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A CHARACTERISATION OF OCTAHEDRALITY IN
LIPSCHITZ-FREE SPACES

by Antonín PROCHÁZKA & Abraham RUEDA ZOCA (*)

Abstract. — We characterise the octahedrality of Lipschitz-free space norm
in terms of a new geometric property of the underlying metric space. We study
the metric spaces with and without this property. Quite surprisingly, metric spaces
without this property cannot be embedded isometrically into `1 and similar Banach
spaces.
Résumé. — On caractérise l’octaédralité de la norme d’un espace Lipschitz

libre par le biais d’une nouvelle propriété géométrique de l’espace métrique sous-
jacent. Nous étudions les espaces métriques avec et sans cette propriété. Par exem-
ple, les espaces sans cette propriété ne se plongent pas isométriquement dans `1 et
certains espaces de Banach similaires.

1. Introduction

The Lipschitz-free space F(M) of a metric space M is a Banach space
such that every Lipschitz function onM admits a canonical linear extension
defined on F(M) (for details see Section 2 and [15]). This property leads
naturally to the presence of isomorphic (sometimes even isometric) copies
of `1 in F(M) whenM is infinite (see e.g. [6, 7]). At the same time, it is well
known [14, Theorem II.4] that a Banach space X contains an isomorphic
copy of `1 if and only if X admits an equivalent octahedral norm. Recall
that the norm ‖ · ‖ on a Banach space X is octahedral if, for every finite-
dimensional subspace Y ⊆ X and every ε > 0, there exists x ∈ SX such
that

‖y + λx‖ > (1− ε)(‖y‖+ |λ|)
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holds for every y ∈ Y and every λ ∈ R. Octahedrality can be regarded as a
very strong negation of Fréchet differentiability of ‖ · ‖ at every point of X.
It is thus natural to ask whether the Lipschitz-free space norm is always
octahedral. This question has been treated recently by [2, Theorem 2.4] who
have shown that this is not necessarily always the case but it is sufficient,
on the other hand, that the metric space be unbounded or non-uniformly
discrete.
In this paper we introduce a new property of metric spaces, the long

trapezoid property (LTP), and show in Theorem 3.1 that the norm on
F(M) is octahedral if and only if M has the LTP. This result thus joins
the slowly growing group of isometric results on Lipschitz free spaces which
permit to check a particular property of the metric space by looking only
at the associated free space norm and vice versa. Namely we mean the
characterization of the metric spaces whose free space is isometric to a
subspace of L1(µ) [13], the characterization of the metric spaces whose
free space is isometric to `1(Γ) [9] and the characterization of the compact
metric spaces whose free space enjoys the Daugavet property by [19].
It turns out that some easily identifiable classes of metric spaces always

enjoy the LTP. Apart from unbounded and non-uniformly discrete spaces
that we have already mentioned, this is the case also for the infinite sub-
sets of R-trees (Example 3.4) and (more generally) infinite subsets of `1. In
an effort to understand the new LTP we study its permanence properties
(Proposition 3.8), taking an advantage of certain permanence properties for
octahedral norms which might be new even in the general setting (Propo-
sition 3.7). We give several examples of infinite metric spaces without the
LTP (necessarily bounded and uniformly discrete). For instance, for every
κ ∈ R there is a CAT (κ) space which admits a subset without the LTP,
which contrasts with the above mentioned fact that subsets of R-trees have
the LTP. We also find examples of sets without the LTP in `p for every
1 < p 6 ∞ and in c0 in Proposition 4.5 but not in `1. In fact, we prove
that every infinite subset of a Banach space X whose modulus of asymp-
totic uniform convexity is maximal enjoys the LTP (Proposition 4.8). As
a byproduct of the above results we get in Corollary 4.6 that F(`p) is not
L-embedded when 1 < p <∞.
Finally, we give in Theorem 4.3 a simple criterion in terms of the metric

space M for when some particular points of F(M) might be points of
Fréchet differentiability of the free space norm.
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2. Notation and preliminary results

We will consider only real Banach spaces. Given a Banach space X, we
will denote the closed unit ball and the closed unit sphere by BX and SX ,
respectively. We will also denote by X∗ the topological dual of X. By a
slice of BX we will mean a set of the following form

S(BX , f, α) := {x ∈ BX : f(x) > 1− α},

where f ∈ SX∗ and α > 0. When X is a dual Banach space, say X = Y ∗,
by a w∗-slice of BX we will mean the slice S(BX , y, α) where y ∈ SY . A
convex combination of slices of BX will be a set of the following form

n∑
i=1

λiSi,

where λ1, . . . , λn are positive numbers such that
∑n
i=1 λi = 1 and each Si is

a slice of BX . When X is a dual Banach space, we will consider the concept
of convex combination of w∗-slices of BX just replacing the concept of slice
with the one of w∗-slice in the above definition. A subset V ⊆ SX∗ is said
to be norming for X∗ if, for every x∗ ∈ X∗, it follows ‖x∗‖ = supx∈V x∗(x).
Given a pointed metric space M , that is, a metric space equipped with

a distinguished point denoted by 0, we will denote by Lip0(M) the Banach
space of all real Lipschitz functions defined on M which vanish at 0 under
the standard Lipschitz norm

‖f‖ := sup
{
|f(x)− f(y)|

d(x, y) : x 6= y

}
.

It is known that Lip0(M) is itself a dual Banach space (cf. [17]). Indeed, for
each m ∈ M , consider the function δm : Lip0(M) → R by δm(f) = f(m).
Then δm ∈ Lip0(M)∗ for all m ∈M . Moreover, if we consider

F(M) := span{δm : m ∈M} ⊆ Lip0(M)∗,

it follows that F(M)∗ = Lip0(M). This space is known as the Lipschitz-
free space over M or simply the free space over M . It is usual to call the
elements of F(M) measures. If µ =

∑n
i=1 aiδxi

with xi ∈ M \ {0} and
ai 6= 0 for all 1 6 i 6 n, we will denote supp(µ) := {xi : 1 6 i 6 n}, the
support of µ. Notice that the set

{
δx−δy

d(x,y) : x 6= y
}
⊆ SF(M) is norming for

Lip0(M). See [15] and references therein for background on Lipschitz-free
spaces.
Given a Banach space (X, ‖ · ‖), we will say that ‖ · ‖ is octahedral if, for

every x1, . . . , xn ∈ SX and every ε > 0, there exists y ∈ SX such that ‖xi+
y‖ > 2−ε holds for every i ∈ {1, . . . , n}. It is proved in [18, Proposition 2.1]
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572 Antonín PROCHÁZKA & Abraham RUEDA ZOCA

that this definition is equivalent to the one given by Godefroy introduced
in Section 1.
We will say that (X, ‖ · ‖) has the strong diameter two property (SD2P)

if every convex combination of slices of BX has diameter two. When X is
a dual Banach space, we will consider the w∗ version of the above property
defined in the natural way. It is known that a Banach space (X, ‖ · ‖) is
octahedral if, and only if, (X∗, ‖ · ‖) has the w∗-SD2P [3, Theorem 2.1].
Moreover, it is known that a Banach space admits an equivalent octahedral
norm if and only if it contains an isomorphic copy of `1 [14].
Given a Banach space (X, ‖ · ‖) we say that x ∈ X is a point of Gâteaux

differentiability of X if the norm ‖ · ‖ is Gâteaux differentiable at x. By
convexity of ‖ · ‖, it is equivalent to the existence of the following limit

lim
t→0

‖x+ th‖ − ‖x‖
t

for every h ∈ X. We say that x is a point of Fréchet differentiability of
X if the previous limit exists and it is uniform for h ∈ SX . It is known
that x ∈ SX is a point of Gâteaux differentiability of X if, and only if,
there exists a unique f ∈ SX∗ such that f(x) = 1. Similarly, x is a point of
Fréchet differentiability of X if, and only if, infα>0 diam(S(BX∗ , x, α)) = 0,
see Šmulyan’s lemma [10, Corollary 7.20].

3. Main results

The next theorem is the main result of the paper. The property of a
metric space M that appears in the point (3) of the theorem will be called
the long trapezoid property (LTP) in the sequel. We can thus resume the
theorem as “a metric space M has the LTP if, and only if, the norm on
F(M) is octahedral.”

Theorem 3.1. — For a metric space M it is equivalent:
(1) The norm of F(M) is octahedral.
(2) For each ε > 0 and each finite subset N ⊂ M there are points

u, v ∈ M , u 6= v, such that every 1-Lipschitz function f : N → R
admits an extension f̃ : M → R which is (1 + ε)-Lipschitz and
satisfies f̃(u)− f̃(v) > d(u, v).

(3) For each finite subsetN ⊆M and ε > 0, there exist u, v ∈M,u 6= v,
such that

(1− ε)(d(x, y) + d(u, v)) 6 d(x, u) + d(y, v)

holds for all x, y ∈ N .
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CHARACTERISATION OF OCTAHEDRALITY 573

To prove this theorem we will need the following result, which brings to
light the importance of norming subsets of Banach spaces with an octahe-
dral norm.

Proposition 3.2. — LetX be a Banach space with an octahedral norm
and consider a norming subset V ⊆ SX forX∗. Then, given x1, . . . , xn ∈ SX
and ε > 0 there exists v ∈ V such that

‖xi + v‖ > 2− ε

holds for every i ∈ {1, . . . , n}.

Proof. — The proof will strongly rely on the ideas of [3, Theorem 2.1].
Pick x1, . . . , xn ∈ SX and ε > 0. Consider the convex combination of weak-
star slices of BX∗ defined by

C := 1
n

n∑
i=1

S(BX∗ , xi, ε).

As diam(C) = 2 [3, Theorem 2.1] then there are 1
n

∑n
i=1 fi,

1
n

∑n
i=1 gi ∈ C

such that ∥∥∥∥∥ 1
n

n∑
i=1

(fi − gi)

∥∥∥∥∥ > 2− ε

n
.

Since V is norming for X∗ we can find v ∈ V such that

1
n

n∑
i=1

(fi − gi)(v) > 2− ε

n
.

It follows that fi(v) − gi(v) > 2 − ε and consequently fi(v) > 1 − ε holds
for every i ∈ {1, . . . , n}. With this and since fi ∈ S(BX∗ , xi, ε) we have

‖xi + v‖ > fi(xi) + fi(v) > 1− ε+ 1− ε = 2− 2ε

for every i ∈ {1, . . . , n}, and the result follows. �

Proof of Theorem 3.1.
(2)⇒(1). — Pick finitely-supported measures µ1, . . . , µn ∈ SF(M) and

ε > 0. Define N := {0} ∪
⋃n
i=1 supp(µi), which is a finite subset of M .

For each i ∈ {1, . . . , n} we can find gi ∈ SLip0(N) such that gi(µi) = ‖µi‖.
By (2) we can find u, v ∈M,u 6= v such that, for each i ∈ {1, . . . , n}, there
exists fi ∈ Lip0(M) such that fi = gi on N , fi(u) − fi(v) > d(u, v) and
‖fi‖ 6 1 + ε. Pick i ∈ {1, . . . , n}. Now∥∥∥∥µi + δu − δv

d(u, v)

∥∥∥∥ > fi(µi) + fi(u)−fi(v)
d(u,v)

1 + ε
>
gi(µi) + 1

1 + ε
= ‖µi‖+ 1

1 + ε
.

Consequently, the norm of F(M) is octahedral, as desired.

TOME 68 (2018), FASCICULE 2
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(1)⇒(3). — Pick a finite subsetN⊆M and ε>0. Since the norm of F(M)
is octahedral we can find, using Proposition 3.2, two elements u 6= v ∈ M
such that ∥∥∥∥δx − δyd(x, y) + δu − δv

d(u, v)

∥∥∥∥ > 2− ε,

holds for every x 6= y ∈ N . Hence, given x 6= y ∈ N , there exists f ∈
SLip0(M) such that

f(x)− f(y)
d(x, y) + f(u)− f(v)

d(u, v) > 2− ε.

This implies the following two conditions
f(x)− f(y)
d(x, y) > 1− ε, and f(u)− f(v)

d(u, v) > 1− ε.

Now, we have the following chain of inequalities:

1 > f(x)− f(v)
d(x, v) = f(x)− f(y) + f(u)− f(v) + f(y)− f(u)

d(x, v)

>
(1− ε)d(x, y) + (1− ε)d(u, v)− d(u, y)

d(x, v) .

Consequently

(1− ε)(d(x, y) + d(u, v)) < d(x, v) + d(u, y).

Since x 6= y ∈ N were arbitrary we conclude (3).
(3)⇒(2). — Let N ⊂M finite and ε > 0 be given. By the assumptions,

there are u, v ∈M , u 6= v, such that
1

1 + ε
(d(x, y) + d(u, v)) 6 d(x, u) + d(y, v)

for all x, y ∈ N . Given a 1-Lipschitz function f on N we define f̃(u) =
infx∈N f(x) + (1 + ε)d(x, u), f̃(v) = supx∈N∪{u} f̃(x)− (1 + ε)d(x, v). Here
we have just used twice the classical “infimal-convolution” extension (also
known as McShane–Whitney extension, see e.g. [23]) of f , so f̃ = f on
N and f̃ is (1 + ε)-Lipschitz on N ∪ {u, v}. Hence f̃ admits an (1 + ε)-
Lipschitz extension to the whole of M (for example using again the infimal
convolution). Since N is finite, there exist z ∈ N and z′ ∈ N ∪ {u} such
that f̃(u) = f(z)+(1+ε)d(z, u) and f̃(v) = f̃(z′)−(1+ε)d(z′, v). If z′ = u,
we have f̃(u)− f̃(v) = (1 + ε)d(u, v). If z′ 6= u, we have

f̃(u)− f̃(v) = f(z)− f(z′) + (1 + ε)(d(z, u) + d(z′, v))

> f(z)− f(z′) + 1 + ε

1 + ε
(d(z, z′) + d(u, v)) > d(u, v)

which finishes the proof. �
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Remark 3.3. — Let M be a metric space and 0 6 r < 1. Note that,
adapting the proof of Theorem 3.1, it can be proved that each of the fol-
lowing assertion implies the next one:

(1) For every µ1, . . . , µn ∈ SF(M) and every ε > 0 there exist u 6= v ∈
M such that ∥∥∥∥µi + δu − δv

d(u, v)

∥∥∥∥ > 2− r − ε

holds for every i ∈ {1, . . . , n}.
(2) For each finite subsetN ⊆M and ε > 0, there exist u, v ∈M,u 6= v,

such that

(1− r − ε)(d(x, y) + d(u, v)) 6 d(x, u) + d(y, v)

holds for all x, y ∈ N .
(3) For each ε > 0 and each finite subset N ⊂ M there are points

u, v ∈ M , u 6= v, such that every 1-Lipschitz function f : N → R
admits an extension f̃ : M → R which is 1

1−r−ε -Lipschitz and
satisfies f̃(u)− f̃(v) > d(u, v).

(4) For every µ1, . . . , µn ∈ SF(M) and every ε > 0 there exists u 6= v ∈
M such that ∥∥∥∥µi + δu − δv

d(u, v)

∥∥∥∥ > 2− 2r − ε

holds for every i ∈ {1, . . . , n}.
We do not know whether (3) actually implies (1). Moreover, notice that
Theorem 3.1 is the particular case of the above implications whenever r = 0.
Finally, notice that assertion (1) is equivalent to the fact that the Whitley’s
thickness index of F(M) is greater than or equal to 2−r (we refer to [5] and
references therein for formal definitions and background on such index).

It is time to give some examples of metric spaces enjoying the LTP. No-
tice that Proposition 4.8 provides a sweeping generalisation of the point (3)
below but we postpone it till Section 4 as its proof requires some prepara-
tory work.

Example 3.4. — Any of the following properties implies that a metric
space M has the LTP.

(1) M is unbounded.
(2) infx 6=y d(x, y) = 0.
(3) M is an infinite subset of an R-tree (for the formal definition and

basic properties of an R-tree see [4, 9]).

TOME 68 (2018), FASCICULE 2
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Proof. — Pick a finite subset N ⊆ M and ε > 0. In order to prove (1),
consider v = 0. Then, if d(0, u) is large enough, we have for every x, y ∈ N
that

d(x, y) + d(u, 0)
d(x, u) + d(y, 0) 6

1 + d(x,y)+d(x,0)
d(x,u)

1 + d(y,0)
d(x,u)

<
1

1− ε .

In order to prove (2), let θ = infx 6=y∈N d(x, y) and find u, v ∈M , u 6= v,
such that d(u, v) < εθ

2 . Then, for every x, y ∈ N , we have
d(x, y) + d(u, v) 6 d(x, u) + d(y, v) + 2d(u, v)

6 d(x, u) + d(y, v) + ε(d(x, y) + d(u, v)).

This proves (2).
Finally, in order to prove (3), consider M to be a subset of an R-tree T .

We can assume by the preceding cases that M is bounded and uniformly
discrete. Note that conv(N) =

⋃
x6=y∈N [x, y] is compact since N is finite.

Let π : T → conv(M) be the metric projection onto conv(N). Let a =
inf{d(x, y) : x 6= y ∈ M}. By compactness, there exists A ⊂ conv(N) such
that diam(A) < εa and that A′ := {x ∈ M \ conv(N) : π(x) ∈ A} is
infinite. Pick u, v ∈ A′ such that u 6= v. Then
d(x, y) + d(u, v) 6 d(u, π(u)) + d(v, π(v)) + d(π(u), π(v)) + d(x, y)

6 d(u, π(u)) + d(x, π(u)) + d(v, π(v)) + d(y, π(v))
+ 2d(π(u), π(v)) = d(u, x) + d(y, v) + 2d(π(u), π(v))

6 d(x, u) + d(y, v) + ε(d(x, y) + d(u, v))
for all x, y ∈ N , so we are done. �

Remarks 3.5.
(a) Note that, using Theorem 3.1 and [2, Theorem 2.4], it can be proved

that unbounded or non-uniformly discrete metric spaces have the
LTP. However, the previous example provides a quite shorter proof
of this fact, and thus of [2, Theorem 2.4] combining the previous
example with Theorem 3.1.

(b) Note that the fact that F(M) is octahedral when M is an infinite
subset of an R-tree (i.e. Example 3.4(3) above) follows also from [13]
and the fact that any non-reflexive subspace of L1 is octahedral for
its natural norm. This last claim follows for instance from [22].
Details and more general results can be found in [26]. We thank the
anonymous referee for this observation.

Let us now exhibit an example of an infinite metric space M failing the
LTP. A more detailed study of such examples will be conducted in Section 4.

ANNALES DE L’INSTITUT FOURIER
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Example 3.6. — Let M := {0} ∪ {xn : n ∈ N} ∪ {z} where d(a, b) = 1
for every a, b ∈ {0} ∪ {xn : n ∈ N}, d(xn, z) = 1 holds for all n ∈ N and
d(0, z) = 2. Now consider N := {0, z} and 0 < ε < 1

3 . Then for every
u, v ∈ M with u 6= v it is clear that d(0, z) + d(u, v) > 3 but case by case
check shows that min{d(0, u) + d(z, v), d(0, v) + d(z, u)} 6 2. Thus M fails
the LTP.

We will apply Theorem 3.1 to prove two stability results for the LTP. But
first, we have to state a preliminary result concerning the octahedrality in
`1-sums of Banach spaces. Although it is probably well known to specialists,
we have not found any accurate reference for one of the implications, thus
we include a proof for the sake of completeness. We thank the referee for
pointing out that for separable X and Y the result easily follows from [16,
Lemma 9.1].

Proposition 3.7. — Let X and Y be Banach spaces. Then the norm
on X ⊕1 Y is octahedral if and only if the norm on X or the norm on Y is
octahedral.

Proof. — The sufficiency is proved in [18, Proposition 3.10]. Let us prove
the necessity. We will assume that the norms on X and Y both fail to
be octahedral and we will prove that the norm on Z := X ⊕1 Y is not
octahedral. In order to do that we will prove that Z∗ = X∗⊕∞ Y ∗ fails the
w∗-SD2P. By assumptions both X∗ and Y ∗ fail the w∗-SD2P, hence there
are two convex combinations of weak-star slices of the following form

C1 := 1
m

m∑
i=1

S(BX∗ , xi, α), C2 := 1
n

n∑
i=1

S(BY ∗ , yi, α)

such that diam(C1) < 2 and diam(C2) < 2. Assume, with no loss of gener-
ality, that n > m, and define

C := 1
n

(
m∑
i=1

S(BX∗ , xi, α)×S(BY ∗ , yi, α)+
n∑

i=m+1
BX∗×S(BY ∗ , yi, α)

)
.

Notice that C is a convex combination of non-empty relatively weakly-star
open subsets of BZ∗ . Since each non-empty relatively weakly-star open
subset of BZ∗ contains a convex combination of weak-star slices of BZ∗ (see
the proof of [12, Lemma II.1]), it is enough to prove that diam(C) < 2. To
this aim pick 1

n

∑n
i=1(xi, yi), 1

n

∑n
i=1(x′i, y′i) ∈ C. Now∥∥∥∥∥ 1

n

n∑
i=1

((xi, yi)− (x′i, y′i))

∥∥∥∥∥ = max
{∥∥∥∥∥ 1

n

n∑
i=1

(xi − x′i)

∥∥∥∥∥ ,
∥∥∥∥∥ 1
n

n∑
i=1

(yi − y′i)

∥∥∥∥∥
}
.

TOME 68 (2018), FASCICULE 2
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Let us prove that both members of the above maximum are strictly smaller
than 2. On the one hand, notice that 1

n

∑n
i=1 yi,

1
n

∑n
i=1 y

′
i ∈ C2, hence∥∥ 1

n

∑n
i=1(yi − y′i)

∥∥ 6 diam(C2) < 2. On the other hand∥∥∥∥∥ 1
n

n∑
i=1

(xi − x′i)

∥∥∥∥∥ 6 1
n

(∥∥∥∥∥
m∑
i=1

(xi − x′i)

∥∥∥∥∥+
n∑

i=m+1
‖xi − x′i‖

)
.

Again, since 1
m

∑m
i=1 xi,

1
m

∑m
i=1 x

′
i ∈ C1 we get that ‖

∑m
i=1(xi − x′i)‖ 6

m diam(C1). So∥∥∥∥∥ 1
n

n∑
i=1

(xi − x′i)

∥∥∥∥∥ 6 1
n

(m diam(C1) + (n−m)2) < 2

which finishes the proof. �

Now we will exhibit the announced stability result for the LTP.

Proposition 3.8. — Let M be a metric space. Then:
(1) Assume that M is the `1 sum of its two subsets, say T1, T2, i.e.

M = T1 ∪ T2, T1 ∩ T2 = {0} and

d(x, y) = d(x, 0) + d(0, y)

for every x ∈ T1 and every y ∈ T2. Then, M has the LTP if, and
only if, T1 or T2 has the LTP.

(2) If M has the LTP and N1 is a subset of M such that M \ N1 is
finite, then N1 has the LTP.

Proof.
(1). — Notice that the assumptions imply that F(M) = F(T1)⊕1F(T2).

Now the result follows applying Theorem 3.1 twice and Proposition 3.7 once
in between.
(2). — We assume without loss of generality that 0 ∈ N1. Let us denote

N2 := {0}∪M \N1. Notice that ifM is either unbounded or non-uniformly
discrete then so isN1. So we will assume thatM is a bounded and uniformly
discrete metric space. In this case the following retractions will be Lipschitz:

r1(x) =
{
x if x ∈ N1

0 if x ∈ N2,
and r2(x) =

{
0 if x ∈ N1

x if x ∈ N2.

Clearly r1 ◦ r2(x) = r2 ◦ r1(x) = 0 and so the unique linear extensions
r̄i : F(M) → F(Ni) of ri, i = 1, 2, are continuous linear projections such
that ker r1 = F(N2) and vice versa. It follows that F(M) = F(N1)⊕F(N2).
The norm on F(M) is octahedral by the hypothesis and Theorem 3.1. Since
dimF(N2) < ∞, [1, Theorem 3.9] implies that F(N1) is octahedral. Now
another application of Theorem 3.1 shows that N1 has the LTP. �
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Remark 3.9. — The assumption in Proposition 3.8(2) of M \N1 being
finite can not be removed. This can be seen easily by taking the `1 sum of
two infinite metric spaces, one enjoying and the other one failing the LTP,
and applying Proposition 3.8(1).

4. Metric spaces failing the property LTP

When a metric space M fails the LTP, one might wonder whether this
can be checked on a subset N consisting of mere 2 points. The next example
provides a negative answer.

Example 4.1. — Consider M := {α, β, 0, z} ∪ {xn : n ∈ N} whose
distance is defined in the following way:

d(0, xn) = d(xn, z) = 1, d(0, z) = 2, d(α, 0) = d(β, 0) = 1, d(α, β) = 2,
d(α, xn) = d(β, xn) = 2, d(α, z) = d(β, z) = 3 and d(xn, xm) = 1.

Denote by T := {0, z} ∪ {xn : n ∈ N}. Then

F(M) = F(T )⊕1 F({0, α})⊕1 F({0, β}),

so F(M) fails to have an octahedral norm and, consequently, M fails the
LTP. We will prove, however, that the condition of LTP holds for every
subset of M of cardinality 2. To this aim, pick a, b ∈ M . Then we have
three possibilities for a and b:

(1) d(a, b) = 3. Then, up to re-labeling a and b, b = z and a is either α
or β. We will assume, with no loss of generality, that a = α. Then,
the choice u = β and v = 0 does the work.

(2) d(a, b) = 2. In this case, we still have two more possibilities:
(a) a = 0 and b = z. In this case it is enough to choose u = α, v =

β.
(b) b = xn for certain n ∈ N and a is either α or β. We assume,

with no loss of generality, that a = α. In this case u = β and
v = 0 yields the desired condition.

(3) d(a, b) = 1. In this case, choose u 6= v points such that d(u, v) = 1
and u, v being different from a and b, and the inequality trivially
holds.

In spite of the previous example, the failure of the LTP can be checked
on subsets of two points when we restrict our attention to a suitable metric
subspace. More precisely, we get the following result.
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Proposition 4.2. — Let M be a metric space failing the LTP. Then
there exists an infinite subspace A ⊂ M such that, for some ε > 0 and
some x, y ∈ A, we have

(1− ε)(d(x, y) + d(u, v)) > min {d(x, u) + d(y, v), d(x, v) + d(y, u)}

for all u, v ∈ A.

Proof. — There is ε > 0 and a finite N ⊂ M such that, for every pair
u 6= v ∈M \N , we have

(1− ε)(d(x, y) + d(u, v)) > min {d(x, u) + d(y, v), d(x, v) + d(y, u)}

for some pair x 6= y ∈ N . Since there are only finitely many pairs x 6= y ∈ N
a direct application of Ramsey’s theorem gives that there exist x0 6= y0 ∈ N
and an infinite A′ ⊂M such that

(4.1) (1− ε)(d(x0, y0) + d(u, v))
> min {d(x0, u) + d(y0, v), d(x0, v) + d(y0, u)}

for every u 6= v ∈ A′. If {x0, y0} ⊂ A′, the result is true for A := A′. If not,
we denote

A(x) := {z ∈ A′ : (4.1) fails for u = x, v = z} .

Note that

A(x0) := {z ∈ A′ : d(y0, z) > (1− ε)(d(x0, y0) + d(x0, z))} ,

that A(x0) ∩ {x0, y0} = ∅, and that similar properties hold for A(y0). We
put

A := {x0, y0} ∪A′ \ (A(x0) ∪A(y0)).

We claim that A(x0), resp. A(y0), is a singleton at most. In order to get
a contradiction assume that z 6= w ∈ A(x0). We have, without loss of
generality, the following inequality

(1− ε)(d(x0, y0) + d(z, w))
> d(x0, z) + d(y0, w)
> d(x0, z) + (1− ε)(d(x0, y0) + d(x0, w))
= (1− ε)(d(x0, y0) + d(x0, z) + d(x0, w)) + εd(x0, z)
> (1− ε)(d(x0, y0) + d(z, w)) + εd(x0, z),

which is absurd. Hence |A(x0)| 6 1. An identical proof shows that |A(y0)| 6
1. It follows that A is infinite which we wanted to prove. �
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A prominent class of non-octahedral norms are the norms that admit a
point of Fréchet differentiability. The main results of the paper imply that
for the norm on F(M) this can happen only when M is uniformly discrete
and bounded. It is not difficult to come up with an example. Indeed, one
can easily see that the norm on F(M) is Fréchet differentiable at δz

d(z,0)
when M and z are as in Example 3.6. We wish to take a closer look at this
phenomenon.

Theorem 4.3. — LetM be a uniformly discrete bounded metric space.
Consider x1, . . . , xn, y ∈ M and λ1, . . . , λn ∈ R+ such that

∑n
i=1 λi = 1.

Define ϕ :=
∑n
i=1 λi

δxi
−δy

d(xi,y) . The following are equivalent:
(1) ϕ is a Fréchet differentiability point of F(M).
(2) Given z ∈M there exists i ∈ {1, . . . , n} such that

d(xi, y) = d(xi, z) + d(z, y).

(3) ϕ is a Gâteaux differentiability point of F(M).

Proof. — We will assume with no loss of generality that y = 0.
(2)⇒(1). — Pick ε>0 and f ∈BLip0(M) such that ϕ(f)=

∑n
i=1λi

f(xi)
d(xi,0) >

1− ε
min16i6nλi

. An easy convexity argument yields that f(xi)>(1−ε)d(xi,0)
for each i ∈ {1, . . . , n}. Pick an element z ∈M . By assumptions there exists
i ∈ {1, . . . , n} such that d(xi, 0) = d(xi, z) + d(z, 0). Now

d(z, 0) > f(z) > f(xi)− |f(z)− f(xi)| > (1− ε)d(xi, 0)− d(xi, z)
= (1− ε)(d(xi, z) + d(z, 0))− d(xi, z) = d(0, z)− εd(xi, 0)

We thus have |f(z) − d(z, 0)| < εd(xi, 0) < ε diam(M). Consequently, one
has

‖f − d( · , 0)‖ 6 C ‖f − d( · , 0)‖∞ 6 εC diam(M)
where C > 1 is the constant of equivalence between the Lipschitz and the
uniform norm on Lip0(M) (we recall that Lip0(M) is isomorphic to `∞(M \
{0}) as M is uniformly discrete and bounded). According to Šmulyan
lemma, ϕ is a point of Fréchet differentiability (with d( · , 0) ∈ F(M)∗
being the differential).
(1)⇒(3). — It is obvious.
(3)⇒(2). — Assume that for some z ∈ M , (2) does not hold for any

xj and let us prove that (3) does not hold either. To see that define
fi : {0, x1, . . . , xn, z} → R for i = 1, 2 as follows: fi(0) = 0, fi(xj) =
d(0, xj) for every j ∈ {1, . . . , n}, f1(z) = d(0, z) and f2(z) = max{−d(0, z),
max16i6n d(xi, 0) − d(z, xi)}. We have clearly ‖fi‖ = 1, 〈fi, ϕ〉 = 1 and
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f1 6= f2. Indeed, by assumptions f2(z) < d(z, 0) = f1(z). Now the respec-
tive norm-one extensions f̃i of fi, i = 1, 2 show that ϕ is not a point of
Gâteaux differentiability. �

Let X be a Banach space and let ‖ · ‖ be an equivalent non-octahedral
norm on X. It is easily seen that there exists ε > 0 such that every norm
| · | which satisfies

1
1 + ε

‖x‖ 6 |x| 6 (1 + ε) ‖x‖

is non-octahedral. Let now (M,d) be a bounded uniformly discrete metric
space which fails the LTP. Then it follows from the above and from The-
orem 3.1 that there exists ε > 0 such that every metric d′ on M which
satisfies

1
1 + ε

d(x, y) 6 d′(x, y) 6 (1 + ε)d(x, y)

fails the LTP too.
We single out a particular example of this fact. In what follows we will

work with the metric graph M = {0, z} ∪ {xi : i ∈ N} where the edges are
the pairs of the form {0, xi} or {xi, z} and the metric d is the shortest path
distance.

Lemma 4.4. — Let d′ be a metric on M such that (M,d) and (M,d′)
are Lipschitz equivalent with distortion D < 2. Then (M,d′) fails the LTP.

Notice that the countable equilateral space is 2-Lipschitz equivalent to
(M,d) so the above lemma is optimal.

Proof. — By the hypothesis there are D < 2 and s > 0 such that
s

D
d(x, y) 6 d′(x, y) 6 sd(x, y)

for all x, y ∈ M . Since the LTP is invariant under scaling of the metric,
we may assume that s = 1. We are going to show that for N = {0, z},
0 < ε < 1− D

2 and all u, v ∈M we have

A := (1− ε)(d′(0, z) + d′(u, v))
> min {d′(0, u) + d′(z, v), d′(0, v) + d′(z, u)} =: B.

When (u, v) = (xn, xm) we have A > 2 > B. When (u, v) = (0, xn) we
have A > 3

2 > 1 > B. The same relation holds when (u, v) = (z, xn). �

Proposition 4.5. — For every 1 < p < ∞, the above space (M,d)
embeds into `p with distortion D < 2. Consequently, `p contains a subset
A failing the LTP.
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Proof. — Let 1 < p <∞ be fixed. We define φ : M → `p as φ(0) = −e1,
φ(z) = e1 and φ(xi) = 2

p−1
p ei, where (ei) is the canonical basis of `p. A

routine computation shows that the distortion of φ is p
√

1 + 2p−1 which is
strictly less than 2 for p > 1. It follows from Lemma 4.4 that (φ(M), ‖ · ‖p)
fails the LTP. �

A Banach space X is said to be L-embedded if there is a projection P :
X∗∗ → X such that ‖x∗∗‖ = ‖Px∗∗‖+ ‖x∗∗ − Px∗∗‖ for every x∗∗ ∈ X∗∗.
It is shown in [26, Proposition 3.4] that if X is a separable L-embedded
space, then every non-reflexive subspace Y of X is octahedral. We thus get
the following.

Corollary 4.6. — Let M be a separable metric space which contains
an infinite subset without the LTP. Then F(M) is not L-embedded. In
particular, F(`p) is not L-embedded when 1 < p <∞.

Even though below we prove that `1 has no subsets without the LTP,
we do not know whether F(`1) is L-embedded. In fact, it is a famous open
problem whether F(`1) is even complemented in its bidual. Similarly, it is
not known whether F(Rn), n > 2, is L-embedded for some norm on Rn.
Nevertheless, it has been recently shown in [8] that the spaces F(Rn) are
complemented in their biduals.

Remark 4.7. — Since the R-trees are exactly those metric spaces which
are CAT (κ) for every κ ∈ R (see [4] for this notion) and since all the infinite
subsets of an R-tree enjoy the LTP, one might be tempted to conjecture
that the infinite subsets of CAT (κ) spaces have the LTP (at least when
κ < 0).

This turns out not to be the case. We argue as follows. Notice that `2
is a CAT (0) space. By Proposition 4.5, it contains the set φ(M) failing
the LTP. By the discussion preceding Lemma 4.4 and using the scaling
invariance of the LTP, there is ε > 0 such that, if a metric d′ on φ(M)
satisfies

s

1 + ε
‖x− y‖2 6 d

′(x, y) 6 (1 + ε)s ‖x− y‖2

for some s > 0 and all x, y ∈ φ(M), then (φ(M), d′) fails the LTP. We
consider H∞ =

{
x ∈ `2 : x2

1 −
∑∞
i=2 x

2
i = 1

}
with its hyperbolic distance

ρ, which is a CAT (−1) space. Moreover, it is a Hilbert manifold and so
the metric restricted to small enough neighbourhoods of points is as close
to the `2 metric as one might wish. In particular there exists an s > 0
such that sB`2 embeds into H∞ with distortion 1 + ε, say via a mapping
f . We define d′(x, y) := ρ(f( s2x), f( s2y)) for all x, y ∈ φ(M). By the above
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discussion (φ(M), d′) fails the LTP and is isometric to a subset of H∞.

Now, since
(
H∞, ρ√

|κ|

)
is a CAT (κ) space for κ < 0 we see, by the scaling

invariance of the LPT, that the CAT (κ) condition does not exclude the
presence of the subsets without the LTP.

The distortion of the embedding in Proposition 4.5 tends to 2 when
p → ∞ or p → 1. In the case of p → ∞, this is not of a fundamental
importance. Indeed, one can easily embed isometrically (M,d) into c, the
space of convergent sequences. Similarly, one can easily embed isometrically
the space from the Example 3.6 into c0. Thus both c and c0 contain subsets
failing the LTP.
On the other hand the behaviour of the distortion when p → 1 is a

manifestation of a fundamental fact that we will present next.
We need to introduce the following concepts. Given a Banach space

(X, ‖ · ‖) it is said that X is asymptotically uniformly convex (AUC) if,
for every t > 0, the following inequality holds

δX(t) := inf
x∈SX

sup
codim(Y )<∞

inf
y∈SY

‖x+ ty‖ − 1 > 0.

The function δX is called the modulus of asymptotic uniform convexity
of X and it has been introduced in [24] (see also [20] for some further
properties of this modulus). It is clear that δX(t) 6 t holds for every t > 0.
Moreover, X = `1 satisfies that δX(t) = t for all t ∈ R+.

Proposition 4.8. — LetX be a AUC Banach space such that δX(t) = t

holds for all t > 0. Then every infinite subset of X has the LTP.
In particular, for every infinite subset M of X it follows that F(M) has

an octahedral norm.

This proposition generalises Example 3.4(3) as every R-tree isometrically
embeds into `1 of the corresponding density. Even though the last claim
seems to be quite natural, the only proof we know of is in [21] where it is
proved in Proposition 4.1 that the notion of a separable R-tree coincides
with the notion “SMT” introduced in that paper. It is proved in [21, Corol-
lary 2.1] that every SMT embeds isometrically into `1. The non-separable
case follows the same lines, using transfinite induction.
In the proof of Proposition 4.8 we shall need the following lemma.

Lemma 4.9. — Let X be a Banach space such that δX(1) = 1. Then, for
every x ∈ X and every ε > 0 there exists a finite-codimensional subspace
Y ⊆ X such that, for every y ∈ Y , it follows

‖x+ y‖ > (1− ε)(‖x‖+ ‖y‖) for all y ∈ Y.
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In particular, δX(t) = t holds for every t > 0.

Proof. — Pick x ∈ X \ {0} and ε > 0. Since δX(1) = 1, then there exists
a finite-codimensional subspace Y of X such that, for every y ∈ SY , it
follows ∥∥∥∥ x

‖x‖
+ y

∥∥∥∥ > 2− ε.

Call z = x
‖x‖ . Consider t1, t2 ∈ [0, 1] such that t1 + t2 = 1 and assume, with

no loss of generality, that t1 > t2. Then

‖t1y + t2z‖ = ‖t1(z + y) + (t2 − t1)z‖ > t1‖z + y‖ − (t1 − t2)
> t1(2− ε) + t2 − t1 > t1 + t2 − ε = 1− ε.

Finally, given y ∈ Y , from the previous estimates we get

‖x+ y‖
‖x‖+ ‖y‖ =

∥∥∥∥ ‖x‖
‖x‖+ ‖y‖

x

‖x‖
+ ‖y‖
‖x‖+ ‖y‖

y

‖y‖

∥∥∥∥ > 1− ε,

and the lemma follows. �

Proof of Proposition 4.8. — In order to get a contradiction assume that
there exists an infinite subset A ⊆ X failing the LTP. By Proposition 4.2 we
can assume, with no loss of generality, that there are ε0 > 0 and x 6= y ∈ A
such that, for every u 6= v ∈ A, we get

(1− ε0)(‖x− y‖+ ‖u− v‖) > min{‖x− u‖+ ‖y − v‖, ‖x− v‖+ ‖y − u‖}.

Since δX(1) = 1 we conclude the existence of a finite-codimensional sub-
space Y ⊆ X such that, for all z ∈ Y , it follows

‖x− y + z‖ > (1− ε)(‖x− y‖+ ‖z‖),

where 0 < ε < ε0. Since Y is finite-codimensional in X we can find a finite-
dimensional subspace F ⊆ X such that X = Y ⊕ F . Consider P and Q

to be the corresponding linear and continuous projections onto Y and F

respectively. Note that (since F is finite-dimensional, Q is bounded and A
is bounded) we can find B ⊆ A such that, for every u 6= v ∈ B, we have
that ‖Q(u− v)‖ < ε0−ε

4 ‖x− y‖. Now, for fixed u 6= v in B, we have

(1− ε0)(‖x− y‖+ ‖u− v‖) > min{‖x− u‖+ ‖y − v‖, ‖x− v‖+ ‖y − u‖}.

We can assume, with no loss of generality, that the following inequality
holds:

(4.2) (1− ε0)(‖x− y‖+ ‖u− v‖) > ‖x− u‖+ ‖y − v‖.
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Now

‖x− u‖+ ‖y − v‖ > ‖x− y − (u− v)‖ = ‖x− y − P (u− v)−Q(u− v)‖
> ‖x− y − P (u− v)‖ − ‖Q(u− v)‖.

Since P (u − v) ∈ Y we conclude that ‖x − y − P (u − v)‖ > (1 − ε)(‖x −
y‖+ ‖P (u− v)‖). Consequently, using this jointly with (4.2), we get

(1− ε0)(‖x− y‖+ ‖u− v‖) > (1− ε)(‖x− y‖+ ‖P (u− v)‖)− ‖Q(u− v)‖.

Now, the triangle inequality implies that ‖u−v‖ 6 ‖P (u−v)‖+‖Q(u−v)‖.
Consequently, the previous inequalities imply

0 > (ε0 − ε)(‖x− y‖+ ‖P (u− v)‖)− 2‖Q(u− v)‖ > ε0 − ε
2 ‖x− y‖,

which is a contradiction. Thus, we conclude that there exists no subset A
of X failing the LTP, which we wanted to prove. �

Remarks 4.10.

(a) It is well known and easily seen, that if a Banach space X satisfies
that for every ε > 0 there are finite dimensional spaces En, n ∈ N,
such that X is (1 + ε)-isomorphic to a subspace of (

⊕∞
n=1 En)

`1
then δX(t) = t. Up to our knowledge it is an open problem whether
every Banach space such that δX(t) = t must be of this form.
On the other hand, many (Lipschitz-free) Banach spaces satisfy-

ing this hypothesis (and consequently Proposition 4.8) have been
recently pinned down by C. Petitjean in [25, Proposition 2.8 and
Examples 2.12]. Among others, one such example is the space F(M)
whenever M is a countable compact space.

(b) Given a Banach space X such that δX(1) = 1 then the metric graph
(M,d) can not be embedded in X with distortion D < 2 as a con-
sequence of Lemma 4.4. We do not know whether this property
actually characterises all the AUC Banach spaces with maximal
modulus. We do not know either whether the converse of Proposi-
tion 4.8 holds.(1)

(1)Added in proof: Notice that L. C. García Lirola has proved in his thesis [11] that
every infinite dimensional AUS space contains an infinite subset failing the LTP.
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