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Projective invariance is a symmetry of the Palatini version of General Relativity which is not present
in the metric formulation. The fact that the Riemann tensor changes nontrivially under projective
transformations implies that, unlike in the usual metric approach, in the Palatini formulation this
tensor is subject to a gauge freedom, which allows some ambiguities even in its scalar contractions.
In this sense, we show that for the Schwarzschild solution there exists a projective gauge in which the
(affine) Kretschmann scalar, K = R* meaﬁ“", can be set to vanish everywhere. This puts forward that

the divergence of curvature scalars may, in some cases, be avoided by a gauge transformation of the

connection.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

It is a widely accepted fact that General Relativity (GR) can be
seen as an effective theory which will be superseded by a possibly
quantum version when the curvature reaches the Planck scale. This
is well illustrated by the Schwarzschild space-time,

2M 1
ds? — — (1 — _> dt> + ————dr? + r*(d6? + sin® 0 d¢?) ,
r (1 _ w)
r
(1)

which is the spherically symmetric solution of the vacuum Ein-
stein equations, G,, = 0 with total mass M. Some components
of this line element diverges at r = 2M and at r = 0. Unveiling
the nature of these divergences was crucial to fully understand the
physics of black holes. In this sense, since GR is a diffeomorphism
invariant theory, one can choose new coordinates (for instance,
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Eddington-Finkelstein) such that the metric singularity at r =2M
turns out to be avoidable. The r = 0 divergence, on the con-
trary, cannot be removed by coordinate transformations because
the coordinate-independent Kretschmann scalar explodes there as
K = R%guyRoP*Y = 48M?/r®. This argument is generally used to
conclude that a Schwarzschild black hole has a genuine curva-
ture singularity at r =0 [1-10]. The unbounded curvature sug-
gests that classical GR should break down when K ~ 1 /lj‘, (where

Ip = /hG/c3 is Planck’s length), where the quantum gravitational
degrees of freedom are expected to play a non-negligible role. The
Schwarzschild solution, therefore, encapsulates the beginning and
the end of GR, in the sense that it illustrates both the novelties of
the theory and its physical limitations.

Given the importance of the physical limitations of the theory
already raised by the Schwarzschild solution, it is worth consid-
ering if different realizations of GR are also affected by the same
problems, since this could help envision new ways to tackle the
quantum gravity issue. Among the various possibilities, the Pala-
tini formulation can be regarded as the most natural one as, in fact,
it has served as the starting point for several important develop-
ments such as the ADM formulation [11], supergravity [2], Deser’s
completion of a diffeomorphism invariant massless spin two the-
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ory from flat to curved space-time [12], etc. Moreover, it is concep-
tually closer to the Einstein-Hilbert formulation than the telepar-
allel approaches (based on torsion or non-metricity with vanishing
Riemann [13]), which facilitates the qualitative and quantitative
comparison with respect to the standard framework.

The main aim of this work is thus to emphasize the geomet-
ric inequivalence between the metric and the Palatini formulations
of GR and to put forward the relevance of the symmetries associ-
ated to the connection in order to deal with curvature pathologies.
In our opinion, this point has received little attention in the liter-
ature despite its potential implications for our understanding and
interpretation of gravitational phenomena.

2. Test particles, projective invariance, and the Palatini
formulation of GR

Rooted on the equivalence principle, whose experimental status
still enjoys very good health (see e.g. [14]), test particle paths in
GR are determined by the geodesic equation, which in an arbitrary
parametrization A takes the form

o X% dxP dxt

d?xm
—+ ——=f(A)—, 2
a2 Tlesgr g =7 M g <
where I‘gﬂ are the components of the connection. An affine
parametrization t(A) is the case in which the right-hand side van-
ishes and, in general, it can be found by solving f(1) = 13, /7,
with 7, =dt /dX, which turns the above equation into

d2xk s dxP
a2 Tl e T
In the affine parametrization we can say that the fictitious force
term on the right-hand side of (2) has vanished, which provides
optimal conditions for the analysis of test particles. Obviously,
since optimal experimental conditions are useful but not strictly
necessary, physical paths are independent of the parametrization
chosen in much the same way as curvature scalars are indepen-
dent of the coordinates chosen.

Though the affine parametrization may seem to split clocks in
two classes, namely, those for which the right-hand side of (2)
vanishes and those for which it does not, this is not quite so. In
fact, when the paths in a given parametrization are known, it is
always possible to find a one-form & = £,dx*, whose components
satisfy &a% = —f (), such that A becomes the affine parameter
of a new connection

3)

fgﬂ = rgﬂ + &40, (4)
whose paths, obviously, coincide with those of the original Fg 5 In
terms of I:Zﬂ, Eq. (2) turns into

P i
2 P d
This shows that free particle paths are not uniquely associated to
the connection I‘Z but to a family of connections f‘z related
to the original one via the so-called projective transformations (4)
[15,16]. Indeed, given the form of the geodesic equation, this fam-
ily of connections is simply another manifestation of the freedom
we have in the parametrization of a given path’

(5)

T It should be noted that the normalization of the tangent to a given path de-
pends on the parametrization of the curve: g, % % =s(dr/dr)?, with s =0, —1
for null and time-like trajectories, respectively. For time-like paths, the choice of

Besides leaving invariant the paths followed by test particles,
projective transformations are also a symmetry of the Einstein-
Palatini action

1
Sgp=——+

=T d*xv/—gg" Ry (T) . (6)

To see this, we first note that the Riemann curvature tensor is
mathematically defined in terms of a connection F]’j‘u, a priori in-
dependent of gy, as Rupv () = 9pT5, — T, + TG, T, —
F‘;‘AI‘%M. From a field theory perspective, R%;4,(I") can be seen
as the field strength of Fﬁu, and under the projective transforma-
tions (4) it changes as

R gy (D) = R 11y (D) + 85, F oy )

where F,, = 9,8, — 0,&, is the field strength of &,. Since (6)
only depends on the contraction of the metric with the Ricci ten-
sor, Ryuy() = R%40(T) = Ryuy(I) + Fpy, the antisymmetry of
F,» guarantees the invariance of (6) under projective transforma-
tions: g’“’le(f‘) = g"VR,,» (). This shows the unphysical (gauge)
character of £, which neither affects the space-time metric equa-
tions/solutions nor test particle trajectories. Note, in this sense,
that only the symmetric part of the Ricci tensor enters in the Ein-
stein tensor, which implies that G,w(f‘) =Gu@).

We now recall that in the metric (or Einstein-Hilbert) formu-
lation of GR, the metric is the only geometric field. The Palatini
formulation, on the contrary, considers metric and connection as
equally fundamental and a priori logically independent geometric
entities, in such a way that the form of the connection follows
from solving the connection equation upon independent variations
of the metric and the connection. The introduction of the affine
connection as a fundamental field allows to enhance the sym-
metries of the theory from diffeomorphism symmetry alone to
diffeomorphism plus projective symmetries. As a result, the most
general solution for the connection is the Levi-Civita one plus an
arbitrary projective mode. This indicates that the metric formula-
tion of GR can be seen as a particular projective gauge fixing of
the Palatini one [17,18]. Though these two formulations satisfy the
same Einstein equations,” the different symmetry properties that
they possess turns out to be very relevant for their underlying ge-
ometric interpretation, as we will see next.

3. Projective transformations and curvature invariants

From the transformation law (7), one readily sees that the affine
Kretschmann scalar, K = R¥ g, Ry##”, is not invariant under pro-
jective transformations. In fact, it changes as

K(T) = K(T) 4 4F ,, F1V . (8)

In light of this, one can consider the Schwarzschild solution (1),
for which K(I') = 4‘1’2{’2, and take, for instance, &, = (#(r),0,0,0)
with ¢(r) = £4/3/2M/r? to find a physically equivalent descrip-
tion, with the same metric and the same geodesic paths, but in

parametrization should be irrelevant as long as it is monotonical, i.e., dt/dx # 0.
The failure of this norm to be —1 can be seen as either an effect of the non-
metricity (Quuy = V{g,“, #0) induced by the projective transformation or as due
to the choice of a clock which does not measure the proper time.

2 Strictly speaking this is only true in vacuum or when minimally coupled to
bosonic matter fields. For fermions, the connection picks up a projectively-invariant
torsional term, but that contribution will be irrelevant for the purposes of this work,
as it is mainly focused on the vacuum Schwarzschild solution.
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which K (I') identically vanishes everywhere. From a physical per-
spective, given the symmetries of the action (6), the choice of pro-
jective gauge should be as irrelevant as the specific set of coordi-
nates chosen to write the line element because the action and the
field equations of the theory are invariant under arbitrary transfor-
mations of both of them. There is nothing in the Palatini version
of the theory that singles out the purely metric gauge &, =0 over
the others, as there is no preferred choice of coordinates to write
the line element. Therefore, in the Schwarzschild solution of the
Palatini formulation of GR, the curvature singularity of K at r =0
is an artifact that can be avoided by changing the projective gauge
from £, =0 to &, = (£+/3/2M/12,0,0,0).

Related to this, note that curing the Kretschmann by shifting
from T}, to [, induces divergences in the antisymmetric part of
the corresponding Ricci tensor which, as shown above, lies in an
unobservable (pure gauge) sector of the theory. The same applies
to the associated torsion and non-metricity tensors induced by the
projective transformation.

One should note, however, that though the affine Kretschmann
scalar, R"‘;;WRQ’B/“’, is not really a scalar under projective trans-
formations, there is another quadratic invariant of the affine Rie-
mann tensor which is indeed a (diffeomorphism and projective)
scalar, namely, P = R"‘f’WR”"a,g. In the Schwarzschild solution,
this quantity becomes P = 48M?/r and diverges as r — 0. The
fact that the quadratic scalars K and P are degenerate in the met-
ric formulation of GR but are radically different in the metric-affine
formulation, puts into question the physical meaning of curvature
invariants as proxies for pathological behaviors. In this sense, it is
also worth noting that in nonvacuum space-times other types of
projective-invariant curvature divergences associated to the Ricci
and (symmetric) Ricci-squared scalars may arise. The insensitiv-
ity of such quantities to the projective modes may be related in
this case to the fact that minimally-coupled matter fields are pro-
jectively invariant as well. This puts forward the different nature
of such divergences (as compared to those of the Riemann ten-
sor and the scalar K), which claims for a different approach for
their regularization and/or interpretation. In the case of electrically
charged black holes, for instance, the (symmetric) Ricci-squared
scalar Ry, R"V diverges as ~ q*/r® if Maxwell electrodynamics
is assumed. This divergence is inherited from the matter stress-
energy tensor, which diverges as ~ q2/r* and, therefore, has infi-
nite total energy. If nonlinear matter effects are considered, such as
in Born-Infeld electrodynamics [19], the stress-energy divergence
is weaker, ~ 1/r2, which regularizes the total energy of the field
but, nonetheless, generates a curvature divergence R, R*¥ ~ 1/r4.
Whether or not this curvature divergence should be interpreted as
a pathological geometric effect, despite describing a matter sector
with bounded total energy, is a question that should be further
explored [20].

4. Summary and discussion

In this work we have used the classical Schwarzschild solution
to illustrate that the metric and the Palatini versions of GR are not
geometrically equivalent. While in the metric formulation the Rie-
mann tensor can be regarded as an observable associated to the
(unique) Levi-Civita connection of the metric, in the Palatini ver-
sion its physical status is more subtle because it is not invariant
under all the symmetries of the theory. In fact, the existence of
an extra symmetry associated to the connection implies that the
affine Riemann curvature tensor in the Palatini version is subject to
an additional gauge freedom which is not present in the standard
metric approach. Although the existence of this symmetry was al-
ready well known in the literature [21-25], to our knowledge its

impact on curvature invariants had not been studied yet. The Pala-
tini approach has received significant interest in the last decade in
relation with extensions of Einstein’s theory of the f(R) or Born-
Infeld types (see [26] and [27] for comprehensive reviews), which
are particular cases of the so-called Ricci-based gravities [27-33].
The relation between Palatini and metric formulations of f(R) has
also been analyzed in many works [25,34-37].

Exploiting the projective freedom, we have shown that the
problems in the Schwarzschild metric (1) at r =2M are as empty
of physical significance as the blowup of the affine Kretschmann
scalar K at r =0, since both can be avoided by a suitable gauge
choice of coordinates or of projective mode, respectively. The pro-
jective freedom, however, does not help in removing neither met-
ric divergences nor curvature divergences of projective-invariant
quantities, such as that in the scalar P = R“ﬂwR“”aﬂ in the
Schwarzschild solution and others in the Ricci tensor in non-
vacuum space-times. Indeed, notice that since the metric version
of GR can be seen as a (projective) gauge fixed Palatini GR, all
quantities invariant under diffeomorphisms and projective trans-
formations in the latter will be in one-to-one correspondence with
the corresponding invariants of the former. Nonetheless, the possi-
bility of gauging away some geometric infinities by considering al-
ternative representations of the classical theory with an enhanced
symmetry group is an encouraging new result that motivates the
exploration of alternative realizations of Einstein’s theory with ex-
tra symmetries encoded in fields other than the metric. This sug-
gests a novel research avenue that will be further considered in
the future. In particular, the potential construction of nontrivial
covariant derivatives (other than the purely metric) leading to dif-
feomorphism and projective invariant quantities should be further
explored.

To conclude let us point out that, since projective transforma-
tions neither change the form of the metric nor geodesic paths,
they cannot cure the singular character of the Schwarzschild so-
lution, which is geodesically incomplete. Geodesic completeness is
essential to avoid the destruction of information or its creation out
of nowhere (by naked singularities) and also for the very existence
of observers, who are essential to perform measurements. Our
findings about the possibility of removing some curvature diver-
gences by means of symmetry transformations further reinforces
the idea that the blowup of curvature scalars should not be seen
as the reason for the geodesic incompleteness on which the sin-
gularity theorems are based [38-43] (see [44,45] for illuminating
and in-depth discussions of the notion of a singular space-time).
This has been recently verified in some explicit counter-examples
in the Palatini formulation of modified theories of gravity [46,47],
in which curvature divergences do not prevent geodesic complete-
ness. In light of this, any argument based on the blowup of affine
curvature scalars to estimate the scale at which quantum gravity
effects are relevant (see our introduction above) might be mislead-
ing if the underlying space-time structure is not strictly Rieman-
nian. A deeper understanding of this issue could help envisage new
strategies in the search of an improved theory of matter and grav-
ity free of the pathologies of the metric formulation of classical
GR.
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