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the projective invariance of general Lovelock actions and show that all connections constructed by acting
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equivalent to Levi-Civita. We then show that the (non-integrable) Weyl connection is also a solution for
the specific case of the four-dimensional metric-affine Gauss-Bonnet action, for arbitrary vector fields.

The existence of this solution is related to a two-vector family of transformations, that leaves the Gauss-
Bonnet action invariant when acting on metric-compatible connections. We argue that this solution is
physically inequivalent to the Levi-Civita connection, giving thus a counterexample to the statement that
the metric and the Palatini formalisms are equivalent for Lovelock gravities. We discuss the mathematical
structure of the set of solutions within the space of connections.
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1. Introduction

Metric-affine gravity (sometimes also called the Palatini formal-
ism) is a set of theories in which the metric g, and the affine
connection I'y,,,” are taken to be independent variables. They are
extensions of the more familiar metric theories of gravity, which
consider only the metric as a dynamical variable and presuppose
invariably the affine connection to be the Levi-Civita connection of
the metric,

f‘,u,v'o = %gp)\(augkv + 0gur — axg,u,v)' (1.1)

In metric-affine theories, however, the idea is that the affine con-
nection I'y,” should be determined by its own equation of mo-
tion, just as any other dynamical variable of the theory.

It has been shown [1,2] (see also [3]) that the physics described
by the Einstein-Hilbert-Palatini action, S = %dex\/@R(l‘)
with D > 2, possibly extended with a minimally coupled matter
Lagrangian, is equivalent to the usual metric Einstein-Hilbert ac-
tion, even though it allows a more general affine connection,

T =T’ + Ay sl (12)
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with A;, an arbitrary vector field. Indeed, the vector field A, does
not have any physically measurable influence, as can be seen in
the fact that the Einstein equation and the geodesic equation are
identical in the metric and the Palatini formalism. However, one
can assign a geometrical meaning to A, since A, can be related
to the reparametrisation freedom of geodesics [2]: affine geodesics
of the connection l_“,wp turn out to be pre-geodesics of the Levi-
Civita connection f‘,wp , through the reparametrisation

A
dr dx”
a(A) = exp /Ap T dx' |, (1.3)

0

where X is the affine parameter for the l_",W/’ geodesics and T the
proper time along the Levi-Civita ones.

Both the existence of the non-trivial solution (1.2) and the ab-
sence of physical meaning for A, can be understood as a conse-
quence of the projective symmetry

T — T’ + Ay sl (14)

of the metric-affine Einstein-Hilbert action [4,5]. Indeed, the Rie-
mann tensor transforms under the projective transformation as
Ruvp™ = Ruvp™ + 20 Av] Sz,nleaving hence the Ricci scalar R =
gt sy Ruvp” invariant. Being I',,° a straightforward solution to
the connection equation, any connection generated by applying a
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projective transformation on it is also a (physically equivalent) so-
lution.

The equivalence between the metric and metric-affine formal-
ism does not extend in general to other gravitational actions (see
for example [6]). Often the non-equivalence of the corresponding
gravitational actions is used to construct models of modified grav-
ity, with new affine degrees of freedom, that might yield resolution
of singularities, alternatives to inflation, dark matter or dark energy
[7-21].

There is a class of metric-affine theories for which the Levi-
Civita connection is guaranteed to be a solution of the connection
equation. Indeed, in [22-24] it was shown that the Levi-Civita
connection is a solution for metric-affine lagrangians of the type
L(guv, ’R,wp*), only if the lagrangian is of the Lovelock type (or
at least mimics the symmetries of curvature tensors in the Love-
lock lagrangian [23]). Hence, for Lovelock gravities, the metric for-
malism is a consistent truncation of the Palatini formalism [24].
However it is by no means clear whether for these theories both
formalisms are equivalent, as in the case of the Einstein-Hilbert
action, in the sense that all allowed solutions of the connection
equation of the metric-affine Lovelock lagrangians yield the same
physics as the metric formalism. In other words, whether the Levi-
Civita connection (possibly up to a projective transformation) is the
only solution to the connection equation.

The aim of this paper is to show that in fact they are not,
by presenting an explicit counterexample of a very specific Love-
lock theory, the Weyl connection in four-dimensional metric-affine
Gauss-Bonnet theory, though we believe the result is general for
any metric-affine k-th order Lovelock term in D = 2k dimensions.
Note that the k-th order Lovelock term in D = 2k dimensions is a
topological term in the metric formalism [25], but not necessarily
for metric-affine gravity. We will argue that the solution is phys-
ically not equivalent to the Levi-Civita connection, which in our
opinion is an indication for the non-topological character of gen-
eral D =4 metric-affine Gauss-Bonnet theory.

The organisation of this paper is as follows: in sections 2 and
3 we review the metric-affine Gauss-Bonnet term in arbitrary di-
mensions, study the symmetries of the action and write down the
equations of motion in a closed form. In section 4 we show that
the Weyl connection is a general solution to both the equations of
motion of the metric and the connection for the four-dimensional
Gauss-Bonnet action. In section 5, we relate the existence of the
solution to the projective symmetry of any Lovelock action and a
vector symmetry the four-dimensional Gauss-Bonnet in the pres-
ence of metric-compatible connections. Finally, in section 6, study
the structure of the space of solutions of the Gauss-Bonnet action
and state our conclusion.

2. Metric-affine Lovelock theory

The D-dimensional k-th order Lovelock term in the metric-
affine formalism is defined as

S = f dPx /18l 805t ok Ry PHD) L Ry, P,
(2.1)

where we used the following conventions for the Riemann tensor
and the antisymmetrised Kronecker delta,

R (1) = g°7 Ryuvo™ (D),

Ruve™ (1) =8, Tve” — 3T o™ + T Tuo® — Do T o™,

Havie Ve glita gvn Mk g Vk]
80!1,31...ock(ﬁk =0, 3'31 .0y Sﬂk

_1yD-1
— (215)!(%72’0! |g| gH1V1- Mk VO OD 2k
X a1 B1..01 PO ...Op 2k (2.2)

with &, ., the completely alternating Levi-Civita symbol.
When varying the action in metric-affine gravity, it is often use-
ful to define the tensor

1 5S
S — (2.3)
P= JTgl dRyuve®

which for the Lovelock action (2.1) is given by

Elwaﬂ = 8ac Elwaﬂ

1, SHVP2A2.. PrAk 1213 Vi€k
=k 8(1/5}/262“4/[(61( RPZAZ R/Ok)tk k. (2.4)

Note that in general £V, is antisymmetric in the first pair of
indices and for Lovelock actions (2.1) also in the last pair, but that
the latter is not true in general.

In terms of X#V%g, the k-th order Lovelock action (2.1) can be
written as

1
S = E/dew/|g| Ruva? TV g,

and hence the equations of motion of the metric and the connec-
tion respectively are given by

(2.5)

1
Rp.v,o)\ EMVJA + RuvoA ZMU/)A - E 8po Ruvaﬁ Eﬂvaﬁ =0,

(2.6)

Vuzuuaﬁ _ % Q/L)»)\ Elwaﬁ + T(T[L(T Zuuaﬁ
— 1T, B9 =0, (2.7)
with V,, the covariant derivative, Q ., = —V, &y the non-

metricity tensor and Tj,” = 2I'[,,° the torsion of the general
connection I';,”.

Both equations (2.6) and (2.7) can be simplified considerably.
Taking the trace of (2.6) tells us that R s »#vef =0 in any di-
mension except D = 2k, such that the traceless part of the metric
equation in D # 2k is given by

Ruvp” T o3 + Ruve™ THY pi = 0. (2.8)

On the other hand, splitting the general connection I'y,” in its
Levi-Civita part and a tensorial part,

T = D’ + K ?, (2.9)

the connection equation (2.7) can be written in the simple form

VS g+ Kpp® S g — KpupP Y, =0, (2.10)

where V is the covariant derivative with respect to the Levi-Civita
connection. It is worth observing that both (2.7) and (2.10), writ-
ten in terms of X#"%g, are in fact completely general, for any
lagrangian of the type E(gm,,RWpA), not just for the Lovelock
lagrangian (2.1).

Furthermore, using the antisymmetry of the Lovelock X*V,p
in the lower indices, it is easy to show that from (2.10) one can
deduce the necessary (thought not sufficient) condition for the
connection,

(Kupa + K;wtp) g+ (Kupﬂ + Kuﬂp) Py =0. (211)
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3. Levi-Civita as a solution and projective symmetry

It is well known [22-24] that the Levi-Civita connection is a so-
lution of all order Lovelock terms in arbitrary dimensions (D > 2k).
The proof is particularly easy in terms of X*"4g and the decom-
position (2.9): since for the Levi-Civita connection we have that
I?MUP = 0 identically, the connection equation (2.10) takes the form

0=V, ZHt"

_ KVP2A2...Pk k& 3 V2€2 713 y3€3 > Vic€k
=k(k—1) 8aﬁyzez...ykek ViR pyi, Rpsis oo Rpeng ",
(3.1)

which is automatically satisfied due to the second Bianchi identity
for the Levi-Civita Riemann tensor, ?[MRUPM” = 0. On the other
hand, the metric equation (2.6),

. . . . 1 . .
R B or + Ruvo™ EHY o1 — i 8p0 Ruvap P =0,
(3.2)

reduces to the equation of motion for g,, of the Lovelock action
in the metric formalism, without imposing any extra conditions
on the connection. This proves that the Levi-Civita connection is a
consistent truncation in metric-affine Lovelock theory [24].

It is straightforward to see [3] that the Lovelock action (2.1) is
also invariant under projective transformations,

T? — T’ = T + Ausy, (3.3)

in fact almost trivially so. Indeed, since the Riemann tensor trans-
forms under projective transformations as

Ruvp™ (1) = Ryuwp™ () = Ryuwp™(0) + Fuun(A) 85, (34)
with Fj,,(A) = 29j, Ay, the Lovelock X-tensor (2.4) is invariant
under (3.3),

m UV 1, sHVP2A2.. PrAk € €2
e > X aﬂ—k(saﬁyszykek Rppig*? 4 Fppy1,8"

s [R,Okkkykq( + F,Ok?»kngEk]
= Eﬂvaﬂa (3-5)

due to the antisymmetry of the §-tensor and the symmetry of the
metric. For the same reason we have that

ﬁ;waﬁ ilwaﬁ = [Ruvaﬂ + Fuv(A) gaﬂ] leaﬁ
=R T g (3.6)

and hence the action (2.5) is invariant.

Just as in the case of the Einstein-Hilbert action, the projec-
tive invariance of the Lovelock action allows for solutions of the
connection equation of the type (1.2). Moreover, given an affine
connection I'y,” (not necessarily Levi-Civita) that is a solution to
the equations (2.6) and (2.10), we can always build a new connec-
tion

Fuvp = F;wp + A[L 85» (3-7)

that also solves the same equations of motion. Just as for the
Einstein-Hilbert case, the projective symmetry of the action guar-
antees that I_‘,wﬂ and I'y,” are physically indistinguishable. There-
fore, the space of affine connections allowed by the equations of
motion of Lovelock theories consists of a set of equivalence classes
[T'], where different elements within the same class are related as
in (3.7) with arbitrary A, while connections from different classes
describe different physics.

It is sometimes said that the metric and the Palatini formalism
are equivalent for all Lovelock theories. However strictly speaking
this would only be the case if the space of solutions contains [I']
as unique equivalence class. In other words, if the only allowed so-
lutions are of the form (1.2). While this is clearly the case for the
Einstein-Hilbert action [1-3], it remains an open question for the
higher-order Lovelock theories. What distinguishes the Einstein-
Hilbert action from the rest of the Lovelock terms is the fact that
X"V p does not depend on I' and therefore the connection equa-
tion (2.10) is an algebraic equation. In the general case, however,
(2.10) is a non-linear second-order differential equation for I'.

We will show that in general the metric and the Palatini for-
malisms are not equivalent for higher-order Lovelock theories, by
presenting a concrete counterexample for a specific theory: the
Weyl connection for the four-dimensional Gauss-Bonnet term.

4. The Weyl connection as a solution

We now consider the D-dimensional second-order Lovelock
term, also known as the Gauss-Bonnet action,’

£ @ 1) = Viglshle R (M) R (D), (41)
such that the X-tensor (2.4) takes the form
T = zagg;’i Rpi?€(). (4.2)

We will try to find a non-trivial connection I, (i.e. not of the
form (1.2)) that solves the metric and connection equations (2.6)
and (2.10) for the case k = 2.

Our Ansatz will be the generalised Weyl connection,

l:p,vp = f‘,uvp + A,us\/;) + By 3/3 - Cpguw (4.3)

characterised by three arbitrary vector fields A,, B, and Cj.
Strictly speaking, A, represents the projective symmetry of the
action and can be gauged away completely. However for future
reference, we prefer to maintain the calculation general for the
moment. The Riemann and the X-tensor for this connection are
then given by

Ruvp” = Ry + Fun(A) 85 + [vﬂsp —Busp]sﬁ
— [VuBp = BuBp o) — [ViuC* — CuC* g
+ [%cA - ch*]gﬂp — ByC® [5,ﬁgw - aﬁgﬂp]

Sy = EM0p + $(D =380 V,BY — BB |

+ 1D —3)8l50 [ﬁpcV — cpcy]

+ $(D—2)(D - 3)55;3(,@. (4.4)

Plugging the Ansatz (4.3) in the necessary condition (2.11), we find
that

T Written out explicitly in terms of the curvature tensors, the action (4.1) is given
by

1
L= ViEl[R? - RERD™ +2 RIRO™ — AR

+ RuUpARpAuv]’

where Rf}ﬂ = RMV’\ is the Ricci tensor, Rf& = g/’*RMp»M, the co-Ricci tensor and

R = g’“’Rm the Ricci scalar. However, we will prefer to work throughout this
paper with the Z-tensor notation.
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OE (RMPO‘ + k,uo(p) iu‘)pﬂ + (Rﬂpﬁ + RM/SP) i'bwpot
= Z(Bp — Cp)i(au,oﬂ) + (B(a — C(a>iﬂvﬁ)u, (4.5)
which is satisfied only when B, = C,. If we then gauge fix the

projective symmetry by choosing also A, = B, so that we can
write the Ansatz (4.3) as a non-integrable Weyl connection,

f‘,uvp = f‘;wp + By, 31/)) + By 3;1 - Bpg;mm (4.6)
with B, for the moment an arbitrary vector field, whose precise

form should be determined by the equations of motion. Filling in
the Ansatz (4.6) into the connection equation (2.10) yields

0=VuE"ap + Kupa =15 8” — Kupp T* e g
= 5 (D~ )| 2B,5R8Y + 4B*Ruiad) — 28" Rap”|
+ (D —4)(D - 3)[23,,6[(131’5;] — 2B V)pBP 8
+2Bia Yy B”] = §(D —4)(D —3)(D — 2) Bo B Biadf,
(4.7)

which is satisfied for arbitrary vector fields B, in D =4. On the
other hand, the metric equation (2.6) becomes

Oz’éuvak i:'bwﬁk + ﬁuvﬁ)\ i'u'vozk - %go{ﬂ ﬁ,uv,o)\ THvPA
=7é;wot)L iwvﬁk + Té;wﬁ}‘ zollwak - %gaﬁ rféuvp)h SHvpr
+1o —4)[%3,3)7°2 + 2V, B (Rap — L 2apR)
+2ﬁ'u'Bv7é,u(a5)v - 2@(,13”'703/3)#
_ZﬁﬂB(aﬁﬁ)M + 2¢MBV7°2“”gaﬁ]
+ 3D = )[(D = 5)BB" (Rap — S8apR) — BaByR
—2B"*B Ry 8ap + 4(D —3)BH B Ry,
— 2B"B" Ryuapy ]
+ 3(D—4)(D - 3)[2%,13/;)%3“ — 2V, B Vg B
— VB VB gup + VB VB gug |
+ 3D = 4D = 3)[(D — 4 VuBp)B,B"
— 2V, B*ByBg + 2V, BBg)B* + 2B*B Vg B,
— 2BMB"V,Bygap + (D —4)B,LBWUB“gO,ﬂ]
+ 15(D —4)(D —3)(D — 2)[4BMB"BO,B,3
+(D— S)BMB”BUB”gaﬁ], (4.8)

which in D =4 reduces to equation of motion for g, in the met-
ric formalism,

f’i;x.voz)L i:lwﬁ)\ + ﬁuvﬁ}\ iwvak - %gaﬁ 7i;w,o)h TP = 0,
(4.9)

In other words, the Weyl connection (4.6) is a solution of four-
dimensional metric-affine Gauss-Bonnet gravity for any g, that
satisfies the equations of the metric formalism.

5. A vector symmetry of D =4 Gauss-Bonnet theory

In section 3 we have seen that the existence of the nontrivial
connection (1.2) T'y,? = 'y” +A,80, as a solution in any metric-
affine Lovelock theory is a consequence of the projective symmetry
Ly’ — l_“,wp =T+ A,L(Sf. In this section we will argue that
our new solution (4.6) is also related to a symmetry, namely the
conformal invariance of the four-dimensional Gauss-Bonnet action.

Conformal invariance and Weyl transformation have not been
studied much in the context of metric-affine gravity. In [26] con-
formal rescalings of the metric are used to discuss the relations
between the metric and Palatini formalism of in f(R) gravity in
both the Einstein and the Jordan frame. More recently, in [27] a
detailed classification was given of the metric-affine theories in
terms of their scale invariance under rescalings of the metric, the
coframe and/or the connection.

It is well known that the metric Gauss-Bonnet theory in D =4
is invariant under conformal transformations of the metric,

g — & = e? Euv, (5.1)

which on its turn change the Christoffel symbols as

= T = T + 9,980 + 9v9 8l — 3P guv. (5.2)

On the other hand, as any metric-affine quadratic curvature term
[28], the four-dimensional metric-affine Gauss-Bonnet theory is
easily seen to have conformal weight zero, i.e. to be invariant un-
der the conformal transformations (5.1) of the metric, though in
this context without a accompanying transformation in the affine
connection, as the latter is independent of the metric.

The invariance of the D =4 metric-affine Gauss-Bonnet term
under the metric transformation (5.1) shows that in the metric
formalism the transformation of the metric (5.1) and of the con-
nection (5.2) are in fact quite independent of each other: (5.1)
acts effectively only on the explicit metrics in the contraction of
the Riemann tensors and the effect of (5.2) remains constrained
to the curvature tensors. One could therefore ask the question
whether the metric-affine Gauss-Bonnet action is also invariant
under (something similar to) the transformation (5.2), indepen-
dently of a metric transformation.

In [29-31] it was already observed that actions with Gauss-
Bonnet-like quadratic curvature invariants (i.e. general combina-
tions of quadratic contractions of the Riemann tensor, that reduce
to the metric Gauss-Bonnet action when the Levi-Civita connection
is imposed), when equipped with the (non-integrable) Weyl con-
nection (4.6), can be written as the standard (Levi-Civita) Gauss—
Bonnet action plus a series of non-minimal coupling terms for
the Weyl field B, plus a kinetic term F,(B)F*"(B). Curiously
enough, the non-minimal couplings vanish precisely in D =4 and
the kinetic term is multiplied by a coefficient that vanishes when
the parameters of the extended Gauss-Bonnet term are chosen
such that the action is the actual metric-affine Gauss-Bonnet term
(4.1). In other words, the metric-affine Gauss-Bonnet action (4.1)
does not see the difference between the substituting the Weyl or
the Levi-Civita connection.

Inspired by this and by the fact that in the previous section we
found that the integrable Weyl connection (4.6) is a solution to the
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metric and the connection equation, it seems logical to check the
invariance of the action (4.1) under the transformation

w? — Tp? = Tw” + Busl) + Bydl — BPguy,  (5.3)

not just as a deformation of the Levi-Civita connection (as in
[29-31]), but as a transformation acting on general connections
in the action (4.1), much in the same way as the projective trans-
formations (1.4). Note that the Bué\’f term can be undone by a
projective transformation with parameter —B,,, so we can actually
simplify the transformation (5.3) to

Fw? — Tu? = Tw” + Byél — B gy (5.4)

Up to boundary terms coming from integrating by parts, the four-
dimensional action then transforms as

Lcp(g,T) — Lga(g, D), (5.5)
with

Loa(e. T) = Lap(e. T) — 4B"B'[R{L) + R{ |
— 20" [Bu(RY) + RE) + B (Ruvpp + Riors)

— B*By(Qiup — 2Qpan) — BuBu(QS — Q)
+ 2B, VyB, + 4B,V,B,

+2ByB T + ZB,LBUTM]
_2Q<1m[3v(739& — RY) — guuR) — 2B, ByBY

~2B,VyB" + 2BVyB, + 3B,8" Q)"
+2Q<2m[3v(73913 + RY) + 2B, VyBY + 2B"V, B,

+2B, B Tu ], (5.6)
where RS& =Ruw™ is the Ricci tensor, R,(f‘)) = g"*Rprv the co-
Ricci tensor, R = gV R, the Ricci scalar and Q,(Ll) = QMK and
Q,&z) = Q*,\M the two traces of the non-metricity tensor Q .y =
—V5,8vp-

We can see then that in fact the four-dimensional metric-affine
Gauss-Bonnet term (4.1) with general connection I'y,,,” is not in-
variant under (5.4). However, taking into account that the Ricci and
the co-Ricci tensor are in general related to each other as

R;fl)J = _Rﬂl)) + gpkv,u Qpvi + gp)hvp Quvx + gpATqu Qovis
(5.7)

it is clear that the difference between L¢g(g,I") and EGB(g, D
is proportional to the non-metricity tensor, its derivatives and its
traces. In other words, the transformation (5.4) is indeed a sym-
metry, not of the full four-dimensional metric-affine Gauss-Bonnet
action, but of the restriction of this theory to the subset of metric-
compatible connections, which turns out to be a consistent trunca-
tion of the full theory (see Appendix A). The symmetry transforma-
tion (5.4) not only generalises the results of [29-31], but also ex-
plains why the Weyl connection (4.6) appears as a solution to the
Palatini formalism in the four-dimensional Gauss-Bonnet action: it
arises by acting on the Levi-Civita solution first with the new vec-
tor symmetry (5.4) and then with a projective transformation (3.7)
with the same parameter. Note that the order of these transforma-
tions is important, as the vector transformation is only a symmetry
on the subset of metric-compatible connections. This subset itself

is not invariant under projective transformations, since any projec-
tive transformation necessarily induces a non-trivial non-metricity:
Quvp = Quip = Q;wp + ZAMgvp-

6. Conclusions

While looking for solutions of the connection equation of
metric-affine Gauss-Bonnet theory Lgg(g, ") (4.1), we have iden-
tified a number of transformations in the theory. Besides the in-
variance under projective transformations,

Tw? — T = T’ + Aust, (6.1)
present in any dimension, we also found a vector transformation

T” — Tu? = Tp” + Bydl — B guy, (6.2)

which is a symmetry specifically in four-dimensions and only if we
consider the theory to be restricted to metric-compatible connec-
tions (LgB|g=0). However, this vector transformation will play an
important role in the full (four-dimensional) theory Lgp.

To our knowledge, this vector symmetry (6.2) of the truncated
theory Lgplg=o is new, although a special case was already ob-
served in [29-31]. Both the A, and B, transformations seem
somehow to be related to the conformal invariance of the four-
dimensional Gauss-Bonnet action in the metric formalism,

g — Euv = ez¢guv7
F? = T? = D + 9u98h + vp sl — 3°¢ guv-
(6.3)

Note that the conformal weight of the four-dimensional Gauss—
Bonnet term is zero, both in the metric as in the metric-affine
formalism. Therefore, in the metric case, the (d¢)-terms that come
from the transformation of the Levi-Civita connection cancel out
amongst each other, and hence the transformation rules (6.3) for
the metric and the connection do not interfere with each other in
the variation of the action (4.1). Moreover, in the metric-affine for-
malism, where the metric and the affine connection are indepen-
dent variables, one can separate both transformations completely,
finding that the action is invariant under both of them separately,
at least in the subset of metric-compatible connections. The re-
markable thing is that the metric-compatible Gauss-Bonnet term
allows not only for integrable Weyl vectors B, = 9, ¢, but also for
non-integrable ones, B, # 9,,¢, as the transformation is no longer
related to a conformal transformation of the metric.

To understand the mathematical structure of the space of solu-
tions of the full four-dimensional Gauss-Bonnet action Lgp (4.1),
it is necessary to see how the transformations (6.1) and (6.2) act
on the connections. It is straightforward to see that the projective
transformation changes both the trace of the torsion and the non-
metricity, but that the B, transformation only acts on the trace of
the torsion and leaves Q ., invariant:

T” = T’ + 2(Ap + Br)sh),
Quvp = Quup + 2A;80p- (6.4)

There is a certain similarity, although also mayor differences,
between our transformation (6.2) and the torsion/non-metricity
duality discussed in [32]. There it was shown that in f(R) gravity
the same physical situation can be described by different geomet-
rical descriptions, either in terms of the torsion or in terms of
the non-metricity, due to the fact that the projective symmetry
of these theories interchanges the degrees of freedom of T;,,” and
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Qup” (see also [2] for a similar observation in the context of the
Einstein-Hilbert action). As can be seen from (6.4), this property
is not limited to four-dimensional f(R) gravity, but is present in
any projectively invariant theory that allows the Weyl connection
as a solution. However, an important difference between our case
and [32] is that the B, transformation in general is not a duality
that relates physically equivalent situations, but, as we will show, a
solution generating transformation, that maps certain connections
onto other physically inequivalent ones.

As we mentioned before, the B, transformation is a symmetry
when the theory is restricted to the subset of metric-compatible
connections, but not of the full theory. This means that the con-
nection space in the truncated theory L£gg|qg=0 can be divided into
equivalence classes, which are the orbits of the B, transforma-
tions. Two connections in the same orbit differ by the trace of the
torsion and are physically indistinguishable, as the B, transforma-
tion is a symmetry in Lcp|q=0. Two connections in distinct orbits
differ also in the traceless parts of the torsion.

However, from the point of view of the full theory Lgg, the
B,, transformation is not a symmetry, but a solution-generating
transformation, as different solutions of the (consistently) trun-
cated theory Lcplg=o are guaranteed to be also solutions of the
full theory. Within the Q =0 subset of the full theory, the B,
transformation hence maps solutions of the connection equation
in other, physically inequivalent solutions. On the other hand, out-
side the Q = 0 subset, the flow of the B, transformations also
exists, but possibly map solutions of the theory into connections
that do not satisfy the equations of motion.

Finally, the projective transformation (6.1) does not maintain
solutions inside the Q = 0 subset, as it changes the trace of the
non-metricity (as well as the trace of the torsion). The orbits of
the A, transformation that cross the Q =0 subset have a pure-
trace non-metricity, Qup = %Q,w"gup, while the connections
that have an additional non-trivial parts of Q,, lay on orbits of
A, that do not intersect the Q =0 subset. Since the projective
transformation is a symmetry of the full action L¢g, all connec-
tions on the same orbit of A, are indistinguishable and hence
physically equivalent.

With this structure in mind, we can see that the two-vector-
family of solutions we have found for the metric-affine Gauss-
Bonnet action is of the general form
T =T + Aush + Byél — B g (6.5)
These solutions span a subset that is generated on the one hand
by the B, orbit in the Q =0 subset that contains the Levi-Civita
connection and on the other hand by the A, flow intersecting pre-
cisely this lz‘m/’ orbit (see Fig. 1). As far as we know, these are the
only connections that are known to be solutions to L¢g. But it
should be clear that if a new solution fﬂvp were to be found on
another one of the B, orbits in the Q =0 subset, the flows of
the A, and By transformation would generate a new two-vector-
family of solutions I'y;,” = ['yy? +Au8% + B8l — BP g,y It seems
therefore reasonable to expect a (discrete or continuous) family of
non-intersecting subset of solutions, each one characterised by the
orbits of the B, transformation that form the intersection with the
Q =0 plane.

We believe this structure not to be unique for the four-
dimensional Gauss-Bonnet action, but for any Lovelock theory in
critical dimensions (i.e. for the k-th order Lovelock term in D = 2k
dimensions). We believe the existence of the non-trivial solu-
tions is an indication of the non-topological character of Lovelock
theories in critical dimensions, in the presence of non-metric-
compatible connections.

Fig. 1. The structure of the space of connections in four-dimensional metric-affine
Gauss-Bonnet theory: the B, transformations (6.2) act as a solution-generating
transformation in the subset of metric-compatible connections (Q = 0), while the
A, transformation relate physically equivalent connections, thanks to projective
symmetry of the theory. The solutions I" given in (6.5) form a subset spanned by
the orbit of the B, transformation that contains the Levi-Civita connection I" and
the orbits of the A, transformation intersecting the aforementioned B, orbit. The
orbits of A, that do not cross the Q =0 subset have a non-metricity tensor that is

. 1
not pure trace, Quup # 5 Quo? gup-

On the other hand, not much is known about the solutions of
the four-dimensional Gauss-Bonnet action that are not generated
through the flows of the A, and B, transformations from the Q =
0 subset, i.e. that have at least one part of the non-metricity that
is not pure trace, Qg up # %ng"gl)p (besides the general prop-
erty that they can be divided in the equivalence classes formed by
the A, orbits). Similarly, to our knowledge, there are no connec-
tions, other than (1.2), known to be a solution of the Gauss-Bonnet
action in dimensions D > 4.

However, the fact that we have found non-trivial (that is, non-
equivalent) solutions for the specific four-dimensional case, dis-
proves the commonly accepted statement that the metric and the
Palatini formalism are equivalent for general Lovelock lagrangians.
Indeed, even though the Levi-Civita connection is always a so-
lution to the metric-affine Lovelock actions, it is now clear that
in general, higher-order Lovelock theories can allow for physically
distinct connections. It would be interesting to find explicit non-
trivial solutions for Lovelock theories in non-critical dimensions.
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Appendix A. Q =0 as a consistent truncation

In this Appendix we will show that metric-affine Lovelock the-
ories restricted to the subset of metric-compatible connections are
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consistent truncations of the full theories. We will work in the tan-
gent space description, where the metric degrees of freedom are
represented by the Vielbeins e®;,, which are the components of a
local orthonormal coframe, and the affine connection is substituted
by the components of the connection one-form, a),wb , through the
appropriate basis transformation (sometimes called the Vielbein
Postulate). The reason is that the non-metricity of the connection
in this set-up is given by the symmetric part of the spin connec-
tion, Q™ =D, n® = 2w, @®.

We start by con51der1ng a general action of the form S =
f dPx L(e, R(w)). The variation of the action with respect to the
affine connection, up to boundary terms coming from partial inte-
gration, is given by

8wS /de|e| SV SR e (@)

_ _z/d"x|e| (%= 10107 + Ti0%) 249,
- %T)»au z:}‘Uab]((swp,ab), (A1)

where THV8, = e%, ef) EHve s, with £#Y%g as in (2.3). The equa-
tion of motion, restricted to metric-compatible affine connections
is then of the form

(61 + Txoa) xhua,

0. (A2)

Q=0
Here we used the notation a),m" = Wyq |Q —o for metric-compatible
connections and VM and T,w“ for their covariant derivative and
their torsion. Furthermore, £#Y%,|q—g is the Z#"%,-tensor (2.3),
constrained to metric-compatible connections, i.e.

E‘“"J‘ﬁ‘ 1 §S ‘ '
Q=0 _ Vgl SRuval Q=0

On the other hand, consider now the same theory S|g—o =
S dPx L(e, R(®)), but restricted to connections that are metric-
compatible, already at the level of the action. The variation of this
action with respect to the connection is then given by

»(Slg=0) = f dPxle| £HV) 8R e’ (@)

(A3)

=-2 / dPx|e| [(% + T10?) M),
= 3o £ [6aud).  (A4)

where now TH"®g is the E-tensor that arises from the variation
with respect to d),wb,
1 éS
B= =75 3
Vgl R yva?
The connection equation of S|g=o = deXL(e, R(@)) is therefore
of the form

(6x+ TAUG> ikuab - %T}«;M’ ikaab = 0.

SHva (A.5)

(A.6)

In general, it turns out that X*"*g|q—o # fl’“’“ﬂ. One way of
seeing this is by realising that ﬁuvaﬁ (and hence also iﬂ“’“ﬂ)
is always antisymmetric in the last two indices, but R,waf’ in
general is not. Therefore, the connection equation (A.6) of the trun-
cated theory S|g—o is in general not identical to the truncated
connection equation (A.2) of the full theory S.

In fact, S|g—o is a consistent truncation of S if and only if the
two X-tensors coincide: XH*V¥glo—_g = )5’“’“;3. In particular, this

turns out to be the case for the Gauss-Bonnet action (4.1) and,

more generally, for all metric-affine Lovelock theories (2.1). Indeed,
from (2.4) it is straightforward to see that

By =K Ry B

=k Sl 2 R 5,122 oo R |

— | (A7)
since by definition R va? = Ryve’lq=o-
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