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Abstract: Let N be the set of nonnegative integers. A problem about how to transport profitably an organized
group of persons leads us to study the set T formed by the integers n such that the system of inequalities,
with nonnegative integer coefficients,

A1X1 + -+ ApXp <N < biXy + -+ bpxp

has at least one solution in IN?. We will see that T u {0} is a numerical semigroup. Moreover, we will show
that a numerical semigroup S can be obtained in this way if and only if {a+ b -1,a+ b + 1} ¢ S, for all
a, b € S\ {0}. In addition, we will demonstrate that such numerical semigroups form a Frobenius variety
and we will study this variety. Finally, we show an algorithmic process in order to compute T.
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1 Introduction

Certain travel agency, which specializes in city tours for organized groups, uses small and large buses in its
services. The small bus seating capacity is 30 passengers and a large bus is for up to 50 passengers. Moreover,
the hire of each bus costs 310 euros, for the small ones, and 480 euros, for the large ones. Finally, the price
of the city tour is 10 euros per passenger, but free for the responsible leader of the group.

At above situation, we propose the following problem: if a group of n + 1 persons (including the leader)
wants to use its services, is the travel agency going to get profits?

It is clear that a tour is profitable if and only if there exist x, y € IN (where NN is the set of nonnegative
integers) such that

n+1<30x+ 50y,
(1.1)
10n > 310x + 480y.
Simplifying the second inequality of (1.1), we have the equivalent system (of strict inequalities)
n < 30x + 50y,
(1.2)
n > 31x + 48y.

And, thereby, {n € N | (1.2) has a solution in IN?} is the set of nonnegative integers that give us an affirmative
answer to the proposed problem.
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The above problem can be generalized in the following way. Let us take the system of strict inequalities

n<bixy+---+bpxp, )
withaq,...,ap,b1,...,bp € N. (1.3)
n>aixi+--+apXp,

Our first aim is to study the structure of the set {n € N | (1.3) has solution in IN?}. In order to do it, we need
to introduce some concepts and notation.

Let M be a submonoid of (N2, +) (that is, a subset of N? that is closed under addition and that contains
the zero element (0, 0)). We will say that a positive integer n is bounded by M if there exists (a, b) € M such
that a < n < b. We will denote by A(M) = {n € N | nis bounded by M}.

A numerical semigroup is a submonoid S of (IN, +) such that gcd(S) = 1 (or, equivalently, IN \ S is finite).

Itis clear that, if M is a submonoid of (N2, +) such that A(M) is not empty, then A(M) U {0} is a numerical
semigroup. This fact allows us to give the following definition.

Definition 1.1. A numerical semigroup S is a numerical A-semigroup if there exists M, submonoid of (N?, +),
such that S = A(M) u {0}.

In Section 2 we will show that a numerical semigroup S is a numerical A-semigroup if and only if
{x+y-1,x+y+1}cS forallx,y e S\{0}.
From the proof of this result, we will state that, if a, b1, ..., ap, bp € N, then the set
{fneN|aixi+- +apxy <n<bixi+---+ bpx, has solution in N”} U {0}

is a numerical A-semigroup or the trivial set {0}. Moreover, we will see that every numerical A-semigroup can
be obtained in this way.

Aswe said above, if S is a numerical semigroup, then IN \ S is finite. Thus we can define a notable invariant
of S. Namely, the Frobenius number of S, denoted by F(S), is the greatest integer that does not belong to S
(see [8]).

A Frobenius variety (see [11]) is a non-empty family V of numerical semigroups that fulfils the following
conditions:

(i) ifS,TeV,thenSNT eV,
(ii) if Se Vand S # N, then S U {F(S)} € V.

We will denote by A = {S | S is a numerical A-semigroup}. In Section 3 we will show that A is a Frobenius
variety. This fact, together with several results of [11], enables us to arrange the elements of A in a tree G(A)
with root IN. It is clear that we can recursively build a tree from its root if we know the children of each vertex.
This observation will lead us to characterize the children of a numerical A-semigroup in G(A) and give an
algorithm for recursively building A.

In Section 4 we will see that, if X is a non-empty set of positive integers, then there exists the smallest
numerical A-semigroup, A(X), that contains X. We will show that

A = {A(X) | X is a non-empty finite set of positive integers}.

Moreover, we will give, in explicit form, the elements of A(X) and we will design an algorithm to compute
A(X) starting from X.
Leta=(ay,...,ap),b=(b1,...,bp) € NP andlet S(a, b) be the set

S(a,b)={neN|aix;+--+apXxp <n<bixy +---+ bpxp for some x1, ..., x, € NP},

Our main aim in Section 5 will be to give an algorithmic procedure that allows us to compute S(a, b) starting
from a and b. To achieve this goal, we will use the algorithm seen in Section 4.

The multiplicity of a numerical semigroup S, denoted by m(S), is the least positive integer that belongs
to S. In Section 6 we will study the set A, of all numerical A-semigroups with multiplicity m. We will see
that such a set is finite and has maximum and minimum with respect to the inclusion order. We will denote
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by A(m) and ©(m) the maximum and the minimum, respectively, of A,,. Moreover, we will see that A, can
be arranged in a tree G(A,,) with root A(m) and, consequently, we will be able to show an algorithm in order
to build A,,.

If S is a numerical semigroup, then the genus of S, denoted by g(S), is the cardinality of N \ S. We will give
formulas for the Frobenius number and the genus of A(m) and ©(m) and, in addition, we will get a formula
for the height of the tree G(A,).

In order to justify further the study of numerical A-semigroups, we finish this introduction making refer-
ence to two papers that also lead us to this class of numerical semigroups.

On the one hand, using the nomenclature of [3], a numerical A-semigroup is a numerical semigroup that
admits simultaneously the non-homogeneous patterns x; + x, + 1 and x; + x, — 1. Indeed, as a consequence
of [3, Example 6.5], numerical A-semigroups can be characterized as those numerical semigroups such that
the maximum and minimum elements in each interval of non-gaps are minimal generators.

On the other hand, a (v, b, r, k)-configuration (see [4]) is a connected bipartite graph with v vertices on
one side, each of them of degree r, and b vertices on the other side, each of them of degree k, and with no
cycle of length 4. A (v, b, r, k)-configuration can also be seen as a combinatorial configuration (see [15]) with
v points, b lines, r lines through every point and k points on every line. It is said that the tuple (v, b, r, k)
is configurable if a (v, b, r, k)-configuration exists. In [4] was shown that, if (v, b, r, k) is configurable, then

vr = bk and, consequently, there exists d such that v = d m and b =d m. The main result of [4]
states that, if k, r are integers greater than or equal to 2, then
k r
_ , .1, k) is configurable|
Sk {d eN | (dgcd({r, ) dgcd({r, ) r, k ) is configurable

is a numerical semigroup. Moreover, in [15] it was proved that, if a configuration is balanced (that is, r = k),
then {x+y-1,x+y+1} < S¢,p, forall x, y € Sg, 5 \ {0}. Therefore, S, is a numerical A-semigroup.

Remark 1.2. An alternative problem would be to consider that all group members (including the leader) have
to pay for the tour. If such is the case, the studied general system will become the next one.

nsb1x1+--~+bpxp,]> (1.4)

n>axy+---+dapXp.

If B denotes the family of numerical semigroups associated to this new problem, then the elements of B satisfy
the non-homogeneous pattern x; + x, — 1. This family has been studied in [12] at a different context. In fact,
in [12] we have analogous results to the obtained ones in Sections 2, 3, and 4 of the current manuscript.
Moreover, at the end of Sections 5 and 6, we include two observations (see Remarks 5.10 and 6.10) where we
suggest how to get the results of these sections for the family B. Finally, observe that the numerical semigroup
S =(2,5) € Bisnot an A-semigroup. Therefore A ¢ B.

Remark 1.3. Let us consider the inequalities
A1X1+:+ ApXp <N < bixyp+--+ + bpXxp. (1.5)

The non-homogeneous pattern associated to them is x; + x, + 1. In [9] we studied the family of PL-semi-
groups, which is the family of numerical semigroups fulfil such pattern. It is easy to check that S = (3, 4) is
a PL-semigroup but not a numerical A-semigroup. Therefore, the family A is strictly contained in the family
of PL-semigroups. At last, similar ideas to those seen in Remarks 5.10 and 6.10 allow us to solve the problem
corresponding to (1.5).

Remark 1.4. In order to show all the possibilities, let us consider the inequalities
ai1xX1+---+ apXp <N < bixq +---+ bpXxp. (1.6)

This case corresponds with the family of all numerical semigroups. Thus, we can consider that it is the trivial
case (see [14] for more details). Observe that to achieve the correct answer for the new problem, we only need
to take b; > a; and intervals of the type [a;, b;] in Theorem 5.8. Therefore, Propositions 5.4 and 5.6 will be
omitted in this situation.
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2 Numerical A-semigroups

Let us recall that, if M is a submonoid of (N2, +), then
AM)={n e N | a < n < bforsome (a, b) € M}.
Lemma 2.1. Let M be a submonoid of (N?, +).Ifx, y € A(M), thenwe have {x +y — 1, x + ¥, x + y + 1} € A(M).

Proof. Ifx,y € A(M), then there exist (a, b), (¢, d) € Msuchthata < x < bandc < y < d.Since (a+c, b+d) =
(a,b)+(c,d)e Manda+c<x+y—-1<x+y<x+y+1<b+d,weconclude that

x+y-1,x+y,x+y+ 1} < AM). O
The next result justifies Definition 1.1.

Proposition 2.2. Let M be a submonoid of (N2, +). If A(M) is non-empty, then A(M) U {0} is a numerical semi-
group.

Proof. From Lemma 2.1, we easily deduce that A(M) U {0} is a submonoid of (IN, +). In order to finish the
proof, it is enough to show that gcd(A(M)) = 1. In fact, if x € A(M), then we have that 2x + 1 € A(M). Since
gcd({x, 2x + 1}) = 1, we can assert that gcd(A(M)) = 1. O

From Definition 1.1, a numerical semigroup S is a numerical A-semigroup if there exists M, submonoid
of (N2, +), such that S = A(M) U {0}. Let us observe that there exist numerical semigroups that are not numer-
ical A-semigroups. In effect, by Lemma 2.1, we know that, if S is a numerical A-semigroup and x, y € S\ {0},
then{x +y -1, x +y + 1} ¢ S. Thus, the numerical semigroup S = {0, 2, 4, 6, —} (where the symbol — means
that every integer greater than 6 belongs to S) is not a numerical A-semigroup because 2 + 4 — 1 ¢ S.

Let X be a non-empty subset of a commutative monoid (93, +). The monoid generated by X, denoted
by (X), is the smallest (with respect to the set inclusion) submonoid of (91, +) that contains X. Moreover,
(see [13]) we know that

(X) ={A1x1 ++ +Agxn | n € N\{O}, X1,...,Xn € X, A1, ..., Ay € N}

If 9 = (X), then we say that X is a system of generators of 9t or, equivalently, that 9t is generated by X.
Let A, B be subsets of N. As usual, we define A+ B={a+b|acA, b e B}. Let x, y be nonnegative
integers such that x < y. We will denote by ]x, y[theset{n € N | x <n < y}.

Lemma 2.3. Let S be the numerical semigroup generated by the set of positive integers {ni, ..., np}. Let us
assume that{x +y-1,x+y+1} c S, foreveryx,y € S\ {O}. IfA1,...,Ap,x € Nand

My =D+ +Ap(np — 1) < x < A1(n1 + 1) +--- + Ap(np + 1),

then x € S.

Proof. We are going to use inductionover A = A1 +--- + Ap. If A = 0, then A; = --- = A, = 0 and there does not
exist an integer x such that 0 < x < 0.If A = 1, then there exists i € {1, ..., p} such that A\; = 1 and A; = 0 for
allje{1,...,p}\{i}. Thus, n; — 1 < x < n; + 1 and, consequently, x = n; € S.

Now, let us assume that A > 2 and leti € {1, ..., p} such that A; # 0. By hypothesis of induction, if x is
an integer such that

A -D+-+ A =D -+ +Apnp - D) <x<Ai(m+ D+ -+ A -D(mi+ 1)+ + Ap(np + 1),

then x € S. Therefore,
)4 p
Y Al —1) = (i = 1), )" Mg + 1) = (i + )| + fni} +{-1,0, 1} € S,
k=1 k=1

and the conclusion is clear. O
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We say that a commutative monoid (90, +) is finitely generated if there exists a finite set X such that 91 = (X).
It is well known (see [14]) that the submonoids of (N, +) (in particular, the numerical semigroups) are finitely
generated.

In the following result we give a characterization of numerical A-semigroups.

Theorem 2.4. Let S be a numerical semigroup. The following conditions are equivalent.
(1) Sis anumerical A-semigroup.
(2) Ifx,y e S\ {0}, then{x+y-1,x+y+1} c S.

Proof. (1) = (2) It is an immediate consequence of Lemma 2.1.

(2) = (1) Let us consider a set of positive integers, {ni, ..., np}, such that S = ({n1, ..., np}). Let M
be the submonoid of (N?, +) that is generated by {(ny —1,ny +1),..., (np - 1,n, + 1)}. It is clear that
{n1, ..., np} < A(M) and, by applying Proposition 2.2, that S ¢ A(M) U {0}.

Let us see the other inclusion. If x € A(M), then there exists (a, b) € M such that a < x < b. Since

(a, b) € M, thereexist A1, ...,Ap, € Nsuchthat(a, b) = A1(n1 -1, n1 +1) +---+Ap(np — 1, np + 1). Therefore,
x is an integer such that A1(ny — 1) +--- + Ap(np - 1) <x < Ay(ny +1) + -+ + Ap(np + 1). From Lemmas 2.1
and 2.3, we have that x € S. O

In [13, Chapter 1, Exercise 2] it is shown that there exist submonoids of (N?, +) that are not finitely gener-
ated. The next result guarantees us that, in order to study numerical .A-semigroups, we can focus in finitely
generated submonoids of (N2, +).

Corollary 2.5. Let S be a numerical semigroup. The following conditions are equivalent.
(1) Sis a numerical A-semigroup.

(2) S =A(M) u {0} for some finitely generated submonoid M of (N?, +).

(3) Thereexista, b1, ..., ap, by € NsuchthatS is the set

fneNlaixi+--+apxy <n<bixi +--+ bpx, for some x1, ..., x, € N} U{0}.

Proof. (1) = (2) It is an immediate consequence of the proof of Theorem 2.4.
(2)=03)If{(a1, b1), ..., (ap, bp)} is a system of generators of M, then

S=AM)uU{0}={neN|aix;+ - +apxy <n<bixy +--+ bpx, for some x1, ..., xp € N} U{0}.

(3) = (1) Let M be the submonoid of (N2, +) that is generated by the set {(a1, b1), ..., (ap, bp)}. Then it
is obvious that S = A(M) U {0}. O

Remark 2.6. Let us observe that, from (3) of Corollary 2.5, numerical A-semigroups can be characterized as
sets that contain the integers n such that the system of inequalities

A1X1+ -+ ApXp <N < biXq +---+ bpXxy
has at least one solution in NP (where {ai, b1, ..., ap, by} € Nis a given set for each numerical semigroup).

Let (90, +) be a commutative monoid and let X be a system of generators of 901. If 91 # (Y) forall Y ¢ X, then we
say that X is a minimal system of generators of 91. We will denote by msg(9t) a minimal system of generators
of M.

If M is a submonoid of (N, +), then we write M* = M \ {0}. The following result is a consequence of
[14, Lemma 2.3, Corollary 2.8].

Lemma 2.7. If M is a submonoid of (N, +), then msg(M) = M* \ (M* + M*) is the unique minimal system of
generators of M. In addition, msg(M) is finite and contained in every system of generators of M.

Let S be a numerical semigroup and let {ny, ..., ny} <IN\ {0} be a system of generators of S. If s € S, we
define the order of s (in S) by (see [5])

ord(s; S) = max{a; +---+ap | ainy + -+ apny = s, withay, ..., ap € Nj.
If no ambiguity is possible, then we write ord(s).
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Remark 2.8. Let us observe that, from Lemma 2.7, the definition of ord(s; S) is independent of the considered
system of generators of S, that is, ord(s; S) only depends on s and S. Thereby, we can take msg(S) in order to
define ord(s; S).

The next result is easy to prove.

Lemma 2.9. Let S be a numerical semigroup with minimal system of generators given by {ni, ..., np} and
lets € S.

(1) Ifs—n; € S, then ord(s — n;) < ord(s) - 1.

(2) Ifs=ainy + - + apny, withord(s) = a1 +--- + ap and a; # 0, then ord(s - n;) = ord(s) - 1.

In the following proposition we show another characterization of numerical A-semigroups.

Proposition 2.10. Let S be a numerical semigroup with minimal system of generators given by {n1, ..., np}.
The following conditions are equivalent.

(1) Sis anumerical A-semigroup.

(2) Ifi,je{1,...,p}, then{n; +nj—1,n; +nj + 1} c S.

(3) IfseS\{0,ny,...,np}, then{s-1,s+1} cS.

(4) Ifs € S\ {0}, thens + z € S for all z € Z such that |z| < ord(s).

Proof. (1) = (2) Itis an immediate consequence of Theorem 2.4.

(2)=03) If s € S\ {0, n1, ..., np}, then it is clear that there exist i,j € {1,..., p} and s’ € S such that
s=n;+nj+s’.Thus, {s} + {-1,1} = {n; + nj} + {-1, 1} + {s'} c S.

(3) = (4) We are going to reason by induction over ord(s). The result is trivially true if ord(s) = 1. Thereby,
let us assume that ord(s) > 2 and that ay, ..., a, are nonnegative integers such that s = ayny +--- + apnyp
andord(s) = ay +--- + ap, witha; # Oforsomei ¢ {1, ..., p}. By Lemma 2.9, we have ord(s — n;) = ord(s) - 1
and, by hypothesis of induction, that {s — n;} + ]-(ord(s) — 1), ord(s) — 1[ < S. Since ord(s) > 2, it follows that
ai>2ora;=1andaj # 0, forsomej € {1, ..., p}\ {i}. Thus, we have that

S=2ni+ainy +---+(a;—2)ny +---+ apny
or (assuming, without loss of generality, that i < j)
S=ni+nj+ang+---+@-nj+---+(aj-1)nj +--- + apnp.
Anyway, s — n; — (ord(s) — 2) > 0 and, consequently, we have that
{s = nj} +]-(ord(s) - 1), ord(s) - 1[ + {n;} + {-1,0,1} c S.

Thereby, {s} + ]-ord(s), ord(s)[ < S.
(4)= (1) Ifa, b € S\ {0}, thenitis clear that ord(a + b) > 2. Thus, we get that {a + b} + {-1,0, 1} ¢ Sand,
by applying Theorem 2.4, we can conclude that S is a numerical .A-semigroup. O

Remark 2.11. Let us observe that (2) of the above proposition allows us to decide, faster than with Theo-
rem 2.4, whether a numerical semigroup is a numerical A-semigroup.

Remark 2.12. As a consequence of (3) of Proposition 2.10, we have that the numerical A-semigroups can be
characterized as those numerical semigroups which satisfy that the maximum and the minimum elements in
each interval of non-gaps are minimal generators of the numerical semigroup or are equal to zero. (Remember
that the gaps of a numerical semigroup S are the elements of the set N\ S.) As we commented on in the
introduction, this characterization can be also deduced from [3, Example 6.5].

Now we give two illustrative examples on the content of this section.

Example 2.13. Let us see that, if S is the numerical semigroup with minimal system of generators {3, 5, 7},
then S is a numerical A-semigroup. Indeed, by applying (2) of Proposition 2.10 (see Remark 2.11), since
3+3}+{-1,1}, 3+5}+{-1,1}, 3+7}+{-1,1}, {5+5}+{-1,1}, {5+7}+{-1,1}, and {7 + 7} + {-1, 1}
are subsets of S, then we can assert that S is a numerical A-semigroup.
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On the other hand, we have that S = {0, 3, 5, 6, 7, —} and, thereby, its intervals of non-gaps are {0}, {3}
and {5, —}. Inasmuch as the maximum and the minimum of such a sets are zero or a minimal generator, from
Remark 2.12, we have another way to state that S is a numerical .A-semigroup.

Example 2.14. Let T be the numerical semigroup with minimal system of generators {5, 7, 9}. Then we have
T={0,5,7,9,10, 12, 14, —} and its intervals of non-gaps are {0}, {5}, {7}, {9, 10}, {12}, and {14, —}. Since
max{9, 10} = 10 is different from zero and it is not a minimal generator of T, then we conclude that T is not
a numerical A-semigroup.

3 The Frobenius variety of the numerical A-semigroups

Let us recall that, following [11], a Frobenius variety is a non-empty family V of numerical semigroups that
fulfils the following conditions,
(i) ifS,TeV,thenSNTeV,
(i) ifSe Vand S # N, then S U {F(S)} € V.
The next result is straightforward to prove and appears in [14].

Lemma 3.1. Let S, T be numerical semigroups.
(1) Sn Tisanumerical semigroup.
(2) IfS # N, then S U {F(S)} is a numerical semigroup.

Remark 3.2. Letusdenote by £ = {S | S is a numerical semigroup}. By Lemma 3.1, we have that £ is a Frobe-
nius variety.

Having in mind that A = {S | S is a numerical A-semigroup}, our first aim in this section will be to show that
A is a Frobenius variety.

Proposition 3.3. The set A is a Frobenius variety.

Proof. First of all, being as N € A, we have that A is a non-empty set.

Now, let S, T € Aand x,y € (SN T) \ {0}. By Lemma 3.1, SN T is a numerical semigroup. Moreover, by
applying Theorem 2.4, we have that {x + y — 1, x + y + 1} € Sn T. Consequently, SN T € A.

Finally, let S € A such that S # N and let x, y € (SUF(S)) \ {0}. From Lemma 3.1, it is clear that S U F(S)
is a numerical semigroup. Now, on the one hand, if x,y € S, then {x +y -1, x+y + 1} €S € SUF(S). On the
other hand, if F(S) € {x, y}, then x + y— 1 > F(S) and, thereby, {x +y -1, x +y + 1} € SUF(S). By Theorem 2.4
again, we conclude that S U F(S) € A. O

Let us recall that a graph G is a pair (V, E), where V is a non-empty set (of vertices) and E is a subset of
{(v,w) e Vx V| v + w} (the edges of G). A path (of length n) connecting two vertices x, y is a sequence of
different edges (vo, v1), (V1,V2), ..., (Vn-1, Vn) such that vo = xand v, = y.

We say that a graph G is a tree if there exists a vertex v* (the root of G) such that, for every other
vertex x, there exists a unique path connecting x and v*. Moreover, if (x, y) is an edge, then we say that x is
a child of y.

In our framework, we define the graph G(A) where A is the set of vertices and (S, S’) € A x A is an edge
if ' = SU{F(S)}.

It is easy to show (see [14, Exercise 2.1]) that, if S is a numerical semigroup and x € S, then S\ {x} is
anumerical semigroup if and only if x € msg(S). Thus, as a consequence of [11, Proposition 24, Theorem 27],
we have the following result.

Theorem 3.4. The graph G(A) is a tree with root equal to IN. Moreover, the set of the children of a vertex S € A
is the set
{S\ {x} | x € msg(S), x > F(S), and S\ {x} € A}.

In the next proposition, we will characterize the elements x € msg(S) such that S\ {x} € A.
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Proposition 3.5. Let S be a numerical A-semigroup such that S + N, and let x € msg(S). Then S \ {x} is a nume-
rical A-semigroup if and only if

x-1,x+1} < {0} U(N\ S) Umsg(S).

Proof. Necessity. By Lemma 2.7, if x + 1 ¢ {0} U (N'\ S) U (msg(S)), then we deduce that there exist two ele-
ments a, b € S\ {0} such that a + b = x + 1. Let us observe that, since S # N, then 1 ¢ S. Consequently, we
have that a,b € S\ {0, x} and a+b -1 =x ¢ S\ {x}. By applying Theorem 2.4, we have that S\ {x} is not
a numerical A-semigroup.

For the case x — 1 ¢ {0} U (IN'\ S) U (msg(S)), we can argue in a similar way.

Sufficiency. Let a, b € S\ {x, 0}. Since S is a numerical A-semigroup, by Theorem 2.4, we get

{a+b-1,a+b+1}cS.
Being that {x — 1, x + 1} ¢ {0} U (N \ S) U (msg(S)), we have that x ¢ {a + b — 1, a + b + 1}. Thereby
fa+b-1,a+b+1}c S\ {x}.
By applying Theorem 2.4 again, we conclude that S \ {x} is a numerical A-semigroup. O
As a consequence of the previous proposition, we have the following result.

Corollary 3.6. Let S be a numerical A-semigroup such that S + N, and let x be a minimal generator of S greater
than F(S). Then S \ {x} is a numerical A-semigroup if and only if {x — 1, x + 1} € msg(S) U {F(S)}.

In the next example we show that we can get the children of a vertex of G(A) by applying Theorem 3.4 together
with Corollary 3.6.

Example 3.7. Let S be the numerical semigroup with minimal system of generators given by {4, 6, 7, 9}.
Then S = {0, 4, 6, —»} and, therefore, F(S) = 5. From Proposition 2.10, we deduce that S is a numerical
A-semigroup. By applying Theorem 3.4 and Corollary 3.6, we get that S has a unique child in G(A). Namely,
S\{6}=(4,7,9,10).

Let us observe that we can recursively build a tree, from the root, if we know the children of each vertex.
Therefore, we can build the tree G(A) such as it is shown in the following figure.

(1) =N
|
(2,3)
(3,4, 5)
/ \
(4,5,6,7) (3,5,7)

R

(5,6,7,8,9) (4,6,7,9) <(4,5,7)
/7 \\

By Theorem 3.4, itis obvious that (2, 3) = IN'\ {1} is the unique child of N = (1). By applying Theorem 3.4
and Corollary 3.6, we have that
e (3,4,5) =(2,3)\ {2} is the unique child of (2, 3).
e (4,5,6,7)=(3,4,5)\{3}and (3,5,7) = (3, 4, 5) \ {4} are the two children of (3, 4, 5).
e« (3,5, 7)hasno children.
e (5,6,7,8,9)=(4,5,6,7)\{4}, (4,6,7,9) =(4,5,6,7)\ {5}, and (4,5,7) = (4,5,6,7) \ {6} are the
three children of (4, 5, 6, 7).

(4,7,9,10)
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e (4,5, 7) hasno children.

e (4,7,9,10) = (4,6,7,9) \ {6} is the unique child of (4, 6, 7, 9).
« (5,6,7,8,9) has four children.

e (4,7,9,10) has no children.

e« Andsoon.

Let us observe that, if S’ is a child of S in G(A), then F(S") > F(S) and g(S’) = g(S) + 1. Therefore, when
we go on along the branches of the tree G(A), we get numerical semigroups with greater Frobenius number
and genus. Thus, we can use this construction in order to obtain all the numerical A-semigroups with a given
Frobenius number or genus.

4 The smallest numerical A-semigroup that contains a given set of
positive integers

Since A is a Frobenius variety, we have that the finite intersection of numerical .A-semigroups is a numerical
A-semigroup. Now observe that, if n is a nonnegative integer, then {0, n, —} is a numerical A-semigroup, as
a consequence of Theorem 2.4. Thus, being that (), {0, n, —} = {0}, we get that the infinite intersection of
numerical A-semigroups is not always a numerical A-semigroup. On the other hand, it is clear that the (finite
or infinite) intersection of numerical semigroups is always a submonoid of (N, +).

If M is a submonoid of (N, +), then we will say that M is an A-monoid if it can be expressed like the
intersection of numerical A-semigroups.

The proof of the following result is straightforward.

Lemma 4.1. The intersection of A-monoids is an A-monoid.
This lemma leads us to the next definition.

Definition 4.2. Let X be a subset of N. The A-monoid generated by X (denoted by .A(X)) is the intersection of
all A-monoids containing X.

Let us observe that A(X) is the smallest .A-monoid containing X. The proof of the following lemma is also
immediate.

Lemma 4.3. If X € N, then A(X) is the intersection of all numerical A-semigroups that contain X.
In the next result we show that A(X) is a numerical .A-semigroup (except if X is the empty set or X = {0}).
Proposition 4.4. If X is a non-empty subset of N \ {0}, then A(X) is a numerical A-semigroup.

Proof. Since A(X) is a submonoid of (N, +), in order to show that A(X) is a numerical semigroup, it will be
enough to see that gcd(A(X)) = 1.

Let x € X. If S is a numerical A-semigroup containing X, then (by Theorem 2.4) we have {x, 2x + 1} € S.
By applying Lemma 4.3, we get that {x, 2x + 1} ¢ A(X). As gcd({x, 2x + 1}) = 1, it follows that gcd(A(X)) = 1.

Now, let us see that A(X) is a numerical A-semigroup. Let a, b € A(X) \ {0}. If S is a numerical A-semi-
group containing X, from Lemma 4.3, we have that a, b € S\ {0} and, from Theorem 2.4, we get that
{a+b-1,a+b+1}cS. By applying again Lemma 4.3, we have that {a + b -1, a + b + 1} ¢ A(X). There-
fore, by applying Theorem 2.4 once more, we conclude that A(X) is a numerical A-semigroup. O

Let us observe that Proposition 4.4 is not true for every Frobenius variety. In fact, let 8 be the set of all numeri-
cal semigroups. It is clear that S is a Frobenius variety. If we take X = {2}, then the intersection of all elements
of 8 containing X is equal to (2) which is not a numerical semigroup (observe that (), (2, 2k + 1) = (2)).

Let us also observe that, as a consequence of Proposition 4.4, we have that M is an .A-monoid if and only
if M is a numerical A-semigroup or M = {0}.

Theorem 4.5. The set A is equal to the set {A(X) | X is a non-empty finite subset of N \ {0}}.
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Proof. By Proposition 4.4, we have that
{AX) | X is a non-empty finite subset of N \ {0}} < A.

Let us see the other inclusion. If S € A, then S is a numerical semigroup and, by Lemma 2.7, we deduce that
there exists a non-empty finite subset X of IN'\ {0} such that S = (X). Thereby, S is the smallest numerical
semigroup that contains X. In fact, S is the smallest numerical A-semigroup that contains X. Consequently,
S = A(X). O

If M is an A-monoid and X is a subset of N such that M = A(X), then we will say that X is an A-system
of generators of M. In addition, if M # A(Y) for all Y ¢ X, then we will say that X is a minimal A-system of
generators of M.

Since A is a Frobenius variety, by applying [11, Corollary 19], we have the following result.

Proposition 4.6. Every A-monoid has a unique minimal A-system of generators, which in addition is finite.
The next result follows from [11, Proposition 24].

Proposition 4.7. Let M be an A-monoid and let x € M. Then M \ {x} is an A-monoid if and only if x belongs to
the minimal A-system of generators of M.

As an immediate consequence of this proposition we have the following result.
Corollary 4.8. Let X be a non-empty subset of N \ {0}. Then

{x € X | A(X) \ {x} is a numerical A-semigroup}
is the minimal A-system of generators of A(X).

Let us illustrate the previous result with an example.

Example 4.9. Beginning in Example 3.7, we know that S = (4, 6, 7, 9) is a numerical A-semigroup. By apply-
ing Proposition 3.5, we easily deduce that

{x €{4,6,7,9}| S\ {x} is a numerical A-semigroup} = {4, 6}.
Therefore, S = A({4, 6}) and {4, 6} is its minimal A-system of generators.
Let x1, ..., x¢ be positive integers. We will denote by S(x1, ..., x¢) the set
{axi+--+axe+zlay,...,a; €N, z€eZ, and |z| < a; +--- + as} U {0}.

Our next purpose will be to show that S(xi, ..., x;) is the smallest numerical A-semigroup containing
{x1, ..., x¢}, thatis, S(x1, ..., xs) = A({x1, ..., X¢}).
The next result has an easy proof, so it is omitted.

Lemma 4.10. Let S be a numerical semigroup, let s{,...,s: € S\ {0},andlet a4, ..., a; € N. Then
ord(@1Sy + -+ ArS¢) = Ay + -+ + dg.

Theorem 4.11. If x4, ..., Xt are positive integers, then S(x1, ..., X¢) is the smallest numerical A-semigroup
that contains the set {x1, ..., X¢}.

Proof. We divide the proof into four steps.
(i) Let us see that, if x, y € S(x1, ..., x¢) \ {0}, then

x+y-1,x+y,x+y+1} € S(x1,...,X¢).
Letai, b1,...,as, by € Nand let z, z' € Z such that
X=aixy+---+axe+2z, |z|<ap+---+a, y=bixi+---+bxe+2, |Z|<bi+-+b;.
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Then
x+y=(ar+b))xy +--+(a+b)x¢+z+2
with |z + 2| < |z| + |2'| < |z| + |2'| + 1 < (ay + b1) +--- + (a; + by). Consequently, x + y € S(xq, ..., X¢). More-
over,
x+y+l=(ar+b)xi+-+(@+b)xi+z+z +1
with |z +z' + 1| < |z| + |Z'| + 1. Thus, x + y + 1 € S(x1, . .., X¢). In the same way, since
x+y-1=(ap+b)xi+--+(@+b)x;+z+z -1
with |z +2z' - 1| < |z| +|Z'| + 1, wehave that x + y — 1 € S(X1, ..., X¢).

(i) Letie{1,...,t}.Sincex;=0-x; +---+1-x;+---+0-x¢ + 0, we have that x; € S(x1, ..., Xx¢).

(iii) From the previous steps and Theorem 2.4, we deduce that S(xq, . . ., X¢) is a numerical A-semigroup
that contains {x1, ..., X¢}.

(iv) Let T be a numerical .A-semigroup containing {x1, ..., x¢} and let x € S(x1, ..., x¢) \ {0}. Then there
existay,...,a; € Nandz € Zsuchthatx = a1 xy +---+aix;+zwith |z| < ay +---+a;. Since {x1, ..., x¢ € T,
we getthat a;x; +--- + aix¢ € T. By applying Proposition 2.10 and Lemma 4.10, we can conclude that x € T.

In this way, we have proved the statement. O

As an immediate consequence of Theorem 4.11, we have the following result.

Corollary 4.12. If m is a positive integer, then
A(fm}) ={km+z | ke N\ {O}andz € {-(k-1),...,k-1}}u{0}.

By applying the previous corollary, we can easily compute the smallest numerical A-semigroup that contains
a fixed positive integer, such as we show in the next example.

Example 4.13. Let us compute the smallest numerical A-semigroup containing {10}. By Corollary 4.12, we
have that such a numerical semigroup is

A({10}) ={k-10+z| ke N\ {0}andz € {-(k-1),...,k-1}} u{0}
= {0, 10, 19, 20, 21, 28, 29, 30, 31, 32, 37, 38, 39, 40, 41, 42, 43, 46, —}
=(10,19, 21, 28,32,37, 43, 46,54, 55).

Let us observe that, in Theorem 4.11, are described the elements of the smallest numerical .A-semigroup
which contains a given set of positive integers. However, in order to compute such a numerical A-semigroup,
we propose the following algorithm that is justified by Proposition 2.10.

Algorithm 4.14. « INPUT: A finite set X of positive integers.
o OUTPUT: The minimal system of generators of A(X).

(1) Y = msg({X)).

(2) Z=YUu(Ugpeyla+b-1,a+b+1}).

(3) If msg({Z)) =Y, thenreturn Y.

(4) SetY = msg({Z)) and go to (2).

Example 4.15. We are going to compute A({5, 7}) applying Algorithm 4.14.
e Y={5,7}

e Z=1{5,7,9,11,13,15}.

o msg({Z))=1{5,7,9,11,13}.

« Y={5,7,9,11,13}.

e 7={5,7,9,11,13,15,17,19, 21, 23, 25, 27}.

« msg((Z)) =1{5,7,9,11,13}.

e A(5,7)=¢(5,7,9,11,13).

Observe that the most complex process in Algorithm 4.14 is the computation of msg({Z)), that is, compute
the minimal system of generators of a numerical semigroup S starting from any system of generators of it. For
this purpose, we can use the GAP package numericalsgps (see [6]).
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5 The computation of S(a, b)

Leta = (ai,...,ap), b= (b1,...,bp) € NP and let S(a, b) be the set
S(a,b)={neN|aix;+---+apXxp <n<bixy+--+bpxp for some x1, ..., x, € NP}.

Our main aim in this section will be to describe an algorithmic procedure that allows us to compute S(a, b)
starting from a and b. In order to do that we need to introduce several concepts and results.
Letz=(z1,...,2p) € ZP and

A(z) ={(x1,...,xp) € NP | Z1X1 + -+ + ZpXp > O}.

It is well known that A(z) is a finitely generated submonoid of (N?, +) and, moreover, in [1] it is shown an
algorithm to compute a finite system of generators for A(z). Since we want a self-contained paper and to
describe examples without make references to [1], we are going to describe an algorithmic process to compute
a finite system of generators for A(z).
Let
B(2) = {(X1, -+« s Xp, Xps1) € NP | 2y X1 + -+ + ZpXp — Xpi1 = O}

It is well known (see [13]) that B(z) is a finitely generated submonoid of (NP*1, +) and its minimal gen-
erators are precisely the minimal elements (with the usual order in NP*1) of the set B(z) \ {(0, ..., 0)}.
In addition, we have (see [7]) that, if (x1,...,Xp, Xp+1) is a minimal element of B(z) \ {(0, ..., 0)}, then
X1+ +Xps1 < |z1]+---+|zp|+2. Finally, itis easy to see that, if {b1, . . . , by} is a minimal system of generators
of B(2), then {mr(b1), ..., m(by)} is a system of generators for A(z) (where 71(x1, ..., Xp, Xp+1) = (X1, .. ., Xp)).
Therefore, from the comments in this paragraph, it is clear that we have an algorithmic procedure in order to
compute the finite system of generators for A(z). Let us see an example which illustrates such a process.

Example 5.1. We are going to compute a system of generators for A = {(x,y) € N? | x —y > 0}. For that, we
begin computing the minimal elements of B \ {(0, 0, 0)}, where B = {(x, y, z) € N> | x - y — z = 0}. By apply-
ing that, if (x, y, z) is a minimal element of B \ {(0, 0, 0)}, then x + y + z < 4, we easily deduce that the set of
minimal elements of B\ {(0, 0, 0)} is {(1, 1, 0), (1, 0, 1)}. Thereby, {n(1, 1, 0), 7(1, 0, 1)} = {(1, 1), (1, 0)} is
a system of generators for A.

The idea of the algorithmic procedure, which we want to show in this section, is to make a series of transfor-
mation on (a, b) in order to simplify the computation of S(a, b) in each step.
Let {m1, ..., my} be the minimal system of generators of

Ab-a)={(x1,...,xp) € N’ | (b1 —a1)x1 +---+ (bp — ap)xp > 0},

where m; = (mj1, ..., my) forallie{1,...,q}. Moreover, leta = (a1, ..., aq) and f = (B4, ..., By), where
@i =ajmji +---+ apmpand f; = bymjy +--- + bpymy, foralli € {1, ..., g}. (Let us observe that a; < §; for all
ie{l,...,q}.)

Proposition 5.2. Under the stated notation, S(a, b) = S(a, B).
Proof. If n € S(a, b), then there exists (x1, ..., xp) € N? such that
A1X1 +- +apXp <N < bixy + -+ bpXxp.
Therefore, (x1, ..., xp) € A(b — a) and, consequently, there exist A, ..., A; € N such that
(X1, .oy Xp) =AMy + -+ + Agmy.
Thus,

ay(Aymqg + -+ +Aqmq1) +oeeet ap(/hmlp +oee +Aqmqp)

<n< bl()llmn + e +/1qmq1) R bp(/hmlp + e +Aqmqp).
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Now, by rearranging the terms in each one of these inequalities, we get that
1Ay + -+ aghg <n < Prdy + -+ By,

and, accordingly, n € S(a, f).
Conversely, if n € S(a, ), then there exists (x1, ..., x4) € N7 such that

A1X1 + 4+ AgXg <N < P1X1 + -+ BgXg.

Therefore,
(agmig + -+ apmup)x1 + -+ (@1Mg1 + -+ + AQpMgp)Xq
<n < (bymyy +---+bpmip)xy + -+ (bimg1 +--- + bpmgp)xy,
and
ai(My1Xq + -+ Mg1Xg) + -+ + Ap(MpX1 + -+ + MgpXg)
<n<bi(Migxt +---+Mg1Xg) + -+ + bp(MipX1 + -+ + MgpXy).
Thus, we conclude that n € S(a, b). O

Let us observe that, as a consequence of the previous proposition, in the following we can assume that a; < b;
foralli € {1,..., p}. We illustrate this fact with the next example.

Example 5.3. LetS = {n € N | 2x + 3y < n < 3x + 2y for some (x, y) € N?}. From Example 5.1, we know that
{(1,0), (1, 1)} is a system of generators of A = {(x,y) € N> | x—y >0}. Then a; =2, ;1 =3, a, = 5, and
B2 = 5. Thus, by applying Proposition 5.2, we have S = {n € N | 2x + 5y < n < 3x + 5y for some (x, y) € N2}.

Proposition 5.4. If{1,...,r}={ie{1,...,p} | a; = b;}, thenS(a,b) =S' +{a; ..., a,), where
S'={neN|ariXp1 +-+apXp <N < bry1Xpsq + -+ + bpX, for some (Xpi1, - . ., xp) € NP7}

Proof. Let us see that S(a, b) € S’ +(a; ..., a,). Indeed, if n € S(a, b), then there exists (x1, ..., Xp) € NP
such that
A1X1+ -+ ApXp <N < bixy +---+ bpXp.

Therefore,
Are1Xpe1 + o+ ApXp <N —(A1X1 + -+ + ArXy) < DraaXep1 + -+ bpXp.

Accordingly, n — (ai1x; +--- + a,x;) € S’ and, consequently, n € S’ + {a; ..., a,).
Now, let us see that S’ + (ay ..., a,) < S(a, b). Ineffect, ifn € S’ and m € {(a; . .., a,), then there exists
(X1, .+« Xy, Xp41, - . ., Xp) € NP such that

Ari1Xrs1 + o+ ApXp <N < brpaXep1 +0- + bpxp
andm = ajxy +---+ a;xy = b1x1 +--- + byx,. Therefore,
A1X1+--+apXp <N+mM< bixg+---+ bpxy

and, in consequence, n + m € S(a, b). O

Let us observe that, as a consequence of Propositions 5.2 and 5.4, in the following we can assume that a; < b;
foralli € {1,..., p}. Weillustrate this fact with the next example.

Example 5.5. Let S = {n € N | 2x + 3y < n < 3x + 2y for some (x, y) € N?}. From Example 5.3,
S={neN|2x+5y<n<3x+5yforsome (x,y) € N°}.

Now, by Proposition 5.4, we have that S = S’ + (5), where S’ = {n € N | 2x < n < 3x for some x € IN}. In this
way, if we can compute S’, then we can compute S.
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We will denote by )—k‘ the set {n € N | kn € X}, where X is a subset of N and k is a positive integer.

Proposition 5.6. Under the stated notation, S(a, b) = S’(Z"T’Zb).

Proof. 1f n € S(a, b), then there exists (x1, ..., xp) € N? such that
A1X1 + -+ ApXp <N < bixqy + -+ + bpXp.

Therefore,
2a1X1 + -+ 2apXp < 2N < 2b1Xq + -+ + 2bpXp,

and, consequently, 2n € S(2a, 2b). In this way, we conclude that n € M.

Conversely, if n € M, then 2n € S(2a, 2b) and, therefore, there exists (x, ..., x,) € NP such that
2a1X1 + -+ 2apXp < 2N < 2bixq + -+ + 2bpXx,.

Then
A1X1+ -+ apXp <N < bixXy +---+ bpXxp,

and, thereby, n € S(a, b). O

From this moment, as a consequence of Propositions 5.2, 5.4, 5.6, we can assume that b; > a; + 2 for all
ie{l,...,p}. Letusillustrate this fact with an example.

Example 5.7. LetS = {n € N | 2x + 3y < n < 3x + 2y for some (x, y) € N?}. From Example 5.5, we know that
S=5"+(5), where S’ = {n € N | 2x < n < 3x for some x € N}. By applying Proposition 5.6, we have that
S = 57", where S” = {n € N | 4x < n < 6x for some x € N}. Therefore, if we can compute S”, then we can
compute S" and, consequently, S. By the way, observe that S’ = {§ | n € S and n is even}.

Theorem 5.8. Under the stated notation, if b; > a; + 2 for alli € {1, ..., p}, then S(a, b) U {0} is the smallest
numerical A-semigroup containing U’;l lai, bil, that is,

p
S(a, b) = A(U lai, bi[) \ {0}.
i=1

Proof. Let us observe that
(@) Ab-a)={(x1,...,xp) € NP | (b1 —a1)x1 +---+ (bp — ap)xp > 0} = NP and, therefore,

{1,0,...,0),(,1,...,0),...,(0,...,0,1)}

is a system of generators of A(b — a),

(i) S(a, b) = U,....x)eAb-aN(©....0) 1a1X1 + - + ApXp, b1X1 + -+ bpXp,

(iii) if (xq,...,xp) € A(b—a)\{(0,...,0)}, then bix1 +---+ bpxp > aix1 +--- + apxp + 2 and, therefore,
laixy + -+ apxp, b1x1 + -+ + bpxp[ is a non-empty set.

It is clear that S(a, b) U {0} is a numerical A-semigroup containing Ule]a,-, b|[. Therefore, in order to
prove the theorem, it is enough to see that, if T is a numerical A-semigroup containing Uf;l]ai, bi[, then
S(a, b) < T.For that, we will show by induction on x; +--- + xp that, if (x1, ..., xp) € A(b - a) \ {(0, ..., 0)},
then Jaix1 + -+ apxp, bixy + -+ bpxp[ < T.

If X1 +---+xp = 1, then it is clear that there exists i € {1, ..., p} such that

laix1 + -+ + apxp, bix1 + -+ bpxp[ = lai, bi[ < T.

If Xy +---+xp 2 2, then (xq, ..., xp) is not a minimal generator of A(b — a) and, therefore, there exist

W1sev 5 ¥p)s (2155 2p) € A(b—a)\{(O,...,0)} such that (x1,...,Xp) =¥1,...,¥p) +(21,...,2p). By
the hypothesis of induction, we know that

lawy1 +---+ apyp, biy1 + -+ bpypl and laizi +---+ apzp, b1z1 + -+ bpzp
are subsets of T. That is,

{awyi+-+apyp+1,...,b1y1+--+bpyp -1} and {aiz1+---+apzp+1,...,b121+- + bpzp - 1}
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are subsets of T. Now, by applying that T is a numerical semigroup, we have that

{arxi+--+apxp+2,...,b1x1+--+ bpxp - 2}
={ay1+-+apyp+1l,....b1y1+--+bpyp -l +{arz1+---+apzp+1,...,b1z1+--- + bpzp - 1}
cT.

Finally, by applying that T is a numerical A-semigroup, we get that
a X1+t apxp+l=(@y1+---+apyp+ ) +(@1z1+---+apzp+1)-1€T

and
bixi+--+bpxp—1=M1y1+--+bpyp-1)+(b1z1+--+bpzp—-1)+1 €T

Thus, we conclude that Jai1x1 + -+ + apXp, bixq + -+ bpxp[ < T. O
In the next example we show how the previous theorem works.

Example 5.9. We are going to compute
S={neN|2x+3y<n<3x+2yforsome (x,y) € N?}.

From Example 5.7, we know that S = % + (5), where T = {n € N | 4x < n < 6x for some x € IN}. By applying
Theorem 5.8, we have that T u {0} is the smallest numerical A-semigroup containing 14, 6[ = {5}. Now, by
applying Algorithm 4.14, we easily deduce that T = {5, 9, 10, 11, 13, —} and, consequently, % ={5,7, -}
Therefore, we conclude that S = £ + (5) = {5,7, -}.

Remark 5.10. In order to solve the problem stated in Remark 1.2, observe that we only need to make minors
changes in Propositions 5.2 and 5.4. Moreover, in Theorem 5.8 we have to take b; > a; + 1 and intervals of
the type ]a;, b;i]. Consequently, Proposition 5.6 is not necessary to get the answer to the problem.

6 Numerical A-semigroups with fixed multiplicity

Let m be a positive integer. On the one hand, from Corollary 4.12, we have that
O(m)={km+z| ke N\{0}, z € Z, and |z| < k} u {0}

is the smallest (with respect to the inclusion order) numerical A-semigroup with multiplicity m. On the other
hand, it is clear that A(m) = {0, m, —} is the greatest (with respect to the inclusion order) numerical .A-semi-
group with multiplicity m. Therefore, if we denote by A,, the set of all numerical A-semigroups with multi-
plicity m, then we have that ©(m) = min A, and A(m) = max Ap,.

Remark 6.1. Let m be a positive integer. The numerical semigroup {0, m, —} is usually called the ordinary
semigroup with multiplicity m.

As an application of the above comment, we have the next result.
Proposition 6.2. Let m be a positive integer. Then the set A, is finite.

Proof. If S € Ap, then ©(m) € S € A(m). Since A(m) and ©(m) are numerical semigroups, we have that
A(m) \ ©(m) is finite. Consequently, A, is also finite. O

Now, let us consider the graph G(A,,), where A,, is the set of vertices and (S, S’) € A x Ay, is an edge if
S' = SuU {F(S)}. The next result is analogous to Theorem 3.4.

Theorem 6.3. The graph G(Ay,) is a tree with root equal to A(m). Moreover, the set of children of a vertex S
(of such a tree) is
{S\ {x} | x e msg(S), x # m, x > F(S) and S\ {x} € A}

By applying Theorem 6.3 and Corollary 3.6, we can get easily G(A,;) such as we show in the following
example.
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Example 6.4. We are going to depict G(As), that is, the tree of the numerical A-semigroups with multiplicity
equal to 5.
(5,6,7,8,9) =A(5)

e

(5,7,8,9,11) (5,6,8,9) (5,6,7,9)

/N |

<5183 9’ 11, 12> (5, 7) 9y 11) 13) (5) 6, 9y 13)

(5,9,11,12,13)

(5,9,11,13,17) = 6(5)

Remark 6.5. In [10] it was introduced the concept of Frobenius pseudo-variety, which generalizes the idea
of Frobenius variety and the notion of m-variety (see [3]). Following Section 3, we can show that A,, is
a Frobenius pseudo-variety. Thus, we have another way to get the tree associated to G(A,).

It is obvious that F(A(m)) = g(A(m)) = m — 1. Now we are interested in computing the Frobenius number and
the genus of ©(m). For that, several concepts and results are introduced.

If S is a numerical semigroup and n € S\ {0}, then we define the Apéry set of n in S (see [2]) as the set
Ap(S,n) ={s € S| s - n ¢ S}.Itis clear (see [14, Lemma 2.4]) that Ap(S, n) = {w(0) = 0, w(1),...,w(n - 1)},
where w(i) is, for each i € {0, ..., n — 1}, the least element of S that is congruent with i modulo n. The next
result is [14, Proposition 2.12].

Lemma 6.6. Let S be a numerical semigroup and let m € S\ {0}. Then:
(1) F(S) = max(Ap(S, m)) - m,
(2) g(S) = %(ZweAp(S,m) w) - mT_l

It is clear that ©(1) = N and, therefore, Ap(©(1), 1) = {0}. In the following result we determine the Apéry
sets Ap(©(m), m), forall m > 2.

Proposition 6.7. Let m be an integer greater than or equal to two.
(1) ApO@(m),m)={(k+1)m+k|kef1,..., mT‘l}} u {0} if mis odd.
(2) Ap(O@(m),m)={(k+1)ym+k|kef{l,..., mT‘Z}} U{(3 +1)m - 2} U {0} if m is even.

Proof. (1) Itis obvious that {(k+ 1)m+k| ke {1,..., ’"T‘l}} U {0} is a subset of ©(m) with cardinality equal
to m. Therefore, if we show that {(k+ 1)m-k-m, (k+ 1) m+k-m}nO(m)={km-k,km+k}n®(m) =0
foreach ke {1,..., "’T’l}, then we will finish the proof.

Indeed, from Corollary 4.12, if km+k € ©(m), thenim—-(i—1) < km+k <im+(i—1) forsomei € IN'\ {0}.
Thus, from the right inequality, we have 1 < (i—k)(m+1) and, therefore, 1 < i—k. But, from the left inequality,
we get that (i — k)"‘T‘1 + % < k. Then we conclude that k > mT‘l, in contradiction with the hypothesis.

For km - k we can argue in the same way, simply by changing the role of inequalities.

(2) First of all, observe that, if m = 2, then we assume that {1, ..., %} ={1,...,0} =0.Thus,

Ap(©(2), 2) = {(% + 1)2 - %} u {0} = {0, 3},

which is trivially true.
Now, if m is even and greater than two, then the reasoning is similar to the case in which misodd. O

If m is even, then we have that (2 + 1)m - % > ("2 + 1)m + ™52, From this inequality, Lemma 6.6 and

Proposition 6.7, we have the next result.

Corollary 6.8. Let m be an integer greater than or equal to two.
(1) Ifmis odd, then F(©(m)) = =MD gng g(@(m)) = I-1ms3),
(2) If mis even, then F(©(m)) = w and g(©(m)) = w +m-1.
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Observe that the previous corollary is not true for m = 1 because ©(1) = N and F(N) = -1.

Recalling that the height of a tree T is the maximum of the lengths of the paths that connect each vertex
with the root, we have that the height of G(As) is 4 (see Example 6.4). In general, it is clear that the height
of the tree G(A,) is equal to g(0(m)) — g(A(m)). Thus, having in mind that g(A(m)) = m — 1, by applying
Corollary 6.8, we get the following result.

Corollary 6.9. Let m be a positive.
2
(1) Ifmis odd, then G(Ay,) is a tree with height equal to @

(m-2)m

(2) If mis even, then G(Ay,) is a tree with height equal to ===

Remark 6.10. Taking ©(m) = {km -z | k € N\ {0}, z € N, and z < k} U {0}, we obtain analogous results for
the family B shown in Remark 1.2.
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