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Abstract: In this paper, we study the existence of viscosity solutions to the Gelfand problem for the 1-homo-
geneous p-Laplacian in a bounded domain Q ¢ RY, that is, we deal with

1
—ﬁwuﬁ—f’ div(|]Vu[P2vu) = Ae¥

in Q with u = 0 on 0Q. For this problem we show that, for p € [2, co], there exists a positive critical value
A* = A*(Q, N, p) such that the following holds:

o IfA < A*, the problem admits a minimal positive solution w,.

o IfA > A%, the problem admits no solution.

Moreover, the branch of minimal solutions {w,} is increasing with A. In addition, using degree theory, for
fixed p we show that there exists an unbounded continuum of solutions that emanates from the trivial solu-
tion u = 0 with A = 0, and for a small fixed A we also obtain a continuum of solutions with p € [2, co].
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1 Introduction

This paper deals with the Gelfand problem corresponding to the 1-homogeneous p-Laplacian,
{ —Agu =Ae* inQ,

P
u=0 on 0Q, (Pa.p)

where Q ¢ RY isaregular bounded domain, p € [2, co] and the operator Ag isthe 1-homogeneous p-Laplacian
(it is also called the normalized p-Laplacian) defined, for p < co, by
1
ANy := ——|Vu|>P div(|VulP~2Vu) = aAu + BAsu,
14 p- 1
witha=1/(p-1)and = (p-2)/(p - 1), and for p = oo,

Vu Vu
Agu=ANu=——.(D*u—
ST vl ( IVu )
is the 1-homogeneous infinity Laplacian. These kinds of elliptic operatorsfor2 < p < cohave 1 and 1/(p - 1)
as ellipticity constants, hence there is a lack of uniform ellipticity when we let p — co. Therefore, the theory
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of uniformly elliptic operators can not be applied. Moreover, we remark the lack of variational structure and
differentiability of this operator, in contrast to what happens with the classical p-Laplacian. This fact implies
that the theory concerning “stable solutions” can not be applied to our problem.

Note that the 1-homogeneous p-Laplacian is a convex combination of Laplacian and infinity Laplacian
operators since a + f = 1. Moreover,a = 1, = 0ifp = 2,and @ — 0, 8 — 1asp — oo. This operator appears
when one considers Tug-of-War games with noise; see [18, 23, 24], where the Poisson problem is studied.
Moreover, the sublinear problem and the eigenvalue problem associated to the 1-homogeneous p-Laplacian,
namely, the problem with right-hand side Au? for 0 < g < 1, has been studied in [20] and [19]. In view of
these two references it seems natural to deal with the superlinear case (which for this operator is challenging
due to the fact that there is no variational structure and no Sobolev spaces framework).

Concerning the Gelfand problem, since it is a classical problem, there is a large number of references. We
refer to [2, 4, 5, 10, 21] and the references therein for the Laplacian, and to [25] for the fractional Laplacian.

Our first result for this problem reads as follows.

Theorem 1.1. Forevery fixed p € [2, +00], there exists a positive extremal parameter A* = A*(Q, N, p) such that
o ifA < A*, problem (P, p) admits a minimal positive solution wy;

» ifA > A*, problem (Py,p) has no positive solution.

Moreover, the branch of minimal solutions {w,} is increasing with A. Even more, in the case of a ball, Q = B,, the
minimal solution is radial.

One of our main tools for the proof of this result is a comparison principle (that we prove here) adapted to the
particular structure of the 1-homogeneous p-Laplacian (see Theorem 3.3). This result generalizes previous
ones in [3, 20]. We believe that this comparison principle is of independent interest.

Using arguments from degree theory, we can obtain the following result concerning solutions that are not
necessarily the minimal one. Remark that we even obtain a continuum of solutions for a fixed p using A as
parameter, or for fixed A small taking p as parameter. More precisely, for fixed p we denote by ., the solution
set

Zp ={(A,u) € [0,A*(Q, N, p)] x C(Q) : u solves (Prp)}-

Analogously, for fixed A we denote by S, the solution set
81 = {(p, w) € [2, 00] x C(Q) : u solves (Py )}

Theorem 1.2. For every fixed p € [2, oo], there exists an unbounded continuum of solutions € c .#), that
emanates from A =0, u=0, ie., (0,0) € C. Moreover, for every fixed A < Ay = min{A*(Q, N, 2), (2d%e)™1},
where d is the diameter of Q, there exists a continuum of solutions D ¢ 8 with Proj; ;D = [2, +0o] and
lulleo < 1 forall (p, u) € D.

We remark that, as a consequence of the previous theorem, there is a lower bound for the extremal parameter
found in Theorem 1.1: 0 < Ao < A*(Q, N, p) for every p € [2, +o0].

The use of degree theory is new for this kind of operators. Here we perform homotopies both in the para-
meters A and p. The deformation in p is needed in order to start the argument with the trivial solution u = 0 for
the problem with p = 2 and A = 0, Au = 0, which is known to have degree 1. Note that, due to the nonsmooth-
ness of the operator, there is a nontrivial difficulty in the computation of the degree of the trivial solution to
Ag u = 0. Also note that the necessary compactness is nontrivial; we rely here on results from [7].

Remark 1.3. Our results can be generalized to handle the equation
N
_Ap u= Af(u)y

with a general continuous nonlinearity f that verifies

. . s
f(0) >0, f{(s)isincreasing, j? >k > 0.
To simplify the exposition we just write the details for f(s) = e° and we make a comment at the end of the
paper on how to deal with this general case.
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The rest of this paper is organized as follows: In Section 2, we collect some preliminaries and state the defini-
tion of a viscosity solution to our equation. In Section 3, we prove our comparison result. Finally, in Sections 4
and 5 we prove our main results concerning the Gelfand problem.

2 Preliminaries

In this section, we introduce the notion of a viscosity solution for problem (P, ;). Actually, we give the defi-
nition for a more general family of nonlinearities and we consider the following boundary value problem:

(2.1)

~ANu = Af(x,u) inQ,
u=0 on oQ,

where f: Q x R — R is a continuous function.
Since the normalized infinity Laplacian

Vu Vu
Aot = — - (D*u—
7 |Vl ( IVu|>

is not well defined at the points where |Vu(x)| = 0, we have to use the semicontinuous envelopes of the
operator

& § N
(g,X)._)l_ﬂ-(Xrﬂ), £eRV, X esy,

in order to define viscosity solutions for problem (2.1) (see [8, 9]). To this end, we denote the largest and the
smallest eigenvalue for A € Sy by M(A) and m(A), respectively. That is,

M(A) =maxn-(An), m(A)=minn-(An).
Inl=1 [nl=1

Let us denote by USC(w) the set of upper semicontinuous functions u : w ¢ R¥ — R, and we denote by
LSC(w) the set of lower semicontinuous functions.

Definition 2.1. (i) u € USC(Q) is a viscosity subsolution of the equation —Af,’ u = Af(x, u) if whenever xy € Q
and ¢ € C?(Q) such that ¢(xo) = u(xo) and @ —u > 0in Q \ {xo}, then

{ -0y @(x0) < Af(x0, 9(x0)) if Vg (xo) # 0,
—alp(xo) - BM(D*p(x0)) < Af(xo, p(x0)) if Ve(xo) = 0.
If, in addition, u € USC(Q) and u < 0 on 0Q, we say that u is a subsolution of (2.1).
(if) u € LSC(Q)is a viscosity supersolution of the equation —AQ’ u = Mf(x, u) if whenever xo € Qand i € C2(Q)
such that Y(xo) = u(xp) and u — 1 > 0in Q \ {xp}, then
{ ~ANp(x0) = Af(xo, P(x0)) if Vip(xo) # 0,
—ahP(xo) — Bm(D*P(xo)) = Af(x0, Y(x0)) if Vih(xo) = 0.
If, in addition, u € LSC(Q) and & > 0 on 0Q, we say that u is a supersolution of (2.1).

(iii) A continuous function u : Q — R is a viscosity solution of (2.1) if it is both a viscosity supersolution and
a viscosity subsolution.

In what follows, ¢ stands for test functions whose graph touches the graph of u from above, and i denotes
test functions whose graph touches the graph of u from below. Notice that the inequalities ¢ — u > 0 and
u -1 > 0 have to be satisfied in a neighborhood of {x¢} and not necessarily in the whole Q \ {x¢}.

Remark 2.2. Let u be a classical subsolution of (2.1), that is, u € €2(Q), u < 0 on 0Q and for every x € Q it

satisfies
{ ~AJu(x) < Af(x, u(x)) if Vu(x) # 0,

—aAu(x) — BM(D?*u(x)) < Af(x, u(x)) if Vu(x) = 0.
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Then u is a viscosity subsolution. Indeed, let ¢ € €?(Q) be such that ¢(xo) = u(xp)and ¢ —u > 0in Q \ {xo};
then V(¢ — u)(xo) = 0 and D?(¢ - u)(xo) is a positive definite N x N matrix. Therefore,
n-(D*p(xo)n) = n- (D’ulxo)n, neRY,
and tr(D?p(xo)) = tr(D?u(xo)) (i.e., Ap(xo) = Au(xo)). Hence, if Vu(xo) # 0, we obtain
—abp(xo) - BAL P(x0) < —abu(xo) — PAKU(Xo) < Af(Xo, P(x0)).

Finally, using that M(D?¢(xo)) = M(D*u(xo)) for Vu(xo) = 0, it follows that u is a viscosity subsolution. We
can proceed analogously with the supersolution case. Thus, classical solutions of (2.1) are solutions in the
viscosity sense.

Let us observe that u € USC(Q) is a viscosity subsolution of —Ag u = Af(x, u) if

—atr(X) —B% . (X|Z—|) < Mixo, p(x0)) ifn #0,

—atr(X) - BM(X) < Af(xo, @(x0)) ifn =0,

(2.2)

whenever xo € Q and (17, X) = (Vo(xo), D?>@(x0)) € RN x Sy for some ¢ € C%(Q) such that ¢(xo) = u(xo) and
@ —-u>0in Q\ {xo}. Thus, as in [9], we can characterize viscosity sub- and supersolutions by using the
concept of upper and lower semijets in the sense of the following definition.

Definition 2.3. For u € USC(O) and x( € O, we define the upper semijet

](29’+u(xo) ={(Vo(xo), Dz(p(xo)) rp e C2(0), @(xo) = u(xo) and ¢ — u has a local minimum at xp}.
Analogously, for u € LSC(O) and x¢ € O we define the lower semijet

J& u(xo) = {(Vp(x0), D*h(x0)) : P € C2(0), P(xo) = u(xo) and ¥ — u has a local maximum at xo}.

Finally, we introduce the sets fé’Jru(xo), fé’_u(xo) as follows: (p, X) € fé’+u(x0) if there exist x,, € B;(xo) and
(Pn, Xn) € ]é’*u_(x,,), such that u(x,) — u(xg) and (x,, pn, Xn) — (X0, p, X) as n — co. An analogous state-
ment holds for Ji; u(xo).

Remark 2.4. It is clear that u € USC(Q) is a viscosity subsolution of —AI’;’ u = Af(x, u) if (2.2) izs verified for
every (n,X) €] ff u(xp). Moreover, if u is a subsolution, then (2.2) is verified for every (1, X) € 79’+ u(xp). The
analogous statement holds for supersolutions.

Remark 2.5. In [12], a parabolic equation of the form
ur = [Vul”(Au + (p - 2)AN u)

was studied using viscosity solutions. The definition of viscosity solutions given there (inspired by [22]) dif-
fers from ours. In fact, in [12] Imbert, Lin and Silvestre restrict the class of test functions in order to give sense
to the equation when the gradient vanishes (note that this parabolic problem can be singular or degenerate
according to the value of y). In our definition we do not restrict the test functions but we give a meaning to
AN u in terms of the largest and the smallest eigenvalue of D?u at points where the gradient vanishes. With
our definition we can prove a comparison principle in the following section.

3 Comparison principle and uniqueness

In this section, we start giving sufficient conditions on f to prove a comparison principle and hence obtain
uniqueness for (2.1).

Definition 3.1. Given a positive function h € C1(0, +co) such that h € L1(0, 1) and h'(s)/h?(s) is nondecreas-
ing, we say that f: Q x R — R satisfies the h-decreasing condition if for every x € Q,

h(s)f(x, s) is decreasing with respect to s. (3.1)
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Remark 3.2. Observe thatif f(x, s) = fo(x) > 0, that s, f does not depend on s, then f satisfies the h-decreasing
condition for h(s) = 1/s4 for any O < g < 1. In addition, when f(x, s) = fo(x)s? > 0 for some 0 < g < 1, then f
satisfies the h-decreasing condition for h(s) = 1/s7*¢ for any O < € < 1 — q. Moreover, taking a decreasing
function h, we obtain that any function 0 < f € C*(Q x R) nonincreasing with respect to s also satisfies the
h-decreasing condition (since h'(s)f(x, s) + h(s)fi(x, s) < O in this case).

Theorem 3.3. Assume thatO < f € C(Q x R) satisfies the h-decreasing condition. Let u, u € C(Q) be a sub- and
a supersolution, respectively, of —A};’ u = f(x, u) such thatu > 0in Q and u < u on 0Q. Thenu < u in Q.

Proof. We argue by contradiction following closely the ideas in [9]. Suppose that Q" = {x € Q: u(x) > u(x)}
is nonempty. Let

His) = Jh(t) dt
0

for s > 0. By hypothesis, u < u on Q. Using that u, u € C(Q), we have that there exists X € Q* with

H(u(x)) - Hu(x)) = squ+ H(u(x)) - H(u(x)) > 0.

Since Q" is an open set, we can take Q, an open neighborhood of X, such that Q c Q*. Now, let w and w be
the positive functions defined for x € Q by

wx) = Hu(x) and w(x)=H(ux)).
Clearly w,w € C (5) and
wXx) >wkx) >0, xeQ. (3.2)
Now, we claim that w and w are a sub- and a supersolution (in the viscosity sense) of the equation

W (H'(w))

Ty = HET W HT W) in 0. @)

N
-A,w+

Indeed, we proceed to show that w is a subsolution (the fact that w is a supersolution can be proved in the
same way). For every xq € Q, we take (NS @2(Q) with @(x0) = w(xo) and @(x) > w(x) for every x € O\ {xo}. If
Vo(xo) # 0 and we take @ = H'(¢), then it is easy to check that

h' (H™(p(x0)))

v VI 2 _ _ Iz P 2
R (H(p(x0))) [V (xo)l aA@(xo) — BAs®(X0) + M (P(X0))IVP(x0)I

~AY p(x0) +

= ~aAP(xXo)h(P(x0)) — ah (B(x0)IVP(x0)|> — BAco®(X0) (P (x0))
- BRI (@(x0)) IV (x0)I? + B ((x0)) IV (x0) I
= ~AN@(x0)h(§(x0)).

Now, taking into account that @(xp) = u(xo) and (¢ — u)(x) > 0in Q\ {xo}, it follows that @ is a test function
touching from above u at xq. Thus, since u is a subsolution of —Af,’ u = f(x, u), we get

~ANp(x0) < f(x0, H 1 (@(x0))).
Consequently,

h'(H Y (9(x0)))
h2(H(¢(x0)))

In the case V¢(xo) = 0, since V@(xo) = 0 and D?@(xo) = h(@(x0))D?@(xo), we have

~Ay 9(xo) + IVo(xo0)I* < h(H™ (9(xo))f (X0, H (9 (x0)))-

—aAp(xo) — BM(D*@(x0)) = —~aA@(x0)h(P(X0)) — BM(D*@(x0))h(P(x0))
< h(H ' (9(x0)))f (x0, H ' (¢(x0)))-

Therefore, we conclude that w is a subsolution of problem (Q), which was our claim.
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Now, consider the sequence of functions
Wa(,y) = W00 - W) - X =YY () ex 0 neN.
Forevery n € N, let (x,, yn) € 6 X 6 be such that
FnXn, yn) = sup ¥n(x, y).
OxQ
We note that W, (xy, yn) is finite since w — w is continuous and 5 is compact. Moreover,
Wn(Xn, yn) =2 ¥(x, x) = wx) -w(x) > 0

Furthermore, we can assume that x,, y, — X, ¥, w(x,) — w(x) and w(y,) — w(y) as n — oo, and that x = y
(see [9, Lemma 3.1 and Proposition 3.7]). Next, by [9, Theorem 3.2], there exist X, Y,, € Sy satisfying
(i) Xn S Yn, 2 2
.. =2,+ A
(1) (nn, Xn) € Jg (Wxn)), (Mn, Yn) € T (W(yn)),
(iii) X, < 0 < Yy, for xp, = v,
where 17, = nlx, - Yn|2(xn = Vn)-
Hence, if x,, # yn, having in mind that w and w are sub- and supersolution of (Q) and using Remark 2.4,
we obtain that

h(H ' (W(yn)f (yn, H(W(yn)))
n n h’ H71 w n
rlnl _(Ynn_) (H ' (w(y ))))|’1n|2
)

< Y,) - ST — oy
< —atr(Yy) ﬁm Mnl h2(H-1(w(yyn))

_ _pln . Tn h’(Hil(ﬂ(Xn)) 2 h’(Hil(W(J/n))) B h’(Hil(ﬂ(Xn))) 5
< -atr) - Bt (K )+ ST oe) ™ +<h2(H*1(W(yn))) hZ(Hfl(mxn))))'”"'

70l
W(H Wyn) B (H (wxa) )In 2
h2(H W(yn)  R2(H 1 (wlx)) /"

< h(H (W) (Xn, H (W (xn))) + (

Letting n — co, by the continuity of w, w, f, h, h', and using that h'/h? is nondecreasing, we get
h(H™ (W(0)f (%, H™ (W(%))) < h(H™ (w(0))f (%, H™' (w(X))).
This is a contradiction to (3.2) since it implies, by using (3.1), that
h(H™ (W(30)f (%, H™ (W(%))) > h(H™ (w(30))f (%, H™' (w(X))).
If x,, = yp for n > ng, then n,, = 0 and by (iii) we have
h(H W) (v, H (W(yn)) < —atr(Yn) = fm(Yn)
< —atr(Xy) - BM(Xy)
< h(H™ (WOe)f (xn, HH(W0n)));
arguing as above, this leads to a contradiction. O
Let us extract easy consequences of this comparison principle.

Proposition 3.4 (Uniqueness). Assume that 0 < f € C(Q x R) satisfies the h-decreasing condition. Then there
exists at most one positive viscosity solution of

{—Agu(x) =flx,u) inQ,

(P)
u=0 onoQ.

Proof. Suppose that there exist two solutions u1, u, > 0 of (P). Using Theorem 3.3 twice, we obtain that
u; < uy and u, < uy, and we conclude that u; = u,. O
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The next result improves [20], where a starshaped condition on the domain Q was required.

Corollary 3.5. As a particular case, we can assert that there exists a unique positive solution of
~AJu(x) = inQ,
u=0 on 0Q

forevery A > 0 and 0 < q < 1. Moreover, for A = 0, the problem admits as unique solution u = 0.

Proof. For A > 0, the uniqueness is due to Proposition 3.4 and the existence due to [20, Theorem 3.1] (which
can be extended to the case p = co by using the same iterative procedure as in [20, Theorem 3.1]). For A = 0,
we observe that u is a solution of —Ag u = 0 if and only if -A,u = 0 in the viscosity sense, (this holds since it
is enough to test the equation —~A,u = 0 with test functions with Vg + 0; see [15]). Thus, the trivial solution
u = 0 is the unique solution when A = 0. O

4 Existence of minimal solutions for the Gelfand problem

The first result of this section shows how one can pass to the limit in a sequence of viscosity solutions of
a sequence of problems to obtain a viscosity solution of the limit problem.

Lemma 4.1. Let uy, fn € C(Q) and py, € [2, 0o] be three sequences satisfying

—Ag Un = fn, (4.1)

n

in the viscosity sense, such that f, — f, u, — u uniformly for every w € Q and p, — p € [2,00]. Then u is
a viscosity solution to the problem
-Au = f.

Proof. First, we prove that u is a subsolution. For every x € Q, we take ¢ € C2(Q) such that ¢(xo) = u(xo)
and ¢ —u > 0in Q\ {xe}. Fix § > 0 such that Bs(xo) c Q, and for every n € N we consider x, as the strict
minimum point (not necessarily unique) of ¢ — u, in Bs(xo), i.e.,

(¢ —un)(xn) < (@ —un)(x) forallx € Bs(xo).
Up to a subsequence, we can assume that x, — x* € Bs(xo). Using that u, is continuous and that the
sequence u, uniformly converges to u, we deduce that u,(x,) — u(x*). We obtain, taking limits in the

above inequality, that
(@ -wx*) <(p-u)(x) forallx € Bs(xo),

and we can assert that x* = xo. We set
Pn(x) = PO + un(Xn) = P(Xn) + X = xnll*, X € Bs(x0)-
It is easy to check that ¢, satisfies
Pn(xn) = Un(Xn),  Vn(xn) = VO(n),  D*@n(xn) = D*@(xn),  (@n —Un)(x) > 0

in a neighborhood of x,,. Thus, using that u, is a subsolution of (4.1) and taking ¢, as test function, we obtain
the following:
(@) IfVen(xn) # 0, then —a,A@n(xn) — Bnloo®n(Xn) < fa(xn), and thus

— anAQ(xn) = PrnBoo®(Xn) < frlxn). (4.2)
(i) If V@n(xy) =0, then —anA@n(xy,) - ﬁnM(D2§0n(Xn)) < fa(xyn), and thus
= @nAQ(xn) = BrM(D?P(xn)) < falXn), (4.3)

where a, = 1/(pn — 1), Bn = (Pn — 2)/(pn - 1) if py < +00,and a,, = 0, B, = 1 if p, = co.
Now, denotinga =1/(p - 1), B=(p -2)/(p - 1)ifp < +00, and a = 0, § = 1 in the other case, we distin-
guish three different cases.
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Case 1: V@(xp) # 0. In this case, we can suppose that, up to a subsequence, Vp,(x,) # 0 for n > np and,
taking into account that ¢ € @? and the continuity and uniform convergence of f,,, we can pass to the limit
in (4.2) as n — oo to obtain

—aA@(xo) - PAco@(x0) < f(Xo).

Case 2: Vo(xp) = 0 and, up to a subsequence, V@, (x,) # 0 for n > ng. In this case, since
oo p(Xn) < M(D*9(xn)),
replacing in (4.2), we get (4.3). Taking limits, we obtain the desired inequality
~ abp(xo) ~ BM(D*p(xo)) < f(xo). (4.4)

Case 3: Vp(xo) = V@u(xn) = 0 for n > ng. We obtain (4.4) directly from (4.3).

On the other hand, to prove that u is a supersolution, we argue in a similar way. To be more specific,
for every x¢ € Q we take the test function 1) € @?(Q) satisfying that u — ¢ has a strict minimum at xo with
P(x0) = u(xp). Now, taking xp, the strict minimum of u, — ¥ in Bs(xo) c Q, we set

Yn(X) = PO + un(Xn) — P(xn) = lIx = xu*

as the test function in (4.1) touching the graph of u, from below in x,. The rest of the proof runs as before. [

Now we can prove the existence of minimal solutions of (P} ) for A small and the nonexistence of solutions
for A large, that is, we prove Theorem 1.1.

Proof of Theorem 1.1. Let z € C%([0, 1]) be a classical solution to the problem

20 - a - DE2 - A0, rin(0,1), (4.5)

z(1) = 0, Z'(0) =0,

with

1
a= p_l if p < +coand a = 0in the other case.
Then u(x) := z(|x|) is a solution to the problem

—Agu =Ae" inBq,
u>0  inBj, (4.6)
u=0 on 0By,

in the sense of Definition 2.1 (iii) (see also Remark 2.2). Due to [14], it is well known that there exists a positive
number A(B,), depending only on p, N, such that problem (4.5) has no solution for A > A(B1). Moreover, for
every 0 <A < A(B1) there exists a classical solution z € €2([0, 1]) (see also [13] for a complete description of
the multiplicity of solutions). Observe that for any classical solution z € @2([0, 1]), A > 0, of (4.5) it holds that
A < A(B1) (we refer again to [13] for a complete description of the multiplicity of solutions).

Note also that the relationship between classical solutions of (4.5) and viscosity radial solutions of (4.6)
is bidirectional. Given a solution u € G(B;) of (4.6) radially symmetric and decreasing, then z(r) = u(|x|) for
some x € Q with |x| = r satisfies (4.5) in the weak sense (which is equivalent to be a classical solution in this
case).

By taking into account Remark 2.2, u is also a solution to our problem in the viscosity sense.

Now, for any fixed R > 0, we can rescale the problem and consider

r
v(r) := z( R )
It is easy to check that we arrive at the ODE

V0 -aW -0 = e inO.R), (4.7)

v(R) = 0, v'(0) = 0.
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Summarizing, we have that there exists a positive value

A(B1)
R2

which is decreasing with respect to R, such that problem (P, ,) admits at least a solution for every A < A(Bg)

in the ball of radius R, Q = Bg.
Let now Q be a bounded domain and R; > 0 given by

A(BR) = >0,

R =min{R > 0: Q ¢ Bg}.

Notice that if ug, is a solution in Bg, for some A < A(Bg, ), then it is a supersolution in Q for A < A < A(Bg,).
We claim that there exists a solution of problem (P, ,) with A = A. Indeed, to prove this fact we use a standard
monotone iteration argument: let wo = 0, and for every n > 1 we define the recurrent sequence {w,} by

—Agwn =Ae" ' inQ,
Wy >0 inQ, (Qn)
wp =0 on 0Q.

The sequence {wy} € C(Q) is well defined by [18, 24]; see also [17]. Note that we are solving a problem of
the form —Aﬁ’ wy = f in Q, with f > 0 and w,, = 0 on 0Q as boundary condition. Then the existence is a con-
sequence of a limit procedure involving game theory (in this problem the right-hand side, f, enters into the
problem as a running payoff and the boundary condition w, = 0 as the final payoff). The existence of such
a solution can also be proved directly by using Perron’s method thanks to our general comparison principle.

Moreover, the sequence {w,} is increasing with n. Indeed, taking into account that 0 < wy, we obtain
Ae"e < Ae™t, and by using the comparison principle in Theorem 3.3, it follows that w1 < w,. By an inductive
argument, we get 0 < wq < w, <--- < wjp for all n > 1. From the fact that ug, is a supersolution of prob-
lem (P, ), with a similar inductive argument, we prove that w, < ug, for every n € N.

Since ug, € L*°(Q), the sequence {wy(x)} is increasing and bounded by ug, (x); therefore, there exists

wi(x) = nlLrgo wn(X).

In addition, thanks to the subtle Krylov-Safonov C%%-estimates of w, for every p ¢ [2, co] (here we refer
to [6, 7]), we obtain that w, — w; uniformly. Taking f, = Ae"»! and p, = p in Lemma 4.1, we get that w, is
a solution of problem (P p).

To prove that the obtained solution w; is minimal let v; be a solution of problem (P, ). By a sim-
ilar argument, using the comparison principle and induction in n, we have w, < v, for all n € N. As
wa(x) = limy_e Wr(X) (We use again comparison here), we obtain w, < v;.

We have thus proved that for every A < ;\(BRl) there exists a minimal solution w, of problem (P, ). In
particular,

0< ;l(BRl) < A*(Q, N, p) = sup{A > 0 : 3a minimal solution of (P )} < co.

Now to ensure that A*(Q, N, p) < co let
R, =max{R > 0: Bg c Q};

we remark that without loss of generality we can assume that 0 € Q. In that way, taking w,, the minimal
solution in Q, as a supersolution in Bg, and applying the above argument again, with Q replaced by Bg,, we
obtain that A*(Q, N, p) < A*(Bg,, N, p).

Note that in the case Q = B, we can perform the previous argument starting with wo = 0 and obtain that
the minimal solution is radial. In fact, by uniqueness, in this case w;, is radial for every n. Remark that in this
case the unique minimal solution leads to a solution of the ODE (4.7), and thus A*(Bg,, N, p) < A(B R,). U

Remark 4.2. The arguments used in the previous proof show that the extremal parameter verifies
A*(Q, N, p) = sup{A > 0 : there exists a minimal solution of (P ,)}

= sup{A > O : there exists a solution of (P, )}

= sup{A > O : there exists a nonnegative supersolution of (P ,)}.
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Also note that
A*(Q1, N, p) <A*(Qz,N,p) whenQ, c Qq,

and that the extremal value for a ball, Q = Bg, is the one that corresponds to the existence of a radial solution;
we refer to [13, 14] for the analysis of the resulting ODE.
In addition, we note that, if we have a solution to our problem, then the inequality

—Agu =Ae" > Au

holds. Therefore, we must have A < A1, ,(Q), where A ,(Q) is the first eigenvalue of the operator —Af,’ with
Dirichlet boundary conditions. We conclude that

A*(Q,N9p) < Al,p(Q)'

5 Unbounded continua of solutions

For the reader’s convenience, we recall the following general results from the theory of global continua of
solutions using degree theory, which will be essential for our analysis. For the proofs we refer to [1, 16, 26].

Theorem 5.1 (Continuation theorem of Leray-Schauder). Let X be a real Banach space, O an open bounded
subset of X and assume that T : R x X — X is completely continuous (i.e., relatively compact and continuous).
Furthermore, assume that for A = Ao we have that u + T(Ao, u) for every u € 00 and deg(I — T(Ao, -), O, 0) # O.
Let

L={A,u) € [Ag,00)x X :u=TA,u)}.

Then there exists a maximal connected and closed C c X. Moreover, the following statements are valid:
1) en{Agtx0O #0.
(ii) Either Cis unbounded or CN{Ag} x X\ O # 0.

Theorem 5.2 (Homotopy property). Let X be a real Banach space, let O be an open subset of X and let
T € C([0, 1] x O, X) be completely continuousin [0, 1] x O.Ifb : [0, 1] — X is continuous and b(t) + u — T(t, u)
in [0, 1] x 00, then deg(I — T, O, b(t)) remains constant for all t € [0, 1].

Theorem 5.3 (Classical Leray-Schauder’s theorem). Let X be a real Banach space, let O ¢ X be an open and
bounded subset of X and let @ : [a, b] x O > X be given by @©(t,u) = u - T(t, u), with T being completely
continuous. We also assume that

O(t,u) #+ u forall(t,u) € [a, b] x 00.

Then, if deg(®(a, -), O, 0) # 0, the following assertions hold:

(i) The equation ®(t, u) = 0 with u € X has a solutionin O foreverya < t < b.

(ii) There exists a closed and connected set £, € {(t, u) € [a, b] x X : u = T(t, u)} that intersects t = a and
t=h.

Let us consider the operator
K:[0,1] xR xC(Q) — C(Q)

by defining u := K(t, A, w), for every t € [0,1], A € R and w € C(Q), as the unique solution in ¢(Q) of the
problem
—Ag(t)u =A*e"" inQ,
u=0 on o0Q,

where

~
N

pt)= —

[y
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That is, —A]’;’(t)u = —(1 - t)Au - tAu. Notice that every p(t) € [2, co] is labeled by a unique t € [0, 1] (and
conversely), thus K is well defined.

Now, we prove that K is completely continuous, which allows us to apply the Leray—Schauder degree
techniques (see [16]), in order to study the existence of “continua of solutions” of (P, ), i.e., connected and
closed subsets in the solution set

Fp = {(/1, u) € [0, 00) x C(Q) : K(i—i,}l, u) = u}

for every fixed p € [2, +00], or, if we fixed A instead, in

81 = {0, w) € [2, 00] x €@) : K(z;i,)l, u) = uf.

Lemma 5.4. Let us assume that u, € C(Q) satisfies

_Ag(t,,)“n =Ae" inQ,
up,=0 onoQ,
with t, € [0, 1] and O < A, Wy, bounded in R x C(Q). Then, up to a subsequence, uy, is strongly convergent to
u € CQ). If, in addition, A, — A, t, — t and w, converges in C(Q) to w, then u is a solution of the problem

—Ag(t)u =" inQ,
u=0 onoQ.

Proof. If A, = 0, then u, = 0 is the unique solution (Corollary 3.5) and the proof is immediate. In the other
case, since 0 < A,e"" < C for some positive constant, u, is a subsolution of the problem

N N
—Ap([")v =C inQ,
v=0 onoQ.

It is well known, by the theory of uniformly elliptic fully nonlinear equations, that, for every fixed n € IN,
u, € GOV (Q) whenever 2 < p(t,) < M for some M sufficiently large (for instance, greater than the dimen-
sion N), with 0 < v(n) < 1 (see [6, 11]). We stress that this Holder estimates depend on the ratio between the
ellipticity constants, which in this case is p(t;) — 1 and, consequently, it blows-up as p(t,) — co. However,
for p(t,) € [M, o] it is shown in [7, Theorem 7] that

p(tn) -N

u, € CO*M(Q) forp(n) = =2,
n Q) p(n) (6 1

Thus, we can assert that the sequence uy, € @0-Y(Q), where y = min{v(n), p(n) : n € N}. Hence, the
Ascoli-Arzela theorem gives that u, possesses a subsequence converging in C(Q), which concludes the
first part of the lemma. Finally, the second part is a direct consequence of the uniqueness of solutions by
Proposition 3.4 and Lemma 4.1. O

Proof of Theorem 1.2. For fixed R > 0, let Og be the open ball of radius R of €(Q2), and we fix some Ag with

0<Ag < SR’
where d is the diameter of Q.

By Lemma 5.4, we obtain that K € C([0, 1] x [0, Ag] x Or, C(Q)) and K(t, A, -) is completely continuous
for every (¢, A) € [0, 1] x [0, Ag]. Now, in order to apply Theorem 5.2 twice for the parameters (¢, A) with
b(t,A) = 0 € C(Q), we must check an a priori bound of the solutions of the equation u = K(t, A, u). That is,
u + K(t, A, u) in [0, 1] x [0, Ag] x 0Og. In fact, we argue by contradiction: Suppose that |u|., = R and there
exist t € [0, 1] and A € [0, Ag] such that u satisfies the equation

—Ag([)u =Ae* inQ,
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hence u is a subsolution of problem
—AN v =Aek inQ.

On the other hand, a simple computation of [7, Theorem 1 and Theorem 3] shows thatifv € C(Q)isa nonnega-
tive subsolution of the Poisson problem

N, _ .
-Apv =f(x) inQ,

withO<f € €(Q) and p € [2, 00], then ||V]e < 2d?||flco. Applying this last result, we get the following con-
tradiction:
R = |ulleo < 2d?AeR < 2d?AgeR < R.

In this way, due to the homotopy property, we obtain
deg(I - K(t, A, -), Og, 0) = const forall (t,A) € [0, 1] x [0, AR].

Moreover, since
K(0,A, w) = (-A) ' (Ae"")

is the inverse of the Laplacian operator and it is well known that
deg(I - I<(O’ 01 ° )1 OR’ 0) = 1’

we get
1= deg(I - I((09 0’ : )9 OR’ O) = deg(I - I<(t’ A’ : )’ OR’ O)-

In order to conclude this proof, we apply the continuation theorem of Leray-Schauder (Theorem 5.1) with
T(A, u) = K(t, A, u) for every fixed t € [0, 1], which is completely continuous (Lemma 5.4). Therefore, using
that deg(I - T(0, - ), Og, 0) = 1 # 0, we can assert that there exists a maximal connected subset C of .7, that
contains (0, 0). Furthermore, € is not bounded since 0 is the unique solution for A = 0. Finally, since for every A
such that there is a solution of (P, ,) we can construct a minimal solution, we can state that ¢ ¢ [0, 1*] x C(Q).

With the same arguments, using Theorem 5.3 with T(t, u) = K(t, A, u) and [a, b] = [0, 1], for every fixed

Ae (0,/10 = min{A*(Q, N, 2), lee})

we can obtain the existence of a continuum of solutions moving p € [2, co]. More precisely, since
deg(I - I<(Oa /1’ ° )’ 01, 0) = 1’

we can apply Theorem 5.3 obtaining the existence of a continuum Zy 1 ¢ {(¢, u) € [0, 1] x O1 : u = T(¢, w)}
such that Projjy ;)Zo,1 = [0, 1]. Note that the upper bound for A is used to ensure an a priori bound. Thus, we
finish the proof by taking

@z{(%,u)e [2,+00] x 01 : (t, u) € 30,1} O

Remark 5.5. Now we briefly comment on possible extensions for more general nonlinearities. Note that we
can also deal with the equation

~Apu = Af(w),

with a general continuous nonlinearity f that verifies f(0) > 0, f(s)/s > k > 0 and isincreasing. In fact, we only
need to show the existence and nonexistence of radial solutions (the rest of the arguments can be extended
without much difficulties). Hence we arrive at the problem
!
=062 <A, reo,1),
z(r) > 0, re(0,1),

z(1)=Z'(0) =0,
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where 6 = (N - 1)/(p - 1) € [0, co) due to the fact that p € [2, co]. Multiplying by ¥ and integrating twice,
we obtain

1

5 sgf(z(s)) dsdt

N
=
I
-~
r—‘

Oty

sgf(z(s)) dsdrt

"lcbl —_
O — sy ~

\%
-~

I\
P
Te—n Y e

sef(z(r)) dsdr.

ﬁcbl —_
O t— ~

Therefore, for every r € (0, 1) it must hold that

1r
1 ) o
. Zf(zz(rr)) ZAHG) ds dr := AFg(r).

As Fy(r) is positive in (0, 1) and is bounded above, we conclude that A < 1/(c(6)k). Hence there is no solution
for A greater than a constant that depends only on p and N.
To look for the existence of solutions for small A we can use degree theory for the operator

T: [0, 00) x C([0, 1]) — C([0, 1])

given by
1 T

T, w) = A j % J $Of(u(s)) ds dr.

r 0
Since f is assumed to be continuous, it is easy to check that T is completely continuous. Now, as T(0, u) = 0
for every u € C([0, 1]), using Leray—Schauder’s theorem, we obtain the existence of a continuum of solutions
€ c [0, 00) x C([0, 1]) that is unbounded with (0, 0) € C. In particular, there exist solutions for values of A

close to 0.

Acknowledgment: Part of this work was done during a visit of the second author at Universidad de Buenos
Aires (UBA). He thanks for the nice atmosphere and hospitality.

Funding: The first author was partially supported by MINECO-FEDER Grant MTM2015-68210-P (Spain)
and Junta de Andalucia FQM-194 (Spain). The second author was partially supported by MINECO-FEDER
Grant MTM2015-68210-P (Spain), Junta de Andalucia FQM-116 (Spain) and MINECO Grant BES-2013-
066595 (Spain). The third author was partially supported by CONICET (Argentina) and MINECO-FEDER
Grant MTM2015-70227-P (Spain).

References

[1] A.Ambrosetti and D. Arcoya, An Introduction to Nonlinear Functional Analysis and Elliptic Problems, Progr. Nonlinear
Differential Equations Appl. 82, Birkhduser, Boston, 2011.

[2] D.Arcoya, J. Carmona and P. J. Martinez-Aparicio, Gelfand type quasilinear elliptic problems with quadratic gradient terms,
Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (2014), no. 2, 249-265.

[3] G.Barlesand). Busca, Existence and comparison results for fully nonlinear degenerate elliptic equations without
zeroth-order term, Comm. Partial Differential Equations 26 (2001), no. 11-12, 2323-2337.

[4] X.Cabré and A. Capella, Regularity of radial minimizers and extremal solutions of semilinear elliptic equations, J. Funct.
Anal. 238 (2006), no. 2, 709-733.

[5] X. Cabré and M. Sanchén, Geometric-type Sobolev inequalities and applications to the regularity of minimizers, J. Funct.
Anal. 264 (2013), no. 1, 303-325.

Brought to you by | Universidad de Granada
Authenticated
Download Date | 2/14/20 8:35 AM



558 —— . Carmona Tapia et al., The Gelfand problem for the 1-homogeneous p-Laplacian DE GRUYTER

(6]

[10]
[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

L. A. Caffarelli and X. Cabré, Fully Nonlinear Elliptic Equations, Amer. Math. Soc. Collog. Publ. 43, American Mathematical
Society, Providenc, 1995.

F. Charro, G. De Philippis, A. Di Castro and D. Maximo, On the Aleksandrov-Bakelman—Pucci estimate for the infinity
Laplacian, Calc. Var. Partial Differential Equations 48 (2013), no. 3-4, 667-693.

Y. G. Chen, Y. Giga and S. Goto, Uniqueness and existence of viscosity solutions of generalized mean curvature flow
equations, J. Differential Geom. 33 (1991), no. 3, 749-786.

M. G. Crandall, H. Ishii and P.-L. Lions, User’s guide to viscosity solutions of second order partial differential equations,
Bull. Amer. Math. Soc. (N.S.) 27 (1992), no. 1, 1-67.

I. M. Gel’fand, Some problems in the theory of quasilinear equations, Amer. Math. Soc. Transl. (2) 29 (1963), 295-381.
D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed., Grundlehren Math. Wiss.
224, Springer, Berlin, 1983.

C. Imbert, T. Lin and L. Silvestre, Holder gradient estimates for a class of singular or degenerate parabolic equations,
preprint (2016), http://arxiv.org/abs/1609.01123.

J. Jacobsen and K. Schmitt, The Liouville-Bratu—Gelfand problem for radial operators, J. Differential Equations 184 (2002),
no. 1, 283-298.

D. D. Joseph and T. S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch. Rational Mech. Anal. 49
(1972/73), 241-269.

P. Juutinen, P. Lindqvist and J. ). Manfredi, On the equivalence of viscosity solutions and weak solutions for a quasi-linear
equation, SIAM J. Math. Anal. 33 (2001), no. 3, 699-717.

J. Leray and J. Schauder, Topologie et équations fonctionnelles, Ann. Sci. Ecole Norm. Sup. (3) 51 (1934), 45-78.

G. Lu and P. Wang, A PDE perspective of the normalized infinity Laplacian, Comm. Partial Differential Equations 33 (2008),
no. 10-12, 1788-1817.

J. J. Manfredi, M. Parviainen and J. D. Rossi, On the definition and properties of p-harmonious functions, Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 11 (2012), no. 2, 215-241.

P. ). Martinez-Aparicio, M. Pérez-Llanos and ). D. Rossi, The limit as p — oo for the eigenvalue problem of the
1-homogeneous p-Laplacian, Rev. Mat. Complut. 27 (2014), no. 1, 241-258.

P. ). Martinez-Aparicio, M. Pérez-Llanos and J. D. Rossi, The sublinear problem for the 1-homogeneous p-Laplacian, Proc.
Amer. Math. Soc. 142 (2014), no. 8, 2641-2648.

A. Molino, Gelfand type problem for singular quadratic quasilinear equations, NoDEA Nonlinear Differential Equations
Appl. 23 (2016), no. 5, Paper No. 56.

M. Ohnuma and K. Sato, Singular degenerate parabolic equations with applications to the p-Laplace diffusion equation,
Comm. Partial Differential Equations 22 (1997), no. 3-4, 381-411.

Y. Peres, 0. Schramm, S. Sheffield and D. B. Wilson, Tug-of-war and the infinity Laplacian, J. Amer. Math. Soc. 22 (2009),
no. 1, 167-210.

Y. Peres and S. Sheffield, Tug-of-war with noise: A game-theoretic view of the p-Laplacian, Duke Math. J. 145 (2008), no. 1,
91-120.

X. Ros-Oton, Regularity for the fractional Gelfand problem up to dimension 7, J. Math. Anal. Appl. 419 (2014), no. 1,
10-19.

K. Schmitt, Analysis methods for the study of nonlinear equations, Leture Notes, University of Utah, 1995.

Brought to you by | Universidad de Granada
Authenticated
Download Date | 2/14/20 8:35 AM


http://arxiv.org/abs/1609.01123

	The Gelfand problem for the 1-homogeneous $p$-Laplacian
	1 Introduction
	2 Preliminaries
	3 Comparison principle and uniqueness
	4 Existence of minimal solutions for the Gelfand problem
	5 Unbounded continua of solutions


