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Abstract and conclusions

The evolution of geometric objects with respect to a time variable (¢) is a
field of intense study in the framework of Riemannian Geometry. A good
example is the work of Perelman which led to the proof of the geometrization
congecture of Thurston and, consequently, to the Poincaré conjecture. In
general, two types of geometric objects are distinguished: the intrinsic ones,
such as the metric of a manifold, and the extrinsic ones, such as an embedding
(or immersion) of a manifold into another one. These two types of objects
give rise to two types of flows: the intrinsic ones, such as the Ricci flow, and
the extrinsic ones, such as the mean curvature flow. In these particular flows
the object that evolves is precisely the metric and the immersion respectively.

The mean curvature flow is maybe the most important geometric evolu-
tion equation of submanifolds in Riemannian manifolds. Intuitively, a family
of smooth submanifolds evolves under mean curvature flow if the velocity at
each point of the submanifold is given by the mean curvature vector at this
point, that is, the submanifolds move at each point in the direction of the
corresponding normal unit vector and with speed equals to its scalar mean
curvature. For example, a sphere in the Euclidean space evolves under mean
curvature flow by shrinking inward until it collapses in a finite time to a
point.

In the literature there are different approaches to the mean curvature
flow: from the geometric measure theory, from level set flows and from partial
differential equations. We will follow the latter approach, which began with
the pioneer work of Huisken [Hui84].

The evolution equation can develop singularities, that is, solutions may
become non-smooth in finite time. For example, it is known (see for instance



[Smo12]) that closed submanifolds (i.e., compact submanifolds without boun-
dary) of the Euclidean space remain smooth for a finite time during their
evolution under mean curvature flow and then they develop a singularity.
Thus, a particularly interesting topic in this theory is to study the behavior
of singularities. In order to do that, following Huisken’s work [Hui90], two
types of singularities are often distinguished: type I singularities, which are
those cases with a better control of the growth of the norm of the second
fundamental form —in a sense which is made precise in [Hui90]—, and type II
singularities, which are all the other singularities. As the definition suggests,
type II singularities are more difficult to treat than type I singularities.

In the case of hypersurfaces, Huisken and Sinestrari [HS99] proved that if
the initial surface is mean convex (that is, H > 0 in the whole surface, where
H is the mean curvature) and it develops a type II singularity, then the limit
surface obtained with a certain technique of rescaling of the flow is convex
and satisfies the equation H = v, where H is the mean curvature vector, v is
a constant vector and the superscript L denotes projection onto the normal
bundle. A surface whose mean curvature vector satisfies the above equation is
called translating soliton of the mean curvature flow. Geometrically it evolves
moving in the direction of v with speed |v|, that is, with fixed direction and
constant speed given by the vector v. Thus, it does not change its shape
during the evolution, it simply translates. Therefore, translating solitons
are eternal solutions of the flow, that is, their evolution exists for all times
—00 < t < +o00.

Translating solitons arise not only in the study of singularities, but also in
the general investigation of the mean curvature flow. For example, again in
the case of hypersurfaces in the Euclidean space, Hamilton [Ham95] proved
that any strictly convex eternal solution to the mean curvature flow where
the mean curvature assumes its maximum value at a point in space-time
must be a translation soliton.

Moreover, translating solitons are interesting examples of the mean curva-
ture flow because they are precise solutions in the sense that their evolution
is known, which is very hard to determine in general. In the first chapter of
this thesis, after a brief introduction to the mean curvature flow and trans-

lating solitons, we present the classic examples of the latter ones (see section
1.4).



It is well known that translating solitons are related to minimal surfaces
[Ilm94]. Obviously, this relationship is important because it allows to use
classical results of the theory of minimal surfaces to study translating solitons.
In this spirit, the maximum principle, stated as its geometric counterpart,
the tangency principle, is the main tool of the second chapter of the thesis,
which begins with the proof of the results of non-existence of translating soli-
tons. We prove that there are no non-compact translating solitons contained
in a solid cylinder (Theorem 2.1.2). We also rule out the existence of cer-
tain compact embedded translating solitons with two boundary components
(Theorem 2.1.5). Then, by comparison with a tilted grim reaper cylinder, we
obtain an estimate of the maximum height that a compact translating soliton
embededd in R? can achieve; this estimate is in terms of the diameter of the
boundary curved of the translator (Theorem 2.2.1). Another application to
the tangency principle is to study graphical perturbations of translating soli-
tons, which allows us to easily prove the characterization of the translating
paraboloid given in [MSHS15, Theorem A]. On the other hand, we use the
method of moving planes to show that a compact embedded translating soli-
ton contained in a slab and with boundary components given by two convex
curves in the parallel planes determining the slab inherits all the symmetries
of its boundary (Theorem 2.4.1).

The main result of the thesis is presented in the third and last chapter
and it is a characterization of grim reaper cylinders as properly embedded
translators with uniformly bounded genus and asymptotic to two half-planes
whose boundaries are contained in the boundary of a solid cylinder with axis
perpendicular to the direction of translation (Theorem 3.0.2). The proof is
quite elaborated and heavily uses analytic tools developed by Brian White: a
compactness theorem for sequences of minimal surfaces properly embedded
into three-dimensional manifolds with locally uniformly bounded area and
genus, as well as a barrier principle. As mentioned above, the key ingredient
to use these results of White is to consider translating solitons as minimal
surfaces in the so-called Ilmanen’s metric and to establish the good relation
between these surfaces in both (usual Euclidean and Ilmanen) metrics, in
particular with respect to their asymptotic behavior.






Resumen y conclusiones

La evolucién de objetos geométricos respecto a una variable temporal (¢) es
un area de estudio intenso en el marco de la Geometria Riemanniana. Un
buen ejemplo lo constituye el trabajo de Perelman que ha permitido probar
la conjetura de geometrizacion de Thurston y, en consecuencia, la conjetura
de Poincaré. En general, se distinguen dos tipos de objetos geométricos:
los intrinsecos, como la métrica de una variedad, y los extrinsecos, como el
embebimiento (o inmersién) de una variedad en otra. Estos dos tipos de
objetos dan lugar a dos tipos de flujos: intrinsecos, como por ejemplo el
llamado flujo de Ricci, y extrinsecos, como por ejemplo es el caso del flujo
de la curvatura media. En estos flujos concretos el objeto que evoluciona es
precisamente la métrica y la inmersion respectivamente.

El flujo de la curvatura media es quizas la ecuacion de evolucién geo-
métrica més importante de subvariedades en variedades de Riemann. Intui-
tivamente, una familia de subvariedades diferenciables evoluciona segin el
flujo de la curvatura media si la velocidad en cada punto de la subvariedad
viene dada por el vector curvatura media en ese punto, es decir, las subvarie-
dades se mueven en cada punto siguiendo la direccién del correspondiente
vector normal unitario y con rapidez igual a su curvatura media. Un ejemplo
habitual es el de las esferas en el espacio euclideo, las cuales evolucionan
segun el flujo de la curvatura media contrayéndose concéntricamente hasta
que colapsan en un tiempo finito en un punto, el centro comun de las esferas.

De las diferentes aproximaciones al flujo de la curvatura media que hay en
la literatura, a saber, desde la teoria geométrica de la medida, desde los flujos
de conjuntos de nivel y desde las ecuaciones en derivadas parciales, seguire-
mos este ultimo enfoque, que se inicié con el trabajo pionero de Huisken de
1984 [Hui84].



La ecuacion de evolucién puede desarrollar singularidades, esto es, la solu-
cién puede dejar de ser diferenciable, en tiempo finito. Por ejemplo, se sabe
que las subvariedades cerradas (es decir, compactas y sin borde) del espacio
euclideo evolucionan siguiendo el flujo de la curvatura media como subvarie-
dades diferenciables durante un tiempo finito tras el cual se desarrollan una
singularidad [Smol2]. Asi, un tema particularmente interesante en esta teorfa
es estudiar el comportamiento de las singularidades. Para ello a menudo se
distinguen dos tipos de singularidades, distincién introducida originalmente
por Huisken [Hui90]: singularidades de tipo I, que son aquellas en las que
se tiene —en cierto sentido que se hace preciso por ejemplo en [Hui90]— el
mejor control del crecimiento de la norma de la segunda forma fundamental,
y singularidades de tipo II, que son el resto. Como cabe esperar de la propia
definicién, las singularidades de tipo II son mucho mas dificiles de tratar que
las de tipo I.

En el caso de hipersuperficies, Huisken y Sinestrari [HS99] probaron que
si la superficie inicial es convexa en media (esto es, H > 0 en toda la
hipersuperficie, siendo H la curvatura media) y tiene una singularidad de
tipo II, entonces toda superficie limite (obtenida mediante cierta técnica de
reescalamiento del flujo) es convexa y satisface la ecuaciéon H = v*, siendo
H el vector curvatura media, v un vector constante y el superindice L indica
proyeccion sobre el fibrado normal. Las superficies que verifican la ecuacion
anterior (H = v1) reciben el nombre de solitones de traslacién del flujo de la
curvatura media. Son soluciones eternas del flujo de la curvatura media, esto
es, su evolucion existe para todo tiempo —oo < t < +00. Geométricamente,
un solitéon de traslacion se mueve siguiendo el flujo de la curvatura media
trasladédndose en la direccién de v con velocidad |v], es decir, con direccién
y velocidad constantes dadas por el vector v. No cambia su forma, solo se
traslada (con velocidad y direccién fijas) en el espacio euclideo.

Los solitones de traslaciéon no solo aparecen en el estudio de las singu-
laridades, sino en general en el estudio del flujo de la curvatura media. Por
ejemplo, de nuevo en el caso de hipersuperficies, Hamilton [Ham95] probd
que una solucién del flujo de la curvatura media que sea eterna, estricta-
mente convexa, y para la que la curvatura media alcance su valor méaximo en
un punto del espacio-tiempo, es un soliton de traslacién.

Ademas, los solitones de traslacién forman ejemplos interesantes del flujo
de la curvatura media ya que constituyen soluciones precisas del mismo, las



cuales en general son muy dificiles de obtener. En el primer capitulo de
esta tesis, tras una breve introduccién al flujo de la curvatura media y a
los solitones de traslacién, presentamos los ejemplos clésicos de los mismos
(véase la seccion 1.4).

Es conocido que los solitones de traslacién del espacio euclideo también
estan relacionados con las superficies minimas [[lm94]. Obviamente, esta
relacion es importante ya que permite usar resultados de la teoria de su-
perficies minimas para estudiar los solitones de traslacién. En esta linea, el
principio del maximo, enunciado en su versién geométrica, el principio de
tangencia, es la herramienta principal del segundo capitulo de la tesis, el cual
comienza con la demostracion de resultados de no existencia de solitones
de traslacion. Por ejemplo, probamos que no existen solitones de traslacién
no compactos contenidos en un cilindro sélido (Teorema 2.1.2). También
descartamos la existencia de ciertos solitones de traslacién compactos y em-
bebidos con frontera compuesta por dos componentes compactas (Teorema
2.1.5). A continuacién, comparando con un cilindro grim reaper inclinado
obtenemos una estimacion de la altura de un soliton de traslacion compacto
en términos del didmetro de su curva frontera (Teorema 2.2.1). Una tltima
aplicacion directa que realizamos del principio de tangencia consiste en es-
tudiar perturbaciones graficas de solitones de traslacién, lo que nos permite
demostrar facilmente la caracterizacion del paraboloide de traslacién dada
en [MSHS15, Teorema A]. Por otro lado, utilizamos la técnica de los planos
en movimiento (moving planes) de Alexandrov para probar que un solitén
de traslaciéon compacto, embebido y contenido en una banda que tenga por
componentes frontera dos curvas convexas situadas en los planos paralelos de
la banda hereda todas las simetrias de la frontera (Teorema 2.4.1).

El resultado principal de esta tesis se presenta en el tercer y ultimo capi-
tulo y es una caracterizaciéon del cilindro grim reaper a partir de su compor-
tamiento asintético (Teorema 3.0.2). La demostracion es bastante elaborada
y utiliza fuertemente herramientas analiticas desarrolladas por Brian White:
un teorema de compacidad para las sucesiones de superficies minimas propia-
mente embebidas en variedades tridimensionales con area y género ambos
localmente uniformemente acotados, asi como un principio de barrera. Kl
ingrediente clave para poder aplicar estos resultados de White es considerar
los solitones de traslacién como superficies minimas con la métrica de Ilma-
nen y establecer la buena relacién que hay entre estas superficies en ambas



métricas (la euclidea usual y la de Ilmanen), en particular en lo que respecta
a su comportamiento asintético.



Chapter 1

Introduction

1.1 Mean curvature flow

A one-parameter family of smooth hypersurfaces evolves (or moves) by mean
curvature flowif the velocity vector coincides with the mean curvature vector
at each point.

Definition 1.1.1. Let Fy : M — R™! be an orientable hypersurface. Let
Fi(-) == F(-,+) : M x [0,T) — R™ be a smooth family of immersions of
M in R™ where T € (0, +00]. We say that Fy is a mean curvature flow
(MCEF for short) or, equivalently, that M evolves under the mean curvature

flow, if
8 1
(EFO —H, (1.1.1)

where

° (%Ft)L is the normal component of %Ft;

o H is the mean curvature vector.

In terms of scalar quantities,

H:—<2Ft,y>, (1.1.2)



e H is the scalar mean curvature of F',

e v is a unit normal vector of F

where we follow the usual convention in this field:
H=-Hv, (1.1.3)

that is, the scalar mean curvature is computed with respect to —v. Note
that the unit normal vector is defined up to a sign, but the mean curvature
vector H is independent of such choice. Therefore, with this convention we
choose a normal vector, the opposite vector to the one given by v.

In order to abbreviate notation:

e We will often specify the t-argument as a subscript, as in F(x,t) =
Fi(x). And we will proceed this way with all the objects derived from
the family {f;}icpo,r). For instance,

M, = f(M,t), H,(p) =H(p,t), etc.

Furthermore, we will suppress the subscript ¢ if the context does not
cause confusion.

e Finstein summation convention: when an index variable appears twice
(and only twice) in a term of an expression, it implies summation of
that term over all the values of the index.

1.2 Graphical solutions

Mean curvature flow has been widely studied in certain families such as
graphical hypersurfaces or lagrangian submanifolds. For our purposes it will
be very useful to study graphical solutions of mean curvature flow.

Let u: R™ — R be a smooth function. It is very well known that then
the graph of u, Graph(u) = {(z,u(z)): z € R™}, is a smooth hypersurface of



R™*1 Our goal is to study a solution to the mean curvature flow where the
evolving hypersurfaces are all graphical, that is, we look for a smooth map

F:R™x[0,T) = R™ F(x,t) := (x(t), u(z(t),t)).

such that

OF
E—HV,

F(-,0) = Graph(u).

Note that, in general, our setting to study mean curvature flow is a family
of immersions F' : M x [0,7) — R™"! that satisfies the mean curvature

equation (1.1.1). However, since here M = Graph(u), we can simply consider
the map F' defined on R™ x [0, 7).

Thus, we will need to know the geometry of the graphical hypersurfaces,
which is condensed in the following lemma.

Lemma 1.2.1 (Graphical hypersurfaces). Let u : R™ — R be a smooth
map. Then the (induced) metric, the downwards unit normal vector, the
scalar second fundamental form and the mean curvature of Graph(u) C R™*!
are given by:
9ij = 0ij + uiuy,

U; Uy

Y1+ [Vl
(Vu, —1)

V14 [Vul?

Uyj

Aij = ———,
T /14 [Vul?

id

gv =29

Ho=div| ——% .
Vv 1+ |Vul?
Notation 1.2.2. Asusual, the subscripts of the first and second fundamental
forms denote evaluation of these forms at the corresponding vector fields of

a m
a local basis { 3 } of the tangent bundle, i.e., the components of these
Li ) =1

tensors in a local basis:

o 0 o 0
P . A=Al 2.
9ig g (8:[1’ 8$J> ’ * (81'17 ('33:])




In the case of the smooth function u, the subscripts denote first or second
partial derivative:

ou 9*u

oz’ Uij = Ugyz; = @ju

axixj

Proof.

1. Considering the parametrization
F:R™ — Graph(u) C R™™ F(z) := (v, u(r)),
the induced metric of Graph(u) is
9ij = (Fi, Fy) = ((ei, wi), (e5,u5)) = 655 + wiuy,
where e; are the vectors of the canonical basis of R™*1.

2. It holds that

. u /u/ .
9ing™ = (6 + uiuy) <5kj — #) =

1+ |Vul?
= 0ij0rj — (5“?% + wugdg; — uzuk% =
= 0;; — #@JUP + uuj — |Vu|2—1 —ﬁ%juP =
=0 — (1+ |Vu]2)% + iy =

= 5z'j — UZ'Uj + UZ'Uj = (51']',
which means that ¢* is indeed the inverse matrix of g;;.

3. The vectors F; = (e;,u;), 1 = 1,...,m, form a basis of the tangent space
to Graph(u). On the other hand, the vector (Vu, —1) is orthogonal to
all these vectors:

(F;, (Vu,—1)) = ((e;, u;), (Vu,—1)) = u; —u; = 0.
Therefore, normalizing it, we obtain the downwards unit normal vector

(Vu, —1)

V14 |Vul?



4. Tt is a straightforward computation from the definition of the scalar
second fundamental form:

—v) = <<O,uij>a (ZVu1) 2> = i =
V1+ |Vl V14| Vul

Note that the scalar second fundamental form is considered with respect
to — v, according to our convention (1.1.3).

5. To establish the formula H = div (\/%), we will compute both

sides of the equality independently.

On the one side,

) Vu 0
div [ —— — | = —
V14 |Vu|? ;i 1+ ]VUP
r’»L_ Ui ]_
szl |Vu] )

T vapE 20T |Vu| i
Au 1 1
= - AW az )2
1+ Vul? 2” (1+ [Vul?)3/2 (;WJ) )

Au Ui U Usgg

1T+ |Vul? (14 |Vul2)32

On the other hand,

UA ulu] uij
= g 2] 1 + |vu|2 /1 + |Vu|2
0ij

_ Uit Uij
o A VAP
Au Ui UjUsgg

T+ |Vul? (14 |Vul2)2

Hence,

H = div (L>
V14| Vul?



Remark 1.2.3. In the last item of the previous lemma we have seen that

H = di ( Vu ) 1 (5 Ui )u
V1+|Vul? VI+ Va7 1+ Vu2)

This expression will be helpful below.

Now we can use Lemma 1.2.1 to deduce a partial differential equation for
u (instead of F) for the evolution of graphical hypersurfaces.

Recall that our starting point is the family of immersions
FR™ x [0,T) = R, F(a,1) = (2(t), u(z(t), ),

satisfying the scalar mean curvature equation (1.1.2):

OF
<E,—V>—H.

We start the computation by differentiating F' with respect to the ¢-
argument and applying the chain rule, we have that

OF _ (00 duds, 0w\ _ (0c [0 0x\  ou
ot \ot o, ot ot) \o\ ot/ ot)
so the scalar mean curvature equation becomes
ox ox ou
Using Lemma 1.2.1 to express v, the left-hand side of this equation is:
ox ox ou
(G (o) 5 ))
/(0 Ox ou (=Vu,1)
(5 (7 5) + (%) Je)
1 ox ox ou
= (= - —Vu,1 =), (-Vu,1
e [ (72, wuny + ((0.20) )

1 ou

Vi |Vu\2a’




And by Remark 1.2.3, the left-hand side of (1.2.1) is

H—di ( Vu > 1 (5 Ui )
— div _ ' N
VI+[Vulz)  J1+[VaE\? 1+]|Vul?

Therefore, equation (1.2.1) reads

5 Vu
= /14 |Vul2div <m) (1.2.2)

or, in expanded form,

ou (R
e P e 1.2.
ot (5” 1+ ]Vu|2) (12:3)

where, following Einstein notation, recall that we are summing over repeated
indices.

1.3 Special solutions: translators

In general, evolution equations often have special solutions, called solitons,
that evolve over time by a conformal transformation of the ambient space.
Consequently, these solutions keep their shape during their evolution. Two
very important classes of solitons in mean curvature flow are self-shrinkers
and translating solutions, which evolve by an homothety or a translation
respectively.

This thesis is about translating solutions of the mean curvature flow.
Therefore, we introduce them in more detail.

Translators. Let Fy, : M — R™*! be an orientable hypersurface. For
T > 0, consider a family of immersions {F, }iejo 1), where Fy := M — R™t1,
Assume that it represents a translating soliton of the mean curvature flow,
i.e., that the family of hypersurfaces moves by translation. Then there must
exist a vector depending only on time, v(t) € R™*! such that

Fi(p) = Fo(p) + v(1),



Observe also that, under these hypothesis, the solution exists for all times,
that is, T" = +o00, in which case it is said that the solution is eternal.
On the other hand, as a solution of the mean curvature flow, it holds

9 1
ot

Since the family of immersions is a family of translations of M, the mean
curvature vector H = H(p,t) is independent of time, which means that
(v/(t))" is a constant vector in R™*L,

In summary, for a translating soliton of the mean curvature flow there exists
a constant vector in the ambient space such that the mean curvature vector
coincides with its normal component at each point, and vice versa.

The previous discussion motivates the following definition.

Definition 1.3.1. An oriented smooth hypersurface F : M — R™ is called
translating soliton of the mean curvature flow (translator for short) if its
mean curvature vector field H satisfies the differential equation

H=v", (1.3.1)

where v € R™ is a fized vector and v+ stands for the orthogonal projection
of v to the normal bundle of the immersion F.

For simplicity we will assume that all translators to be considered in this
thesis are translating in the direction of v = e,,41 = (0,...,0,1) € R™*
unless, unless otherwise stated.

Graphical translators. By Graphical translators we mean translat-
ing solitons of the mean curvature flow that are graphs over the zy...x,,-
hyperplane, i.e., usual graphs, and that are translating in the direction of
Em+1 € R™H,

Therefore, the family of immersions associated to a graph translator is

Fi(x) = Fy(x) + tepqr = (x,u(z,0)) +¢(0,...,0,1) = (z,u(z,0) + t).

Remark 1.3.2. When we work with graphical translators, the t-argument
can be suppressed and reintroduced at conveniency simply taking into a-
ccount that

u(x,t) = u(z,0) +t.



Observe also that, since

ou(z,t) 0 (u(z,0)+1t) .
ot ot -

the mean curvature equation for graphical translators, (1.2.3), simplifies to

1= (51-- _ &> uij. (1.3.2)

14 |Vul?

Translators and minimal hypersurfaces. Due to a result of [lmanen
[1lm94], there is a duality between translators in the euclidean space R™*!
and minimal surfaces in (R™*!, g), where g is the conformally flat Riemannian
metric

g(+, ) = em®V(. ),
and (-, -) stands for the euclidean inner product of R™*!. The metric g will
be called Ilmanen’s metric. Specifically, every translator in the euclidean
space R™"! is a minimal surface in (R™*! g) and vice versa.

Once this duality is known, it is not difficult to prove it:

Lemma 1.3.3. Let f : M™ — R™! be an immersed oriented smooth hyper-
surface. Then M = f(M™) is a translator in (R™ (. ) with translating
velocity v if and only if M is a g-minimal hypersurface in (R™ g).

Proof. We provide a direct proof computing the relation between the mean
curvatures of the hypersurface with respect to each of the two metrics.

First, we derive the relation between the mean curvatures in the general
case, that is, for an arbitrary riemannian metric g in M and for an arbitrary
conformal change of metric § := e*/¢, where f is a smooth function in M.
Our goal is to compute the corresponding mean curvatures H and H. To this
end, we use the expression of the mean curvature as the trace (with respect
to the metric) of the scalar second fundamental form:

H=> §74;. (1.3.3)



Obviously, ¥ = e~2/¢¥. On the other hand,
Aij = §(A0;,0), 1) = e g(Vp,0;,—0) = el g(Vp,0;, —v),  (1.3.4)

where A is the second fundamental form, —7 is the GauB map with respect
to the second fundamental form is considered (recall the convention (1.1.3)),
and V is the Levi-Civita connection of (M,G). We denote the coordinate
vector fields by 0; = 8%1-' In the last equality we used that 7 = e~/ v.

Claim 1. The Levi-Civita connection V of (M, g) and the Levi-Civita con-
nection V of (M, g) are related by the following identity

VxY = VxY + (XY + (Y )X — g(X,Y)grad f,

for any X, Y smooth vector fields in M.

The proof of Claim 1 is immediate from the Koszul formula. Now, using
the relation given by Claim 1, (1.3.4) reads

And using this expression in (1.3.3), together with §¥ = e=2/¢% we get

m

H= Z e g" (hij — gij{grad f,—v)) = e 7 (H + m(grad f,v)), (1.3.6)

3,j=1
which is the relation between the mean curvatures.

Finally, note that in our specific case (Ilmanen’s metric) the smooth function
f:M—Ris

f(p) 1<p,v):>gradf(p):%v.

m
Thus
H = em®Y) (H + (v,v)).

Therefore,

H=0& H=—(v,v),

as claimed. N



1.4 Classical examples of translators

The simplest examples of solutions to the mean curvature flow are minimal
hypersurfaces, that is, solutions for which H vanishes identically. Dynami-
cally, these are solutions that do not move at all. If, moreover, we look for
the translating ones, the translating equation must be satisfied:

0=H=v",

that is, v must be tangential to the translator. Therefore, the simplest exam-
ples of translators are hyperplanes containing the direction of translation v.

According to their simplicity, the next examples are the grim reaper cylin-
der, which is explicity known, and the rotationally symmetric translators,
which are solutions to an ODE. Because of their importance in our work, we
introduce them in detail in the following subsections.

1.4.1 The grim reaper cylinder

In order to introduce the grim reaper cylinder, first it is convenient to mention
the curve shortening flow, the analogy of the mean curvature flow in ambient
dimension 2, considering the curvature of the curve instead of the scalar mean
curvature of the hypersurface. It is very well known that the curve given by

v:(—7/2,7/2) = R? ~(t) = (t, —logcost),

is a translating solution of the curve shortening flow. It is called the grim
reaper curve, and it is the unique translating curve up to homotheties and
rigid motions.

The grim reaper cylinder G is the product of the grim reaper curve and
R™= 1. Then, it can be parametrized by

F:(—m/2,7/2)xR™ — R™ F(xy,...,2,) = (21,22, ..., Tm, — logcos zy).

Consequently, it is a graphical translator which is invariant under translations
in the direction of e;, i € {2,3,...,m}. Note also that this parametrization
is an embedding, so we will usually identify the grim reaper cylinder G with
its image by this parametrization.



¥

(a) A plane tangential to v (b) A grim reaper cylinder

A 7

(c) A translating paraboloid or bowl soliton

,________‘/:.:” - I\q______

(d) A translating catenoid or winglike translator

Figure 1.1: Classic examples of translators

In the following lemma we collect a few computations about the grim
reaper cylinder that will be useful later.

Lemma 1.4.1. Using the above parametrization of the grim reaper cylinder
G, we have that, at any point (x1, s, ..., Ty, —logcoszy) € G, an orthonor-
mal frame {E;}™, of the tangent space, the downwards unit normal vector v



and the scalar mean curvature H are given respectively by:
Ei=cosxy-e;+sinwy e, FEi=e foranyi=2 ...,m,

V=sInr ey —CoSTy " €1,
H = coszq,

where the e;, i € {1,...,m + 1}, are the vectors of the canonical basis of
R™+L

Proof. The grim reaper cylinder is a graphical hypersurface, so we can apply
Lemma 1.2.1. We will use the same notation as in Lemma 1.2.1, except that
here we will denote by e;, 2 = 1,...,m+1, the vectors of the canonical basis of
R™*! instead of R™. In particular, we will denote the above parametrization
by

F(xy,...,zp) = (1,22, .. ., Ty, w(T1, ..., Tp))
where u(zy,...,2,) := —logcosz;. Then,
up =tanzy, wu; =0 forany : =2,...,m,
2 1 -
u;; =1+ tan“x = s U =0 for any other 1, j.
cos? xq

By Lemma 1.2.1, we know that the vectors {F,,}/, form a basis of the
tangent space:

(1,0,...,0,u1) = €1 + tanzy - €11

(1,0,...,0,u;) =¢; foranyi=2,...,m,

F,,
F,,
and the induced metric g of G is
Gij = (51']‘ + U;U; = (5@‘ + 511' tan2 T for any Z,j S {]_, 2, e ,m}.
Then an orthornomal frame of the tangent space is
Fuy

FE) = —2— =coswy - F,, =coszy - (e +tanxy - €y,41)
<FI17F11>

=cosxy-e; +sinTy - e,

E,=F, =e foranyi=2,...,m.



The downwards unit normal v is
(Vu,—1)  (—tanz,0,...,0,—1)

UV = =
V14 |Vul? 1 + tan?(x)

= coszy - (tanxy,0,...,0,—1) = (sinzy,0,...,0, — cosxy)

=sinw; - €1 —COST * Emy1-

Finally, the mean curvature is given by

— 5. Uiy _ Ui U Usgj _ U11 _ U%U,H
TVIFIVAP IV T (L)
2

wi up—ui 1
VU1l V11 VU1l
where we used the derivatives of © computed above and the fact that, in this
particular case, 1 + u? = u1; < uy; — ui = 1.

= 4/ U1 — = COS T,

Nevertheless, we can obtain further information if we compute the prin-
cipal curvatures. For instance, this can be done easily through the shape
operator.

The partial derivatives of v are:

vy = (—cosxy,0,...,0,—sinzy) = —coszy - €3 —Sinxy - €y = — )

v; = (0,,0)

Thus, in the above basis {F}, }*, of the tangent space, the derivative of the
Gaufl map, dv, is

dv(F,,) =v,=—F) = —cosz; - Fy,,
dv(F,,)=v;=(0,...,0)=0-F,, foranyi=2,...,m,

so the shape operator S := —dv (this definition preserves our convention
(1.1.3) on the sign of H with respect to — v in mean curvature flow) is

S(Fy,) = —dv(F,,) =cosxy - F,,
S(F,,)=—dv(F,,)=0-F, foranyi=2,...,m.

Therefore, the principal curvatures are A\; = cosz; and A\; = 0 for any ¢ =
2,...,m, and the scalar mean curvature is

m
H = E A\ = COS 7.
i=1



Remark 1.4.2. The grim reaper cylinder G is strictly mean convex, that is,
H =cosz; >0 for all points in G,

since z1 € (—7/2,7/2).

Tilted grim reaper cylinders. Applying a suitable dilation and rota-
tion to a grim reaper cylinder, new examples of graphical translators with
the same translating velocity e,, .1 can be constructed. These examples are
known as tilted grim reaper cylinders and they were introduced in [Leel2]
by Lee using his correspondence from null curves in C? to translators in R3
[Leel2, Theorem 4]. We will follow a different approach based on the in-
variance of the grim reaper cylinder under translations in the direction of e;,
i€{2,3,...,m}.

Consider the grim reaper cylinder G and transform it as follows:

1. Dilation.
Apply to G a dilation of factor A > 1.
Note that with this dilation the translating velocity changes from e,
to (1/A)emy1; this follows, for instance, from the scalar translating
equation: initially the equation is

H = _<em+17V>7

and after the dilation of factor A thg unit normal vector © of A\G is the
same one but the mean curvature H is scaled by 1/\, so denoting by
w to the translating velocity of AG we have that:

- 1
H=—(w1v) < XH = —(w,v)y & H=—Aw,v),

thus .
—(emi1,v) = —QAw,v) S w = Xem—I—l«

2. Translation in order to obtain unitary translating velocity.
Since AG is invariant under translations in the direction of e;, i €
{2,3,...,m}, applying a translation of vector aey, where a € R, \G
can be considered as a translator in the direction of

(1/X) v +aey = (0,a,0,...,0,1/\) € R™" for any a € R.



In particular, for ag = /1 — (1/A)? we have that

¥ =(0,4/1—(1/X)2,0,...,0,1/)\) € R™*!

is a unit vector. Observe that A > 1 is necessary in this step.

3. Rotation.
Finally, a rotation around the x;-axis is performanced in order to trans-
form v into e,, 1. Specifically, the angle « of rotation must be the one
between the vectors v and e,,,1, that is,

1 1
1= (V,em+1) = |V||€m+1] cos @ = cosa = o = arccos (X) .

In this way we obtain a dilated, slanted grim reaper cylinder translating
with velocity e,, 11 and defined over a strip of width Am > 7, called tilted
grim reaper cylinder.

1.4.2 Rotationally symmetric translators

The aim of this section is to introduce the rotationally symmetric translators
described in [CSS07]. We will follow the notation in this reference, except
for the dimension, which we denote by m instead of n. In this way we can
easily keep track of the results exposed there and develop their arguments.

First, assume that M is a rotationally symmetric graphical e, ;-translator
given by u: R™ x R — R, (z,t) — u(z,t). In fact, the rotationally symmet-
ric property implies that the translator is, in a certain way, one-dimensional:
it can be described more easily via the map V : (0, +00) x R — R, (r,t)
V(r,t), where r = |z| = /> i, 22. In this case the translating equation
reads o v

L= vt (m—1)—, (1.4.1)

where 1’ denotes derivatives with respect to r.

Proof. Recall the equation (1.3.2) for a graphical translator:

U
1= (6, 4% Y,
( J 1+|Vu|2>uj



By the rotational symmetry, there exists V' : (0,400) x R — R defined by

To make the computation using this extra hypothesis, let us introduce the
function

Hence,

T _ ___:L,
r2 or r or2r’

. 1 T ov 82‘/
— ((5@”“ ) ”@“J‘m) |



1 (wiz)?\ (OVN® o (VN OV
Wil = - ((@J%x]r — e + (z) e 52
LY (VY (VP
" r or nr or or?

= (8—‘/)2 v (1.4.2)

i Lidj v
5ijr_<%x_%>0_V+5ijxi 9 )

( or e
_ P\ L0V
mr r ) or r8r2
oV , O*V
. (m—l)ra—krm)
1 oV 0*V
S

ov\?\ /1 ov 9V
~ 12 YT o _ i P RS JR—
(1+ Vi )5”“” <1+ (87“) ) <7“ (m —1) or + 8r2>

1 ov PV 1 v\’
=G 1 ()
av\* o9V
— | = 1.4.
+ (87“) or? (1.4.3)
Thus, subtracting (1.4.3) and (1.4.2), one gets

1 ov oW 1 v\’
Sm—D s S m =1 [ 2=
r(m 1)8r+8r2+r(m )(8r)

_1( _1)8_‘/ 1+ 8_V ’ +82_V
_rm or or or?’

and finally dividing by 1 + |[Va|? = 1 + (%—‘:)2, the graphical translating



equation (1.3.2) reads

1 oV il
1:—(m—1)a—+%,
r o1+ (%)
as claimed. O

Our goal now is to study the existence of solutions to equation 1.4.1. Note
that this is a second order ODE. Considering ¢ := V", it becomes a first order
ODE:

!/

] =7
14 2

Lemma 1.4.3 (Lemma 2.1 in [CSS07]). For any R > 0 and ¢y € R, the
boundary value problem

P =(1+¢) (1= (m-1)%).

r

+<m_1>g0

Lo =01+¢) (1—(m—1)§>. (1.4.4)

©(R) = o,

has a unique C*-solution ¢ on [R,+0o0). Moreover, as r — +00, we have
the asymptotic expansion
r 1

o(r) = 1 - +O(r ). (1.4.5)

Existence easily follows from a discussion about the sign of the derivative
of ¢, using equation (1.4.4).

The asymptotic behaviour is more tricky to establish. The basic idea is
to use a computer to conjecture the form of the solution, and then proving
the asymptotic behaviour suggested by this solution using this information
(the coefficients on it) and equation (1.4.4).

Existence of the translating paraboloid.

Lemma 1.4.4 (Lemma 2.2 in [CSS07]). There ezists an entire rotationally
symmetric, strictly convezr graphical e, 1-translator, U : R™ x [0, +00) —
R,m > 2. We have the following asymptotic expansion as r approaches
infinity:

2

U(T,t):t—i‘m

—logr +O(r™1).



The existence was shown by Altschuler and Wu in [AW94], as well as the
fact that these translators are asymptotic to the paraboloid 2(7;;—2_1), which
justify the name translating paraboloid. The finer asymptotic behaviour at
infinity comes from Lemma 1.4.3.

These translators, which are unique up to a rigid motion, are also known
as the bowl soliton since their shape reminds of the one of these objects. See
Figure 1.1c.

Existence of the translating catenoid.

Lemma 1.4.5 (Lemma 2.3 in [CSS07]). For every R > 0, there exist ro-
tationally symmetric graphical e, i1-translators, Wi, Wy : (R™ \ Bg) X
[0,4+00) — R,m > 2. We have the following asymptotic expansion as r
approaches infinity:

2

U(T,t):t—i‘m

—logr +O(r ) + C*.

Proof. We split the construction of this translator into two steps.

Step 1: Construction of a small piece of the translator considering it as
a graph over the e,,,-axis.

At points where the tangent space is not horizontal (i.e., it is not orthog-
onal to €,,41), the translator can be represented locally as a graph over the
Emt1-aXis:

U W@y, t) - S™ 7 X {@mp ),

Tm+1

where h : (a,b) x (0,+00) — R is a function defined over a certain interval
(a,b) of the e, i-axis, which represents the radius of the surface given its
last component, i.e, the “height”.

Claim 2. The function h satisfies the ODE
" m—1 / 2
h' = <T_h> (1+h"),

where " denotes differentiation with respect to T, 1.



Proof of Claim 1. We distinguish two cases:

Case A. At points where the tangent space is not vertical (i.e., it is not
parallel to e,,1), the translator can be represented locally as a graph V' over
the e; ... e,-hyperplane. Observe that the functions h and V' are inverse (the
first one represents the radius of the translator given its height and the other
one is precisely the reverse): V o h = id. Applying the chain rule to this
identity, we have that V'(h)h' = 1, that is,

V'(h) = hl (1.4.6)
Hence, .
V//(h)h/ _ [V/(h)]/ — [(h,)_l}/ _ (h,)Qh”a

where the first equailty follows from the chain rule and the second one from
(1.4.6). We conclude that

hl/

V'(h) = s

(1.4.7)

On the other hand, the hypothesis imply that V' satisfies the translator equa-
tion for rotationally symmetric graphical translators (1.4.1). Evaulating this
equation at points h = h(z), we have that

V" (h V'(h
I NN 4 ()
1+ (V'(h)) h
Using the previous computations,
V//(h) o h/l 1 o h/l (hl)2 B _hl/ 1
1+ (V’(h))2 - (h’)3 1+ (%)2 o (h’)3 1+ (h’)2 Y 1+ (h/)27
V'(h) 1
Hence,
V" (h) '(h) h 1 1
=————4+(m-1 S 1l=—— +(m—-1)—,
1+ (V'(h))? ( 7 W1+ (W) ( Y



or equivalently
-1
B = <_mh - h’) (1+(h)%),
as claimed.

Case B. At points where the tangent space is vertical, we can consider
the two branches of the translator and argue separately with each of them
as in the previous Case A. n

Now fix 2y € R; a different choice of zy corresponds to translating the
hypersurface in the e, -direction.

Claim 3. Starting with h'(z9) = 0, h(z9) = R > 0, we obtain a strictly convex
solution h in a small interval around zy.

Proof of Claim 2. 1t is straightforward. By Claim 2 and the initial conditions
at the point zy, we have that

W (z) = 0,
B (z0) = (

m—1 m—1

— h/(zo)) (1+ h/2<20)) = h(z) = R > 0,

m—1

h(20)

then 2y is a local minimum of h, which in the coordinate system considered
means precisely that h is strictly convex in a small interval around zj. O]

Step 2: Construction of the rest of the translator considering it as a
graph over the e ... e,,-hyperplane.

Therefore, we return now to our original coordinate system. From this
point of view, the translator constructed so far has two branches. Lemma
1.4.3 allows us to extend both branches all the way to infinity. Indeed, to
this end, consider two points in the interior of the constructed translator
and apply Lemma 1.4.3 with the corresponding initial data (i.e., the corres-
ponding slope in the points considered. It follows that both branches can be
extended uniquely to the infinity and, moreover, both branches have the same
asymptotic behaviour at infinity, the one given in Lemma 1.4.3, as claimed.

]



Remark 1.4.6. The extension of the translator constructed in Lemma 1.4.5
is carried out through a superposition procedure, not through a glue argument.

These translators, which are unique up to a rigid motion, are also known
as the winglike translator because of their wing-shape. See Figure 1.1d.






Chapter 2

Translators and the tangency
principle

The aim of this chapter is to use the classic examples of translators described
in 1.4 and the tangency principle (see section 2.1) to deduce interesting con-
sequences on translating solitons of the mean curvature flow.

In section 2.1, we use the tangency principle to derive two non-existence
results for translators. In section 2.2 we provide a height estimate for compact
translators. In section 2.3 it is shown that a graphical perturbation of a graph
translator of revolution M which is asymptotic to M, remains a hypersurface
of revolution. As an immediate consequence, we give an alternative proof of
the uniqueness theorem for complete embedded translating solitons with a
single end that are asymptotic to a translating paraboloid [MSHS15, Theorem
Al. Finally, in section 2.4, using the Alexandrov’s reflection principle we
prove that if a compact translator lies between two parallel planes P, and P,
which are orthogonal to v, and its boundary consists of two strictly convex
curves contained respectively in P, and P,, then the translator inherits the
symmetries of its boundary.

Notation. We will often discuss the hypothesis in our results using pieces
of these examples, in which case the following notation will be very useful:
for any a € R, we denote the corresponding closed upper and lower half-space
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in R™* respectively, by

2 = (o s5ms) € R i > 0

Z7 ={(x1,.. ., Tm) ER™ 1y <al

Remark 2.0.1. After [ submitted the preprint [PG16], whose content led to
this chapter, I learned that Pyo also studied compact translating solitons with
non-empty planar boundary in the interesting paper [Pyol6|, using similar
techniques, that is, the tangency principle. In particular, he also used the
Alexandrov’s reflection principle in order to prove that compact translators
spanning two horizontal planar Jordan curves inherits the symmetries of its
boundary. The only difference is that our proof follows the approach in
[MSHS15, Section 3] and Pyo’s proof follows the one in [Lép]; that is why we
assume that the boundary curves are strictly convex. Moreover, Pyo notes in
his paper the interesting fact that there exist plenty of compact translators
with plane boundary, as a consequence of a result of Serrin [Ser69] which
says that the necessary and sufficient condition for the existence of a solution
of the graphical translating equation (1.3.2) in a domain D in a horizontal
plane is that D is mean convex.

2.1 Non-existence of translators

We begin with the statement of our main tool throughout this paper, the
tangency principle.

Theorem 2.1.1 (Tangency principle). Let X1 and ¥y be embedded con-
nected translators in R™T with boundaries 02, and 0%,.

(a) (Interior principle) Suppose that there exists a common point x in the
interior of X1 and Yo where the corresponding tangent spaces coincide
and such that ¥ lies at one side of ¥o. Then X1 coincides with X».

(b) (Boundary principle) Suppose that the boundaries 0%, and 0%, lie
in the same hyperplane I1 and that the intersection of ¥y, Yo with 11 s
transversal. Assume that X1 lies at one side of Yo and that there exists
a common point of 0% and 0%y where the surfaces X1 and Yo have
the same tangent space. Then ¥, coincides with Y.



Roughly speaking, this maximum principle says that two different trans-
lators cannot “touch” each other at one interior or boundary point. Thanks to
the fact that translating solitons are minimal hypersurfaces in a conformally
changed Riemannian metric [[lm94], the proof is based on the well-known

tangency principle for minimal hypersurfaces. For more details, please see
[MSHS15, Theorem 2.1].

In [MSHS15, Remark 3.1 (c)], the authors pointed out that the tangency
principle implies that there are no complete and embedded translators con-
tained in a solid half-cylinder. In [Mgll4], Mgller combined knowledge of
explicit examples of translators with a maximum principle and he proved a
geometric obstruction (the so-called funnel condition) that generalized pre-
viously known non-existence conditions such as the above-mentioned cylin-
drical boundedness.

Following these ideas, we provide an easy proof for the non-existence of
translators inside a cylinder:

Theorem 2.1.2. Let f : M™ — R™" be a non-compact embedded connec-
ted translator with compact boundary (possiby empty). Then M cannot be
contained in any cylinder.

Remark 2.1.3. By compact boundary we mean that the boundary consists
of finite connected components, each of them compact.

Proof. We argue by contradiction. Suppose that M = f(M™) is contained
in a cylinder C,,. We distinguish two cases:

Case 1: The axis of C,, is parallel to the direction of translation v.

Consider first a winglike translator Wg, with center in the axis of C,, and
with radius Ry > g, so that, in particular, Wg, N M = (). Consider next the
family of winglike translators {Wg}o<r<r,. Since Wg, N M = (), there must
be a Ry € (0, Ry] such that Wg, intersects M for the first time. Without
loss of generality, we can assume that this first point of contact is an interior
point of both surfaces, otherwise it is at the boundary of M in which case it
is sufficient to consider the initial winglike translator Wg, located at a higher
height (recall that the boundary of M is compact by hypothesis). Therefore,
by the interior tangency principle, M C Wkg,, which contradicts that M is a
non-compact surface contained in C,,.



Case 2: The axis of C,, is not parallel to v.

In this case the argument is similar but comparing with a grim reaper
cylinder. Let us see it in detail. Due to the compactness of the boundary
and the non-compactness of the translator, there exists a real number a such
that SNOM = ), where S := (—m +a,7+a) x R™. Let G be the grim reaper
cylinder located in this slab S at a large height so that it does not intersect
M. Then translate it down until it “touches” M for the first time. Observe
that this procedure is feasible because SN M is compact, since by hypothesis
the cylinder is tilted. Moreover, as S N M = (), this point of contact must
be in the interior of M. Hence, by the interior tangency principle, M C G , a
contradiction. O

Remark 2.1.4. Let us make here some remarks concerning the previous
Theorem 2.1.2.

a) The result is not true if the translator (with boundary) is compact. A
counterexample is the piece of translating paraboloid P obtained by cut-
ting this surface with a horizontal plane at any arbitrary but fixed height
a > 0 and considering the lower part, that is, PN Z_ .

b) The compactness of the boundary is also necessary. A counterexample is
the intersection of the grim reaper cylinder G with a cylinder of arbitrary
but fixed radius R > 0 and axis the xy-axis; this surface is contained, for
instance, in the cylinder of radius 2R and axis the z,-axis.

In the following result we prove that there are no translators that resemble
a handle (see figure 2.1). More precisely,

Theorem 2.1.5. There do not exist a connected compact embedded transla-
tor in R™*! whose boundary is contained in a hyperplane orthogonal to the
direction of translation v and consists of two strictly convexr Jordan curves
located at distance greater or equal than w and such that one of them is not
contained in the region enclosed by the other one.

Proof. We will denote by f : M — R™! to an embedding of M, and by P
to the hyperplane that contained the boundary of M = f(M).



Figure 2.1: A surface under the conditions of Theorem 2.1.5

First, note that M must be below the plane P. Otherwise, by compactness
of M, the height function of M, u := (f,v), would attain a global maximum.
But recall [MSHS15, Lemma 2.1 (d)] that this height function satisfies the
equation Au + |[Vul*> = 1, so u does not admit any local maxima in the
interior, a contradiction.

Now consider the segment s realizing the distance between the two bound-
ary curves of M. The length of this segment is greater or equal than 7 by
hypothesis. Let [ be the straight line in the direction of v passing through the
middle point of the segment s. Place a grim reaper cylinder G in such a way
that its lower generatix coincides with [. Observe that Gis strictly contained
in a slab S defined as the cartesian product of the segment s times the line [.
Initially G does not intersect M because M is below the hyperplane P. Then
translate Q down following the direction of translation v until it intersects M
for the first time, which necessarily occurs in an interior point of M because
any of these translations of G is strictly contained in the slab S. Then, by
the interior tangency principle, M C G , which is absurd. O]

Remark 2.1.6.

a) In Theorem 2.1.5, it is necessary that the boundary curves lie in the same
hyperplane. Otherwise the result is not true, as the following example
shows: the piece of the translating paraboloid which is between two hor-
izontal hyperplanes: Z NP N Z, , where 0 < a < b.



b) Moreover, if it is allowed that one of the boundary curves is in the region
enclosed by the other one, then there exist translators under the rest of
the hypothesis of the theorem 2.1.5. For instance, the intersection of a
winglike translator with a lower half-space, Wx N Z_ , where, obviously, a
is large enough so that this intersection is non-empty.

2.2 A height estimate

Our aim in this section is to develop a geometric argument for obtaining an
upper bound to the maximum height that a compact embedded translator
in R3 can achieve.

Theorem 2.2.1. Let M C R3 be a connected compact embedded translator
whose boundary is a connected curve I' contained in a plane P orthogonal to
v. Assume that the diameter of I' isd > 0. Then, for all p € M, the distance
in R3 from p to P is less or equal than

2

min C(s) d>m
1<s<sp

{—logcos (51) O<d<m

where C : (1,400) — (0,400) is the function given by

- (1 e (22) (8

1
P ~1.722.

2 arctan (%)

and

Proof. The idea is to compare M with an appropiate grim reaper cylinder.

First suppose that 0 < d < . Without loss of generality, assume that
the diameter of lenght d coincides with

{(z,y,2) ER®: —d/2 <2 < d/2,y =0,z = 2},



for an arbitrary but fixed zy € R. Consider a grim reaper cylinder G and
observe that, since d < 7, the region between the two parallel planes asymp-
totic to G contains I'. Hence, this grim reaper cylinder can be translated
down until it does not intersect M. Now traslate it up until their first point
of contact occurs. By the tangency principle, this must happen at a bound-
ary point of M. Observe also that for any point (g, yo, — log cos zg) of the
grim reaper cylinder, the width between its two “wings” is precisely 2z, so
the width is d when the height is — log cos (g) In conclusion, this argument
shows that M must be contained in the compact region enclosed by the in-
tersection of the horizontal plane P and a grim reaper cylinder whose lowest
point is at distance — log cos (g) from P, which proves the boundedness if
0<d<m.

Second, suppose that d > 7. In this case a grim reaper cylinder G cannot
contained I'. It is necessary a dilation of factor A > % > 1. But then
the velocity changes, which does not allow us to use the tangency principle
anymore. To overcome this problem, we use tilted grim reaper cylinders.

Following the description in 1.4.1, consider the grim reaper cylinder
G ={(z,y,—logcosz) : (x,y) € (—7/2,7/2) x R},
and apply to G a dilation of factor A > 1 such that A7 > d,
AG = {\(z,y, —logcosz) : (z,y) € (—7/2,7/2) x R},

so that I" fits in the slab determined by the dilated grim reaper cylinder \G.
Observe that there are infinite factors of dilation with this property. A way
to parametrize them is to consider A(s) := %s, where s > 1. For brevity, we
will usually omit the parameter s.

Then, following the procedure and notation in 1.4.1, the suitable rotation is
given by the matrix

1 0 0 1 0 0
R,(a):= 0 cosa —sina| =10 1/A —/1—=(1/X)?
0 sina cosa 0 /1—(1/))? /A

Therefore, a parametrization of the tilted grim reaper cylinder is

R.(a)(AG) = { ()\:E,y + VA2 —1logcosz, VA2 — 1y — log cosx) :
(x,y) € (—m/2,7/2) x R}.

(2.2.1)



For brevity, we will denote R,()(AG) by Gi -

Now the idea is to translate G, , until it does not intersect M and translate
it back until they intersect each other for the first time. By the tangency
principle, the first point of contact must be at the boundary of M. To make
the computations it is convenient to consider the following static situation,
which is equivalent: to determine the intersection of Gy , with the cylinder C
of diameter d,

2
C=Cyp = {(x,y, 2) ER? 12?492 = <g> } , (2.2.2)

and compute the global minimum and maximun of the third coordinate func-
tion of the parametrization of this intersection.

Combining (2.2.1) and (2.2.2), we obtain that a parametrization of the in-

tersection of Gy, and C is v+ : [—%\2, #} — R3 given by

(@) = (/\a:, £/ (d/2)" - (),
— Mlogcosz + \/ﬁ\/(&l/Z)2 — ()\x)2>.

The critical points of v4 correspond to z = 0:
d d d d
——,—=VA2 -1 — =VA2—=1].
(07 27 2 >\ ) Y (07 27 2 A )

On the other hand, the points on the boundary of Gy , N C are

d 9 d/2 d 9 d/2
(—570,—/\ log cos T)’ <§,O,—)\ logcosT .

Therefore, evaluating at all these points we conclude that the global maxi-
mum and minimum of the third coordinate function of v4 are —\?log cos dT/Q

and —%\/ A2 — 1, respectively. Hence, the boundedness is given in this case
by their difference, which is precisely C(s), as claimed.

Now observe that the function C(s) is positive and

lim C(s) = lim C(s) = +o0,

s—1+ s—+400



hence C(s) has a global minimum. The problem is that it cannot be com-
puted analytically. Indeed, the critical points of C(s) are the zeros of

d? 2 d? 2 3
C'(s) = —2—slog cos T2\ _ & tan r/2 + & s :
2 s 27 s 272 (is)Q 1

Nevertheless, we can determine an sy > 1 such that C(s) is increasing in
(S0, +00). Specifically, for all s > 1,

d? 2\ & 3
CI(S) = —2—slog cos i — — tan L/2 + d_;
w2 S 272 (ds)2 1

d? (7‘(‘/2) d? s
>——tan| )4 -——n 2
2m s

V
|&
[\]
|
-t
&
=
VRN N\
‘21
[\ [\
N—
+
SR
V)

Since

2
—tan(i)+120<:>522,
S

then

min  C(s) = min C(s).

5€(1,4-00) 1<s<2

Once we know that C' is increasing for s > 2, we can easily improve the



above lower bound of C’:

2
C'(s) = ;l_ és (—logcos %/2)) — tan (%/2) + a_ s
T T T

/2
£ (o) ()

Now, observe that

2o (72 (L2) 2 0o (72 v (22) <2

and taking into account that, due to our previous computations, we can
restrict our estimation of C” to the interval (1, 2], we have that it is sufficient
to find an s such that

cos (722 ot (72 < con () v (72 <2

that is,

1

arctan ( 4_2‘/§>

2 2
\/7—+tan<i) <2& s>
s

| S

and the proof is complete.

Remark 2.2.2. The height estimate is valid in a more general setting: in
the statement of the Theorem 2.2.1, instead of considering the diameter d of

I', we can assume that the curve I' is strictly contained in a slab of width
d > 0, and the proof remains exactly the same.



2.3 Graphical perturbations of translators

Definition 2.3.1 (Graphical perturbation). Let N be a connected graph hy-
persurface given by u: U C R™ — R™ . Let M be a hypersurface in R™T!.
We say that M is a graphical perturbation of N if there exists a function
@ : U — R such that M can be represented as the graph of u + ¢, that is,

M = Graph (u + ).

We will say that M is an asymptotic graphical perturbation of N if M is
a graphical perturbation of N and, moreover, for every sequence {x;}:% in
U such that lim wu(z;) = oo it holds that lim ¢(x;) = 0.
1—>+00 1—>+00
Finally, we will say that M is a (an asymptotic) graphical perturbation of
N outside a compact set K C R™ if M — K is a (an asymptotic) graphical

perturbation of N — KC.

Remark 2.3.2. Note that if there exists a function ¢ as in the previous
definition, then it is smooth because it is the difference of two graph hyper-
surfaces, which are always assumed to be smooth in this paper.

Roughly speaking, the asymptotic behaviour here means that, outside a
bounded region in M, M is arbitrarily close to N. An example is shown in
figure 2.2.

The goal of this section is to show that if we have two hypersurfaces that
are graphically asymptotic outside a compact set, then there are some inter-
esting common properties between them, such as being a graph hypersurface
or a hypersurface of revolution. This is the content of our next theorem.
Before stating it precisely, let us present the idea of the proof. Basically it
is another consequence of the tangency principle, comparing the translator
with a transformation of itself according to the following scheme:

1) Consider M a “copy” of M;

2) Translate M up, M s M +tgv for some to > 0, until it does not intersect
M.

Y



Figure 2.2: A profile view of an example of an asymptotic graphical pertur-
bation of a translating paraboloid

3) Apply an isometry i : R™ — R™*! of the ambient space to M + tov so
that i(M + tov) N M = 0;

4) Move i(M + tov) down until it “touches” M for the first time.

~

Then, by the interior tangency principle, i(M) = M. Hence, M is invari-
ant under the isometry .

We will follow this scheme in the next results.

For example,

e To show that M is a graph hypersurface, take ¢ = identity;

e To show that M is a hypersurface of revolution, consider as i any
arbitrary but fixed rotation around the axis of symmetry.

Here by a hypersurface (or set, in general) of revolution (or, equivalently,
“rotationally symmetric hypersurface”) in Euclidean space R™*! we mean a
hypersurface (set) of R™*! which is invariant by the action of SO;(m + 1),
the subgroup of the special orthogonal group SO(m + 1) that fixes a given
straight line . We will assume that all the sets of revolution that appear
together are sets of revolution with respect to the same axis unless otherwise
stated.



Lemma 2.3.3. Let N be a connected graph translator in R™!. Assume
that M C R™ s, outside a compact set K C R™, a translator which is
a graphical perturbation of N. Suppose that the boundary of M is graphical
(possibly empty). Then M is graphical.

Proof. Obviously, by definition of graphical perturbation, M — I is graphical.
We have to prove that M N K also is. To this end, just apply the scheme
presented above, which clearly works because we deal with a compact region.
To avoid contact at the boundary of M N KC during step 4, we work from the
very beginning with a bigger compact set B,.(0) D I with r > 0 sufficiently
large so that the boundary created intersecting M with B,(0) is graphical.
Therefore, the contact at the boundary can occur only when Z(M ) comes
back to its original position, in which case M is graphical, as claimed. O

Corollary 2.3.4. If the definitions given in 2.5.1 hold outside a compact set,
they hold everywhere.

Proof. The case of graphical perturbation is precisely the content of the pre-
vious lemma 2.3.3.

With respect to asymptotic graphical perturbation, observe simply that
this definition is indepedent of what happens in compact regions since it
deals with the behaviour of the surfaces at infinity. m

Theorem 2.3.5. Let N be a connected graph translator of revolution in
R™*L. Suppose that M is, outside a compact set K C R™, a translator of
R™*L which is an asymptotic graphical perturbation of N. Assume that the
boundary of M is graphical (possibly empty) and a set of revolution. Then
M is a hypersurface of revolution.

Remark 2.3.6. Under the hypothesis of Theorem 2.3.5, if there exists the
boundary of M, then it is not necessarily connected. For instance, the in-
tersection of a winglike translator with two different and parallel horizontal
planes. But, in general, due to the rotational symmetry hypothesis on the
boundary of M, each connected component of the boundary of M must be
contained in a horizontal hyperplane, and indeed it must be a circumference.



Proof. We will show that the previous scheme works for any arbitrary but fix
element ¢ of SO;(m + 1), where [ is the axis of symmetry. Indeed, [ must be
parallel to the direction of translation v = (0,...,0, 1), otherwise M would
not be graphical. Let us consider such an isometry .

First, by corollary 2.3.4, M is an asymptotic graphical perturbation of
N everywhere. Then, there exists d < oo (for instance, d := maxy |¢|) such
that
lpo(z)| < d for all x € U.

Geometrically, this means that M is contained in a slab S of diameter d
centered at V:

S i={(s1,-++,Sm,Sms1) EU X R 1 |8pp01 —u(s1,...,8m)| < d,z € N},

and M C S.
Since N is a hypersurface of revolution by hypothesis, then S is a set of
revolution.

We can easily argue now that our scheme works:

e Step 2 is trivially possible to do because M is graphical,

e Step 3 is achievable because

M C S (by construction of 5), (M + tov) NS =10 (by step 2)
= (M +towv) "M Ci(M +tev)N S = @((M tov) ﬂS) — ()

e Step 4:
The first point of contact cannot be at infinity because ¢ tends to zero
at infinity.
Since the boundary is a graphical set of revolution, the first point of
contact cannot be at the boundary unless the hypersurface returns to

~

its original position, in which case i(M) = M, as claimed.
L]

Corollary 2.3.7. [MSHS15, Theorem A] Let f : M™ — R™! be a complete
embedded translating soliton of the mean curvature flow with a single end
that is smoothly asymptotic to a translating paraboloid. Then, M = f(M™)
15 a translating paraboloid.



Proof. 1t is a consequence of our previous theorem 2.3.5, taking N as the
translating paraboloid.

Observe that the meaning of smoothly asymptotic in [MSHS15, Theorem A]
is that there exists a sufficiently large 7 > 0 such that M — B,(0) can be
written as the graph of a function g such that

1 1 1
o) = gl = g 1os (lell) + 0 o). 23.1)
il = 5108 el + O
where || - || denotes the usual euclidean norm in R™.
Now, taking into account that the translating paraboloid is a graph hyper-
surface for a function f € C°°(R™) satisfying the same asymptotic behaviour

1 1 1
fa) = gl = 5 1o lel) + 0 7). (2.32)
gilell =3 o8 Ul + Oy
then being smoothly asymptotic clearly implies being an asymptotic graphical
perturbation. Indeed, from the relation g = f+¢ and from (2.3.1) and (2.3.2),

we deduce that .
om0 s=o( 1),
|||

That is, it is sufficient to consider as ¢ any smooth function such that ¢ =

O it ) (as ||z]] = o0), ie., p(z) < & for all ||z|| > r and for some

[l Il

constant C' € R. N

2.4 Compact translators with symmetric boun-
dary

In this section we apply the method of moving planes [Ale56, Sch84, Lép] to
study compact translators with symmetric boundary.

Theorem 2.4.1. Let M be a connected compact embedded translator in R™*!
whose boundary consists of two strictly convexr curves I'y and I's contained,
respectively, in two parallel planes Py and Py which are orthogonal to v.
Assume that M lies between the two planes Py and Py, and suppose that the
curves I'1 and T's are symmetric with respect to a plane 11 containing the
direction of translation v. Then M is symmetric with respect to the plane II.



Proof. Without loss of generality, up to a rigid motion, we can assume that
P = {(x1,...,a:m+1) e R™H! D Tl :()}

and
= {(z1,...,2pm1) € R" 2, =0}

We will apply the Alexandrov’s method of moving planes (see [Ale56,
Sch84]). We will follow the application of this method in [MSHS15, Section
3], including the notation, which we recall briefly:

The family of planes {II(¢)}cr is given by
H(t) = {(Ih s axm-i-l) € Rm+1 T = t};

and given a subset A of R™*! for any t € R we define the sets

6:(A) = {(21,...,8mp1) €A a1 =t} = ANTI(2),

AL(t) = {(xl,...,xmﬂ) cA:n zt},

A_(t) = {(z1,...,Tm1) € A ay <t}

AL(t) = {@t—a1,. ., @mg1) ER™ (21,0 ) € AL(D) ]
A*(t) = {(215 — 1, Tmyr) ER™ (2 m) € A,(t)}.

Note that A’ (t) and A*(t) are the image of A, (t) and A_(t) by the
reflection respect to the plane II(¢).

Consider the set
A= {t € [0,ty] : M, (t) is a graph over II and M7 (t) > M_(t)},

where ty := max{t > 0 : M NTII(t) # 0} is a positive real number that
exists because of the compactness of M. Indeed, qo := M N1l(ty), the first
point of contact between M and a vertical plane coming from +o0o, must be a
boundary point of M, otherwise M would coincide with II(ty) by the interior
tangency principle, which is absurd.

Our goal is to prove that 0 € A. The proof of this fact will be divided
into 3 claims.

Claim 1. The set A — {to} is not empty. Moreover, if s € A, then
[S,to] c A.



To show that A — {to}, we prove that there exists an € > 0 such that
(to — €,t0] C ./4.
First note that 'y UT'y is a bi-graph over its plane of symmetry II because,
by hypothesis, both boundary curves are strictly convex plane curves. Then,
in a neighborhood around ¢y € I'y UT's, M is a graph over II. Otherwise, as
M lies between the planes P; and P,, a neighborhood of M around g9 would
be contain in the plane P;, for some i € {1,2}, that is, M would not be
locally around ¢q a translator in the direction of v, which is absurd. In other
words, since qq is in 'y U’y and it is the first point of contact between M and
II(ty), by continuity this implies that there exists a sufficiently small € > 0
such that M, (t) is a graph over II(t) for every t € (ty — ¢,t]. Moreover,
as M is embedded, considering € > 0 smaller if necessary, it holds that
M (t) > M_(t) for every t € (to — €, o).
For the second part of the claim, let ¢ be an arbitrary but fixed number in the
interval (s, ty). Our goal is to prove that ¢t € A. According to the definition of
the set A, there are two conditions to be checked, so the proof falls naturally
into two parts or steps.

Step 1: M, (t) is a graph over II.
As s € A, then M, (s) is a graph over II. Therefore, M, (t) is a graph over
IT for every t € [s,to]. In particular, M, (¢) is a graph over II.

Step 2: M3 (t) > M_(1).

On the contrary, if M (f) # M_({), then, by compactness of M, there exists a
number #; € [t, ty—e) such that M3 (t;)—8;, (M) and M_(t;)—d;, (M) intersect
for the first time. Furthermore, this first point of contact is an interior point
of Mj(t:) and M_(t1) because the boundary of M consists of two strictly
convex plane curves symmetric with respect to II. Then M} (t;) = M_(;)
by the interior tangency principle. Thus, II(¢;) # II would be a plane of
symmetry of M, hence, in particular, it would be a plane of symmetry of the
curves I'y and I'y, a contradiction.

Claim 2. A is a closed set of the interval [0, o).
The argument is identical to the one in [MSHS15, Theorem Al: it is proved by
contradiction, using the sequential characterization of closed sets; first it is
assumed that the graphical condition in A is not satisfied, which contradicts
Claim 1; then the graphical condition and the continuity gives the reflection
condition in A.



Claim 3. The minimum of the set A is 0.
We argue by contradiction. Suppose sy := min. A > 0. We will show that
then there exists €9 > 0 such that sy — g9 € A, contradicting that sq is the
minimum of A.
Again, we divide the proof into two steps.

Step 1: There exists €1 € (0, s9) such that M7 (so —e1) is a graph over II.
Since sg € A, M (sg) is a graph over II. Moreover, there is no point in
M (s¢) with normal vector included in II. If there were such a point, let us
say that its first coordinate is £ € [so, o), then by the tangency principle at
the boundary, M3 (¢) = M_(t), that is, II({) would be a plane of symmetry
of M. In particular, I1(#) would be a plane of symmetry of the curves I'; and
Iy, which contradicts that IT # II(Z) also is. Thus,

(M. (s0)} NI = 0.
As M is compact, we have that there exists g1 € (0, sg) such that
E{M,(so)} NI =0 forallte[sy—eq,so

From this fact, together with the compactness of M, it follows that M, (t)
can be represented as a graph over the plane II for every ¢t € [sy — €1, So].
In particular, M} (sg — €1) is a graph over I and the proof of this step is
complete.

Step 2: There exists €9 € (0,¢;) such that M7 (s —e9) > M_(s9 — €o).
We are going to show that there exists gy € (0, 1] such that

M)W M_(t) = 6,(M) forallt > sy — e,

which in particular implies that M7 (sg — o) > M_(so — €0), and this step
will be proved.

We argue by contradiction. If it were not true, then there would exist an
increasing sequence {t, },en converging to so such that

(M (tn) N M_(t,)) — 6, (M) # 0.

For each natural n, denote by P, = (p},py,p%) a point in the above set. At
this point, we make two key observations:

(M) N M_(t)) — 6:(M) C M_(sg—e1) forallt € [sg—er,to], (2.4.1)



M (s0) N M_(s) = 8, (M). (2.4.2)

(2.4.1) follows from Step 1, that is, from the fact that M7 (sg —e1) is a graph
over II for every t € [sg — €1, ty]. Therefore,

(M50 1 M_(0) = 5(0MD) 1S =,

where S := {(z1,...,Zm1) € R 1 55 —g; < 21 <y}, simply because, in
plain language,

“the reflection of a graph over a plane I with respect to this plane 11 is
always on the right hand side of the left part of the graph”,

where orientation (right and left) is considered with respect to the plane
I1. This is a direct consequence of the definitions, in particular from the
meaning of being a graph over a plane.
On the other hand, (2.4.2) follows from the fact that sy € A. Indeed, if
M (so) N M_(so) were a set bigger than d, (M), then, as M (sq) > M_(so),
there would be a first point of contact between M7 (so) and M_(sq), which
would be in the interior because the boundary of M consists of two strictly
convex plane curves symmetric with respect to II. Then by the interior
tangency principle both surfaces would coincide, hence II(sg) would be a
symmetric plane of M, a contradiction.
Let us come back to the sequence {P,},en. By the compactness of M, we
can assume without loss of generality that this sequence converges to a point
Py = (p3°,p5°,05°) € M. Indeed, since t,, /5o, Poo € M7 (50) N M_(50) =
Jds, (M), where the last equality is by (2.4.2). On the other hand, from (2.4.1)
we see that pI < sp — &7 for each n. Thus, p® < sy — 1 < 59, which
contradicts that Pu, € 05, (M). O

Remark 2.4.2. The assumption that M must be between the two parallel
planes P; and P, cannot be dropped, as the following counterexample shows.
Consider the intersection of a winglike solution VW with two horizontal parallel
planes P; and P, so that the lower one, P;, contains the radius of W. Observe
that the intersection of each of these planes with W consists of two concentric
circles. The counterexample is the piece of VW between these two planes and
whose boundary is the inner circle in P, and the outer circle in P.



Corollary 2.4.3. In the setting of the previous theorem 2.4.1, if I'y and I's
are concentric circles, then M is a hypersurface of revolution.

Proof. Simply note that, by theorem 2.4.1, M is symmetric with respect to
any plane II containing the direction of translation v. Therefore, M is a
hypersurface of revolution around v. O]

Corollary 2.4.4. Theorem 2.4.1 remains true if the boundary of the trans-
lator M s assumed to be only one strictly convex plane curve T'.

Proof. Observe that in this case the translator lies below the plane P that
contains the curve I' because M is compact and, as a translator, its height
function cannot attain a local maximum [MSHS15, Lemma 2.1 (d)]. Hence,
the same argument using the Alexandrov’s method proves the corollary. [

Corollary 2.4.5. Let M be a connected compact embedded translator in
R™ ! whose boundary T is a (m — 1)-sphere contained in a hyperplane P
orthogonal to v. Then M s the compact piece of the translating paraboloid
whose boundary coincides with T.

Proof. Let P be the compact piece of the translating paraboloid whose
boundary coincides with I'. Place P above the plane P so that its vertex lies
on the same line as the center of I'. Then translate it down until they “touch”
for the first time. There are two possibilities: either they intersect for the
first time in an interior point or they do it in a boundary point. In any case,
the interior or boundary tangency principle tells us they coincide. O



Chapter 3

A characterization of the grim
reaper cylinder

The content of this chapter is published in [MPGSHS16]. We prove that a
connected and properly embedded translating soliton in R?® with uniformly
bounded genus on compact sets which is C*-asymptotic to two planes outside
a cylinder, either is flat or coincides with the grim reaper cylinder. Before
stating this result rigorously, let us set up the notation and provide some
definitions.

Definition 3.0.1. Let H be an open half-plane in R and w the unit inward
pointing normal of OH. For a fixed positive number &, denote by Hs the set
given by

Hs = {p+tw:p€ OH and t> 5}.

(a) We say that a smooth surface M is C*-asymptotic to the open half-
plane H if M can be represented as the graph of a C*-function ¢ :
H — R such that for every € > 0 there exists 6 > 0 so that for any
je{1,2,...,k} it holds

supy, |¢| <e and supy,|D7p| <e.

(b) A smooth surface M is called C*-asymptotic outside a cylinder to two
half-planes Hy and Ho if there exists a solid cylinder C such that:
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(by) the solid cylinder C contains the boundaries of the half-planes H,
and Ho,

(by) the set M — C consists of two connected components My and My
that are Ct-asymptotic to H, and Hs, respectively.

Figure 3.1: Asymptotic behavior

For example the grim reaper cylinder G is asymptotic to the parallel half-
planes

o = ((5,02,09) B 1> > 0,1 = =2
and

Hy = {(x1,22,23) €R® 1y > 19 > 0, 1y = +7/2}
outside the solid cylinder

C = {(z1,22,23) € R® : 2] + a3 < rf + 77 /4},
where here rg is a positive real constant.
Let us now state the main result of this chapter.

Theorem 3.0.2. Let f : M? — R3 be a connected, properly embedded*
translating soliton with uniformly bounded genus on compact sets of R? and
C be a solid cylinder whose azis is perpendicular to the direction of translation
of M := f(M?). Assume that M is C'-asymptotic outside the cylinder C to
two half-planes whose boundaries belongs on OC. Then either

'Here by embedded we only mean that M has no self-intersections.



(a) both half-planes are contained in the same vertical plane I1 and M = 11,

or

(b) the half-planes are included in different parallel planes and M coincides

with a grim reaper cylinder.

Remark 3.0.3.

(a)

Notice that in the above theorem infinite genus a priori could be possible.
The assumption that M has uniformly bounded genus on compact sets
of R? means that for any positive r there exists m(r) such that for any
p € M it holds

genus { M NB,(p)} < m(r),

where B, (p) is the ball of radius r in R? centered at the point p. Roughly
speaking, the above condition says that as we approach infinity the “size
of the holes” of M is not becoming arbitrary small and furthermore they
are not getting arbitrary close to each other.

We would like to mention here that Nguyen [Ngulb, Ngul3, Ngu09] con-
structed examples of complete embedded translating solitons in the eu-
clidean space R? with infinite genus. Outside a cylinder, these examples
look like a family of parallel half-planes. This means that the hypothesis
about the number of half-planes is sharp. Very recently, Davila, Del Pino
& Nguyen [DdPN15] and, independently, Smith [Smil5] constructed ex-
amples of complete embedded translators with finite non-trivial topology.
For an exposition of examples of translators see also [MSHS15, Subsec-
tion 2.2].

[Imanen constructed a one-parameter family of complete convex trans-
lators, defined on strips, connecting the grim reaper cylinder with the
bowl soliton [Whi02]. Note that the level sets of these translators are
closed curves. This means that our hypothesis of being asymptotic to
two planes outside a cylinder is natural and cannot be removed.

Let us describe now the general idea and the steps of the proof. Without

loss of generality we will assume that the translating velocity of M is v =
(0,0,1); then, again without loss of generality, we can choose the zy-axis as



the axis of rotation of C. First we show that the half-planes must be parallel
to each other, that they should be also parallel to the translating direction
and that both wings of M outside the cylinder must point in the direction of
v. Then, after a translation in the direction of the xi-axis, if necessary, we
prove that the asymptotic half-planes H; and H, are subsets of the parallel
planes

I(—7/2) = {(21,22,23) € R® : 21 = —7/2}

and
H(+7T/2) = {(331,33'2,333) S RS X = —|—7T/2},

respectively, and that M is contained in the slab between the planes I1(—7/2)
and I1(4/2). To prove this claim we study the z;-coordinate function of M
in order to control its range. By the strong maximum principle we conclude
that the x;-coordinate function cannot attain local maxima or minima. To
prove that sup,,z;1 = 7/2 = —infy;x; we perform a “blow-down” argument
based on a compactness theorem of White [Whil5b] for sequences of properly
embedded minimal surfaces in Riemannian 3-manifolds. The next step is to
show that M is a bi-graph over II(4+7/2) and that the plane

I1(0) = {(z1,22,23) ER® : 21 = 0}

is a plane of symmetry for M. This is proven using Alexandrov’s method of
moving planes. In the sequel we show that M must be a graph over a slab
of the zixo-plane. Thus, M must have zero genus and it must be strictly
mean convex. To achieve this goal we carefully investigate the set of the
local maxima and minima of the profile curve

I = MNII(0) C C.

Performing again a “blow-down” argument along the ends of the curve I'
we deduce that M looks like a grim reaper cylinder at infinity. To finish
the proof, we consider the function & which measures the xs-coordinate of
the Gaul map & of M. Then, by applying the strong maximum principle
to &H Y, we deduce that & is identically zero. This implies that the Gaufl
curvature of M is zero and then M must coincide with a grim reaper cylinder
(see [MSHS15, Theorem BJ).

The structure of the chapter is as follows. In Section 3.1 we introduce the
compactness and the strong barrier principle of White [Whil5a, Whil5b]. In



Section 3.2 we show that the smooth asymptotic behaviour with respect to
the so-called Ilmanen’s metric implies the smooth asymptotic behaviour with
respect to the euclidean metric, an important fact that we need at the end
of our proof. In Section 3.3 we present a lemma that will play a crucial role
in the proof of our theorem. This lemma (Lemma 3.3.1) asserts that every
complete, properly embedded translating soliton in R? with the asymptotic
behavior of two half-planes has a surprising amount of internal dynamical
periodicity. The main theorem is proved in Section 3.4.

3.1 A compactness theorem and a strong ba-
rrier principle of Brian White

We will introduce here the main tools that we will use in the proofs. We will
consider sequences of translators and we will take limits (up to a subsequence)
thanks to a compactness theorem and a strong barrier principle, both results
of Brian White [Whil5a, Whil5b]. Another crucial tool will be the tangency
principle, already presented in section 2.1.

Let ¥ be a surface in a 3-manifold (€,g). Given p € ¥ and r > 0 we
denote by
D,(p) :={w e T, : jw| <r}

the tangent disc of radius r. Consider now 7,2 as a vector subspace of T,
and let v be the unit normal vector of 7}, in T),(2. Fix a sufficiently small
e > 0 and denote by W,..(p) the solid cylinder around p, that is

W,e(p) :== { exp,(q + tv,) : ¢ € D,(p) and |t| < e},

where exp stands for the exponential map of the ambient Riemannian 3-
manifold (€2, g). Given a function u : D,.(p) — R, the set

Graph(u) := { exp, (¢ +u(q)vy) : ¢ € Dy(p) }
is called the graph of u over D, (p).

Definition 3.1.1 (Convergence in the C*-topology). Let (£2,g) be a
Riemannian 3-manifold and {M;};en a sequence of connected embedded sur-
faces. The sequence {M,}ien converges in the C*-topology with finite multi-
plicity to a smooth embedded surface My, if:



(a) My consists of accumulation points of {M,}ien, that is for each p €
M, there ezists a sequence of points {p;}ien such that p; € M;, for
each i € N, and p = lim;_,.p;.

(b) For all p € My there exist r,e > 0 such that Mo N W, .(p) can be
represented as the graph of a function u over D, (p).

(c) For all large i € N, the set M; N W, .(p) consists of a finite number
k, independent of i, of graphs of functions u}, ..., u¥ over D,(p) which
converge smoothly to u.

The multiplicity of a given point p € My is defined to be the number of
graphs in M; " W,..(p), fori large enough.

Remark 3.1.2. Note that although each surface of the sequence {M;};cy is
connected, the limiting surface M, is not necessarily connected. However,
the multiplicity remains constant on each connected component ¥ of M.
For more details we refer to [PR02, CS85].

Definition 3.1.3. Let {M;}ien be a sequence of embedded surfaces in a Rie-
mannian 3-manifold (2, g).

(a) We say that {M,};en has uniformly bounded area on compact subsets
of Q if

lim sup,_, . area{M; N K} < oo,
for any compact subset K of €.

(b) We say that {M,;};en has uniformly bounded genus on compact subsets
of Q if
lim sup,_, . genus {MZ N K} < 00,
for any compact subset K of €.

Theorem 3.1.4 (White’s compactness theorem). Let (€2, g) be an ar-
bitrary Riemannian 3-manifold. Suppose that {M,},en is a sequence of con-
nected properly embedded minimal surfaces. Assume that the area and the
genus of {M;}ien are uniformly bounded on compact subsets of 2. Then,
after passing to a subsequence, {M,};en converges to a smooth properly em-
bedded minimal surface My, C 2. The convergence is smooth away from a
discrete set denoted by Sing. Moreover, for each connected component ¥ of
M, either



(a) the convergence to 3 is smooth everywhere with multiplicity 1, or

(b) the convergence is smooth, with some multiplicity greater than one,
away from ¥ N Sing.

Now suppose that 0 is an open subset of R® while the metric g is not nec-
essarily flat. If p; = (p1i, 2, p3:) € M;, © € N, converges to p € M., then,
after passing to a further subsequence, either T, M; — T, M or there exists
a sequence of real number {\;}ien tending to oo such that the sequence of
surfaces {\;(M; — p;) }ien, where

Ai(M; — p;) = {)\z‘(fﬁ — P1is T2 — P2i, T3 — P3i) € R?: (w1, 12,73) € M},

converge smoothly and with multiplicity 1 to a non-flat, complete and properly
embedded minimal surface M, of finite total curvature and with ends parallel
to T,My.

A crucial assumption in the compactness theorem of White is that the

sequence has uniformly bounded area on compact subsets of {2. Let us denote
by

Z = {p € Q: limsup,_,area{ M; N B, (p)} = oo for every r > 0},

the set where the area blows up. Clearly & is a closed set. It will be
useful to have conditions that will imply that the set 2 is empty. In this
direction, White [Whil5a, Theorem 2.6 and Theorem 7.4] shows that under
some natural conditions the set 2 satisfies the same maximum principle as
properly embedded minimal surfaces without boundary.

Theorem 3.1.5 (White’s strong barrier principle). Let (€2, g) be a Rie-
mannian 3-manifold and {M;};en a sequence of properly embedded minimal
surfaces, with boundaries {OM;}ien in (2, g). Suppose that:

(a) The lengths of {OM;}ien are uniformly bounded on compact subsets of
Q, that is
lim sup,_, . length{OM; N K} < oo,

for any relatively compact subset K of €).



(b) The set Z of {M,}ien is contained in a closed region N of Q with
smooth, connected boundary ON such that g(HaN,f) > 0, at every
point of ON, where Hyn(p) is the mean curvature vector of ON at p
and &£(p) is the unit normal at p to the surface ON that points into N.

If the set Z contains any point of ON, then it contains all of ON.

Remark 3.1.6. The above theorem is a sub-case of a more general result of
White. In fact the strong barrier principle of White holds for sequences of
embedded hypersurfaces of n-dimensional Riemannian manifolds which are
not necessarily minimal but they have uniformly bounded mean curvatures.
For more details we refer to [Whil5a].

3.2 Distance in Ilmanen’s metric

Our aim in this section is to show that the smooth asymptotic behaviour of
Definition 3.0.1 when the metric involved is the so-called Ilmanen’s metric g
implies the smooth asymptotic behaviour with respect to the euclidean metric
(R3,(-,-)), an important fact that we need at the end of our proof. Recall
that in this chapter the ambient space is R and the translating velocity of
the translator is v = e3 = (0,0, 1), so the specific [lmanen’s metric is

g=e"(,")

The strategy is to find a suitable relation between the distance with re-
spect to the Euclidean metric and the distance with respect to the Ilmanen’s
metric. For this purpose, we begin by computing the geodesics of (R3,g).

Proposition 3.2.1. Vertical straight lines and “grim-reaper-type” curves,
that is, images of smooth curves v : (—m,m) — (R®,g) of the form y(t) =
(t, 0, —2log cos %), are geodesics with respect to the Ilmanen’s metric.

Proof. Let the parametrized curve v : I — R? be a geodesic. The geodesic
equation of v in a system of coordiantes where the curve can be written as

() = (21(t), 22(1), z3(1)) is
d?zy, N ~,‘€‘dxiﬁ
dt Yodt dt

=0, ke{l1,23}, (3.2.1)



where f‘fj are the Christoffel symbols in (R3, g). Thus

~ 1/ 0 0 0
| R R W L
1) 2(8%1 g]m+axj gzm 813 gz])g

m

Since the Ilmanen’s metric is g;; = €*30;;, we have that

©7 —x3 a T3 T3
g¥ =e"0; and %gij = %(6 0ij) = €™ 0m304;.
Then
- 1/ 0 0 0
Ik — = R S A
Y2 ((%i Eim +8xj Sim 0T, g”) 8
1
= 5 (633351'35]'7” + 6135j35im — em?’émgéij) e~ mk
1
=5 (0330 jmOmik + 0530im Omik — O3mOmk0i;)
1
= B (03301 + 030 — O3x0;5) -
Hence
- 1 1
Ly = 5 (0i30j1 + 053041 — 031045) = 5 (0:10;3 + 0i3051) ,
~ 1 1
Ffj =3 (05302 + 0j30;0 — 0320;5) = B (02053 + dizdj2) ,
~ 1 1
F?j =3 (05303 + 0j30;3 — 0330;5) = ) (035 — 20i30;3) -

Therefore, the second order system of EDOs (3.2.1) reads

d2$1 dl’l dl’g

il S |
dt dt dt
d2$2 dl’g dIg

—— =0 3.2.2
at | dt dt (32:2)

@ e\ @ ar Tat @t @ @t

d’rs 1 (dajl% dzy dzy  dxs darg) 0

Let us prove that the curves mentioned are solutions of this system, arguing
how they may be found.



First of all, by looking at the two first equations we conjecture that v =
(A, B, x3), where A and B are arbitrary constants in R, is a solution. Trivially
it satisfies the two first equations. With respect to the third one, it becomes

d21133 1 dI3 d[L‘g

dt 2 .dt dt

das

7+ and denoting by f’ the derivative of f

or, equivalently, writing f(t) :=
with respect to ¢, it reads
1 o1 1 1 dzs 2
/ 2
—fr=0=-—==-=-==t+C=——=f=
gt ik i L a T e
= x3 = 2log |t +2C| + D,

for arbitrary constans C, D € R. Since C' is an arbitrary real constant, we
can substitute 2C' by C without loss of generality. Thus, a solution of the
system (3.2.2) is the curve y : I — R3, defined —assuming that C' > 0— in
an open interval I C (—C,4o00) or I C (—o0, —C'), given by

~v(t) = (A, B,2log|t + C|+ D), for constants A, B,C, D € R,

Furthermore, we impose that ~ is arc-lenght parametrized:

d
1= |2 :'(0,0,2|t+0|1)
dt
Ey(t) Ey(t)
_ _ 1/2
— [gvm ((0,0,2[t + C|71),(0,0,2]t + C|71))]
2 2
_ _(2log [t+C|+D)/2 _ _DJ2 _ o.D/2
— L — LV = 2¢
it + C| | ||t+C’|

1
= D =2log (5)

Then, a solution of (3.2.2), parametrized by the arc-length, is

" 2
y(t) = (A, B, log %) , for arbitrary constants A, B, C' € R.

Second, we conjecture that another particular solution ~ of the system is
a grim reaper curve, that is,

v (=7/2,7/2) = R? ~(t) = (t,0, — log cos(t)) .



Then, we check immediately that the second equation of the system is tri-
vially satisfied but the first one does not hold. So this is not a solution. This
is not surprising if we recall that a necessary condition for a curve to be a
geodesic is that the length of its tangent vector fl—z must be constant. Hence,
our next step is to consider the arc-length parameter s = s(t) of the curve 7,
or rather, the inverse of this function ¢(s), in order to consider the arc-length
parametrization of v:

(s) = (t(s),0,log cos(t(s))) ,
where ¢(s) is a smooth function such that:

by

=1.
ds

8~(s)

If we now come back to the first equation of the system, it turns out that this
v(s) does not satisfy it. But there exists the possibility to include another
degree of freedom considering a new real constant K, to be determined later,
while v(s) keeps the form of a grim reaper curve. Let us consider simply

(69 = (#5.0.~  Togcos(xc(9) )

where ¢(s) is a smooth function such that:

2
2

8y (s)

T il

Tl =100, (s) tan(K(s)))|

=8 ((t’(s), 0, —t'(s) tan(Kt(s))), (#'(s),0, —t'(s) tan(Kt(s))))

_ 67% logcos(Kt(S))t’(s) (1 + tanz(Kt(S)))

= 0o gz = ) e ey
that is, such that: )
t'(s) = cos'T2x (Kt(s)). (3.2.3)

We will also need t(s):

t'(s) = — (1 + %) kt'(s) cos?x (Kt(s)) sin(Kt(s))

= — (K + 1) sin(Kt(s)) cosl+%(Kt(s)). (3.2.4)

[\]



Let us try this curve 7(s) as a solution of the system (3.2.2). We have that:

v(s) = ( t(s),0, —% log cos(Kt(s))
(t'(s),0,t(s) tan(Kt(s)))
(t”(s), 0,t"(s) tan(Kt(s)) + %) .

Then, the first equation of the system is

d2$1 L dl’l d$3
ds ds ds

- (K + %) sin(IKt(s)) cos' & (Kt(s)) + cos* & (Kt(s))

= 7'(s)

= 7"(s)

0= =t"(s) + [t'(s)]* tan(Kt(s))

sin(Kt(s))
cos(Kt(s))

— (% — K) sin(Kt(s)) cos't & (Kt(s)).

Consequently, this equation holds if and only if K = 1/2. Then

6= (1910, -2tz (1)),

On the other hand, the second equation of the system trivially holds because
the second component of the curve v(s) vanishes identically. Finally, the
third equation is:

d?zs (d:z:l dry drsdry dxs da:g)

ds ds ds  ds ds

ds ds | ds ds  ds ds
=t"(s) tan (t(8)> " o 2;) B % ([t/(s)]z ~ [ls)tan (%)

Therefore, the curve y(s) = (t(s), 0, —2log cos (@)) is another solution of

the system (3.2.2), as claimed. O



Remark 3.2.2. In the above proof, once we know that K = 1/2, we can
compute explicitly ¢(s), the inverse of the arc-length parameter of our second
geodesic: it is the solution of ¢/(s) = cos?(Kt(s)), i.e., t(s) = 2arctan ($£4),
where A is any real number. However, we will not need it.

The following proposition allows us to construct all the geodesics of (R?, g)
from the previous ones. Although we assume throughout the whole chapter
that v = es, in the next result we work with an arbitrary translating velocity
v because this way the proof is even easier to understand and its geometric
sense is fully preserved.

Proposition 3.2.3. Rotations and parallel transports in (R3, (-,-)) that pre-

serve v, also preserve the geodesics of (R3,g).

Proof. Taking into account that rotations and parallel transports in (R?, (-, -))
are isometries of (R?, (-, -)), we are going to prove a more general result: any
isometry @ of the Euclidean space (R?, (-, -)) that preserves v (i.e., ®(v) = v),
also preserve the geodesics of (R3, g).

It is very well known that isometries preserve geodesics. Then it is suffi-
cient to show that ® is an isometry of (R, g) = (R?, e®¥)(- .)), that is, for
all p € R? and for all wy, wy € T,R* we have

gp(w1, wy) = gcp(p)(d‘pp(wl)a d®,(w2)).
Using the hypothesis, this is a straightforward computation:

() (AP (w1), AP, (w5)) = PPV (AP, (wy), dPp(wy)) = PP (wy, w,)
= PV (wy, wy) = g, (wy, ws).

[]

Now we can argue geometrically to deduce all the geodesics of (R3, g).
The basic geodesic curves that we already computed are:

V() = <0, 0, log (g)) :
v(s) = (t(s),o, —21log cos (@)) ,



where recall that ¢(s) is the inverse of the arc-length parameter function s(t).
Their derivatives are, respectively:

v = (0.0.3),
v(s) = <t’(s),0,t’(s)tan (@)) :

Consequently, vertical straight lines as above can be used to obtain geodesics
with any initial vertical velocity (i.e., velocities proportional to e3) and “grim-
reaper-type” curves can be used to obtain geodesics with any non-vertical
velocity in the plane {(xy,73,23) € R® : 3 = 0}. On the other hand,
rotations around the es-axis allow us to obtain geodesics with any initial
velocity in general. And the parallel transport serves to establish any point
p as the the initial one of the geodesic. In summary, we proved the following
result:

Corollary 3.2.4. All the geodesics of (R®,g) can be constructed using the
above geodesics (Proposition 3.2.1) and transformations (Proposition 3.2.3).

Finally, we can establish now a relation between the distance of a point
from a vertical plane in (R3,g) and in (R3,(-,+)), which allows us to obtain
a relation between the smooth asymptotic behaviour described in Definition
3.0.1 in these two ambient spaces.

Let ¢ be a sufficiently small positive number and p = (p1, p2, p3) a point
in R? such that p; € (—4,0) and p3 > 0. Let us denote by dist,(p, II(0)) the
distance of p from the plane

I1(0) = {(z1,22,23) € R® : 71 = 0}.

with respect to the Ilmanen’s metric and by dist(p, I1(0)) = —p; the euclidean
distance of the point p from the plane I1(0). According to our previous
discussion about the geodesics in (R?, g), and since geodesics locally minimize
the arc length, the distance disty(p, I1(0)) is given as the length with respect
to the Ilmanen’s metric of the smooth curve [ : (py,0) — (R?, g) given by

1(t) = (t,p2, —2logcos t + 2logcos & + ps) .



This length is:

0 0 p1
di ps  COS 5
Aty 1) = [ %] at= [ B2 i (tan )
o | dE - ” oS 35
0
_ B P1 1 . B D1 £\10
=e2 -CoSs (5> /p; Wdt—@Q - COS (5) . [Ztan (5):|p1
p P .
— 22 - (—sinB®) =2¢2 - sin WUIO) (3.2.5)

Remark 3.2.5. As we saw in the proof of Proposition 3.2.1, the curve [
is not a geodesic because its tangent vector does not have constant length.
However, we proved there that its image coincide with the image of a geodesic.
Therefore, it can be used to compute the distance between sufficiently close
points since the length of a curve is invariant under reparametrization.

The above formula gives us a smooth bijection between disty(p,I1(0))
and dist(p, I1(0)) for points p = (p1, p2, p3) € R? such that p; € (—4,0) and
p3 > 0, where 9 is a sufficiently small positive number:

dist,(p, TI(0)) = 2e#*/? . gin te10) (3.2.6)

- distg(p, H(O))) : (3.2.7)

e_p3/2

& dist(p, I1(0)) = 2 arcsin (

(3.2.7) implies that, as p; — 0 and p3 — +oo, if distg(p, II(0)) — 0, then
dist(p, I1(0)) — 0.

Remark 3.2.6. Observe that (3.2.6) does not imply the reciprocal since
an indeterminate form is obtained when the limit is evaluated as p; — 0
and p3 — 400. Indeed, this indeterminate form can be evaluated using the
boundedness x — @—? < sinx < x for x > 0 and the fact that the exponen-
tial grows faster than any polynomial. Hence, the limit is 4+o00. Therefore,
it is not true that as p; — 0 and p; — +oo, if dist(p,11(0)) — 0, then

disty(p, I1(0)) — 0.

Bearing in mind Definition 3.0.1 (asymptotic behaviour) and the defini-
tion of the graph of a function over an open disc of the tangent plane of
a surface given at the beginning of section 3.1 (in this definition, the role
of the tangent plane is played here by II(0)), using the same notation we



have that the function ¢ at the point [(0) € II(0) coincides with the distance
dist({(p), I1(0)) = dist(p, I1(0)):

p(1(0)) = dist(I(p1), 11(0)) = dist(p, 11(0)).

Analogously with ¢, and dist,(p, I1(0)), where we indicate the dependence of
© on the ambient space by writing the metric as a subscript. See figure 3.2,
where (g, v,) denotes the corresponding geodesic passing through the point
q € I1(0) with initial velocity v,, the unit normal vector of II(0).

(o) neo)

(p,M(0)) Voldvg,q)

v(g.vy)
o(p.TI(0})

q

Figure 3.2: Euclidean and Ilmanen distances of a point p in the surface M
from the vertical point I1(0), respectively. Profile view in the x;zs-plane

In order to show the smoothness of the asymptotic behaviour in (R3, (-, -)),
assuming that it is smooth in (R3,g), first of all observe that p, and ps can
be considered as coordinates in the plane 7,I1(0) = II(0) via

Z(O) : <p27p3) = (07p27210g COS% +p3) .
We have that:

©(1(0)) = ¢ (0, pa, 21og cos B + ps) = dist(p, T1(0))

R dista(p, H(O)))

= 2 arcsin (

6_p3/2

= 2 arcsin ( -gpga(o») .



Then

Dy (1(0)) e, T2 e 9g,(1(0))
) (1= ) - 2O,

dp(1(0 e P TR ez 9 (1(0 e~Ps/?
W (1= o) (S P - S o)
By hypothesis ¢,(1(0)) and all its partial derivatives tend to 0 as p; — 0
and p3 — 400. So the first partial derivatives of ¢(/(0)) also do. Moreover,
the higher-order partial derivatives also do because by the derivative rules
(product and potential rules) and the functions involved (g (1(0)) and expo-
nential function with negative exponent), they keep the form of the previous
derivatives. Consequently, |D?¢| also does for every j.

These considerations proves the following result, which will be very useful
in the last step of the proof of our main theorem of this chapter.

Lemma 3.2.7. Suppose that M, regarded as a minimal surface in (R3g),
is C'*-asymptotic to two parallel vertical half-planes Hy and Ho outside the
cylinder C. Then the translator M is also smoothly asymptotic to the above
mentioned half-planes outside C with respect to the Fuclidean metric.

3.3 A compactness result and its first conse-
quences

The translating property is preserved if we act on M via isometries of R?
which preserves the translating direction. Therefore, if (a, b, ¢) is a vector of
R3 then the surface

M + (a,b,¢) = {(z1 + a, 32+ b,x3 + ¢) € R’ : (11,2, 23) € M}
is again a translator. Based on White’s compactness theorem, we can prove

a convergence result for some special sequences of translating solitons. More
precisely, we show the following:



Lemma 3.3.1. Let M be a surface as in our theorem. Suppose that {b;}ien is
a sequence of real numbers and let {M;};en be the sequence of surfaces given
by {]\4z =M + (0, b, O)}Z,GN. Then, after passing to a subsequence, {M;};en
converges smoothly with multiplicity one to a properly embedded connected
translating soliton My, which has the same asymptotic behavior as M.

Proof. Recall that any translator M C R? can be regarded as a minimal
surface of (2 = R3 g) where g is the Ilmanen’s metric. Notice that each
element of the sequence {M,};en has the same asymptotic behavior as M.
Without loss of generality, we can arrange the coordinate system such that

C = {(z1,22,23) € R® 1 2] + a3 <5}

By assumption our surface M is C'-asymptotic outside C to two half-planes
Hi, Ho (see Fig. 3.3). Let now wi, wy be the unit inward pointing vectors

Figure 3.3: Asymptotic behaviour with tilted half-planes

of OH 1, OHs, respectively. For any 0 > 0 consider the closed half-planes
Hi(0) ={p+twg:p € OHy and t > J},

for k € {1,2} and denote by Z;, k € {1, 2}, the closed half-space of R? con-
taining H(d) and with boundary containing OHy(d) and being perpendicular
to wy. Moreover, consider the closed half-spaces

Zs = (R = Z5) v oz,



for any k € {1, 2}.

In the case where the sequence {b;};en is bounded, we can consider a
subsequence such that limb; = by, € R. Then obviously {M,};cn converges
smoothly with multiplicity one to the properly embedded translating soliton

Mo, = M + (0, by, 0).
Clearly M, has the same asymptotic behavior with M.

Let us examine now the case where the sequence {b;};en is not bounded.
Split each surface M; of the surface into the parts

ME(6) := M; N Zfs, M55 () == M; N ZJf5 and M (6) := M; N Z5 N Zyg.

Claim 1. The sequences {M;(8)}ien and {My:(8)}ien have uniformly
bounded area on compact sets.

Proof of the claim. Let K be a compact subset of {2 and B,(0) a ball
of radius r centered at the origin of R? containing K. Denote by V; the
projection of the surface M () N K to the closed half-plane #;(d). Hence
we can parametrize M;;(8) by a map ®; : V; — R3 of the form

Di(s,t) = (c1,co,c3) + sex + 1wy + (s — by, t)ea Awy
= {1+ (cosa)t + (sina)p(s — by, t) fer + {co + s}en
+{c3 + (sina)t — (cosa)p(s — b;, t) fes,
where 1 € N| {el, e, e3} is the standard basis of R3, « is the angle between
the vectors e; and wy and (¢q, 9, ¢3) is a fixed point on OH;(d). By taking

J very large we can make sure that |p| and |De| are bounded by a universal
constant €. Hence, for any index 7 € N we have that

areag{ M;()) N K} = / ecatsimajt=(cosa)pls=bit) | /1 4| Do|? dsdt
Vi
< / e@Te+e/T 1+ 22 dsdt
Vi
= eIV 4 2 areac(Vi),

where ¢(r) is a constant depending on r and areae,.(V;) is the euclidean area
of V;. Note that areae,.(V;) is less or equal than the euclidean area of the



projection of K to the plane containing #;(d). Thus there exists a number
m(K) depending only on K such that

areag{ M} (6) N K} < m(K).

Consequently, {]\Lt(é)}Z oy Das uniformly bounded area. Similarly, we show

that {M; (6)}Z oy has uniformly bounded area and this concludes the proof
of the claim.

Claim 2. The sequence of surfaces {M{(é)}ieN has uniformly bounded
area on compact Sets.

Proof of the claim. Let us show a first that the sequence {8]\/[2-’(5)}1.EN
has uniformly bounded length on compact sets. Following the notation in-
troduced in the above claim, each connected component of M, (§) can be
represented as the image of the curve ; : R — R3 given by

%i(s) = {1+ (cosa)d + (sina)p(s — b;,6) be
—i—{cz + 8}62 + {03 + (sina)d — (cos a)p(s — by, 5)}63,

for any index ¢ € N. Let K be a compact set of Q, B,.(0) a ball of radius
r centered at the origin and containing K. Denote by I; the projection of
OM; (§) N K to OH,(5). Estimating as in Claim 1, we get that

c3+c(r)+e
length, {OM; (0)N K} < / e 2 V1+¢e?ds,
I;

where ¢(r) is a constant depending on r. Thus, there exists a constant n(K)
depending only on the compact set K such that

length, {OM; (0) N K} < n(K).

Hence, the sequence {8Mi_(5 ) }z <y Das uniformly bounded length on compact
sets.

Recall now that the set 2 is closed. From Claim 1 it follows that &
is contained inside a cylinder. Consider now a translating paraboloid and
translate it in the direction of the x3-axis until it has no common point with
% . Then move back the translating paraboloid until it intersects for the first
time the set 2 (see Fig. 3.4).



Figure 3.4: The area blow-up set 2

From the strong barrier principle of White (Theorem 3.1.5), the translat-
ing paraboloid is contained in 2. But this leads to a contradiction, because
now the area blow-up set 2 is not contained inside a cylinder. Thus, 2
must be empty and consequently {M, () }ien has uniformly bounded area.

Since the parts {M;(8)}ien, {M5:(6)}ien, {M; (6)}ieny have uniformly
bounded area, we see that the whole sequence { M; };cn has uniformly bounded
area. From our assumptions, also the genus of the sequence is uniformly
bounded. The convergence to a smooth properly embedded translator M.,
follows from Theorem 3.1.4 of White. Since each M, (d), k € {1,2}, is a
graph and each M; is connected, we deduce that the multiplicity is one ev-
erywhere. Thus, the convergence is smooth. Moreover, observe that each
component of My, N Z%, k € {1,2}, can be represented as the graph of a
smooth function ¢., which is the limit of the sequence of graphs generated
by the smooth functions

@i(svt) - 90(5 - bi>t)

for any ¢ € N. Thus, the limiting surface M, has the same asymptotic
behavior as M. The limiting surface M., must be connected since otherwise
there should exist a properly embedded connected component ¥ of M lying
inside C. But then, the x3-coordinate function of > must be bounded from
above, which is absurd. This concludes the proof. O]

As a first application of the above compactness result we show that the
half-planes H; and H, must be parallel to each other.



Lemma 3.3.2. Let M be a translating soliton as in our theorem. Then, the
half-planes Hy and Ha must be parallel to the translating direction. Moreover,
if H1 and Hs are parts of the same plane 11, then M should coincide with II.

Proof. We follow the notation introduced in the last lemma. Assume to the
contrary that the half-plane

le{p—l—th:pEaHl andt>0}

is not parallel to the translating direction v. Let us suppose at first that the
cosine of angle between the unit inward pointing normal w; of 9H; and e; is
positive. Consider the strip S;, given by

Sty = (to — m/2,t0 +7/2) x R x R.

For sufficiently large t, this slab does not intersects the cylinder C. For fixed
real numbers ¢, let G4 be the grim reaper cylinder

G" = {(z1, 22,1 +logcos(zy — t)) € R : |y — t| < 7/2, 25 € R}.

By our assumptions, as § becomes larger the wing M := M N Z}; of M is
getting closer to H;. By the asymptotic behavior of M to two half-planes,
there exists tg,ly € R large enough such that G/ does not intersect Mj.
Then translate this grim reaper cylinder in the direction of —v. Since H; is
not parallel to v, after some finite time [; either there will be a first interior
point of contact between the surface M; and G~ or there will exist a
sequence of points {p; = (P14, P2i, P3i) }ien in the interior of My, with {ps; }ien
bounded and {ps; };en unbounded, such that

lim dist(p;, Goo~1) = 0.
1—00

The first possibility contradicts the asymptotic behavior of M. So let us
examine the second possibility. Consider the sequence of surfaces {M;};en
given by M; = M + (0, —ps;,0), for any 7 € N. By Lemma 3.3.1, after passing
to a subsequence, {M,};cn converges smoothly to a connected and properly
embedded translator M., which has the same asymptotic behavior as M.
But now there exists an interior point of contact between M., and Gtolo—h
which is absurd. Similarly we treat the case where the cosine of the angle
between w; and e; is negative. Hence both half-planes must be parallel to
the translating direction v.



Suppose now that the half-planes H; and H, are contained in the same
vertical plane II. Without loss of generality we may assume that II = I1(0).
Suppose to the contrary that the translator M does not coincide with II.
Observe that in this case the x;-coordinate function attains a non-zero supre-
mum or a non-zero infimum along a sequence {p; = (p1;, P2i, P3i) }ien in the
interior of M, with {ps; };ieny bounded and {py; }ieny unbounded. Performing a
limiting process as in the previous case we arrive to a contradiction. There-
fore, the x;-coordinate function must be zero constant and thus M must be
planar. O

Another application of the above compactness result is the following
strong maximum principle.

Lemma 3.3.3. Let M be a translating soliton as in our theorem and assume
that the half-planes Hy and Hy are distinct. Consider a portion ¥ of M (not
necessarily compact) with non-empty boundary 0% such that the x3-coordinate
function of ¥ is bounded. Then the supremum and the infimum of the x1-
coordinate function of 2 are reached along the boundary of X2 i.e., there exists
no sequence {p; }ien in the interior of ¥ such that lim;_,, dist(p;, %) > 0 and
lim; oo1(p;) = supszy or lim;_,ox1(p;) = infyz.

Proof. Recall that from the above lemma the half-planes H; and H, must be
parallel to each other and to the direction v of translation. From our assump-
tions the xi-coordinate function of the surface M is bounded. Moreover, the
extrema of x; cannot be attained at an interior point of Y, since otherwise
from the tangency principle ¥ should be a plane. This would imply that M
is a plane, something that contradicts the asymptotic assumptions. So, let
us suppose that there exists a sequence of points {p; = (p1s, P2i, P3:i) Jien in
the interior of ¥ such that lim; . dist(p;, %) > 0 and x;(p;) is tending to
its supremum or infimum. Then, consider the sequence of surfaces {M;};en
given by M; = M + (0, —py;, 0), for any ¢ € N. By Lemma 3.3.1, after passing
to a subsequence, {M;};en converges smoothly to a connected and properly
embedded translator M., which has the same asymptotic behavior as M.
But now there exists a point in M., where its x;-coordinate function reaches
its local extremum, which is absurd. O

Remark 3.3.4. The z;-coordinate function of M satisfies the partial differ-
ential equation Az + (Vzy, Vas) = 0. However, Lemma 3.3.3 is not a direct



consequence of the strong maximum principle for elliptic PDE’s because in
general X is not bounded.

Let us see that x; satisfies that PDE. Let {E1, F2} be an orthonormal frame
defined on an open neighborhood of M. We have that

AXl Z{E (VEE)(X1>}

We begin by differentiating x; = (f, e1) with respect to E;:
dx1(E;) = Ei(x1) = Ei((f, 1)) = (Dg. f,e1) = (df (E;), e1). (3.3.1)
Then

E; (Ei(x1)) = E; ((df (E;), e1)) = (Dp,df (E;), 1) = (Dap)df (E;), e1)
= (A(E;, ;) +df (Vi Es) ,e1),

(Ve E) (x1) = dx (Vg E;) = (df (VEg,E:) , e1),

where we used (3.3.1) in the equalities marked with *, and that A(X,Y) =
Dy (x)df (Y)—df (VxY) for any smooth vector fields X, Y of M by definition
of the second fundamental form A of f.

Therefore,

A1 = 3B (Bia)) = (Vi) ()}
— Z{ (Ei, ;) +df (Vg E;),e1) — {df (Vg FE;),e1)}
- Z (Es, Es), = O, A(EL E),e1) = (H,eq)

= <€§7€1> = (e3 — €3Ta€1> = —<€;,€1> = —(Vx3,€e1),

where in the last equality we used [MSHS15, Lemma 2.1 (a)]; note that the
notation in this reference for the third coordinate function of M is u instead of
x3. We denote by ez the orthogonal projection of e3 onto the normal bundle
of f and by eJ the orthogonal projection of e3 onto the tangent bundle of f.
This establishes the PDE.



3.4 Proof of the theorem

We have to deal only with the case where H; and H, are distinct and parallel
to v. We can arrange the coordinates such that v = (0,0,1) and such that
the xo-axis is the axis of rotation of our cylinder

C = {(xlaxQ;xS) € R3 . I‘? +$§ S 7"2}_

Following the setting in [MSHS15], let us define the family of planes {I1(¢) }/cr,
given by
I(t) := {(21,22,23) € R® : 21 =t}.

Moreover, given a subset A of R3, for any t € R we define the sets

Ac(t) = {(z1,20,23) € A1y > t},
A_(t) = {(z1,22,23) € A: 1y <t}
AY(t) = {(z1,22,23) € A: a5 > t},
A1) = {($1,$2,$3) €A a3 < t}7
Ap(t) = {2t —21,20,23) € R : (21,20, 33) € Ay (1)},
A" (t) = {(215 — 1, T, 13) € R : (21, 29, 73) € A,(t)}.

Note that A’ (¢) and A*(t) are the image of A, (t) and A_(t) by the
reflection respect to the plane II(%).

STEP 1: We claim that both parts of M outside the cylinder point in
the direction of v. We argue indirectly. Let us suppose that one part of
M — C is asymptotic to

Hy = {($1,$2,$3) eER3 a3 >1 > 0, z; = _5}
and the other part is asymptotic to
HQZ{(IMJ?Q,ZL‘?,)GR?’:L‘3<7“2<0, :L'1:+5}7

for some § > 0 (see Fig. 3.5). Fix real numbers ¢, [ and let G*' be the grim
reaper cylinder

G" = {(z1, 22,1 +1ogcos(zy — t)) € R : |z — t| < 7/2,25 € R}.
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Figure 3.6: Comparison with a grim reaper cylinder

The idea is to obtain a contradiction by comparing the surface M with an

appropriate grim reaper cylinder G%. Let us start with the grim reaper
cylinder G720 Note that G™/?¥99 lies outside the strip (—6, ) x R? and it
is asymptotic to two half-planes contained in II(0) and II(§ + 7).

Fix ¢ € (0,20). Because outside a cylinder the grim reaper cylinder
G7/?2+00 is asymptotic to two half-planes, there exists &; > 0, depending on
e, such that G™/2%%0 0 Z* is inside the region

(6,0 +¢/2) x R x (01, +00).

Moreover, there exists d; > 0, depending on ¢, such that M N Z~; is inside



the region
(0 —¢/2,0 +¢/2) X R x (—00, —ds).

Consider now the grim reaper cylinder G™/2T0+t=01=902=1 and choose t large
enough so that
gﬂ'/2+5+t,7(5175271 m M — @

Translate the above grim reaper cylinder in the direction of (—1,0,0). Since
e € (0,20), we see that after some finite time tq either there will be a first
interior point of contact between M and G7/2+9+t0,=01=02=1 ) there will exist
a sequence {p; = (p1i, P2i, P3:) bien of points in M, with {ps;};eny bounded and
{pai }ien unbounded, such that
I i G240+t~ =0—1y _ (g
lim dist(pi, G )=0
As in Lemma 3.3.3, we deduce that both cases contradict the asymptotic
behavior of M. Therefore, both parts of M — C must point in the direction
of v.

STEP 2: We claim now that M lies in the slab S := ( — 0, +5) x R2,
Assume at first that A := sup,,z; > J. Consider now the surface (see Fig.
3.7)

Y= {($1,£B2,£L’3) eEM:x > 5/2 + )\/2}
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Figure 3.7: A slice of X

The asymptotic assumptions on M imply that the x3-coordinate of ¥ is
bounded. Therefore, due to Lemma 3.3.3,

SUPyT1 = SUPgyT1-



But since
0¥ C {(.1'1,1'2,5173) € Rg X1 = 6/2+ )\/2},

we have that
z1(p) = 0/2+ \/2 < X\ = supyzy,

for any p € 0%, which is absurd. Thus sup,;xz; < 9. Observe that if
equality holds, then a contradiction is reached comparing M and the plane
I1(6) using the tangency principle. Hence sup,, x; < §. Similarly, we can
prove that inf,;x; > —4§. Consequently, M should lie inside the slab S.

STEP 3: Using the same arguments we will prove now that 26 = .
Indeed, suppose at first that 20 > m. We can then place a grim reaper cylinder
G% inside the slab S, by taking [ sufficiently large, so that G%' N M = () (see
Fig. 3.8).

e 20> e e .
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Figure 3.8: Comparison with a grim reaper cylinder from inside

Consider now the set
o ={l>0: MngG" =0}.

Let [y := inf /. Assume at first that [y ¢ 7. Because MNG% £ (), it follows
that there is an interior point of contact between M and G%°. But then



M = G%bo which leads to a contradiction with the asymptotic assumptions on
M. Let us treat now the case where [y € 7. In this case dist {M, QOJO} =0.
Therefore, there exists a sequence of points { pi = (P1i, P2i, P3i) bien in M such
that

lim p1; = picc € R, lim pg; = 00, lim p3; = p3c €R
1—00 71— 00 1—>00

and
lim dist (p;, G*") = 0.

1—>00

Consider the sequence

{Mz =M -+ (O, —P2i, 0)}i€N'
By Lemma 3.3.1 we know that after passing to a subsequence, {M;};en con-
verges to a connected properly embedded translator M., which has the same
asymptotic behavior as M. On the other hand M., has an interior point of
contact with G% and thus they must coincide. But this contradicts again
the assumption on the asymptotic behavior of M. Thus 20 must be less or

equal than 7. We exclude also the case where 20 < m by comparing M with
a grim reaper cylinder from outside (see Fig. 3.9).
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(9/(1./

Figure 3.9: Comparison with a grim reaper cylinder from outside

Consequently, 20 = .



STEP 4: We will prove here two auxiliary results that will be very useful
in the rest of the proof.

Claim 4. The inequality
—m/2 < infgp- 1 < infpr-z1 < sup -z < supgy- T < /2,

holds for any any real number t such that M~ (t) # ().

Proof of the claim. Recall that
M~(t) = {(x1,x9,23) € M : x5 < t}.
Hence, from Lemma 3.2, we have that
dist (M~ (¢),I(w/2)) = dist (OM~(¢),II(7/2)) .
Suppose now to the contrary that
dist (9M~(t),(x/2)) = 0.

Then, there exists a sequence {p; = (p1;, Pa2i, t) }ien of points of OM ~(t) such
that

lim p;; =7/2 and  lim py; = oo.
71— 00 1—00

Consider the sequence of surfaces {M; := M + (0, —p2;, 0) };en. From Lemma
3.1 we know that { M, };cn converges to a connected properly embedded trans-
lator M., which has the same asymptotic behavior as M. On the other hand,
there is an interior point of contact between M, and I1(7/2), which is a con-
tradiction. Thus,

dist (OM~(t),1I(7/2)) > 0.

which implies that sup,- @1 < 7/2. In the same way, we can prove that
infpr- w1 > —m/2. This completes the proof of the claim.

Claim 5. There exists a sufficiently large number t such that the parts of
M™(t) are graphs over the xy1xa-plane, and there exists a sufficiently small
0 > 0 such that M, (w/2 — 0) is a graph over the xyx2-plane.



Proof of the claim. First note that the proof is complete if we see the
second part of the claim, i.e., that there exists a sufficiently small § > 0 such
that M, (w/2—4) is a graph over the zjx9-plane. Assuming this, the hypoth-
esis on the asymptotic behavior of M implies that there exists a sufficiently
large number ¢ such that M*(t) C M_(—n/2 + 0) U M, (7w/2 — 0), so both
connected components of M (t) are graphs over the z1x9-plane, as claimed.

In order to prove the existence of § > 0 such that M, (7/2 —0) is a graph
over the xjxo-plane, recall that from STEP 3 we know that M lies inside the
slab

S = (-7/2,7/2) x R%

Since G and M — C are C'-asymptotic to II (%), we can represent each wing
of M — C as a graph over G. Fix a sufficiently small positive number e.
Then, there exists ¢ > 0 such that the interior of the right wing M, (/2 —0)
of M — C (and analogously with the left wing M_(—n/2 + §); indeed, the
whole argument below is completely analogous for the left wing) can be
parametrized by a smooth map

F:Ty:=(r/2-6,71/2) xR =R F=F+pup, (3.4.1)

where the map F'(xy, z5) = (1, x2, — log cos x1) describes the position vector
of G, vp(x1,z2) = (sinxy, 0, — cos xy) is the downwards unit normal of F (see
Lemma 1.4.1) and ¢ : (7/2—9,7/2) x R — R is a smooth function such that

supy, |p| <& and supg|Dy| <e. (3.4.2)

We are going to see that this § > 0 works.

Denote by 7 : R® — R? be the usual projection map defined by 7(zy, 7, x3) =
(x1,22). Consider the following domain and range restriction of 7:

Toint (My(n/2-0))C M CR> - T; = (n/2 - §,7/2) x R C R?

where int denotes the interior of M (w/2—0). Note that it is well-defined be-
cause, by definition of M, (7/2—4§), the first coordinate function of M, (7/2—
J) is greater or equal than 7/2 — g, and by STEP 3 the first coordinate func-
tion of M D M, (/2 — ¢) is less than 7/2.

We finish if we prove that 7 is a global homeomorphism. The scheme of the
proof is:



1. 7 is a covering map.
This follow from [Lee03, Proposition 2.19], whose hypothesis are:

(a) 7 is a proper local diffeomorphism.
(b) int (M, (w/2 —§)) and Ty are connected smooth manifolds.

2. 7 is a global homeomorphism.
This follow from [dC76, Corollary of Proposition 5, section 5-6 A],
whose hypothesis, besides 7 being a covering map, are:

(a) int (M (7/2 —§)) is arcwise connected;

(b) T is simply connected.

Let us prove all these statements.

First, let us see that 7 is a proper map, that is, for every compact K C T}
the inverse image 7 '(K) is compact. This follows from the asymptotic
behaviour of M. Indeed, by definition of the projection map, 7 }(K) =
K x A, where A is a subset of R. Observe that A is closed because 7 is
continuous and K is closed, and A must be bounded since otherwise M
could not be asymptotic to II(7/2) in the sense of definition 3.0.1.

Furthermore, 7 is a local diffeomorphism. Indeed, it is sufficient to show
that 7 is a local bijection; then, being a local diffeomorphism comes from the
fact that 7 is a chart of the smooth surface int (M (7/2 — §)). The strategy
to prove that 7 is a local bijection is to use the parametrization F introduced
in (3.4.1) in order to show that int (M, (7/2 —¢)) is strictly mean convex.
Since it is a translator, 0 < H = —(vp,v). Hence (vz,v) < 0. Thus, each
point of int (M, (w/2 — 6)) has an open neighborhood that can be represented
as a graph over the xixo-plane, that is, 7 is a local bijection, as claimed.
We begin by computing the downwards unit normal v of F:

L TPm cos? 11 Fyy — (1 + @ cos 1) pp, Fry + (1 + pcoszy) vp (3.4.3)
E \/cpil cos? w1 + (1 + @cosw1)?(1+¢2) ' o

Proof. First, let us express the tangent vectors of F' in the orthonormal basis
of R? (see Lemma 1.4.1)

{Ey = (cosxq,0,sinxy), Ey =(0,1,0), vp = (sinxq,0, —cosxzy)}.



In that Lemma 1.4.1 we also computed the tangent vectors F, and [},:
F,, = (1,0tanzy), F,, = (0,1,0),
and the partial derivatives of vp:

(Vp)z, = (cosxy,0,sinx;) = Ey,
(vr)z, = (0,0,0).

Observe that Fy = cosx1F,,, Fy = F,,.
Then
ﬁml :le + Py VF+90<VF)901 = (1+QOCOSQ,‘1)F;E1 + Pz, VF
- (Coslccl + 90) El + Py VF = (Coslxl + @707()01) )

FIQ :Fw2+90502VF+‘10(VF)$2 :E2+90x2VF: (071’902)7

and the unit downwards normal vector v of F' can be computed using the
cross product:

~ ~ E1 E2 Vg
F,, xF,, = Coslwl +o 0 @y
0 1 @,

= _('DxlEl - <coslm1 + ('0) (,03;2E2 + <co:zl + <'0> Vk

Then
- . 2
|Fx1 X Fx2| = \/(,D%l + (coslml +SD> (1 +<P§32>7
hence
- le X sz B _prlEl - (coslxl +§0) ¢x2E2 + (coslxl +Q0> Vp
= —= 2
|Fyy X Fo,| ) 2
o A+ (o +9) (L+e)

— g, cosx1 Fy, — <ﬁ + go) Oy Fry + (Coslxl + gp) VR

2
N
_ — g cos®> 11 Fyy — (1 + 0 cos 1) ppy, By + (1 + pcosazy) vy
\/@%1 cos? r1 + (1 + @ cos1)?(1 + ¢2,) '

(3.4.4)

]



Now, since F'is a translator, we have that its mean curvature is

cosz1(1 + pcosxy + @, sinwy)

H=—(vsv)= .
i) V2 cos?ay + (1+ pcosay)?(1+¢2)

(3.4.5)

Proof. We have that

(Fy,,v) ={((1,0,tanz), (0,0,1)) = tanxy,
<F$2,V> = <(07 170)7 (O’ 0, 1)> =0

(vp,v) = ((sinzy,0, —cosxy),(0,0,1)) = — cos z;.

By linearity of the metric and using expression (3.4.4), we obtain the desired
formula (3.4.5). O

Then, taking into account that z; € (7/2 — 6, 7/2), thus cosz; > 0, and
(3.4.2), which means that ¢ and its first partial derivatives are small, we have
that H > 0, as claimed.

With respect to the connectedness of int (M, (7/2 —0)) and Ty, this is
trivially true in the case of Ty = (7/2 — §,7/2) x R. And, by Lemma
3.3.3, M, (w/2 — ) must be connected. Indeed, assume to the contrary
that M, (m/2 — 0) has more than one connected component. Let ¥ be a
connected component different from the one whose xs-coordinate function
is not bounded (there is at least one by assumption). Then due to Lemma
3.3.3 the infimum and the supremum of the z;-coordinate function of ¥ are
reached along the boundary, that is, ¥ is contained in the plane II(7/2 — ¢),
so the whole surface M must coincide with this plane by the interior tan-
gency principle, which is a contradiction. Once we know that M, (7w/2 — 0)
is connected, then its interior int (M (7/2 — §)) is also connected; this is not
true in general for any arbitrary set, but observe that in this case the bounda-
ry of M (mw/2 —d) is a connected infinite non-self-intersecting curve. If this
boundary were finite, then the asymptotic behaviour of M would not be true
since it implies, according to its definition and the hypothesis on Theorem
3.0.2, that for sufficiently small 6 > 0, as it is the case, M, (7/2 — J) can be
represented as a graph over a whole half-plane of I1(7/2) with boundary pa-
rallel to the x9-axis. This shows also that it is non-self-intersecting, which also
follows from the hypothesis that M is embedded. Moreover, the boundary
of M, (mw/2—§) is connected, otherwise, since by hypothesis M is connected



and, bearing in mind its asymptotic behaviour, then necessarily the number
of times that M intersects the plane II(7/2 — 0) is finite and odd. Then, if
there were three or more intersections, this would mean that M, (7/2 —¢) is
not connected, a contradiction. Therefore, the boundary of M (7w/2—0) is a
single infinite non-self-intersecting curve, so when it is removed, the resulting
set, int (M (7/2 — §)), remains connected, as claimed.

So far, we have established that 7 is a covering map.

On the other hand, let us prove now that int (M (7/2 —§)) is arcwise
connected. This is terminology of [dC76], where it is also proved that,
in the case of (regular) surfaces, connectedness and arcwise connectedness
are equivalent properties; although this is not true in general (see [dC76,
Appendix, part B, Proposition 10]). Therefore, since we already proved
int (M, (7/2 — 9)) is connected, then in fact it is arcwise connected.

Finally, it remains to prove that Ty = (7/2—6,7/2) x R is simply connec-
ted, but this is trivially true.

STEP 5: We shall prove now that M is symmetric with respect to
I1(0) = {(z1,22,23) ER* : 2y =0}

and that M is a bi-graph over this plane. The main tool used in the proof
is the method of moving planes of Alexandrov (see [Ale56, Sch84]). Let us
define

A= {te[0,7/2) : M, (t) is a graph over II(0) and M} (t) > M_(t)}.

Recall from [MSHS15, Definition 3.1] that the relation M7 (t) > M_(t) means
that M7 (t) is on the right hand side of M_(t). We will prove that 0 € A. In
this case we have that M7} (0) > M_(0). By a symmetric argument we can
show that M, (0) > M*(0). Thus M7 (0) = M_(0) and the proof of this step
will be completed. The steps of the proof are the same as in [MSHS15, Proof
of Theorem A] with the difference that here we have to control the behavior
of the Gaufl map in the direction of the x,-axis.

Claim 6. The minimum of the set A is 0. In particular, A = [0,7/2).

Proof of the claim. Due to Claim 5 it follows that given a sufficiently
small number ¢, there exists a positive number ¢ such that the surface M, (t)



can be represented as a graph over I1(0) as well as a graph over the xjxs-
plane. Hence one can easily show that A is a non-empty set. Following the
same arguments as in [MSHS15, Section 3, Proof of Theorem A], we can show
that A is a closed subset of [0,7/2). Moreover if s € A, then [s,7/2) C A.
Suppose now that sy := min.4 > 0. Then we will get at a contradiction, i.e.,
we will show that there exists a positive number e such that s — ¢ € A.

Condition 1: We will show at first that there exists a positive constant
g1 < So such that M, (so—e1) is a graph over the plane II(0). Take a positive
number o and consider the sets

M (s) == {(z1, T2, w3) € My (s) : x5 > a},

M™(s) :=={(z1, 20, 3) € M_(s) : 23 > o},
and
M7 (s) == {(x1,22,23) € My (s) : 3 < a},
MZ(s) i= {(x1, 29, 73) € M_(s) : 73 < a}.
Since M (sg) is a graph over II(0), there exists « large enough such that

dist[¢ (M (s0)) ,11(0)] > 0. (3.4.6)

We fix such an «. From (3.4.6) it follows that there exists &g > 0 such
that M (so — €9) can be represented as a graph over the plane II(0) and

furthermore
MI*(SO — 50) > Mj(S() — 60). (347)

Let us now investigate the lower part of our surface M (sg). Because sy €
A, we can represent M (sg) as a graph over the plane II(0). Note that
there is no point in M (so) with normal vector included in the plane II(0)
since otherwise M (sq) and its reflection with respect to II(sg) would have
the same tangent plane at that point so by the tangency principle at the
boundary M would have been symmetric to a plane parallel to II(0). But
this contradicts the asymptotic behavior of M. Consequently,

¢ (M5 (s0)) NIL(0) = 0. (3.4.8)
Assertion. There ezists 1 € (0,€0] such that, for allt € [sg — €1, So),

& (ML (t)) N1I(0) = 0. (3.4.9)



Proof of the assertion. Suppose to the contrary that such ; does not exist.
This implies that for all ¢ € N there exists t; € [so — 1/1, so] such that

¢ (M (t;)) NTI(0) # 0.

Then there exists a sequence {g; }ien C M, (¢;) such that £(g;) € I1(0). Only
two situations can occur, namely either the sequence {¢;};en is bounded or
it is unbounded. We will show that both cases lead to a contradiction.

If {g;}ien is bounded, then it should have a convergent subsequence that
we do not relabel for simplicity. Denote its limit by ¢.,. Note that ¢, belongs
to the closure of M (so). Hence, by the continuity of the Gaul map

I1(0) D S' 3 &(¢:) — £(¢e0) € ST C TI(0).

Then
& (M (s0)) NTL(0) # 0,
which contradicts the relation (3.4.8).

Let us now examine the case where the sequence {¢; = (q1i, ¢2i, ¢3i) }ien
is not bounded. The first coordinate {qi;}ien of {¢n}nen is bounded. The
last coordinate {gs;}ieny Of {¢;i}ien is also bounded. Therefore, the second
coordinate {go;}ien of the sequence must be unbounded. Consider now the
sequence {M; = M + (0,—@2;,0)}ien. Due to Lemma 3.3.1, we have that
after passing to a subsequence, {M,};cn converges smoothly to a properly
embedded connected translator M., which has the same asymptotic behavior
as M. Furthermore, the limiting surface M., has the following additional
properties:

(a) The surface (My)4(So) can be represented as a graph over the plane
I1(0).

(b) The inequality (Mw)%(50) > (Mso)—(S0) holds true.

(¢) There exists a point in M, in which the Gaufi map belongs to the plane
I1(0).

Applying the tangency principle at the boundary of (Mx)* (s0) and (Ma)—(s0)
we deduce that II(sg) is a plane of symmetry for M., something that con-

tradicts the asymptotic behavior of M,,. This completes the proof of our

assertion.



The relation (3.4.9) implies that, for every t € [sy — €1, So|, the surface
MZ (t) can be represented as a graph over II(0). Consequently, M, (¢) is a
graph over I1(0) for all t > sy —e;. Hence the first condition in the definition
of the set A is verified.

Condition 2: Reasoning again as in [MSHS15, Proof of Theorem A] and
with the help of Lemma 3.1 we can prove the inequality M} (so —&1) >
M_(SO - 51).

Therefore, by Conditions 1 and 2, we have that sy — ¢ € A. This contra-
dicts the fact that sq is the infimum of A. So, s; = 0 and this concludes the
proof of STEP 5.

STEP 6: Let us explore the asymptotic behavior of our translating soli-
ton M as its xo-coordinate function tends to infinity.

Claim 7. Consider the profile curve I' = MNII(0). If the coordinate function
x3|r attains its global extremum on T' (mazimum or minimum), then M is a
grim reaper cylinder.

Proof of the claim. We will distinguish two cases. The idea is to com-
pare M with a “half-grim reaper cylinder” at the level where x5 attains its
extremum.

Case A: Suppose at first that there exists a point p € I' (see Fig. 3.10)
such that
[ := z3(p) = maxrzs.

Observe that
OM_(0) C {(zy, 79, 73) € R : 23 <}

For a fixed real number ¢ consider the “half-grim reaper cylinder” (see Fig.
3.11) given by

Gl = { (@1, 22,0 +1ogcos(z1 —t)) €R® 12y € [t,m/2+ 1), 25 € R}.
Define now the set
Q= {t € (~00,0): GY' N M, (0) =0}

Obviously, Q is a non-empty set. Moreover, if ¢ € Q then (—oo,t) C Q. Let
to ;= sup Q.
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Figure 3.11: Comparing with a plane

We claim that ¢ty = 0. Suppose this is not true. If t5 € Q, then there
would be an interior point of contact (notice that the boundaries of both
surfaces do not touch when ¢t < 0). This implies that M = G'! which
contradicts the assumption on the asymptotic behavior of M. Let us consider
now the case where ty € Q. In this case there exists a divergent sequence

{pi = (p1i, P2i, P3i) yien € M, (0) such that
lim dist(p;, iol) =0.

1—+00
Because the asymptotic behavior of gff” and M, (0) is different and the
distance between their boundaries is positive, then one can find constants
ap and a; such that ag < x3(p;) < ay, for all i € N. So, {ps; }ien tends to



infinity. Now we can apply Lemma 3.3.1 in order to deduce that the limit of
the sequence {M,};cn, given by

Mi =M — (07])22'70)7

exists and has the same asymptotic behavior as M. Let us call this limit
M. But now M. and fo’l have an interior point of contact and thus they

must coincide. This leads again to a contradiction because M., and Qio’l do

not have the same asymptotic behavior. Hence, t; = 0. Consequently, 3’l

and M, (0) have a boundary contact at p. Observe that the tangent plane at
p of both surfaces is horizontal by STEP 5, and therefore by the boundary
tangency principle they must coincide.

Case B: Suppose now that there exists ¢ € I' such that
i1 = x3(q) = minpxs.

In this case, we compare M, (0) with the family of “half-grim reaper cylinders”
{gi“ } +~o and we proceed exactly as in the proof of Case A.

Claim 8. The surface M is a graph over the xixs-plane.

Proof of the claim: Recall that the profile curve I' = II1(0) N M lies inside
the cylinder C. Let

a :=limsup (z3|r) and f:=liminf (x3|p).
ZTo—400 T2—>—00

Take sequences {p; = (0, p2i, p3i) Fien and {g; = (0, g2, g3i) }ien along the curve
I' such that

lim po; = 400, lim ¢o; = —00, lim p3; = a and lim g3; = 5.
1—00 1—00 1—00 1—00
and define the sequences of translators {M*}ien, {M’ }ien given by
Mg =M — (0,p5;,0) and M} := M — (0, gz;,0).

From Lemma 3.3.1 we deduce that

M® — MS and MP — MZ,



where M% and MF are connected properly embedded translators with the
same asymptotic behavior as our surface M.

Consider the points (0,0,a) € M2 and (0,0,3) € M2 . Taking into ac-
count the way in which we have constructed our limits, we have that

a= max x3 and [ = min 3.
Mg NII(0) ME n11(0)

At this point, we can use Claim 7 to conclude that the limits M2 and M5
are grim reaper cylinders, possibly displayed at different heights. From the
definition of the limit and the second part of Theorem 3.1.4, it follows that
for large enough values i > 7y there exist:

(a) strictly increasing sequences of positive numbers {my;}ien, {ma2;}ien,
{nh-}ieN and {ngi}ieN satisfying
my < mg; and  —ny < —Ny;,
for every ¢ > 1o,

(b) real smooth functions ¢; : (—7/2,7/2) x (my;, mg;) — R and 9; :
(=7/2,m/2) x (—=n1;, —n2;) — R satisfying the conditions

loil < 1/i, |03] < 1/i, |Dyi| < 1/i and |D0,| < 1/i,

for any i > i,

such that the surfaces
Ri = {(371,37271'3) e M: my < To < mgi}

and
L, = {(.Z’l,.fljg,.’ﬂg) EM:—ny <x9< —ngi}

can be represented as graphs over grim reaper cylinders that are generated
by the functions ¢; and v;, respectively.

Now we prove that R; and L; can be represented globally as graphs over
rectangles of the x;xo-plane. Formally, consider an arbitrary but fixed ¢ > 1,
and let

e Rl CMcC Rg — T’z = (—77'/2,7'('/2) X (mli,mgi) C RZ,



be the domain and range restriction of the usual projection map 7 : R3 — R2.
In order to prove that R; (the argument is analogous with L;) is a graph over
the corresponding rectangle (—7/2,7/2) X (my;, mo;) of the xjxo-plane, we
can follow the strategy of Claim 5. Indeed, we can make the same argument,
taking larger 7y if necessary; the only difference here is the proof of the
connectedness of R;. In order to prove it, consider a sufficiently large ¢t > 0
such that the two wings of R (t) are graphs over the z;z,-plane. By Claim
5, there exists such a ¢ and, moreover, the two wings of R (t) are connected.
Thus, we finish if we prove that R; (f) is connected. But thanks to the
compactness of R; (t), what we can easily prove is that R; (¢) is contained in a
connected set. This is a consequence of the following proposition of Topology:
if X, is connected for all @ and N, X, # 0, then U, X, is connected. Indeed,
since we already know that the limit M of the above sequence {M{ }ien is
a grim reaper cylinder, from the definition of the limit of a surface, keeping
the same notation (see Definition 3.1.1), we have that:

R, = U R, N Wr,s(p) = U Graph <(uil)|Dr(p)>

pEMZ, pEME

where each u;(D,(p)) is connected because u} is continuous and the disk
D, (p) is connected for all p. Then, by the compactness of R; (t), we can
express R; (t) as a finite union of connected sets and, furthermore, we can
argue with the above property as follows:

e (Step 1) Consider initially just two non-disjoint connected sets between
the ones in the above union that cover R; (¢); then their union, denoted
by Uy, is connected by the above property.

e (Step 2) Take now another set non-disjoint with Uy; again, their union,
U,, is connected by the above property.

e (Step i) And so on: in the i-th step just two sets are considered, the
union of the two previous ones, U;_1, and another set non-disjoint with
it. Their union, Uj;, is connected by the above property.

By the compactness of R; (t), this process ends after a finite number of steps,
let us say s steps. Therefore, Us O R; () is a connected set.
Finally,

R; = RS (t) UU,,



where R (t) and U, are non-disjoint connected sets. Then, again by the above
property, their union, R;, is connected, which is the desired conclusion.

Consider now the compact exhaustion {A;};>;, (see Fig. 3.12) of the
surface M given by

A, = {(xb;ljg,.’ﬂg) EM:—a; <x9<b;, 23 < Z}

where
a; = (ny; +n9;)/2 and b = (my; +myy;)/2.

Figure 3.12: The exhaustion set A;

The boundary of each A; is piecewise smooth and consists of two lateral
curves that converge to grim reapers and two top curves that converge to
two parallel horizontal lines. Observe that we just proved that in a strip B;
around JA; (see again Fig. 3.12) the surface A; is a graph over the zjx,-
plane. The proof will be concluded if we prove that there exists i; € N such
that each A; is a graph over the zixo-plane, for any 7 > ;.

We will argue by contradiction. The idea is to find a suitable i; € N and
assume that there exists ¢ > ¢; such that A; is not a graph over the zix,-
plane. Then we compare A; with a vertical translation of itself, and translate
it back to reach a contradiction using the interior tangency principle, as we
did in Section 2.3.

In order to formalize the above argument, first note that by claim 5 we can
fix a large height tq such that M™(¢y) is a graph over the zz5-plane. From
Claim 4 we know that

dist (M~ (to),I1(7/2)) = dist (M~ (to), (/2)) =: 6.



From the asymptotic behavior of M we know that there exists a number
t; > to such that

dist (M~ (t1),11(w/2)) = dist (OM ™ (t,),II(7/2)) = &/2.

Now fix an integer i; > max{igp,t1}. Let us see that this integer works.
Suppose to the contrary that there is ¢ > 4; such that A; is not a graph over
the xx9-plane. We will derive a contradiction. Let

Az(‘S) = AZ + (07 07 S)
be the translation of A; in direction of v. Take a number sy such that
Ai(So) N Az = @

Start to move back A;(so) in the direction of —v. Then there exists s; > 0
where A;(sy) intersects A;. From the choice of i; we see that the intersec-
tion points must be interior points of contact. But then, from the tangency
principle, it follows that A;(s;) = A;, which is a contradiction. Therefore,
for each ¢ > iy the surface A; must be a graph over the x;xs-plane. Because
{A;}ien is a compact exhaustion of M we deduce that M itself must be a
graph over the zz5-plane. In particular, genus(M) = 0.

STEP 7: From Claim 8 we see that our surface M must be strictly mean
convex. Consider now the xs-coordinate of the Gaufl map, i.e., the smooth
function vo : M — R given by vy = (v, e5), where e; = (0,1,0). Let us see
that vo and H satisfy the following partial differential equations

A vy +{(V vy, Vas) + |AP vy =0 (3.4.10)

and

AH + (VH,Vas) + |A°H = 0, (3.4.11)

where |A|? stands for the squared norm of the second fundamental form of

M.
Proof. Equation (3.4.11) is proved in [MSHS15, Lemma 2.1 (f)]. We will
follow a similar approach to establish equation (3.4.10).

To simplify our computations, we introduce normal coordinates: for an
arbitrary but fixed point p € M, there exists a smooth frame field {E}, Ey}



such that g;;(p) := g(E;, E;)(p) = d;5 for all 1 <4,5 <2 and Vg, E; =0 for
all 1 <i,5 < 2. We do all the calculations at an arbitrary but fixed point
p € M using normal coordinates at p.

Let us compute Avy =Y. E; (E; (v2)). First,

E; (v3) = E; ((v,e2)) = (D, v, €2) = (dv(E;), e3) = (dv(E;), e5)
= A(E;,eq). (3.4.12)

Recall that, in general, for any vector v € R® we denote by v+ the ortho-
gonal projection of v onto the normal bundle of f and by v" the orthogonal
projection of v onto the tangent bundle of f.

Thus,

Avy =Y Ei(Ei(vs ZE (Eives))

Our next step is to interchange the derivative E; and e, , that is, to apply the

Codazzi equation to these two indices: (Vg A) (Ej,eq) = (B, E;)

Ov

Since in normal coordinates around p it holds that (Vg, E;) ( )
E; (A(Eiey))
= (E (A(Ei,e5)) — A(VEEiey) — A(E:, Ve, ) ) +A(E;, Ve, )
= (V5 A) (Biye]) + A (B, Viel) = (Vo A) (Bi ) + A (E;, Vie])
=e, (A(E;, E;)) + A(E;, Ve, ).

Then

i

On the one hand,

> el (A(E;, Ey)) =e; (Z A(Ei,Ei)> =e; (H)=(VH,e;),

i



and, by [MSHS15, Lemma 2.1 ()], (VH,e; ) = —A(Vx3,¢€;), s0

Ze2 (E;, B;)) = —A(Vxg,e5) = —A <Z Ej(X3)Ej,e;r>
= - Z Ej(x3)A(Ej,e5) = — Z Ej(x3) Ej(v2

_<VV2,VX3>,

where we used (3.4.12) in the penultimate equality.

On the other hand, in order to compute ), A (Ei, VEiBZT), we are going
to follow a similar approach to the one in [MSHS15, Lemma 2.1] in order to
deduce item (f). To this end, first note that e; = V xy:

(Ei,V x3) = Ei(x2) = Ei({f, €2)) = (Dp, f,e2) = (df (Ey), e2) = (df (E;), €5 ),

where D denotes the Levi-Civita connection in R™!,
Now recall that (Vg E;) (p) = 0 because we are using normal coordinates
around p, so:

Vael =V, (Z Ek(x2)Ek> = <Ei(Ek(x2))Ek + Ek(xz)inEk>

k

= Z Ei(Ex(x2)) By = ng xo(Ej, i) Ej.

And the Hessian V?x, fulfills a similar equation to the one that satisfies
V?x3 in [MSHS15, Lemma 2.1 (c)]:

V2 x3(E;, Bj) = E; (Ej(x2)) = E; (E;({f,e2))) = E; ((df (E)), e2))
= <Ddf(Ei df(EJ 762> < (EME ) >
= A(E;, Ej)(—v,eq) = —A(E;, E)) vs,

where we used that A(E;, E;) = Dgpp,ydf (E;) — df (Vg E;) = Dg (s, df (),

being D the Levi-Civita connection in R™*!,
Thus

Vies =Y V’xo(E;, Ey)Ep = — vy Y A(E;, By)Ej.
k k



Then

> A(E;, Viges) ZA( ) VQZA(Ei,Ek)Ek>
i k

=~y Y A(E;, Ey)A(E;, By) = — 12 |A]”.

ik
Therefore,

Avy = ZezT (A(E;, E;)) + ZA (Ehin@;) = —(Vy, Vx3) — vy |AJ?,

i

as claimed. O

Define now the function h := v H~'. Combining the equations (3.4.10)
and (3.4.11) we deduce that h satisfies the following differential equation

Ah+ (Vh,V(z3+2logH)) = 0. (3.4.13)

Proof. In order to prove it, we simply compute Ah and (Vh, V(z3+2log H))
and check that they are opposite each other.

1 1 1 1
Ah=A <l/2 E) == EAV2+V2A (E) +2<VV2,V (E)>

1 2 2
= —Avy “2(VH,VH) - 2 SAH — — (Vv VH)
1 2y
= —=(V VQ,VX3> |A\2H H; (VH,VH) + 22 (VH,V x3)
+ |A|2H H2 (Vvy, VH)
2
= —ﬁ<vy2,vx3> v %(VH VH) + m<VH Vxs) — — <Vu2,VH>

where we used that for any smooth functions v and v in M the Laplace-
Beltrami operator satisfies A(uv) = vAu+ uAv + 2(Vu, Vov) and, from here,
taking u = 4/0 and v = 9, for any smooth functions @ and ¢ # 0 in M, it

holds that R . ) R R
A (E) — Ai- = <v (9) ,va> — 2 AG.
(Y v (% (Y v



We also used that V(1/H) = —1/H?*V H and equations (3.4.10) and (3.4.11).

Now, in order to compute (Vh, V(x3+2log H)), let us calculate first Vh
and Vlog H:

1 1 1 2 1
Vh=V (1/2 ﬁ) = I/QV (ﬁ) + ﬁv Vo = —ﬁVH + EVVQ,

1
locH = —-VH
V log HV’

where in the last equality we used the chain rule; observe that log H is well
defined because H > 0. Then

(Vh,V(xs+2log H))
= (Vh,Vx3)+2(Vh,Vlog H)

Vo 1 215 2
= — 15 (VH, Vxs) + (Vv Vxs) = = (VH, VH) + 5 (Vp, VH) .
This is the desired conclusion. O

Claim 9. The surface M is smoothly asymptotic outside a cylinder to the
grim reaper cylinder.

Proof of the claim. Consider the sequence of surfaces {M;};en given by
M; := M +(0,0,—1i), for any ¢ € N. One can readily see that for any compact
set K of R3, it holds

lim supHooarea{Mi N K} < oo and lim supHoogenus{Mi N K} < 00.

From the compactness theorem of White, the sequence of surfaces {M;};en
converges smoothly (with respect to the Ilmanen’s metric) to the union
II(—m/2) UII(7/2). Hence, due to Lemma 3.2.7, the wings of the translator
M outside the cylinder must be smoothly asymptotic to the corresponding
wings of the grim reaper cylinder. This completes the proof of the claim.

Claim 10. The function h tends to zero as we approach infinity of our surface
M.

Proof of the claim. Consider the compact exhaustion {A;};~;, defined in



the STEP 6. The boundary of each A; consists of four parts, namely:

Ai: = {(zr,29,23) € M 12y >0, —a; < ap < by, x5 =1},
Ao i = {(x To,w3) EM 121 <0, —a; <9 < by, x3 = i},
As; 0 = {(x To,x3) € M : 29 = —a;, w3 < @'},

Ay = {(z1,29,23) € M 12y =b;, x3 < i}.

Bearing in mind the asymptotic behavior of M, we deduce that around each
boundary curve line there exists a tubular neighborhood that can be repre-
sented as the graph of a smooth function over a slab of the grim reaper
cylinder. If ¢ is such a function then, from the equations (3.4.3) and (3.4.5),
we can represent h in the form

b Py 1+ pcoszy
©cosxy 1+ @cosxy + @, singg

(3.4.14)

Let us examine the behavior of h along Ay;. Note that these curves belong
to the wings of M outside the cylinder. Fix a sufficiently small € > 0. Then,
there exists d, > 0 and large enough index iy such that

MnN {(xl,xg,xg) ER3: 3> 2'2}

can be written as the graph over the grim reaper cylinder of a smooth function
¢ defined in the domain Ty, := (7r/2 — 09, 7r/2) x R satisfying

supT52]<p| <e, supT62]Dgo| <e and supT62\D290] <e.
Because for any fixed x5 we have

lim o= lim |Dy|=0,

T1—T/27 T1—T/27
we get
’90332(‘1'171‘2” = ‘ _/ Prozq x1,$2)dl’1 = (7]-/2_3:1) ’SHPT(;QSDINEQ
< (7T/2 —xl) .

Hence, for any 7 > 5, from equation (3.4.14) we see that sup, . |h| < €. Be-
cause of the symmetry we immediately get that sup,, |h| < e. On the other



hand, recall that the strips R; and L, are getting C'-close to the correspond-
ing grim reaper cylinders. Hence, there exists an index i3 > i such that for
1 > 13 wWe can represent

RN {(z1, 22, 3) € R? : w5 < i3}

as the graph over a grim reaper cylinder of a smooth function ¢; defined in
a slab of the form Gg,; := (—7/2 + 03, 7/2 — d3) X (my;, my;), where here 3
depends only on i3, satisfying the properties

squ53i|goi| <e and Squ53i|D90i| <e.

Exactly the same estimate can be obtained along the strips L;. Note that in
this case the xi-coordinate is not tending to 4+ /2 and so cos z; is bounded
from below by a positive number. Going now back to equation (3.4.14) we
obtain that for ¢ > i3 we have

supy, |h| <€ and sup,, |h| <e.

Therefore h|ga, becomes arbitrary small as i tends to infinity. This completes
the proof of the claim.

Finally observe that, from Claim 10, there exists an interior point where
h attains a local maximum or a local minimum. From the strong maximum
principle of Hopf we deduce that h must be identically zero. Consequently,
vy = 0 and thus ey = (0,1,0) is a tangent vector of M. Now differentiating
the equation v, = 0 with respect to the tangent vector e, we deduce that
A(eg, e3) = 0:

0=e3(0) = ey (vg) = €2 ((V,€2)) = (De, v, e2) = (dv(ey), e2) = Aeg, €2).

Thus, det A = 0, hence K = 0 and so |A]*> = |A|*> + 2K = H?. Since
|A]? = H? we deduce from [MSHS15, Theorem B] that M must be a grim
reaper cylinder and the proof is complete.
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