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Abstract Using the method of covariant symbols we com-
pute the divergent part of the effective action of the Proca field
with non-minimal mass term. Specifically a quantum abelian
vector field with a non-derivative coupling to an external
tensor field in curved spacetime in four dimensions is con-
sidered. Relatively explicit expressions are obtained which
are manifestly local but non polynomial in the external fields.
Our result is shown to reproduce existing ones in all particular
cases considered. Internal consistency with Weyl invariance
is also verified.
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1 Introduction

Although models involving scalar fields are the most com-
monly considered in applications of relativistic gravity and
cosmology, e.g. for inflation or f(R) gravity, vector fields
also attract considerable interest [1-3]. As regards to intro-
ducing a persistent anisotropy after inflation, it has been
pointed out that minimally coupled vector fields would not
suffice so non-minimally coupled models have been consid-
ered [4]. In such non minimal models the vector field can be
coupled to a mass-like term M*V(x) with a possibly local
dependence and a possibly non trivial tensor structure (see
Eq. (2.1)). Most of these studies are at the classical level
and it is only natural to investigate the effect of quantum
fluctuations. As it turns out, the evaluation of the quantum
fluctuations of vector fields with a non minimal coupling
is not entirely straightforward. For scalar or minimal vector
theories, the ultraviolet (UV) divergent part of the effective
action, "4 is local (hence a polynomial with respect to the
covariant derivatives) and also a polynomial in the external
fields. A notorious exception to this rule is the metric, due to
its coupling to the kinetic energy term in the action. Neverthe-
less, locality still requires that terms involving derivatives of
the metric are a polynomial in the curvature and derivatives of
it. At variance with this, for a generalized Proca field locality
is preserved but 'Y is no longer a polynomial in M*"(x).!

The peculiar behavior is due to the kinetic energy term. As
is well-known, in a direct Lorentz covariant formulation, the

I Unless, M"Y (x) = m?g" with constant . In this case I'%Y is indeed

a polynomial in m?.
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kinetic-energy term of an abelian vector field displays U(1)
gauge invariance. This implies that the quantum fluctuations
are not efficiently quenched for all polarizations, resulting in
a propagator with a singular kernel. A mass term breaks such
gauge invariance and changes the number of propagating
degrees of freedom, but the leading (i.e., most UV divergent)
term of the action is still singular. The mass term introduces a
penalty to large amplitude fluctuations of the vector field, but
large wavenumbers are not suppressed for the longitudinal
polarization. When this issue is resolved, removing spurious
degrees of freedom, one finds that MV (x) behaves as an
additional metric field.

Early studies of non-minimally coupled vector fields were
undertaken in [5] at the classical level and in [6] at the quan-
tum level. The first explicit attempt to a calculation of 4"
for the action in Eq. (2.1) have been addressed in [7] using
the local momentum approach [8]. To cope with the above
mentioned singular-kernel problem, the canonical quantiza-
tion scheme of Faddeev and Jackiw [9] was used. The results
in [7] are partial because only the ultrastatic case is consid-
ered in detail. It is correctly concluded that UV divergences
can not be removed by a local and polynomial (in M*")
counterterm Lagrangian. A new attempt was taken in [10].
Unlike the canonical quantization approach, manifest rela-
tivistic covariance was preserved by using the Stiickelberg’s
method [11,12] to transform the action into one with exact
gauge symmetry. The gauge is then fixed, including the usual
compensating Faddeev—Popov term. The new action contains
now a vector field and a scalar field (plus a ghost field that is
completely decoupled from the other fields). The approach
of [10] was to diagonalize the vector—scalar action using a
non-local kernel. Unfortunately, as noted in [13], the detailed
implementation of this step is questionable, and the result-
ing divergent part of the effective action turned out to be
non local. A complete and impeccable calculation of 4
has been carried out in [13], where also the various types of
generalized Proca fields are classified. The calculation there,
besides using Stiickelberg’s method, exploits the Weyl invari-
ance of the action (see Sect. 2). In this way the problem is
transformed into one where the external fields are two met-
ric fields and a heat kernel approach is then applied. The
final result is expressed in terms of the two metric fields (and
their corresponding connection and curvature structures). It
is fully local, although not polynomial in M*"(x), and sev-
eral cross-checks are satisfied.

In this work, we also carry out a calculation of the func-
tional Fdi"[gw, M""] for the action in Eq. (2.1), starting
from the Stiickelberg formulation introduced in [10]. The
difference between our calculation and that in [13] is that we
use throughout the original metric g,,,,, with the exception of
a term for which a different metric is clearly superior, and in
any case just one metric is present in each single term of the
final result. Another difference is that, instead of the heat ker-
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nel, we use the method of covariant symbols, which seems
quite appropriate for this kind of problems. The method was
introduced in [14] for flat spacetime and extended to curved
spacetime in [15], and also to finite temperature in [16]. It has
been applied to fermions [17-20] and to obtain a strict deriva-
tive expansion of the heat kernel in curved spacetime [21].
The method of covariant symbols is related to the method
of symbols (of pseudodifferential operators) as described in
[22,23], where the shift V, — V, + p, is applied and
Dy represents the momentum of the particle running in the
quantum loop. However, in the method of covariant symbols
results are manifestly covariant (i.e., the covariant deriva-
tive appears only in the form [V, ]) and in this sense it is
closer to the momentum space approach of [8]. Indeed, p,, is
introduced in such a way that any pseudodifferential opera-
tor constructed out of V,, and other multiplicative operators
is mapped to a covariant operator which is multiplicative
with respect to V,, (although it may contain derivatives with
respect to p,,). This guarantees that all the expressions are
local throughout the calculation and the UV divergence is
controlled by the integration over the loop momentum p,,.
Moreover, the map is an algebra homomorphism, hence the
covariant symbol of any operator is immediately obtained
from the covariant symbols of its building blocks (e.g., V,
and M™V). Our final result avoids the use of a bimetric for-
mulation yet it agrees with previous results in the literature
and in particular it correctly reproduces those in [13].

The paper is organized as follows. In Sect. 2 we discuss the
formulation of the problem to make the kernel a regular one
at the price of introducing the Stiickelberg scalar field. The
expansion organizing the calculation is spelled out, and the
Weyl symmetry of the problem is noted. In Sect. 3 we present
the calculation of the terms which are elementary. Also there
we summarize the method of covariant symbols, which is
already applied in that section for some of the terms. In
Sect. 4 the remaining terms are computed through a system-
atic use of the method of covariant symbols. Rather explicit
expressions are obtained involving only the original metric.
The number of terms has been minimized using integration
by parts. Some elliptic integrals are left implicit, as more
detailed expressions would not be helpful. Several checks of
the result are done in Sect. 5, considering particular cases or
expansions and the validity of Weyl invariance of the final
expression. Our conclusions are presented in Sect. 6. Further
details regarding conventions, proving auxiliary results, or
summarizing covariant symbols properties are presented in
the appendices.

2 Formulation of the problem

The goal is to obtain the divergent part of the effective action,
'Y of an abelian vector field A, (x) in curved spacetime
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coupled to an external tensor field. The divergent part of the
effective action will be extracted using dimensional regular-
ization and Euclidean signature is used throughout.

The action is given by

1 1
S = /d“xﬁ (Z"@W"@’” + 5MWAMAV> 2.1
where
T = VA, — VoA, (2.2)

The connection is the Levi-Civita connection for the Rieman-
nian metric g, hence .%,, coincides with 9,4, — 9,A.
Unless otherwise stated g, is used to raise, lower and con-
tract world indices. M*V(x) is an abelian symmetric tensor
field which is assumed to be positive definite, so that the
Gaussian functional integration over A, (x) converges for
large amplitude fluctuations.

The kinetic term is gauge invariant, implying that fluc-
tuations with large wavenumbers are not suppressed for the
longitudinal polarization. To cope with this problem we fol-
low [10] and apply Stiickelberg’s method. A new scalar field
@ is introduced and the field B, is defined through the change
of variables

A, =B, + lV,Lgo. (2.3)
m

The mass m is arbitrary and is introduced so that ¢ has the

standard dimensions. Since it can be reabsorbed in the field

and its value has no effect on the final result (as is readily

verified) we set m = 1 from now on. In the new variables the

action takes the form

1 1
S:fd%@ (19“”9MU+EM““BMBV + M"' B, Vg

+ MMVV/L‘PVVQD) 2.4

and #,, = V, B, — V, B,,. The whole action is now gauge
invariant (namely, under B, — By, + 0, A, ¢ — ¢ — A)
since A, is. The next step is to fix the gauge. A convenient
choice is obtained by adding the term

St = / d4x@%(V“BM)2 (2.5)

as well as the compensating Faddeev—Popov ghost term

Seh = / d*x /g VFo* V0 (2.6)

where w(x) is a scalar complex fermionic field.
The total action Stot = S + Sgf + Sgh can be expressed as
1 .4
Sow = Son + [ d*xyE 30K @7

with

B\ . (B An
= ., K= ~ ). 2.8
e (). £-(E ) .
The differential operators F, H and G are given by
FP o= — g0+ 2% + M™Y, G = -V, M"'V,,
H* = M™'V,, H™ =—-v,M"". (2.9)

where O = V#V,, and Z,,, is Ricci’s tensor. This tensor
is generated from %ﬂ 5,, + %(V“Bu)z, using integration by
parts to give —%B“DBM — %BM[V“, VV]B,, up to boundary
terms. The operator F acts on the space of vectors, while G
acts on the space of scalars.

Functional integration over B, ¢ and w provides the
effective action

1 N
=Tk +Tg, k= ETr log K,

Igh = —Tro log(—0). (2.10)

The subindex zero in I'gp indicates to take the functional trace
in the space of scalars.
In order to compute I'x we split K as

R , F 0 5 0 H
K=K Ky, Kp= ~l, Ka=| ~
p+Ka D <0 G) A (H‘ 0)
(2.11)
This allows to make the expansion
> 1
'k =ZFK,n, FK,0=§TT10gKD,
n=0
(_1)n+1 TP
Fgn=—7—"Tr((K, Ka)") (n>0). (2.12)

n

In this expansion all terms with odd » vanish since K 4 has
to appear an even number of times to have a non null con-
tribution to the trace. In addition, terms with n > 4 are UV
convergent, so only I'g , forn = 0, 2, 4 have a contribution
to [div:

g’ =Tglo + Tk + T (2.13)

The zeroth term can be further expanded as

1 A 1 N
I'ko=Tr+Tg, FFZETYI logF, Tg= le‘olOgG.
(2.14)

Before finishing this section, let us note the Weyl symmetry
present in the action, namely S is invariant under the local
rescaling

guv(x) = g5,(x) = Q(x) guv(x),
MM (x) = (M (x) = Q7 *(x) M* (x). (2.15)

This symmetry can be secured in the final result by using
Weyl-invariant combinations, for instance

@ Springer



438 Page 4 of 15

Eur. Phys. J. C (2019) 79:438

(g, (M) = (8uv. &™) with Q@ = (det(M*p))"/®.

(2.16)

This choice corresponds to the prescription detg,, =
det g,,,, where g, stands for the inverse matrix of g"”. This
is the approach adopted in [13]. Here we take the alterna-
tive route of using directly the original pair of external fields
(8uv, M™"V) and Weyl invariance will provide a check of the
calculation. An exception is taken in the case of I'g since
there the advantages of using g, are overwhelming.

3 Elementary contributions to 'Y
3.1 I'gn
The value of Trg log(—0J) is a standard result [24] that can be

obtained in many ways. In terms of heat kernel coefficients
a well-known relation is

1
Trlog(—D)|diV = (471)2 /d4xftr(b2(x)) 3.1
where
d =4+ 2¢ 3.2)

is the dimension parameter in dimensional regularization.”
The explicit form of the second Schwinger—-DeWitt coeffi-
cient is (see e.g. [21])

1 1,

1
— 722+ R - — % +—R

b
2T T 1807 * T 180

Lvap- (3.3)
(See Appendix A for definitions of the symbols and con-
ventions used in this work.) This expression of b, holds for
any tensor space. In the particular case of the scalar space
Zuy =V, Vy] vanishes, and tro(1) = 1, hence

1
54+ L + —R?,

ro(b2) = 60" " T 120

(34)

where, following [13], we have expressed the result using the
topological Gauss—Bonnet term

G =R’ — 4%, + R, ,0p- (3.5)
The final result for the ghost contribution is therefore
. 1 1
Fdlvz _ _70 2 _7R2 . .
gh ™ 3072 / e ( 307 ~ 60 ) (3.6)

2 All our calculations are consistent with the results in [13], up to an
overall minus sign. This should indicate that d = 4 — 2¢ is being used
in that reference.

@ Springer

32 I'g

The term ' can be identified with the effective action cor-
responding to the action

1
Sg = fd4x¢§§M””vM¢vU¢. (3.7)
To deal with this term one approach is that of [10] where
M™ is directly used as an alternative (contravariant) metric.
However, simpler expressions are obtained by using as new
metric g, defined through the condition [13,25]

JEMW =

hence g, is the inverse of g"*¥ =
way S¢ takes the standard form

g8, (3-8)

MM/ /det(M?* ). In this

Sg = / d*x\/g %gﬂwwwvw. (3.9)

This immediately implies that

I'g = %'fro log(—0J) (3.10)

and in turn

re’ = 32:[26 Vg (ISOg * 61_0‘% * 1;_0ﬁ2) ’
(3.11)

and of course, g, is used everywhere in this expression
instead of g, .

As noted in [13], the combination \/§ & can be replaced
with /g%, since its integral is a topological invariant.
Another observation is that this expression is invariant under
a global rescaling of the metric. Since g, picks up a fac-
tor 1/m? when the mass parameter m is not set to unity, the
invariance property checks that the value of m is not relevant
here.

We emphasize that a single metric (and its derived struc-
tures) will be used in any single contribution to the effective
action. Only g,,, appears in F?;iv while only g,,, appears in
our formulas for all the remaining terms of I'4,

3.3 I'r (part 1)

The expression for 'z in (2.14) also follows from the second
heat-kernel coefficient for the operator F™ and could be
borrowed directly from the results in the literature, however
we will evaluate it here in order to introduce the technique
of covariant symbols to be exploited in the computation of
F[(’z and FK,4.

Let us split F™ into two terms as
FRo= —gWVO4 YR YR — gtV 4 g (3.12)

and apply an expansion in powers of YV
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1
I'r = ETrl log(—g"'0O+ Y™")

o]

1 1 —1 n
= 3 Trilog(=0) = 3 | —Tri (7' Y")")

n=1
00
= Z FF,,,.
n=0

The UV divergent part of this series finishes at n = 2 since
terms n > 3 are already UV convergent:

(3.13)

Fle _ Fle + Fle + FdIV (314)

For F‘}% (3.1) applies (with Try and try) as well as (3.3).
There the term with Z,,, no longer vanishes, instead (using

(A1)

tri(Z},) = (3.15)

uvaﬂ
Together with try (1) = 4, this yields the result

1 4 7
FdV _ d4 _ _ 2 _R2 .
FO= 3002 / xﬁ( ISOg 570 5
(3.16)

In order to compute the remaining terms F‘Ii:ivl and FdFiV2
we will apply the method of covariant symbols.

3.4 Aside: covariant symbols

For an operator O=0 (Y, V) constructed with one or more
multiplicative operators Y (x) and the covariant derivative V,,
(which may include all kind of connections, gauge or other)
its covariant symbol is defined as

B o o= (V) =6 pu 5 pp 1 V00") |§#70 (3.17)

Here {, } denotes the anticommutator, £* are the Riemann
coordinates with origin at the point x and corresponding to
the connection in V,,, although we will only consider the
Levi-Civita connection here. In addition

= 0 (3.18)
opu

and p, is a momentum variable to be used as integration
variable. For convenience, in order to avoid a proliferation
of factors i, we use a purely imaginary p,,, hence p, =ik,
and k,, (real) is the actual integration variable (still we use
d“p as notation). Of course, the operator 0 itself is assumed
not to depend on p,, or 9*.

The covariant symbols were introduced in [14] for flat
spacetime and extended to curved spacetime in [15]. The
relevant properties of the covariant symbols are (see [15] for
details):

1. O 'is a covariant multiplicative operator with respect to x,
although contains derivatives with respect to p,,. In addi-

tion OF = (0)", hence when & is hermitian its covariant
symbol is also hermitian.

2. The map 6 — Oisan algebra homomorphism, since it
is defined from a similarity transformation. This implies
that

f(ﬁl9""ﬁn): 7@)7

fn,... (3.19)

and in particular & = O(Y, ?M)_ Note also that g, =
guv for the Levi-Civita connection, hence (gHVA,) =
ngv, etc.

3. The diagonal matrix elements can be rewritten as

1 d?p
Vg J @2m)
where it is understood that all 3" at the rightmost position

vanish (and also at the leftmost position, from integration
by parts). Therefore, the relation

(x| Ox) = ———0(x. p). (3.20)

Tr(0) = /d4x,/g(x)tr(<x|é|x)) (3.21)
implies

A d*xd%
Tr(0) = / (ij—yltr(ﬁ(x, ). (3.22)

Equations (3.20) and (3.22) are key relations in the
covariant symbol technique, allowing to compute diago-
nal matrix elements of operators or functional traces as
those appearing in the effective action.

For short we will introduce the notatlons

_ 4
o= [aniir =t [Ehy e
aswell as (f)x,p = ({f)p)x, so that
(x|Olx) = <E> . Te(0) = (tr(ﬁ)) (3.24)
p x.p

The explicit form of the covariant symbols for basic opera-
tors has been obtained in [ 15] in a covariant derivative expan-
sion up to two derivatives for a general connection and to four
derivatives when the Levi-Civita connection in the world sec-
tor is selected (but still arbitrary with respect to gauge or
internal indices). The following results are useful

_ 1 1
Y=Y — Y,0% + EYaﬂa“aﬂ - 5Ya,gya"‘aﬂay + .-

(3.25)

Here Y is any operator that is multiplicative with respect
to x, i.e., not containing “free” V, (all derivatives appear
in the form [V, ]) and not containing “free” Z,, ., (see
Appendix A for notational conventions). ¥ may have world
indices and we have used the convention of adding new

@ Springer
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indices to the left to indicate covariant derivatives. So if e.g.
Y = Ag, Yy would be Ay = [V, [V, Agll. Further-
more

Vie = Pu+ 5 Zuad” + e Rpuad” + ERme)‘a"‘aﬁ o
(3.26)
0= p"pu+ R+ Z3ap"0" = S Hrap 9"

%Rmaﬁpkp”a“aﬂ +o
Fuller expressions can be found in Appendix B and in [15].

The expansions just presented can be organized by the
number of covariant derivatives so that, for instance Z,,
R,vap, %,y and R count as second order, g,,, as zeroth order,
etc. Alternatively one can grade a term counting the number
N, of p, minus the number of 9/ in that term. Hence the
expansions for Y, % and O start at orders N »=0,1,2and
have been made explicit through orders N,, = —3, —1,and 0,
respectively. With this convention one can write, for instance,

(3.27)

Y=0o+@_1+@)a+@)3+00p™h (3.28)
with
Y)_p = (_n#ymmanaal ce 9o (3.29)

N, is an additive index related to the degree of UV divergence
of a term.

Within the covariant symbols technique there are no free
V.. as the covariant symbols are multiplicative, however,
there are Z,,, or more generally Z,, ,,. These quantities
are multiplicative with respect to x but act on world indices,
hence they do not commute with p,, and 0#, instead

[Z},Ll...,un’ pa] = Rul...unakpka
A

[Z/Ll.../an aot] = R/L].../L,,Ol)»a .
An often convenient tool to deal with the momentum inte-

gral in (f), is to introduce a tetrad field e (x) to make a
change of variables from p,, to k,:

(3.30)

Vo v _a M
gt —5ab€ﬁf€b, Sab—eﬂe;w

det () = /3.

pu = ikqey,. (3.31)

In this way, if f(p, X) is an expression tensorially con-
structed out of p, and tensors X (x) (the operators 0/ are
assumed to be no longer present),

1 dép

, X
(f(p: X)) p =) @

L (p, X)= f(z kX0,
(3.32)

where f(k, X, e) is tensorially constructed out of X and eﬁ,
and the scalars k,, checking that (f), is indeed a tensor.
Upon integration over k, the result does not depend on the
concrete choice of vierbein field.

@ Springer

Another related observation (not discussed in [15]) refers
to derivatives of p,,. In an expression of the type { f (p, X)),
where f no longer contains 9, and is constructed entirely
with p,, and other world tensors X, the derivative

Viulf(p, X))p

is obtained by applying V,, only to X (the other tensors in
f) and not to p,. So, for instance

Vi (poF (pappM®P)), = (pvpappMu P F') .

This observation is useful if one wants to apply integration
by parts (with respect to V,,) in an expression of the type
(f)ap

The statement would seem rather trivial as p,, is an integra-
tion variable. On the other hand, since p,, does not commute
with Z,, = [V, V, ], it follows that p,, does not commute
with V,, either. Nevertheless the statement holds. This fol-
lows from (3.32): the covariant derivative acts on X and e,
but for any given point one can choose the tetrad field so that
V€& vanishes at that point, so the correct result is obtained
by applying the derivative only to the tensor fields X, and
this holds at all points. A more elaborated proof is presented
in Appendix C.

(3.33)

(3.34)

3.5 I'r (part 2)

We are now in a position to compute Fd‘v and Fdl 75 using the
method of covariant symbols.
To compute the UV divergent part of

1 Sy
Lp1= _ETTI(D Y™, (3.35)
we use (3.24) to transform it into
1 — 1=
- __ —lynu
Cr1= 3 <tr1 <D Y v)>x’p- (3.36)

The expansions in (3.25) for Y**,, and in (3.27) for [J apply:

Yiw =T w)o+ T u)o1 + T )2+ 0(p),

- . (3.37)
O= D+ o+ O)-1+0(p™),

and hence
=@, - O, @@ +0(p). (3.38)

One can then expand the product 0~ !'Y*,,. Clearly all terms
with odd degree N, vanish within ( ), due to parity. Also
terms with N, < —4 are UV convergent. In fact within
dimensional regularization only the terms with N, = —4
can have a non null contribution. That is>

riy = —% (m (@7704)) (3:39)

3 Strictly speaking the right-hand side of (3.39) produces I'(—¢) =
—1/€ + O(1). The UV part is defined as the pole term.



Eur. Phys. J. C (2019) 79:438

Page 70f 15 438

with
OV w)a = O3 T2 — O3 @o@5 ' ¥ o
1 _
= _Ngaya,gwaaaﬂ — Ng(@)o Ng V.
(3.40)
Here we have introduced the quantity

Ng := (=¢" pup)” (3.41)

which is positive definite. A further simplification occurs
because terms of the type (X9") ,, as well as (0 X)), vanish
identically, hence the first term in @-! Y ;1v)—4 drops off:

I = (3.42)

1 _
3 (tri (Ng(@o Ne¥™y)), -

The form of (O)g can be read off from (3.27), namely,
_ 1 1
@0 = R+ Z3ap'0" = 2Fap"0"
1
+_R)\ao,3p)hpgaaaﬂ-

3
The method here is to move the d* to the right or to the left,

(3.43)

to exploit the properties 0 = (X9"), = (0" X),. This can
be conveniently done using relations of the type
[0%, Ngl=2p*N;,
[0%, [0, N1l = 2¢*° N7 + 8p“ p N}, (3.44)

as well as standard angular averages of the type

(pupuii) = e (v2) . (3.45)
¢/, 4 ¢/,

These manipulations produce
1

Py = <RY“ N2> (3.46)
12 x,p

The quantity (N ;) p 18 UV divergent and can be reduced to
astandard flat-space form using a vierbein field, as previously
discussed around (3.31). Hence

/ /ddk 1
Nebr = NI pu>2 Qm)d (k2)?2
[(—¢) 1
=G = Gme + 0(1). (3.47)

Here we have simplified the calculation anticipating the result
for the UV divergent part. A more rigorous treatment would
use adenominator (— pi +m?) withm? > 0, to avoid infrared
divergences. The contribution from m? goes into the O (1)
terms, as it should since the effect of m? is subleading in the
UV region. This justifies the prescription of taking directly
the terms of order p~* to isolate the UV divergent contribu-
tions. It is worth noticing that (N gz) p correctly goes to +00
asd — 4 from d < 4, or equivalently ¢ — 0. This checks
that the sign of our calculations is the correct one.

Hence
pav = L[ Lpyu (3.48)
F1 ™ 3072¢\ 6 kL '
The remaining term is also readily computed:
1 — 11—
Lro=-—7 (tr (@ Y“V)2)>x . (3.49)
and selecting the terms of order p—*
. 1 1 1
TR = ——(N2Y2 )y p = ~v2,) . 3.50
F2 = g WNeYwher = 353043 wl (350
In summary, for I'  one obtains
. 1 11 4 7
Fle = (@ _ _%2 _R2
F ™ 3272¢ < 180 157w T 50
IRY" + = 1 > (3.51)
oRY it 5 Y o '

and in terms of M,,,, using Y, = Z,v + M,

i 1 7 1
FleZ d4 __g %2 __R2
F 327‘[26/ x‘@( 1807 T 307 M T 20

(3.52)

1 1,

This result reproduces that in Eq. (26) of [13] and agrees with
previous literature [26,27]. This completes the calculation of
a4
r Klf’o.
For convenience we also make explicit the combined result
of Fg;l" and F%‘V:

. 1
Fle - d4 __g
ghtF 327(26/ e ( 180

1 1,

%2 ——R2
5715

(3.53)

4 Remaining contributions to %"

As shown in Sect. 2 the divergent part of the effective action
can be split as
P =Tg + T + T + Y + Y. 4.1)

The computation of the last two terms will be undertaken
here.
The term F‘,l(‘YZ is defined in Eq. (2.12) as

1 .
ko= —ZTr((KDlKA)z). (4.2)

Expanding in terms of the matrices K 51 and K A, and exploit-
ing the cyclic property of the trace, which is justified for the
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UV divergent component, this expression can be brought to
the form

| NN
ko= —ETr(G_lH' F7'H), (4.3)

where we have chosen to use an operator acting on the space
of scalars. The method of covariant symbols then yields

1 S
k2=-3 (o (GTHFL HY)) (4.4)
x,p
and for the UV divergent part
rav G-V H'"F,' H 4.5
K2= 75 tr0< v )—4 ’ *+3)
x,p

where the subindex —4 indicates to retain only the terms of
order p~—*. The method to select those terms is to use the
known expansions of the covariant symbols for the basic
blocks V,,, [0, M, etc, to obtain

Fr = (F")y 4+ (F*)g 4+ 0(p~h),

G=(Gn+ G+ Go+0(p, (4.6)
H" = (H") 4+ (H")o + (H")_1 + 0(p7?).
Furthermore
f;w = —py o LUV qu—l’
(F"")2 PaP & 8" Ny @7

(G2 = —pupyM"’ = N,

The quantity N, was defined in (3.41) while Nys has been
newly defined here and is also positive. This gives

Fid = (F)—2 + (F)—a + 0(p™),

4.8)
Gl =G N+ (G H 3+ (G Hoat+0p™),

with

(Fi)—2 = guvNg

(Fin))—4 = —Ng(F )0 N,

(G .o =Ny

(GN_3 = —Nu(G) Ny

(GN_4 = —=Ny(G)o Ny + Ny (G)1 Ny (G) 1 Ny (49)

Substitution of these expressions in Eq. (4.5) selects seven
terms of the type (G~ 1) (H ), (F~1),,(H) , with (I, m, n, p)
taking values (—4, 1, =2, 1), (=3, 1, -2,0),(=3,0, =2, 1),
(-2,—-1,-2,1), (=2,0,-2,0), (=2,1,—4,1), and
(=2,1, =2, —1). The last term is actually vanishing since
(H™)_y is of the form X9".

For I'k 4 one has similarly

1 o men g~
Tka4= —ZTr((G’lHTF’lH)z). (4.10)

@ Springer

In this case there is just one term of O (p~*), namely,

. 1 G (H) (F s

F%Y4=_§<tro <((Gl)—2(HT)1(F1)—2(H)1) >> .
x.p
@.11)

The calculation proceeds* by carrying out the deriva-
tives 9, either to the right, or to the left when this gives
a lower number of terms. Next the operators Z,,. ,,, are
also moved to the right or the left to exploit the proper-
ties tro(XZ . ) = wo(Zyy..u,, X) = 0. This produces
an expression involving only p,, inside momentum integrals
with powers of N, and Ny, and other tensors constructed
with M*" and its derivatives and the Riemann tensor and its
derivatives.

Integration by parts can be applied both with respect to
x* and with respect to p, in order to reduce the number
of terms in the final expression. We have chosen to remove
terms having M*" with more than one covariant derivative.
Likewise the identities
"Ny = 2nNgf+1p“,

Ny =2nNIT I M* p,,  (4.12)

have been applied in order to bring the expression to one
involving only a few independent momentum integrals. Such
procedure yields the following result®

: 1
d 1,141,1 1.21,2
FKI?]2+4 = 327‘[26(1 T + Iuv T;w

13 513
FLvapTuvap +

13,2 3,2 )x.

oo Tnvespo (4.13)

The tensors 7)), take the following form

1

1 1
Tl’l = _g MuvMozow - gMMvanp.a + gMuvMuana
1 1
+ E uuMaﬂRuavﬁ - ﬁM/wM/wRy (4~14)
712 = M Mg My — > Mg MarsM
v = Ty e avB M Bpp 3 pa avp M ppp

1
+ ZMWMaﬁﬁMppv

1 1
- §MMaMaﬂpMﬂVp - %MaaMﬂuvMﬂpp

1
T4 aa MpuvMppp
1 1
- &MwMﬁupMﬂw + ngMﬁupMpvﬁ

4 The manipulations have been carried out using code in Mathematica
written by the authors.

5 Of course there is some ambiguity in writing the result due to inte-
gration by parts. The result presented has 32 terms grouped into four
structures as regards to momentum integrals. Shorter expressions, still
with four structures, could exist. There are shorter expressions, namely
with 26 terms, but involving a larger number of different momentum
integrals.
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1
+ gMaﬁMauvMppﬂ

1 1
- ZMaﬁMaltpMﬂvp + gMaﬂMappMﬂuv
1 1
+ gMWMwMﬁpMﬂp - gM#OéMOlﬁMVﬂMPP
1
+ZMuaMa/3Mﬁva
1 1
+ EMuanaMﬂp%ﬂp - EMWMaﬂMVﬁRv
(4.15)

T3 = 45 Mg Mop Mo My — My Mg M M
- %MuvaaMpa)»MAﬂa
+%M;LvaaMpAAMaozﬂ - %MupMaaMkvakaﬂ
+ %MupMoprvaanﬁ
_éMupM(r)\Mava)»aﬂ‘i‘214MppM0)LMauvM)\.a/3
- %MﬂUM»O)»MUHUM)»aﬂ’ (4.16)

3.2 1 1
Tivappo = =3 MisMrvaMpps + 15 MisMyva Mppo.

4.17)

On the other hand the integrals /;;" —are defined from
the relation

1
(2N P D) = 5 (4.18)
In our case k = 2(n +m) —4 > 0 and the 7;"  are UV
finite.
The integrals />  can be represented in several ways

R
and are subject to relations among them. However, these

elliptic integrals do not admit a simple closed form. A
straightforward way to extract the UV finite factor is by us1ng
4-spherical coordinates, with radial coordinate r = Ny

In this case

o B (_l)2n+2m+l / ]2

d QA k,u2n+2m 4
M1 M2n42m—4 nz

(k kyMmvym
(4.19)

k

with 122 =1, Igﬂ = lgaeﬁ and g,y = 9§ be e . Some
simplification is obtained by going to the local frarne in which
M*™, (x) is diagonal. In this case the relevant integrals become

Inm _ d3QA kal ‘.'ka2n
ap...axg k » ’

(4.20)
(>, Mak2)m

where M, are the eigenvalues of M*,. All these integrals
follow from applying derivatives with respect to the M, to
the generating integral

i) =fd3f2g (=D Mak)™.

Another explicit expression, closer to that in [13], is
derived in Appendix D, namely,

421

(_2)37117171 00 tmfl
" = dt
M1 U2n+2m—4 F(n)F(m) ’det((M,)“U)
3 (7 P Ll PR (4.22)
Here we have defined
(M)"" = g + tM", (4.23)

(M,_l) wv denotes the inverse matrix of (M;)*" and
[(M, 1)"] 1.0, Stands for the symmetrized product of n
factors (M,_l),w (hence a total of (n — 1)!! terms). E.g.

[M;]]”“) = (MFI)MV7
[ vy = D0 (M + (M0 (M
+ (MM e (4.24)

Equation (4.22) assumes n, m > 1. The cases m = 0 and
n = 0 can be worked out separately, or obtained from the
same formulas with the replacements, respectively,

— 18(1), (4.25)

1
— — =38(1/1),
T (m) ) 1t (/0
and in both cases the Dirac deltas have their support at 0T,
This prescription yields, for instance, 7 >? = —2, in agree-
ment with Eq. (3.47).

5 Cross-checks of the calculation
5.1 Terms with zero and four derivatives

The effective action can be decomposed as a sum of terms
classified by the number of covariant derivatives. In particular
4V can be decomposed as

pdiv — pdivd) | pdiv2) 4 pdiv0) (5.1)
into terms with 4, 2 and O covariant derivatives. Such classi-
fication is intrinsic since it corresponds to the response under
dilatations. Therefore each term 'V is well-defined and
should coincide among different calculations. In our calcu-
lation T4V only gets contributions from I'gh, ' and I'fr,
while T'4V®) and 14V only get contributions from I'z and
Uk 2+4.

For the two simplest cases of zero and four covariant
derivatives we have checked that our results reproduce those
in [13].
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Specifically, for four-derivative terms we find

. 1 1 1 - 1 -
pdivéd) _ _( _ % 4+ _R
3222\ 157 T X\ eo7w a0
1 1
B — —R2> , 52
5 15 x (5-2)
where
X = /det(MHV) det(g,). (5.3)
The result in [13] is expressed in terms of
guv = xPgun, & = x""M", (5.4)
and can be written as
div(4) 1 ( 1 1 ~9 1 ~0
r = - —9 —% —R
RS = 32\ 150 X (60 w10
1 1 4
—#%* — —R?*)) , 5.5
T 5% 5 )>x 6

noting that det(g) = det(g) = x>det(g). The two cal-
culations coincide because under a Weyl transformation
8uv = 2°guy, the combination %2, — IR? transforms into
9_4(%’/% — %Rz) up to a total derivative.

Regarding the term involving no covariant derivatives, the
result in [13] can be written as

- 1 1
div(0) _ Loy g (Lo
rivo _ 32n26<4tr(M )+ x 1(2,1)< )
1
+ g ,wtr(M))> . (5.6)
X
The identity

N - _ 1
guv +Uguy = MXgu.a(Mt)aﬁ(M l)ﬁvv = MX—I/Z’ 5.7

implies the relation

15, = —2x P MP, (5.8)
and hence
pavoy _ 1 <— llz’otr(M2)+12’1 —l(M3)“”
RS 3272\ 8 e\ 4
1
+ g(Mz)’”tr(M))> . (5.9)
X

This is to be compared with our result, which receives
contributions from I'r and 'k 244:

. 1 1 1
3an2e \ql MO ARG

1
1,2 2 2
“FI/w <§(M )lwtr(M)

— é(M3)‘”tr(M) + %(M“)W>> ) (5.10)

X
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The two expressions coincide, as follows from the integration-
by-parts identity

L (MM =~ ey — %Il’ltr(M”_l), (5.11)
as well as M“”Iﬁ’v'glmak = _Ing.:x]k'

5.2 ¢c-Number M*¥

A c-number MH" refers to the case

MW = X2gh. (5.12)

As noted in [13] the corresponding effective action can
be obtained through a Weyl transformation from the case
M™ = g"V_ The divergent part of the latter has been com-
puted in [26,28].

As a check of our results we particularize them to the c-
number case. The general expressions for I'¢" and T'¢",
become

. 1 11 7 1 1
rdiv — @4+ g _ _R?24 _RX?
F = 32ne < 180 307" 20" 73
+ 2X4>
X
pdiv 1 lRXZ _ 1X4 +3x2 (5.13)
K244 ™ 35726 \6 2 "l '

The form of T’ glilv is unchanged. On the other hand, I" ?;i"
can be worked out using the relation g, = X 2 guv Whichisa
Weyl transformation. The expansion of the various curvatures
(and the determinant) of g,,,, in terms of those of g,,,, produces
the result

; 1 1 1 1 :
Fle — @ _%2 _R2 (Srdw’
¢ 7 3272 <180 AT N Tola

(5.14)

. 1 1 X, X X
(SFle [ 2 nv _ ﬂ %
G 7 3272 <15 ( X2 x )7

2 2
1 X/w 13 qu

1 Wil 1 /ZL
|l TRy e
15( x Tax RNty T xe
4 X,0X,u X, 1 X, X2 3 (X2)?
15 X3 15 X3 15 x4 [
X
(5.15)

As it turns out this expression can be much simplified through
integration by parts and Bianchi identities, namely,

, 1 11X 1 X2
ardlv — _ FLHR _ Hp .
G < tix2
X

= 5.16
3272\ 6 X (5.16)
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After collecting the various contributions one obtains

rdiv — 1 <_ig+ 13 7 R2
1

T 3272\ 15 607 ™ 120
1 3 1X 1 X2
—RX? 4+ x4 43x2 - SDHER 4 RN
) TR TN Ty a2
X
(5.17)

in agreement with the result quoted in [13]. Actually, it would
have been sufficient to verify just the terms with two covariant
derivatives, as it has already been shown the coincidence
between the two calculations for terms with zero or four
derivatives for arbitrary configurations (g, M"").

5.3 Perturbative expansion

Here we discuss the perturbative expansion of our result for
v, using the form
M"Y = m?gh 4+ YR, (5.18)
Terms up to second order in powers of Y* are displayed. We
consider only those terms with at most two covariant deriva-
tives. These are the most interesting ones to check the result
as the calculation of 'k 24 is the most laborious one. Terms
with four derivatives have already been shown to coincide
with results in the literature.
Specifically, from I' ¢ and F?(‘j’z 44 We obtain

. 1 1
F(}ipw = m<2m4 =+ gmzR + mZYMM

1 1
~ YR+ VB + S Y + 0(VH

+0(Y3)> , (5.19)
X
: 1 1 1 1
d _ 4 2 2
M0 = Tl ~ 3+ g R = g Y
1 1 1 3
"EYMMR_EYMV‘%MU"_E e Yov — ngwY;w
1 /1 1
+W(EYMHVYVMX + &Yuuquaa
1 1 1
_ﬁ p,uotY;wat + Zy;w(xyvp,ot + EYuquaﬁua
1
_E MMYV‘JR
1 1
+iYuvY,uvR - EY/wYaﬁRuauﬂ)

+O(VH + 0(Y3)> (5.20)

-
The total Fg-i" + F;‘g"z 44 can be shown to coincide with the
result obtained in [13] after using integration by parts there
to remove Y#Y with two covariant derivatives.

5.4 Weyl invariance

As noted at the end of Sect. 2 all pairs of external fields in
the orbit (ngw, Q4M Kvy have the same effective action,
and such invariance must be present in 'V, Because 8uv 1s
already Weyl invariant, F‘Cl;iv is also invariant. So we consider
the remaining terms.

Since Weyl transformations form a group, it is sufficient
to consider the infinitesimal case, namely, Q(x) = 1 + w(x)
and O(w?) is neglected. The infinitesimal variations of the

building blocks are readily obtained:

88uv = 28w, SMM = —4AMMw,
SR = —2Rw — 6wy, R = 2wy — uvWea,
8Cu“p =0 (Weyl tensor),
dNg =2New, SNy =4Npyw,

M, = —aM,*Pow —2M“Pw, — M, P — M* 0
+ 8%, MPawy + g,P MY w,. (5.21)

The terms with w without derivatives correspond to a
global transformation. The invariance of the full expression
in the global case is easily checked as it is almost trivial from
dimensional counting. Hence the variations contain only @
with derivatives. From integration by parts with respect to x
they can be brought to the a form proportional to w,,. This
procedure gives

. 1 1
div __ _
(Sth T 3072 < 3Ruwu>x’

(5.22)

. 1
TR g = 3272e (=2Yoo + Op) ), -

The quantity &), involves integrals of the type /;;;" .~
and can be shown to vanish identically using integration by

parts in momentum space.® Hence T4 = 0 is verified.

6 Summary and conclusions

We have carried out a complete calculation of the UV diver-
gent part of the action in Eq. (2.1) within dimensional regu-
larization. The full result is

P = T T+ T8 6.1
where FdGiV is given in Eq. (3.11), ngilVJrF in Eq. (3.53), and
F%YZ 4 in Eq. (4.13). We have made use of the method of
covariant symbols, instead of the heat-kernel, and avoided

6 In this case the relations (4.12) were not sufficient and the relation
3" log Nyy = 2Ny M™ p, was required.
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the use of expressions involving two metric fields in the same
term, with the aim of obtaining relatively explicit formulas.
Nevertheless the result is involved and this cannot be avoided
in any calculation. Our results are fully consistent with those
in [13]. Some of our terms are more explicit while those
in [13] are more structured (relying on a compact bimetric
setting), hence both calculation can be regarded as comple-
mentary.

It is noteworthy that the technique used here could have
been applied also to the action after making the change
(Weyl transformation) from (g, M*") to (.0, &*"). The
result would have been precisely the same as the one we
have already obtained, albeit with (g,., &"") playing the
role of (g,», M""). However, proceeding in this way we
would have missed Weyl invariance as a check of the cal-
culation, since any functional of (g, g"") is Weyl invari-
ant by construction. This also puts the paradox that (our
version of the) functional l"di"[gw, gMV1] is constrained by
Weyl invariance, even if the latter is automatically fulfilled.
The resolution of the paradox is that a simpler expression
can be achieved in terms of the transformed fields using
that the two metrics have the same volume element, i.e.,
det(g) = det(g). Namely, rearranging the derivatives of g,
to form the corresponding (difference) connection 8T'* w
and exploiting the property SFAW\ = 0 as done in [13].
Instead of doing this we have chosen to use the original fields
(guvs M™7).

Because the method of covariant symbols works for any
gauge or internal index connections, there is no problem of
principle to extend this kind of calculations to other cases
involving fermions or non abelian vector fields, in the latter
case provided the singular kernel problem is suitably dealt
with.
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Appendix A: Conventions
1. Riemann tensor

R",4p denotes the Riemann tensor, %, = R* wiv the Ricei
tensor and R = g""Z%,,, the scalar curvature. Furthermore
our convention for the Riemann tensor is such that

[V, Vi]AY = +R,,, % A (A1)

2. Covariant derivatives

By default indices are raised, lowered and contracted with
guv- (An exception occurs for expressions with tilde in
Sect. 3.2 for the computation of I'g.) The covariant deriva-
tive uses the Levi-Civita connection corresponding to g,
up to the same exception just noted. Covariant derivatives
are indicated by adding indices to the left. Hence for instance
Ay denotes V, V), A; (meaning [V, [Vy, A3 1D, Riuveg =
VaRuvaps %)»/w =V, Zuv, Ry = V)R, etc.

3. The operator Z,,,

The curvature bundle is defined as

Z,uv = [V;u VU]- (AZ)
It is an antihermitian multiplicative operator with respect to
x which acts on world indices. For instance,
[Z},Ll)’ Aaﬂ] = RuvakAAﬁ - RuvAﬁAa)u (A3)
Correspondingly Z,,,, commutes with world scalars. Higher
rank tensors are defined recursively as

Z

1
= Ve, Zyyopin] = V0, Ry o) (A4)

QY. A
The second term in this expression is an exception to our
previous to-the-left-indices derivative convention. Such extra
term is required to make Z,, . ,, a multiplicative operator.
These operators fulfill relations analogous to (A3), e.g.
A

[Zm...,uns Aa] = R,Au...//,nakA . (AS)
This and similar previous equations assume that A* has no
other indices besides the world index «, otherwise new terms
appear at the right-hand side. Eq. (A4) is unchanged.

4. Momentum variables

For convenience we use p,, = ik, where k;, are real but
[ d?p is used to denote [ d?k as no confusion should arise.
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Appendix B: Some results for covariant symbols

Here we quote expressions for ?lt, O and 7,“, up to and
including four covariant derivatives. The expression for a
multiplicative operator Y not acting on world indices is that
in Eq. (3.29). The formulas apply for V,, having an arbitrary
connection in gauge or other internal labels, and the Levi-
Civita connection for world indices. Of course, L] coincides
with g¢*'V,, V,, and Z,,, = [V, V,]. All indices are con-
tracted with the metric g,,, and for clarity we put all world
indices as covariant ones, except those in 9#. The covariant
symbols have been split as 0 = > (E) » Where the subindex
n in (5)” indicates the value of N, of the component, i.e.,
the number of p, minus the number of /. The components
can be equally well be classified by the number of covariant
derivatives they contain.

(gu)l = Pu:

(VM)O =0

iva 1 v 1 Voo
(V,u)—l = _Z{Zwu el } + E{[va,a pa]’ 0"a },

_ 1 1
(Vi) -2 =+ {Zuaye: 9°0%) = 5 ([ Zvap Pp), 3”9 9P},

= 1
Vi3 = _R{Zl)aﬂ;}., 3V0%0%)
1
+%{[Zuaﬂu, Pp], 3”8"‘3“58’)}
1
+&{Zl)a7 [Z/Sp,, 3"‘]8"8ﬁ}
7
—%{[Zm,pﬂ],[Zpu,a"]a"&ﬂap}. (B1)
(E)Z = PuPu,
(@1 =0,

_ 1 1
o = +§{Z;wv puav} - 5[[2;/,117 Puls "]

1
_8{[Z;w, pa]p/u avaa}’
(o 1 Hav 2 v
-y = +6{Z/j,vot, {pa, 00"} + S[wa’ 9"]

1

_E{[Zuaw pﬂ]Pv, 8“8“8ﬂ},

1
_R{Zuvaﬂ? {Pﬂ, aﬂavaa}}

1
+E{[Z;waﬂy pp]Pﬂ, 8“8”3“8”}

1
1_6{Zuv5 {[Zﬂa, pﬁ], 8”8“3’3}}
1

+§{lezlwu avaa}

1
+%{[Z;w» PellZyp, Ppls 8”8“3'58"’}

1 v o
+@[zuv’a ][Z;w(sa ]

2 o o o
T[Z’”’a NZ e, 9" ]+ [Z,w,a Zw, 971

1
_[Z/LU,ILOH 8a]8v

1
+§[Z/wzvou av]au - 60

1 ayqv
+E[Zu;woua 19%. (B2)
(7uv)0 = Zuv,
— 1
(Zuv)—l = _E{Z(xuv, aa},
— 1 aaf
(Z,uv)72 = +Z{Z(xﬂ/w7 0“9 } (B3)

These expressions are written so that hermiticity is man-
ifest (namely, p,, V,, and Z,,, ,, are antihermitian while
9", and [J are hermitian). Expanded expressions with sym-
bols R, Z, p, 0 ordered from left to right can be found in
[15].

Appendix C: Derivatives of momentum integrated expres-
sions

Here we present an alternative proof of the statement noted
at the end of Sect. 3.4, namely, if f(p, X) is tensorially con-
structed out of p,, and tensors X (and f no longer contains
free d,,), the covariant derivative of { f (p, X)), follows from
applying the derivative only to the tensors X and not to p,,.
The proof relies on the choice of the Levi-Civita connec-
tion in the covariant derivative, corresponding to the metric
guv Which also appears in the definition of ( /) , through the
factor 1/,/g in (3.23).

Clearly it is sufficient to prove the statement just for the
case when the integrand f(p, X) is a scalar. Otherwise, say
the integrand is of the form f,,(p, X) and tensorially con-
structed out of p,, and X. Then one can construct a scalar
h = C"*"(x) fuv, with a generic tensor C*", and it is clear
that the statement would hold for { f,,) , if and only if it does
for (h),.

For simplicity we consider just the following case

I(x) = (ChH

B (x
\/_/ ) S (pappB™ (x))
as it is sufficiently general to illustrate the arguments
involved. A (first order) infinitesimal shift x* — x* + e#,
will produce a change I — [ 4 €*V,I. Similarly in the
integrand,

B (x + €) = B* + €9, B*P

= B + (v, B’ — 1%, B — T/, B,
(C2)
Contraction with p, pg then gives
PappB (x +€) = pypl(B* + €'V, B*P) (C3)

@ Springer



438 Page 14 of 15

Eur. Phys. J. C (2019) 79:438

with
py=py—€'Th,p (C4)

where terms O (¢?) are neglected everywhere. Changing the
integration variables from p,, — p;L gives a Jacobian

"(14 €9, log /).

This factor exactly cancels with that produced by the shift
xt— x* 4+ €”in 1/4/g(x). In summary,

VupappB®) )y = (pappV,Bf),

as advertised.

d'p =d'p'(1+€'T},) =dp (C5)

(C6)

Appendix D: Momentum integrals

Let us justify Eq. (4.22). The momentum integrals are

1 d‘p
(Zﬂ)ngNM 23! '.'pl‘bk

I"'n,m
Pl — \/—

with k = 2n + 2m — 4. Using a Schwinger representation
for the propagators

In mo / / A '

K1k \/— F(I’l) F(m)
d‘p 4P uNg +m0) —v(N;;' +m3)
@m)?

(D1)

p 1...pll,k'
(D2)

To avoid trivial infrared divergences we have introduced a
mass mqo > 0. This does not modify the UV divergence. Next
we rescale p, — p,/+/u, and make a change of variables
from v to t = v/u. This gives

fu(1+t)m0
I =
ILI lik \/—/ F(n)r(m)f u1+e
d*p —Ngl-tNy,!
Al M Py P (D3)

Upon integration over u to yield the UV pole and setting
d — 4 in the remaining terms:

frm F( €) il
H--ttk / T ()T (m)

_ _ 1
eN tNy,

pM] P (D4)

(2;1 )4

The momentum integral is now standard after Wick’s theo-
rem, with exponential factor exp(p,. p,(g"” +tM*")). The
factor 1/,/det(g,,,,) combines with 1/./det((M;)*") to yield
the result quoted in Eq. (4.22). Alternatively, one can use a
tetrad to integrate over k, instead of —ip,, with the same
effect.

@ Springer
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