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This article deals with a numerical approximation method using an evolutionary partial differential equation
(PDE) by discrete variational splines in a finite element space. To formulate the problem, we need an evo-
lutionary PDE equation with respect to the time and the position, certain boundary conditions and a set of
approximating points. We show the existence and uniqueness of the solution and we study a computational
method to compute such a solution. Moreover, we established a convergence result with respect to the time
and the position. We provided several numerical and graphic examples of approximation in order to show
the validity and effectiveness of the presented method. © 2017 Wiley Periodicals, Inc. Numer Methods Partial
Differential Eq 34: 5-18, 2018
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. INTRODUCTION

In Computer-Aided Design (CAD), the construction of curves and/or surfaces is done tradition-
ally using geometric primitives such as lines, cones and other types of shapes which can be
characterized by some simple equations.

However, when faced with complex problems in engineering, architecture, and geology, what
is needed are smooth curves and/or surfaces, which are shapes that cannot be described by a simple
equation. Commonly, these problems appear in the automotive or aerospace industries where the
section of manufactured objects are designed from some interpolation or approximation data, and
also verifying some hydrodynamic properties that can be modeled by certain ordinary differential
equation (ODE) and/or partial differential equation (PDE). Hence, it is natural to use free-form
curves. In [1], the authors present a design method for free-form curves from a set of approxi-
mation points and a boundary value problem for an ODE. In [2], the authors present a general
scheme for using PDEs to solve surface modeling problems with high-order boundary continuity
conditions.
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This article deals with a numerical solution of evolutionary partial differential equation prob-
lem respect to the time and the position, by discrete variational splines in a finite element space.
A discretization problem in a suitable finite element space is studied. We show the existence and
the uniqueness of the solution of such problem and we study a computational method to com-
pute such solution. Then, we establish a convergence result with respect to the time and position.
Finally, we analyze some numerical and graphical examples to show the validity and effectiveness
of our method. We want to emphasize that this manuscript is entirely different of [3], because
we solve the problem in a finite element space at the same time with respect to the time and the
position, that is, solving a three-dimensional problem; while in [3] first, we resolve the problem
with respect to the time with the finite differential method, second, we resolve the problem in a
finite dimensional space with respect to the position. Working in a space of 3D finite element is
more difficult, which gives more value to the manuscript due to multiple applications in various
fields of science and design.

The remainder is organized as follows. In Section 2, we introduce some notations used in the
article; Section 3 is devoted to formulate the evolutionary problem; then in Section 4, we study the
resolution of such problem in a finite element space, in Section 5, we give a detailed description of
the computation of the method; and we study the convergence of a discrete solution in Section 6.
The Section 7 is finished by presenting some numeric and graphical examples to show the validity
of the method.

Il. PRELIMINARIES
The following notations are used:

e Letn,m e N.

¢ The Euclidean norm and inner product in R” will be denoted by (-),, and (-, -)
form > 2.

* Q is an open bounded subset of R? and L?(£2) stands for the linear space of real Lebesgue
measurable functions such that [, u*(x)dx < +o0.

* H"(K2) represents the usual Sobolev space H"(€2) of order n of (classes of) functions
u € L*(R), together with all their partial derivatives 8'u, in the distribution sense, of order

respectively,

m>

li| < n, where for all i = (i,i2) € N2 |i| = i) + iy and du(x) = —22%_ for any

PRGN
dxl dxz

x = (x,x) € Q;
* H{(£2) is the closure of C§°(£2) in H"(£2). Obviously H(?(Q) = L*(Q);
* Finally, with the same letter C we denote various strictly real positive constants.

The linear space L*(2) is equipped with the inner product
(u,v)y = / u(x)v(x)dx
Q

1
and the corresponding norm |u|o = (u,u)d.
Analogously, the Sobolev space H"(£2) is equipped with the inner product

(), =Y f 0 u(x)d v (x)dx,
Q

lil<n
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NUMERICAL APPROXIMATION 7
1
the corresponding norm ||ul|,, = ((u,u));, the semi-inner products

(u,v); = Z du(x)dv(x)dx, 0 <1 <n,

lij=t <

1
and the corresponding seminorms |u|; = (u, u)lz, 0<l<n.
For greater ClaritY’ we will denote ” : ”n,Q’ ((3 '))n,Q’ | . |1,Qa (" ')l,Q instead of ” . ”n’ ((a '))n’ | . |I3
and (-, -);, respectively.
Later, R™ is used to signify the space of real matrices with m rows and / columns, endowed
with the inner product (A, B),,, = Zm’l a;jb;j, where A = (a;j) 1<i<m and B = (b;;) 1<i<m, and

i,j=1 p
1=j=l I=<j=i

1
the corresponding norm (A),,; = (A, A) ;.

lll. FORMULATION OF THE PROBLEM

Now, let ©2 be an open bounded polygonal subset of R? and T a non-negative real number. Thus,
2 has a Lipschitz boundary. For simplicity of notation, we write (0,7) x Q2 = Q7.
Let L, be a differential operator defined from H?(0, T) x H*'(2) into L*>(Q7) by

Lau(t,x) =Y (=DY9(py(x)dlu(t,x)), (t,x) € Qr, (1)

[E]L1jl=n

where p;; € CVI(Q) and p;; = pj; forall |i|, |j| < n.
We consider the symmetric bilinear form associated with L, defined on H'(0, T) x H"(Q2) by

W), = Y (P )ut,x), ] v(t, %)y, )

[E]L1j1=n

this means that

T
(u,v)Lx=/ / > (pijx)diu(t, x)djv(t, x) | dxdt.
0 Q

lil,ljl=n
‘We assume that

Y EpyE =0, Vxeq, 3)

il jlsn—1

and that there exists v > 0 such that

Y EpyE = v, Vxeq, “)

[],1j1=n

forall & = (§,,&) € R2, where &' = £/'£2, for any i = (i1, i) € N.

Due to (3) and (4), the differential operator L, is said to be strongly elliptic on €2.

It can be easily shown that according to the hypotheses (3) and (4) the bilinear form (-,-),
defines a semi-inner product on H" (£2).
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1
The seminorm associated to (-,-), is denoted by |u|., = (u, u)sz.

Likewise, let L, be a differential operator defined from H?(0,T) x H*' () into L*(Qy) by

0 0
Lou(t,x) = % (p(t,x)gu(t,x)> , (t,x) € Qr, 5

where p(t,x) € C1(0,T), p(t,x) > 0, for any (¢,x) € Qr.
Now, we suppose are given that the following functions:

. feLXQm):
* 91 € C(Q); o o
e Y, € C(Qr)foranyi =0,...,n — 1, with Qr =[0,T] x Q
We define the semi-inner product L, from H'(0,T) x H"(2) into R by

(us v)L[ = (p(t7x)aru(t’ x): atv(t’x))O,QT

1
and the associated seminorm |u|;, = (u,u) 21
The goal of this work is to resolve the following problem:

Lau(t,x)+ Lyu(t,x) = f(t,x), (t,x) € Qr,
u0,x) = ¢(x), x € Q, ©)
u, (0,x) = ga2(x), x € 2,
Lu(t,x) = Yi(t,x), fori =0,....n— 1,1 € (0,T),x € 0%
where 0€2 stands for the boundary of Q.
We shall show that Problem (6) has a unique solution considering (1), (4), and (5).

IV. RESOLUTION BY FINITE ELEMENT METHOD
Suppose the following as given:
* apartition As of [0, T] is given by
O=ti<thh<---<tzpg=T

with s = max (t;, — t;_;);
i=2,..R

« a triangulation 7, of € means of simplices or rectangles of diameter < & being / a positive
real number;
« a finite element space X;, made up over 7, such that

X, has the finite dimension I = I (h)
and
X, C H'(Q2) N C" ' (Q). (7)
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NUMERICAL APPROXIMATION 9

Remark 1. If © is not polygonal, we approximate €2 by a polygonal subset €2, in such a way
that llqin(l)Q\Qh = 0 and we construct 7, over £2,.

Let S5(As) be the finite element space made up over As from the Hermite generic finite
element. Then, for any v € S31 (As), we can write

2R
() =Y ;) (0),
j=1

where, for all j = 1,...,2R, v is the linear operator defined from H 10, T) into R by

5.0) o) ifj=2i—1,i=1,...,R,
vi(v) =
! V() ifj=2ii=1,...,R,

and, for j =1,...,2R, v; is a basis function of S31 (As), defined by the expression

by = 8, , ifj=2k—1,k=1,...,R,
o if j =2k,k=1,...,R,

and
, 0 ifj=2k—1,k=1,...,R,
Uj(ti): j o
8, ifj=2kk=1,...,R.
Likewise, let {w;, ..., w;} be the basis functions of X/,.

Now,letV = S;(As)@)Xh andforany j = 1,...,2Randanyk = 1,...,[,leti = (I—1)j+k,
we define w;:

w;(t,x) = v;(H)wi(x), for each (t,x) € Qr,

beingi € {1,..., M} with M = 2RI.

Let 8 = max {s,h} and let A’ = {(0,a;)/i = 1,..., Ny}, being {ay,...,ay,} the knots of the
triangulation 7, belonging to £2.

Moreover, let B® = {(t,-,bj)/i =1,...,R,j = 1,...,N2}, being {bl,...,sz} the knots of
the triangulation 7, belonging to 9€2.

We define the linear operators:

p,: H'(O,T) x H'(Q) — RM,

and

p,: H'(0,T) x H'(Q) — R,

p (V) = (v(oaai))1§i§N17 p,(v) = (v, (0, ai))15i§N1-
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10 KOUIBIA, PASADAS, AND BELHAJ
Moreover, let consider the linear operator T = (7y,..., T, ;) Where
7, HY(0,T) x H'(Q) — R

defined, foreachi =0,...,n — 1, by

ai
Tl‘(U) = (—lv(t,b)> .
an (t.b)eB’

For y € R"®M2_ we consider the subsets
H={veV|p,) = (¢:1(a))<izn,> P2(v) = (#2(a:) i<y, » T(V) = y}
and
Hy, = {v eVip,(v)=0,p,v) =0,7(v) = O} .

Remark 2. It holds that H is a nonempty bounded convex set of V. Moreover, it is an affine
variety associated with the vectorial space H,.

In this situation, we consider the discrete problem: Find ¢ € H such that

o€ H, ®)
Yve H, J(o)<J(),

where J is the quadratic functional defined on V by
J() = |vl7 = 2(f, v)og, ©)

being forallv € V
l7 = Jvlz, + oI, -

Definition 3. The unique solution of Problem (8), if it exists, will be called an evolution PDE
variational spline associated with Ly, L,, A°, B, (¢1(a;)) <<y, (92(@i)),<i<y, and y.

The next result shows the existence and uniqueness of the solution.

Theorem 4. Problem (8) admits a unique solution, which is also the unique solution of the
following variational problem: Find o € H such that, for all v € Hy, one has

(0,v), = (f,v)og, (10)
being for each u,v € V
(M’ U)L = (I/t, U)L1 + (I/t, U)LX

Proof. LetH = H'(0,T) x H"(2) and consider the application a : H x H — R, given by
a(u,v) = 2(u,v),. Obviously, the form a(-, -) is bilinear and symmetric in H. From (3)—(5) we
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have that a is coercive (see [4], Theorem 6.3.12]) and its continuity is deduced from the continuity
of (+,+)..

Let (v) = 2(f,v)oq,, Which is clearly linear and continuous in H. So, by applying
Stampacchia’s Theorem (see [5]), we conclude that there exists a unique 6 € H such that
a@,w —60) > @(w—0), for all w € H, which implies that a(6,v) > ¢(v) for all
v € Hy. As H, is a vectorial subspace, then if v € Hj hence —v € H,, and it follows that
a(@,—v) > ¢(—v), forany v € H.

From this, we obtain that a(8, v) = ¢(v) for any v € H,. Furthermore, 6 is the minimum in
H of the functional ®(v) = %a(v, v) — ¢(v), which is the minimum of J since ® (v) = J(v).
Hence, we conclude the result. ]

Theorem 5. There exists a unique (o, A1, A2,A3) € V x R¥ x RM x R"®N2 sych that

(0,v) +{p1v, A1)y, + (020, A2}y + (TV, A3) 0k, = = (s Voo Y

forallv € H, where o is the unique solution of Problem (8).

Proof. Let us reordered the basis of V as follows: we consider the family {w} e a)}\,1 } as
the basis functions associated with the degree of freedom

{@Ll(v)zv(o,aj):jz 1,...,N,};

and the family {wf, - ,w]zvl ] as the basis functions associated with the degree of freedom

{®.0) =v(0,a): j=1,....N};

and the family {a)f N Nz} as the basis functions associated with the degree of freedom

i

{lIJ (U) a—v(tk,bl) ] = 1 I’lRNz}

with j =k — D)Nn+({ — Dn—+i,fork=1,...,R,l=1,...,N,, i =0,...,n—1.
Now, for each v € H let

nRNy

w=v— Z@l [(W)w! — Z@,z(v)w — Z @, 3(v)w?.

Then, w € V and p,w = p,w =0, T(w) = 0, consequently w € H,.
Let o be the solution of (8). Then, by Theorem 4 we have o € H and (0, ), = (f,®)oq,,
this means that

Ni Ny nRN,
(0,v), — <O’,Zd>,~,1(v)a)il> -~ (a,zcb,«,z(v)wiz) - (a, > \I-’,-(v)a)f)
i=l L i=l L i=l L
Ny Ny nRN»
= (f.V)oq, — (f,Z <1>,-,1<v)w}) - (f,2d>,~,z<v)w?) - (f, > wiw)wi)
0.Q7 0.Q7 0,7

i=1 i=l i=l

Numerical Methods for Partial Differential Equations DOI 10.1002/num



12 KOUIBIA, PASADAS, AND BELHAJ

and by linearity, we obtain

Ny N
@0+ Y P ((fr0Dgg, = (0.0]),) + 3 @) ((f.00)yg,
i=l i=l

nRNp

—(0.0}),) + X %) ((f.0Dgq, = (0.07),) = (/s 00,

i=1
If we denote

A

((f’wil)o,gr - (G’wiI)L> R
Ay = <(f’a)i2)0,QT - (G’wil)L) .

Az = ((f’w?)o,gr - (G’a)?)L)

9
1<i<nRN,

then, for all v € H, we conclude that

(0,0) +{p v, A1)y, + (020, A2) y, + (TV, A3) 1y, = (fs v)ogy

and (11) is verified. _ _ _
Now, we suppose that there exists (A,X;) € R™, (X,,X;) € R™ and (X3,13) € R"*"2 such
that (o, A1, A2, A3) and (o', A1, Ay, A3) verify (11). Then, for all v € H, we have

(0,0) +(p1v, A1)y, + (020, X2) 5+ (TV, A3),0n, = (Vo
(@, 0)p + (010, X1)y, + (20, X2) y, + (TV, Xa)zy, = (f s Vo
and, by subtracting, for all v € H, it follows
(010,41 = A1)y, + (P20, k0 = Ao}y, + (T0, A5 = Aa)py, =0,

from which we derive A, = A;, A, = A, and Ay = L.
Hence, the uniqueness of (o, A, A,, A3) is obtained. [

V. COMPUTATION

‘We want to obtain in practice the expression of the evolution PDE variational spline.
We remember that the basis functions of V are denoted by wy, . . ., w,g;. Then, the function o
. . . . 2RI
can be expressed as the following linear combinationo =) ", yiw;.
Now, if the unknown coefficients y;, for i = 1,...,2RI are computed then we obtain the
expression of o.

By substituting in (11), for all v € H, we have

2RI
D @i ), + (e Ay, + (020, A2)y, + TV A3)pn, = (F2 V)0,
j=1

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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subject to the restrictions To = y, which are equivalent to

S Vi@ 00, F (0106 M)y, + (0200 Aa)y, + (ToLA3) ey, = (f @0 g,
fork=1,...,2RI,

I V,r(w,) =y,

that is, a linear system with 2RI + 2N, 4+ n RN, equations and the unknowns

Viseo s VIRI>ALLs+ - o s AN A2 15+ o s A2 N s A3Ls - o+ s A3 RN, -

(7 D)-0)

where C = (Cjk)lgj,k52R1’ with ¢j; = (wj,ap),, D = (D1, D2, D3),

Its matrix form is

D1 = (dkj)1<]‘<2R1’ with dklj = wx(0,a;),

1<j=<MN;
D2 = (d})1<k=ors, With dj; = (@),(0,a;),

I<j<N;

ai
D3 = (djk)llsslfizlsl’ Wlth djk o (ﬁwk(o’ bj)>0<i<nl,

J=IN2
f = (ij)ISjSZRI’ A= (XI’XZsXS)T9 with

A=A ,Al,Nl)T,)nz = (215 -- ,lz,Nl)T,)»a = (A31,.-- v)\3,nRN2)T’

and where

}’ = ()/1" "a)/ZR[)T, f = ((f’wk)O’QT)lskSZRl’ y = (yh' "ay2R[)T'

Vl. CONVERGENCE AND ESTIMATION OF ERROR

We consider in H the seminorms | - |;;, for s=0, 1,/ =0, ..., n, defined by

0o, x) |
|v|s,—2// 20 g,

li|=t

1
and the norm defined by [[vlls; = (3, [vI3,)?

13

Suppose, we are given a function F' € H. For any r € N, we consider Af, Bf, L, L J, H,,
Hy,, 7., X, and V, instead of the elements A®, B L., L, J, H, Hy, 7, X and V given in Section 4.
Let show, under certain hypotheses, that the evolution PDE variational spline relative to

L, L, A, B®, p,F, p,F,and TF converges to F as r — +00.
For this, we suppose that the following hypothesis holds:

1
supmm(x —a);=o0 ( > ,asr — 400,
r

eraeA

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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14 KOUIBIA, PASADAS, AND BELHAJ

and we consider, for each a € Af, that the linear applications v — v(0,a) and v — v,(0, a) are
freedom degrees of V,.

Moreover, we consider, for each (¢,b) € Bf, that the linear application v +— a%v(t,b) are
also freedom degrees of V,.

For any r € N, let § = §(r) = max {s,h} withh = h(r) = ;(neaqgfdiam(l(), where diam(K) is

the diameter of K, and suppose that
8§ —> 0, asr — 4o0. (13)

We suppose that there exists a constant C >0 and, for any r € N, a linear operator I1, : L*(H) —
V, verifying

ivs=0,1,1=0,...,n—1, Vy e H,
ly = Tyl < €8yl (14)
(i) ¥y € H"(Qr), lim |y —ILyl,, = 0.
The expression of the operator I1, is the following:

2RI

Yo e L(Qr), v =) (g, (15)

i=1

being 2RI = dimV,, {¢i,...,@:r;} the freedom degree of_V, and, foreachi = 1,...,2RI, w;
is the basis function associated with ¢;, with support S; C Q7 and ¢; € P,,(S;) is the polynomial
associated with w; defined by

Vg € Pu(S). (v = qi.q)gs, =0, (16)
where (-, ')o,s,- is defined as (-, -), for §; instead of Q7.

Lemma 6. We suppose that the hypotheses (7), (13), and (14) hold. Then, for all v € H, there
exists a family (v,),cn Of V. such that, for allr € N,

PV = PV, poU = pyv and lim [lv, — vy, = 0.
r—+o00

Proof. Letr € N, given v € H. In these conditions, we define v, € V, as a function verifying

2RI

v =TLv+) ¢ —g)w, an

i=1
being IT, the operator defined in (15). We have that
2RI 2RI 2RI
v = Zwi(q,-)w,- + Zwi(v —g)w; = eri(v)w;,
i=1 i=1 i=1
and it follows that p,v, = p,v, pv, = p,v and Tv, = TV.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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Definitively, v, € H, for each r € N. From (14), we deduced, for all r € N, that

lim [lv — I, v/[|,,, = 0. (18)
r——+00

By reasoning as in the points 2) and 3) of Corollary 5.1 of R. Arcangéli and al. [6] we have

2RI
li (v — g)w: —
lim_ ;mv q)w; y 0,
it follows, together with (17) and (18), that
lim ||v, — v|, =0. [ ]
r—>-+o0

Now, let o, be the evolution PDE variational spline in V, relative to L, L', A%, B?,
p ¥, p,(F),and TF.

Theorem 7. Suppose that the hypotheses (7), (12), (13), and (14) hold. Then, one has

lim [|F —0,]|1, = 0.
r—>-+o00

Proof. Applying Lemma 6, there exists a family (F,),.y C H, such that

im ||F, — Flli, =0. (19)

Let r € N arbitrary and we indicate by &, the interpolating variational spline in 2 relative to
A%, (py, P2), (P (F), py(F)), =0, and ¢ = 1 defined in [7].
As o, — F, € Hy and
Hy C Hj = {v € H"(Qr)|pjv=0,p5v =0,7"v =0},
we deduce, from Theorem 4, that
(0,6, — F}), = (F,&, — F)og,
which implies that
(0, — F..0, — F)p = (F — F,,6, — F})oo,
it follows, that there exists C >0 such that, for all » € N,

|0r _Fr|1,n = C”F - Fr”l,nnar - Fr”l,n-

Applying Corollary 8 of [7], and that p, (0, — F,) = 0, p,(0, — F,) = 0, we deduce that there
exist C >0 and ry, € N such that, for all » > ry,

||ar _Fr”l,n = C”F - Fr”l,n”&r - Fr”l,n-

Numerical Methods for Partial Differential Equations DOI 10.1002/num



16 KOUIBIA, PASADAS, AND BELHAJ
It is verified that
lloy — Fllin < lloy = Fellia + [1Fy — Fllig,
then, there exist C >0 and ry € N such that, for all » > ry, one has
llow = Fllia < (Cl16; = Felliw + 1) 1Fx = Fll1s
then, from (19) and Theorem 9 of [7], we conclude that

lim ||o, — F||,, = 0. .
r—+o00

We obtain the following result of estimation of the error of approximation by the evolution
PDE variational spline.

Corollary 8. Under the hypotheses of Theorem 7 then foralls = 0,1, £ =0, ..., n,itis verified
|F —0,|, = o(r*™"™), asr - +o0.

Proof. It is obvious by applying Theorem 3.3.7 of [8] and Theorem 7. ]

VIl. NUMERICAL AND GRAPHIC EXAMPLES
Let Q7 = (0,1) x (0,1) x (0,1) and let f : Q7 — R given by
f(t,x,y) =sinm?*(x + y — 0.5) + cos 721> (x — y — 0.5)?>1H70),

We want to approximate the evolutionary surface given by the graph of f for each value of ¢. For
this, we consider the evolution problem:

Quu(t,x,y) + Mu(t,x,y) — Mu(t,x,y) = f(t,x,y),(t,x,y) € Qr,
u(0,x,y) = f(0,x,y),(x,y) € 2,

u (0,x,y) = £(0,x,y), (x,y) € &2,

ut,x,y) = f(t,x,y),(x,y) € 9(€),1 € [0, 1],

uc(t,x,y) = fe(t,x,y), uy(t,x,y) = f,(t,x,y), (x,y) € (), t € [0, 1],

Let given & nonnegative real number and X, be the finite element space constructed from both
equidistant knot sets A, of five knots on the X-axe and A, of five knots on the Y-axe, with
max {|Ax [, 1A, |} < h, from the generic Bogner-Fox-Schmidt finite element of class C'.

We discrete in time the interval (0, 1) with s =0.1 step, we consider a set A° the set of scattered
points (0,a;) with i = 1,...,N; = 3000 and let consider B?, is the set of points of (;,b;)
witht; € (0,1), fori =0,...,9,and b;, for j = 1,..., N,, are the knots of A, x A, belong-
ing to 0€2 except the vertices. Hence, we compute the evolution PDE variational spline o in
V = S3(As) ® X,, associated with L., L,, A°, B, (¢1(a;)),<;<y,» (92(a:)),<;<y, and y where
X, and S31 (As) are introduced before and ¢;(x) = f(0,x) for each x € Q and ¢,(x) = f;(0,x)
for each x € Q.

Estimation of error:

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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TABLEI. Table of the estimation of the relative error between the original surfaces and its approximations
by an evolution PDE variational spline from a partition from a partition of 5 x 5 equal rectangles for each
time t; = g fori =0,...,9.

< 1 2 3 4
Time 0 5 5 5 3
Error 0 1.679 x 10713 27415 x 107! 6.2026 x 107° 8.8693 x 10~°
Time g 6 7 8 1

9 9 9
Error 9.7563 x 1078 3.3885 x 1077 1.3285 x 107° 5.7460 x 107° 1.2943 x 107>

10 0.0

FIG.1. Fort = g. Graphs of the original surface and its approximation by an evolution PDE variational
spline from a partition of 5 x 5 equal rectangles. [Color figure can be viewed at wileyonlinelibrary.com]

10 0.0

FIG.2. Fort = %. Graphs of the original surface and its approximation by an evolution PDE variational
spline from a partition of 5 x 5 equal rectangles. [Color figure can be viewed at wileyonlinelibrary.com]

Each figure (from 1 to 3) shows the original surfaces and its approximations by an evolution
PDE variational spline from a partition of 5 x 5 equal rectangles, for the corresponding value of

s s 67 8
t; withi = 9°9°9°
It took about 6 min to carry out the program for the construction of all the approximating
surfaces, that is, t; = ’5 fori =1,...,9, defined by some evolution PDE variational splines.

VIIl. CONCLUSION

First, to obtain a logical and reasonable comparison, we have taken the same approximation data
as in the article [3], Subsection 6.3, hence from Table I, we can see that there is an improvement
in the calculation of the error estimate by applying the method of this manuscript, the latter being
more complex than the fact working in a 3D space, and programming the finite element of order
three is quite complicated.

Numerical Methods for Partial Differential Equations DOI 10.1002/num
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y |
~ 8
1.0
0.5
—~——
10 0.0

FIG.3. Fort = g. Graphs of the original surface and its approximation by an evolution PDE variational
spline from a partition of 5 x 5 equal rectangles. [Color figure can be viewed at wileyonlinelibrary.com]

Second, from Table I one can observe that the numerical results are compatible with the theory
presented in this work, especially Theorem of convergence, as the computation of the relative error
diminishes when the number of points is increasing. Whereas one can observe that the graphs
of the surfaces given in Figs. 1-3, left sides, and the ones defined by an evolution PDE varia-
tional spline given in the same Figures (right side) are similar. We conclude that our methodology
presented in this article is well as an approximation one.
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