1612.08007v3 [math.AP] 12 Oct 2017

arXiv

IMPROVED ENERGY METHODS FOR NONLOCAL DIFFUSION

PROBLEMS

JOSE A. CANIZO AND ALEXIS MOLINO

ABSTRACT. We prove an energy inequality for nonlocal diffusion operators of

the following type, and some of its generalisations:

Lu(e) 1= [ K(@p)(u(s) — u(a) du,

where L acts on a real function u defined on RY, and we assume that K (z,y)
is uniformly strictly positive in a neighbourhood of * = y. The inequality
is a nonlocal analogue of the Nash inequality, and plays a similar role in the
study of the asymptotic decay of solutions to the nonlocal diffusion equation
Otu = Lu as the Nash inequality does for the heat equation. The inequality
allows us to give a precise decay rate of the LP norms of u and its derivatives.
As compared to existing decay results in the literature, our proof is perhaps

simpler and gives new results in some cases.
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In this paper we develop energy methods which are useful in the study of some
partial differential equations involving nonlocal diffusion terms. We start by the
basic example which is the following integro-differential equation in convolution

form:

(1) Opu(t,x) = /RN J(x —y)(ult,y) — u(t,z)) dy, u(0,2) = ug(x)

where t > 0 is the time variable, z € R¥ is the space variable, u = u(t, ) € R is the
unknown, and J is the diffusion kernel. Typically one assumes that J is smooth,
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nonnegative, radially symmetric, and with integral 1; we also mention a variety
of models with different assumptions and variations of (1) in Section 4. Equation
(1) and its relatives appear as a nonlocal version of the usual diffusion equation
Oyu = Au, and it is known that (1) approximates it when J is close to a Delta
function (see Theorem 1.8 and the remarks before it).

We will apply energy methods to deal with nonlocal problems that not necessarily
involve a convolution. That is, problems of the form

(2) dru(t,z) = . K(z,y)(u(t,y) —u(t,z))dy,
where our main hypotheses on K can be summarized as follows: K (x,y) is a non-
negative symmetric function with sup,cpw f]RN K(z,y)dz < Ck and such that K
is strictly positive in a neighborhood of the closet set {x = y}. Furthermore, the
symmetry of K can be replaced by integrability conditions (see Subsection 4.2).
On the other hand, observe that it makes sense to assume that K (z,z) > 0 since in
many models it means that the probability that individuals remain for some time
at the point where they are is positive.

As a particular application which motivates our arguments we consider the non-
local dispersal model proposed by Cortézar et al. (2007) (see also Cortézar et al.
(2011); Cortézar et al. (2015); Cortdzar et al. (2016)):

3)  dult,x) :/RJ (x_y> UBY) Gy u(tz),  in R x [0, 00),

9() ) 9(v)
with a prescribed initial data u(x,0) = ug(z) defined on R. Here J is an even,
positive, smooth function such that fR J(z)de = 1 and supp J = [-1,1], and ¢

is a continuous positive function which accounts for the dispersal distance which
depends on the departing point. In this model u represents the spatial distribution
of a certain species, and g models the heterogeneity of the environment which can
affect the distribution of a species through space-dependent dispersal strategies.
For this model we are able to give an explicit rate of decay of the LP norm of
solutions, which is to our knowledge a new result (see Theorem 4.3).

The driving idea of our methods is that solutions to (1) behave in many ways
like solutions to the heat equation

(4) Oyu = Auv U(O, 'r) = Uo,

where as usual the Laplacian A acts only on the space variable z (see Theorem
1.8 and the comments before it). For more details we refer the reader to Sun
et al. (2011) for the Cauchy problem, Cortézar et al. (2009) for Dirichlet boundary
conditions (see also Molino and Rossi (2016) in a more general framework) and
Cortézar et al. (2008) for Neumann boundary conditions. One important property
of (4) is the following time decay of solutions (see for instance Giga et al. (2010)):
there is a constant C' = C'(N,p) > 0 such that

1

() lullp < (luoll, ™ + Clluolly ™) 7, forallt >0,
which holds for any 1 < p < 400 and any initial condition uy € L'(RY) N LP(RY)

nontrivial, and where
2
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In fact, it still holds for ug € L'(R™) and all £ > 0 by removing the term [Juo||, 7.
Here and below, LP(RY) denotes the usual Lebesgue space of p-integrable functions
on RY | with associated norm denoted by || - ||,. There are several ways of showing
this decay and regularization property for the heat equation. One of them is noticing

that the LP norms are Lyapunov functionals for (4): if u solves (4) with ug €
LP(RYN) then

© e = M(C

One can then compare the right hand side term to |lu||, by using the Gagliardo-
Nirenberg-Sobolev inequality (which in this particular case is known as the Nash
inequality Nash (1958))

(NiS]

)|°.

(7) lolla < Cn V015 [lo]li~°,
with
N
0:=——.
N +2

This inequality is valid in any dimension N; in dimensions N > 3 it can easily be
obtained as a consequence of the more familiar Sobolev inequality ||ul|2« < C||Vul|2,
where 2* := 2N/(N — 2). By using (7) with v = u?/? we obtain for any p > 2 that

p(1—0)

P2 _2 P _ 2 B
(8) /RN\V(W)\ >Cn luld lluly™ ™ = CR7 JullBO) a7,

where the last step is obtained through an interpolation of |[ul[, 2 between |ul,
and |Jul|1. Due to mass conservation for the heat equation we have |lul|; < ||ugl1 for
all times ¢ > 0 (this inequality is of course an equality for nonnegative, finite-mass
solutions). Hence using (8) in (6) one has

d _
g lully < =Cllullp™ luoll 7,

for some constant C' = C(N,p). This is a differential inequality for ||u|, that
readily gives the decay (5).

In the context of diffusion equations, the strategy of using the L? norm of u and
its derivative as a means for studying properties of solutions is known as the energy
method. It is a close relative of a common and quite successful strategy in kinetic
equations and dissipative PDE sometimes known as the entropy method (Arnold
et al., 2004; Bakry and Emery, 1985; Bonforte et al., 2010; Carrillo et al., 2001;
Desvillettes and Villani, 2004; Gross, 1975; Otto and Villani, 2000; Villani, 2002),
where one compares the time derivative of a Lyapunov functional with the Lya-
punov functional itself via a functional inequality in order to obtain a certain decay
rate for solutions. These energy methods have the advantage of being quite ro-
bust, often being applicable to equations that are not explicitly solvable by Fourier
transform methods, and to nonlinear problems. The question that motivates this
paper is whether these ideas can be adapted to equation (1) in order to show a
decay property similar to (5). One important observation is that the same state-
ment cannot be true for solutions of (1), since there is no instantaneous L! to L?
regularization. In fact, the LP norms are still a Lyapunov functional for (1) (as is
well known, any convex function gives a Lyapunov functional for (1)): if w is an LP
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solution to (1) then

(9 S hully = - (w).

Here, the L? dissipation ’Dg (u) is defined for any measurable u: RY — R as

10) DY =5 [ [ @ =) (ule) = ) (s (0(2) = s (u(1) vy

where for ¢ > 0 we denote by ¢, the antisymmetric extension of the usual ¢-th
power, that is,

¢q(s) == |s|?sgn(s), seR.
Of course, since ¢p—1 is nondecreasing, the integrand in (10) is also nonnegative

and always makes sense as a number in [0, +00]. We point out that for nonnegative
u the expression becomes a bit simpler,

D=5 [ ]I =)o)~ u) (e = ulpy ) do

Precisely this strategy was discussed in Ignat and Rossi (2009), where it was re-
marked that no inequality of the following form can hold, for any ¢ > 2 and a
smooth, nonnegative, compactly supported function J:

Dj (u) = Clull3.

Hence the natural analogue of the usual Sobolev inequality does not hold in the
nonlocal case. Similarly, the direct analogue of (8) (with D;(u) on the left hand
side) cannot hold, since it would imply an L — L? regularization effect on (1) which
is known to fail. In view of this failure, a different strategy was followed there,
leading to different inequalities and applications to several linear and nonlinear
equations involving nonlocal diffusions. Similar ideas were developed in Brandle
and de Pablo (2015) in order to establish decay estimates for fractional diffusions,
with modified inequalities used in place of the usual Nash inequality. After the
statement of our results we compare them in more detail to those in Brandle and
de Pablo (2015); Ignat and Rossi (2009) and other previous works.

Main results. Our purpose is to show a simple inequality that plays the role of
(8) and provides a means to show precise decay properties of (1) and (2):

Hypothesis 1. J: RY — [0,4+00) is a measurable function such that for some
r, R > 0 we have

(11) J(z)>r, foralll|z] <R.

In particular, this is obviously satisfied if J is continuous in a neighborhood of
0 with J(0) > 0.

Theorem 1.1 (L? energy inequality). Let J : RN — R be a function satisfying
Hypothesis 1. For every N > 1 and p > 2, there exists a positive constant C' =
C(N,p) > 0 such that

(12) Dy () = Crmin { R4 ull 77 [lufl 20, RN |Jul ),

for allw e LY(RYN) N LP(RY), where ~ := N(p2*1)'



IMPROVED ENERGY METHODS FOR NONLOCAL DIFFUSION PROBLEMS 5

This inequality serves as a useful analogue of (8) in the nonlocal case, as we will
see shortly. If one does not care about the precise dependence of the constant C' on
J then this can be more simply stated as: there exists a constant C = C(N, p, J)
depending only on N, p and J such that
(13) D} (u) > Cmin { ull 7 30, fuly}

p

The constants in the above inequalities can be estimated explicitly by following the
proof. To our knowledge, inequality (12) is new. Similar modified Nash inequali-
ties are considered in Carlen et al. (1987); Ignat and Rossi (2009), and especially
in Bréndle and de Pablo (2015)[Corollary 4.7]. In the latter, (p, ¢)-inequalities in-
volving the p and ¢ norms of u are given for p > ¢ > 1; ours is the limiting case
with ¢ = 1, not included there. We notice the L' case is fundamental for the gen-
eralisations we describe later, since mass is a natural conserved quantity in many
models.

The inequality in Theorem 1.1 immediately allows us to deduce bounds on the
asymptotic behaviour of several nonlocal diffusion equations (see Section 4). Let
us give the argument for equation (1), which is the simplest possible model: using
(9) we have

d . -
Sl = =D; () < =Crmin { RY*2 |l 7 ulp00, RN julls )

Taking into account that ||u||; is nonincreasing in time (it is conserved for nonneg-
ative solutions) one has

d . -
Sl < —Crmin { RN 2 juoll 7 lull5 ), BN |lull }

This is a differential inequality for ||u||,, which can be solved (see Lemma 4.1) to
yield the following result:

Theorem 1.2. Take a function J € LY*(RY) satisfying Hypothesis 1 and p €
[2,+00). Consider the solution u to equation (1) with initial data ug € L*(RY) N
LP(RYN). There exists a constant C = C(N,p) (the same as in Theorem 1.1) such
that

(14)  flully < {

l|uoll® for 0 <t <ty,
(ol + Car RN T2 {|ug | 77 (¢ — to)) Jort > to,

2=

where v := ﬁ and

1 2 _
to = max {O, W 10g (RW ||U,0||1 p”ll,()”g))} .

Again, if we are not interested in the precise dependence of the bound on J,
[luoll1 and ||uoll, then the following statement is simpler: there exists a constant
C=C(r,R,N,p, ||uoll1, lluollp) such that

N(p-1)
2

(15) lull2 < C(1+1)" for all ¢ > 0.

This is a direct consequence of the bound (14); see Remark 4.2. In this sense,
Theorem 1.1 is a nonlocal analogue of the Gagliardo-Nirenberg-Sobolev (or Nash)
inequality: it allows us to give a decay rate of the nonlocal diffusion equation (1),
and in fact this decay rate approaches that of the heat equation as (1) approaches
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it (see Theorem 1.8). Furthermore, due to the interpolation formula and using
inequality (15) for p = 2, we obtain that for ¢ € [1, 2]

2— 2(g—1
lull2 < el 3390
N(g—1)

< Julli 0T )T

<1+t~
which means that (15) also holds for 1 < p < 2 and some positive constant C' =
C(J, N, p, luoll, ol ).

We also give inequalities related to higher derivatives of u in Section 3, and
deduce from them corresponding decay properties of derivatives of u, still at the
same asymptotic rate as those for the heat equation. For k£ > 0 we define the
differential operator D¥ acting on a function u as

Dby = —(=A)F/ %,

In order to ensure that this expression makes sense we will always assume that
u € H*(RY) (i.e., the classical Sobolev space W#2(R")) when applying D*. The
following result gives an estimate of Dy (D*u); note that the case k = 0 is just the
p = 2 case of Theorem 1.1:

Theorem 1.3. Let N > 1 be an integer and J : RN — R be a function satisfying
Hypothesis 1. There exists a positive constant C = C(N) such that

4 4
(16)  D{(D*u) > Crmin {R“N“nunl || phy |2 v R“kaun%}

for all w € HF(RN) N LY(RY).
As a consequence one can obtain a decay of higher derivatives of solutions to (1).

Notice that the case kK = 0 of the following result is just Theorem 1.2 with p = 2:

Theorem 1.4. Take a function J satisfying Hypothesis 1 and a real k > 0. Con-
sider the solution u to equation (1) with initial data ug € L*(RV)NHF(RYN). There
exists a constant C' = C(N, k) (the same as in Theorem 1.3) such that

|DFu < L 1D ol for0<t <t
27 L(ID*uoll3 " + Cry RN +2||ug|| 7 2 (t — o))~ for t > to,

2=

where v := ﬁ and

1 2 _
to = max{O, W log (R‘Y H’U,0H1 2||DkU0||g)} .

The decay in Theorem 1.2 can be interpreted as follows: for large times, the
asymptotic decay of the LP norm of solutions to the nonlocal diffusion equation
(1) is the same as that of the heat equation. However, there can be an initial
time during which a different decay takes place. The threshold between the two is
related to the value of the LP norm of w: if it is large then heuristically (since we
are assuming ug is integrable) the main contribution to the LP norm comes from
local concentrations of u. Since the smoothing effect of (1) is much weaker than
that of the heat equation, the rates of decay of the two differ. On the other hand,
when ||u||, is small, the concentrations of v do not play a major role and the decay
of both equations becomes comparable. The inequality (12) and the corresponding
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decay (14) are quite precise on the dependence on J and the initial data, giving
a direct estimate of the time when the “heat-like” diffusion kicks in: the time #g
depends logarithmically on the ratio between ||ug||, and ||uol|1-

Theorem 1.2 as stated is not new; the simplified statement (15) can be proved for
example by Fourier transform methods (Andreu-Vaillo et al., 2010), and the decay
(14) can probably be obtained as well. The important advantage of using Theorem
1.1 to prove Theorem 1.2 is that the method is quite robust under modifications
in the linear operator. In Subsection 4.2 we prove a result similar to Theorem 1.2
which gives decay properties for general nonlocal diffusion equations with a more
general kernel K (z,y) instead of J(z — y): consider the equation

(17) Ou(t,x) = | K(z,yu(t,y)dy — o(z)u(t, ),
RN

where K: RY x RY — [0,00) is a general kernel (not necessarily symmetric) and
o: RY — [0,+00) is a function. Let us keep our discussion at a formal level for
the moment and not worry about the problem of existence of solutions to (17) or
the precise regularity of K and . Equation (17) is a general form of the scattering
equation (see for example Michel et al. (2004)), and contains many others as a
particular case. The nonlocal diffusion (1) is recovered if K(z,y) = J(z —y) and
o(xz) = [pn J for all z,y. In the case that o(z) = [~ K(2,y)dy the equation can
be written as

(18) Owu(t,z) = K (z,y)(u(t,y) — u(t,z)) dy,

RN
which is a type of nonlocal diffusion equation, where the nonlocality is not given
by a convolution. Similarly, if we assume

(19) o(z)= [ K(y,z)dy,
RN

then equation (17) is formally the Kolmogorov forward equation for a Markov jump
process with jump rates given by K, where u represents the probability density
of the process (Ethier and Kurtz, 1986, Chapter 4.2). Notice that (19) is just the
statement that the total mass [y u(t, ) dz is formally conserved in time (as should
happen for a probabilistic evolution). In that sense, equation (17) contains many
evolution equations linked to Markov processes, and has multiple applications. (We
give an example linked to a population dispersal in Section 4.3.) Equation (17) has
some properties in common with diffusion processes, but it is important to notice
that (17) may have finite-mass equilibria (unlike the usual heat equation, whose
only finite-mass equilibrium is 0).

Let us state a precise result which is relevant for nonlocal diffusions. For all of
them we will assume:

Hypothesis 2. There exist r, R > 0 such that K (x,y) > r whenever | — y| < R.

This is the analogue of Hypothesis 1 in this setting. In order to ensure that LP
solutions of (17) exist we will also assume that K is measurable and that for some
Ck >0

(20) K(z,y)dy < Ck, K(y,z)dy < Ck, for all z € RY.
RN RN
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This ensures that the linear operator on the right hand side of (17) is bounded in
LYRY) and L*>®(RY) (and hence, by interpolation, in any LP(RY) with 1 < p <
00).

Theorem 1.5. Take p € [2,4+00). Assume that K: RY x RN — [0, +00) satisfies

Hypothesis 2 and (20). Consider equation (17) with o given by (19), and assume
that there exists an equilibrium us of (17) satisfying

1
(21) — < ux(z) < m, for all x € RY,
m

for some m > 0. Let u be any solution to equation (17) with initial data uy €
LY(RN) N LP(RY). There exists a constant C' depending only on r, R, N, m, p,
[lwollr and ||uollp such that

Np-1)

flulp <CA+t)" 72, for all t > 0.

In Section 4.3 we give an application of these results to a dispersal equation
proposed in Cortdzar et al. (2007), obtaining an explicit rate of convergence to
equilibrium.

Remark 1.6. Condition (20) is just included in order to ensure that there are well-
defined solutions to (17), but it does not play a role in the decay estimates. It can
be removed if it can be justified by other means that solutions to (17) exist and
rigorously satisfy the entropy property (9).

Remark 1.7. In Theorem 1.5 one can also give a more precise estimation of the
decay and the constants involved, as we did in Theorem 1.2. We have preferred in
this case to leave the statement in this form for simplicity, but the reader can state
the analogue of Theorem 1.2 without difficulty.

We refer to Section 4.2 for details on this and a proof of Theorem 1.5.

Heat equation scaling. It is worth mentioning that Theorems 1.1 and 1.2 pass
to the limit well when the nonlocal equation (1) approximates the heat equation.
Let J be a smooth and radially symmetric convolution kernel with J(0) > 0, and
denote by J. the rescaling

Je(z) == ;E:QJ (g) ) with C(J)~! = %/RN J(2)23% dz.

It is well-known that, u®, the solution to the equation

(22) Opus (t,x) = /RN Je(z —y)((u(t,y) — u®(t, x)) dy, reRN t>0,

with initial data up € C(RY) converges to the solution of the heat equation d;v =
Av with the same initial data (see for instance Andreu-Vaillo et al. (2010); Rey
and Toscani (2013)). Since J satisfies Hypothesis 1 for some r, R > 0 one has
Je(z) > TE%(ZJ\,), for all |z| < Re. Replacing this in expression (14) the ¢ is cancelled
and we obtain the following result:

Theorem 1.8. Assume J satisfies Hypothesis 1. Let u® be a solution of (22) with
initial data ug € L*(RY) N LP(RY) with p € [2,00). Then it holds

1
lu (£ )5 < (luoll, ™ + Culluolly 7 (t = to)) ™ fort > to,
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where Cy = C(N, p)yrRN*2C(J) does not depend on & and
2

to = max< 0 -
0 " CrRNC(J)

g (= 7 ol uol) ).

. 2 aw
In particular, to = 0 for all e < e = |luoll;* /(Rlluolly’ ).

The interest of the above theorem is that the decay is preserved in the scaling
that leads to the heat equation. In addition, for small € the expression of the decay
is exactly of the same form as that of the heat equation, given in (5).

Comparison to results in the literature. Several precise results exist already
regarding the decay properties of equation (1). Let us give a brief review and
compare them to our own. Nonlocal diffusions including (1) have been studied
in Chasseigne et al. (2006), and we refer the reader to the recent book Andreu-
Vaillo et al. (2010) for background and an extensive review of the state of the art
for equations involving similar nonlocal terms. A similar approximation to the
heat equation, with a particular kernel .J, was studied in Rey and Toscani (2013),
and some nonlocal approximations to Fokker-Planck equations have been recently
considered in Mischler and Tristani (2016) and very recently in Toscani (2017).

The observation that solutions to (1) decay asymptotically like the heat equation
has been present since the first works on the matter, with several analogues of
(5). The first ones were based on the Fourier transform of (1), which is explicitly
solvable Chasseigne et al. (2006); Ignat and Rossi (2007, 2008). Energy methods
were considered in Ignat and Rossi (2009); results were given on the decay of several
models including the linear nonlocal diffusion equation (1) and a nonlocal version
of the p-Laplacian evolution equation. The method in Ignat and Rossi (2009) is
different from ours, and is based on a splitting of the function u into a “smooth”
part and a “rough” part. The ideas are somehow reminiscent of ours, since they
borrow techniques from Fourier splitting by Schonbek (1980) and there is a parallel
with our splitting of the function v in Fourier space. The results from Ignat and
Rossi (2009) are in dimensions N > 3 and K symmetric; on the other hand, they
are well-adapted to nonlinear problems like the nonlocal p-Laplacian equation. Our
inequality seems to be a simpler argument which works in any dimension, is well-
adapted to the linear nonlocal diffusion operator, but does not easily carry over to
nonlinear nonlocal operators. It also gives a simple way to track the dependence of
the decay on the parameters of the problem, especially the diffusion kernel J.

Inequalities of the type (12) were already noticed in Brandle and de Pablo (2015),
and used in order to obtain decay and regularisation properties for nonlinear diffu-
sions of the type (1) where the function J typically behaves as |z| =N ~% as  — +o0,
for some 0 < « < 2. Their proof goes along the lines of Ignat and Rossi (2009).
Inequality (12) is a limit case of their results, but is not included there for similar
reasons as in Ignat and Rossi (2009).

As compared to previous results, we summarise our contributions as follows:

(1) Inequality (12) seems to be new. Similar ideas were used in Brandle and
de Pablo (2015); Ignat and Rossi (2009), but (12) is a limiting case not
included in these works.

(2) Our proof of the inequality (12) is straightforward, works in any dimension,
and in our opinion simplifies previous arguments for related inequalities. It
also leads to a precise estimate of the constants in the inequality, which have
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in particular the correct scaling when approximating the heat equation (see
Theorem 1.8).

(3) A similar method of proof yields inequalities and decay results involving
higher derivatives of the function u; see Section 3.

(4) The entropy method used allows for an extension to linear mass-conserving
equations with general kernels K (z,y) (not necessarily symmetric) instead
of J(xz — y); see Subsection 4.2.

The paper is organised as follows: in Section 2 we give the proof of the inequality
in Theorem 1.1, and in Section 3 we prove similar inequalities involving derivatives.
Finally, in Section 4 we show how these inequalities yield decay properties for several
equations involving general kernels K(z,y), in particular proving Theorem 1.2 in
Subsection 4.1.

2. ENERGY INEQUALITIES FOR NONLOCAL DIFFUSION OPERATORS

We are interested in finding useful lower bounds of Dg (u) in terms of LP norms
of u. Since (Ja| — [b])(|al®* — |b]*) < (a —b)(¢s(a) — @s()) for any a,b € R and s > 1
(where ¢4(a) := |a]® sgn(a)), it is easily seen that

Dy (u) > Dy (Jul)

for any measurable u: RV — R. This allows us to work only with nonnegative
functions w.

This section is devoted to the proof of Theorem 1.1. We first show the case
p = 2, and then deduce from it the general inequality for p > 2. The proof of
the p = 2 case is a modification of a the original proof of the Nash inequality (7)
appearing in the paper by Nash (1958):

Lemma 2.1. Let I be the normalised characteristic function of the unit ball in RY,
1

(23) I(z) .= — if|z| <1, I(z) =0 otherwise,
N

where wy is the volume of the unit ball in dimension N. There exists a constant
C = C(N) depending only on N such that

. —% 244
(24) Di(u) = € min { Jully ¥ full; ™, Jlul3},
for all w € LY(RN) N L2(RY).

We point out that the constant C' can be estimated explicitly by following the
calculations in the proof below.

Proof. Along the proof we call Cq,Cs, ... several constants that depend only on
the dimension N. We will use the following property, which holds for some constant
Cy > 0:

- 1
1-1() = & min{1, [£]?},  forall ¢ e RY
1
or, in other words,

(25) (1—1(¢))"' <Crmax{1,]¢|7%},  forall ¢ e RV,
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Since I has integral one we can write, using that the Fourier transform is an isometry
of L2(RY;C),

Dh(u) =2 (u,u — I u) = 2(q, (1 - [)a) = 2/RN(1 — Daf?,

where (-, -) denotes the usual inner product in the space of L? complex functions in
RY. We can break the integral of ||ul|2 in two parts, for any § > 0:

(20) ulg=lal3 = [ jaoPag+ [ iR
lg|<s €[>6
These two terms can be estimated as follows: for the first one,
(1) [ ta@Pds < uli [ de <wns¥ulf
1€1<é 1€]1<é
For the second one, using (25) and assuming ¢ < 1 we have

i(€)[? -1 max “21 14(6))?
/£>5 [a(€)] d€§01/|£|>6 (1 1(5)) {1,172} |a(9))? ¢

(28) < /W (1= 7€) max{1, 572} [a(&) * de

Ch 5 N Ch
< [ (1-1©) P d < 5Di).

|€]>0
Using (27) and (28) in (26) we obtain

Ch

(29) HuH%SwN5N|\qu+6—2D£(u), for any 0 < § < 1.
We would like to optimise this quantity in d, but it is only valid for 0 < 6 < 1. If
we could choose § freely we would take the one that achieves the best bound in the
inequality (29), that is,

1
5 <201@£(u)> e
0 — .
Nownull
Now we discuss two cases:

Case 1. If 69 < 1, then replacing 0 by dp in (29) we have

N
2 N N 2\ N+2 _4
g <wier® (145 ) (5) 7 1 Foiw,

Equivalently,

_4 2+ 4

(30) Dy(u) = Callully ™ ully™™
—% -1 N\ N

where Cy =w VOt (1+5) V¥ &
Case 2. If §y > 1 then this means that

Nownllull§ < 2C1Dy(w).

In this case, choosing ¢ = 1 in (29) and using the above inequality we get

2
Jull < wxlull + € D3 < (1+ 2 ) € D)
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or
(31) Dy (u) 2 Cs]lull3
with C3 := Cl_l (1 + %)_1.
Finally, summarising (30) and (31) we obtain
(32) D () > Cy min { Jully ¥ ;™ )3}
with C4 := max {Cs, C3}. This proves (24) with C' = Cj. O

Notice that D (u) satisfies the following scaling property. For A > 0 and any
function g on RY we denote

gr(z) == g(z/N), z € RV,
Then one sees that
(33) Dy (u) = A*NDJ (uy).
This easily gives the following extension of Lemma 2.1:

L? energy inequality). Let J satisfy Hypothesis 1. There is some
N) that depends only on the dimension N such that

Corollary 2.2
constant C' = C

. -+ 244
(34) D (u) = Crmin (RN ull; ¥ jull; ™, RY|ul3 ]

—~ o~

for all w € L2(RN) N LY(RY).

Proof of Corollary 2.2. Call I = I(z) the normalised characteristic of the unit ball,
and define

1
K(z):= TWNJ(RZ), z € RV,

Then
K(z) > 1I(z) for all z € RY
o
D5’ (u) > Dj(u).
Since J = rwy K g, due to the scaling (33) we have
Dy (u) = rwNRQNDé((u%) > rwNRQN’Dé(u%).

Hence we can use Lemma 2.1 (writing Cy to denote the constant C in it) to say
that

. _4 24+ 4
D (u) = ron B2V O min {flug 7 ¥ Jug 1577, Jluy I3}
_4 4
= rwnCry min { RN 2Jul 7% [lully" ¥, BV |ul3} .

This shows the result. O

Corollary 2.2 gives the case p = 2 of Theorem 1.1. In order to obtain the general
case for p > 2 and complete the proof, let us first state a simple elementary without
proof inequality in the next lemma;:

Lemma 2.3. Let p > 1, there exists ¢(p) > 0 such that
(35) (a —b)(aP™t —P71) > ¢(p) (aP/* —bP/*)2,  for all a,b > 0.
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We can now complete the proof of Theorem 1.1:

Proof of Theorem 1.1. As explained at the beginning of Section 2, we may assume
that v is nonnegative. By using the inequality (35) we obtain

/]RN /]RN J(z —y)(u(z) —u(y))(u(z)?~' —u(y)?~")dzdy

oW [ [ =g - ut))Pdady
RN JRN
= c(p)D; (u?’?).
Now, by virtue of Corollary 2.2, and calling Cy the constant in it, it follows that

. -% 244
Dyl () = e(p)Cnr min { RN 2| 2|7V [lur2)57% RN /2|3 |

D; (u)

Y%

. -2 +%
= o) min { &2l ¥ Jul . RVl

Finally, due to the interpolation formula
1 o
ullg < Jull7™ [lullp

(note that p > 2 is used here) we conclude that

Dy (u) = e(p)Cov r min { RN 2 Jull 777 [lull540, BV ull2}

3. ENERGY INEQUALITIES INVOLVING DERIVATIVES

We now prove Theorem 1.3, an inequality which is useful when studying the
decay of derivatives of solutions to nonlocal diffusion equations:

Proof of Theorem 1.3. The proof is a direct extension of the technique in the proof
of Theorem 1.1. We follow the same steps. First, we assume that J is the normalised
characteristic function of the unit ball in R, given by (23). Then, closely following
Lemma 2.1, we claim

4 4
@) DIDH0) > Cmin{ull T 0l DR
for some constant C'y > 0 depending only on N. As in the proof of Lemma 2.1,
DI (DFy) = 2/ (1 J)|DFul2.
RN

Now, recalling inequality (25) and taking into account that |D/EL(§)|2 = |€1%F|a(€)]? <
€)%k ||u||? we obtain for 0 < § < 1 that

Ful2 = | DFul|2 = Dru(¢)2d Dru(£)[%d
[ D%ull5 = [|[D¥ull3 /|£|<6|D €3] §+/E>6|D (§)]7d¢
C . _
ull? 2k q i — k(62 d
(37) <| |1/E<6|§| §+ 52 /E>5(1 J(€))|DFu(§)]7 d§

C
< N0 ulf + o5 D3 (D*u).
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Choose

20, Df(DFu) \ VT
5o = .
’ ((N+2/€)|U|fwzv>

We obtain, as in Lemma 2.1, two possibilities: if §o < 1, we get

(38) 1D*ull3 < Co Jul[i Dy (D*u)

1—

I
with pp = m and Cy = (% + k)#k (1 + ﬁ) ' Chwht. In the other case,

do > 1, we get

200 py (D*u).

39 DFul2 < — =t
(39) 100l < g D

Collecting inequalities (38) and (39) we have

| D ull} < Co max { lull 3 D (D)=, D (D*u) }

where Cy = max {C’Q, %} Reversing the inequality we have thus proved
(36).

In order to complete the proof we consider any J satisfying Hypothesis 1. We
have a scaling property which is an extension of (33):

(40) D (D¥u) = XN D] (DFuy ),

for any A > 0. Of course, we also have D¥uy = A=%(D¥u),, the usual scaling for
derivatives. If I denotes the characteristic function of the unit ball on RY and we
define K = L J1/r as in the proof of Corollary 2.2 then K > I, and J = rwy Kg.

TWN

Using the scaling property (40) and the normalised case (36) we see that

’D'2](Dku) = rwNR2N7k’D§(u1/R) > rwNR2N7kDé(u1/R)

_ . 4 24 - 4
> rwy RN Oy mm{llul/Rlll Y| DRuygly YT |DkU1/R|§}

__4 __4
= run RV kO min{RM“nunl || DRl Y, RPN D3

4 __4
= i Oy min { RS2l 7 DTV R DR

which shows the result. O

We point out that analogous results can be stated for other differential operators.
As an example we consider Vu. Following the notation of the preceding section we
set

(41) DY (Vu) = / ) / (=) [Vu(z) - Vuly) drdy,

defined for any u € H'(RY). Reasoning along the same lines as in the previous
result one obtains the following result for Vu (notice that this is not the same as
the k = 1 case of Theorem 1.3, since D'u is not equal to Vu):
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Theorem 3.1. Let N > 1 be an integer and J : RN — R be a function satisfying
Hypothesis 1. There exists a positive constant C = C(N) such that

__4 _4
(42) D3 (Vu) > Crmin{RN”IUIl T |Vl T, RN“IWII%},

for all w € HY(RN) N LY(RY).
Proof. If J has integral one we can write, as before,

DJ(Vu) =2 (Vu, Vu — J * Vu) = 2(Vu, (1 — J)Vu) = 2/ (1= J)|Vul2.
RN

Since |Vu(€)[? = [¢2]a(€)]? < |€]?||ul|?, one can follow the same reasoning as in the
k =1 case of Theorem 1.3 to obtain the result. (]
4. SOME APPLICATIONS

4.1. The linear nonlocal diffusion equation in convolution form. The most
direct application of the inequalities in the previous section concerns the long-time
behaviour of the linear nonlocal diffusion equation:

(13) dutt.a) = [ I =u)ult.) —u(t. ) dy,

where t > 0 is the time variable, * € R¥ is the space variable, u = u(t,x) € R is
the unknown, and J is the diffusion kernel. As a straightforward consequence of
Theorem 1.1 we obtain Theorem 1.2, which we prove now.

Proof of Theorem 1.2. The regularity of the solution u allows us to write the fol-
lowing H-theorem for the LP norm:

d
(44) Sl = -] (w)

Due to Theorem 1.1, and taking into account that [|u(t,-)||1 = |Juo||1 (mass conser-
vation), we have

d _
Sl < —Crmin { RN 2 uo |7 ullp0, BN uliz}

for some constant C' = C(N,p). This is a differential inequality for [jul/} which
allows us to compare it to the solution to the equation

X'(t) = —Crmin {RN“HUOH;PV X (1)), RNX(t)} .
We can then apply Lemma 4.1 with
Oy := CrRN 2|77, Cy :=CrR",
to obtain the result. (]

Lemma 4.1. Take C1,C2,v >0 and let X = X(t) be a solution on [0,+00) to the
ordinary differential equation

(45) X'(t) = —min {C1 X ()17, C2 X () } .

with X (0) > 0. Then we have

X(0) for t €0, to],
(X(0)™7 +~C1(t —tg)) fort € (to, +00)

2=

(46) X(t) < {



16 JOSE A. CANIZO AND ALEXIS MOLINO

where
to — max {O, Oi log (CQVC]?X(O))} .
2

Remark 4.2. The solution of the ordinary differential equation in the above lemma
is actually explicit (see the proof), and we just aim to give a simple statement that
captures the decay of the solution as t — +00. One can simplify even further and
say that there is a constant C = C(Cy, Cs,, X (0)) such that

X(t) SC(l—i—t)*%, for all t > 0.
This is easily deduced from (46) with

C :=sup 7X(t) -
20 (L+1)

)

which is finite since both X and (1 + t)_% have the same decay as ¢ — 400, and
obviously depends only on Cy, Cs,~ and X (0).

Proof of Lemma 4.1. By usual theorems in ordinary differential equations, equation
(45) has a unique solution on [0, 4+00) with the given initial condition X (0), and
this solution is nonnegative on [0,400). The condition that decides which of the
two terms achieves the minimum at each time ¢ is whether
(47) Xy < 2

Ch
or not. Since X is nonincreasing, once this condition is satisfied at a certain ty > 0
it will be satisfied for all ¢ > ¢o. With this it is easy to calculate the explicit solution,
given by

2=

(t) = X (0)e~C2t for ¢ € [0, to],
(X(to)i'y + "yCl (t — to))7 for t € (to, —|—OO)
where
1 11
top = max {0, F log (02 L Cl’y X(O))} .
2
One obtains the result by noticing that X (0)e~“2! < X(0) and X (¢p) < X(0). O
Similarly, with the help of the previous lemma the inequalities in Theorem 1.3

imply the decay in Theorem 1.4:

Proof of Theorem 1.4. If u satisfies equation (1) then D*u satisfies the same equa-
tion, with initial condition D*u(0,z) = D*ug(x). Hence we have, as in (9),

d
D" ull3 = ~Df (D*u).

Using Theorem 1.3 we obtain

d 4 4
D413 < ~Crmin {2l Y DR, R DR

This is again a differential inequality for || D*ul|3, to which we can apply Lemma
4.1 with

-4
Cy = CrRMN 2|yl Y25, Cy = CrRFFY.

This directly gives the result. O
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4.2. General linear mass-conserving nonlocal equations. In this section we
prove Theorem 1.5, which concerns equation (17), recalled here:

(48) Owu(t,z) = [ K(z,y)ul(t,y)dy — o(z)u(t, z),
RN

where K: RY x RY — [0,00) is a general kernel (not necessarily symmetric) and
o: RN — [0,400) is a function. In order to apply our strategy to equation (48)
we need to have suitable Lyapunov functionals for it. To our knowledge, the most
general setting in which one can do this is that of the so-called general relative
entropy method (Michel et al., 2004, 2005), which we state here in a particular
case: assume that (19) holds and that

(49) There exists a positive equilibrium s : RY — (0, 400) of (48).

(That is, a solution ue, of (48) which does not depend on time ¢.) Then it is known

that
d o u(t, x)
dt Jrn Uso ()
whenever ® is a convex function and wu is any solution of (48). This fact is well-
known in probability theory (see the review by Chafai (2004)) and is a direct
consequence of the general relative entropy method (Michel et al., 2004). The
explicit form of its time derivative can be found in Michel et al. (2004):

) Uoo(x) dz <0,

60 5 [ B @) (o)

= /RN o K (@, y)uso (y) (' (f () (f(x) = f(y)) — ©(f () + 2(f(y))) dz dy,

where we denote f(t,2) = u(t, z)/us(x), and where the ¢ variable has been omitted
for shortness. Notice that the integrand is always nonnegative due to the convexity
of ®. The following particular cases are of interest for us here: for ®(f) = | f|? with
p > 1 we have

d
(51) Sl = —€X(5),

where the dissipation Ef( f) is an operator acting only on the x variable. Its
expression is given by the right hand side of (50) (with ®(f) = |f|?) and is not so
simple. But if we additionally assume that

(52) K(z,9)us(y) = K(y, 2)uso (), for all z,y € RY,

then one can check that

(53) &X(f)

p/ K (2, y)uco () (F(2)P 7 (f(2) = f(y) — (f(2)P + (f(y))") dedy
RN ]RN

- § /RN /RN (f(2) = F(@) (f@)P " = F)P ") K (2, y)uc(y) dedy

for all nonnegative functions f; note the parallel with (9). The last equality in (53)
is obtained by noticing that the integrals corresponding to f(x)P and f(y)? cancel
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out (easily seen by using (52)), and using (52) again to symmetrise the remaining
integral:

/RN [ K@ )usw)f @ (@) = () dedy
=3 [ ) (P = £ ) (5~ £) drd
RN JRN

Condition (52) is known in probability as the detailed balance or reversibility condi-
tion (it holds for example if us = 1 and K is symmetric). If one works in a setting
where (51) holds then it may still be possible to use the inequality in Theorem 1.1
(or related ones) and deduce some information on the rate of decay of solutions.

Proof of Theorem 1.5. Condition (20) is easily seen to imply that the linear oper-
ator given by

Lu(zx) = K(z,y)u(y) dy — o(x)u(z), z e RN,
RN
is well defined and bounded both in L}(R") and LP(R"). This shows that equation
(48) with initial condition 1 has a unique solution in C!([0, +-00), LP(RV)NLY(RY))
which conserves mass (that is, [,y u(t,z)dz = [pn uo(z)dz for all ¢ > 0), and
that it satisfies the entropy property (9). It is also seen easily that equation (48)
preserves sign: if the initial condition is nonnegative (nonpositive) then u(t, z) is
nonnegative (nonpositive) for all ¢,2. As a consequence, it is enough to prove the
result when wug is nonnegative — the general result is then obtained by linearity
from ug = ug — ug , with ug = max{ug,0} and to uy := max{—uo,0}.
For z,y € RV call

K(z,y):=r, if|lz—y| <R, K(x,y) :=0 otherwise
and
J(x):=mr, if|z|] <R, J(x):=0 otherwise.
Due to Hypothesis 2 and (21) we have

K(z,y)uso(y) > —K(z,y).

1
Hence, since K is symmetric, using the same symmetrisation trick as in (53),
EX ) = R
> o | ((F@P @) = ) = (F@) + (F(9))") K (,y) dedy

2m RN

=L (f@p = )P (f@) = f(y) K (2, y) de dy

2m RN
=D, (f)

for any nonnegative function f, where D;(f) is the dissipation in (10). Hence for
the (nonnegative) solution u, using Theorem 1.1 and calling

X = [ frus :/RN <u(t’x)>puoo(a:)dx

uoo(x)
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we have
d _ K
SX () = €K ()
< -Dj(f)
< —Cmin{|| fII77 I FIECT0, [ £115}
< —Cymin{|luol|; 7 X ()7, X (#)},

where C5 also depends on m, and we have used mass conservation and again the
bounds in (21). Due to the differential inequality in Lemma 4.1 we obtain that

X)) <CA+t)~"%",  forallt>0,
for some constant C' as stated in the result. We complete the proof by noticing that
t p
fully <mt [ (MDY o) o = mi 2 x(0) -
P BN\ Uso ()

4.3. A nonlocal dispersal equation. We consider the following integro-differential
equation (the dispersal model that was briefly mentioned in the introduction):

(54) (?tu(t,x)_/RJ(I_y> “hY) 4wt z), R x [0,00),

9(v) ) 9)
with a prescribed initial data u(x,0) = ug(z) defined on R. Here J is an even,
positive, smooth function such that [, J(z)dz = 1 and supp J = [-1,1], and g

is a continuous positive function which accounts for the dispersal distance which
depends on the departing point. In this model u represents the spatial distribution
of a certain species, and g models the heterogeneity of the environment which can
affect the distribution of a species through space-dependent dispersal strategies.
This model was proposed in Cortdzar et al. (2007) (see also Cortdzar et al. (2011);
Cortazar et al. (2015); Cortdzar et al. (2016)). It was shown there that if we assume
g is bounded above and below then there exists a positive steady state solution of
(54), that is, a solution of the corresponding stationary problem,

o= 3 (55 St

Moreover, u~ is bounded above and below by positive constants. It was also
proved in Cortdzar et al. (2007) that any solution u of (54) converges to 0 locally
as t — oco. Using the general result in Theorem 1.5 we are able to improve this
asymptotic behavior obtaining a precise decay rate of the LP norms of w:

Theorem 4.3. Take p € [2,400). Let u be a solution of (54) with initial data
up € L*(R) N LP(R), and assume that

(1) J € L*=(R) is a bounded, nonnegative function with compact support, sat-
isfying Hypothesis 1,
(2) and g is a continuous function satisfying

1
MSg(z)ﬁM, forallz € R

and for some M > 0.
Then for some constant C > 0 depending on J, M, p, ||uo|lx and ||uolp,

_p—1
2

lull) < C(1+1) , for all t > 0.
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Proof. Equation (54) is of the form (48) with o(z) =1 for all z € R and

T —y 1
Koy =J < 9(y) ) 9(y)’ for z,y € R

Defining K and o in this way, (19) is satisfied and one can check that this kernel

K satisfies Hypothesis 2 and (20). By the results in Cortézar et al. (2007) we know

that there exists an equilibrium u satisfying (21) (with m depending only on the

parameters of the problem), so we are in condition to apply Theorem 1.5 and obtain

the result. O

Remark 4.4. One can pose equation (54) in RY instead of R. The only reason in
Theorem 4.3 why we need the dimension N to be 1 is that we use the results in
Cortazar et al. (2007) to ensure there is a positive equilibrium u., which is bounded
above and below. Theorem 4.3 is still true in dimension /N provided the existence of
an equilibrium satisfying (21) (with the same proof). Such existence of a bounded
Uso 18 to our knowledge an open problem in dimension N > 1.

4.4. Nonlocal diffusions with a nonlinear source. With very little change in
our arguments we can obtain the same decay estimates if we add a nonlinear source
to equation (48), as long as the nonlinear source “decreases energy”. We consider

(55) Owut,z) = [ K(z,y)ult,y)dy — o(2)u(t,z) + f(ult, 2)).

R
with K and o as in Section 4.2 and f a locally Lipschitz function satisfying the
sign condition

(56) f(s)s <0, for s € R.
With the same arguments as before we obtain the following;:

Theorem 4.5. Take p € [2,+00) and let u be a solution of (55) with nonnegative
initial data ug € L*(R) N LP(R), and assume that K and o satisfy the conditions of
Theorem 1.5. Assume that f is a locally Lipschitz function satisfying (56). Then
for some constant C' > 0 depending only on K, N, ||uoll1 and ||uo|lp,
lulb<C(L+8)"%,  forallt>0.

Proof. The conditions on f, K and o ensure that there exists a solution of the equa-
tion, and that one may differentiate it in time to obtain the usual expression for the
time derivative of ||u[[5. Dropping the nonpositive term f(u(t, )) u(t, z) [u(t, z)[P~2
we obtain the inequality

d
Sl < €2 (),

Arguing as in the proof of Theorem 1.5 we obtain the asymptotic decay. Observe
that the total mass of the solution is nonincreasing, since f(s) <0 for s >0. O

This equation was treated in Andreu-Vaillo et al. (2010); Ignat and Rossi (2009)
where a restriction on the dimension (N > 3) and K symmetric are required in
order to establish the asymptotic behavior.
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