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ABSTRACT

The main objective of this doctoral thesis is the derivation of an integral spectral representation of the
massive Dirac propagator in the nonextreme Kerr geometry in horizon-penetrating advanced Eddington—
Finkelstein-type coordinates. To this end, we divide the doctoral thesis into the following three parts. In
the first part, we describe the nonextreme Kerr geometry in the Newman—Penrose formalism by means
of a Carter tetrad in advanced Eddington—Finkelstein-type coordinates, which are regular across the
event and the Cauchy horizon, respectively, and feature a temporal function for which the level sets
are partial Cauchy surfaces. On this background geometry, we define the massive Dirac equation in
the Weyl representation in 2-spinor form with a Newman—Penrose dyad basis for the spinor space. We
perform Chandrasekhar’s mode analysis and thus show the separability of the massive Dirac equation
expressed in such horizon-penetrating coordinates into systems of radial and angular ordinary differential
equations (ODEs). We compute asymptotic radial solutions at infinity, the event horizon, and the Cauchy
horizon, and demonstrate that the corresponding errors have suitable decay. Furthermore, we study
specific aspects of the set of eigenfunctions and the eigenvalue spectrum of the angular system. In
the second part, we introduce a new method of proof for the essential self-adjointness of the Dirac
Hamiltonian for a particular class of nonuniformly elliptic mixed initial-boundary value problems on
smooth asymptotically flat Lorentzian manifolds, combining results from the theory of symmetric
hyperbolic systems with near-boundary elliptic methods. Finally, in the third part, we present the
Hamiltonian formulation of the massive Dirac equation in the nonextreme Kerr geometry in advanced
Eddington—Finkelstein-type coordinates and, within this framework, derive an explicit integral spectral
representation of the massive Dirac propagator, which yields the full time-dependent dynamics of
massive spin-1/2 fermions outside, across, and inside the event horizon, up to the Cauchy horizon. For
the construction of this propagator, we first prove that the Dirac Hamiltonian in the extended Kerr
geometry is essentially self-adjoint by employing the method introduced in the second part, and then
use the spectral theorem for unbounded self-adjoint operators as well as Stone’s formula, which links
the spectral measure of the Dirac Hamiltonian to the associated resolvent. We determine the resolvent
in a separated form in terms of the projector onto a finite-dimensional invariant spectral eigenspace of
the angular operator and the radial Green’s matrix both obtained within the mode analysis of the Dirac
equation presented in the first part. This propagator may be applied to study the long-time dynamics and
the decay rates of massive Dirac fields in a rotating Kerr black hole spacetime. It can furthermore be
used in the formulation of an algebraic quantum field theory.
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CHAPTER

INTRODUCTION

In order to determine the dynamics of relativistic massive spin-1/2 fermions in a rotating black hole
spacetime, the Dirac equation in the nonextreme Kerr geometry was studied extensively over the last five
decades employing different approaches. The probably most established approach is Chandrasekhar’s
mode analysis [18-20], where the massive Dirac equation is separated by means of time and azimuthal
angle modes and by a specific product ansatz for the radial and polar angle dependencies in the
Dirac spinors, which results in first-order systems of radial and angular ODEs. Within this framework,
many physical processes like the emission and absorption of Dirac particles by rotating Kerr black
holes, Kerr black hole stability under fermionic field perturbations, and superradiance were investigated
[11, 84,90, 102, 106]. However, it does not give rise to a description of the full time-dependent dynamics
of Dirac particles in the Kerr geometry. This was first analyzed in the framework of scattering theory
in [5, 17, 26, 54, 59, 60, 80]. More recently, a somewhat different approach to define the full time-
dependent dynamics of Dirac particles using an integral spectral representation of the Dirac propagator
in the Hamiltonian framework was developed [37-39] (an analogous construction was carried out for
the propagator of the scalar wave equation in the Kerr geometry in [40, 41]). This method combines
results from both functional analysis and Chandrasekhar’s mode analysis, allowing for a derivation of
sharp decay rates for Dirac spinors as well as estimates for the probability of a Dirac particle to fall into
a Kerr black hole or escape to infinity.

The basis of the mode analysis approach is Chandrasekhar’s famous discovery that the massive
Dirac equation in the nonextreme Kerr geometry expressed in Boyer—Lindquist coordinates is separable,
which was worked out in his original article [18] from 1976 and led to a major breakthrough in the
field of black hole physics. At that time, this remarkable result came a bit as a surprise because the
Dirac equation was not expected to be separable in the Kerr geometry. Despite the tremendous impact
of this discovery, the validity of the associated solutions is naturally restricted to those regions of
the Kerr geometry where the Boyer-Lindquist coordinates are well-defined. And as they become
singular at the event and the Cauchy horizon, respectively, the dynamics of Dirac particles near and
across these horizons cannot be properly described in these coordinates. As a consequence, the above
integral spectral representation of the propagator of the massive Dirac equation in the nonextreme
Kerr geometry derived in [37-39], which is in part based on results obtained from Chandrasekhar’s
mode analysis in Boyer—Lindquist coordinates, has the shortcoming that it yields a solution of the
Cauchy problem for the Dirac equation only outside the event horizon. Here, we resolve this problem
by constructing a generalized integral spectral representation using a specific analytic extension of
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CHAPTER 1. INTRODUCTION

the Boyer-Lindquist coordinates, the so-called advanced Eddington—Finkelstein-type coordinates, that
is regular across the event and the Cauchy horizon, and features a temporal function for which the
level sets are partial Cauchy surfaces [28, 98]. More precisely, our generalized horizon-penetrating
propagator describes the full time-dependent dynamics of massive Dirac particles outside, across, and
inside the event horizon, up to the Cauchy horizon. We point out that since the transformation from
Boyer-Lindquist coordinates to advanced Eddington—Finkelstein-type coordinates is singular at the
event and the Cauchy horizon, and hence nontrivial, a careful mathematical analysis of this issue is
essential. Furthermore, as the mixing of the time and the azimuthal angle variable that arises in this
transformation leads to a symmetry breaking of structures inherent to Boyer-Lindquist coordinates,
it is a priori not clear that the separation of variables property of the Dirac equation is conserved in
advanced Eddington—Finkelstein-type coordinates. We eventually show that this property also holds for
the new coordinates. Instead of using advanced Eddington—Finkelstein-type coordinates, one may as
well choose different horizon-penetrating coordinates such as Doran coordinates [30] or generalized
Kruskal-Szekeres coordinates [19, 71, 97]. These are, however, far more complicated in their handling
and result in more intricate computations.

The derivation of the generalized horizon-penetrating integral spectral representation of the Dirac
propagator is carried out as follows. Employing the Newman—Penrose formalism, we express the
nonextreme Kerr geometry in terms of a regular Carter tetrad in advanced Eddington—Finkelstein-type
coordinates (7, 7,0, ¢), where 7 € R, r € R+, § € (0,7), and ¢ € [0,27), compute the correspon-
ding spin coefficients by solving the torsion-free first Maurer—Cartan equation of structure, and thus
determine the massive Dirac equation in a dyadic Weyl representation. Then, using Chandrasekhar’s
mode ansatz for the Dirac spinors, we prove the separability of the massive Dirac equation in these
horizon-penetrating coordinates. Accordingly, we obtain first-order systems of radial and angular ODE:s.
We derive asymptotic radial solutions at infinity, the event horizon, and the Cauchy horizon and estimate
the decay of the associated errors. Moreover, we show, on the one hand, that by decoupling the angular
system, we obtain the usual Chandrasekhar—Page equation, and, on the other hand, that the corresponding
set of eigenfunctions is complete, bounded, and smooth, and the spectrum of eigenvalues is discrete,
nondegenerate, and ordered. Next, as we apply the spectral theorem in the derivation of the integral
representation of the Dirac propagator, we require an essentially self-adjoint Dirac Hamiltonian H.
For the proof of the essential self-adjointness, one usually employs methods from standard elliptic
theory because this operator is in general elliptic. However, since in the case of the nonextreme Kerr
geometry it turns out that the Hamiltonian is not elliptic at the event and the Cauchy horizon, these
methods cannot be used, which obliges us to work with an alternative method of proof. Hence, we
introduce a new method that combines results from the theory of symmetric hyperbolic systems with
near-boundary elliptic methods [47]. To be more precise, we consider the class of smooth oriented and
time-oriented asymptotically flat Lorentzian spin manifolds (M, g) of dimension d > 3 with boundary
OM, admitting a Killing field that is timelike near — and tangential to — the boundary and having the
product structures M = R x N and OM = R x 0N, where N is a spacelike hypersurface with compact
boundary ON (for a complete account of the general framework of such SSTK spacetimes see, e.g.,
[1, 13, 65, 66]). Furthermore, we choose a spinor bundle SM with sections S,M ~ Cf,p e Mand
dimension f = 2l%/2] Then, we formulate the nonuniformly elliptic mixed initial-boundary value
problem for the Dirac equation in Hamiltonian form

i0pyp = H
YN = o € C5°(N, SM)

2



where 1 is a Dirac 4-spinor, H the Dirac Hamiltonian, ¢ a temporal function, 7 the inner normal on OM
with the slash denoting a Clifford contraction, and C§°(N, SM) is the class of smooth Dirac 4-spinors
with compact support on N. The initial data 1o on ON (= {0} x ON) is assumed to be compatible with
the boundary condition, i.e.,

(7t —1)Yolon = 0.

We establish the existence of a unique global solution %) in the class
{¥ € CZ (M, SM) | (b — i) (HP¢)jom = 0 forall p € No},

where C (M, SM) is the class of smooth Dirac 4-spinors with spacelike compact support on M, i.e.,
supp ¥ (t, .) is a compact subset of N for all ¢ € R, and the stronger set of boundary conditions
gives rise to smoothness of the solution in time. To this end, we split the nonuniformly elliptic mixed
initial-boundary value problem into two separate ones: in a region near the boundary 0M, which is
sufficiently far away from the points where the Hamiltonian fails to be elliptic, we rewrite the problem
in a form for which the standard methods for elliptic systems with boundaries presented in [4] apply,
whereas in a region away from the boundary that includes these points, we employ results from the
theory of symmetric hyperbolic systems (e.g., [101]). Making essential use of finite propagation speed,
we can add the associated solutions, thus finding a unique smooth solution of the nonuniformly elliptic
mixed initial-boundary value problem for small times. Iterating this procedure eventually yields a
unique global smooth solution. Consequently, we obtain a 1-parameter family of unitary time evolution
operators, which makes it possible to apply Chernoff’s lemma [21] on the essential self-adjointness of
powers of generators of hyperbolic equations in order to prove the following theorem on the essential
self-adjointness of the Dirac Hamiltonian.

Main Theorem 1. The Dirac Hamiltonian H with domain of definition
Dom(H) = {¢ € C5°(N, SM) | (sh — 1)(H¢)joxn =0 forall p € No}

is essentially self-adjoint.

Subsequently, we rewrite the massive Dirac equation defined in the analytic extension of the nonextreme
Kerr geometry in Hamiltonian form

iaTQ,Z)(T, T, 9, (ZS) - H¢(T7 r, 07 ¢) )

impose a Dirichlet-type MIT boundary condition on a timelike inner boundary surface placed beyond
the Cauchy horizon, and introduce a suitable scalar product on the associated space of solutions. We note
that this timelike inner boundary surface corresponds to the above-mentioned boundary 0M, where the
MIT boundary condition prevents Dirac particles from impinging on the curvature singularity without
affecting their dynamics in the region outside the Cauchy horizon. Accordingly, the time evolution is
unitary. For the proof of the essential self-adjointness of the Dirac Hamiltonian, we use our method for
nonuniformly elliptic mixed initial-boundary value problems. We then derive an integral representation
of the Dirac propagator via the spectral theorem for unbounded self-adjoint operators

Y= e TH gy — / e T o dE,

R

where dE,, is the spectral measure of the Hamiltonian, w the spectral parameter, and 1y := ¥ (7 =
0,7, 6, ¢) smooth initial data with compact support. Employing Stone’s formula [94], we express the
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CHAPTER 1. INTRODUCTION

spectral measure in terms of the resolvent of the Hamiltonian Res(we; H) := (H — w.) ™1, we € C\R,
which is determined in terms of specific quantities obtained in the analysis of the radial and angular ODE
systems that arise in Chandrasekhar’s mode analysis. In more detail, after factoring out the azimuthal
angle modes, we project the Dirac Hamiltonian onto a finite-dimensional invariant spectral eigenspace
of the angular operator pertaining to the angular ODE system, which leaves us with a matrix-valued
first-order ordinary differential operator of the radial variable. The resolvent of this operator can be
calculated by means of the Green’s matrix of the radial ODE system extended to complex-valued fre-
quencies. For the determination of the Green’s matrix, we derive generalized radial Jost-type equations
[93] and study specific aspects of their solutions, namely the existence, uniqueness, and boundedness.
We moreover use the asymptotic radial solutions at infinity, the event horizon, and the Cauchy horizon
for guidance in the implicit construction of the required fundamental radial solutions. Summing over all
azimuthal angle modes, we obtain the full resolvent of the Dirac Hamiltonian in separated form. The
resulting horizon-penetrating integral spectral representation of the Dirac propagator captures the full
time-dependent relativistic dynamics of massive Dirac particles outside and across the event horizon of
the nonextreme Kerr geometry, up to the Cauchy horizon [48].

Main Theorem II. The massive Dirac propagator in the nonextreme Kerr geometry in advanced
Eddington—Finkelstein-type coordinates can be expressed via the integral spectral representation

_L —ike —iwT s I _ s -1 !
0.0 = 5 57 [ i (0 =i (i)
X o (r',0") dw,

where 1y j, is smooth initial data for fixed k-modes with compact support and (Hj, — w F i)~ are
unique resolvents of the Dirac Hamiltonian Hy, for fixed k-modes on the upper and lower complex
half-planes.

In a final step, we compute the limit € ~, 0 of the difference of resolvents leading to a rigorously
simplified form of the propagator.



CHAPTER

MATHEMATICAL CONCEPTS AND PHYSICAL FOUNDATIONS

We introduce in a concise form the basic mathematical structures and formalisms relevant for this work.
Furthermore, we explain their relations to physics. More precisely, we present the differential geometric
framework required to describe rotating black hole spacetimes in general relativity as well as concepts
of mathematical analysis, in particular for partial differential equations (PDEs) and spectral theory, to
analyze the Dirac equation. For more details on the separate subjects, we refer to the specified literature.

2.1 Differential Geometric Concepts and Setting

We establish the notion of globally hyperbolic Lorentzian manifolds and give a definition of frame fields
(with special attention to tetrads), which constitute suitable local bases for the tangent spaces of these
manifolds. Subsequently, we specify the Newman—Penrose formalism. We then present the Einstein
field equations and outline some basics of the Kerr geometry.

2.1.1 Lorentzian Manifolds

The concept of a (4-dimensional) Lorentzian manifold with indefinite metric is commonly used in general
relativity in order to give mathematical meaning to the notion of spacetime and, more importantly, to
impose a causal structure allowing tangent vectors to be classified into the categories timelike, spacelike,
and null. This cannot be realized using Riemannian manifolds, which are endowed with positive-
definite metrics. The Lorentzian type of manifold constitutes a significant subclass of the more general
pseudo-Riemannian manifolds.

Definition 2.1.1. A pseudo-Riemannian manifold is a differential manifold D)t of dimension n equipped
with a nondegenerate metric

g:I(Tm) x '(TM) - C*(M,R), (X,Y)—g(X,Y),
where X, Y € I'(T9) are smooth vector fields, that satisfies for a,b € C°°(91, R) the properties
1. g(aX +0Y,Z)=0ag(X,Z)+bg(Y,Z)

2. 9(X,)Y)=g9g(Y,X)



CHAPTER 2. MATHEMATICAL CONCEPTS AND PHYSICAL FOUNDATIONS

3.9(X,Y)=0 foral Y = X=0
and has the signature (g, ) with ¢ + r = n and both ¢, r being nonnegative.
Lorentzian manifolds represent the following special case of pseudo-Riemannian manifolds.

Definition 2.1.2. An n-dimensional Lorentzian manifold (9, g) is a pseudo-Riemannian manifold for
which the metric signature is (1,n — 1).

In order to have a notion of differentiability of vector fields on the tangent bundles of pseudo-Riemannian
manifolds, we next define the affine connection.

Definition 2.1.3. An affine connection V on the tangent bundle 790 of a pseudo-Riemannian manifold
(9, g) is a bilinear mapping

V:D(TM) x D(TM) — T(TM), (X,Y)— VxY
such that for all functions a,b € C*°(9, R) and all vector fields X,Y, Z € T'(T9) the conditions
l. VoxisyZ = aVxZ +bVyZ
2. Vx(Y +Z)=VxY +VxZ
3. Vxa=Xa
4. Vx(aY)=(Vxa)Y +aVxY
are fulfilled.

2.1.2 Globally Hyperbolic Lorentzian Manifolds

Global hyperbolicity is a particular condition on the causal structure of a Lorentzian manifold, which
was originally introduced in order to analyze the well-posedness of the Cauchy problems of certain
PDE systems. Generally speaking, if a Lorentzian manifold is globally hyperbolic, it can be foliated
by Cauchy hypersurfaces. This concept is very useful in the context of the initial value formulation of
the Einstein field equations in general relativity. To properly specify the global hyperbolicity condition,
we first need to introduce several basic differential geometric notions. In the following, we let (91, g)
always be a smooth and connected Lorentzian manifold without boundary. Furthermore, we call the
points of 91 events. The causal relations between two such events in the manifold can be defined using
certain conditions on the tangent vectors of smooth curves joining pairs of events.

Definition 2.1.4. A tangent vector field X € T is referred to as
o timelike if g( X, X) > 0.
o lightlikeif g(X,X)=0 and X #0.
o causalif g(X,X) >0 and X #0.
o nullif g(X,X) =0.
e spacelike if g( X, X ) < 0.

e nonspacelike if g(X,X) > 0.



2.1. DIFFERENTIAL GEOMETRIC CONCEPTS AND SETTING

In order to set up a causal structure on (901, g), one requires the notion of time orientability.

Definition 2.1.5. A time orientation at p € 9 is a choice of one of the two causal cones in 7,901, which
are formed by the set of all lightlike vectors at that event. This cone is called the future cone, whereas the
nonchosen cone is called the past cone. A smooth choice of time orientations for all p € 90 is referred
to as a time orientation. A Lorentzian manifold (91, g) is then said to be time-orientable if such a time
orientation exists.

Proposition 2.1.6. A Lorentzian manifold (9, g) is time-orientable if and only if it admits a globally
defined timelike vector field.

We may then define the causal relations between pairs of events in 91 (see, e.g., [75]).

Definition 2.1.7. In a given time-oriented connected Lorentzian manifold (90, g), also referred to as
spacetime, the events p and q are related

e chronologically (p < q) if there is a future-directed timelike curve connecting p with q.
o strictly causally (p < q) if there is a future-directed causal curve connecting p with q.
o causally (p < q) if there is a future-directed causal or constant curve connecting p with q.

e horismotically (p — q) if there is a future-directed causal or constant, but not timelike curve
connecting p with q.

The chronological future, causal future, and horismos of an event p are defined as

I*(p)={geM|p<q}
Jtp)={qeM|p<q}
ET(p):={qeM[p—q} =T (p)\I"(p).

These definitions carry over to I—, J~, and £~ by changing (p, q) into (¢, p). Moreover, a subset
M C M is called achronal if IT (M) NN = 0, i.e., every timelike curve in DN intersects I at most once.
Also, for 91 C 9 being closed and achronal, the future/past domain of dependence D/~ (M) is the
collection of all points p € 9 such that every past/future inextensible (i.e., devoid of endpoints, or
in other words, either infinitely extended or closed) causal curve passing through p intersects 91. The
domain of dependence of M is then defined as the union D(N) = DT (MN) U D~ (N).

Since there exist several equivalent formulations of the global hyperbolicity condition relying in part on
the particular notions of causal simplicity, Cauchy hypersurfaces, and nontotal imprisonment, we next
state the corresponding definitions.

Definition 2.1.8. A spacetime (90, g) is called
e causal if it does not contain closed causal curves.

e strongly causal if for all p € 9 and any neighborhood U, of p there is a causally convex
neighborhood V), C U, of p, where causal convexity means that any causal curve with endpoints
in V), is entirely contained in V},.

e nontotal imprisoning if no inextensible causal curve is contained in a compact set.

7



CHAPTER 2. MATHEMATICAL CONCEPTS AND PHYSICAL FOUNDATIONS

Definition 2.1.9. A Cauchy surface of a spacetime (91, g) is any subset 9t C 91 that is closed and
achronal, and has D(91) = 9N, i.e., it is intersected by every inextensible timelike curve exactly once.
It is therefore a topological hypersurface [82], which can be approximated by a smooth spacelike
hypersurface [6]. A partial Cauchy surface is a hypersurface, which is intersected by any timelike curve
at most once.

We are now in a position to express the four most prominent definitions of global hyperbolicity [6, 56, 61].
Definition 2.1.10. A spacetime (901, g) is globally hyperbolic if and only if

1. itis causal and the space C(p, ¢) of continuous future-directed causal curves from p to g is compact
in the C? topology for all p, g € 9.

2. it admits a Cauchy hypersurface 9t C 9.
3. itis causal and J*(p) N J~(q) is compact for all p, g € M.
4. it is nontotal imprisoning and J* (p) N J~(q) is contained in a compact set for all p, g € .

We note that the first and third definitions originally used the stronger condition of strong causality
(cf. Definition 2.1.8), which was eventually shown in [9] to be relaxable to the weaker condition of
causality. For additional relaxations of these definitions under mild overall assumptions see also [64].
Furthermore, in the case that 9t has a conformal boundary, the interior is globally hyperbolic if and
only if the boundary is spacelike [51]. Finally, we introduce time-type functions, which are essential in
the formulation of any Cauchy problem, and discuss their relation to the notion of global hyperbolicity
following [7, 55]. Further background information and results can be found in, e.g., [8, 77, 78].

Definition 2.1.11. We let (901, g) be a spacetime. A function ¢: 9T — R is
1. a generalized time function if it is strictly increasing on any future-directed causal curve +.
2. atime function if it is a continuous generalized time function.
3. atemporal function if it is a smooth function with past-directed timelike gradient V¢.

Proposition 2.1.12. Any globally hyperbolic spacetime (9N, g) contains a Cauchy temporal function t,
that is, a temporal function for which the level sets t~1(.) are smooth spacelike Cauchy hypersurfaces
(M) ter wWith My C J~(My) forall t < t'. Accordingly, M is diffeomorphic to R x MNy.

One may choose the diffeomorphism to be conformal with parametrized orthogonal product metric
on R x 9. These results can be extended to the case of globally hyperbolic spacetimes with timelike
boundary [1].

2.1.3 Frame Fields and the Tetrad Formalism

The notion of a frame field is a generalization of the standard coordinate basis approach to tensor fields
on manifolds.

Definition 2.1.13. A frame field { €(1); - e(n)} on a general n-dimensional pseudo-Riemannian mani-
fold (901, g) constitutes a set of n locally defined linearly independent vector fields that form a basis for
the tangent space 7,901 at each point p of their common domain in 1.

8
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Accordingly, a frame field is a section of a linear frame bundle, namely the tangent bundle 7*0t. The
calculus of frame fields is the so-called Cartan formalism, which, on the one hand, is a particularly
convenient framework for computing the curvature via two coupled structure equations and, on the other
hand, yields a covariant first-order action functional for the gravitational field. To be more precise, the
Cartan formalism employs the dual coframe field and the so-called Cartan connection as independent
fundamental variables. The advantages of this particular local formalism over the standard coordinate-
based formulation lie firstly in the adaptivity of the frame field to specific physical aspects as well as
underlying symmetries of the manifold, which, as a consequence, leads to drastic simplifications in the
computation of the curvature, and secondly in the reduction of the order of the action functional for the
gravitational field. We note that the Cartan formalism for the special case of 4-dimensional Lorentzian
manifolds, which are the essential geometric structures inherent to general relativity, is commonly
known as tetrad formalism. In this regard, we also want to point out that, on a more fundamental
level, the Cartan formalism may in principle introduce modifications to general relativity. This occurs
in the presence of spinning matter where the torsion becomes dynamical, thus breaking the theory’s
fundamental assumption of zero torsion. Besides, there exists another crucial reason for the use of local
frame fields, namely the proper definition of the Dirac equation in curved spacetimes. This is due to the
fact that for the construction of spinors, one requires the restricted Lorentz group SO™ (1, 3, R) — and
hence its double covering group SL(2, C) — to be the local symmetry group, i.e., the local pointwise
symmetry in the frame bundle. In the standard metric formulation of general relativity, however, the
local symmetry group is the larger diffeomorphism group, which in general does not have a spinor
representation. The tetrad formalism on the other hand gives rise to local orthonormal frames with metric
signature (1, 3), and thus yields a local representation of the restricted Lorentz group.

We now describe the tetrad formalism. To this end, we let (91, g) be a Lorentzian 4-manifold
endowed with an affine connection V and a dual pair of coordinate bases (e,,) and (e*), 1 € {0, 1,2, 3},
for the tangent and cotangent spaces 7,9t and 7;;00 at each point p € 9N, respectively, where Greek
letters label tensor indices. Moreover, as another dual pair of bases for 7,901 and T; 9, we introduce a
frame field consisting of four locally defined linearly independent (orthonormal or null) vector fields
— the so-called tetrad frame — and its unique metric dual, which are denoted by (e(,)) and (el@),
a € {0,1,2,3}, with Latin letters enclosed in parenthesis labeling tetrad indices. In terms of the
coordinate bases, the tetrad bases can be written as

) = e(a)” e, and el = e(“)u e,

where e (a)“ is a linear mapping from 707 to 7907, namely a 4 x 4 transition matrix, and e

inverse, that is,

18 its
e(a)“ e(b)u = 5§2)) and e(a)“ el® =gk
Conversely, we find

e, = e(a)ﬂ ew and et = e(a)“ el

Usually, one chooses a particular tetrad frame in such a way that the inner product of the tetrad vectors
with respect to the prescribed Lorentzian metric g yields a specified constant symmetric matrix n

g(ew:em) =ew) €w) = o) -

In the special case of 7) being the Minkowski metric, the tetrad e(,) is orthonormal. Accordingly, tetrad

indices are lowered and raised with 7)) () and its inverse na) )

e = Mwme” ad e@=n0e,.

9
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Furthermore, the Lorentzian metric can be expressed as

G = €(ay €Y

Now, given any vector 7,9t > V' = V*# 0, represented in terms of a coordinate basis (e, ), we may
transform it into a tetrad frame, obtaining the associated components

V@ — @Oy, = @ yi = @y,

and vice versa

VH = e(a)# v — (a)u V(a) )

For more general tensor fields, there exist similar relations between the components in the coordinate
and tetrad bases. The affine connection in the Cartan formalism, which we refer to as Cartan connection
and denote by w, is related to the usual Christoffel symbols (FZ ,) via

Wy a) (6) = €y €1 Ty — €ty Onayo - 2.0

Moreover, as one has the freedom to perform both local Lorentz transformations at every point on the
manifold as well as general coordinate transformations

/

0(1,3)5A@  —A@ (2 and DifPo(am) 5 O
’ (a’) (a’) oxh’
the tetrad and the connection change according to the mixed transformation laws

’

oxH

s 1
(@) Pgn Cla)

u W ala)
€(a) '—>e(a,) =A

and
Ozt (a) () )
i a) () 7 O (@) ) = G [ Dy @@ e A iy~ (Ouh ) A <b/>]'

We next define the two mappings called torsion and Riemann curvature.

Definition 2.1.14. We let (901, g) be a general pseudo-Riemannian manifold. The forsion is an antisym-
metric tensor field of type (1, 2) given by

T:T(TM) xT(TM) - T(TM) with T(X,Y):=VxY -VyX —[X,Y], 2.2)
whereas the Riemann curvature is an antisymmetric tensor field of type (1, 3) specified as

R: F(Tﬁ)ﬁ) X P(Tgﬁ) X P(Tﬁn) — P(Tgﬁ) with R(X,Y) =VxVy -VyVx — V[X7y} ,
2.3)
in which V denotes an affine connection and X, Y € I'(T9).

Choosing the dual pair of tetrad bases e(,) and e(@ for T, and T;9M, respectively, and the Cartan
connection w on 11, one can derive the so-called Maurer—Cartan equations of structure [19] from (2.2)
and (2.3).

Corollary 2.1.15. The torsion T' and the Riemann curvature R are related to the tetrad e and the
Cartan connection w by means of the Maurer—Cartan equations of structure

%T(a)(b) © e® el =de@ + @ Ae® (2.4)

(b)
and

e(c) /\ e(d) — dw(a)(b) + w(a) /\ w(C)

(c) ON

10
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As general relativity is based on the assumption of vanishing torsion, the first Maurer—Cartan equation
(2.4) reduces to

de@ = —[ @ A e® (2.5)

(0)
Hence, in this special case, the Cartan connection, which is now referred to as Levi—Civita connection,
becomes a function of the tetrad and ceases to represent an independent variable. Consequently, it is this
equation that is fundamental to uniquely determine the connection from a given tetrad.

2.1.4 The Newman-Penrose Formalism

The Newman—Penrose formalism [79] is a specific tetrad formalism, in which spacetime geometries are
described in terms of complex-valued null tetrad fields. It is particularly useful for an account of the black
hole solutions of general relativity because of their Petrov D-type character and the Goldberg—Sachs
theorem [19, 83], that is, one can choose a null tetrad being adapted to the two double principal null
directions, and thus to the lightcone structure of the spacetime. It is therefore also well suited for the
analysis of radiative transport in black hole spacetimes. As a consequence, this leads to a reduction in the
number of conditional equations and to simplified expressions for many primary geometric quantities.
The Newman—Penrose formalism may of course be set up to reflect other symmetries of black hole
spacetimes, such as the discrete time and angle reversal isometries of the nonextreme Kerr geometry.

Definition 2.1.16. In the Newman—Penrose formalism, local tetrad bases are composed of two real-
valued null vectors, I = €y = eWandn =e 1= e, as well as a complex-conjugate pair of null
vectors, m = e, = —e® andm = es) = —e@ (following the notation and terminology of [19]).
These are required to satisfy the null conditions

l-l=m-n=m-m=m -m=0, (2.6)
the orthogonality conditions
Il m=l-m=n-m=n-m=0, 2.7
and the cross-normalization conditions (which depend on the signature convention)
l-n=-m -m=1. (2.8)

The corresponding local metric is nondegenerate and constant, reading
N=guen cp e e’ =lentnal-mem-mam,

In order to determine the connection in this formalism, we use the torsion-free first Maurer—Cartan
equation of structure (2.5) in the form

de(a) — ,y(a) e(b) A e(C) , 2.9)

(®) (0)

(a)

in which the Ricci rotation coefficients (v (b)(c)) are related to the Cartan connection (2.1) via

T o0 = e 18 )+ e ]
Inserting the null basis introduced in Definition 2.1.16 into (2.9) leads to the following corollary.

11
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Corollary 2.1.17. The torsion-free first Maurer—Cartan equation of structure in the Newman—Penrose
formalism reads

dl =2Re(e)n Al —2n ARe(km) — 2l ARe([r —a — 8]m) + 2ilm(o) m AT
dn =2Re(y)nAl—2nARe([a+ B —7m)+ 2l ARe(vm) + 2ilm(p)mAm  (2.10)

dm=dm = (T+7)nAl+ (2ilm(e) — o) n Am —on Am+ (Z+ 2iIm(y)) L Am
+AlAmM— (a@—B)mAm,

where the so-called spin coefficients

_ _ 1
F=Y2 00 2% 7200 f—ﬂ%mm@+Wmmm
(Y 0 @) F @)

)

3 )

A=Y01)3)(3) =720 @) az%%mmm+7 3))
1

a( @)

Y=Evnea) TEInEo BT

constitute the associated connection representation, thus describing the change in the tetrad from one
point to another.

Next, as tetrad frames may be subjected to local Lorentz transformations at every point on the manifold,
we briefly address the particular tetrad transformations applied in Section 3.1 and Section 3.2. These
transformations are elements of the 2-parameter subgroup of local Lorentz transformations known as
class III or spin-boost Lorentz transformations [19, 83], which renormalize the real-valued Newman—
Penrose vectors I and n, leaving their directions unchanged, and rotate the complex-conjugate pair m
and 7 in the (m, 7m2)-plane

Ilsl=¢l, n>n=¢'n, mom=é%m, m—m = Ym, (2.11)
where the scale factor ¢ € R\{0} and the angle ¢/ € R are functions depending on the spacetime
coordinates (x*). There are various aspects of the Newman—Penrose formalism that are not discussed in
this subsection, such as the different classes of local Lorentz transformations or the five complex Weyl

scalars and their algebraic classification. These can be found elsewhere in the literature. We refer the
interested reader to [83, 85].

2.1.5 The Einstein Field Equations

The Einstein field equations, which are the dynamical equations for the gravitational field in the
framework of general relativity, are a nonlinear inhomogeneous second-order PDE system for the metric
tensor that describe gravitation as the interaction of geometry with the mass-energy content of spacetime.
In order to define these equations, we consider a Lorentzian 4-manifold (91, g) with a metric g of
signature (1, 3) and the Riemann curvature R as introduced in (2.3).

Definition 2.1.18. The Einstein field equations with cosmological constant A may be expressed in the
form

G(g) +Ag=8rT, (2.12)

12
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where )
G(g) := Ric(g) — 5 g5c(g)

is the Einstein tensor, in which the Ricci curvature Ric is the partial trace and the scalar curvature
Sc = trg Ric is the full trace of R, and T is the energy-momentum tensor of matter and fields.

We point out that, as the Einstein tensor is divergence-free and because of metric compatibility, the
Einstein field equations imply local conservation of energy and momentum, i.e.,

divT =0.

Moreover, if both the energy-momentum tensor and the cosmological constant vanish, one obtains the
so-called vacuum Einstein field equations

Ric(g) =0, (2.13)

which entail that the metric is Ricci flat. This particular representation results from the trace-freeness of
the Einstein tensor in vacuum try G = —Sc = 0. For the construction of the nonextreme Kerr geometry,
we are interested in the 2-parameter family of solutions of (2.13) derived under the assumptions of
stationarity and axial symmetry.

Also, the vacuum Einstein field equations (2.13) have a well-posed initial value formulation, where
one considers a split of spacetime into a family of Cauchy hypersurfaces (0M;);cr, which are parametrized
by a Cauchy temporal function ¢, are equipped with a smooth Riemannian metric h induced by the
spacetime metric g, and have an extrinsic curvature K with respect to (91, g). In addition, one defines a
so-called lapse function IV and a shift vector IN as Lagrange multipliers in order to determine how these
Cauchy surfaces are joint together. By using the metric h and the curvature K as dynamical variables,
the evolution of the Cauchy hypersurfaces can thus be traced over time. Accordingly, a suitable initial
data set for the initial value formulation of the vacuum Einstein field equations consists of a triple
(M =: N, h, K) subjected to specific constraint equations. We now state an existence and uniqueness
theorem that relates such initial data sets to globally hyperbolic spacetimes.

Theorem 2.1.19. We let (M, h) be a smooth 3-dimensional Riemannian manifold and K a smooth
second rank symmetric tensor field on N. Furthermore, we suppose that h and K comply with the
vacuum Gauss—Codazzi constraint equations

divpK — D(trh K) =0

Scq(h) +tri K — K2 =0,

where D is the covariant derivative operator associated with h and Scy is the scalar curvature on
M. Then, there exists a unique smooth spacetime (I, g) called the maximal Cauchy development of
(N, h, K), which satisfies the following four properties.

(i) (9N, g) is a solution of the vacuum Einstein field equations (2.13).
(ii) (O, g) is globally hyperbolic with Cauchy surface N.
(iii) The induced metric and extrinsic curvature of Wt are h and K, respectively.

(iv) Every other spacetime satisfying (i)-(iii) can be mapped isometrically into a subset of (I, g).

13
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Finally, the solution g on I depends continuously on the initial data (h, K) on 1.

A proof of this theorem can be found in [109]. Furthermore, by taking into account the results obtained in
[1], the framework can be extended to globally hyperbolic Lorentzian manifolds (9t = 9MUIM, g) with
timelike boundary 990, which indeed have a global orthogonal product structure R x 91, where initial
data sets are defined on 9 and compatible at 3t with boundary conditions specified on 99t = R x 9.
Also, the particular case of stationary asymptotically flat Lorentzian manifolds (cf. Subsection 2.1.6) is
analyzed in [12] and — with causal or outer trapped boundaries — in [52, 74]. Finally, a discussion of the
initial value formulation of the Einstein field equations with matter and energy sources (2.12) can be
found in, e.g., [109].

2.1.6 The Kerr Geometry

Prior to introducing the notion of the Kerr geometry, we have to define the concepts of stationarity and
axial symmetry.

Definition 2.1.20. A Lorentzian manifold (90, g) is called stationary if it admits a timelike Killing
vector field K € T'(T9N).

We note that in the literature on general relativity, a spacetime featuring a Killing vector field that is
only asymptotically timelike might also be called stationary see, e.g., [14, 105]. Assuming the splitting
M = R x N, in which N is a spacelike hypersurface, and working with coordinates (¢, x) € MM, t € R
being the time coordinate and € 1, the metric of a stationary Lorentzian manifold can be written as

g=pB(x)dt ®dt — w;dr’ ® dt — dt ® w; dz’ — gy,

where (3 is a positive smooth function on 91, w € 7391 a 1-form, and gy the induced Riemannian metric
on . Accordingly, the geometry of a stationary Lorentzian manifold does not change in time, which
allows for the local identification of the Killing vector field K with 0;. This type of manifold is thus
included in the SSTK class [13, 66].

Definition 2.1.21. A Lorentzian manifold (9, g) is axially symmetric if
(i) the special orthogonal group SO(2) acts as a group of isometries J: 9t x SO(2) — M.

(ii) the set of fixed points J((¢, ), R) = (¢, ) for all R € SO(2) is a 2-dimensional timelike surface
referred to as the axis of symmetry.

We are now in a position to give a proper account of the Kerr geometry. In the framework of general
relativity, the (final equilibrium state of the) gravitational field of an axially symmetric and rotating black
hole without electric charge may be modeled in terms of the Kerr geometry [68], which, up to the event
horizon, is a stationary spacetime characterized by only two real-valued parameters, namely the mass of
the black hole M € R>( as well as its angular momentum per unit mass R 5 a := J/M defining the rate
of rotation. One distinguishes between the nonextreme (“slowly rotating”) case 0 < |a| < M describing
the final equilibrium state of a realistic gravitational collapse, where the rotational energy is less than the
total energy and an event horizon that protects the singularity forms, the overextreme (“rapidly rotating”)
case 0 < M < |a| that is considered as unphysical as it allows for closed timelike curves (constituting
a global violation of causality), negative black hole masses, as well as naked singularities, and finally
the extreme case 0 < |a| = M, which is regarded as unstable and also not occurring in nature because
the absorption of even a single particle will yield a transition to the overextreme case. Furthermore, for
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M > 0 and |a|] = 0, the Kerr geometry reduces to the static Schwarzschild geometry, which can be used
to model a spherically symmetric uncharged nonrotating black hole, whereas for M = 0 and |a| > 0, it
turns into Minkowski space. In the following, we concentrate on the nonextreme case. Then, the Kerr
geometry features several physically relevant surfaces [73, 108, 109], the two most important being
the (future) event horizon, i.e., an inner null hypersurface E* := J- (ZT), where J~ is the boundary
of J~ and ZT is future null infinity, beyond which the escape velocity of particles is greater than the
speed of light making it a trapping surface, and the ergosurface located outside the event horizon, which
is a static limit surface where the rotational velocity of the spacetime — caused by the dragging of the
rotating black hole — is the speed of light. In the region within the event horizon and this ergosurface,
the so-called ergosphere, we find that the rotational velocity is larger than the speed of light and, as a
consequence, all particles located there are forced to corotate with the black hole independent of their
own velocity [76, 103]. A precise picture of this frame dragging effect can actually be obtained by
comparison with classical wind Finslerian structures [13, 66]. It may be used to extract rotational energy
from a Kerr black hole via the Penrose process [86]. Besides, the Kerr geometry contains, on the one
hand, a so-called (future) Cauchy horizon inside the event horizon, being another inner null hypersurface
H*(S) :== D*(S)\I~(D*(S)), where S is a closed achronal subset of 91, that defines the domain of
validity of the Cauchy problem, and on the other hand, a ring-shaped curvature singularity [23, 89].

Definition 2.1.22. The Kerr geometry is a connected orientable and time-orientable smooth asymptoti-
cally flat Lorentzian 4-manifold (901, g), where the differential manifold is of the form 9 = R xR~ x 52
and the Lorentzian metric g on 9t with signature (1, 3) is stationary up to the event horizon, axially
symmetric, parametrized by (M, a), and an exact solution of the vacuum Einstein field equations (2.13).

According to the Carter—Robinson theorem [16, 96], this solution is unique. By endowing the tangent
and cotangent bundles 79t and 791 with the respective bases (e,,) and (e/), u € {0, 1,2, 3}, we may
choose coordinates (t, ) on 91, where t € R is the time coordinate and = (x',2%, ¢ = x3) are
coordinates on the spacelike hypersurface 9 = R~ x S? with ¢ € [0, 27) being the azimuthal angle
about the axis of symmetry.

Proposition 2.1.23. In the above coordinates, the Kerr metric takes the form
g = g dt @ dt + grp, (dt @ dp + dp @ dt) — (goy)ij dz’ @ da?,

where the metric coefficients gy, gi,, as well as the induced Riemannian metric gy on Xt are in the class
Ok (R>o x (0,7), R) of smooth functions independent of t and p, thus yielding Killing vector fields
K, = 0; and K5 = 0, corresponding to the time translational and axial symmetries.

We moreover note that this metric is invariant under the simultaneous discrete time and azimuthal angle
isometries t — —t and ¢ — —. From an algebraic point of view, the Kerr geometry is of Petrov type
D [83], i.e., it possesses two double principal null directions and, hence, a pair of principal ingoing and
outgoing null congruences. In the framework of the Newman—Penrose formalism, this amounts to the
existence of a tetrad basis in which the Weyl scalars Wy, U1, U3, and U, as well as the spin coefficients
K, o, A and v vanish.

2.2 Functional Analytic and PDE Concepts and Settings

We briefly review the relevant concepts of spectral theory. We then outline the basics of linear symmetric
hyperbolic systems and linear elliptic operators. Furthermore, we define the concept of the Cauchy
problem and the notion of spinors. Finally, we formulate and discuss the general relativistic Dirac
equation and propagators.

15



CHAPTER 2. MATHEMATICAL CONCEPTS AND PHYSICAL FOUNDATIONS

2.2.1 Spectral Theory

Spectral theory is a subdiscipline of functional analysis, which is concerned with the structure and
classification of operators on vector spaces. As we aim for the spectral analysis of the Dirac Hamiltonian
in the framework of relativistic quantum mechanics, the focus is on the spectral theory of linear
unbounded self-adjoint operators on Hilbert spaces. Moreover, we only list the basic definitions and
theorems required for the construction of spectral representations of propagators. For more details and
proofs see, e.g., [63, 94]. We begin with the definition of bounded and unbounded linear operators.

Definition 2.2.1. A bounded linear operator I' from a normed linear vector space X to a normed linear
vector space Y is a mapping that satisfies the conditions:

l. T(aw+ pw) =aTv+ pTw forall v,w e X and «,5 € C.

2. ||Tv|ly < M||v||x for some constant M > 0.
In case T" does not satisfy the second condition, the operator is called unbounded.
Next, we introduce the notions of symmetry and self-adjointness of linear operators.

Definition 2.2.2. We let H{ be a complex Hilbert space and 7": Dom(7") C H — H a linear operator
with domain Dom(7") dense in H. Furthermore, we denote the adjoint of 7" by 7, where Dom(7™) is
the set of all 7 € H such that

(& m| < ey ll€ll forall & € Dom(T),
where ¢, is a constant depending on 7).

1. Symmetry: The operator T" is symmetric if (,Tn) = (T'¢,n) for all {,n € Dom(7T). This
implies that Dom(7") C Dom(7T™).

2. Self-adjointness: A symmetric operator 7 is self-adjoint if Dom(T) = Dom(7™) and T*¢ = T¢
for all £ € Dom(T').

3. Essential self-adjointness: A self-adjoint operator 7” is called a self-adjoint extension of a given
symmetric operator 7" if Dom(7") C Dom(7”) and T"¢ = T¢ for all £ € Dom(T). In case T
admits a unique self-adjoint extension, it is referred to as essentially self-adjoint.

In the following definition, we specify the resolvent set and the spectrum of a linear operator.

Definition 2.2.3. We let T: ©7 =: Dom(7") C H — H be a linear operator on a complex Hilbert
space H. A complex number A is said to be in the resolvent set p(T") of T if the operator 7' — Al is a
bijection with a bounded inverse, i.e., if there exists a bounded operator S: H — Dom(7’) such that

S(T—Al)=1p, and (T —M)S =1Iy.

The operator Res(\; T') := (T — Al)~! defined for A € p(T) is called the resolvent of T at \. If
A ¢ p(T), it is said to be in the spectrum o(T') of T'.

Thus, the spectrum of 7" contains all A € C for which the operator 7' — All does not have an inverse that
is a bounded linear operator. We distinguish three subsets of the spectrum:
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1. If T'— Al is not injective, then A is said to be in the point spectrum of T'. In this case, there is a
nonzero ( that satisfies 7'( = A( called an eigenvector of I', whereas ) is called the corresponding
eigenvalue.

2. If T — Al is injective and Ran(7" — A1) is a proper dense subset of 7, then \ is said to be in the
continuous spectrum of T'.

3. If T — Al is injective and Ran(7 — All) is not dense, then A is said to be in the residual spectrum
of T'.

We may now state the spectral theorem for unbounded self-adjoint operators as well as Stone’s formula,
which relates spectral projections to resolvents [94]. In order to formulate the spectral theorem, we first
have to introduce the concept of spectral measure.

Definition 2.2.4. We let X be a set and A a o-algebra of X. Furthermore, we let H be a complex
Hilbert space, 3() the Banach space of all bounded linear operators on H, and P(H) C B(H) is the
set of all orthogonal projections

P:H—H with PoP=P and Ker(P)_LRan(P).

A spectral measure for the triple (X, A, H) is a mapping F': A — B(H) that satisfies the following
properties:

1. E(X) =1y and E(@) =0.
2. EQ) e P(H) forall Qe A.
3. E(Ql N QQ) = E(Ql)E(QQ) = E(QQ)E(Ql) for Q1,0 € A.

4. For any family of pairwise disjoint sets (€2;);cy in A, one has
o0 (o]

E< U Q) => EB().
i=1 i=1

Then, we can write the spectral theorem in the form given below.

Spectral theorem for unbounded operators. Let T be a densely defined normal operator on a
complex Hilbert space H, that is, Dom(T) is dense and TT* = T*T (where the equality includes the
assertion that Dom(TT*) = Dom(T*T)). There exists a unique spectral measure E on the Borel sets
of C such that

T= / zdE(z), (2.14)
z€a(T)

where o (T) is the spectrum of T.
Moreover, Stone’s formula can be represented as:

Stone’s formula. The spectral projection Pr(T) = x1(T), with x being the characteristic function
and I C R, of a self-adjoint operator T is related to the resolvent by

b
im [Py (T) + Pl (T)] = s—l\i%a (T —X—ie)™' — (T — A +ie)']dA, (2.15)

where s-lim denotes the strong limit of operators.
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2.2.2 Linear Symmetric Hyperbolic Systems and Linear Elliptic Operators

The basic definitions of linear symmetric hyperbolic systems as well as linear elliptic operators on
globally hyperbolic manifolds are outlined from a local point of view, i.e., the definitions are only given
for subsets that are equipped with a single coordinate chart. The classes of these systems and operators
include the Dirac equation and the Dirac Hamiltonian, respectively. For more details and proofs see, e.g.,
[33, 67, 95, 99, 100].

Definition 2.2.5. A system of /N complex-valued linear first-order PDEs for the /N component function
f € CY(M,CN) on a subset  of an n-dimensional globally hyperbolic manifold 9t = R x 91 of the
form

At ) Opf(t, ) + A'(t,x) i f(t, ) + B(t,x) f(t,x) = w(t, ) (2.16)

expressed in coordinates ¢ € R and € 91 and with
A% A" B € C'(M, Mn(C)) and w e CH(M,CN),

where My (C) denotes the set of all N x N complex matrices, is called symmetric hyperbolic if

1. the matrices A” and A’ are Hermitian, that is, AT = A% and A*f = A*.

2. the matrix A° is uniformly positive definite, i.e., there is a positive constant ¢ such that

A%t ) > clgy  forall (t,x) € M.

Linear PDE systems of higher order may always be reduced to such a first-order system by increasing
the number of components, and therefore the dimension of the system.

Definition 2.2.6. A linear differential operator £ of order m defined on a subset €2 of an n-dimensional
globally hyperbolic manifold 9t = R x 91 given in coordinates ¢ € R and = € 91 by

L= an(t,z)0 (2.17)
|| <m
where N 5 a = (ao,...,a,—1) is a multi-index of length |o| := ap + ... + a,—1 and 0% :=
o5°... 82‘:1, is called elliptic if for every (¢, ) in € and every nonzero vector £ € T1,4)¢2 the condition
D aalt,m) £ #0 (2.18)
|a|=m

for the highest-order terms holds. In case L is of degree m = 2k and satisfies the stronger condition
(D" Y aalt.z)€* > dlgf*, (2.19)
|| =2k
where d is a positive constant, it is said to be uniformly elliptic.

We remark that these definitions can be extended to the global framework, that is, to the entire manifold
N, by first fixing an atlas that consists of all individual coordinate charts, specifying the differential
operators in (2.16) and (2.17) for each chart, and imposing compatibility at the intersections of the charts.
Then, one requires the conditions 1. and 2. of Definition 2.2.5 as well as the conditions (2.18) and (2.19)
of Definition 2.2.6 to hold for all individual charts.
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2.2.3 The Cauchy Problem

A Cauchy problem constitutes the class of PDE systems that satisfy certain initial conditions with support
on a Cauchy hypersurface in the respective domain. In addition, Cauchy problems may include boundary
conditions. The pivotal questions that arise in the study of Cauchy problems refer to the existence
and uniqueness of solutions, the properties of general and special solutions, their representations and
domains of definition, as well as the dependence of the solutions on the initial data.

Definition 2.2.7. A Cauchy problem defined on an n-dimensional globally hyperbolic manifold 9t =
R x I consists of finding the unknown functions (fi, ..., fxy | N € N) with f; € C* (0, C), i €
{1, ..., N}, for the independent variables ¢t € R and & € 91 satisfying the system of PDEs

F(t¢ Z, (8af1)\oc|§k’17 S (aafN)WSk’N) =0,

which are subjected to the conditions
O fiyo = (@) € CHF(N,C) forall ke {0,... k — 1}

on the Cauchy hypersurface 91 C 9, where k; labels the highest-order derivative of the function f;,
F:Dom(F) C 9 x JF1 (M) x ... x JEN (M) — CH(M, CV) is a linear or nonlinear operator with
J¥i denoting the k;th jet space of 91, and « is a multi-index specified in Definition 2.2.6. The set
{@Ek) |i=1,...,Nand k=0, ..., k; — 1} of given functions defined on the surface 9 is referred to as
Cauchy data.

If there exist unique solutions f; : [0,T) x M — Ck (M, C), where f; € Dom(F) for all times
0 <t < T and a given T' > 0, that depend continuously on the Cauchy data, the Cauchy problem is
said to be well-posed.

2.2.4 Spinor Formalism

In physics, all elementary spin-1/2 fermions can be described by the Dirac equation, that is, these
fermions exhibit the algebraic and analytic qualities of spinors. Essentially, there exist two interrelated
principal frameworks for defining the notion of spinors. On the one hand, there is a very general algebraic
topology view on spinors, which employs both Clifford algebras (to account for spin groups, i.e., certain
Lie groups that are related to orthogonal groups) as well as the theory of vector bundles on real and
complex manifolds (see, e.g., [72, 111]). On the other hand, spinors may be introduced in a simpler,
less comprehensive representation theoretic and geometrically inclined way. In the following, since
this work focuses on the notion of spinors in the framework of general relativity, we briefly outline
the latter approach to viewing spinors, with an emphasis on the more geometric concepts. Moreover,
as we thus work only with Lorentzian 4-manifolds, we may consider the group SL(2, C), which is the
double covering group of the restricted Lorentz group SO (1, 3, R) and which is isomorphic to the spin
group Spin(1, 3), as the local spinor group. This group acts naturally on C? and preserves its natural
2-dimensional nondegenerate skew-symmetric 2-form € given by the Levi—Civita symbol. Therefore,
we regard (C2, €) as our spinor space.

Definition 2.2.8. A spinor space (C?, €) consists of the 2-dimensional complex vector space C? with
the SL(2, C) invariant 2-form € — the 2-dimensional Levi—Civita symbol — that induces a bilinear
nondegenerate skew-symmetric inner product on C2. Elements £ of a spinor space are called spinors.
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Such a notion can of course be extended to more general 2-dimensional complex vector spaces, which
then have to be endowed with a 2-dimensional nondegenerate skew-symmetric 2-form. Furthermore, for
each spinor & € C? there exists a dual with respect to € that gives rise to the mappings

C? = (C?)* with €' — &4 =epa? and (C?)* - C? with &4 — 4 =ABep,

where ¢28 is the inverse of €ARB, 1.€., EABEBC = 5{}, and A, B € {0, 1}. Accordingly, the 2-form € is

an isomorphism between C? and (C?)* that can be used to raise and lower spinor indices. In addition,
since C? is naturally endowed with the operation of conjugacy, we can define a complex conjugate,
which is usually denoted by a bar over the symbol with simultaneous priming of sub- and superscript
letters, and a complex conjugate dual. As we ultimately aim for a study of the Dirac equation in a
Lorentzian 4-manifold, we have to consider spinors of the type C? & @2, that is, the solutions of the
Dirac equation — the so-called Dirac 4-spinors — are C*-valued functions defined in terms of the above
2-spinor construction. In this regard, we mention the following theorem by Geroch [55]:

Theorem 2.2.9. We let (M, g) be a noncompact time-oriented and connected Lorentzian manifold.
Then, it has a spinor structure if and only if there exists a global system of (orthonormal or null) tetrads.

This theorem is paramount for identifying Lorentzian manifolds that can be used to set up spinors.

However, it also allows one to view Dirac 4-spinors as the above global maps from 97t to C? & @2,
assuming that such a system of tetrads exists. For a full account on the spinor formalism, more precisely
all details of spinor algebra, spinor analysis, and the relation between spinors and tensors, we refer the
reader to the standard textbooks [19, 81, 87, 88].

2.2.5 The General Relativistic Dirac Equation and its Hamiltonian Formulation

The general relativistic Dirac equation is a linear first-order PDE system that describes the dynamics of
massive spin-1/2 fermions on globally hyperbolic Lorentzian 4-manifolds (9t = R x 91, g). In order
to properly define this equation, we first introduce a coordinate system (¢, x) on 9, where t € Ris a
Cauchy temporal function and & denotes coordinates on the smooth spacelike Cauchy hypersurface 1.
Moreover, we assume a spinor bundle St on 9t with fibers S, ~ C4, p M.

Definition 2.2.10. The general relativistic massive Dirac equation can be written as [53, 104, 113]
iV (t, )V, + B(t,x) —m|p(t,x) =0 with p € {0,1,2,3}, (2.20)
where (+*) are the general relativistic Dirac matrices, which satisfy the anticommutation relations
{7"7"} = 29" Iga,

V is the metric connection on S given in a coordinate basis (9,,) by

1
Vyu=0,+ g Whap ha"yﬂ]

with w being the Levi—Civita spin connection and [ ., .| the commutator, y» € C°(9, C*) is a Dirac
4-spinor, the quantity % denotes an external potential, and m is the invariant fermion mass.

The Hamiltonian formulation of (2.20) may be derived simply by separating the ¢-derivative of the Dirac
4-spinor, yielding
10 = Hy,
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where

1 i a
H := _(Vt) 1(17]Vj + % — m) - éwta,@ [’Y 7’Yﬂ]

is the Dirac Hamiltonian. For the purpose of this work, it is sufficient to consider the case % = O¢1, in
which no external potential is present. Below, we state the 2-spinor form of the Dirac equation and its
representation in the Newman—Penrose formalism.

Corollary 2.2.11. Using the Weyl representation of the Dirac 4-spinors and matrices [54]

pA Oc2 oHAB!
() el )

QB’ (o2 AB’ 0@2

where P4 and Q g denote 2-spinors, (o g ) are the Hermitian 2 x 2 Infeld—van der Waerden symbols
[107], and A € {1,2} as well as B' € {1',2'}, we obtain the following 2-spinor form of the Dirac
equation

im —
VAB/PA + EQB/ =0

o (2.21)
VAB’QA+72PB’ =0,

with VAB/ = O'HAB/V/J.

In order to express these equations in the framework of the Newman—Penrose formalism for spinors,
we now introduce the local dyad basis ((()), ¥ € {1, 2}, for the space of Dirac 2-spinors and its dual

(¢ (k)) with respect to the 2-dimensional Levi—Civita symbol €. The associated local spinor components
% (k) and Y are related to the former 2-spinor components % A and %} via the 2 x 2 transition matrix

¢ (k) 4 and its inverse ¢, ( k)A in a similar vein as in the tetrad formalism by

ay (k) — C(k)Ag;/A and @(k) = C(k)A@A'

In this representation, the covariant derivative reads

m 7B/ m m m n
where Oy = a“(k)(l,)% and
(m) _ p(m)(ao")
T mwe =T myenwme)
(2.23)

5 m)@) (o)) v A @. 6. ©
= V2N ol 0 o) T ) e € ex Vayb)(e)

Moreover, the Infeld—van der Waerden symbols take the form

m mH
oy = < mH > (2.24)
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Corollary 2.2.12. Employing (2.22)-(2.24) in (2.21) and using the notation %, := P, %, .= P(2),
4 = @(2 ), as well as Yo := —@(1 ), the general relativistic Dirac equation in the Newman—Penrose
formalism becomes

Mo, +e—0)F +(Mm'o,+7m—a)Fy = —=%
(Hgg)l(mltﬂ-a)Qﬁl
<nﬂ%+u—v>%+<m“6u+ﬁ—f>%=%%
\ (2.25)
(l’”a#—lré—@)%—(m“@u—%ﬁ—a)%:%ffg
— im
PO, +1—7)%% — (mM'0,+ 8 —7)% = — F7 .
(nuN'Y)l(muﬁT)2ﬂl

2.2.6 Propagators

In (relativistic) quantum mechanics, the time evolution of a state ¢)(¢, x) is the change brought about by
translations of the time parameter ¢. These translations are associated with a unitary operator U on a
Hilbert space, referred to as propagator, which yields a transition from a state for a particle localized at
the event (¢, ) to a consecutive state at the event (¢/, ')

W(t' &) = U (t, )
caused by a specific dynamics.

Definition 2.2.13. A 2-parameter family (U"®), ,cr of operators on a Hilbert space H is called a
propagator if

1. U%* is unitary for all s and ¢.

2. Ubt =1 forall t.

3. ULsUS™ =Ub" forall r, s, and t.

4. the mapping (s,t) — U %) is continuous for all 1) € H.

The following theorems refer to the existence and the representation of propagators. Their proofs can be
found in [92].

Theorem 2.2.14. We let (H (t)) teR be a family of self-adjoint operators on the common domain
Dom(H (t)) =: Dp

and assume that for any compact interval I C R the mapping

1

— S

[(H(t)—2)(H(s)—2)"'=1]w with s<t and z€ [)p(H())
teR

IxI—-H, (st)— ;
is continuous for all 1) € H and extends continuously to t = s. Then, there exists a propagator U" %,

Furthermore, if 1) € Dy, we find that U" 1) € Dy for all t, being a solution of the equations

10U = H(t) Uy
10,U% %) = —U“H(s).
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Theorem 2.2.15. The assumptions of Theorem 2.2.14 are satisfied for operators
H(t)=Hy+ V(t)

if Hy is self-adjoint and independent of t, V (t) is self-adjoint and bounded for each t, and the mapping
t — V()1 is continuous for all 1. In this case, we may represent the propagator for the time-ordering
§ <tp_1 < ... <ty <ty <tintheform

" oo t t1 th—1 — ~
Ots —1 4 Z(—i)”/ / / V(t1) ... V(tn) dbn ... dt (2.26)
n=1 S S S

where
Uhs .= eitHo grtys o=isHo  4pq 17(15) = ¢itHo V(t) e 1tHo
We point out that for a homogeneous time evolution, i.e.,

Ubs =yt forall s,teR,

the family of propagators forms a 1-parameter group of unitary operators. Moreover, if V'(t) = 0, the
propagators are exponentials of the Hamiltonian

t,s __ _—i(t—s)H
Uts = il )0,

which follows directly from (2.26). This will become relevant in the later construction of the Dirac
propagator in the nonextreme Kerr geometry, where the Hamiltonian is of the particular form H = Hj.
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CHAPTER

MODE ANALYSIS OF THE MASSIVE DIRAC EQUATION IN THE
NONEXTREME KERR GEOMETRY IN HORIZON-PENETRATING
COORDINATES

We derive a regular Carter tetrad in horizon-penetrating advanced Eddington—Finkelstein-type coordi-
nates in order to describe the analytic extension of the nonextreme Kerr geometry across the event and
the Cauchy horizon. In this background geometry, we define the massive Dirac equation in a dyadic Weyl
representation and show its separability into radial and angular ODE systems using Chandrasekhar’s
mode analysis. We study the asymptotics of the radial solutions at infinity as well as at both horizons,
and determine the decay of the associated errors. Moreover, we discuss the nature of the angular eigen-
functions and specific spectral aspects of the corresponding eigenvalues. The chapter concludes with an
application of our results to the scattering problem of massive Dirac particles by the gravitational field
of a rotating Kerr black hole.

3.1 The Carter Tetrad

For the description of the nonextreme Kerr geometry, we employ a Carter tetrad [15], i.e., a null tetrad
frame that is, one the one hand, adapted to the two double principal null directions of the Weyl tensor
and, on the other hand, symmetric under the simultaneous action of the fundamental discrete time and
azimuthal angle reversal isometries. To this end, we begin by expressing the Kerr geometry in terms of
the usual Boyer-Lindquist coordinates [10]

(t,r,0,p) with teR, reRsg, 6 €(0,7), and ¢ € [0,27),

for which the Kerr metric reads

.
g= a (dt — asin® (0) dp) ® (dt — asin® () dp) — sin_(6) ([r* + o] dp — adt)
) 2 (3.1)

b
@ ([r* +a’]dp —adt) — Tdr@dr — £ df ©df.
The horizon function is defined by A = A(r) := (r —ry)(r —r_) = r2 — 2Mr + a?, r. =
M + +/M? — a? denote the event and the Cauchy horizon, respectively, M is the mass and aM the
angular momentum of the black hole with 0 < |a| < M, and ¥ = %(r,0) := r2 + a®cos? ().
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Furthermore, we assume a Kinnersley tetrad [69], i.e., a Newman—Penrose frame that is already adapted
to the two double principal null directions. In this frame, we are presented with the computational
advantage that the four spin coefficients x, o, A, and v vanish and only one Weyl scalar, namely U5,
is nonzero. Accordingly, the congruences formed by the two double principal null directions must be
geodesic and shear-free [83]. We construct the Kinnersley tetrad directly from the tangent vectors of the
principal null geodesics [19]
2 2

o _rrap g Yy, e ¥olp 3.2)

dy A dyx dy dy A
where Y is an affine parameter and F' denotes a constant, by aligning the real-valued Newman—Penrose
vectors I and n with the associated principal null directions and further by choosing complex-conjugate
Newman-Penrose vectors m and m in such a way that they satisfy the conditions (2.6)-(2.8). Thus, we
obtain the frame

I= ([ + a0+ AD, +ad,)

A
n = Slgn(A)([r2+a2] O — A0 +ad,)
2%
3.3)
1
= iasin (0) Oy + Op + i )0

" \/§(r+iacos(9)) (IGSIH() L e (d) 50)

— 1 - :

m=— (iasin () 9; — 9 +icsc (0) D,,)

V2(r —iacos (6))

with the signum function

sign(A) —1 for A <O.
We remark that the use of the absolute value of the horizon function in ! and the signum function in n
leads to a combined representation of the frame for the regions outside the event horizon, inside the
event horizon up to the Cauchy horizon, and inside the Cauchy horizon. For the later calculation of
the corresponding spin coefficients, i.e., for solving the torsion-free first Maurer—Cartan equation of
structure (2.10), one requires the dual cotetrad of (3.3)

{—H for A >0

Ip = sign(A) (dt - %dr — asin? (6) dgo)

A by
np = 18] <dt + 22 dr — asin® () d<p)

2% A
1
mp = iasin (0)dt — X df —i[r® + a*]sin (0)d
P \@(r+iacos(0))(abm( ) I+ a”]sin (6) 80)
mp = — L (iasin (0) dt + £ df —i[r® + a*]sin (0) dp).

V2(r —iacos (9))
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We now apply a class III local Lorentz transformation (2.11) with parameters of the form
o JIAL g e VE
2% r —ia cos (0)
to the Kinnersley tetrad (3.3) in order to obtain the so-called Carter tetrad

, 1

V= —xo([*+a’ 0+ A0+ a0
N (I | O o)
p_osign(A) o
n=——=—([r"+a°l0; —AO, +a0
N (I | O o)
34
m' = \/;72(1(1 sin (0) 9y + 0p +icsc (0) 9,,)
1
m = _\/ﬁ(iasin (0)0r — Op +icsc(0)0,),
for which the dual cotetrad reads
AL X
Ip = 5 sign(A) (dt Adr asin® (0) dp
np = |2A2l (dt + %dr — asin® (A) dgp)
(3.5)
mhy = \/%(ia sin (0) dt — £df — i [r? + a*] sin (0) dy)
mp = —\/%(iasin (0)dt +X£d0 —i[r* + a*]sin (0) dy).

This frame transforms under the composition of the discrete time and azimuthal angle reversal isometries
t— —tand p — —p as

~

U'— —sign(A)n’, n'— —sign(A)l', m'—m', m—m,

thus giving rise to only six independent spin coefficients

K=-V, =1, o=-p", o =sign(A)N, p =sign(A)o, € =sign(A)y .

3.2 Advanced Eddington-Finkelstein-type Coordinates

We require a suitable coordinate system to analyze the propagation of Dirac particles across the event
and the Cauchy horizon. Using Boyer—Lindquist coordinates, we have to deal with singularities at the
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horizons and with a reversal of the roles of space and time in between. These undesirable properties
are depicted in the Finkelstein diagram in Figure 3.1, which shows the light cone of a system that
approaches — and crosses — the event horizon from outside the black hole. More precisely, approaching
the event horizon, the light cone closes up and eventually becomes degenerate. Beyond the event horizon,
it tilts over, yielding a reversal of the specific characteristics of the time and the radial variable. These
issues preclude a proper study of the propagation of Dirac particles across the horizons. Hence, instead
of Boyer-Lindquist coordinates, we employ advanced Eddington—Finkelstein-type coordinates (see
[32, 36] for the original advanced Eddington—Finkelstein coordinates), which are regular in the entire
black hole spacetime except for the ring singularity at (r = 0,0 = 7/2), and therefore allow for
well-defined transitions of Dirac particles across the horizons. Furthermore, they feature a temporal
function required for the Hamiltonian formulation of the Dirac equation and the corresponding Cauchy
problem. We construct the advanced Eddington—Finkelstein-type coordinates from the tangent vectors
(3.2) associated with the ingoing principal null geodesics, which lead to the relations

dt r? + a? r? + a?
- A & t=- A dr4+c=-r.+c (3.6)
and q
% a a p a r—ry ,
_ = —— R4 = — —d = — 1 s
dr A v /A rhe 7"+_7°7n7"_7“* e
respectively, where
2 2 2 2
ri +a r“ +a
e =14 — In|r—ry|— In|r—r_|

is the Regge—~Wheeler coordinate and ¢, ¢’ are constants of integration. As the right hand sides of these
relations diverge in the horizon limits, which amounts to the aforementioned degeneracy of the light
cones at the horizons, one can introduce new variables

R x Rsg x (0,7) x [0,27) = R x Rsg x (0,7) x [0,27),  (t,7,0,0)— (1,7,0,0)

with
2 4 2 2 | 2
L +a 2 +a
Ti=t+r,—r=t+———lr—ry| - ———In|r—r_| (3.7)
Ty —T_ e —T_
a r—r
¢:=p+ In a (3.8)
ry—r_  |r—r7_

that are constant along the ingoing principle null geodesics, thus removing the previous degeneracy. We
point out that in the definition of the time coordinate (3.7), the additional term —r was introduced in
order for 7 to be a proper temporal function, which is explicitly verified below. These so-called advanced
Eddington—-Finkelstein-type coordinates are free of singularities at the horizons and their spatio-temporal
characteristics across the horizons are conserved. This can be seen in the Finkelstein diagram presented
in Figure 3.2, where we again show a system approaching — and crossing — the event horizon from
outside the black hole, but now the light cone is nondegenerate at the event horizon and is not tilted over
in between the event and the Cauchy horizon. Besides, ingoing light rays are represented simply by
straight lines
dr

dr lin

)
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t A/111

Figure 3.1: Causal structure of the nonextreme Kerr geometry in Boyer—Lindquist coordinates. A projection onto
the (¢, r)-plane, where every point is a 2-sphere, is presented. The real-valued Newman-Penrose null vectors I and
n, which point along the principal null directions, form the light cones. The light cone of an observer approaching
the event horizon from outside the black hole (r ™\, r.) closes up and becomes degenerate. In contrast, it opens
up when the observer approaches the event horizon from inside the black hole (r * r). This stems from the
fact that the roles of space and time are reversed in the black hole interior region II. When » — oo, the light
cone becomes a 45°-Minkowski light cone because the spacetime is asymptotically flat. We note that all figures
are restricted to regions I and II in order to avoid the issues that arise when one considers the ring singularity at
(r =0,0 = w/2) and the maximum analytic extension.
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Figure 3.2: Causal structure of the nonextreme Kerr geometry in advanced Eddington—Finkelstein-type co-
ordinates. A projection onto the (7, r)-plane is presented. Ingoing light rays are straight lines pointing in the
n-direction. The light cone of an observer moving toward the event horizon from outside the black hole turns until
— after having crossed the event horizon — its future light cone is completely in the black hole interior. This shows
the trapping characteristic of event horizons.
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as can be directly inferred from (3.6) by inserting (3.7). The metric (3.1) represented in advanced
Eddington—Finkelstein-type coordinates becomes

g= (1 - 2A§r>d7 ®dr — 2]\57" ([dr — asin® (0) d¢] ® dr + dr ® [dr — asin? (9) d¢])

— (1 + 21\57«) (dr — asin’® (0) d¢) ® (dr — asin® () dg) — £ df ® df — Ssin® () dp @ d.
(3.9)

As the associated induced metric tensor on constant-7 hypersurfaces

2Mr . 9 2Mr
—(1—|— > ) 0 asin (9)(1+ > )

G = (g;u/)h—:const. = 0 - 0 ’

with the leading principal minors

det(%) =% = —2_1(2 + QMT) <0
det(%) = G11%2 — G129 = X+ 2Mr >0
det(43) = det(9) = —X (X + 2M7r)sin® () < 0,

is negative definite and therefore Riemannian, we recognize that the coordinate 7 is a proper temporal
function. In the Carter—Penrose diagrams shown in Figure 3.3, we depict the constant-¢ and constant-
r hypersurfaces in Boyer-Lindquist coordinates (left diagram) and the constant-7 and constant-r
hypersurfaces in advanced Eddington—Finkelstein-type coordinates (right diagram). While the constant-¢
hypersurfaces become timelike inside the black hole in region II, the constant-7 hypersurfaces are
always spacelike and smoothly continued across the horizons. We now express the Carter tetrad (3.4)
and its metric dual (3.5) in terms of the advanced Eddington—Finkelstein-type coordinates (3.7) and
(3.8), yielding

I = L([A+4M7~] Or + ADy +2a0,)

NESIN

Bl -
n' = 22(87 or)
m' = \/;72 (iasin (0) O; + 9y +1icsc () Oy)
= _\/%(ia sin (0) 9- — 9p +icsc (0) 9y)
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Figure 3.3: Carter-Penrose diagrams for the nonextreme Kerr geometry in Boyer—Lindquist coordinates (left)
and advanced Eddington—Finkelstein-type coordinates (right). The blue lines represent constant-t hypersurfaces,
the red lines constant-r hypersurfaces, and the green lines constant-7 hypersurfaces. The constant-¢ and constant-r
hypersurfaces are restricted to either the exterior or the interior of the black hole. Their nature changes across the
event horizon, i.e., spacelike hypersurfaces become timelike and vice versa. The constant-7 hypersurfaces (cut-off
at the Cauchy horizon) are spacelike outside and inside the black hole and smooth across the event horizon.

and
A 23
I = 14] sign(A) <d7‘ + [1 — A] dr — asin? () dqb)

np = 1Al (d7 + dr — asin® (9) dg)

(iasin () [d7 + dr] — £d0 — i [r® + a®] sin (0) d¢)

mf):

mp \/;72 (iasin (0) [dT + dr] + $df — i [r® + a®] sin () dg) .

Since the real-valued vector I’ and its dual I[, are both still singular at the horizons, we apply another
class III local Lorentz transformation (2.11) with parameters

:7'|A| and ¥ =0,
T+
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which leads to the regular Carter tetrad

1
" = A +4Mr]0r + A0y + 2a0,
N ([ ] a ¢)
o — \/7“2%(@ ~9,)
(3.10)
m — \/;72 (iasin (6) 9; + 9y +icsc(0) Dy)
= — \/%(ia sin (0) 8; — 9y +icsc (0) Oy)

and to the dual cotetrad

" A 2% .
I = VIS, (dT + [1 - A] dr — asin’ (9) dqﬁ)
np = \/T;iz (d7 + dr — asin® (9) dg)
mp = ! (iasin (0) [dT + dr] — $£d0 — i [r® + a?] sin () dg)
D \/ﬁ
= (iasin (0) [dr + dr] + £ df — i [r? + a®] sin (0) d¢)
D \/ﬁ .

Substituting the latter into — and solving — the torsion-free first Maurer—Cartan equation of structure
(2.10), we obtain regular spin coefficients for the nonextreme Kerr geometry in horizon-penetrating
advanced Eddington—Finkelstein-type coordinates

ia sin (0) r
K=" =N =" =0, 7"=—1"= iasin ( : "n_ _ + ’
V2 (r —iacos () : V2 (r —iacos (6))
o= — A , o =-p'=— ! ([r2 + a2} cot (f) — irasin (9)) ,
V23 7y (r—iacos(6)) (2%)3/2
" i s 1t —a?—2iacos(0) (r — M)

K :_23/2\/§(r—iacos(0))’ ° T 23/2\/Sry(r —iacos (0))

(3.11)
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3.3 The Massive Dirac Equation in the Analytically Extended Kerr
Geometry

With the Newman—Penrose functions calculated in the previous section, we determine the explicit form
of the massive Dirac equation in the nonextreme Kerr geometry in advanced Eddington—Finkelstein-type
coordinates. Inserting the regular Carter tetrad (3.10) and the associated spin coefficients (3.11) into the
PDE system (2.25), and applying the ansatz

Fi(r,1,0,8) = (r —iacos (0)) /> Hi(r,r,60,¢)
G(r,1,0,0) = (r +iacos (0)) /> _zi(r,r,6,¢)
fori € {1,2}, we find
r4(0r — 0r) _#1 + (iasin (0) 9, — Op +icsc (0) 9y — 27 cot (0)) F2 = im(r +iacos (0)) 4

ri ([A+4AMr) 0 + AO, + 2405+ 1 — M) 7>
— (iasin () 9- + 0y +icsc (0) 9y + 27! cot (0)) 71 =im(r +iacos () 3

(A +4AM7T)0r + A O, +2a 05 + 17 — M)A
— (iasin (0) 0y — 0p +icsc (0) Oy — 27" cot (0)) 75 = im(r —iacos (0)) 71

4 (07 — 0,) 5 + (iasin (0) Or + Oy +icsc (0) Oy + 271 cot (0))74 = im(r —iacos (0)) 75

(3.12)
We note in passing that this system corresponds to the transformed Dirac equation
—VENP PPN, + P (P27 +im)y =0, (3.13)
in which
W =P = (A4, H,~ J1,— f2) and AN =Pyt pT (3.14)
where 1) = (%1, Fa, —%, %) and
P .= diag(\/r —iacos (0), \/r —iacos (0),/r +iacos (0),\/r + iacos () ), (3.15)

as well as /¥ := diag(1, 1, —1, —1). This will become relevant in the construction of the Hamiltonian
formulation.

3.4 Separability of the Massive Dirac Equation in Horizon-penetrating
Coordinates

We now show the separability of the system (3.12) employing the method used in [18]. To this end, we
substitute the mode ansatz

H(T,1,0,0) = e i(wrtke) %i(r,0)

. (3.16)
ji(Ta T, 97 Qb) = e_I(WT+k¢) ,,%(T, 9) )
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where w € R is the frequency and k € Z + 1/2 the wave number, into the Dirac equation (3.12) and
obtain the PDE system

TII(A O +1— M —iw[A +4Mr] — 2iak) % + (0p + 27! cot () — awsin (A) — k csc (0)) %5
=im(r —iacos (0)) 24

74+(0r +iw)% — (0p + 27" cot (0) + awsin (0) + kesc (0)) 24 = —im(r — iacos (0)) 25

ri N (A, + 1 — M —iw[A + 4Mr] — 2iak) 25 — (99 + 27" cot () + awsin () + kcsc (0)) 24
= im(r +iacos (0)) %
4 (Or +iw) 21 + (09 + 271 cot (A) — awsin (A) — k csc (0)) 25 = —im(r + iacos (0)) 21

for the functions %; and Z;, which depends only on the radial and polar angle variables. This system is
separable by means of the product ansatz

Di(r,0) = Z+(r) 7, (6)
B(r,0) = 7 (r) 7 (6)

%(r,0) = A (1) 7.(0) G
%(r,0) = B4 (1) 70),

yielding the first-order radial ODE system
(A0, +7— M —iw [A +4Mr] — 2iak) Zy = ro (& + imr) Z-
r4(0r +iw) Z- = (§ —imr) Z+
and the first-order angular ODE system
(99 + 27" cot (0) — awsin (0) — kesc (0)) T = —(£ — macos (0)) T
(99 + 27" cot (6) + awsin () + kcsc (0)) 74 = (€ +macos (0)) T,

with £ being the constant of separation. Defining the functions <%~”+ = /|A| Z4 and B = re %,
the radial system may be transformed into the more symmetric form

(A0, —iw[A + 4M7] — 2iak) %+ = \/|A] (€ + imr) % s
A8, + iw) Z_ = sign(A)/]A] (€ — imr) Zy . '

For the analysis of the radial asymptotics at infinity, the event horizon, and the Cauchy horizon, it is,
however, advantageous to work with the matrix representation

O =U(r)Z, (3.19)
where % := (%, %_)" and
1 i (w[A+4Mr]+2ak) +/|A] (& +imr)
U(r) = A
sign(A)+/|A| (€ — imr) —iw A
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Furthermore, in this representation, the singular points of the radial system can be calculated straight-
forwardly as shown in [24]. We find that U has singularities of rank p = 0 at » = 7, that is, the event
and the Cauchy horizon are regular singular points of (3.18), even though, there, both the coordinate
system and the tetrad frame are nonsingular. As a consequence, the regions outside the event horizon
r+ < r < 00, between the event and the Cauchy horizon r_ < r < r4, and inside the Cauchy horizon
0 < r < r_ have to be considered separately. We emphasize that this is a particularity of the specific
mode ansatz (3.16). Besides, the matrix representation of the angular system is given by

AO)T =¢T (3.20)
with 7 = (Z,, 7_)" and
ma cos (6) —08p — 271 cot () + awsin (0) + kesc()
A(0) =
dp + 271 cot (0) + awsin () + kesc(6) —ma cos ()
3.21)

3.5 Asymptotic Radial Solutions and Error Estimates

We study the asymptotic solutions of the radial ODE system (3.19) and the decay properties of the
corresponding errors at infinity, at the event horizon, and at the Cauchy horizon. In the present work,
these results serve as a basis for an elementary description of the scattering process of Dirac particles
by the gravitational field of a rotating Kerr black hole on the one hand, and on the other hand for the
computation of the resolvent of the Dirac Hamiltonian.

3.5.1 Asymptotic Analysis of the Radial Solution at Infinity

Following the approach of [39], we derive the asymptotic solution of the radial system (3.19) for
r — oo and examine the decay of the associated error. We begin by expressing (3.19) in terms of the
Regge—Wheeler coordinate B B

O, Z =T (re) %, (3.22)

where T'(r,) := A/(r? 4+ a?) U(r,). Employing the diagonal matrix S := D~'TD = diag(A1, \2),
with D being the diagonalization matrix and Ay s, the eigenvalues of 7', this system can be written in the
form _ _

0. (D' %) =[S = D (9, D)|(D™'%).

@(r*) _ D(r*)< el P+ (%) f1(ry) )7

Hence, using the ansatz

e—icb_(r*) fz(r*)
we obtain an ODE system for  := (1, f2)T given by
o f=1S-W'D o, D)W - W15, W]¥,

where W := diag(e!®+,e™'®-). We determine the functions ® by imposing the condition S =
W10, W, ie.,
O, &, =—iN; and O, P_ =i)y, (3.23)
which yields
O, =-W D Y9, D)WF. (3.24)

35
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Lemma 3.5.1. Every nontrivial solution % of (3.22) for |w| > m is asymptotically as r — oo of the
oscillatory form

~ ~ f(O})) 61¢+ (T*)
RH(1ry) = Zoo(1+) + Foo(Tx) = Doo @ + Eoxo(ry), (3.25)
fOO e 1¢7 (T'*)
where
[ cosh(€) sinh () : 1 w—m
Dy, = < sinh (Q) cosh () with Q= Zln wrm) (3.26)
the functions

¢+ (ry) = sign(w) [—Mm + M(i 2w — mQ) In (7’*)] (3.27)

w2 —m?2

are the asymptotic phases, and ¥, ‘= (f <(>1>) 5 fz@)T # 0 is a vector-valued constant. The error E, has
polynomial decay

a
[ Eoc(roll < — (3.28)
T'x
for a suitable constant a € R~. In the case |w| < m, the nontrivial solution % has both contributions
that show exponential decay ~ e~V mA =3 and exponential growth ~ eV m?—wir,

Proof. In the limit » — oo, the matrix 7" defined in (3.22) converges to

T, := lim T:i< woom ) (3.29)

T'x—>00 -m —w

Moreover, it has a regular expansion in powers of 1/74, i.e., T = T, + O(1/r,). Accordingly, both the
diagonal matrix S and the diagonalization matrix D also have regular expansions in powers of 1/r,.
The eigenvalues of (3.29) read

0) ) ivw?—m?2eC for |w|>m
Ay = Fsign(w) X

vm? —w? eR  for |w| <m.

For |w| > m, the diagonalization matrix Dy, := lim, _,~, D associated with (3.29) is given by

expression (3.26). This can be easily verified by direct calculation. Furthermore, with the asymptotic
first-order eigenvalues of T’

(3.30)

: 2
)\51/)2 = sign(w) [$i w2 —m?+ li\f <2w F w2m—m2>] :
we can solve (3.23) by simple integration and obtain (3.27) as the asymptotic phases. We point out that
for the determination of the asymptotic phases, it is of paramount importance to take the first-order
terms of the asymptotic eigenvalues into account because they yield contributions to the radial solution
that do not decay at infinity. However, the first-order terms play no role in the computation of D, as
the corresponding contributions can be absorbed into the error E,. Next, since for r, sufficiently close
to infinity the Hilbert—-Schmidt norms of D~ and 8,, D are bounded from above by

_ d
|ID"lus < ¢ and [|0,, D|jus < 2
*
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where both ¢ and d denote positive constants, the C2-norm of (3.24) may be estimated by
_ 2cd
18:, 71 < 21D Hlus - 10y, Dllus - [l < 2 Il (3.31)
*

with ||W|lgs = [|[W~Y||us = v/2. Applying the triangle and the Cauchy—Schwarz inequality, one can
derive the following inequality

0, (B ) _ [, 0 5) + On T ) _ [F, O )1 + 1On 5, )

aT‘* e = S
0r 71T = =531 2T 2T
|5, 0, ) _ lIFIl- 1|0 7l
— * S * — 87'* .
Il ol
Using this inequality in (3.31), we find
2¢cd
[Or Il < =5~ IIF1 - (3.32)

We note that ||f|| # 0 because Z has to be nontrivial. Now, integrating (3.32) with respect to the
Regge—Wheeler coordinate from rg to r, and employing the triangle inequality for integrals gives for all

0< ro < Ty
Tx T T dr,
/ O, In [[f drl S/ |0, In ||| dr, < QCd/ .
"0 ro ro Tx
and hence
T 2¢d |™*
-
To x lrg

Consequently, since 0 < 2¢d /7", ]:O < 00, there exists a constant N > 0 such that
C<lfl<N (3.33)
N — - '
Combining this with (3.31), we obtain for sufficiently large values of 7,
b
10- 5l < =5, (3.34)
T*

where b := 2cd N, which implies that f is integrable and, according to (3.33), has a finite nonzero limit
oo := lim,, oo f(7«) # O. Integrating (3.34) from r, to oo and again using the triangle inequality for
integrals yields the error estimate
oo
| ougar
Tx

The polynomial 1/r,-decay of the error E in (3.28) follows directly from the estimate (3.35) and the
fact that the matrices 7" and D — and therefore their eigenvalues — have regular expansions in powers of

IE3 = [IF = Fooll =

*

S b
< / 10, flldr! < 2. (3.35)
Ty T
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1/r4. This can be verified via the following short computation. Inserting the expansion of D and of the
eigenvalues of T into the C2-norm of the error E, we find

Baoll = 1% - Fll = ||D( “ ) = Do T
| Eooll = ool = —1<I> £ ) o—i-
1 i¢>++0(1/r*)f f(()i) i+
= H I:Doo + O(T*)] ( :—iq&,—&-(’)(l/r*) ;2 > - Doo< fg)) Z—iqL .

Subsequently, we collect terms of the order O(1/r,) and apply the triangle inequality as well as the
submultiplicativity property of operator norms, which results in the estimate

)

1
| Es|| = HDOOW (F— o) +O< >H < ”DOOHHS HWOOHHS HEf” + H (T*>

where W, := diag(el?+, e~9-)T. Since Dy, is a constant nonzero matrix, the associated Hilbert—
Schmidt norm yields a positive constant. Moreover, one immediately verifies that ||[We|lys = V2.
From this and (3.35), we can thus conclude that the error E, has the polynomial decay || Eo || < a/74,
with a being a positive constant. We note in passing that in the case |w| < m, it is obvious from the
zero-order eigenvalues (3.30) that the nontrivial solution 2 has contributions with exponential decay
and exponential growth. |

3.5.2 Asymptotic Analysis of the Radial Solution at the Event Horizon

In order to determine the asymptotics of (3.22) at the event horizon, we employ the solution ansatz
(+)
G- [ g i) )
92(r)

where Qg(el?r := a/(2Mr,) is the angular velocity of the event horizon, and therefore obtain an ODE

system for g := (g1, g2)" given by

= at o |2 00— a) () o)+ si(A)VIE

r2 4+ a2

VAT (w+2k0)) e 2 ) gign(A) (i — mr)

% (ki) e (i& + mr) VIA[w
(3.36)

Since in the limit  \ r the right hand side of this system vanishes, we find the asymptotic solution
g,, = lim,\,, g = const.
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Lemma 3.5.2. Every nontrivial solution % of (3.22) is asymptotically as v \ T of the form

(2)

gT+

_ _ (1) 2i (wtkQE) e
RB(r) = Rr (1) + Er, (1) = | 97+ + B, (1)), (3.37)

with
T
9., = (g&), gg)) = const. # 0

and an error E,. that has exponential decay
[Er (roll < pet™
for r sufficiently close to r and suitable constants p,q € Rsg.

Proof. Forr \ 71, as 7 ~ ry + 24 with q := (r, —r_)/(4Mry) € R, the right hand side of
(3.36) is of the order O(e?™*). Hence, there exists a constant p’ € R~ such that for r, sufficiently close
o —o0

10, 8l < p'e™™ gl . (3.38)

From this inequality, following the method of proof of the previous subsection, we can derive the
estimate

Inlg|

/
< P ol
q

To
r

* Tx

. /
for all r, < rg, and since e+

bounded by

:O is positive, there is a constant N’ > 0 such that the C2-norm of g is

1
w5 <l < .

Combining this bound with inequality (3.38) yields
10, 8]l < pe’™, (3.39)

where p := p’ N'. Altogether, this implies that g is integrable and has a finite nonzero limit for r, — —oo.
Integrating (3.39) with respect to the Regge—Wheeler coordinate from —oo to r, and applying the triangle
inequality for integrals results in

< / 10 gl drl < pel™, (3.40)

—0o0

Tx
n%n=m—mw=H/ Oy g
—00

which proves the exponential decay of the error Egy. The exponential decay of the error £, follows
directly from (3.40). |

3.5.3 Asymptotic Analysis of the Radial Solution at the Cauchy Horizon

Similar to the analysis of the radial asymptotics at the event horizon, we begin with a solution ansatz of

the form
3? _ ( e2i(w+kQI((;_2)r* bl(r*) )7
[]2(7"*>
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where Q%;)r := a/(2Mr_) is the angular velocity of the Cauchy horizon, and substitute it into the

system (3.22). This leads to an ODE system for b := (b1, ho)T reading

_ 1 0 . TR
67-*[] = —m 2k (2MQ§(er)rT’ — a) ( 0 0 > + Slgn(A) |A’

r

VA (@ +2k05)) e E@HRR) ™ Gon(A) (i€ — mr)

Kerr

e2i (erkQI((erz)m (1€ + 777,7’) \/ww

In the limit » ™\ r_, the square bracket on the right hand side vanishes, giving rise to the asymptotic
radial solution b, := lim,~,_ b = const.

Lemma 3.5.3. Every nontrivial solution % of (3.22) is asymptotically as v \, r— of the form

(2)

r—

- - (1) 2 (wt+kQl) ) s
%(rn:%_(mwa_(n):("r— Alethn) >+Er_<m>,

with
b, = (5, 5P)" = const. # 0

and an error E,_ that has exponential decay
[Er_(r)l| < ue™™™
for r sufficiently close to r_ and suitable constants u,v € R<.

Proof. The proof of this lemma is identical to the proof of Lemma 3.5.2. |

3.6 Angular Eigenfunctions and Eigenvalues

We discuss the set of eigenfunctions as well as the eigenvalue spectrum of the angular ODE system
(3.20), which in its decoupled second-order form is known as the massive Chandrasekhar—Page equation

[19]
[699 + (Cot (0) + %) 9 — csc22 () < L 300522 (9))

_ (C‘“Q(Q) T assin (9))2 - (C"tz(a) + kosc (9))2 ~ kaw + €2

masin () (cot (0)

: 9.9 9 _
& + macos () 2 iawsm(e)ikCSC(Q)) m-a” cos (9)]<7j: 0.

In the limit |a| — 0, the solutions of this equation reduce to the spin-weighted spherical harmonics for
the spin-1/2 case [58]. For nonzero angular momenta, the solutions are usually referred to as spin-1/2
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spheroidal harmonics. A good introduction and a compilation of the basic properties of these functions
can be found in the recent paper [29]. For the purposes of the present work and the constructions in [48],
it is, however, only of importance that the matrix-valued differential operator on the left hand side of
(3.20) has a spectral decomposition with smooth eigenfunctions and discrete, nondegenerate eigenvalues,
which was already proven in [37, 39]. In the following, we state the relevant results.

Proposition 3.6.1. For any w € R and k € 7 + 1/2, the differential operator in (3.20) has a complete
set of orthonormal eigenfunctions (I )nez in L*((0, ), sin (6) d9)2 that are bounded and smooth
away from the poles. The corresponding eigenvalues &, are real-valued and nondegenerate, and can
thus be ordered as &, < &,11. Both the eigenfunctions and the eigenvalues depend smoothly on w.

3.7 Scattering of Massive Dirac Particles by the Gravitational Field of a
Rotating Kerr Black Hole

As an application, we study the scattering of massive Dirac particles by the gravitational field of a
rotating Kerr black hole from the point of view of an observer described by horizon-penetrating advanced
Eddington—Finkelstein-type coordinates. For this purpose, we consider Dirac particles that emerge from
spacelike infinity and propagate toward the black hole’s event horizon, where they are either reflected or
transmitted. We compute the net current of Dirac particles at infinity as well as at the event horizon, and
further derive a condition for the reflection and transmission coefficients. Using the asymptotic radial
solutions at infinity (3.25) and the event horizon (3.37), we impose boundary conditions specifying
an incident wave of unit amplitude at infinity, a reflected wave of amplitude A, ,, at infinity, and a
transmitted wave of amplitude B,, ,, at the event horizon, yielding

~ €1¢+(T*)
%scat.(r — OO) ~ Dy Ay o=t (rs) > (3.41)
and
~ 2i (w+kQL) ) s
%scat.(r N 7"—&-) ~ ( Bw,m ¢ (0 « ) ) (3.42)

We point out that these boundary conditions are chosen in conformity with the physical requirement
that classically no particles can emerge from the event horizon. Besides, only the branch |w| > m is
considered because free particles at infinity must have energies that exceed — or at least equal — their rest
energies. Next, assuming the normalization condition

17O + 1 7-(0)]* = 1
for the angular eigenfunctions (cf. Proposition 3.6.1), the radial Dirac current becomes
B’)

= L (sign(8) |7 | — |-)

T =V20" 45 (PAP” +Q4Q
T‘+Z

with the radial Infeld—van der Waerden symbol

o = ( I mr ) _ 1 < A 0 >
A m" n" g V2Srg\ 0 - AR
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As this current has jump discontinuities at the event and the Cauchy horizon, it has to be evaluated
separately in each of the respective three regions. For the scattering problem at hand, however, it suffices
to consider the exterior region of the black hole v, < r < oo, where the radial Dirac current reads

J’ 12417 = 1%-11*). (3.43)

_ 1 (
N T’+Z
From the radial system (3.19) and its complex conjugate, we obtain the relation
1241 = 1% -||* = const.

via simple algebraic manipulations. Substituting this relation into the radial Dirac current (3.43), we
derive the conserved net current of Dirac particles

27 pm A7 ~ ~
0rN :/0 /0 J"+/|det(g)| df d¢p = E(H%.}r||2 — ||%-|*) = const.

where N is the total number of Dirac particles and y/|det(g)| = X sin (6). Defining the reflection and
transmission coefficients

Rym = |Aw,m|2 and T, = |Bw,m|2,

and employing the asymptotic radial solutions (3.41) and (3.42), the net current at infinity and at the
event horizon results in

47
aT]\[|7’—>oo = (1 - Rw,m)
T4
and 4
7r
OrNipnry = — Tom -
r+

From the constancy of the net current and these expressions, we infer that
Rw,m + Tw,m =1 )

which proves that superradiance cannot occur because the reflection coefficient is always less than unity.
Furthermore, we have shown that the net current across the event horizon is always positive. These
results are in agreement with those found in the accordant analysis of this scattering problem performed
in terms of Boyer—Lindquist coordinates (see [19] and references therein).
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CHAPTER

ESSENTIAL SELF-ADJOINTNESS OF THE DIRAC HAMILTONIAN FOR A
CLASS OF NONUNIFORMLY ELLIPTIC MIXED INITIAL-BOUNDARY
VALUE PROBLEMS IN LORENTZIAN MANIFOLDS

We study the essential self-adjointness of the Dirac Hamiltonian for a particular class of nonuniformly
elliptic mixed initial-boundary value problems for the Dirac equation in smooth asymptotically flat
Lorentzian manifolds. The results obtained here serve as mathematical tools in the construction of the
integral spectral representation of the Dirac propagator in the nonextreme Kerr geometry in horizon-
penetrating coordinates presented in the subsequent chapter. In the following, we define the setting.

We let (M, g) be a smooth oriented and time-oriented Lorentzian spin manifold of dimension d > 3
with boundary M. Moreover, we make the following assumptions:

(i) The manifold (M, g) is asymptotically flat with one asymptotic end.

(ii) There exists a Killing field K that is tangential to — and timelike on — the boundary M. Away
from the boundary, this Killing field may change smoothly into being null or spacelike.

(iii) The integral curves v of K, which are defined by the differential equation

SRS K0}

exist for all t € R.

(iv) There exists a spacelike hypersurface N with compact boundary ON, which has the property that
every integral curve -y in (iii) intersects it exactly once.

These assumptions imply that M and its boundary OM have the respective product structures
M=RxN and OM =R xIN. 4.1)

They also entail that the metric g is smooth up to the boundary OM, thus inducing a (d — 2)-dimensional
Riemannian metric on ON. We point out that in the case that ON is empty and N is complete, the product
structure (4.1) implies that (M, g) is globally hyperbolic. Furthermore, if K is timelike, the manifold
is stationary. In order to get a better geometric understanding of the above setting, we now construct a
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suitable coordinate system. Choosing the parametrization of each integral curve +y such that v(0) € N,
we obtain a global time function 7" defined by

T:M—R with T(y(t)) =t. 4.2)

The level sets of this time function give rise to a foliation of M by spacelike hypersurfaces N; := T~1(¢)
with Ng = N. Moreover, the integral curves yield the isometries

N =Ny, Py(7(0)) =~(¢).

Selecting coordinates « on N, the mapping x o ®, ! provides coordinates on N;. We complement the
former coordinate system by the time function ¢ defined in (4.2), finding coordinates (¢, x) with t € R
and x € N such that K = 0;. In these coordinates, the metric takes the form

g = a(x)dt ® dt + b;(z) dt ® dz’ — (gy)i; d2* @ da?,

where a and b; are smooth functions, and gy is the induced Riemannian metric on N. This coordinate
system can be understood as describing an observer that is comoving along the flow lines of the Killing
field K. We note that in the regions where K is timelike and the metric therefore stationary, the function
a is positive. This is the case if @ is near the boundary ON. However, away from ON, the function a may
become negative, in which case the metric is no longer stationary.

We next proceed with formulating the Dirac equation. To this end, we choose an arbitrary spin
structure and let SM be the corresponding spinor bundle, that is, a vector bundle with fibers S(; )M ~
C/, where (t,z) € M and f = 2l%2] is the dimension. The corner brackets | . | denote the floor
function. Each fiber is endowed with an indefinite inner product of signature (f/2, f/2)

<. ’ ST (G S(t’w)M X S(t’m)M - C,
referred to as spin scalar product. We consider the Dirac operator
D=iy'V,+ %

with an external smooth matrix-valued potential 24, which we assume to be symmetric with respect to
the spin scalar product, i.e., <¢| BV - (1 z) = <P P[>~ (1 z). The Dirac matrices (y*) are related to the
metric by the anticommutation relations

{7} = 29" g, oM

and V is the metric connection on the spinor bundle. We are interested in solutions 1 of the Dirac

equation of mass m
(D—m)y=0.

In order to analyze the dynamics of Dirac particles, it is advantageous to rewrite the Dirac equation in
Hamiltonian form

10y = Hy, (4.3)

where H is the Dirac Hamiltonian given by
H = —i(y")™149V; + (zero-order terms) . (4.4)
Taking the domain of definition

Dom(H) = C§°(N\0ON, SM) ,
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this Hamiltonian is indeed symmetric, that is formally self-adjoint, with respect to the scalar product

(Wl ) = /N <P (0.0 i 4.5)

where ¥ = y"v,, is the Clifford contraction of the future-directed, timelike normal v and dyuy is the
volume form on (N, gy ). This can be verified with the following short computation

0= 0 (¢[d)x = (Ow]o)N + (V]O)x = (—iHP|9)x + (] — iHo)x =i (HYlo)n — (V[HP)x),

in which we used current conservation together with the fact that the metric coefficients do not depend
on the coordinate .

In order to pose the Cauchy problem for the Dirac equation (4.3), we need to specify initial and
boundary conditions. We choose initial data

YN = o € C5° (N, SM)
that is smooth and compactly supported on N. Moreover, we impose the boundary condition
(h —1)ihjom = 0, (4.6)
where n is the inner normal on OM, meaning that for every p € OM there is a curve
c:[0,6) = M with ¢(0)=p and Osc(t)p—o = n(p)-
Clearly, the initial data must be compatible with this boundary condition, i.e.,

(7 —1)1gjon = 0.

We point out that the boundary condition (4.6) has the effect that Dirac particles are reflected on M
(cf. Appendix A). Furthermore, it can be seen in analogy to the chiral boundary conditions used in
[31, 57]. However, the difference is that, instead of the intrinsic Dirac operator on a hypersurface, we
here consider the Hamiltonian obtained from the Dirac operator in the entire spacetime by separating
the ¢-dependence. This gives rise to the additional factor (7/)~! in (4.4). Our boundary condition (4.6)
can thus be understood as an adaptation of the chiral boundary conditions in [31, 57] to the Hamiltonian
(4.4). We next incorporate the boundary condition into the functional analytic setting. Accordingly, we
extend the domain of definition to

Dom(H) = {¢ € Cg°(N, SM) | (4 — )¢ = 0} . 4.7)

Then, the operator H is again symmetric with respect to (4.5), as the subsequent consideration shows.
First, making use of the Hamiltonian H in the representation (4.4) and employing the relation

_ Is, oM

gtt

yp()

)
we obtain for the scalar product (1| H ¢)x the more convenient form

; 1
(V[Ho)n = —i/N <YV Vo= (1=0,z) —= dun + (lower-order terms) .

V't
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Now, computing the boundary terms yields

(Wl H)N — (HY| o)y =i /a Ul 4.8)

1
N dusN -
We note that the angular derivatives do not give rise to boundary terms because ON is compact without
boundary. Applying the boundary condition defined in (4.7), we find

<R (1=0,2) = <PY|P=(1=0,0) = <1V (1=0,2) = —=V]iP>(1=0,2) = — =<V~ (1=0,2)
4.9
for all (¢t = 0,x) € ON, proving that the boundary values (4.8) indeed vanish. This shows that H with
domain (4.7) is symmetric with respect to the scalar product (4.5). In order to solve the Cauchy problem

i0p) = Hp inM
YNy = Yo € Dom(H) (4.10)

where Dom(H) is defined in (4.7), it is of paramount importance to construct a unique self-adjoint
extension of the Hamiltonian. More precisely, with such a self-adjoint extension at hand, we may
apply the spectral theorem for unbounded self-adjoint operators and express the solution of the Cauchy
problem (4.10) as

vy = Mg = [ ey,
o(H)
(see equation (2.14)). Thus, in Sections 4.1-4.3 below, we prove the following theorem:
Theorem 4.0.1. The Dirac Hamiltonian (4.4) with domain of definition
Dom(H) = {¢ € C§°(N, SM) | (7 — i)(H"Y)jox =0 forall pe No} 4.11)
is essentially self-adjoint.

We remark that the domain (4.11) is smaller than the domain (4.7), which is preferable because we want
the Cauchy problem to have a global solution in C* (M, SM).

Finally, we explain our method of proof of Theorem 4.0.1. We begin by establishing the existence
and uniqueness of a global smooth solution of the mixed initial-boundary value problem (4.10). To this
end, we first need to point out the crucial fact that in the situation under consideration here, there is the
major complication that the Hamiltonian H is in general not uniformly elliptic. Hence, usual elliptic
methods to tackle the Cauchy problem of the Dirac equation, such as the ones presented in [4], no longer
apply. The nonuniform ellipticity of the Dirac Hamiltonian can be shown by analyzing its principal
symbol [99]. According to (4.4), the principal symbol takes the form

Pz, &) = —i (")

The ellipticity condition states that it should be invertible for every nonzero £ € T;N. In order to verify
whether this condition holds, it is most convenient to compute the determinant of the principal symbol,
namely

det(P(z,€)) = det((7") ") det(77¢;) .

Using that

U PRRY .
CORMCORE ZI’”) and 7'§ ¢ = g7 &G s, M
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4.1. DOUBLE BOUNDARY VALUE PROBLEM FOR THE DIRAC EQUATION

we obtain

gI&E; fr2
gt ) '

det(P(a, £)) = <

This computation demonstrates that the Hamiltonian fails to be elliptic if g¥/&;& ; = 0 for every £ # 0,
which then implies that it is also not uniformly elliptic. In the special case of the nonextreme Kerr
geometry in horizon-penetrating advanced Eddington—Finkelstein-type coordinates, we can infer from
the dual metric

g=S"H(Z+2Mr)0, @0 —2Mr (0, ® 0 + 0, ® D) — A D, ® O,

(4.12)
—a(0,® 0y + (9¢ ® Or) — Op @ O — CSCQ(Q) 6(;5 & 8¢]
that this occurs precisely at the event and the Cauchy horizon (for more details, see Section 5.3). We may
thus use the points where the Hamiltonian (4.4) fails to be elliptic for the definition of the horizons of
our more general spacetime. Our strategy to overcome this problem is to split the solution of the Cauchy
problem (4.10) with domain of definition (4.11) up into two separate ones: in a region near the boundary
OM, which is located sufficiently far beyond the horizons, we rewrite the Cauchy problem in a form
where the standard elliptic methods and results derived in [4] apply. However, in a region away from
OM that includes the horizons, we employ specific methods and results from the theory of symmetric
hyperbolic systems. Then, by making essential use of finite propagation speed, adding the two partial
solutions gives rise to a unique smooth solution of the Cauchy problem for small times. Iterating this
procedure backwards and forwards in time, we eventually find a global smooth solution. We therefore
infer the existence of a 1-parameter family of unitary time evolution operators, which makes it possible
to apply Chernoff’s lemma on the essential self-adjointness of powers of generators of hyperbolic
equations given in [21] in order to prove the essential self-adjointness of the Dirac Hamiltonian.

4.1 Double Boundary Value Problem for the Dirac Equation

As outlined above, we begin the proof of Theorem 4.0.1 by showing that the mixed initial-boundary
value problem (4.10) has a unique global smooth solution. For this purpose, it is split up into a Cauchy
problem in a region near the boundary OM that does not contain the points where the Hamiltonian fails
to be elliptic, and a Cauchy problem in a region away from the boundary OM containing these horizons.
As a technical tool for the former, we now prepare a double boundary value problem for the Dirac
equation introducing an additional boundary condition on a suitable surface Y placed near OM. We
work in Gaussian normal coordinates in a tubular neighborhood of N in N. Thus, for any p € ON, we
let ¢, (1) for 0 < r < riyax(p) be the geodesic in N with the initial conditions

dep(r)
dr |r=0

¢p(0) =p and

where u € T},N is the inner normal to ON. Since ON is compact, we can choose 7,5 independent of p
to specify the mapping
c:[0,7max) X ON = N, ¢(r,p) = ¢p(r).

Applying the implicit function theorem, we may arrange that c is a diffeomorphism by suitably decreasing
the value of .. Next, we define the sets ON(r) obtained from ON by the geodesic flow via

ON(r) = ¢(r,0ON).
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Subsequently, choosing coordinates S?~2 5 Q = (91, ..., 94_2) on ON gives a corresponding coordinate
system (7, 2) on N. In these coordinates, the metric on N takes the form

gy =dr®dr +gsn (4.13)

(95" = (é (gag)‘1> '

Using again ¢t € R as the time coordinate, we find a coordinate system (¢,x) = (¢,r,€) of M that
describes a neighborhood of OM. Then, we let X be the spacetime region

and hence

X ={(t,r,Q)]0 <7 < rmax/2}.

This is a Lorentzian manifold whose boundary X consists of OM as well as the (d — 1)-dimensional
surface

Y = {(t, TmaX/Qa Q)} )

that is, the boundary of X has the two components 0.X = O0M U Y. By appropriately decreasing the
value of ryax, We can arrange that the Killing vector field K is timelike in X, implying that Y is a
timelike surface. The inner normal on Y is also denoted by nn. We now consider the initial value problem
for the Dirac equation

D - = i
( m)y =0 in X 4.14)
YN = o € C*(NN X, SM)
with the boundary condition
(7 —1)Yjox =0. (4.15)

It is once more useful to rewrite the Dirac equation in the Hamiltonian form (4.3), in which the
Hamiltonian is given by (4.4). In order to take the boundary condition into account, we choose the
domain of definition as the Sobolev space

Dom(H) = {¢) € WH*(X NN, SM) | (s — i)¥pxrn = 0} - (4.16)
The next proposition yields a spectral decomposition of the Hamiltonian H.

Proposition 4.1.1. There is a countable orthonormal basis ({n)nen of eigenfunctions of H with
Yy, € Dom(H ).

Proof. In order to show the existence of a countable orthonormal basis of eigenfunctions of the Hamilto-
nian, we apply Theorem 4.1 of [4]. Accordingly, our task is to verify the spectral conditions (C0)-(C4),
which in our setting read:

(CO) H:Dom(H) — L?(X) is linear and bounded in the W !-2-topology on Dom(H).

(C1) The Garding inequality holds: There exists a constant C' such that for all ¢ € Dom(H )
HwH%/[ﬂ?(XmN) < C/X N(<H¢|¢H¢>(t:0,w) + =YY= (1=0,2)) dpN -
n
(C2) Weak solutions are strong solutions (“elliptic regularity”): If ¢ € L?(X N N) satisfies

/ <HY|Yp=(—oz)dux =0 forall ) € Dom(H),
XNN

then ¢ € Dom(H).
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4.1. DOUBLE BOUNDARY VALUE PROBLEM FOR THE DIRAC EQUATION

(C3) H is symmetric, i.e., for all ¢, ¢ € Dom(H)

/X <UPH oz dix = / SHY|Pd o0 diix -
N

XNN
(C4) Dom(H) is dense in L?(X NN).

In the following, we verify these conditions in ascending order with respect to extent and complexity
of proof. We begin with the validity of condition (C0), which is an immediate consequence of the fact
that H is a differential operator of first order. The symmetry condition (C3) was already established
directly after (4.7). To prove the denseness condition (C4), we make use of the result that on a smooth
compact Riemannian manifold, such as X N N with smooth boundary 0. X NN, the class C* is dense in
the function space L? [3]. From this and the fact that C°°(X N N) C W12(X N N) [62], it is obvious
that also W12(X NN) is dense in L2(X N N). Next, to verify the Garding inequality (C1), we exploit
the specific form of the Hamiltonian (4.4). Then, the contribution to <H |y H Y (4—0,4) inNVOlving
first-order derivatives squared may be estimated for a suitable constant ¢ > 0 by

<) TV (V)T Vi =0m) 2 ¢ (gn)? IV IVl

where we used that the inner product <. | ¥ . = ;g ») is positive definite and that the matrices G
and ' are uniformly bounded on X. Introducing the notation ||V¢|? = (gx)¥ || Vit|| || V;%| and
estimating the coefficients of the lower-order terms in a similar vein by appropriate constants dy, ds > 0,
we obtain

c d?
SHUPH O a0 2 <[VOI = [V 101 = da 01 > § 1901 = (53 + a2 ) ol
Hence, we find the estimate

9lacemy = [ (9912 + 1912 diny
XNN

2 d? c
2] (<trolpromqmoe + 5+ doot 101 )iy
XNN ¢

C

IN

IN

C

2
- /X . (RHY[PHY> (1—g.2) + b <[ (1—0.2)) diin
N

1 for <1
b for b>1,

IA

2
/ (RHYWHY > (1—0.2) + <[P (1=0.2)) dun X {
XNN

C

in which b is a positive constant, showing that condition (C1) holds. It remains to derive the regularity
condition (C2). This task consists of two parts: one for the interior regularity and one for the regularity
at the boundary. For the interior regularity, we need to prove that the operator H is uniformly elliptic
(see Theorem 3.7 in [4]). To this end, we make use of the fact that the Killing field K is timelike in X,
which allows us to define a norm on the spinors by

117y = <V KA Y1) -
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Applying this norm, we have
16 (V) T Y NGz = &6 <) TV U EA () TV U (1) = &5 < UIEAY Y (1,2 -
(t,)
Since K = ~, this matrix anticommutes with the Dirac matrices 7/. Consequently, we obtain

16:(Y) T Y G 2y = =65 <"V VN E (1.0
= —g" &i&j < K- (12) = =9 &5 (V) T 072y »

showing explicitly that H is uniformly elliptic as the matrix (v*)~! is uniformly bounded. The remaining
proof of the boundary regularity is a subtle point, which we now treat in detail. We first note that, by
localizing with a test function and using the interior regularity, it suffices to consider weak solutions
whose support is in a small neighborhood of N or Y N N. Since both cases can be treated in the same
way, we may assume that the solution vanishes identically outside a small neighborhood of ON. Our
goal is to apply Theorem 5.11 of [4]. Simplifying the statement of this theorem and adapting it to our
setting, it gives boundary regularity for boundary value problems of the form

Lu=f (4.17)
PU|3N:0.

Here, P is a projection operator on L?(ON) and L is the differential operator
L=0.+A+ B,

where the operators A and B are of the following form. The operator A: W12(ON) — L?(ON) is an
angular differential operator, which is independent of  and satisfies again the above spectral conditions
(C0)-(C4). The operator B: W12(X N N) — L?(X NN), on the other hand, should be such that its
first-order terms vanish on ON. The first step is to rewrite the Dirac equation and the boundary condition
in the required form. We suppose that v is a weak solution of the inhomogeneous equation Hy = f
satisfying the boundary condition (4.15). Moreover, we assume that ¢ and f are supported in a small
neighborhood of IN. In order to implement the boundary condition on 9N, we choose the projection
operator P as

P= (it 1).
Next, using (4.4), we can write the differential equation (4.17) in the form
(@ + ()" gy A e+ 77209, ) F E)Y =1(3") 1S
where (ﬁa)a:L ..., d—2 are again coordinates on ON and E is a zero-order operator. We also choose

A=) 0" Ds)ox + 2 (4.18)
B=(y)"'(y"8,) +E—A
with Z being a zero-order operator on ON to be determined below. The crucial point is to show that by a

suitable choice of both a scalar product and the zero-order operator Z, we can arrange that the operator
A is symmetric. Therefore, we define the scalar product as

(-].)on = /BN <K (=02 dpiox - (4.19)
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We remark that since K is timelike near ON, this inner product is indeed positive definite. Using the
metric (4.13) in our Gaussian normal coordinate system, the following anticommutation relations hold

{K,7"} =2¢," 15, ,m =20{ 15, ,m =0, {K,"}=0, {y,7"}=0.

As a consequence, the matrices ('yr)*lfyﬂa are antisymmetric with respect to the scalar product (4.19).

Thus, setting
1 % . _
Z==5(Ao— Ay with  Ag:=(y") Y77 Bg,) o

where the star denotes the formal adjoint with respect to the scalar product (4.19), the operator Z is
truly a multiplication operator. Furthermore, employing the above formulas for Z and Ag in (4.18),
we see that A = (Ag + Aj)/2, which is obviously symmetric. Finally, it is clear by construction that
the restriction of B to JN is a multiplication operator. Hence, it is obvious that the operator A has the
above properties (C0), (C3) and (C4). To prove the Garding inequality (C1) and the elliptic regularity
condition (C2), we make use of the anticommutation relations

{( 7")71 Ya ( r)fl ﬁb}__i{ Ya 19b}__wn
vy v\ 0 - gr,,« Y - gr,,« S(t,m)M.

Accordingly, the operator A2 is of the form

1
A% = — Aga—2 + (lower-order terms) .
)

This is an elliptic operator on a bounded domain. Standard elliptic theory implies (C1) and (C2). W

The spectral decomposition of Proposition 4.1.1 implies that the mixed initial-boundary value problem
(4.14), (4.15) has a unique weak solution in W12(X NN, SM) given by

e}

W(t,x) = che_i“’"twn(m) with ¢, = / < |Yrho>y dun(y) , (4.20)

XNN

n=1

where w,, is the eigenvalue of v,. In order to apply [21], we require a solution that is smooth for all
times. We now state the corresponding necessary and sufficient conditions.

Lemma 4.1.2. Suppose that 1)y satisfies the condition
(b —i)(HPo)on =0 forall peNy. (4.21)

Then, the solution 1) of the mixed initial-boundary value problem (4.14), (4.15) is in the class C2 (M, SM).
Conversely, if a solution of the mixed initial-boundary value problem is smooth, then 1) satisfies (4.21).

Proof. Let ¢ be the solution of the mixed initial-boundary value problem (4.14), (4.15) for 1) satisfying
(4.21). In order to show that v is smooth, it clearly suffices that all time derivatives of ¢ exist and are
smooth in x. To this end, we consider the partial sums of (4.20)

N
¢N(t7 x) = Z Cne_iwntwn<x)
n=1
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for given V € N. Differentiating p times with respect to ¢ yields

N
10PN () =Y whepe riapy () .

n=1
Moreover,
When = / <HPYp|¥tpo-y dun(y) = / =n Y H oy dun(y) ,
XNN XNN

where we iteratively integrated by parts and used the boundary conditions (4.21). Since the function
1o := HP1)y is again in Dom(H) given by (4.16), we can take the limit N — oo to conclude that

o

(i0p)Py(t,x) = Zgne_iw"tgbn(:c) with ¢, = / <¢n\¢iﬂo>y dun(y) .

—t XNN

This proves that 1) is indeed a smooth solution. Assume conversely that ¢ is a smooth solution to the
mixed initial-boundary value problem (4.14), (4.15). Then, (7% —i)1(t);sx = O for all ¢. Differentiating
p times with respect to ¢ results in

0 = (i0)P (1 — i)?l)(t)\aN)|t:0 = (7 —1)(H"0)jon

verifying (4.21). |

4.2 Solution of the Cauchy Problem for the Dirac Equation

We now return to our original problem of finding a unique global smooth solution of the Dirac equation
in Hamiltonian form

i0pp = Hy in M, (4.22)
assuming initial and boundary values
YN = to € {¢ € Cg°(N, SM) [ (s — i) (HP¢)jon = 0 forall p e No} (4.23)
and
(7 —1)thjom = 0, (4.24)

respectively. For this purpose, we first prove the following lemma using the results of the previous
Section 4.1.

Lemma 4.2.1. There is an € > 0 such that the mixed initial-boundary value problem (4.22)-(4.24) has
a unique solution 1) in the class

{v € C5°([0,€) x N, SM) | (v — i) (H)j,c)xon =0 forall p e No}. (4.25)

Proof. We describe the neighborhood of the boundary ON again via the Gaussian normal coordinate
system (r, 2), for which the metric takes the form (4.13). Furthermore, we choose the value of ¢ so
small that the future development JV of initial data sets has the properties

Jv({(O,r, Q) |r< rmax/4}) N({e} xN) C{(e,r,Q) | r < rmax/2} (4.26)
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Figure 4.1: Decomposition of the solution of the Cauchy problem into a contribution ¢/ with support near the
boundary ON (top figure) and a contribution 9! with support in the interior of N (bottom figure). The gray areas
represent the respective future developments of initial data sets given in (4.26) and (4.27).

and
JV({(0,7,Q) |7 > rmax/8}) N ({e} x N) C {(e,7,Q) |r > 0}. 4.27)

We may then decompose the initial data into a contribution )5 near the boundary ON and a contribution
w(l) supported in the interior of N, that is,

o = UG + 9 -
To this end, we let n € C§° ((—rmaX /4, Tmax/4), R) be a test function with ;g .,,,./g) = 1 and set
U8 =n(r)yo and ) :=1po — Y8 (4.28)

(see Figure 4.1). Accordingly, the desired solution is of the form ¢ = ¢/® + ¢!, where 1B is a solution
of the mixed initial-boundary value problem

i0B = HY® in X
N =6 (4.29)
(7 —1) oMUY — 0

and ! a solution of the initial value problem without boundary condition

. I _ I .
{latz/; = Hy! in M\OM 430)

| N |
|N_w07

in which the initial values ¥)& and 1}, are given by (4.28). We begin by analyzing the mixed initial-
boundary value problem (4.29). Assuming that the initial data 1/)5’ satisfies the condition (4.21), we know
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from Lemma 4.1.2 that (4.29) has a solution /® in the class CS°(M, SM), which satisfies the associated
initial and boundary conditions pointwise (this solution even satisfies the stronger boundary conditions
in (4.21)). Furthermore, due to finite propagation speed and the specific form of (4.26), we also know
that this solution vanishes near the boundary {r = ryax/2}, i.e.,

supp ¥P(t, .) C [0, 7max/2) x ON forall t € [0,¢).

Hence, extending 48 by zero, we obtain a global solution in all M. Next, we evaluate the initial
value problem (4.30). Since N is a complete manifold without boundary and the initial data v} is
smooth, it is well known from the fundamental existence and uniqueness theorems of the theory
of symmetric hyperbolic systems [67, 91, 95, 101] that (4.30) has a unique solution 1! in the class
C ([0, g) x N, S M) We point out that this solution vanishes identically near the boundary OM due to
finite propagation speed and the specific form of (4.27). Finally, adding the solutions 1® and ¢! yields
a unique solution 1 of the mixed initial-boundary value problem (4.22)-(4.24) in the class (4.25). Its
uniqueness follows immediately from standard energy estimates for symmetric hyperbolic systems (see
for example [67]). |

This lemma allows us to prove the existence of a unique global smooth solution of the mixed initial-
boundary value problem (4.22)-(4.24) as follows.

Corollary 4.2.2. The mixed initial-boundary value problem (4.22)-(4.24) has a unique global solution
1 in the class
[ € C2(M, SM)| (3 — ) (HP) i = O forall p € No}.

The resulting time evolution operator

U™ {p € O ({t} x Ny, SM) | (18 — 1) (H") {1 xon, = O forall p e No}
= {¢Y € C({t"} x Ny, SM) | (s — 1) (HP®) g1y x0n, =0 forall p e No}

is unitary with respect to the scalar product (4.5).

Proof. Since the parameter € in Lemma 4.2.1 does not depend on the initial data, we may iterate the
procedure to obtain smooth solutions for arbitrarily large times. Moreover, we can adapt the procedure
in such a way that it yields solutions in the class

{4 € C5°((—&,0] x N, SM) | (s — 1) (HP9)|(—cojxon = O forall pe N},

covering time reversals. Then, again by iteration, we find smooth solutions for arbitrarily large negative
times. Eventually, this leads to a global smooth solution i) € C° (M, SM) of the mixed initial-boundary
value problem (4.22)-(4.24). Besides, the symmetry of the Dirac Hamiltonian H with respect to the
scalar product (4.5), which is shown directly after (4.7), implies that the scalar product is preserved
under time evolution. Thus, the time evolution operator U*"* is unitary. |

4.3 Proof of the Essential Self-adjointness of the Dirac Hamiltonian

Having established the existence of a unique global smooth solution of the mixed initial-boundary value
problem (4.22)-(4.24) and therefore the existence of a unitary time evolution operator U .t we can now
give the proof of Theorem 4.0.1 using Chernoff’s Lemma on the essential self-adjointness of powers of
generators of hyperbolic equations [21]. We begin by stating the original form of this lemma.
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Chernoff’s Lemma. Let T be a symmetric operator with dense domain Dom(T') C H, a complex
Hilbert space. Suppose that T maps Dom(T") into itself. Suppose in addition that there is a 1-parameter
group 'V of unitary operators on H such that V;Dom(T) C Dom(T), V;T = T'V; on Dom(T), and
(d/dt)Viu = iT Vi u for uw € Dom(T'). Then, every power of T is essentially self-adjoint.

Proof of Theorem 4.0.1. We verify the conditions specified in Chernoff’s Lemma for our framework,
where the operator T' corresponds, except for a minus sign, to the Dirac Hamiltonian H with domain
Dom(H) given by (4.11). This operator is, on the one hand, symmetric with respect to the scalar product
(4.5) and, on the other hand, the domain Dom(H) is clearly invariant under its action. Moreover, the
unitary time evolution operator U for the mixed initial-boundary value problem (4.22)-(4.24), which
is defined in Corollary 4.2.2, is homogeneous, and thus forms a 1-parameter group acting on Dom(H ).
The remaining two properties, namely that U Yt = HU't and 9, U b = —iH Ut tap, are trivially
satisfied because the former is the commutation relation between e (! =) and H (the exponential
representation of the propagator directly follows from the time-independence of the Hamiltonian),
whereas the latter is the Dirac equation in Hamiltonian form. Since all conditions are met, we can apply
Chernoff’s Lemma to conclude that H is essentially self-adjoint on Dom(H ). This completes the proof
of Theorem 4.0.1. |
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CHAPTER

AN INTEGRAL SPECTRAL REPRESENTATION OF THE MASSIVE DIRAC
PROPAGATOR IN THE NONEXTREME KERR GEOMETRY IN HORIZON-
PENETRATING COORDINATES

We construct a generalized horizon-penetrating integral spectral representation of the massive Dirac
propagator in the nonextreme Kerr geometry using the results obtained in Chapters 3 and 4. More
precisely, we first derive the Hamiltonian formulation of the massive Dirac equation in the nonextreme
Kerr geometry in advanced Eddington—Finkelstein-type coordinates and introduce a suitable scalar
product on the associated space of solutions. We subsequently give the proofs of symmetry and essential
self-adjointness of the Dirac Hamiltonian. For the proof of the latter, as the Dirac Hamiltonian fails to
be elliptic at the event and the Cauchy horizon, we employ the method for nonuniformly elliptic mixed
initial-boundary value problems worked out in Chapter 4. We then derive an integral representation of
the massive Dirac propagator applying the spectral theorem for unbounded self-adjoint operators. In
order to compute the corresponding spectral measure, we use Stone’s formula, which yields a relation
to the resolvent of the Dirac Hamiltonian. Finally, we determine the resolvent in terms of the angular
spectral projector onto a finite-dimensional invariant spectral eigenspace of the angular operator and the
radial Green’s matrix arising in Chandrasekhar’s mode analysis in Chapter 3.

5.1 Hamiltonian Formulation of the Massive Dirac Equation in the
Analytically Extended Kerr Geometry

For the derivation of the Hamiltonian formulation of the massive Dirac equation in the nonextreme Kerr
geometry in advanced Eddington—Finkelstein-type coordinates, it is advantageous to first rewrite the
system (3.12) in the form

(R+ A =0,

where
—imr 0 -9 0
0 —imr 0 -9y
D+ 0 imr 0
0 9_ 0 imr

S.D
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and _
ma cos (0) 0 0 <z
. 0 ma cos (6) Z 0
A= 0 K ma cos (6) 0 (5-2)
<z 0 0 ma cos (6)
are matrix-valued differential operators with
Dy =17 ([A+4Mr]0- + AD, + 200y + 1 — M)
9_ = T+(67— — 8T)
& :=iasin (0) Or + 9y +icsc(0) y + 27 cot (6).
We then separate the 7-derivative and multiply the resulting equation by the inverse of the matrix
0 0 —ry —iasin ()
. _ 0 0 iasin () —r7'[A +4Mr]
. _ 0 gzt 107 +
V7= VB PPy r A+ 4M7r] —iasin (0) 0 0
iasin (0) Ty 0 0
(5.3)

(cf. equation (3.13)) as well as by the imaginary unit, which leads to the Schrédinger-type equation
10,9 = i (77) (R + APy = HY, (5.4)

where R(3) and A®) contain the first-order spatial and all zero-order contributions of the operators (5.1)
and (5.2), respectively. The Dirac Hamiltonian H may be recast in the more convenient form

H=d0;+7, je{rb ¢}, (5.5)

with the matrix-valued coefficients

iA ryasin (0) 0 0
p 1 ri'Aasin(0) —i[A+4Mr] 0 0 (5.6)
X+ 2Mr 0 0 —i[A+4M7r] r7'Aasin(9) '
0 0 ryasin (0) iA
—asin () iry 0 0
of e 1 ir'[A+4Mr] asin (0) 0 0 5.7)
Y+ 2Mr 0 0 —asin (0) —ir;'[A+ 4M7] ‘
0 0 —iry asin (0)
ia rycsc(f) 0 0
0t e 1 i tese(6) [A — 25 —ia 0 0 (5.8)
¥+ 2Mr 0 0 —ia  ri'esc(f) [A — 2]
0 0 rycsc(f) ia
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and the potential

o 1 %1 e%g
V= Z+2Mr<<%’3 %)’ (5.9)

where the quantities %y, k € {1,2, 3,4}, are the 2 x 2 blocks

” 1 2i[r — M] — acos(0) iry cot (0)
2 ri!(2asin (0) [r — M] +i cot (0) [A +4Mr])  acos (0)

Ty iasin (6)

By = —m (r —iacos (0))
—iasin (0) r3'[A + 4Mr]
(5.10)
ri' A +4Mr]  —iasin (0)
PBs = —m (r +iacos (0))
ia sin (0) i

—acos(f) ' (2asin(0) [r — M] —i cot (9) [A + 4Mr])
By = =
—iry cot () 2i[r — M]+ acos(0)

5.2 The Canonical Scalar Product

In order to set up a Hilbert space that contains the solutions of (5.4)

H = (Sol(H —1i07), (.| )) for which  Sol(H —i0,) = {¢/ € L*(9, SM) | (H — id, )’ = 0},
and to establish the symmetry property of the Hamiltonian H
(W/|HX') = (HY'[X) with 4/, € Sol(H — id;)

(or its self-adjointness), we require a suitable scalar product (. |.). We again work with the scalar
product [39]

(W) = /m <UIYX = (70,2) dln (5.11)

defined on the spacelike hypersurface 9 = R~ x S? for a constant time 7y with coordinates x =
(r,0,¢), where
<. ’ 7 (o) S(T@)m X S(m)i)ﬁ — C, (w,X) — "Lp*X (5.12)

denotes the indefinite spin scalar product of signature (2, 2), 1/* := 917 the adjoint Dirac spinor, v the
future-directed timelike normal on 0N, and duy = /|det(gy;)| d¢ dO dr is the invariant measure on 91,
in which gy, is the induced Riemannian metric. The matrix .7 is defined via the relation [112]

A= L (5.13)

We note that this scalar product is independent of the choice of the specific spacelike hypersurface 1.
This can be easily shown via Gauss’ theorem and current conservation. In the following, we explicitly
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CHAPTER 5. INTEGRAL SPECTRAL REPRESENTATION OF THE DIRAC PROPAGATOR

compute the above quantities and subsequently derive a more convenient representation for the scalar
product. We begin with the calculation of the matrix .. By means of (5.3) and the spinor transformation
(3.14), we find

1

\/E(W’T)*l'vo'i’“ﬁ’,

W=

which, using the defining equation (5.13), gives rise to the expression

O = O O
_ o O O
oS O O
O O = O

Next, we determine the normal vector field v by means of the conditions
W|0r)g = w|0h)y = (V|0p)g =0 and  (vlv), =1,

where (.|.), == g(.,.) = gu dz" ®dz"(.,.) is the spacetime inner product on M. Accordingly,
employing (3.9) yields

2Mr 1/2 2Mr 2Mr —1/2
o (1 2Y g, 20 (2

The corresponding dual covector reads

~1/2
v= (1 n 2]\247«) dr . (5.14)

Moreover, the induced metric gg; on the hypersurface 1 is simply the restriction of (3.9) to 1 and, thus,
we obtain

gn = —(1 + 2A§T> (dr — asin’® (0) d¢) ® (dr — asin’® (9) d¢g) — £ df ® df — Ssin® (0) dp ® dg .

The associated Jacobian determinant in the volume measure dusy becomes

1/2
VJdet(goy)] = Esin (9)<1+ 2‘2“) : (5.15)

We now express the scalar product (5.11) in terms of the primed quantities (3.14) used in (5.4), and
substitute (5.14) as well as (5.15). This results in

W) = Hf WS S sin (0) dpdo dr . (5.16)
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Again employing (5.3), that is with 47 = —22(2T)71405/7 /\/%, the scalar product (5.16) yields

WX )= [[[ 17" P(P1) A FTXVE sin (6) do a6 dr
- _ij%ﬂy@(m 1057\ sin () d¢ 4O dr
=~ [[[ vt 272" 14 57\ sin (0) dp b dr (5.17)
:_ijﬂ@* (2114057 \/ sin (0) d¢ dO dr

= J]j YT T\ sin (0) dp df dr

where
ri A +4M7r] —iasin (6) 0 0
Y PU iasin (0) Ty 0 0
U= =997 = 0 0 T4 ia sin (0) (5.18)
0 0 —iasin (0) r; A +4Mr]

We point out that in the above derivation, we have first applied the relation v/ Iga = 92 21, then the
transformation law for the matrix .#”/, namely . = 21.%/ 2, and finally we have used the fact that
both .7 and the product Z.¥ are self-adjoint, which leads to 2.7 = .# 2T, Besides, the integration
limits and the time restrictions are suppressed for ease of notation. The eigenvalues A1, Ay of the matrix
(5.18) are positive

1 A +4M A +4Mr\ 2
)\1:<7«+++r—|—\/<r+—+r> +4a2sin2(9)>>0

2 T+ T+

1 A+4M A+ 4Mr\?
A2:<r+++7“_\/<r+++r> —4(Z+2Mr)> >0
2 T4 T4

and with algebraic multiplicities p4(A\1) = pa(A2) = 2, demonstrating that (5.17) is indeed positive-
definite. The symmetry property of the Dirac Hamiltonian (5.5) with respect to this scalar product is
explicitly proven in Appendix A.

5.3 Essential Self-adjointness of the Dirac Hamiltonian

In this section, we show that the Dirac Hamiltonian (5.5) is essentially self-adjoint. The proof involves
the technical difficulty that in the nonextreme Kerr geometry the Dirac Hamiltonian is not uniformly
elliptic. More precisely, it fails to be elliptic at the event and the Cauchy horizon. This can be easily seen
from the evaluation of the determinant of the principal symbol of the Hamiltonian (5.5)

P(r,0;€) = o/ (r,0) &, (5.19)
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where & € T3 In more detail, we first rewrite the matrices o in terms of the original Dirac matrices
ij
of = —i(FT) YT = ~i(YT) T = -2 ()T 27

Substituting this expression into the principal symbol (5.19) and computing the determinant yields

det(P(r,6;&)) = (m.

Using the relations

(V)2 =97 ls, m and V&&= g76 €05 o,

we obtain

e e\ 2
det(P(r,0:€)) — (9 ;5 5]) |

The Hamiltonian fails to be elliptic if its principal symbol is not invertible, that is, if the determinant
(5.20) vanishes. This is the case for

(5.20)

g76¢; =0 with £€#0, (5.21)

where the quantities g/ are the spatial components of the inverse of the spacetime metric (3.9) specified
in (4.12). Analyzing condition (5.21), we find that the Hamiltonian is not elliptic at the event and the
Cauchy horizon. We point out that by using the intrinsic Dirac Hamiltonian on the spacelike hypersurface
N, ellipticity would be conserved even at the horizons, which can be inferred from the analog condition

gn&i&; =0 with £#0,
where the gg{ denote the components of the inverse of the associated induced Riemannian metric

1 [(r? +a®)? — Aa®sin® ()
gn = —5 S 20y Or ®0r+a (0r @0y + 0y @0y) + 0 @ 0p + csc?(0) 0y @ Dy | -

However, as we work with the Hamiltonian obtained from the Dirac operator in the full Kerr geometry,
ellipticity is broken. Therefore, we cannot employ standard techniques and results from elliptic theory
in order to verify the essential self-adjointness of the Dirac Hamiltonian. Instead, we apply the results
derived in Chapter 4, where near-boundary elliptic methods are combined with results from the theory of
symmetric hyperbolic systems. In the following, we state the geometric and functional analytic settings
for the formulation of the Cauchy problem for the massive Dirac equation in the nonextreme Kerr
geometry in horizon-penetrating coordinates in Hamiltonian form, which is used as a technical tool in
the proof of the essential self-adjointness of the Dirac Hamiltonian.

We let (901, g) be the nonextreme Kerr geometry with the metric (3.9) in advanced Eddington—
Finkelstein-type coordinates and consider the subset

M :={r,r>rg0,¢} CM for ro<r_

with timelike boundary
OM = {r,r =ro,0,0}.

Furthermore, we introduce the family of spacelike hypersurfaces (N ) cr, where

N, :={r =const.,r > ro,0, ¢},
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Figure 5.1: Carter-Penrose diagram of the region M of the nonextreme Kerr geometry with constant-7 hypersur-
faces N, and N, cut-off at the boundary OM. A radial Dirichlet-type boundary condition imposed on OM leads
to a reflection of Dirac particles away from the singularity without affecting their dynamics outside the Cauchy
horizon. This is represented by Cauchy data propagated in 7-direction.

with boundaries
ON, :=0MNN, = §?

(see FIG. 5.1). These hypersurfaces constitute a foliation of M. Moreover, we define a Killing vector
field that is timelike near OM and spacelike near spatial infinity by [83]

K := 0.+ By04 withthe constant [y = Bo(r0) € R\{0}, (5.22)

where O, and 0, are the Killing fields related to the time translational and axial symmetries of the Kerr
geometry, respectively. We note that this Killing field corresponds to the Killing field K = 9, specified
in Chapter 4 on page 44, satisfying the assumptions (ii) and (iii) on page 43. We also point out that we
cannot employ the simpler Killing field K = 0, instead of (5.22), as it is not timelike everywhere on
OM. To be more precise, the condition for J; not being timelike reads

9(87"87') =1- QJEMT <

<0.

This inequality is solved by

M — /M2 —a2cos2 () <r <M + /M2 —a2cos? (f),

which is the ergosphere region. But taking K as the linear combination (5.22), it turns out to be a Killing
field that satisfies all the required assumptions. To make the connection between (5.22) and the Killing
field K = 0; explicit, we use the coordinate transformation

R x Rsg x (0,7) x [0,27) = R x Ryg x (0,7) x [0,27), (7,7,0,¢) — (t,r,0,P)
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with
t=7 and ¢ =¢— [or. (5.23)
This transformation can be easily derived from the condition
dr do
K =0, = 5874-38(1)—874-50@1).

Evaluation of the gradient
Vit =g (0ut) 0, = g’ o,

and subsequently

2Mr
by
demonstrates that V't is future-pointing and timelike and, hence, that the coordinate ¢ is a temporal

function as is the original time coordinate 7 [98]. Due to the specific form of the transformation (5.23),
we find that the induced metric gj;_qn, On the level sets of ¢ is identical to the induced metric

g0, Vt)=g', =1>0 aswellas g(Vt,Vt)=g" =1+ >0

2M oM
G cons, = G = — (1 v ;)dr ® dr + asin® () (1 + ;) ldr ® d + do ® dr]
2M
— ¥ df ®df — sin? (0) [E+a2sin2 (9)(1+ Erﬂdgb@dgb

on the level sets of 7 for the advanced Eddington—Finkelstein-type coordinates. As a consequence,
all the results obtained for the coordinate system employed in Chapter 4 also hold for the advanced
Eddington—-Finkelstein-type coordinates.

Next, in addition to these geometric structures, we introduce the spinor bundle SM of M with fibers
Sero)M =~ C*, where (7, ) € M. We may then consider the Dirac Hamiltonian given in (5.5)

H=00;+7 onN:=N,, (5.24)

which is a symmetric operator with respect to the scalar product specified in (5.17)
[e.e]
(WX )N = / / YTT7Y sin (0) dpdodr, (5.25)
rog J52

where the Dirac 4-spinors 1)’, x/ € S(r.z)M and the matrix I'" is defined in (5.18). We note that for H
being symmetric with respect to (5.25), we have to impose the radial Dirichlet-type boundary condition
(see Appendix A)
(b —i2(PT) ) = 0,

in which n is the inner normal to M and & is determined by (3.15). This boundary condition has the
effect that Dirac particles are reflected at OM away from the singularity such that, without changing
their dynamics outside the Cauchy horizon, we obtain a unitary time evolution. The specific domain of
the Hamiltonian reads

Dom(H) = {¢/ € C3°(N, SM) | (s —i2(2") ™" )yfyx = 0}.

In this setting, we find a unique, global solution of the Cauchy problem for the massive Dirac equation
in Hamiltonian form in the class C2 (M, SM).

64



5.4. RESOLVENT AND INTEGRAL SPECTRAL REPRESENTATION

Lemma 5.3.1. The Cauchy problem for the massive Dirac equation in the nonextreme Kerr geometry in
advanced Eddington—Finkelstein-type coordinates

{iawa = Hy/ inM

5.26
U, = € CEN.5M) 20

with radial Dirichlet-type boundary condition at OM
(—i2(2") ) ou =0, (5.27)

where the initial data 1, is smooth compactly supported outside, across, and inside the event horizon,
up to the Cauchy horizon, and compatible with the boundary condition, i.e.,

(7 —i2 () )dfon =0,
has a unique global solution 1)’ in the class
{¢' € C (M, SM) | (1 —i2(2") 1) (HPY') g =0 forall pe No}.
The associated time evolution operator is unique and unitary with respect to the scalar product (5.25).

The proof of this lemma is shown in detail in Sections 4.1 and 4.2. The existence of such a unique
global smooth solution is imperative for the specific proof of the essential self-adjointness of the Dirac
Hamiltonian presented in Section 4.3. Below, we state the result for the Hamiltonian in the nonextreme
Kerr geometry in horizon-penetrating coordinates (5.24).

Theorem 5.3.2. The massive Dirac Hamiltonian H in the nonextreme Kerr geometry in advanced
Eddington—Finkelstein-type coordinates with domain of definition

Dom(H) = {4/ € C3°(N, SM) | (s —122(2") 1) (HP¢)on =0 forall peNo} (5.28)

is essentially self-adjoint.

5.4 Resolvent of the Dirac Hamiltonian and Integral Spectral
Representation of the Dirac Propagator

We may now construct an integral spectral representation of the Dirac propagator that yields the
relativistic dynamics of massive Dirac particles outside, across, and inside the event horizon, up to the
Cauchy horizon. More precisely, we derive an explicit expression for the spectral measure dF,, of the
essentially self-adjoint Dirac Hamiltonian (5.24) with domain (5.28), which arises in the formal spectral
decomposition of the Dirac propagator

W (7, 0,0) = TG (r,0,6) = /R b (.0, 6) dE, (5.29)

where ), is smooth initial data with compact support. To this end, we employ Stone’s formula and, thus,
express the spectral measure in terms of the resolvent Res(w.; H) = (H — w.) ™! of the Hamiltonian.
As the spectrum of the Hamiltonian o (H) C R is on the real line, this resolvent exists for all w, € C\R
with real part Re(w.) = w € o(H) and is given uniquely. In the computation of the resolvent, we make
use of specific quantities obtained in Chandrasekhar’s mode analysis, namely the angular projector onto
a finite-dimensional invariant eigenspace of the angular operator (3.21) and the Green’s matrix of the
radial ODE system (3.19) extended to complex-valued frequencies.
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Theorem 5.4.1. The massive Dirac propagator in the nonextreme Kerr geometry in advanced Eddington—
Finkelstein-type coordinates can be expressed via the integral spectral representation

VEn0.0)= 50 57 [ i [ w07 = (=07 0)

keZ o
X @bé,k(r’, 0) dw ,

where 1y, ;, € C5° ((ro,00) x (0,7), SM) is initial data for fixed k-modes and (Hj, — w F ie)~" are
resolvents of the Dirac Hamiltonian for fixed k-modes H}, on the upper and lower complex half-planes.
The resolvents are unique and of the form

(Hy, — w Fi€) 7 (r,0507,0") g 1, (r', 0) Z/ Qi(6;6")

IEZ

> G (757" )k wetie Oc2 )
X € R dr’d(cos (8)) ,

/TO < Oc2 G(ri" )k weie 07,0 ¥h (o, ) dr'd (cos (9)
with Qi( . ,.) being the integral kernel of the spectral projector onto a finite-dimensional invariant
eigenspace of the angular operator (3.21), which corresponds to the spectral parameter &, G(r; 1’ Vil wie
is the 2-dimensional Green’s matrix of the radial ODE system (3.19) extended to complex-valued fre-
quencies, and

1 0 00
0 0 01
v = 0100
0 010
as well as
i[A() +4Mr'] riasin(6) 0 0
foan 0 0 —iry asin (6")
£, b)) = 0 0 ryasin(0) i[A(G)+4M)
asin (0") —iry 0 0

Proof. We first compute the resolvents (Hj, —w Fie) ! of the Dirac Hamiltonian for fixed k-modes H},
on the upper and lower complex half-planes, where w € R and € > 0 is sufficiently small so that it can
be considered as a slightly non-self-adjoint perturbation. For this purpose, we substitute Chandrasekhar’s
mode ansatz extended to complex-valued frequencies w, with Re(w,) = w and Im(w,) € {—¢, €}

W (1,7,0,¢) = e TR G (1 0) inwhich ¥ € L?((rg,0) x (0,7), SM),
into the Dirac equation specified in (5.26), yielding
(Hy —w)¥ =0, (5.30)

where
Hy,=a"8, + %9 —ika® + v

with the matrices o, j € {r,0, ¢}, and the potential ¥ given in (5.6)-(5.9). Furthermore, we define the
spectral projector onto the finite-dimensional invariant eigenspace of the angular operator (3.21)

1
QU = /_1 Qu(0; 0) (r, ) d(cos (0')) ,
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which corresponds to the spectral parameter & with [ € Z. This projector is idempotent, i.e.,
Q=@ forall neN,

and the family (Q;);cz is complete, that is,
d Q=1 (5.31)
leZ
We may therefore express the angular operator (3.21) as
A= 6.
lez

Applying the completeness constraint (5.31) in equation (5.30) and using this representation of the
angular operator, we obtain

—(S+2Mr) Y M7, )t QT =0, (5.32)
leZ
where
M7, 0) e
1Ok . asin (8) Uy, iry S asin (0) S
asin (0) Oron _i[A+4Mr] . asin (6) S, _i[A+4Mr] 3,
T4 T4+ T4+
Ci[A +4Mr] 3, asin (6) S _i[A+4Mr] U, asin (6) O
T4+ T4+ T4+
asin (0) S, iry S asin (0) U, 10} 4,

with the radial differential operators Oy, ., U, and the function S; defined by
Okw, =00 +17— M —iwe(A + 4Mr) — 2iak
Uy, =14 (0r +iwe)
S =& +imr.
In the following, we show that the computation of the resolvent of the operator M (9,;, 0) ., amounts

to the determination of the 2-dimensional Green’s matrix of the radial ODE system (3.19) extended to
complex-valued frequencies. Rewriting the Dirac equation (5.32) in the factorized form

—(S+2Mr) 7 B(r,0) > RO 1)k, Q¥ =0,
€7

where the matrix B(r, #) and the matrix-valued radial differential operator R(0y; ) .. read

i asin (0) 0 0
asin(0)  i[A+4Mr] 0 0
- r r
B(r,0) := (;r 0+ i[A+4Mr] asin(0)
T+ T+
0 0 asin (6) i
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and

Ok,wg 0 T4+ Sl 0
0 U, 0 Si
S, 0o U, 0 |
0 T4+ Sl 0 Ok,we

R(ar; r)k,l,we =

we can easily bring it into the block diagonal representation

_ R2*2(0,;7) Oc2 _
. 1 Ty T )kl we C 1 —
& (Ta G)Z < 0c2 R2X2(8r§7")klwe ¢V =0,
lEZ ™
in which -
R~ (87"; T)k,l,we O(C2 _ 1 .

( Oc2 R2><2(ar; T)kas =% R(aﬁ T)k,l,we(g

with

O ro S
2x2/49 . e kwe T+ 91
R (&”7 r)k,l,we = < S, vaE >7

and the matrices &~ 1(r, ) and € are defined as

ENr,0) = (S +2Mr) L B(r,0) %

and
1 0 0 O
0 0 01
¢ = 01 0O
0010

(5.33)

(5.34)

(5.35)

From the specific form of (5.33), it is obvious that the key quantity in the determination of the resolvent of
M(8yr;7,0) .1 . and thus of the resolvent (Hy —w,) ™1, is the solution G (7;7")j 1 . of the distributional

equation
R2X2(8T; Miedwe G Vi jw. = 0(r — 1) Iz

(5.36)

We point out that since (5.35) is identical to the operator 120, — U(r) in the radial ODE system
(3.19) extended to complex-valued frequencies, G(r;7")y . coincides with the associated Green’s
matrix. Besides, it is only in the case of complex-valued frequencies that the solution of the radial ODE
system may attain an additional dampening contribution guaranteeing that ¥(r, §) is in L?((ro, c0) x
(0,7), SM). Now, in order to solve the distributional equation (5.36), we first introduce the vector-valued

functions
o Pra(rrh) o P2(r57)
(1)1(7“,7” ) - < @172(70;70/) and CI)Q(TﬂT ) - @2’2(70;70/)
that

e for r # 1/ are linearly independent solutions of the homogeneous equation

R2X2(8T; Mklw P(r;7) =0,

e have jump discontinuities at r = 77,

o satisfy the Dirichlet-type boundary condition (5.27) at r = rg,
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e and are square-integrable, i.e.,

Hq>1/2<r;r')ugz/ @1 ja(r; )2 dr < oo

T0

These fundamental solutions are specified in Appendix B. It turns out that their r’-dependencies can
be chosen in such a way that they are solely contained in factors of Heaviside step functions ©. For
clarity, these Heaviside step functions are explicitly stated in what follows, which makes it possible
to represent ®; and ®5 as functions of only the variable . Moreover, from the first and the last of the
above properties as well as from the complex extensions of Lemma 3.5.1, Lemma 3.5.2, and Lemma

3.5.3, we can infer that they have the specific asymptotics

Cl,00
, — Im(we) <0
o r) ~ el®+(+(r) A for »r =00 and ‘
1/2(7) c\g/; Re(we) >0
C3,00
: — Im(we) >0
By () ~ e - [ /A for r— oo and ‘
1/2(r) Croe Re(we) < 0
Clry Qi(we—i-kQ]((i))r*(r)
o err r — T+ and Im(we) < 0
B o(r) ~ A for
1/2(7) VIA| . {r —r_ and Im(w) >0
7Ti

0 rT—=r
D /o(r) ~ c3,s < . ) for { *

r—r_

and Im(we) >0
and Im(w) <0,

if |wel >m

if |wel <m

if |wel >m

if |wel <m

where ¢, o and ¢, , With n € {1,2, 3,4} as well as m € {1, 2, 3}, are scalar constants. We then use

the ansatz
G(r; ") ke
Or =) B1(r) Pu(r) + O(" — 1) Ba(r) Po(r”)  for
O(r — ") ®1(r) PL(r") + O(r — ') o(r) Po(r’)  for

for the radial Green’s matrix in case

|we] >m and Im(we) <0 or |w| <m
whereas in case

|we] >m and Im(we) >0 or |w| <m
we employ the ansatz

G(r; ") ki
_ O(r — 1) ®1(r) P (r") + O(r" —7r) Po(r) Po(r')  for
O(r' —r)®1(r) P(r

\;
+
@

—~
Y\

|
<

[\

—~
=

~—

&
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5
=
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and Re(we) <0,

ry <1’ <oo and
ro<r <rg,
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in which P; and P, are unknowns yet to be determined. Applying the radial operator (5.35) to (5.37)
and (5.38), we obtain

RE2(0rs 1)kt G 7 Vk 1o
_ < A0 ) 5 — 1) {[ &1 ()P (1) T ®o(r)Po(r”)]  for (5.37)

0 7+ [£®1 () PL(r") — B (r") Po(r)]  for (5.38).

Comparing these equations with (5.36) yields the two systems

<A—1 0 >: O1(r"Py(r") F ®o(r")Po(r')  for (5.37)
0 it &, (r')Py(r') — Do () Py(r')  for (5.38).

Their solutions Py /o(r’) read

N Daa(r) o P21(r) N P1a(r) N ®1(r)
Pl = Ry 1) =m0 = E Ry ) T T )
for the ansatz (5.37) and

N o P2a(r) N o P2a(r) N Pia(r") o ®ua()
P1,1(7' ) = iW s PLQ(T ) = :FT-&-T(T/) ) P2,1(7' ) - A(T’) W(T‘/) ) P2,2<7° ) T+W(7‘/)

for the ansatz (5.38), where
W(r") = W(®q,Po) (1) := @171(7“/) @2,2(7“/) — @172(7”’) (1)271(7“/)

is the Wronskian. Inserting these expressions into (5.37) and (5.38), respectively, leads in case r <
7’ < oo orrg < r’ <r_ tothe Green’s matrix

q)l,l (?”)@272(7"/) _ <1’1,1 (T)‘I’g}l (’l‘l)

) A(r') T4
G(T; T/)k,l,we @<7ﬂ 7’/)
W(T‘,) @172(7”)(1)272(?"/) _(1)1’2(7“)@2,1(7“/)
A(r') T Kyl we

(5.39)

+O(r' — 1)

A(T‘I) ’I“+ k’,l,we
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for both (5.37) and (5.38), whereas in case r_ < 1’ < r it results in the Green’s matrices

G(r; ") ke
@1’1(7“)(1)272(7‘/) — (13271(7')(1)172(7"/) @271(7“)(1)171(7“,) — (13171(7“)(13271(7"/)

_ 1 A(T/) r+
WD) | @y o(r)on (') — Bon(r)Bra(r')  Bos(r)@ry (1) — ®ra(r) ey ()
A(r') T+ k,lwe

(5.40)

Subsequently, we read off the resolvent of the Dirac Hamiltonian for fixed k-modes directly from the

block-diagonalized representation (5.33). We thus find

(Hp—we) "W ==%"Q / T ( Glriretwe Oc2 ) E(r,0)W(r',0)dr', (5.41)
leZ ro Oc2 G(r;r") ki w.

where the Green’s matrix G(r;7”") k,lw. 18 given by (5.39) and (5.40). To show that this expression is
indeed the desired resolvent, we verify the identity

(Hy, — we)(Hy, —we) 10 =0, (5.42)

Applying the operator defined in (5.33) to (5.41), we obtain in a first step

(Hk — we)(Hk — we)il\lf
_ 1 R2X2(8T3r>k,l,we Oc2 -1 ! ./ ! 1ol
=& (T7 9) Z ( RQXQ(&”;T)]“’Z’% ) ¢ /1 Ql(ea 6 ) Z /1 Qm((9 a9 )

02
lez c mez” ~

> G(T; 7J)Ic,m,w6 Oc2 1ol i / " /
X /TO %( 0c2 G Yoo E',0")U(r',0") dr'" d(cos (6")) ¢ d(cos (8")) .

Moving the integral kernel Q;(6; 8”) of the spectral projector into the #”-integral and taking into account
that the spectral projectors are idempotent, i.e., their integral kernels satisfy the relation

Qu(0;0") Qm(0';0") = b1, 6 (cos (0) — cos () Qm (6;6"),
we infer, after evaluating both the #’-integral and the sum over all integers m, that

) . R2<2(9,; 1) O )
_ _ 1 — 1 Ty T )k, lwe C 1
(Hy — we) (H, —we)” ¥ =6""(r,0) Z ( 02 R2><2(8T; kLo ¢

leZ

0(:2 G(T; 7“’)].3717%

! > G(r;r")ky 02
X / Qi (6; 0”)/ ¢ < T > &', 0") V(' 0") dr’ d(cos (6”)) .
—1 70
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Next, we move the constant matrix 4! as well as the matrix-valued radial differential operator (5.34)
into the #”- and the 7’-integral. Employing (5.36) yields

(i — wo) (Hx — w0 = #7(,0) Y @ /OO 5(r — 1) &0, 6) W, 6) dr’,
I€Z o

Solving the integral with respect to the variable 7’ and substituting the completeness constraint for the
spectral projectors (5.31), we immediately obtain the identity (5.42).

Having established the explicit form of the resolvent (Hj — we)_l in (5.41), we now derive the
integral spectral representation of the Dirac propagator. To this end, we express the Dirac spinor 1)’
evaluated at an arbitrary time 7 via the propagator U™? = e~ " applied to smooth initial data with
compact support ¢, given at time 7 = 0 and expand the initial data in terms of k-modes

Y = e Ty =N " e eI I g (5.43)
kEZ

We furthermore introduce the spectral projector of the Dirac Hamiltonian for fixed k-modes Hy, onto the
interval I C R

Pr(Hy) = x1(Hg)

where 1 denotes the characteristic function

1 for wel
H) =
r(Hr) {0 for we I

with w € o(H}). Then, making use of the identity relation
P(—oo,oo)(Hk) =1,

we write (5.43) as

W' =" e * e lim P, ) (H) Gh

ez a— 00
1 —i . —ir
=g 2 e lim TPy (Hi) 4+ Proaa (i) v
keZ

Employing Stone’s formula (2.15), which in our framework reads

e THE [Py oy (Hy) + Pl_g o) (Hi) |00 1

1 e .
— [ - —lwr (g, EEETAT H, — s \N—17,/,/ d
tim = [ [ = =07 = (= i) o

we obtain
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where the resolvents are given by (5.41). Since the fundamental radial solutions that occur in the
resolvents are bounded for all w € R and all € > 0 as shown in Appendix B, we are allowed to apply
Lebesgue’s dominated convergence theorem and commute the e-limit and the integral with respect to w,
yielding

0 . —1k:¢/ 1w7’1 H— s _I—H— cn—1 - o'
¢(T7ﬂ qb Z E{% E— W 16) ( k OJ—|—1€) ](7“, 5T )
X ¢0,k(7" 76 ) dw
(5.44)
Finally, comparing this expression with formula (5.29), we may directly identify the spectral measure
dFE,, of the Dirac Hamiltonian H. [ |

5.5 Simplified Form of the Integral Spectral Representation of the
Dirac Propagator

The integral spectral representation (5.44) can be further simplified, on the one hand, by performing the
limit 79 r_ and, on the other hand, by computing the difference of the two resolvents (Hj —w —ie) ™!
and (Hj, — w +ie) ™! for € \, 0. Below, we explicitly work out the case |w| > m. The case |w| < m
may be treated similarly. As the fundamental solutions ®1(7;7") and ®2(r;7”), which constitute the
radial Green’s matrix G(r; 1)y ;. and therefore the resolvent (Hj, — we) ™!, are defined piecewise for
the domains ry < 1’ < oo, 7— <7’ < ry,and rg <1’ < r_, we begin by splitting the r’-integral in
the difference of resolvents in the limit € \ 0 into the three associated contributions

r_ T4+ oo
i (o~ i) = (=i upe =l S [+ [T+ [T
e\0 e\0 ez ro r -

G(T-r’)klw—ie _G(T‘-r/)k;lw—l—ie 0@2 > , , , ,
X ’ " ’ " &(r', 0 r,0)dr.
( OCQ G<T; Tl)k,l,w—ie - G(T; Tl)k,l,w-i—ie ( ) ¢O’k( )

Since the integrands — and hence every summand of the sum with respect to [ — are bounded for all
values of €, 7/, and 0 (see Appendix B and recall that the initial data for fixed k-modes 1[1(’)7 ;. has compact
support), we can again employ Lebesgue’s dominated convergence theorem, which allows us to commute
the limit € ~\, 0 with the sum over the integers [, the spectral projector ();, and the integrals with respect
to r’. Then, applying the limit rq  r_ to the integral spectral representation (5.44) and commuting this
limit with the sum over the integers k, the integral with respect to w, and lastly the sum over the integers
[ as well as the spectral projector ); (which are contained in the difference of resolvents) using the same
reasoning as before, we obtain the expression

TOH/I(I;_?\I‘%[(Hk—w—iﬁ) (Hk—w+16 wok—ZQl</ / >

leZ

lim [G(r; ™) kg w—ic — G(rs ")k wtie) Oc2 (5.45)

e\0
O¢2 11\% [G(rs ")k pw—ie — Gry ) kg wotic]

X

&', 0) 1/16’k(r', 0)dr’

73



CHAPTER 5. INTEGRAL SPECTRAL REPRESENTATION OF THE DIRAC PROPAGATOR

In order to compute the limit € \ 0 of the difference of the radial Green’s matrices G (r; r’ )kl w—ic and
G(r;r") k.l w-+ie 1n the domain r < r’ < 0o, we introduce the auxiliary functions (cf. Appendix B)

i F(00) — Tim B0
() =m0 and xa(r) = m 5,

and write the e-limits of the fundamental radial solutions ®; and ®- as

lim ®; = d lim®y = f 1 0
6{1(1) 1=1x1 an 6{(1(1) 9 =ax1 + Bxz2 for Im(w.) >

5.46
li\l}é ®1 =y and 1{1(1) ®y =yx1 +Ix2 for Im(we) <O, ( )
where «, (3, v, and § are constants. The corresponding Wronskian yields
W for 1 >0
lim W (@, @) = | 0V X1x2) - for Imfwe) (5.47)
N0 —yW(x1,x2) for Im(we) <0.
Substituting (5.46) and (5.47) into (5.39) results in
l{% (G(rs "V w—ie — Gy ™) kg wtic] Iy <1 <00
. Xu,l(r) XU,Q(TJ) Xu,l(r) XU,I(T/)
_ 1 22: T A(r') r+
- 7 u,v
Whaxe)(r) 5= Cxw2(r) Xe2()  Xu2(r) Xe (1)
A(TJ) 7’.},. k,l,w
(5.48)
with the coefficients
o )

Ty, = —,
B

For the domain r_ < 7’ < 7 on the other hand, we define the auxiliary functions

v — — ) Tim ) _ sy () v — _ i p()
() 1= 0(ry — ) m 8O() +6(r — 1) Im 8(r) and Fa(r) = O(r —r-) lim FOr).

TLQ = T271 = 1, and T272 = —.
v

and express the e-limits of the fundamental radial solutions by

lim ®; = o'y '~ d lim®y =7yy for I ) >0
6{1(1] 1=a'x1+8'X2 an E{% 9 =YX2 for Im(we)

lim®; =x; and lim®Py =7'x1 +4d'x2 for Im(we) <0 649
00 1=X1 0 2=7X1 X2 € )
where o/, 3/, 4/, and ¢’ are also constants. In this case, the Wronskian becomes
"W(x1,%2) for Im(we) >0
lim W (®y, @y) = 4 & 1V X1 X2) - for m{we) (5.50)
e\0 & W(X1,X2) for Im(w.) <O0.
Using (5.49) and (5.50) in (5.40) leads to
1{% [G(’I"; T/)k:,l,w—ie - G(T; T,)k,l,w—f—ie] r_<r'<ry
Xu,1 (1) Xo2 (1) _ Xu,1 (1) Xo,1 (1)
2 A(r") r
1 ~ +
- W Z Tu,’u - - - —
X1: X2 u,v=1 Xu,2 (r) Xv,2 (r") _ Xu72(7") Xv,l(rl)
A(r') Ty ko
(5.51)
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with the coefficients N N N N
Tl,l - T272 = 0 and TLQ = —T271 = ]_ .

Denoting (5.48) and (5.51) by G(r;ry <1’ < 00)g 1w and G(r;r— < 7' <71 )p .0, respectively, and
inserting these quantities into (5.45), the Dirac propagator (5.44) yields

L. 6ik¢>/ T 0% /” Glrir— <7 <ri)piw O(Clg
27 R . Oc2 G(rir— <r' <ri)kiw

kleZ

o0 /
Glriry <1’ < 00)kiw Oc2 ) , . )
+ ’ ’ &E(r ,0 r 70 dr’ dw
/T‘+ ( Oce G(riry <1’ < o0)kiw (', 6) Yo,.(r",6)
_1 —ik¢ —iwr A ,
= — e e QE (12 ® G(rir— <" <ri)kiw
2mi k,l€Z R r_

+/oog(7“;7“+ <7 < oo)k,lyw]> E',0) ¢6,k(r',9) dr'dw =/ (1,7,0,0) .
: (5.52)

Given in this form, our generalized horizon-penetrating integral spectral representation resembles the
one derived in [39], which is limited to the region outside the event horizon.
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CHAPTER

OUTLOOK

The primary objective of this doctoral thesis was to derive a generalized integral spectral representation of
the massive Dirac propagator in the nonextreme Kerr geometry in terms of horizon-penetrating advanced
Eddington—Finkelstein-type coordinates by combining functional analytic concepts and methods with
results from Chandrasekhar’s mode analysis. Such an integral spectral representation may be used to
properly study the long-time dynamics and the decay rates of relativistic spin-1/2 fermions in a rotating
black hole spacetime. This was, however, already worked out in detail in [37-39], where an integral
spectral representation of the massive Dirac propagator expressed in Boyer—Lindquist coordinates,
which is restricted to the exterior of the nonextreme Kerr geometry, was employed. Reproducing these
computations with the generalized propagator yields the same results. New applications arise in situations
that also include the interior Kerr geometry and require regularity at the horizons. One of these is the
formulation of an algebraic quantum field theory for the Dirac field in a rotating black hole spacetime.
In this regard, we intend to determine the so-called fermionic signature operator introduced in [44, 45],
which is a symmetric operator on the solution space of the massive Dirac equation in globally hyperbolic
spacetimes, both in the exterior of the nonextreme Kerr geometry as well as in its analytic extension
across the event horizon, up to the Cauchy horizon. This operator gives rise to pure quasi-free fermionic
Fock ground states for Dirac fields [34, 35, 42].

In more detail, on solutions ¥, xm € C& (9, SM) of the Dirac equation for a fixed mass
parameter m € R in a globally hyperbolic Lorentzian 4-manifold (9t = R x 0, g) with spinor bundle
S, we can define the following two inner products: the first one is the Lorentz invariant inner product
obtained by integrating the pointwise indefinite spin scalar product <. |. > ;) of Dirac spinors on
fibers S 2)M, (t,x) € M, specified in (5.12) over the entire manifold

(VmlXm) = /Sm'<¢m‘Xm>‘(t,z) dpson , (6.1)

whereas the second one is the scalar product obtained by integrating the polarized probability density
over the Cauchy hypersurface 91 (cf. (5.11))

(Pl = /m <l 100 At 62)

We note that the latter can be used to give the solution space of the Dirac equation the structure of
a Hilbert space (H,, (.| . )m) with corresponding norm || . ||,,,. The fermionic signature operator S,,
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arises when representing the inner product (6.1) in terms of the scalar product (6.2). In spacetimes of
finite lifetime [44], this amounts to a relation of the form

<wm‘xm> = (wm|Sme)m forall ¥, Xm € Hm (6.3)

which uniquely defines S, as a symmetric bounded self-adjoint operator on H,,,, with ||.S,,,|| < 2. In
spacetimes of infinite lifetime [45], however, such a relation is in general ill-defined on solutions of
the Dirac equation, as the time integration in (6.1) may diverge. A method to overcome this problem
is to make use of so-called mass oscillations. That is, instead of analyzing solutions for a fixed mass
parameter m, one considers families 1) := (¢, )mes of Dirac solutions for m varying in an interval
I := (mp, mr)\{0}. Then, integrating over the mass parameter

i :=/Iwmdm,

we obtain a superposition of waves oscillating with different frequencies, which leads to destructive
interference and thus yields the desired decay of the Dirac spinors for large times. This makes it possible
to replace (6.3) by the condition

(pvlpx) = /I (Cal Sy Xon Y (64)

that has to hold for all families of solutions (¢, )mer and (Xm )mer in a suitably chosen dense subspace
‘H> of the Hilbert space of families of solutions, referred to as the domain for the mass oscillations.
This construction gives rise to a uniquely defined bounded linear operator .S,,, on H,,, for every m € I.
We remark that the conditions required for the construction to work are subsumed in various notions of
mass oscillation properties [44, 45]. Furthermore, considering spacetimes that include either horizons or
curvature singularities makes it necessary to introduce considerable modifications to (6.4). To give an
example, in the exterior Schwarzschild geometry, the main complication is that part of the Dirac wave
may cross the event horizon and disappear into the black hole. As a consequence, the mass oscillation
properties no longer hold, and a representation of the form (6.4) no longer exists. Instead, we employ a
so-called mass decomposition

i PP
(plpx) = / (il S X o At + - / / B ) dm A, (65)
I v IJI m —1m

where B (1., Xm) is @ smooth function in m and m’, and PP denotes the principal value. The first
term on the right hand side again uniquely defines the fermionic signature operator S, for any fixed
m € I, whereas the second term gives a contribution for pairs of solutions v, and ¥, of the
Dirac equation with different masses m # m’, which can be associated to the flux of the current
JH(t,x) = <tm|v" Xm' = (1,0) through the event horizon of the black hole. Since the positive and
negative spectral subspaces of S, can be used in order to decompose the solution space of the Dirac
equation as

Mo = H, @My with Hy = X(0,00)(Sm) Hin and Hy, i= X(_00.0)(Sm) Hon

one may set up a Fock space J,,, in which for the ground state all 1-particle states of H,,, are occupied.
This ground state can be obtained by applying Araki’s construction in [2] to the projection operator onto
the negative spectral subspace of S,,,. Moreover, it is physically sensible, provided it is of Hadamard
form [110]. Specifying anticommutation relations for creation and annihilation operators using the
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above frequency splitting, one can apply the canonical Fock space construction and analyze the resulting
many-particle quantum states similar to the preparatory works [25, 42-46].

So far, we have derived the fermionic signature operator in the exterior Schwarzschild geometry
employing the integral spectral representation of the Dirac propagator constructed in [39], computed
its spectrum, and analyzed the associated pure quasi-free fermionic Fock ground state for the Dirac
field [49]. Besides, we quantified in the mass decomposition (6.5) the boundary contributions at the
event horizon. We found that this ground state coincides with the Hadamard state obtained by the usual
frequency splitting for an observer in a rest frame at spacelike infinity. Hence, !, is spanned by all
fundamental solutions of the form e~** with positive frequency, whereas . is spanned by all such
solutions with negative frequency. We furthermore aim at deriving and analyzing the fermionic signature
operator in the analytic extension of the Schwarzschild geometry across the event horizon, working
with the integral spectral representation (5.52) in the limit |a| — 0. Here, the main obstacle is the
evaluation of the boundary term at the curvature singularity of the black hole at » = 0 in the mass
decomposition (6.5). We expect that in this analytic extension, the fermionic signature operator no longer
yields the desired frequency splitting. Instead, we presume to find a thermal Hawking—Unruh state, up
to corrections due to the mutual couplings of spin and gravity. Eventually, we plan to generalize our
constructions to the nonextreme Kerr geometry.

79






APPENDIX

Symmetry of the Dirac Hamiltonian and Dirichlet-type Boundary
Condition

We show the symmetry of the Dirac Hamiltonian H with respect to the canonical scalar product
(.].)m by direct computation. Furthermore, we introduce and discuss the radial Dirichlet-type boundary
condition imposed on the Dirac spinors.

Lemma A.0.1. The Dirac Hamiltonian (5.5) is symmetric with respect to the scalar product (5.17).
Proof. To establish the symmetry, namely that
W' HxX ) = (HY'[X ),
we begin by splitting the potential " given in (5.9) into mass-independent and mass-dependent parts
YV =7+Vm,

where

b (%A O _ 1 [ 0c2 %
%= E+2Mr<0(c2 %) and Yy = 2+2M7«<%’3 Ocz )

The 2 x 2 blocks Ay, with k € {1,2,3,4}, are specified in (5.10). This splitting has the advantage of
yielding anti-self-adjoint and self-adjoint matrices

I = —%T7 and I7%, =¥IT", (A.1)
for which '™ = I'"T is defined in (5.18). We may then write

(' [HX)or = [[[ ¢/1T7H x'sin (6) dp do dr
= [[ @i rmad9;(x') sin (0) dp a0 dr + [[[ v T7% X' sin (6) dp o dr

+ Hf W T, X sin (0) dp dO dr .
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Integration by parts of the first triple integral in the second line and substitution of the relations (A.1)
into the remaining two triple integrals results in

(W' [HX o = = [[] 0; (/1 T7ad sin (0)) ¥ dpdodr — [{[ T 7 T7x"sin (6) do d6 dr
+ [[[ @ T sin (0) dg a0 dr
= Hf 0; ('Y Taly sin (0) dp df dr (A2)
— [[f 1 10;(T7) &7 + T70;(a) + T’ cot (9)] X’ sin (6) g df dr

— [[J o) T7x sin (8) dg a0 dr + [[[ (#10')! T7X"sin (6) dpd6 dr .

We remark that in the integration by parts, the angular derivatives do not give rise to boundary terms
because the 2-dimensional submanifold S? of 9 is compact without boundary. The radial derivative, on
the other hand, yields a boundary term that only vanishes because we impose a suitable Dirichlet-type
boundary condition on the Dirac spinors. More precisely, with

A A
I'a" = idiag(—, T, Ty, —> ,
T4+ T4+

the radial boundary term becomes

fj YT I7a"y sin (0)dodo "
S2

T1

. A — — A — . "2
=174 ff — wll X& + wIQ XIQ + ¢/3 Xé - 2 ¢/4 Xﬁl S (0) d¢ do
g N T+ "+

1

In order for this term to vanish, we impose the radial Dirichlet-type boundary condition
2 A
Z ( 2W1X1+¢2X2+¢3X3 21/1/4X£1> =0. (A.3)
i=1 T+ [r=r;

Taking into account that in the construction of the integral spectral representation of the Dirac propagator
presented in Chapter 5 we consider only Dirac spinors with spatial support extending from a specific
timelike inner boundary surface at r = rg < r_ beyond the Cauchy horizon up to infinity, i.e.,

supp X' (7, .) = (ro, 00) x S?,

and moreover require that the Dirac spinors are in L? (]R x (rg,00) x S2,8 Sﬁ), which implies proper
decay at infinity, (A.3) reduces to a condition for the timelike inner boundary at r = rg
A — — — A —
<—2 VXL FVaxs + U3 X5 — 5 Uy XZL) =0. (A4)
L T+ |r=ro
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This condition can be brought into a more convenient form as follows. By means of the spin scalar
product (5.12) and the relation .#’+"" = i7" /%, we may represent (A.4) as

-<¢/|’Y/TX/>(TQ,$)|T:T'O =0. (A.5)
Now, introducing 7 as the unit normal to the hypersurface 991, we can write (A.5) in the form
<X = (rp @)lr=ro =0 &= (1h— i/C)wa:m =0, (A.6)

where K is an arbitrary matrix with the property K = (/) 'Kt.#". Similar to (4.9), the implication
can be easily verified via the calculation

<X (70 2)lr=ro = <PV |X" > (r @) fr=ro = <IKY X > (70 ) lr=ro
= =W X (ro @) lr=rg = =<V 1EX (0 @) r=rs

To allow for the boundary condition given on the right hand side of (A.6) to be compatible with a
potential product representation of the Dirac 4-spinors, in which the dependencies on the variables
T,7,0, and ¢ are separated (such as in Chandrasekhar’s separation ansatz (3.17)), we choose

K=o,
where & is defined in (3.15). We note in passing that this Dirichlet-type boundary condition is a so-
called MIT-type boundary condition for Dirac fields [22] that leads to a total reflection at the respective

boundary surface. Continuing the proof of symmetry, the explicit computation of the square bracket in
the fourth line of (A.2) yields the result

;T ad +T70;(’) + T7al cot () = 24T
Besides, all three matrix products I'" o/, with j € {r, 0, ¢}, are anti-self-adjoint
"ol = -1 = —aJTT7.
Therefore, we immediately find that

(@ HX Yo = [[[ ;) 0T 17X sin (0) dgdb dr +2 [[ [ (#6w') T sin (6) dpdo dr
~ JfJ 6wy T sin (6) dpabar + [[[ (#uw') T sin (6) dpabar
=[] (70,9 17\ sin (0) dpdoar + [[{ (#6w')T I7x'sin (6) dg d0 dr
+ JJJ ) 17X sin (6) dg db ar

— [[[ ey T sin (0) dg a0 dr = (H/

&3






APPENDIX

Fundamental Solutions for the Construction of the Radial Green’s
Matrix

For the purpose of determining the fundamental solutions @1 (r; ") and ®o(7; ') of the radial first-order
ODE system (3.19) extended to complex-valued frequencies, which are used in the construction of
the Green’s matrix defined via equation (5.36), we first study certain aspects of the associated Jost-
type solutions [27, 93]. In more detail, we derive radial Jost-type equations that yield solutions with
asymptotic behaviors near infinity, the event horizon, and the Cauchy horizon similar to those given
in Lemmas 3.5.1, 3.5.2, and 3.5.3, and briefly discuss the existence, uniqueness, and boundedness of
these solutions. Since we apply Lebesgue’s dominated convergence theorem to simplify our generalized
horizon-penetrating integral spectral representation of the Dirac propagator, the boundedness aspect
becomes also relevant for the commutation of specific limits, sums, and integrals. In order to derive the
Jost-type equations, we decouple the radial system (3.19) into two second- order scalar equations, Wthh

in terms of the Regge—Wheeler coordinate r, and the function R = (%ﬂm (VIA| Ry )
read
[ar*r* + It kw(r) O, + ﬁzk,w(r)]@i =0, (B.D)

where

Senu(r) 1 M (3r% — a?) S M — 9k imA

r) = r— — diwMr — 2ika —
Ik 72 + a? r2 + a? £+imr
i A

2 [(iw A + 4Mr] + 2ika) <_iw +

r—M im
ﬁ&,k,w(r) = (r2 + a?) >

A +§+imr
— 2w [r+ M] — mr—§2]

A

- imA
Repolr) = (r2 + a2)2

—imr

[ <T‘—M 41er—21k:a+£ >+w2A—m2r2—§2].
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Employing the ansatzes

@i(m) = exp <—; /Rét’kyw(r) dr*> Yo (ry),
we may transform (B.1) into the Schrodinger-type equations
[Or v, + Vg (r)]#a = 0 (B.2)
with the potentials
1) = ) - Trskel?) DT,

To obtain Jost-type equations with boundary conditions prescribed at infinity, we split these potentials
into an asymptotic contribution effective at infinity and otherwise regular contributions

+
Vehw = Yoo+ Vicg. (B.3)
where the asymptotic contribution is given by the expression

9 5 2Mm?

Voo = Voo(ry) = w” —m*~ + " (B.4)
*

and the regular contributions are on the order of %gtg = O(1/7r2) satisfying the condition

oo

/ |”//reig(y)\ dy < oo forall r,>0.

T

We remark that the asymptotic potential (B.4) corresponds to the equation
[Or,r, + Voo(T4)] %0 = 0, (B.5)

which has the solution [114]

Y = 2w, (2i sign(w)v w? — m? r*) + ZQW_mé (—2i sign(w) v w? —m? 7’*),

1
2
where W, 1(.) are Whittaker functions with o := isign(w) Mm?/vw? —m? and Z; 5 denote
72
constants. In case |w| > m, the asymptotics of this solution at infinity is given by

2
Woo ~ Z1 exp (i sign(w) {\/ w2 —m?r, + M7m2 In (m)])

w? —m
(B.6)

M 2
+ Z}exp (—i sign(w) [\/ W —mZr, 4+ —— Iy (r*)} ),

w2 — m?2

whereas for w| < m, it yields

M 2
Yoo~ 2 oxp (sign(o) [V =+ 2|

m?2 —w

M 2
+ Zlexp <—sign(w) [\/ m2 —w?r, + 7m2 In (r*)] )

m? —w
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with Z] /2 also denoting constants (cf. Lemma 3.5.1). In the following, we restrict our attention to the
case |w| > m. The case |w| < m may be treated accordingly. As in the usual study of Jost equations
and their solutions, we complexify the Schrédinger-type equations (B.2) via the analytic continuation
w — we € C of the frequency. Then, by means of the above splittings of the potentials (B.3) and the
specific form of the asymptotic solution (B.6), we can express the Jost-type equation representation of
(B.2) as

Yy (ry) = exp (i sign(Im(we)) sign(we) | v/|we|? — m?2 ry + _ MmE In (r*)])

‘WC|2 —m?

B.7)

> sin (/Yoo (y) [rx — yl)
* /7“* Voo (y)

We note that the proper complexification of the asymptotic Schrodinger-type equation (B.5), which is
in accordance with the particular representation (B.6) of the asymptotic solutions containing signum
functions, is obtained by first rewriting the potential ¥, defined in (B.4) in the form

2Mm? )

*

Ve (y) P (y) dy .

Yoo = sign?(w) <|w[2 —m?+

and only afterwards extending the frequency w to complex values. This is relevant for the derivation of
the exponential term in (B.7). Applying the series ansatzes

oo
%, (T*) = Z @i,n (7"*) y
n=0
where the zeroth-order terms are given by

i o(rs) = exp <i sign (Im(we)) sign () [m ot MmZmQ In m)} )

‘wc|2 —

yields the recurrence relations

0 sin (/7Yoo (Y) [rx — ¥

it = [ BWTI ) s ) vy tor mz 1
Tx 7/00 (y)

In the theorem below, we discuss the relevant results pertaining to the existence, uniqueness, and

boundedness of such solutions for the case Im(w,) < 0. Detailed proofs are worked out explicitly in,

e.g., [41, 50, 70, 93]. The results and proofs for the case Im(w,) > 0 are in essence identical.

Theorem B.0.1. For each w. € C with w, # 0 and Im(w,) < 0, the Jost-type equations (B.7) have
unique solutions %4 (r.) obeying

exp (i sign(we) [\/m e + M In (r*)} ) Y (ry)

|Wc’2 — m?2

lim
T —>00

< 0.

These solutions are moreover continuously differentiable in r, on the interval (0, c0) with

lim [exp (i sign(we) [\/m Ty MmZm2 In (m)])@i(m)] =1

T —00 ’w0’2 _
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and

lim [exp <isign(ag)[x/7ucﬁ’—-ler*—%'AfanTnQln(r*)]>é%}€%£(r*)]

T4 —>00 ’wc|2 _

= —isign(we) V/|we|? — m?2.

For each fixed value of r«, %4 (ry) and Oy, %4 (r4) are functions that are analytic in {w. | Im(w.) < 0},
continuous in {w. |we # 0 and Im(w.) < 0}, and satisfy the bound

‘ﬂyt(r*)——exp <—isign@uc)[x/hucﬁz—»nizr*—+]Mwn?nizln(r*)]>‘

‘WC‘Q —

< exp (Im( Yoo(r4) ) m) |exp (Qi(r*)) —1]

as well as
. Mm? ..
Op, Xy (ry) + exp | —isign(we) [V |wel]? = m? 7y + ﬁ In (r,)| | isign(we)
wel2 —m
5 5 Mm? + ot
X lwe|? = m? + ———=— )| < exp (Im(\/”i/oo(r*) )r*—i-il (n)) ‘“l/reg.(y)‘dy,
|we|? — m2r, T

where

sy [T )
2t = [ s e (In(V7) ) + (/7)) ) d

It remains to determine the Jost-type equations with boundary conditions prescribed at the event horizon
and at the Cauchy horizon. This can be accomplished using a similar approach as in the above case. For
details, we again refer to [41, 50].

We now specify the fundamental solutions ®1(r;7’) and ®o(r;r’) of the radial system (3.19)
extended to complex-valued frequencies. Due to the high degree of complexity of this ODE system,
explicit analytical expressions for the fundamental solutions are not known. Thus, we give a description
in terms of suitable asymptotic expansions. To this end, we define, on the one hand, auxiliary functions
that have the proper decay at infinity in accordance with Lemma 3.5.1

~ . I . f .
@mmyzl[ﬁmwwmm<1>+o<l ﬂ for 4 Mm(we) <O if Jue >m
' 7 (1) Re(we) >0 if  |we| <m

VIA| 0
EI/)(OO)(T) = do o e—id—(r«(r)) ( 0 > + O( 1 ) for {Im(wé) >0 if |w| >m

1 74 () Re(we) <0 if |w| <m,

where the quantities dy /3 o, are scalar constants and the functions ¢ are specified in (3.27), but with fre-
quencies w, € {w + i€, w — ie}, for which e > 0, and with the substitution vVw? — m? — \/|w,|?> — m?2.
On the other hand, we use auxiliary functions that are regular at the event and the Cauchy horizon, and
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further comply with the associated asymptotics stated in Lemmas 3.5.2 and 3.5.3

~ 1 ; (+) 1

FH(r) = [dl ,, 2okl < ) T o(eqr*“)} for Tm(w.) <0
VIATL 0

) (r) = d27r+( (1) ) + O(eqr*(r)) for Im(we) >0

) (r) = d17r< (1) > + O(e*q’"*(”) for Im(we) <0

- 1 : (=) 1

q)(_)(’f') - |:d27' 621(w6+kQKerr)T*(T) < ) + O(e_(I’/‘*(T’)):| for Im(we) >0 ,
VIAIL T 0

where d; /5., are scalar constants as well. To clarify the notation, we point out that the superscripts (o),
(+), and (—) designate asymptotic expansions at infinity, the event horizon, and the Cauchy horizon,
respectively. Besides, we remark that the existence and uniqueness of the fundamental solutions of the
complexified radial system (3.19), determined in terms of these particular asymptotic expansions, follows
directly from the above study of the radial Jost-type equations. Moreover, asymptotic expansions of this
form ensure the square-integrability of the fundamental solutions. For example, as the Regge—Wheeler
coordinate 7, tends to minus infinity at the event horizon, the exponential factor in the auxiliary function
&) tends to zero because Im(w,) < 0. However, this exponential factor would not be square-integrable
if Im(w,) > 0. Lastly, we introduce an auxiliary function that satisfies the Dirichlet-type boundary
condition (5.27)

e (r) = 5<’°)< Mﬁ [rs )

in which = is an arbitrary square-integrable function. Then, in case

|we| >m and Im(we) <0 or |we <m, Im(we) <0, and Re(we) >0,
the fundamental radial solutions ®; and ®5 are given by

Dy (riry <1’ < o0) =O(r — ') B (r)

By(rirs <1/ < 00) = O(r —1)O(r — 1) (1)

i(rire <o’ <ry) = 00 =) [O(ry — 1) (1) + O(r —ry) 8 ()]

N (B.8)
Go(ryr— <r' <7i) = O(r — 1) O(ry —r) ) (r)

whereas for
|we| >m and Im(we) >0 or |w| <m, Im(we) >0, and Re(we) <O,
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they read

Oi(r;ry <r' <o0)=0O(r—1") $(>0) (r)
Po(r;7r <1’ <o0)=0O(r —7) [@(T —r_) 5("')(1") +0O(r-—r) P(OM) (r)}

Di(rir— < <ry)=00" —r) [0 —r_) () +0(r. —r) O (r)]
Po(rir_ <1’ <ry)=0@F" —r)O(r—r_) E)(*)(T)

In the remaining cases
|we|] <m, Im(we) <0, and Re(w) <0 or |w|<m, Im(we) >0, and Re(w,) >0,

we also obtain fundamental solutions of the form (B.8) or (B.9), respectively, however now with the
auxiliary functions ®(>) and (=) interchanged. These representations of the fundamental radial
solutions and their uniqueness can be determined case by case via the conditions and asymptotics listed
in the proof of Theorem 5.4.1.
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