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Introduction

In this doctoral thesis we deal with several relevant issues in the theory of local and
nonlocal differential equations. The results presented in this manuscript are concen-
trated in three parts. Each part is divided into chapters. Each chapter corresponds
to a paper or a preprint, as follows:

Part (I): Nonlocal diffusion problems;

e J.A. Caiizo and A. Molino. Improved Energy Methods for Nonlocal Diffu-
sion Problems, Discrete and Continuous Dynamical System. Serie A, 18
no. 3, Art. 17 (2018).

e A. Molino and J.D. Rossi. Nonlocal diffusion problems that approximate
a parabolic equation with spatial dependence, Z. Angew. Math. Phys, 67
no. 3, Art. 41, 14 pp. (2016).

e A. Molino and J.D. Rossi. Nonlocal approximations to Fokker-Planck equa-
tions, to appear in Funkcialaj Ekvacioj, (2017).

e T. Leonori, A. Molino and S. Segura de Leén. Parabolic equations with
natural growth approximated by nonlocal equations, submitted (2017).

Parte (II): Elliptic equations with singularity in the quadratic gradient term and
Gelfand type problems;

e J. Carmona, A. Molino and L. Moreno-Mérida. Existence of a continuum of
solutions for a quasilinear elliptic singular problem, J. Math. Anal. Appl.,
436 no. 2, 1048-1062, (2016).

e J. Carmona, A. Molino and J.D. Rossi. The Gelfand problem for the
1—homogeneous p—laplacian, to appear in Adv. Nonlinear Anal. (2017).

e A. Molino. Gelfand type problem for singular quadratic quasilinear equa-
tions, NoDFEA. Nonlinear Differential Equations and Applications, 23 no.
5, Art. 56, 20, (2016).

Parte (III): Some results in Elliptic Equations modeled by the p—laplacian;

e A. Molino and S. Segura de Leén. Elliptic equations involving the 1—
Laplacian and a subcritical source term, submitted (2017).
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e D. Arcoya, A. Molino and L. Moreno-Mérida. Existence and regularizing
effect of degenerate lower order terms in elliptic equations beyond the Hardy
constant, submitted (2017).

e A. Molino and J.D. Rossi. A concave-convex problem with a variable o-
perator, submitted (2017).

Thus the memory is divided into ten chapters, each of which contains the results
that have been obtained. The chapters are self-contained and can be read inde-
pendently, except for the incorporation of a complete bibliography at the end of the
manuscript. Although each chapter contains its own introduction concerning the prob-
lem, it has been considered convenient to present in the following summary all the
results obtained in this memory. Finally, it is noted that the methodology, objectives
and conclusions of this thesis are included in each chapter.
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PART I: Nonlocal diffusion problems

We begin the first part of this introduction with the following nonlocal diffusion dif-
ferential equation

ug(x,t) = / (K (z,y)u(y,t) — K(y, z)u(z,t)) dy, =€ RN ¢t >0,
R (1)

U(.Z‘,O) :’UQ(Z’), T GRNa

where g is the initial datum and K : RY x RY — [0, 00) is the diffusion kernel which
satisfies the following property:

AR, r >0 : K(z,y) > r when |z —y| < R. (2)

Additional hypotheses about the initial datum ug and the kernel K will be added
later.

It is interesting to observe that equation (1) is, roughly speaking, the Kolmogorov
equation for Markov’s process with jumping probability K and density u (Ethier and
Kurtz (1986, Chapter 4.2)). This equation has an interesting physics interpretation.
More precisely, if the function u(z,t) is thought as the population density of a par-
ticular species at position x and at time ¢ (with initial density ug(x)) and the kernel
K(x,y) is thought as the probability distribution of jumping from location y to lo-
cation x, then we have that [pn K (z,y)u(y,t)dy is the rate at which individuals are
arriving at position z from all other places, and — [px K (y, z)u(z,t) dy is the rate at
which individuals are leaving the position x to travel to all other places. In this sense,
in the absense of external or internal sources, one can easily deduce that the density
function u(z, t) satisfies the above equation (1). Furthermore, observe that hypothesis
(2) implies that K (z,x) > 0 in a neighborhood of x, for all x € RY. So that, from
the perspective of population dynamics, it means that the probability that some indi-
viduals that are in x at time t remain at the same position is positive. Consequently,
this kind of nonlocal diffusion equation is relevant in applications, for example, in the
study of biological dispersal of species, image processing, particle systems, elasticity
and coagulation models, see for instance, Bobaru et al. (2009); Bodnar and Velazquez
(2006); Carrillo and Fife (2005); Fife (2003); Fournier and Laurencot (2006) and Hut-
son et al. (2003). Given an initial datum ug(x), as a particular application, we also
highlight the following unidimensional model proposed by Cortazar et al. (2007)

u(x,t) = /Rj (Z(_y)y) ug(g(/g;)t) dy —u(z,t), zeR,t>0, (3)

where J is a nonnegative, even and smooth function supported in [—1, 1] and whose
integral is equal to 1. The function ¢ is a continuous and positive function which
accounts for the dispersal distance which depends on the departing point. So that,
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g models the heterogeneity of the environment which can affect the distribution of a
species through space-dependent dispersal strategies (see also Cortazar et al. (2011);
Cortazar et al. (2015) and Cortazar et al. (2016)). Observe that, in this context, if we

define _ !
K(z,y) = J @@)y ) a(y)’

we have [, K(y,z)dy = 1 and then the equation (3) is a particular case of our above
model equation (1). A more general example would be the case in which

K(z,y) = J(M(y)(z — y)) det M(y),

where M(y) is a real N x N matrix.

Even more, it is worth pointing out that if the diffusion kernel K of (1) is a
symmetric function, that is, the probability of jumping from z to y is the same that
the probability of jumping from y to x, then we obtain the following diffusion non
local problem:

ug(z,t) = K(z,y)(u(y,t) —u(z,t))dy, =€ RN t>0,
= (4)

u(z,0) = up(x), r €RY,

This equation has been widely studied during last years as well as its Dirichlet version
in bounded domains, that is, the following Dirichlet problem

ug(x,t) = ox K(z,y)(u(y,t) — u(z,t))dy, =€Q, t>0,
u(z,t) = g(x,t), x¢Q, t>0, (5)
u(z,0) = uo(z), x €,

where g and wug are fixed (see Andreu-Vaillo et al. (2010)). We emphasize that in the

case in which .
K(z,y) = Wa (6)

the equations (4) and (5) give us a particular and well known kind of problems.
Concretely, it appears the fractional laplacian operator and we have the problems

ur(z,t) = —(—A)°u(x, t),

where the integral of the singular kernel is represented by the principal value of the
integral (see Valdinoci (2009)).
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Asymptotic behavior

In the first Chapter of this manuscript we will deal with the decay rate of the LP
norms of the solutions of (1). We will use some tools known as “energy methods”.
The aim of these methods is to prove a functional inequality, for a suitable function
F, like the following one

%Hu(‘vt)”P < F(lul-Dllp)

where ||u(-,t)||, denotes the LP(RY) norm. This kind of inequalities give us ordinary
differential inequations. One can deduce the decay rate of the LP norms solving the
above differential inequations. Observe that this strategy (energy method) is very
similar to the successful and common one known as entropy method. The aim of the
entropy method is to compare the time derivative of a Lyapunov functional with the
Lyapunov functional itself to obtain a decay rate for solutions (see Jiingel (2016),
Arnold et al. (2004); Bakry and Emery (1985); Carrillo et al. (2001); Gross (1975);
Otto and Villani (2000); Villani (2002) and Desvillettes and Villani (2004)). There
are several advantages to the use of energy methods. Among others, they have the
advantage of being quite robust, often being applicable to equations that are not
explicitly solvable by Fourier transform methods, and to nonlinear problems. It is
convenient to remark that if we take J € C (]RN ,R) such that J is nonnegative, radial,
J(0) > 0 and whose integral is equal to 1 and we set K (z,y) = J(x—vy), then we obtain
a model example which one can solve using Fourier transform methods. Concretely,
in this case, we have the following equation

ug(x,t) = / J(x —y)u(y,t)dy —u(z,t), xRN t>0,
= (7)

u(z,0) = ug(z), r € RV,

We highlight that it is equivalent to consider this nonlocal diffusion equation or to
consider w;(x,t) = J * u — u(x,t) since the above integro-differential equation is in
convolution form. Hence, in this case, the Fourier transform implies that @,(&,t) =
a(&,t)(J(€) — 1) and so that a(&,t) = e©Diig(€). From here, it is possible to
obtain the asymptotic behavior (see (Andreu-Vaillo et al., 2010, Chapter 1)).

The use of energy methods for the equation (1) is not new. Indeed, for symmetric
kernels, Ignat and Rossi (2008) prove, among others, the following result:

Theorem 1 Let N > 3, K : RV x RY — [0,00) symmetric satisfying (2) and ug €
LYRN) N L®(RYN). Then, every solution of (4) satisfies

—1)

_N(p-1)
lu(-t)ll, < Ct™ %,

for all p € [1,00) and t big enough, where C is a positive constant which depends on
R, 7, N, p,|luollr and [|uol|oc-
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Taking into account this result, the aim of Chapter 1 is to complete it. On the
one hand, we want to obtain a result for symmetric and not symmetric kernels. On
the other hand, we want to find a result without any restriction about the dimension
N. Concretely, we will obtain the following theorem:

Theorem 2 Let N > 1. If we assume that us : RY — (0,00) is an equilibrium
solution of (1) such that 1/m < us < m, for some m > 0, and u is a solution to
(1) with initial datum ug € L'(RN) N LP(RN), 1 < p < oo, then there is a positive
constant C = C(r, R, N,m,p, ||uol|1, ||uwollp) such that

_N®»-1)
Hu('7t)Hp < C(l + t) wo,

for every t > 0.

It is convenient to recall that an equilibrium solution is a solution which does
not depend on the variable t. Hence, we observe that if we consider a symmetric
kernel K, then each positive constant is an equilibrium solution. Therefore, Theorem
2 generalizes and improves the results given by Ignat and Rossi (2008) for symmetric
kernels. Even more, we obtain the same decay rate of the nonlocal equation but for
every N > 1 instead of N > 3.

A direct consequence of Theorem 2 is the asymptotic behavior of the solutions of
(3). Indeed, in Cortazar et al. (2007) the authors prove the existence of a positive
and bounded equilibrium solution us,. Thus, under hypotheses of Theorem 2 one can
claim that -

lu(-, )], <C(A+1t) 2, for every t > 0.

In this first Chapter, we also consider cases in which K(z,y) = J(z — y) where
J : RY — [0, 00) is radial, symmetric and integrable. Therefore, in this context, our
problem (1) is

u(x,t) = / J(x —y)(u(y, t) —u(z,t))dy, =RV t>0,
= (8)

u(z,0) = up(x), r € RV,

and then, equation (7) is a particular case of this problem. Observe that hypothesis
(2) is equivalent to assume that J(z) > r when |z| < R. Obviously, this condition
holds true if J is continuous in a neighborhood of zero and J(0) > 0. For this kind of
kernels it is possible to obtain a more precise decay of the LP norms of the solutions.
Concretely,

Theorem 3 Let u be a solution of the equation (8) with initial datum ug € L*(RN)N
LP(RY), 1 < p < co. Then, there is a constant C = C(N,p) such that

ugl® 0<t<t
gy < § ol ) sts<to
([uollp " + CyrRNF2||uo || P (t — to)) 7, t > to,
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where v := N(prl) and

1 2 _
to=max {0, o o (8ol uolp)

See also Theorem 1.1.4 for the decay of the LP norms of the higher derivatives of the
solutions. We point out that Theorem 3 implies that, if ¢ > t¢ for some suitable tg,
then the decay rate of the LP norms of the solutions of (8) is the same that the decay
of the solutions of the heat equation, that is (see Giga et al. (2010)),

1

Jullb < (Hungm + CHuoHl_mt)f;, for every t > 0. 9)

As a consequence, roughly speaking, we can say that there is a strong connection
between the equation (8) and the heat equation u; = Au. More precisely, it is well
known that if we denote by J. the rescaled kernel

c(J) /= 1

()= e (2), withot) = /R () d, (10)

where it is assumed that the second order momentum of .J is finite (and thus C(J) is
nontrivial), then the solution u® of

O (x,t) = . Je(x —y)((u®(y,t) —u(z, 1)) dy, zeRYN >0, (11)
R

with initial datum ug € C(RY), converges uniformly in compact subsets of RV x [0, c0)
to the solution v of the heat equation v; = Av with the same initial datum v(x,0) =
up(x) (see for instance Andreu-Vaillo et al. (2010) and Rey and Toscani (2013)). As
a consequence, if the solutions u® tend to the solution of the heat equation, one may
wonder if the decay is preserved in the rescaling that leads to the heat equation. That
is, we want to know if it is possible to find some £y such that the asymptotic behavior
of uf is exactly the expression (9) for every € < g9 and t > 0. In the following theorem
we give the answer to the above question.

Theorem 4 Let uf be a solution of (11) with initial datum ug € L*(RY) N LP(RY)
and p € [2,00). Then

_1
lu= (&)l < (luoll, ™ + Culluolly ' (t —t0)) > for allt > to,

where C1 = C(N,p)yrRN*T2C(J) does not depend on ¢ and
2

3
t(] — max {0, WC’(J)

2 _ 2 _
log (=7 R ||uoulpuuo||z>)} .

ap ap
In particular, to = 0 for every e < g9 = |luol|;> /(Rl|uoll? ).
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Rescaling kernels

In the first chapter we have mentioned that considering the rescaled kernel given by
(10), the approximate solutions u® of (11) converge uniformly (when ¢ — 0) to the
solution of the heat equation. In a natural way, one may wonder if it could be possible
to consider different rescaled kernels such that their corresponding solutions tend to a
solution of a local parabolic equation more general than the heat equation. Chapter 2
and Chapter 3 of this manuscript will deal with this natural question. Concretely, in
the first part of Chapter 2, we will show the following result: IfQ C R¥ is a bounded
subset, A(z) = (a;;(z)) is a N x N matrix with smooth coefficients in €2, symmetric
and positive definite, g € L' ((RY \ ) x (0,00)) and up € L'(Q2) denotes the initial
datum, then the smooth solutions of the following Dirichlet parabolic problem (in
divergence form)

ve(x,t) = div (A(x)Vo(z,t)), x € Q,t>0,
v(z,t) = g(z,t), x € 0Nt >0, (12)

v(x,0) = up(x), x €,

can be uniformly approximated by solutions of the nonlocal problem (5), taking a
suitable rescaled kernel. We highlight that, to obtain this kind of results it is necessary
to assume the existence of smooth solutions of (12). However, under suitable regularity
hypotheses about g, ug and 0f2, we can assure that the solutions of (12) belong to
CHalFa/2 (% [0,T]) (see, for instance, Lieberman (1996)). More precisely, in the
second chapter we prove the following result.

Theorem 5 Let v € C2+149/2 (1 x [0,T]) be a solution of (12), where 0 < o < 1.
For every e > 0, we consider u® solution of

uj(x,t) = ox K (z,y)(u(y,t) —u(x,t))dy, =€, t>0,
uf(x,t) = g(z,t), r¢Q, t>0,
uf(x,0) = up(x), x € Q,
where
Koo = 506 (5@ Y 6 (50" 2Y). (13)

being G%(s) = J(s) (with J a smooth nonnegative function, radially symmetric and
with compact support), and B(x) = (bij(x)) a N x N matriz such that

det(B(z))B(z)B!(z) = Ax). (14)

Then
v = u®|| Lo (ax[0,77) = Os when € — 0.
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Consequently, we can claim that the solutions v € C2¥1+2/2 (Q x [0, T]) of the Dirich-
let problem (12) can be approximate by solutions of a nonlocal parabolic problem using
the rescaled kernel given by (13). Note that the existence of the matrix B~!(x) and
the matrix factorization (14) is trivial since A(z) is a symmetric and positive definitive
matrix. It is worth pointing out that K.(z,y) is also symmetric and this is a very
interesting property. Indeed, thanks to this symmetric property, we have the following
integration by parts formula

J[ Kt - et
- _71 // K(z,y)(u(y) — u(z))(p(y) — ¢(z))dydz.

We emphasize that this integration by parts formula is very similar to the usual one
used for operators in divergence form, i.e.,

/ div(A(2)Vo(a))p(z)dz = — / A(2)Vo(2)Vip()da.

Furthermore, we also highlight the following consequence of the above theorem.
If we consider the Dirichlet problem associated to the heat equation, that is to say,
the problem (12), where A(x) denotes the identity matrix, then we obtain that the

suitable rescaled kernel is
clJ), (x—y
Keo) = ST (27,

e

which was proved by Cortazar et al. (2009).

Going ahead in the study of these questions, in Theorem 2.1.1 of Chapter 2, it
is also obtained an analogous result to the one obtained in Theorem 5 but for more
general parabolic equations, i.e., not necessarily parabolic equation in divergence form.
More precisely, in Theorem 2.1.1 we consider the following parabolic problem

N N
0v(x,t) ov(x,t)
ve(m,t) = ijzzl aij(az)m + zl:bl(ar) 9z, x € Q,t>0,
v(z,t) = g(z,t), z e 0t >0,
v(x,0) = up(x), x € Q.
In this general case, the suitable rescaled kernel is
C(z) 1, T Y
Kean) = S5y oo~ B@e - ) 7 (270 2Y). (15)

where a is a function given by a(s) = >,(s; + M), with M a positive and big enough
constant to assure that a(z) > § > 0 for some 8. The matrix L(x) is the well known
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Cholesky’s factor for the matrix A(z), i.e., it satisfies A(z) = L(x)L!(x). The matrix
E involves the coefficients (a;j(x)) and b;(x), and C(x) is a normalizing function (see
subsection 2.3 for a precise definition). Since, in these new cases, we are working
with operators which are not in divergence form, we note that the kernel (15) is not
symmetric.

Afterwards, in Chapter 3, we consider a kernel like the following one

K(z,y) = J(M(y)(z — y)) det M(y),

where J : RY — R is a nonnegative radial function such that
JeC(RY) y / J(2)dz =1, (16)
RN
being M(y) a N x N real matrix with smooth and bounded coefficients such that

det M(y) >~ > 0. It is convenient to point out that this kind of kernels preserve the
mass, that is,

/ / J(M(y)(z — y)) det M(y) u(y)dyde = / u(z)dz, Yue CRM).
RN JRN R

N

As a consequence, problems like

ug(x,t) = /RN J(M(y)(z —y)) det M(y)u(y, t)dy — u(z,t), =€ RN ¢t>0,

u(z,0) = up(z), r € RN,

can be seen as a particular case of our initial model problem (1). Observe that, in the
case in which M(y) = g(y)~'Id, where g is a scalar positive function, then the above

equation is
_ r—Y u(y7 t) — ulr
ulot) = /RN ’ ( 9(y) ) ) W~ ulm)

As we told above, this kind of diffusion kernels was introduced by Cortazar et al.
(2007) to model inhomogenous dispersion processes (see Coville (2010) and Cortazar
et al. (2015)).

In this third Chapter 3 we will show how a suitable rescaling of this kind of
kernels gives us a sequence of approximate solutions which converges to the classical
local solution of the Fokker-Planck equation, i.e.,

82
ve(x,t) = Z .50 (aij(z)v(z,t)), xe€RN te(0,T],
ij o

’U(x70) :Uo(ﬂf), iy GRNa

(17)

where A(z) = (a;j(x)) is a N x N real and positive definite matrix. More precisely,
given the rescaled kernel

Kele) = o (B ) =) et B ),
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where B is such that BB! = A and J satisfies (16), we prove the following main result.

Theorem 6 Let v € C2To1+e/2 (RY,[0,T]) be the solution of the classical Fokker-
Planck equation (17) with initial datum vy € C(RN) N L®(RN). For every e > 0, let
u® be the solution of the nonlocal equation

uy

_ 692 {/RN Ko(z, y)uly, t)dy — u(:z:,t)} . zeRN te0,T),

UE(CL‘,O) = ’U(](-T), T € RN?

(18)

where C™1 = % [ J(2)z%dz. Then

sup |[[u®(-,t) — v(+,t)[[Le — O,
t€[0,T]

when € — 0.

Observe that, in the particular case B(y) = g(y) Id, the equation (18) is

ui(e, ) = 6% {/RN ;VJ@g?y?) 1;1(5/(’;))@ N u(x’t)}

and so that, its solutions converge to the local differential equation

wla,t) =) (g°(@)o(@, t))aa,-

i

Consequently, our theorem generalizes the results obtained by Sun et al. (2011).

Approximating the Kardar-Parisi-Zhang equation by nonlocal
equations

In Chapter 4 of this manuscript we consider nonlocal problems like the following
ones

ug(x,t) = /RN J(x — y)(u(y, t) — u(z, t)) Q(m, u(y,t) — u(x, t)) dy, (19)

where J satisfies (16) and G : RV x R — R is an auxiliar nonnegative Carathéodory
function such that

G(z,s)s — G(x,0)o

S—0

Jdas > a1 >0: a1 <

< ag, (20)

for every s,0 € R with s # o and a.e. € RY. Observe that this implies that G is a
positive and bounded function. Indeed, if we take o = 0, one has

0<a; <G(z,s) < ay, for every s € R and a.e. x € RY.
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Moreover, we emphasize that in the particular case G(z,s) = 1, we obtain again the
diffusion nonlocal equation (7) which is in convolution form.

In this fourth chapter we deal with the Cauchy problem associated to the equation
(19), i.e.,

ut(x,t):/Ri(x —yu(y;z,t) Glo,u(y;z,t))dy  in RY x (0,7T), (21)

u(z,0) = up(x) in RY

where u(y; x,t) := u(y,t) — u(z,t) and ug € C(R™). On the other hand, we deal with
the Dirichlet problem associated to the equation (19), i.e.,

u(, t) =/RNJ(56 —yuy; 2, t) Gz, u(y; z,t)) dy, nQ x (0,7),
u(x,t) = h(z,t), in RN\ Q) x (0,7), (22)
u(x,0) = ug(z), in{) |

where 2 denotes a bounded domain of RN with N > 1, T € R* U{co}, h €
L' (RN\ Q) x (0,T)) and ug € L*(1).

Concretely, if ug is bounded, then we obtain existence and uniqueness for the
Cauchy problem (21). In particular, we prove that there is a solution belonging
to C ([0,T);C(RN) N L>(RY)) (Theorem 4.2.12) which is unique via a comparison
principle (Theorem 4.2.14). In a similar way, assuming that up € C(2) and h €
C((RN \ Q) x [0,T)), we prove existence and uniqueness for the Dirichlet problem
(22). That is, we show that there is a solution belonging to C(€2 x (0,T)) (Theorem

4.2.3) which is unique due to another comparison principle (Theorem 4.2.5).

During this fourth chapter, we also study the relation between the nonlocal equa-
tion (21) and the well-known deterministic Kardar-Parisi-Zhang equation (KPZ)

ug — Au = p(z)|Vul?  in RN x (0,7),
(23)
u(z,0) = up(x) in R,

We point out that this equation, at least for u(x) = p > 0, was proposed by Kardar
et al. (1986) in the physical theory of growth and roughening of surfaces. See also
Barabasi and Stanley (1995) for others physics applications and the recent and com-
plete work by Wio et al. (2011). It is worth pointing out that the KPZ equation has
a natural growth in the gradient, that is to say, this equation has a quadratic growth
respect to the gradient. These kind of equations have been widely studied during the
last decades since the pioneers works by Ladyzenskaja et al. (1968) and Aronson and
Serrin (1967) as well as the results by Boccardo, Murat and Puel in Boccardo et al.
(1989). See also the second part of this introduction.
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More precisely, Theorem 4.2.15 shows that the Cauchy problem (21), with initial
datum ug € C(RY) N L*>®(RY) and under the usual rescaled kernel of .J

Jo(z) = ECQE;QJ (g) : (24)

has a unique solution u® (for each € > 0) which moreover converges uniformly (when
e — 0) to a classical solution of the KPZ equation (23) with

B 2G"(z,0)
) = 220, (25)

Even more, we prove that every classical solution of the KPZ equation (23) with
initial datum ug € C(R™) N L®(RY) can be uniformly approximated by solutions of
the nonlocal equation (21). Here we consider the rescaled kernels given by (24) and
the same initial datum ug with the auxiliar function

_ p(x) s
g = Qu(m,s) =1 + m
Remark that G, satisfies the hypothesis (20) and moreover (25). We also obtain
analogous results for the Dirichlet case (22), see Theorem 4.2.8.

To finish, it is convenient to remark that we also prove two results about the
asymptotic behavior of the solutions. On the one hand, for the Dirichlet problem we
prove that the solutions converge uniformly to the stationary solution. On the other
hand, for the Cauchy problem, we show that the L? norm of the solutions has a time

decay which depends on G (absortion or reaction). See Theorem 4.2.16 and Theorem
4.2.17.
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PART II: Elliptic equations with singularity in the
quadratic gradient term and Gelfand type problems

In the second part of this introduction, we will deal with initial value problems
which have two different kind of nonlinearities. On the one hand, we will consider
Gelfand nonlinearities (Ae*) and we will study some Gelfand-type problems. On the
other hand, we will study some problems whose differential equation has a singular
nonlinearity with quadratic growth with respect to the gradient (|Vu|?/u?).

It is convenient to recall that Gelfand-type problems have been widely studied in
the literature. In particular, this kind of problems has been extensively applied in
some physical models. For instance, for thermal self-ignition problems of a chemically
active mixture of gases in a vessel, see Chandrasekhar (1957); Gel’'fand (1963); Joseph
and Sparrow (1970); Keller and Cohen (1967) and the references therein .

The classical Gelfand problem is the following one

—Au=Xe", in (),
u >0, in €,
u=20, on 01},

where©? C RY is an open, bounded subset whose boundary 9 is smooth, N > 1
and A > 0. We remark that in this context, basically, the nonlinear term e* can be
replaced by a regular positive function f(u) which is increasing, convex and moreover
f£(0) > 0.

It is worth pointing out that, roughly speaking, the change of variable v = In(1+wv)
transforms the above semilinear problem in the following quasilinear one

Vo2

—Av + =A(1+4v)?, inQ,
14w

v=>0, in €,

v=20, on 0f2.

As a consequence, this example shows how the semilinear problems are strongly con-
nected with the quasilinear ones which have a quadratic growth with respect to the
gradient (or equivalently a natural growth). This kind of quasilinear problems with
natural growth are very common and they appear in a natural way. Indeed, there
are several motivations for these quasilinear equations, some of them coming from
Calculus of Variations. For instance, the Euler Lagrange equation associated to the

functional .
I(u):Q/a(a;,u)\Vulz—/fg(x)u,
Q Q

is, at least formally, the following one

—div (a(z,u)Vu) + %a;(a:,uﬂVuP = fo(z).
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We emphasize that if a(z,u) = 14 |u|®, with § € (0, 1), then the above Euler Lagrange
equation not only has a quadratic growth with respect to the gradient but also a
singular term. Some applications of these singular equations can be seen in Barenblatt
et al. (2000); Berestycki et al. (2001) y Kardar et al. (1986).

Differential operators with natural growth have been thoroughly studied during
the last decades since the works by Aronson and Serrin (1967); Ladyzenskaja et al.
(1968) and later by Boccardo et al. (1982, 1983). For instance, given pu € L*°(€)) and
a continuous function g, we highlight that the existence of solution for the problem

{ —Au+ p(x)g(w) |[Vul?> = fo(xr) in , Q
u=20 on 0},

it has been considered by Bensoussan et al. (1988), Boccardo and Gallouét (1992) and
Boccardo et al. (1982).

Singularity in the quadratic term

In Chapter 5 we will consider a singular problem which involves a quasilinear elliptic
differential operator with quadratic gradient term. More concretely, our model case

will be

2
—Au+ p(x) [Vul =t + fo(x) in ,Q

u=20 on 012,

where v,p > 0, u € L*(f) is non-negative and 0 5 fo € L2(Q) for some ¢ > N/2.

A well known case is the above problem when A = 0. Indeed, this model with A\ = 0
was introduced by Arcoya and Martinez-Aparicio (2008) when v = 1. Afterwards,
this one with v > 1 was extensively studied in Arcoya and Segura de Leén (2010);
Boccardo (2008); Martinez-Aparicio (2009) and Giachetti and Murat (2009). In these
above works it is proved the existence of solutions for v < 1 and the uniqueness for
v < 1 (see also Arcoya et al. (2017)). It is convenient to recall that, in this problem
(with A = 0), the case v > 1 requieres an additional hypothesis about the nonlinearity
fo- In fact, in Arcoya et al. (2009b), under the additional hypothesis

essinf{fo(z): z € w} >0, Yw CC Q,

it is proved the existence of a solution if and only if v < 2. Even more, we emphasize
that if v > 2, then |Vu—1ﬂ2 ¢ LY(Q) for all u € W&’Z(Q) (see Zhou et al. (2012)), hence
there is no solution.

It is worth pointing out that the case v > 1 is hardier than the case v < 1. Indeed,
nowadays the uniqueness of this problem for v > 1 is unknown and for v = 1 is
uncompleted (see Carmona and Leonori (2017)).

Results concerning the above problem for A # 0 were obtained in Arcoya et al.
(2011); Boccardo et al. (2011), being p(x) a constant function and v < 1. Moreover
it is assumed that the parameters v and p satisfy v + p < 2. On the one hand, in
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Arcoya et al. (2011), the results were obtained by using topological methods. On
the other hand, in Boccardo et al. (2011), the results were proved using some suitable
approximate problems and an iterative scheme. Taking into account that the methods
used in Arcoya et al. (2011) and Boccardo et al. (2011) can not be applied to the case
in which p(x) is not a constant or p < 1 < < 2, our aim is to complete it in Chapter
5. Even more, in this chapter we will consider more general lower order terms. Indeed
we will work with p(x)g(u)|Vu|?, being g a singular function at zero. We show how the
values of A\ for which the problem has a solution will be influenced by the singularity
of g at zero and moreover by its behavior at infinity. To distinguish the behavior of g
at zero and infinity, we take v < 8 and we consider the more general model problem

[Vul? p :
—Au—i—u(x)m =P+ fo(x) in ,Q

u=20 on 052,

(Qx)

Our main result for the case in which u(x) is a constant is the following one.

Theorem 7 Let pu(x) = p be a constant function and we consider fy € L1(Q2) with
q> % satisfying essinf{fo(z) : v € w} >0, Yw CC Q. Then

i) If 1 <~y <2 and 0 < p <1 the problem (Q)) has, at least, a solution for every
A>0.

i) If v < 1 < B and 1 < p, there are A\, \* > 0 such that (Q)) does not have
solutions for A > \* and has, at least, a solution for 0 < A < A,.

Moreover, there is an unbounded continuous, i.e., a connected and closed subset ¥ of

{(\,u) €[0,400) x C() : u solucion de (Q))},

such that there exists a solution uy of (Qx) with (A, uy) € ¥ for every X > 0 (item i)
or every 0 < X\ < A\, (item ii).

Furthermore, the tools used to prove the above theorem also allow us to work with
non constant function p(x) if we suppose that this function is bounded below and
above and the parameter 3 satisfies § < 1. More precisely, we present the following
theorem.

Theorem 8 Assume that 0 <y < [3<1,0<p<2—p4, fo € LIQ) with q > % and
m < p(r) <M, ae x€Q (where M < 2 in the case « = = 1). Then, there exists
an unbounded continuum X of solutions of (Q)), such that there exists uy solution of
(Qx) with (X, uy) € X for every A > 0.

We highlight that this theorem not only improves again the results of Arcoya
et al. (2011) and Boccardo et al. (2011), but also shows the following property. The
hypothesis p < 2 — 8 is a restriction in the behavior of g at infinity, rather than in
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the singularity at zero. In this sense, working with a more general function g(s) =
1/(s7+5%), one can observe how the behavior at zero or at infinity of g have a different
role in the solutions set.

To prove the above two theorems we use a double approach. Firstly, we take
a suitable sequence of approximate problems, as in Boccardo et al. (2011), and we
deduce the existence of a continuum. ,, for the approximate problems using Leray-
Schauder degree techniques and Rabinowitz continuation theorem, as in Arcoya et al.
(2011). Secondly, we use a topological lemma to obtain a continuum of solutions as
the limit of this approximative scheme. ,,.

Gelfand type problems

In Chapters 6 and 7 we will consider some Gelfand type problems corresponding to
different differential operators. Indeed we will consider the 1-homogeneous p-Laplacian
and moreover some differential operators having lower order terms with quadratic
growth with respect to the gradient.

It is convenient to recall that, if f(u) denotes a regular, positive and convex func-
tion with f(0) > 0, then the problem

—Au=Af(u), in$,
u>0, in €, (G)\)
u=0, on 0f2,

was studied by Crandall and Rabinowitz (1975) (see also Mignot and Puel (1980)

and the references therein). Concretely, if f is superlineal at infinity, that is to say,
I(s)

s

if limg o0 = 00, in Crandall and Rabinowitz (1975) it is proved the following

result.

Proposition 0.0.1 Crandall and Rabinowitz (1975) There exists \* > 0, called the
extremal parameter, such that

o If X< X\*, then (G)) admits a minimal bounded solution wy.
o If A > \*, then (G)) has no solution.

One may wonder if the minimal solution could exist but for Gelfand-type problems
corresponding to differential operators which satisfy a comparison principle. In this
sense, in Chapter 6, we will prove a comparison principle for the 1-homogeneous p-
laplacian which generalizes the well known comparison principles obtained in Barles
and Busca (2001); Martinez-Aparicio et al. (2014a). In Chapter 7 we will use the
comparison principle contained in Arcoya and Segura de Leén (2010) (see also Arcoya
et al. (2014, 2017)).

Even more, in Crandall and Rabinowitz (1975) it is also proved that the sequence of
minimal solutions {wy} of (G)) is increasing in A\. Furthermore, the minimal solutions
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are stable, namely they satisfy the following condition

[ (e = arne) 20, veecx@).

We emphasize that this stability condition has an important role to prove some ex-
istence and regularity results for the extremal solution. In particular, this condition
has been used to achieve optimal results of regularity of extremal solution depending
on the dimension N. In this sense, if f(s) = e® it is obtained regularity results for the
extremal solution if N < 10. However, if f(s) = (1 + s)P the regularity results are
proved for N <4+ 2(1 —1/p) +4+/1 — 1/p (see Crandall and Rabinowitz (1975)).

We note that it makes sense to extend the above stability condition but for general
differential operators with variational structure. Our problem is that in Chapter 6 and
7 we do not have any variational structure. However, in Chapter 7, we will be able
to extend the above stability condition and therefore, we will obtain some results
concerning to the extremal solution.

Before showing the main results of Chapters 6 and 7, we point out again that
Gelfand-type problems constitute one of the most studied fields of semilinear elliptic
equations and it has been extensively considered. For instance, see Arcoya et al.
(2014); Cabré and Capella (2006); Cabré and Sanchén (2013); Gel'fand (1963) and
the references therein.

More concretely, in Chapter 6 we will consider the problem

—ANy = Xe, inQ
p 9 )
{ u=20, on 09, (Prp)

whereQ) € RY is a regular bounded domain, p € [2,00] and the operatorA éV is the
called 1-homogeneous p-laplacian defined, for p < oo, by

1 1 9
ANy = pflyvu\?—p div (|VulP~2Vu) = S Bu %Ao@u,

and for p = co by

Vu Vu
Asu=ANu=——.(D*u—-
U= St T gy ( “Wur>’

the 1-homogeneous infinity laplacian

This operator appears when one considers Tug-of-War games with noise, see Man-
fredi et al. (2012); Peres and Sheffield (2008); Peres et al. (2009), where the Poisson
problem is studied. Moreover, the problem with right-hand side Au? with 0 < ¢ <1
has been studied in Martinez-Aparicio et al. (2014a) and Martinez-Aparicio et al.
(2014b).

Concerning this kind of problems, our first result is the following one.

Theorem 9 For every p € [2,400| there is a positive extremal parameter \* =
A (Q, N, p) such that:
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o If X\ < X\* the problem (P\,) admits a minimal positive solution wy.
o If A > \* the problem (P),) has no positive solution.
Moreover, the branch of minimal solutions {wy} is increasing with X.

We highlight that in Chapter 6 we use some arguments from degree theory to
study problems whose differential operator is the 1-homogeneous p-laplacian. The use
of this tools is not easy due to the lack of regularity. Indeed, to address it we need to
use some arguments of Charro et al. (2013) to obtain some compactness results. Using
these techniques we will be able to prove the existence of a continuum of solutions
either for the parameter A or the parameter p. In this sense, for every p fixed, we
denote by

S ={(A\,u) € [0, *(Q, N,p)] x C(Q) : u solution of (Py,)},
and for every A fixed, we denote by

Sy = {(p,u) € [2,00] x C(Q) : u solution of (Pyp)}.

Theorem 10 For every fized p € [2,00], there exists an unbounded continuum of
solutions C C ./, that emanates from X =0, i.e., (0,0) € C. Moreover, for every fized
Ao € (0, X%), there exists a continuum of solutions D C Sy, for all A < Xg, such that
its projection on the axis p is [2,400].

In Chapter 7 we will deal with with some Gelfand-type problems which have a
singularity in the gradient term. Concretely, we will consider

—Au+ g(u)|Vul|? = X f(u), in Q,
u>0, in €,
u=0, on 0f2,

wereQ) C RN (N > 3) is a smooth bounded and open subset of RY, A > 0 f is a
strictly increasing function, derivable in [0, 00) and such that f(0) > 0 and finally g is
a nontrivial and positive function that either is continuous in [0, c0) or it is continuous
in (0,00) and integrable in a neighborhood of zero. Our model case are g(s) = %
with v € (0,1) and f(s) = e°.

We stress that the case g continuous in [0, +00) has been studied in Arcoya et al.
(2014). Here, the authors showed the existence of a minimal solution in a bounded and
maximal interval (0, \*) and moreover they studied existence and regularity results
for extremal solutions. Even more, they characterized minimal solutions as those
solutions satisfying a stability condition (see also Brézis and Vazquez (1997) for the
semilinear case). Concretely, in Arcoya et al. (2014) a solution is stable, by definition,
when it satisfies

/ Vo > A / (' (u) — glu) f ()
Q Q



20 Introduction

for every ¢ € I/VO1 2(Q) In Chapter 7 we will say that a solution is stable if it satisfies
the above condition given by Arcoya et al. (2014). During this chapter, we will extend
the above previous results to the singular framework and moreover we will improve
the hypotheses assumed for the continuous case. For instance, among others results,
we highlight that the hypothesis f/(s) — g(s)f(s) increasing required by Arcoya et al.
(2014), it is necessary only to prove that the stable solutions are minimal.

The results obtained in Chapter 7, apply to the particular case g(s) = & with

0 < v < 1, allow us to consider non-convex function f(s). Indeed, if we take f(s) =
1= _
e T T Gith 6 small enough, then f’(s) — g(s)f(s) is a decreasing function.
However, there exists A* > 0 such that the problem admits a minimal bounded solution
wy for every A < A* but there is no solution for A > A*. Moreover, it is possible to

prove the existence of a extremal solution u* = )\linf\l wy which is a stable solution (in
— *

the above sense) for A = A*. Note that this extremal solution is not, in general, a
minimal solution. Even more, if

6(1—9)+2c+4y/(c+1—7)(1—7)
c+1—v

N <

I

it is proved that the extremal solution is bounded.
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PART III: Some results in Elliptic Equations modeled by
the p—laplacian

It is considered the following family of elliptic differential equations that involve
the p—laplacian operator and with Dirichlet conditions at the boundary of a bounded
domainQ) c RV,

{_div(wuw-?w):f(x,u), in2 (26)

u =0, on 052,

with p > 1 and being the source data f(z,s), with (x,s) € Q x R, a certain function
that we will detail below.
Next we present three classic results related to the previous equation:

e The problem with a subcritical source term: f(x,s) < Ci|s|? + Co, with 0 <
q < p*—1and p > 1. There exist at least two nontrival solutions v < 0 < w
(see for instance Dinca et al. (1995)).

p—2
e The problem with a Hardy potential: f(z,s) = )\’T’V’S and 0 € Q. There is no
x
solution for A > ((IV —p)/p)?, 1 < p < N (see Garcia Azorero and Peral Alonso

(1998)).

e The concave-convex problem: f(z,s) = [s|" s+ \|s|?ls, with0 < g<p—-1<
r < p*—1and A > 0. There exists A* > 0 such that there are at least two
positive solutions for A < A* and there is no positive solution for A > \* (see
Garcia Azorero et al. (2000)).

In this third part of the memoir we intend to broaden the study of these problems
either by extending the operator or by extending the source data, always without
losing the nature of the classical problem. Concretely, in Chapter 8 we study the
subcritical problem for the 1—Laplacian (p = 1) in which we prove the existence of
two non-trivial solutions for 0 < ¢ < 1* = 1/(N — 1) and that are also bounded.
Another notable result of the chapter is the proof of a Pohozaev type identity for
this kind of operators. The 1—Laplacian operator was originally treated in Kawohl
(1991, 1990), Demengel (1999) y Andreu et al. (2001) leading a huge literature since
then. One of the main interests for studying the Dirichlet problem for equations
involving the 1—Laplacian comes from the variational approach to image restoration
(we refer to Andreu-Vaillo et al. (2004) for a review on the first variational models
in image processing and their connection with the 1-Laplacian, see also the recently
work Martin et al. (2017)).

In Chapter 9 it is considered a problem with a Hardy potential for the laplacian
operator (p = 2). We prove that the presence in the equation of lower order terms
h(z)u(x)” (h € L} (), v > 1) produces a regularizing effect when obtaining a solu-

loc
_9)2
tion for values of A greater than the critical it 42) , even if h vanishes in subsets of ).
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In addition, this term causes the solutions to be more regular. The Hardy problem
for p = 2 was treated firstly in Baras and Goldstein (1984). The authors observed
that, since ‘l% € L;,.(Q) if and only if 1 < r < N/2, the classical theory of uniqueness
and regularity could not be applied. They prove that the asymptotic behavior of the
solutions depends on the values of )\, determining a critical value H = (N — 2)2/4
also called the Hardy constant. Later, in Garcia Azorero and Peral Alonso (1998) the
authors perform a more exhaustive study of the equation for all values of 1 < p < N
where they effectively reveal that the behavior of the solutions depends on the critical
value \* = ((N — p)/p)P, obtaining solutions for A < A*. Since then a large number

of related works have emerged.

In Chapter 10 the concave-convex problem is studied but, instead of making a
concave-convex effect to the nonlinearity f(z,s), this effect will be caused to the
operator. That is, the operator in consideration is —div (|Vu|p(x)_2Vu) being p(x)
the constant function 2 in a region of the domain D; C 2, and the function constant
p (greater than 2) in the remaining region of the domain Dy = Q\ D;. Regarding
nonlinearity we take f(x,s) = A|s|? with 1 < ¢ < p— 1. Note that these values of ¢
induce a convex effect in region D and a concave effect in region Ds. The concave-
convex problems have received a great interest in the literature of differential equations
since the pioneering works of Lions (1982); Garcia Azorero and Peral Alonso (1991);
Ambrosetti et al. (1994) and Boccardo et al. (1995). On the other hand, the study
of operators p(z)—laplacian with p(z) discontinuous have received great attention
in recent years in modeling the flow of current in Organic Light-Emitting Diodes
(OLEDs) used in the display of portable devices, we refer the works Bulicek et al.
(2016); Fischer et al. (2014) and Bulicek et al. (2017). In this chapter we prove the
existence of a critical value A\* such that for A\ > A* there is no positive solution,
and for A < A* there is a minimal positive solution. Furthermore, provided that
p < 2N/(N — 2), there is a second positive solution for almost every A < A*.

The technique to deal with the problems of this third part of this memory is mainly
the Calculus of Variations. Observe that the problem (26) has the following functional
energy associated 7 : VVO1 P(Q) — R defined as follows

I(u):/Q W;‘p —/QF(:U,U),

being F(z,s) = [; f(x,t)dt, in the sense that critical points of Z are solutions to
problem (26). When dealing with the problems mentioned above, an important step is
to replace the space WO1 P(Q) by another more convenient, thus changing the geometry
of the functional Z and being more accessible to find their critical points. This will
have its advantages as will be seen in the Chapters 9 and 10 turning the functional
into coercive, and its disadvantages when the chosen space is not reflexive as is the
case of the Chapter 8, not being able to apply well known results such as compactness
of Palais-Smale sequences.
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Subcritical problem for the 1—Laplacian

In Chapter 8 we study existence and regularity results of solutions with a Dirichlet
problem for an elliptic equation involving the 1-Laplacian operator and a source term,
whose model problem is

D
—div <u> = [u[ly, inQ),

| Dl (27)

u=20 on 0f2,

whereQ2 € RY (N > 2) is a bounded domain with Lipschitz boundary and 0 < ¢ <
1

N—1

The natural energy space to study problems involving the 1—Laplacian is the
space BV () of functions of bounded variation, i.e., those L!—functions such that
their distributional gradient is a Radon measure having finite total variation. We

point out that BV () is a Banach space with norm

T / Dul + / ] dHN T,
Q o0

where HV~! denotes the (N —1)-dimensional Hausdorff measure (we refer for instance
Ambrosio et al. (2000)).

Although BV(Q) is non reflexive and non separable space. In this way, the
1—Laplace operator presents an extra difficulty. Another difficulty occurs by defining

U
the quotient Dal’ being Du just a Radon measure. It can be overcome through
u

the theory of pairings of L°°—divergence—measure vector fields and the gradient of a
BV-function (see Anzellotti (1983)). Using this theory, we may consider a vector field
z € L*°(Q;RY) such that ||z[s < 1 and (z, Du) = |Dul, so that z plays the role of
ratio %' On the other hand, the boundary condition is weaker. Indeed, in general
the Dirichlet boundary condition is not achieved in the usual trace form, so that, a
very weak formulation must be introduced: [z,v] € sign (—u). Where [z, v] stands for
the weak trace on 02 of the normal component of z defined in Anzellotti (1983) as
the application [z, ] : 92 — R, being v the outer normal unitary vector of 92, such
that [z,v] € L>(99) and || [z, ] ||z (00) < [|2]| Lo oz~ Furthermore, this definition
coincides with the classical one, that is, [z,v] = z - v, for z € C}(Q; RY).

In this way, we say that u € BV () is a solution of problem (27) if there exists a
vector field z € L>°(Q;RY) with ||z|/oc < 1 and such that

(1) — divz = f(z,u) in D'(Q),
(2) (z, Du) = |Dul as measures on {2,

(3) [z,v] € sign(—u) on ON.
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In order to consider the problem (27) in a variational setting, we establish in
Lemma 8.2.6 that solutions are critical points of the functional Z : BV(Q2) — R
defined as follows

1
Z(u) :/ ]Du\—i—/ ]u\dHN_l—/ \u!‘”l.
Q o0 q+1Jq

We recall that one of the approaches to find nontrivial solutions to the Dirichlet
problems with p-Laplacian type operator (p > 1) and a subcritical term, i.e. with
|u|9" u, being 0 < ¢ < p* — 1 (where p* stands for the Sobolev conjugate), is by using
the well-known “Mountain Pass Theorem” by Ambrosetti and Rabinowitz Ambrosetti
and Rabinowitz (1973). Specifically, first it is proved that the trivial solution is a local
minimum of the corresponding energy functional and then, since the functional has a
mountain pass geometry, they find other critical points (one positive and another one
negative), we refer Dinca et al. (1995). We point out that the proof of the Palais-Smale
condition relies on the reflexivity of the energy space VVO1 P(Q).

As mentioned above, the space of functions of bounded variation is non reflex-
ive. The strategy is to consider the nontrivial and positive solution, w,, obtained
by “Mountain Pass Theorem” applied in the subcritical problem for the p—laplacian
with p > 1 (similarly reasoning for the negative solution). Then, in certain sense, we
take the limit as p — 17. However, we carefully have to check that their limit is not
the trivial solution. Thus, we prove in Theorem 8.1.1 that there exist at least two
nontrivial solutions v < 0 < w of problem (27). Moreover, we prove that they are
bounded. To this end, it is essential to achieve the existence of a positive constant C
independent of p such that

||wp||W01’l(Q) <C,

for all p > 1 enough small.

Finally, in the last part of this chapter, we state in Proposition 8.4.1 a Pohozaev
type identity for solutions belonging to W!(Q). The important point to note here
is, unlike p—Laplacian problems, the existence of solutions for supercritical growth.
This is confirmed by dealing with explicit examples in the ball.

Regularizing effect of lower order terms in elliptic problems
involving a Hardy potential

In Chapter 9 we study the regularizing effect provided by the inclusion of lower
order terms in elliptic problems of type (26) whith a Hardy potential. Specifically, we
consider equations of type

—Au + h(z)uP~tu = )\# + f(x) in , Q
u=20 on 012,

(28)
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where p > 1, A € R, 0 < h € L'(Q) and f € L7 (hdz), ie., |f]"7 h € L'(Q).
Observe that being h integrable, it holds

1
m(Q:hde) C L5 (Q: hde),  for allm > 21
p

In the case of not including the regularizing term, that is A = 0, it is known that
there is a solution for all f € W~2(Q) provided that
(N —2)?

4 )
see Garcia Azorero and Peral Alonso (1998). Seen from a variational perspective, the
condition (29) implies, due to the Hardy inequality

Jul?

o ||

A<H = (29)

dr < HT /|Vuy2

that the associated energy functional is coercive in WO’ (Q).

The fact of including the term h(z)|u[P~'u to a problem with a Hardy potential is
not new, see Adimurthi et al. (2017); Porzio (2007); Wei and Du (2017) and Wei and
Feng (2015). In these last two works the authors study the asymptotic behavior of
the solution at 0 for the case f =0 and h(x) = |z|” with ¢ > —2. On the other hand,
Porzio (2007) and recentely Adimurthi et al. (2017) treat the case h(x) = hgo > 0
obtaining the following result:

Theorem 11 Consider p > 2* — 1, h(xz) = hg > 0 and f € L™(Q) with p%l <m<
N p—1
25
solution belongs to Wol’Q(Q) N LP™ ().

Then, there exists a solution to problem (28) for all A > 0. Moreover, the

We emphasize that the solution provided by the above theorem is obtained as a
limit of solutions of a sequence of approximate problems and also the regularity in
LP™(Q) is tested only for that specific solution.

In this chapter the Theorem 11 is improved in two ways. First, we prove that the
solution can be obtained as a minimum of the associated functional, in addition, we
obtain regularity for any solution. As a second improvement, we note that we can
consider the case h € L'(£2), not necessarily constant, and it can vanishes in subsets
of Q2. For example, we prove the existence and regularity of solution when h vanishes
inQ s ={zreQ: dist (£,00) <} for § enough small. Furthermore, as regards the
existence of solutions, it is sufficient that h € L} ().

As discussed at the beginning of this Part III, since problem (28) has a varia-
tional characterization, the choice of a suitable space of functions will be advanta-
geous when it comes to finding critical points. Indeed, we consider the reflexive space
E = Wol’Q(Q) N LPT1(Q; hdz) and the functional energy Z, : E — R defined as follows

|Vul? 1 / 1 )\/ u? /
Iu:/+ uPth -2 — — uh, Yu € E.
A() o 2 p+1 Q’ | 2 Jo |zf? Qf
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il
Note that every function f € L (€2; hdx) has associated a functional ¢ in the dual
space E* given by

(67r9) = / fgh, Vg € LP(Q; hda).
Q

We show that 7 is coercive and bounded from below. By using the Ekeland Vari-
ational Principle we also prove that a suitable minimizing sequence of this functional
is weakly convergent to a critical point v € E. In this way, in Theorem 9.2.1, we
establish the existence of solutions, under the condition of integrability

2(p+1) 2
/ |z| =7 h(z)T-? < o0. (30)
2\Qs

Observe that for h(z) = hg > 0, the above condition is equivalent to p > 2* — 1,
imposed in Theorem 11. Moreover, under a condition somewhat stronger than (30):
there exists 5§ € (2,p + 1) such that

25 2
/ |2|2=5 h(z) PDED < oo,
Q\Qs

the functional Z is weak lower semicontinuous, then the solution is a minimum of 7).
Regarding the regularity of the solutions in the Theorem 9.3.1, we establish that
every solution to the problem (28) belongs to Wol’z(Q)ﬂme(Q; h(z)dz) provided that:

i) h € L1(Q2) and h(z) > 0 for a.e. x € (,
i) 2|15 AT € LY(Q),

iii) f e L™(Q;h(x)dz) with m > pp#.
Once again, the regularizing effect of the term h(z)|u[P~'u is evident since, a priori,
the solutions belong to Wol’z(Q) N LPHL(Q; h(z)dx).

Finally, an interesting case where the previous result is applied is h(x) > ﬁ
x

with 4 > 0 and 0 < 8 < N. Where we obtain that the solutions belong to WOI’Q(Q) N
LP™(Q; h(z)dx) with

1 (N=B)(p-1)\ -
ome[%,%>,1f0§5<2,

o« mec [@#«;) if2<8<N.
Thus, in the case 8 = 0 (corresponding to h is constant) we obtain the reguarity result

of Theorem 11 but for every solution, instead of for a solution obtained as limit of
solutions of approximate problems.
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Concave-Convex problem with a discontinuous operator

As explained above, in Chapter 10 we study the existence of positive solutions to
the following problem
{ —Ap(x)u = )\uq, in{) , (31)

u =0, on 0,

where A > 0,1 < ¢ < p—1A ,yu=div (|Vu|p(“)_2Vu) and p(x) is a discontinuous

function given by
(33) . 2 ifx e Dy,
P = p if x € Dy,

being p > 2 and D;, D9 subdomains with smooth boundary and such that
§:D1UD2, DiNDy=90.

We call T the interface (or surface) inside 2, '= 9D1 NQ = 9Dy N, and we assume
that I" is a smooth surface with finite (N — 1) dimensional Hausdorff measure.

To raise the problem (31) variationally, we will decompose the differential equation
in two differential equations, one in each subdomain D; (i = 1,2). To that end, we
must provide a “continuity” of the solution when it crosses from one region to another,
in the sense that the trace of uw on I' coincides coming from D; and coming from Ds,
and also we must provide continuity of the associated fluxes acrossI' . In this way, we
consider solutions to problem (31) as weak solutions to the following problem:

—Au = Aud, in Dy,
—Apu = Aud, in Do,
du du (32)
G = IVuP25 ulp, =ulp,. onT,

u =0, on 052,

being 1 the normal unit vector to I' pointing outwards D;. The adequate space to
find weak solutions is

W(Q) = {v e Wy2(9) : / IVolP < oo} ,
Do
which equipped with the norm

[Ww) = VU2, + 1| VU llzep,)

is a reflexive and separable Banach space (Lemma 10.2.1). In this way, in Lemma
10.2.5 we prove that positive solutions of (32) are uniquely identified as being positive
critical points for the functional

[Vul|? / [V /| !qH
Faw) = [ M4 Y
A(w) /D1 5 dz+ ; q+1
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Then, by using the method of sub and supersolution, we prove the existence of A* > 0
such that for 0 < A < A* there exists w), minimal and positive solution. For this,
a comparison principle and a maximum principle for the problem are needed (see
Proposition 10.3.2). Furthermore, w) is unique and increasing respect to A. On the
other hand, if A > A* then there is no positive solution. For the nonexistence we use
the fact that solutions to the parabolic problem w; = Au + Au? in Dy, with large
initial data, blow up in finite time (Theorem 10.1.1).

In Theorem 10.1.2 we establish, under the assumptions p < 2* and Dy CC 2, the
existence of a second solution for almost every 0 < A < A*. To prove it we argue in
two steps: First, using variational methods and the works of Ambrosetti et al. (1994);
Brézis and Nirenberg (1993); Garcia Azorero et al. (2000), we prove that (32) has a
solution which is a local minimum of the corresponding energy functional F (Theorem
10.4.6). For this result, since the p(x)—laplacian operator with p(z) discontinuous acts
differently in D; and in Ds, we can only get regularity of solutions at locally Holder
spaces (see Acerbi and Fusco (1994)). Then, to show that there is a local minimum
in W(€), we assume that Dy CC € in order to get C' regularity close to 9 and then
we show that there is a minimum in the stronger topology C!(Fs) N C(Q2) where

Fs={z € Q : dist(z,0Q) < d}.

is a small strip around the boundary of 2. Then, by using a delicate regularity
argument, we relax the topology to W(2). Here we use partially the ideas from
Ambrosetti et al. (1994); Brézis and Nirenberg (1993); Garcia Azorero et al. (2000)
adapting them to our setting with the introduction of a new original trick while using
Stampacchia’s approach in Proposition 10.4.5 in order to obtain an L*°—bound. It
is at this point where we use that p < 2*. Note that our space of solutions W({2)
is a subspace of VVO1 2((2) that is larger than I/VO1 P(Q)). Secondly, in order to prove
the existence of a second solution, note that the functional F, does not have a global
minimum. Indeed, let v be a function in W(2) with compact support in Dj, then,
since we have that ¢ > 1,

2 1
F\(tv) = t2/ @dl‘ - tq+1)\/ o dx — —0o0 (33)

D, 2 D, a+1
as t — oco. Thus, F) has the desired Mountain Pass geometry. However, the main
difficulty is to show that Palais-Smale sequences are bounded in W({2). This question
is at present far from being solved and an affirmative answer would allow to find a
second solution for all A € (0, \*) instead of for almost every A € (0, A*). We recall
that in previous references involving the search for critical points of Mountain Pass

type for semilinear elliptic equations problems like

—Au = f(z,u), inQ,
u =0, on 0f),

it is usually assumed that the following condition is satisfied

Jk > 2 such that 0 < kF(x,s) < sf(x,s), Vs>0 and a.e. z € Q. (A-R)
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This condition was originally introduced in Ambrosetti and Rabinowitz (1973) and it
is called Ambrosetti-Rabinowitz type condition. Roughly speaking, the role of (AR)
is to ensure that all Palais-Smale sequences at the mountain pass level are bounded.
Adapting this result to our variable operatorA uxp, + Apuxp, it is not difficult to
prove that if f(x,s) satisfies property (AR) for k > p, then we have that Palais-
Smale sequences are bounded. However, in our setting f(z,s) = As? and (AR) is not
satisfied for k > p because ¢ + 1 < p. Moreover, even conditions weaker than (AR)
present in the literature of elliptic equations ensuring the existence of bounded Palais-
Smale sequences are not applicable to our problem. To tackle this obstacle, we use
some results from the classic works Ambrosetti and Rabinowitz (1973); De Figueiredo
(1989); Ghoussoub and Preiss (1989); Jeanjean (1999) again adapting them to our
framework. Mainly, relying on a result by Jeanjean (1999) which shows the existence
a bounded Palais-Smale sequence at mountain pass level for almost every 0 < A < A\*.






Chapter 1

Improved energy methods for
nonlocal diffusion problems
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Abstract

We prove an energy inequality for nonlocal diffusion operators of the following
type, and some of its generalisations:

Lu(z) = . K(z,y)(u(y) —u(z))dy,

where L acts on a real function u defined on RY, and we assume that K (x,%)
is uniformly strictly positive in a neighbourhood of x = y. The inequality is a
nonlocal analogue of the Nash inequality, and plays a similar role in the study
of the asymptotic decay of solutions to the nonlocal diffusion equation dyu = Lu
as the Nash inequality does for the heat equation. The inequality allows us to
give a precise decay rate of the LP norms of w and its derivatives. As compared
to existing decay results in the literature, our proof is perhaps simpler and gives
new results in some cases.

31
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1.1 Introduction

In this paper we develop energy methods which are useful in the study of some partial
differential equations involving nonlocal diffusion terms. We start by the basic example
which is the following integro-differential equation in convolution form:

Ou(t,x) = /RN J(x —y) (u(t,y) — u(t,x)) dy, u(0, ) = up(x) (1.1)

where ¢ > 0 is the time variable, 2 € RY is the space variable, u = u(t,z) € R is
the unknown, and J is the diffusion kernel. Typically one assumes that J is smooth,
nonnegative, radially symmetric, and with integral 1; we also mention a variety of
models with different assumptions and variations of (1.1) in Section 1.4. Equation
(1.1) and its relatives appear as a nonlocal version of the usual diffusion equation
0w = Awu, and it is known that (1.1) approximates it when J is close to a Delta
function (see Theorem 1.1.8 and the remarks before it).

We will apply energy methods to deal with nonlocal problems that not necessarily
involve a convolution. That is, problems of the form

Opu(t,x) = o K(z,y)(u(t,y) — u(t,z)) dy, (1.2)

where our main hypotheses on K can be summarized as follows: K (z,y) is a nonnega-
tive symmetric function with sup,cgpny Jan K (2,y)dr < Ck and such that K is strictly
positive in a neighborhood of the closet set {x = y}. Furthermore, the symmetry of
K can be replaced by integrability conditions (see Subsection 1.4.2). On the other
hand, observe that it makes sense to assume that K (z,z) > 0 since in many models it
means that the probability that individuals remain for some time at the point where
they are is positive.

As a particular application which motivates our arguments we consider the nonlo-
cal dispersal model proposed by Cortazar et al. (2007) (see also Cortézar et al. (2011);
Cortazar et al. (2015); Cortazar et al. (2016)):

_ r—y u(t, y) —u(t,z in R x 00
Ouultnz) = | J(g(y)) dy—u(tx),  mRx[000),  (L3)

with a prescribed initial data u(x,0) = ug(z) defined on R. Here J is an even, positive,
smooth function such that [ J(x)dx =1 and supp J = [—1,1], and g is a continuous
positive function which accounts for the dispersal distance which depends on the
departing point. In this model u represents the spatial distribution of a certain species,
and g models the heterogeneity of the environment which can affect the distribution
of a species through space-dependent dispersal strategies. For this model we are able
to give an explicit rate of decay of the LP norm of solutions, which is to our knowledge
a new result (see Theorem 1.4.3).
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The driving idea of our methods is that solutions to (1.1) behave in many ways
like solutions to the heat equation

Ou = Au, u(0,z) = o, (1.4)

where as usual the Laplacian A acts only on the space variable x (see Theorem 1.1.8
and the comments before it). For more details we refer the reader to Sun et al. (2011)
for the Cauchy problem, Cortézar et al. (2009) for Dirichlet boundary conditions (see
also Molino and Rossi (2016) in a more general framework) and Cortézar et al. (2008)
for Neumann boundary conditions. One important property of (1.4) is the following
time decay of solutions: there is a constant C' = C(N,p) > 0 such that

1

lully < (luollp,™ + Clluolly™t) >, forallt >0, (1.5)

which holds for any 1 < p < 400 and any initial condition uy € L*(RY) N LP(RY)

nontrivial, and where
2

N1

In fact, it still holds for ug € L'(RY) and all t > 0 by removing the term |lug|,””.
Here and below, LP(R") denotes the usual Lebesgue space of p-integrable functions
on RY | with associated norm denoted by || - ||,. There are several ways of showing this
decay and regularization property for the heat equation. One of them is noticing that
the LP norms are Lyapunov functionals for (1.4): if u solves (1.4) with ug € LP(RY)

then ( )
d 4(p—1
p_ _ -/

gl =22 [ v

One can then compare the right hand side term to |ju||, by using the Gagliardo-
Nirenberg-Sobolev inequality (which in this particular case is known as the Nash
inequality Nash (1958))

[NiS)

)% (1.6)

lvlla < Cw V0] [Joll; 7, (1.7)
with N
0= ——.
N+2

This inequality is valid in any dimension NN; in dimensions N > 3 it can easily be
obtained as a consequence of the more familiar Sobolev inequality ||ul|o+ < C||Vul|2,
where 2* := 2N/(N — 2). By using (1.7) with v = u?/? we obtain for any p > 2 that

p(1-0)

P2 _2 r — _2 _
/RN [V(@2)[" = Cx? fullp [lull, > O [[ullp™ ) 7, (1.8)

where the last step is obtained through an interpolation of ||ul|,/» between [lul|, and
|lulli. Due to mass conservation for the heat equation we have [jull; < ||ug||; for
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all times ¢ > 0 (this inequality is of course an equality for nonnegative, finite-mass
solutions). Hence using (1.8) in (1.6) one has

d _
g llullp < —C Il o7,

for some constant C' = C(N,p). This is a differential inequality for |lu||, that readily
gives the decay (1.5).

In the context of diffusion equations, the strategy of using the L” norm of u and
its derivative as a means for studying properties of solutions is known as the energy
method. 1t is a close relative of a common and quite successful strategy in kinetic
equations and dissipative PDE sometimes known as the entropy method (Arnold et al.,
2004; Bakry and Emery, 1985; Bonforte et al., 2010; Carrillo et al., 2001; Desvillettes
and Villani, 2004; Gross, 1975; Otto and Villani, 2000; Villani, 2002), where one
compares the time derivative of a Lyapunov functional with the Lyapunov functional
itself via a functional inequality in order to obtain a certain decay rate for solutions.
These energy methods have the advantage of being quite robust, often being applicable
to equations that are not explicitly solvable by Fourier transform methods, and to
nonlinear problems. The question that motivates this paper is whether these ideas
can be adapted to equation (1.1) in order to show a decay property similar to (1.5).
One important observation is that the same statement cannot be true for solutions of
(1.1), since there is no instantaneous L' to LP regularization. In fact, the LP norms
are still a Lyapunov functional for (1.1) (as is well known, any convex function gives
a Lyapunov functional for (1.1)): if v is an L solution to (1.1) then

d
g lullz = ~D; (u). (1.9)

Here, the LP dissipation Dg (u) is defined for any measurable u: RY — R as

DY) =5 [T =) (o) = @) (61 (a(o) = b1 (u(u) dady, (110)

where for ¢ > 0 we denote by ¢, the antisymmetric extension of the usual ¢-th power,
that is,
bq(s) = |s|?sgn(s), s eR.

Of course, since ¢,_1 is nondecreasing, the integrand in (1.10) is also nonnegative and
always makes sense as a number in [0, +0c]. We point out that for nonnegative u the
expression becomes a bit simpler,

DY) =5 [ [ 9= ) (ule) = ) (ule) " — ule) ) dedy

Precisely this strategy was discussed in Ignat and Rossi (2009), where it was remarked
that no inequality of the following form can hold, for any ¢ > 2 and a smooth,
nonnegative, compactly supported function J:

Dj () > Clull3.
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Hence the natural analogue of the usual Sobolev inequality does not hold in the
nonlocal case. Similarly, the direct analogue of (1.8) (with Dg (u) on the left hand
side) cannot hold, since it would imply an L! — LP regularization effect on (1.1) which
is known to fail. In view of this failure, a different strategy was followed there, leading
to different inequalities and applications to several linear and nonlinear equations
involving nonlocal diffusions. Similar ideas were developed in Bréndle and de Pablo
(2015) in order to establish decay estimates for fractional diffusions, with modified
inequalities used in place of the usual Nash inequality. After the statement of our
results we compare them in more detail to those in Bréndle and de Pablo (2015);
Ignat and Rossi (2009) and other previous works.

Main results. Our purpose is to show a simple inequality that plays the role of (1.8)
and provides a means to show precise decay properties of (1.1) and (1.2):

Hypothesis 1 J: RY — [0, +00) is a measurable function such that for some r, R >
0 we have
J(z)>r, foradlll|z|<R. (1.11)

In particular, this is obviously satisfied if J is continuous in a neighborhood of 0 with
J(0) > 0.

Theorem 1.1.1 (L? energy inequality) Let J : RY — R be a function satisfying
Hypothesis 1. For every N > 1 and p > 2, there exists a positive constant C' =
C(N,p) > 0 such that

Dy () > Crmin { RV ul| 77 [[ull 200, RN ullp}, (1.12)

for all w € LY(RN) N LP(RY), where v := ﬁ.

This inequality serves as a useful analogue of (1.8) in the nonlocal case, as we will
see shortly. If one does not care about the precise dependence of the constant C' on
J then this can be more simply stated as: there exists a constant C' = C(N,p,J)
depending only on N, p and J such that

Dy () = Cmin {7 [l flufl} (1.13)

The constants in the above inequalities can be estimated explicitly by following the
proof. To our knowledge, inequality (1.12) is new. Similar modified Nash inequalities
are considered in Carlen et al. (1987); Ignat and Rossi (2009), and especially in Bréndle
and de Pablo (2015)[Corollary 4.7]. In the latter, (p, ¢)-inequalities involving the p and
g norms of u are given for p > ¢ > 1; ours is the limiting case with ¢ = 1, not included
there. We notice the L! case is fundamental for the generalisations we describe later,
since mass is a natural conserved quantity in many models.

The inequality in Theorem 1.1.1 immediately allows us to deduce bounds on the
asymptotic behaviour of several nonlocal diffusion equations (see Section 1.4). Let us
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give the argument for equation (1.1), which is the simplest possible model: using (1.9)
we have

d : _
Sl = =Dy () < —Crmin { RY 2l 77 g, RV [}

Taking into account that ||u||; is nonincreasing in time (it is conserved for nonnegative
solutions) one has

d . _
Sl < —Crmin { R 2|77 [[ullf), RN Julz}

This is a differential inequality for ||u||,, which can be solved (see Lemma 1.4.1) to
yield the following result:

Theorem 1.1.2 Tuake a function J € L*(RY) satisfying Hypothesis 1 and p € [2, +00).
Consider the solution u to equation (1.1) with initial data ug € L*(RN) N LP(RY).
There exists a constant C = C(N,p) (the same as in Theorem 1.1.1) such that

e < ] 10l 1 Jor 0 <t <to,
 Ulwollp™ + CyrRY 2 uol 77 (¢ = o)) fort > to,

where vy 1= N(p2—1) and

(1.14)

to = 0, —log (B3 [[uol T uo”
0 = mnax ’WOg( [[wolly HUOHp)) .

Again, if we are not interested in the precise dependence of the bound on J, |Jugl1
and |ug||, then the following statement is simpler: there exists a constant C' =
C(r,R,N,p, |luo||1, ||uo|lp) such that

_N®»-1)
Jullb < C(1+1)" 2 for all t > 0. (1.15)

This is a direct consequence of the bound (1.14); see Remark 1.4.2. In this sense, Theo-
rem 1.1.1 is a nonlocal analogue of the Gagliardo-Nirenberg-Sobolev (or Nash) inequal-
ity: it allows us to give a decay rate of the nonlocal diffusion equation (1.1), and in fact
this decay rate approaches that of the heat equation as (1.1) approaches it (see The-
orem 1.1.8). Furthermore, due to the interpolation formula ||u|, < [lul|5]ju|3* for ¢ €
[1,2] and s = %, (1.15) also holds for 1 < p < 2 and some C = C(J, N, p, ||uol|1, ||uol2)-

We also give inequalities related to higher derivatives of w in Section 1.3, and
deduce from them corresponding decay properties of derivatives of u, still at the same
asymptotic rate as those for the heat equation. For k£ > 0 we define the differential
operator D* acting on a function u as

DFy := —(=A)¥/ 2.

In order to ensure that this expression makes sense we will always assume that u €
HE(RN) (i.e., the classical Sobolev space W#?2(R")) when applying D*. The following
result gives an estimate of Dy (D*u); note that the case k = 0 is just the p = 2 case
of Theorem 1.1.1:
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Theorem 1.1.3 Let N > 1 be an integer and J : RN — R be a function satisfying
Hypothesis 1. There ezists a positive constant C = C(N) such that

__4 o4 4
DJ(D*u) > Cr min {R’“N“nunl W || Dy |2V Rk+N|eru|r%} (1.16)

for all uw € HF(RN) N LY(RY).

As a consequence one can obtain a decay of higher derivatives of solutions to (1.1).
Notice that the case k = 0 of the following result is just Theorem 1.1.2 with p = 2:

Theorem 1.1.4 Toke a function J satisfying Hypothesis 1 and a real k > 0. Consider
the solution u to equation (1.1) with initial data ug € L*(RN)N H*(RYN). There exists
a constant C' = C(N, k) (the same as in Theorem 1.1.3) such that

ID*ul3 < {

| D*uo 13 for 0 <t < t,
_1
(1 D*uol|5 > + Cry RFHNF2||ug |72 (t — to)) fort > tq,

where v = iog 22k and
to =max {0 1 log (R?fHu I 2HDku H2>
0 " CrRkN ol on2)

The decay in Theorem 1.1.2 can be interpreted as follows: for large times, the
asymptotic decay of the LP norm of solutions to the nonlocal diffusion equation (1.1)
is the same as that of the heat equation. However, there can be an initial time during
which a different decay takes place. The threshold between the two is related to the
value of the LP norm of u: if it is large then heuristically (since we are assuming ug is
integrable) the main contribution to the LP norm comes from local concentrations of
u. Since the smoothing effect of (1.1) is much weaker than that of the heat equation,
the rates of decay of the two differ. On the other hand, when ||ul|, is small, the
concentrations of u do not play a major role and the decay of both equations becomes
comparable. The inequality (1.12) and the corresponding decay (1.14) are quite precise
on the dependence on J and the initial data, giving a direct estimate of the time when
the “heat-like” diffusion kicks in: the time ty depends logarithmically on the ratio
between ||ug||, and |luo:.

Theorem 1.1.2 as stated is not new; the simplified statement (1.15) can be proved
for example by Fourier transform methods (Andreu-Vaillo et al., 2010), and the decay
(1.14) can probably be obtained as well. The important advantage of using Theorem
1.1.1 to prove Theorem 1.1.2 is that the method is quite robust under modifications
in the linear operator. In Subsection 1.4.2 we prove a result similar to Theorem 1.1.2
which gives decay properties for general nonlocal diffusion equations with a more
general kernel K (z,y) instead of J(z — y): consider the equation

Opu(t,x) = o K(z,y)u(t,y)dy — o(z)u(t, z), (1.17)
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where K: RY x RNV — [0,00) is a general kernel (not necessarily symmetric) and
o: RN — [0,400) is a function. Let us keep our discussion at a formal level for the
moment and not worry about the problem of existence of solutions to (1.17) or the
precise regularity of K and o. Equation (1.17) is a general form of the scattering equa-
tion (see for example Michel et al. (2004)), and contains many others as a particular
case. The nonlocal diffusion (1.1) is recovered if K (z,y) = J(z—y) and o0(z) = [pn J
for all z,y. In the case that o(x) = [pn K (2,y) dy the equation can be written as

ot ) = | K (wy)(ult,y) - u(t,2)) dy, (1.18)
R
which is a type of nonlocal diffusion equation, where the nonlocality is not given by a
convolution. Similarly, if we assume

o(x) = /RN K(y,z)dy, (1.19)

then equation (1.17) is formally the Kolmogorov forward equation for a Markov jump
process with jump rates given by K, where u represents the probability density of
the process (Ethier and Kurtz, 1986, Chapter 4.2). Notice that (1.19) is just the
statement that the total mass [px u(t, ) da is formally conserved in time (as should
happen for a probabilistic evolution). In that sense, equation (1.17) contains many
evolution equations linked to Markov processes, and has multiple applications. (We
give an example linked to a population dispersal in Section 1.4.3.) Equation (1.17)
has some properties in common with diffusion processes, but it is important to notice
that (1.17) may have finite-mass equilibria (unlike the usual heat equation, whose only
finite-mass equilibrium is 0).

Let us state a precise result which is relevant for nonlocal diffusions. For all of
them we will assume:

Hypothesis 2 There exist r, R > 0 such that K(x,y) > r whenever |z — y| < R.

This is the analogue of Hypothesis 1 in this setting. In order to ensure that LP
solutions of (1.17) exist we will also assume that K is measurable and that for some
Cg >0

K(z,y)dy < Ck, / K(y,xz)dy < Ck, for all z € RY. (1.20)
RN RN

This ensures that the linear operator on the right hand side of (1.17) is bounded in
LY(RM) and L>(RY) (and hence, by interpolation, in any LP(R") with 1 < p < o).

Theorem 1.1.5 Take p € [2,+00). Assume that K: RN x RN — [0, +00) satisfies
Hypothesis 2 and (1.20). Consider equation (1.17) with o given by (1.19), and assume
that there exists an equilibrium us, of (1.17) satisfying

1
— < uxo(z) < m, for all z € RN, (1.21)
m
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for some m > 0. Let u be any solution to equation (1.17) with initial data uy €
LY RN)YNLP(RY). There exists a constant C depending only onr, R, N, m, p, ||uol)1
and |lugl|p such that

N(p

lulp < +6~ 5", forallt>0.

In Section 1.4.3 we give an application of these results to a dispersal equation
proposed in Cortazar et al. (2007), obtaining an explicit rate of convergence to equi-
librium.

Remark 1.1.6 Condition (1.20) is just included in order to ensure that there are
well-defined solutions to (1.17), but it does not play a role in the decay estimates. It
can be removed if it can be justified by other means that solutions to (1.17) exist and
rigorously satisfy the entropy property (1.9).

Remark 1.1.7 In Theorem 1.1.5 one can also give a more precise estimation of the
decay and the constants involved, as we did in Theorem 1.1.2. We have preferred in
this case to leave the statement in this form for simplicity, but the reader can state
the analogue of Theorem 1.1.2 without difficulty.

We refer to Section 1.4.2 for details on this and a proof of Theorem 1.1.5.

Heat equation scaling. It is worth mentioning that Theorems 1.1.1 and 1.1.2 pass
to the limit well when the nonlocal equation (1.1) approximates the heat equation.
Let J be a smooth and radially symmetric convolution kernel with J(0) > 0, and
denote by J the rescaling

Jo(z) = gi{V)J (g) . with O(J) = ;/RN J(2)22 dz.

It is well-known that, u®, the solution to the equation
Ot (t,x) = / Je(x —y)((u°(t,y) —u(t,x)) dy, reRY t>0, (1.22)
RN

with initial data ug € C(R™) converges to the solution of the heat equation d;v = Av
with the same initial data (see for instance Andreu-Vaillo et al. (2010); Rey and
Toscani (2013)). Since J satisfies Hypothesis 1 for some r, R > 0 one has J.(z) > 7;%(}{,),
for all |z| < R ¢ Replacing this in expression (1.14) the ¢ is cancelled and we obtain

the following result:

Theorem 1.1.8 Assume J satisfies Hypothesis 1. Let u® be a solution of (1.22) with
initial data ug € L' (RN) N LP(RN) with p € [2,00). Then it holds

_ _1
lus(t, )5 < (luoll,”” + ClluollT™ (¢ = o)) > fort > to,



40 Improved energy methods for nonlocal diffusion problems

where C1 = C(N, p)yrRN*2C(J) does not depend on & and
2

to = max< 0 s
0~ " CrRNC(J)

2 _ 2 _
log (3 R |ruOH1puuou§>)} .

p ap
In particular, to =0 for all e < gg = ||luol|;* /(R|uoll? )-

The interest of the above theorem is that the decay is preserved in the scaling that
leads to the heat equation. In addition, for small ¢ the expression of the decay is
exactly of the same form as that of the heat equation, given in (1.5).

Comparison to results in the literature. Several precise results exist already
regarding the decay properties of equation (1.1). Let us give a brief review and
compare them to our own. Nonlocal diffusions including (1.1) have been studied in
Chasseigne et al. (2006), and we refer the reader to the recent book Andreu-Vaillo et al.
(2010) for background and an extensive review of the state of the art for equations
involving similar nonlocal terms. A similar approximation to the heat equation, with
a particular kernel J, was studied in Rey and Toscani (2013), and some nonlocal
approximations to Fokker-Planck equations have been recently considered in Mischler
and Tristani (2016) and very recently in Toscani (2017).

The observation that solutions to (1.1) decay asymptotically like the heat equa-
tion has been present since the first works on the matter, with several analogues of
(1.5). The first ones were based on the Fourier transform of (1.1), which is explic-
itly solvable Chasseigne et al. (2006); Ignat and Rossi (2007, 2008). Energy methods
were considered in Ignat and Rossi (2009); results were given on the decay of several
models including the linear nonlocal diffusion equation (1.1) and a nonlocal version
of the p-Laplacian evolution equation. The method in Ignat and Rossi (2009) is dif-
ferent from ours, and is based on a splitting of the function v into a “smooth” part
and a “rough” part. The ideas are somehow reminiscent of ours, since they borrow
techniques from Fourier splitting by Schonbek (1980) and there is a parallel with our
splitting of the function u in Fourier space. The results from Ignat and Rossi (2009)
are in dimensions N > 3 and K symmetric; on the other hand, they are well-adapted
to nonlinear problems like the nonlocal p-Laplacian equation. Our inequality seems
to be a simpler argument which works in any dimension, is well-adapted to the lin-
ear nonlocal diffusion operator, but does not easily carry over to nonlinear nonlocal
operators. It also gives a simple way to track the dependence of the decay on the
parameters of the problem, especially the diffusion kernel J.

Inequalities of the type (1.12) were already noticed in Brandle and de Pablo (2015),
and used in order to obtain decay and regularisation properties for nonlinear diffusions
of the type (1.1) where the function .J typically behaves as |z|~N~® as x — +oo0, for
some 0 < a < 2. Their proof goes along the lines of Ignat and Rossi (2009). Inequality
(1.12) is a limit case of their results, but is not included there for similar reasons as
in Ignat and Rossi (2009).

As compared to previous results, we summarise our contributions as follows:
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1. Inequality (1.12) seems to be new. Similar ideas were used in Bréndle and
de Pablo (2015); Ignat and Rossi (2009), but (1.12) is a limiting case not included
in these works.

2. Our proof of the inequality (1.12) is straightforward, works in any dimension, and
in our opinion simplifies previous arguments for related inequalities. It also leads
to a precise estimate of the constants in the inequality, which have in particular
the correct scaling when approximating the heat equation (see Theorem 1.1.8).

3. A similar method of proof yields inequalities and decay results involving higher
derivatives of the function u; see Section 1.3.

4. The entropy method used allows for an extension to linear mass-conserving
equations with general kernels K (z,y) (not necessarily symmetric) instead of
J(x — y); see Subsection 1.4.2.

The paper is organised as follows: in Section 1.2 we give the proof of the inequality
in Theorem 1.1.1, and in Section 1.3 we prove similar inequalities involving derivatives.
Finally, in Section 1.4 we show how these inequalities yield decay properties for several
equations involving general kernels K (x,y), in particular proving Theorem 1.1.2 in
Subsection 1.4.1.

1.2 Energy inequalities for nonlocal diffusion operators

We are interested in finding useful lower bounds of Dg (u) in terms of LP norms of u.
Since (|a|] — |b])(|al®* — [0]*) < (a — b)(¢s(a) — ¢ps(b)) for any a,b € R and s > 1 (where
¢s(a) := |al® sgn(a)), it is easily seen that

D; (u) > Dy (|ul)

for any measurable u: RY — R. This allows us to work only with nonnegative func-
tions wu.

This section is devoted to the proof of Theorem 1.1.1. We first show the case p = 2,
and then deduce from it the general inequality for p > 2. The proof of the p = 2 case
is a modification of a the original proof of the Nash inequality (1.7) appearing in the
paper by Nash (1958):

Lemma 1.2.1 Let I be the normalised characteristic function of the unit ball in RY,
1

I(z) .= — if|z] <1, I(z) =0 otherwise, (1.23)
N

where wy is the volume of the unit ball in dimension N. There exists a constant
C = C(N) depending only on N such that

I : —N 12w 2
Dy (u) > C min g [Jully Ylully ¥, [[ullz ¢, (1.24)
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for allw € LY(RN) N L2(RY).

We point out that the constant C' can be estimated explicitly by following the
calculations in the proof below.

Proof: Along the proof we call C1,Co, ... several constants that depend only on
the dimension N. We will use the following property, which holds for some constant
Cp > 0:

1= i) > clqmm{l’ €2}, forall € € RN
or, in other words,
(1—1(&)7' < Crmax{1,|¢]72},  forall ¢ e RV, (1.25)
Since I has integral one we can write, using that the Fourier transform is an isometry

of L2(RN;C),

Di(u) = 2 (u,u — I xu) = 2(a, (1 — I)a) = 2/RN(1 — Dal?,

where (-,-) denotes the usual inner product in the space of L? complex functions in
RY. We can break the integral of ||ul|2 in two parts, for any ¢ > 0:

lull3 = !MI%Z/ \ﬂ(ﬁ)\2d§+/ a(€)[” de. (1.26)
l€1<o §[>6
These two terms can be estimated as follows: for the first one,
/ a(€)[? d¢ < HUH%/ d¢ < wn o™ [luli. (1.27)
€1<s |§l<d

For the second one, using (1.25) and assuming § < 1 we have

2 . R
/|§>6 la(§)]*dE < Cy /|'§>5 (1 - I(E)) max{1, &2} |a(€)|* d¢

- I SEPNT
<o [ (1-H@)max(Lo O (129)
Cl 2 ~ 2 Cl I
<% [, (1-1©) 0P < Gl
Using (1.27) and (1.28) in (1.26) we obtain

Cy
w2 < wno™||ul? + ﬁDé(u), for any 0 < & < 1. (1.29)
We would like to optimise this quantity in &, but it is only valid for 0 < § < 1. If
we could choose § freely we would take the one that achieves the best bound in the

inequality (1.29), that is,
1
5 <201D§(u)) N+2
0:i=|—1r-3 .
Newy|lull}
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Now we discuss two cases:

Case 1. If 0y < 1, then replacing § by dg in (1.29) we have

N
NI AN N\ [ 2\~ 4
[ull3 < w¥ PO <1 i ) <> Jull 7 D ()52

2 N
Equivalently,
_4 214
Di(u) > Collully ¥ [lully"™ (1.30)
2 _N+2
where Cy = wy " C (1 + %) N %

Case 2. If §p > 1 then this means that
Nuwllull? < 261D (u).

In this case, choosing § = 1 in (1.29) and using the above inequality we get

2
Jull < wxlul} + €3 DY < (1+ ) € Dhu)

or

Dy (u) > Csfull3 (131)
with C3 := C7' (14 2) 7
Finally, summarising (1.30) and (1.31) we obtain

I . A ICAR 2
Dy (u) > Cq min S flully M ully ™, Jlull3 (1.32)

with Cy := max {C3, C3}. This proves (1.24) with C' = Cy. O
Notice that Dy (u) satisfies the following scaling property. For A > 0 and any
function g on RY we denote

o(2):=g(z/\),  zeRY.

Then one sees that
D (u) = /\QNDQI(U%). (1.33)

This easily gives the following extension of Lemma 1.2.1:

Corollary 1.2.2 (L? energy inequality) LetJ satisfy Hypothesis 1. There is some
constant C' = C(N) that depends only on the dimension N such that

. — 2+
DJ(u) > Cr min {RN+2||u||1 Ml 2, RNHun%} (1.34)

for all w € L2(RN) N LY (RV).
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Proof:[Proof of Corollary 1.2.2] Call I = I(z) the normalised characteristic of the
unit ball, and define

1
K(z):= on J(Rz), zeRN,

Then
K(z) > 1(2) for all z € RY

Dy (u) > Dj(u).

Since J = rwy Kp, due to the scaling (1.33) we have

Dy (u) = rwNRQNl)é((u%) > rwNR2ND£(u%).

Hence we can use Lemma 1.2.1 (writing Cy to denote the constant C in it) to say
that

. —% 2+ +
D3 () 2 rn R Coy i { gl ¥y 5, oy 13

. N2(, (1= 1 12T N PN, (12
= rwnCn min ¢ R ully Vlully” N, R [lullz o

This shows the result. U

Corollary 1.2.2 gives the case p = 2 of Theorem 1.1.1. In order to obtain the
general case for p > 2 and complete the proof, let us first give a simple inequality in
the next lemma:

Lemma 1.2.3 Let p > 1, there exists c(p) > 0 such that
(a—b)(aP~t =P~ > ¢e(p) (aP/?> — P22, for all a,b > 0. (1.35)

Proof: There is no loss of generality in assuming a > b. Dividing by a? (which is
not 0) and denoting 6 = b/a € [0, 1), (1.35) is equivalent to showing that

(1—-0)(1—0or1)

= > .

F(G) (1 _ ep/2)2 - C(p)7 0 € [07 1)
It is a simple matter to check that F' is decreasing in [0,1), so one may take ¢(p) =
limg_y F(60) = 2251 > 0, 0

We can now complete the proof of Theorem 1.1.1:
Proof:[Proof of Theorem 1.1.1] As explained at the beginning of Section 1.2, we
may assume that u is nonnegative. By using the inequality in Lemma 1.2.3 we obtain

DY) = [ [ I =)o)~ ulp) )y = ulp)ydody

>clp) [ [ I =) = ) dady

= ¢(p)Dd (uP/?).
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Now, by virtue of Corollary 1.2.2, and calling C'y the constant in it, it follows that
DJ > C : RN+2 p/2 7% p/2 2+% RN p/21|12
b (1) = ¢(p)Cnr min Kt PR (Tl PR S (T |
. -2 1+2
= ctp)Cr min { &2l ¥l m Yl

Finally, due to the interpolation formula

_1 p=2
-1 —1
Julle < flully™ [lully

(note that p > 2 is used here) we conclude that

Dy () 2 e(p)Cn 1 min { RV 2| 77 20, RN |jufs ],

with 7 = g2 O

1.3 Energy inequalities involving derivatives

We now prove Theorem 1.1.3, an inequality which is useful when studying the decay
of derivatives of solutions to nonlocal diffusion equations:

Proof:[Proof of Theorem 1.1.3] The proof is a direct extension of the technique in
the proof of Theorem 1.1.1. We follow the same steps. First, we assume that J is
the normalised characteristic function of the unit ball in RY, given by (1.23). Then,
closely following Lemma 1.2.1, we claim

___4 944
Dy (D*u) > Cy min{HUIh T || Dk, T, HD"”U\\%} (1.36)
for some constant C > 0 depending only on N. As in the proof of Lemma 1.2.1,

DJ(DFu) = 2/ (1 — J)| DFul?.
RN

Now, recalling inequality (1.25) and taking into account that |5’%(§)\2 = |€1%F|a(e))? <
|€|?*||u||? we obtain for 0 < § < 1 that

k -
| DFul)3 = || DFull3 = /
[€1<8

| DFu(e)? de + / | Dru(e)? d

|€]>0
52
Cy

< wn %N Jullf + 5 DY (D*u),

< Jull? / ePrae+ & / (1— J(©)Dru(©)P e (1.37)
|€|<d |€|>6
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Choose

5 ( 2C, DY (D*u) >N+5k+2

0= .
(N + 2k) [|u[lf wn

We obtain, as in Lemma 1.2.1, two possibilities: if g < 1, we get

ID*ul3 < o [lull{* D (D*u)' (1.38)

with pp = N+2+2k and Cy = (% + k)“k (1 + N—%Zk:) C’lw’“c In the other case,

dg > 1, we get
2C

(N + 2k) i
Collecting inequalities (1.38) and (1.39) we have

1D*ull3 < D3 (D*u). (1.39)

|D"ull3 < O maxc {jul#** D (DFu)' ¢, DY (D*u) }

where Cy = max{cbm
(1.36).

In order to complete the proof we consider any J satisfying Hypothesis 1. We have
a scaling property which is an extension of (1.33):

D (DFu) = NN TFDJ(DFuy ), (1.40)

}. Reversing the inequality we have thus proved

for any A > 0. Of course, we also have DFuy = A\7#(DFu),, the usual scaling for
derivatives. If T denotes the characteristic function of the unit ball on RV and we
define K = in the proof of Corollary 1.2.2 then K > I, and J = rwyKpg.
Using the scaling property (1.40) and the normalised case (1.36) we see that

D‘QJ(Dku) = rwNRQN_kl?é((ul/R) > rwNR2N_kD§(u1/R)

24+ <51
> rwy RPN FCy m111{||U1/R||1 NEE ) DRuy gl NWC |DkU1/R|%}
24+ <51 _
_TWNR2N kClen{RQk N+2” H N+2k HDk H N+2k R2k NHDkuH%}

__4 o4 4
— 1oy Cy min {R’”N”Huul W || Dhy||) RHNHD%H%} ,

which shows the result. |

We point out that analogous results can be stated for other differential operators.
As an example we consider Vu. Following the notation of the preceding section we
set

DY (Vu) = /]RN o J(z —y) |Vu(z) — Vu(y)|* dzdy, (1.41)

defined for any u € H'(R"). Reasoning along the same lines as in the previous result
one obtains the following result for Vu (notice that this is not the same as the k =1
case of Theorem 1.1.3, since D'u is not equal to Vu):
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Theorem 1.3.1 Let N > 1 be an integer and J : RN — R be a function satisfying
Hypothesis 1. There ezists a positive constant C = C(N) such that

__4 o4 4
DJ(Vu) > Cmm{RN*Snu\l | v 27, RN“IIVuH%}, (1.42)

for allw € HY(RN) N LY(RN).

Proof: If J has integral one we can write, as before,

DY(Vu) = 2 (Vu, Vi — J % V) = 2(Fu, (1 — J)Va) = 2/ (1 - J)|Ful2.
RN

Since |%(£) 2 = £)P|a(6)]? < |€)%||ul|?, one can follow the same reasoning as in the
k =1 case of Theorem 1.1.3 to obtain the result. ]

1.4 Some applications

1.4.1 The linear nonlocal diffusion equation in convolution form

The most direct application of the inequalities in the previous section concerns the
long-time behaviour of the linear nonlocal diffusion equation:

Byt z) = /R (e~ y)ult,y) — ult,2) dy, (1.43)

where t > 0 is the time variable, x € RY is the space variable, u = u(t,z) € R is the
unknown, and J is the diffusion kernel. As a straightforward consequence of Theorem
1.1.1 we obtain Theorem 1.1.2, which we prove now.

Proof:[Proof of Theorem 1.1.2] The regularity of the solution u allows us to write
the following H-theorem for the LP norm:

d
EHUH? = —D,;](u). (1.44)

Due to Theorem 1.1.1, and taking into account that ||u(¢,-)||1 = ||uo||1 (mass conser-
vation), we have

d : _
Sl < —Crmin { RY 2o 777 ), RN Julz}

for some constant C' = C(N, p). This is a differential inequality for ||u||5 which allows
us to compare it to the solution to the equation

X'(t) = —Cr min {RN”uuoH;m X (1)), RNX(t)} .
We can then apply Lemma 1.4.1 with
C1 == CrRY "2 |ug |77, Cy := CrRN,

to obtain the result. O
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Lemma 1.4.1 Take C1,Ca,v> 0 and let X = X(t) be a solution on [0,+00) to the
ordinary differential equation

X'(t) = —min {C1 X ()17, C2X (¢) } . (1.45)

with X (0) > 0. Then we have

X(t) <

{X(O) fort €0, t), (1.46)

(X(0)™7 +~Cy(t — to))‘% for t € (tg, +00)

where

1 1 1
to = max {0, 6 IOg (02 VC;X(O))} .
2

Remark 1.4.2 The solution of the ordinary differential equation in the above lemma
is actually explicit (see the proof), and we just aim to give a simple statement that
captures the decay of the solution as t — +0o. One can simplify even further and say
that there is a constant C = C(C1, Cq,v,X(0)) such that

X(H)<C(L+t)7,  forallt>0.

This is easily deduced from (1.46) with

X
C :=sup ®) S
20 (14¢) 7

)

which is finite since both X and (1 + t)_% have the same decay as t — 400, and
obviously depends only on Cy,Ca,~y and X (0).

Proof:[Proof of Lemma 1.4.1] By usual theorems in ordinary differential equations,
equation (1.45) has a unique solution on [0, +00) with the given initial condition X (0),
and this solution is nonnegative on [0, +00). The condition that decides which of the
two terms achieves the minimum at each time ¢ is whether

X(t)y < 2. (1.47)

Since X is nonincreasing, once this condition is satisfied at a certain tg > 0 it will be
satisfied for all ¢t > to. With this it is easy to calculate the explicit solution, given by

X(t) = {X(O)e‘c2t B for t € [0, o],
(X (to)™" +~Ci(t —tg)) 7 for t € (to, +0)

where . L
to = max {o, o log (C;”C’fX(O))} .
2
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One obtains the result by noticing that X (0)e=2* < X(0) and X (o) < X(0). O

Similarly, with the help of the previous lemma the inequalities in Theorem 1.1.3
imply the decay in Theorem 1.1.4:

Proof:[Proof of Theorem 1.1.4] If u satisfies equation (1.1) then DFu satisfies the
same equation, with initial condition D¥u(0,z) = D*ug(z). Hence we have, as in
(1.9),

d k k
3 pku3 = i Dk,
Using Theorem 1.1.3 we obtain
d, k2 : K N+2), (TN | ok, (2RI pkt Nk, (12
1P ulz < ~Crmin| R [[ully D" ulf, ; REV|[DPully o
This is again a differential inequality for | D¥ul|3, to which we can apply Lemma 1.4.1

with

___4
Oy = OrRFN*2 |y ||, Y% Cy = CrRMY,

This directly gives the result. O

1.4.2 General linear mass-conserving nonlocal equations

In this section we prove Theorem 1.1.5, which concerns equation (1.17), recalled here:

Opu(t, x) = x K(z,y)u(t,y)dy — o(z)u(t,x), (1.48)

where K: RY x RN — [0,00) is a general kernel (not necessarily symmetric) and
o: RN — [0,+00) is a function. In order to apply our strategy to equation (1.48)
we need to have suitable Lyapunov functionals for it. To our knowledge, the most
general setting in which one can do this is that of the so-called general relative entropy
method (Michel et al., 2004, 2005), which we state here in a particular case: assume
that (1.19) holds and that

There exists a positive equilibrium s : RY — (0, 4+00) of (1.48). (1.49)

(That is, a solution ue, of (1.48) which does not depend on time ¢.) Then it is known

that
d o u(t, x)
dt Jrn Uso ()

> uoo(z) dz < 0,

whenever @ is a convex function and w is any solution of (1.48). This fact is well-known
in probability theory (see the review by Chafai (2004)) and is a direct consequence
of the general relative entropy method (Michel et al., 2004). The explicit form of its
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time derivative can be found in Michel et al. (2004):

d
&t Jo
—— [ ] @)@ @) @) — ) = B w) + B/ ) dady,
(1.50)

D (f(2)) too () da

where we denote f(t,z) = u(t, x)/uc(x), and where the ¢ variable has been omitted
for shortness. Notice that the integrand is always nonnegative due to the convexity
of ®. The following particular cases are of interest for us here: for ®(f) = |f|P with

p > 1 we have
d
lully ==& (), (1.51)

where the dissipation 5;,7( (f) is an operator acting only on the z variable. Its expression
is given by the right hand side of (1.50) (with ® (f) = |f|P) and is not so simple. But
if we additionally assume that

K(z,y)us(y) = K(y, x)us(z),  for all 2,y € RY, (1.52)

then one can check that

& (f)
—» [ [ K@ (P (1) - 1) = (@) + (F)) dody
:Z/ﬂw /RN (f(2) = f(y) (f@P™ = f)'™") K (2, y)us(y) dzdy  (1.53)

for all nonnegative functions f; note the parallel with (1.9). The last equality in (1.53)
is obtained by noticing that the integrals corresponding to f(x)P and f(y)P cancel out
(easily seen by using (1.52)), and using (1.52) again to symmetrise the remaining
integral:

/RN /RN K (2, 9)uco(y) ()P 1 f(z) — f(y)) dzdy
- é/ K (2,y)use(y) (/@) = f)"™") (f(2) = [(y)) dedy.
RN JRN

Condition (1.52) is known in probability as the detailed balance or reversibility condi-
tion (it holds for example if us, = 1 and K is symmetric). If one works in a setting
where (1.51) holds then it may still be possible to use the inequality in Theorem 1.1.1
(or related ones) and deduce some information on the rate of decay of solutions.

Proof:[Proof of Theorem 1.1.5] Condition (1.20) is easily seen to imply that the
linear operator given by

Lu(z) = | K(@yu(w)dy - oxu(z), o€ RY,
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is well defined and bounded both in L'(RY) and LP(R™). This shows that equation
(1.48) with initial condition ug has a unique solution in C*([0, +-o00), LP(RY)N LY(RY))
which conserves mass (that is, [pn u(t,z)de = [pn ug(z)dx for all ¢ > 0), and that it
satisfies the entropy property (1.9). It is also seen easily that equation (1.48) preserves
sign: if the initial condition is nonnegative (nonpositive) then u(t,z) is nonnegative
(nonpositive) for all ¢, x. As a consequence, it is enough to prove the result when ug
is nonnegative — the general result is then obtained by linearity from uy = uar — U ,
with uf := max{ug,0} and to uy := max{—ug,0}.
For z,y € RV call

K(z,y):=r, if|z—y| <R, K(xz,y):=0 otherwise

and
J(x):=r, if|z| <R, J(x):=0 otherwise.

Due to Hypothesis 2 and (1.21) we have

K(z,y)us(y) > —K(z,y).

1
m
Hence, since K is symmetric, using the same symmetrisation trick as in (1.53),

EX(f) = EX(1)

2 o (U@ @) = ) = (F@)P + (F0))K () de dy
= [P = Fr ) () - S0) Koy dedy
= DJ(f)

for any nonnegative function f, where D]{ (f) is the dissipation in (1.10). Hence for
the (nonnegative) solution u, using Theorem 1.1.1 and calling

B B u(t,z)\?
X(t) = . FPus _/RN <uoo(x)) Uso(z) d
we have

Ly = —eX(p)

dt P
<-7(f)
< —Cmin{| fI[77 | FIEC, 11 £11}
< —Cymin{]lugl; " X ()7, X (1)},

where Cy also depends on m, and we have used mass conservation and again the
bounds in (1.21). Due to the differential inequality in Lemma 1.4.1 we obtain that

N(p—1)

Xty <Ccl+t)y =2, for all t > 0,
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for some constant C' as stated in the result. We complete the proof by noticing that

fulp <mt> [ (MDY ) a = mtrx o)

Uoo (T)

1.4.3 A nonlocal dispersal equation

We consider the following integro-differential equation (the dispersal model that was
briefly mentioned in the introduction):

= r—y) ulty) —u(t,x in 00
8tu(t,x)—/RJ(g(y)) B ay—uft.x), R x [0, 00), (1.54)

with a prescribed initial data u(z,0) = ug(z) defined on R. Here J is an even, positive,
smooth function such that [ J(z)dz =1 and supp J = [~1,1], and g is a continuous
positive function which accounts for the dispersal distance which depends on the
departing point. In this model u represents the spatial distribution of a certain species,
and g models the heterogeneity of the environment which can affect the distribution
of a species through space-dependent dispersal strategies. This model was proposed in
Cortazar et al. (2007) (see also Cortazar et al. (2011); Cortézar et al. (2015); Cortézar
et al. (2016)). It was shown there that if we assume ¢ is bounded above and below
then there exists a positive steady state solution of (1.54), that is, a solution of the
corresponding stationary problem,

= [ (50)

Moreover, us, is bounded above and below by positive constants. It was also proved
in Cortédzar et al. (2007) that any solution u of (1.54) converges to 0 locally as ¢ — oo.
Using the general result in Theorem 1.1.5 we are able to improve this asymptotic
behavior obtaining a precise decay rate of the LP norms of u:

Theorem 1.4.3 Take p € [2,+00). Let u be a solution of (1.54) with initial data
up € L'(R) N LP(R), and assume that

1. J € L*°(R) is a bounded, nonnegative function with compact support, satisfying
Hypothesis 1,

2. and g is a continuous function satisfying

1

Mgg(x)gM, forall x € R

and for some M > 0.
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Then for some constant C' > 0 depending on J, M, p, ||ugll1 and ||ugl|p,

p

Jullh < C(1 +t)_%1, for all t > 0.

Proof: Equation (1.54) is of the form (1.48) with o(x) =1 for all x € R and

= =Yy L or x
K(x’y)_J<g(y) ) o rmvER

Defining K and o in this way, (1.19) is satisfied and one can check that this kernel
K satisfies Hypothesis 2 and (1.20). By the results in Cortazar et al. (2007) we know
that there exists an equilibrium s, satisfying (1.21) (with m depending only on the
parameters of the problem), so we are in condition to apply Theorem 1.1.5 and obtain
the result. O

Remark 1.4.4 One can pose equation (1.54) in RN instead of R. The only reason
in Theorem 1.4.3 why we need the dimension N to be 1 is that we use the results in
Cortdzar et al. (2007) to ensure there is a positive equilibrium us, which is bounded
above and below. Theorem 1.4.3 is still true in dimension N provided the existence of
an equilibrium satisfying (1.21) (with the same proof). Such existence of a bounded
Uso 1S to our knowledge an open problem in dimension N > 1.

1.4.4 Nonlocal diffusions with a nonlinear source

With very little change in our arguments we can obtain the same decay estimates if we
add a nonlinear source to equation (1.48), as long as the nonlinear source “decreases
energy”. We consider

ot x) = | K(wyult,y)dy — o(@)ult,z) + fu(t,z).  (1.55)
RN

with K and o as in Section 1.4.2 and f a locally Lipschitz function satisfying the sign

condition

f(s)s <0, for s € R. (1.56)

With the same arguments as before we obtain the following:

Theorem 1.4.5 Take p € [2,+00) and let u be a solution of (1.55) with nonnegative
initial data ug € L*(R) N LP(R), and assume that K and o satisfy the conditions of
Theorem 1.1.5. Assume that f is a locally Lipschitz function satisfying (1.56). Then
for some constant C > 0 depending only on K, N, |luo|1 and ||uo|p,

N

ullb < C(1+1)" 2, for all t > 0.
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Proof: The conditions on f, K and ¢ ensure that there exists a solution of the equa-
tion, and that one may differentiate it in time to obtain the usual expression for the
time derivative of ||ul|h. Dropping the nonpositive term f(u(t,z))u(t,z) |u(t, z)[P~2
we obtain the inequality

S hullp < — & (w),

Arguing as in the proof of Theorem 1.1.5 we obtain the asymptotic decay. Observe
that the total mass of the solution is nonincreasing, since f(s) < 0 for s > 0. O

This equation was treated in Andreu-Vaillo et al. (2010); Ignat and Rossi (2009)
where a restriction on the dimension (N > 3) and K symmetric are required in order
to establish the asymptotic behavior.
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Nonlocal diffusion problems that
approximate a parabolic
equation with spatial dependence
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Abstract

In this paper we show that smooth solutions to the Dirichlet problem for the
parabolic equation

al 02v(x, 1)
ve(,t) = Z aij(x) ovor. T sz(ﬁf) 7. r e,
ij=1 v i=1 v

with v(z,t) = g(z,t), = € 09Q, can be approximated uniformly by solutions of
nonlocal problems of the form

uj(x,t) = - K. (z,y)(u(y,t) — u(z,t))dy, = € Q,

with uf(x,t) = g(x,t), x ¢ Q, as € — 0, for an appropriate rescaled kernel
K.. In this way we show that the usual local evolution problems with spatial
dependence can be approximated by non-local ones. In the case of an equation
in divergence form we can obtain an approximation with symmetric kernels, that
is, K. (z,y) = K:(y,x).

55
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2.1 Introduction

Nonlocal diffusion problems of the form

w(wt) = [ K@ y)(uyt) - u@1)dy (2.1)

and variations of it, have been extensively studied in recent years (see Andreu-Vaillo
et al. (2010); Cortéazar et al. (2007); Cortazar et al. (2007) and references therein).
Here, the kernel K : RY x RY — R is a nonnegative, smooth function such that
Jgn K(z,y)dz = 1. A physical interpretation of (2.1) is the following: if K(x,y) is
the probability distribution that individuals jump from y to x and u(z, t) is the density
at position z at time ¢, then [pnx K(z,y)u(y,t)dy is the rate at which individuals are
arriving to position x from all other locations y. Further, with the same reasoning,
Jen K(z,y)u(z,t)dy is interpreted as the rate at which they are leaving position z
to all other places. Hence, in the absence of external or internal sources, the density
u(z, t) satisfies (2.1) (see Andreu-Vaillo et al. (2010); Fife (2003); Hutson et al. (2003)).
This kind of nonlocal diffusion equation is relevant in applications, for example, in the
study of biological dispersal of species, image processing, particle systems, elasticity
and coagulation models, Bobaru et al. (2009); Bodnar and Velazquez (2006); Carrillo
and Fife (2005); Fife (2003); Fournier and Laurengot (2006); Hutson et al. (2003).
In this work we consider the following nonlocal diffusion problem: given a bounded
domainQ C RY, ge L' ((RV\ Q) x (0,00)) and ug € L'(Q), find u(z, ) such that

ug(x,t) = ox K(z,y)(u(y,t) — u(z,t))dy, =€, t>0,
u(x,t) = g(x,t), x ¢ Q t>0, (Pr)
u(z,0) = up(z), x € Q,

where the kernel K(z,y) is a positive function with compact support contained in
Q x B(0,d) c RN x RN with

0< sup K(z,y)=C(x) e L=(Q). (2.2)
y€B(0,d)

As we mentioned before, the integral term in the problem takes into account the
individuals arriving or leaving position € {2 from or to other places. In this model,
imposing u(z,t) = g(z,t) for = ¢ Q, we are prescribing the values of u outside 2. In
the particular case g = 0, we mean that individuals that leave Q, die (and therefore
the density outside €2 is zero).

Existence and uniqueness of solutions of (Pk) is proved in Proposition 2.2.1 using
a fixed point argument (see also Appendix A, for an alternative proof). In Proposition
2.2.2 we obtain an appropriate comparison principle.
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As a local counterpart to our nonlocal evolution problem, we have the following
second order local parabolic differential equation with Dirichlet boundary conditions

N

8 v(z,t) 81} (x,t)
Ut(.%',t) = Z aij( 63} 8I‘J Zb 895 , x€EQt>0,
ij=1 ¢ i t
v(z,t) = g(z,t), x €90t >0, (@)
v(z,0) = up(x), x €,

where the coefficients a;j(x), b;(z) are smooth in Q and (a;j()) is a symmetric positive
definite matrix, ie., a;; = aj and ,; a;;(2)&&; > al¢|? for every real vector ¢ =
(&1,...,éNn) # 0 and for some o > 0.

It is important to stress that here we will use that (@) has smooth solutions. In
fact, under regularity assumptions on the boundary data g, the domain 2 and the
initial condition ug, we have that the solutions of (Q) are C2+®1+e/2 (2 x [0,77). For
such a regularity result we refer to Lieberman (1996).

Our main goal in this work is to show that the Dirichlet problem for the parabolic
equation (@) can be approximated by nonlocal problems of the form (Pg). More
precisely, given J : RY — R a nonnegative, radial and continuous function with
compact support and finite second order momentum, we consider the rescaled kernel

Kean) = S5y oo - B@ - ) 7 (270" 2Y) (23)

Here a is given by a(s) = ) ,(s; + M), with M large enough to ensure a(xz) > 8 > 0.
The matrix L(z) is the Cholesky’s factor of A(z), that is, A(x) = L(x)L!(x), the ma-
trix E(z) is related with the coefficients (a;;(x)) and b;(x) and C(z) is a normalizing
function, see Section 2.3 for a precise definition. Then, we prove that u®, solutions
of rescaled nonlocal problems (Pf_), approximate uniformly the solution of the cor-
responding Dirichlet problem for the parabolic equation. We can now formulate our
main result.

Theorem 2.1.1 Let v € C*T1+2/2(Q x [0,T]) be the solution to (Q). Let, for a
given € > 0, u® be the solution to (Pk.), with initial condition uy(z) and external
datum g(x,t). Then, we have

||7) — UEHLOO(QX[O,T]) — 0, as e — 0.

To deal with an equation in divergence form

N

vy(w,t) = Z 82’1 (a”(gj) 3”8(2 t)>7

3,j=1

we can just take
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and the previous approach works. However, in this case the resulting family of nonlocal
approximating problems have non-symmetric kernels. Note that for symmetric kernels,
ie, K(z,y) = K(y,x), one has the desirable property of an ”integration by parts
formula”, that is,

[ K@) - wa)e@iyds = -5 [[ K@) - ue)ew) - o@)dyds.

This is similar to the usual integration by parts formula for divergence form operators,

/div(A(m)Vv(x))np(w)dx = —/A(x)Vv(x)Vgo(m)dm.

To obtain a family of symmetric kernels K.(z,y) = K:(y,z) such that the corre-
sponding solutions to the nonlocal problems converge as € — 0 to the solution to the
Dirichlet problem in divergence form we consider,

Ko = gpivn (5@ )6 (500 ), @

where G2%(s) = J(s) (J is a radially symmetric, compactly supported and smooth
kernel), and B(x) = (b;j(x)) is a N x N matrix such that

det(B(z))B(x)B'(x) = A(x).

Note that B(x) is invertible since A(x) is. In this way we obtain a family of non-local
symmetric kernels such that the approximation result given in Theorem 2.1.1 holds.
For constant matrices A and b;(z) = 0 in problem (Q)), the rescaled kernels (2.3)
and (2.4) coincide.
We finish the introduction with a brief description of previous results. When one
considers a convolution kernel J (as before, radially symmetric, compactly supported
and smooth) and rescale it, that is, for

C —x
Ko = i (120 (25)
one finds in the limit as ¢ — 0 solutions to the classical heat equation, v; = Awv. This
fact was proved in Cortdzar et al. (2009) for Dirichlet boundary conditions and in
Cortazar et al. (2008) for Newmann boundary conditions. For an evolution problem
with the same kernel but with an inhomogeneous term a(y) in front in the whole
RN we refer to Sun et al. (2011) (see also Cortazar et al. (2007)). In this case the
limit equation is given by v; = A @(x)v). For approximations of models from elastic-
ity (peridynamics) we refer to Bobaru et al. (2009). Concerning nonlinear nonlocal
problems (approximating for example the p—Laplacian or the porous medium equa-
tion) we refer to the book Andreu-Vaillo et al. (2010) and the survey Vazquez (2014).
We remark that in the previously mentioned references the case of matrix dependent
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problems (like the ones included in this paper) was not treated (only scalar coefficients
appear).

The rest of this paper is organized as follows: in Section 2, we prove existence and
uniqueness for solutions to problem (Pg) using a fixed point theorem (Proposition
2.2.1). In addition, we show a comparison principle (Proposition 2.2.2). In Section 3,
using Cholesky’s decomposition of the matrix A(x) = (ai;j(x)), we prove the uniform
convergence of u to v, the solution of the local parabolic equation (Theorem 2.1.1). In
Section 4 we deal with the divergence form equation proving the convergence result for
a symmetric family of kernels. Finally, the Appendix is devoted to give an alternative
proof of existence of solutions (Appendix A), additionally, a technical computation
using in the proof of Theorem 2.1.1 is postponed to the second part of the Appendix
(Appendix B).

2.2 Existence, Uniqueness and Comparison Principle

By a solution of problem (Pg ) we mean a function u € C([0,00); L' (£2)) which satisfies

u(x,t) = /0 o K(z,y)(uly, s) — u(z, s))dyds + up(x), xeQ, t>0,

here we understand that u(y, s) = g(y, s) when y € RV \ ©, s > 0. Consequently, due
to the previous integral expression, we notice that u € C*([0,00); L' (Q2)).

Proposition 2.2.1 If ug € L'(QQ), there exists a unique solution of problem (Pi).
Proof: Fixed to > 0, we set the Banach space Xy, = C ([0, to]; L'(2)) with norm
el = g o)l
Let T : Xy, — Xy, be the operator defined by
t
T@at) = [ [ Ky)eo,s) - o s)dyds + uo(o),
0 JR
with v(z,t) = g(z,t) if x ¢ Q.

Note that in the definition of the operator 7 we include the fact that we are taking

v(y,s) = g(y,s) when y ¢ Q.
In this way, using Fubini’s theorem we obtain

1T W)z @) < lluollye)

+/0t (/Q . K(z,y)|v(y, s)|dydx +/Q/RN K(x,y)\v(g;,s)dydx> ds.
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Recalling hypothesis (2.2), let us denote by C' = ||C(z)||c. We get

| Kot 9)ldy < Ca)lot, 9l < Clots)luxo)

and
/RN K(z,y)lv(z, s)|dy < [B(0,d)|C(z)|v(z,s)| < C|B(0,d)]||v(z, s)|.

Hence

T Dl < uolag +C [ ot 9 loxands, (26)
where C' = C(|Q| + |B(0,d)|). Since [v(s )l i) < |l|v]]] it follows that
1T )¢ Ol < lluoll iy + i,
thus operator T is well defined and
T )| < Hluoll 1) + toClllv]]]-
Now, choosing t5 < C"l, for every w, z € X3, we get
[T (w = 2| < [[[w = 2]l].

Hence, 7 is a contraction on Xy, which maps Xy, into itself, then by the Banach
contraction principle there exists a unique u € Xy, such that 7 (u) = u, i.e., we get
local existence and uniqueness of problem (P ) for 0 < ¢t < tyg. Moreover, taking the
Banach space Xoy, = C ([to, 2to}; L' () with norm |[[o]|| = maxs,<s<ar [[0(-, 1) 21 (),
T : Xot, — Xoy, defined by

Tt = [ [ Kle0)(0(s)  vlo.o)duds + (o, to),

and arguing as above, there exists a unique solution in [tg, 2tp] and consequently in
[0,2tp]. By an iteration argument, we obtain a unique solution u € C([0, 00); L1(£2))
of problem (Pf). O
For an alternative proof we refer the reader to Appendix A.
By a subsolution (respectively supersolution) of problem (Px) we mean a function
u € CH([0,T]; L' (2)) which satisfies the following inequalities

(=)
wl@,t) < | K@ y)uly,s) — o)y, ©e9, t<0,
RN
()
U(.Z',t) < g(a:,t), €T ¢ Q, t > 0.
(2)
u(z,0) < up(z), x € €.

Clearly, a solution is both a subsolution and a supersolution.
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Proposition 2.2.2 Let u,v € CY(Q x [0,T]) be a subsolution and supersolution re-
spectively of problem (Pg). Then u < v.

Proof:We will denote by w = v — u. Obviously w € C' (€ x [0,77]) and it satisfies

wi(a,t) > | K(@y)(wlyt) —wlz,0)dy, =, t<0,
RN

w(z,t) >0, x¢Q, t>0.

w(z,0) >0, x €.

Now, we assume that w(zx,t) is not a nonnegative function, that is, there exists some
point (Z,%) € Q x (0,7] such that w(#,) < 0. Then, by the continuity of w, there
exists € > 0 such that w(%, %)+ &t is also negative. Consider the function w(z,t)+¢t €
C(Q x [0,T]), and let (xq,to) be its minimum, thus

wy(xo,to) +€ < 0.

Conversely,

UJt(l'o, tO) +e> N K(.T(], y)(w(ya t(]) - ’UJ(J?(), tO))dy >0,
R
this leads to a contradiction and we conclude that w(z,t) is a nonnegative function.
O

2.3 Proof of Teorem 2.1.1

It is well known that given A(x) = (a;j(x)) a symmetric and positive definite matrix
there exists a unique lower triangular matrix L(z) = (I;j(x)) with real and positive
diagonal entries such that
A(x) = L(z)L'(x), (2.7)

where L'(z) denotes the transpose of L(z) which is known as the Cholesky factor and
(2.7) is known as the Cholesky factorization, see for instance Householder (1964).

Let J : R" — R be a nonnegative, radially symmetric, continuous function with
Jgn J(2)dz = 1 and finite second order momentum. Assume also that J is strictly
positive in B(0,7) for some r > 0 and vanishes in R" \ B(0,r).

Now we introduce some notations. Given a matrix A(z) = (a;;(x)) with C*(Q)
coefficients we consider:

N
Ai(zx) = Zaij(:z),
j=1

by ($) 0 0

0 ba(x 0

Wie) = 0 25) | 0
0 0 by(x)
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We consider the rescaled kernel

Koy = Shale-B@E@-0) 7 (1@0Y). e
Here a is defined as
N
a(s) = Z(S’ + M),
i=1

for some constant M > 0 large enough to ensure a(x) > > 0. The matrix L(x) is
given by (2.7) (note that we can take any N x N matrix (I;;(x)), such that A(z) =
L(z)L!(x)), the function C(z) is given by

2

C@) = G a(m) (det A(2)) 12

being C(J) = [ J(z)z}dz and the matrix E(z) by

We remark that for this kernel, Proposition 2.2.1 and Proposition 2.2.2 can be used,
since J is smooth, a(x) is strictly positive and the coefficients of the envolved matrices
are bounded. Therefore, for every € > 0 we have existence, uniqueness and the
comparison principle for the nonlocal problem.

Lemma 2.3.1 Let u be a 2t 1+e/2 (RY x [0,T]) function and

ﬁs(u) = RN KE(IE,y)(U(y,t) - U(IE,t))dy
Then
N N
82u(x) ou(x)
Le(u) — a;i(r) ——2% + b;(x < 0(e),
Z: 1) s, + 20 (¢)
’ Lo (Qx[0,T7)

for some function 0(e) that goes to zero as e — 0.
Proof: Under the change variables y = x — eL(x)z, L.(u) becomes

C(z) (det A(z))'/?
82

/]RN a(x—eD(x)z) J(z)(u(x —eL(z)z,t) — u(z,t))dz
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where D(z) = @W(w} (Lt(:n))_l. By a simple Taylor expansion we obtain

e 1/2 N oy
Loy = —C@) (et Al Za Zz,] / (¢ — eD(x)2) J(2)z;dz

1 )2
Az
+20( ) (det Z 83:1(91’] kz Lir(x

i,j=1

« / 4o~ eD(2)2) J(2)opmmdz + O(=)
= Llu) + LE(u) + O(e%).

For the first expression, £l(u), having in mind the definition of the function a(s)
and that J is a radial function, more specifically, we use that [.J(z)z;dz = 0 and
[ J(2)zmzidz = 0 if m # j, we get

N N
ou
;g%ﬁl( u) = C(x) (det A(z Elag lij(x g dim (x / J(2)zmzjdz

N
— C(x) (det A(z)) 2 C Z;ZZZU Z (@),

it follows that

(2
On the other hand, letting ¢ — 0 in £2(u) taking into account the choice of the matrix
L(x) we have

N

0u(zx,t)

2( . ’

251(1]5 ]Z: 8%6% Zlm l’“" ”21 aij () dx;i0xj

which concludes the proof. (I

Remark 2.3.2 We want to point out that the use of Cholesky’s decomposition is not
necessary for the proof. In fact, any matriz L(x) satisfying (2.7) is also allowed. The
reason to choose Cholesky’s factor is to ensure the uniqueness of the rescaled kernel
K. defined in (2.8).
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In order to prove our main result, let & be a C2+e1+e/2 (RN x [0, T]) extension of
v, the solution of the parabolic problem (Q). Therefore, ¥ verifies

ot(x,t) = A(v(z,t)), =€Q, te(0,T],
o(x,t) = G(z,t), x ¢ Q, te(0,T],

0(x,0) = up(x), x €,
where G(z,t) = g(z,t) if x € 00 and

N

- (9 o(x,t)
A(D(z,t)) = E a;j(z) Bmdms E bi( 856
105 =1 7

ij=1

Moreover, as G is smooth we get
G(z,t) = g(x,t) + O(e), if dist(z,0Q) < ae, (2.9)

where a = 7v/Apin. Here Ay, denotes the max, g Apmin(A(z)) > 0. For more details
we refer the reader to Appendix B.
Proof:[Proof of Theorem 2.1.1] Set w® := ¥ — u® which satisfies

we(x,t) = A(0) — Le(0) + Lo (w®), z€Q, te(0,T],
we(z,t) = G(z,t) — g(x, ), x¢Q, te(0,T], (2.10)

we(z,0) =0, x € Q.

First, we claim that w(z,t) = K;0(e)t + Kse is a supersolution with K, Ky > 0
sufficiently large but independent of . Indeed, taking into account Lemma 2.3.1 and
that £.(w) = 0 we have

Wiz, t) = K10() > A(B) — Lo(7) + La(0).

Moreover, w(x,0) > 0 and by (2.9) we obtain that w(x,t) > Ke > O(e), for t € (0, T
and x ¢ Q such that dist(z,0Q2) < ae, which is our claim. From the comparison result
we get

v—ut < II)(SU, t) = Kle(e)t + Koe.

Similar arguments applied to the case w(x,t) = —w(z,t) leads us to assert that
w(z,t) is a subsolution of problem (2.10). We conclude, using again the comparison
principle stated in Proposition 2.2.2, that

—K19(€)t — K2€ < U —uf < Kla(é)t + KQE,

and hence
H’U — uEHLOO(QX[O,T]) < KlTH(&“) + Koe — 0.
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Remark 2.3.3 It is worth pointing out that the particular case A(x) = I and b;(x) =
0, which corresponds to the heat equation, the rescaled kernel (2.5) considered by
Cortazar et al. in Cortdzar et al. (2009) is the same K. considered here. Moreover,
if we take another decomposition of the identity matriz, for example, consider l; ; =1
ifi+ 7= N+1 and 0 otherwise, we can get a different nonlocal approximation by
nonlocal diffusion problems of the heat equation.

2.4 Divergence form operators

In this section, we consider the following rescaled kernel

Ko = g6 (B0 ) 6 (570 2 ) . e

3

where G?(s) = J(s) and B(z) = (b;j(z)) is a N x N matrix such that
det(B(z))B(x)B'(x) = A(x).
Note that the kernels given in (2.11) are symmetric, that is, they verify
Ke(z,y) = Ke(y, ).

For this family of symmetric kernels Proposition 2.2.1 and Proposition 2.2.2 can
be used. Therefore, we have that the approximation result stated in Theorem 2.1.1
holds for the divergence form equation

N

we =3 aii <aij(x)3va(2t)>.

,j=1

This can be proved exactly as before as soon as one has the following result.

Lemma 2.4.1 Let u be a C?>T (]RN) function and

Le(u) = o Ke(z,y)(uly) — u(z)dy.
Then N
0 ou(x)
Le(u) =) - |aij(z) < 0(e),
;8%( Rz ) Loo(Qx[0,T7)

for some function 0(g) that goes to zero as € — 0.

Proof: In this proof we will use the following notations for partial derivatives and
for the coefficients of the inverse and the adjoint of a matrix,

U= @ = 05 @), B = )
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Using the change of variable z = *=¥ and Taylor’s expansions we get

Le(u)(x) =Fr(x) + Foc(x) + O(e2)

with N
=2 ou(z) 1
Fie(e) = 5 GE Z:; ;s G(B Yz — £2)2)G(B™Yz)2) 2 dz
and
Py (z) = Z 8x18x] ox G(B™'(z —2)2)G(B™(v)2)ziz; dz.
Let us first analyze the limit as ¢ — 0 of Fi o(z). As [ J(B™'(x)z)zdz = 0 (this

follows changing z by —z), we can use L'Hopital’s rule to obtain

N
. 2 ou(x)
limy Fiel) = 577 2

C(J) i—1 81‘1
N a N
« / SOGHB Y R)2) S (05 (8 oG B (2)2) 2 d2.
RV 51 keym—=1

Now we observe that

and hence

lim Fy () = C(lJ) 3 8;2”) (b3 () /R BT @)2) 2z

i7j7k7m:]‘

Changing variables as w = B~!(z)z we have

I Fe@) = =557 2 6gif)(bjkl);n(x)bip(:x)bkq(x)bmr(x)

i7j7k7m7p7q7,r:]‘

X / Ji(w)wpwqw, dw.
RN
To continue we have to find the value of the last integral. We have that
/ Ji (w)wywqw, dw = 0,
RN

except for the following cases:
Case 1. p=q =r = j. In this case we have

4 N3 dw = — w)(w;)? dw = — .
[ At do = =3 [ ) dw = =30()
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Case2. (p=jandg=r#j)or(¢g=jandp=r=#j)or (r=jand p=q#j).
In any of these cases one index is equal to 7 and the other two indexes are the same
but different from j. Hence, in this case we get

/ Th(w)w; (w,)? dw = — / T(w)(w,)? dw = —C(J).
RN

RN

Collecting these cases we obtain

hm Fio(x Z 530

with
N
Hi(w) = ~det(B(x)) § Y- 3(b5,1 Yo (@) )b (@) ()
Ji.k.m =]1V
D (@) b (@b @)y ()]
Ji:k,m p#j
N
D (@) b (@) ()
J,k,m,psﬁj
. (b5 Yo () [ i (@)1 ()b ()]
J.k;m p#j
N
det(B(x»{ > 05 (@) b1 (201 (2) b ()
J,k,m,p=1
N
Y (@) (@) (@)bmp()]
7.k,m,p=1
N
T (b5 @) [Bip (@) (20 ()] § = Av Ao+ A
7,k,m,p=1

al 1 i=j
-1 ) _ —
we obtain

N N
> O (@)brs () = = > b (@) (brg )i (). (2.12)
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Using this property, we get

N

A= ~det(B@) Y 650 [pis)bip @) (0)]

7,km,p=1
N
—det(B(x)) Y [big(@)b (@) (i) ()b (a)]

j7k7m7p:l

N
= det(B(@) Y [0 (@)bmp(@)].

m,p=1

Now, for As, using again (2.12) we have

N
Ay = —det(B(@)) Y (011 (@) [bipl)brs (@)bmp ()|
7.k,m,p=1
N
= det(B(z)) Y b5 (@) 0k ) (@)bip(@)br ().
7.k,m,p=1
As —1 1 * t 1 *
bjk (z) = m( jk(m)) = kaj(x)
we get,

AQ = Z blp Z b bk] )

m,p=1 k,j=1

Now we use the formula for the derivative of the determinant (see Golberg (1972) for
a simple proof),

(det(B Z bj; (%) (b ) (),
k,j=1
to obtain
Z bip(2)bimp () (det(B())) -
m,p=1
Finally, for As, using (2.12) one more time, we have

N

Ag = —det(B(2)) D" (b5 (@) [bip()brp ()b ()
7,k,m,p=1
N

= det(B(x)) > |bipl@) (brp)in(@)bim ()07, ()]

J.k,m,p=1
N

= det(B(2)) > | bmp)in (@)bip(2)].

m,p=1



Nonlocal diffusion problems that approximate parabolic equations 69

Hence, collecting these expressions for A; we obtain

N
— Z [det(B(x))(B}(x)Bt(fv))ij

J=1

+(det(B()));(B(2) B (x))i;

Oa;;(x
+det(B(x))(B(@) (B')(2)).4] = Z tite)
— J
Therefore, we have obtained
N
(:/c 8@23

Next, we deal with the limit as ¢ — 0 of Fy.(z). It holds that

2. p—1
hm Fo(x) = Zzl 81‘1033] RNG (B™ ' (x)2)zi2; dz.

Changing variables as w = B~1(z)z we get

(9 xT N 2U X N
i P 0) = d gf}) ) 3 Pu(z) / J(w)z_:bw)wkijm<x>wmdw.

k #m,
to obtain
al al 0?u(x)
i i = ii (). 2.14
lim P o ( ; 8%8% (a:));bzk(x)bjk(x) ; S, (@) (214)

Finally, from (2.13) and (2.14) we conclude that

N
u(z) N~ Ouaij(x)
glgtl)ﬁ ]z: 01,015 axj +; ox; jz; Ox;
RN (@ 2u@)
T = 9 \ Y Oy
2,j=1

as we wanted to show. O
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2.5 Appendix

Appendix A

For any arbitrary T' > 0 we claim that 7 is a contraction on C ([0, T]; L*(2)) with
norm

_ —Mt
ol = gmasx e~ o(- )30

being M some constant greater than C' = C(|Q| + |B(0,d)|). Indeed, from (2.6)

c
IT()C Dl () < lluollre) + 57 (e = 1) [[[o]]]

therefore

C C
—Mt —Mt
[T (v)]]|< Jnax. (e HUOHLl(Q)“‘M(l_e )HvH\) < ||UOHL1(Q)+MH’UH‘7

and the claim is proved. The rest of the proof is similar in spirit to the proof of
Proposition 2.2.1.

Appendix B

Given B(x), matrix n x n defined for each x € Q, we wish to recall that the induced
matrix norm to the euclidian matrix norm

B
|B@)le = sup 122
e

is the spectral norm, i.e., | B(z)|l2 = \/Araz (B (z) B(z)). Thus
1271 @)ll2 = VAbrar (A7 (@) = Comin(A2)) T2,

and hence L_l(z)xg;y € B(0,r) if y € B(x, M) C B(z,ae).
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Chapter 3

Nonlocal approximations to
Fokker-Planck equations

A. Molino and J.D. Rossi, to appear in Funkcialaj Ekvacioj.

Abstract
We show that solutions to a classical Fokker-Plank equation can be approx-

imated by solutions to nonlocal evolution problems when a rescaling parameter
that controls the size of the nonlocality goes to zero.

71
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3.1 Introduction

Nonlocal reaction-diffusion equations of the form

ue(z, t) = N K(z,y)u(y, t)dy — u(z,t), (3.1)
R
where K : RY x RY — R is a nonnegative smooth kernel (usually assumed to be symmetric, but
here this may not be the case) such that [ K(z,y)dz = 1, and variations of it, have been recently
studied to model diffusion process. If u(y,t) is thought of as a density of a population at location y
at time ¢ and K(z,y) as the probability distribution of jumping from y to x, then the rate at which
individuals are arriving to z is [ K(z,y)u(y,t)dy. On the other hand, the rate at which individuals
are leaving location z to travel to other places is — [ K(y, z)u(z,t)dy = —u(z,t). In the absence of
external sources this implies that the density satisfies equation (3.1).
New in this work is to consider kernels of the form

K(z,y) = J(M(y)(z —y)) det M(y). (3.2)
Here J : RY — R is a nonnegative radial function such that
J € C.(R™), J(z)dz =1 and J(2)zxdz = C(J) < o0 (3.3)
RN RN

and M (y) is a N x N real matrix with smooth and bounded coefficients such that det M (y) > v > 0.
Note that, for this kind of kernels, we have a mass preserving property, that is,

/]RN /RN J(M(y)(z — y)) det M(y) u(y)dydz = / u(z)de, VYu e CRM).

RN

Our main goal in this work is to show that solutions to the nonlocal problem (3.1) with kernels of
the form (3.2) adequately rescaled approximate solutions to the classical local Fokker-Plank equation.
In more detail, consider the following local diffusion problem

82
ve(z,t) = E 5700 (aij(x)v(z, 1)), = eRN,te€[0,T],
07 A%

’U(QZ,O) :710(3:)7 xGRN7

(3.4)

where A(z) = (ai;(z)) is a real positive-definite matrix.
Throughout the paper, we make the following assumptions on the matrix A: A(z) = (ai;j(z)) is
a real N X N symmetric and positive-definite matrix with smooth coefficients such that

slel? <Zau 2)&& < BlEN?, Vot eRY,

for some constants 0 < § < # and we will also assume that

0? 9 aij(z)
max{ 9201, } < 0. (3.5)

Given A(z), we let B(z) = (bi;(x)) be a real N x N matrix with strictly positive determinant and
smooth coefficients satisfying B(z)B*(z) = A(z), = € RY. Note that such decomposition is possible
since A is a positive-definite matrix (e.g. using Cholesky factorization).

Now, let us consider the following nonlocal equation

C
=S Kot - uwn . cerYie .1
R

u®(z,0) = vo(z), z € RN,

(3.6)
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where C7! = % J J(2)z3dz is a constant that depends only on J and the kernel K. is given by

1 _ T — _
Ke(ry) = I (B0 C -2 ) det B ),
with B as above, that is, such that BB* = A and J satisfying (3.3).
As we have mentioned, our aim is to show that solutions of (3.6) converge uniformly to solutions
of (3.4). Our main result reads as follows:

Theorem 3.1.1 Let v be a classical solution of Fokker-Planck equation (3.4) with initial datum
vo € C(RN) N L=®(RYN). For every e > 0, consider u® the solution of the nonlocal equation (3.6).
Then,

sup_[[u®(-,8) — (-, ) [ = — 0,

te[0,T
as € — 0.

Now, let us comment briefly on previous results concerning approximations of local PDEs by
nonlocal problems.

Kernels of the form (3.2) cover a wide variety of nonlocal diffusion problems treated in the past
twenty years. For example, taking the simplest case M (y) = Id, equation (3.1) reduces to the following
convolution type diffusion problem

u(z,t) = (J *u—u)(z,t) = /JRN J(x —y)u(y, t)dy — u(z,t).

This model has been treated by several authors in different contexts, see for example Bates et al.
(1997); Chasseigne et al. (2006); Cortazar et al. (2007) and the references given therein. In addition,
in Cortdzar et al. (2009) the authors prove that, under an appropriate rescaling of the kernel, that is,

solutions to c
5 1 B
witwd) = S{ [ (52 )uttay - e}

e? | Jpnv eV

converge, as € — 0, to solutions to the local heat equation, v; = Aw.
Another example is the kernel (3.2) with M (y) = ¢~ (y)Id, being g a positive scalar function. In
this case (3.1) takes the form

i~ (55) -

Note that in this evolution problem the step size, g(y), depends on the position y. Such kind of
diffusion kernel was introduced in Cortézar et al. (2007) in order to model a non-homogeneous dispersal
process. See also Cortdzar et al. (2015) and Coville (2010). For this problem in Sun et al. (2011) the
authors prove that under appropriate rescaling of the kernel, i.e. when the problem takes the form

ui(x,t)zg{/R iJ(:”’y)“(y’t)dy—u(x,t)}, (3.7)

e2 | Jan eV 7 \eg(y)/ 9N (v)

solutions converge to solutions to the local equation
vel@,t) = D (6 (@)o(,))a,, -

Closely related to this work is Molino and Rossi (2016) where we find kernels for nonlocal evolution
problems that, when appropriately rescaled as above, have solutions that approximate solutions to
local problems with spatial dependence in divergence form,

ve(x,1) = D (ai(@)ve, ), (@, t)

2%
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or in non-divergence form,

ve(x,t) = Z aij (Jc)vwﬂj (z,t).

Notations. Given A(z) = (aij(z)) we denote by af;(z) and a;jl(x) the coefficients of the matrices

At(z), A7 (z) respectively. Also, for any given function f : RY — R we denote by f/(s) = %s(f) and

by [f]+(s) = max{0, f(s)}.

The paper is organized as follows: in Section 3.2 we show existence, uniqueness and a comparison
principle for the nonlocal problem and in Section 3.3 we prove the convergence of the solutions as the
scaling parameter € goes to zero.

3.2 Existence, uniqueness and comparison principle

We start this section proving the comparison principle for our problem

iz, t):/Rg (M)(@ — 1)) det M(y) u(y, )dy — u(z,t), =€ RN 1 >0, -
u(x,O) :’u,()(l’), T GRN.

For this purpose, we first set the notion of sub and supersolution for (P).

Definition 3.2.1 A function u € C* ([0,00), C(R")) is a subsolution of problem (P) if it satisfies

we(z, )< | J (M(y)(z — y)) det M (y) u(y, t)dy — u(z,t), =R, t>0,

RN
u(z,0) < wuo(x), z € RN,

As usual, a supersolution is defined analogously by replacing” <7 by” > 7.

Theorem 3.2.2 [Comparison Principle] Let u,v be a subsolution and supersolution respectively of
problem (P). Then u < v.

Proof: To prove this result we follow closely (Sun et al., 2011, Theorem 2.5). Set w = u — v, then

wy(z, 1)< R;VI (M(y)(z —y)) det M(y)w(y,t)dy — w(z,t) = e RN, t>0, (58)

w(z,0) <0, z € RY.

Let us consider the following function

1, ifw(=x,t)>0,
s(,1) _{ 0, if w(z,t) < 0.

Multiplying (3.8) by s(x,t) and taking into account that wi(z,t)s(z,t) = ([w]+), (z,t) and w(y,t) <
[w]+(y,t), we obtain, dropping the positive term w(x,t)s(x,t), that

(wl4), () < [ T (M(y)(z —y)) det M (y) [w]+-(y, t)dy,

RN

integrating in R and by using the mass preserving property, we get

[ @ < [ ety

R
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Finally, integrating in (0,¢) and since [w]4(z,0) = 0 we can assert, using Fubini’s theorem, that

t
h(t) < / h(s)ds, (3.9)
0
where
ho) = [l (e )de.
RN
Hence, applying Gronwall’s Lemma in (3.9), we conclude that
h(t) <O0.
Now, since [w]4(z,t) > 0 and by the continuity of [w]4, we get that [w]; (z,t) = 0 and, consequently,
w(z, 1) < vl 1)

for all z € RV, t > 0. 0
Note that the previous proof works locally in time, that is, a supersolution v and a subsolution u
defined both for t € [0, 7] verify u(z,t) < v(z,t) forallz € RN, 0 <t < T

Definition 3.2.3 By a solution of the problem (P), we mean a function u € C ([0, oo);C(]RN)) that
satisfies

u(e.t) = [ [ 10 =) det M) . )dyds = [ e s +uo(a),

for allz € RY,t € [0,00). Consequently, due to this integral expression, we can assert that u €
C* ([0, 00); C(R™)).

Now, we prove existence and uniqueness of a solution which is bounded in RV.

Theorem 3.2.4 [Ezistence] For every continuous and bounded initial data ug there exists a unique
solution u € C ([0,00); C(RY) N L>=(RN)) of problem (P).

Proof: For T' > 0 we consider the Banach space
x =c(0,7;c®RY) N L= ®RY)),

with the norm
ol = max e, Dz
<t<

Here M = max det M (z) > 0 and k is any value greater than one.
z€eR

Now, let Y be the closed ball of X with radius k||uo||cc and centered at the origin. Note that YV
is a complete metric space with the induced metric d(wi,w2) = ||lw1 — wa]l.

In order to establish the existence and uniqueness of solutions of (P) via Banach contraction
principle, we define the operator 7 : Y — Y by

t t
T(w)(z,t) = / J (M(y)(z —y)) det M (y) w(y, s)dyds — / w(z, s)ds + uo(z).
0 JRN 0
Let us first prove that this operator is well defined. Clearly 7 (w) is belongs to X and satisfies

IOl < mase| [ ] 7 (M) =) det M(w) w(y.5)dyds

t t
+ / (-, 8)l|needs + [[uol| e < (M + 1) / (e, 8)l e ds -+ [Juo | o
0 0
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Since ||w|| < kljuol||zee, we obtain that, for 0 < ¢ < T,
k(M+1)T
T (@) )z < e DT lug| e,

therefore, for T small, ||7 (w)|| < k|lug||z~ and T (w) belongs to Y.
Now, let us show that the operator T is a contraction. we have

d(T (w1), T (w2)) < max e "M (M 41 / w1 (-, 5) — wa (-, 8)|| oo ds.

0<t<T

Arguing as above, we obtain

. 1
< 1 _ . —k(]w+1)t> < = .
d(T (w1), T (wz2)) < Joax - ||w1 wa| (1 e < kd(wl,wz)
Hence, using Banach’s Fixed Point Theorem there exists u a fix point of 7', that is the unique solution

of problem (P) for ¢t € [0,7] and belongs to Y. Finally, since from the comparison principle we have

that

(maxg [ K(z,y)dy—1)t < ’LL( (maxg [ K(z,y)dy—1)t

_||UOHL°°6 x,t) < HU0||L°°6

we obtain a global solution, u € C ([0, 00); C(R™) N L™= (RY)). O

3.3 Approximations of the Fokker-Planck equation by
nonlocal problems
In this section we prove our main result, that is, that solutions of the Fokker-Planck equation can be

approximated by solutions of the nonlocal problem by rescaling the kernel.
Recall that the general Fokker-Planck equation is given by

ve(z,t) = Z %&r] (aij(z)v(z,t)), xRN tel0,T],

’U({L‘,O):vo(m), xERNv

(F—P)

We will call a solution to the Cauchy problem for the Fokker-Planck equation (F—P) a classical
solution if v € C*ret+e/2 (RY,[0,77). Note that the regularity of v is related with smoothness of
aij(z) and the initial datum vo; see Evans (1998); Ladyzenskaja et al. (1968).

We first need to prove the following technical lemmas.

Lemma 3.3.1 Let J be a function satisfying hypothesis (3.3). Then, the following properties are
satisfied:

1.
p=jandr =q#j, or
/ Jj (w)wpwew,dw = -C(J), if g=jandr=p+#j, or
= r=jandp=q#j
0, in other case.
2.
12C(J), ifl=n=s=t=7j,
if two indexes are equal to j
/ Ji(w)wwpwswedw = ¢ 2C(J), and the others two are equal
RN

to each other and different to j.
0, in other case.
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3. Forj#p

if three indexes are equal to j
3C(J), and the other one are equal
to p, or viceversa.

if one index is equal to j, another

T (w)wiwnwswidw = : .
RN index is equal to p, and the

cJ), others two are equal to each
other but different to j and p.
0, in other case.

Proof: (1) If p=gq =r = j and since J has compact support, integrating by parts it follows that

JH(w)widw = —3 J(w)ywidw = —3C(J).
RN RN
Similarly, if one of the indexes is equal to j and the others two are equal between them and different
from j, integrating by parts respect to the variable j, we obtain

Ji(w)ywjwidw = —/ J(w)widw = —C(J),

RN RN

for s = p,q,r. Finally, in the same way we show that is zero occurs in any different case.
(2) For the first case, integrating by parts twice, we get

/ I (w)w)dw = —4/ Jj(w)wdw = 12/ J(w)w?dw = 120(J).

RN RN RN

We proceed likewise, if two indexes are equal to j and the other two are equal between them and
different from j (there are 6 cases). For example, taking { = n = j and s =t # j, we obtain integrating
by parts twice

/]RN J]'-/j(w)wf-wfdw =-2 - J;(w)ijidw =2 - J(w)w?dw =2C(J).
Finally, the proof in any other case follows similarly and is left to the reader.
(3) We apply the same reasoning, integrating by parts twice, respect to the variable p and j.
First, if three indexes are equal to j and the other one is equal to p (there are 8 cases) we get, taking
for example l = n = s = j and t = p, that

/ Ji(w)wiwpdw = —/ Jj(w)widw = 3/ J(w)w?dw = 3C(J).
RN RN RN

Analogously, if one index is equal to j, another index is equal to p, and the other two are equalbetween
them but different from j and p (there are 12 cases) we have, choosing for example | = j, n = p and
s =1t # j,p, that

/RN T (w)wjwpw?dw = — /RN J(w)ywjwidw = /]RN J(w)w?dw = C(J).

We leave it to the reader to verify that in any other case the integral expression is equal to zero. [

Lemma 3.3.2 Let A(z) = (aij(z)) be a N X N non-singular real matriz with smooth coefficients
aij RY 5 R, 4,5 =1...N, then the following properties are satisfied:
1. .
D (@), @ars (@) = = 3" ai! (#) (o), (),
k

k
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2.
D (a5 mp(@)arg(@) = = > { (a5 )m (@) (arq)y (@)
+(a5)p (@) (@ra)in (@) + a7 () (ara)y, (0) }
3.
Zajk )(@rj )i () = det A7 (z) (det A(z))"
Proof:

(1) It follows by computing the derivate of 3, a;,' (z)ar;(z) = ;.

(2) It is easy to prove when we compute the derivate of the expression in (1).

(3) See Golberg (1972) for a simple and original proof. O

Also the following propositions will be needed in the proof of our main theorem. To simplify the
notation, in what follows we let

Proposition 3.8.3 Let u be a C2T™1+e/2 (RN X [O,T]) function and let L. and A be the operators
given by
Clulz,t) =

g2 RN

Je (B™ (y)(@ — y)) det B~ () (u(y, 1) — u(x,t))dy,

8uxt y Ou(x,t) Ba” x)
Z 81’1 +22 8131 X j ’

Then,

sup || (L2 —A) (u(-,t))||e — 0 as e — 0.
te[0,T]

Proof: Under the change variables y =  — €z and by a simple Taylor expansion we obtain

0u(z, t ou(z, t o
Z &vl@x] Z ox; () + O(e"),
being
H!(z) = g/ J (B_l(x —e2)z) det B (& — e2)ziz;dz,
2 JrN
and
C

Hi(e) = =~

g JrN

J (Bil(a: —£2)z) det B~ (z — e2)zidz.
First, we claim that
H: (2) = aij(z)
as € — 0. Indeed, changing variables as w = B~ (z)z we get

lim H! (z) = %detB*I(m) /RNJ(Bfl(x)z) zizjdz

e—0
C
= — b; bim mdw.
7 2o bahin @) [ Jwwwd

Taking into account that
J(w)wipwmdw =0
RN
if K # m and the value of the constant C, we get that

lim H Z bzk Z bzk bk] = Qij (1‘)

e—0
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Now, we claim that
)23 Bayy(z)
axJ

as € = 0. Indeed, since J is a radial function, it follows that
/ J(B™ ' (x)2)zidz = 0.
RN

Therefore, lim._o Hf(m) = % and we can use L’Hopital rule to obtain

e—0 e—0

lim HZ(z) = lim —C (Fgl(x, z) + F2(x, z)) dz,
RN

where

Fl(z,2) = 9 (J(B_l(w —£2)z)) det B Y (x —€2)z,
and

F2(x,z) = J(B ' (z — sz)z)% (det B 'z — £2)) zi

To compute the first part, we note that

% (J(Bil(m—sz) ) :Z {J]'-(B1 (z —e2)z ijk }
= > Ji(B” m—sz) )(bjk);n(x—sz)zk(— m).

J,k,m
In this way we obtain
’

lim —C [ @, 2)dz = C det B\ (x )Z(b].—,j)wggg)/]R

e—0 N ; N
R J,k,m

Now, we change variables as w = B~ (x)z to obtain
C D (03], (@)brp(@)bmg (2)bir () /R N Jj (w)ywpwqw,dw.
J,k,m,p,q,r

Using property (1) from Lemma 3.3.1 we get

= =6 > (b ) (2)brj (2)bm; (2)bij ()

_szi (570 )by ()b ()i ()
—25’m2’m<bgk> ()b ()b (@) (@)
—27’W§f#<b;;> ()b () ()1 ()
=2 ) @ te)
B b1 (2)bins (@) 2)
+kp (2)bmp (2)bij ()],

which by property (1) from Lemma 3.3.2 turns out to be equal to

2 37 05 @) 00 (0 ()01 (0)

| +’zz<bk,,>;(m>bm<x> EIWRAEIE
=2 Z %) (bkj ) (%) brmp )+ 22 a(g; ,

J,k,m,p

Jj(B™ ' (2)2) 2k zmzidz.
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(3.10)

(3.11)

(3.12)

(3.13)
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where in the last equality we have used that ai;j(z) = 3_, bip(z)bjp(z) and we have replaced the
indexes k and p by j.

To conclude the claim, we have to compute the second part and to verify that it is cancelled with
the first term of the last part of (3.13). To be more specific, we need to show that

lim C F2(z,2)dz = 2 Z Jk ) (bkj ) m () b ()i ().

e—0 N
R J,k,m,p

In fact, by virtue of

% (det B 'z — £z)) = Z (det B 'z — sz));n (=2m)

/ (3.14)
= ZdetB m—az) (det B(z — €2))!,, 2m,
we have that
lim C F2(z,2z)dz = Cdet B~ *(x )Z (det B(x)):n/ J (B_l(x)z) Zmzidz
e—0 RN - RN
changing variables again w = B~ !(z)z
=2det B~ (2) ) _ (det B(x)),,, bmp(x)bip(z)
m,p
and finally, using property (3) from Lemma 3.3.2 we get
=2 Z b]k} bk] m (2)bmp (2)bip (2)
J.k,m,p
and the proof is finished. O

Proposition 3.3.4 Let u be o C2Hotte/2 (]RN x [0, T]) function and let L2, T' be the operators de-
fined as

£2(uat) = &

e2

[ - (57 )= ) det B~ )dy — 1| u(z 1),
and ) o

Z a:i”axj 1),
Then,

sup || (ﬁ? =T) (w(@,t))||Lec — 0 as e — 0.
t€[0,T]

Proof: Under the change variables y = x — €z we obtain
L2 (u(x,t)) = 6% [/ J (B (z — 2)z) det B~ (z — £2)dz — 1| u(x,t). (3.15)
RN
Note that

lim J(B™'(z —€2)z) det B~ (z — e2)dz = / J (B~ (z)z) det B~ ! (z)dz = 1.

e—0 RN
Therefore, using L’Hopital rule in (3.15) we get

C

. 2 _ U
lim £e(u(@ D) = 52

. (Gi(:p7 z) + G2(x, z)) dz u(z,t), (3.16)



Nonlocal approximations to Fokker-Planck 81

where

Gz, 2) = % (J(B Mz — £2)2)) det B~ (x — e2),

and 5
G2(x,2) = J(B ' (z — sz)z)& (det B 'z — €z)).

Now, the proof splits naturally into two parts:
Part 1: To compute

Using equality (3.10), it is equivalent to compute

lim Z /RN (z — €2)2) (b )i (x — £2) 2k(—2m) det B~ (z — 2)d=.

e—0 2¢

Taking into account that
/ Jj(w)wqwydw = 0,
RN

a simple computation gives that the above expression is % and we can use L’Hopital rule again, to
obtain

31_1)1(1) %/}RN Gl(zx,2)dz = hm — Z / (x,2) + A2(z, 2) —&—A?(w,z)) dz, (3.17)
where 5
Al(z, 2) = % [ (B (z —e2)z )] (b5, Vo (@ — e2) det B (z — £2) 2k (—2m ) dz,
Al(z,2) = (B~ (z —€2)2) % [(bj_kl);n(x —ez)] det B~ (z — e2) 2 (—2m)dz
and

Al(x,2) = Jj(B™ (z —€2)2) (b]_kl);n(a: —2) % [det B Yz — e2)| ze(—2m)dz.
Therefore, the Part 1 will be splitter again into three steps:

Part 1.a: Compute
;1_% — Z/ A (z,2)

7,k,m

By an argument similar to (3.10), we have

0 1) e 1 —1y/
s [J}(B~'(z —e2)2)] = Z I (B™ (@ — €2)2) (bpg )n(x — £2) 24(—21),
P,
thus
1§ e
J, ,m
C _ / — 1! —
=5 X GG @A @) [ TE @)2) s,
Jsk,m,p,q,r R

Now we change variables as w = B™'(x)z to obtain

% > (bpq )7-(2) (b V7 (2)bg1 () brn (2)bics () bme ()

Jsk,m,p,q,rln,s,t
X / J!

ip (W)W wrwswedw.
RN
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Finally, by properties (2) and (3) from Lemma 3.3.1, proceeding with similar arguments applied in
(3.12) with easy modifications, we obtain that

lim % Z Al(z, 2)dz =
S g, () 051V ) g ()b ()i (s )
+bq; (@) brs () bip () bims () + bgj (2)brs (2)bis () bimp ()
+bgp(2)brj (2)bis () bims () + bgs (2)brj (2)biep () bms ()
s ()b (@)brs ()b (2) + by ()1 (2 (@)bons ()
s (2)brp (2)b13 (2)brss (2) + by (2)Dra ()b ()b ()
bap ()b (2)bke (2)mg (2) + by (2)rp(2)be ()b ()

+bgs (x)brs (f)bkp(l’)bmj (x)] .

(3.18)

Part 1.b: Compute

2
hm — E / A(z, 2)
e—0
J,k,m
Since

2 [(b3Yinla — £2)] = D05 oz = )z

it follows, letting ¢ — 0 and changing variables w = B~ (z)z, that

C -
gg%f Z A 2)dz =T (03 (2)bpa (2)bir (2)bms ()
J,k,m,p,q,r,s

X / Jj (w)wqw,wsdw
R

N
which due to property (1) from Lemma 3.3.1 and arguing as in (3.12) is equal to
= > (05 ) (@) [ (2)brq (€)bim; () + by (€)big (€)bimq () + bpa (@)bi; (2)bima ()]
Jikym,p,gq
Thus, using (2) from Lemma 3.3.2, we get

tim & z / A2 2)dz =37 {05 () (k) ()b ()b ()

J)k,m,p,q

+(b]k1)p( ) (Okq) 1 (2)bpg ()i () + (ka):;Lp(x)bmj(x)b;kl (@)bpq(2)
(b5 ) (2) (b ) ()b (2)bimg () + (05 ) (2) (Brg ) (2)bps (2)bimg () (3.19)
+(Oka)mp (2)bps (2)b55 (€)bma () + (055 ) (2) (b3 ) (2)bpa (2)bimg ()

(0550 ) (@) (01 ) ()b ()b () + (01 )17 ()b ()b (2)bimg ().

Note that, thanks to (1) from Lemma 3.3.2, some terms from expressions (3.18) and (3.19) cancel.
In fact, the 12" term of (3.18) verifies

Do (0 (@) (05 ) (@)gs (2)brs (2)bip ()i ()

J,k,m,p,q,r,s

== > by ()05 )i(@) (bae) (2)brs ()bip ()b ()

J,;k,m,p,q,r,s
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and since

Z bip (2 =1

if k = ¢ and vanishes if k # g we obtain

= D 5 )m (@) (b) 7 (2)bra (2)bmj ().

J,k,m,r,s

Replacing s by ¢ and r by p, this last expression is cancelled by the 15 term of (3.19). We leave it
to the reader to verify that, in the same way, the 27¢, 4" 5" and 7" terms of expression (3.19) are
cancelled by the 5, 37% 1% and 2"¢ terms of expression (3.18) respectively. Hence, from Part 1.b
only the 37¢, 6t" 8" and 9'" terms remain.

Part 1.c: Compute

J.k,m RN
By equality (3.14) we obtain
. C 3
ggl}) 5 kz - AZ(z,2)dz
J,k,m
C . . B (3.20)
= —5 det B~*(2) > (b )m(x)(det B(x)), . JH(B™N(2)2) 2k zm zpdz.

J,k,m,p

Furthermore, thanks to the result obtained from equality (3.11) in (3.13), inside the proof of Propo-
sition 3.3.3 we get

Cdet B~ (x) >k, m(b ) [on JH (BN (x)2) 2k 2m zpdz
=2 Z b;k ) (brg ) () brms () bps () (3.21)
J,k,m,s

23 (0 @by () +2 3 (b ) @)y e):

In addition, we have Golberg (1972), that is,

det B~ (z)(det B(z: wa brg)h (). (3.22)

Replacing (3.21) and (3.22) in equality (3.20), we have

lim ¢ Z A(x, 2)dz

e—0 N
gokom 'R

== > by (@)(bra)p(@)b5 (@) (i) (2)bims (@) bps () (3.23)

J,k,m,p,q,T,s

= D b (@) (brg)p(@) {(0k)}(2)bpr () + (bpi ) (2)bj() } -

J,k,m,p,q,r

Note that above expression is cancelled with the 71", 10" and 4'" terms of expression (3.18).
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Summarizing, we conclude Part 1 of the proof as follows:

. C 1 _ . C 1 2 3
lim — G:(z,z)dz = 611_1)11 Bl ; /RN(AE (z,2) + A(z, 2) + AZ(z, 2)) dz
J,k,m

= Yo (b (@) (b5 ) (@) [Bas (2)br (@)brs ()i (2)

- bys (2)brp ()b ()b (%) + by (€)bre ()i (2)brp ()
Hbys ()b (@)bis (2)bim; ()] (3.24)

+ Y {brg)mp (@) ()13 (2)bpg ()
J,k,m,p,q

+(Okg)mp ()b ()03 (€)bimg () + (b5 ) (2) (O )om (€)bpg ()b ()

+(bij ) ()b ()03, (2)bimg () } -
Part 2: We have to compute

. 2
;13% % - Gi(z,z)dz.

Which due to relation (3.14), it is equivalent to compute

. C 1 (det B(z — €2)),
Jlimy st/N JB (r—e2)2) " =) 7%

Note that since
/ J(B ' (x)2) zpdz = 0,
RN

letting € — 0, we have that the above expression is %. Consequently, by L’Hopital rule we obtain

lim ¢ Gi(z,z)dz = ¢ Z/ (R;(ﬂc, 2) + R(z,z) + R:(x, z)) dz,
2 7 JrN

where 5 4ot B ,
Rl(z,2) = 2% [J(B—l(a: — ez)z)} % Zp,
2 _ -1 0 [(det B(x — EZ));J -1
Ri(z,z)=J(B™ (z— EZ)Z)& [m} det B~ " (x — €2) zp,
and

R3(x,2) = J(B ' (z — sz)z)%% [det B 'z — £2)] 2p.

Therefore, the Part 2 will be divided into three steps:
Part 2.a: Compute

. C 1

ggrg) 2;/]RN R (z,z)dz.

By identity (3.10) and letting € to 0, we get

CdetB*Q(x) > (b ) (@) (det B(x)), / J{(B™ (2)2) 2k zm 2pdz.

2 RN

Jsk,m,p
Which coincides with expression (3.20). Hence,
. C 1
igr(l) 5 ; - R.(x,z)dz
== D> b @ra)p(@)byi! (@) (bks) o (2)bims ()bps (z) (3.25)
J.k,m,p,q,7,s
= 20 b @)y (@) {(bie); (@)bpn () + (Bpr) (@)bie () }

J,k,m,p,q,r
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Part 2.b: Compute
. C 2
21_1}1(1) 5 Ep /]RN R:(z,z)dz.

If we compute de derivative of (3.22), we obtain that

9 [(det B(x
o | St - (%Zbﬂc 2)(bis ) — 22)
- Z {(b]_kl);n B )Zm(bk])p( - ) + bjkl(:r - €Z)(bkj)gm(‘r - EZ)Zm} .

Therefore, replacing the above expression, letting € — 0 and change variables as w = B 71(2:)2, Part
2.b reads as follows

lim QZ R2(x,2)dz

e—0 RN

Z {053 (@) (B1g ) ()b ()b () (3.26)

],kﬂn P 1 1"
+bj_k (x)(bkj)pm(x)bpq(x)bmq (x)} .
Part 2.c: Compute

3
hm—g szz
e—0

Using again the equalities (3.22) and (3.14)7 letting € — 0 and change variables w = B™"(z)z, we
get

lim ¢ Z R(x, 2)dz

e—0 2 N
P R

= b (@) (brs)imbar (2) (brg)p () bms () bps ().

J,k,m,p,q,T,s

(3.27)

Note that this expression cancels with the first part of (3.25) from Part 2.a.
Summarizing, we conclude Part 2 of the proof as follows:

limg G(xzdthm—Z/ (z,2) —|—R(ﬂc,z)—|—R§(x,z))dz

e—0 2¢ RN e—0
Z { Jk bk]) (2)bpq (2)bmg (x)

S +b;;<x><bkj>;!m(w)bpqmbmq(x)}.

Finally, taking into account that the first sum of (3.28) is cancelled with the 2"¢ and 37 term of
(3.24) and the second sum of (3.28) is cancelled with the last two terms of (3.24). We have, adding
Part 1 and Part 2 in (3.16), that

lim £2(u(x, 1)) = Do () (@) (b5 o (@)bgs (@)brj (2)brs ()b ()
J,k,m,p,q,r,s
+ (b;ql)' (@) (b330 )om (2)bgs (2)brp (2)brs () bm; ()
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Now, applying property (1) from Lemma 3.3.2, each sum satisfies

D (p (@) (05 ) (@)bgs (@)brs (2)bis (2)binp (@)

J,k,m,p,q,r,s

=Y B @B @) b @) () (e o () () (3.29)

J,k,m,p,q,r,s

D (bas)ic(@) (bis)g (@) = > (bin); (2) (bjw )i (),

k,q,s 1,5,k

replacing, in the last equality, indexes {q, k, s} by {4, j, k} respectively. We have

D7 (b ) (@) (05 ) (2)bgs (2)brp (2)brs (2)brm; ()

J,k,m,p,q,r,s

=Y B @B @) b)) (@) () by o (@) () (3:30)

J,k,m,p,q,r,s

D (0rp) (@) (bmp)n(x) = D (bin)i (@) (bse)5(2),

m,p,r 1,5,k

replacing, in the last equality, indexes {r, m,p} by {4, j, k} respectively.
Now,
D Oka)inp (@) ()03 (2)bpa () = > (brg)ip (2)bpa ()

J,k,m,p,q k,p,q (3.31)

= > (bu)i;(@)bse (),

ok
replacing, in the last equality, indexes {k, p, ¢} by {4, j, k} respectively.
Also, we have

D (bra)mp(@)bp; ()b (2)bma () = D (brg)mic (€)bima ()

Jk.m.p,q kym.q (3.32)

=Y (b)) (2)bin(),

ir5sk
replacing, in the last equality, indexes {m, k, g} by {1, j, k} respectively.
1Y g q Y. s Ry gy DY J P y
Summarizing, from (3.29), (3.30), (3.31) and (3.32), we conclude that

hm L£2( Z {(bir) k)i (@) + (bir )i (@) (bjr ) ()

0,5,k

" " 6 azy
+(bir)ij (@)bjk(x) + (bjk)ij (z)bir (z Z axlaxj z,t),
and the Proposition gets proved. |

Proposition 3.3.5 Let u be q C2Hoi+e/2 (RN X [O,T]) function and let L. be the operator defined
as

Le(u(z,t)) = g {/RN Je (B_l(y)(:r — y)) det B_l(y)u(y,t)dy — u(x,t)} . (3.33)

22
Then,

sup
t€[0,T)

82
1) - ZJ 9,07, (aij(z)u(z,1)) HLOC —0  ase—0.
Proof: Thanks to Propostion 3.3.3 and Proposition 3.3.4 we obtain that
sup

i ,t
te[0,T] Z@mz(‘)mj @i (z)u(, 1)) HLOO
< sup | (£:— )( ()|~ + sup | (£2 =T) (u(z,1))|| e = 0,
telo,

te(0,7]
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as e — 0. O
We are now ready to prove our main result.
Proof:[Proof of Theorem 3.1.1] We will denote by w® = u® —v. Note that w® satisfies the following
equation
wi(x,t) = Lo(w®(z,t) + F(z,t), z RN, te[0,T],
(3.34)
w®(z,0) =0, z eRY,

where

Fla,t) = Lo, )~ 3 % (as; ()0 (2, 1)) -

In addition, thanks to Proposition 3.3.5, we can assert that there exists a positive function 6 such
that |F(z,t)] < 0() = 0 as e = 0, for every € RY, t € [0,T].
Next, let us consider

n(e) = max{g URN J: (B7'(y)(z — y)) det B~ (y)dy — 1] € ]RN} ,

it is easy to check that n(g) < oo, for every € > 0. Futhermore, by Proposition 3.3.4 and (3.5) we
obtain

) — max 8az] ,;L‘ERN < 00.
0x;0x;

In this way, we set the following function

0<5) n(e)t n(e)t .
w(a, 1) = @(e” —1) +ee it n(e) #0,

O(e)t + e, if n(e) =0,
for z € RY, ¢ € [0, T]. Now, we claim that @ is a supersolution of (3.34). Indeed, for 7(¢) # 0
Wiz, t) = ()" +en(e) " = n(e) w(x, t) + 6(e)
> L2(W(x, 1)) + Fw,t) = Le(W(w, 1)) + F(z,1),

taking into account that £1(w(x,t)) = 0 in the last equality. We left to the reader to check the case
n(e) = 0. Finally, as w(z,0) = ¢, the claim is proved.

Similar arguments applied to the case w(z,t) = —w(x,t) leads us to assert that w(z,t) is a
subsolution of problem (3.34).

We conclude from the comparison principle, Theorem 3.2.2, that

w<w' <W

and since w(z,t), w(z,t) — 0 as € — 0 our main result gets proved. O

Remark 3.3.6 One can easily check that, for all test function p € CZ(R™) and v € L*RY) N
C*(RYN), it holds that

Lou(z) @ dx—/ Z%J“ B(z) B (2)) (.1 u(z) dz + 0(*) (3.35)

RN

and hence, integrating by parts twice, we get

Leu(x) p(x)dr = /RN Z ax]xk (z)u(z)) p(x)dz + 0(™).

RN
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In fact, for ¢ € C2(RY) we have

= /IRN g {/ J(B™ ' (y)(z — y)) det B~ (y)u(y)p(z)dy — U(w)sa(x)} dx

[ S ([ w6 - e s e ) utids - 5 [ atwpptayas
- [ { [ 27 0= 2 o(Bl)2) = - @(y)} dy

= [ S [ = 26 ds - o5~ i f

with ¢(z) := o(B(y)z). Now we observe that it is well known (see Chasseigne et al. (2006)) that this
last expression verifies

= [ ) A(B @) dy -+ 0.

Using that
A$(B (z)z) = Zso;’jxk (x) (B(x)B" (%)) (j,5)

we obtain (3.35).

Remark 3.3.7 Our results can be interpreted from a stochastic processes viewpoint. In fact, given
the stochastic differential equation
dX: = B(X:) d Wy,
where X; is an N-dimensional random variable vector and Wy is an N -dimensional standard Wiener
process. Our main result states that
Solutions of the rescaled nonlocal problem (3.6), u®(z,t), converge uniformly to the probability

density, u(z,t), that corresponds to the process X;.
See Risken (1984) for more details.



Chapter 4

Parabolic equations with natural
growth approximated by
nonlocal equations

T. Leonori, A. Molino and S. Segura de Ledn, submitted (2017).

Abstract

In this paper we study several aspects related with solutions of nonlocal prob-
lems whose prototype is

N

{Ut :/R J(x —y) (u(y,t) — u(a:,t))g(u(y,t) - u(z,t))dy inQ) x (0,7),

u(z,0) = up(x) in ,

where we take, as the most important instance, G(s) ~ 1+ %lﬂ%sz with 4 € R as
well as ug € L*(£2), J is a smooth symmetric function with compact support and
Q) is either a bounded smooth subset of RY, with nonlocal Dirichlet boundary
condition, or R itself.

The results deal with existence, uniqueness, comparison principle and asymp-
totic behavior. Moreover we prove that if the kernel rescales in a suitable way, the
unique solution of the above problem converges to a solution of the deterministic
Kardar-Parisi-Zhang equation.

89
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4.1 Introduction

This work is concerned with the study the existence, uniqueness, comparison principle and asymptotic
behavior for the following nonlinear parabolic equation with nonlocal diffusion,

ue(z,t) = - J(x —y) (u(y7 t) — u(x,t))g(u(y,t) — u(z,t))dy inQ2 x (0,7), (41)

u(z,0) = uo(x) in

for an appropriate functions J and G (see below (J) and (G)), and its relationship with the local
problem
ug — Au = p|Vul*>  inQ x (0,7),
(4.2)
u(z,0) = ug(x) in , Q
where

1. Qis either RY itself (Cauchy problem) or a bounded smooth subset of R adding the boundary
condition u(x,t) = h(z,t) on 9Q x (0,T) for h sufficiently smooth (Dirichlet problem);

2. T > 0 (possibly infinite) and p € R;

3. up is a smooth enough datum.

4.1.1 Local problem

The equation us — Au = M|Vu\2 , at least for ;> 0, is known in the literature as the deterministic
Kardar-Parisi-Zhang (KPZ) equation. It was proposed in Kardar et al. (1986) in the physical theory
of growth and roughening of surfaces. Further developments on physical applications of the KPZ
equation can be found in Barabdsi and Stanley (1995) (for a survey on more recent aspects we refer
to Wio et al. (2011)).

The Kardar—Parisi-Zhang equation has given rise to a rich mathematical theory which has had
a spectacular recent progress (see Corwin (2012); Hairer (2013)). From the point of view of Partial
Differential Equations, equations having a gradient term with the so-called natural growth have been
largely studied in the last decades by many mathematicians: in addition to the classical reference
Ladyzenskaja et al. (1968) let us just mention the pioneer paper by Aronson and Serrin Aronson and
Serrin (1967) and also the result due to Boccardo, Murat and Puel Boccardo et al. (1989).

4.1.2 Nonlocal problem

Nonlocal evolution equations have been extensively studied to model diffusion processes. The proto-
type example in this framework is the following one

u(z,t) = | K(z,y)(uly,t) — u(z,t))dy, (4.3)

RN
where the kernel K : RY x RY — R is a nonnegative smooth function (not necessarily symmetric)
satisfying K(z,y)der = 1 for any y € RY (or variations of it, see for instance Andreu et al.
N

(2008/09)). Rif u(y,t) is thought of as a density at location y at time ¢ and K (z,y) as the probability
distribution of jumping from place y to place x, then the rate at which individuals from any other
location go to the place x is given by [,x K(x,y)u(y,t)dy. On the other hand, the rate at which
individuals leave the location x to travel to all other places is — [on K(y, z)u(z, t)dy = —u(z,t). In
the absence of external sources this implies that the density must satisfy equation (4.3).

We are especially interested in symmetric kernels (we denote them by J) that have compact
support; it means that the individuals can jump from a place to other, but they cannot go “too
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far away”. On the contrary, for instance, nonlocal operators that allow “long jumps”correspond to
a different choice of kernels. It is the case of the fractional laplacian that involves a kernel that is
singular and that does not have compact support (see, for instance Valdinoci (2009) for a survey on
this latter class of processes).

In particular, we consider J : RY — R as a nonnegative radial symmetric function such that
J € C.(R™), / J(z)dz=1 and / J(2)z3dz < oo, z=(z1,...,2N).
RN RN

With this choice of the kernel, equation (4.3) changes into a diffusion equation of convolution
type, namely

ut(z,t) = (J *xu—u)(x,t) = /]RN J(x — y)u(y, t)dy — u(z,t), inQ? x (0,7) (4.4)

(see for instance Bates et al. (1997); Chasseigne et al. (2006); Cortazar et al. (2007)).

4.1.3 Background

One of the most important features of nonlocal equations is that can be rescaled to approximate local
ones.

In Cortdzar et al. (2009) (see also Molino and Rossi (2016) for the same type of result in a
more general case) it has been proved that, under an appropriate rescaling kernel, solutions of (4.4)
converge uniformly to solutions of heat equation. To be more specific, solutions of

() = g U J.(2 — y)uly, t)dy — u(z, ) inQ x (0,7) (4.5)
RN
converge uniformly to solutions of

vy = Av inQ x (0,7),

where C™' = 1/ J(2)zx dz and J.(s) =
2 JpN

1 s
—J(=).
eN (s)

Let us mention that results in this direction, with the presence of a gradient term of convection
type can be found, for instance, in Ignat and Rossi (2007): in such a case the equation is the sum of
two terms, one corresponding to the diffusion one, the other to the convection term.

In general, we consider nonlocal problems of the type

ue(z,t) = /RN J(z —vy) (u(y, t) — u(z, t)) g(u(y,t) — u(l:,t)) dy, (4.6)

where G : R — R is a suitable continuous function. For instance, if G = 1, then we recover problem
(4.4). Let us mention the case G(s) = |s|P~2, with p > 2 has been treated in Andreu et al. (2008/09)
where it is proved that solutions to the rescaled nonlocal problem converge to solutions of the Dirichilet
problem for the p—Laplacian evolution equation.

On the contrary, the kind of kernels G we consider does not have the same structure of the previous
ones, since they are bounded and do not satisfy any symmetry assumptions (neither odd nor even).

With this background, it is not surprising that problem (4.2) can be approximated by nonlocal
equations. The question is to identify what kind of nonlocal equation approximates, under rescaling,
problem (4.2). At first glance, one could think that a good approximation for (4.2) might be a nonlocal
equation such as

we )= [ =)o —u@n)dy+ [ I = lutnt) —ulw0f dy,

RN
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that is, taking G(s) = 1+ pus in (4.6). We explicitly point out that this is an unbounded function that
satisfies G(0) = 1 and G'(0) = p (compare with condition (G) below). Anyway, for our approach the
lack of boundedness of G leads to an obstacle for proving the existence of a solution to (4.6) via a fixed
point argument. By the other hand, we recall that one of the main tools to deal with problem (4.2)
is the so—called Hopf-Cole change of unknown which is defined by w(z,t) = e*“(®Y), This transforms
every classical solution to (4.2) into a classical solution to problem

w(z,t) = Aw(z,t) in  K(0,T),

w(z,0) = etvo(@ inQ ,
for a smooth enough datum uo. However, the same kind of difficulty are found if one try to reproduce
the Hopf-Cole transformation and try to approximate the solution of (4.2) by something of the form

Ut(:]:,t) = J(IE _ y) (e#u(yyt) _ e,uu(a:,t)) dy.
RN

4.1.4 Main results

To conclude this introduction we want to state the most relevant results of our work. In order to not
enter in technicalities, let us fix a family of kernels G,, that are the easiest (not trivial) example we
can consider: for pu € R let

us
=14+ —— R R
g#(s) + 2(1 +N252) ) s € ) M S )

and the corresponding family of nonlocal Dirichlet problems

ue(z, t) = /}RN J(x —y) (u(y,t) - u(x,t)) Gu (u(y,t) - u(x,t)) dy inQ x(0,7),
u(z,0) = uo(x) in ,

u(z,t) = h(z,t) in  (RY\Q)x(0,7).
(4.7)
with 2 a bounded domain and uo and A smooth enough.

After have proved the existence, uniqueness (see Theorem 4.2.3) and a Comparison Principle (see
Theorem 4.2.5) for solutions of (4.7), we face the problem of rescaled kernels.

The result we prove, in this model case, reads like this.

Let u be the unique smooth solution to (4.2), with suitable initial data ug and boundary condition
u(z,t) = h(z,t) on 9Q x (0,7). Then there exists a family of functions {u®}, € > 0, such that u°
solves the approximating nonlocal problem

(u (y, t) — us(z,8))?

I

c . ‘
e =g Jg(xfy)[(u ) =t 0) +g1+u2(uf(y t) — u(2,1))”

Q.
inQ x (0,7),
u®(z,0) = uo(x), inQ?
us(z,t) = h(z, t), in (92,\92) x (0,T),

with C' a suitable constant, Q. = Q 4 supp J. and the family {u®} satisfies

lim  sup Hus(m,t —u(z,t H =0.
=0 40,1 )~ ul@b) Loo(Q)
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The same kind of results (i.e. existence, uniqueness and convergence for a suitable rescaled kernel
to a solution of a local problem) are also proved for the corresponding Cauchy problem associated
(ie., Q= RM).

In addition, we deal with the asymptotic behavior of the solutions of problem (4.1). Concretely,
we have two kind of results: if Q is a bounded domain of RY, we prove that the solutions of (4.7)
converge uniformly to the stationary one. On the other hand, if Q= RY, we prove that the L?*-norm
of the solution has a suitable decay in time, depending on the nature (absorption or reaction) of the
kernel (see for more details Theorems 4.2.16 and 4.2.17, respectively).

Plan of the paper

Section 2 is devoted to show the precise statements of the main results. Preliminaries are contained
in Section 3. Section 4 deals with the Dirichlet problem in a bounded domain, while the results
concerning the Cauchy problem can be found in Section 5.

4.2 Statement of the results

This section is devoted to the statement of the main results we prove in the present paper.
Let us consider the following equation:

wet) = [ I~ puyint) 9l ul . 0) dy (1.9
R
where J : RY — R is a nonnegative radial symmetric function such that
J € C.(R™), / J(z)dz=1 and C(J):= / J(2)zxdz, z=(z1,22,...,2N) (J)
RN RN

and where, here and throughout the paper, we denote u(y; z,t) := u(y, t) — u(z,t).

As far as the function G is concerned, we assume that G : RY xR —- R is a nonnegative
Carathéodory function (namely, G(-,s) is measurable for every s € R and G(z,-) is continuous for
almost every = € RY) satisfying

G(z,s)s — G(z,0)o

s§—0

E|a22a1>0:a1§

< g, Vs,0 €R s# o, and for a.e. zeRY (9)

Let us first point out that the above condition implies that G is a positive bounded function, since
taking o = 0 in (G), we get

0< a1 <G(z,s) < ag, for any s € R and for a.e. x € RV,

Moreove observe that the above condition relies to be a sort of uniform ellipticity for the operator,
while (G) corresponds to a strong monotonicity.

Further remarks about the condition on G are addressed to Section 3.

Anyway, let us stress again that, in contrast with all the known results about nonlocal equation
of the above type, in our case we do not require any symmetry (neither odd nor even) assumption to

G.

The prototype of G we have in mind (we will come back on this example later) is the following
one:

_ p(z) s
90 = S )

where p : Q — R stands for a measurable function.

reQ, seR,
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4.2.1 Dirichlet problem

The first kind of results we want to prove deals with the existence and uniqueness of solutions of
a nonlocal Dirichlet boundary value problem. More precisely, consider the following problem in a
bounded domainQ C RY, N > 1.

u(z,t) = /RN J(x — y)u(y; z,t) Gz, u(y; x,t)) dy, inQ x (0,T)
u(x, t) = h(z,t), in (RY\ Q) x (0,7),
u(x,0) = uo(z), in€2

with h € L' (RV \ Q) x (0,00)) and uo € L*(12).

Let us first observe that the integral expression vanishes outside ofQ? ; = Q + supp(J). In this
way, h is only needed to be fixed, in fact, inQ ; \ @ and we can rewrite the above problem as

wet)= [ Ja = pulyn) Geulin )y, 09 x 0.7,
() = h(at), in (Q\ Q) x (0,7), (P)
u(z,0) = uo(x), inQ) ,

where T' > 0 may be finite or +oo.

Due to the aim of the paper, we give now two definitions of solution.

Definition 4.2.1 Assume that J and G satisfy (J) and (G), respectively.
For h(z,t) € L*((27\ Q) x (0,T)) and uo(zx) € L*(Q), we define a weak solution of problem (P) a
function u € C([0,T); L*(R)) such that:

u(z,t) = /0 /Q J(z — y)uly; z,7)G(z,u(y; z,7)) dy dT + uo(x), for a.e. z € Q, t € (0,T), (4.9)

u(y,t) = h(y,t), forae yeQs\Qandte (0,T)

lim |lu(z,t) —uo(x)|lL1o) =0.
t—0+

Moreover, if h(z,t) € C((25\ Q) x (0,T)) and uo(z) € C(Q), we define a reqular solution of
problem (P) as a function u € C([0,00);C()) such that:

t
u(z,t) :/0 ; J(x = y)uly; 2,7)G(x, uly; 2,7)) dy dr +uo(z), for any z € Q, t € (0,T),

u(y,t) = h(y,t) for anyy € Q7 \Q and t € (0,T)

Jlim[uz, 1) = uo(@)l|ega) = 0.

Some more remarks about the meaning of weak and regular solutions are in order to be given.

Remark 4.2.2

i) Observe that, in addition to the different smoothness of the boundary condition and/or the
wnitial datum, the main difference lies on the prescription of data on 0). Indeed, for weak
solutions, h is prescribed in (Qs \ Q) x (0,T) and uwo in Q, while for regular solutions, h is
prescribed in (7 \ Q) x (0,T) and uo in Q.

it) As already noticed in Chasseigne et al. (2006) (in a different context) the boundary conditions
cannot be meant in a classical way, i.e. it is not true that the solutions of problem (P) pointwise
coincide with the prescribed boundary data h(zx,t). This is due to the fact that the value at any
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point (x,t) € 02 x (0,T) depends both on the values of u inside Q x [0,T] and on the boundary
datum h(z,t), since

u(z,t) = /0 /Qmuppj J(x —y)u(y; z,7) Q(x,u(y,r) —u(z,r )) dy dr

. /Ot /Qmsuppj J(z —y)(h(y,7) —u(z,7)) G(z,h(y,7) — u(z,7)) dy dr + uo(x) .

Consequently, in contrast with the local case, the equation is solved up to the boundary, depend-
ing, near 0), also of the prescribed boundary condition.

1) Let us stress that the regularity required in the definition of weak solutions is the less restrictive
in order to give sense to the formulation and to the boundary and initial conditions. Anyway
from (4.9) we deduce that the time derivative ut(x,t) of u also belongs to C((0,00); L*(Q)).

Let us also point out that the weak solutions framework is the more natural one in order to
prove the ezistence of a solution. Indeed we only require an L' regularity to prove the existence
of a solution.

Finally we want to underline that the nonlocal operator involved in such equation does not have
the regularizing effect that is typical of the Laplacian, but leave unchanged the reqularity of the
initial and boundary data.

Our existence result is the following.

Theorem 4.2.3 [Ezistence] Consider problem (P) and suppose that (J) and (G) are in force. Then:

i) For any uo € L'(Q) and h € L' (25 \ Q) x (0,T)) there exists a unique weak solution;
i) For any uo € C() and h € C((Q2s\ Q) x [0,T)) there exists a unique regular solution and
moreover its time derivative belongs to C(2 x (0,T)).

Once we have deduced the existence of a solution, one important tool is to compare two solutions,
or, more generally a sub and a supersolution. Here we recall what we mean by those concepts in our
setting.

Definition 4.2.4 A function u € C(Q x [0,T]) is a regular subsolution to problem (P) if it satisfies
uy € C(2 x (0,T)) and
w(et) < [ - pulyiet) ey ) dy, 00 x (0.7),
Q _
u(z,t) < h(z,t), in (Qs\Q) x (0,7), (4.10)
u(z,0) < uo(x), in Q,
with uo(z) € C(Q) and h(z,t) € C((Qs\ Q) x (0,T)).

As usual, a reqular supersolution is defined analogously by replacing “<” with “>”. Clearly, a reqular
solution is both a regular subsolution and a regular supersolution.

Next, we state our comparison principle.

Theorem 4.2.5 [Comparison Principle] Let u an v be a regular subsolution and a regular supersolu-
tion of problem (P), respectively, with boundary data hi(z,t) and h2(x,t) and initial data uo(x) and
vo(z), respectively. If hyi(z,t) < ha(z,t) in Qs \ Q and uo(z) < vo(x) in Q, then u < v in Q x [0,T].
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Remark 4.2.6 The existence, uniqueness and comparison principle are also true relaxing the hy-
potheses on the kernel J(x — y) by considering a more general one of the form K : RY x RY — R*
with compact support in Q x B(0, p), with p > 0 such that

0< sup K(z,y) = R(z) € L™(Q).

yEB(0,p)

The next result we want to prove relates solutions of local and nonlocal equations. In order to
do it, let us fix a Holder continuous function p :  — R with exponent « € (0,1), and consider

_ (@) s e
Gu(z,s) =1+ 30 + p(2)257) (z,s) € @ xR. (4.11)

The local problem we are interested in is the following
vi(z,t) = Av(z, t) + p(x)|[Vo(z, ) inQ x (0,7T),
v(z,t) = ho(z,t) on 99 x (0,7), (4.12)
v(z,0) = vo(x) in . Q
Observe that if for the same 0 < a < 1 we have that 9Q € C***, vy € C't*(Q), h € C1 T 1T/2(HQ x
[0,T]) with vo and h compatible (namely, they are globally a C1**1%¥%/2 function of the parabolic
boundary of the cylinder) and the equation holds up to the boundary, then Theorem 6.1 of Chapter
V in Ladyzenskaja et al. (1968) provides a solution v € C2T*1+2/2(Q) x (0, T7).

Such a result becomes trivial if we assume p(z) = p € R, after the Hopf-Cole transformation,
since solutions of the heat equation satisfy the required regularity.

We set here the definition of classical solution.
Definition 4.2.7 We say that v € C(Q x [0,T]) N C?t*1+2/2(Q x (0,T)) is a classical solution for

the Dirichlet problem (4.12) if it satisfies both the equations and the boundary and initial conditions
n a pointwise sense.

Consider now, for any € > 0 the rescaling nonlocal problem

i (1) = ) / Jo(@ — ) (g2, t) Gy, w (g2, )y in T x (0,7),

g2 S
W (z,t) = hz,t) in (5. \Q) x0,71), (“413)
u®(z,0) = uo(x) in Q,

where G, defined in (4.11) and C(z), uo and h are suitable measurable functions.

Here we state our converging result.

Theorem 4.2.8 Let Q be a C*™, with o € (0,1), bounded domain of RY, N > 1, and let v
be a classical solution of the quasilinear problem (4.12) with h € C'** (Q;.\Q x (0,T]) such that
h’aﬂx(o = ho(z,t) and vo € C*T*(Q). Assume that J satisfies (J) and that for a.e. = in Q, G(z, s)

is a C'T* function with respect to the s variable such that that (G) holds true. For any e > 0, let uf
denote the solution to

ui(z,t) = @ /n Je(z — u’(y; 2,t) Gz, v’ (y; 2, t))dy  in Q x (0,T),
W@ ) = h(z ) in (Q.\Q) x (0,1), (414

u®(z,0) = vo(x) in Q,
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with C(z)~' = 3C(J)G(z,0) and p(z) = % for any a.e. x € Q. Then we have
lim  sup Hus(x,t) —v(z, t)H =0

e=0  tefo,1] Lo ()

Let us stress that the same kind of result (as well as the existence, uniqueness and Comparison
Principle one) can be proved in a more general framework. First of all, we might consider the same
equation adding on the right hand side a (smooth enough) function. On the other hand, a more
general kernel, that depends also on y could be considered (see Remark 4.4.3 for some more details).
We decided to skip these generalizations in order to keep the paper more readable.

The last type of results of this section deals with the asymptotic behavior of the solutions to
(Pk). More precisely we prove, as it is usual for parabolic equations, that a solution of problem (Px)
converges, for large times, to a stationary solution of the same problem.

In order to avoid technicalities, we assume that the lateral condition is homogeneous, i.e. h(z,t) =

Here we state our result that asserts such a convergence, even if, under some additional hypotheses,
we provide results on the rate of convergence (see Remark 4.4.6 for more details).

Theorem 4.2.9 For every 0 < ug € Co(Q), the regular solution to problem

ue(x,t) = /Q J(z — y)uly;x,t) Gz, u(y;z,t))dy  in Q x (0, +o0),

u(w,t) = 07 mn QJ \ﬁ X (0, +OO), t> 0, (415)
u(z,0) = uo(x) in Q,
satisfies B
tlim u(z,t) =0 uniformly in €.
— 00

Remark 4.2.10 We want to stress that the hypothesis uo > 0 is not, in fact, necessary, but we
assume it just to let the proof easier.

Let us just point out that we have two special cases whose asymptotic behavior is well known in
the local setting. If we assume that

38 >0: G(zx,s)s < Bs, Vs € R, for a.e. z € RV, (4.16)

it corresponds to the absorption case, i.e. the case in which we have (at least) the same decay
estimates as if G = 1. In fact we can deduce (see Remark 4.4.6) that in the absorption case the rate
of convergence at 0 is of exponential type. On the other hand, if

38 >0: G(z,s)s > Bs, Vs € R, for a.e. z € RY. (4.17)

the result is more surprising since it correspond to the reaction case. In this framework it is crucial
to deal with smooth solutions, since we exploit, in the proof, the comparison principle.

4.2.2 Cauchy problem

This section deals with the Cauchy Problem related to (4.8), that is
(e, 0)= [ I~ yulyie.t) Glo ulyi ) dy i BY x (0,7)
u(z,0) = io(:v) in RV,

with G as in (G), J as in (J) and uo € C(RY). First let us give the notion of solution.
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Definition 4.2.11 Given ug € C(RN) we define a solution of problem (C) as a function u €
C ([0,T);C(RN)) such that it satisfies

¢
u(z,t) = / / J(z — y)uly; z,7)G(z, u(y; z,7))dydT + uo(x) in RN x (0,7).
0o JRN
Consequently, due to the integral expression above, u € C* ((O,T);C(RN)).

The first result we want to present in this framework deals with the existence of a bounded
solution.

Theorem 4.2.12 [Ezistence] For every continuous and bounded initial data uo there exists a unique
solution u € C ([0,T); C(RN) N L= (R"Y)) of problem (C).

We continue this section proving the comparison principle for our problem. For this purpose, we
first set the notion of sub and supersolution.

Definition 4.2.13 A function u € C° ([0,T),C(R™))NC" ((0,T),C(RY)) is a subsolution of problem
(C) if it satisfies

wl@ 0% [ J@ = uula. 00 ulpz. )y, inBY x (0.7),

N
u(z,0) < up(x), in RY.

As usual, a supersolution is defined analogously by replacing “ <7 by “ > 7.

Next we state the comparison principle in this framework.

Theorem 4.2.14 [Comparison Principle] Let u,v be a subsolution and supersolution respectively of
problem (C) with initial data ug € C(RY) N L= (RY) and vo € C(RY) N L>=(RY), respectively, such
that uo < vo in RY. Then u < v in RN x (0,7).
Now, we prove that given a classical solution (i.e., v € g2ronttar? (RN x [0, T})) of the parabolic
problem with a quadratic gradient term of the form
vie(w,t) = Av(z, t) + p(x)|Vo(z,t)]>  in RY x (0,7)
(4.18)
v(z,0) = vo(x) in RV,

with vo € C(RY) N L>®(RY) and p(z) € C* (RY) N L™ (RY), it can be approximated by a solution of
the nonlocal problem

C c < .
i =D [ re- im0 G )l mE < OD. o
us(x70) :’Uo(x), in RNv
such that % = p(z). As usual C(z)~" = $C(J)G(x,0) # 0 and J-(s) = g J(£).

Theorem 4.2.15 Let v be a classical solution of quasilinear differential equation (4.18). Let, for a
given € > 0, u® be the solution to (4.19), with the same initial datum vo € C(RY) N L= (RYN). Then,
we have

L o) [0 (o 8) = v D) oo vy = 0-
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Finally, we study the asymptotic behavior of the solutions associated to the Cauchy problem.
Our result depends on the nature of G, i.e. if it is of absorption or reaction type.

Summarizing, we obtain the following results:

Theorem 4.2.16 For N > 1, let u be a solution of Cauchy problem (C) satisfying (4.16) and positive
initial datum ug € L*(RN)YNL®RY)YNC(RY). Then there exists a positive constant C = C(J, N, 3, q)
such that

_N(1_1
s )l aceny < Clluolls ey £~ % (75), for any g € [1,00),
for t sufficiently large.

Theorem 4.2.17 For N > 1, let u be a solution of of Cauchy problem (C) with G = G,, 0 < pu €
L= (RY) and positive initial datum uo € L*(RY) N L= RY) N CRY) satisfying

0 Loo(]RN> Loo(]RN) . .
[[uoll il <1 (4.20)

Then,

S

2 = _
lu(-, Ollz2@yy < Clluollpr@nyt™ 2,

for some C = é(||ﬂ||Lm(RN), lluoll oo mivys N, J) > 0 and for t sufficiently large.

4.3 Preliminaries

Notation. Throughout this paper, we always use the following notation:

we denote in a short way u(y;z,t) = u(y,t) — u(x,t). Moreover the time variable will always get
values between 0 and T, with T" > 0. As far as the kernel J is concerned, we assume that it is defined
as in (J) and such that G satisfies (G) and C' = 2C(J)7 !, J.(s) = ~J(2).

As far as the the function G(z, s) is concerned, we observe that, for a function G differentiable
with respect to s we have, thanks to the Mean Value Theorem, that

ar < Q;(m,s)s +G(z,s) < ag, for any s € R a.e. inx € RY. (4.21)

Moreover, if G is differentiable with respect to s, condition (G) is equivalent to define 7 : RY x
R xR — R with
0< a1 <Y(z,s,0) < as fora.e. x €, Vs, o €R,

such that Gz s) a0
z,8)s — G(z,0)o0 .
Y(z,8,0) = s—o it s#o, (4.22)
Go(z,8)s + G(, 8) if s=o.

We also remark that, in particular, condition (G) implies G(z,0) # 0 for any = € RY.

Here, we state the following technical result which allow us to see that the function defined in
(4.11) satisfies the basic condition (G).
Proposition 4.3.1 Let p,q and k be real numbers, then the following properties hold true
__kp_
2(1 + k*p?)

kp kq _ k(p+q)
P [1 a0 +k2pz>} ~d [1 a0 +k2q2>] =P-a [1 T AT R+ ) |

<1+ S;

=~ w
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k(p+q) <14 3v3
20+ F2p?)(1 + K2¢%) 6

1-——<1
6 = +

3V3
6 16
p(x)s

M, bl tionp: RY — R, th tion defined b =l
oreover, for any measurable function p , the function defined by G,.(x, s) + 30+ p(2)257)

satisfies the following conditions
(i) (1 - %) (s—0)<Gu(z,8)s — Gu(z,0)o < (1 + 31—‘?) (s—a), fors>o, zeRY;
(i) if 4 >0, then G, (x,s)s < s, for any (x,s) € RY x R;
(i1) if p < 0 then Gu(z,s)s > s, for any (x,s) € RY x R.

Proof: The first two inequalities are straightforward while for the third one we just remark that
the function given by

|z| + [y
x, = " 4
fay) (14 22)(1+y?)
. . . 3V3 . 1 1
attains its maximum =¢= at the point (3, 3).

Now, (i) is a consequence of the previous inequalities. Conditions (¢7) and (ii) follow by the fact that
% < Gu(z,s) <1, if (z,5) € RY x [0, 00),
1< Gulz,s) <2, if (z,5) € RY x (—00,0],
for p(xz) <0, and
1< Gu(w,s) < 3, if (z,5) € RY x [0, 00),
% <Gu(z,s) <1, if (z,5) € RY x (=00,0],
for p(z) > 0. O

Remark 4.3.2 Let us stress that in the above result we only assume that u(x) is measurable, without
any hypotheses on its reqularity.

Lemma 4.3.3 Let q > 1, there exists ¢(q) > 0 such that
(a—b)(a” ' —bT") > ¢(q) (a% - b%)2, for any a,b > 0. (4.23)

Proof: Without loss of generality we assume a > b. Therefore, (4.23) is equivalent to prove that the
function
(1—-0)(1—0""")
(1-6%)2
is bounded below by a 0 < ¢(g), being 6 = b/a.
The result just follows by computing the derivative of F' and noticing that it is decreasing. Hence
the minimum of F is achieved at 6 = 1, and lim F(0) = 4(];21 . O
6—1— q

F(0) = 0 co,1),

4.4 Proofs of results about Dirichlet Problem

We start by proving the existence result.
Proof:[Proof of Theorem 4.2.3] i) Fixed an arbitrary T > 0, we set the Banach space Xr =
C([0,T); L*(Q)) endowed with norm

—M
ol = o e ()l e (4.24)

for some M > C = a2 ||J|| o< (a) (|| + |supp(J)]).
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Let T : X — X1 be the operator defined by
t
Tt = [ [ I = polser)9 o) dydr +ufo),
o Ja,

with v(y,t) = h(y,t) for y € Qs \ Q. Then, we prove the existence and uniqueness of solutions of (P)
via the standard Banach contraction principle applied to the operator 7. In this way, using Fubini’s
Theorem and since G is bounded, we obtain

t
1T @ )y < luolloie + s / / / Iz — p)lo(y; 2.7)| dy d dr
o JaJa,
t
< Juollpy + a2 / (/ (@ — )lo(yr)| dyde + / J(x—y)|v<x,T>\dydx)dT (4.25)
0 QJQy 5 QJQy

C -
< luollzsoy + 7 (€ = 1) llelll + Ca,

where C1 = az||J|| e @) (2] + [supp(J)|) and Co = az||J|| oo @n) |2 2]l 1 (2, 0 x (0.00)) - There-

fore

] A
TS gas (e uollia +E2)+ S5 (1=e) el

0<t<T
- 4
<luollL1(oy + C2 + MHMH .

Hence, 7 maps Xt into itself. Note that all the involved constants do not depend on the value T
Now, by virtue of (G), we can assert that for every w, z € Xrp

’(T(w) —T(2))(x, t)’ < /0 A J(x — y)!w(y; z,7)G(z,w(y; z,7)) — 2(y; 2,7 )G(z, z(y;xn-))! dy dr

t
Saz// J(x —y) lw(y;z,7) — 2(y; 2,7)| dy dr.
0 Qy

Therefore, arguing as in (4.25), we get

Ch [ ae
1T () = Tl < S (™ 1) llhw— 2111
Thus, since M > C, we get

17 (w) =TI w2l

with 0 < ¥ < 1. Hence T is a contraction and by the Banach’s Fixed Point Theorem there exists
a unique v € Xp such that 7(u) = u, i.e., consequently we get local existence and uniqueness of
problem (P) for 0 < ¢ < T. Moreover, since this argument is independent of the value T', we obtain
a unique solution u € C([0, 00); L*(Q)) of problem (P).

ii) For the second part it is sufficient to change the definition of ||| - ||| in (4.24), replacing LY(Q)
with C(€2). The regularity of u; easily follows by using the equation solved by w. a

Next we deal with the proof of the comparison principle.
_ Proof:[Proof of Theorem 4.2.5] We denote by w = u —v. Obviously w € C(Q x [0,T)), ws €
C(2 x (0,7)) and it satisfies

wi(x,t) < i J(x —y)(w(y,t) —w(z, t)Y(w(y; z,t) dy, in Qx(0,T),
w(z,t) <0, inQ ;\Q x (0,7),

w(z,0) <0, in Q,
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where 1) is the function defined in (4.22).

Assume by contradiction that w(z, t) is positive at some point (%, £) that, without loss of generality,
we can assume that belongs to©2 x (0,7]. Thus, by the continuity of u and v, there exists a § > 0
such that w(&,%) — dt > 0. Let us denote by (xo,t0) the maximum point of w(x,t) — &t which is, by
construction, positive. Consequently being u; continuous inQ2 x (0,7'), we have that

wt(xo,to) — (5 Z 0.

On the other hand, plugging it into the equation in (4.10), we get

wi(xo,to) < J(xo —y) (w(y, to) — w(xo, to))w(w(y, to) — w(xo, to))dy

Qy

= /ﬂ J(zo — y) ((w(y, to) — 6to) — (w(xo, to) — to)) b ((w(y, to) — 6to) — (w(zo,to) — bto))dy

+/ J(zo — y) ((w(y, to) — dto) — (w(xo, to) — to)) b ((w(y, to) — dto) — (w(xo,to) — bto))dy,
Q\Q

and the last two integrals are nonpositive. Indeed as far as the first one is concerned, we observe
that (zo,to) is a maximum point, while ¢ is positive; moreover outside 2 we use that the boundary
condition is negative and that w(xzo,to) — dto > 0, as well as the positivity of 1. Hence we get a
contradiction. d
Our goal is now to get a proof of Theorem 4.2.8. Here, we start with a preliminary Lemma.

Lemma 4.4.1 Let u € C>to1+e/2 (RN X [O,T}), G(z,s) a C*T* function with respect to variable s
such that G(x,0) # 0 for a.e. x € Q, and let L. be the following operator

C
£eute,) = S [ o= ) i) O (o, i) do (1.26)
where ﬁ = 1+C(J) G(,0). Then, 3c=c(T) > 0 such that, Ve > 0
sup Hﬂs(u(x,t)) — Au(z,t) — p(z)|Vu(z, )| <ceg”
t€[0,7] Lo (Q)
2G.(z,0
where p(x) = %

Remark 4.4.2 Observe that the integral expression above vanishes outside of . = Q + esupp(J).
In this way, h is only needed to be prescribed in Q. \ Q. Observe also that, thanks to the hypothesis
of Theorem 4.2.8 we use, in the following, that

h(z,t) = ho(z,t) + O(e) in Q\ Q..

Proof: In order to compute L.(u(x,t)) we make the change of variables y = x — ¢z, and we get

C(x)

2

Le(u(z,t)) = /IRN J(2)u(x —ez;z,t) Gz, u(z — ez; z,t) )dz. (4.27)

Moreover by Taylor formula we have that G(z,0) = g(x, 0) + Gi(x,0)5 + O(5*™*), and

ou(z 24a
u(z —ez;x,t) = —¢ i 8m zit o Z 636, szJrO(g7L ),

Consequently

Le(u(z,t)) = Si(x,t) + Sa(z,t) + Sz(x,t) (4.28)
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being
Si(z,t) = M /]RN J(2)u(z —ez;z,t) dz,
Sa(z,t) = %é(xo) - J(2)u(x — ez x,t)* dz,

S3(z,t) = Ce(f) /uzaN J(2)u(z —ez;2,4)° T dz = O(e™).

First, we deal with Si(z,t) and we obtain

Ou(z,t) a
- —Z ) [ @)zt ot Z 8%8% /}RNJ@)zizjw(s)

RN
0u(zx, )
= @ 4.29
Z e TO(E), (4.20)
using in the last equality that J is radially symmetric, that is, fRN J(z)zidz = 0 and
J(2)zizjdz =0 ifi#j.

RN

In order to compute Sz(x,t), using the expansion of u(z — £z;z,t) up to the first order, we get

Sg(x,t) g’ 1' 0 / J ( 8u(:r,t) 2+ o) (81+a)> dz

ox;

Ou(z,t) du(z, t) o
Z R o1, /JRN J(2)zizjdz + O (%) (4.30)

_ 26! ( 0) ou(z,t)\* o
: (0]
g(l’ 0) Z Ox; + (E )’
using again, in the last equality, that J is radially symmetric. Finally, setting u(z — ez;z,t) = O(e),

we obtain that S3(x,t) = O (¢%) and gathering together (4.28) with (4.29) and (4.30), we deduce that
(4.27) becomes

Le(u(z, 1)) =A u(z,t) + p(z)|Vu(z, ) + O ()
concluding the proof. O

Remark 4.4.3 Arguing as the in the proof of the above Lemma, we can state the following assertion:
the operator defined as

Lo(u(z,t)) = Cs(f)

[ o =gy i, 0 Gy u(ws . 0) s
R
converges uniformly in [0,T] x Q, as € — 0, to the operator

Au(m7 t) + Vyn(l” O)V’U,(.’E, t) + 77; (3:7 0)|V’U,($, t)|2,

being n(z, s) = log G(x, s)?. Therefore, the role of the variables is not symmetric.

Remark 4.4.4 Let us recall that given pn : RY — R, then G, (x, 5) defined in (4.11) satisfies 29, ;zog)) =
wu(zx), for any x € RY.
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Now, we prove the main result of this section. That is, classical solutions of (4.12) can be
approximated by solutions of problem (4.13) which in a general setting reads as follows,
Proof:[Proof of Theorem 4.2.8] Let ¥ be a C2te1+e/2 (RN x [0,71]) extension of v, the solution
to (4.12). Denote by h(z,t) = #(x,t) for any (z,t) € (RV\Q) x (0,7]. Then h is smooth and
h(z,t) = ho(z,t) if x € O and we get
h(z,t) = ho(z,t) + O(e), for z € Qs \ Q. (4.31)
Observe that ¢ verifies
O (2, t) = Av(a, t) + p(z) | Vo(x, t)*> inQ,
(z,t) = h(x,t) in( 5.\Q)x(,7), Q
o(x,0) = vo(x) in . Q
Theorem 4.2.3 asserts that, for any given £ > 0, there exists a unique u® which is solution to
(4.14).
Set w® := ¥ — u®, which satisfies
wi (w,t) = Av(x, t) + p(@)|Vo(z, )]* — Lo (u(z,1))  inQ x (0,T),
w(x,t) =0 in (. \Q)x(0,T), (4.32)
w®(z,0) =0 inQ) .
By using condition (4.22), we set
M. (w(z,t)) := Le(0(z,t)) — Lo (u®(z, 1))
Cl(x ~ € €
=D ) 0,0, 1) w2, )y,
Q.
Ac(B(a,1)) 1= AB(, 1) + (@) [V, O — Lo(5(, ).

In this way, we replace equation (4.32) by the following
wi (x,t) = Ac(0(x, 1)) + Mc(w(2,t)), inQ2 x (0,7),
w®(z,t) =0, in (Qs.\Q) x(0,7), (4.33)
w®(z,0) =0, inQ2 .
We begin by proving that for K1, K> > 0 sufficiently large, w(z,t) = K1£“t + Ka¢ is a supersolution
of (4.33). Indeed, taking into account Lemma 4.4.1 and that M. (w(zx,t)) = 0, we obtain
wi(x,t) = K1e® > A (0(z, 1)) =A (0(x, 1)) + M (W(z, 1)),

for x € Q, ¢t € (0,T]. Moreover, w(z,0) > 0 and by (4.31), we have that w(x,t) > Kee > O(e), for
z € Qs \Qandt e (0,7]. Consequently, w is a supersolution of (4.33).
Now, by the comparison principle stated in Theorem 4.2.5, we get

o —u’ < K1€at+K28. (4.34)
By the other hand, similar arguments applied to the case w = —w leads us to assert that w is a
subsolution of (4.33) and using again the comparison principle we obtain

U—u® > —Ki1e%t — Kae. (4.35)

Hence, by virtue of (4.34) and (4.35)
sup |lu®(,t) —v(,t)||pe o) < K1e°T + Koae,
te[0,T]

that vanishes as € goes to 0. (]
Here, we deal with the asymptotic behavior of the solution. In order to prove the main result
(i.e. Theorem 4.2.9), we start with an intermediate result.
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Theorem 4.4.5 Given \ # 0, consider the problem

w(z,t) = [ J(&—-y)G(z,u(y; =, t)u(y;z,t)dy, =€Q, t>0,

Qy B
u(z,t) =0, reQ\Q, t>0. (4.36)
u(z,0) = A, x €.

Then the unique solution to problem (4.36) satisfies

lim u(-,t) =0, wuniformly in Q. (4.37)

t—oo

Proof:We assume that A > 0, the other case may similarly be proved.

Let u € C(Q x [0,00)) be the unique solution to problem (4.36) with A > 0. Since v'(z,t) = X
and v?(z,t) = 0 define a supersolution and a subsolution, respectively, it follows from the Comparison
Principle that

0 <wu(x,t) <A, forevery in Q x (0,+oc0). (4.38)

Moreover, fixed 7 > 0, the function v (z,t) = u(x,t + 7) defines a solution with initial datum
ug(z) = u(z,7). Thus, the basic inequality (4.38) implies 0 < ug(z) < A. Appealing again to the
Comparison Principle, it yields

0 <wu(z,t+7) <wu(z,t), forevery in Q and for any 7 > 0.
Hence, we obtain that our solution is nonincreasing with respect to ¢. As a consequence, there exists

w(z) = tli??o u(z,t), for any x € Q.

We have to prove that w(x) = 0 for any = € Q. Observe that this limit function satisfies
w@) = [ [ -G utme Dutie dyde+ A, weD
o Jay

and w =0.
Q,\a
Fixed any x € Q, consider a sequence {t, }nen satisfying ¢, — co. We deduce that

n—00

lim (2, tn) = / J(@ — )G, w(y; 2))w(y; ) dy

and so this limit does not depend on the chosen sequence. Thus, there exists lim;—, oo ut(z,t) = £ and
this limit is nonpositive since our solution is nonincreasing in ¢. (We remark that the limit £ depends
on the considered point x.) Assume by contradiction that ¢ < 0. Then there exists to > 0 such that

l
ue(z,t) < 5 for any t > to.
It follows that u(z,t) — u(z,to) < £(t — to), which implies u(z,t) < A+ £(¢t — to) and this quantity

is negative for ¢ large enough. Since this contradicts (4.38), we have £ = 0. Obviously, this argument
holds for every x € Q, wherewith

lim w (e, ) = [ J(z—y)G(,wly;o)u(yz)dy =0, =inQ .

t—o0 Qy

By continuity, we conclude that

J(z — )G (z,w(y; z))w(y;x)dy =0, zin Q. (4.39)

Qg



106 Parabolic equations with natural growth approximated by nonlocal equations

Recalling that the function w is the limit of a nonincreasing family of continuous functions, we
deduce that w is lower semicontinuous in €. So w attains its maximum in ; let o € Q satisfy
w(z) < w(zo) for any z € Q.

Since the function J is radial symmetric, it is positive in an open ball centered at the origin; we
denote its radius is 7 Let n be the integer part of dist(zo, Q) /r. Applying (4.39) it yields

/Q J(& — )Gz, wy) — w(zo)) (wy) — w(zo)) dy = 0.

Since the integrand is nonpositive, it vanishes, so that w(y) = w(xo) for any y € Q satisfying y —zo €
supp J, that is, for any y € QN B1(zo0). If n > 1 and so B, (z0) C (2, taking yo close to the boundary
of B-(xo) and applying the same argument, we infer that w(y) = w(xo) for any y € QN Ba,(x0). We
may follow this procedure n times to find some z € Q such that w(z) = w(zo) and dist(z,0Q) < r
(this fact can already be attained in the first step if n = 0). Then

0= /, J(@ - )G (e, w(y) - w(z)(w(y) - w(z)) dy + / J(@ — )G (x, —w(@))(—w(z)) dy.
Q

Qs\Q

Notice that both integrands are nonpositive, so that both vanish. We deduce from the first integral
that w is constant in 2 N B,.(x) and from the second one that this constant is equal to 0. Therefore,
w(zo) = w(z) =0 and as a consequence w(z) = 0 for any z € Q.

Recalling that the function u(z,t) is nonincreasing in ¢ and tlim u(z,t) = 0 for any = € Q, we
— 00

deduce from Dini’s Theorem that this convergence is uniform. ]
With the help of Theorem 4.4.5, we are ready to prove Theorem 4.2.9.

Proof:[Proof of Theorem 4.2.9] Consider u' the solution to (4.15) with initial datum uf(z) =
HuoHLoo(Q), and u? = 0. On the one hand, it follows from the Comparison Principle that

0 <u(z,t) <u'(zx,t), foranyzeQandt>0.
On the other hand, we deduce from Proposition 4.4.5 that
tli{go ul(x, t) =0, uniformly in Q
and thus the result follows. O

Remark 4.4.6 As already mentioned, if hypothesis (4.16) holds true, we have that the decay at 0 is
of exponential type. Indeed,

G [wena=2[ [ -6 utinn)ue.t uw.t dyds
dt Q RN JRN
=5 [ 9= 0,6 - uw0)* dy da.
RN JRN
Now, due to Chasseigne et al. (2006), there exists a pair (A1, $(x)) € R x C(Q) such that

1 2
3 J(@ —y)(uly) —u(z)) dy de
0<Ai= inf Q/RN -

weL2(Q)\ {0} / w()?dz
Q

and a function ¢(x) where the infimum is attained. Consequently, we conclude that

u?(z, t)de < —26)\1/ u(z, t)?de,

dt Jq a

and integrating over [0,t], we have that ||u(-,t)|| 2y < [JuollL2(o) emMB



Parabolic equations with natural growth approximated by nonlocal equations 107

4.5 Proofs of results about Cauchy Problem

As in the previous Section, we start by proving the existence and uniqueness result.
Proof:[Proof of Theorem 4.2.12] For T' > 0 we consider the Banach space

x =c (o, ThHe®Y) n L= ®Y)),

endowed with the norm

[[w][| = max e "

max e (- 1) o e

Here M =2 a5 and k > 1.

Now, let Y be the closed ball of X with radius klluo||pec®n~) and centered at the origin. Note
that Y is a complete metric space with the induced metric d(w1,w2) = |||wi — w2l]|.

In order to establish the existence and uniqueness of solutions of (C') via Banach contraction
principle, we define the operator 7 : Y — Y by

T()e.t) = [ [ @ = pulas )G wles o )dydr + wo(o).

Let us first prove that this operator is well defined. Clearly 7 (w) is belongs to X and satisfies

t
IT@)C vy < azmax [ [ @ = g)lutyso,o)ldyds + Juoll < v,
ItER 0 RN

4.40
<205 [ [[w(, 8| o ey ds + o]l poo gy (4.40)

0
< 200|||wll] f €M ds + [[uoll poo vy < €M luol] oo -
Therefore,

—kM
T @Il = max e M T (@), 1)o@y < ol oe -

Since k > 1, we obtain that |||7 (w)|||< kl|uol| eomny and T (w) belongs to Y.
Now, let us show that the operator 7T is a contraction. By using that G satisfies (G) and arguing
as (4.40), we obtain

t
I (T (w1) = T (w2)) (',t)HLoo(RN) < az HlaI)\(,/ / J(z —y)wi(y; z,7) — w2 (y; 2,7 ) |dydT
z€ER 0o JRN

¢ ¢
<2as lwi (-, 7) = w2, T) || oo vy dT < 2 @2|||wi — wal|] "M dr

0
< % (MM = 1) [llwr — woll]-

Therefore,

1 _ 1
AT (), T(wa)) < Fllfws = wall] max (1= ™) < Zdwn,wa)

Since k > 1, T is a contraction. Hence, using Banach’s Fixed Point Theorem there exists u a fix point
of T, that is the unique solution of problem (C) for ¢ € [0,7] and belongs to Y. Finally, since T is
arbitrary, we obtain a global solution, u € C ([0, 00); C(R™) N L>(RY)). O

Now we can prove the Comparison Principle.
Proof:[Proof of Theorem 4.2.14] Set w = u — v, then in virtue of (4.22) w satisfies

wi(z,t) = - J(@ —y)wlysz,t) Y@, uy; z,t),v(y; 2,1)dy  in RY x (0,+00) (4.41)

w(z,0) <0, in RV,
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where 1) is the function defined in (4.22). Let us consider the following function

1 ifw(x,t) >0,
C(Iﬂf) =
0 if w(z,t) <O0.

Multiplying (4.41) by ¢(x, t) and taking into account that w(z, t)s(x, t) = (w4 ), (@, t) and w(y, t)s(x, t) <
w4 (y,t), we obtain, dropping the positive term w(x, t)s(z,t), that

(w+)t (:C,t) = RN J(:E - y) (w(yvt)<(mvt) - w(m,t)g(x,t)) 1/1(1‘, u(y; mvt)7 v(y; Z, t))dy

< [ I = s we ) vl ulys ). o 0)dy < 02 [ I =) w0y,

N

integrating in RY and by using [in J(2)dz = 1, we get

/RN (wy), (z, t)dz < aQ/ w (v, )dy.

RN

Finally, integrating in (0,7 and since w4 (z,0) = 0 we can assert, using Fubini’s theorem, that

E(t) < e /Ot k(r)dr, where k(t) = /R w4 (z, t)de. (4.42)

N
Hence, applying Gronwall’s Lemma in (4.42), we conclude that
k(t) <0.
Now, since w4 (z,t) > 0 and by the continuity of w4, we get that wy(z,¢) = 0 and, consequently,
u(z,t) < wv(z,t)

for any z € RN, ¢ > 0. a
Note that the previous proof works locally in time, that is, a supersolution v and a subsolution u
defined both for ¢ € [0, T)] verify u(z,t) < v(z,t) for any z € RN, 0 <t < T.
Proof:[Proof of Theorem 4.2.15] By Theorem 4.2.12, for any £ > 0 there exists u® the unique
solution of problem (4.19). Set w® := v — u®, wich satisfies

wi(z,t) = Av(z, t) + p(x)|Vo(z, t)]? — Le(uf(z,t), in RY x (0,77,
(4.43)
w(z,0) =0, in RV,

being
Lot w0) = 9 [ gt = g (i) G (s )y

Now, the proof follows the one of Theorem 4.2.3.
Choosing w(z,t) = Ke“t and w(z,t) = —w(z,t). Then for K sufficiently large we have that w and w
are super and subsolution of (4.43) respectively. Therefore, by the principle comparison of Theorem
4.2.14 we obtain w < w® < w and the proof is straightforward. O

As far as the asymptotic behavior is concerned, we observe that J (&), the Fourier transform of
J, satisfies R

J(€) 1= C()Ef* +o(lg*), asg—0.

where the above estimates follows since

%Bgigij(O) = % J(2)zxdz = %C’(J) < o0,
RN

thanks to (3.3).

For the convenience of the reader we repeat the following Lemma that is proved in Cafizo and
Molino (2016) including also a sketch of the proof (in order to make this part of the paper self-
contained).
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Lemma 4.5.1 Let u € L'(RY) N L2(RY) and J satisfying hypothesys (J). In addition, consider
Dy = [ (1=7©) late) de.
RN

Then, 3C = C(N, J) > 0 such that

~ _4 N
Jull e, < Cmax { Jul B, D20 %5700}

and consequently
2 . -% 244 2
J(x —y) (u(y) — u(®))” dedy > K min  [[ul] Ton lull o gy 1ellz2 @y o (4.44)
RN JRN

Proof: First, we set the following quantities

1

1 CDJ(U) Nz
C = max ———— >0, do = )
€21 1 — J(€) (C(N)Iulil(RN)C(J)
where C(N) = % and T' denotes the Gamma function. Since v € L*(RY) N L*(RY) it follows
>
that & € L*(RY) and consequently we obtain for 0 < § < 1 that
) ) ) 20(N) c
2 _ 2 240 < 2 N ‘ ‘
ol = [ fo@Pde+ [0S < Il ey 200+ Do) (449
Now, if we assume that d9 < 1. Replacing 0 by do in (4.45), we have
L2 s =
3 eny < Cillul Nk, Do) 53 (4.46)

2 N

where Cy = (% + 1) C(N)~+2C~+2. Alternatively, if we assume that 6o > 1, i.e.,

C(N) [[ul 1wy < C Da(u),
choosing § = 1 in (4.45) and using the above inequality, we get

N 2C(N 2

Finally, using Plancherel’s theorem on ||ﬂ\|2LQ(RN) and summarizing (4.46) and (4.47), it follows that

~ 4 _ N
Julf ey < Cmax { Jul B, D032, D)}

where C = max {C’l, (% + 1) C’} and the proof is concluded. Due to the above formula, we can state
the following inequality

. - 24+ 2
D) 2 K min { Jull; o, 2580 a2, b
being K = K (N, J). Thus, it is easy to check that

/ J(x —y) (u(y) — u(z))? dedy = —2/ (J *u —u)(x) u(z) dz,

RN JRN RN

having in mind that Fourier transform preserves inner product we deduce (4.44) O
Next Lemma gives the L' boundedness from above or from below of solutions depending on how

the function G(z, s)s behaves. To be more specific we have the following result.
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Lemma 4.5.2 Let u be a solution of Cauchy problem (C) with 0 < ug € L*(RY). Then
(i) If G satisfies (4.16), it follows that t = ||u(-,t)|| L1~ is decreasing on [0, 00), therefore
luC, )l sy < lluollpr @y -
(i) If G satisfies (4.17), it follows that t = |lu(-,t)|| 1 (rn) is increasing on [0, 00), therefore

llu(, Ol L1 eyy = [luwollLr@ny -

Proof: Since 0 < ug and Comparison Principle of Proposition 4.2.14 we can assume that u(z,t) >
0. Furthermore, if G(z,s)s < Bs for any (z,s) € RY x R, since

d

L / / (@ — yuly; 2. t) Gz, uly; z, £))dydz
dt Jp~ RN JRN

< »B/RN . J(z — y)(u(y,t) — u(x, t))dydz = 0,

where the last identity follows since, by Fubini Theorem,
[ ] =t - uendyde = [ [ @)t - uly.0)dsdy.
RN JRN RN JRN

Hence [lu(:,t)||;1 g~y is nonincreasing in time and we state (i). Equivalently, if G(z,s)s > Bs
for any (z,s) € RY x R, reasoning as above we obtain the opposite inequality and, consequently,
lu(-, )|l L1 (mny is nondecreasing in time and (ii) is proved. O

Now we can prove the asymptotic behavior of the solution for G satisfying (4.16),

Theorem 4.5.3 Let u be a solution of Cauchy problem (C) with G satisfying (4.16) and positive
prescribed data uo € L*(RY) N LY(RYN) for ¢ > 2. Then there exists C = C(J,N, 3,q) > 0 such that

_N(q_1
(s 8) | gy < Clluollpr gyt > (7))

for any t sufficiently large.

Proof:[Proof of Theorem 4.5.3]
Let ¢ > 2 and let us multiply the equation in (C') by u? !(x,t) (observe that u > 0): thus we
have

da 1/ u(:c,t)qd:v:/ wi(z, tyu(z, )" da
RN RN

dt q
=7 /RN /RN (= y)(uly, t) — ul,O)u(z, 1) dedy
= —§ /RN /]RN J(l’ — y)(u(y, t) — u(gjyt))(u(yyt)q—l o u(l’, t)q_l)dxdy
=) /nw | T@ D@, —u(@, ") dady,

where in the last inequality we have used Lemma 4.3.3. Hence by (4.44), we get

4
dt Jg~

2
u(e,t)de < O min { Jul, 01 G oIS )
b = ’ b L‘I(RN) b 9’ Lq(]RN)

L3 ®N)
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-2
where C = C(q, 8, N, J). Now, by interpolation ||u(-, )||L2(RN) < u(, )||L1(]RN> llu(-, t)| Z;(lRN) and
denoting by Y(t) = ||u(-,25)Hqu(RJ\,)7 we obtain, in virtue of Lemma 4.5.2, the following differential
inequality

Y’ ( ) <-C mln{”uo“Ll RN)Y(t)l-‘r’Y’Y(t)} (448)

being v = . Therefore, Y (t) is decreasing. We claim that there exists to > 0 such that

2
N(g—1)
Y(t) S ||U‘OH%1(RN)5 tZto

ey S Y (t) for any t > to.

Indeed, otherwise, using that Y (¢) is decreasing, we would have that ||ug||?
Replacing in (4.48) we obtain

Y'(t) < —CY(1), t > to,
and integrating on [to, ] we get that Y (t) < Y (to)e %) — 0 as t — oo which leads to a contra-
diction and the claim is proved.

Thus, since

Y(0) = Y)Y ()77 2 Y0 Y (10) 7 2 Y0 uoll

it follows, by inequality (4.48), that

V(1) < ~Cluoll ;% YOI, 1200,
Integrating on [to,t] we get
lluollFx g
LI ®RY) 1/
V() < i (o)
R . -1 N .
Having in mind that Y (¢) = ||u(, )HLq(mN) and =5 (1) we conclude that, for any time

t large enough, 3 C' = C(J, N, 53, q), such that

oz

(-3).

flu(-s t)HLq(]RN) < CHUOHLI(RN) t
a

With the help of the above result, we can now prove Theorem 4.2.16.

Proof:[Proof of Theorem 4.2.16] Theorem 4.5.3 covers the case ¢ > 2, while for ¢ € (1,2] the
interpolation inequality yields to

i)

21 2(1 -1
s Dlagawy < s O e, DS ea) < Clluollpr vy £~ ¥ (78,

M\Z

being C'= C(J, N, B8, q) a positive constant. a

In order to obtain a decay estimate of the norm of the solution u, for functions G,, with p(z) > 0,
a L' boundedness from above of u is required. For this purpose, we must to control de L*°-norm of
initial data uo with respect to function pu.

Lemma 4.5.4 Let u be a solution of of Cauchy problem (C) with G = G, 0 < p € L=(R"Y) and
positive prescribed data uo € L®(RY) NC(RY) satisfying |[uol| poo @ny |1l oo vy = 0 < 1. Then

GBIy <=1 =0) [ [ @ =) (unt) = w0y (1.49)

If, in addition, uo € L*(RY) then
Hu(':t)HLl(RN) < CHUOHLl(RN)v (4.50)

with ¢ = c(|[uo|| oo ), (Kl Loo mvy) > 1.
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Proof: Since ug € L>=(RY)NC(RY), by Theorem 4.2.12 there exists a unique solution of problem
(C) and it satisfies u € C ([0, 00); C(R™) N L>(R™)). Moreover, since 0 and llwol| oo vy are sub and
supersolution respectively of problem (C'), we get, due the comparison principle Theorem 4.2.14, that

0 <wu(w,t) < |luollfoo@mny, (z,t) € RY x [0, 00).

Let us multiply the equation in (C) by u(z,t) and integrate in RY so that

d
GOy =2 [ e ule, e
]RN

= Z/RN . J(l' - y)u(y;w,t) gu(u(y;x,t)) u(l‘,t) dyda:

L e@ulge
2/]RN /RNJ yuly; 2, ) ula, ) dydm—i—/ /RN v ) e (e, dyd
,/RN . J(l'*y)u(y;fb,t)2dydx+/RN N J(@ = y)ul@)uly; z, ) 2u(z, t)dydz

[ e = vt 020 - @t ) dyds
RN JRN

-0 [ [ o= (a0~ ula ) dyda,

which proves the first part of lemma.
In order to get (4.50), we compute the derivate of L'-norm of u, and we get

GOl = [ [ 3@ =G (0(0.0) = ) (1) = (e, ) dyda
_ Jo—yyta) (w0~ u(w0)” s dad
/RN /]RN = T e (. t) —u(@m i) Y
< M”Uﬂ /RN /]RN J(z — y)(u(y,t) - u(x,t))2dydil?

||H||Loo(n1<N) 2
< —HEED 2 (1) By,

where we have used (4.49) in the last inequality. Hence, we obtain the following differential inequality:

d d
Fa>0:  SluC @y + e flul Oz ey, <0,

el oo v,

being ¢1 = —55—5— > 0. Consequently, integrating on [0, ],
2
uCs Ol sy +ellul Dlliz2@ny < lluollLr @y + etlluollpoo @ny luoll L1 @n )y,
where we have used the interpolation formula, HUOHiQ(RN) < luo|lpoo rvy [|uol| L1 revy-  Finally we

conclude that [[u(:,t)|| 1@y < clluollp1ryy, for ¢ =1+ c1lluollpoo myy-
(]

Proof:[Proof of Theorem 4.2.17] Applying inequality (4.44) in (4.49) from Lemma 4.5.4, it follows

d 4
a”u( HL2(RN) <-Ci mln{Hu )HLI ]RN)HU’ t)HLz (RN Hu('7t)||iz(RN)} )
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where C1 = Ci(||pllpo@ny, [0l Lo @yy, N, J) > 0. Writing X (t) = ||u(-,t)\|iz(RN) and using the

boundedness of L'-norm in inequality (4.50) we have that
. —4 2
X'(t) < —Co min {”uO”LlI\(IRN) X, X(t)} ,
where C2 = Ca(||p|| oo wn), |uoll Lo gy, N, J) > 0. Thus, arguing as in proof of Theorem 4.5.3, we

can assume that there exists to > 0 such that X (¢) < ”U‘O”il(RN) for ¢ > to and therefore,

4

-4 2
X'(t) < ~Colluoll,¥owy XOF K, 12100,

Finally, integrating on [to,t], we obtain the L?-norm decay estimate for any ¢ sufficiently large. O
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singular problem

J. Carmona, A. Molino and L. Moreno-Mérida, J. Math. Anal. Appl., 436 no. 2 (2016), 1048-1062.
DOI: 10.1016/j.jmaa.2015.12.034

Abstract

In this paper we study the existence of positive solution u € Hg () for some
quasilinear elliptic equations, having lower order terms with quadratic growth in
the gradient and singularities, whose model is

[Vaul®
uY + uf

—Au+ p(x) = P+ fo(z),2€Q0<y<6,0<p.

Using topological methods we obtain the existence of an unbounded continuum of
solutions. In the case p(x) constant we derive the existence of solution for every
A>0if 1 << 2forany § and p < 1. Even more for u € L>°(€2) we prove this
result if 5 <1and p<2— 6.

115
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5.1 Introduction

We consider the following boundary value problem

{ —Au + p(x)g(u) |Vul® = P + fo(x) in Q ()

u=0 on 0,

where Q is a smooth bounded and open subset of RY, N > 3, p > 0. The functions u € L>(Q)
and g € C*((0,400)) are nonnegative; notice that g can become singular at zero. We are assume
0 5 fo € LYQ) for some g > N/2.

By a subsolution (respectively, supersolution) of problem (Py) we mean a function v € H{ () N
C(Q) with u >0 ae. z €, g(u)|Vul|*> € L*(Q) and which satisfies the following inequality:

(>)
/Q VuVe + / p(@)g(w) [Val2p < / W + fo)p,

for every 0 < ¢ € Hg(Q) N L=(Q). A solution is a function which is both a subsolution and a
supersolution.

Problem (Py) involves a quasilinear elliptic differential operator with quadratic gradient terms.
This kind of differential operators with natural growth were considered in Boccardo et al. (1982, 1983)
and since then different associated boundary value problems have been studied. A well known case is
the existence of the solution of (Py) when g is continuous at u = 0 (see for instance Bensoussan et al.
(1988), Boccardo and Gallouét (1992) and Boccardo et al. (1982)).

Alternatively, problem (P,) for functions g with a singularity at zero, has also been extensively
studied in Arcoya and Martinez-Aparicio (2008); Arcoya and Segura de Leén (2010); Boccardo (2008);
Martinez-Aparicio (2009). Existence of solutions was discussed in Arcoya et al. (2009b) in the case
V9 € L'(0,1) by imposing the following condition

essinf{fo(z) : z € w} >0, Yw CC Q. (5.1)

Results concerning (Py) for A # 0 were obtained in Arcoya et al. (2011); Boccardo et al. (2011)
in the case g(s) = 1/s” where the model problem is

|Vul? .
—Au + /.L(ZL')T = )\Up + fo(il)) m , Q (R/\)
u=0 on 0f),

with p(z) as a constant function. More precisely, with v < 1 and v+ p < 2 (region I in Figure 1

below), the existence of a solution for each A > 0 was proved in Arcoya et al. (2011) by means of
topological methods and in Boccardo et al. (2011) by using an approximative scheme.

Figure 1: Existence regions
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his

0

Notice that if v > 2 it makes no sense to search solutions of (R»). Indeed, as it is proved in Zhou
et al. (2012), V42 ¢ £1(q).

However, the techniques employed in Arcoya et al. (2011); Boccardo et al. (2011) can not be
applied in the case p(x) not constant or where p < 1 < < 2 (region II in Figure 1 above). In this
paper, we complete the previous results and we extend them for a more general function g in order to
show the following: “the values of A for which there exists a solution of (Py) depends on the behavior
of g at infinity”. In fact, in contrast with the results when g = 0, in some cases we obtain solutions
for every positive A, that is, the gradient term produces a regularizing effect. We deal with (Py)
for a function g exhibiting a different behavior at zero and at infinity. In particular, we are mainly
interested in the case of functions g(s) = 1/(s” + s”) with 4 < . In this way, we consider the model
problem

2
—Au—!—u(x)% =t + fo(x) in , Q Q)
u=0 on 0%,

as a natural extension of the problem (Ry). Observe that for A = 0, as was mentioned above, problem
(Qo) has been extensively studied. Our main goal is to exploit this known case to obtain an unbounded
continuum ¥ of solutions of (Q»), namely, a connected and closed subset of

{(\,u) € [0,+00) x C(Q) : u is a solution of (Q:)},

for suitable values of p,y and 3, which extend the previous existence results. In particular, beginning
with the case p(z) constant and v < 2, we prove in Theorem 5.1.1 the existence of an unbounded
continuum ¥. In Theorem 5.1.2 we deal with non-constant p(z) in the case 5 < 1.

Theorem 5.1.1 Assume p(z) = p is constant and that fo € LY(Q) with ¢ > 5 satisfies (5.1). Then:
i) If 1 <~y <2and0<p<1 then problem (Qx) admits at least one solution for every X > 0.

i) If vy <1< B and 1 < p, then there exists A\, \* > 0 such that (Qx) admits no solution for
A > \* and at least one solution for 0 < X < As.

Moreover, there exists an unbounded continuum X of solutions of (Q»), such that there exists ux
solution of (Qx) with (A, ux) € X for every A > 0 (item i)) or every 0 < X\ < A\, (item 4i)).

We would like to stress that in the case of item i), it is not required assumptions on the parameter
. This is because in order to u'jﬂ; be an integrable function we only need the natural hypothesis
v < 2 which is a condition at zero. In other words, the behavior of g at infinity has not a role in
the solutions set. Conversely, item ii) shows that no regularizing effect take place since there is no
solution for all positive .

Moreover, observe that this theorem improve the results of Arcoya et al. (2011); Boccardo et al.
(2011) since item ¢) with v = 3 gives us existence results of the problem (R)) in the case that (v,p)
belongs to Region II of Figure 1 above.
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Furthermore, our techniques also allow us to work with non-constant function u(x) when the
parameter (v, p) belongs to the corresponding Region I of the Figure 1 above. In fact, if we suppose
that there exist positive constants m, M such that

m < p(x) <M, ae z€Q, (5.2)
we prove the following theorem.

Theorem 5.1.2 Assume that 0 <y < B<1,0<p<2-8, fo € LYQ) withq > 5 and (5.2) where
M < 2 in the case v = =1 and M > 0 otherwise. Then there exists an unbounded continuum ¥ of
solutions of (Q»z), such that there exists ux solution of (Qx) with (A,ux) € X for every A > 0.

Note that this theorem with v = 8 < 1 improves again the results of Arcoya et al. (2011) since
we can consider non-constant function p(z). Furthermore, it improves also Boccardo et al. (2011)

except regularity of fo; in this work the authors consider data fo belonging to LWIXN—” ().

In addition, since we deal with v < § and the function g(s) = 1/(s" 4 s”) behaves at infinity as
l/sﬁ do, we also show that the hypothesis p < 2 — f is a restriction in the behavior of g at infinity,
rather than in the singularity at zero.

We obtain the existence of the continuum in the above two theorems by using a double approach.
Initially, for a convenient sequence of approximated problems, we can derive the existence ofY ,, by
means of Leray-Schauder degree techniques and Rabinowitz continuation theorem as in Arcoya et al.
(2011). This requires the uniqueness of the solution for the problem (FP), in order to set the problem
as a fixed point problem for a compact operator. This uniqueness result can not be deduced from
Arcoya and Segura de Ledn (2010) if p is not a constant. Conditions to have uniqueness results
for (Py) were obtained in Arcoya et al. (2017). Secondly, we use a topological lemma to obtain a
continuum of solutions as the limit of this approximative schemeX ,,. It is also important to note that
condition (5.1) becomes crucial when applying this approach in Theorem 5.1.1.

The rest of the paper is structured as follows, Section 2 presents the main a priori estimates (this
is essentially contained in Stampacchia (1966) and Boccardo et al. (2011)). Section 3 provides, for
sequences of solutions of (Py), compactness properties and continua of solutions. Section 4 provides
proofs of the main theorems. Finally the Appendix contains the proof of some a priori estimates and
results related to the uniqueness of solution of the problem (Fp).

5.2 Preliminaries

In this section, according the values for p, we obtain L* estimates for solutions of problem (Py).

As usual, for every s € R, we denote by sT = max{s,0}, s~ = s —s*, T.(s) = smin{1, ¢ /s|} and
G:(s) =s—T:(s).

Next lemma is consequence of the classical Stampacchia method (Stampacchia (1966)). We
include the proof in the Appendix, by convenience of the reader, using the Hartman-Stampacchia
variant (Hartman and Stampacchia (1966), see also Ladyzhenskaya and Ural’tseva (1968)).

then

Lemma 5.2.1 Let A be a positive number. Assume that 0 < p <1 and fo € L*() with ¢ > &,
( )\) with

there exists a positive constant C > 0 such that, for every g > 0 and every solution u of (P;
0 <A <A, one has ||ul| o) < C.

The next lemma shows that, for a convenient decay of g at infinity, the previous result is true
even for some cases where p > 1.

Lemma 5.2.2 Let A be a positive number. Assume (5.2) and that fo € LY(Q) with q¢ > % Let go
also be a nonnegative function in C((0,+00)) sastifying

lim inf t° go (t) > 0, (5.3)
t— o0
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where 1 < p < 2 — B. Then there exists a positive constant C > 0 such that, for every g > go and
every solution u of (Px) with 0 < X < A, one has ||u|| L) < C.

Proof: We follow the arguments of (Boccardo et al., 2011, Theorem 2.1) and we prove that the right
hand side of (Py) is (uniformly) bounded in L"(£2), for some r > . Thus the conclusion follows by
the classical Stampacchia boundedness theorem and by the positive sign on the quadratic gradient
lower order term.

We claim that there exists a positive constant C' > 0 and o > pN/2 such that, for every g > go and
every solution u of (Py) with 0 < A < A, one has ||u||zo(o) < C. Thus we can take r = min{q, o /p}
to complete the proof.

In order to prove the claim we take o = (2 — 8)s™* for some s with

Np 2N }

N
max{2(2—6+p)’2N_5(N_2) <s< o (5.4)

2

We observe that since 5 < s we have that (2 — 8)s™ > pN/2. In addition, (5.4) assures that

Np
. 2(2—B+p
0= % > 1 and, for 0 < § < 1, we use (u + 6)20TF=2 — §2075=2 a5 test function taking into
account (Arcoya et al., 2011, Lemma 2.1).
We obtain, dropping negative terms,

/Q |Vl (u 4 §)20+F 3 [(29 +B8—2) +m(u+ 5)g(u)]

(5.5)
<287 [ gu)(Tuft + [ (A7 + fol(uct 8270
Q Q

Using (5.3) we deduce the existence of a positive constant C' > 0 such that

1+ tgo(t)

TR0 > > 0.
D >C, Yt >0

Hence, since g > go and § < 1, we have the inequality
1+tg(t) > Ot +6) 7 vt > 0.

Therefore, from (5.5) we obtain, using also Sobolev inequality,

2

cs(/n [+ ) 759]2*)7" < C/Q [Vul*(u+8)*~* (5.6)

<257 [ g)(Tul® + [ (A + fol(u+ 922,
Q Q

where S is the Sobolev embedding constant. Letting § tend to zero, we get

2

s (/ u2*9) 3= SC/ Va2 SA/U26+ﬁ+p—2+/ Fou2® 2 (5.7)
Q Q Q Q

Thanks to the choice of 0, we have 2°0 = (20 + 8 — 2)s’ = (2 — 8)s**. Thus, using Holder inequality,
and recalling that s**(2 —3) > 2* > 2 > 2 — 3 > p, we deduce

2 204 4p—2
(/ u(Q’*@)S**) 2 <c (/ u<2’ﬁ)s**) (2—B)s
Q Q (5.8)

1

+C ”fOHLs(Q) (/ u(27@)5**> s '
Q

Now we point out that 2% > ;1,, since s < %, and that 2% > 2(9;:&6%*_*2’ since 2 — 8 > p. Therefore,

from (5.8) it follows the claim which allows to finish the proof. O
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5.3 Global continua of solutions

Let M be the solution set for (Py), namely
M = {(\u) €[0,+00) x C(Q) : u is a solution of (Py)}.

Continua of solutions in M are obtained in this section by using degree computations and Rabinowitz
continuation theorem. In this way, we set (Py) as a fixed point problem for a compact operator.

Next result gives sufficient conditions to assure that solutions of (Py) are uniformly bounded from
below by a positive constant in compact subsets. In fact, we can consider lower order terms of the
form h(u)|Vu|? with

h € C((0,+00)) is a nonnegative function, nonincreasing (5.9)

in a neighborhood of zero with VA € L'(0,1),
and data fo satisfying

(F) If e~ J1 M®dt ¢ [,1(0,1) then fo is nonnegative and nontrivial. In other case fo satisfies (5.1).

Lemma 5.3.1 Assume that h verifies (5.9) and fo € L*(Q) satisfies (F). Then for each w CC Q
there exists a positive constant c,, such that z(z) > ¢, > 0 a.e. € w, for every 0 < z € Hy(Q)NC(Q)

supersolution of
—Az+h(2)|Vz]? = fo in Q.

Proof: On the one hand, if fo satisfies (5.1) the proof can be found in (Arcoya et al., 2009b,
Proposition 2.3). On the other hand, if e™ Jin®dt o L'(0,1), then fo is a general nonnegative and
nontrivial function and we split the proof into two cases: when h € L'(0,1) we conclude by (Arcoya
et al., 2011, Proposition 2.4), while if h ¢ L'(0,1) we follow the arguments of (Martinez-Aparicio,
2009, Theorem 3.1). O

Remark 5.3.2 We notice that if we assume h(s) = s% then e~ JT h(®)dt ¢ LY(0,1) if and only if v < 1
orify=1and C < 1.

The following lemma ensures the compactness properties required later to deal with our topolog-
ical approach.

Lemma 5.3.3 Assume that 0 5 fo € L%(Q) with ¢ > & and p € L=(2). Let assume that 0 < u, €
H{ () NC(Q) satisfies
— Aty + p(2)gn (un)|Vun|? = Xnw?, + fo in €, (5.10)
Up =0 on 09, ’

with 0 < A, bounded in R, 0 < w,, bounded in C(Q) and 0 < g, a sequence of functions in C((0,4+00)).
Then, up to a subsequence, un is strongly convergent in C(Q) to u € Hg(Q) N C(Q). If, in addition,
An = X\, wn, — w in C(Q), gn(s) = g(s) uniformly in C([a,b]) for every 0 < a < b < 00, gn(s) < h(s)
for some h verifying (5.9 and fo satisfies (F), then u is a solution of problem

)
{ —Au+ p(x)g(w)|Vul* = Aw? + fo(z)  inQ, (5.11)

u=~0 on 00

Moreover, if the problem (5.11) admits a unique solution then the whole sequence u, converges strongly
to u in C(Q).
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Proof: Since the sequence f, := A wk + fo is bounded in LY(Q) for some ¢ > N/2, we can
deduce, as in the proof of Lemma 5.2.1, or by using the Stampacchia technique in Stampacchia (1966)
that |lun||pe (@) < coo for some positive constant co.. In addition, applying (Ladyzhenskaya and
Ural’tseva, 1968, Theorem 6.1) we deduce that the sequence u, is bounded in C**(Q). Consequently,
Ascoli-Arzeld Theorem assures that u, possesses a subsequence converging in C(2). This conclude
the first part of the lemma.

In order to prove the second part we observe that, since the sequence u,, is bounded in Hg (£2)
(arguing again as in the proof of Lemma 5.2.1, Step I) we can assume that u, converges weakly to
w in H}(R2). Now we prove that u is solution of problem (5.11), i.e. u > 0, g(u)|Vu|® € L' (Q) and
satisfies,

[ vue+ [ u@at Vale = [ G+ o (5.12)

for every ¢ € Hg(2) N L>®(Q).

By Lemma 5.3.1 given w CC € there exists ¢, > 0 such that u,(z) > ¢, a.e. € w for every
n € N. In particular, using that u, converges strongly to u in C(£), we deduce v > 0 in Q. Even
more, the strong convergence of g, to g in C([cu, ¢so]) assures that gn(un) — g(u) a.e. in £ .

Next, by the first part of the proof of Theorem 3.1 in Boccardo (2008) we have that u(z)g(u)|Vu|® €

Te (un)

L'(Q). We include the proof by convenience of the reader. Indeed, taking ¢ = as test function

in (5.10) and dropping the positive term coming from the principal part we get

[ #@ntu e < [ ot 4 g T,

Since /()\nwﬁ + fo) < C, we obtain
Q

The limit as € — 0 implies, using that lin% M =1,
e—

/ (@) g (1) Vtin | < C.
Q

Furthermore, the results of (Boccardo and Murat, 1992, Theorem 2.1) imply that (up to a subse-
quence) Vu, — Vu strongly in (L9(Q))" (1 < q < 2), particularly, it converges almost everywhere
in€2 . Then, the last inequality gives us after applying the Fatou lemma that

/ H(@)g(w)|Vul® < C,
Q

which proves our claim.

To finish, following closely Boccardo (2008), we prove that u satisfies the equation (5.12). Since
@ = o 4+ ¢, it is enough to prove (5.12) for every nonegative function ¢ € Hg(Q) N L>=(Q).
Furthermore, by density, it is sufficient to prove it when 0 < ¢ € Hj(Q) N C.(Q).

We divide the proof into two steps.
Step 1. The function u satisfies

/Q Vuve + /Q (2)g(w)|Vul? < /Q o+ /Q fod,

for all 0 < ¢ € HH(Q) N Ce(Q).  Indeed, since u(z)gn(un)|Vunl> > 0, gn(un) = g(u) ae. x € Q,
Vu, converges weakly in (L*(Q))" and a.e. z € Q to Vu and wk converges to w? strongly in L*(Q),
then we obtain the result taking a function 0 < ¢ € Hg(Q) N Ce(N) as a test function in (5.10) and
applying Fatou lemma.
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Step II. The function u satisfies
[ vuver [ w@eivats> [ o+ [ o,
Q Q Q Q

for all 0 < ¢ € HYH(Q) N Ce(Q). We fix 0 < ¢ € Hi(Q) N Ce(R) and we define the function

H(t) :/lch(s)ds,

where M = ||| poo (). Let call w = supp ¢ and observe, thanks to Lemma 5.3.1 there exists a positive
constants ¢, such that ¢, < u, in w for every n € N. Moreover, the boundedness in L*°(Q2) of the
sequence {uy} implies un < ¢s. Therefore, for n big enough

|H (u) — H(un)| SM/ h(s)ds < M(coo — cw) J[fnax ]h(s) < 00,
Cw s€[cw;Coo
a.e. ¢ € w. In addition, one can similarly deduce, that

|H(u) — H(un)| < M|u — un| {nax h(s), a.e. z € w.
sE

In particular, there exists a positive constant Cy (depending only on ¢) such that
eH(U)_H(Un)(b S O¢.
Even more,
v (eH(u)*H(un)qs) _
e H) (M h(w) Vi — M h(un) Vi, + V) € L ().

Thus, taking ¢ = e (W =H ) a5 a test function in (5.10), we get

/vunv@seH(“)*H(“nMrM h(w)VuVu,e™ = g
Q Q

_/ Ot + fo) €O H(n)
Q

- /Q (Mh(un) — () gn (un)) [Vun [?e? ) ¢ (5.13)

Next, we want to pass to the limit in the above expression. Observe that, since Vu,, converges weakly
in (L*(Q))", we have

/VuanZ)eH(")_H(u”) —>/Vuv¢.
Q Q

In addition, since the function ¢h(u) and the sequence A,w! are bounded, we obtain using the
Lebesgue Theorem

/h(u)VuVuneH(“)_H(u")¢—>/h(u)‘vu|2¢»
Q Q
and

[ w7 [+ fo) 6.
Q Q

To finish, since Mh(un) — p(z)gn(un) > 0, we deduce the inequality desired applying the Fatou
Lemma in the right hand side of (5.13).
Summarizing Step I and Step II we conclude the proof. a
As can be observed, uniqueness of solution for (P) plays a fundamental role. In order to use the
uniqueness result in (Arcoya et al., 2017, Theorem 1.1) we have to assume that the function g satisfies
in addition that for every v > 0 there exists 6, > 0 and a nonnegative function § € C*((0, +o0)) with
e JT9Mdt ¢ 110, 1) such that for every 0 < s < v and for a.e. z € Q

0. [(u(x)g'(s) — §'(s)) + G(s) (u(2)g(s) — G(s))]
> (u(x)g(s) — 3(s))*. (5.14)
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Remark 5.3.4 In the case u(x) = p for some positive constant p, we can use the uniqueness result
for problem (Py) in Arcoya and Segura de Ledn (2010) for functions g € L'(0,1). Observe that,
in that case, condition (5.14) is also trivially satisfied with g(s) = pg(s). On the other hand, for a
non-constant function u(zx), it is proved in Arcoya et al. (2017) that condition (5.14) is also satisfied
in the case g(s) = 1/s” with v < 1. Moreover, in the case g(s) = 1/s, assuming in addition that
M < 1, we can choose §(s) = c¢/s for some M < ¢ < 1 and we have that (5.14) is satisfied with
0, > 1= . Others particular cases that it will be used in the proof of Theorem 5.1.2 can be found in
the Appendiz.

Finally, next result ensures existence of an unbounded, connected and closed subset of M.

Theorem 5.3.5 Assume (5.2), g satisfies (5.14), g(s) < h(s) for some function h verifying (5.9)
and fo € L1(Q) with ¢ > N/2 satisfies (F). Then there exists an unbounded continuum X C M such
that (0,ug) € X, where ug is the unique solution of (Po).

Proof: Firstly, we observe the problem (Pp) admits a unique solution 0 < u € Hg(Q2)NC(Q). Indeed,
the existence is due to Boccardo (2008) and Martinez-Aparicio (2009) if 0 § fo and due to (Arcoya
et al., 2009b, Theorem 1.1) if fo satisfies (5.1). Alternatively, the uniqueness is deduced using (Arcoya
et al., 2017, Theorem 1.1).

Hence, we can define K : [0,1] x R x C(Q) — C(Q) by setting K (¢,A,w) as the unique solution
0 < u € C(Q) of the problem

{ —Au + tu(x)g(u) [Vul? = AT (wh)P + fo inQ) ,

u=0 on 05, (5.15)

for every A € R, t € [0,1] and w € C(£2). With this notation problem (Py) can be rewritten as a fixed
point problem, namely,

u= Kj(u),
with K&(u) = K(t,\,u). Moreover, since g satisfies (5.14) Lemma 5.3.3 assures that K is compact
and we can use Leray-Schauder degree to study (Py).

The result follows, as in Arcoya et al. (2011), from the Rabinowitz’s Theorem (Rabinowitz, 1971,
Theorem 3.2). We only have to compute the index of the solution ug and show that it is different
from zero. Let us denote u = K (1 —t,0,0) i.e., u; is the unique positive solution in Hg () N C(Q)
of the problem

u=~0 on 0.

Define the homotopy J : [0,1] x C(Q) — C(Q) by J(t,w) = u; for every t € [0,1] and w € C(Q).
Observe that J(t,w) = K(1 —¢,0,0) and thus, using Lemma 5.3.3, we have that J is compact.
Moreover, J(0,w) = ug and J(1,w) = (=A)"*(fo(x)). Therefore

i(Ké,U,o) = Z(J(Ov ')7u0) = i(J(L ')7“1) = i((_A)il(fO(x))aul) =1

Consequently, since i(K{,u0) = 1, we conclude the proof by using Rabinowitz’s theorem. O

{ —Au+ (1= tu(@)g(u) [Vul* = fo  inQ,

5.4 Proof of the main results

In order to prove Theorem 5.1.1 and Theorem 5.1.2 we recall, for the convenience of the reader, the
following definition and topological result (see Whyburn (1958)):

Definition 5.4.1 Let {S,} C X be any infinite collection of point sets, not necessarily different. The
set of all points x of our space X such that every neighborhood of x contains points of infinitely many
sets of {Sn} is called the superior limit. The set of all points y such that every neighborhood of y
contains points of all but a finite number of the sets of {Sn} is called the inferior limit.
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From the definiton, we have at once for any system {5, }

liminf S, C limsup S,

Lemma 5.4.2 (Whyburn (1958)) Let X be a metric space. If {S.} is a sequence of connected
subsets of X such that |J Sy is relatively compact and liminf S, is not empty, then the limsup .S, is
connected.

The trick, in the proof of Theorem 5.1.1 and Theorem 5.1.2 is to use Lemma 5.4.2 where 5, is a
continuum of solutions of the following approximated problems

|[Vul?
(w37 + (u+ 3)?
u=0, on 0L,
for n € Nand v < 3.

Proof:[Proof of Theorem 5.1.1] First we deal with item i). We consider, for n € N, the approx-
imated problems (Qn,») and the idea is to use Theorem 5.3.5 with h(s) = ﬁ and fo satisfying
(5.1). We observe that, under the assumption u constant, the function g,(s) = m
satisfies (5.14) without restrictions in v and B (recall Remark 5.3.4). Now by Theorem 5.3.5, there
exists a continuumy ,, in [0, +-00) x C(Q) of positive solutions of (Qy,») such that (0,u,) € 3, with
up solution of (Qn,0). One can observe that by Lemma 5.2.1, one has Projjy ) Zn = [0, c0).

For obtaining the existence of an unbounded continuum ¥ of solutions of (@) we apply the
result of Lemma 5.4.2. Indeed, for everyA > 0 we take S, A the connected component of¥ ,, N
([0, A] x C(%2)) such that (0, us) € Sn,a. Since %, is unbounded and Projj, .,y Xn = [0, 00), we deduce
that Projy ojSn,a = [0, A]. Moreover, Lemma 5.3.3 with A\, = 0 assures that, up to (not relabeled)
subsequences, u, converges strongly to u solution of (Qo), which implies (0,u) € liminf S, Ao. Even
more, given a sequence (Am, Um) € UkeN Sk,A we have that, for some k,, € N

= /\up+f0(x), inQv

—Autule) (@)

— At + @) iy, ()| Vit |* = Al + foz) in Q
Um =0 on 012,

with 0 < Ay, < A and ||um || poe () < ca. As we can suppose that k,, — 0o, then the first part of Lemma
5.3.3, with wyn = um, assures that (Am,un) admits a strongly convergent subsequence. In particular
we deduce that UkeN Sk, is relatively compact. We notice that if the sequence k., is bounded then,
up to a sequence, (Am,um) converges in (J, oy Sk,a. Now we can use Lemma 5.4.2 to deduce that
T'a = limsup Sy A is a continuum which, using the second part of Lemma 5.3.3, is contained in M.
In fact, since for every n € N there exists (A,un) € Sn,a, then we have that Projj, ,'a = [0, A].
Furthermore, by construction,I' A is increasing in A and we can take ¥= |J, oy I'n. Observe that
since (0,u) € I',, for every n € N then® C M is a connected set in [0, +oc) x C(Q). Moreover,
Proji, )2 = U,en[0: 1] = [0, 00).

Now we deal with the proof in the case of item ii). In this case, since p(z) is constant and v < 1,
we have that g(s) = ﬁ verifies (5.14) and (5.9). Thus, the unbounded continuum ¥ of solutions
of (Qx) is obtained from Theorem 5.3.5. In addition, the projection of ¥ to the A-axis has to be
bounded, since we can use (Arcoya et al., 2011, Theorem 5.1) to deduce the existence of A*. Observe
that g € L'(0, +00) and

sP eJT(F—g(1))dt
lim i

— = lim —— :lim<f— s)sp
s—00 fO efr g(t)dtdr s5—00 fO e~ fl 9(t)dtdr s—oco \'S g( )

1-8 _
=1 p—1 _87 — 17 p_17
slggos (p sv—5+1)_{ oo, p>1.

Therefore g verifies condition (1.6) in Arcoya et al. (2011). O
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Proof [Proof of Theorem 5.1.2] We observe that, for every n € N fixed, the function g¢,(s) =

W satisfies (5.14) for 8 < 1 and general u(z) (see Cases 1-3 of Appendix). Thus

by Theorem 5.3.5 there exists a continuumy , in [0, +o0) x C(Q) of positive solutions of (Q )
such that (0,un) € ¥, with u, solution of (Qn,0). We claim that Projj .yXn = [0,00). Indeed,
this is a consequence of the bound on the norm, for A in bounded sets, of the solutions of (Qx ).
More precisely, this bound is obtained by means of Lemma 5.2.1, for p < 1 and Lemma 5.2.2 with
90(5) = Grmgrny forp > 1

The existence of the unbounded continuum ¥ with Projjy ., = [0,00) is deduced now arguing
as in the proof of Theorem 5.1.1, observe that Lemma 5.3.3 with A, = 0 assures that, passing to
subsequence, u, converges strongly to u solution of (Qo). To conclude, we note by Remark 5.3.4 the
need to consider M < 2 in the case y = = 1. O

Remark 5.4.3 Thanks to Case 4 of Appendix it is worth stressing that the previous theorem could
be extended toy=1< B if M < 1.

Remark 5.4.4 A simplest proof of Theorem 5.1.2 can be obtained in the particular case v = < 1.
Indeed, the function g(s) = 1/s7 with v < 1 satisfies condition (5.14) and this condition is also
satisfied in the case v = 1 if, in addition, we assume that M < 1 (see Remark 5.3.4). Consequently
applying directly Theorem 5.3.5 for v < 1 and Remark 5.8.2 for v = 1 we can deduce the existence of
an unbounded continuum X of solutions of (Rx). Moreover, using Lemma 5.2.1 in the case p < 1 or
Lemma 5.2.2, with B = v and go(s) = 1/s”, in the case p > 1, we can assure that Projj, .,> = [0, 00),
concluding the claim.

Appendix

We devote this appendix to include the proof of Lemma 5.2.1 as well as the proof of (5.14) in some
particular cases.

Proof:[Proof of Lemma 5.2.1] We choose suitable test functions taking into account (Arcoya et al.,
2011, Lemma 2.1). We divide the proof into two steps:
STEP I. There exists a positive constant C such that, for every g > 0 and every solution u of (Py)
with 0 < X < A, one has Hu”Hé(Q) <C.

Indeed, take ¢ = u as a test function to obtain, dropping the positive term given by the lower

order term, that
/\Vu|2§/)\up+l+/fou.
Q Q Q

Since p + 1 < 2, we can use Holder and Sobolev inequalities in the right hand side to conclude

/QIVUI2§<:<(/QVUIQ)T+</Q |Vu|2)é>,

for some positive constant ¢ depending only onA | 2, fo and p. This inequality give us Step I with C
the unique positive solution of the equation s = c(serl +s).

STEP II. There exists C > 0 such that, for every g > 0 and every solution u of (Px) with 0 < X\ < A,
one has |[u|| Lo @) < Cllullzi(q)-

Given k > 1, we take ¢ = Gi(u) as a test function in (Py). Hence, dropping the positive lower
order term and using Holder’s inequality in the right hand side, we have

/|VGk(u)|2 S/ (A + fo)u® <IN+ follLacoy (/ qul>? , (5.16)
Q Ay Ag

where Ay = {x € Q : u(z) > k}. Throughout the proof, C denotes different positive constants
depending only onA, fo, p and Q.
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Firstly, we estimate the right hand side of (5.16) using Holder and Sobolev inequalities and the
fact that w = Tk (u) + Gi(u). Thus,

4 1
7

(o) = (inss | oty
Ag Ag

1
ol

c( Gk(u)Qq’)" O R A7
Ap

IN

2* * T 2 &
<C Gr(u) [Ap|a" 27 + C k7| Ag|
Q
- 2 2 %
< C|Ag|d 2 [VGr(u)|” + CE"|Ag|d .
Q
Consequently, from (5.16) we have,
2 L% 2 2 L
IVGr(W)]” < ClIA+ follzay { [Axl" 27 [ [VGr(u)|” + k7 Ak]7" ) .
Q Q

Using Step I we have that k|Ax| < |lu|p1(q) < C and, since % — 2 >0, we can choose k big enough
such that

1
/ VG W)|? < C A+ foll ey K2 Ak 7 .
Q

Using Holder and Sobolev inequalities and the above inequality we conclude
11
Gr(u) < Ck|A,|' T2 727
Ag

which gives us the result applying (Hartman and Stampacchia, 1966, Lemma 7.2) (see also (Ladyzhen-
skaya and Ural’tseva, 1968, Lemma 5.1, pag 71)).

Summarizing Step I and Step II, we conclude the proof. a
Now we prove (5.14) forg(s)zm and0<y<pB<lorM<l=79<§8.

Proof:[Proof of (5.14)] For every v > 0, we take g(s) = h(s)g(s) for a convenient function
h € C'([0,4+00)), such that, for some 6, > 0

g(5) — h(s 9(s) - W) s x) — h(s
0. ((M(x)QZ(S) h( )g2(s) g(s) ) + h(s)(u(z) — h( )))
> (u(z) — h(s))?, Vs<uv.

Observe that this inequality is trivially satisfied if h(s) = pu(z) and h'(s) < 0 while, in other case,
it is equivalent to prove that the function

)= (10 +£83) -5
(u(x) — h(s))?

is bounded from below by a positive constant. We point out that

(o) o)

Now we choose the function h(s) based on the different values of v and g.
Case 1. v < B < 1.
In this case we take h(s) = —g'(s)/g%(s) =v(s+ )" + B(s + %)Bfl. Thus

o(z,s)

h'(s)=~v(v—1) <3 + 111)72 +B8(B-1) <5 + i)ﬁ2 <0.



Existence of a continuum of solutions 127

In particular, we have that o(z,s) is given by
(Y= s+ 1) +80-8) (s+2)° ") ((s+2)7 + (s +2)°)
(k@) =7 s+ )7 =B+ 27
(’y(l—’y) (s+1) P 4+p1-8 ) ((s—|— )7 1)
(4@ (s+ 1) =5 (s + 1)~ 58)
We conclude by taking into account that this function (which may take infinite values) only vanishes
for s — +o0.

Case 2. v < B=1.
In this case we take again h(s) = —g'(s)/g°(s) = v(s + 1)?"" + 1. Thus

In particular, we have

(A= (+2)7) (4 2) + (+3))
_ 2 '
(i) = (s 1) 1)
We conclude, as before, by taking into account that this function only vanishes for s — +o0.

Case 3. v=p=1.
In this case we can choose h(s) =2+

o(z,s) =

1
T¥3ns and we have

6n(s+1
(/.l/(l') —-2- 1+§ns) 1+%’)ns + g(j;—n!)g)

(ww) 2~ 75)

—3—6ns 6n(s+1/n)

o(z,s) =

(1+3ns)2 + (1+3ns)2 _ 3
2 2
(he) 2 it ) () =B+ 305) =D

We conclude again using that this function only vanishes for s — +occ.
Case 4. M <1=~<p.

In this case we can choose h(s) =1 and, since 5;23 =—1-f(s+ 1)’ we have
1-1-B(s+2)°"  Bls+ )" B
o(z,s) = C = n > = )
w(z) —1 T—u(e) = w11 = p@)
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Abstract

In this paper we study the existence of viscosity solutions to the Gelfand
problem for the 1-homogeneous p-laplacian in a bounded domain) C R¥, that
is, we deal with —ﬁ\Vu\Q_p div (|Vul[P72Vu) = Ae* in Q with u = 0 on 99Q.
For this problem we show that, for p € [2, 00], there exists a positive critical value
A" = A" (Q, N, p) such that:

e If A < \*, the problem admits a minimal positive solution w.
e If A > \*  the problem admits no solution.

Moreover, the branch of minimal solutions {wy} is increasing with .

In addition, using degree theory, for fixed p we show that there exists an
unbounded continuum of solutions that emanates from the trivial solution, u = 0
with A = 0 and for a small fixed A we also obtain a continuum of solutions with
p € [2,00].
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6.1 Introduction

This paper deals with the Gelfand problem corresponding to the 1-homogeneous p-Laplacian,

{—Agu:)\e”, inQ), (Pry)
A,p

u=0, on 0f),

whereQ C RY is a regular bounded domain, p € [2,00] and the operatorA 117\7 is the called 1-
homogeneous p-laplacian (also called the normalized p—Laplacian) defined, for p < oo, by

Au = ;D%1|Vu|2_1O div (|Vu|’>Vu) = aAu + A, (6.1)

being a=1/(p—1), 8=(p—2)/(p—1) and for p = oo

YVu Vu
Acu=ANy= 2" . D22
e 2 ( ”\w)

the 1-homogeneous infinity laplacian. This kind of elliptic operators for 2 < p < oo have 1 and
1/(p — 1) as ellipticity constants, hence there is a lack of uniform ellipticity when we let p — oo.
Therefore, the theory of uniformly elliptic operators can not be applied. Moreover, we remark the
lack of variational structure and differentiability of this operator, in contrast to what happens with
the classical p-laplacian. This fact implies that the theory concerning “stable solutions” can not be
applied to our problem.

Note that the 1-homogeneous p-laplacian is a convex combination of laplacian and infinity lapla-
cian operators since o« + 8 = 1. Moreover, «a = 1, f =0ifp=2and « - 0, 3 — 1 as p — oo.
This operator appears when one considers Tug-of-War games with noise, see Manfredi et al. (2012);
Peres and Sheffield (2008); Peres et al. (2009), where the Poisson problem is studied. Moreover, the
sublinear problem and the eigenvalue problem associated to the 1-homogeneous p-Laplacian, namely,
the problem with right-hand side Au? for 0 < ¢ < 1, has been studied in Martinez-Aparicio et al.
(2014a) and Martinez-Aparicio et al. (2014b). In view of these two references it seems natural to
deal with the superlinear case (that for this operator is challenging due to the fact that there is no
variational structure and no Sobolev spaces framework).

Concerning the Gelfand problem, since it is a classical problem, there is a large number of refer-
ences. We quote: Arcoya et al. (2014); Cabré and Capella (2006); Cabré and Sanchén (2013); Gel’fand
(1963); Molino (2016) and references therein for the Laplacian and Ros-Oton (2014) for the fractional
Laplacian.

Our first result for this problem reads as follows:

Theorem 6.1.1 For every fized p € [2,400] there exists a positive extremal parameter \* = \* (2, N, p)
such that:

o If A< \*, problem (P»p) admits a minimal positive solution wy.
o If X\ > X", problem (Px,p) has no positive solution.

Moreover, the branch of minimal solutions {wx} is increasing with \. Even more, in the case of a
ball, Q = B,, the minimal solution is radial.

One of our main tools for the proof of this result is a comparison principle (that we prove here)
adapted to the particular structure of the 1-homogeneous p-laplacian (see Theorem 6.3.3). This result
generalizes previous ones in Barles and Busca (2001); Martinez-Aparicio et al. (2014a). We believe
that this comparison principle is of independent interest.

Using arguments from degree theory we can obtain the following result concerning solutions that
are not necessarily the minimal one. Remark that we even obtain a continuum of solutions for a fixed
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p using A as parameter or for fixed A small taking p as parameter. More precisely, fixed p we denote
by .7, to the solution set, i.e.

Fp = {(\u) € [0, (Q,N,p)] x C(Q) : usolves (P )}
Analogously, fixed A we denote by Sx to the solution set
Sx = {(p,u) € [2,00] x C(Q) : u solves (Pxp)}.

Theorem 6.1.2 For every fized p € [2,00], there exists an unbounded continuum of solutions C C
p that emanates from A = 0,u = 0, i.e. (0,0) € C. Moreover, for every fized A < Ao =
min{\*(Q, N,2), (2d%e) ™'}, where d is the diameter of Q, there exists a continuum of solutions
D C 8Sx, with Projiy | jD = [2,+00] and [Jule < 1,V(p,u) € D.

‘We remark that, as a consequence of the previous theorem there is a lower bound for the extremal
parameter found in Theorem 6.1.1, 0 < Ao < A*(€2, N, p) for every p € [2, +0o0].

The use of degree theory is new for this kind of operators. Here we perform homotopies both in
the parameters A and p. The deformation in p is needed in order to start the argument with the trivial
solution v = 0 for the problem with p = 2 and A = 0, Au = 0, that is known to have degree 1. Note
that, due to the non smoothness of the operator, there is a nontrivial difficulty in the computation of
the degree of the trivial solution toA é,vu = 0. Also note that the necessary compactness is nontrivial,
we rely here in results from Charro et al. (2013).

Remark 6.1.3 Our results can be generalized to handle the equation

—A)u = Af(u),
with a general continuous nonlinearity f that verifies
f(0) >0, f(s) is increasing and % >k>0.

To simplify the exposition we just write the details for f(s) = e® and we make a comment at the end
of the paper on how to deal with this general case.

The rest of the paper is organized as follows: in Section 6.2 we collect some preliminaries and
state the definition of a viscosity solution to our equation, in Section 6.3 we prove our comparison
result, and finally in Sections 6.4 and 6.5 we prove our main results concerning the Gelfand problem.

6.2 Preliminaries

In this section we introduce the notion of viscosity solution for problem (P ). Actually we give the
definition for a more general family of nonlinearities and we consider the following boundary value
problem:
_AN — 1
Ayu=Af(z,u), inQ, 6.2)
u=0, on 01,

where f: Q2 x R — R is a continuous function.

Since the normalized infinity laplacian,A cu = \§Z| . (D2u|g—z‘) is not well defined at the points

where |[Vu(z)| = 0, we have to use the semicontinuous envelopes of the operator

(g?X)H%<X|§7|)> feRN,XESN
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in order to define viscosity solutions for problem (6.2) (see Chen et al. (1991); Crandall et al. (1992)).
To this end, we denote the largest and the smallest eigenvalue for A € Sy by M(A) and m(A),
respectively. That is,

M(A) = max - (An),  m(A)= in 7 (An).

Let us denote by USC(w) the set of upper semicontinuous functions u : w C RY — R, and we
denote by LSC(w) the set of lower semicontinuous functions.

Definition 6.2.1

1. w € USC(Q) is a viscosity subsolution of the equation —Aévu = A f(z,u) if whenever xo € Q
and o € C*(Q) such that o(z0) = u(zo) and ¢ —u >0 in Q\ {xo}, then

{ —AN (o) < A f(zo, p(x0)) , if V(o) #0,

) ) (6.3)
—aAp(x0) — BM (D*p(x0)) < A f(zo,0(z0)), if Ve(zo) =0.

If, in addition, u € USC(Q2) and u < 0 on 002 we say that u is a subsolution of (6.2).

2. w € LSC(Q) is a viscosity supersolution of the equation —ANu = X f(z,u) if whenever zo € Q
and 1 € C*(Q) such that ¥(xo) = TW(xo) and T —1 > 0 in Q\ {zo}, then

N .
{ —A) (o) = A f(wo,1(w0)) if Vip(zo) # 0, (6.4

—alip(xo) — fm (D*(w0)) > A f(wo,9(z0)), i Vip(wo) = 0.
If, in addition, w € LSC(Q) and u > 0 on 0Q we say that U is a supersolution of (6.2).

3. A continuous function u : Q — R is a viscosity solution of (6.2) if it is both, a viscosity
supersolution and a viscosity subsolution.

In what follows, ¢ stands for test functions whose graph touches the graph of u from above, and
1) denotes test functions whose graph touches the graph of u from below. Notice that the inequalities
@ —u>0and u—1 > 0 have to be satisfied in a neighborhood of {zo} and not necessarily in the
wholeQ? \ {zo0}.

Remark 6.2.2 Let u be a classical subsolution of (6.2), that is, u € C*(Q), u < 0 on 9Q and for
every x € ) salisfies

{ A u(z) <A f(z,u(@)), if Vu(z) #0,
—aAu(z) — BM (D*u(z)) < A f(z,u(z)), if Vu(z)=0.

Then w is a viscosity subsolution. Indeed, let ¢ € C*(Q) be such that p(x0) = u(zo) and ¢ —u > 0 in
Q\ {0}, then V(¢ —u)(20) = 0 and D?*(p — u)(zo) is a positive definite N x N matriz. Therefore,

n- (D*¢(xo)n) >n- (D*u(xo))nn  €RY,
and tr (D*¢(z0)) > tr (D*u(zo)) (i.e. Ap(wo) > Au(xo)). Hence, if Vu(zo) # 0, we obtain
—alp(w0) — BALP(x0) < —alu(zo) — BAZu(x0) < Af (20, p(w0))-
Finally, using that M(D*p(x0)) > M(D*u(x0)) for Vu(zo) = 0, it follows that u is a viscosity

subsolution. We can proceed analogously with the supersolution case. Thus, classical solutions of
(6.2) are solutions in the viscosity sense.
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Let us observe that u € USC(Q) is a viscosity subsolution of —ANu = X f(z, ) if

—atr B/ i/ To To)), 1 ,
() = 5% (X1 ) <3 feoplao), it 0 £0
—atr(X) — M (X) < X f(zo, ¢(z0)), if n=0.

(6.5)

whenever zo € Q and (7,X) = (Ve(zo), D*¢(z0)) € RY x Sy for some ¢ € C*(Q) such that
o(zo) = u(zo) and ¢ —u > 0 in Q \ {xo}. Thus, as in Crandall et al. (1992), we can characterize
viscosity sub and supersolutions using the concept of upper and lower semijets in the sense of the
following definition.

Definition 6.2.3 For u € USC(O) and xo € O we define the upper semijet

J5 u(wo) = {(Vnp(xo),DQ@(xo)) cp € C*0), ¢(xo) = u(zo) and

» — u has a local minimum at xo} .
Analogously, for uw € LSC(O) and xo € O, we define the lower semijet

Jé’_u(mo) = {(Vw(xo),DQdJ(xo)) s € C2O), Y(xo) = u(wo) and

1 — u has a local mazimum at zo} .

Finally, we introduce the sets j?g’+u(a:o), 7?9’_11(360) as follows: (p,X) € j?g’+u(xo) if there exist
Ty € Br(zo) and (pn, Xn) € J5 u(zn), such that u(zn) — u(zo) and (Tn,pn, Xn) — (zo0,p, X) as

n — 0o. An analogous statement holds for 7?9’7u(:v0).

Remark 6.2.4 [t is clear that uw € USC(Q) is a viscosity subsolution of —ANw = X f(x,u) if (6.5)
is verified for every (n,X) € Jé’+g(a:0). Moreover, if u is a subsolution then (6.5) is verified for every

(n,X) € j?{Jrg(aco). The analogous statement holds for supersolutions.

Remark 6.2.5 In Imbert et al. (2016) a parabolic equation of the form
w = [Vl (Au+ (p - 2)AY u)

was studied using viscosity solutions. The definition of viscosity solutions given there (inspired in
Ohnuma and Sato (1997)) differs from ours. In fact, in Imbert et al. (2016) the authors restrict the
class of test functions in order to give sense to the equation when the gradient vanishes (note that
this parabolic problem can be singular or degenerate according to the value of v). In our definition
we do not restrict the test functions but we give a meaning to AN w in terms of the largest and the
smallest eigenvalue of D*u at points where the gradient vanishes. With our definition we can prove a
comparison principle in the next section.

6.3 Comparison principle and Uniqueness

In this section, we start giving sufficient conditions on f to prove a comparison principle and hence
obtain uniqueness for (6.2).

Definition 6.3.1 Given a positive function h € C*(0,+00) such that h € L*(0,1) and h'(s)/h?(s) is
nondecreasing, we say that f : Q x R — R satisfies the h-decreasing condition if for every x € Q

h(s)f(z,s) is decreasing respect to s. (6.6)
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Remark 6.3.2 Observe that if f(z,s) = fo(xz) > 0, that is, f does not depend on s, then f satisfies
the h-decreasing condition for h(s) = % for any 0 < q < 1. In addition, when f(z,s) = fo(x)s? > 0
for some 0 < g < 1 then f satisfies the h-decreasing condition for h(s) = sq% forany0<e<1—gq.
Moreover, taking h a decreasing function, we obtain that any function 0 < f € C*(Q2xR) nonincreasing
with respect to s also satisfies the h-decreasing condition (since h'(s)f(xz,s) + h(s)fi(z,s) < 0 in this
case).

Theorem 6.3.3 Assume that 0 < f € C(Q2 x R) satisfies the h-decreasing condition. Let u,u € C(£2)
be respectively a sub and a supersolution of fAf,Vu = f(z,u) such thatw > 0 in Q and u < on IN.
Then u < T in .

Proof: We argue by contradiction following closely the ideas in Crandall et al. (1992). Suppose that
Ot ={z € Q : u(z) >u(z)} is non empty. Let

H(s) = /O " h()dt,

for s > 0. By hypothesis u < % on 9Q and using that u, 7 € C(Q) we have that there exists £ € Q
with

H(u(2)) — H(u(2)) = Sup H(u(x)) — H(u(x)) > 0.

Since) T is an open set we can take Q, an open neighborhood of #, such that Q C QF. Now, let w
and w be the positive functions defined for z € Q by

w(@)= Hu(®)) and  w(z) = H (a(z).

Clearly w,w € 0(6) and

w(x) >w(x) >0, ze. (6.7)
Now, we claim that w,w are a sub and a supersolution (in the viscosity sense) of the equation
W (H (w)) . . .
N 2 1 1 .
Ay w+ m| w|” = h(H™ " (w))f(z, H " (w)), in Q. (@)

Indeed, we proceed to show that w is subsolution (‘Ehe fact that w is a supersolution can be proved in
the same way). For every zo € 2 we take ¢ € C3(Q) with p(z0) = w(zo) and p(z) > w(zx) for every
z € Q\ {zo}. If Vo(xo) # 0 and we take ¢ = H (), then it is easy to check that

~a (a0 + o P (o)

= —alp(w0) = BAxp(wo) + h'($(20))|V@(wo)|*

= —al(wo)h(@(w0)) — ' (3(x0))|V§(w0)[* — BAx@(wo)h((z0))
—BH ($(w0))|V@(z0)[* + B (¢ (w0)) V(o) |

= — A @(wo)h(B(0))-

Now, taking into account that @(zo) = u(zo) and (p — u)(z) > 0 in Q\ {0}, it follows that @ is a
test function touching from above u at xo. Thus, since wu is subsolution of —Azjj\ru = f(z,u) we get

—AY @ (x0) < f(zo, H (3(0)))-

Consequently

W (@) G002 < h(H (p(20)) f (o, H (p(0))-

~82(@0) + TR T (o))
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In case V(zo) = 0, since V@(zo) = 0 and D?*p(x0) = h(p(x0))D?*@(x0), we have
—alp(xo) — M (D*p(20)) = —alg(z0)h(@(x0)) — BM (D*G(x0)) h($(z0))
< h(H ™ (p(0))) f (zo, H ' (¢(20))).

Therefore, we conclude that w is a subsolution of problem (Q), which was our claim.
Now, consider the sequence of functions

n = =

For every n € N, let (zn,yn) € Q) x Q be such that

\I}n(mnayn) = sup \Iln(x,y),
QxQ
we note that¥ ,(xn,yn) is finite since w — W is continuous and () is compact. Moreover¥ n(Tn, Yn) >
U(z,z) = w(z) — w(z) > 0. Furthermore, we can assume that zn,yn — 2,9, w(z,) = w(£) and
W(yn) — W(§) as n — oo and that & = § (see (Crandall et al., 1992, Lemma 3.1 and Proposition
3.7)). Next, by (Crandall et al., 1992, Theorem 3.2), there exist X,,Y, € Sy satisfying

(1) Xn S Yn,

.. —2,4 —2,—,

(i) (n, Xn) € Jg (w(zn)), (Mn, Yn) € Jg (W(yn)),
(iii) Xn <0 < Ys, for 2, = yn,

where 17, = 1|ty — Yn|*(Tn — Yn).
Hence, if ,, # yn, having in mind that w and w are sub and supersolution of (Q) and using
Remark 6.2.4, we obtain that

h(H ™ (@(yn))f (yn, H (@(yn)))

e N W(H ' (w(yn)))
< —atr(¥ Inn (Y"mn) R (@(ya))) ™!
) e\ L B (@)
< —atr(Xn Inn (X Inn> B2 (w(wn))) ™
W @) HE @) | e
+(h?(H i) R @(m))))'”"'
< h(H ™ (w(en) f@n B (w(en)))

h2(H='(w(yn)))  h*(H'(w(zn)))
letting n — oo and by continuity of W, w, f, h, b’ and using that h’/h? is nondecreasing, we get
h(H ™ (w(#)))f (&, H " (@(2))) < h(H " (w(@)))f (& H ™ (w(®)))-
This is a contradiction with (6.7) since it implies, using (6.6) that
h(H ™ (w(2))) f(&, H ' (@(2))) > h(H (w(#)))f (&, H " (w(#))).
If 2, = yn for n > ng, then n, = 0 and by (iii) we have
h(H ™ (@ (yn))) f (yn, H (@ (yn))) < —atr(Ya) = Bm(Yz)
< —atr(X,) — BM(X,)
< h(H ™ (w(@n))) f (@n, H (w(zn)))

and, arguing as above, it leads to the contradiction. O
Let us extract easy consequences of this comparison principle.

+ (h’(H‘l(ﬁ(yn))) _ h/(H_l@(xn)))> nal®,
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Proposition 6.3.4 [Uniqueness] Assume that 0 < f € C(2 X R) satisfies the h-decreasing condition.
Then, there exists at most one positive viscosity solution of

ngu(x) = f(z,u), inQ,
{ u=0, on 0S2. (P)

Proof: Suppose that there exist ui,us > 0 two solutions of (P). Using twice Theorem 6.3.3 we
obtain that w1 < us and us < w1, and we conclude that u; = us. O

The next result improves Martinez-Aparicio et al. (2014a) where a starshaped condition on the
domain €2 was required.

Corollary 6.3.5 As a particular case, we can assert that there exists a unique positive solution of

—ANu(z) = M, inQ,
u=0, on 012,

for every A > 0 and 0 < ¢ < 1. Moreover, for A =0, the problem admits as unique solution, u = 0.
Proof: For A > 0, the uniqueness is due to Proposition 6.3.4 and existence to (Martinez-Aparicio
et al., 2014a, Theorem 3.1) (which can be extended to the case p = oo using the same iterative
procedure as in (Martinez-Aparicio et al., 2014a, Theorem 3.1)). For A = 0, we observe that u is a
solution of —Ag’u = 0 if and only if —A,u = 0 in the viscosity sense, (this holds since it is enough to

test the equation —Apu = 0 with test functions with Vi # 0, see Juutinen et al. (2001)). Thus, the
trivial solution u = 0 is the unique solution when A = 0. ]

6.4 Existence of Minimal Solutions for the Gelfand
problem

The first result of this section shows how one can pass to the limit in a sequence of viscosity solutions
of a sequence of problems to obtain a viscosity solution of the limit problem.

Lemma 6.4.1 Let uy, fn € C(2) and p, € [2,00] be three sequences satisfying
A= 69

in the viscosity sense, such that fn — f, un — u uniformly for every w CC Q and p, — p € [2,00].
Then, u is a viscosity solution to the problem

—Afu=f. (6.9)
Proof: First, we prove that u is a subsolution. For every zo € Q we take ¢ € C*(Q) such that

o(zo0) = u(xo) and ¢ —u > 0in Q\ {zo}. Fix § > 0 such that Bs(xzo) C Q, and for every n € N, we
consider z, as the strict minimum point (not necessarily unique) of ¢ — u, in Bs(zo), i.e.,

(o — un) (@n) < (@ — un) (z), for all z € Bs(zo).

Up to a subsequence, we can assume that z, — z* € B (:co). Using that u., is continuous and that
the sequence u, uniformly converges to u we deduce that u,(z,) — u(z*). We obtain, taking limits
in the above inequality, that

(p—u)(z") < (¢ —u)(x), for all x € Bs(xo),

and we can assert that z* = x9. We set

on(@) = (@) + un(@n) — @(zn) + [z — al|*, z € Bs(xo).
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It is easy to check that ¢, satisfies:
on(@n) = un(zn),  Veu(n) =Ve(an),  D?pn(zn) = D*p(xs)
and
(n —un) (z) >0

in a neighborhood of x,,. Thus, using that u, is a subsolution of (6.8), taking ¢, as test function we
obtain that

1. If Vpn(zn) # 0 then —anApn(zn) — Brnlocpn(tn) < fu(xn) and thus

— anAp(n) = Balocp(zn) < fr(Tn). (6.10)
2. If Von(xn) =0 then —anApn(xn) — BnM(D2<pn (zn)) < fa(xn) and thus
— anA@(wn) = BuM(D*¢(zn)) < fa(n), (6.11)
where ap, = ———, B, = if pp, < +o00 and oy, = 0,8, =1 if p, = 0.
pn—1 pn—1
1 -2
Now, denoting o = E, B = i_ 1 if p< 400 and a = 0,8 = 1 in other case, we distinguish

three different cases:

Case i): Vy(z0) # 0. In this case, we can suppose that, up to a subsequence, Vi, (2,) # 0 for n > ng
and, taking into account that ¢ € C? and the continuity and uniform convergence of f,, we
can pass to the limit in (6.10) as n — oo to obtain

—alp(z0) — BAxp(z0) < f(20).
Case ii): V(o) = 0 and, up to a subsequence, Vi, (x,) # 0 for n > no. In this case, since
Accip(xn) < M(D*p(zn))
replacing in (6.10) we get (6.11) and taking limits we obtain the desired inequality
— alp(zo) — BM(D*p(x0)) < f(xo). (6.12)

Case iii): Vp(z0) = Vn(zn) =0, for n > no we obtain (6.12) directly from (6.11).

On the other hand, to prove that w is a supersolution, we argue in a similar way. To be more
specific, for every zo € Q we take the test function v € C*(f), satisfying u — 1 has a strict minimum
at xo with ¥ (zo) = u(zo). Now, taking x,, the strict minimum of u, — ¢ in Bs(zo) C €, we set
Y (x) = P(x) + un(xn) — Y(xn) — |lx — 2x]|* as the test function in (6.8) touching the graph of uy,
from below in x,. The rest of the proof runs as before. O

Now we can prove the existence of minimal solutions of (P ) for A small and nonexistence of
solutions for A large, that is, we prove Theorem 6.1.1.

Proof:[Proof of Theorem 6.1.1] Let z € C*([0, 1]) be a classical solution to the problem

—Z” ") — _ M: eZ(T) rin
() —a(N =)= =2 rin (0,1), 619

with 1
a=—— if p < 4oo and a = 0 in other case.

Then u(z) := z(|z|) is a solution to the problem

7A{,Vu:)\e“, in By,
u >0, in By, (6.14)
u=20, on 0B,
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in the sense of Definition 6.2.1-(iii) (see also Remark 6.2.2). Due to Joseph and Lundgren (1972/73),
it is well known that there exists a positive number S\(Bl), depending only on p, N, such that problem
(6.13) has no solution for A\ > A(Bi). Moreover, for every 0 < A < A(Bi) there exists a classical
solution z € C2([0,1]) (see also Jacobsen and Schmitt (2002) for a complete description of the mul-
tiplicity of solutions). Observe that for any classical solution z € C2(]0,1]), A > 0, of (6.13) it holds
that A < A(Bi1) (we refer again to Jacobsen and Schmitt (2002) for a complete description of the
multiplicity of solutions).

Note also that the relationship between classical solutions of (6.13) and viscosity radial solutions
of (6.14) is bidirectional. Given u € C(B1) solution of (6.14) radially symmetric and decreasing then
z(r) = u(|z|) for some z € Q with |z| = r satisfies (6.13) in the weak sense (which is equivalent to be
a classical solution in this case).

Taking into account Remark 6.2.2, u is also a solution to our problem in the viscosity sense.

Now, for any fixed R > 0, we can rescale the problem and consider

v(r) := z(r/R).
It is easy to check that we arrive to the ODE

—v"(r) — a(N — UI(T):ievm in
(1 —av -~ 1) = 2 (0, ), o1

v(R) =0, v'(0) =0.

Summarizing, we have that there exists a positive value

A(Br) = )\(RB;)

which is decreasing with respect to R, such that problem (P ) admits at least a solution for every
A < A(Br) in the ball of radius R, 2 = Bg.
Let now 2 be a bounded domain and R; > 0 given by

>0,

Ry =min{R >0 : Q C Bgr}. (6.16)

Notice that if ug, is a solution in Bg, for someA < A(Bg,) then it is a supersolution in Q for
A < A < A(Bgr,). We claim that there exists a solution of problem (Py ,) with A = A. Indeed, to
prove this fact we use a standard monotone iteration argument: let wo = 0 and for every n > 1 we
define the recurrent sequence {wy} by

—Agwn =X, inQ,
(@Qn) wyn, >0, in€.
wy, =0, on 0f,

The sequence {w,} € C(Q) is well defined by Manfredi et al. (2012); Peres and Sheffield (2008), see
also Lu and Wang (2008). Note that we are solving a problem of the form fAéan = f inQ) , with
f > 0and w, = 0 on 02 as boundary condition. Then existence is a consequence of a limit procedure
involving game theory (in this problem the right hand side, f, enters into the problem as a running
payoff and the boundary condition w, = 0 as the final payoff). The existence of such solution can be
also proved directly using Perron’s method thanks to our general comparison principle.

Moreover, the sequence {wy} is increasing with n. Indeed, taking in account that 0 < w; we
obtain A\e"® < Ae™! and using the comparison principle in Theorem 6.3.3 it follows that w; < wa.
By an inductive argument, we get 0 < w1 < w2 < -+ < wy, for all n > 1. From the fact that ug,
is a supersolution of problem (P ), with a similar inductive argument, we prove that w, < ug, for
every n € N.

Since ugr, € L>(Q), the sequence {wn,(x)} is increasing and bounded by ur, (z), therefore, exists

wy(z) = nl;ngo wy ().
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In addition, thanks to the subtle Krylov-Safonov C%®-estimates of w, for every p € [2,00] (here we
refer to Caffarelli and Cabré (1995); Charro et al. (2013)), we obtain that w, — wx uniformly. Taking
frn=2Xe¥?~1 and p, = p in Lemma 6.4.1 we get that w, is a solution of problem (P ;).

To prove that the obtained solution wy is minimal, let vy be a solution of problem (P ,), by a
similar argument using the comparison principle and induction in n we have w, < vy for all n € N.
As wx(x) = limn— 0o wn(x) (We use again comparison here), we obtain wy < vy.

We have thus proved that for every A < X(BRI) there exists wy, minimal solution of problem
(Px,p)- In particular

0 < A(Br,) < A*(Q, N,p) = sup{A > 0 : 3 a minimal solution of (P ,)} < occ.
Now to ensure that A\*(Q, N, p) < co let
Ry =max{R >0 : Br C Q},

we remark that without loss of generality we can assume that 0 € 2. In that way, taking wy, the
minimal solution in €, as a supersolution in Bgr, and applying the above argument again, with(}
replaced by Br,, we obtain that A*(Q, N,p) < A*(Bgr,, N, p).

Note that in the case 2= B, we can perform the previous argument starting with wg = 0 and
obtain that the minimal solution is radial. In fact, by uniqueness, in this case w, is radial for every
n. Remark that in this case the unique minimal solution leads to a solution of the ODE (6.15) and
thus A*(Br,, N,p) < A(Br,). O

Remark 6.4.2 The arguments used in the previous proof shows that the extremal parameter verifies

A (Q,N,p) =sup{\ >0 : there exists a minimal solution of (Pxp)}
= sup{\ > 0 : there exists a solution of (Pxp)}
= sup{\ > 0 : there exists a nonnegative supersolution of (Pxp)}.

Also note that
A" (21, N,p) <X (Q2,N,p) when Q2 C Q1,

and that the extremal value for a ball, Q) = Br, is the one that corresponds to the existence of a
radial solution, we refer to Jacobsen and Schmitt (2002) and Joseph and Lundgren (1972/73) for the
analysis of the resulting ODE.

In addition, we note that, if we have a solution to our problem, it holds

—Aé,vu = Xe" > .
Therefore we must have A < A1,,(2), where \1,,(Q) is the first eigenvalue of the operator —AN with

Dirichlet boundary conditions. We conclude that

)‘*(Qa N7p) S ALP(Q)’

6.5 Unbounded Continua of Solutions

For the reader’s convenience, we recall the following general results from the theory of global continua
of solutions using degree theory which will be essential for our analysis. For the proofs we refer to
Ambrosetti and Arcoya (2011), Schmitt (1995) and Leray and Schauder (1934).

Theorem 6.5.1 [Continuation Theorem of Leray-Schauder] Let X be a real Banach space, O an
open bounded subset of X and assume that T : R x X — X is completely continuous (i.e., relatively

compact and continuous). Furthermore, assume that for A = \o we have that u # T(Xo,u) for every
u € 00 and deg(I — T'(Xo,-),0,0) #0. Let

Y={(\u) € [No,00) x X : u=T(\u)}.

Then there exists a mazimal connected and closed C C ¥. Even more, the following statements are
valid:



140 The Gelfand problem for the 1-homogeneous p-laplacian

1. Cn{Xho} x O #0.
2. Either C is unbounded or else C N {\o} x X \ O # 0.

Theorem 6.5.2 [i]omotopy property] Let X be a real Banach space, O an open subset of X and
let T € C([0,1] x O, X) be completely continuous in [0,1] x O. Ifb: [0,1] — X is continuous and
b(t) #u—T(t,u) in [0,1] x O, then deg(I — T, O, b(t)) remains constant ¥Vt € [0, 1].

Theorem 6.5.3 [Classical Lemy—SchaudeL’s theorem| Let X be a real Banach space, O C X an open
and bounded subset of X and ® : [a,b] x O = X given by ®(t,u) = u — T(t,u) being T completely
continuous. We also assume that

D(t,u) # u, Y (t,u) € [a,b] x 00.

Then, if deg (®(a,-),0,0) # 0, it holds that
1. The equation ®(t,u) = 0 with u € X has a solution in O for every a <t < b.
2. There exists a closed and connected set, Yo C {(t,u) € [a,b]x X : u=T(t,u)}, that intersects
t=aandt="0.

Let us consider the operator
K:[0,1] xR xC(Q) — C(Q)

by defining, for every t € [0,1], A € R and w € C(Q), u := K(t,\,w) as the unique solution in C(Q)
of the problem

{ —A;\Et)u =Atev’ , in{,

u=0, on 012,
where p o
t) = —=.
p(t) =
That is, fAﬁt)u = —(1 —t) Au — t Acu. Notice that every p(t) € [2,00] is labeled by a unique

t € [0,1] (and conversely), thus K is well defined.

Now, we prove that K is completely continuous, which allows us to apply the Leray-Schauder
degree techniques (see Leray and Schauder (1934)), in order to study the existence of “continua of
solutions” of (P,p), i.e., connected and closed subsets in the solution set

Sy = {(A,u) € [0,00) x C(Q) : K (]’;;Q,A,u> :u},

for every fixed p € [2,+0o0] or, if we fixed X instead, in
S\ = {(p,u) € 12,00 XxC(Q) : K (F A,u) :u},

Lemma 6.5.4 Let assume that u, € C(Q) satisfies

_A;’V&tn)un = An ew" ’ n Q;
un =0, on 092,

with t, € [0,1] and 0 < Ay, wn bounded in R x C(Q). Then, up to a subsequence, un 1is strongly
convergent to u € C(2). If, in addition, \n, — A, tn, — t and wrn converges in C(Q2) to w, then u is
solution of problem

fAé\Et)u =Xe¥, inQ,

u=0, on O0N.
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Proof: If A, = 0 then u, = 0 is the unique solution (Corollary 6.3.5) and the proof is immediate.
In other case, since the sequence 0 < Ape*” < C for some positive constant, u, is a subsolution of
problem

—Aé\ztn)v =C, inQ,
v=20, on 0f).

It is well-known, by the theory of uniformly elliptic fully nonlinear equations, that for every fixed n €
N, u, € C*"™(Q), whenever 2 < p(t,) < M for some M sufficiently large (for instance, greater than
the dimension N), being 0 < v(n) < 1 (Caffarelli and Cabré (1995); Gilbarg and Trudinger (1983)).
We stress that this Holder estimates depend on the ratio between the ellipticity constants, which in
this case is p(t,) — 1 and, consequently, it blows-up as p(t,) — co. However, for p(t,) € [M, oc], it is

shown in (Charro et al., 2013, Theorem 7) that u, € C®?™ (Q) being p(n) = 1;((?;))—7111_

Thus, we can assert that the sequence u, € C®7(Q) where v = min{v(n), p(n) : n € N}. Hence,
Ascoli-Arzeld Theorem gives that u, possesses a subsequence converging in C(Q2) which conclude the
first part of the lemma. Finally, the second part is a direct consequence of the uniqueness of solutions
Proposition 6.3.4 and Lemma 6.4.1. O

The following is the main result in this section, Theorem 6.1.2.

Proof:[Proof of Theorem 6.1.2] Fixed R > 0, let Og be the open ball of radius R of C(Q) and we
fix some Ag with

R
O<)\R<W7

where d is the diameter of().
By Lemma 6.5.4, we obtain that K € C(]0,1] x [0, Ag] x Ogr,C(Q)) and K (t,), -) is completely
continuous for every (¢,A) € [0,1] x [0,Ar]. Now, in order to apply twice Theorem 6.5.2 for the

parameters (t,A) with b(t,A) = 0 € C(Q2), we must check an priori bound of the solutions of the
equation u = K(t,\,u). That is, v # K(t,A,u) in [0,1] x [0,Ar] X OOg. In fact, we argue by
contradiction, suppose that ||u|l.c = R and there exist ¢t € [0,1] and A € [0, Ar] such that u satisfies
the equation

—Aﬁt)u = de" inQ ,

hence u is a subsolution of problem
—AZ],V(t)v =  inQ .

On the other hand, a simple computation of (Charro et al., 2013, Theorem 1 and Theorem 3) shows
that if v € C(Q2) is a nonnegative subsolution of the Poisson problem

~Alv = f(z) in ,Q

with 0 < f € C(Q) and p € [2,00], then [|[v||c < 2d°||f|lo- Applying this last result we get the
following contradiction
R = ||ul|e < 2d*Xe™ < 2d°Age™ < R.

In this way, due to the Homotopy Property, we obtain
deg(I — K(t,\, ), Or,0) = const v (t,A) € [0,1] x [0, Ag].

Moreover, since
K(0,\w) = (=A)"" ()\ew+)

is the inverse of the laplacian operator, and it is well known that
deg(] - K(07 07 ')7 OR7 0) = 17

we get
1 =deg(I — K(0,0,-),0r,0) = deg(I — K(t,), ), Or,0).
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To conclude the proof, we apply the Continuation Theorem of Leray-Schauder (Theorem 6.5.1) with
T\ u) = K(t,A,u), for every fixed ¢ € [0, 1], which is completely continuous (Lemma 6.5.4). There-
fore, by using that deg(I —T'(0,-),Or,0) = 1 # 0, we can assert that there exists a maximal connected
subset C of ., that contains (0,0). Furthermore, since 0 is the unique solution for A = 0, C is not
bounded. Finally, since for every A such that there is a solution of (Py,,) we can construct a minimal
solution, we can state that C C [0, A*] x C(€Q).

With the same arguments, using Theorem 6.5.3 with T'(¢t,u) = K(¢t,A,u) and [a,b] = [0, 1], for
every fixed A € (0,X0 = min{A\*(, N, 2), 55-}), we can obtain the existence of a continuum of
solutions moving p € [2, 00]. More precisely, since deg(I — K (0, \,-),01,0) = 1 we can apply Theorem
6.5.3 obtaining the existence of a continuum o1 C {(¢t,u) € [0,1] x O1 : u = T(t,u)} such that
Projjo,1130,1 = [0, 1]. Note that the upper bound for X is used to ensure an a priori bound. Thus, we
finish the proof by taking

D= {(%u) € [2,+00] X O1 : (t,u) € zo,l}.

d

Remark 6.5.5 Now we briefly comment on possible extensions for more general nonlinearities. Note
that we can also deal with the equation

_Ai)vu = Af(u)v

with a general continuous nonlinearity f that verifies f(0) > 0, increasing and @ >k >0. In fact,
we only need to show existence and nonezistence of radial solutions (the rest of the arguments can be
extended without much difficulties). Hence we arrive to the problem

—2"(r) — 6& = Af(z(r)), re€(0,1),

r
2(r) > 0, r e (0,1), (6.17)
2(1) = 2'(0) = 0,

where 6 = % € [0,00) due to the fact that p € [2,00]. Multiplying by v° and integrating twice we

obtain

() = A/: Tie /O § f(2(s))dsdr
> )\/Tl # /OT $% f(z(s))dsdr
> A[ Tie /O $° F(=(r))dsdr.

Therefore, for every r € (0,1) it must hold

22 00 20 [, () wer =

As Fy(r) is positive in (0,1) and is bounded above we concluded that X <
solutions for \ greater than a constant that depends only on p and N.

To look for existence of solutions for small A\, we can use degree theory for the operator T :
[0,00) x C(]0,1]) = C([0,1]) given by

T\ u) = A/rl Tig /OT § F(u(s))dsdr

Since f is assumed to be continuous it is easy to check that T is completely continuous. Now, as
T(0,u) = 0 for every uw € C([0,1]) using Leray-Schauder’s theorem we obtain the existence of a
continuum of solutions C C [0,00) x C([0,1]) that is unbounded with (0,0) € C. In particular, there
exist solutions for values of \ close to 0.

Hence there is no

c(0)k -
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Abstract

In this paper, we study the existence of positive solutions for the quasilinear
elliptic singular problem

uY

—Au+c IVul® _ Af(u), in Q,

u=20, on 01},
where ¢, \> 0, v € (0,1), f is strictly increasing and derivable in [0, 00) with
f£(0) > 0. We show that there exists A* > 0 such that (0, \*] is the maximal set
of values such there exists solution. In addition, we prove that for A < \* there
exists minimal and bounded solutions. Moreover, we give sufficient conditions for
existence and regularity of solutions for A = \*.
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7.1 Introduction

Gelfand-type problems constitute one of the most studied fields of semilinear elliptic equations and it
has been considered since the very earliest stages of development of the theory of Partial Differential
Equations. There are several reasons for this interest, foremost among them are the wide applications
to physical models (we refer to Chandrasekhar (1957); Gel'fand (1963); Joseph and Sparrow (1970);
Keller and Cohen (1967) and references therein) and the open problems relating to the existence and
boundedness of solutions which still remain unsolved. We recall that a Gelfand-type problem aims to
study the following semilinear elliptic equation

—Au=Xf(u), inQ,
u>0, in €, (Gx)
u=20, on 012,

where © is a smooth bounded, open subset of RY (N > 1), A > 0 and the nonlinearity term satisfies
fis Cl[O, 00), positive, increasing and convex such that f(0) > 0. (F)

Typical examples for f are the power-like (1 + «)? with p > 1 and the exponential e*. If a solution u
of (G\) belongs to L () it is said that it is regular and minimal if u < v being v any other solution
of (G)\)

M.G. Crandall and P.H. Rabinowitz in Crandall and Rabinowitz (1975) (see also F. Mignot and
J.P. Puel Mignot and Puel (1980)) proved, under the hypothesis f is superlinear at infinity (i.e.
@ — 00), the following result

Proposition 7.1.1 [Crandall-Rabinowitz, 1973] Crandall and Rabinowitz (1975) There exists a pos-
itive number \* called the extremal parameter such that

o If A < \* the problem (Gy) admits a minimal bounded solution wy.
o If X\ > A" the problem (G») admits no solution.

Even more, they showed that the sequence of minimal solutions {wx} of (G) is increasing. Further-
more, the minimal solutions are stable, namely they satisfy the following condition

/Q (VR — A/ (wn)) >0, Ve eCe(9).

An important role is played by the stability condition in order to prove the existence and regularity
of u* := limx_x» wy, called extremal solution. In particular, it has been used to achieve optimal
results of regularity of extremal solution depending on the dimension N. Special mention should be
made of the exponential case f(s) = e°, obtaining regularity for N < 10 as well as the power-like
f(s)=(1+s)P for N <4+2(1—1/p)+ 41— 1/p (see Crandall and Rabinowitz (1975)).

In Brézis and Vazquez (1997) H. Brezis and J.L. Vdzquez proved that u* is a weak solution of
(Gx+). But, as far as regularity of v* is concerned , for general nonlinearities f satisfying (F), a
few results are obtained. More specifically, assuming the superlinearity of f, G. Nedev proved the
boundedness of extremal solutions for dimension N < 3 (Nedev (2000)) and S. Villegas in Villegas
(2013) for N = 4. See also X. Cabré et al. in Cabré and Capella (2006); Cabré and Sanchén (2013)

for convex domains (.

On the other hand, quasilinear Dirichlet problems having lower order terms with quadratic growth
with respect to the gradient whose simplest model is the following boundary value problem

—Au+ H(z,u) |Vul® = fo(x), in®,
u>0, inQQ, (@)
u=0, on 0f,

have also been extensively studied. A simple motivation relies in the fact that they arise naturally in
Calculus of Variations. For example, the Euler-Lagrange equation of the functional
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1) = 5 [ awwval® = [ o,
is formally .
—div (a(z,u)Vu) + ia;(ﬂc,u)\VuF = fo(z),

wich contains a quadratic gradient term.

In the 1980s, L. Boccardo, F. Murat and J.P. Puel discussed, among other important aspects, the
case H(z,s) = g(s) continuous in [0, 00), giving a huge literature since then (see Boccardo et al. (1982,
1983) and references therein). It can be observed in the previous example of Calculus of Variations
that if we consider functions with unbounded derivative in zero, for instance a(z,u) = 1 + |u|® with
0 € (0,1), it shows that the Euler-Lagrange equation associated should have a singularity in the
quadratic term. In recent years, the case H(x,s) with a singularity at s = 0 has been studied by D.
Arcoya et al. (Arcoya and Segura de Leén (2010); Arcoya et al. (2009a,b, 2010)) and some applications
are described by this kind of equations, see for instance Barenblatt et al. (2000); Berestycki et al.
(2001); Kardar et al. (1986).

The goal of this work is to bring together the two areas above, that is, a Gelfand-type problem
with a singularity in the gradient term. To be more specifically, we propose to study the existence
and regularity of positive solutions for the following problem

—Au+ g(u) |Vu|2 =Af(u), inQ,
u>0, inQQ, (Pr)
u=0, on 0f,

were ) is a smooth bounded and open subset of RY (N > 3), A >0, f strictly increasing, derivable
in [0,00) with f(0) > 0 and respect to g a nontrivial and positive function that either is continuous
in [0,00) or it is continuous in (0, 00), decreasing and integrable in a neighborhood of zero. Typical
example is g(s) = X with v € (0,1).

sY

Most recently in Arcoya et al. (2014) D. Arcoya et al. solved problem (Py) in the case g continuous
in [0, 00). Consequently, in the just mentioned paper the authors proved analogous results to that of
semilinear elliptic problem (G»). They established that the maximal set of A for which the problem
(P») has at least one solution is a closed interval [0, \*], with A* > 0, and there exists a minimal
regular solution for every A € [0,\") (compare Proposition 7.1.1). They also proved, under suitable
conditions, that for A = A\* there exists a minimal regular solution. Even more, they characterized
minimal solutions as those solutions satisfying a stability condition. Motivated by this paper, our
intention in the current work is to address this matter and provide statements that apply to the
quasilinear problem having a singularity in the quadratic gradient term. To make our discussion
more precise, under suitable hypotheses (see below hypotheses (H1)-(H4)) we prove in Theorem
7.2.9 a similar version of Crandall-Rabinowitz result (Proposition 7.1.1) for problem (Py). Moreover,

assuming that
s(f'(s) = g(s)f(5))

lim =ac€ (1,0

AT (1, o]
then u* is a stable solution of (Px+) (Theorem 7.3.6 and Corollary 7.3.7). We suggest that the reader
refers to Brézis and Vazquez (1997) and compare this condition with lims_, SF1) _ o ¢ (1, 00].

f(s)
We recall, following the definition introduced by D. Arcoya et al. Arcoya et al. (2014), that a stable

solution in the literature of elliptic equations with quadratic growth in the gradient is a positive
solution satisfying

/ Vo2 > A / () — g(u) f ()6
Q Q

for every ¢ € W(2). Stability condition plays an important role in the process to determine when the
extremal solutions are regular, we give sufficient conditions in Theorem 7.4.1. Finally, under the extra
condition f’(s) — g(s)f(s) is strictly increasing, we prove that stable solutions are minimal (Theorem
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7.3.8). We would like to point out that, unlike the work of D. Arcoya et al., we use this extra condition
exclusively for this last result.

The rest of this paper proceeds as follows: in Section 2, it is shown the existence of bounded
minimal solutions for (Py) up to a given value A*. In addition, we prove that sequence of minimal
solutions is increasing respect to A. In Section 3, we deal with the stability and the issue of the
circumstances under which u* is a stable solution. Also, we establish the relation between minimal
and stable solution. Finally, in Section 4 we proceed with the study of regularity of extremal solution
and some examples are stated.

Notation. We denote by |Q| the Lebesgue measure of2 C RY and by 2* the critical Sobolev
exponent 2N/(N —2), N > 2. For every s € R we consider s7 = max{s,0}, s~ = min{s,0} and the
functions G(s) = [; g(t)dt, ¥(s) = [; e~ 9V at.

7.2 Existence of bounded minimal solutions

This section is devoted to the study of solutions of problem (Py). As in the semilinear case, it is
expected that there exists an interval of values of A such that there is at least one solution. Even
more, we prove that there exists a parameter A* > 0 such that the problem has a minimal solution
wx which is bounded if 0 < A < A* and no solution for A > \*.

We recall that a function 0 < u € W(Q) is a (weak) solution of (Py) if g(u)|Vul?, f(u) € LY(Q)
and it satisfies

Vuve + / o) VP o= [ Af(w)o, (7.1)
Q Q Q

for all test function ¢ € W(Q2) N L*°(€2). As usual, supersolution (respectively subsolution) is defined
analogously by replacing the equality ”=" by the inequality 7>, (resp. <), for positive test function.

We are interested in the case of functions g which are singular at zero, as a model case g(s) = si“f’
v € (0,1). In this way, the function g will be required to satisfy the following hypotheses
sl;rgo sup g(s) < oo (H1)
f'(s) — g(s)f(s) > 0 and non-singular (s > 0) (H2)
e ) e L'(1, 00) (H3)
VO >0, 3C >0 : g(Cs) < Cg(s), Vs<1 (H4)

Remark 7.2.1 We want to point out that the hypothesis (H2), which involves function f, in partic-

ular it implies that the function f(s)th(S> is increasing for s > 0. Moreover, model case satisfies
si=v
hypotheses (H1), (H3), (H4) and (H2) taking for instance functions of kind f(s) = h(s)e I=7 , with
h(s) increasing and h(0) > 0, which also implies that f(s) is concave in a neighborhood of zero. An-
other interesting case is g(s) = m with v € (0,1). Additionally, we would like to highlight that

functions g(s) = ¢ (¢ > 0) are also considered.

One of the main keys to study problems with singularities in the quadratic gradient term is to
treat with test functions with compact support. For this reason it is appropriate to enunciate the
following result, which ensures that solutions have a convenient estimate from below in compact sets.

Proposition 7.2.2 For every compactly contained open subset w C Q (i.e., w CC Q) there exists a
constant ¢, > 0 such that u(z) > ¢, a. e. x € w for every u € W(Q) supersolution of problem (Py).
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Proof: To prove it we follow closely (Arcoya et al., 2011, Proposition 2.4). By the fact that
Af(s) > Af(0) # 0 for every s > 0 then every supersolution u € W(Q) of (Py) is a supersolution of
problem

—Aw + g(w) |[Vw|> = X f(0), inQ,
w>0, ing, (Fo)
w=0, on 0N.
The problem (P) has a solution wo in W(Q)NC(£2) (see (Boccardo, 2008, Theorem 3.1)), in particular,
since wo is continuous, it follows that for every compactly contained subset w C €2 there exists

ming wo = ¢, > 0. Now by comparison principle due to (Arcoya and Segura de Leén, 2010, Theorem
2.7) we obtain that u(z) > wo(z) > ¢, a.e. € w. O

Lemma 7.2.3 If g satisfies (H1), (H2) and (H3), then there ewists X such that (P\) admits no
solution for A > A.

Proof: Let u € W(2) be a solution of (Py) and let ¢1 be the positive eigenfunction associated to
A1, the first positive eigenvalue of the Laplacian operator —A with zero Dirichlet boundary conditions.
We take ¢n = ¢ g, n € N, where 0 < ¢, € C(Q) such that én — ¢1 in W(Q). Since
on € L®(Q) and |Ve,| < e “@Wg(u)g,|Vu| + e €™ |Ve,| € L*(Q) (by Proposition 7.2.2 and
hypothesis (H1)), the function ¢, belongs to W(2) N L*°(2) and we can take it as test function in
(7.1) to have

/eiG(quVq;n > )\/ ]‘(1;)67G(1‘)<;~5,L7
Q Q
taking limits as n tends to co, we get
/e—G(u)vuv¢l _ )\/ f(u)@iG(u)QSL
Q Q
On the one hand, let ¢ be given by ¥(s) = [ e~ ®dt, then e~ ¢WVu = Vip(u) and (u) € W(Q)

since 9 (s) is a Lipschitz function, and on the other hand by hypothesis (H2) f(s)efc(s) > £(0), we
obtain

/Q V61V (u) > Af(0) /Q b1.

Taking into account ¥(s) < ¢1 by hypothesis (H3) and integrability of g near to zero,

[ vorvut = 2O [ o),
Q 1 Q

)\1 C1

f(0

Lastly, using that ¢; is the eingefunction associated to A1, we conclude the proof taking X >

=

O

Remark 7.2.4 Even more, there exists \ such that (Py) admits no supersolution for A\ > X. Indeed,
the proof is similar starting with w a supersolution in place of a solution of (Py).

We will consider Z the set of values of A > 0 such that there exists a solution of (Px). By the
previous lemma Z C (0,A]. In order to prove the main result of this section let ®(s) be a positive
function given by

D(s) =" (%zp(s)) ., 0< A< p (7.2)

We give some properties of function ®(s).
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Lemma 7.2.5 Let ®(s) be a positive function defined by (7.2). Then, following properties are satis-
fied:

1. 0< B(s) < s.

2. If (H3) is satisfied then ® is bounded.
) < 2

3. 0<P(s) < o

4. @"(s) = () [9 (D(s))®(5) — g(s)].

Proof:

1. Clearly ®(s) > 0. On the other hand, since %w(s) < (s) and ! is increasing then
1A _
26 =07 (20)) <7 ) =

A

2. Since ¢(00) < oo and — < 1 we get the result.
7

3. An easy computation shows that

—G(s
®(s) = 2 ° © X c@e)-6 <A

o ;@*G(‘I’(S)) - 1 W
using in the last inequality that G is increasing and ®(s) < s. Consequently, ® is strictly
increasing.

4. We may now compute the second derivative to conclude that

& (s) = (%ecms))fc(s))' _ %ecms»—a(s) (9(2())®'(s) — g(s)) -

d

Proposition 7.2.6 If g satisfies hypothesis (H1)-(H4) and w is a solution of (P,) (u > 0) then, for
every fired A < p, ®(u) is a bounded supersolution of (Py).

Proof: 1 (s) is well-defined since g is continuous in (0, 00) and integrable near to zero. Furthermore,
by hypothesis (H3) it is bounded, therefore ®(u) is bounded using property (1) from Lemma 7.2.5.
By the other hand, taking into account

VO] = ¥ ()] Vul < =Vl € L),

and ®(u) = 0 on 91, it therefore follows that ®(u) € W(2) N L>(2). Moreover, we claim that
functions f(®(u)) and g(®(u))|V®(u)|? are in L' (Q). Indeed, since f is continuous and ® is bounded
we deduce that f(®(u)) € L*(Q). Now we prove that g(®(u))|V®(u)|? € L*(Q), to this end, we define
the subset ofQ) . as {x € Q : u(x) < €} where 0 < € < 1 is such that g(s) is decreasing in (0,¢). On
one side, if u > € then®( u) > ®(¢) since P is increasing, in addition of ®(u) is bounded and g is
continuous gives g(®(u)) < C a.e. x € 2\ Q. and from the fact that ®(u) € W(Q) we obtain that
9(®(u)|VE(u)* € LL(Q\ 0.).

On the other side, again by property (1) from Lemma 7.2.5 we obtain 0 < ®(s) < e ,s € (0,¢)
and since

B
I
=
el
=
I
=
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let C: > 0 be the infimum of @ for s € (0,¢), namely,®( s) > C.s Vs € (0,e). Now, by the fact
that g(s) is decreasing in (0,¢) and ® §),Ces € (0,¢) then g(®(s)) < g(sC:) in (0,¢). Taking also
into account the hypothesis (H4) there exists C: > 0 such that g(sC.) < C.g(s) and

0(D ()| VB(u)[? < O (3) o(w)| Vul* € L}(92),

proving the claim. As a result, up to now ®(u) € W(Q) N L*°(Q) and f(®(u)), g(®(u))|VE(u)]* €
L' (Q). To conclude the proof we verify that ®(u) is a supersolution of (Py), i.e.,

[ vewve+ [ g@w)vewie> [ Ar@we.
Q Q Q
for all 0 < ¢ € W(Q) N L*>®(Q). For every fixed 0 < ¢ € W(Q) N L>=(Q) let {¢n}nen be positive

functions in C2°(2) such that ¢, — ¢ in W(2). Then ¢, = ®'(u)pn € W(Q) N L¥(R), indeed, since
d'(u) < % then ¢, € L*°(Q) and by property (4) from Lemma 7.2.5

A\ 2
V6. < (2) (Va + (@) V000 + 9 Tul 62).
and the fact that u(z) > c.,, for a. e. & € wy, where w, = supp ¢n, in addition to hypothesis (H1)

we obtain that g(u), g(®(u)) € L (ws) and [V¢n|? € L (Q).
Therefore, taking ¢, as a test function in problem (P,)

/ Vu (@ (u)Vupn + @' (u)Ven) + / g(u)|Vul*® (u)pn =
Q Q

p /Q W)@ () pn > A / F(@w)pn,

e M f(u)
e~ @) f(D(u))
Lastly, adding and subtracting |V®(u)|?g(®(u))pn together with the fact that the term g/l((;‘)) +
g(u) — ®' (u)g(®(u)) is equal to zero, we have for all n € N

using in the last inequality that pf(u)®' (u) = Af(®(u)) and hypothesis (H2).

/Q V() Vipr + / (W) [VO(W)[? pn > / A F(®(u)) gn,

since |[V®(u)|?, g(®(w)) |[VO(u)|?, f(®(u)) € L'(Q) and ¢, — ¢ in W(Q), we take the limit when n
tends to oo and we conclude the proof. O

Remark 7.2.7 Contrary to others works on this topic, this supersolution depends on the quadratic
gradient term g(s), and not on the nonlinearity term f(s) (compare Arcoya et al. (2014) and Brézis
et al. (1996)). This allows us to deal with functions f less restrictive, for instance, in Arcoya et al.
(2014) the authors impose f'(s) — g(s)f(s) is an increasing function, conversely this condition is not

required in this section, in fact no-convex functions such as f(s) = GO+ with § small enough
are allowed, being f'(s) — g(s)f(s) decreasing near to zero.

This result will prove to be extremely useful in the following theorem which ensures that set Z is
an interval.

Theorem 7.2.8 Assume that g satisfies hypotheses (H1)-(H/4) and fix p € Z, then for every A € (0, )
there exists a bounded minimal solution of (Py).

Proof: First we prove that there exists a bounded solution. To prove it we use a standard
monotone iteration argument: let wo the bounded solution of problem (Py) in the proof of Proposition



150 Quasilinear elliptic singular problem

7.2.2, we point out that wo is unique due to (Arcoya and Segura de Ledén, 2010, Theorem 2.9). For
every n > 1 we define the recurrent sequence {w,} by

—Awn + g(wn) [Vwn|* = A f(wn-1),  inQ,
wy, >0, inQ, (Pn)
wn, =0, on ON).

The sequence {w, } is well defined by Boccardo (2008) and Arcoya and Segura de Ledn (2010), even
more, the sequence is increasing, to check that it suffices to prove that wyo < wi. Indeed, taking
in account that 0 < wg and f is increasing we obtain Af(0) < Af(wo) and by comparison principle,
which is due to Arcoya and Segura de Leén (2010), it follows that wo < w1 and by induction argument
0<wy <wy <+ < wy, for all n > 1. By the fact that ®(u), defined by (7.2), is a supersolution of
problem (P), with a similar argument we prove that w, < ®(u) for every n € N.

Since ®(u) € L (), the sequence {wy ()} is increasing and bounded by ®(u)(z) for a. e. z € Q.
Let wx(x) be the limit almost every where in Q (i. e., wa(z) := limp—oo wn(z) a. e. z € Q). We
claim that wx € W(Q) N L*°(Q). Indeed, clearly wy € L>(£) since wy < ®(u) € L>(£2). Moreover,
as wy, € W(2) N L*™(Q) we can take it as a test function in problem (P,)

/ Va2 + / 9(wn) [V P = A / F a1 )wn,
Q Q Q

dropping the positive term g(wy,)|Vws, |*wn, since wn—1 < wy, < ®(u) and f is increasing it follows
that

/QIanI2 < /\/Qf(<1>(U))‘1>(U) SAL@(w)[lo0) 19 (w) oo [€2].

That is, {w,} is uniformly bounded in W(2) and, up to a subsequence, there exists w such that
wy, converges weakly to @ in W(Q2) and w,(z) — @(x) a. e. x € Q, by the unicity of the limit
wx = w € W(Q) and we conclude the claim.

We now verify that wy is solution of (Py). In order to prove it we define the operator K : W(§) —
W(R2) by K[v] as the unique solution of problem

—Au+ g(u) |Vul* = vt + X f(0), inQ,
u >0, in{2,
u=0, on 01,

K is well defined (see Boccardo (2008) and Arcoya and Segura de Leén (2010)), even more, due to
(Arcoya et al., 2011, Proposition 2.5) K is a compact operator. We remark that with this notation
wy, is solution of (P,) if and only if w, = K[A(f(wn—1) — f(0))]. Now taking limits and considering
that wy, converges weakly to wy in W(Q2) we obtain that wx = K[A(f(wx) — f(0))], that is, wy is a
solution of (Py).

Our next claim is that the interval Z is not empty. Indeed, we proceed to show that there exists
A € Z. Tn order to get this, we fix & > 0 and we consider @ € W(Q) N L>(Q), ||i/|oo < & the unique
solution of problem

—Au+gu)|Vul> =k, inQ,
u >0, in€,
u=20, on 0f2,

we take A € (0,0), where 0 < § < %, to obtain for all ¢ € W(Q2) N L™ ()

/VﬂVso+/ g(ﬁ)IVﬁl2s0=/k<p > / 5f@p >N | flw)e,
Q Q Q Q Q
that @ is a bounded supersolution of (P5). We now apply the standard monotone iteration argument

again, with the bounded supersolution ®(u) replaced by @, to obtain u5 a bounded solution of problem
(P5) and finally that Z # 0.
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Note that we have actually proved that if u € Z then (0, u] C Z, even more, for every A € (0, )
there exists a bounded solution of (Py). The proof is completed by showing that solutions wy are
minimal, indeed, let vy be a solution of problem (Py), by a similar argument of comparison principle
and by induction in n we have w, < vy for all n € N as wx(z) := limp—oo wn(z) a. e. z € Q thus
wx < Ux.

|

Theorem 7.2.8 and Lemma 7.2.3 may be summarized by formulating our main result of this

section

Theorem 7.2.9 Assume that g satisfies hypotheses (H1)-(H4). Then there exists \* € (0, )] such
that there is a bounded minimal solution of (Py) for every A < \* and no solution for X > \*.

Remark 7.2.10 We note that if A1 < A2 < X", taking wx, as a supersolution of problem (Px,) and
arguing as the proof of Theorem 7.2.8 we obtain wx, < wx,. That is, the family of functions {wx}rez
are increasing.

Remark 7.2.11 [t is worth pointing out that for every fized arbitrary p € I sufficiently small and
u a solution of (P,), it follows that ®(u) = ™+ (%w(u)) tends to zero as X — 0. Hence, for every
e > 0 there exists n(e) > 0 such that w,(x) < € for every 0 < v <.

7.3 Stability and extremal solutions

As we have stated at the Remark 7.2.10, the mapping A — wuy is increasing in (0, \*), a.e. = € Q.
This allows one define u* := limx_,x~ ux and we call u* the extremal solution of problem (Py). In
Brézis et al. (1996) and Arcoya et al. (2014) the authors proved that u* is a weak solution for the
semilinear and quasilinear problem, respectively. In order to prove the same effect for the singular
quadratic quasilinear case we give a property of the minimal solutions, its stability.

Definition 7.3.1 Let u be a solution of (Py), we say that u is stable if f'(u) — g(u)f(u) € L,.(RQ)
and

[ 1968 2 [ (/@) = gt fw)e? (1.3
Q Q

holds for every ¢ € C°(Q).

Since f'(u) — g(u) f(u) > 0 it follows that, by a standard approximation argument and Fatou Lemma,

one can take ¢ € W(Q) in the above definition.
The following result may be proved in much the same way as (Arcoya et al., 2014, Lemma 3.7).

Lemma 7.3.2 Minimal bounded solutions of (Px) are stable.

Our next goal is to prove that stability condition (7.3) (and under extra condition) allows us to
ensure that minimal bounded solutions are uniformly bounded in W(Q2). For that purpose we give
the following technnical lemma.

Lemma 7.3.3 Let f and g be two positive continuous functions in (0,00) with f increasing and
sastifying the condition
o 5U(5) = 9(5)1(5))

s—00 f(s)
Then, for every positive § < «, there exits a positive constant C(8) (depending only on &) such that
f(s)s < 55°(f'(s) — g(s)f(5)) + C(3) for all s > 0.

> 0.



152 Quasilinear elliptic singular problem

Proof: By definition of limit: for all € > 0 there exists so(¢) depends to € such that

s(f'(s) — g(s)f(s)) _
f(s)
choosing € = @ — ¢ and multiplying by s we obtain that there exists so(d) such that

ol <e, Vs> so(e),

s*(f'(s) = g(5)f(5)) = d5f(s), Vs > s0(6),
By the other hand, since f is increasing, f(s)s < f(s0(0))so(d) for all s < s0(d). Hence taking
c(6) = w we conclude the proof. O

Proposition 7.3.4 Let {wx} be a sequence of minimal bounded solutions of problem (Py) such that
f and g satisfy the condition

b SU(6) ~ 9(9)£(5))
ST

Then, the sequence is uniformly bounded in W(RQ).

=a € (1,00]. (7.4)

Proof: Let wx be the minimal bounded solution of (Py) taken as a test function in (7.1) and
dropped the positive term g(wy)|Vwx |[*wx we obtain

[ 1wk < [ s,

[ v <5 [ (7w = gl ) ud + 0,

In addition, by Lemma 7.3.3

with C1 = A*C/(8)|9).

While on the other hand, by Lemma 7.3.2 w, satisfies the stability condition, hence choosing
¢ =wy in (7.3)

/Q Va2 > A / (F/(wx) — glws) f(wn)) .

Finally, by combining the last two inequalities and taking 6 > 1 the proposition follows. O
Remark 7.3.5 We note that above proof also involves the boundedness of [, f(wx)wx for X € (0,X").

The remainder of this section will be devoted to the proof of our main result, namely the extremal
solution u* is a solution of problem (Px«).

Theorem 7.3.6 Under the hypotheses (H1)-(H4) and condition (7.4), wx(z) converges to u*(z) a.
e. © € Q, a solution of (Px~).

Proof: Thanks to Proposition 7.3.4 there exists C1 > 0 independent of A such that ||wx[|w @) < Ci
for all A € (0, \*). Therefore, up to a subsequence, wy converges to u* weakly in Hg(Q) (wx — u*),
strongly in L°(2) (1 < s < 2%) and almost everywhere in €,

wy(z) — u” (), a.e. x € Q. (7.5)

It should be noted that, as wx(z) is increasing, the whole sequence converges almost everywhere to
u*(z) > 0.
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Now we prove that u* is a solution of (Py+), i. e. g(u*)|Vu*|?, f(u*) € L'(Q) and satisfies (7.1).
First we claim that f(w,) is uniformly bounded in L'(Q), indeed fixed p > 0 then f(s) < f(p)—!—%f(s)s
for every s > 0, thus

/Q Flw) gf<p>|sz|+% /Q Flwr)ws

and by Remark 7.3.5, the last expression is bounded, proving the claim. Therefore the boundedness of
f(wy) in L' (Q) combined with the fact that f(wy) is increasing, the monotone convergence theorem
implies that f(u*) € L*(Q).

Te(wy)
e

Concerning the term g(u*) |Vu*|?, taking ¢ = as test function in (7.1), where T.(s) :=

min{s,e }, thereby w <1 and VT (wx) = Vwx - X{wy<e}, We get

T: .
[ 1v0sP e + [ gnvunPEE) <o [ )
Q Q

Q

Dropping the positive term \wa|2 “ X{wy<e} and taking into account the boundedness of f(wy) in
L'(9) we obtain that there exists a positive constant C such that

T:
[ stwnwu ) <o
Q

Taking the limit as ¢ — 0 and having in mind that lir% % = 1, we get from the Lebesgue
e—

dominated convergence theorem
[ stwolvuf <c,
Q

for every A € (0,\*). Now, the result of (Boccardo and Murat, 1992, Theorem 2.1) yields that (up
to a subsequence) Vwy — Vu* converges strongly in (L2(Q))" (1 < ¢ < 2), particularly it converges
almost everywhere in Q. Then we have, by Fatou lemma, g(u*)|Vu*|> € L*(Q).

To close, following closely Boccardo (2008), we proceed to show that u* satisfies the equation
(7.1). Since ¢ = ¢ + ¢, it is enough to prove it for every nonegative function ¢ € Hj(Q) N L ().
Furthermore, by density, it is sufficient to prove it when 0 < ¢ € Hj(Q) N C.(Q). First we claim that
u™ is a subsolution. Indeed, from

/QQ(W)WIUAI%ZA/ﬁf(wx)aﬁ—/ﬂvwvé,

we apply the Fatou lemma on the left side. In regards to the right-hand side, since wy converges
weakly to u* in W(Q) and the boundedness of f(wy) in L'(Q2) we take limits and the claim is proved.

On the other hand, our next claim is that «™* is a supersolution. Choosing ¢ = G(Tu(u™))=C(wx) 0]
as a test function we obtain

/6G(Tk(u*))7c<wk)vaV¢+/eG(Tk(u*)%G(w’\)g(Tk(U*))VTk(U*)VwAfb
Q Q

-\ f(wA)eG(Tk(u*))*G(wx)qi
Q

Since wy converges weakly to ™ and by the strong convergence of C(Tr(u"))=Gwx) ¢4 (G(Th(w” ))7G(“*>,

hence taking limits as A tends to A* and again by Fatou lemma on the right side it follows that

[ S GNygg  [SIO)Cy0 w) V ) Tu
Q Q

> )\*/ f(u*)eG(Tk(u*))fG(u*)d).
Q
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Finally, since ¢ has compact support, there exists a positive constant such that u* > wx > Cy, that
is, g(u") is bounded in supp® . We pass to the limit as k — oo and by dominated convergence theorem
we obtain the desired converse inequality for compact support functions. Using density argument we
finish the proof.

a

Corollary 7.3.7 Under the hypotheses of Theorem 7.3.6 the extremal solution u™ is stable.

Proof: Since wy is stable, it follows that

/Q Vo2 > A /Q(f'(wx) — gwn) f(wr)) 8,

letting A — A" and by Fatou lemma imply that u* satisfies condition (7.3). Theorem 7.3.6 now shows
that " is stable. O

We have been working under the assumption that f’(s) — g(s)f(s) is not necessarily increasing.
In the remainder of this section we assume f'(s) — g(s)f(s) to be increasing.

Theorem 7.3.8 Assume the hypotheses (H1)-(Hj) hold and f'(s) — g(s)f(s) is strictly increasing.
Then every stable solution of problem (Py) is minimal.

Proof: Let u be a stable solution of (P,) and suppose, contrary to our claim, that there exists
v € W(Q) a solution of (Py) and O C Q (|O| £ 0) such that v < uw in O.

On the one hand, choosing e~ ¢ (¢ € C°) as a test function in the equation (7.1) satisfied by
u

/e_G(“)VUV(ﬁ: )\/ f(u)e €™g, (7.6)
o Q

and by a standard approximation argument the above equation is satisfied for every ¢ € W(Q) N
L*>(Q).
Analogously, choosing e %™ ¢ on the equation which is satisfied by v,

/e*G@)Ww: ,\/ fv)e €W, (7.7)
Q Q

for every ¢ € W(Q) N L>=(Q). Now, subtracting (7.7) from (7.6) and writing %(s) instead of
N e~ d¢, this gives

/QV(w(U) —Y(v))Ve = /\/Q (f(u)e*GW _ f(v)efc(v)) é.

Taking ¢ = ((u) — ¢ (v))" in the above equation, which is zero inQ \ O, since ¢ is increasing and
v < uin O. We have

/ IV ($(w) — () = A / (Fe 9 = fw)e V) ((u) = $(v)). (7.8)

o o

On the other hand, taking ¢ = (¢(u) —v(v))" on the stability condition (7.3) satisfied by u, it gives
/O IV (¥ (u) = () |* > /\/ (' (u) = g(w) f(w)) [($(u) — () *]". (7.9)

o
Now combining (7.8) with (7.9) yields

/O [(F/ () = g fu))z = (Flw)e ¥ = fw)e9V)] 2 <o, (7.10)

here and subsequently, z denotes ¥ (u) — (v). Note that z > 0 in O. Our claim is that (f'(u) —
g(u)f(u)z — (f(w)e 9™ — f(v)e=9™) > 0, which leads to a contradiction with (7.10), therefore
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2z < 0 and concluding that v < v in O. To prove the claim it is sufficient to show that f’(u) —

—G(u)_ —G(v)
g(u) f(u) — £ue : )Zf(”)e is positive. Thus, since by the Mean Value Theorem there exists
U € [v,ul, a. e. x € O, such that

Fw)e M — f)e 9™ f(@)e ™ — g(a) f(a)e 9™

z e~ G(@)

= f'(@) — g(a)f(a),
hence, with the fact that f'(s) — g(s)f(s) is strictly increasing and @ < u a. e. in O, the claim is
proved and the theorem follows. O

Corollary 7.3.9 Under the hypotheses of Theorem 7.5.6. If in addition, f'(s) — g(s)f(s) is strictly
increasing. Then the extremal solution u* is stable and minimal.

Proof: Clearly, by Corollary 7.3.7 the extremal solution u* given by Theorem 7.3.6 is stable and
consequently, applying Theorem 7.3.8 we complete the proof. O

Corollary 7.3.10 Under the assumptions of Theorem 7.3.8. If u is an stable and singular solution
of (P\) then A = \*.

Proof: By Theorem 7.3.8 w is the minimal solution of (Py) and Theorem 7.2.8 assures that w is
bounded for A € (0, A*) which implies, since w is singular, that A = A*. a

7.4 Regularity of extremal solutions

The extremal solution u* may be bounded or singular. In Brézis and Vézquez (1997) H. Brezis and
J.L. Vazquez raised the question of determining the regularity of u* depending on the dimension N,
this problem led to the study of the regularity theory of stable solutions which many authors are
interested (Cabré and Capella (2006); Nedev (2000); Villegas (2013)). In this section, we will obtain,
under suitable conditions depending on the dimension IV, the regularity of extremal solutions for the
quasilinear case with singularity in the quadratic gradient term.

In what follows, we write the nonlinearity term of (Py) as e“(*)h(s) instead of f(s), where h(0) > 0
and h is a derivable function in [0, c0). We note that with this notation hypothesis (H2) is equivalent
to impose h(s) is increasing. In this way, we replace problem (Py) by the following

—Au+ g(u) |[Vu? = XeC@h(u), inQ,
u>0, in€, (Qx)
u=0, on 0f).

We can now formulate our main result of this section.
Theorem 7.4.1 Under hypotheses (H1)-(H4) and

. sh/(s)
Jm 50

>1 (7.11)

The extremal solution of (Qx) given in Theorem 7.3.6 is bounded whenever

442+ a) +4ViFa

N 12
< 1+a ’ (7.12)
& and [i being the following parameters
1"
PR (CLIC) P N OLIC) (7.13)

s W(s) T M SRR T
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Remark 7.4.2 Comparing the above theorem with (Arcoya et al., 2014, Theorem 4.7) we obtain
similar results replacing & and fi by

a
a:7~,
1+a

[o)]

+
a+

=

n =

—_

However, in addition to the singularity of function g, some hypotheses of (Arcoya et al., 2014, Theorem

4.7) such as a < 1, % eLt, J{;(Ss)) < co(14++/9g(s)) or f'(s)—g(s) f(s) is increasing, are not necessary.

We wish to emphasize that last hypothesis allow us to deal with functions f(s) no-convez.

Proof: Due to Stampacchia Lemma ((Stampacchia, 1966, Lemma 5.1)), we have to show that
S h(u*) € LA(Q) with 8 > N/2.

By (7.12) we fix
B€<ﬁ72+(u+a)+~2«/u+a)y (7.14)
2 1+ &

and let us consider the following positive differentiable function

h(s)? (eG)"

=/ —— >R
(b(s) h/(S) y §Z2 ’
such that ¢(0) = 0 and ¢ € C'[0, R]. For A < A\* let uy be the bounded minimal solution of (Qy)
given by Theorem 7.2.8 which, under the assumptions of Theorem 7.3.6 with condition (7.4) replaced
by condition (7.11), converges to u*(x) a. e. = € Q. In addition to Lemma 7.3.2, u, satisfies the
stability condition, in this way, taking ¢(uy) in (7.3) (clearly ¢(ux) € W(Q2) since uy is bounded) we
obtain

"(ux))? [ Vua? eCN R (un) 2 (un PN BB (4 .
L @Iz [ ) ) +4 [ O ) (7.15)
_ eBG(“A) B U
YR

whereQ) r = {z € Q : ux(z) < R}. Computing, we have
#(6) = 2 (85 4 5 - g(e) - 2. (7.16)

While on the other hand, we define
()= [ @) ar
0

since uy is bounded if follows that {(ux) € L>(Q2), and applying L’Hoépital rule we obtain

S/t 2 G(t)
g Jo @O0

s—0 S

(0)* < o0

since ¢ € C'[0, R]. Thus
¢ = i 40

and therefore ¢’(ux) € L*=(Q2) and ((uy) € W(Q). Furthermore, using (7.13) and L’Hépital rule we
get
im <(s) = lim f5(¢/(t))2ec(t)dt
s=o0 (eG(Ip(s)) P soeo eFGIR(s)A1

_ (9/(s))%e =219
1% B(s)P2(Bg(5)h(s) + (B — DI(s))
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W) W)\
Y (#5550~ 55 _ B+ (B-Da-p?
= lim 41 (s) (Bg(s)h(s) + (B — 1)/ (s)) - 4@B+p-1)

which is less than 1 due to (7.14). Thereby, there exist v < 1 and K > 0 such that
B—1
() <7 (““ns)) +K, s>R,

In this way, choosing ((u,) as a test function in (7.1) we obtain

")) 2| Vs |? = SN B (un
/Q<¢< RN A/Q h(ux)C(ur)

< 'y)\/ PEIRP (uy) +K)\/ e b (uy).
Q Q

Combining this last inequality with (7.15) (and dropping the positive term e€“N R/ (uy)$?(uy)) we
can assert that

(1 —V)A/ AT RB ) < A [ PR () +K>\/ Sy,
Q Q

Qr
and taking into account that h is increasing (hypothesis (H2)) together with the Lebesgue dominated
convergence theorem we deduce that

/ eBG(uA)hﬁ(uA) < f(R)B‘Q| + K eG(u*)h(u*)

o A1 =7)  1=7Jq

and eC“Ih(u*) € L'(Q) since u* is a solution of (Py«) (Theorem 7.3.6). Finally we conclude, from

the Fatou Lemma applied on the left-hand side of the above inequality, that e h(u*) € L?(Q)

with 8 > N/2 which is the desired conclusion. 0
We now give few examples, according to the different types of function g.

Example 1 Let us consider the problem

—Au+c|Vul> = Xe*, inQ,
u>0, in Q, (Py)
u=0, on 082,

with ¢ < 1. By Theorem 7.2.9, since g(s) = c satisfies hypotheses (H1)-(H4), there exists A* > 0 such
that there is a bounded minimal solution for every A < A* and no solution for A > \*. Moreover,
there exists u* solution for X = X* (Theorem 7.3.6) and it is stable and minimal (Corollary 7.5.9).
Furthermore, since & = 1% and i = 1, it follows from Theorem 7.4.1 that u* is bounded provided
that
N<4(l-c)+24+4vV1—c

We remark that letting c — 0 we obtain the reqularity of extremal solution for the well known semilinear
elliptic equation (Gy) in the exponential case, i.e., N < 10.

[

Example 2 In the singularity case g(s) = & with 0 <y < 1, a relevant example would be the case

f(s) no-convex. Thus, if we take as h(s) = e with § small enough then f'(s) — g(s)f(s) is
not increasing (see Remark 7.2.7). Therefore, Theorem 7.2.9 ensures that there exist \* > 0 and
bounded minimal solutions for X < \*, and no solutions for A > \*. Even more, since condition 7.4
is satisfied, u* is a stable solution for A = X\* (Theorem 7.3.6 and Corollary 7.5.7) and not necessarily

minimal. In addition, since & = ﬁ and fi = 1, due to Theorem 7.4.1 we obtain for
N < 8a — )+ 2c+4/(c+1—7)(1—7)
c+1—7v ’

the regularity of the extremal solution. We would like to stress that letting ¢ — 0 we have N < 10.






Chapter 8

Elliptic equations involving the
l-Laplacian and a subcritical
source term

A. Molino and S. Segura de Ledn, submitted (2017).

Abstract

In this paper we deal with a Dirichlet problem for an elliptic equation involving
the 1-Laplacian operator and a source term. We prove that, when the growth
of the source is subcritical, there exist two bounded nontrivial solutions to our
problem. Moreover, a Pohozaev type identity is proved, which holds even when
the growth is supercritical. We also show explicit examples of our results.
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8.1 Introduction

This paper is concerned to the following Dirichlet problem for the 1-Laplacian operator and a sub-
critical source term, whose model problem is

—div <&> = |ul*'u, inQ,

| Du (8.1)

u=0 on 012,

whereQ C RY (N > 2) is an open bounded set with Lipschitz boundary and 0 < ¢ < ﬁ Our aim
is to obtain nontrivial solutions (in the sense of Definition 8.2.1) and study their properties.

We point out that similar problems have many applications and have been studied for a long time.
Indeed, the study of steady states of reaction—diffusion equations have systematically been studied
since the late 1970s (see Fife (1979) and Ni (2011) for a more recent survey). More precisely, Dirichlet
problems with p—Laplacian type operator (p > 1) having a term with a subcritical growth, that is:

—Apu = [u|Ttu,  inQ,
(8.2)
u =0, on 09,

with 0 < ¢ < p* — 1 (where p* stands for the Sobolev conjugate), have extensively been considered in
the theory of Partial Differential Equations by using different approaches (for a background we refer to
Ambrosetti and Arcoya (2011) and Dinca et al. (2001)). For instance in Dinca et al. (1995) the authors,
by using the well-known “Mountain Pass Theorem” by Ambrosetti and Rabinowitz Ambrosetti and
Rabinowitz (1973), firstly proved that the trivial solution is a local minimum of the corresponding
energy functional and then, since the functional has a mountain pass geometry, they find other critical
points (one positive and another one negative), which obviously are solutions to problem (8.2) . We
point out that the proof of the Palais—-Smale condition relies on the reflexivity of the energy space
Wy P(€2). Moreover, the restriction ¢ < p* — 1 ensures that the imbedding Wy *(Q) < L%(Q) is
compact, being this fact essential for the approach used in Dinca et al. (1995).

The 1-Laplace operator appearing in (8.1) introduces some extra difficulties and special features.
We recall that in recent years there have been many works devoted to this operator (we refer to the
pioneering works Andreu et al. (2001); Demengel (1999); Kawohl (1991, 1990) and the related papers
Andreu et al. (2002); Andreu-Vaillo et al. (2002); Bellettini et al. (2002); Cicalese and Trombetti
(2003); Demengel (2002a,b)). One of the main interests for studying the Dirichlet problem for equa-
tions involving the 1-Laplacian comes from the variational approach to image restoration (we refer to
Andreu-Vaillo et al. (2004) for a review on the first variational models in image processing and their
connection with the 1-Laplacian). This has led to a great amount of papers dealing with problems
that involve the 1-Laplacian operator. In spite of this situation, up to our knowledge, this is the first
attempt to analyze problem (8.1).

The natural energy space to study problems involving the 1-Laplacian is the space BV () of
functions of bounded variation, i.e., those L'-functions such that their distributional gradient is a

Radon measure having finite total variation. In order to deal with the 1-Laplacian operator, a first
difficulty occurs by defining the quotient %Z‘, being Du just a Radon measure. It can be overcome
through the theory of pairings of L°°—divergence-measure vector fields and the gradient of a BV—
function (see Anzellotti (1983)). Using this theory, we may consider a vector field z € L>(Q;RY)
such that ||z]|c < 1 and (z, Du) = |Dul, so that z plays the role of the above ratio. In general, the
Dirichlet boundary condition is not achieved in the usual trace form, so that a very weak formulation
must be introduced: [z,v] € sign (—u), where [z,v] stands for the weak trace on 99 of the normal
component of z.

We point out that the space BV (Q) is not reflexive, so that we cannot follow the arguments of
Dinca et al. (1995). Instead, we apply the results in Dinca et al. (1995) for problem (8.2) getting
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nontrivial solutions w, and then we let p goes to 1. Hence, one of our biggest concerns will be that
constants appearing in the proof do not depend on p. The other major difficulty we have to overcome
is to check that the limit function w = lim,_,1 wp is not trivial.

8.1.1 Assumptions and main result

Let us state our problem and assumptions more precisely. We consider the general problem

—div (%) = f(z,u), inQ, (P)

u =0, on 0.

Here, the source term f : 2 x R — R is a Carathéodory function satisfying the following hypotheses
(i) There exists a > 0 such that

lim sup M < 00, uniformly in x € Q.
s—0 |5‘D‘

(ii) There exist ¢ € (O, ﬁ) and C > 0 such that

lfz, )| <C(+]s]"), x€Qs€eR
(iii) There exist £ > 1 and so > 0 such that
0<k He,s) < sf(@,s),  w€Q s > s0,

where F(z,s) = [ f(x,t)dt. We deal with solutions of problem (P) in the sense of Definition 8.2.1
(see next section). Our main result is stated as follows:

Theorem 8.1.1 Under the above assumptions, there exist at least two nontrivial solutions v,w €
BV (Q) N L*>®(Q) of problem (P). Moreover, v <0 < w a.e. x € Q.

The proof of existence considers approximating p—Laplacian problems and then the limit as p —
1T of their nontrivial solutions w, is taken. To this end, it is essential to achieve the existence of a
positive constant C' independent of p such that

”wPHWOlvl(Q) < 67 (8.3)

so that they are uniformly bounded in WO1 1(Q) However, we carefully have to check that their limit
is not the trivial solution.

As far as the regularity of solutions is concerned, we further prove that they are bounded. To
prove the boundedness of the solutions a crucial point is the estimate (8.3). We would like to highlight
that the usual Stampacchia truncation method with p—Laplacian problem does not work here since
the problem becomes superlineal when p tends to 1 (i.e. p —1 < gq).

Finally, in Proposition 8.4.1 we state a Pohozaev type identity for solutions belonging to Wl’l(Q).
The important point to note here is, unlike p—Laplacian problems, the existence of solutions for any
growth conditions of the source term. This is confirmed by dealing with explicit examples in the ball.

This paper is organized as follows: in the next section on Preliminaries we introduce the space
of functions of bounded variation and we give some definitions and properties of Anzellotti’s theory.
In addition, we raise the problem (P) in a variational framework. Section 3 is devoted to the proof
of existence and regularity of nontrivial solutions. To finish, in Section 4 a Pohozaev type identity is
obtained. For the sake of completeness, we include there some examples.
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8.2 Preliminaries

Throughout this paper, the symbol HY ~!(E) stands for the (N — 1)-dimensional Hausdorff measure
of a set E C RY and |E| for its Lebesgue measure. Moreover,Q2 C R™ denotes an open bounded
set with Lipschitz boundary. Thus, an outward normal unit vector v(z) is defined for #~ ~'-almost
every x € 0f).

We will denote by WO1 *4(Q2) the usual Sobolev space, of measurable functions having weak gradient
in L9(;RY) and zero trace on 0. Finally, if 1 < p < N, we will denote by p* = Np/(N — p) its
Sobolev conjugate exponent. Furthermore, BV (Q2) will denote the space of functions of bounded
variation:

BV(Q) = {u € L'(Q) : Du is a bounded Radon measure }

where Du : Q@ — RY denotes the distributional gradient of w. In what follows, we denote the
distributional gradient by Vu if it belongs to L'(Q;R"). We recall that the space BV () with norm

lullsv e = / |Dul + / Jul
Q Q

is a Banach space which is non reflexive and non separable.

On the other hand, the notion of a trace on the boundary can be extended to functions u € BV (),
so that we may write u|,,, through a bounded operator BV (Q2) < L'(99Q), which is also onto. As a
consequence, an equivalent norm on BV (€2) can be defined (see Ambrosio et al. (2000)):

lull = / |Dul + / ful dHV
Q o0

where H™ ! denotes the (N — 1)-dimensional Hausdorff measure. We will often use this norm in
what follows. In addition, the following continuous embeddings hold

BV(Q) — L™(Q2), forevery 1 <m <

N-1’

which are compact for 1 < m < %

Moreover, we will use some functionals which are lower semicontinuous with respect to the L'~
convergence. Besides the BV—norm, we also apply the lower semicontinuity of the functional given

by
u— / @ |Dul,
Q

where ¢ is a nonnegative smooth function. For further properties of functions of bounded variations,
we refer to Ambrosio et al. (2000)

Since our concept of solution lies on the Anzellotti theory, we next introduce it. Consider Xy (Q2) =
{z € L*(RY) : dz e LY (Q)}. Forz € Xn(Q2) and u € BV(Q) we denote by (z, Du) : C°(Q) — R
the distribution introduced by Anzellotti (Anzellotti (1983)):

(@D, =~ [

up dzf/qugo, Vo el (Q). (8.4)
Q Q

Moreover, in Anzellotti (1983) (see also (Andreu-Vaillo et al., 2004, Corollary C.7, C.16)) it is proved
that (z, Du) is a Radon measure with finite total variation and for every Borel B set with B C U C 2

(U open) it holds
‘/ (z, Du) S/ |(z, Du)| < ||ZHL00(U)/ |Dul . (8.5)
B B B

We recall the notion of weak trace on 92 of the normal component of z defined in Anzellotti (1983)
as the application [z,v] : 9Q — R, being v the outer normal unitary vector of 92, such that [z,v] €
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L>(09Q) and || [z, V] | L (a0) < ||2|lpoo @~y Furthermore, this definition coincides with the classical
one, that is, B
[z,v] =z-v, for zecC (Qs;RY), (8.6)

whereQ) 5 = {z € Q : dist(z,0) < 6}, for some ¢ > 0 sufficiently small. In Anzellotti (1983) a Green
formula involving the measure (z, Du) and the weak trace [z, v] is established, namely:

/Q(Z,Du)+/ﬂudz:/mu[z,y](m”-l (8.7)

being z € Xn () and u € BV (Q).
Next, we give the definition of solution to our problem

Definition 8.2.1 We say that u € BV (Q) is a solution of problem (P) if there exists a vector field
z€ L=(Q;RY) with ||2]sc < 1 and such that

(1) — divz= f(z,u) in D'(Q),

(2) (z, Du) = |Du| as measures on €2,

(8) [z v] € sign(—u) on ON.

Remark 8.2.2 We remark that our solution belongs to BV () C L%(Q) Thus condition (i)
satisfied by function f leads to

N

|, u(@)] < C(1+ Ju(@)|") € LT ()

for certain 1 < ¢ < ﬁ, wherewith f(-,u) € LN(Q). It follows from (1) in the above definition that
dz € LN(Q), so that the Anzellotti theory is available.

Remark 8.2.3 In principle, condition (1) in Definition 8.2.1 only allows us to take test functions
in the space C°(Q). We explicitly point out that, as a consequence of the Anzellotti theory, we may
choose any w € BV (Q) as a test function. Then, Green’s formula (8.7) implies

/Q(z,Dw)—/Qf(z,u)w:/m w(z v dH .

Observe that the vector field z need not be unique. For instance, we may choose z = (1,0, --- ,0)
orz=(0,1,---,0) to check that v = 0 is solution of (8.1).

In order to introduce a variational setting of problem (P) we recall the notion of subdifferential
of a convex operator.

Definition 8.2.4 Let H : BV(Q2) — R be a convex operator. For every u € BV (Q) we denote by
OH (u), the subdifferential of H in u, as the set

{£€€BV(Q) : H(u)+&(v—u) < H(v), for allv € BV(Q)}

Remark 8.2.5 Using this definition it is easy to check that uo is a global minimum of H if and only
if 0 € 0H (uo).

Lemma 8.2.6 Given u € BV (Q) and z € L>®(;RY) with ||2]|ee <1, dze€ LN(Q), (2, Du) = |Du|

and [z, V] € sign(—u) on 0Q. Let & : BV (Q2) — R be a linear map defined as

&u(v) = —/ v dz.
Q
Then, &, € Olul|.
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Proof: Observe that £, € BV (2)" as a consequence of the Anzellotti theory. Indeed, Green’s formula

(8.7) and |1zl < 1 imply
/ o[z, 0] AN g/ \Dv|+/ ol dHN
[e19] Q o0

for every v € BV(Q2). So & € BV(Q)" and ||&.]| < 1.
On the other hand, for every v € BV (Q2) we obtain

€u(v)] < ‘/Q(Z,Dv) +

§u(v—u):/ﬂ—dz(v—u)
:/Q(Z,D(v—u))—/m(v—u) (2, ] dHN
ul| —

- / (2, Dv) — / D / (v [z ] + [ul)dHY !
Q Q o0
< Jlzlloo / D] — / |Dul + ||z / o] dHN / fula# !
Q Q o o0

< ol = flull-

Let J : BV (2) — R be defined as

J(u):/Q|Du\+/m |u\dHN71—/QF(:U,u)A

We will say that ugp € BV (Q) is a critical point of functional .J if there exists z € L= (Q;RY) with
||z]|co <1 such that
—/ w dz = / fx,uo)w, for all w € BV (),
Q Q
(z, Dup) = |Duo| in @ and  [z,v] € sign(—up) on 9.

In virtue of Lemma 8.2.6, the functional given by {(w) = — [, w dz belongs to 8||uo||. We point
out that critical points of J coincide with solutions of problem (P).

8.3 Proof of Theorem 1

8.3.1 Existence of non trivial solutions

We shall prove that (P) has a nontrivial solution w > 0. A similar argument shows that there exists
a nontrivial solution v < 0.
Let p = min {1 + a, k,q + 1}. For each 1 < p < p, consider the problem

—div (|[Vu|’*Vu) = f(z,u), inQ,
u=0 on Of).
By our hypotheses and the choice of p, the following assertions are true for every p € (1, p):
(a) [f(z,s)] <C(1+]s]?) with0< g<p*—1,
f(z,s)

|s|P=2s

(b) lims_osup = 0, uniformly with z € §,

(¢c) 0 <k Hx,s) <sf(z,s) for x € Q, |s| > so and &k > p.
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Then, it is well-know that problem (8.8) has nontrivial solutions v, < 0 < w, (see e.g. Dinca
et al. (2001)). These solutions are obtained using the “Mountain Pass Theorem” by Ambrosetti and
Rabinowitz (Ambrosetti and Rabinowitz (1973)) for the two following functionals Jf : Wy?(Q) — R

given by
g = [ vap = [ Pe),
pPJa Q

where Fy(x,s) = [ f+(z,t)dt, being f+ : @ x R — R defined by

_Jo if s <0, _ flz,s) ifs<0,
f+(x,s)—{ f(z,s) ifs>0. f,(x,s)—{ 0 if s> 0.

Concretely, for the nonnegative solution wy, it is used J, (while J, is used for the nonpositive one
vp). Now consider the functional

p—1
L(u) = Jf (u) + —— (9.
p
Since, by Young’s inequality
[1var <2 [ vap + 22y 1< <,
Q P2 Jao P2

it follows that I, is nondecreasing with respect to p. On the other hand, we fix 0 < ¢ € C°(92) and
since I,(t¢) — —oo as t — oo, it yields e = T'¢ (for some T > 0) such that I;(e) < 0. Then, by
monotonicity, we obtain

I,(e) <0, forallpe(l,p).

Moreover, due to the fact that critical points of J,| are uniquely determined by critical points of

I, it follows that u = 0 is a local minimum of I, and w, > 0 is a nontrivial critical point of I,, which
can be obtained invoking to the Mountain Pass Theorem. That is, it satisfies

Ip(wp) = inf max I,(y(t)),

v€lp t€[0,1]

where
rp,= {7 ec ([07 1], W(}’p(Q)) :9(0) =0,7(1) = e} :
Next we claim that the sequence {Ip(wp)}, 5 is increasing. Indeed, let 1 < p1 < p2 < and thanks
to the monotony of I, and the fact thatT’ ,, C T'p, (because Wy ™2 (2) C Wy 'P(Q)), it holds
Iy (wpy) = _inf - maxc I, (7(1))

< inf I, ((t
< nf max Lo (v(%)

< inf Ly (7(t
< nf max I, (7())

= I, (wm )

and the claim is proved. Thus, for a fixed po € (1,p) we get Ip(wp) < Ip,(wp,) for all p € (1,po) and

hence 1
; / IV |? — / Fla,w,) <O, forall p € (1,po), (8.9)
Q Q

with C' = C(po) > 0 independent of p. Observe that we write F(x,w,) instead F(z,w;) because
wp > 0 (an analogous remark holds for fy(x,wp)).

We denoteQ , = {z € Q : wy(z) < s0}, for any p € (1,po). Then, by condition (a) and the
definition of F(z, s), we obtain

/ F(z,wp) < Cso (1+s8) |9 = Ch, (8.10)
Qp
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where C is independent of p. Also, by condition (c) and since w is a solution, it holds

1 1
[ rew) <t [ wu) =1 [ [vul. (8.11)
QA\Qp K Ja K Jo
Substituting (8.10) and (8.11) into (8.9), we get

(i - 1)/ V| < (1 - 1)/ [V, < C+ G
Po R Q p K Q

Then, since k > po, we conclude that
/ [Vuw,|P <C,  Vpe (1,po), (8.12)
Q

for some positive constant c=C (po), independent of p.

This last inequality (8.12) allows us to establish the following statements (see (Andreu et al.,
2001, Proposition 3), and also (Mercaldo et al., 2013, Theorem 3.3)): there exists a bounded vector
field z € L°°(Q: RY) with ||z]s < 1 such that

|Vw,|P*Vw, — z, weakly in L (;R"Y), for all 1 < r < oo, (8.13)

as p — 17. In particular,
/ |V, P>V, - Vo — / z- Vi, forall p € CL(Q). (8.14)
Q Q
On the other hand, (8.12) and Young’s inequality imply
N-1 1 », p—1 A
lwpll < [ Jwp[dH" " 4 = [ [Vwp|" + ——[Q] < C + €],
a0 PJa p

so that {wp}p>1 is bounded in BV (Q). It follows that there exists w € BV (Q2) such that, up to a
subsequence (no relabeled),

(A) wp = w, in L™(Q), for 1 <m < 5.
(B) wp(z) = w(z), almost everywhere z € Q.
(C) 3ge L™(R) (1 <m < 5~5) such that |wy(z)| < g(w).

Observe that w > 0 because wy, > 0 for all p > 1. Then, thanks to (B) and the fact that f(z,s) is a
Carathéodory function, we obtain

flzwp(z)) = f(z,w(x)), a.e. € Q.
Moreover, we deduce from (C) that
|f (z,wp(2))] < C(1+ wy(2)|?) < O(1 + g()?) € LY (Q).
Consequently, by the Dominated Convergence Theorem,

/ fz,wp) — / Sz, w)e, for all ¢ € CH(Q). (8.15)
Q Q

Expressions (8.14) and (8.15) imply that

=)

—dz = f(z,w) in D'(Q). (8.1

)
In order to prove that (z, Dw) = |Dw|, we note that it is enough to show ((z, Dw), ) = (|Dw|, ¢)
for all 0 < ¢ € CL(Q). Since ||z]|ec < 1 and (8.5) holds, we just prove the inequality ((z, Dw), @) >
(|Dwl, ¢). Due to the definition of (z, Dw), we must check that:

—/wdzg@—/wz-chZ/|Dw|np, for all 0 < ¢ € CH(Q). (8.17)
Q Q Q
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To this end, taking 0 < w, ¢ € Wy *(Q) as a test function in problem (8.8), we get
[19wse+ [ wplVu, 2V, Vo= [ fwp)w, e (818)
Q Q Q
We estimate the first integral term in (8.18) using Young’s inequality:

1 p—1
/ﬂwp\ < f/ga|pr|p+—/ga.
Q P Ja p Q

Now, from the lower semicontinuity of the involved functional, we obtain
lim inf/ o|Vwy|? > liminf/ | Vwp|
Q p—1t Jo

p—1t
~ [ elDul.
Q

On the other hand, by (A) and (8.13)
/wp|pr|p72pr~Vg0—>/ wz- Vo, asp—1T.
Q Q
The right hand side of (8.18) is analyzed as follows. We deduce from

| f (2, wp)wyp o] < MClwp|(1 + [wp|?) < Crg(z)(1 +g(2)?) € Ll(Q)

and the pointwise convergence, that

/Qf(xawp)wp@%/gf(m,w)wtp:—édzwcp.

Then, letting p — 17 in (8.18), we obtain the required inequality (8.17) to conclude that
(z, Dw) = |Dw|. (8.19)

Next, we will show that [z,v] € sign(—w) on 9Q. It is easy to check that this fact is equivalent to
show

/ (] + w2 1)) AV~ = 0, (8.20)
o0

because | [z, ]| < ||z]|e < 1. Since —w [z, V] < ||2]|oo|w| < |w| and so
[ ol +wimaan >0,
i)

it remains to prove the reverse inequality. To do this, we take w, — ¢, with ¢ € Ci(Q), as a test
function in (8.8), to obtain

/ IV |” = / Vp P2V, - Vo + / F (@, wp) (wp — ). (8.21)
Q Q Q
Hence, using Young’s inequality, we get
p/ V| < / IVl + (0 — 1)
Q Q

- / Vp P2V - Vo + / F,wp)(wy — 9) + (p— 1],
Q Q
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Now, having in mind (8.13), the weak lower semicontinuity of the total variation and from the previous
arguments, we can pass to the limit as p — 17, to have

= | s wye, (8.22)

due to (8.16). Furthermore, by (8.16), (8.7) and (8.19), we get
flz,w)w = f/ wdz
Q Q
:—/ w [z, V] d’}-[N71+/ (z, Dw)
o0

Q

:—/ w[z,u]dHN_1+/ |Dw|.
o9 Q

Replacing this equality in (8.22) gives the desired equality in (8.20) and we conclude that
[z, v] € sign(—w) on 9. (8.23)

Then, (8.16), (8.19) and (8.23) lead to conclude that w is a nonnegative solution of problem (P) in
the sense of Definition 8.2.1.

In order to check that w is nontrivial, by hypothesis (i), f(z,0) = 0 and there exists ¢ > 0, small
enough, such that |f(z,s)| < Ki|s|® for all |s|] € (0,6) and for some K; > 0. Observe that hypothesis
(#4) implies o < g < ﬁ Moreover, by definition of F (z,s) it follows

s s Kl Lta
F = < <
ceos) = [ fatenins [l < g
for |s| € (0,6). Let p € (0,0) to be determined. Then, for u € BV () with ||Ju|| = p, it holds

J(u) = [Juf / Fy (2, u)

Kl @
2 Jlull - Jul '
1+a /g
> [l — Kafluf
= p(1 — K2p%).

We define p, so small, such that 1 — Kop® > %, so that
J(u) > g, for |[ul| = p > 0.

Observing that J(e) < 0, we deduce that ||e|]| > p. Since, by Young’s inequality, we get that I,(u) >
J(u) for all u € WP, it follows that

I(wp) = inf max I,(y(t)) > g. (8.24)

v€lp t€(0,1]

On the other hand, we have
.1 U |
i [ Fu = tim [ )
~ [ s@wu
Q
:/(Z,Dw)—/ wiz, v] dHYN
Q aQ

:/ |Du| +/ ol dHV 1,
Q oN
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where in the last equality we have used that w is a solution of (P). In addition, it is easy to check
that

lim F(x,wp):/QF(x,w).

p—1t Jq

By using these last two equalities, we can assert that

lim I,(wp) = J(w). (8.25)

p—1t
Summarizing (8.24) and (8.25) we conclude that J(w) > £ and then w is nontrivial, because J(0) = 0.

With regard to the existence of a nontrivial solution v < 0 of problem (P), we use the same
reasoning applied to the functional

~ 1 —1
T(u) = ];/Q\vw—/QFf(x,quT o,

getting that v, — v as p = 1. Where v, is the nonpositive solution of p—Laplacian problem (8.8).

8.3.2 Boundedness of the solutions

In this subsection, we will write S; to denote the best constant of the Sobolev embedding W, (Q) <

L%(Q) Moreover, for every k > 0 and 0 < w, € W,"?(2) solution of (8.8) defined in the proof of
Theorem 8.1.1, we set
Ap(wp) = Agp ={x € Q ¢ |wp(z)] > k}.

Lemma 8.3.1 For every € > 0 there exists ko > 0 (which does not depend on p) such that

/ (1+wh)N <e
A

k,p

for every k > ko and for all p > 1 small enough.

Proof: Using Holder’s inequality twice, Sobolev’s inequality and taking into account that

A < o Ve
‘ kyp‘ > N Wp )
A

kN—-1 k.p

we obtain

/.

k,p

1—q(N-1)

. N\ 2D
<2 [Akp| + /A pr_l | Ak p

IN

IA

=

A%
i
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now, having in mind inequality (8.12) which asserts the existence of a positive constant C, which does

not depend on p, satisfying
1
P ~ ~
(/WVMM) <C'""<1+C
Q
—1
and since |Q|pT < 1419, it follows that there exists a positive constant C = C(N, g, S1,|Q2|) such

that N
q
/ (1t up) < CUEFD g
Ag.p kN—-1

as k — 0o, because ¢ < ﬁ O

Remark 8.3.2 By a similar argument we can state the existence of a ko > 0 (which does not depend
on p) such that
[ sy <-

Agop
for every k > ko and for all p > 1 sufficiently small. Where 0> v, € Wy P (Q) is the negative solution
of (8.8) and Ay p = Ar(vp).

Now, we are ready to prove the boundedness of the solutions v and w of problem (P). Proof:[Proof
of Boundedness] We prove the boundedness of the positive solution w. The proof for the negative one
is similar in spirit.
For every k > 0, we define the auxiliary function G : R — R as usual
s—k, s>k,
Gk(s) = 07 ‘8| S k7
s+k, s<-—k.

Then, choosing G (w,) as a test function in (8.8), we get

/ V() = [ 106wy (8.26)
Q Q

Now, computing and using (8.26), Sobolev’s embedding, and the Young and Hélder inequalities, we
have

N—1

(o)

<si [ 96w (w,)
Q

<5 / VG (wp)|” +
Q

Si(p—1)
p p

1€

<51 [ 1@ wylGu(uwn) + 2E=Lq)

< csl/A (1 + wp)Gr(wp) + mIQI
<CS </Akp(1+wZ)N>}v (/Q Gk(wP)NJXI) -
| LD

By Lemma 8.3.1, there exists ko >0 (which does not depend on p) such that

1 ~
q\N >
/A (I4+w))" < 4(2081)]\,’ for all k& > ko,

k,p
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and for all p > 1 sufficiently small. Consequently, we obtain

/Gk(wp)N]i1 < (231(17—1)|Q|)NN1

p

Since wp(z) — w(z) a.e. z € Q, by Fatou lemma, we can pass to the limit on p — 1, to conclude that

/(w(w) —k) NT = 0, for every k > ko.
Q

Thus, [|w||e < ko. O

8.4 A Pohozaev type identity and explicit examples

In this section we provide a Pohozaev type identity for elliptic problems involving the 1-Laplacian
operator

—div (%) = f(uw), inQ) ,
| Dul (8.27)
u=0 on 0f).

. . . N—1
From now on, fqr any function g evaluated on 052, we write f{mg instead of fasz gdH when no
confusion can arise.

Proposition 8.4.1 [PohoZaev type identity for the 1-Laplacian] Let u € WHH(Q) be a solution
of problem (8.27) in the sense of Definition 8.2.1 with z € C'(Qs) (for some § > 0 sufficiently small)
and assume that x - Vu € WH1(Q). Then, u satisfies the identity

(N—l)/nuf(u)—N/QF(u)—O— aQF(u)x-y (8.28)
:/89|Vu|w-yf/ag(x-Vu)(zl/)Jr(Nf1)/89\u|,

Proof:
By our assumption = - Vu € W (Q), we have
V (z-Vu) = Vu+ D’u -z,

where (D2u . :c)j = Zf\il %aumj:ri (j = 1,...,N) belong to L'(Q). Moreover, by Stampacchia’s

Theorem, V (z - Vu) = 0 a.e. in the set { - Vu = 0} which implies
(Dzu . I)], =0, ae. in{|Vu|=0}.

Hence, integrating by parts and taking into account (8.6), we obtain

/ﬂdz(x-Vu):/BQ(m~Vu)(z-1/)f/z-V(:c-Vu)

_Q/cm(x-Vu)(z-l/)—/ﬂVu|—/Q(D2u~x)-z, (8.29)

On the other hand, we also get

N/ \vu|:/ |vu\:c-u—/x-V(|vu\)
Q onN Q

:/60|Vu\m-1/f/Q(D2u-x)-z, (8.30)
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where in the last integral term we replace % by z since we can assume that |Vu| > 0. Then,
combining (8.29) and (8.30), we obtain

/de(m-Vu):
/an(:c.Vu)(z.u)HN—1)/Q|vu|_/aQ |Vulz - v. (8.31)

Since u is a solution, we can choose = - Vu € W' (Q) as a test function and by using integration by
parts we get

/de(a:~Vu)=—/Qf(u)(x-Vu)
OF (u)

— OQF(u)m-V —&-N/QF(u)

Also, taking u as a test function we have

/Q|Vu\:/ﬂuf(u)+/69u(z~y).

Replacing the above two equalities in (8.31) and remembering that w (z-v) = —|u|, it yields the
equality (8.28). Finally, we point out that in case |Vu| = 0 in the whole 2, we obtain the identity

(N—l)/ﬂuf(u)—N/QF(u)-i— aQF(u)w‘V:(N—l)/a |u|

Q
|

Corollary 8.4.2 In case Q = Bgr (the ball of radius R > 0). Under the hypotheses of Proposition
8.4.1, solutions of (8.27) must satisfy the inequality

(Nfl)/B uf(u) — N Fu)+ R F(u)z(Nfl)/aB |-

Bg dBR

Proof: Since z - v = R and by (8.5) , it follows that

/BBR|VU\J:-V—/BBR(:E~VU)(Z-1/)

ZR/ |w—|\z|\oo/ (z - Vu)
9Bp 9Bp
zRufuzuoa/ Vu| > 0.

Br

Substituting into (8.28), we obtain the desired inequality. a
The following result, first obtained by F. Demengel in (Demengel, 1999, Section 4), is now a
consequence of Proposition 8.4.1.

Corollary 8.4.3 Besides the hypotheses of Proposition 8.4.1, assume that ujpq = 0. Then

(N—l)/ﬂuf(u):N/QF(u).

In particular, for f(s) = |s|9 s it follows ¢ = ﬁ
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It is worth noting that in the Pohozaev inequalities, there is no restriction on the possible values
of ¢g. We give some explicit examples about radial solutions of problem (P) in the ball Br = {z €
R : |z| < R}. We point out that they also satisfy the Pohozaev identity (8.28).

Example 3 For f(s) = |s|9"'s, with ¢ > 0

Furthermore thanks to Proposition 8.4.1, for a general continuous and increasing function f, constant
solutions of (8.27) in Br must satisfy

In the next examples, we assume a supercritical growth, so that in the supercritical case, two
positive (and two negative) solutions are obtained. A further remark is in order. We have considered
the Anzellotti theory of pairing gradients of BV —functions and bounded vector fields whose divergence
is an LY —function. It should be remarked that analogous results hold for bounded vector fields whose

divergence is a function belonging to the Marcinkiewicz space L™¥>>°(Q). This fact is a consequence
N

of the continuous embedding of BV () — L¥-1"'(Q), where L%’I(Q) denotes the Lorentz space
(see Alvino (1977)). Hence, the Radon measure (z, Du) is well-defined for the vector field z(z) = I,

whose distributional divergence is given by dz(z) = % and belongs to LN’OO(BR), and for any

u € BV(Bg).

Example 4
1. For f(s) = s® with ¢ > 5

N -1\ x
u(m) = (W) ) z(m) = _H,
is a positive solution in W'(Bg).

2. For f(s) = ((%)l/q —l—s) with ¢ >

+

is a positive solution belongs to W, "' (Br).







Chapter 9

Existence and regularizing effect
of degenerate lower order terms
in elliptic equations beyond the
Hardy constant

D. Arcoya, A. Molino and L. Moreno-Mérida, submitted (2017).

Abstract

In this paper we study the regularizing effect of lower order terms in elliptic
problems involving a Hardy potential. Concretely, our model problem is
~Au A+ h(@)|ufP e = )\% +f(x) in Q
x
with Dirichlet conditions on 99, where p > 1 and f € L™(Q; hdz) with m > ’%1.
We prove that there is a solution of the above problem even for A > H = %
and 0 < h € L'(Q) which could be vanished in a subset of Q. Moreover, we show
that all the solutions are in LP™(; hdx). These results improve and generalize
the case h(x) = hg treated in Porzio (2007) and recently in Adimurthi et al.
(2017).
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9.1 Introduction

For a bounded domainQ < RY (N > 2) with smooth boundary 8Q and 0 € Q, we consider the
following problem

{ —Au+ h(z)|ulP "ty = )\# + f(z) in , Q 9.1)

u=0 on 05,
pt+1 p+1
being A >0,p>1,0<h € L,.(Q) and f € L,* (), (i.e. |f| » he L' (Q)).
If h =0, it is proved in Garcia Azorero and Peral Alonso (1998) the existence of a solution for

every f € W™H2(Q) when A < H = % (H is called the Hardy constant). From this pioneering
paper the case h = 0 has been studied by many authors. More recently, it is proved in Adimurthi et al.
(2017); Porzio (2007) that if h(z) = ho > 0, then the lower order term ho|u|’~'u has a regularizing
effect: Consider f € L™(Q), then there exists a solution belonging to Wy'?(Q) N LP™ () for every
A > 0 provided that el <y < %E. The solution is obtained as limit of solutions of a sequence of
suitable approximate problems. In particular the LP™(Q)-regularity of the solution is only obtained
for this specific solution obtained by approximation. We remark explicitly that the assumption that

h(z) is uniformly away from zero is essential in these papers.
Our first goal is to deal with the existence of solutions for A > H and terms h which can vanish

in a subset of Q. Indeed, in Section 2 we handle functions h(z) that can be zero in a neighbourhood
Qs ={z € : dist (,002) < 0} of Q. First we prove in Theorem 9.2.1-a) that if

2(p+1) 2
[ el @) < o, 9.2
Q\ Q4

then there exists a solution w of (9.1) for every A < A(J), where A(d) — oo as § — 0. Observe that
in the particular case that h(x) = a > 0, the above condition is satisfied provided that p > 2* — 1.
Hence, our result contains also the existence result of Adimurthi et al. (2017); Porzio (2007) when
p;l (see Corollary 9.2.3). The case that h is zero inf2 s is also considered in Corollary 9.2.5.

m =

For the proof of Theorem 9.2.1-a) we take advantage of the variational nature of (9.1) by finding
its solution as a critical point of the associated Euler C*-functional Iy (see (9.4) below). Indeed, we
show that I is coercive and bounded from below. By using the Variational Principle of Ekeland we
also prove that a suitable minimizing sequence of this functional is weakly convergent to a critical
point u € Wy *(Q) N LETH(Q) of I, i.e., a solution of (9.1).

In addition, in Theorem 9.2.1-b) we also prove that if we strengthen the condition (9.2) by
assuming that there exists § € (2,p + 1) such that

5 25
/ |m|%h(x)7<p+1><z—s»> < 00, (9.3)
Q\ Q5

then I is weakly lower semicontinuous (see Remark 9.2.2-iv) for a comparison with the result of
(Garcfa Azorero and Peral Alonso, 1998, Theorem 3.4)) and thus w is a minimum of the functional
In. We also use this additional variational characterization of this found solution to obtain the
existence of a non-zero solution of the problem (9.1) when f = 0 (see Corollary 9.2.6) and improve
the corresponding existence results of Wei and Du (2017); Wei and Feng (2015) (see Remark 9.2.7).

We devote the section 3 to study the regularity of every solution of (9.1). Specifically we prove

2pm m
in Theorem 9.3.1 that if f € Lj*(Q2) with m > ’%1 and |x| T RITEOT € L*(Q), then every solution
u of (9.1) verifies u € LY™(Q) improving the previously mentioned regularity result of Adimurthi

et al. (2017); Porzio (2007) for solutions which are only obtained as limit of solutions of approximate
problems (see Remark 9.3.4-ii)).
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9.2 Coercivity and existence of solutions

For 0 < h € Li,.(Q) let LY (Q) be the linear space of all measurable functions in Q such that
|[fIPT*h € L} (). Tt can be equiped with the seminorm

1
FEs)
|u|L;£+1<Q) = (/ [u|PT? h) , Yu e LﬁJrl(Q),
g Q

which is a norm in the particular case that h(z) > 0 a.e. z € Q.
We consider the reflexive space

E=Wy?(Q)nLi(Q)
endowed with the norm
lulle = Va2 + ul o1 o

p+1

Observe that every function f € L,” (2) has associated a functional ¢y in the dual space E* (of E)
given by

(ef.9) = /Qfgh, Vg € LTH(Q).

Hence, we understand that a solution of (9.1) is just a critical point of the C*-functional Iy defined
in F by setting

|Vu|? 1 / 11 /\/ u? /
L(u)= [ "+ —— prlp 2 — h E; 4
a(u) /Q 5 + i/, | 3 ) TP qu , Yu € E; (9.4)

i.e. a function u € E satisfying

/Vqu—l—/Mp_luvh—)\/ %v—/f(m)vhzo, Vv € E.

On the other hand, for every ¢ > 0, we define the set
Qs ={xeQ: dist (z,00) <d}.

Observe that{2 ¢ = @ and that clearly there exists do > 0 such that for every ¢ € [0, do] the boundary
005 ofQ) 5 is smooth and 0 ¢ Qg, where Qs denotes the clousure ofQ) 5. We point out that in the
sequel the positive constant § will be always assumed to be smaller than Jo.

Our first goal is to study the existence of solutions for the problem (9.1) with functions h that
can vanish inf2 5. Concretely, we are going to prove the following existence theorem.

Theorem 9.2.1 Assume that p > 1, f € L,
smooth, 0 ¢ Q5 and h > 0 a.e. in Q\ Qs.

a) If condition (9.2) holds true, then there exists A(0) such that (9.1) has a solution uw € E for
every A < A(9). In addition, A(6) — oo as § — 0.

b) If, in addition, there exists § € (2,p + 1) such that condition (9.3) holds true, then u is a
minimum of functional Ix given by (9.4).

pt1
? (Q) and that there exists § > 0 such that 0Qs is

Remarks 9.2.2
pt1
i) As it has been previously observed, every function f € L,” (f2) can be considered as an
element of the dual space E* of E. We will see in the proof that for the above existence result

Pl
the hypothesis f € L,” (2) can be relaxed to f € E*.
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2(p+1)
ii) Observe that condition (9.2) is equivalent to —2— € L T (), while condition (9.3) means
ol 7T

that L ¢ L7 (€) . Observe that if 2 <5< p+1, then 2 < % < 2% and it follows
o|h PFT
that (9.3) implies (9.2).
iii) Moreover, (9.3) is clearly satisfied in the case in which h(x) is a Hardy potential term of order
p+1 on the left hand of equation (9.1), i.e. h(x) = 1/|z|P*!. Indeed, in this context condition,
(9.3) holds true due to the boundedness of the domain Q.

iv) In the case h = 0, the part b) of the above theorem has to be compared with the result of
(Garcfa Azorero and Peral Alonso, 1998, Theorem 3.4) where the authors proved the existence
of a minimum of the functional by using an argument that do not require the weak lower
semicontinuity of the functional Iy leaving this semicontinuity as an open problem. As for us,
we prove that the hypothesis (9.3) implies that I is w.l.s.c.

1
Proof: a) By (9.2), using the Holder inequality with exponent Pt , we obtain for every u € F

2
u? u? u? u? u2h(x)ﬁ
2P = Joy 2P Joray B~ Joy 7P T Jona, hie) 7 o
Ql® Qs 1T a\Qs 1T Qs |12 Qs h(x) P+ |z|?
) P
< [wsal( [ wrta)
p(0)? Ja, 0\Q;

where p(4) := dist(0, 2s) > 0.
Moreover, since u = 0 in 9Q and 9Q C 9Qs we can use a Poincaré inequality inQ s (see e.g.
Maz’ya (2011), (Ziemer, 1989, Section 4.6) see also (Adams, 1998, Section 8)) to assert that

/ u? 50(6)/ |Vu|?
Q5 Q5

with the positive constant C'(9) satisfying

_ 1§25 :
C(6)=0Cs C12(09) —0, asd—0, (9.5)

where C1,2(09Q) denotes the capacity of 9.
Hence, the functional I given by (9.4) satisfies for every u € E that

LT Y RS
In(u >/ 4+ — ulPt R —
Aw) 2 Q@ 2 p+1 QH p(0)? Jo, 2
2
T
_2AG (/ |u|p+1h> f/fuh
2 a\Qs Q

2
AC(&))/ Va2 1 / i1, ACH (/ - )m
>(1- + U h——= ulPT h
( p(6)* ) Jo 2 p+1 QH 2 QH

= Iflle=llulle-

Thus, since ﬁ < 1, we obtain that I is coercive and bounded from below provided that

p(6)?
A< A@0) := .
(6) C0)
As a consequence, by the Variational Principle of Ekeland Ekeland (1974), there is a bounded mini-

mizing sequence {u,} C E such that
I)\(un) — I%f I (9.6)
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and T3 (u,) — 0 in E*, i.e., there exists a sequence of positive numbers {e,} converging to zero such
that

‘/ Vuan+/|un|p Un v h — )\/‘ |2 —/f(x)vh’ﬁanHvHE, Vv € E. (9.7)
Q

We are going to pass to the limit in this inequality as n tends to infinity. The boundedness of
{un} in E implies that, up to a subsequence, we have the weak convergence of u,, in F to some u € E.
In particular, up to a subsequence, we can assume that

(A) un — uin Wy3(Q),

(B) unh#H1 — wh#+1 in LPH(Q),

(C) up = uin LYQ) (1 < qg<2%),

D) un(z) = u(z) a.e. in Q,

(E) 3g € L) (1 < g <2%) such that |un(z)| < g(z).
Obviously, by (A),

T

)
)
)
)

lim [ Vu,Vv= / VuVv, Yv € Wy?(Q)
Q

n—o0 Jo

and by (B) the sequence |un|P~'u, is bounded in L¥*"(Q) and due to almost every convergence (D),
it follows that |u, [P~ un — |u[P ™ u in LPTY(Q; hdz). Hence, by (E), Lebesgue dominated convergence
theorem implies that

lim |u P~ u, vh = /|u|p ‘uvh, Vve LPTH(Q).

n—oo
In order to get the convergence of the term with Hardy potential, i.e., fQ l“;ﬁv, we point out that for
each v € Wy *(Q) the operator T, : W *(Q) — R defined as
Ty (u) :/ o, Yo € W2 (Q)

is linear and continuous since (by using Holder and Hardy inequalities)

moon< ([ (2)) (L)) bt

for every v € W, *(Q), (H is the Hardy constant).
In particular, since T, has finite range, it is also compact and hence T, (u,, ) strongly converges to
Ty(u), ie.

i
nro mz |x\2

In conclusion, taking limits in (9.7) we obtain that u € E is a solution of problem (9.1) for
A < A(0).

In addition, since p(§) — dist(0,09Q) > 0 as § — 0, then (9.5) implies that A §) — co as § — 0.

b) As it has been seen in the proof of the part a), for every A < A(§) the functional I is bounded
from below and coercive. Thus, in order to deduce that I attains its minimum, it suffices to show
that it is weak lower semicontinuous. Assume hence that {u,} is a sequence weakly convergent in
E. As before, up to a subsequence, we can assume that {u,} verifies the convergences (A)-(E). In
addition, we note that the boundedness of unhpiil in LP*1(Q) and the a.e. convergence (D) of u,
imply the strong convergence of unhﬁ in L*(Q) for every 1 < s < p+ 1. As a consequence, there

exists G € L°(Q) such that (again up to a subsequence) |un($)hﬁ(ac)| < G(z), for all n € N.

We claim that ) )
fim [ Y@ / u@)” (9.8)
Q

n—oe Jo o |2l ||
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Indeed, if we consider the function g € L?(Q) given in (E) with ¢ = 2 which satisfies that |u,(x)| <
g(z) for every n € N and almost everywhere for z € Q then

up ()

|z[?

< H(z) a.e. © € Q,

where the function H is defined in Qas

2
ng(ﬁ), if x € Qg,
H@) =Y
_G@ e e\ .
|z[*h(z) T
By (D) we also have the convergence of “"‘Lz(ﬁ)z to "‘Sfl); for almost every = € Q. Therefore, by the

dominated convergence theorem, the claim will be proved if we show that H € L' (). For this purpose,
— 2 — —
observe that taking into account that 0 ¢ s, we deduce that g‘zﬁ’é) € L'(Qs), ie., H € L'(Qs). To

prove the integrability inQ \ Qs, we use the Holder inequality with exponent 5 > 1 to obtain

s—2 2

G*(z 1 ¢ S\

[t ) ([ )
o\Qs |z|2h(z)PHT Q\ Qs |$‘572h(m)(5_2)(p+1> Q\ Qs

The last two integral terms are finite due to hypothesis (9.3) and that G € L*(Q2). Consequently, we
also have H € L'(Q\ Qs) and the claim is proved.

By the other hand, the result of (Boccardo and Murat, 1992, Theorem 2.1) implies that (up to a
subsequence) Vu,, — Vu strongly in (L2(2))" (1 < ¢ < 2) and in particular (up to a subsequence)
it converges almost everywhere in 2. Then, applying the Fatou lemma we have

P |Van|? 1 / +1 > / |Vul? 1 / +1
lim inf LT un|P R ) > - 4+ — ulP™ h 9.9
n—roo (/Q 2 p+1/g fun| “Ja 2 p+1 /g [ (6.9)

Summarizing (9.8) and (9.9) we obtain

liminf I (un) > In(uw),

n—o0o

i.e. the functional I, is w.l.s.c. and the proof is concluded. O
2(p+1)
If we take § = 0, then Qs = () and by observing that fQ || 0 < oo provided that p > 2* — 1,

we derive from Theorem 9.2.1 the following consequence for the case that h is a positive constant in
all Q.

p+1

Corollary 9.2.3 Assumep > 2" —1, f € L' » (Q) and h(z) = ho > 0 in Q. There exists u € E,
solution of problem (9.1) for every X € R.

Remark 9.2.4 In particular, we recover the existence result of Adimurthi et al. (2017); Porzio (2007):
there exists a solution in E = W,*(Q) N LPT1(Q).

A simple case in which h vanishes inf) s is the following one.

Corollary 9.2.5 Letp>2*"—1,0<d <o, f € L%I(Q \ Qs) and h = ho Xonay for some ho > 0.
Then, there is a solution of (9.1) in E for X < A(9).
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If H < X then it is possible to choose w € W, '?(Q) such that

2
/|Vw|2—)\/w—2<0.

and since p > 1, we deduce in the case f = 0 that infg Iy < Ih(tw) < 0 = I,(0) provided that ¢ is
close to zero. This allows to conclude this section by showing a simple consequence of the additional
information that the solution u given in Theorem 9.2.1 is a minimum of I}.

Corollary 9.2.6 Ifp > 1, the function h satisfies (9.3) with h > 0 a.e. in Q\ Qs and H < X < A(d),
then the problem

[a]? (9.10)

—Au + h(z)|ufPru = A in Q,
u=0 on 0L,

has at least one nonzero solution.

Remark 9.2.7 As usual by considering instead of I the functional Jy given by

Va1 [1arn /(W
= St — —= E
Ix(w) / 2 Tpri Sy e e

it is possible to deduce the existence of a positive solution of the problem (9.10). Therefore we improve
the corresponding existence result of Wei and Feng (2015) where it is required additionally that h is
a continuous and positive function in Q and of Wei and Du (2017), where the case h(z) = 1/|z|® with
B > 2 is studied. (Observe that in both cases considered in those papers, A(J) = oo in the above
corollary).

9.3 Regularity of the solutions

In this section, for the reader’s convenience we assume that h € L'(€2). In this case, by Holder

inequality, it is easy to verify that L} (Q) C Ly () for every r > s > 1. Next, we give a sufficient
p+1
condition on the function h for which if we strength the condition f € L,” () by assuming that

f e Ly (Q) with m > pT'fl, then the solution (given by Theorem 9.2.1) u € Wy () N LFT(Q) of
(9.1) is more regular: it belongs also to L™ ().

Theorem 9.3.1 Assume that h € L'(Q) with h(z) > 0 a.e. in Q and that there exists m > prl such
that

i) feLy(Q),

pm

i) |o| TP R AT € LY(Q).
If u is a solution of (9.1), then u € L™ ().

Remark 9.3.2 If instead of assuming that h € L'(Q) we only assume that h € Lj,.(Q), then the
p+1

above hypothesis i) should be replaced by f € L,” () N Ly (Q).

Proof: For every k > 0, we define the auxiliary function 7} : R — R as usual

k, s>k,
Ti(s)=1q s, |s| <k,
-k, s< —k.
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Let u € F be a solution of (9.1). Since m > (p+1)/p, we have v := pm—1—p > 0 and we can choose
[Tk (u)|"Tk(u) as a test function in problem (9.1) to obtain, by dropping the positive term coming
from the principal part, that

w+1
/h|u|p\T W+1<A/ '“”T| ‘2‘ /f|T )b, (9.11)

Next, we estimate each term of the above inequality. In order to do it, we define
Fi(u) := [u["~° [Ty (uw)["7

where

(1+MN-1) _ plm—1)(m—1)
v+2 pm—p+1

Using that |Tk(s)| < |s| for all s € R, we deduce that

ful? | T (w) " = Fi ()| T ()|~ /Ju] ™ > Fi(w)

and thus
[ wlamr = [ R, (9.12)
Q Q

On the other hand, using Hélder inequality with exponent p — d > 1 and that 1 +§ + v =
(L+7)(p—9), we get

1

o I ([ =) T ([ )
@ (/g Fk(u))m : (9.13)

where the last inequality is a consequence of hypothesis ii).
In addition, using Holder with exponent m and taking into account that

(y+1)m
m—1

=pm=7+1+p
we obtain by i)

/ fITe () h = / f R T () B
Q Q

(s (=)™ sa (o) o

In conclusion, substituting (9.12), (9.13) and (9.14) into (9.11), we deduce that

m—1

/QFk(u)gCl (/QFk(u)>pls+Cz (/QFk(u)> " (9.15)

Since p%é. and =1 are less than 1, (9.15) implies the existence of ko > 0 and C3 > 0 (independent
of k and w) such that

/ [P0 [T () [+ = / Fi(u) < Cs,  for all k > ko,
Q Q
Fatou’s lemma when k tends to co and the fact that v + 1 + p = pm implies that

/ |u|""h(x)dz = / lulPT R < Oy
Q Q
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as we desired.
a
A particular interesting case is when the function h can be compared with a Hardy potential of
different order.

Corollary 9.3.3 Assume that f € L}*(Q2) for m > pT'fl, and that there exist p > 0 and B > 0 such
that the function h € L'(Q) satisfies

(z) > L, a.e. x € Q.

|=[?

>

If u is a solution of (9.1), then u € LP™ (Q; ‘:ﬁ) for every

[ Cw), wpeb)

m €

[pT'H,oo), if B> 2.

Remarks 9.3.4
i) The integrability of h implies that necessarily S < N.

ii) Observe that if 8 € [0, 2), then the interval [pTJfl, WEBW=D] of the possibles values of m is not

(2-8)p
empty (i.e., pT'fl < %) if and only if h satisfies condition (9.2).

iii) We note that in the particular case 8 = 0 the regularity result is proved in Adimurthi et al.
(2017) only for a solution obtained as limit of solutions of a sequence of suitable approximate
problems, but not for every solution as in the previous result.






Chapter 10

A concave-convex problem with
a variable operator

A. Molino and J.D. Rossi, submitted (2017).
Abstract

We study the following elliptic problem —A(u) = Au? with Dirichlet boundary
conditions, where A(u)(z) = Au(z)xp, (z) + Apu(z)xp, () is the Laplacian in
one part of the domain, Dy, and the p—Laplacian (with p > 2) in the rest of the
domain, Dy. We show that this problem exhibits a concave-convex nature for
1 < g < p—1. In fact, we prove that there exists a positive value \* such that the
problem has no positive solution for A > A* and a minimal positive solution for
0 < A < A*. If in addition we assume that p is subcritical, that is, p < 2N/(N —2)
then there are at least two positive solutions for almost every 0 < A < A*, the first
one (that exists for all 0 < A < A*) is obtained minimizing a suitable functional
and the second one (that is proven to exist for almost every 0 < A < A*) comes
from an appropriate (and delicate) mountain pass argument.
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10.1 Introduction

Given a smooth bounded domain 2 we split it into two smooth subdomains
Q= D, UDs, DinDy=90
(we assume that both Dy and D, are Lipschitz). We call T" the interface inside €,
I'=0D1NQ=0DNAQ,

and we assume that I' is a smooth surface with finite (N — 1) dimensional Hausdorff measure.
For a fixed p > 2 we consider the operator which acts as the Laplacian in the region D; and as
the p-Laplacian in the region D2. To be more precise, we consider equations of the form

—Au = f(u), in Dy and — Apu = f(u), in Da,

with a Dirichlet boundary condition, © = 0 on 952, a suitable continuity condition on I" and a power
nonlinearity f.

Note that this problem can also be rewritten involving a variable exponent operator, a p(z)-
Laplacian, with a discontinuous exponent p(x). That is, we deal with

—Apyu = f(u), inQ,
u =0, on 0%,

whereA ,;yu = div (|Vu\p(z)_2Vu) and the variable discontinuous exponent p(z) is given by

[ 2 ifzeD,
p(x)_{ p>2 ifzé€ D.. (10-1)

With regard to equations involving p(z)-Laplacian terms, with a general p(x) (not necessarily
discontinuous) we refer the reader to the recent book Diening et al. (2011) for background and an
extensive review of recent results. In addition, problems that involve the p(x)-Laplacian with a
discontinuous variable exponent, which is assumed to be constant in disjoint pieces of the domain
Q, are recently used to model organic semiconductors (i.e., carbon-based materials conducting an
electrical current). In these models p(z) describes a jump function that characterizes Ohmic and
non-Ohmic contacts of the device material, see Buli¢ek et al. (2016) and Buli¢ek et al. (2017). In
fact, let us consider the Organic Light-Emitting Diodes (OLEDs) which are constituted by thin-
film heterostructures made up by organic molecules or polymers. Each functional layer has its own
current-voltage characteristics and hence, the current-flow equation is of p(x)-Laplacian type. Since
the exponent p(z) describes non-Ohmic behavior of materials, it changes abruptly in passing from
one to another. For example, in electrodes the parameter p(x) is typically 2 (Ohmic) while in organic
materials p(x) takes larger values, e.g. p(z) =9 (Fischer et al. (2014)).

This work is devoted to the study of this kind of operators with a power nonlinearity on the right
hand side that has a concave-convex nature with respect to the variable operatorA .. That is,
convex (superlinear) for the Laplacian and concave (sublinear) for the p-Laplacian. Concretely, we
look for existence and multiplicity of positive weak solutions for the following problem

—Au = Auf, in Dy,

—Apu = Auf, in Do,

@ = | u|p—2@7 U|Dy = U|Da, onl’, (10‘2)
on on

u =0, on 0,

in the following function space

W(Q) = {v € WE(Q) - /D Vol? < oo}.
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Here
A >0, 2<qg+1< p,

and 7 is the normal unit vector to I' pointing outwards Di. This space W(Q2) is a reflexive and
separable Banach space equipped with the norm

Wiwe = I VUllLzpy) + | VU llLepy) (10.3)

(see Lemma 10.2.1 for a detailed proof). We refer to the Preliminaries section in order to justify the
definition of this convenient space.

Observe that in (10.2) we have continuity of the solution, in the sense that the trace of w onI’
coincides coming from D; and coming from D, and also we have continuity of the associated fluxes
across I'. In addition, note that the exponent ¢ is a superlinear exponent (convex) for the problem
in D1 and a p—sublinear one (concave) for the problem in D,. Therefore this problem has both a
concave part and a convex one (but acting in different regions).

It is fairly easy to see that problem (10.2) has a variational structure. Indeed, if we consider the
functional F': W(Q2) — R

2 P g+1
F,\(u):/ |V;“ d:c+/ Vul” gy — 5 [ 14 - de, (10.4)
Dy Dy o q+

as we will see in Lemma 10.2.5, positive solutions of (10.2) are uniquely identified as being positive
critical points for this functional.

From a pure mathematical perspective concave—convex problems have received some interest in
the literature in recent times, including several kinds of boundary conditions and generalizations to
other operators such as the p—Laplacian or fully nonlinear uniformly elliptic operators. The subject
goes back to the pioneering works Boccardo et al. (1995), Garcia Azorero and Peral Alonso (1991),
Garcia Azorero and Peral Alonso (1994) and Lions (1982). However, Ambrosetti et al. (1994) is
regarded as a first detailed analysis of the main properties of such type of problems, especially its
bifurcation diagrams (see also Lions (1982), Section 1.1). We also quote Ambrosetti et al. (1996)
and Garcia Azorero et al. (2000) that deal with Dirichlet conditions and the p—Laplacian operator;
Charro et al. (2009), dedicated to fully nonlinear uniformly elliptic operators with Dirichlet boundary
conditions; Garcfa-Azorero et al. (2004), dealing with flux—type nonlinear boundary conditions and
source nonlinearities and Garcia-Melidn et al. (2012) handling concave—convex terms of absorption
nature. Of course, this list is far from being complete and is only a sample of the previous research
on the topic.

In this framework we have the following results:

Theorem 10.1.1 There exists \* > 0 such that:

1. For 0 < A < A" there exists wx a minimal positive solution. Moreover, this minimal solution,
wy, 18 unique and increasing with respect to .

2. For A > \* there is no positive solution.

The proof is based on the method of sub and supersolution. For this, a comparison principle and a
maximum principle for this problem are needed. For the nonexistence of solutions for A large we use
the fact that solutions to the parabolic problem u; = Au + Au? in Dy, with large initial data, blow
up in finite time. Theorem 10.1.1 is proved in Section 3.
Our next result shows that this problem has a second solution for almost every 0 < A < A\* when
2N

p is subcritical, in our case that is, p < 2*. Here 2* = =5 if N > 3 and 2" = co when N = 1,2.

Note that we also have that ¢ is subcritical since 1 < ¢ <p—1<2* — 1.

Theorem 10.1.2 Assume, in addition, p < 2% and D2 CC Q). Then, there exists a second positive
solution vy for almost every 0 < X\ < A*.
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To prove the existence of a second solution we argue in two steps: First, using variational methods,
we prove that (10.2) has a solution which is a local minimum of the corresponding energy functional
(Theorem 10.4.6). This fact is subtle and we run into new difficulties. To be more precise, as the
operator acts differently in D; and in D2, we can only get regularity of solutions at locally Holder
spaces (we refer the seminal paper Acerbi and Fusco (1994)). Then, to show that there is a local
minimum in W(Q), we assume that Dy CC Q in order to get C' regularity close to dQ and then
we show that there is a minimum in the stronger topology C*(F5) N C(Q) where Fs is a small strip
around the boundary of 2. Then, by using a delicate regularity argument, we relax the topology to
W(R2). Here we use partially the ideas from Ambrosetti et al. (1994); Brézis and Nirenberg (1993);
Garcia Azorero et al. (2000) adapting them to our setting with the introduction of a new original
trick while using Stampacchia’s approach in Proposition 10.4.5 in order to obtain an L°°—bound. It
is at this point where we use that p < 2*. Note that our space of solutions W(2) is a subspace of
Wy %(2) that is larger than W, 7(Q).

Next, in order to prove the existence of a second positive solution, the crucial fact is to try to
apply a Mountain Pass argument. The main difficulty here is to show that Palais-Smale sequences
are bounded in W(Q). This question is at present far from being solved and an affirmative answer
would allow to find a second solution for all A € (0, \*) instead of for almost every A € (0,A*). Let
us discuss some difficulties: Initially, we point out that the usual trick combining F)(un) — ¢ with
F5(un)un = o(||un||) does not work here. In addition, we would like to comment that in previous
references involving the search for critical points of Mountain Pass type for problems like

—Au = f(z,u), inQ) ,
u =0, on 09,

it is usually assumed that
Jk > 2 such that Vs >0 and ae. z € Q=0 < kF(z,s) < sf(z,s), (AR)

where F(z,s) = fos f(z,t)dt. This condition was originally introduced in Ambrosetti and Rabinowitz
(1973) and it is called Ambrosetti-Rabinowitz type condition. Roughly speaking, the role of (AR)
is to ensure that all Palais-Smale sequences at the mountain pass level are bounded. Adapting this
result to our variable operatorA uxp, + Apuxp, it is not difficult to prove that if f(x,s) satisfies
property (AR) for k > p, then we have that Palais-Smale sequences are bounded (see Appendix).
However, in our setting f(x,s) = As? and (AR) is not satisfied for Kk > p because ¢ +1 < p.
Moreover, even conditions weaker than (AR) present in the literature of elliptic equations ensuring
the existence of bounded Palais-Smale sequences are not applicable to our problem. To tackle this
obstacle, we use some results from the classic works Ambrosetti and Rabinowitz (1973); De Figueiredo
(1989); Ghoussoub and Preiss (1989); Jeanjean (1999) again adapting them to our framework. Mainly,
relying on a result by Jeanjean Jeanjean (1999) which shows the existence a bounded Palais-Smale
sequence at mountain pass level for almost every 0 < A < A*. We remark that once we have a bounded
Palais-Smale sequence we are able to prove that there is a subsequence that converges strongly in

Finally, we note that with the same ideas used here we can obtain similar results for the following

problem
{ —Au =M xp, + \u®xp,, inQ

u =0, on 052,

with 1 < 1 < ga. See Garcia-Melidn et al. (2016) for similar results for the same problem with Au?®),
with a continuous exponent ¢(z).
Also remark that when we take D1 = D2 = €, that is, for the problem

—Au— Apu=Au?, inQ)
u =0, on 012,

with 1 < ¢ < p—1 one has existence of a minimal positive solution for large A, A > X and nonexistence
for small A, A < A. This result (that can be obtained just constructing adequate sub and supersolution)
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has to be contrasted with ours for (10.2) where we have existence for small A and nonexistence for
large A.

The rest of this paper is organized as follows: in the Preliminaries, Section 10.2, we give some
definitions and motivate the use of the space W(). In Section 10.3 we deal with the proof of
Theorem 10.1.1. Finally, in Section 10.4 we prove the existence of a second solution provided p < 2*.
For completeness, in the Appendix we include a proof that shows that Palais-Smale sequences are
bounded when we assume (AR) with s > p.

10.2 Preliminaries

In this section we motivate the use of the space W(Q2) to define weak solutions for our problem and
also we collect some results that will be used throughout this work.
In order to justify the definition of space W(), let us give a briefly description about WO1 (@)
spaces with p(x) defined in (10.1). Following Diening et al. (2011) we define the Banach space
LP@(Q) = {v:Q— R mesurable : [[v||lp2(p,) + [v]lLr(Dy) < 0} -

equipped with the Luxemburg norm

u\ 2 u\P
o {5 [y <l
Iy =t { [ (2)"+ [ (2)"<

The space L”(I)(Q) is a reflexive and separable Banach space. Accordingly, we set the Sobolev space
WP Q) = {v : Q0 — R mesurable : v, |Vo| € LP®)(Q) }
and we have that W!'?(®)(Q) is a reflexive and separable Banach space with the norm

HUHWLP("J)(Q) = HUHLP(w(m + [ Vo ||Lp(w)(Q)'

Moreover, since C*(Q) is dense in WP (Q) ((Fan et al., 2006, Theorem 2.4 and 2.7)). Then,
WP (Q) is well-defined as the closure of C2°(Q) in W'?(*)(Q) and it satisfies

Wy *(9) € Wo ™™ (Q) € Wy ().
However, we can not use Poincaré’s inequality in w since, in general, it does not hold for discon-

tinuous exponents, see (Diening et al., 2011, Sec. 8.2). Thus, we deal with a different Sobolev space
that will be appropriate for our problem. Concretely, we define the Sobolev space W(Q2)

W(Q) = {v €Wy 3(Q) : / [Vol? < oo},
Do
equipped with the following norm
Iolwie = ol + 1 V0 llzrms)-
The space W(2) is a separable and reflexive Banach space, since it is a closed subspace of WO1 2(Q)

The following result asserts that, by using Poincaré inequality, we can use the norm (-] (q) defined
in (10.3) which only depends on the gradient terms.

Lemma 10.2.1 (W(Q),[-]w)) is a reflezive and separable Banach space.
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Proof: Since (W(), || - llw()) is a reflexive and separable Banach space, it is sufficient to show that
the norms [ -]y (n) and || - | w(q) are equivalent. For this purpose we use the fact that functions in
the classical Sobolev space WO1 2(Q) satisfies the Poincaré inequality and also that the continuous
embedding of variable Lebesgue spaces to obtain for arbitrary v € W(Q2),
[ollwie) = l[lollwr2@) + 1 VU llLrpy)

<callVullizpyy +all Vullrzp,) + [l VU llLr(p,)

<al Vullzzp,) + el Vullr )

< cs (IVollezoy) + 11Vo lLeoy)) -

and
lvllweey > 1| Vo llz@) + | VU llLe(py)
> [ VollL2(pyy + I VO llLe(Dy)-
In these estimates, positive constants are denoted by ¢;, ¢ > 1. O
Remark 10.2.2 It is worth pointing out that the || - ||Lr(py)-norm is controlled by the [-]w(q)-

norm (in particular, if [ulw) < 00 = ||u|lLr(p,) < 00). Moreover, there exists C > 0 such that
lullr(ps) < C (I Vullr(py) + lullz2(p,))- To see this fact, arguing by contradiction, suppose that
for every n € N there exists un such that

lunllze(py) > 1 (| Vun LoDy + llunllL2(n,)) (10.5)
which is equivalent to write the above expression as
1> n (|| Vo lr(py) + lonll2(ny)) -

being
Un
Up = ————.
HunHLZD(Dg)
Since || Von ||e(py) < = and ||vn||Le(py) = 1 it follows that the sequence {vn} is bounded in W' (Ds)
and hence, up to a subsequence, v, converges weakly to w € Wl’p(Dg). Consequently, v, — w in
L"(D3) for every r € [2,p*). Taking v = p, and the fact ||vn|/Lr(p,) = 1 @mplies ||w|rr(py) = 1.
However, taking r = 2 from (10.5) we have |[un||r2(p,) < = and then we get that ||| 2(p,) = 0
leading to a contradiction.

Remark 10.2.3 Let W(2)' be the dual space of W(SY). We have that for every fited w € W(Q2) the
functional W : W(Q2) = R defined as

w(v) == VwVv +/

D1y Dy

|Vw[P*VwVo +/ wo, v EW(Q)
Q

belongs to W(L)'.
Since we are considering positive solutions to the following p(z)-laplacian equation

—Ap@yu = Au?, in{),
u =0, on 012,

with p(z) defined in (10.1), a natural idea of what is a positive weak solution is a positive function
that vanishes on 99 (in an appropriate trace sense) and such that

/ IVulP™ 2 Tuve :/ VquoJr/ |VulP > VuVe = )\/ ul
Q Dy D2 Q

for all p € C°(Q).
Hence, let us state the definition of weak positive solutions to our problem as follows:
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Definition 10.2.4 Let u € W(Q) be a positive function, it is said that u is a weak positive solution
of (10.2) if it satisfies

VuVe + /

Dy

|VulP ?VuVy = )\/ ul (10.6)
Q

Dy

for all p € CZ(Q).

Note that (10.6) is formally equivalent to the following conditions:

ou
- on s

/ |Vu|p72VuV<p:)\/ uq¢—/|Vu|p72g—ug0,
Dy D r n

2
ou / p—2 ou
—p= Vu —— .
r on r Ve on
In the next lemma we prove that we can study critical points of functional (10.4) instead of
solutions of equation (10.2).

/ VuVe = A ul o+
Dy Dy

and

Lemma 10.2.5 Solutions of (10.2) are characterized by positive critical points of functional in (10.4)

Proof: From Definition 10.2.4, weak solutions satisfy

VuVe + /

Do

|VulP > VuVe = )\/ ul
Dy Q
for all ¢ € C°(Q2). Therefore, weak solutions are positive critical points of the functional (10.4).
Conversely, if u € W(Q) is a critical point, we obtain in particular that

VquzS:A/ lul" tug, Yo el (D).

Dy Dy

Thus, u is a weak solution of the laplacian problem: —Awu = Au|?"'u in D;. Hence, multiplying by
test functions ¢ € C°(Q), integrating by parts and taking into account that I'= 9D; N, we obtain

VuVp = /\/ Jul w4 Ou

— ¢, 10.7
D, D, r on ( )

being 7 the normal unit vector to I' pointing outwards D;. Analogously, choosing test functions
belongs to CZ°(D2), we get that critical points are weak solutions to the p-laplacian problem: —A,u =
)\|u\q71u in D2. The same arguments used above applied to this case give

/ |VulP?VuVe = A lu|* o — / |Vu\p_22—u ®. (10.8)
D2 r n

Do

Finally, since equalities (10.7) and (10.8) hold together, the fact that u is a critical point imply that

fr gi; 0= fr |Vu|p72%; . Therefore, it follows that positive critical points of functional F\ are weak

solutions to our problem. O
Finally, let us introduce the concept of sub and supersolution.

Definition 10.2.6 By a subsolution (respectively, supersolution) to the problem (10.2) we mean a
function u € W(Q) that satisfies the following inequality:

VuVp + /

Do

|Vu|P 2 VuVe < (2)/\/ lul” tug,
Q

Dy

for every 0 < ¢ € C° ().

Note that a solution is just a function which is both a subsolution and a supersolution.



192 A concave-convex problem with a variable operator

10.3 Existence and Non-Existence of Solutions

This section deals with existence and non existence of solutions. Initially, note that the functional
F does not have a global minimum (and therefore the direct method of calculus of variations is not
applicable). Indeed, let v be a function in W(2) with compact support in D, then, since we have

that ¢ > 1,
|,U‘L1+1

2
Fi(tv) = t2/ VOl — a1y dx — —o0 (10.9)
Dy

2 p, ¢4+1
as t = oo.
Hence, we use sub and supersolution techniques in order to get existence of solutions to problem
(10.2). Our first step is to prove existence, uniqueness and a comparison principle for the problem

—Au = f’ in Dl,
—Apu = f7 in D2,

10.10)
ou _o0u (
o |Vul? 28777 u|lp, = u|p,, onl',

u =0, on 0f).

Here solutions, sub and supersolutions are understood as in Definitions 10.2.4 and 10.2.6 with Au?
replaced by f.

Proposition 10.3.1 For every f € L*(Q), the problem (10.10) has a unique weak solution in u €

Proof: 1t is sufficient to prove that the functional

2 P
I(u) ;:/ [Vl dx+/ ﬂdmf/fudx,
D, 2 Dy, P Q

has a unique critical point in W(Q2). First, observe that is straightforward that this functional is
weakly lower semi continuous in W(£2). Moreover, there exists 0 < C' = C(N,p, || f|l12(a),[€]) such
that

1(w) > C (I Vu 2o, = | Va2, + 1 Vul i, = | Ve lir oy ) -

Thus, the functional is coercive (i.e., I(u) — 00 as [u]w ) — 00) and since W(Q) is a reflexive Banach
space there exists u* € W(Q) such that

I(vw") = min{I(u) : we W(Q)}.

The uniqueness is due to the strict convexity of I. Indeed, by using the inequality |£]” > |&|” +
r€o|" %€ (€ — &), for £,60 € RY and r = 2,p (which is strict if & # &) it follows that I(w) >
I(v) + I'(v)(w — v) for v # w € W(Q). O

Proposition 10.3.2 Let ui,uz € W(Q) be sub and supersolution respectively of (10.10). Then
ur < ug a.e. in .

Proof: From the definition of sub and supersolution we get, for every test function 0 < ¢ € C°(Q),

Vu1Vg0+/ \Vul\””wlwg/fgp, (10.11)
Dy Do Q

VqugoJr/ \VUQ\p_QVuQVgoz/f(p. (10.12)
D1 D> Q
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W1’2
Note that since W(Q) € W, (Q) = C(Q) , by density we can choose test functions in W(Q).
In this way, consider the test function

© = (u1 —u2)" := max {u; — us,0}

in the above inequalities and subtract (10.12) from (10.11) to obtain

/ 91— us)?
{z€Dj:u1>uz}

+/ (IVur[P*Vur — | Vuo [P *Vuz) (Vur — Vuz) < 0.
{z€Dy:u; >usz}

Finally, taking into account the well-known inequality

(1€]772¢ — 1€ 2&0) (€ — &) > c(r)|€ — &o|", &, o0 ERY, (10.13)

for r = 2, p, we conclude that (u1 — u2)™ = 0 finishing the proof. d
As a direct consequence, there exists u > 0 the unique weak solution of (10.10) for every 0 < f €
L?(2). The next result shows that in fact the solution is strictly positive when f is nontrivial.

Proposition 10.3.3 For every nontrivial 0 < f € L*(Q), every supersolution of (10.10) is strictly
positive in €.

Proof: Let u > 0 in § be a supersolution (or a solution) to (10.10). There is no loss of generality
in assuming that f|p, # 0 (the argument when f|p, # 0 is completely analogous). Consider 0 < v €
Wy P(D2) the solution to the problem

{ —Apv=f, in Da,

(10.14)
v =0, on 0D>.

Since u > 0, it follows that u > 0 on I" and hence u is a supersolution to (10.14). From the comparison
principle we obtain that v > v > 0 in Dy. Furthermore, if u(xo) = 0 for some z¢ € I', by Hopf’s
lemma we have, in addition, that

Ou(zo)
o

Ou(zo)
on

= |Vu(zo)|”? <0

which means that zo is not a minimum of u and this contradicts the fact that u(xzo) = 0. Therefore,
u > 0 on I'. Finally, to show the that u is positive in the region Dy, consider w € W2 (D1) the
solution to the following problem

—Aw =0, in D,
(10.15)

w = u, on 0D1.

Since u > 0 on I' C dD1, the strong maximum principle applied in problem (10.15) shows that
w > 0 in D;. Taking into account that u is a supersolution to problem (10.15), we conclude from the
comparison principle that v > w > 0 in D;. ]

Corollary 10.3.4 Let u € W(Q) be a nonnegative solution to problem (10.2). Then either u(z) =0
a.e. zin Q oru(xz) >0 ae x €.

The method of proof of Proposition 10.3.3 can be applied to solutions that are nonnegative and
nontrivial on the boundary. To be more precisely, we state the following proposition whose proof is
almost the same as the previous one and is therefore omitted.
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Proposition 10.3.5 Let 0 < f € L*(Q) (maybe trivial) and u solution of (10.10) with boundary
conditions 0 < u on Q. Then u > 0 in .

Now, we are ready to prove one of the main goals of this section.

Proposition 10.3.6 There exists a minimal bounded and positive solution of problem (10.2) for every
0 < XA <A being A sufficiently small.

Proof: First, we find a supersolution of (10.2) for A small. By Proposition 10.3.1, let w € W(Q2) be
the unique positive solution to the problem

—Aw =1, in Dy,
—Apw =1, in Do,
ow o 0w

87’[7 = |V'U]|p 2871’]’ ’U)‘Dl = ’l,l]|D27 onl ,
w =0, on 0f2.

Classical regularity for p-laplacian operators states that there exist C1, Ca > 0 such that ||[@| poo(p,) <
C1 and ||@||poo(py) < Ca. Furthermore, setting A = m, we get

VﬂVgo—I—/

D

VaPtvave— [ o= [ (@ +ctoza [ty
Dy Q Q Q
for all A < X and 0 < ¢ € C(Q). Therefore, 7 is a supersolution of (10.2) for A < X. Note that this
argument shows the existence of a bounded supersolution only for A small.
Next, to get a subsolution, take v € Wol’p(Dg) the positive solution to

—Apv = Mv?,  in D,
(10.16)
v =0, on 0D>.
Note that there is a unique v for every A > 0 due to the fact that ¢ < p — 1. Then we define
[ v(z) =z € Do,
u(z) = { 0 v eD, (10.17)

Clearly, u belongs to W(£2). Moreover, due to Hopf’s Lemma Sakaguchi (1987), we get that |Vu|P 2 g—%
0 on I' (recal that n is the normal unit vector to I' pointing outwards D1 ), then

/ |VulP?VuVe = >\/ ul ¢ +/ IVQIP_Q% e<X [ uley,
Do Do r n Do

N

for every A > 0 and 0 < ¢ € C°(Q). Thus, u is the required subsolution of (10.2) without any
restriction on A > 0. We stress that, thanks to Hopf’s Lemma, the above inequality is strict for tests
functions that verify ¢ > 0 on I'. Thus, u is not a solution.

Clearly, 0 = u(x) < u(z) for € D;. In addition, since u, & are a solution and a supersolution
respectively of problem (10.16) for A < A, it follows by the comparison principle for p—sublinear terms
in p-laplacian operators that u < w a.e. in Ds. Finally, since u = @ = 0 on 0f2, we can state that

u <, a.e. in .

To conclude, we use the standard monotone iteration argument in order to find a solution for our
problem. For every n > 1 we define the recurrent sequence {wy} by

—Awn, = Awl_q, in D,

—Apw, = Awl_ | in Do,

ow, ., Own (10.18)
a [Veal” on’ Wn|p; = Wn|D,, onl',

Wn = 07 on 89,
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where wo = u. The sequence {w,} is well defined by Proposition 10.3.1. Moreover, the sequence is
increasing. To check this property it suffices to prove that wo < w1 (and then proceed by induction).
Indeed, taking into account that wo is a subsolution of problem (10.18) for n = 1, we obtain by
comparison principle Proposition 10.3.2 that wo < wi. Hence, by an inductive argument: wo < w1 <
-+ < wy, for all n > 1. By the fact that @ is a supersolution of problem (10.18) for n = 1, with a
similar argument we prove that w, < @ for every n € N. Since ©w € L*°(1), the sequence {wn(z)} is
increasing and bounded by u(z) for a.e. € Q. Let wx(z) be the limit almost everywhere in 2 (i.e.,
wx(x) := limp— 00 wn(x) a.e. z € Q) which is bounded since @ is bounded. We claim that wy € W(Q).
Indeed, since w, € W(2) we can take it as a test function in equation (10.18) to obtain

/ \vwn|2+/ |Vw,|P = A / w!_ w, < )\/ a® < Al 7L g, 19
Dy Dy Q Q

That is, {wy} is uniformly bounded in the norm of W(Q2) and since this space is reflexive, up to a
subsequence, w, converges weakly to w € W(Q2). Furthermore, w,(z) — w(z) a.e. z € Q. Finally,
by the uniqueness of the limit wx = @ € W(Q2) and we conclude the claim.

To finish the proof, we verify that wy is a weak solution of (10.2). To this end, fix ¢ € C°(Q)
and observe that from (10.18) we get

Vw,Vp —|—/

Dy

\an|p_2anVga = / wi_ .
Q

Dy

Now, let n — oo to obtain

VwaVe +/

|wa\p_2VwAVg0= A / wi o,
Do Q

Dy
as desired. We note that wy is positive by Corollary 10.3.4 and minimal by construction. In fact, let
wy be another solution of problem (10.2), by a similar argument using the comparison principle and
induction in n we obtain w, < wy for all n € N, thus wx(z) = limn— oo wn(x) < Wa(x) a.e. z € Q. O

Now we are ready to proceed with the proof of Theorem 10.1.1.

Proof:[Proof of Theorem 10.1.1] First, we observe that if there exists @& € W(Q), a solution to
problem (10.2) for some A > 0, then there exists wy a minimal solution for every A € (0, ). Indeed,
for a fixed 0 < A < 5\, we take 4 as a supersolution and u from (10.17) as a subsolution of problem
(10.2). Recall that we have showed existence of this subsolution for any value of A > 0. Arguing as
in the proof of Proposition 10.3.6, it holds that the sequence u < w1 < ws < -+ < w, < --- < 4 is
uniformly bounded in W(2) and, by our previous argument, there exists wy, the minimal solution.
In this way we set

A" =sup{0 < X : exists a solution to problem (10.2)}.

By Propositon 10.3.6 it follows that A* > 0. Thus, for every 0 < A < A* there exists wx a minimal
positive solution.

Next, in order to prove that A* < oo, we take again v € Wol’p(Dg) the unique positive solution
to (10.16) and let us observe that

v(z) = X v1(z), in Do,

1
p—1l—q

with v =

> 0 and v; the unique solution to
—Apvl = (’Ul)q, in Dg7
v =0, on 0Ds.
Now, fix a ball B CC Ds. Since v1 > ¢ > 0 in B, it holds that

v(z) >\, xz € B.
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That is, v is uniformly large in B for A large.
Now, let us consider z the solution to

7A2:07 in 1)17

—ApZIO, in DQ,\B

0z _90z

an = |Vz| 287777 2|p; = z|p,, onl', (10.19)
z=0, on 09,

z=c)\7, on 0B.

Such solution can be obtained as the minimum from the following coercive functional

2 P
H(u) :/ [Vl der/ ﬂdw
Dy 2 D, \B P

in the set A= {u € W(Q\ B) : u,, =c\"} being W(Q\ B) the Banach space defined as

W(Q\ B) = {uecW"(Q\B)nW"?(D2\ B) : u,, =0}.

We note that such minimum is attained because A is a nonempty convex and weakly close subset of
W(Q\ B).

Now fix a different ball B CC D;. We claim that z is uniformly large in B2 when A is large.
Indeed, z should be large on I' and therefore large in Bs.

In order to prove the nonexistence of solutions to (10.2) for A large. Assume, arguing by contra-
diction, that there is a solution u for A large. By a comparison argument, we have that

u > v, in Ds.
Hence u is a supersolution of problem (10.19) in W(Q\ B) and due to Proposition 10.3.5 in the space
W(Q2\ B), it holds by comparison principle
u >z in Bs.
This gives a contradiction, since the solution to the parabolic problem
wy — Aw = A w?, in By x (0,7,
w =0, on 0B; x (0,T), (10.20)
wo = 2, in Ba,
blows up in finite time (due to the fact that z is uniformly large in the ball Ba, see for instance Ball

(1977)) and also must satisfy
w(z,t) < u(z),
since u is a supersolution to the parabolic problem (10.20).
Finally, we note that if A1 < A2 < A\, taking wx, as a supersolution of problem (10.2) for A = A\
and arguing as the proof of Proposition 10.3.6 we obtain wy, < wy,. That is, the family of functions
{wx}o<r<r= is increasing with . O

10.4 Multiplicity of solutions

In this section we show that problem (10.2) has at least two positive different solutions provided
p < 2" if N > 3 (with no restriction on p for N = 1,2) and D> CC . Concretely, we prove that
(10.2) has a first solution which corresponds to the global minimum of an appropriated functional
and then a second solution is found by means of Mountain Pass theory.
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Since our objective is to find positive solutions of our problem, we observe that they correspond
to critical points of the following functional

2 P q+1
NG T LAy S AT My (R S
2 1
D, Dy, P Qq+

where uy = max{u,0}. We will write it simply G instead G» when no confusion can arise. Of course,
F(u) = G(u) whenever u > 0 and then, positive critical points of G correspond to positive solutions
of (10.2).

In general, for a p(z) discontinuous, the C*(2)-regularity of minimizers of G are not satisfied, in
fact, one can find some counter-examples in Zhikov (1997). However, as it mentioned in (Harjulehto
et al., 2010, Theorem 9.15) which refers to Fan and Zhao (2006), for our class of discontinuous
exponents one can arrive at locally Holder continuity (see also Acerbi and Fusco (1994)). Therefore,
due to lack of C'-results in whole 2, we impose that Dy CC € in order to get regularity close to 9.
Concretely, as we will see later, we need that local minimizers of functional G belongs to C*(F5)NC(Q)
where Fs is a small strip around the boundary,

Fs={z€Q : dist(z,0Q) < §} (10.21)

being 0 enough small to ensure that F3s C D1 and 9Fs is smooth.
Following partially the ideas in Ambrosetti et al. (1994), we begin by showing the next result.

Lemma 10.4.1 For every A € (0, \*) there exists a local minimum of G in the C(Q)NC*(Fs)-topology.

Proof: Fixed 0 < XA < A", we take A1, A2 > 0 such that A\; < A < A2 < A\* and let us denote by
u1 and wug their respective minimal solutions for A\; and A2 obtained in Theorem 10.1.1. Since the
minimal solutions are increasing, we have u; < u2. Even more, since A1 < Az it follows by the Strong
Maximum Principle applied in each region D;, ¢ = 1,2 (see for instance Damascelli (1998); Guedda
and Véron (1989)) and the Hopf Maximum Principle that

ur < u2, in{2 ,
8u2 8u1
— < =<0 o0N
G < 9 <0, on s
being v the outer unit normal on 9X.
Consider,
us(z), s > u2(z)
h(z,s) = ¢ s? () < s < ua(z)
ui(z), s < u(z)

and the truncated functional

@(u)=/lglw+/m|w /qu

where u € W(Q2) and H (z, u) fo (z,s)ds. Clearly, G is coercive and weakly lower semicontinuous

(because ¢ < {E2)

0 < ¢ e C(Q) it holds

Hence, there exists its global minimum at some @ € W(Q) and for every

Vi) Vo) + [ Vi@l Vi@ Vo) = | he. ()

1 >)\1/Qu‘11(:c)(p(m).

That is, @ is a supersolution of (10.10) with f = Ajuf and since w; is a solution it follows by the
comparison principle from Proposition 10.3.2 that u; < %. We proceed analogously to obtain that
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4 < uz. Moreover, using again the Strong Maximum Principle and the Hopf Maximum Principle we
obtain that

0<u <u<us, nQ2 s (10.22)
and
8UQ 8’& 6ul

Next, we claim that @ € C(Q) N C'(Fs). Indeed, let K = Q\ Fj» be a compact set. Since @ is a
local minimizer and w1, uz are bounded then G is in the framework of the work Fan and Zhao (2006).
It follows a higher integrability of the gradient of @ which implies locally Hélder continuity, hence
@ € C*(K). Moreover, @ satisfies the equation

“Ad=\a4, in Fj,
u =0, on 01,

and @ is continuous on 9Fs N Q). Then, the well-known classical regularity for the laplacian operator
(see Gilbarg and Trudinger (1983)) implies that @ € C*(F5) N C(Fs) and the claim is proved.
Finally, in virtue of inequalities (10.22) and (10.23), there exists ¢ > 0 sufficiently small such that
ur < v < ug in Q for all v € B.(@) the ball of center % and radius ¢ in the topology of C(Q) NC*(Fs).
Therefore,
G(v) = G(v) > G(a) = G(u), for all v € B.(@).

Equivalently, @ is a local minimum of G in C(Q) N C*(Fs)-topology. a

Remark 10.4.2 Concerning the regularity of local minimizers of functional G in the proof of above
lemma, the same reasoning applied to the functional G states that local minimizers of G also belong

to C(Q) N CL(Fy).

Our first goal is to show that there exists a local minimum of G in W(2). In fact, we will prove
that 4, the local minimum in C(Q) N C'(Fs)-topology of the proof of Lemma 10.4.1, is the desired
local minimizer. To prove it, we argue by contradiction following closely the ideas of (De Figueiredo,
1987, Lemma 1) (see also Brézis and Nirenberg (1993)). Thus, we suppose that there exists €o > 0
such that

G(ve) :=min{G(u) : uwe Ve(2)} < G(a), forall e < e, (10.24)

where V. (u) is the closed set

%(a):{uewm):/DlM+/D2Mga}.

Note that such minimum is attained as G is weakly lower semicontinuous and V(@) is weakly
compact in the reflexive space W(2). Moreover, v. — @ as € — 0 in norm in W(Q).

The strategy is to prove that ve — @ in C(Q) N C*(Fs)-topology contradicting the fact that @ is a
local minimum in C(Q) N C*(Fs)-topology by the above lemma.

For that purpose, we note that the corresponding Euler equation for v. contains a nonpositive
Lagrange multiplier p. < 0. Namely, v must be satisfy the following;:

VuVe + /

Do

= pe { i V(u—ﬂ)Vg@—i—/D [V(u—a)P*V(u—a)Vel|, (10.25)

Vul 2 VuVp - / g(u)
Q

Dy

for all ¢ € W(Q), being g(u) = Auf.
Our first step is to prove that v. are uniformly L°°-bounded by a constant independent of e.
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Lemma 10.4.3 Given 0 < e < g9 < 1, there exists M > 0 such that ve defined by (10.24) satisfies

[vellroe (@) < M,
for all € € [0, 0).

Proof: We adapt the techniques applied in Garcia Azorero et al. (2000) by using the classical

lemma due to Stampacchia Stampacchia (1966). First, since
/ |Va|P*Vave + | Vig = A/ ', Yo ecC(Q)NC(Fs),
Dy Doy Q

and a density argument, the above equality holds for test functions belonging to W().
write equation (10.25), which satisfies v., as follows

V(u— @)V + / (VU "2V — | Vi ?Va)Vi — / (9(w) — g(@))p

Do

= e { . V(u—ﬂ)Vgﬁ—i—/D2 |V(u—a@)|P*V(u—a)Vep|,

Dy

for all ¢ € W(2). We consider now for every k € R™ the function Ty : R — R given by
s+ k, s < —k,
Te(s) =< 0, —k <s<k,
s —k, s> k.
Thus, taking
o =T,(u—1a)
as test function in the previous equation we get

/ V(u— @)VT(u— )+ / (|VulPVu — | Val’ " *Va) VT (u — @)
D1N§Yy,

DyNQy,
- [t -s@nu-a+u|[ wu-ofs [ wa-or],
Q D1NQy DanQy,
whereQ) , = {z € Q : |u(z) — a(z)| > k}.
Hence, dropping the negative term

e UD \V(ufﬁ)ler/Dz |V(u,@)‘1’]

and using the inequality (10.13), we arrive to

/D VT (u — ) +c<p>/ VT — )

DonQy

< / (g(w) — 9(@)) T (u — ).

Hence, we

(10.26)

We can also assume that ||u — i||Lr @) < R independent of €. Note that due u € V(@) then r is at
least equal to 2*. Therefore, since |Tk(s)| < |s| and applying Holder inequality for this r» > 2%, the

right hand side can be estimated as follows

/Q (9(u) — 9(@))Te(u — @) < / l9(w) — g(@)||Ti(u — @)

Qp

< / (Jul® + 3)%) Te(u — )|

a 1
Qe Q

(10.27)
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for some positive constant C1 (A, g, N, R, ||@||Lrq)). For the reader’s convenience, we will explain the
last inequality in more detail, we have

a a
A( / <|u|Q+\a|‘I>%) <e(N) ( [+ [ w)
Q Q Q
<N g, N, |lull ey, 1@l r @)

< es(N g, N, R, ||l Lr (o))

Replacing inequality (10.27) in (10.26) we have that

/ VT (u — @) +c(p)/ |VTx(u—@)" (10.28)
D1NQy,

DonQy,

1
«\ 2% _a_ 1
<a (/ |Tk<u—a>|2) R
Qp

Concerning to the left hand side, we use the inequality
a+b°>2"(a+0b)", 0<a,b<1<eg
to obtain

/131ka |VTk(u—ﬁ)|2+c(p)/ |V Tk (u — @)[?

DanQy,

> ¢y (/ﬂk VT (1 — ﬂ)l2> '

P

> 0y (/Qk T — a)|2*> o

Going back to (10.28), we get

(10.29)

—1

p—1
* 2%
(/ |Tk<u—a>|2) <Gy O E R (10.30)
Qy

On the other hand, it is easy to check that h — k < |Ti(s)|, for s > h > k. Therefore, h — k <
|Ti(uw — @)|, for z € Qp and h > k. Hence, we obtain the inequality

(ke — k) < / Teu— @) < / T — @)% (1031)
Qp Q
and combining with (10.30) we have that
Onl < —% _j0u®, forh >k
(h— k)2

being 8 = (1 -1 2%) p271. Therefore we can apply Stampacchia Lemma Stampacchia (1966), to
deduce that

*

(i) ifu—ae L™(Q) with r > then v — @ € L*(2) and

2% —p’
lu = @l| oo 0y < ¢Cg’*,

for some specific ¢ > 0,



A concave-convex problem with a variable operator 201

. 2* \
(ii) if u— i € L"(Q) with r = ﬁ7 then u — it € L*(Q) for s € [1,00),

* *

2
qp, then u — @ € L*(Q) for s = —— — p and p > 0 arbitrary

e o . 2
(iii) 1fu—u€L(Q)w1thr<r -3

small.

Since v € L* (Q) we can argue as above for r = 2*. Thus, if 2* > 231"}3 we conclude by item (i)
that u — @ € L°(2) and, in virtue of the regularity of @, we get that ||ul|p~q) < M. In the case
2*q
2*¥ —p

and after repeating the argument we lie under the

2+ . .
2" = 5L we use item (ii) to choose s >

conditions of item (i) and conclude again the desired bound. Finally, in the case 2* < ;:—fp, by using
item (iii) we can take
2'(p—1) «
r=—0"——p1>2.
1 S T p1

As before, if r1 > ;:fp we conclude easily. In other cases we take

2" (p— 1)

ro = — (0 —
T -2+ 27

We claim that arguing by iteration, there exists ko € N such that ri > ;:—fp for k > ko, i.e, we can

conclude after a finite number of steps. Indeed, in other cases, we have that the sequence {ry} is
bounded and it satisfies the recurrence

Tht1 = _2p=Ure  _ Pk+1
+ (p—2%)ri + 2%q A (10.32)
To = 2*.

Where pr+1 — 0. Moreover, it is easy to check that the sequence is increasing and therefore it is
convergent and the limit 7. satisfies

2" (p— Dreo
oo = ————— ",
(p—2%)reo +2%q
namely,
2% (p—1—
Too = 7(1) 9) <0,
p—2*
which is a contradiction, proving the claim. Note that here we use the condition p < 2*. a

Remark 10.4.4 Note that the hypothesis p < 2% is necessary in order to apply Stampacchia’s idea
in the proof of the previous lemma.

Proposition 10.4.5 Let v. defined in (10.24). Then v — @ in C(Q) N C*(Fs)-topology for § > 0
sufficiently small.

Proof: Due to the construction of Fjs in (10.21), we have that v. satisfies

—(1 — pe)Ave = Xvd,  in Fas,
ve =0, on Of).

Moreover, by using Lemma 10.4.3 it follows that v. is bounded on 9F5sNS2. Then by interior regularity,
one may bootstrap the bound ||ve | y1.2(py) < M to arrive to ||[ve||c1.a(py) < M independent of e. Thus,
since ve — 4 in W(Q) it follows by Arzela-Ascoli that v. — @ in C'(Fs). This concludes the first part
of the proof.
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In order to prove that v. — @ uniformly in C(Q2) we adapt part of the method of Stampacchia
used in the proof of Lemma 10.4.3 to get an estimate. Concrentely, let k € N such that r., the k-term

of the sequence (10.32), satisfies ., > z*_q . We adapted (10.27) replacing by r. in the following form
2% —p

/Q(g(vs) —9(@) Ty (ve — @) < A ; (lve| " + |a|*)[Th (ve — @)

1
re \ Tk w0\ 2% _a _ 1
SA(/ (\vs\q+|ﬂ|“)7> (/ |Tk<vs—a>|2) I
Qp Qp

1
«\ 2%
gc(/ |Tk(vg—a)|2> Q| T2
Qe

here C = C(X, q,6, N, ||@||Lrx (0)). Let us consider 0 < 7 < 1/2" sufficiently small, that we will specify
later, and we write the last expression as follows

/ (9(ve) — 9(@)) T (v — )
Q

1
A\ 7 «\ 2F T g 1

gC(/ |Tk(vgfa)|2) (/ |Tk(v57ﬁ)|2) |Qk|1 e T aF

Qp Q

T %—T
* * * 1

gc( |v5—ﬁ|2) (/ \Tk(vg—ﬂ)|2) Q|7 T

Q Qp

Therefore, using this inequality in (10.26) and having in mind (10.29), it holds that
E+T
7
([ me-ar) ™ oo o,
Qe

here (g) = (fQ |ve — ﬁ\2*)T (note that 6(¢) — 0 since ve — @ in W(Q) ). Thus, by using inequality
(10.31), we get

5 )
0] < %\W, bk
Where 0(¢) = 9(5)P—12+T2* and
. 1-1 L
B=—F717T""

5 T T

Then, choosing 7 such that 3 > 1 (note that it is possible due to the choice of r,) it is straightforward
by item (i) from Stampacchia Lemma that

lve — @l Loo () < cé(e)’%* —0, ase—0,

which completes the proof. O
Summarizing, we have proved the following result:

Theorem 10.4.6 For every X € (0,\*), there exists, tix, a positive local minimum of Gx in W(Q).

The last goal is to obtain a second positive solution of problem (10.2). Taking into account (10.9),
one may expect that G possesses a mountain-pass geometry and, by using results by Ghoussoub-
Preiss (Ghoussoub and Preiss (1989)) and Jeanjean (Jeanjean (1999)) in the spirit of the celebrated
Mountain Pass theorem due to Ambrosetti and Rabinowitz (Ambrosetti and Rabinowitz (1973)), to
find a critical point different from the minimum. To make sure that this critical point is nontrivial
we consider, for every fixed A € (0, \"), the truncated functional G : W(2) — R as follows:

C(u) = /D1 L“g”)'Q +/Dz Ful@l” _ A/Qﬁ(x,u), (10.33)

p
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~

as usual ﬁ(w, s) = [ h(z,t)dt, being in this case

~ e, t > ui(z),
h(x,t) =
( ) { u({(x)7 t< U1($),

and by 0 < u; we denote the minimal solution for a fixed A1 € (0, A) which is obtained in Theorem
10.1.1. We point out that, @y, critical point of G corresponds to a supersolution of problem (10.10)
with f = A\uf. Hence, by Proposition 10.3.2, it follows that @y > ui. Moreover, if A > A1 we obtain
ux > u1 and then it is also a critical point of G.

In order to use the Mountain Pass theorem, as usual, a preliminary step is to show the existence of
a bounded Palais-Smale sequence at the mountain pass level and then prove that it posses a convergent
subsequence. We recall that a Palais-Smale sequence for the functional G at level ¢(A) eRisa
sequence {u,} C W(Q) verifying lim, Gy (un) = ¢(A) and lim, G{(u,) = 0 in W(Q)’. We start by
showing that bounded Palais-Smale sequences have a subsequence converging strongly in W(2). Note
that we have to assume that the sequence is bounded, since it is not clear how to obtain boundedness
in W(Q) using only that lim, G»(u.) = ¢(A) and lim, G5 (u,) = 0. This difficulty (showing that
Palais-Smale sequences are bounded) forces us to use Jeanjean’s ideas (Jeanjean (1999)) and hence
obtain existence of a second solution for almost every A € (0, \*).

Lemma 10.4.7 Let {u,} C W(R) be a sequence satisfying
(1) {un} bounded in W(),

(it) Gx(un) bounded,

(iii) G (un) — 0 in W'(Q).
Then, {un} has a convergent subsequence in W(Q).
Proof: From (i) there exists a subsequence {uy, } and v € W(Q), such that un, — u in W(Q)

and, by the embedding W(Q) € W, *(Q) C L™(Q), ¥r € [1,2%), it holds un, — u strongly in L"().
Let now en,, = ||Gx(un, )|lw (o). By (4i) it holds e, — 0. Furthermore

I@A(unk)(v)‘ < eny, VW), Yv € W(R), k € N. (10.34)

Choosing v = un, — u in (10.34) and taking into account that
[ A, @), = 0)(@) 0

(because un, — u strongly in LIT(Q), since ¢+1 < 2*), we have from (10.34) the following inequality

Vn, V(un, —u) +/ \Vunk|p72VunkV(unk —u) < &y, [Un;, — Uwa)-

Dy Dy

And, since {u,} is bounded in norm [-]yy(q), it follows that

Vun, V(tn, —u) +/ [Vt [P 2 Vin, V(tn, —u) =0, k— oo. (10.35)

Dy D»

Let’s show that (10.35) implies the existence of a subsequence of {un, } which converges strongly in
We set the operator S : W(Q2) — [0, 00) as

1 ) 1
S) = 3 IVvlEaco,) + IV0E0 )
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namely,
S(v) = G (v) +)\/ ().
Q
It is easy to check that S is convex and weakly lower semicontinuous. First, we claim that

lim S(un,) = S(u). (10.36)
k— o0
Indeed, by (ii) and by the strong convergence of {u,,} in L9T!(Q), we get that the sequence
{S(un,)} is bounded. Thus, up to a subsequence, S(un,) — a € R. Moreover, since S is weakly lower
semicontinuous, we obtain

a= klim inf S(un, ) > S(u).

— 00

By the other hand, due to convexity of S, i.e.
S(u) > S(un,) + S (tn,,) (U — wu,,)
and keeping in mind, by (10.35), that S’ (un, )(u — uw, ) — 0, we obtain (taking limits)
S(u) > a

and the claim (10.36) is proved.
Then, to show that there exists a subsequence of {un, } which converges strongly to u in W(),
we argue by contradiction. We consider a subsequence {un,, } and § > 0 such that [un, —ulwe) = 6.

In particular, there is a 5 > 0 such that S(unkl —u) > 5.

We have
Uny, +u N
—y U
and, by using again that S is weakly lower semicontinuous, it holds
Uny, + U
S(u) < liminf S ’? . (10.37)

On the other hand, due to Clarkson’s inequality:
r —w

z
2

‘z—i—w

vl 1
: ’gipr+awﬁ ZwER, 2< T < 0.

+|

it is easy to check that

Uny, + U 1 1 Uny, — U
L n - _ &
(255 < Lt + bty -5 (2272
1 1 5
< §S(unkl)+§S(u)—2—p.

Finally, taking superior limits and taking into account (10.36), we have

i Uny, T U < B
imsup S —e _S(u)fQ—p

which, together with (10.37), leads to the following contradiction

Un, + U Un, + U K]
S(u) < liminf S (lT) < limsup S (#) < S(u)— —.

Now we are ready to find a second solution.
Proof:[Proof of Theorem 10.1.2] For every fixed A € (0, \*), we consider

() = {y € C([0, 1, W(R) : 4(0) = ia, (1) = Tw}.
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Here @y is the local minimum of the functional G obtained in Theorem 10.4.6. In addition, by
construction, @y is greater that w1, the minimal positive solution for 0 < A1 < A obtained in Theorem
10.1.1. Therefore, @y is also a local minimum from G. On the other hand, 0 < w € C°(D1) and
T =T(X) > 0 big enough to ensure that Tw > u; in D1 and Gx(@x) > GA(Tw).
Let’s also consider R
A) = inf G t)).
c(A):=_Inf = max GA(v(t)
Obviously, c(A) > max{@A (@x), @A(Tw)} =G, () = Ga(ux). Where in the last equality we have
used the fact that w1 < @,.
We distinguish between two possible cases: N
If ¢(A) = Ga(@n). In this case, since @y is a local minimizer of Gy, there is § > 0 such that
Ga(@in) < Ga(v) for all v belongs in the ball Bs(iix) = {v € W(Q) : [v — Uxlw) < 0}. In the case
that there is a vo € Bs(fx) \ {@x} with Gx (@) = Ga(vo), then v will be another minimum (in fact,
there will be infinity many minimums) and the proof is finished. Therefore, we can suppose

Ga(@n) < Ga(v),  Yov € Bs(iin) \ {iin}.
In particular, for all r € (0,0), it holds
(V) = Galiia) < GA(v), if [ix = vlw) =T

Then, applying the refinement of the Mountain Pass Theorem dues to Ghoussoub-Preiss (Ghoussoub
and Preiss, 1989, Theorem 1) with the closed subset

Fo={veWw) : [v—awe =r} C W)
we obtain the existence of a sequence {u,} C W(Q) verifying:

limdist(un, ) =0,  limGy(un) =c(A)  and  1im || G5 (un)|lwiay = 0.

n

Then, {u,} is bounded (because F, is bounded and the distance of u, to F. goes to zero) and
by Lemma 10.4.7 our functional satisfies the Palais-Smale condition for bounded sequences. Conse-
quently, there exists a critical point of G on F, with critical value ¢(\) (see (Ghoussoub and Preiss,
1989, Theorem 1. bis)). Then, this critical point is a nontrivial weak solution to our problem (10.2)
(that is in fact strictly greater than ui). Note that we can apply this reasoning for every closed subset
F, with r € (0,9), and to conclude the existence of infinite critical points of G in Bs(ty).

If ¢(A) > Ga(ii), for some A = A € (0,A*). Let A1 < A and u; the minimal solution in the

construction of G 5 in (10.33). In this way, we consider the interval [\ — &o, ], with g9 > 0 such that
1 <
€0 < min %,)\f/\l ,
”U‘S\H[/H—l(g
where 1 = ¢(\) — é;\(ﬂ;) > 0. Obviously, [\ — 0, A] C (0,A*) since g < A. Then, for this (u1, A1)

fixed, we define Gy for\ e [A—eo, 5\] Of course, Gy is non-increasing with respect to X\. Furthermore,

we get for every A € [\ — g9, )] :
e(N) = e(A) = G5 (iy) +er

— 0. - _ _%o ~q+1
- G)\—E[) (’I,L)\) +e q +1 Q uj\

where we have used the fact that @/\(ﬁi) = Ga(ty) for X € A —e0, Al
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Summarizing, we have
¢(\) > max{Gx(@i3), Gx(Tw)}, for all A € [A — 0, AJ.

Finally, applying Jeanjean’s result (Jeanjean, 1999, Theorem 1.1), there exists a bounded Palais-
Smale sequence at the level ¢(A) for almost every A € [5\ — 50,5\]. This Palais-Smale sequence,
due Lemma 10.4.7, has a subsequence that converges strongly. In this setting, by the Mountain
Pass theorem due to Ambrosetti and Rabinowitz (Ambrosetti and Rabinowitz (1973)) there exists a
critical point of G at level ¢(\) (hence different from the minimum @) for almost every A € [A—eo, Al.
Arguing as in the previous case, we obtain a positive critical point of G.

Then, we conclude that there exists a second positive solution of problem (10.2) for almost every
A€ (0,X%). O

10.5 Appendix

We include here a proof of the fact that Palais-Smale sequences are bounded when we assume an
Ambrosetti-Rabinowitz type condition with x > p. We remark again that this condition does not
hold here, but we include this simple computation for the sake of completeness.

Lemma 10.5.1 Consider the functional F : W(Q2) — R defined as follows:

2 P
F(u) :/ [Vl dm—i—/ |Vu\ /H z, u(x
p; 2 Do

with H such that there exists k > p satisfying

0 < kH(z,s) < sh(z,s), $s>0,z€Q, (10.38)

where H(z,s) = [ h(z,t)dt.
Then, Palazs Smale sequences for F' are bounded.

Proof: Let {u,} C W(Q) be a Palais-Smale sequence. That is, |F(un)| < C and F'(u,) — 0 in
W(Q)'. Then
2
CZ/ 7|Vun| +/ |Vun| /Hx Up) dz,
p, 2 Dy

2 p
2/ M +/ M _ i/ unh(m,un)dw
Dy 2 Dy p K Ja
2 K D, P K Do K
1 1 2 P En
>(2-= Vun* + [ [Vua|” ) — = [unlw)s
p K D, D2 v

where &,, — 0. This leads to the boundedness of {u,} in W(). 0
We remark that the condition (10.38) can be relaxed imposing the inequality for |s| > R > 0.



Resumen

En esta memoria de tesis doctoral tratamos varias cuestiones relevantes en la teoria de las ecua-
ciones diferenciales tanto locales como no locales. Los resultados presentados en este manuscrito se
concentran en tres partes. Cada parte estd dividida en capitulos. Cada capitulo corresponde a un
trabajo aceptado o sometido a publicacion tal como se detalla a continuacién:

Parte (I): Problemas de difusién no local;

e J.A. Canizo y A. Molino. Improved Energy Methods for Nonlocal Diffusion Problems,
Discrete and Continuous Dynamical System. Serie A, 18 no. 3, Art. 17 (2018).

e A. Molino y J.D. Rossi. Nonlocal diffusion problems that approximate a parabolic equa-
tion with spatial dependence, Z. Angew. Math. Phys, 67 no. 3, Art. 41, 14 pp. (2016).

e A. Molino y J.D. Rossi. Nonlocal approximations to Fokker-Planck equations, aparecerd
en Funkcialaj Ekvacioj, (2017).

e T. Leonori, A. Molino y S. Segura de Ledén. Parabolic equations with natural growth
approximated by nonlocal equations, sometido a publicacién (2017).

Part (II): Ecuaciones elipticas con singularidad en el término del gradiente al cuadrado y
problemas tipo Gelfand,;

e J. Carmona, A. Molino y L. Moreno-Mérida. Existence of a continuum of solutions for
a quasilinear elliptic singular problem, J. Math. Anal. Appl., 436 no. 2, 1048-1062,
(2016).

e J. Carmona, A. Molino y J.D. Rossi. The Gelfand problem for the 1—homogeneous
p-Laplacian, aparecerd en Adv. Nonlinear Anal. (2017).

e A. Molino. Gelfand type problem for singular quadratic quasilinear equations, NoDFEA.
Nonlinear Differential Equations and Applications, 23 no. 5, Art. 56, 20, (2016).

Parte (III): Algunos resultados en ecuaciones elipticas modeladas por el
operador p—laplaciano;

e A. Molino y S. Segura de Leén. Elliptic equations involving the 1-Laplacian and a
subcritical source term, sometido a publicacidn (2017).

e D. Arcoya, A. Molino y L. Moreno-Mérida. Existence and regularizing effect of degenerate
lower order terms in elliptic equations beyond the Hardy constant, sometido a publicacion
(2017).

e A. Molino y J.D. Rossi. A concave-convex problem with a variable operator, sometido a
publicacion (2017).

Asi pues la memoria estd dividida en diez capitulos, cada uno de los cuales contiene los resultados
que se han obtenido. Los capitulos son autocontenidos y se pueden leer de forma independiente,
exceptuando la incorporacién de una bibliografia completa al final del manuscrito. Aunque cada
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capitulo contiene su propia introduccién concerniente al problema, se ha considerado conveniente
presentar en el siguiente resumen todos los resultados obtenidos en esta memoria. Por dltimo, se hace
notar que la metodologia, objetivos y conclusiones de esta tesis se encuentran comprendidos en cada
capitulo.
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PARTE I: Problemas de difusion no local

Empezamos este resumen considerando la siguiente ecuacién diferencial de difusién no local:

us(z, t) = / (K(z,y)u(y,t) — K(y,x)u(z,t)) dy, =« € RY.t >0,
RN (10.39)

u(z,0) = uo(z), r € RN,

Donde ug es el dato en tiempo inicial y K : RY x RN — [0,00) es el llamado nicleo de difusion
satisfaciendo la siguiente propiedad:

existen R,r > 0, tales que K(z,y) > r cuando |z — y| < R. (10.40)
Hipoétesis adicionales de ug y K se iran incorporando a lo largo de esta seccién.

La ecuacién (10.39) es formalmente la ecuacién de Kolmogorov para procesos de Markov con
probabilidad de salto K y u la densidad del proceso (Ethier and Kurtz (1986, Chapter 4.2)). Una
interpretacién fisica de la ecuacién (10.39) seria la siguiente: si entendemos u(z,t) como la densidad
de poblacién de individuos de una cierta especie en el lugar = y tiempo ¢ (cuya densidad inicial es
uo(z)) y K(z,y) como la funcién de distribucién de probabilidad que un individuo salte desde el lugar
y hasta el lugar z, entonces la tasa de individuos que llegan al lugar = desde otras localizaciones es
f]RN K(z,y)u(y,t) dy. Por otro lado, la tasa de individuos que abandonan el lugar « para desplazarse a
otros lugares es — fRN K(y,z)u(z,t)dy. De esta manera, en ausencia de causas internas o externas, la
densidad u(z, t) satisface la ecuacién (10.39). Obsérvese que la hipétesis (10.40) implica K (z,z) > 0
en un entorno de x. Es decir, desde el enfoque de la dindmica de poblaciones, significa que los
individuos tienen probabilidad positiva de saltar cerca de donde se encuentran. Por lo tanto, este
tipo de ecuaciones de difusién no local es relevante en el estudio de dispersién biolégica de especies.
Asi como también en el procesamiento de imagenes, modelos de elasticidad y coagulacién, sistemas
de particulas, etc. Véanse por ejemplo los trabajos de Bobaru et al. (2009); Bodnar and Velazquez
(2006); Carrillo and Fife (2005); Fife (2003); Fournier and Laurengot (2006) y Hutson et al. (2003).

En esta linea, cabria destacar también el siguiente modelo unidimensional propuesto por Cortazar
et al. (2007)

wi(z,t) = /Rj (a;(;)y) “g(i’?;)t) dy — u(z,t), z€R,t>0, (10.41)

con dato inical uo(z). Donde J es una funcién par, no negativa y suave con integral igual a 1 y con
soporte en el intervalo [—1,1]. En cuanto a g es una funcién positiva y continua la cual afecta a la
distancia de dispersién ya que depende del punto de partida. Asi pues, g modela la heterogeneidad
del entorno afectando la distribucién de las especies (véanse también Cortézar et al. (2011); Cortdzar
et al. (2015) y Cortdzar et al. (2016)). Obsérvese que si tomamos

=(fx—y 1
K z,Y) = J( ) N
(z.9) 9w / 9(y)
se tiene que [, K(y,z)dy = 1y por tanto la ecuacién (10.41) entra en el marco del modelo (10.39).
Un ejemplo mucho mas general seria el caso
K(z,y) = J(M(y)(z —y)) det M(y),
donde M(y) es una matriz real N x N.

Por otro lado, en el caso de la ecuacién (10.39) con nicleo simétrico, K (z,y) = K(y, x), es decir,
los individuos tienen la misma probabilidad de saltar desde x hacia y, que a la inversa, se obtiene el
siguiente problema de difusién no local:

ue(z,t) = / K(z,y)(u(y,t) —u(z, t))dy, =€ RY,t>0,
RN (10.42)

u(z,0) = uo(x), z € RN,
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Este tipo de ecuaciones se han tratado en los ultimos afios, asi como también su versién en dominios
acotados con condiciones de Dirichlet en la frontera, esto es, problemas del tipo

ug(z, t) = - K(z,y)(u(y,t) —u(z,t))dy, z=€Q, t>0,
u(z, t) = g(x, t), xéQ, t>0, (10.43)
u(z,0) = uo(x), x € Q,

donde g y up son datos dados. Para un amplio estudio de este tipo de problemas consultese el libro
Andreu-Vaillo et al. (2010). Nétese que en el caso particular de
1

K(z,y) = Ty (10.44)

las ecuaciones (10.42) y (10.43) se corresponden con los problemas del tipo laplaciano fraccionario
w(z,t) = —(=A)u(,t),

donde la integral del ntcleo singular (10.44) coresponde al valor principal de la integral. Véase
Valdinoci (2009) para una completa descripcién de ecuaciones que involucran este tipo de operadores.

Comportamiento asintético

El Capitulo 1 de esta tesis estd dedicado al comportamiento asintético en norma de las soluciones
del problema (10.39) mediante la técnica de métodos de energia. Esta estrategia se basa en conseguir,
para una cierta funcién F, una desigualdad funcional del tipo

%IIU(-J)Hp < F([lulDllp)

donde |lu(-,t)||p es la norma en LP(RY). La resolucién posterior de dicha inecuacién diferencial
ordinaria permitird deducir el comportamiento asintético en norma de las soluciones. Este tipo de
estrategia es muy parecida a la muy exitosa técnica de métodos de entropia, la cual se basa en comparar
la derivada en tiempo de un funcional de Lyapunov con el mismo funcional de Lyapunov y asi obtener
una cierta tasa de decaimiento de las soluciones (véase el reciente libro de Jiingel (2016) y los trabajos
de Arnold et al. (2004); Bakry and Emery (1985); Carrillo et al. (2001); Gross (1975); Otto and
Villani (2000); Villani (2002) y Desvillettes and Villani (2004)). Varias son las ventajas del uso de los
métodos de energia. Una de ellas es que siguen siendo validos si perturbamos ligeramente el operador,
es decir, son bastante robustos bajo ciertas modificaciones en el operador. Otra de las ventajas es
que se pueden aplicar a ecuaciones que no son explicitamente resolubles mediante transformadas de
Fourier. Un ejemplo modelo en el cual la ecuacién (10.39) si es resoluble por transformada de Fourier
es cuando K (z,y) = J(z —y) donde J € C(R™,R) es no negativa, radial con integral igual a 1 y tal
que J(0) > 0. En este caso la ecuacién que quedarfa es

w(et) = [ Iy dy - ulet), ©cRYe>0
RN (10.45)

u(z,0) = uo(x), z € RN,

Estas ecuaciones de difusién no locales son en forma de convolucién, ya que puede reescribirse
como wu¢(z,t) = J x u — u(x,t). Asi pues, aplicando la transformada de Fourier se deduce que

ar(&,t) = a(&,t)(J(€) —1). Por tanto a(&,t) = e<j(§>71)t110(§), pudiéndose obtener, a partir de
esto, su comportamiento asintético (ver (Andreu-Vaillo et al., 2010, Chapter 1)).
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El uso de métodos de energia para la ecuacién (10.39) no es nuevo. En el caso de nicleos simétricos
Ignat and Rossi (2008) obtuvieron, entre otros, el siguiente resultado:

Theorem 1 Sea N > 3, K : RY x RN — [0,00) simétrico satisfaciendo (10.40) y uo € L*(RY) N
L= (RY). Entonces, toda solucién del problema (10.42) satisface

N(p—1)

fu(, ), < Ct™ 2,

para todo p € [1,00) y t suficientemente grande, siendo C una costante positiva que depende de
R7 Ty N7p7 HUOHI ) ||u0||00

Asi pues, uno de los objetivos del Capitulo 1 es completar el resultado anterior en dos direcciones:
que no haya ninguna restriccién sobre la dimensién del espacio N, asi como que sea aplicable para
nicleos no simétricos (ecuacién (10.39)). Concretamente, se obtiene el siguiente teorema:

Theorem 2 Sea N > 1. Supongamos que existe too : RY — (0,00), solucién de equilibrio de (10.39),
tal que 1/m < uoo < m para algin m > 0 y sea u, solucién de (10.39) con dato inicial uo € L*(RY)N
LP(RY), 1 < p < co. Entonces existe una constante positiva C = C(r, R, N,m,p, ||uo|1, ||uollp) tal
que

N(p—1)
P

[u(, )l < CA+1)" 2
para todo t > 0.

Recuérdese que una solucién de equilibrio es una soluciéon que no depende de la variable temporal
t. De esta manera, en el caso de K simétrico cualquier constante positiva es soluciéon de equilibrio.
El Teorema 2 amplia y mejora los resultados obtenidos por Ignat and Rossi (2008) para ntcleos
simétricos, obteniendo la misma tasa de decaimiento pero en este caso para toda dimensién N.

Una aplicacién directa del Teorema 2 es el comportamiento asintético de las soluciones del prob-
lema (10.41). En efecto, en Cortdzar et al. (2007) los autores prueban la existencia de una solucién
de equilibrio us positiva y acotada tanto superior como inferiormente. Por tanto, bajo las hipdtesis
del Teorema 2 podemos afirmar que

—1
lu( ), < CQA+ t)7p27, para todo t > 0.

Otro de los resultados del primer capitulo corresponde al caso K(z,y) = J(z — y) siendo J :
RY — [0, 00) radialmente simétrica e integrable. Por consiguiente, el problema (10.39) se reduce a

ue(z, t) = J(x —y)(uy,t) —u(z,t))dy, =RV t>0,
RN (10.46)

u(zx,0) = uo(x), z e RV,

Nétese que la ecuacién (10.45) es un caso particular. Obsérvese que la hipétesis (10.40) equivale
a imponer que J(z) > r siempre y cuando |z| < R, que obviamente se cumple si J es continua en
el cero y J(0) > 0. Para este tipo de nicleos, se obtiene un decaimiento en norma de las soluciones
mucho maés preciso,

Theorem 3 Considérese u solucion de la ecuacion (10.46) con dato inicial uo € L*(RN) N LP(RY),
1 < p < 0. Entonces, eriste una constante C = C(N,p) tal que

lu( D)2 < lluollp 1 0<t< to,
= L (luolly ™ + CyrRY 2 luo | 77 (t — t0)) ™7, t > to,

2

donde Y= m Yy

1 2 _
tp = max {0, CrRN log (R"’ [luolly p”uO”g))} .
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Véase también el Teorema 1.1.4 para el decaimiento de las derivadas de las soluciones. En este Teorema
3 se puede apreciar que a partir de un tiempo t > to, el decaimiento en norma de las soluciones de
(10.46) es el mismo que el de la ecuacién del calor (Giga et al. (2010))

1
lulls < (luoll, ™ + Clluoll;77t) ™7, para todo t > 0. (10.47)

Esto nos hace pensar la analogia que tiene la ecuacién (10.46) con la ecuacién del calor u; = Au.
Este parecido se hace mas visible cuando se reescala el nicleo J. Siendo maés precisos, es bien conocido
que si tomamos el siguiente reescalamiento J. como

o(J) 1

Jo(2) = 55 (g) . e CW) =3 /RN J(2)2% dz, (10.48)

donde hay que imponer que J tiene momento de segundo orden finito para que C(J) no sea trivial,
entonces u° solucién de

Ot (z,t) = Je(x — y)((u®(y,t) — u®(z,t)) dy, zeRY, >0, (10.49)
RN

con dato inicial up € C(RN ), al tender ¢ — 0 cumple u® — v uniformemente sobre compactos
de RN x [0,00), siendo v la solucién de la ecuacién del calor v; = Aw con el mismo dato inicial
v(z,0) = uo(x) (véase por ejemplo Andreu-Vaillo et al. (2010) y Rey and Toscani (2013)). Por tanto,
si las soluciones u® tienden a la solucién del calor, cabe preguntarse si existird algin ¢ tal que el
comportamiento asintético de u° sea exactamente la expresién (10.47) para todo e < ey ¢t > 0. A
continuaciéon damos una respuesta afirmativa poniendo fin al resumen del primer capitulo:

Theorem 4 Sea u® solucion de (10.49) con dato inicial uo € L*(RY)NLP(RY) yp € [2,00). Entonces
se tiene,

_1
lu” (& )5 < (luoll, ™" + Crlluolly ™ (t — t0)) > para t > to,
donde C1 = C(N,p)yrRNT2C(J) no depende de ¢ y
2

to = max< 0 _°
0= " CrRNC(J)

2 2 _
g (<3 1% uol o)}

E7 T
En particular, to = 0 para todo € < g0 = ||uol|,* /(R|uol;* ).

Reescalamiento de ntcleos

Como se ha mencionado anteriormente, con el reescalamiento (10.48), las soluciones u® de (10.49)
convergen uniformemente a la solucién de la ecuacién del calor cuando ¢ — 0. Una pregunta natural
es si existen soluciones de otros tipos de reescalamiento de manera que converjan a soluciones de
ecuaciones parabdlicas locales mas generales que la del calor. La respuesta a esta pregunta la tenemos
en los Capitulos 2 y 3. Més atin, en una primera parte del segundo capitulo veremos que siQ C RY
es un dominio acotado, A(z) = (ai;()) es una matriz con coeficientes diferenciables en 2, simétrica
y definida positiva, g € L' ((RY \ Q) x (0,00)) y el dato inicial uo € L*(£2), las soluciones suaves del
problema de Dirichlet de ecuaciones parabdlicas locales en forma de divergencia:

ve(z,t) = div (A(z)Vo(z,t)), x€Q,t>0,
v(z,t) = g(z,t), z € 0Q,t>0, (10.50)

’U(JZ,O) = UO('T)7 (S Q7
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pueden ser aproximadas uniformemente por soluciones del problema no local (10.43), bajo un reescalamiento
adecuado del nucleo. Es importante hacer notar que hacemos un uso a prior: de la existencia de solu-
ciones suaves de (10.50). De hecho podemos asumir que, bajo suposiciones de regularidad tanto del
dato en la frontera g, como de la frontera del dominio 2 y de la condicién inicial ug, se tiene que

las soluciones de (10.50) estan en C*T*'T*/2 (Q x [0, T]) (véase por ejemplo Lieberman (1996)). Asi
pues, el resultado en cuestion es el siguiente:

Theorem 5 Sea v € C*Hol+e/2 (2% [0,T]) con 0 < a < 1, solucion de (10.50). Consideremos,
para cada € > 0, u solucidn de

wie,) = [ Ko )@ w0 - w'(0)dy, wef t>0
R

u®(z,t) = g(z,1), ¢ Q, t>0,
u®(z,0) = uo(z), x € (),
donde
K.(z,y) = SN(QG (B @) e (B 2Y), (10.51)

siendo G2(s) = J(s) (con J funcidn suave no negativa, radialmente simétrica y con soporte compacto),
y B(z) = (bij(z)) es una matriz N X N tal que

det(B(z))B(x)B'(z) = A(z). (10.52)

FEntonces, se tiene
lv — u®||Loe (@x[0,77) = O, cuando € — 0.

Este teorema viene a decirnos que toda solucién v € C2rot+e/2 (€2 % [0,T]) de (10.50), siempre se
puede aproximar por una familia de soluciones de problemas no locales con el reescalamiento (10.51).
Obsérvese que tanto la descomposicién matricial (10.52) como la existencia de la matriz B~ (x) es
siempre viable al ser A(z) una matriz simétrica definida positiva.

Se puede apreciar también que K. (z,y) es simétrico. Esta propiedad era deseable ya que, cuando
se tienen nicleos simétricos, en general uno obtiene la siguiente formula de integracion por partes

/ / K(z,y)(u(y) — u(x))p(z)dyds
- %1 / / K(z,y)(u(y) — u(@))(e(y) — ¢(x))dydz.

Que es el andlogo a la usual férmula de integracién por partes que se obtiene con los operadores en
forma de divergencia,

/ div(A(z)Vo(2))p(z)ds = — / A(2)Vo(z)Vo(@)ds.

Otra consecuencia del teorema es que si consideramos el problema de Dirichlet para la ecuacién
del calor, es decir, el problema (10.50) con A(x) la matriz identidad, entonces obtenemos que el

reescalamiento adecuado es
_CW) ,(z—y
Ka(mvy)_sg_,_NJ( € ))

resultado que ya fue obtenido por Cortézar et al. (2009).
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Por otro lado, en el Theorem 2.1.1 del Capitulo 2 se obtiene también un resultado andlogo al
Teorema 5 pero para ecuaciones parabdlicas en general, es decir, que no estan en forma de divergencia.

N
8 t)
Ut(x7t): Zaij( 8;;33 Zb 8:10 ), $6Q7t>0,
i,j=1 J i i
U(x7t):g($7t)a $€897t>0,
v(z,0) = uo(z), z €.

Donde en este caso el reescalamiento adecuado es

K (z,y) = g&f% a(:v — E(z)(z — y)) J (L_l(x)ms;y) , (10.53)

siendo a una funcién dada por a(s) = >, (s; + M), con M constante positiva suficientemente grande
para garantizar que a(x) > 8 > 0 para un cierto 8. La matriz L(z) es el conocido factor de Cholesky
de la matriz A(z), esto es, satisface la igualdad A(x) = L(x)L'(x). En cuanto a la matriz E(x)
involucra los coeficientes (ai;(x)) y bi(z) y por ultimo C(z) es una cierta funcién normalizadora
(véase el apartado 2.3 para una precisa definicién de estos términos). Como era de esperar, el nicleo
(10.53) no es simétrico al tratarse de operadores que no estdn en forma de divergencia.

En cuanto al Capitulo 3, se consideran nicleos de la forma

K(z,y) = J(M(y)(z —y)) det M(y).

Donde J : RN — R es una funcién radial no negativa tal que
JeC.®Y) y / J(2)dz =1, (10.54)
RN

y siendo M(y) una matriz real N X N con coeficientes diferenciables y acotados tal que det M(y) >
v > 0. Nétese que este tipo de ntcleos preservan la masa, esto es,

/RN /RN J(M(y)(z — y)) det M(y) u(y)dydz = / u(z)dz, Yu e CRY).

RN

Por lo que problemas del tipo
wet) = [ J(ME)@ ) det M@uly, Oy — u(w,0), @€ RY, >0,
RN

u(z,0) = uo(x), z € RV,

se encuadran de nuevo en el modelo (10.39). En el caso particular de un multiplo de la matriz
identidad, es decir, M(y) = g(y)~'1d, siendo g una funcién escalar positiva, la ecuacién anterior

toma la forma de o J(=-y u(y,t)d _ t
ur(a, t) /RN (g(y)> Ny u -

Como ya se comenté anteriormente, este tipo de nicleos de difusién fueron introducidos por Cortazar
et al. (2007) a la hora de modelar procesos de dispersién no homogéneos, véase también Coville (2010)
y Cortédzar et al. (2015).

En el Capitulo 3 veremos que, con un adecuado reescalamiento de este tipo de nitcleos, sus
soluciones convergen a la solucién clasica local de la ecuacién de Fokker-Planck

2
wla ) = Y0 500 (a0l o e R, ee0.1)
i0T;

U($7O) :U0($)7 Z’ERNa

(10.55)
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siendo A(z) = (ai;(x)) una matriz N x N real y definida positiva. Siendo més precisos, dado el
siguiente reescalamiento

Ke(e) = et (B7 ) U2 ) et 57 ),

donde la matriz B es tal que BB* = Ay J satisface (10.54), obtenemos el siguiente resultado principal
del capitulo

Theorem 6 Sea v € C*tol+e/2 (RY,[0,T7) la solucién cldsica de la ecuacién de Fokker-Planck

(10.55) con dato inicial vo € C(RY) N L=(RY). Para todo € > 0, consideramos u® la solucidn de la
ecuacion no local

c / N
ui = — K5m7yuy,tdy—um7t}, zeRY tel0,T],
f= S{ [, Kt - ute. 0,7] o
u®(x,0) = vo(z), r € RN,

donde C~" = 1 [ J(2)2%dz. Entonces,

sup |[[u(+,t) = v(,t)[[Le — O,
t€[0,T]

cuando € — 0.

Obsérvese, que el caso particular B(y) = g(y) Id, la ecuacién (10.56) toma la forma

wi () = E% {/RN siNJ(:gzy?;) Zl(vy(;; - u(x’t)} '

Y por tanto, sus soluciones convergen a la ecuacion local

vi(z,t) = 2(92(‘T)v(ma t))wiw;-

i

Este resultado también fue obtenido por Sun et al. (2011).

Aproximacion de la ecuacién Kardar-Parisi-Zhang por ecuaciones no
locales

En el Capitulo 4 consideramos problemas no locales del tipo:
we,t) = [ I =) (ut) = ula,) 6o uly.0) — ue,0) dy, (10.57)
R

donde J cumple (10.54) y G : RY x R — R es una funcién auxiliar no negativa de Carathéodory (es
decir, G(-,s) es medible para cada s € Ry G(z,-) es continua para casi todo z € RY) y que ademds
satisface la siguiente condicién:

G(z,8)s — G(z,0)o

S—0

das > a1 >0 : a; <

< s, (10.58)

para todo s,0c € R con s # o y para casi todo € RY. En el caso particular G(z, s) = 1, recobramos
nuevamente las ecuaciones de difusién no locales en forma de convolucién (10.45).

Obsérvese que esta condicién implica que G es una funcién positiva y acotada, ya que si tomamos
o = 0 se tiene

0< a1 <G(z,s) < ag, para todo s € R y para casi todo z € RY.
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En el capitulo se aborda tanto el problema de Cauchy de la ecuacién (10.57)

wlo )= [ J@ = wulya.t) Gla,ulr0)dy e BY x (0.7), 050

u(z,0) = ug(x) en RV

donde se ha denotado u(y;x,t) := u(y,t) — u(z,t) y uo € C(RY). Asi como el problema de Dirichlet
de la ecuacién (10.57)

ue(z, t) :/RNJ(m —y)u(y; z,t) G(z,u(y; z,t)) dy, enQd x (0,7),
u(z,t) = h(z,t), en (RV\ Q) x (0,7), (10.60)
u(z,0) = uo(x), en{) ,

paraT € R" U{oo } h € L' (RV\ Q) x (0,T)) y uo € L' (). Siendo Q un dominio acotado de R"
con N > 1.

En concreto, para el problema de Cauchy (10.59) con ug acotada se obtiene unicidad y existencia
de solucién en C ([0,T); C(RY) N L>(R")) (Theorem 4.2.12) ademds de un principio de comparacién
(Theorem 4.2.14). De la misma manera, para el problema de Dirichlet (10.60) con uo € C(Q) y
h € C(RM\ Q) x [0,T)), se demuestra la existencia y unicidad de solucién en C(Q x (0,T)) (Theorem
4.2.3) as{ como también un principio de comparacién (Theorem 4.2.5).

Otro de los aspectos que abordamos en el capitulo es el vinculo entre la ecuacién no local (10.59)
y la ecuacién local determista de Kardar-Parisi-Zhang (ecuacién KPZ a partir de ahora)

ur — Au = p(x)|Vu|>  en RY x (0,7),
(10.61)
u(zx,0) = uo(x) en RV .

Esta ecuacién, al menos para u(xz) = p > 0, fue propuesta por Kardar et al. (1986) en el estudio
de la teoria fisica del crecimiento y la rugosidad de las superficies. Véase también Barab&dsi and
Stanley (1995) para otras aplicaciones en la fisica y el reciente estudio completo de dicha ecuacién
en Wio et al. (2011). Desde un punto de vista de las Ecuaciones en Derivadas Parciales, la ecuacién
de KPZ posee un término de gradiente al cuadrado, también llamado como crecimiento natural en
el gradiente, que ha sido extensamente estudiado en las tdltimas décadas partiendo de los trabajos
pioneros de Ladyzenskaja et al. (1968) y Aronson and Serrin (1967) como también de los resultados
de Boccardo, Murat y Puel en Boccardo et al. (1989). Véase también la Parte II de este resumen.

Concretamente, en el Theorem 4.2.15 se establece que el problema de Cauchy (10.59) con dato
inicial uo € C(R™Y) N L>=(RY) y bajo el rescalamiento usual del nticleo .J

Ju(z) = S (5) , (10.62)

g2+N 5

tiene una tunica solucién u® (para cada € > 0) que ademds converge uniformemente cuando € — 0 a
una solucién cldsica de la ecuacién KPZ (10.61) con
2G:(z,0)
)= ——-. 10.63
nie) = G (10.63)
M4s atn, se prueba que toda solucién cldsica de la ecuacién KPZ (10.61) con dato inicial uo €
C(RY) N L>(RY) se puede aproximar uniformemente por soluciones de la ecuacién no local (10.59)
con el reescalamiento (10.62) y con el mismo dato inicial up, tomando como funcién auxiliar

— G (n.s) — p(x) s
920 = S ()
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Obsérvese que G,, cumple la hipdtesis (10.58) y ademds satisface (10.63). Resultados andlogos se
obtienen en el Theorem 4.2.8 para el caso del problema de Dirichlet (10.60).

Para finalizar, cabe mencionar que sobre el comportamiento asintético de las soluciones se obtienen
dos tipos de resultados: en el caso del problema de Dirichlet se prueba que las soluciones convergen
uniformemente a la solucién estacionaria. Por otra parte, en el problema de Cauchy, se prueba que la
norma L? de las soluciones tiene un decaimento en tiempo que depende de la naturaleza (absorcién o
reaccién) de G (Theorem 4.2.16 y Theorem 4.2.17).
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PARTE II: Ecuaciones elipticas con singularidad en el

término del gradiente al cuadrado y problemas tipo
Gelfand

En la segunda parte de la memoria se estudian diferentes problemas de valores iniciales asociados
a una ecuacién casilineal eliptica de segundo orden que involucra o bien una nolinealidad tipo Gelfand
(Ae™) o bien un operador diferencial con términos de orden inferior que presentan un crecimiento
cuadrético en el gradiente y singularidad en la incégnita (|Vu|?/u?).

Los problemas tipo Gelfand han sido extensivamente estudiados en el campo de las ecuaciones
elipticas semilineales. Podemos citar, en el estudio de problemas de auto ignicién térmica de una mez-
cla de gases quimicamente activa, los siguientes trabajos clasicos: Chandrasekhar (1957); Gel’fand
(1963); Joseph and Sparrow (1970); Keller and Cohen (1967) asi como las referencias en ellos con-
tenidas.

Recordemos el problema de Gelfand clésico:

—Au=MXe", en,
u >0, enf?,
u=0, en 012,

donde©? C RY es un abierto acotado con frontera suave, N > 1y XA > 0. Aunque esencialmente, el
término no lineal e* se puede sustituir por una funcién regular f(u), positiva, creciente y convexa con
£(0) > 0.

Un cambio de variable formal del tipo u = In(1 + v) transforma el problema anterior en

[Vol? _

_Av+1+v—)\(1+v)2, en Q,
v>0, en (),
v=20, en 0f2.

Este ejemplo pone de manifiesto la relacién directa entre problemas semilineales y problemas casilin-
eales con términos de orden inferior que tienen dependencia cuadratica en el gradiente. Este tipo de
problemas, al constituir una clase cerrada para cambios de variable, se suelen denominar problemas
con crecimiento natural en el gradiente. Ademds, suelen aparecer de manera natural en el Célculo de
Variaciones. De hecho, la ecuacién de Euler-Lagrange asociada al funcional

1) = 5 [ awwval® = [ o,

viene dada formalmente por
1
—div (a(z,u)Vu) + ia;(x,u)\VUF = fo(z).

Obsérvese ademéds que para a(z,u) = 14 |u|® con § € (0,1) la ecuacién de Euler-Lagrange contiene
un término singular ademéds de la dependencia cuadratica en el gradiente. Algunas aplicaciones donde
aparecen este tipo de ecuaciones singulares se describen en Barenblatt et al. (2000); Berestycki et al.
(2001) y Kardar et al. (1986).

El estudio general de operadores diferenciales con crecimiento natural comenzé a desarrollarse
en Aronson and Serrin (1967); Ladyzenskaja et al. (1968) y posteriormente en Boccardo et al. (1982,
1983) y desde entonces se han estudiado multitud de problemas de contorno asociados. Por ejemplo,
el problema de la existencia de solucién para

{ —Au+ p()g(u) [Vul* = fo(x) en ,Q
u=0 en 012,

es considerado en Bensoussan et al. (1988), Boccardo and Gallouét (1992) y Boccardo et al. (1982),
siendo p € L*(Q2) y g una funcién continua en R.
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Singularidad en el término del gradiente

En el Capitulo 5 se considera un problema con crecimiento cuadrético en el gradiente, que ademas pre-
senta singularidad en la variable dependiente, confrontado con un término no lineal de tipo potencia.
Un problema modelo es

siendo ,p > 0, p € L*°(2) no negativa y 0 § fo € L7(2) para algin g > N/2.

El estudio de este tipo de problemas con términos de orden inferior que presentan crecimiento
cuadrético y singularidad fueron introducidos en Arcoya and Martinez-Aparicio (2008) donde abordan
el caso A = 0, v = 1. Posteriormente el caso A = 0, v < 1 ha sido ampliamente estudiado en Arcoya
and Segura de Leén (2010); Boccardo (2008); Martinez-Aparicio (2009) y Giachetti and Murat (2009).
Se deduce en dichos trabajos, la existencia de solucién para v < 1 y unicidad si v < 1 (véase ademds
Arcoya et al. (2017)).

El caso v > 1 requiere una restriccién sobre la nolinealidad fo. Concretamente en Arcoya et al.
(2009b) se prueba existencia de solucién si y solo si v < 2 imponiendo que

essinf{fo(z) : z € w} >0, Yw CC Q.

Ademsds, como se observa en Zhou et al. (2012), para v > 2 se tiene que Wu—i‘z ¢ L'(Q) para toda
u € Wo1 2(Q) y por tanto no puede existir solucién.

Las dificultades del caso v > 1 quedan patentes cuando se observa que la unicidad de solucién sigue
siendo un problema abierto en la actualidad. Dicha unicidad tampoco es un problema completamente
resuelto para 7 = 1 aunque algunos avances se han conseguido en Carmona and Leonori (2017).

El problema fue estudiado para A # 0 simultdneamente en Arcoya et al. (2011); Boccardo et al.
(2011) cuando p(x) es una funcién constante, v < 1 y ademds los exponentes verifican la restriccién
v 4+ p < 2. La diferencia entre ambos trabajos radica en las técnicas empleadas, mientras que en
Arcoya et al. (2011) se emplean métodos de grado topoldgico, en Boccardo et al. (2011) se utilizan
convenientes esquemas iterativos. En ambos casos dichas técnicas no se pueden aplicar directamente
para estudiar el caso u(z) no constante o bien p < 1 < v < 2. Los resultados del capitulo 5 vienen
a completar a los anteriores precisamente en estos casos. Ademads, se consideran términos de orden
inferior generales del tipo u(z)g(u)|Vu|?, con g singular en cero, y se muestra que el conjunto de
valores del parametro A para los que existe solucién, no solo se ve afectado por la singularidad en
cero de g, sino también por su comportamiento en infinito. Para diferenciar dicho comportamiento
en cero y en infinito, tomamos v <  y consideramos el problema modelo

2
—Au + u(x)% =X+ fo(z) en ,Q

u=20 en 012,

(@x)

El resultado principal en el caso p(z) constante es el siguiente.
., N .
Theorem 7 Sea p(x) = p una funcion constante y sea fo € L(Q) con q¢ > 5 y verificando que
essinf{fo(z): x € w} >0, Yw CC Q. Entonces
i) Si1<~v<2y0<p<1elproblema (Qx) admite al menos una solucién para cada X > 0.

1) Siy <1< Byl <p, entonces existen valores del pardmetro A, \* > 0 tales que (Qx) no
admite solucion para X > A" y admite al menos una solucion cuando 0 < A < A,.

Ademds, existe un continuo (cerrado y conexo) no acotado ¥ en
{(\u) € [0,+00) x C(Q) : u solucién de (Qx)},

cuya proyeccion al eje de A corresponde con el intervalo de valores del pardametro para los que, en los
items 1) y 11), se obtiene la existencia de solucidn.
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Para el caso en que p(z) no sea necesariamente constante, pero se encuentre entre dos constantes
positivas, podemos abordar el problema con las mismas técnicas si ademas 8 < 1. Concretamente se
prueba el siguiente teorema.

Theorem 8 Supongamos que 0 <y < B<1,0<p<2—4, fo € LYQ) conq>F ym < p(z) <
M, ae z€Q (con M <2 sia=p=1). Existe un continuo no acotado ¥ de soluciones de (Qx)
cuya proyeccidn al eje de X es el intervalo [0, +00).

Este resultado no solo extiende a funciones u(x) no constantes, los resultados previos de Arcoya
et al. (2011) y Boccardo et al. (2011) sino que, al trabajar con una funcién g(s) = 1/(s” + s°) con
diferente comportamiento en cero y en infinito, se constata que la hipétesis p < 2— 8 es una restricciéon
sobre el comportamiento de g en infinito mas que sobre la singularidad en el origen.

Por otra parte nuestros argumentos combinan la aproximacién, como en Boccardo et al. (2011),
por problemas donde es posible usar técnicas de grado topolégico de Leray Schauder y el teorema de
continuacién de Rabinowitz, como en Arcoya et al. (2011). Asi obtenemos la existencia de continuos
Yn. Posteriormente, un conveniente lema topoldgico nos permite pasar al limite en ,, y obtener
nuestro continuo de soluciones.

Problema de Gelfand

En los Capitulos 6 y 7 consideramos problemas tipo Gelfand asociados a diferentes operadores difer-
enciales (p-Laplaciano 1-homogéneo y operadores con términos de orden inferior con crecimiento
cuadrético y singularidad) para los que, al menos para nuestro conocimiento, no habian sido tratados
en la literatura hasta ahora.

Recordemos que el problema

—Au=Af(u), enQ,
u>0, en(), (Gy)
u=0, en 012,

para una funcién regular f(u), positiva, creciente y convexa con f(0) > 0 fue estudiado en Crandall

and Rabinowitz (1975) (véase también Mignot and Puel (1980) y las citas que contienen). En este
f(s)

s

trabajo, para una funcién f que sea superlineal en infinito, es decir, lims_ 4o = 00, prueban el

siguiente resultado.

Proposicién 10.5.2 Crandall and Rabinowitz (1975) Ezxiste un valor del pardmetro \* > 0, denom-
inado pardametro extremal de manera que

e Si A<\ el problema (Gx) admite una solucidn minimal acotada w.

o SiA>\" el problema (Gx) no admite solucion.

Parece razonable pensar que la existencia de solucién minimal se puede extender para problemas
tipo Gelfand asociados a operadores diferenciales para los que se verifique un conveniente principio
de comparacién. Asi, en el Capitulo 6, probamos un principio de comparacién para el p-laplaciano 1-
homogéneo que generaliza los conocidos en Barles and Busca (2001); Martinez-Aparicio et al. (2014a).
Por otra parte, en Capitulo 7, usamos el principio de comparacién contenido en Arcoya and Segura de
Leén (2010) (véase también Arcoya et al. (2014, 2017)).

Por otra parte, en Crandall and Rabinowitz (1975) se prueba ademds que el conjunto de soluciones
minimales {wy} de (GA) es no decreciente en X\. M4s ain, dichas soluciones minimales son estables
en el sentido de satisfacer la siguiente condicién

/Q (VR — A (wn)€2) 0, Ve eCe(9).
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Dicha condicién de estabilidad juega un papel fundamental en el estudio de la existencia y regu-
laridad de lo que se conoce habitualmente como solucién extremal, v* := limx_, x~ wx. En concreto,
se ha usado para determinar resultados éptimos de regularidad de la solucién extremal en términos de
la dimensién N. Asi, en el caso f(s) = e® se obtiene regularidad de la solucién extremal para N < 10
ysi f(s) = (1+s)? para N <4+2(1—1/p)+44/1 —1/p (véase Crandall and Rabinowitz (1975)).

Dicha condicién de estabilidad parece que se podria extender a operadores con estructura varia-
cional. Este no es el caso de los considerados en los Capitulos 6 y 7 donde el operador no tiene
estructura variacional. Sin embargo en el Capitulo 7 si que serd posible extender la nocién de solucién
estable permitiendo asi la obtencién de resultados relativos a la solucién extremal.

Antes de pasar a describir los resultados de ambos capitulos debemos recordar nuevamente que
los problemas tipo Gelfand son un problema clasico de la literatura y por tanto las referencias sobre
el tema son numerosas, citaremos entre otros los trabajos de Arcoya et al. (2014); Cabré and Capella
(2006); Cabré and Sanchén (2013); Gel'fand (1963) y las referencias que contienen.

Concretamente en el Capitulo 6 consideramos el problema

{ fAZ])Vu: e, enf,

u=20, en 09, (Prsp)

en un dominio acotado regularQ) C RY y para p € [2, o0] notamos por Ag’ al operador p-laplaciano
1-homogéneo. Este viene definido, para p < oo como

1 —p 1 - 1 p—2
ANy = —— 2 p=2 = ——Au+"—>Ax
p U P |Vul*~? div (|Vu|P~*Vu) P u+ P U,

mientras que para p = oo viene dado por

Vu YVu
Awu=ANu=——.(D’u—c—r
e ( “|Vu|)’

conocido como infinito laplaciano 1-homogéneo.

Este operador aparece en el estudio de juegos Tug-of-War con ruido en Manfredi et al. (2012);
Peres and Sheffield (2008); Peres et al. (2009), donde se analiza el problema de Poisson asociado.
Ademds, en Martinez-Aparicio et al. (2014a) y Martinez-Aparicio et al. (2014b) ha sido confrontado
con un término no lineal sublineal del tipo Au? con 0 < ¢ < 1.

Nuestro primer resultado es el siguiente:

Theorem 9 Para cada p € [2,400] existe un valor extremal del pardmetro \* = \* (2, N,p) de
manera que:

o Si A< A" el problema (P,p) admite una solucidn minimal positiva w.

e Si A > A" el problema (Px,p) no admite solucion.

Ademds, el conjunto de soluciones minimales {wx} es no decreciente en \.

Otra de las novedades que aporta el Capitulo 6 es la utilizacién de técnicas de teoria de grado para
el estudio de problemas asociados al p-laplaciano 1-homogéneo. Esto presenta dificultades no triviales
debido a la falta de regularidad. No obstante, es posible usar algunos argumentos de Charro et al.
(2013) para obtener la compacidad necesaria para usar dichas técnicas. Asi, se obtiene la existencia
de continuos de soluciones tanto cuando el pardmetro es A como p. Para ello notaremos, para cada p
fijado,

Fp = {(\u) €0, \*(, N,p)] x C(Q) : u solucién de (P )},

Analogamente, para cada A fijado, notamos

Sy = {(p,u) € [2,00] x C(Q) : u solucién de (Py,p)}.
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Theorem 10 Para cada p € [2,00] existe un continuo de soluciones no acotado C C ., que emana
de la solucidn trivial para X = 0, es decir (0,0) € C. Ademds, existe Mo € (0,\") de manera que, para
cada A < Ao eziste un continuo de soluciones D C Sx, cuya proyeccion sobre el eje p es [2,+00].

En el Capitulo 7 abordamos el estudio de problemas tipo Gelfand asociados en este caso a prob-
lemas con singularidades en el término del gradiente cuadrado. Concretamente consideramos el prob-
lema

—Au+ g(u) |Vul> = A f(u), enQ,
u>0, enf),
u=0, en 012,

en un abierto y acotadoQ C RY (N > 3) con frontera suave, A > 0, f estrictamente creciente y
derivable en [0, 00), f(0) > 0 y g una funcién no negativa y no trivial que o bien es continua en [0, co)
o bien lo es (0,00) y presenta una singularidad integrable en cero. Los casos modelo son g(s) = 9%
convy e (0,1)y f(s) =¢€°.

Recientemente, el caso g continua en [0, +00) ha sido estudiado en Arcoya et al. (2014). Ademés
de la existencia de soluciones minimales en un intervalo acotado maximal (0, \*), los autores analizan
la existencia y regularidad de solucién extremal caracterizando las soluciones minimales como aquellas
que satisfacen una determinada condicién de estabilidad (véase también Brézis and Vazquez (1997)
para el caso semilineal). Concretamente, en Arcoya et al. (2014) se define que una solucién al problema
es estable si

/Q Vo > A / (F () — (o) £ ()

para cada ¢ € Wol’Z(Q). Esta es la nocién de estabilidad que se adopta en el Capitulo 7 en el caso
g singular en cero y no solo se extienden los resultados de Arcoya et al. (2014) al caso singular, sino
que ademads se mejoran las condiciones impuestas en el caso continuo. Por ejemplo, se puntualiza que
la condicién f'(s) — g(s)f(s) estrictamente creciente, impuesta en Arcoya et al. (2014), solamente se
necesita para probar que las soluciones estables son minimales.

Asi, los resultados obtenidos en dicho capitulo particularizados al caso g(s) = % con 0 <y < 1

Fnil 1—

permiten considerar funciones f(s) no convexas. De hecho, tomando f(s) = e T=7 T con §
suficientemente pequefio, entonces f'(s) — g(s)f(s) es decreciente. Sin embargo, existe A* > 0 de
manera que el problema admite solucién minimal acotada wy para cada A < A\* y no existe solucién

para A > A\*. Incluso se puede probar la existencia de solucién extremal u* = lim wy que ademds
A= A*
es solucién estable, en el sentido anterior, para A = A* (dicha solucién extremal no es necesariamente

minimal). M4s ain, para dimensiones

6(1 =) +2c+4y/(c+1-7)(1 —~)
c+1—7v

N <

k]

se obtiene que la solucién extremal es acotada.
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PARTE III: Algunos resultados en ecuaciones elipticas
modeladas por el p—laplaciano

Se considera la siguiente familia de ecuaciones diferenciales elipticas que involucran el operador
p—laplaciano y con condiciones de Dirichlet en la frontera de un dominio acotadoQ < R¥,
—div (|Vu[’*Vu) = f(z,u), enf, (10.64)
u =0, en 09,
para p > 1 y siendo el dato fuente f(z,s), con (z,s) € 2 x R, una cierta funcién que a continuacién
detallaremos.
Seguidamente presentamos tres resultados clasicos relacionados con la ecuacién anterior:

e El problema con dato subcritico: f(z,s) < C1|s|? 4+ C2 con exponente 0 < g < p* — 1. Existen
al menos dos soluciones no triviales v < 0 < w para todo p > 1 (véase por ejemplo Dinca et al.
(1995)).

As[P2s
[P
A> (N —=p)/p)?, 1 <p< N (véase Garcia Azorero and Peral Alonso (1998)).

e El problema céncavo-convexo: f(z,5) = |s|" 's+ As|? lscon0<g<p—1<r<p —1
y A > 0. Existe A\* > 0 tal que hay al menos dos soluciones positivas para A < A" y no hay
solucién positiva para A > A" (véase Garcia Azorero et al. (2000)).

e El problema con el potencial de Hardy: f(z,s) = y 0 € Q. No existe solucién para

En esta tercera parte de la memoria se pretende ampliar el estudio de estos problemas bien
extendiendo el operador o bien extendiendo el dato, siempre sin perder la naturaleza del problema
clasico. En concreto, en el Capitulo 8 se estudia el problema subcritico para el 1—Laplaciano (p = 1)
en el cual demostramos la existencia de 2 soluciones no triviales para 0 < ¢ < 1* =1/(N — 1) y que
ademas estan acotadas. Otro de los resultados notables del capitulo es la existencia de una identidad
tipo Pohozaev para este tipo de operadores. El operador 1—Laplaciano fue originalmente tratado
en Kawohl (1991, 1990), Demengel (1999) y Andreu et al. (2001) dando lugar a una gran literatura
desde entonces. Una de sus aplicaciones més interesantes es el empleo de modelos variacionales en la
restauracién de imagenes, véase Andreu-Vaillo et al. (2004) y recientemente Martin et al. (2017).

En el Capitulo 9 se considera un problema con un potencial de Hardy para el operador laplaciano
(p = 2). Probamos que la presencia en la ecuacién de términos de orden inferior h(z)u(z)” (h €
L}OC(Q), ~v > 1) produce un efecto regularizante al obtener solucién para valores de A mayores que
el critico (N22)2 , inclusive si h se anula en subconjuntos de 2. Ademads, dicho término provoca que

las soluciones sean mds regulares. El problema de Hardy para p = 2 fue estudiado primeramente por
Baras and Goldstein (1984). Los autores observaron que como ﬁ € Lj,.(Q) siysolosil <r < N/2

las teorias clédsicas de unicidad y regularidad no se podian aplicar. Prueban que el comportamiento
asintético de las soluciones depende de los valores de \, determinando un valor critico H = (N —2)%/4
también llamado constante de Hardy. Mds tarde, en Garcia Azorero and Peral Alonso (1998) los
autores realizan un estudio més exhaustivo de la ecuacién para todo valor de 1 < p < N donde
efectivamente revelan que el comportamiento de las soluciones depende del valor critico A* = (N —
p)/p)P, obteniendo soluciones para A < A*. A partir de entonces ha surgido un gran ndmero de
trabajos relacionados.

En el Capitulo 10 se estudia el problema céncavo-convexo pero, en lugar de realizar un efecto
céncavo-convexo a la nolinealidad f(z, s), se provocard tal efecto al operador. Es decir, el operador en

consideracién es —div (|Vu\p (z)_QVu) siendo p(z) la funcién constante 2 en una regién del dominio

D; C Q, y la funcién constante p > 2 en la regién restante del dominio D2 = Q2 \ D;. En cuanto a
la nolinealidad tomamos f(z,s) = Als|? con 1 < g < p — 1. Nétese que estos valores de ¢ inducen en
la ecuacién un efecto convexo en la regiéon D; y un efecto céncavo en la regién Ds. Los problemas
concavo-convexo han recibido un gran interés en la literatura de las ecuaciones diferenciales desde los
trabajos pioneros de Lions (1982); Garcia Azorero and Peral Alonso (1991); Ambrosetti et al. (1994) y
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Boccardo et al. (1995). Por otro lado, el estudio de operadores p(xz)—laplaciano con p(z) una funcién
discontinua ha cobrado una gran atencién en los tltimos afios al modelar el flujo de corriente en los
diodos orgdnicos que emiten luz (OLED) usados en las pantallas de dispositivos pértatiles, véanse
los trabajos de Bulicek et al. (2016); Fischer et al. (2014) y Bulicek et al. (2017). En este capitulo
demostramos la existencia de un valor critico A* tal que para A > A\* no existe solucién positiva, y
para A < A* hay una solucién positiva y minimal. Ademds, si p < 2N/(N — 2) entonces existe una
segunda solucién para casi todo A < \*.

La técnica para afrontar los problemas de esta tercera parte de la memoria es principalmente
el calculo de variaciones. Obsérvese que el problema (10.64) tiene asociado el siguiente funcional de
energfa T : Wy ?(Q) — R definido como

P
2w = [ B [ rew,
o P Q

siendo F(x,s) = fos f(z,t)dt, en el sentido que los puntos criticos de Z son las soluciones del problema
(10.64). A la hora de afrontar los problemas citados anteriormente un paso importante es sustituir el
espacio VVO1 "P(Q) por otro mds conveniente, cambiando asi la geometria del funcional Z y siendo mds
accesible encontrar sus puntos criticos. Esto tendrd sus ventajas como se verd en los Capitulos 9 y
10 convirtiendo el funcional en coercivo, y sus desventajas cuando el espacio elegido no es reflexivo
como es el caso del Capitulo 8, no pudiendo asi aplicar resultados tan conocidos como la compacidad
en las sucesiones de Palais-Smale.

Problema subcritico para el 1—-Laplaciano

En el Capitulo 8 tratamos sobre la existencia y regularidad de soluciones del problema de Dirichlet
para una ecuacién diferencial eliptica con operador el 1—Laplaciano y dato subcritico, cuyo modelo
es

—div <%) = |ulT 'y, enQ,
| Dl (10.65)
u=0 en 012,

siendo? C RY (N > 2) un dominio acotado con frontera Lipschitz y donde 0 < g < ﬁ

El espacio natural para tratar este tipo de operadores es el espacio de funciones de variacién aco-
tada BV (Q), esto es, funciones que pertenecen al espacio L () tales que su gradiente distribucional
es una medida de Radon finita. Ademds, BV (£2) es un espacio de Banach con la norma

lullsv e = / \Dul + / ] N,
Q N

donde HN~! es la medida (N — 1)-dimensional de Hausdorff (véase por ejemplo Ambrosio et al.
(2000)).

Sin embargo el espacio BV (), no es reflexivo ni separable. As{ pues el hecho de tratar con el
operador 1—Laplaciano conlleva una dificultad extra. Otra de las dificultades es dotar de sentido al
cociente %, ya que tanto Du como |Du| son medidas de Radon finitas. Para salvar este obstdculo
se usa la Teoria de Anzellotti (véase Anzellotti (1983)) en la cual se considera un campo vectorial
z € L= RY) tal que ||z]|oo < 1y (2, Du) = |Du|, de esta manera z juega el papel del cociente @—Z‘.
Por otro lado, el significado de la condicién impuesta en la frontera debe ser precisado. Para ello se
define la traza débil en 9 de la componente normal de z como la aplicacién [z, v] : 9Q — R, siendo
v el vector normal exterior unitario de 99, tal que [z,v] € L*(09Q) y || [z, V] [l 90) < 12|50 (@rN)-
Observemos que para z € C'(Q; R"Y), esta definicién coincide con la clasica [z,v] = z - v.

Asf pues, diremos que u € BV (Q) es solucién del problema (10.65) si existe un campo vectorial

z € L=(RY) con ||z]e <1y tal que

(1) — divz = |u|? 'u, en el sentido de las distribuciones D’(£2),
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(2) (z, Du) = |Du|, como medidas en ) ,
(3) [z,v] € sign(—u), en ONQ.

A la hora de considerar la ecuacién (10.65) en un marco variacional, en el Lemma 8.2.6 establece-
mos que soluciones del problema coinciden con puntos criticos del funcional Z : BV (2) — R definido

como )
Z(u :/ Du —i—/ ud’HNfl—i/ ut
)= [ 1Dul+ [ 1 — [l

Se recuerda que el método variacional para encontrar soluciones no triviales en el problema subcritico
para el p—laplaciano (p > 1), radica en el uso del Teorema de Paso de Montania (véase Dinca et al.
(1995)). Concretamente, primero se prueba que la solucién trivial es un minimo local de su corre-
spondiente funcional de energia. Después, debido a que el funcional tiene una geometria de paso de
montafia y satisface la condicién de compacidad de Palais-Smale, se encuentran dos puntos criticos
(uno positivo y otro negativo). Hay que resaltar que la condicién de Palais-Smale se basa en la reflex-
ividad del espacio WO1 "P(Q2). Como se ha comentado anteriormente el espacio de funciones de variacién
acotada no es reflexivo. La estrategia consiste en tomar w, solucién no trivial y positiva (de igual
forma se realiza para la negativa) obtenida por el paso de montana del problema subcritico para el
p—laplaciano y en cierto sentido hacer tender p — 1. Un paso importante y delicado es probar que
dicho limite no es la solucién trivial. De esta manera, demostramos en el Theorem 8.1.1 la existencia
de al menos dos soluciones no triviales v < 0 < w del problema (10.65). Ademds, se demuestra que
dichas soluciones estan acotadas, para tal fin resulta crucial la existencia de una constante positiva
C, independiente de p tal que la solucién w, verifica

HwPHW(}*l(Q) <C,

para todo p > 1.

En la ultima parte del capitulo presentamos una desigualdad tipo Pohozaev para soluciones que
estan en W'1(Q) (Proposition 8.4.1). Ademds, damos ejemplos explicitos donde se hace constar la
existencia de soluciones sin restriccién del exponente q.

Efecto regularizante de términos de orden inferior en problemas
elipticos que involucran un potencial de Hardy
En el Capitulo 9 tratamos sobre el efecto regularizante que proporciona la inclusién de términos

de orden inferior en ecuaciones del tipo (10.64) que involucran un potencial de Hardy. Siendo més
especificos, consideramos ecuaciones del tipo

|z[?

u=20 en 0},

) N
{ Au+h(@)|ulf " lu= A"+ f(z)  en , Q (10.66)

p+1

1
donde p>1, AR, 0<he L' (Q) y f € L5 (Q; hdz), es decir, |f|"# h € L'(R). Obsérvese que al
ser h integrable, se tiene
ptl
.

En el caso de no incluir el término regularizante, es decir h = 0, es conocido que existe solucién para
toda f € W%(Q) siempre que

L™(Q; hdx) C L%(Q; hdzx), para todo m >

(v —2)
4 )
véase Garcia Azorero and Peral Alonso (1998). Visto desde una perspectiva variacional la condicién
(10.67) implica que gracias a la desigualdad de Hardy
Juf?

—dmg’H_l/ |Vaul?,
o

o lzl?

A<H= (10.67)
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el funcional de energia asociado es coercivo en Wy (Q).

El hecho de incluir el término h(z)|u[P~'u al problema con un potencial de Hardy no es nuevo,
véase Adimurthi et al. (2017); Porzio (2007); Wei and Du (2017) y Wei and Feng (2015). En estos
dos ultimos trabajos los autores estudian el comportamiento asintético de la solucién en 0 para el
caso f =0y h(z) = |z|” con o0 > —2. Por otro lado, Porzio (2007) y recientemente Adimurthi et al.
(2017) tratan el caso h(z) = ho > 0 obteniendo el siguiente resultado

Theorem 11 Seap > 2* — 1, h(x) = ho > 0y f € L™(Q) con %} <m < %p?%l. Entonces,
existe solucion del problema (10.66) para todo A > 0. Ademds, la solucidn pertenece al espacio
Wy 2 () N LP™(Q).

Destacamos que la solucién proporcionada por este teorema se obtiene como limite de soluciones de
una sucesién de problemas aproximantes y ademads que la regularidad en L™ (§2) se prueba tinicamente
para esa especifica solucion.

En este capitulo se mejora el Teorema 11 en dos sentidos. Primero, probamos que la solucién puede
obtenerse como un minimo del funcional asociado y ademés obtenemos regularidad para cualquier
solucién. Como segunda mejora, sehalamos que podemos considerar el caso h € L*(2) no nece-
sariamente constante y que puede anularse en subconjuntos de . Asi por ejemplo, probamos la
existencia y regularidad de solucién cuando h se anula enQ) 5 = {z € Q : dist (2,0Q) < §} para val-
ores de J suficientemente pequenos. Més atin, en cuanto a la existencia de soluciones es suficiente que
h € Lio(Q).

Como se comenté al principio de la introduccién, ya que el problema (10.66) posee una carac-
terizacién variacional, la eleccién de un espacio de funciones adecuado serd ventajoso a la hora de
encontrar sus puntos criticos. En efecto, consideremos el espacio E = WOI’Q(Q) N LPT(Q; hdx) v el
funcional de energia 7 : E — R definido por

|Vul? 1 / i1 )\/ u? /
7T = — - — - E.
A () /Q 5+ Pl [ulP™" h 5 ) Tal? quh, Yu €

i
Obsérvese que para cada funcién f € L% (€; h(z)dz) se tiene un funcional asociado ¢y en el espacio
dual E* dado por

(079 = /Q fgh, ¥g € L (9 h(x)dx).

Probamos que Z, es coercivo y acotado inferiormente. Posteriormente, usando el Principio Variacional
de Ekeland una sucesién minimizante es débilmente convergente hacia un punto critico en E. De
esta manera, en el Theorem 9.2.1, establecemos la existencia de soluciones, bajo la condicién de
integrabilidad

2(p+1) 2
/ |z| 1= h(z)T-P < oco. (10.68)
Q\Q

Nétese que la condicién (10.68) para h(x) = ho > 0 equivale a p > 2" — 1, impuesta en el Teorema
11. Ademds, bajo una condicién algo més fuerte que (10.68): existe 5 € (2,p + 1) tal que

/ 2| 255 h(2) TFOET < oo,
O\ Qs

el funcional Zy es débilmente inferiomente semicontinuo, por tanto, la solucién es minimo del funcional.
En cuanto a la regularidad de las soluciones en el Theorem 9.3.1 establecemos que toda solucién
del problema (10.66) pertenece a W,**(2) N LP™(Q; h(z)dz) supuesto que se cumplen las hipétesis:

i) he LY(Q) y h(z) > 0 para casi todo = € Q,
i) | TP RITET € LY(Q),
iii) f e L™(Q;h(x)dx) con m > %.
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Una vez més, queda patente el efecto regularizante del término h(z)|u|’ " u, ya que en un principio
las soluciones se encuentran en Wy ?(Q) N LPH(Q; h(z)dz).

Por dltimo, un caso interesante donde se aplica el resultado anterior es h(x) con >0y

w
> L
= fa)?
0 < 8 < N. Donde obtenemos que la solucién se encuentra en W,'*(Q) N LP™(Q; h(x)dz) con

. me[?%,%),siogﬁ<2,

. m€[%,oo),si2§ﬁ<N.

Asf pues, en el caso 8 = 0 (que corresponde a h constante) obtenemos el resultado de reguaridad del
Teorema 11 pero en esta ocasién para toda solucién, en lugar de para una solucién obtenida como
limite de soluciones de problemas aproximados.

Problema Céncavo-Convexo con un operador discontinuo

Como se explicé anteriormente, en el Capitulo 10 estudiamos la existencia de soluciones positivas
del siguiente problema
{ —Apyu = u?, enQ), (10.69)

u =0, en 09,

donde A > 0,1 < ¢ < p— 1A ,pu = div (|Vu|p<z)*2Vu) y p(z) es una funcién discontinua dada

por
(@) = 2 six € Dy,
) = p sixz € Do,

siendo p > 2y D1 y D2 dominios con frontera suave y tales que
§:D1UD2, DinNnDy=10.

Llamaremos I' a la interfaz o superficie que delimita las dos regiones, '= 9D1NQ = 0D2 N2, la cual
supondremos suave con medida de Hausdorff( N — 1)-dimensional finita.

Para plantear de forma variacional el problema (10.69), descompondremos la ecuacién diferencial
en dos ecuaciones diferenciales, una en cada subdominio D; (¢ = 1,2). Con tal fin, debemos propor-
cionar una “continuidad” de la solucién cuando atraviesa de una regién a otra. Es decir, que la traza
de u en T" coincide tanto “si viene” de D; como de Ds, y también respecto al flujo al cruzar I'. Asi
pues, consideramos soluciones del problema (10.69) como soluciones débiles del siguiente problema:

—Au = \uf, en Dy,

—Apu = Auf, en Da,

ou L ou (10.70)
[Vul? ul ul enl’

a. = a9 D, = Do )

87] 87’] 1 2

u =0, en 09,

siendo 7 el vector normal unitario normal de I' que apunta hacia afuera de D;. El espacio adecuado
para encontrar soluciones débiles es

W(Q) = {v e Wi (Q) ; /D Vol? < oo},

dotado con la norma

Wiw) = VU ll2(py) + 1 VU llzep,),
es un espacio de Banach reflexivo y separable (Lemma 10.2.1). De esta manera, demostramos que las
soluciones de (10.70) corresponden a puntos criticos del funcional de energia Fy : W(£2) — R definido

como ) -
P q
]-',\(u):/ Mder/ ﬂdxf/\ de.
p, 2 D, P 0 q+1
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A continuacién, usando el método de sub y super-solucién, para el cual es necesario un principio de
comparacién (véase Proposition 10.3.2), demostramos la existencia de A* > 0 tal que para 0 < A < \*
existe wy solucién minimal y positiva. Ademds, wy es Unica y creciente respecto a A. Por otro lado, si
A > A" entonces no existe solucién positiva. Para este tltimo resultado resulta esencial que el problema
parabdlico uy = Au+ Au? en la regién D1, con un dato inicial u(z,0) = uo(z) suficientemente grande,
explota en tiempo finito (Theorem 10.1.1).

En el Theorem 10.1.2 establecemos, bajo las hipStesis adicionales p < 2% y Doy CC €, la existencia
de una segunda solucién para casi todo 0 < A < A*. La demostracién del teorema se divide en dos
partes: primero, usando métodos variacionales y las ideas de Ambrosetti et al. (1994); Brézis and
Nirenberg (1993); Garcfa Azorero et al. (2000) probamos que el funcional de energifa F» tiene un
minimo local (véase Theorem 10.4.6). Para este resultado, como el operador p(z)—laplaciano, con
p(z) discontinuo, actia de manera diferente en D1 y en D2, lo miximo que podemos aspirar es que
las soluciones sean localmente Holder (véase Acerbi and Fusco (1994)). Asf pues, para demostrar
que hay un minimo local en W(2) imponemos que Dy CC €2 para asf obtener regularidad C' de la
solucién cerca de 992 (donde actia el operador laplaciano). Como consecuencia deducimos que existe
un minimo en la topologfa C*(F5) N C(Q), donde Fs es una pequefia banda alrededor de la frontera

Fs ={z€Q : dist(z,09Q) < d}.

Seguidamente, usando un delicado argumento de regularidad tipo Stampacchia, relajamos el minimo
a la topologia de W(Q2). Es en ese tltimo paso cuando debemos exigir la condicién p < 2* (Proposition
10.4.5). En cuanto a la segunda parte de la demostracién, para probar la existencia de una segunda
solucién, nétese que el funcional no tiene un minimo global. En efecto, si tomamos v € W(£2) con
soporte compacto en D1, como ¢ > 1, se obtiene que

|a+1

2
fA(tU):tz/ ﬂd:v—t‘”l)\/ i
Dy 2 Dy

dr — —o0
qg+1

cuando t — oco. Por tanto, Fy tiene una geometria de paso de montana. Si embargo, para aplicar
el Teorema de Paso de Montana, la gran dificultad radica en la compacidad del funcional o més
concretamente en probar que las sucesiones de Palais-Smale estdn acotadas en W(Q2). Hasta ahora,
éste sigue siendo un problema abierto. Recordemos que, para encontrar puntos criticos de paso de
montana para problemas semilineales del tipo

usualmente se asume que se satisfaga la condicién de Ambrosetti-Rabinowitz
Ik > 2 tal que 0 < kF(z,s) <sf(z,s), Vs>0 yae x€Q. (A-R)

Esta condicién implica que todas las sucesiones de Palais-Smale al nivel del paso de montana estan
acotadas. De forma andloga para nuestro operador variableA .,y se puede comprobar que si f(z, s)
satisface la propiedad (A-R) para k > p, entonces se tiene que las sucesiones de Palais-Smale estdn
acotadas (véase Apéndice 10.5). Sin embargo, en nuestro marco concreto f(z,s) = As? no cumple la
condicién (A-R) para k > p, ya que ¢ + 1 < p.

Para superar esta dificultad de la compacidad del funcional, combinamos los resultados clésicos
de Ambrosetti and Rabinowitz (1973); De Figueiredo (1989) con una técnica de Jeanjean (1999) que
prueba la existencia de una sucesion de Palais-Smale acotada a nivel del paso de montana para casi
todo 0 < A < ™.
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