.

Estas relaciones proporcionan interpretaciones asintóticas interesantes en términos del parámetro

de forma de la distribución de Pareto generalizada. Se realizan extensiones formales en esce-

narios generalizados (efectos de deformaciones tipo ‘nivel’ y ‘flujo’ y el efecto de la covariable

población) y, finalmente, se establece una formulación generalizada que involucra umbrales no

constantes y medidas no Lebesgue. Adicionalmente con respecto al segundo objetivo, en este

trabajo de tesis se proponen dos enfoques para abordar el comportamiento asintótico de las prob-

abilidades de excedencia de umbrales para campos aleatorios sin algunas condiciones restrictivas

de regularidad, estacionariedad o isotropı́a. Un primer enfoque está basado en sucesiones reg-

ularizantes y un segundo enfoque en deformaciones espaciales y trasformaciones de borrosidad

adecuadas. Para ambos enfoques se discute el comportamiento de las cotas del error propuestas

por Adler and Taylor (2007) y Azaı̈s and Wschebor (2009). Se realizan extensiones formales

de los resultados anteriores en escenarios generalizados (efectos de deformaciones tipo ‘nivel’ y

‘flujo’ y el efecto de la covariable población) y, finalmente, se establece una formulación general-

izada que involucra umbrales no constantes y medidas no Lebesgue.

Esta memoria de tesis se estructura como sigue:

En la Parte I se proporciona una introducción básica de conceptos y resultados que son uti-

lizados a lo largo del texto. Esta parte está dividida en dos capı́tulos. En el Cap. 1 se introducen

aspectos relacionados con medidas de riesgo basadas en cuantiles. El Cap. 2 se refiere a notación

y definición de indicadores de excedencia de umbrales de campos aleatorios, con una revisión

breve de algunos enfoques asintóticos para la cota del error de probabilidades de excedencia de

umbrales.

La Parte II se centra en la valoración de riesgos de excedencia de umbrales en entornos es-

paciales y espacio-temporales. Esta parte está estructurada en tres capı́tulos. En el Cap. 3 se

propone una metodologı́a condicional de valoración de riesgos basada en cuantiles para escena-

rios generales. Se consideran indicadores aleatorios basados en caracterı́sticas estructurales del

campo aleatorio subyacente en términos de áreas de excedencia y volúmenes de exceso. Algunos

resultados preliminares referidos a estos indicadores y a sus valores esperados son formalizados

en términos de la función de distribución compuesta y su variable aleatoria asociada. Se realiza

un análisis detallado de la metodologı́a de un modo formal y desde un punto de vista computa-

cional. Para terminar, se ilustran por simulación diferentes aspectos de especial relevancia en va-

rios escenarios espaciales (modelos de Cauchy, Student y Fisher-Snedecor) y espacio-temporales

(modelo autorregresivo generado por borrosidad). En el Cap. 4 se consideran tres aplicaciones

de la metodologı́a utilizando datos asociados a problemas reales: en primer lugar, se realiza un

análisis espacial comparativo del riesgo de precipitación para el mismo periodo pluviométrico

pero en distintos años; en segundo lugar se realiza, en un entorno espacio-temporal, un análisis

predictivo del riesgo de precipitación en la provincia de Cádiz; en tercer lugar, esta metodologı́a
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es utilizada para abordar el problema de la contaminación del aire por partı́culas pesadas en la

zona industrial de Carboneras en la provincia de Almerı́a, como un ejemplo de análisis espacio-

temporal del riesgo. En el último capı́tulo de esta parte, Cap. 5, realiza un estudio detallado de

aspectos analı́ticos y extensiones formales en escenarios generalizados. Este capı́tulo se estructura

en cuatro secciones. En la Sección 5.1 se establece una interpretación recı́proca (en relación al

VaR) de la tasa de volumen de exceso esperado frente al área de excedencia esperada en términos

del incremento AVaR-VaR para la variable aleratoria asociada a la distribución compuesta. El

comportamiento asintótico de esta relación es analizado en relación al parámetro de forma de la

distribución de Pareto generalizada (GPD). En la Sección 5.2 se desarrollan los resultados an-

teriores bajo el efecto de escenarios generalizados inducidos por deformaciones espaciales tipo

‘nivel’ y ‘flujo’. En la Sección 5.3 se formaliza el efecto de la covariable población sobre es-

tas relaciones. El problema real de la exposición de la población a contaminación del aire por

partı́culas pesadas es analizado por medio de indicadores de población, como antes, en la zona in-

dustrial de Carboneras. Finalmente, en la Sección 5.4 se establece una formulación generalizada

en términos de umbrales no constantes y medidas no Lebesgue.

En la Parte III se aborda el comportamiento asintótico de las cotas del error de aproximación

de probabilidades de excedencia de umbrales en escenarios generalizados. Esta parte tiene un solo

capı́tulo con dos secciones. En la sección 6.1 se analiza este problema para campos aleatorios sin

condiciones de regularidad suficientes por medio de sucesiones regularizantes (mollifers). Bajo

supuestos apropiados, las sucesiones regularizantes proporcionan convergencia al modelo de refe-

rencia. En esta sección, se estudian el efecto de suavizado y el orden de aproximación en relación

con probabilidades de excedencia para umbrales crecientes considerando diferentes sucesiones

regularizantes, para diferentes escenarios. Por último, en la Sección 6.2 se hace un análisis de los

enfoques asintóticos introducidos en el Cap. 2 para campos aleatorios obtenidos por deformación

espacial.

La Parte IV también contiene un solo capı́tulo. Se presenta un resumen, incluyendo referencias

de contribuciones relacionadas con el trabajo de esta tesis (see Romero and Angulo 2014; Romero

et al. 2015a,b; Angulo et al. 2016a,b; Romero et al. 2018), además de algunas direcciones a seguir

y lı́neas abiertas para la continuación de la investigación.

El código fuente desarrollado ha sido escrito con el software R Statistical Computing y el

entorno MATLAB. En particular, el paquete R RandomFields se ha usado para la simulación

condicionada y el ajuste de modelos, y para la generación de realizaciones de los diferentes esce-

narios de campos aleatorios considerados. El entorno MATLAB se ha utilizado para los restantes

aspectos computacionales y gráficos (núcleos mollifier, ventanas deslizantes, indicadores aleato-

rios, etc.). Una selección de códigos fuente se incluye en el Apéndice.
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Chapter 1

Risk Measure Theory

In this chapter technical notation, definitions and some preliminary relations related to risk mea-
sures are introduced.

1.1 Coherent and Convex Risk Measures
Risk measure theory is a developing scientific discipline motivated by areas of application such
as Finance, Insurance, Environmental and Health Sciences, etc., with increasing interest in risk
measures that take into account spatial features of the environment to detect areas at risk (see,
for example, Christakos 1992, 2000; Christakos and Hristopulos 1996, 1997; Föllmer and Schied
2002; Koch 2017, 2019). Mainly motivated by financial and actuarial problems and applications,
different sets of properties are considered as reference for definition of classes of some risk mea-
sures.

Definition 1. Given a probability space (Ω,F ,P), and MB(Ω,F ,P) being the space of real-
valued Borel-measurable functions defined on (Ω,F ,P), a risk measure is a functional

ρ : M (Ω,F ,P)→ R̄

satisfying certain suitable conditions, where M (Ω,F ,P) is a linear subspace of
MB(Ω,F ,P), and R̄ denotes the compactification of R given by R∪{−∞,+∞}. 2

Often, M (Ω,F ,P) is taken to be an Lp(Ω,F ,P) space, with p∈ [1,∞]. Hereafter, we assume
that the argument random variables represent loss in some sense.

As mentioned above, mainly based on financial and actuarial problems, some fundamental
classes such as coherent and convex risk measures (see, for example, Föllmer and Schied 2016)
are attributed special significance, each one with some of the properties or axioms listed below:

(i) Translation invariance: ρ(X +a) = ρ(X)+a, for a ∈ R.
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20 1.2 Quantile-Based Risk Measures

(ii) Monotonicity: X ≤ Y P− a.s.⇒ ρ(X)≤ ρ(Y ).

(iii) Positive homogeneity: ρ(aX) = aρ(X), for a > 0.

(iv) Sub-additivity: ρ(X +Y )≤ ρ(X)+ρ(Y ).

(v) Convexity: ρ(aX +(1−a)Y )≤ aρ(X)+(1−a)ρ(Y ), for a ∈ [0,1].

A detailed analysis of axioms (i)-(v) is developed, for instance, in Föllmer and Schied (2016).

Definition 2. A risk measure ρ is said to be coherent if it satisfies (i), (ii), (iii) and (iv). 2

Definition 3. A risk measure ρ is said to be convex if it satisfies (i), (ii) and (v). 2

Every coherent risk measure is a convex risk measure, but not conversely. Coherent and convex
risk measures are important, in particular, because they can be expressed in terms of mathematical
expectations by means of dual representation theorems. (From a conceptual point of view, and
in the context of financial risk assessment, coherency was formally introduced and justified as
a desirable set of properties in the seminal paper by Artzner et al. (1999), while convexity was
proposed by Föllmer and Schied (2002), and parallelly by Frittelli and Gianin (2002), for a less
restrictive instrument regarding risk diversification.)

1.2 Quantile-Based Risk Measures
Risk measures formulated in terms of distribution moments and/or quantiles are usually consid-
ered because of their easy interpretation in terms of the probability distribution. Here, in particular,
the definitions of the well-known quantile-based risk measures Value-at-Risk (VaR) and Average
Value-at-Risk (AVaR) are introduced.

Definition 4. Let X be a loss random variable, with cumulative distribution function (CDF) FX .
Let α ∈ (0,1]. The Value-at-Risk at confidence level 1−α of X, VaR1−α(X), is defined as the
lower (1−α)−quantile of the distribution of X:

VaR1−α(X) = inf{x ∈ R : FX(x)≥ 1−α}.

2

It follows that if X is a continuous random variable, then

VaR1−α(X) = F−1
X (1−α)−,

where ‘−’ stands for the ‘liminf’ of the set.
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Definition 5. Under the previous assumptions on X and α , the Average Value-at-Risk at confi-
dence level 1−α of X, AVaR1−α(X), is defined as

AVaR1−α(X) =
1
α

∫ 1

1−α

VaRp(X)d p.

2

In the case where X has a continuous probability distribution, AVaR1−α(X) is a conditional
expectation:

AVaR1−α(X) = E[X |X >VaR1−α(X)].

Hence, in this case, while VaR1−α(X) represents the minimal loss that will occur in the 100α%
worst scenarios, AVaR1−α(X) represents the average loss that will occur in the 100α% worst
scenarios. In general, VaR1−α(·) is not a coherent risk measure, because of lack of sub-additivity,
except for special cases, whereas AVaR1−α(·) is always a coherent risk measure. In fact, VaR does
not take into account the tail behaviour above the specified confidence level quantile, whilst AVaR
does it.

A generalized formulation of quantile-based risk measures is given by the so-called spectral
risk measures, defined as follows

Definition 6. Under the previous assumptions on X, the Spectral Risk Measure with weight func-
tion φ , Mφ (X), is defined as

Mφ (X) =
∫ 1

0
VaRp(X)φ(p)d p,

where φ satisfies the conditions φ(·)≥ 0 and
∫ 1

0 φ(p)d p = 1.
Mφ (·) is a coherent risk measure for monotonically non-decreasing weight functions (e.g.

AVaR1−α(·)). 2

1.3 Analytical Examples
Quantile-based risk measures have, as mentioned above, the advantage of their easy interpretation
in terms of the distribution function, but the disadvantage that they can not be always calculated
analytically. Some examples of VaR and AVaR for different probability functions are illustrated
below.

Example 1. Let X be a Standard Gaussian random variable, X  N(0,1). Then

VaR1−α(X) =
√

2er f−1(1−2α)
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22 1.3 Analytical Examples

AVaR1−α(X) =

√
2

α

∫ 1

1−α

er f−1(2p−1)d p

where er f denotes the Gauss error function, er f (x) =
2√
π

∫ x
0 exp(−t2)dt, whose inverse exists for

α ∈ [0,1] and can be approximated numerically. 2

Example 2. Let X be a Gaussian random variable, X  N(µ,σ). Then

VaR1−α(X) = µ +σVaR1−α(Y )

AVaR1−α(X) = µ +σAVaR1−α(Y )

where Y  N(0,1). 2

Example 3. Let X be a Exponential random variable, X  exp(λ ). Then

VaR1−α(X) =
− logα

λ

AVaR1−α(X) =
1− logα

λ
2

Example 4. Let X be a Log-normal random variable, X lognorm(λ ,σ), i.e. X = exp(λ +σY )
with Y a standard Gaussian r.v.. Then

VaR1−α(X) = exp(λ +σVaR1−α(Y ))

AVaR1−α(X) =
1
α

exp
(

λ +
σ2

2

)
Φ(α−VaR1−α(Y ))

where Φ represents the Standard Gaussian cumulative distribution function. 2

Unfortunately, for almost all of distributions it is only possible to obtain an implicit expression
of these risk measures, providing a numerical approximation, as in the examples below.

Example 5. Let X be a Gamma random variable, X Gamma(λ ,k), with k∈N. Then, VaR1−α(X)
is the only solution z of the equation

α− exp(−λ z)
k−1

∑
i=0

(λ z)i

i!
= 0,

and

AVaR1−α(X) =
1
α

(
kαk

λ
+

λ k−1

(k−1)!
zk exp(−λ z)

)
,

where z =VaR1−α(X).
In fact, if k = 1 this is the exponential distribution and both equations provide the same expressions
for Value-at-Risk and Average Value-at-Risk obtained in Example 3. 2
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The previous examples based on continuous r.v. highlight complexities related to obtaining
analytical expressions or computational approximations of these risk measures in some cases.
These problems even increase when discrete random variables are considered.

Example 6. Let X be a Poisson random variable, X P(λ ). Then, VaR1−α(X) is the only integer
solution of

inf
z∈Z

{
z

∑
k=0

exp(−λ )
λ k

k!
≥ 1−α

}
Once the infimun above is solved, then

AVaR1−α(X) = λ +
λ z+1

αz!
exp(−λ )+

λ z

α(z−1)!
exp(−λ ),

where z =VaR1−α(X). 2

These examples point out the need to develop methodologies that allow computing these mea-
sures for random elements arising from the phenomena under analysis.
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Chapter 2

Random Field Threshold Exceedances

Random field models are involved in the representation and study of a wide range of real phenom-
ena in Geophysics, Hydrology and Environmental Sciences, among other areas. There is a vast
literature devoted to theoretical aspects and related statistical methodology, with particular em-
phasis in developments for the case of Gaussian and/or stationary random fields (see, for example,
Adler and Taylor 2007; Piterbarg 1996; Yaglom 1987a), although with increasing interest in more
general scenarios (see, for example, Adler et al. 2010, 2013; Christakos 1992; Vanmarcke 2010;
Yakir 2013). In real applications concerning the assessment on extremal behaviour, one of the
most significant problems refers to the evaluation of different forms of excursion probabilities; in
particular,

P
[

sup
s∈D

X(s)≥ u
]
, (2.1)

where, formally, X is a centered random field on the set D⊆ Rd , which is assumed to be compact
under the usual metric, and u represents a given threshold. Probabilistic and statistical aspects of
random field excursion sets and extrema are addressed in key references such as Adler and Taylor
(2007) and Azaı̈s and Wschebor (2009). Geometrical characteristics of excursion sets defined by
threshold exceedances are intrinsically related to excursion probabilities (see, for example, Angulo
and Madrid 2010; Azaı̈s and Wschebor 2009; Chiu et al. 2013), and can be used in practice in the
formulation of indicators for risk assessment.

In this chapter, some aspects related to notation and definition of random field threshold ex-
ceedance indicators are introduced. A brief review of the asymptotic error bound approximation
for threshold exceedance probabilities is also performed.
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26 2.1 Preliminary Elements

2.1 Preliminary Elements
Hereafter, X denotes a spatial random field (RF), i.e. X = {X(s) ∈MB(Ω,F ,P) : s ∈ S ⊆ Rd},
and D⊆ S is a bounded subdomain with non-null Lebesgue measure, λ (D)> 0. For simplicity, all
the random variables X(s) are assumed to have a continuous distribution. Let u ∈R be a pre-fixed
threshold level.

Definition 7. Au(X ,D) = {s ∈ D : X(s)≥ u} is the excursion set of X in D over level u ∈ R. 2

While for d = 1 this is the disjoint union of closed sets some of which may be degenerate, for
d > 1 the excursion set involves a higher geometrical complexity. In particular, aspects related
to the fragmented structure of the set can be analyzed in terms of its connected components. A
general treatment of the geometry of random field excursion sets based on intrinsic volumes is
approached, for instance, by Adler and Taylor (2007).

Definition 8.
{

IX
u (s) = 1{X(s)≥u} : s ∈ S

}
is the u-exceedance indicator RF. 2

Definition 9. {Xu(s) = max{0,X(s)−u} : s ∈ S} is the u-excess RF. 2

Let M = sups∈D X(s), the random variable of the supremum, with pM(x) as the density of its
distribution. As mentioned before, the interest is focused on the evaluation of P [M ≥ u]. Since
the distribution of the supremum is usually infeasible, a main goal consists of finding appropriate
upper bounds for pM(x) or providing asymptotic error bound approximations for P [M ≥ u] with
respect to structural characteristics of the excursion set of X in D above the level u.

2.2 Asymptotic Error Bound for Threshold Exceedance Prob-
abilities

Derivation of formal asymptotic results involves a certain degree of complexity depending on
model assumptions and probability specifications. Under Gaussianity and/or stationarity assump-
tions, jointly with suitable regularity conditions introduced bellow, different approaches succeed
with this issue. In Azaı̈s and Wschebor (2009), sc. 7.1. a set of axioms, concerning the spatial
domain and the random field, is introduced. Adler and Taylor (2007) also provide a set of suitable
regularity conditions that is equivalent to this set of axioms. The definition bellow comprise these
conditions according to Azaı̈s and Wschebor (2009).

Definition 10. A random field X defined on a spatial domain D is said to satisfy suitable regularity
conditions if:

(i) D is a compact set.

Thesis



Random Field Threshold Exceedances 27

(ii) D =
⋃m

j=1 S j is a disjoint union of a finite number of orientable C3 manifolds of dimension j
without boundary.

(iii) Every S j has an atlas with 2nd derivatives of the inverse function all bounded by a fixed
constant.

(iv) X is defined on an open set containing D and has C2 paths.

(v) ∀s ∈ D the distribution of (X(s),X ′(s)) does not degenerate.

(vi) ∀t,s ∈ D, t �= s, the distribution of (X(t),X(s)) does not degenerate.

(vii) Almost surely the maximun of X(s) on D is attained at a single point.

(viii) Almost surely ∀ j = 1, ...,m there is no point t in S j with X ′j(t) = 0 and det(X ′′j (t)) = 0, where
X ′,X ′′ denote the first and second order derivatives of X along S j.

�

It is important to highlight how restrictive are these conditions, particularly for the random

field.

In this context, according to Azaı̈s and Wschebor (2009), p. 207, under appropriate conditions

one attempts to write

P
[

sup
s∈D

X(s)≥ u
]
� A(u)exp

(−u2

2σ2

)
+B(u), (2.2)

where,

1. A(u) is a known function having polynomially bounded growth as u−→+∞

2. σ2 = sups∈DVar(X(s))

3. B(u) is the error of approximation, bounded by a centered Gaussian density with variance

σ2
1 < σ2.

Adler and Taylor (2007) prove that, for a Gaussian random field and under appropriate regularity

conditions,

∣∣∣∣P
[

sup
s∈D

X(s)≥ u
]
−E [ϕ(Au(X ,D))]

∣∣∣∣< O
(

e
−αu2

2σ2

)
, (2.3)

where ϕ represents the Euler-Poincaré characteristic (EPC), Au(X ,D) is the excursion set of X
over D at u-level, σ2 is the variance of X (which is assumed to be constant) and α > 1 is an
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28 2.2 Asymptotic Error Bound for Threshold Exceedance Probabilities

identifiable constant. Some extensions of this important result for certain classes of non-Gaussian

random fields are also developed in several subsequent papers (e.g. Adler et al. 2010, 2013). The

main goal of this approach is to find a suitable explicit error-bound for the approximation.

Azaı̈s and Wschebor (2009) establish, under appropriate conditions, an upper bound for the

tail of the distribution of the supremum in the form

P
[

sup
s∈D

X(s)≥ u
]
≤

∫ +∞

u
p̄(x)dx, (2.4)

where p̄(x) (see Azaı̈s and Wschebor 2009, p. 217) is a certain upper bound of the real density. In

contrast to Adler and Taylor, this approach is not focused on the error-bound of B(u) in (2.2) but

on the size of the variance of the Gaussian bound for this error B(u). Furthermore, these authors

also provide the explicit error-bound based on the EPC as in Adler and Taylor’s approach. Indeed,

according to Azaı̈s and Wschebor (2009) results (see Th. 12, Cor. 13 and Cor. 14),

liminf
u−→+∞

−2u−2 log |E [ϕ(Au(X ,D))]−P[M ≥ u]| ≥ 1+ inf
s∈D

1

σ2
s + k2

s
, (2.5)

where,

1. σ2
s = supt �=s∈D

Var(X(t)|X(s),X
′
(s))

(1−r(t,s))2

2. r(t,s) is the covariance.

3. ks = supt �=s∈D
dist(−r01(t,s),Cs, j)

1−r(t,s) (see Azaı̈s and Wschebor 2009 for definition of the first term

of Taylor expansion, −r01(t,s), and the convex cone Cs, j.)

Other approaches, such us the double-sum method of Piterbarg (see Piterbarg 1996) as an

important precursor to all of these results (although without realizing that the expected Euler-

Poincaré characteristic of an excursion set was involved), methods concerning the distribution of

the area in the cross-section threshold (see Vanmarcke 2010), and others based on the theory of

random closed sets (see, Chiu et al. 2013; Molchanov 2005), have been applied in the study of

exceedance probabilities for the Gaussian and/or stationary framework.

Extensions of this error-bound, for deformation and blurring transformations of stationary

random fields and respect to a regularizing sequences based approach, are addressed in Chapter 6.
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SPATIAL AND SPATIOTEMPORAL
RISK ASSESSMENT OF EXCEEDANCES
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Chapter 3

Methodological Aspects

In this chapter, a methodology for risk assessment in spatial and spatiotemporal scenarios is pro-
posed. It is general in the sense that the only restriction for its applicability is related to the
ability of generating data under conditional simulation. This methodology is based on classical
quantile-based risk measures evaluated on random indicators related to structural characteristics
of the underlying random field. A simulation study of this methodology for both, spatial and
spatiotemporal frameworks, is performed.

3.1 Structural Random Indicators of Random Fields

As mentioned in Chapter 1, risk measures are evaluated on random variables representing loss
in some sense. In this thesis work, indicators related to exceedance areas and excess volumes are
considered (see Table 3.1 for notation), under the assumption that suitable regularity and measura-
bility conditions (see Chapter 2, Definition 10) hold for their existence, as well as for the existence
of their expectations (see, for instance, Adler 1981; Adler and Taylor 2007; Azaı̈s and Wschebor
2009, etc.)
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32 3.1 Structural Random Indicators of Random Fields

Indicator of exceedance area Notation Definition
Absolute λ (Au(X ,D))

∫
Au(X ,D) ds

Relative (w.r.t. D) λ D(Au(X ,D)) λ (Au(X ,D))
λ (D)

Indicator of excess volume Notation Definition
Absolute V (Au(X ,D))

∫
∪u′≥uAu′(X ,D) dsdu′

Relative w.r.t. D V D(Au(X ,D)) V (Au(X ,D))
λ (D)

Relative w.r.t. Au V Au(Au(X ,D)) V (Au(X ,D))
λ (Au(X ,D))

Relative per connected
component Ci (average,
for i = 1, . . . ,ND

cc)
V̄ cc(Au(X ,D)) 1

ND
cc

∑
ND

cc
i=1

{
V (Au(X ,Ci))
λ (Au(X ,Ci))

}
Table 3.1: Some first-order random indicators of RF threshold exceedances.

For a given threshold u and a subdomain D, λ (Au(X ,D)) expresses the total area with the
values of the random magnitude represented by the RF lying above the threshold u; λ D(Au(X ,D))
represents the exceedance area ratio with respect to the subdomain D; hereafter E[λ (Au(X ,D))]
and E[λ D(Au(X ,D))] denote their respective expected values. Further, V (Au(X ,D)) expresses the
total excess volume of the RF above the threshold u; V D(Au(X ,D)) represents the excess volume
ratio with respect to the subdomain D; as before, E[V (Au(X ,D))] and E[V D(Au(X ,D))] denote
their corresponding expected values. In Section 3.4, some other indicators of practical interest are
analyzed, such as the volume ratio with respect to the area of the excursion set, V Au(Au(X ,D)),
and the average volume ratio per (non-degenerate) connected component of the excursion set,
V̄ cc(Au(X ,D)) (this indicator is only considered when the number of non-degenerate connected
components, ND

cc, is finite or, otherwise, for connected components with a certain minimum area
size). It should be noted that the specific indicators here considered are invariant with respect to
changes in the values of the random field variables corresponding to subsets of locations with zero
Lebesgue measure. In particular, the possibility of degenerate excursion sets consisting of only
isolated points is not excluded; however, in such cases the exceedance area, as well as the excess
volume, will be 0. This can be interpreted in the sense that, under such indicators, risk is evaluated
on the basis of non-degenerate occurrences of exceedances with respect to the dimension of the
domain. (Nevertheless, as an aspect of interest, for regularity conditions under which the proba-
bility of having degenerate tangence points to a given threshold becomes null, see multiparameter
versions of Bulinskaya’s theorem in Adler and Taylor 2007; Azaı̈s and Wschebor 2009, among
other sources.)

In general, the distributions of these indicators are unknown, and analytical expressions or
numerical approximations for the considered risk measures are unfeasible. This supports, as men-
tioned before, the importance of developing suitable methodologies that allow to compute these
measures under general conditions.
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3.2 Some Preliminary Results
In this section, some preliminary formalizations and results concerning the indicators defined in
Section 3.1 and their expected values are introduced.

Let FD
X (x) be the compound cumulative distribution function (CDF) defined as

FD
X (x) =

∫
D

FX(s)(x)λ
D(ds), (3.1)

where FX(s) denotes the CDF of X(s), and λ D(ds) := ds
λ (D) represents the normalized Lebesgue

measure on D. Let XD be the corresponding compound r.v., whose values are obtained by first
randomly (i.e. according to the normalized Lebesgue measure) selecting a location s within the
domain D and then assigning the corresponding X(s) realization. Let SD

X (·) = 1− FD
X (·), i.e.

the decumulative distribution function (DDF) of XD. In what follows, suitable regularity and
measurability conditions will be referred to hold for random field X in order to guarantee that the
indicators considered are well defined, as well as for the existence of their expectations (see, for
instance, Adler 1981, Sec. 3.2; Adler and Taylor 2007, Sec. 6.2; Azaı̈s and Wschebor 2009, Sec.
7.1; Vanmarcke 2010, Sec. 3.6).

Proposition 3.2.1. Given a spatial RF X on S ∈Rd satisfying suitable regularity and measurabil-
ity conditions, a bounded subdomain D ⊆ S, and a fixed threshold u ∈ R, the following relations
hold:

(i) λ (Au(X ,D)) =
∫

D IX
u (s)ds

(ii) E[λ (Au(X ,D))] = λ (D)SD
X (u)

(iii) E[λ D(Au(X ,D))] = SD
X (u)

(iv) V (Au(X ,D)) =
∫+∞

u λ (Au′(X ,D))du′ =
∫

D Xu(s)ds

(v) E[V (Au(X ,D))] = λ (D)
∫+∞

u SD
X (u
′)du′ = λ (D)E[XD

u ]

(vi) E[V D(Au(X ,D))] =
∫+∞

u SD
X (u
′)du′ = E[XD

u ]

where XD
u = max{0,XD−u}.

Proof

(i) Since IX
u (s) = 1 if s∈ Au(X ,D), and IX

u (s) = 0 if s 6∈ Au(X ,D), it follows that λ (Au(X ,D)) =∫
Au(X ,D) ds =

∫
D IX

u (s)ds.
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(ii) By Fubini’s theorem, E[λ (Au(X ,D))] =
∫

D P[X(s)≥ u]ds =
∫

D SX(s)ds =∫
D
(
1−FX(s)(u)

)
ds = λ (D)−

∫
D FX(s)(u)ds, with SX(s) being the DDF of X(s). Hence, by

Eq. (3.1), E[λ (Au(X ,D))] = λ (D)(1−FD
X (u)) = λ (D)SD

X (u).

(iii) E[λ D(Au(X ,D))] = E
[

λ (Au(X ,D))

λ (D)

]
=

1
λ (D)

E[λ (Au(X ,D))] = SD
X (u).

(iv) V (Au(X ,D)) =
∫

D×[u,+∞) IX
u′(s)dsdu′. Hence, by Fubini’s theorem,

V (Au(X ,D)) =
∫+∞

u λ (Au′(X ,D))du′ =
∫

D Xu(s)ds.

(v) From the proof of (iv), E[V (Au(X ,D))] =
∫

D×[u,+∞)P[X(s) ≥ u′]dsdu′. Hence, correspond-
ingly, E[V (Au(X ,D))] = λ (D)

∫+∞

u SD
X (u
′)du′ and

E[V (Au(X ,D))] = λ (D)
∫+∞

u (u′−u)FD
X (u′)du′ = λ (D)E[XD

u ].

(vi) E[V D(Au(X ,D))] = E
[

V (Au(X ,D))

λ (D)

]
=

1
λ (D)

E[V (Au(X ,D))] =∫+∞

u SD
X (u
′)du′ = E[XD

u ].

2

This proposition shows the relevance of the compound CDF for the first-order indicators con-
sidered, playing a key role in the methodology proposed in the following section.

3.3 Methodology
In this section, formal and computational aspects of the proposed methodology are described. The
approach is based on a conditional risk assessment, performed at global and local (subregional)
scales, with the latter being used, in particular, for risk mapping. Specifically, risk measures are
evaluated based on the empirical distributions of selected indicators, derived from simulation of
the underlying random field conditional to the available spatial (or spatiotemporal) observations.
As mentioned, two special cases of quantile-based risk measures, VaR and AVaR, are considered
here for illustration.

Formally, let X be the random field representing the phenomenon under study, and let u be
the reference threshold level considered for risk assessment. As mentioned before, commonly u
may be prescribed as a certain critical level of a direct meaning regarding the physical magnitude
and contextual aspects. However, in many cases risk assessment is performed under specification
of different scenarios for threshold levels corresponding to percentage (or probabilistic) global
exceedance considerations. A natural approach, then, consists in considering the compound CDF
FD

X for reference.

Thesis



Methodological Aspects 35

More precisely, as given in Prop. 3.2.1 (iii), for a given threshold level u, the value

FD
X (u) = 1−E[λ D(Au(X ,D))]

represents the expected area proportion within D with no exceedance over u (i.e, X(s) < u). In
particular, for any α ∈ (0,1), the threshold defined by the corresponding (1−α)−quantile of the
compound CDF FD

X , i.e. u1−α := F−1
XD (1−α)−, satisfies

E[λ D(Au1−α
(X ,D))] = α.

(Conversely, for a given threshold u, the corresponding exceedance area proportion is given
by αu = 1−FD

X (u), with an analogous interpretation.) In this approach, this form of threshold
level specification is applied to the conditional random field derived from X with respect to the
available observed data X = {X(s1), . . . ,X(sn)}, denoted as X |X. The corresponding excursion
set is, in this case, Au1−α

(X |X,D). In practice, the threshold u1−α for a given α value is estimated
from the empirical compound CDF obtained by aggregation of the conditional simulation samples
(see Section 3.3.2, step 3).

For simplicity, let us denote by I
X |X,D

1−α
any first-order indicator (such as the exceedance

area or the excess volume) which is defined as a function of the realizations on D of the joint
random field (IX |X

u1−α
,(X |X)u1−α

) (equivalently, as a function of the random excursion set family{
Au1−α ′ (X |X,D) : α ′ ≥ α

}
.) Now, for a conveniently large number M of simulated realizations

of X |X, denoted here as (X |X)[m] (m = 1, . . . ,M), the corresponding excursion sets and indicator

values,
{

Au1−α ′ ((X |X)[m],D)
}

m=1,...,M
and

{
I

(X |X)[m],D
1−α

}
m=1,...,M

, can be identified. Evaluation

of different risk measures is then performed based on the empirical CDF, F̂I , obtained from the
latter. For instance, assume that a threshold level specification is given as u1−α1 , for a certain pre-
scribed exceedance area proportion α1. Then, the corresponding ‘empirical’ VaR and AVaR values
of the I

X |X,D
1−α1

indicator can be derived, for any confidence level 1−α2, as VaR1−α2(I
X |X,D

1−α1
) and

AVaR1−α2(I
X |X,D

1−α1
).

In a spatiotemporal scenario, this approach can be applied to the spatial cross-sections, thus al-
lowing, by conditional simulation, the derivation of dynamic predictive risk assessment according
to different temporal horizons.

3.3.1 Local Analysis and Risk Mapping
For a fixed threshold level u, possibly determined as u1−α1 for a certain specified global ex-
ceedance area proportion α1, a local analysis can be performed regarding the spatial distribution
of the exceedances, by applying the above described procedure restricted to subregions, D′, of the
domain. For simplicity, among different approaches for implementation, here we assume that D
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is a rectangular domain and D′ is defined by the restrictions of D based on a rectangular sliding
window of a certain size, which is moved in the directions of the coordinate axes at regular steps
with a certain degree of overlapping. The evaluation of the selected indicators and risk measures
is then performed on each particular D′ subdomain, allowing the construction of ‘local risk’ maps
on D at different resolution scales. The spatiotemporal extension can be similarly carried out.

3.3.2 Further Computational Aspects

In practice, simulation of the underlying random field, conditional on a set of observations at given
locations, is performed based on a regular grid. The nodes are identified as the centroids of cells
covering the spatial domain.

Computation of the empirical compound CDF based on the simulated realizations is obtained
by discretization of the integral (3.1), as follows:

1. Based on a grid of N1×N2 cells for a (rectangular) domain D, generate M independent
replicates of the considered random field X |X (hereafter denoted as X):

{X [(i, j);m] : i = 1, . . . ,N1; j = 1, . . . ,N2} ,m = 1, . . . ,M,

where X [(i, j);m] represents the value obtained for the conditional random field (X |X) in
the m−th simulated realization at the location corresponding to the grid node (i, j).

Let m(i, j)(x) be the number of values X [(i, j);m] ≤ x at the node (i, j), and consequently
m(x) := ∑

N1
i=1 ∑

N2
j=1 m(i, j)(x), i.e. the accumulated number of values X [(i, j);m] ≤ x in the

aggregated sample

{X [(i, j);m] : m = 1, . . . ,M; i = 1 . . . ,N1; j = 1, . . . ,N2} ,

which can be seen as
N1⋃
i=1

N2⋃
j=1

{X [(i, j);m] : m = 1, . . . ,M} ,

i.e. the union of the set of replicates at each point (i, j), or as

M⋃
m=1

{X [(i, j);m] : i = 1 . . . ,N1; j = 1, . . . ,N2} ,

i.e. the union of the m sample realization replicates.
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2. Empirical CDF at each node (i, j): assign, for each x ∈ R,

F̂(i, j)(x) =


0 if x < X [(i, j);(1)]
m
M

if X [(i, j);(m)]≤ x < X [(i, j);(m+1)];m = 1, . . . ,M−1

1 if x≥ X [(i, j);(m)]

where {X [(i, j);(m)] : m = 1, . . . ,M} is the ordered sample at (i, j).

3. Empirical compound CDF: assign, for each x ∈ R,

F̂D
X (x) =

N1

∑
i=1

N2

∑
j=1

F̂(i, j)(x)
1

N1N2

=
N1

∑
i=1

N2

∑
j=1

m(i, j)(x)
M

1
N1N2

=
m(x)

MN1N2
.

Excursion sets, and corresponding evaluation of indicators, are approximated on a cell aggre-
gation basis.

3.4 Illustration Based on Simulation
In this section, significant aspects of the quantile-based risk measures VaR and AVaR applied to
some indicators of interest, as mentioned in sections 3.1 and 3.3, are analyzed under different
scenarios in the purely spatial and spatiotemporal frameworks by means of a simulation study.
For simplicity, hereafter X implicitly stands, when appropriate, for the conditional RF X |X on
given observations. A percentile level 1−α1 for the empirical compound CDF FD

X , defining
an excursion set over threshold u1−α1 , and a confidence level 1−α2 for the empirical CDF of
each specific indicator, are considered. Global and local measurements of these risk measures are
illustrated and compared.

Moreover, in all the cases considered, and for illustration purposes, it must be understood that
the random field of interest is the discrete version of the underlying continuous-domain random
field consisting of the variables corresponding to a regular grid of a pre-fixed resolution. In this
sense, we must emphasize that aspects related to regularity conditions are not involved, except
for the fact that the results obtained are intrinsically related to the size of the grid cells (see Adler
1981, Ch. 8, for a discussion in reference to this issue).

Here, the package RandomFields of the R Statistical Computing software is used for con-
ditional simulation. The MATLAB environment is used for the remaining computational and
graphical aspects.
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3.4.1 Spatial Analysis
Three classes of well-known random field models are considered: generalized Cauchy, Student
and Fisher-Snedecor. From the global and local measurements, significant interpretations and
comparisons, depending on the structural characteristics of the underlying model, are derived
from the analysis performed.

The Cauchy class model (see Gneiting and Schlather 2004) is defined by the homogeneous
and isotropic covariance function

C(h) = σ
2(1+ |h|α)−β/α , α ∈ (0,2] and β > 0.

This class allows a separately characterization of local variability and dependence ranges. For
a random field on Rd the parameter α determines the fractal dimension of realizations, D =
d +1−α/2. If β ∈ (0,1), the process has long memory, with Hurst coefficient H = 1−β/2.

The Student and Fisher-Snedecor class models (see Leonenko and Olenko 2014) are defined
as

Tn(x) =
η1(x)√

1
n

(
η2

2 (x)+ · · ·η2
n+1(x)

) (Student)

Fm,n(x) =
1
m

(
η2

1 (x)+ · · ·η2
m(x)

)
1
n

(
η2

m+1(x)+ · · ·η2
m+n(x)

) (Fisher-Snedecor)

where η1, . . . ,ηm+n are independent copies of a mean-square continuous homogeneous isotropic
zero-mean Gaussian random field.

For this illustration, the Gaussian Cauchy class model with variance σ2 = 0.1 under four
scenarios (α,β ) = (0.5,0.1), (2,0.1), (0.5,0.9), (2,0.9), and the Student and Fisher-Snedecor
classes based on the Cauchy class model under these four scenarios, are considered. For each
case, 200 realizations are simulated on the square [−100,100]2, both unconditionally and condi-
tionally. More specifically, for the conditional approach, the parameter values are fixed and an
unconditional simulated realization of the random field X is generated at 50 pre-fixed locations
randomly chosen within the domain. Then, adopting these values as the observed data, realizations
are generated by conditional simulation using the same parameter values.

Results for various indicators including areas, volumes, and volumes relative to areas (total and
per connected component), are derived and compared between the different scenarios, at global
and local scales.

Fig. 3.1 displays, as an example, simulated realizations based on the four scenarios considered
for the Cauchy class, allowing the visualization of the dependence structure and fractality features
according to the parameter values. For instance, both aspects jointly depict a particularly con-
trastive behaviour for the cases (α,β ) = (0.5,0.9) and (2,0.1). The effect of conditioning can be
seen comparing to the corresponding plot, for each case, in Fig. 3.2. Furthermore, as illustrated
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in Figs. 3.3 and 3.4, long-range dependence determined by smaller β provides lower variabil-
ity in the neighborhood of the conditioning points. The heavy-tailed behaviour of Student and
Fisher-Snedecor models is clearly observed in Figs. 3.5 and 3.6, respectively, where the different
scales of variation can be also noticed; to help visualization, nonlinearly rescaled representations
of the generated values are also displayed, using the transformations g(x) = sgn(x) ln(1+ |x|) for
Student case, and h(x) = ln(x) for Fisher-Snedecor case.
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(a) (α,β ) = (0.5,0.1). (b) (α,β ) = (2,0.1).

(c) (α,β ) = (0.5,0.9). (d) (α,β ) = (2,0.9).

Figure 3.1: Simulated realizations on the square [−100,100]2 from Cauchy model with σ2 = 0.1.
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(a) (α,β ) = (0.5,0.1). (b) (α,β ) = (2,0.1).

(c) (α,β ) = (0.5,0.9). (d) (α,β ) = (2,0.9).

Figure 3.2: Simulated realizations on the square [−100,100]2 from Cauchy model with σ2 = 0.1, condi-
tional to given values at 50 pre-fixed points for each model.
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(a) (α,β ) = (0.5,0.9). (b) (α,β ) = (2,0.1).

Figure 3.3: Surface plots for the map of variances from Cauchy model.
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(a) (α,β ) = (0.5,0.9). (b) (α,β ) = (2,0.1).

(c) Differences between (a) and (b)

Figure 3.4: Level plots for the map of variances (top plots) and corresponding level plot of differences of
variances between scenarios (bottom plot) from Cauchy model.

Thesis



44 3.4 Illustration Based on Simulation

(a) (α,β ) = (0.5,0.9). (b) (α,β ) = (2,0.1).

(c) (α,β ) = (0.5,0.9). (d) (α,β ) = (2,0.1).

Figure 3.5: Simulated realizations on the square [−100,100]2 from Student model, (top plots) at original
scale and (bottom plots) using the scale transformation g(x) = sgn(x) ln(1+ |x|), for (left to right) (α,β ) =
(0.5,0.9) and (2,0.1), with σ2 = 0.1.
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(a) (α,β ) = (0.5,0.9). (b) (α,β ) = (2,0.1).

(c) (α,β ) = (0.5,0.9). (d) (α,β ) = (2,0.1).

Figure 3.6: Simulated realizations on the square [−100,100]2 from Fisher-Snedecor model, (top plots) at
original scale and (bottom plots) using the scale transformation h(x) = ln(x), for (left to right) (α,β ) =
(0.5,0.9) and (2,0.1), with σ2 = 0.1.
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Global measures

Based on the empirical compound CDF FD
X , obtained from the 200 simulated realizations, for

the three models and under the different parameter values, the empirical distributions of various
characteristics of excursion sets are analyzed in terms of related VaR and AVaR measures. Specif-
ically, the aim is to assess the sensitivity of these risk measures for varying thresholds, u1−α1 , and
varying confidence levels, 1−α2, under different scenarios.

In Fig. 3.7 three indicators are analyzed for the Cauchy model with (α,β )= (2,0.1), σ2 = 0.1,
namely the absolute excess volume (V ), the excess volume relative to the exceedance area (V Au),
and the average relative excess volume per connected component V̄ cc. Plot (a) shows the rate of
decay of V for increasing threshold u1−α1 , for different confidence levels 1−α2. As expected, for
fixed u1−α1 , AVaR1−α2(V (Au1−α1

(X ,D))) increases as α2 tends to 0. For this particular model, a
similar behaviour occurs for V Au , as displayed in plot (b), which indicates that the excess volume
decreases faster than the exceedance area for increasing threshold. However, as seen in plot (c),
due to the effect of fragmentation, the indicator V̄ cc changes to increase for higher threshold
u1−α1 values. Regarding indicator V Au , it is important to emphasize that, in the case of heavy-
tailed scenarios, the excess volume may decrease slower than the exceedance area for increasing
threshold, as shown in Fig. 3.8.
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(a)

(b)

(c)

Figure 3.7: Level plots of AVaR1−α2(I (Au1−α1
(X ,D))) for (a) I = V , (b) I = V Au and (c) I = V̄ cc

based on varying (u1−α1 ,1−α2) values, from Cauchy model with (α,β ) = (2,0.1), σ2 = 0.1.

Thesis



48 3.4 Illustration Based on Simulation

(a)

(b)

(c)

Figure 3.8: Level plots of AVaR1−α2(V
Au(A1−α1(X ,D))) based on varying (u1−α1 ,1−α2) values from (a)

Cauchy, (b) Student and (c) Fisher-Snedecor models with (α,β ) = (2,0.1), σ2 = 0.1.
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Local measures

A similar study is performed locally, based on sliding windows, for assessment of regional vari-
ations of risk. The scale of analysis and degree of interpolation are determined by the size of the
window and the sliding step. Here a square window of size 33×33, and step equal to 11 cells are
used. Risk surfaces and maps are drawn for different characteristics, models and parameter values.
For illustration, in all the cases, an excursion set is determined for a fixed percentile 1−α1 = 0.90,
based on the compound CDF FD

X . Then, the VaR and AVaR risk measures for a fixed confidence
level 1−α2 = 0.95 are calculated for the local indicators λ D′ and V A′u (with A′u = Au(X ,D)∩D′)
at each subdomain D′.

Figs. 3.9 and 3.10 show the combined effect of conditioning and model structure for two
contrastive Cauchy scenarios.

In Fig. 3.11, as expected, the AVaR surface is above the corresponding VaR surface, displayed
in particular for indicator V A′u; however, the conditioning effect makes the relative differences
between both measures to vary locally.

As noticed in Fig. 3.12, the heavy-tailed behaviour of the Student and Fisher-Snedecor random
field models is reflected in a higher level of local heterogeneity in the relative excess volume
compared to the corresponding exceedance area risk maps.

(a) VaR0.95(λ
D′). (b) VaR0.95(V A′u).

Figure 3.9: Local measurements of VaR for indicators (a) λ D′ and (b) V A′u from Cauchy class model with
(α,β ) = (0.5,0.9), σ2 = 0.1.
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(a) VaR0.95(λ
D′). (b) VaR0.95(V A′u).

Figure 3.10: Local measurements of VaR for indicators (a) λ D′ and (b) V A′u from Cauchy class model with
(α,β ) = (2,0.1), σ2 = 0.1.

(a) VaR0.95(V A′u). (b) AVaR0.95(V A′u).

Figure 3.11: Local measurements of (a) VaR and (b) AVaR for indicator V A′u from Cauchy class model
with (α,β ) = (2,0.1), σ2 = 0.1.
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(a) Cauchy.

(b) Student.

(c) Fisher-Snedecor.

Figure 3.12: Local measurements of AVaR0.95(λ
D′) (left) and AVaR0.95(V A′u) (right) from (a) Cauchy, (b)

Student and (c) Fisher-Snedecor models with (α,β ) = (2,0.1), σ2 = 0.1.
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3.4.2 Spatiotemporal Analysis
The methodology is also applied to conditional evaluation of risk in a spatiotemporal context. For
illustration, the blur-generated non-separable space-time model introduced by Brown et al (2000)
(see also Angulo and Madrid 2014, for an extended version with dynamic spatial deformation) is
used:

Y (s, t) = aY [h](s, t−1)+Z(s, t), (3.2)

where
Y [h](s, t−1) = h∗Y (s, t−1) =

∫
Rd

h(s,s′)Y (s′, t−1)ds′, (3.3)

with Y (s,0) = Y0 being a spatial random field on Rd , Z a spatiotemporal random field on Rd×R
assumed to be white in time, h a blurring kernel, and a a constant such that 0 < a < 1.

Here, a Cauchy class model for Z with (α,β ) = (2,0.2) and σ2 = 0.1, a homogeneous Gaus-
sian blurring kernel with variance σ2

h = 10, and a = 0.9 are considered. Given a fixed complete
realization at t = 0 obtained in stationary regime, 200 replicates are conditionally simulated for
evolution at t = 1,2,3. In this case, a square window of size 21×21, and step equal to 6 cell units
is used for local analysis. Predictive risk assessment is then peformed for different characteristics,
at horizons 1, 2 and 3. Specifically, in Figs. 3.13, 3.14 and 3.15, corresponding risk maps obtained
for the indicators λ D′ , V D′ and V A′u based on AVaR are displayed. As expected, the levels of risk
increase for larger horizon, with this effect varying locally according to the spatiotemporal depen-
dence structure of the underlying process. Also, these maps clearly reflect the dynamic behaviour
in relation to the conditioning observation at t = 0.
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t = 0

Figure 3.13: Local measurements of AVaR0.95(λ
D′) from model (3.2)-(3.3) at horizons (left to right)

t = 1,2,3. Top plot represents the observed realization at t = 0.
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t = 0

Figure 3.14: Local measurements of AVaR0.95(V D′) from model (3.2)-(3.3) at horizons (left to right)
t = 1,2,3. Top plot represents the observed realization at t = 0.
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t = 0

Figure 3.15: Local measurements of AVaR0.95(V A′u) from model (3.2)-(3.3) at horizons (left to right)
t = 1,2,3. Top plot represents the observed realization at t = 0.
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Chapter 4

Real Data Applications

Random field models considered in Chapter 3, as well as their parameters, were chosen to illustrate
the behaviour of risk measures on structural indicators of the random field for different scenarios.
According to the degree of dependence and local variability, heavy tail behaviour, etc., they pro-
vided different interpretations. For the applications in this chapter, specific models that, according
to the literature, are supposed to be adequate to model the phenomenon of interest, are consid-
ered and their parameters are estimated. The consideration of the most appropriate model for the
data, as well as the optimal estimates of its parameters is not the main goal of this illustration,
so that there is not a detailed validation. This chapter is aimed at illustrating the applicability of
the proposed methodology in real scenarios under the assumption of quality for the conditionally
simulated data. For this purpose, rainfall and ambient PM10 concentration data are considered
due to the relevance of environmental scenarios in a stage of climate change nowadays.

Here, once again, the package RandomFields of the R Statistical Computing software is used
for conditional simulation and models fitting. The MATLAB environment is used for the remain-
ing computational and graphical aspects.

4.1 Rainfall Data
In this section, a risk analysis for real precipitation data is performed. First, a purely spatial sce-
nario is considered, comparing risk maps in the same rainfall period but in different years. Second,
in a spatiotemporal framework, the dynamics of rainfall amount above a prefixed threshold is ad-
dressed.

4.1.1 Spatial Analysis
For this application a comparative spatial risk analysis for the same rainfall period, April, in
two consecutive years, 2014 and 2015, in the region of Andalusia, is developed. Precipitation
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data measured at 93 stations of the AEMET network in Andalusia (http://www.datosclima.es)
are considered. A conditional simulation, based on the observed data, of 200 realizations for
each one of the two estimated models involved for the two periods, is performed. The empirical
distributions of various characteristics of threshold exceedance sets in terms of the related VaR
and AVaR measures are analyzed and compared based on the empirical compound CDF, FD

X . The
spatial domain of interest is defined by a rectangular grid [0,175]× [0,93] with 16.275 pixels at
3km scale, where each pixel is identified with its physical centroid. Logarithms of the mean-
centered precipitation data are used for the estimation of the parameters of each model and for
conditional simulation, whilst for the spatial risk analysis, the true values of the magnitude are
used.

The Cauchy model class introduced in Chapter 3 (Section 3.4.1), with covariance C(h) =
σ2(1+ |h|α)−β/α , is adopted for representation of the log-precipitation data, separately for each
model. The scale of analysis and the degree of interpolation considered to assess local risk vari-
ations is given by a window size of 9 pixels and a sliding step of 3 units, so that 1.829 square
windows are used. As in the simulation analysis performed in the previous chapter, risk surfaces
and maps for different characteristics are drawn. The threshold exceedance set is determined by
the percentile 1−α1 = 0.90 of the compound CDF, FD

X , and the confidence level to calculate
the VaR and AVaR risk measures is 1−α2 = 0.95, for the local indicators λ A′u and V A′u (with
A′u = Au(X ,D)∩D′) at each window D′.

Table 4.1 below lists the Cauchy model parameter estimates for each rainfall period analyzed.

Parameter April 2014 April 2015
α 0.83 1.93
β 0.11 0.10
σ2 1.55 0.68

Table 4.1: Estimated parameter values of the Cauchy model for the two periods.

Fig. 4.1 shows the network of precipitation measurement stations in Andalusia, according to
the AEMET data source. First, its physical UTM coordinates are shown on a map of Andalusia,
(plot (a)) and then on the grid of pixels at 3 km scale (plot (b)). Fig. 4.2 displays, based on one
generated realization, the effect of conditioning on the structure of dependence and fractality for
each one of the estimated models. In addition, Fig. 4.3 illustrates how the degree of long-range de-
pendence of these models provides a similar pattern of variability around the conditioning points,
since both models have a small and practically the same β parameter. Furthermore, according to
this figure, there was less global variability in precipitation data in April 2015 than in the same pe-
riod of 2014. Figures 4.4 to 4.6 show, as expected, that the AVaR maps are slightly above those of
the VaR for each random indicator and rainfall period considered. In addition, as is the simulation
analysis of the previous chapter, if the combined effect of the conditioning and the structure of
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the Cauchy models estimated in each period is compared, it is observed that, even being the same
spring rainfall period, the spatial distribution of the relative area of exceedance with minimum
precipitation values above the fixed threshold is very different from one year to the other, at the
confidence level considered. Regarding the spatial distribution of the relative excess volume and
the total excess volume, a similar behaviour is observed.

Finally, if the amount of rainfall above a given threshold is considered as a potential damage or
hazard, according to the local risk mapping obtained it is clear that April 2014 was a more active
period than April 2015. This is because for the first period there exist a wider area of exceedance
exposed to risk as well as higher excess volume values than for the second period.
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(a) UTM network.

(b) Network within the grid of pixels.

Figure 4.1: Rainfall measurement network in Andalusia.
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(a) April 2014. (b) April 2015.

Figure 4.2: Simulated realizations on the square [0,175]× [0,93] conditional to observed data.

(a) April 2014. (b) April 2015.

Figure 4.3: Level plots for the map of variances for each period.
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(a) April 2014.

(b) April 2015.

Figure 4.4: Local measurements of VaR and AVaR for indicator λ A′u : VaR0.95(λ
D′(A0.9(X ,D′))) (lelft) and

AVaR0.95(λ
D′(A0.9(X ,D′))) (right).
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(a) April 2014.

(b) April 2015.

Figure 4.5: Local measurements of VaR and AVaR for indicator V A′u : VaR0.95(V D′(A0.9(X ,D′))) (left) and
AVaR0.95(V D′(A0.9(X ,D′))) (right).
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(a) April 2014.

(b) April 2015.

Figure 4.6: Local measurements of VaR and AVaR for indicator V D′ : VaR0.95(V D′(A0.9(X ,D′))) (left) and
AVaR0.95(V D′(A0.9(X ,D′))) (right).
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4.1.2 Spatiotemporal Analysis
In the spatiotemporal framework, the main goal is to perform a dynamic-predictive risk assessment
for future horizons. This study considers precipitation data measurements between October 2014
and April 2015 in the 13 stations of the AEMET network located in the province of Cádiz. One
of the reasons for reducing the study area is to justify the versatility of this methodology from the
regional point of view. However, in this particular case, the computational cost and the capacity
of the parameter estimation methods for the spatiotemporal covariance model, are also taken into
account. The Gneiting model (see Gneiting and Schlather 2004) is considered to be the one that
best explains the spatiotemporal dynamics of this phenomenon. It is a space-time model where
the spatial component is isotropic, defined by the covariance function

C(h,u) = (ψ(u)+1)
−d
2 φ

(
h√

(ψ(u)+1

)
,

where ψ y φ are covariance models that control the spatial component and the spatiotemporal
dependence, respectively. For this application it is considered that ψ is a covariance model of the
generalized Cauchy class introduced in Chapter 3 (Section 3.4.1), and that φ is a stationary and
isotropic covariance model of the stable process family C(h)= e−hγ

whose parameter γ determines
the fractal dimension of the model. The Gneiting model obtained from the historical series of
observed data has the form

C(h,u) = (σ2(1+ |u|α)−β/α +1)
−d
2 exp

(
− h√

(σ2(1+ |u|α)−β/α +1

)γ

.

The physical study area is defined to be the rectangular grid [0,111]× [0,104] of 11.544 pixels
at 1km scale, where each pixel is identified, again, with its physical centroid. For model param-
eter estimation, the observations at the stations of the entire time series are considered (October
2014 to April 2015). The simulation of the field is performed, within the rectangular grid, con-
ditioning to the observations of the last three months (February, March and April 2015), in those
three months and in the two next future months (May and June 2015). As before, based on the
empirical compound CDF, FD

X , obtained from the conditional simulation on the observed data of
200 realizations, the empirical distributions of various structural characteristics of threshold ex-
ceedance sets are analyzed and compared in terms of related VaR and AVaR risk measures. As in
the spatial case, logarithms of the mean-centered precipitation data are use for model parameter
estimation and for the conditional simulation. Risk analysis is carried out with the true values of
the magnitude.

Table 4.2 displays the parameter estimates for the model considered.
As in the spatial analysis performed in Section 4.1.1, the window size considered yo assess

local variations is 9 pixels with a sliding step of 3 units, so that 1.295 square windows are used
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for the spatiotamporal scenario. The choosen threshold and the confidence level, as well as the
indicators to evaluate the VaR and AVaR risk measures are the same that in the previous spatial
case.

Parameter Estimate
α (Cauchy) 1.04
β (Cauchy) 0.68

γ (Powered Exponential) 0.35
σ2 (Cauchy) 1.24

Table 4.2: Estimated parameter values for the Gneiting model (Rainfall).

Fig. 4.7 shows the precipitation measurement network considered at the province of Cádiz,
first the UTM coordinates on a map of this province and then in the grid of pixels at 1 km scale.
Fig. 4.8 displays a temporal dynamic obtained by the effect of conditioning on spatial and spa-
tiotemporal dependence structure. In addition, in Fig. 4.9 it is observed how the degree of long-
range spatial dependence given by the Cauchy model β parameter produces little local variability
around the conditioning points in the first three stages. This does not happen in the same way
for the last two times corresponding to May and June 2015 since there are no observed values in
the stations for these future times; in fact, looking at the map globally, in these times there is, as
expected, a greater variability. Here again, as in the spatial scenario, Fig. 4.10 shows how the
AVaR maps are above those of the VaR for both, April and May. In this case it is clearly seen how
the effect of conditioning is more clearly reflected in the risk map of the indicator for April than
for May, because in April there are still available observations at the fixed stations. In addition,
as expected, increasing the time horizon provides greater values of the risk measure considered.
This is supported by Fig. 4.11 with respect to the VaR of the relative excess volume indicator.
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(a) UTM Network.

(b) Network within grid of pixels.

Figure 4.7: Rainfall measurement network in Cádiz province.
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(a) February 2015. (b) March 2015. (c) April 2015. (d) May 2015. (e) June 2015.

Figure 4.8: Simulated realizations on the square [0,111]× [0,104] conditional to observed data.

(a) February 2015. (b) March 2015. (c) April 2015. (d) May 2015. (e) June 2015.

Figure 4.9: Level plots for the map of variances (February to June 2015).
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(a) April 2015.

(b) May 2015.

Figure 4.10: Local measurements of VaR and AVaR for indicator λ A′u : VaR0.95(λ
D′(A0.9(X ,D′))) (left)

and AVaR0.95(λ
D′(A0.9(X ,D′))) (right).
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(a) April 2015. (b) May 2015.

Figure 4.11: Local measurements of VaR for indicator V A′u : VaR0.95(V D′(A0.9(X ,D′))).
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4.2 Ambient PM10 Concentration Data

According to the glossary of the European Environment Agency (EEA), the particulate matter
PM10 is: an air pollutant consisting of small particles with an aerodynamic diameter less than
or equal to a nominal 10 micrometer (about 1/7 the diameter of a single human hair). Their
small size allows them to make their way to the air passages deep within the lungs where they
may be deposited and result in adverse health effects. PM10 also causes visibility reduction.
While this thesis work was written, an extreme episode of pollution was taking place at Canary
Islands (Spain). But this is only one more of the wide number of episodes around the world due to
this stage of climate change and human development. The consequences for population of these
high concentration levels of PM are, among others, almost unbreathable air, airports and other
public institutions and services closed, people evacuated from their homes,etc. Methodologies
like the specific one proposed in this thesis in Section 3.3 become relevant since they provide
suitable tools for risk mapping to future horizons that may allow the authorities to provide a more
effective management, from a predictive-risk point of view, in order to avoid adverse effects on
population. Here the pollution issue of the Carboneras industrial area in the province of Almerı́a
is illustrated with this methodology as an example. The relevance of this problem is reflected in
the Almerı́a Air Quality Improvement Plan of the Andalusia Goverment (BOJA 46, pag. 6-197,
https://www.juntadeandalucia.es/boja/2014/46/BOJA14-046-02582.pdf.)

For this illustration, daily averages of PM10 concentrations measured at 9 stations (within the
network of Andalusia’s zoning for assessing air quality) in the Carboneras area, along six con-
secutive days, are considered. As in Section 4.1.2, here the Gneiting model is also adopted as the
best one that explains the dynamics of this phenomenon (see Table 4.3 for parameter estimates).
The study area is defined to be the rectangular grid [0,377]× [0,175] of 65.975 pixels at 250m
scale, where each pixel is identified, once more, with its physical centroid. Logarithms of the
mean-centered PM10 data are used for model fitting and for conditional simulation. Using the last
three days data at the fixed locations, 200 conditional realizations are simulated in the whole grid
for the same three days and for the two days after.

Percentiles are fixed from the compound CDF on the 200 conditional realizations of the model.
Results for areas, volumes, and volumes relative to areas, globally and locally per connected
components, are derived and compared. The study is performed locally, based on sliding windows,
for assessment of regional variations of risk. The scale of analysis and degree of interpolation are
determined by the size of the window and the sliding step. Here we use 5.415 square windows
of size 25, and step equal to 4 units (pixels). Risk maps are drawn for different indicators and
percentiles.
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Parameter Estimate
α (Cauchy) 0.315
β (Cauchy) 0.706

γ (Powered Exponential) 0.346
σ2 (Cauchy) 0.21

Table 4.3: Estimated parameter values for the Gneiting model (PM10).

Fig. 4.12 shows the zoning for assessing air quality in Andalusia and the data measurement
network at Carboneras area. The temporal dynamics (along the five days considered) obtained
by the effect of the fitted model is displayed in Fig. 4.13. Finally, Fig. 4.14 displays, for two
consecutive days, the temporal dynamics of relative area at risk above a pre-fixed threshold level
of critical concentration of PM10. As mentioned at the beginning of this section, risk maps of
this type provide information concerning future areas at risk that authorities may use to prevent
damages or adverse effects on population.

The spatial and spatiotemporal risk analysis performed in this chapter does not take into ac-
count that risk of extremal situations is relevant not necessarily in the whole domain but where
adverse effects are of a real concern. For example, going back to the last real data application of
PM10 pollution, risk assessment becomes more important where the population is living. Chapter
5 deals with formal extensions to generalized scenarios as, for instance, the effect of population
covariates in spatiotemporal risk assessment (See Section 5.3.2 for risk assessment in relation to
Ambient PM10 Pollution Population Exposure.)
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(a) UTM network in Andalusia.

(b) UTM network in Carboneras area.

(c) Network within grid of pixels.

Figure 4.12: PM10 measurement network.
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(a) T = 1. (b) T = 2. (c) T = 3. (d) T = 4. (e) T = 5.

Figure 4.13: Simulated realizations on the square [0,377]× [0,175] conditional to observed data.

(a) T = 3. (b) T = 4.

Figure 4.14: Local measurements of VaR for indicator λ A′u , VaR0.95(λ
D′(A0.9(X ,D′))).
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Chapter 5

Analytical Aspects and Formal Extension to
Generalized Scenarios

In this chapter, formal extensions to scenarios such as the effect under spatial deformation and
population density covariate are addressed. A generalization covering these and others potential
cases is formulated.

5.1 A Spatial Relationship Between Quantile-Based Risk Mea-
sures and Random Field Threshold Exceedances

This section is focused, firstly, on analytical aspects related to the relationship between VAR and
AVaR measures with respect to structural characteristics of random field exceedances and, sec-
ondly, on the asymptotic behaviour and interpretation of this relationship for increasing threshold.

5.1.1 The Expected Volume vs. Expected Area Ratio in Terms of the Com-
pound CDF AVaR-VaR Increment

The proposition below shows a reciprocal VaR-related interpretation of two of the structural ran-
dom indicators considered in Chapter 3, the expected relative exceedance area and the expected
relative excess volume with respect to the domain D, when the threshold level for the excursion
set is the VaR of the compound r.v. XD at a fixed confidence level.

Proposition 5.1.1. If u =VaR1−α(XD), such that FD
X (u) = 1−α , then

(i) E
[
λ D(AVaR1−α (XD)(X ,D))

]
= α
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(ii) E
[
V D(AVaR1−α (XD)(X ,D))

]
= E

[
XD

VaR1−α (XD)

]
= UPM(1,VaR1−α (XD))(X

D) where,

UPM(h,a)(X) := E[max{0,(X−a)h}], for h≥ 0, and a∈R (with UPM(0,a)(X) := P[X ≥ a]),
is the upper partial moment of X of order h with respect to level a.

Proof

(i) Prop. 3.2.1(iii), E
[
λ D(AVaR1−α (XD)(X ,D))

]
= SD

X (VaR1−α(XD)) = 1−FD
X (VaR1−α(XD)),

and VaR1−α(XD) = (FD
X )−1(1−α), then E

[
λ D(AVaR1−α (XD)(X ,D))

]
= 1− (1−α) = α .

(ii) Prop. 3.2.1(vi) and definition of upper partial moment (see Kriele and Wolf 2014).

2

In terms of VaR and AVaR, the ratio of the expected relative excess volume with respect to the
expected relative exceedance area can be directly interpreted as the difference between the AVaR
and VaR of XD.

Proposition 5.1.2. For α ∈ (0,1],

E
[
V D(AVaR1−α (XD)(X ,D))

]
E
[
λ D(AVaR1−α (XD)(X ,D))

] = AVaR1−α(XD)−VaR1−α(XD), with (5.1)

E
[
λ

D(AVaR1−α (XD)(X ,D))
]

= α (5.2)

Proof
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AVaR1−α(XD) =
1
α

∫ 1

1−α

VaRp(XD)d p =
1
α

∫ 1

1−α

(FD
X )−1(p)d p =

1
α

∫ +∞

VaR1−α (XD)
x f D

X (x)dx(
ch. of v. (FD

X )−1(p) = x→ FD
X )(x) = p,d p = f D

X (x)dx
)(

x = x−VaR1−α(XD)+VaR1−α(XD)
)

=
1
α
[
∫ +∞

VaR1−α (XD)
(x−VaR1−α(XD)) f D

X (x)dx+

+
∫ +∞

VaR1−α (XD)
VaR1−α(XD) f D

X (x)dx]

=
1
α
[
∫ +∞

0
max{0,x−VaR1−α(XD)} f D

X (x)dx+

+ VaR1−α(XD)
∫ +∞

VaR1−α (XD)
f D
X (x)dx]

=
1
α

[
E
[
XD

VaR1−α (XD)

]
+VaR1−α(XD)

(
1−FD

X (VaR1−α(XD))
)]

=
1
α

[
E
[
XD

VaR1−α (XD)

]
+VaR1−α(XD)(1− (1−α))

]
=

1
α

E
[
XD

VaR1−α (XD)

]
+VaR1−α(XD)

=
E
[
V D(AVaR1−α (XD)(X ,D))

]
E
[
λ D(AVaR1−α (XD)(X ,D))

] +VaR1−α(XD)(Prop. 5.1.1).

Then,
E
[
V D(AVaR1−α (XD)(X ,D))

]
E
[
λ D(AVaR1−α (XD)(X ,D))

] = AVaR1−α(XD)−VaR1−α(XD).

2

5.1.2 Asymptotics in Relation to the Shape Parameter of the Generalized
Pareto Distribution

Here, the asymptotic behaviour of (5.1), as α → 0, is analyzed in relation to the the shape param-
eter of the Generalized Pareto Distribution (GPD).

Let X be a (loss) r.v. with CDF F . For a given threshold u, let Fu be the excess CDF, defined
by

Fu(x) = P[X−u≤ x|X > u] =
F(x+u)−F(u)

1−F(u)
,
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for 0 ≤ x < xF − u, where xF ≤ ∞ is the right endpoint of F . Furthermore, considering S as the
decumulative distribution function (DDF) of X , the excess DDF is

Su(x) = 1−Fu(x) = 1− F(x+u)−F(u)
1−F(u)

= 1− S(u)−S(x+u)
S(u)

=
S(x+u)

S(u)
.

According to Pickand-Balkema-de Haan’s theorem (see, McNeil et al. 2005, p. 277), there
exist a positive measurable function β (u) such that

lim
u→xF

sup
0≤x<xF−u

|Fu(x)−Gξ ,β (u)(x)|= 0,

where Gξ ,β (.) represents the CDF of the GPD(ξ ,β ) with shape and scale parameters ξ ∈ R and
β > 0, respectively, if and only if F ∈ MDA(Hξ ), the Maximum Domain of Attraction of the
Generalized Extreme Value Distribution (GEVD) class Hξ with shape parameter ξ ∈R.

Proposition 5.1.3. Under the assumption that the previous approximation holds for X with ξ ∈R,

(i) limα→0
AVaR1−α (X)
VaR1−α (X) = max{1,(1−ξ )−1}.

(ii) AVaR1−α(X)−VaR1−α(X)∼max{0,ξ (1−ξ )−1}VaR1−α(X), as α → 0.

Proof

(i) See McNeil et al. (2005), p. 283.

(ii) Trivial from (i).

2

Table 5.1 summarizes the asymptotics for the relationship introduced in the previous section
in terms of the GPD shape parameter ξ as α → 0.

ξ < 0 ξ = 0 0 < ξ < 1

E
[
V D(AVaR1−α (XD)(X ,D))

]
E
[
λ D(AVaR1−α (XD)(X ,D))

] 0 [∼ α−ξ ] β [indep. of u] ∞ [∼ α−ξ ]

E
[
V D(AVaR1−α (XD)(X ,D))

]
E
[
λ D(AVaR1−α (XD)(X ,D))

]
VaR1−α (XD)

0 [∼ α−ξ ] 0 [∼ (− lnα)−1] ξ (1−ξ )−1

Table 5.1: Relationship between E
[
V D(AVaR1−α (XD)(X ,D))

]
and E

[
λ D(AVaR1−α (XD)(X ,D))

]
as α → 0.
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5.2 Effect of Deformation in Spatiotemporal Risk Analysis
Spatial deformation has been used in different areas of application, such as image analysis or envi-
ronmental studies, to represent certain forms of heterogeneity which can be explained by transfor-
mation of a reference stationary random field. See, for example, Sampson and Guttorp (1992) in
the context of sampling network design, Anderes and Stein (2008), Clerc and Mallat (2003), Per-
rin and Senoussi (2000) concerning the estimation of deformed stationary or stationary-isotropic
random fields, Mardia et al. (2006) on image warping and the evaluation of distortion induced by
deformation, Goitı́a et al. (Goitı́a et al (2004)) regarding the joint estimation of spatial deformation
and blurring under a generalized random field approach, with application to environmental data,
Angulo and Madrid (2014) for the implementation of dynamic deformation in a spatio-temporal
model, etc. Angulo and Madrid (2010) study through simulation the effect of deformation on the
asymptotic behaviour of the Euler-Poincaré characteristic of threshold exceedance sets, consider-
ing different scenarios depending on local variability and long-range dependence properties of the
underlying random field (see also Angulo and Madrid 2014 in the spatio-temporal case).

In this section, formal extensions of previous definitions and results are developed in general-
ized scenarios. Specifically, ‘level’ and ‘flow’ type deformation effects and population covariate
effect are formalized. A generalized formulation in terms of non-constant thresholds an non-
Lebesgue measures is established.

In the following definition, the concepts of spatially deformed random field for ‘level’ and
‘flow’ type magnitudes are introduced (see Angulo and Madrid 2010,2014.)

Definition 11. Let X be a spatial random field on D ⊆ Rd , and let Φ : D→ D′ ⊆ R be a spatial
deformation (Φ is assumed to be a C1−diffeomorphism with |JΦ|> 0). Then:

(i) If X represents a ‘level’-type magnitude, the deformed random field XΦ on D′ is defined by

XΦ(s′) = X(Φ−1(s′)), ∀s′ ∈ D′ (5.3)

(ii) If X represents a ‘flow’-type magnitude, the deformed random field X
Φ̃

on D′ is defined by

X
Φ̃
(s′) = X(Φ−1(s′))|JΦ(Φ

−1(s′))|−1 = X(Φ−1(s′))|JΦ−1(s′)|, ∀s′ ∈ D′ (5.4)

2

In the ‘level’-type case, the effect is to reallocate in the spatial domain the random field vari-
ables, with state values remaining as originally. In the ‘flow’-type case, the transformation also
involves a local change of measure. In both cases, stationarity and isotropy are not preserved in a
deformed random field.

Next, formal aspects related to the effect on the compound CDF, as well as on the relationships
obtained in the previous section are formalized.
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5.2.1 ‘Level’ Type Deformation Effects

Assume that X represents a ‘level’-type magnitude. The deformed random field XΦ on D′, defined
by Equation (5.3), induces a reinterpretation of the compound CDF that can be formalized as
follows. First, for a local CDF,

FXΦ(s′)(x) = P[XΦ(s′)≤ x] = P[X(Φ−1(s′))≤ x] = FX(Φ−1(s′))(x).

Then,

FD′
XΦ
(x) =

∫
D′

FXΦ(s′)(x)λ
D′(ds′) (ch. of v. s′ = Φ(s))

=
∫

D
FX(s)(x)λ

D
Φ (ds) =: FD;Φ

X (x),

where λ D
Φ

is the normalized measure on D defined by

λ
D
Φ (ds) := [λΦ(D)]−1

λΦ(ds), with λΦ(ds) := |JΦ(s)|ds.

In this case, the compound distribution is constructed on the Φ−deformed Lebesgue measure,
which means that areas in D subject to ‘dilation’ are sampled more densely, and reciprocally.

As a consequence, the relationships derived in the previous section are similarly obtained,
replacing the normalized Lebesgue measure λ D with λ D

Φ
on D:

E
[
V D

Φ
(AVaR1−α (XD;Φ)(X ,D))

]
E
[
λ D

Φ
(AVaR1−α (XD;Φ)(X ,D))

] = ES1−α(XD;Φ)−VaR1−α(XD;Φ), with (5.5)

E
[
λ

D
Φ (AVaR−α (XD;Φ)(X ,D))

]
= α (5.6)

Intuitively, these results can be generalized on the basis of any normalized measure on D (under
suitable regularity conditions), as shown in Section 5.4.

An illustration

Here, Figs. 5.1 and 5.2 show the effect of a ‘level’-type deformation, respectively a contraction
and a dilation, on one particular realization of the Cauchy random field, (see Angulo and Madrid
2010 for details). Figs. 5.3 and 5.4 display the effect induced on local measurements of the AVaR
for the random indicator defined as the average relative excess volume with respect to area per
connected component, in both before and after deformation.
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(a) (b)

Figure 5.1: Simulated realization on the square [0,200]2 of RF of Cauchy class with α = 0.5 and β = 0.1 ,
with variance σ2 = 0.1, conditional to given values at 50 fixed points: Original (left) and deformed towards
origin (right).

(a) (b)

Figure 5.2: Simulated realization on the square [0,200]2 of RF of Cauchy class with α = 0.5 and β = 0.1 ,
with variance σ2 = 0.1, conditional to given values at 50 fixed points: Original (left) and deformed towards
edges (right).
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(a) (b)

Figure 5.3: Local measurements of AVaR (1−α2 = 0.95) of VOLUME/AREA PER CC, from Cauchy
class model with (α,β ) = (0.5,0.1), σ2 = 0.1, for excursion set at percentile level 1−α1 = 0.90: Original
(left) and deformed towards center (right).

(a) (b)

Figure 5.4: Local measurements of AVaR (1−α2 = 0.95) of VOLUME/AREA PER CC, from Cauchy
class model with (α,β ) = (0.5,0.1), σ2 = 0.1, for excursion set at percentile level 1−α1 = 0.90: Original
(left) and deformed towards edges (right).

5.2.2 ‘Flow’ Type Deformation Effects

Assuming now that X represents a ‘flow’-type magnitude, the compound CDF of the X
Φ̃

on D′,
defined by Equation (5.4), is also reinterpreted as follows.
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First, for a local CDF,

FX
Φ̃
(s′)(x) = P[X

Φ̃
(s′)≤ x] = P[X(Φ−1(s′))|JΦ(Φ

−1(s′))|−1 ≤ x]

= P[X(Φ−1(s′))≤ |JΦ(Φ
−1(s′))|x] = FX(Φ−1(s′))(|JΦ(Φ

−1(s′))|x)
= FXΦ(s′)(|JΦ(Φ

−1(s′))|x).

Then,

FD′
X

Φ̃
(x) =

∫
D′

FX
Φ̃
(s′)(x)λ

D′(ds′) =
∫

D′
FXΦ(s′)(|JΦ(Φ

−1(s′))|x)λ D′(ds′)(ch. of v. s′ = Φ(s))

=
∫

D
FX(s)(|JΦ(s)|x)λ D

Φ (ds) =: FD;Φ̃
X (x),

where, as before, λ D
Φ

is the normalized measure on D defined by λ D
Φ
(ds) := [λΦ(D)]−1

λΦ(ds),
with λΦ(ds) := |JΦ(s)|ds.

It can be interpreted as the consideration for X of a ‘functional threshold’, which varies locally
according to the Jacobian determinant, |JΦ(s)|. Areas subject to spatial dilation led more densely
in the D−space, with an increase in the argument of the original local CDF.

The relationships obtained in Section 5.1.1 are rewritten, replacing the normalized Lebesgue
measure λ D with λ D

Φ
on D, and using the intermediate rescaled random field

X[Φ̃](s) = X(s)|JΦ(s)|−1, ∀s ∈ D.

That is, X
Φ̃

can be viewed as a ‘level’-type deformed random field with respect to X[Φ̃]. Indeed,
noting that

F[Φ̃](s)(x) = P[X[Φ̃](s)≤ x] = P[X(s)|JΦ(s)|−1 ≤ x] = P[X(s)≤ |JΦ(s)|x]

= P[X(s)≤ xΦ(s)] = FX(s)(XΦ(s)),

and, consequently,

FD;Φ̃
X (x) =

∫
D

FX(s)(XΦ(s))λ D
Φ (ds) =

∫
D

FX[Φ̃](s)
(x)λ D

Φ (ds),

it is observed that, FD;Φ̃
X (x) := FD;Φ

X[Φ̃]
, i.e., the compound CDF of the intermediate random field

X[Φ̃] with respect to the measure λ D
Φ

.
This allows to establish the Equation 5.5 applied to the ‘flow’-type case, as follows. Denoting

by XD;Φ̃ the r.v. with CDF FD;Φ̃
X ≡ FD;Φ

X[Φ̃]
, (i.e. XD;Φ̃ ≡ XD;Φ

[Φ̃]
a.s., in the sense

(
X[Φ̃]

)D;Φ
from the

Thesis



84 5.2 Effect of Deformation in Spatiotemporal Risk Analysis

intermediate random field {X[Φ̃](s) : s ∈ D}),

E
[
V D

Φ (AVaR1−α (XD;Φ̃)(X[Φ̃],D))
]

E
[
λ D

Φ (AVaR1−α (XD;Φ̃)(X[Φ̃],D))
] = AVaR1−α(XD;Φ̃)−VaR1−α(XD;Φ̃), with (5.7)

E
[
λ D

Φ (AVaR1−α (XD;Φ̃)(X[Φ̃],D))
]

= α (5.8)

The intermediate random field X[Φ̃] also provides a case of non-constant thresholds. Since, by

definition in Chapter 2, Au(X ,D) = {s ∈ D : X(s) ≥ u} is the excursion set of X in D over level

u ∈R, then Au(X[Φ̃],D) = {s ∈D : X[Φ̃](s)≥ u}= {s ∈D : X(s)|JΦ(s)|−1 ≥ u}= {s ∈D : X(s)≥
|JΦ(s)|u}= {s ∈ D : X(s)≥ uΦ(s)}= AuΦ(X ,D). Hence, the ‘constant-threshold exceedance set’

Au(X[Φ̃],D) can now be seen as a ‘non-constant-threshold exceedance set’ AuΦ(X ,D), with respect

to the ‘functional’ threshold uΦ defined as

u→ uΦ ≡ {uΦ(s) = |JΦ(s)|u : s ∈ D}.

Accordingly,

E
[
V D

Φ (A(VaR1−α (XD;Φ̃))Φ
(X[Φ̃],D))

]

E
[
λ D

Φ (A(VaR1−α (XD;Φ̃))Φ
(X[Φ̃],D))

] = AVaR1−α(XD;Φ̃)−VaR1−α(XD;Φ̃), with (5.9)

E
[
λ D

Φ (A(VaR1−α (XD;Φ̃))Φ
(X[Φ̃],D))

]
= α (5.10)

Or, in fact, given u ∈R and calling (in this case) αu the value in (0,1] such that FD;Φ̃
X (u) = 1−αu

(αu = SD;Φ̃
X ), then

E
[
V D

Φ (AuΦ(X ,D))
]

E
[
λ D

Φ (AuΦ(X ,D))
] = AVaR1−αu(X

D;Φ̃)−u. (5.11)

(since, in that case, VaR1−αu(X
D;Φ̃) = (FD;Φ̃

X )−1(1−αu) = u.)

Finally, it is important to remind that, although the set AuΦ(X ,D) projects on the uΦ non-linear

surface, is must be clear that it is properly a subset of D, then the area λ D
Φ (AuΦ(X ,D)) is interpreted

in the usual sense of the Lebesgue measures on D. As for the volume, it must be understood that it

integrates the area (on D) of the layers of the intermediate rescaled random field X[Φ̃] (with these

layers as subsets of Du := D×{u}, for each u), with respect to the Lebesgue measure on the real

line segment [uα ,+∞).
These considerations suggest that a (more) general formulation can be established for non-

constant thresholds, in an appropriate sense, as shown in Section 5.4.
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An illustration

For this illustration, the Cauchy random field is also used. Here, Fig. 5.5 shows the effect of
a ‘flow’-type deformation on one particular realization of the random field. Fig. 5.6 illustrates
the effect induced on local measurements of the AVaR for the random indicator defined as the
average relative excess volume with respect to area per connected component, before and after
deformation.

(a) (b)

Figure 5.5: Simulated realization on the square [0,200]2 of RF of Cauchy class with α = 0.5 and β = 0.1 ,
with variance σ2 = 0.1, conditional to given values at 50 fixed points: Original (left) and deformed towards
origin (right).

(a) (b)

Figure 5.6: Local measurements of AVaR (1−α2 = 0.95) of VOLUME/AREA PER CC, from Cauchy
class model with (α,β ) = (0.5,0.1), σ2 = 0.1, for excursion set at percentile level 1−α1 = 0.90: Original
(left) and deformed towards center (right).
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5.3 Effect of Covariates in Spatiotemporal Risk Assessment

As mentioned before, spatial and spatiotemporal risk assessment is not always strictly focused
on the physical magnitude representing the underline phenomenon. For instance, risk related to
population exposure should take into account covariates such as population density over the spatial
domain. Recalling the example case of PM10 pollution analyzed in Chapter 4, a population based
risk analysis may be more relevant. In this section, the effect of the population density covariate is
illustrated. Population, as well as population proportion, exposed due to exceedance are relevant
random indicators in this context.

5.3.1 Population Covariate

Let {H(s) : s ∈ D} be the population density function on domain D. For W ⊆ D,

H(W ) =
∫

W
H(s)ds, and

Hλ (W )(W ) =
H(W )

λ (W )
=
∫

W
H(s)λW (ds)→ Hλ (W )(s) =

H(s)
λ (W )

=
∫

W
Hλ (W )(s)ds

represents, respectively, the population within W , and the average population density on W .
Let Au(X ,W ) the excursion set of X on W above the threshold u. Random indicators of area,
λ (Au(X ,W )), and area proportion, λW (Au(X ,W )) = λ (Au(X ,W ))

λ (W ) , were considered in Chapter 3.
Now, the random indicator population exposed due to exceedance is considered. This indicator is
given (for each realization) by

H(Au(X ,W )) =
∫

Au(X ,W )
H(s)ds =

∫
W

IX
u (s)H(s)ds,

Proposition 5.3.1. The expected population exposed due to exceedance is:

E [H(Au(X ,W ))] = H(W )
[
1−FW,H

X (u)
]

(5.12)

with FW,H
X (u) =

∫
W FX(s)(u)λW,H(ds), where λW,H(ds) = H(s)

Hλ (W )(W )
λW (ds).

Proof Denoting HW (s)ds = H(s)
H(W )ds with

(∫
W HW (s)ds = 1

)
, and noting that
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Hλ (W )(s) = H(s)
λ (W ) =

H(s)
H(W )

H(W )
λ (W ) = HW (s)Hλ (W )(W ), by Fubini’s Theorem,

E [H(Au(X ,W ))] = E
[∫

W
IX
u (s)H(s)ds

]
=
∫

Ω

(∫
W

IX
u (s)H(s)ds

)
P(dw)

=
∫

W
H(s)

(∫
Ω

IX
u (s)P(dw)

)
ds =

∫
W

H(s)P [X(s)≥ u]ds

=
∫

W
H(s)SX(s)(u)ds =

∫
W

H(s)
[
1−FX(s)(u)

]
ds

= H(W )
∫

W

[
1−FX(s)(u)

] H(s)
H(W )

ds = H(W )

[
1−

∫
W

FX(s)(u)H
W (s)ds

]
= H(W )

[
1−

∫
W

FX(s)(u)
H(s)

Hλ (W )(W )
λ

W (ds)
]
= H(W )

[
1−FW,H

X (u)
]

2

Then, the weighted compound CDF (population-density-based) is defined by

FW,H
X (u) =

∫
W

FX(s)(u)λ
W,H(ds),

where λW,H(ds) = H(s)
Hλ (w)(W )

λW (ds). Hence, λW,H(ds) is obtained by a change of measure from

λW (ds), the weights in this change of measure being

H(s)
Hλ (W )(W )

=
True local population density at s

Average local population density on W

This is a density function on W (non-negative, integrates 1), which is the Radon-Nykodyn deriva-
tive of λW,H with respect to λW .

Correspondingly, the indicator proportion of population exposed due to exceedance can be
considered. This is given (for each realization) by

HW (Au(X ,W )) =
H(Au(X ,W ))

H(W )
,

whose expected value is E
[
HW (Au(X ,W ))

]
= 1−FW,H

X (u).
As before (see Section 5.2), this case also suggest considering a more general formulation

involving non-Lebesgue measures for the compound CDF, as shown in Section 5.4.
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5.3.2 Ambient PM10 Pollution Population Exposure

For this illustration, as in Section 4.2, daily averages of PM10 concentrations measured at 9 sta-
tions (within the network of Andalusia’s zoning for assessing air quality) in the Carboneras area,
along six consecutive days, are considered. Now, risk assessment takes into account the effect
on population, i.e. the population density is considered as a the relevant covariate. Specifications
for the model, parameter estimates, grid of pixels, threshold, confidence level, global an local
analysis description, etc., remain as before. Population density distribution at 250m scale in the
Carboneras area is considered (Institute of Statistic an Cartography of Andalusia’s Goverment -
http://www.juntadeandalucia.es/institutodeestadisticaycartografia/temas/index-car.htm).

#

#

#
#

#

#

#

#

#

(a) Andalusia.

(b) Carboneras area in Almerı́a province.

Figure 5.7: PM10 measurement network and population density distribution at 250m scale.
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Fig. 5.7 shows the zoning for assessing air quality in Andalusia and the data measurement
network at Carboneras area. Figs. 5.8 and 5.9 display, for two consecutive days, the temporal
dynamics of absolute population density (first) and relative population density (second) at risk
above a pre-fixed threshold level of critical concentration of PM10.

(a) T = 3. (b) May T = 4.

Figure 5.8: Local measurements of VaR for indicator population exposed.

(a) T = 3. (b) T = 4.

Figure 5.9: Local measurements of VaR for indicator proportion of population exposed.

This illustration shows the relevance of risk assessment considering the population density
covariate, since it provides a dynamic risk mapping focused on true areas at risk (inhabited areas)
and focussed on the effects regarding population exposure.
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5.4 Generalized Scenarios
Let X be a spatial random field on D ⊆ Rd . Now a parametric family of surfaces (or ‘parametric
surface’) ξ = {ξu(s) : s ∈ D,u ∈R} is considered. In principle, ξ should satisfy:

(i) For fixed s ∈ D, ξ·(s) : R→ R is a continuous (strictly) monotonically increasing function
of u, with ξ·(R)≡R, i.e. ξ−∞(s) =−∞ and ξ+∞(s) = +∞ (as limits).

(ii) For fixed u ∈R, ξu(·) : D→R is a ‘smooth’ surface (e.g., with a bounded gradient on D.)

Note that, in general, ξ·(s) (for fixed s ∈ D) does not need to be linear on u, that is, it represents a
certain ‘distortion’ on R. Let λ̃ be a (finite) measure on D, and λ̃ D its normalization on D,

λ̃
D(ds) =

λ̃ (ds)
λ̃ (D)

,

where it is implicitly assumed that λ̃ is absolutely continuous with respect to the Lebesgue mea-
sure, λ̃ << λ . Special cases of this measure are:

(i) Φ- deformation (‘level’-type) scenario:

• λ̃ (ds) = |JΦ(s)|λ (ds)

• ξu(s)≡ u, for each u ∈R

(ii) Φ̃- deformation (‘flow’-type) scenario:

• λ̃ (ds) = |JΦ(s)|λ (ds)

• ξu(s) = |JΦ(s)|u, for each u ∈R

In the special case of a ‘flow’ type deformation, as seen in Section 5.4, a threshold u for
FX(s) is transformed into a threshold |JΦ(s)|u for FXΦ(s′), with s′ = Φ(s). Hence, in that particular
case, the transformation is linear at each s, although with a different positive derivative |JΦ(s)|
for each s (or |JΦ(Φ

−1(s′))| for each s′). ‘Smoothness’ is guaranteed by the condition that Φ is a
C1−diffeomorphism, with positive Jacobian bounded for both Φ and Φ−1.

A general definition of a compound CDF based on a functional threshold ξ , and a change of
measure λ̃ on D, is introduced as follows:

FD
X ;λ̃ ,ξ (u) =

∫
D

FX(s)(ξu(s))λ̃ D(ds)

For a proper formalization, the definition of a ξu−level excursion set is derived as:

Aξu(X ,D) = {s ∈ D : X(s)≥ ξu(s)} ⊆ D
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for a given functional threshold {ξu(s)}≡ ξ and a given value u∈R. This is the excursion set of X
in D over the function level ξu. Since, for each fixed s∈D, ξ.(s)≡ {ξu(s) : u∈R} is a continuous
(monotonically) increasing function of u, with ξ (R)≡R, hence it is an order-preserving bijection,
with [ξ.(s)]

−1 also being a continuous (monotonically) increasing function on R. Then,

X(s)≥ ξu(s) ⇐⇒ [ξ.(s)]
−1 (X(s))≥ [ξ.(s)]

−1 (ξu(s)) = u

and

Aξu(X ,D) = {s ∈ D : ([ξ.(s)]
−1 ◦X)(s)≥ u}= Au(X[ξ ],D),

where the ‘ξ−rescaled’ random field X[ξ ] is defined as X[ξ ] = ([ξ.(s)]
−1 ◦X)(s), for each s ∈D. In

this respect, the ‘non-constant-threshold exceedance set’ Au(X[ξ ],D) can be viewed as a ‘constant-
threshold exceedance set’, Au(X[ξ ],D), with respect to the (locally) ‘ξ−rescaled random field’,
X[ξ ].

As for the compound CDF FD
X ;λ̃ ,ξ

(u), u ∈R:

FX(s)(ξu(s)) = P [X(s)≥ ξu(s)] = P
[
X[ξ ](s)≥ u

]
= FX[ξ ](s)(u)

and therefore,

FD
X ;λ̃ ,ξ (u) =

∫
D

FX[ξ ](s)(u)λ̃
D(ds) = FD

X[ξ ];λ̃
(u);

that is, FD
X ;λ̃ ,ξ

can be viewed, properly, as a true compound CDF, of the random field X[ξ ] with

respect to the measure λ̃ .
Similarly to the results obtained for the case of a spatially deformed (‘level’ and ‘flow’ types)

random field, the following relationship is established:

E
[
V D

λ̃
(AVaR1−α (XD

λ̃ ,ξ
)(X[ξ ],D))

]
E
[

λ̃ D(AVaR1−α (XD
λ̃ ,ξ

)(X[ξ ],D))

] = AVaR1−α(XD
λ̃ ,ξ

)−VaR1−α(XD
λ̃ ,ξ

), with (5.13)

E
[

λ̃
D(AVaR1−α (XD

λ̃ ,ξ
)(X[ξ ],D))

]
= α, (5.14)

where X[ξ ](s) := ([ξ (s)]−1 ◦X)(s) on D, and XD
λ̃ ,ξ

is the r.v. corresponding to the compound CDF
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FD
X ;λ̃ ,ξ

(u). Since Au(X[ξ ],D) = Aξu(X ,D), with ξu ≡ ξ (.), then

E

[
V D

λ̃
(AξVaR1−α (XD

λ̃ ,ξ
)
(·)(X ,D))

]

E

[
λ̃ D(AξVaR1−α (XD

λ̃ ,ξ
)
(·)(X ,D))

] = AVaR1−α(XD
λ̃ ,ξ

)−VaR1−α(XD
λ̃ ,ξ

), with (5.15)

E

[
λ̃

D(AξVaR1−α (XD
λ̃ ,ξ

)
(·)(X ,D))

]
= α (5.16)

As before, given u ∈R and calling (in this case) αu the value in [0,1] such that FD
X ;λ̃ ,ξ

(u) = 1−αu

(αu = SD
X ;λ̃ ,ξ

(u), hence u = VaR1−α(XD
λ̃ ,ξ

)), then

E
[
V D

λ̃
(Aξu(X ,D))

]
E
[
λ̃ D(Aξu(X ,D))

] = AVaR1−αu(X
D
λ̃ ,ξ

)−u. (5.17)
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Chapter 6

Non-stationary Extensions for Random
Field Threshold Exceedance Asymptotic
Error Bounds

In this chapter, first, an asymptotic approach based on the well-known mollifier regularizing
sequence is proposed under non-suitable regularity conditions for the underlying random field
model. Second, the asymptotics of (2.1) for large u in generalized scenarios such as spatial defor-
mation and blurring transformation is discussed.

6.1 Asymptotic Approach Based on Regularizing Sequences:
mollifier

As mentioned before, real phenomena of interest in Geophysics and Environmental Sciences,
among other areas, are usually modelled by locally non-regular random fields. Kernel-based blur-
ring transformations have been used in applications for image analysis, environmental modelling,
etc., to generate smooth representations suitable for analysis at lower resolution scales. Under
appropriate assumptions, regularizing kernel sequences provide sample-path convergence to the
reference model. Different approaches address the asymptotics of (2.1) under suitable regularity
assumptions on the underlying random field model representing the phenomenon under analysis.
The approach based on the mollifier regularizing sequence allows working with random fields
under the only hypothesis of sample-path continuity or even Lp sample paths. Relationships be-
tween the excursion sets of the reference random field and the transformed sequence, as well as
the asymptotic behaviour of first-order indicators related to structural properties of excursion sets,
useful for risk assessment, are discussed. Finally, since it is usual being interested in a specific
level of resolution, the previous relationships are also of relevance for practice. Indeed, in this
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chapter, the smoothing effect and order of approximation are studied in relation to exceedance
probabilities for increasing thresholds, considering different regularizing kernel sequences, within
different scenarios regarding the underlying random field.

Definition 12. A family of functions {φδ : δ > 0} is said to be a ‘mollifier’ or regularizing se-
quence, if and only if, it satisfies:

(i) φδ ∈C∞(Rd)

(ii) φδ (s)> 0 over Rd

(iii) supp(φδ ) = B̄(0,δ )

(iv)
∫
Rd φδ = 1

2

Considering φ(s) = exp
(

1
|s|2−1

)
if |s| < 1 and φ(s) = 0 if |s| > 1, the family of functions

φδ (s) =Cδ−dφ( s
δ
), with C = 1∫

Rd φ
, is a mollifier.

This mathematical object, mollifier, is a classical tool in areas such as Distribution Theory or
Functional Analysis, as smooth functions sequences approximating non-smooth functions. The
name mollifier1 was first introduced by Friedrichs (1944), although the first one who used this
regularizing sequence approach, without this name, was Sergei Sobolev in the proof of his Em-
bedding Theorem (see, Sobolev 1938).

The mollifiers have an useful asymptotic behaviour (see Brezis 2011), i.e., given a mollifier
{φδ : δ > 0} and a sample path x of X ,

(i) if x ∈ L1
loc(R

d), then φδ ∗ x ∈C∞(Rd) and Di (φδ ∗ x) = Di (φδ )∗ x

(ii) if x ∈C(Rd), then φδ ∗ x−−−→
δ→0

x uniformly for compact sets on Rd

(iii) if x ∈ Lp(Rd) with 1≤ p≤ ∞, then φδ ∗ x−−−→
δ→0

x in Lp(Rd)

Although the support of a Gaussian density is not compact, the family {φδ : δ > 0} based on
φ(s) = 1

(2π)
d
2

exp
(
− |s|

2

2

)
,∀s ∈ Rd , also provides convergence.

1According to the commentary of Peter Lax, whose thesis advisor was K. O. Friedrichs, in Friedrichs and
Morawetz (1986): On English usage Friedrichs liked to consult his friend and colleague, Donald Flanders, a de-
scendant of puritans and a puritan himself, with the highest standard of his own conduct, noncensorious towards
others. In recognition of his moral qualities he was called Moll by his friends. When asked by Friedrichs what to
name the smoothing operator, Flanders remarked that they could be named mollifier after himself; Friedrichs was
delighted, as on other occasions, to carry this joke into print.
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An illustration

The smoothing effect is analyzed by simulation for different scenarios of Cauchy class in the
square [1,200]2, by means of the mollifier regularizing sequence obtained for d = 2 and δ = 32

n
with n = 1,2,4,8,16,32. This simulation study considers k = 2, supp(φ) = B̄(0,r) for r > 0, so
that,

φ(x) =


exp
(

1
| xr |2−1

)
i f |x|< r

0 i f |x|> r

and δ = 1
n .

The expression (6.1) is computed for n = 1,2,4,8,16,32 with r = 32, obtaining 6 kernels in
disks of radii 32,16,8,4,2,1, respectively, as shown in Figs. 6.1 and 6.2,

φn(x) =


Cn2 exp

(
1

| nx
r |2−1

)
i f |x|< r

n

0 i f |x|> r
n

(6.1)

Fig. 6.1 displays the first six mollifier kernels simulated, whilst Fig. 6.2 shows the smoothing
effect for two Cauchy random fields with parameter α = 2.

n = 1 n = 2 n = 4

n = 8 n = 16 n = 32

Figure 6.1: Mollifier kernels.
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(α,β ) (2,0.9) (2,0.1) (0.5,0.9) (0.5,0.1)

n = 1

n = 2

n = 4

n = 8

n = 16

n = 32

Figure 6.2: Mollifier smoothing effect.

As mentioned before, a relevant research issue is related to real cases for which the underlying
random field model representing the phenomenon of interest has not suitable regularity conditions
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(see, for example, Adler 1981). In this context, an asymptotic approach based on the mollifier
regularizing sequence could be appropriate. From a methodological risk assessment point of view,
some specific aspects should be analyzed. For instance:

(i) Relationships between the excursion sets of the reference random field model and the se-
quence of excursion sets under mollifier regularization.

(ii) Properties of Au(φδ ∗X ,D) = {s ∈ D : φδ ∗X(s)≥ u}.

(iii) Asymptotics of Au(φδ ∗X ,D),δ → 0.

(iv) Analysis of the sequence of first-order indicators (asymptotic behaviour):

• λ (Au(φδ ∗X ,D)) =
∫

Au(φδ ∗X ,D)λ (ds)

• λ D(Au(φδ ∗X ,D)) = λ (Au(φδ ∗X ,D))
λ (D)

• V (Au(φδ ∗X ,D)) =
∫
∪u′≥uAu′(φδ ∗X ,D)λ (ds)du′

• V D(Au(φδ ∗X ,D)) = V (Au(φδ ∗X ,D))
λ (D)

• V Au(Au(φδ ∗X ,D)) = V (Au(φδ ∗X ,D))
λ (Au(φδ ∗X ,D))

• V̄ cc(Au(φδ ∗X ,D)) = 1
ND

cc
∑

ND
cc

i=1

{
V (Au(φδ ∗X ,Ci))
λ (Au(φδ ∗X ,Ci))

}
(v) Asymptotics of first-order indicator sequences, i.e., additional assumptions to get limδ→0 λ (Au(φδ ∗

X ,D)) = λ (Au(X ,D)) may be required.

(vi) For a specific level of resolution, i.e. if δ =
1
n

, it might be possible to establish some rela-
tionships like:

• Au(φδ ∗X ,D)→ Au(X ,D)

• λ (Au(φδ ∗X ,D)) = O
(

1
n

)
λ (Au(X ,D))

This regularizing approach should provide: an improvement of the risk assessment method-
ology proposed in Chapter 3; sequential risk mapping allowing risk assessment for the reference
random field models; extensions of asymptotic error-bound approximations between threshold
exceedance probabilities at a specific resolution level and the expected value of Euler-Poincaré
characteristic of the excursion set at this level, etc.

If X has C2 sample paths, under appropriate assumptions, threshold exceedance probabilities
are approximated, for large u-threshold, by the expectation of the Euler-Poincaré characteristic
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of the excursion set at u-level. As mentioned in Chapter 2, general results by Adler and Taylor
(2007) and Azaı̈s and Wschebor (2009) provide similar error bounds of the type∣∣∣∣P[sup

s∈D
X(s)≥ u

]
−E [ϕ(Au(X ,D))]

∣∣∣∣< O
(

e
−u2

2 f (s)
)
,

where f depends on the random field and the geometry of the parameter set. Let X be a cen-
tered, isotropic and stationary random field with C2 sample paths over a convex set D. Azaı̈s and
Wschebor (2009) prove from (2.5) that in the expression above

f (s) =
(

1+
1

12C′′(0)−1

)
. (6.2)

Despite the restrictive assumptions on the domain and the underlying random field, this is a
tractable expression for the error bound since the only needed calculation is related to the covari-
ance function of the random field. Mollifier regularizing effect provides a sequence of C∞ blurred
sample paths. Under certain hypotheses on the non-regular random field this should provide an
appropriate sequence of asymptotic error bounds in relation to the asymptotic error bound for
threshold exceedance probabilities of the underlying random field.

6.2 Extension for Spatially Deformed Random Fields
In this section, the order of the error-bound approximation for threshold exceedance probabilities
of random fields obtained by spatial deformation and blurring transformation is discussed.

Let X be a random field on D satisfying the suitable regularity conditions listed in Def. 10
and, in addition, assumptions in Azaı̈s and Wschebor (2009), Th. 8.12, Cor. 8.13 and Cor. 8.14,
i.e., E [X(s)] = 0, Var(X(s)) = 1, Var(X ′(s)) = Id , ∀s ∈ D. Let Φ be a spatial deformation with
both |JΦ| and |JΦ−1| bounded.

An approach based on spatially deformed random fields will derive similar asymptotic error
bounds for threshold exceedance probabilities under appropriate spatial deformations, since the
needed computation from (2.5) is mainly relative to obtaining expressions for the first derivatives
of the deformed random field. The assumptions on Φ, as a spatial deformation, jointly with the
regularity conditions on X , provide regularity conditions for the deformed random field Y and for
geometrical characteristics of D′ = Φ(D).

In this context, the inequality (2.5) remains for the ‘level’-type deformed random field Y =
XΦ on D′ defined by Equation (5.3). Indeed, regularity assumptions for X provide a tractable
expression for derivatives of the random field Y ,

Y ′(s′) = (XΦ(s′))′ = (X(Φ−1(s′)))′ = X ′(Φ−1(s′))JΦ−1(s′) = X ′Φ(s
′)JΦ−1(s′).

This expression is based on the composition between two differentiable functions.
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Now, let Y = X
Φ̃

be a ‘flow’-type deformed random field. Expressions for the derivatives are
not as direct as for the ‘level’-type case. Recalling the expression for the first derivative of the
determinant of a matrix function (see Harville 1997),

∂

∂ s j
[|A(s)|] = tr

[
adj(A(s))

∂A
∂ ts

]
, (6.3)

if in addition A(t) is a nonsingular and differentiable matrix, then

∂

∂ s j
[|A(s)|] = |A(s)|tr

[
A−1(s)

∂A
∂ s j

]
. (6.4)

Regularity assumptions on the underlying random field and on the spatial deformation allow to
apply the inverse function theorem and the chain rule:

Y
′
(s) =

(
(X ◦Φ

−1)(s)|JΦ−1(s)|
)′

=
(
(X ◦Φ

−1)(s)
)′ |JΦ−1(s)|+(X ◦Φ

−1)(s)(|JΦ−1(s)|)′

= X ′Φ(s
′)JΦ−1(s′)|JΦ−1(s)|+(X ◦Φ

−1)(s)|JΦ−1(s)|
(

tr
[
(JΦ−1(s))−1 ∂JΦ−1(s)

∂ s j

])
j=1,...,d

.

Therefore, Y
′
(s) = X

′

Φ̃
(s)J−1

Φ
(s)+X

Φ̃
(s)B(s), with B(s) =

(
tr
[
(JΦ−1(s))−1 ∂J

Φ−1(s)
∂ s j

])
j=1,...,d

.

For both, ‘level’ and ‘flow’ type deformed random fields, the error-bound approximation for
the excursion probabilities is obtained relating the conditional variance and the covariance func-
tions of the deformed random field.

Error-bound of approximation for excursion probabilities involve strong regularity assump-
tions on the random field. However, as mentioned in the previous section, real phenomena are
modelled by random fields that do not always satisfy these regularity conditions. Extensions of
(2.5) are possible for stationary random fields obtained by a convolution-based blurring transfor-
mation as (6.5) in which the underlying random field does not satisfies suitable regularity condi-
tions. The ‘blurred’ random field is defined as (see Angulo and Madrid 2010; Angulo and Madrid
2014, Goitı́a et al. 2004, Mardia et al. 2006)

X [h](s) = h∗X(s), (6.5)

where h is a positive kernel integrating 1 over the whole space Rd and ∗ is the convolution operator.
Let Y = X [h], h ∈C1

0(Rd), with assumptions given in Azaı̈s and Wschebor (2009), Cor. 8.15 on
the parameter set D. Then, expression (2.5) will be valid under appropriate blurring kernels, since,
as before, the only needed calculation is related to the first derivative of the blurred random field.
Here, suitable regularity conditions from Def. 10 remain for the spatial domain, whilst for the
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blurred random field are supported by the regularity conditions of the kernel. The expression for
the first derivative of the blurred random field is the derivative of the convolution operator between
two functions, where at least one of them is differentiable (see, for example, Brezis 2011);

Y
′
(s) = h

′
∗X(s).

As before, the error-bound approximation for the excursion probabilities is obtained relating the
conditional variance and the covariance functions of the blurred random field.

An illustration

The rate of decrease of the error-bound for large u, considering the Cauchy class model with
fixed parameter α = 2 (because its regularity conditions), is analyzed with four different values
of parameter β . Error-bound is computed from (6.2). Fig. 6.3 displays the Cauchy scenarios
considered for this illustration. Fig. 6.4 shows the asymptotic behaviour of the error-bound for
large u. It is remarkable that these four curves are confused in only two, one for the lower values
of the parameter β and the other for higher values of this parameter. .

Figure 6.4: Error-bound order of approximation.
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(a) Cauchy (α,β ) = (2,0.1). (b) Cauchy (α,β ) = (2,0.5).

(c) Cauchy (α,β ) = (2,0.9). (d) Cauchy (α,β ) = (2,2).

Figure 6.3: Cauchy class sample paths.
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Chapter 7

Synthesis and Open Lines

7.1 Synthesis

In this thesis work, a flexible methodological approach for spatial and spatiotemporal risk assess-
ment of threshold exceedances is introduced bringing together the theory of risk measures and the
structural characteristics of threshold excursion sets of random fields. The methodology proposed
can be applied in a wide variety of situations, with minimum requirements except for the ability
to perform conditional simulation in the case under study. Indeed, in Chapter 3, using the empiri-
cal distribution, derived from conditional simulation on given observations, of selected indicators
related to geometrical characteristics of the excursion sets, quantile-based risk measures such as
Value-at-Risk and Average Value-at-Risk are evaluated at global or subregional scales. The latter
allow the construction of (static or dynamic) risk maps at different resolution levels. In particular,
first-order indicators such as absolute or relative versions of exceedance area and excess volume
are formally shown to have a meaningful formalization in terms of the compound cumulative (and
its reciprocal decumulative) distribution function, which further provides a global quantile cor-
respondence and interpretation regarding the determination of the threshold exceedance level of
interest for study. Computational aspects of the implementation of the procedure are described.
Different issues related to the characteristics of the underlying random field, in the spatial case, are
analyzed and discussed through simulated examples. These refer to the nature of the tails of the
marginal distributions, as well as to the range of spatial dependence and local variability of realiza-
tions. In the spatiotemporal case, application to predictive risk for different horizons is illustrated
based on a well-known autoregressive model involving blur-generated diffusivity. In Chapter 4
three applications of the methodology proposed in Chapter 3 are analyzed for spatial and spa-
tiotemporal real scenarios (rainfall and ambient PM10 pollution). In Chapter 5 analytical aspects
regarding VaR-related interpretation of the expected excess volume vs. expected excedance area
ratio, in terms of the compound CDF AVaR-VaR increment are formalized. A detailed analysis for
the asymptotics of this relationship is performed in relation to the shape parameter of the Gener-
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alized Pareto Distribution. Effects in some special general scenarios of interest, such as spatially
deformed random fields (with reference to both ‘level’ and ‘flow’ type deformation) and the con-
sideration of population covariate, is also formalized in this context. A more general formulation
involving non-constant thresholds and non-Lebesgue measures for the compound CDF is estab-
lished. Finally, in Chapter 6, under the regularizing sequence approach, the asymptotics of error
bound threshold exceedance probabilities is addressed for random fields without some restrictive
regularity conditions.

7.2 Open Lines
Different directions for continuing research are open, some of them under development, among
which the following ones are particularly stressed:

(i) Definitions of spatial risk measures and associated axiomatic, depending on the problem
under study.

(ii) Distributional properties of the closed random sets obtained by exceedance thresholds and
of the first-order random indicators introduced in this thesis based on the theory of closed
random sets.

(iii) Analysis of structural characteristics of threshold exceedance sets under the regularizing
sequence of mollifiers approach (to an established resolution scale, asymptotic behaviour,
etc.)

(iv) Formal extensions of the results of this thesis for stochastic thresholds, test-function based
thresholds, etc.

(v) Sensitivity analysis with respect to different sources of perturbation and model specifica-
tions.

(vi) Clustering and dynamics of ‘hotspots’.

(vii) Analytical and methodological developments for second- and higher-order indicators.

(viii) Extension and application of state distortion and space deformation approaches in relation
to model complexities.

7.3 Contributions
The research involved in this thesis work has derived in different contributions.

Publication:
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• Romero J. L., Madrid A. E., Angulo J. M. (2018) Quantile-based spatiotemporal risk as-
sessment of exceedances. Stochastic Environmental Research and Risk Assessment, Vol. 32
(8), August 2018, pp. 2275-2291.

Several papers related to contents of this thesis work are in process, involving:

• An applied analysis of the proposed methodology in Chapter 3 with real data according to
Chapter 4.

• From Chapter 5, formal aspects of the effect of covariates as population density and an
illustration with the relevant issue of ambient PM10 population exposure at the Carboneras
industrial area.

• A formalization of the generalized approach for non-constant thresholds and non-Lebesgue
measures, also from Chapter 5.

• Asymptotics for error bound approximations of threshold exceedance probabilities under
non-regularity assumptions by means of the regularizing sequence approach introduced in
Chapter 6.

Invited talks in national and international meetings:

• Romero J. L., Angulo J. M., Regularizing asymptotic approach for structural characteristics
of random field excursion sets. Workshop on Can Stochastic Geometry handle Dynamics
of Risk Management? School of Economics and Managment, Lund University, Sweeden.
18-20 April 2018.

• Angulo J. M, Romero J. L., A conditional approach for spatiotemporal risk assessment
of random field threshold exceedances. Workshop on Can Stochastic Geometry handle
Dynamics of Risk Management? School of Economics and Managment, Lund University,
Sweeden. 18-20 April 2018.

• Angulo J. M., Madrid A. E., Romero J. L., Spatiotemporal risk assessment of exceedances.
8th International Workshop on Spatio-Temporal Modelling (METMA VIII), Valencia, Spain,
2016. ISBN: 978-84-608-8468-2, University of Valencia, 1, 2016.

• Romero J.L., Risk measures in spatial and spatio-temporal frameworks. Seminar of Young
Researchers in Mathematics, IEMath-Granada, Granada, Spain, 2016.

• Angulo J. M., Madrid A. E., Romero J. L., Threshold exceedance risk assessment in com-
plex space-time systems. European Geosciences Union General Assembly (EGU2015), Vi-
enna, Austria, 2015.
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• Angulo J. M., Madrid A. E., Romero J. L., Measuring risk for space-time environmental
processes. The International Environmetrics Society Conference (TIES2014). Guangzhou,
China, 2014.

• Angulo J. M., Madrid A. E., Romero J. L., Spatiotemporal risk assessment of random field
exceedance indicators. International Conference on Quantification of Uncertainty in Engi-
neering (QUEST2015), Science & Technology, Beijing, China, 2015.

Contributed talks in national and international meetings:

• Romero J. L., Angulo J. M., Non-stationary extensions for random field threshold ex-
ceedance asymptotic error bounds. XXXVII Congreso Nacional de Estadı́stica e Investi-
gación Operativa. Oviedo, Spain, 2018.

• Romero J. L., Angulo J. M., Asymptotic error bound approximation of threshold exceedance
probabilities for non-stationary random fields. 10th International Conference of the ERCIM
WG on Computational and Methodological Statistics. 11th International Conference on
Computational and Financial Econometrics. Senate House, University of London, UK,
2017.

• Romero J. L., Madrid A. E., Angulo J. M., Risk measures on threshold exceedance structural
indicators in spatiotemporal processes. 1st Spanish Young Statisticians and Operational
Researchers Meeting (SYSORM 2017). Granada, Spain, 2017.

• Romero J. L., Madrid A. E., Angulo J. M., Effect of transformations in space-time risk
assessment. XXXVI Congreso Nacional de Estadı́stica e Investigación Operativa. Toledo,
Spain, 2016. Doi: http://dx.doi.org/10.18239/jor07.2016, University of Castilla La Mancha
(Toledo-Spain), 151, 2016.

• Angulo J. M., Madrid A. E., Romero J. L., Space-time risk assessment of threshold ex-
ceedances. XXXV Congreso Nacional de Estadı́stica e Investigación Operativa, Pamplona,
Spain, 2015. ISBN 978-84-606-7906-6, Department of Statistic and OR of University of
Pamplona (Spain), 135, 2015.

• Romero J. L., Madrid A. E., Angulo J. M., Conditional risk assessment in spatial and spatio-
temporal settings: effect of covariates. International Conference of the ERCIM WG on
Computational and Methodological Statistics. London, United Kingdom, 2015.

• Angulo J. M., Madrid A. E., Romero J. L. , Quantile-based risk assessment of spatial thresh-
old exceedances. International Conference on Advances in Extreme Value Analysis and
Application to Natural Hazards (EVAN2015). Santander, Spain, 2015.
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• Romero J. L., Angulo J. M., Asymptotic extremal behavior of spatially deformed station-
ary random fields. International Workshop on Proximity Data, Multivariate Analysis and
Classification. Granada, Spain, 2014.

• Romero J. L., Angulo J. M., On excursion probabilities for a class of non-stationary random
fields. METMA VII and GRASPA14 Conference. Torino, Italy, 2014. GRASPA WORKING
PAPERS, 2015-01-31T08:43:23Z, http://hdl.handle.net/10446/31676.

Poster in national meeting:

• Romero J. L., Madrid A. E., Angulo J. M., Smoothing asymptotic approximation for non-
regular random fields. XXXV Congreso Nacional de Estadı́stica e Investigación Operativa,
Pamplona, Spain, 2015. ISBN 978-84-606-7906-6, Department of Statistic and OR of the
University of Pamplona (Spain), 132, 2015.
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Chapter 7

Sı́ntesis y Lı́neas Abiertas

7.1 Sı́ntesis

En este trabajo de tesis se ha introducido un enfoque metodológico flexible para la valoración de
riesgos de excedencia de umbrales en entornos espaciales y espacio-temporales, haciendo interac-
tuar la teorı́a de medidas de riesgo junto con el análisis de caracterı́sticas estructurales de conjuntos
de excursión de campos aleatorios. La metodologı́a propuesta se puede aplicar en una amplia var-
iedad de situaciones, con requerimientos mı́nimos excepto la capacidad de realizar simulación
condicionada en el caso bajo estudio. En efecto, en el Cap. 3 el uso de la distribución empı́rica,
obtenida a partir de la simulación condicionada sobre observaciones dadas, de indicadores rela-
cionados con caracterı́sticas geométricas de conjuntos de excursión, permite la evaluación de me-
didas de riesgo basadas en cuantiles como el Valor en Riesgo (VaR) y el Valor en Riesgo Prome-
dio (AVaR) a escalas globales o regionales. Esto último posibilita la construcción de mapas de
riesgo (estáticos o dinámicos) a diferentes niveles de resolución. En particular, se justifica que
indicadores de primer orden tales como versiones absolutas o relativas de áreas de excedencia
y volúmenes en exceso tienen una formalización significativa en términos de la función de dis-
tribución acumulativa (y su recı́proca decumulativa) compuesta, lo que además ha proporcionado
una correspondencia e interpretación de los cuantiles con respecto a la determinación del nivel de
excedencia o umbral de interés para el estudio. Se han descrito los aspectos computacionales de la
implementación de esta metodologı́a. Se han analizado y discutido diferentes aspectos relaciona-
dos con las caracterı́sticas del campo aleatorio subyacente, en el caso espacial, por medio de ejem-
plos de simulación. Estos se refieren a la naturaleza de las colas de las distribuciones marginales,
ası́ como al rango de dependencia espacial y variabilidad local de las realizaciones. En el caso
espacio-temporal, se ha ilustrado una aplicación de riesgo predictivo para diferentes horizontes
temporales basada en un modelo autoregresivo bien conocido que implica difusividad generada
mediante borrosidad. En el Cap. 4 se han analizado tres aplicaciones para escenarios espaciales
y espacio-temporales con datos reales de precipitación y contaminación ambiental por PM10. En
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el Cap. 5 se han formalizado aspectos analı́ticos que relacionan la tasa de volumen esperado en
exceso frente al área de excedencia esperada en términos del incremento AVaR-VaR de la variable
aleatoria asociada a la función de distribución acumulativa compuesta. Se ha realizado un análisis
detallado del comportamiento asintótico de esta relación en función del parámetro de forma de
la distribución de Pareto generalizada. También se han formalizado los efectos sobre estas rela-
ciones en escenarios de especial interés, tales como campos aleatorios deformados espacialmente
(deformación de tipo ‘nivel’ y ‘flujo’) y el efecto de la covariable población. Se ha desarrollado
una formulación más general que involucra umbrales no constantes y medidas no Lebesgue para
la distribución compuesta. Finalmente, en el Cap. 6, bajo el enfoque de sucesiones regularizantes,
se ha abordado el orden ası́ntotico del error de aproximación de las probabilidades de excedencia
de umbrales para campos aleatorios sin algunas condiciones restrictivas de regularidad.

7.2 Lı́neas abiertas

Existen diferentes lı́neas investigación abiertas, entre las que destacan las siguientes:

1. Definiciones de medida de riesgo espacial y axiomática asociada, en función del problema
bajo estudio.

2. Propiedades distribucionales de los conjuntos aleatorios cerrados obtenidos por excedencia
de umbrales y de los indicadores aleatorios de primer orden introducidos en esta tesis, en
base de la teorı́a de conjuntos aleatorios cerrados.

3. Análisis de caracterı́sticas estructurales de los conjuntos de excedencia de umbrales bajo
el enfoque sucesiones regularizantes tipo mollifiers (a una escala de resolución establecida,
comportamiento asintótico, etc).

4. Extensiones formales de los resultados de esta tesis para umbrales generalizados estocásticos,
umbrales basados en funciones test, etc.

5. Análisis de la sensibilidad con respecto a diferentes fuentes de perturbación y especifica-
ciones del modelo.

6. Clustering y dinámicas de ‘hotspots’.

7. Desarrollos analı́ticos y metodológicos para indicadores de segundo orden y superior.

8. Extensión y aplicación de enfoques de distorsión de estados y deformación espacial en
relación con complejidades del modelo.
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7.3 Contribuciones
La investigación realizada en este trabajo de tesis ha derivado en varias contribuciones.

Publicación:

• Romero J. L., Madrid A. E., Angulo J. M. (2018) Quantile-based spatiotemporal risk as-
sessment of exceedances. Stochastic Environmental Research and Risk Assessment, Vol. 32
(8), August 2018, pp. 2275-2291.

Artı́culos en proceso relacionados con el contenido de este trabajo de tesis:

• Un análisis aplicado de la metodologı́a propuesta en el Cap. 3 con datos reales en relación
al Cap. 4.

• Con respecto al Cap. 5, una formalización del efecto de la covariable densidad de población
y una ilustración del mismo en el problema de exposición de la población a contaminación
por partı́culas PM10 en el área industrial de Carboneras.

• También, desde el Cap. 5, una formalización del enfoque generalizado para umbrales no
constantes y medidas no Lebesgue.

• Desarrollo del enfoque basado en sucesiones regularizantes tipo mollifiers para el error de
aproximación de probabilidades de excedencias de umbrales en condiciones adecuadas de
regularidad, según el enfoque introducido en el desde Cap. 6.

Charlas invitadas en congresos nacionales e internacionales:

• Romero J. L., Angulo J. M., Regularizing asymptotic approach for structural characteristics
of random field excursion sets. Workshop on Can Stochastic Geometry handle Dynamics
of Risk Management? School of Economics and Managment, Lund University, Sweeden.
18-20 April 2018.

• Angulo J. M, Romero J. L., A conditional approach for spatiotemporal risk assessment
of random field threshold exceedances. Workshop on Can Stochastic Geometry handle
Dynamics of Risk Management? School of Economics and Managment, Lund University,
Sweeden. 18-20 April 2018.

• Angulo J. M., Madrid A. E., Romero J. L., Spatiotemporal risk assessment of exceedances.
8th International Workshop on Spatio-Temporal Modelling (METMA VIII), Valencia, Spain,
2016. ISBN: 978-84-608-8468-2, University of Valencia, 1, 2016.
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• Romero J.L., Risk measures in spatial and spatio-temporal frameworks. Seminar of Young
Researchers in Mathematics, IEMath-Granada, Granada, Spain, 2016.

• Angulo J. M., Madrid A. E., Romero J. L., Threshold exceedance risk assessment in com-
plex space-time systems. European Geosciences Union General Assembly (EGU2015), Vi-
enna, Austria, 2015.

• Angulo J. M., Madrid A. E., Romero J. L., Measuring risk for space-time environmental
processes. The International Environmetrics Society Conference (TIES2014). Guangzhou,
China, 2014.

• Angulo J. M., Madrid A. E., Romero J. L., Spatiotemporal risk assessment of random field
exceedance indicators. International Conference on Quantification of Uncertainty in Engi-
neering (QUEST2015), Science & Technology, Beijing, China, 2015.

Contribuciones orales en congresos nacionales e internacionales:

• Romero J. L., Angulo J. M., Non-stationary extensions for random field threshold ex-
ceedance asymptotic error bounds. XXXVII Congreso Nacional de Estadı́stica e Investi-
gación Operativa. Oviedo, Spain, 2018.

• Romero J. L., Angulo J. M., Asymptotic error bound approximation of threshold exceedance
probabilities for non-stationary random fields. 10th International Conference of the ERCIM
WG on Computational and Methodological Statistics. 11th International Conference on
Computational and Financial Econometrics. Senate House, University of London, UK,
2017.

• Romero J. L., Madrid A. E., Angulo J. M., Risk measures on threshold exceedance structural
indicators in spatiotemporal processes. 1st Spanish Young Statisticians and Operational
Researchers Meeting (SYSORM 2017). Granada, Spain, 2017.

• Romero J. L., Madrid A. E., Angulo J. M., Effect of transformations in space-time risk
assessment. XXXVI Congreso Nacional de Estadı́stica e Investigación Operativa. Toledo,
Spain, 2016. Doi: http://dx.doi.org/10.18239/jor07.2016, University of Castilla La Mancha
(Toledo-Spain), 151, 2016.

• Angulo J. M., Madrid A. E., Romero J. L., Space-time risk assessment of threshold ex-
ceedances. XXXV Congreso Nacional de Estadı́stica e Investigación Operativa, Pamplona,
Spain, 2015. ISBN 978-84-606-7906-6, Department of Statistic and OR of University of
Pamplona (Spain), 135, 2015.
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• Romero J. L., Madrid A. E., Angulo J. M., Conditional risk assessment in spatial and spatio-
temporal settings: effect of covariates. International Conference of the ERCIM WG on
Computational and Methodological Statistics. London, United Kingdom, 2015.

• Angulo J. M., Madrid A. E., Romero J. L. , Quantile-based risk assessment of spatial thresh-
old exceedances. International Conference on Advances in Extreme Value Analysis and
Application to Natural Hazards (EVAN2015). Santander, Spain, 2015.

• Romero J. L., Angulo J. M., Asymptotic extremal behavior of spatially deformed station-
ary random fields. International Workshop on Proximity Data, Multivariate Analysis and
Classification. Granada, Spain, 2014.

• Romero J. L., Angulo J. M., On excursion probabilities for a class of non-stationary random
fields. METMA VII and GRASPA14 Conference. Torino, Italy, 2014. GRASPA WORKING
PAPERS, 2015-01-31T08:43:23Z, http://hdl.handle.net/10446/31676.

Póster en congreso nacional:

• Romero J. L., Madrid A. E., Angulo J. M., Smoothing asymptotic approximation for non-
regular random fields. XXXV Congreso Nacional de Estadı́stica e Investigación Operativa,
Pamplona, Spain, 2015. ISBN 978-84-606-7906-6, Department of Statistic and OR of the
University of Pamplona (Spain), 132, 2015.
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Appendix

This appendix collects a selection of MATLAB and R source codes developed for the
elaboration of this thesis.

Matlab Source Code
1. Mollifier and Gaussian kernels:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Case 1: M o l l i f i e r (6 b l u r r i n g k e r n e l s ) %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Ke rn e l base f u n c t i o n : %
% n=1; f ( x )=C∗ exp ( 1 / ( | x / r | ˆ 2 −1 ) ) i f | x |< r ; 0 i f x |>=r %
% n>1; f n ( x )=n ˆ2∗ exp ( 1 / ( | nx / r | ˆ 2 −1 ) ) i f | x |< r / n ; 0 o t h e r w i s e %
% Radius=r / n ( Diameter =2∗ r / n ) %
% Ce n t e r i s i n one p i x e l o f t h e g r i d %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

c l e a r a l l ;
c l c ;
n u c l e o 1 = z e r o s ( 6 5 , 6 5 ) ;
n u c l e o 2 = z e r o s ( 3 3 , 3 3 ) ;
n u c l e o 3 = z e r o s ( 1 7 , 1 7 ) ;
n u c l e o 4 = z e r o s ( 9 , 9 ) ;
n u c l e o 5 = z e r o s ( 5 , 5 ) ;
n u c l e o 6 = z e r o s ( 3 , 3 ) ;

n = [ 1 , 2 , 4 , 8 , 1 6 , 3 2 ] ;

129



130 Appendix

r =32;

f o r k =1: s i z e ( n , 2 )
f o r i =1:2∗ r / n ( k )+1
f o r j =1:2∗ r / n ( k )+1

% Module i s t h e d i s t a n c e t o c e n t e r
% Ce n t e r i s i n ( r / n+1 , r / n+1)
module= s q r t ( ( i−r / n ( k )−1)ˆ2+( j−r / n ( k ) −1 ) ˆ 2 ) ;
i f module<r / n ( k )

% There are s i x v a r i a b l e s , one f o r each k e r n e l
i f k==1

n u c l e o 1 ( i , j )= n ( k ) ˆ 2∗ exp ( 1 / ( ( module∗n ( k ) / r ) ˆ 2 −1 ) ) ;
end
i f k==2

n u c l e o 2 ( i , j )= n ( k ) ˆ 2∗ exp ( 1 / ( ( module∗n ( k ) / r ) ˆ 2 −1 ) ) ;
end
i f k==3

n u c l e o 3 ( i , j )= n ( k ) ˆ 2∗ exp ( 1 / ( ( module∗n ( k ) / r ) ˆ 2 −1 ) ) ;
end
i f k==4

n u c l e o 4 ( i , j )= n ( k ) ˆ 2∗ exp ( 1 / ( ( module∗n ( k ) / r ) ˆ 2 −1 ) ) ;
end
i f k==5

n u c l e o 5 ( i , j )= n ( k ) ˆ 2∗ exp ( 1 / ( ( module∗n ( k ) / r ) ˆ 2 −1 ) ) ;
end
i f k==6

n u c l e o 6 ( i , j )= n ( k ) ˆ 2∗ exp ( 1 / ( ( module∗n ( k ) / r ) ˆ 2 −1 ) ) ;
end

e l s e
i f k==1

n u c l e o 1 ( i , j ) = 0 ;
end
i f k==2

n u c l e o 2 ( i , j ) = 0 ;
end
i f k==3

n u c l e o 3 ( i , j ) = 0 ;
end
i f k==4

n u c l e o 4 ( i , j ) = 0 ;
end
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i f k==5
n u c l e o 5 ( i , j ) = 0 ;

end
i f k==6

n u c l e o 6 ( i , j ) = 0 ;
end

end
end
end
end

% T h i s i s t h e c o n s t a n t so t h a t t h e y i n t e g r a t e one
S1=sum ( sum ( n u c l e o 1 ) ) ;
S2=sum ( sum ( n u c l e o 2 ) ) ;
S3=sum ( sum ( n u c l e o 3 ) ) ;
S4=sum ( sum ( n u c l e o 4 ) ) ;
S5=sum ( sum ( n u c l e o 5 ) ) ;
S6=sum ( sum ( n u c l e o 6 ) ) ;

n u c l e o 1 = n u c l e o 1 . / S1 ;
n u c l e o 2 = n u c l e o 2 . / S2 ;
n u c l e o 3 = n u c l e o 3 . / S3 ;
n u c l e o 4 = n u c l e o 4 . / S4 ;
n u c l e o 5 = n u c l e o 5 . / S5 ;
n u c l e o 6 = n u c l e o 6 . / S6 ;

% They i n t e g r a t e one : o n l y c h e c k i n g
S1=sum ( sum ( n u c l e o 1 ) ) ;
S2=sum ( sum ( n u c l e o 2 ) ) ;
S3=sum ( sum ( n u c l e o 3 ) ) ;
S4=sum ( sum ( n u c l e o 4 ) ) ;
S5=sum ( sum ( n u c l e o 5 ) ) ;
S6=sum ( sum ( n u c l e o 6 ) ) ;

% Drawing and s a v i n g t h e p i c t u r e o f t h e s i x b l u r r i n g k e r n e l s

f o r k =1: s i z e ( n , 2 )
f i g u r e ( ) ;
i f k==1

imagesc ( n u c l e o 1 ) ;
end
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i f k==2
imagesc ( n u c l e o 2 ) ;

end
i f k==3

imagesc ( n u c l e o 3 ) ;
end
i f k==4

imagesc ( n u c l e o 4 ) ;
end
i f k==5

imagesc ( n u c l e o 5 ) ;
end
i f k==6

imagesc ( n u c l e o 6 ) ;
end
xl im ( [ 1 . 0 2 . 0∗ r / n ( k ) + 1 ] ) ;
y l im ( [ 1 . 0 2 . 0∗ r / n ( k ) + 1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] )
number = num2str ( n ( k ) ) ;
name =[ ’ M o l l i f i e r k e r n e l n = ’ , number ] ;
X= e v a l ( ’ name ’ ) ;
t i t l e (X ) ;
s a v e a s ( gcf , X, ’ j p g ’ ) ;

end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Case 2: Gauss ian (6 b l u r r i n g k e r n e l s ) %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Ke rn e l base f u n c t i o n ( i t ’ s n o t a m o l l i f i e r b u t i t has t h e %
% same p r o p e r t i e s o f c o n v e r g e n c e ) %
% n=1; f ( x )=1 / s q r t (2 Pi )∗ exp (−| x | ˆ 2 / 2 ) i f | x |< r ; 0 i f x |>=r %
% n>1; f n ( x )=n ˆ 2∗1 / s q r t (2 Pi )∗ exp (−| x / n | ˆ 2 / 2 ) i f | x |< r / n %
% Radius=r / n ( Diameter =2∗ r / n ) %
% Ce n t e r i s i n one p i x e l o f t h e g r i d %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

c l e a r a l l ;
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c l c ;
n u c l e o 1 = z e r o s ( 6 5 , 6 5 ) ;
n u c l e o 2 = z e r o s ( 3 3 , 3 3 ) ;
n u c l e o 3 = z e r o s ( 1 7 , 1 7 ) ;
n u c l e o 4 = z e r o s ( 9 , 9 ) ;
n u c l e o 5 = z e r o s ( 5 , 5 ) ;
n u c l e o 6 = z e r o s ( 3 , 3 ) ;

n = [ 1 , 2 , 4 , 8 , 1 6 , 3 2 ] ;
r =32;

f o r k =1: s i z e ( n , 2 )
f o r i =1:2∗ r / n ( k )+1
f o r j =1:2∗ r / n ( k )+1

% Module i s t h e d i s t a n c e t o c e n t e r
% Ce n t e r i s i n ( r / n+1 , r / n+1)
module= s q r t ( ( i−r / n ( k )−1)ˆ2+( j−r / n ( k ) −1 ) ˆ 2 ) ;
i f module<=r

i f k==1
n u c l e o 1 ( i , j )= n ( k ) ˆ 2 ∗ 1 / ( 2 ∗ pi )∗ exp (−( module∗n ( k ) / r ) ˆ 2 / 2 ) ;

end
i f k==2

n u c l e o 2 ( i , j )= n ( k ) ˆ 2 ∗ 1 / ( 2 ∗ pi )∗ exp (−( module∗n ( k ) / r ) ˆ 2 / 2 ) ;
end
i f k==3

n u c l e o 3 ( i , j )= n ( k ) ˆ 2 ∗ 1 / ( 2 ∗ pi )∗ exp (−( module∗n ( k ) / r ) ˆ 2 / 2 ) ;
end
i f k==4

n u c l e o 4 ( i , j )= n ( k ) ˆ 2 ∗ 1 / ( 2 ∗ pi )∗ exp (−( module∗n ( k ) / r ) ˆ 2 / 2 ) ;
end
i f k==5

n u c l e o 5 ( i , j )= n ( k ) ˆ 2 ∗ 1 / ( 2 ∗ pi )∗ exp (−( module∗n ( k ) / r ) ˆ 2 / 2 ) ;
end
i f k==6

n u c l e o 6 ( i , j )= n ( k ) ˆ 2 ∗ 1 / ( 2 ∗ pi )∗ exp (−( module∗n ( k ) / r ) ˆ 2 / 2 ) ;
end

e l s e
i f k==1

n u c l e o 1 ( i , j ) = 0 ;
end
i f k==2
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n u c l e o 2 ( i , j ) = 0 ;
end
i f k==3

n u c l e o 3 ( i , j ) = 0 ;
end
i f k==4

n u c l e o 4 ( i , j ) = 0 ;
end
i f k==5

n u c l e o 5 ( i , j ) = 0 ;
end
i f k==6

n u c l e o 6 ( i , j ) = 0 ;
end

end
end
end
end

% T h i s i s t h e c o n s t a n t so t h a t t h e y i n t e g r a t e one
S1=sum ( sum ( n u c l e o 1 ) ) ;
S2=sum ( sum ( n u c l e o 2 ) ) ;
S3=sum ( sum ( n u c l e o 3 ) ) ;
S4=sum ( sum ( n u c l e o 4 ) ) ;
S5=sum ( sum ( n u c l e o 5 ) ) ;
S6=sum ( sum ( n u c l e o 6 ) ) ;

n u c l e o 1 = n u c l e o 1 . / S1 ;
n u c l e o 2 = n u c l e o 2 . / S2 ;
n u c l e o 3 = n u c l e o 3 . / S3 ;
n u c l e o 4 = n u c l e o 4 . / S4 ;
n u c l e o 5 = n u c l e o 5 . / S5 ;
n u c l e o 6 = n u c l e o 6 . / S6 ;

% They i n t e g r a t e one : o n l y c h e c k i n g
S1=sum ( sum ( n u c l e o 1 ) ) ;
S2=sum ( sum ( n u c l e o 2 ) ) ;
S3=sum ( sum ( n u c l e o 3 ) ) ;
S4=sum ( sum ( n u c l e o 4 ) ) ;
S5=sum ( sum ( n u c l e o 5 ) ) ;
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S6=sum ( sum ( n u c l e o 6 ) ) ;

% Drawing and s a v i n g t h e p i c t u r e o f t h e s i x b l u r r i n g k e r n e l s

f o r k =1: s i z e ( n , 2 )
f i g u r e ( ) ;
i f k==1

imagesc ( n u c l e o 1 ) ;
end
i f k==2

imagesc ( n u c l e o 2 ) ;
end
i f k==3

imagesc ( n u c l e o 3 ) ;
end
i f k==4

imagesc ( n u c l e o 4 ) ;
end
i f k==5

imagesc ( n u c l e o 5 ) ;
end
i f k==6

imagesc ( n u c l e o 6 ) ;
end
c o l o r b a r ( ) ;
x l im ( [ 1 . 0 2 . 0∗ r / n ( k ) + 1 ] ) ;
y l im ( [ 1 . 0 2 . 0∗ r / n ( k ) + 1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] )
number = num2str ( n ( k ) ) ;
name =[ ’ G a u s s i a n k e r n e l n = ’ , number ] ;
X= e v a l ( ’ name ’ ) ;
t i t l e (X ) ;
s a v e a s ( gcf , X, ’ j p g ’ ) ;

end
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2. Sliding windows:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% S l i d i n g windows %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% T h i s code a l l o w s r u n n i n g t h e same s o u r c e code i n a g r i d %
% o f s l i d i n g windows d e f i n e d d y n a m i c a l l y and c o v e r i n g t h e %
% domain . %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Window s i z e . Odd number t o a v o i d a s l i d i n g o f t h e c e n t e r
s i z e =21;

% D e f i n i t i o n o f t h e s l i d i n g s t e p
% f l o o r f u n c t i o n a v o i d s d e c i m a l jumps ( movement i s p i x e l t o p i x e l )
% Plus 1 t o a v o i d s t e p s l e s s than one
i n c r e m e n t o = f l o o r ( s i z e / 4 ) + 1 ;

% x and y c o o r d i n a t e s o f t h e f i r s t c e n t e r t o c o n s i d e r
x 0 =( s i z e + 1 ) / 2 ;
y 0 =( s i z e + 1 ) / 2 ;

% How many c e n t e r s are t h e r e ?
% Counter o f c e n t e r s = number o f windows
num cen t ro =0;
x aux = x 0 ;
y aux = y 0 ;

% A u x i l i a r c e n t e r s c o u n t e r
i =1 ;

whi le x aux <=200

whi le y aux <=200
x c e n t r o ( i )= x aux ;
y c e n t r o ( i )= y aux ;

% C o n t r o l l i n g t h e edge e f f e c t
i f x aux >200−( s i z e −1)/2

% T h i s i s t o we i rd c a s e s where t h e edge e f f e c t
% p r o d u c e s r e c t a n g l e s i n s t e a d o f s q u a r e s
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i f y aux >200−( s i z e −1)/2
a r e a v e n t a n a ( i )=2∗(200− y aux )∗2∗(200− x aux ) ;

e l s e
t a m a n o v e n t a n a =2∗(200− x aux ) ;
a r e a v e n t a n a ( i )= t a m a n o v e n t a n a ∗ t a m a n o v e n t a n a ;

end
e l s e

i f y aux >200−( s i z e −1)/2
t a m a n o v e n t a n a =2∗(200− y aux ) ;
a r e a v e n t a n a ( i )= t a m a n o v e n t a n a ∗ t a m a n o v e n t a n a ;

e l s e
a r e a v e n t a n a ( i )= s i z e ∗ s i z e ;

end
end
% Next c e n t e r
i = i +1 ;
num cen t ro = num cen t ro +1;
% Next c e n t e r t o t h e r i g h t w i t h t h e same x c o o r d i n a t e
y aux = y aux + i n c r e m e n t o ;

end
y aux = y 0 ;
x aux = x aux + i n c r e m e n t o ;

end

% Sa v i ng t h e c e n t e r s i n a 2 x2 v a r i a b l e
c e n t r o s =[ x c e n t r o ; y c e n t r o ; a r e a v e n t a n a ] ;

% Only f o r p r e s e n t a t i o n
c e n t r o s = c e n t r o s ’ ;

% Dynamic s l i d i n g windows d e f i n i t i o n
f o r i =1 : num cen t ro

a r e a v e n t a n a = s i z e ∗ s i z e
i f c e n t r o s ( i , 3 ) = = a r e a v e n t a n a

% V e r t i c e s f o r t h e sq ua re windows w i t h maximum area

% Top l e f t v e r t i x
x s u p i z q = c e n t r o s ( i ,1 )− ( s i z e + 1 ) / 2 + 1 ;

Thesis



138 Appendix

y s u p i z q = c e n t r o s ( i ,2 )− ( s i z e + 1 ) / 2 + 1 ;
c e n t r o s ( i , 4 ) = x s u p i z q ;
c e n t r o s ( i , 5 ) = y s u p i z q ;

% Top r i g h t v e r t i x
x supdcho = c e n t r o s ( i ,1 )− ( s i z e + 1 ) / 2 + 1 ;
y supdcho = c e n t r o s ( i , 2 ) + ( s i z e +1) /2−1;
c e n t r o s ( i , 6 ) = x supdcho ;
c e n t r o s ( i , 7 ) = y supdcho ;

% Down l e f t v e r t i x
x i n f i z q = c e n t r o s ( i , 1 ) + ( s i z e +1) /2−1;
y i n f i z q = c e n t r o s ( i ,2 )− ( s i z e + 1 ) / 2 + 1 ;
c e n t r o s ( i , 8 ) = x i n f i z q ;
c e n t r o s ( i , 9 ) = y i n f i z q ;

% Down r i g h t v e r t i x
x i n f d c h o = c e n t r o s ( i , 1 ) + ( s i z e +1) /2−1;
y i n f d c h o = c e n t r o s ( i , 2 ) + ( s i z e +1) /2−1;
c e n t r o s ( i , 1 0 ) = x i n f d c h o ;
c e n t r o s ( i , 1 1 ) = y i n f d c h o ;

e l s e
% V e r t i c e s f o r windows w i t h non pre− f i x e d area
s i z e x =200− c e n t r o s ( i , 1 ) ;
s i z e y =200− c e n t r o s ( i , 2 ) ;

%Top l e f t v e r t i x
x s u p i z q = c e n t r o s ( i ,1)− s i z e x ;
y s u p i z q = c e n t r o s ( i ,2)− s i z e y ;
c e n t r o s ( i , 4 ) = x s u p i z q ;
c e n t r o s ( i , 5 ) = y s u p i z q ;

% Top r i g h t v e r t i x
x supdcho = c e n t r o s ( i ,1)− s i z e x ;
y supdcho = c e n t r o s ( i , 2 ) + s i z e y ;
c e n t r o s ( i , 6 ) = x supdcho ;
c e n t r o s ( i , 7 ) = y supdcho ;

% Down l e f t v e r t i x
x i n f i z q = c e n t r o s ( i , 1 ) + s i z e x ;
y i n f i z q = c e n t r o s ( i ,2)− s i z e y ;
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c e n t r o s ( i , 8 ) = x i n f i z q ;
c e n t r o s ( i , 9 ) = y i n f i z q ;

% Down r i g t h v e r t i x
x i n f d c h o = c e n t r o s ( i , 1 ) + s i z e x ;
y i n f d c h o = c e n t r o s ( i , 2 ) + s i z e y ;
c e n t r o s ( i , 1 0 ) = x i n f d c h o ;
c e n t r o s ( i , 1 1 ) = y i n f d c h o ;

end

f o r j = x s u p i z q : x i n f i z q

f o r k= y s u p i z q : y supdcho
% Here t h e common s o u r c e code t o run
% f o r e v e r y s l i d i n g window

end
end

end
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3. Error bounds:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Error−bound %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% T h i s code computes t h e e r r o r bound f o r t h e f i r s t o r d e r %
% a p p r o x i m a t i o n f o r t h r e s h o l d e x c e e d a n c e p r o b a b i l i t i e s . Here %
% two s u i t a b l e r e g u l a r Cauchy models are c o n s i d e r e d . %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Loading Cauchy models sample p a t h s
load C:\ S i m u l a c i o n e s \Cauchy a2b01 . t x t ;
load C:\ S i m u l a c i o n e s \Cauchy a2b09 . t x t ;

% P r o c c e s i n g and drawing da ta
mat=Cauchy a2b01 ;
mat=vec2mat ( mat , 2 0 0 ) ;
f i g u r e ( ) ;
imagesc ( mat ) ; c o l o r b a r ( ) ; c a x i s ([−4 4 . 5 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
s a v e a s ( gcf , ’ Cauchy a2b01 ’ , ’ j p g ’ ) ;

mat3=Cauchy a2b09 ;
mat3=vec2mat ( mat3 , 2 0 0 ) ;
f i g u r e ( ) ;
imagesc ( mat3 ) ; c o l o r b a r ( ) ; c a x i s ([−4 4 . 5 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
gr id o f f ;
s a v e a s ( gcf , ’ Cauchy a2b09 ’ , ’ j p g ’ ) ;

% T h i s i s t h e e r r o r bound c o m p u t a t i o n f o r e v e r y model
% c o n s i d e r e d . With t h e s e p a r a m e t e r s t h e models are s u i t a b l y
% r e g u l a r . The e r r o r bound i s o b t a i n e d e v a l u a t i n g by 0 t h e
% second d e r i v a t i v e . The bound o n l y depends on b e t a

% F i r s t model
b = 0 . 1 ;
max umbral=max ( max ( mat ) ) ;
min umbra l =min ( min ( mat ) ) ;
u=max umbral ;
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v= min umbra l ;

i =1 ;
umbra l = min umbra l ;
whi le ( umbral <100)

c o t a =exp (−0.5∗ umbra l ˆ2∗ (1 −1 / (12∗ b + 1 ) ) ) ;
error ( i , 1 ) = umbra l ;
error ( i , 2 ) = c o t a ;
umbra l = umbra l + 0 . 0 2 ;
i = i +1 ;

end

% Second model
b = 0 . 9 ;
max umbral=max ( max ( mat3 ) ) ;
min umbra l =min ( min ( mat3 ) ) ;
u=max umbral ;
v= min umbra l ;

i =1 ;
umbra l = min umbra l ;
whi le ( umbral <100)

c o t a =exp (−0.5∗ umbra l ˆ2∗ (1 −1 / (12∗ b + 1 ) ) ) ;
e r r o r 3 ( i , 1 ) = umbra l ;
e r r o r 3 ( i , 2 ) = c o t a ;
umbra l = umbra l + 0 . 0 2 ;
i = i +1 ;

end

% P l o t t i n g t h e e r r o r bounds
f i g u r e ( ) ;
hold on

p l o t ( error ( : , 2 ) , error ( : , 1 ) ) ;
p l o t ( e r r o r 3 ( : , 2 ) , e r r o r 3 ( : , 1 ) ) ;

t i t l e ( ’ A n a l y t i c a l o r d e r o f a p p r o x i m a t i o n ’ ) ;
l egend ( ’ ca2b01 ’ , ’ ca2b09 ’ ) ;

hold o f f
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4. 3D samples (Spatial):

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% S p a t i a l a n a l y s i s %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Sample p a t h s o f t h e same month i n d i f f e r e n t y e a r s %
% T h e i r maps o f v a r i a n c e s and s t a n d a r d d e s v i a t i o n s %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

c l e a r a l l ;
c l c ;

% Loading f i x e d l o c a t i o n s
load / Volumes / Datos / S i m u l a t i o n s / S p a t i a l / L o c a t i o n s m a t l a b . t x t ;
l o c a t i o n s = L o c a t i o n s m a t l a b ;

hold on ;
s c a t t e r ( l o c a t i o n s ( : , 1 ) , l o c a t i o n s ( : , 2 ) , ’ MarkerEdgeColor ’ , . . .

’ b ’ , ’ MarkerFaceColo r ’ , ’ b ’ , ’ LineWidth ’ , 0 . 2 5 )
x l im ( [ 0 . 0 5 4 0 . 0 ] ) ;
y l im ( [ 0 . 0 2 8 0 . 0 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ R a i n f a l l measurement l o c a t i o n s ’ ) ;

hold o f f ;

s a v e a s ( gcf , ’ L o c a t i o n s g r i d m a t l a b ’ , ’ pdf ’ ) ;

% Loading da ta
load / Volumes / Datos / S i m u l a t i o n s / S p a t i a l / C a u c h y 2 0 1 4 0 4 a l l . t x t ;
load / Volumes / Datos / S i m u l a t i o n s / S p a t i a l / C a u c h y 2 0 1 5 0 4 a l l . t x t ;
Data 201404 = C a u c h y 2 0 1 4 0 4 a l l ;
Data 201504 = C a u c h y 2 0 1 5 0 4 a l l ;

% Ma tr i x 93 x175 because t h i s i s t h e g r i d s i z e o f t h e da ta
% T h i r d d i m e n s i o n i s 200 because t h e r e are 200 sample p a t h s
Data 201404 3D= z e r o s ( 1 7 5 , 9 3 , 2 0 0 ) ;
Data 201504 3D= z e r o s ( 1 7 5 , 9 3 , 2 0 0 ) ;

f o r i =1:200
Data 201404 3D ( : , : , i )= vec2mat ( Data 201404 ( : , i ) , 9 3 ) ;
Data 201504 3D ( : , : , i )= vec2mat ( Data 201504 ( : , i ) , 9 3 ) ;
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end

% Choosing t h e sample pa th t o p l o t
m1=( Data 201504 3D ( : , : , 1 ) ) ’ ;
m2=( Data 201404 3D ( : , : , 1 ) ) ’ ;
max1=max ( max ( max (m1 , m2 ) ) ) ;
min1=min ( min ( min (m1 , m2 ) ) ) ;

% Fixed l o c a t i o n s c e n t r o i d o f p i x e l i d e n t i f i c a t i o n
e s t a c i o n e s x =( l o c a t i o n s ( : , 1 ) − 1 . 5 ) / 3 ;
e s t a c i o n e s y =( l o c a t i o n s ( : , 2 ) − 1 . 5 ) / 3 ;

% A p r i l 2015 sample pa th
f i g u r e ( ) ;
imagesc (m1 ) ;

hold on ;
s c a t t e r ( e s t a c i o n e s x , e s t a c i o n e s y , ’ MarkerEdgeColor ’ , ’ b ’ , . . .

’ Marke rFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 7 5 . 0 ] ) ;
y l im ( [ 0 . 0 9 3 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ min1 max1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( 2 0 1 5 0 4 ) ’ ) ;
hold o f f ;
s a v e a s ( gcf , ’ Sample 201504 ’ , ’ pdf ’ ) ;

% A p r i l 2014 sample pa th
f i g u r e ( ) ;
imagesc (m2 ) ;
hold on ;

s c a t t e r ( e s t a c i o n e s x , e s t a c i o n e s y , ’ MarkerEdgeColor ’ , ’ b ’ , . . .
’ Marke rFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;

c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 7 5 . 0 ] ) ;
y l im ( [ 0 . 0 9 3 . 0 ] ) ;
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a x i s ( ’ o f f ’ ) ;
c a x i s ( [ min1 max1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( 2 0 1 4 0 4 ) ’ ) ;

hold o f f ;

s a v e a s ( gcf , ’ Sample 201404 ’ , ’ pdf ’ ) ;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Map o f v a r i a n c e s p l o t t e d as s u r f a c e and mesh %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
va r T1 = z e r o s ( 1 7 5 , 9 3 ) ;
va r T2 = z e r o s ( 1 7 5 , 9 3 ) ;

f o r i =1:175
f o r j =1:93

va r T1 ( i , j )= v a r ( Data 201504 3D ( i , j , : ) ) ;
va r T2 ( i , j )= v a r ( Data 201404 3D ( i , j , : ) ) ;

end
end

va r T1 =( va r T1 ) ’ ;
va r T2 =( va r T2 ) ’ ;

max1=max ( max ( max ( var T1 , va r T2 ) ) ) ;
min1=min ( min ( min ( var T1 , va r T2 ) ) ) ;

f i g u r e ( ) ;
mesh ( va r T1 ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
gr id o f f ;
c a x i s ( [ min1 max1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s ( 2 0 1 5 0 4 ) ’ ) ;

s a v e a s ( gcf , ’ s u p 2 0 1 5 0 4 v a r C a u c h y ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T1 ) ;
hold on ;
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c o l o r b a r ( ) ;
x l im ( [ 0 . 0 1 7 5 . 0 ] ) ;
y l im ( [ 0 . 0 9 3 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ min1 max1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s ( 2 0 1 5 0 4 ) ’ )

hold o f f ;
s a v e a s ( gcf , ’ va r Cauchy 201504 ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
mesh ( va r T2 ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
gr id o f f ;
c a x i s ( [ min1 max1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s ( 2 0 1 4 0 4 ) ’ ) ;

s a v e a s ( gcf , ’ s u p 2 0 1 4 0 4 v a r C a u c h y ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T2 ) ;
c o l o r b a r ( ) ;
x l im ( [ 0 . 0 1 7 5 . 0 ] ) ;
y l im ( [ 0 . 0 9 3 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ min1 max1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s ( 2 0 1 4 0 4 ) ’ )

s a v e a s ( gcf , ’ va r Cauchy 201404 ’ , ’ pdf ’ ) ;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Map o f s t a n d a r d d e s v i a t i o n s p l o t t e d as c o n t o u r %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

va r T1 = z e r o s ( 1 7 5 , 9 3 ) ;
va r T2 = z e r o s ( 1 7 5 , 9 3 ) ;
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f o r i =1:175
f o r j =1:93

va r T1 ( i , j )= s t d ( Data 201504 3D ( i , j , : ) ) ;
va r T2 ( i , j )= s t d ( Data 201404 3D ( i , j , : ) ) ;

end
end
% Remark : ’ s t d ’ f o r s t a n d a r d d e s v i a t i o n and
% ’ var ’ f o r v a r i a n c e

va r T1 =( va r T1 ) ’ ;
va r T2 =( va r T2 ) ’ ;

% T h i s i s f o r t h e c o l o u r s c a l e
max1=max ( max ( max ( var T1 , va r T2 ) ) ) ;
min1=min ( min ( min ( var T1 , va r T2 ) ) ) ;

f i g u r e ( ) ;
imagesc ( va r T1 ) ;
hold on ;

c o l o r b a r ( ) ;
x l im ( [ 0 . 0 1 7 5 . 0 ] ) ;
y l im ( [ 0 . 0 9 3 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ min1 max1 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;

t i t l e ( ’Map of d e s v i a n c e s ( 2 0 1 5 0 4 ) ’ )
hold o f f ;
s a v e a s ( gcf , ’ desv Cauchy 201504 ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T2 ) ;
hold on ;

c o l o r b a r ( ) ;
x l im ( [ 0 . 0 1 7 5 . 0 ] ) ;
y l im ( [ 0 . 0 9 3 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ min1 max1 ] ) ;
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s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;

t i t l e ( ’Map of d e s v i a n c e s ( 2 0 1 4 0 4 ) ’ )
hold o f f ;
s a v e a s ( gcf , ’ desv Cauchy 201404 ’ , ’ pdf ’ ) ;
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5. 3D samples (S-T):

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% P r o c e s s i n g da ta s i m u l a t e d w i t h R code i n t o MATLAB %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% T h i s s o u r c e code i m p o r t s da ta s i m u l a t e d w i t h R code i n a t e x t%
% f i l e i n t o a 3D−m a t r i x i n MATLAB . Then f i r s t sample pa th a t %
% any t i m e i s p l o t t e d . %
% F i n a l l y a map o f v a r i a n c e s i s computed and p l o t t e d %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Cadiz p r o v i n c e da ta
c l e a r a l l ;
c l c ;

% Fix l o c a t i o n s f o r c o n d i t i o n i n g
load / Volumes / Datos / S i m u l a t i o n s / S p a t i o T e m p o r a l / l o c a t i o n s . . .

m a t l a b C a d i z . t x t ;
l o c a t i o n s C a d i z = l o c a t i o n s m a t l a b C a d i z ;

f i g u r e ( ) ;
hold on ;

s c a t t e r ( l o c a t i o n s C a d i z ( : , 1 ) , l o c a t i o n s C a d i z ( : , 2 ) , . . .
’ MarkerEdgeColor ’ , ’ b ’ , ’ MarkerFaceColo r ’ , ’ b ’ , ’ LineWidth ’ , 0 . 2 5 )
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ R a i n f a l l measurement l o c a t i o n s ( Cadiz ) ’ ) ;
hold o f f ;

s a v e a s ( gcf , ’ L o c a t i o n s G r i d C a d i z m a t l a b ’ , ’ pdf ’ ) ;

% Loading s i m u l a t e d s p a t i o t e m p o r a l da ta
load / Volumes / Datos / S i m u l a t i o n s / S p a t i o T e m p o r a l / . . .

G n e i t i n g a l l C a d i z . t x t ;

% T h i s i s an a u x i l i a r y v a r i a b l e where l o a d i n g a l l t h e da ta
% b e f o r e s a v i n g them i n a 3D−m a t r i x por each t i m e .
% The g r i d i s a 111 x104 p i x e l s g r i d a t 5 t i m e s , so t h a t
% each column has 57 .720 o b s e r v a t i o n s , b e i n g f o r each t i m e
% as f o l l o w :
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% T=1 from 1:11544
% T=2 from 11555:23088
% T=3 from 23089:34632
% T=4 from 34633:46176
% T=5 from 46177:57720
Cadiz = G n e i t i n g a l l C a d i z ;

% Sa v i ng t h e 200 sample p a t h s i n v a r i a b l e s f o r each t i m e
Cad iz T 1 = Cadiz ( 1 : 1 1 5 4 4 , 1 : 2 0 0 ) ;
Cad iz T 2 = Cadiz ( 1 1 5 4 5 : 2 3 0 8 8 , 1 : 2 0 0 ) ;
Cad iz T 3 = Cadiz ( 2 3 0 8 9 : 3 4 6 3 2 , 1 : 2 0 0 ) ;
Cad iz T 4 = Cadiz ( 3 4 6 3 3 : 4 6 1 7 6 , 1 : 2 0 0 ) ;
Cad iz T 5 = Cadiz ( 4 6 1 7 7 : 5 7 7 2 0 , 1 : 2 0 0 ) ;

% T h i s i s t h e 3D−m a t r i x men t ioned above . T h i r d d i m e n s i o n
% i s 200 because t h e r e are 200 sample p a t h s
Cadiz T 1 3D = z e r o s ( 1 1 1 , 1 0 4 , 2 0 0 ) ;
Cadiz T 2 3D = z e r o s ( 1 1 1 , 1 0 4 , 2 0 0 ) ;
Cadiz T 3 3D = z e r o s ( 1 1 1 , 1 0 4 , 2 0 0 ) ;
Cadiz T 4 3D = z e r o s ( 1 1 1 , 1 0 4 , 2 0 0 ) ;
Cadiz T 5 3D = z e r o s ( 1 1 1 , 1 0 4 , 2 0 0 ) ;

f o r i =1:200
Cadiz T 1 3D ( : , : , i )= vec2mat ( Cad iz T 1 ( : , i ) , 1 0 4 ) ;
Cadiz T 2 3D ( : , : , i )= vec2mat ( Cad iz T 2 ( : , i ) , 1 0 4 ) ;
Cadiz T 3 3D ( : , : , i )= vec2mat ( Cad iz T 3 ( : , i ) , 1 0 4 ) ;
Cadiz T 4 3D ( : , : , i )= vec2mat ( Cad iz T 4 ( : , i ) , 1 0 4 ) ;
Cadiz T 5 3D ( : , : , i )= vec2mat ( Cad iz T 5 ( : , i ) , 1 0 4 ) ;

end

% F i r s t sample pa th a t t h e f i v e t i m e s
m1g=( Cadiz T 1 3D ( : , : , 1 ) ) ’ ;
m2g=( Cadiz T 2 3D ( : , : , 1 ) ) ’ ;
m3g=( Cadiz T 3 3D ( : , : , 1 ) ) ’ ;
m4g=( Cadiz T 4 3D ( : , : , 1 ) ) ’ ;
m5g=( Cadiz T 5 3D ( : , : , 1 ) ) ’ ;

% T h i s i s f o r t h e c o l o u r s c a l e
max1=max ( max ( max ( max ( Cadiz T 1 3D , Cadiz T 2 3D ) ) ) ) ;
max2=max ( max ( max ( max ( Cadiz T 3 3D , Cadiz T 4 3D ) ) ) ) ;
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max3=max ( max ( max ( Cadiz T 5 3D ) ) ) ;
maxim=max ( max1 , max2 ) ;
maximo=max ( maxim , max3 ) ;

min1=min ( min ( min ( min ( Cadiz T 1 3D , Cadiz T 2 3D ) ) ) ) ;
min2=min ( min ( min ( min ( Cadiz T 3 3D , Cadiz T 4 3D ) ) ) ) ;
min3=min ( min ( min ( Cadiz T 5 3D ) ) ) ;
minim=min ( min1 , min2 ) ;
minimo=min ( minim , min3 ) ;

% P l o t t i n g t h e f i r s t sample pa th a t any t i m e
%h i g h l i g h t i n g t h e f i x e d l o c a t i o n s
e s t a c i o n e s x g =( l o c a t i o n s C a d i z ( : , 1 ) − 0 . 5 ) / 1 ;
e s t a c i o n e s y g =( l o c a t i o n s C a d i z ( : , 2 ) − 0 . 5 ) / 1 ;

f i g u r e ( ) ;
imagesc ( m1g ) ;
hold on ;
s c a t t e r ( e s t a c i o n e s x g , e s t a c i o n e s y g , ’ MarkerEdgeColor ’ , . . .

’ b ’ , ’ MarkerFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 1 1 . 0 ] ) ;
y l im ( [ 0 . 0 1 0 4 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( T = 1 Cadiz ) ’ ) ;
hold o f f ;
s a v e a s ( gcf , ’ T1 Cadiz ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( m2g ) ;
hold on ;
s c a t t e r ( e s t a c i o n e s x g , e s t a c i o n e s y g , ’ MarkerEdgeColor ’ , . . .

’ b ’ , ’ MarkerFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 1 1 . 0 ] ) ;
y l im ( [ 0 . 0 1 0 4 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
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c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( T = 2 Cadiz ) ’ ) ;
hold o f f ;
s a v e a s ( gcf , ’ T2 Cadiz ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( m3g ) ;

hold on ;
s c a t t e r ( e s t a c i o n e s x g , e s t a c i o n e s y g , ’ MarkerEdgeColor ’ , . . .

’ b ’ , ’ MarkerFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 1 1 . 0 ] ) ;
y l im ( [ 0 . 0 1 0 4 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( T = 3 Cadiz ) ’ ) ;
hold o f f ;
s a v e a s ( gcf , ’ T3 Cadiz ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( m4g ) ;
hold on ;
s c a t t e r ( e s t a c i o n e s x g , e s t a c i o n e s y g , ’ MarkerEdgeColor ’ , . . .

’ b ’ , ’ MarkerFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 1 1 . 0 ] ) ;
y l im ( [ 0 . 0 1 0 4 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( T = 4 Cadiz ) ’ ) ;
hold o f f ;
s a v e a s ( gcf , ’ T4 Cadiz ’ , ’ pdf ’ ) ;
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f i g u r e ( ) ;
imagesc ( m5g ) ;
a x i s ( ’ o f f ’ ) ;
hold on ;
s c a t t e r ( e s t a c i o n e s x g , e s t a c i o n e s y g , ’ MarkerEdgeColor ’ , . . .

’ b ’ , ’ MarkerFaceColo r ’ , ’ r ’ , ’ LineWidth ’ , 1 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
x l im ( [ 0 . 0 1 1 1 . 0 ] ) ;
y l im ( [ 0 . 0 1 0 4 . 0 ] ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ Sample p a t h n = 1 ( T = 5 Cadiz ) ’ ) ;
hold o f f ;
s a v e a s ( gcf , ’ T5 Cadiz ’ , ’ pdf ’ ) ;

% Map o f v a r i a n c e s
var T1g = z e r o s ( 1 1 1 , 1 0 4 ) ;
va r T2g = z e r o s ( 1 1 1 , 1 0 4 ) ;
va r T3g = z e r o s ( 1 1 1 , 1 0 4 ) ;
va r T4g = z e r o s ( 1 1 1 , 1 0 4 ) ;
va r T5g = z e r o s ( 1 1 1 , 1 0 4 ) ;

f o r i =1:111
f o r j =1:104

var T1g ( i , j )= v a r ( Cadiz T 1 3D ( i , j , : ) ) ;
va r T2g ( i , j )= v a r ( Cadiz T 2 3D ( i , j , : ) ) ;
va r T3g ( i , j )= v a r ( Cadiz T 3 3D ( i , j , : ) ) ;
va r T4g ( i , j )= v a r ( Cadiz T 4 3D ( i , j , : ) ) ;
va r T5g ( i , j )= v a r ( Cadiz T 5 3D ( i , j , : ) ) ;

end
end
% Remark : ’ s t d ’ f o r s t a n d a r d d e s v i a t i o n and
% ’ var ’ f o r v a r i a n c e

var T1g =( va r T1g ) ’ ;
va r T2g =( va r T2g ) ’ ;
va r T3g =( va r T3g ) ’ ;
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var T4g =( va r T4g ) ’ ;
va r T5g =( va r T5g ) ’ ;

% T h i s i s f o r t h e c o l o u r s c a l e
max1=max ( max ( max ( max ( var T1g , va r T2g ) ) ) ) ;
max2=max ( max ( max ( max ( var T3g , va r T4g ) ) ) ) ;
max3=max ( max ( max ( va r T5g ) ) ) ;
maxim=max ( max1 , max2 ) ;
maximo=max ( maxim , max3 ) ;

min1=min ( min ( min ( min ( var T1g , va r T2g ) ) ) ) ;
min2=min ( min ( min ( min ( var T3g , va r T4g ) ) ) ) ;
min3=min ( min ( min ( va r T5g ) ) ) ;
minim=min ( min1 , min2 ) ;
minimo=min ( minim , min3 ) ;

f i g u r e ( ) ;
imagesc ( va r T1g ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s T = 1 ( Cadiz ) ’ ) ;
s a v e a s ( gcf , ’ v a r T 1 C a d i z ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T2g ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s T = 2 ( Cadiz ) ’ ) ;
s a v e a s ( gcf , ’ v a r T 2 C a d i z ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T3g ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
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s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s T = 3 ( Cadiz ) ’ ) ;
s a v e a s ( gcf , ’ v a r T 3 C a d i z ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T4g ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s T = 4 ( Cadiz ) ’ ) ;
s a v e a s ( gcf , ’ v a r T 4 C a d i z ’ , ’ pdf ’ ) ;

f i g u r e ( ) ;
imagesc ( va r T5g ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
a x i s ( ’ o f f ’ ) ;
c a x i s ( [ minimo maximo ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’Map of v a r i a n c e s T = 5 ( Cadiz ) ’ ) ;
s a v e a s ( gcf , ’ v a r T 5 C a d i z ’ , ’ pdf ’ ) ;

%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Map o f v a r i a n c e s %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Contour and s u r f a c e g r a p h i c s f o r t h e map o f v a r i a n c e s o f %
% two Cauchy models f i t t e d t o r a i n f a l l da ta p r e c i p i t a t i o n %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Loading da ta
load C:\ S i m u l a c i o n e s \V a r i a n z a s C a u c h y s c m a 0 . 7 6 b0 . 1 1 . t x t ;
load C:\ S i m u l a c i o n e s \V a r i a n z a s C a u c h y s c m a 0 . 8 1 b0 . 1 5 . t x t ;

% Graph ics ( c o n t o u r and s u r f a c e ) f o r t h e f i r s t model
% N e c e s s a r y f o r p l o t t i n g
mat4 =( V a r i a n z a s C a u c h y s c m a 0 7 6 b 0 1 1 ) ’ ;
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% S u r f a c e
f i g u r e ( ) ;
mesh ( mat4 ) ; c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
z l im ( [ 0 . 0 8 0 0 ] ) ;
gr id o f f ;
c a x i s ( [ 0 . 0 8 0 0 . 0 ] ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 6 ] ) ;
t i t l e ( ’ V a r i a n c e map − Cauchy c o n d i t i o n a l s i m u l a t i o n ’ . . .

’ a l p h a 0 . 7 6 − b e t a 0 . 1 1 ( R a i n f a l l 201403) ’ ) ;
s a v e a s ( gcf , ’ s u p v a r i a n c e s m a p s c m 2 0 1 4 0 3 ’ , ’ pdf ’ ) ;

% Contour
f i g u r e ( ) ;
imagesc ( mat4 ) ;
c o l o r b a r ( ) ;
x l im ( [ 0 . 0 1 7 9 . 0 ] ) ;
y l im ( [ 0 . 0 9 7 . 0 ] ) ;
c a x i s ( [ 0 . 0 8 0 0 . 0 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ V a r i a n c e map − Cauchy c o n d i t i o n a l s i m u l a t i o n ’ . . .

’ a l p h a 0 . 7 6 − b e t a 0 . 1 1 ( R a i n f a l l 201403) ’ )
s a v e a s ( gcf , ’ i m a g e v a r i a n c e s m a p s c m 2 0 1 4 0 3 ’ , ’ pdf ’ ) ;

% Graph ics ( c o n t o u r and s u r f a c e ) f o r t h e f i r s t model
% N e c e s s a r y f o r p l o t t i n g

mat5 =( V a r i a n z a s C a u c h y s c m a 0 8 1 b 0 1 5 ) ’ ;

% S u r f a c e
f i g u r e ( ) ;
mesh ( mat5 ) ;
c o l o r b a r ( ’ s o u t h o u t s i d e ’ ) ;
z l im ( [ 0 . 0 8 0 0 . 0 ] ) ;
gr id o f f ;
c a x i s ( [ 0 . 0 8 0 0 . 0 ] ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 6 ] ) ; shading i n t e r p ;
t i t l e ( ’ V a r i a n c e map − Cauchy c o n d i t i o n a l s i m u l a t i o n ’ . . .

’ a l p h a 0 . 8 1 − b e t a 0 . 1 5 ( R a i n f a l l 201503) ’ ) ;

Thesis



156 Appendix

s a v e a s ( gcf , ’ s u p v a r i a n c e s m a p s c m 2 0 1 5 0 3 ’ , ’ pdf ’ ) ;

% Contour
f i g u r e ( ) ;
imagesc ( mat5 ) ;
c o l o r b a r ( ) ;
x l im ( [ 0 . 0 1 7 9 . 0 ] ) ;
y l im ( [ 0 . 0 9 7 . 0 ] ) ;
c a x i s ( [ 0 . 0 8 0 0 . 0 ] ) ;
s e t ( gca , ’ YDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ XDir ’ , ’ normal ’ ) ;
s e t ( gca , ’ d a t a A s p e c t R a t i o ’ , [ 1 1 1 ] ) ;
t i t l e ( ’ V a r i a n c e map − Cauchy c o n d i t i o n a l s i m u l a t i o n ’ . . .

’ a l p h a 0 . 8 1 − b e t a 0 . 1 5 ( R a i n f a l l 201503) ’ )
s a v e a s ( gcf , ’ i m a g e v a r i a n c e s m a p s c m 2 0 1 5 0 3 ’ , ’ pdf ’ ) ;
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6. Empirical compound distributions:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% E m p i r i c a l compound d i s t r i b u t i o n f u n c t i o n s %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% T h i s s o u r c e code p l o t s t h e c d f o f 4 Cauchy models . %
% Furthermore , t h r e s h o l d f i l e s are saved f o r each model . %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

c l e a r a l l ;
c l c ;

% Number o f sample p a t h s w i t h i n t h e f i l e s
n =200;

% Loading da ta
load C:\ S i m u l a c i o n e s \CAUCHY COND NOSEED\ s c t o d a s a 2 b 0 1 . t x t ;
load C:\ S i m u l a c i o n e s \CAUCHY COND NOSEED\ s c t o d a s a 2 b 0 9 . t x t ;
load C:\ S i m u l a c i o n e s \CAUCHY COND NOSEED\ s c t o d a s a 1 b 0 1 . t x t ;
load C:\ S i m u l a c i o n e s \CAUCHY COND NOSEED\ s c t o d a s a 1 b 0 9 . t x t ;

% Ma tr i x w i t h 200 sample p a t h s as o n l y column v e c t o r
m1= s c t o d a s a 2 b 0 1 ( : , 1 ) ;
f o r i =2 : n

m1=[m1 ; s c t o d a s a 2 b 0 1 ( : , i ) ] ;
end

m2= s c t o d a s a 2 b 0 9 ( : , 1 ) ;
f o r i =2 : n

m2=[m2 ; s c t o d a s a 2 b 0 9 ( : , i ) ] ;
end

m3= s c t o d a s a 1 b 0 1 ( : , 1 ) ;
f o r i =2 : n

m3=[m3 ; s c t o d a s a 1 b 0 1 ( : , i ) ] ;
end

m4= s c t o d a s a 1 b 0 9 ( : , 1 ) ;
f o r i =2 : n

m4=[m4 ; s c t o d a s a 1 b 0 9 ( : , i ) ] ;
end

Thesis



158 Appendix

cd C:\ S i m u l a c i o n e s \CAUCHY COND NOSEED

hold on
c d f p l o t (m1 ) ;
[ g , y ] = e c d f (m1 ) ;
p r o b a b i l i d a d = 0 . 5 : 0 . 0 5 : 1 ;
u m b r a l e s = p r o b a b i l i d a d ’ ;
f o r i =1 : l e n g t h ( p r o b a b i l i d a d )

u m b r a l e s ( i , 2 ) = y ( min ( f i n d ( g>=p r o b a b i l i d a d ( i ) ) ) ) ;
end
save umbra le sa2b01 . t x t u m b r a l e s − a s c i i

c d f p l o t (m2 ) ;
[ g , y ] = e c d f (m2 ) ;
p r o b a b i l i d a d = 0 . 5 : 0 . 0 5 : 1 ;
u m b r a l e s = p r o b a b i l i d a d ’ ;
f o r i =1 : l e n g t h ( p r o b a b i l i d a d )

u m b r a l e s ( i , 2 ) = y ( min ( f i n d ( g>=p r o b a b i l i d a d ( i ) ) ) ) ;
end
save umbra le sa2b09 . t x t u m b r a l e s − a s c i i

c d f p l o t (m3 ) ;
[ g , y ] = e c d f (m3 ) ;
p r o b a b i l i d a d = 0 . 5 : 0 . 0 5 : 1 ;
u m b r a l e s = p r o b a b i l i d a d ’ ;
f o r i =1 : l e n g t h ( p r o b a b i l i d a d )

u m b r a l e s ( i , 2 ) = y ( min ( f i n d ( g>=p r o b a b i l i d a d ( i ) ) ) ) ;
end
save umbra le sa05b01 . t x t u m b r a l e s − a s c i i

c d f p l o t (m4 ) ;
[ g , y ] = e c d f (m4 ) ;
p r o b a b i l i d a d = 0 . 5 : 0 . 0 5 : 1 ;
u m b r a l e s = p r o b a b i l i d a d ’ ;
f o r i =1 : l e n g t h ( p r o b a b i l i d a d )

u m b r a l e s ( i , 2 ) = y ( min ( f i n d ( g>=p r o b a b i l i d a d ( i ) ) ) ) ;
end
save umbra le sa05b09 . t x t u m b r a l e s − a s c i i

t i t l e ( ’ e c d f cond NOSEED L o c a l i z a c i o n e s SEED ’ ) ;
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l egend ( ’ ca2b01 ’ , ’ ca2b09 ’ , ’ ca1b01 ’ , ’ ca1b09 ’ ) ;
hold o f f

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% T h i s s o u r c e code p l o t s t h e c d f o f 4 heavy− t a i l models . %
% ( F i s h e r and S t u d e n t ) . %
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% R e t r i e v i n g da ta
load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ F i s h e r a 2 b 0 1 \ . . .

s c t o d a s F 2 a 2 b 0 1 . t x t ;
load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ F i s h e r a 2 b 0 9 \ . . .

s c t o d a s F 2 a 2 b 0 9 . t x t ;
load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ F i s h e r a 0 5 b 0 1 \ . . .

s c t o d a s F 2 a 0 5 b 0 1 . t x t ;
load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ F i s h e r a 0 5 b 0 9 \ . . .

s c t o d a s F 2 a 0 5 b 0 9 . t x t ;

m1= s c t o d a s F 2 a 2 b 0 1 ( : , 1 ) ;
f o r i =2 : n

m1=[m1 ; s c t o d a s F 2 a 2 b 0 1 ( : , i ) ] ;
end

m2= s c t o d a s F 2 a 2 b 0 9 ( : , 1 ) ;
f o r i =2 : n

m2=[m2 ; s c t o d a s F 2 a 2 b 0 9 ( : , i ) ] ;
end

m3= s c t o d a s F 2 a 0 5 b 0 1 ( : , 1 ) ;
f o r i =2 : n

m3=[m3 ; s c t o d a s F 2 a 0 5 b 0 1 ( : , i ) ] ;
end

m4= s c t o d a s F 2 a 0 5 b 0 9 ( : , 1 ) ;
f o r i =2 : n

m4=[m4 ; s c t o d a s F 2 a 0 5 b 0 9 ( : , i ) ] ;
end

f i g u r e ( ) ;
hold on

c d f p l o t (m1 ) ;
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c d f p l o t (m2 ) ;
c d f p l o t (m3 ) ;
c d f p l o t (m4 ) ;

t i t l e ( ’ e c d f cond ( FISHER Heavy T a i l ) ’ ) ;
l egend ( ’ ca2b01 ’ , ’ ca2b09 ’ , ’ ca05b01 ’ , ’ ca05b09 ’ ) ;

hold o f f

% S t u d e n t ( c o n d i t i o n a l s i m u l a t i o n )

load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ S t u d e n t a 2 b 0 1 \ . . .
s c t o d a s T 2 a 2 b 0 1 . t x t ;

load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ S t u d e n t a 2 b 0 9 \ . . .
s c t o d a s T 2 a 2 b 0 9 . t x t ;

load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ S t u d e n t a 0 5 b 0 1 \ . . .
s c t o d a s T 2 a 0 5 b 0 1 . t x t ;

load C:\ S i m u l a c i o n e s \H e a v y T a i l \COND\ S t u d e n t a 0 5 b 0 9 \ . . .
s c t o d a s T 2 a 0 5 b 0 9 . t x t ;

m1= s c t o d a s T 2 a 2 b 0 1 ( : , 1 ) ;
f o r i =2 : n

m1=[m1 ; s c t o d a s T 2 a 2 b 0 1 ( : , i ) ] ;
end

m2= s c t o d a s T 2 a 2 b 0 9 ( : , 1 ) ;
f o r i =2 : n

m2=[m2 ; s c t o d a s T 2 a 2 b 0 9 ( : , i ) ] ;
end

m3= s c t o d a s T 2 a 0 5 b 0 1 ( : , 1 ) ;
f o r i =2 : n

m3=[m3 ; s c t o d a s T 2 a 0 5 b 0 1 ( : , i ) ] ;
end

m4= s c t o d a s T 2 a 0 5 b 0 9 ( : , 1 ) ;
f o r i =2 : n

m4=[m4 ; s c t o d a s T 2 a 0 5 b 0 9 ( : , i ) ] ;
end

f i g u r e ( ) ;
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hold on
c d f p l o t (m1 ) ;
c d f p l o t (m2 ) ;
c d f p l o t (m3 ) ;
c d f p l o t (m4 ) ;

t i t l e ( ’ e c d f cond ( S t u d e n t Heavy T a i l ) ’ ) ;
l egend ( ’ ca2b01 ’ , ’ ca2b09 ’ , ’ ca05b01 ’ , ’ ca05b09 ’ ) ;

hold o f f

Thesis



162 Appendix

R Source Code
1. Preparing data:

#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
# PROCESSING DATA ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

setwd ( ” / Volumes / Datos / S i m u l a t i o n s / S p a t i o Temporal ” )
d a t o s <− read . t a b l e ( ” Datos u t i l i z a d o s . t x t ” , h e a d e r = TRUE,

sep = ”\ t ” )
d a t o s<−s u b s e t ( d a t o s , d a t o s $PROVINCIA==” Cadiz ” )

# P r e p a r i n g s p a t i a l da ta
x d a t o s<−as . array ( d a t o s $UTM X 30)
y d a t o s<−as . array ( d a t o s $UTM Y)

# UTM x & UTM y m e t e r s t o k i l o m e t e r s
x d a t o s<−round ( x d a t o s / 1000)
y d a t o s<−round ( y d a t o s / 1000)

# Grid +4km , so t h a t l o c a t i o n s are n o t a t t h e edge
max x<−max ( x d a t o s )
min x<−min ( x d a t o s )
max y<−max ( y d a t o s )
min y<−min ( y d a t o s )

# Case S−T : g r i d 1km
x m a l l a<−( min x−2 ) : (max x +2)
y m a l l a<−( min y−2 ) : (max y +2)

# Change o f c o o r d i n a t e s so t h a t c e n t e r w i l l be ( 0 , 0 )
# These are t h e t r u e l o c a t i o n s i n t h e g r i d [ 0 , 5 3 1 ] x [ 0 , 2 7 1 ]
x d a t o s<−x d a t o s−x m a l l a [ 1 ]
y d a t o s<−y d a t o s−y m a l l a [ 1 ]

# L o c a t i o n s are a s s i g n e d t o t h e c e n t r o i d o f t h e p i x e l
g i v<−cbind ( x d a t o s , y d a t o s )
g i v<−giv−g i v%%1+0.5

# S av in g new c o o r d i n a t e s w i t h i n t h e g r i d
d a t o s $UTM X<−g i v [ , 1 ]
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d a t o s $UTM Y<−g i v [ , 2 ]

# P l o t t i n g l o c a t i o n s i n t h e g r i d
p l o t ( g i v )

# R a i n f a l l means and v a r i a n c e s o f e v e r y month
d a t o s $X201410<−l o g ( d a t o s $X201410 )
d a t o s $X201411<−l o g ( d a t o s $X201411 )
d a t o s $X201412<−l o g ( d a t o s $X201412 )
d a t o s $X201501<−l o g ( d a t o s $X201501 )
d a t o s $X201502<−l o g ( d a t o s $X201502 )
d a t o s $X201503<−l o g ( d a t o s $X201503 )
d a t o s $X201504<−l o g ( d a t o s $X201504 )
d a t o s $X201404<−l o g ( d a t o s $X201404 )

v a l u e t o t a l<−c ( d a t o s $X201410 , d a t o s $X201411 , d a t o s $X201412 ,
d a t o s $X201501 , d a t o s $X201502 , d a t o s $X201503 ,
d a t o s $X201504 , d a t o s $X201404 )

mean t o t a l<−mean ( v a l u e t o t a l )

d a t o s $X201410<−d a t o s $X201410−mean t o t a l
d a t o s $X201411<−d a t o s $X201411−mean t o t a l
d a t o s $X201412<−d a t o s $X201412−mean t o t a l
d a t o s $X201501<−d a t o s $X201501−mean t o t a l
d a t o s $X201502<−d a t o s $X201502−mean t o t a l
d a t o s $X201503<−d a t o s $X201503−mean t o t a l
d a t o s $X201504<−d a t o s $X201504−mean t o t a l
d a t o s $X201404<−d a t o s $X201404−mean t o t a l

# Shapiro−Wilk n o r m a l i t y t e s t and QQ−p l o t
shap1<−s h a p i r o . t e s t ( d a t o s $X201410 )
qqnorm ( d a t o s $X201410 )
q q l i n e ( d a t o s $X201410 )
shap2<−s h a p i r o . t e s t ( d a t o s $X201411 )
qqnorm ( d a t o s $X201411 )
q q l i n e ( d a t o s $X201411 )
shap3<−s h a p i r o . t e s t ( d a t o s $X201412 )
qqnorm ( d a t o s $X201412 )
q q l i n e ( d a t o s $X201412 )
shap4<−s h a p i r o . t e s t ( d a t o s $X201501 )
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qqnorm ( d a t o s $X201501 )
q q l i n e ( d a t o s $X201501 )
shap5<−s h a p i r o . t e s t ( d a t o s $X201502 )
qqnorm ( d a t o s $X201502 )
q q l i n e ( d a t o s $X201502 )
shap6<−s h a p i r o . t e s t ( d a t o s $X201503 )
qqnorm ( d a t o s $X201503 )
q q l i n e ( d a t o s $X201503 )
shap7<−s h a p i r o . t e s t ( d a t o s $X201504 )
qqnorm ( d a t o s $X201504 )
q q l i n e ( d a t o s $X201504 )
shap8<−s h a p i r o . t e s t ( d a t o s $X201404 )
qqnorm ( d a t o s $X201404 )
q q l i n e ( d a t o s $X201404 )
s h a p t o t a l<−s h a p i r o . t e s t ( v a l u e t o t a l )
qqnorm ( v a l u e t o t a l )
q q l i n e ( v a l u e t o t a l )

# I n i t i a l average . Shapiro−Wilk n o r m a l i t y t e s t p−v a l u e s
p v a l u e s<−c ( shap1 $p . va lue , shap2 $p . va lue , shap3 $p . va lue ,

shap4 $p . va lue , shap5 $p . va lue , shap6 $p . va lue ,
shap7 $p . va lue , shap8 $p . v a l u e )

namesrow<−c ( ’ 201410 ’ , ’ 201411 ’ , ’ 201412 ’ , ’ 201501 ’ , ’ 201502 ’ ,
’ 201503 ’ , ’ 201504 ’ , ’ 201404 ’ )

mean p v a l u e<−data . frame ( mean t o t a l , p v a l u e s , row . names=namesrow )

# S av in g t h e new work d a t a f i l e
f i l e n a m e = p a s t e ( ’ Outpu t l o c a t i o n s Cadiz ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( d a t o s , f i l e = f i l e n a m e , row . names=F , c o l . names=TRUE,

sep = ”\ t ” )

# S av in g i n i t i a l means and v a r i a n c e s
f i l e n a m e = p a s t e ( ’ mean l o c a t i o n s Cadiz ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( mean pva lue , f i l e = f i l e n a m e , row . names=T ,

c o l . names=TRUE, sep = ”\ t ” )

# S av in g g r i d l o c a t i o n s ( o n l y ) f o r MATLAB
f i l e n a m e = p a s t e ( ’ l o c a t i o n s ma t l ab Cadiz ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( giv , f i l e = f i l e n a m e , row . names=F , c o l . names=FALSE ,

sep = ”\ t ” )
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2. Conditional simulation (S-T):

#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ SPATIO−TEMPORAL FRAMEWORK ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ Example : RMiaco model f o r c o n d i t i o n a l s i m u l a t i o n ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

# Covar iance f u n c t i o n : C( r , t ) = ( 1 . 0 + r ˆ v + t ˆ lambda ) ˆ d e l t a

# D e f i n i t i o n and drawing t h e De Iaco model
model <− RMiaco ( nu =1 , lambda = 1 . 5 , d e l t a = 0 . 5 )
p l o t ( model , dim =2)

# F i r s t : f i x e d l o c a t i o n s da ta s i m u l a t i o n f o r c o n d i t i o n i n g
# Grid f o r s i m u l a t i o n
x<−5 :10
y<−5 :10
T<−1 : 2

# P r o c e s s i n g g r i d f o r R F s i m u l a t e f u n c t i o n
g i v<−cbind ( rep ( x , each = l e n g t h ( y ) ) , rep ( y , l e n g t h ( x ) ) ,

rep ( T , each = l e n g t h ( x ) ∗ l e n g t h ( y ) ) )

# S i m u l a t i o n o f 5 t i m e s o f De Iaco model i n t h e p r e v i o u s g r i d
f i j a s<−R F s i m u l a t e ( model , x= g i v )

# These are t h e f i x e d l o c a t i o n s f o r c o n d i t i o n a l s i m u l a t i o n
data<−data . frame ( f i j a s )

# Grid f o r c o n d i t i o n a l s i m u l a t i o n
x<−1 :200
y<−1 :200
T<−1 :10

# P r o c e s s i n g g r i d f o r R F s i m u l a t e f u n c t i o n
g i v<−cbind ( rep ( x , each = l e n g t h ( y ) ) , rep ( y , l e n g t h ( x ) ) ,

rep ( T , each = l e n g t h ( x ) ∗ l e n g t h ( y ) ) )

# C o n d i t i o n a l s i m u l a t i o n
s i m u l<−R F s i m u l a t e ( model=model , x=giv , data=data )
s i m u l
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#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ SPATIO−TEMPORAL FRAMEWORK ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ Example : G n e i t i n g model c o n d i t i o n a l s i m u l a t i o n ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

model <− RMnsst ( p h i =RMgencauchy ( a l p h a =2 , beta = 0 . 2 , var = 0 . 1 ,
s c a l e =1 ) , p s i =RMgencauchy ( a l p h a =1 , beta = 0 . 1 ,
var = 0 . 1 , s c a l e =1 ) , d e l t a =2)

p l o t ( model , dim =2)

# S i m u l a t i o n g r i d d e f i n i t i o n f o r c o n d i t i o n a l s i m u l a t i o n
x<−1 :200
y<−1 :200
T<−1 :10

# P r o c e s s i n g g r i d f o r R F s i m u l a t e f u n c t i o n
g i v<−cbind ( rep ( x , each = l e n g t h ( y ) ) , rep ( y , l e n g t h ( x ) ) ,

rep ( T , each = l e n g t h ( x ) ∗ l e n g t h ( y ) ) )

# C o n d i t i o n a l s i m u l a t i o n
s i m u l<−R F s i m u l a t e ( model=model , x=giv , data=data , n =20)
s i m u l
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3. Fixed allocations from generalized Cauchy class:

#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ G e t t i n g f i x e d a l l o c a t i o n s by s i m u l a t i o n f o r d i f f e r e n t ∗
#∗ models o f t h e g e n e r a l i z e d Cauchy c l a s s ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

l i b r a r y ( RandomFields )

# ANY s i m u l a t i o n w i l l have t h e random seed −953631453
# ( S e t RFop t ions ( seed=NA) t o make them a l l random aga in )
RFop t ions ( s eed =−953631453)

# Number o f sample p a t h s
n=1

# Grid d e f i n i t i o n
x <− 1 :200
y <− 1 :200

# Cauchy models p a r a m e t e r s
a l p h a <− 2
beta <− 0 . 1

a l p h a 1<−2
b e t a 1<−0 . 5

a l p h a 2<−2
b e t a 2<−0 . 9

a l p h a 3<−2
b e t a 3<−2

var <− 1
s c a l e<−1

# RandomField package Cauchy model d e f i n i t i o n s
model <− RMgencauchy ( a l p h a = a lpha , beta =beta , var=var ,

s c a l e = s c a l e )
model1 <− RMgencauchy ( a l p h a = a lpha1 , beta = be ta1 , var=var ,

s c a l e = s c a l e )
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model2 <− RMgencauchy ( a l p h a = a lpha2 , beta = be ta2 , var=var ,
s c a l e = s c a l e )

model3 <− RMgencauchy ( a l p h a = a lpha3 , beta = be ta3 , var=var ,
s c a l e = s c a l e )

# One sample pa th f o r e v e r y Cauchy model
cond <− R F s i m u l a t e ( model = model , x=x , y=y , gr id =TRUE, n =1)
cond1 <− R F s i m u l a t e ( model = model1 , x=x , y=y , gr id =TRUE, n =1)
cond2 <− R F s i m u l a t e ( model = model2 , x=x , y=y , gr id =TRUE, n =1)
cond3 <− R F s i m u l a t e ( model = model3 , x=x , y=y , gr id =TRUE, n =1)

# S av in g da ta i n a t e x t f i l e
f i l e n a m e = p a s t e ( ’ Cauchy a2b01 . t x t ’ , sep =” ” )
w r i t e . t a b l e ( cond , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

f i l e n a m e = p a s t e ( ’ Cauchy a2b05 . t x t ’ , sep =” ” )
w r i t e . t a b l e ( cond1 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

f i l e n a m e = p a s t e ( ’ Cauchy a2b09 . t x t ’ , sep =” ” )
w r i t e . t a b l e ( cond2 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

f i l e n a m e = p a s t e ( ’ Cauchy a2b2 . t x t ’ , sep =” ” )
w r i t e . t a b l e ( cond3 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )
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4. Parameter estimation:

#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ Paramenter e s t i m a t i o n ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ Easy example o f parame te r e s t i m a t i o n and u n c o n d i c i o n a l ∗
#∗ s i m u l a t i o n o f a two−d i m e n s i o n a l Gauss ian random f i e l d ∗
#∗ w i t h e x p o n e n t i a l c o v a r i a n c e f u n c t i o n ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

l i b r a r y ( RandomFields )

# ANY s i m u l a t i o n w i l l have t h e random seed 0
# ( S e t RFop t ions ( seed=NA) t o make them a l l random aga in )
RFop t ions ( s eed =0)
RFop t ions ( modus o p e r a n d i =” s l o p p y ” )

# Grid d e f i n i t i o n
x <− 1 :30
y <− 1 :30

# Covar iance Cauchy model p a r a m e t e r s
a l p h a <− 2
beta <− 0 . 1
var <− 0 . 1
s c a l e<−1

# Cauchy model s i m u l a t i o n
model <− RMgencauchy ( a l p h a = a lpha , beta =beta , var=var ,

s c a l e = s c a l e )
data <− R F s i m u l a t e ( model=model , x=x , y=y , gr id =TRUE)

# Cauchy model parame te r e s t i m a t i o n
a j u s t a r <− RMgencauchy ( a l p h a =NA, beta =NA, var=var , s c a l e = s c a l e )

f i t t e d<−R F f i t ( model= a j u s t a r , data=data )
f i t t e d
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5. Heavy-Tail Fisher and Student covariance random field models simulation (unconditional and
condtional):

#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ Heavy− t a i l F i s h e r and S t u d e n t random f i e l d s ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗
#∗ U n c o n d i t i o n a l and c o n d i t i o n a l s i m u l a t i o n o f F i s h e r and ∗
#∗ and S t u d e n t random f i e l d s ∗
#∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗∗

# Four s c e n a r i o s are c o n s i d e r e d f o r each c o v a r i a n c e model

# Loading RandomFields package

l i b r a r y ( RandomFields )

# Number o f sample p a t h s ( 2 0 0 )
n <− i f ( i n t e r a c t i v e ( ) ) 200 e l s e 2

# Cauchy c o v a r i a n c e models are p r e v i o u s l y g e n e r a t e d and saved
# f o r t h e f o u r s c e n a r i o s . Here t h e s e s i m u l a t i o n s are lo ad ed
# Depending on de p r e v i o u s s i m u l a t i o n s c o n s i d e r e d , c o n d i t i o n a l
# or u n c o n d i t i o n a l , F i s h e r and S t u d e n t s i m u l a t i o n s are
# c o n d i t i o n a l or u n c o n d i t i o n a l . Here u n c o n d i t i o n a l s i m u l a t i o n s
# are c o n s i d e r e d

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ I n p u t \\
Cauchy a2b01 ” )

f i l e n a m e = p a s t e ( ’ su1 t o d a s a2b01 . t x t ’ , sep =” ” )
m u e s t r a<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su2 t o d a s a2b01 . t x t ’ , sep =” ” )
m u e s t r a 1<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su3 t o d a s a2b01 . t x t ’ , sep =” ” )
m u e s t r a 2<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su4 t o d a s a2b01 . t x t ’ , sep =” ” )
m u e s t r a 3<−read . t a b l e ( f i l e = f i l e n a m e )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ I n p u t \\
Cauchy a2b09 ” )

f i l e n a m e = p a s t e ( ’ su1 t o d a s a2b09 . t x t ’ , sep =” ” )
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m u e s t r a 4<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su2 t o d a s a2b09 . t x t ’ , sep =” ” )
m u e s t r a 5<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su3 t o d a s a2b09 . t x t ’ , sep =” ” )
m u e s t r a 6<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su4 t o d a s a2b09 . t x t ’ , sep =” ” )
m u e s t r a 7<−read . t a b l e ( f i l e = f i l e n a m e )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ I n p u t \\
Cauchy a05b01 ” )

f i l e n a m e = p a s t e ( ’ su1 t o d a s a05b01 . t x t ’ , sep =” ” )
m u e s t r a 8<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su2 t o d a s a05b01 . t x t ’ , sep =” ” )
m u e s t r a 9<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su3 t o d a s a05b01 . t x t ’ , sep =” ” )
mues t r a10<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su4 t o d a s a05b01 . t x t ’ , sep =” ” )
mues t r a11<−read . t a b l e ( f i l e = f i l e n a m e )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ I n p u t \\
Cauchy a05b09 ” )

f i l e n a m e = p a s t e ( ’ su1 t o d a s a05b09 . t x t ’ , sep =” ” )
mues t r a12<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su2 t o d a s a05b09 . t x t ’ , sep =” ” )
mues t r a13<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su3 t o d a s a05b09 . t x t ’ , sep =” ” )
mues t r a14<−read . t a b l e ( f i l e = f i l e n a m e )
f i l e n a m e = p a s t e ( ’ su4 t o d a s a05b09 . t x t ’ , sep =” ” )
mues t r a15<−read . t a b l e ( f i l e = f i l e n a m e )

# S t u d e n t random f i e l d s i m u l a t i o n s f o r each s c e n a r i o
T 2 a2b01<−m u e s t r a / s q r t ( 0 . 5 ∗ ( m u e s t r a 1 ˆ2+ m u e s t r a 2 ˆ 2 ) )
T 2 a2b09<−m u e s t r a 4 / s q r t ( 0 . 5 ∗ ( m u e s t r a 5 ˆ2+ m u e s t r a 6 ˆ 2 ) )
T 2 a05b01<−m u e s t r a 8 / s q r t ( 0 . 5 ∗ ( m u e s t r a 9 ˆ2+ mues t r a10 ˆ 2 ) )
T 2 a05b09<−mues t r a12 / s q r t ( 0 . 5 ∗ ( mues t r a13 ˆ2+ mues t r a14 ˆ 2 ) )

# F i s h e r random f i e l d s i m u l a t i o n s f o r each s c e n a r i o
F 2 a2b01<−( m u e s t r a ˆ2+ m u e s t r a 1 ˆ 2 ) / ( m u e s t r a 2 ˆ2+ m u e s t r a 3 ˆ 2 )
F 2 a2b09<−( m u e s t r a 4 ˆ2+ m u e s t r a 5 ˆ 2 ) / ( m u e s t r a 6 ˆ2+ m u e s t r a 7 ˆ 2 )
F 2 a05b01<−( m u e s t r a 8 ˆ2+ m u e s t r a 9 ˆ 2 ) / ( mues t r a10 ˆ2+ mues t r a11 ˆ 2 )
F 2 a05b09<−( mues t r a12 ˆ2+ mues t r a13 ˆ 2 ) / ( mues t r a14 ˆ2+ mues t r a15 ˆ 2 )
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# S av in g S t u d e n t da ta
setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ S t u d e n t a2b01 ” )
# Each column w i t h i n t h e f i l e i s a sample pa th
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ T 2 a2b01 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( T 2 a2b01 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ S t u d e n t a2b09 ” )
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ T 2 a2b09 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( T 2 a2b09 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )
f o r ( i i n 1 : n )
{
f i l e n a m e = p a s t e ( ’ su ’ , as . c h a r a c t e r ( i ) , ’ a2b09 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( as . matrix ( T 2 a2b09 [ , i ] , nrow=n , nco l =n ) ,

f i l e = f i l e n a m e , row . names=F , c o l . names=F )
}

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ S t u d e n t a05b01 ” )
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ T 2 a05b01 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( T 2 a05b01 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ S t u d e n t a05b09 ” )
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ T 2 a05b09 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( T 2 a05b09 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

# S av in g F i s h e r da ta
setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ F i s h e r a2b01 ” )
# Each column w i t h i n t h e f i l e i s a samle pa th
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ F 2 a2b01 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( F 2 a2b01 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ F i s h e r a2b09 ” )
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ F 2 a2b09 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( F 2 a2b09 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ F i s h e r a05b01 ” )
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’F 2 a05b01 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( F 2 a05b01 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

Thesis



Appendix 173

setwd ( ”C:\\ S i m u l a c i o n e s \\Heavy T a i l \\UNCOND\\ F i s h e r a05b09 ” )
f i l e n a m e = p a s t e ( ’ su t o d a s ’ , ’ F 2 a05b09 ’ , ’ . t x t ’ , sep =” ” )
w r i t e . t a b l e ( F 2 a05b09 , f i l e = f i l e n a m e , row . names=F , c o l . names=F )

Thesis




