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Abstract: The Levi-Civita connection and the k-th generalized Tanaka-Webster connection are defined
on a real hypersurface M in a non-flat complex space form. For any nonnull constant k and any
vector field X tangent to M the k-th Cho operator F)((k) is defined and is related to both connections.
If X belongs to the maximal holomorphic distribution D on M, the corresponding operator does
not depend on k and is denoted by Fx and called Cho operator. In this paper, real hypersurfaces
in non-flat space forms such that FxS = SFx, where S denotes the Ricci tensor of M and a further
condition is satisfied, are classified.

Keywords: k-th generalized Tanaka-Webster connection; k-th Cho operator; real hypersurface;
Ricci tensor; non-flat complex space form

1. Introduction

An n-dimensional Kahler manifold with constant holomorphic sectional curvature ¢ called
complex space form. Depending on the value of the holomorphic sectional curvature, a complete and
simply connected complex space form can be analytically isometric to a complex projective space CP"
if ¢ > 0, to a complex Euclidean space C" if c = 0, or to a complex hyperbolic space CH" if ¢ < 0.
In case of CP" c is considered 4 and in case of CH" c is equal to —4. The term non-flat complex space
forms and the symbol M"(c), n > 2, is used to describe the complex projective and complex hyperbolic
spaces, when it is not necessary to distinguish them.

We consider M to be a connected real hypersurface of M"(c) without boundary. We denote V the
Levi-Civita connection on M and ] the complex structure of M"(c). Next we consider a locally defined
unit normal vector field N on the real hypersurface and we denote by ¢ = —JN, which is the structure
vector field on M and it is tangent to M. The real hypersurface is a Hopf hypersurface, if the structure
vector field is an eigenvector of the shape operator A of the real hypersurface. Then the corresponding
eigenvalue is denoted by « = g(A¢, ¢). Furthermore, the Kéhler structure of non-flat complex space
induces on M an almost contact metric structure (¢, &, 7, g), where ¢ is the tangent component of |
and 7 is an one-form given by 77(X) = g(X, ¢) for any X tangent to M.

In [1-4], Takagi classified homogeneous real hypersurfaces in complex projective space into
6 types. Among them there are the following

e type (A1) real hypersurfaces that are geodesic hyperspheres of radius 7, 0 < r < 7,
e type (Ay) real hypersurfaces that are tubes of radius r, 0 < r < 7, over totally geodesic complex
projective spaces CPX, 0 < k < n — 1 (type (A1), (A;) are called type (A) real hypersurfaces),
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e type (B) real hypersurfaces that are tubes of radius r, 0 < r < F, over the complex quadric.

The above are Hopf hypersurfaces whose principal curvatures are constant. In case of complex
hyperbolic space, real hypersurfaces with constant principal curvatures were studied by Montiel in [5]
and by Berndt in [6]. In this case the real hypersurfaces are divided into two types:

e type (A) real hypersurfaces which are either a horosphere in CH", or a geodesic hypersphere or
a tube over a totally geodesic complex hyperbolic hyperplane CH"~!, or a tube over a totally
geodesic CHF (1<k<n-2),

e  type (B) real hypersurfaces which are tubes of radius r > 0 over totally real hyperbolic space RH".

The above real hypersurfaces are homogeneous and Hopf.

Ruled real hypersurfaces are another important class of real hypersurfaces in M"(c). They are
constructed in the following way: we consider a regular curve < in a non-flat complex space form and
X a tangent vector field. Then at each point of the curve there is a unique hyperplane of M"(c) cutting
the curve in a way to be orthogonal to both X and JX. Then, the union of all these hyperplanes form
the ruled hypersurface. The previous description is equivalent to the fact that on ruled hypersurfaces
in M"(c) the maximal holomorphic distribution D of M at any point, which includes all the vectors
orthogonal to §, is integrable and it has as integrable manifold M,,_1(c), i.e g(AD,D) = 0. An example
of a ruled real hypersurface in CP" is given by Kimura in [7]: Let C"*! be an 1 + 1-dimensional
complex Euclidean space with the canonical coordinates (z, z1, ..., z) and $21+1 3 unit sphere in
C"*+! with center at the origin. $?"*1 is principal fibre bundle over CP" with structure group S' and
projection map I1. Let M’ the real hypersurface in S?**! given by

M’ = {z = (re"* cos(0), re' sin(6), (1 — rz)%zz, e (1= rz)%z71 c C"tl,

n
Y |z =1,0<r<1,0<t<2mand 0 <6 <27}
j=2
Then M = II(M’) is a minimal, ruled and no complete real hypersurface in CP". (see also [8]).
The Jacobi operator Rx with respect to a unit vector field X is defined by Rx = R(-, X)X, where
R is the curvature tensor field on M, which is a self-adjoint endomorphism of the tangent space. It is
connected to Jacobi vector fields, which are solutions of the Jacobi equation V4(V4Y) + R(Y,¥)7 =0
along a geodesic y in M. The Jacobi operator with respect to the structure vector field ¢, Rg, is called
the structure Jacobi operator on M.
Let R denote the Riemannian curvature tensor of M. Then the Ricci tensor is defined by

2n—1 2n—1
SX= Y Rg(X)= ) R(X E)E,
i=1

i= i=1

where {E;}i—1,_2,—1 is an orthonormal basis of TM, for any X tangent to M. Many problems of
classification of real hypersurfaces in non-flat complex space forms are related to their Ricci tensor.

In [9] is proved that real hypersurfaces in M"(c), n > 3, do not admit parallel Ricci tensor
(i.e., VxS = 0, for any vector field X tangent to M). In [10] the previous result is also proved for three
dimensional real hypersurfaces.

As a consequence real hypersurfaces satisfying weaker conditions than the parallelism of S are
studied. First, we mention the classification of Hopf hypersurfaces in non-flat complex space forms
with constant mean curvature and ¢-parallel Ricci tensor provided by Kimura and Maeda in [11].
Next, Maeda in [12], gives the classification of Hopf hypersurfaces in CP", n > 3, with A¢ = 2cot(2r)¢
when the focal map ¢, has constant rank on M, satisfying VS = 0, obtaining particular cases of the
homogeneous real hypersurfaces in Takagi’s list and two kinds of non-homogeneous hypersurfaces.
In [13] Suh classified Hopf hypersurfaces in M"(c), n > 2, whose Ricci tensor is #-parallel, that is,
¢((VxS)Y,Z) =0, forany X, Y, Z € D, obtaining real hypersurfaces either of type (A) or of type (B).
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More results on the study of real hypersurfaces in non-flat complex spaces forms in terms of their Ricci
tensor are included in Section 6 of [14].

The canonical affine connection defined on a non-degenerate, pseudo-Hermitian CR-manifold
is called Tanaka-Webster connection (see [15,16]). The generalized Tanaka-Webster connection is a
generalization of the previous connection for contact metric manifolds defined by Tanno in [17] and
given by

VxY = VXY + (Vxn)(Y)& —n(Y)VxE — n(X)pY.

Using the naturally extended affine connection of Tanno’s generalized Tanaka-Webster connection,
Cho defined the k-th generalized Tanaka-Webster connection V&) for real hypersurfaces M in M"(c)
given by

VY = VXY + g(@AX, Y)E — 5 (Y)pAX — ki (X)gY

for any X, Y tangent to M where k is a nonnull real number (see [18,19]). Then the following
relations hold
vy =0, vz=0 Vvlg=0, vH¢p=o.

In particular, if the shape operator of a real hypersurface satisfies ¢A + A¢p = 2k¢, the k-th
generalized Tanaka-Webster connection coincides with the Tanaka-Webster connection.

The difference of the Levi-Civita connection and the k-th generalized Tanaka-Webster connection
results in a tensor field of type (1,2) given by F) (X, Y) = g(¢pAX,Y)& — 1(Y)pAX — ki (X) oY, for any
X, Y tangent to M (see [20] Proposition 7.10, pages 234-235). This tensor is called the k-th Cho tensor
on the real hypersurface M. Associated to it, for any X tangent to M and any nonnull real number
k the tensor field of type (1,1) F (k), given by F§<k)Y = FM(X,Y) for any Y € TM can be considered.
This operator is named the k-th Cho operator corresponding to X and is given by

FY = 5(pAX, Y)E — 1 (Y)9AX — ki (X)gY. )

The torsion of the connection V(¥ is given by T(*) (X, Y) = )((k) Y — Fl(/k) X for any X, Y tangent to
M. Notice that if X € I, the corresponding k-th Cho operator does not depend on k and is called Cho
operator and is simply denoted by Fy.

Let T be a tensor field of type (1,1) on M and X a vector field tangent to M. Then it is easy
to see that VxT = vg?)T if and only if TF)((k) = F)((k) T. That means that the eigenspaces of T are
preserved by F)((k). In [21] we studied the problem of commutativity of Cho operators and shape
operator, obtaining that the unique real hypersurfaces in CP™, m > 3, such that FxA = AFx for any
X € D are locally congruent to ruled real hypersurfaces. Similar results were obtained in the case of
structure Jacobi operator of real hypersurfaces in M"(c), n > 2, (see [22,23]).

In this paper we study real hypersurfaces M in M"(c) whose Cho operators commute with the
Ricci tensor, i.e.,

FxS = SFx, X € D. ()

The geometrical meaning is that any eigenspace of the Ricci tensor S is preserved by Fx. First we
prove the following Theorem 1.

Theorem 1. There do not exist Hopf hypersurfaces in M"(c), n > 2, whose Ricci tensor satisfies relation (2).

Next we study real hypersurfaces in M"(c), n > 2, which in addition satisfy the relation h =
g(Ag, &), where h = Trace(A) and we obtain the following result (Theorem 2).
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Theorem 2. Let M be a real hypersurface in M" (c),n > 2, such that h = g(A¢,&). Then FxS = SFx for any
X € Difand only if M is locally congruent to a ruled real hypersurface.

As a direct consequence of the above Theorem we have Corollary 1.

Corollary 1. There do not exist real hypersurfaces M in M"(c), n > 2, such that F)((k)S = SF}((k) forany X
tangent to M and some nonnull real number k, if h = g(Ag, ¢).

This paper is organized as follows: In Section 2 basic results concerning real hypersurfaces in
M"(c),n > 2, are stated. In Section 3 the proof of Theorem 1 is provided. In Section 4 the proof of
Theorem 2 and Corollary are given. At the end of the Section an open problem is stated.

2. Preliminaries

In this paper all manifolds, vector fields, etc., will be considered of class C* unless otherwise stated.
We denote M a connected real hypersurface in a non-flat complex space form, without boundary and
N a locally defined unit normal vector field on it. The Levi-Civita connection of the real hypersurface
is denoted by V and (], ) is the Kdhlerian structure of ambient space.

For any vector field X tangent to M we write J[X = ¢X + 5(X)N and —JN = ¢. Then (¢,¢&,7,8)
is an almost contact metric structure on M (see [24]). That is, we have

P*X ==X+7(X)E (&) =1 g@X,¢Y)=g(X,Y)—n(X)n(Y)

for any tangent vectors X, Y to M. From the above expressions we obtain
¢G =0, n(X)=g(X ).
The complex structure | is parallel and this results in
(Vx@)Y = (Y)AX — g(AX,Y)¢ and Vx=¢AX ©)

for any X, Y tangent to M and A being the shape operator of the immersion. The ambient space has
holomorphic sectional curvature c. Thus, the equations of Gauss and Codazzi are respectively given by

R(X,Y)Z = £[g(Y, Z)X = 8(X, 2)Y + g(¢Y, Z)pX — g (¢X, Z)pY
—2¢(¢X, Y)pZ] + g(AY, Z)AX — g(AX, Z) AY,

and
(VxA)Y = (VyA)X = L[(X)$Y = n(Y)pX — 289X, V)&,

for any X, Y, Z tangent to M, with R being the curvature tensor of M. The (maximal) holomorphic
distribution D on M (if n > 2) is defined at any P € M by D(P) = {X € TpM|g(X,¢) = 0}.
The above formulas imply that the Ricci tensor on the real hypersurface M is given by

SX = —[(2n +1)X — 37(X)&] + hAX — A%X (4)

=1 o

for any X tangent to M, where h = Trace(A).
In the sequel we need the following result which is owed to Maeda [25] in case of CP",n > 2,
and is owed to Montiel [5] in case of CH",n > 2 (also Corollary 2.3 in [14]).
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Theorem 3. Let M be a Hopf hypersurface in M"(c), n > 2. Then
(1) w, which is the principal curvature of the Hopf hypersurface in the direction of ¢, is constant.
(ii) If W is a vector field which belongs to D such that AW = AW, then

(A— %)Ang - (% + 2)4>w.

(iii) If the vector field W satisfies AW = AW and ApW = v¢pW then

(A+v) +2. ®)

AV =

N R

Remark 1. In case of real hypersurfaces of dimension greater than two the third case of Theorem 3 occurs when
a® + ¢ # 0, since in this case relation A # 5 holds.

3. Proof of Theorem 1

Let M be a Hopf hypersurface in M"(c),n > 2, with A = af and whose Ricci tensor satisfies
relation (2). Relation (2) taking into account relation (1) is written as

$(PAX, SY)E — n(SY)PAX = g(9AX,Y)SE — (Y)SPAX. ©)

We consider the following two cases:

CaseI: a® + ¢ # 0.

In this case relations of Theorem 3 and Remark 1 hold. Taking W € I such that AW = AW then
ApW = vpW. Relation (4) due to the previous relations implies

S¢=[5(n—1)+a(h—a)lg, SW=[52n+1)+A(h—A)]W and

SOW = [§(2n+1) +v(h —v)]pW. )

Relation (6) for Y = ¢ implies
SPAX = [%(n —1) + ha — a?J¢pAX, for any X € D.

The above relation for X = W and X = ¢W taking into account relation (7) yields respectively

ME 4 h(y—a) = (P =] =0 [ 4 h(A—a) — (2 —a?)] =0, ®)

If % +h(v —a) — (v2 — a?) # 0 then the first of (8) implies A = 0 and relation (5) results in
2av + ¢ = 0. So we conclude that M has at most three different constant eigenvalues. So M is locally
congruent to a real hypersurface of type (B) (see [14]). Substitution of the eigenvalues of these real
hypersurfaces in A = 0 leads to a contradiction.

Therefore, on M we have ¥ + h(v — a) — (v2 — a?) = 0. Following similar steps as in the above
case we conclude that the second relation of (8) implies 3¢ + h(A — &) — (A2 — &%) = 0. Combination of
the last two relation yields

(v=A)h—v—A)=0.

Suppose that v # A then i = A + v and relation 3¢ = (v2 — a2) — h(v — &) because of (5) results
in Av = 3 + a?. Substitution of the latter in (5) implies a(A + v) = 2(a® +¢). So A + v and Av are
constant. Thus, A, v are constant and the real hypersurface has at most three different eigenvalues.
So it is locally congruent to a real hypersurface of type (B). Substitution of the eigenvalues of these real
hypersurfaces in Av = % + a2 leads to a contradiction.
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Therefore, on M relation A = v holds and this implies that M is locally congruent to a real
hypersurface of type (A). So relation (5) becomes

5 c
A =aA+ T

Furthermore, we have i = a + (21 — 2)A. Relation % = (A% — a?) — Ii(A — &) because of the latter
results in ¢ = 0, which is impossible.

Case II: 2% + ¢ = 0.

This case occurs when the ambient space is the complex hyperbolic space CH",n > 2. So we have
that c = —4 and a? = 4. Take a unit vector field W € D such that AW = AW, then ApW = vpW.

First, we suppose that A # 4. Then relation (5) owing to > — 4 = 0 yields v = § and the real
hypersurface has three distinct eigenvalues a, A and v = 5. If p is the multiplicity of A and g is the
multiplicity of v we have that h = a + pA +qv.

Relation (7) holds. The inner product of the first of relation (7) with ¢ implies 7(S¢) = 5(n — 1) +
ha — 2. Moreover, relation (6) for X = W and Y = ¢ due to relation (7), 7(S¢) = §(n — 1) 4+ ha — a2,
v =% and a® = 4 results in hA = 0.

Suppose that A # 0 then i = 0. Moreover, relation (6) for X = ¢W and Y = ¢ because of the
relation (7) and all the above relations yields A = —3. Thus, M has three constant principal curvatures.
So M is locally congruent to a real hypersurface of type (B). Substitution of the eigenvalues of such
real hypersurface in A = —7 leads to a contradiction.

So A = 0. Furthermore, relation (6) for X = ¢W and Y = ¢ because of relation (7) and all the
above relations yields & = . The latter due to 1 = & + pA + qv, leads to a contradiction.

Therefore, we conclude that A = 5 will be the only eigenvalue for all vectors in D. In this case
the real hypersurface is a horosphere. In the same way as in the previous case we obtain #7(S¢) =
5(n—1)+ha — 2. Moreover, relation (6) for X = W and Y = ¢ due to (7), 7(S¢) = S(n—1)+ha— a?,
A = § and a® = 4 yields & = 0. In this case we have h = (2n — 1)&, so a = 0 which is impossible and
this completes the proof of the Theorem.

4. Proof of Theorem 2

In order to prove Theorem 2 the steps below are followed:

e Asa consequence of Theorem 1 we conclude Proposition 1.

Proposition 1. There do not exist Hopf hypersurfaces in M"(c), with h = g(Ag, ¢) and whose Ricci
tensor satisfies relation (2).

e Next we study non-Hopf hypersurfaces satisfying the above conditions and the shape operator
on U and ¢U orthogonal to ¢ is characterized (see Lemma 1). In case of three dimensional real
hypersurfaces Lemma 1 leads to the conclusion that the real hypersurface is a ruled one.

e  We go on with the study of real hypersurfaces of dimension greater than three. In this case it
is proved that the eigenvalues of the shape operator on D;;, which consist of the vector fields
orthogonal to {¢, U, U}, can be:
either all are equal to zero,
or zero and two non-zero A; and A,. It is proved that this case can not occur.

Therefore, the only case that occurs is the first one and this leads to the conclusion that M is a
ruled real hypersurface.

We are now focused on the study of non-Hopf real hypersurfaces satisfying relation (2) and

h = g(Ag,¢). In this case also relation (6) holds. First, the scalar product of relation (6) for Y € D with
Y yields

7(SY)g(¢pAX,Y) =0,forany X,Y € D. )
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Suppose that g(pAX,Y) = 0 for any X,Y € D. Then M is a ruled hypersurface.
Next we examine the case of 77(SY) = 0, for any Y € . The previous relation implies 5S¢ = u¢,
for a certain function y on M. Since M is a non-Hopf real hypersurface we locally have

A¢ =al+ BU,

where we denote by &« = g(Ag, ), U is a unit vector field in D, « and B are functions on M with g # 0.
Furthermore, we denote by ID;; the orthogonal complementary distribution in I to the one spanned by
U and ¢U (this holds in case of real hypersurfaces with dimension greater than 3).

Lemma 1. Let M be a real hypersurface in M"(c), n > 2, whose Ricci tensor satisfies relation (2) and h = w.
Then the shape operator A of M satisfies the relation

AU = B¢ AU = 0. (10)

Proof of Lemma 1. Relation (6) for Y = ¢ implies #(S¢)¢pAX = S¢AX, forany X € D. As S¢ = ué =
£(2n —2)¢ + wAZ — A% = [£(2n — 2)]¢ — BAU, its scalar product with a vector field Z, orthogonal to
¢and U, gives Bg(AU, Z) = 0. Moreover, the scalar product with U yields Bg(AU, U) = 0 from our
hypothesis. This implies

AU = BE.

The scalar product of (6) with U yields #(SY)g(ApU, X) = n(Y)g(A¢SU,X). Taking Y = ¢
it becomes

1(5¢)g(ApU, X) = g(A¢pSU, X) (11)
for any X € D. Since SU = (§(2n+ 1) — p>)U and 77(S¢) = §(2n — 2) — B2, from (11) we have

ApU = 0.
0

From now on we suppose that the dimension of the real hypersurface is greater than 3.
From Lemma 1 we know now that D;; is A-invariant. Take now a unit Y € D; such that AY = AY.
From (6) we get A(g(¢Y,SZ)¢ —n(SZ2)pY) = A(g(PY,Z)S¢ — n(Z)S¢Y), for any Z tangent to M.
Therefore either A = 0, or, if A # 0, taking Z = §, we have S¢Y = 1(5¢)¢Y.

Now if AY = 0 for any Y € Dy we obtain a ruled real hypersurface.

Let us suppose that AY = 0. Then SY = Z(2n+1)Y. For any X € D it follows
$@2n+1)8(pAX,Y)E = g(¢pAX,Y)SE. Therefore, for any X € D, [§(2n +1) — 7(SE)]g(pAX,Y) = 0.
As §(2n+1) —7(S¢) = 3 + B2 # 0, we obtain ApY = 0. If we denote by Ty the distribution in Dy
corresponding to the eigenvalue 0, we have that Ty is ¢-invariant. Thus the complementary distribution
of Ty in Dy is also ¢-invariant.

Let {Ey,...Ezp} be an orthonormal basis of eigenvectors in the complementary distribution.
Then relation S¢Y = 7(S¢)¢Y implies for any i = 1,..,2p SPE; = n(SE)PE;. As {¢Ey, ..., $Ezp}
is also an orthonormal basis of the distribution, we obtain that for any X € Dy; such that AX # 0,
SX = 17(S¢)X. If X is an eigenvector with eigenvalue A # 0, it follows SX = [§(2n+1) + aA — A2]X =
[§(2n —2) — B?]X. This yields

%+A(o¢—)\)+ﬁ2:0. (12)
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Relation (12) implies that the unique possible nonnull eigenvalues in Dy are A = 5 +

\/(5)2+3+p2and Ay = § —/(4)2+ 3 + B2 If A, does not appear, as h = & and if p is the

multiplicity of A; relation i = « results in

S e el

Similarly, if A1 does not appear and g is the multiplicity of A,
w=atq L /Ep+Eap). (14
2 2 4

Combining relations (13) and (14) yields § = =£/(4)2+3f +p% and this results in
(%)% = (%)% + % + B2 In case the ambient space is CP" the previous relation is impossible. In case
the ambient space is CH" the previous relation implies 82 = f% and since ¢ = —4 we obtain

M=5+,/(5)?=wnand Ay = § —/(§)? = 0. Thus pa = 0. Therefore, either p = 0 and M is ruled
or « = 0, which implies & = 0. So M is ruled and minimal.

From now on we suppose that both of the eigenvalues A1 and A; do appear as eigenvalues in Dy;.
Furthermore, suppose that there exists Y’ € D7 such that AY = A¢Y = 0. From the Codazzi equation
(VyA)Z — (VzA)Y = —1¢Y. Developing it we get Y(a)¢ + Y(B)U + BVyU + AVY = —1Y.
Its scalar product with ¢ yields

Y(a) +Bg(VeY,U) =0 (15)

and its scalar product with U gives

Y(B) =0. (16)

Let Z € Dy such that AZ = AZ (where either A = Ay or A = A;). As above, (VzA)¢ —
(VeA)Z = —$¢Z implies Z(a)& + apAZ + Z(B)U + BV, U — APAZ — (£)(M)Z — AV:Z + AV Z =
—gPZ. Its scalar product with ¢ implies

Z(w) +Bg(VezZ, U) =0 (17)
and its scalar product with U yields
Z(B) —Ag(VeZ, U) = 0. (18)
From (17) and (18) we have
AZ(x) 4+ BZ(B) = 0. (19)

Moreover, (VzA)U — (VyA)Z = 0 yields Z(B)¢ + BPAZ — AV U — U(A)Z — AVyZ +
AV yZ = 0. Taking its scalar product with ¢ we obtain

Z(p) + pg(VuZz,U) =0 (20)

and its scalar product with U gives
Ag(VuzZ,U) =0. (21)

As A # 0, from (20) and (21) we have Z(B) = 0 and from (19)

Z(a) = Z(B) = 0. 22
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On the other hand, (V:A)U — (VyA)¢ = $¢U implies ¢(B)¢ + BPAL — AV:U — U(a)d —
U(p)Uu — pVyl = {¢U. Its scalar product with ¢ yields ¢(B) — U(a) = 0 and the scalar product with
U implies U(B) = 0. Therefore

¢(p) =U(a)  U(P)=0. (23)

Analogously, developing (VzA)pU — (V4yA)¢ = —;U and taking its scalar product with ¢,
respectively with U, we obtain

(pU)(a) = ap — pg(VepU, U) (24)

and

¢
(PU)(B) = B+ ;- (25)
Let p be the multiplicity of A; and q the multiplicity of Ay. Ash = a we have (p+4q)5 + (p —

0/ (5)2+B2+3% = 0. As U(B) = 0, differentiating the latter with respect to U we get (237 +
#a)um) = 0. If we suppose U(a) # 0, then we have 2(p +¢)1/(4)2 + 2 + 3£ = (g — p)a.
44/ (3)*+p+F

This yields ((p +q)? — (9 — p)?)a® + (p + q)*(4B8% + 3¢c) = 0. Taking the derivative of this expression
in the direction of U we get 2a((p + q)?> — (9 — p)?)U(a) = 0, and as we are supposing U(a) # 0 the
fact that (p +q)% — (9 — p)? = 4pq # 0 yields a = 0. This contradicts U(a) # 0, and we have proved
that U(a) = 0. So the first of (23) yields

U(a) = ¢(B) = 0. (26)

Following similar steps it is proved that (a) = 0.
Relations (16), (22), (23) and (26) result in

grad(B) = (B + J)pUL. 7)

As g(Vxgrad(B),Y) = g(Vygrad(B), X) for any X, Y tangent to M, we have X(B? + §)g(¢U,Y) +
(B + 9)g(VxpU,Y) = Y(B* + 5)g(oU, X) + (B> + §)g(VypU, X), for any X,Y tangent to M.
Taking X = ¢ we obtain (82 + £)[g(Vz¢U,Y) + g(U, AY)] = 0 for any Y tangent to M.

Suppose that g(VzpU,Y) + g(U, AY) # 0 then the above relation implies p2 + § = 0, This case
occurs when the ambient space is the complex hyperbolic space. So we have that the nonnull
eigenvalues in Dy are Ay = § +,/(5)2+$ and Ay = § —/(5)%+ § with multiplicity p and g
respectively. Since, I = & we obtain 4pg(4)* = 5(q — p)?, which is a contradiction, since ¢ < 0.

So on M, we have ¢(VzpU,Y) = —g(U, AY) for any Y tangent to M. If Y = U it follows
g(VepU,U) = 0 and from (24)

(pU)(a) = ap. (28)

Moreover, from the above relation we also know that g(VzpU, ¢pY) = —g(U, ApY) for any Y
tangent to M. If Y € Dy satisfies AY = A¢Y = 0, this and (3) yield ¢(V¢U,Y) = 0 and from (15)
we get

Y(ax) =0. (29)

From Equations (22), (25), (26), (28) and (29) we assure

grad(a) = appU. (30)
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Recall that (p+ )% + (p — )4/ (4)? + B2 + 3 = 0. Taking its derivative in the direction of pU
and bearing in mind (27) and (28) we obtain pTﬂocﬁ + %(%0@‘5 +2B(B*+ §)) = 0. From this
2\/(§)2+p2+%
we arrive to
2 2,0 2,2(3€ | 24 2
(p+a)?=(@=p*) + P+ (L + ) = (- p)(F* + )(20& +4p7+c). (B

Derivating (31) in the direction of ¢Uand bearing in mind (27) and (28) we obtain
(p+a = (g = p)2)a’ +2(p+ )2 (2 +¢) = 4(g — p)* (B2 + ) (2 + 48 +0).  (32)

From (31) and (32) it follows c(p + q)?a? = 0. This yields « = 0.
Relation (31) gives

c
4q-p?(F+ =0
Suppose that p # g then the above relation implies g2 + § = 0. This case occurs when the ambient

space is complex hyperbolic space and the nonnull eigenvalues in Dy; are Ay = \/g and Ap = — \/g,
which is a contradiction, since ¢ < 0.
Therefore, on M we have p = g and Dy; can be written as follows

Du=To@BT s DTy

and the last two eigenspaces have the same dimension.
Let {Zy,...,Zy} an orthonormal basis of T\/@. Take i,j € {1,..,p}, i # j (we suppose that

p = 2). The Codazzi equation yields (Vz,A)Z; — (V7 A)Z; = —58(¢Z;, Z;)¢. As B is constant along
the directions in T \//32+73€ we obtain
T

3c 3c
\/ﬁ2+zvziz‘—szizj—,/ﬁ2+zvzjzi+szjzi:— 8(9Zi, Z;)¢.

Its scalar product with ¢ yields

Be((2;, 2}, U) = 5 (B2 + £)8(9Z:, Z)) (33)
and its scalar product with U implies
g([Z]',Z ] ) *.Bg(‘PZZ/ ]) (34)

From (33) and (34) we obtain g(¢Z;, Z;) = 0. This means that for any Z € T [P

P+’

$Z €
T \/@ Call A = \/@ . Take Z € T). The Codazzi equation yields —AVz¢Z — AVzpZ —
AVyzZ + AV yzZ = —5¢. Its scalar product with ¢ yields

Be(VyzZ,U) — PR(V29Z,U) = 5 (B +0) (35)
and its scalar product with U, bearing in mind that A # 0, gives

8(VpzZ,U) + g(Vz4Z,U) = 0. (36)
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From (35) and (36) we obtain

2
+c

S(V9Z, ) = ~g(Vye2, ) = 5 @)

On the other hand (VyyA)¢pZ — (VyzA)pU = 0. This yields —(¢U)(A)pZ — AVyudpZ —
AVeupZ + AVyz¢pU = 0. Its scalar product with ¢Z yields —(pU)(A) — Ag(VyzpU,$pZ) = 0.
From (3) ¢(VyzoU,¢Z) = g(VyzU,Z). Bearing in mind the value of A, from (37) it follows
B2(B?+c) + (B2 + %) (B? +¢) = 0. That is, p* + B2 + 34L2 = 0. Thus f is constant and this results in
grad(B) = 0. So relation (27) implies B2 + § = 0, which occurs in case the ambient space is CH". In this

case, substitution of the last one in g% + ¥ 82 + % = 0 implies ¢ = 0, which is impossible. This means
that our non Hopf real hypersurfaces must be ruled and this completes the proof of Theorem 2.

In order to prove the Corollary, suppose that M is a ruled real hypersurface such that for some
nonnull k, Fék)SY = SFék)Y for any Y tangent to M. The previous relation because of F)((k)Y =

2(PAX,Y)E —n(Y)pAX — kn(X)¢Y becomes

8(PAS, SY)E — n(SY)PAS — kpSY = g(AL, Y)ST — 1(Y)SPAL — kSPY (38)

for any Y tangent to M.
The shape operator of a ruled real hypersurface M is given by

AG=al+pU, AU=Pp and AY =0, forany Y orthogonalto {¢, U}. (39)
The Ricci tensor (4) for X = ¢, X = U and X = Y, where Y is any orthogonal vector to {g, U},
because of h = g(Ag, ) = a and relation (39) becomes respectively

c

sg:(i(n—n—;ﬁ)g, SU = -(2n+1)U - p>¢ and SY:2(2n+1)Y. (40)

IR

Relation (38) for Y = U bearing in mind the first of relation (39) and the second of relation (40)
leads to B = 0, which is a contradiction since M is ruled and this completes the proof of the Corollary.

5. Discussion

If in our Theorem we suppose h # g(AE, &), it is easy to see that p2 = ¢(AE, &) (h — g(AE,¢)) —3
for a non Hopf real hypersurface. This might produce a new kind of real hypersurfaces.
Conjecture (open problem): Such real hypersurfaces in complex space forms do not exist.
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