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Introduction

This dissertation is devoted to study some aspects of the geometry of Banach spaces
through the development of two different tools: rank-one numerical index of a Banach
space and the Bishop-Phelps-Bollobds moduli of a Banach space. These tools are com-
pletely independent and that is the reason for this study to be divided into two chap-

ters which are developed individually.

We devote the first chapter of this dissertation to study the concept of rank-one nu-
merical index of a Banach space, which appeared recently in [33], to relate the numeri-
cal radius and the usual norm of rank-one operators on Ly-spaces. This concept is an
analogue to the classical numerical index of a Banach space, that was introduced by
G. Lumer in 1968.

We fix some notation that will be used all along the introduction. Given a Banach
space X over the field K (= R or C), X* stands for its topological dual, Bx and Sx are,
respectively, the closed unit ball and the unit sphere of X. Besides, L(X) will denote
the Banach algebra of all bounded linear operators on X. Let X be a Banach space.
Given T € L(X), the numerical radius of T is

o(T) = sup{|x"(Tx)| : (x,x¥) € TI(X)}

where

I1(X) = {(x,x*) € Sx x Sx= : x"(x) =1}.

11



12 Rank-one numerical index and Bishop-Phelps-Bollobas moduli

It is easy to check that v defines a semi-norm on L(X) which clearly satisfies v(T) <
|T||. In fact, very often v is actually a norm that is equivalent to the usual operator

norm. To study if this is so, one may consider the numerical index of X:
n(X) =inf{v(T) : T € L(X), |T| =1}.

Equivalently, n(X) is the greatest constant k > 0 such that k||T|| < ©(T) for every
T € L(X). It is well know that the set of values of the numerical index of real Banach
spaces fills the whole interval [0, 1], while for complex Banach spaces it fills the interval
[1/e,1] [16].

This way it is defined the rank-one numerical index of a Banach space X as the con-

stant given by

n(X) :=max{k >0 : k||T|| = o(T) VT € L(X) with dim(T (X)) < 1}
=inf{v(T) : T € L(X), |T]| =1, dim(T(X)) < 1}.

We start the chapter recalling briefly the most important results about the numerical
index as well as the previously known results about rank-one numerical index. After
that, in section 1.2 we prove that there exists a lower bound for the rank-one numerical
index which is also valid in real case, more concretely, we prove that n7(X) > 1/e for
every real Banach space X. Besides, we provide an example of a Banach space whose

rank-one numerical index is 1/e, showing that our result is sharp.

We devote section 1.3 to the study of some stability properties of the rank-one nu-
merical index concerning suitable sums of Banach spaces, as well as the continuity of
the index with respect to the Banach-Mazur distance. In both cases, we get that it be-
haves similarly to the classical numerical index. We continue studying the rank-one
numerical index of vector valued spaces. Obtaining that this time the behaviour dif-
fers from that of the classical numerical index. All these results can be found in a joint
work with M. Martin and J. Meri [13].

In section 1.4 we present some examples involving the rank-one numerical index of

a space and the one of its dual. More concretely, we show that there is a Banach space
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X satisfying n1(X*) < n1(X). Besides, we construct some examples which relate the

rank-one numerical index with some other natural indices that one may consider.

In section 1.5 we compute the rank-one numerical index for some families of poly-
hedral norms on the plane. More precisely, we obtain explicit formulae for the rank-
one numerical index of three families of norms on R?: a family of hexagonal norms
and two families of octagonal norms. These computations appear in a joint work with
J. Meri [14]. In the last part of the section we present some small advances about the
computation of the rank-one numerical index of L, spaces. It was shown in [33] that

ky = ni(Lp(p)) = k%, for every atomless measure y, where

1 = Su tp_l = Su t
prgt/n ~ ST T b Tt

kp:

It is easy to check that 1y (E%,) < kp, soitis a natural question whether this is an equality
or not. Unfortunately we were not able to solve the problem but we provide some
partial results. We finish the chapter recalling the problems which remained unsolved

after our work.

We devote the second chapter to study two functions that can be defined for every
Banach space which, roughly speaking, give a measure of what is the best possible
Bishop-Phelps-Bollobas Theorem that can be achieved in a fixed Banach space. As it
is widely known the classical Bishop-Phelps theorem [5] states that the set of norm
attaining functionals on a Banach space is norm dense in the dual space. Some years
later, B. Bollobdés [6] gave a sharper version of this theorem allowing to approximate at
the same time a functional and a vector in which it almost attains the norm. This result

is known nowadays as the Bishop-Phelps-Bollobds Theorem:

Let X be a Banach space. Suppose x € Sy and x* € Sy« satisfy |1 — x*(x)| < €2/2
for some 0 < & < 1/2. Then there exists (v, y*) € I1(X) such that ||x — y|| < e+ €2 and
" =yl <e

This classical result is the starting point of our study. The main tools that we use

are two functions which we call Bishop-Phelps-Bollobds moduli of a Banach space:
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Let X be a Banach space. The Bishop-Phelps-Bollobds modulus of X is the function
®yx : (0,2) — R™ such that given § € (0,2), Px(4) is the infimum of those ¢ > 0
satisfying that for every (x,x*) € Bx x Bx+ with Rex*(x) > 1 —, there is (y,y*) €
IT(X) with |[x —y|| < eand |[x* —y*| <e.

The spherical Bishop-Phelps-Bollobds modulus of X is the function ®%, : (0,2) — R
such that given § € (0,2), ®%(6) is the infimum of those ¢ > 0 satisfying that for every
(x,x*) € Sx x Sx» withRex*(x) > 1—, thereis (y,y*) € II(X) with ||[x —y|| < eand
I =yl <e.

That is a way to measure how close can be y to x and y* to x* in the above result
depending on how close is x*(x) to 1. The Bishop-Phelps-Bollobds moduli can be seen as
the Hausdorff distance from a suitable set to IT(X):

Ox(6) =dy({(x,x*) € By x Bx» : Rex™(x) >1-6},1I(X))
D% (0) = dy ({(x,x*) € Sx x Sx» : Rex*(x) >1-4},TI(X));
where dp (A, B) is the Hausdorff distance between A, B C X x X* associated to the
lso-distance diste, in X x X*, that is,
dists ((x, "), (,y)) = max{[lx —y|, [x" —y"[|}
for every (x,x*), (y,y*) € X x X*.

In section 2.2 we prove that there is a common upper bound for the Bishop-Phelps-
Bollobds moduli which is in fact sharp. Actually, what we show is somewhat more
general: we calculate the best possible upper bound for deo ((x, x*),I1(X)) in any Ba-

nach space as a function of ||x|| and ||x*||. To this end we consider the function
Dx(,0,0) := sup{deo ((x,x*), II(X)) :x € X, x* € X,
]l = p [|x7[] = 6,Re x*(x) =1 -6},
where 6 € (0,2) and 6, i € [0, 1] satisfy uf > 1 — 4. Observe that one has

®3(8) = Dx(1,1,0) and  ®x(6) = sup Px(u,6,9).
uoel0,1]
uo=>1-6
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The main result of this section tells us that for every Banach space X, every é € (0, 2),

and every y, 0 € [0,1] satisfying uf > 1 — ¢, one has that
Px(u,0,0) < min{¥(u,0,6),1+u,1+06}, (1)

where

2—u—0+ —0)2+8(u0—1+46
¥(1,0,6) 1= 21— 0+ VK 2) (1 )

As a consequence of this, we get a sharp version of the Bishop-Phepls-Bollobas Theo-

rem:

Let 0 < ¢ < 2 and suppose that x € Bx and x* € Bx- satisfy
Rex*(x) >1—¢/2.
Then, there exists (y, y*) € I1(X) such that
lx—yll <e and |x*—y*| <e.

In other words, we prove that ®3(5) < /24 for 6 € (0,2). We also provide an example
for which the inequality given in (1) becomes an equality.

In section 2.3 we study some more properties of the two moduli. Namely, we stab-
lish the relationship of the moduli of a Banach space X and those of its dual space:

Oy (8) < Px«(6) and  DY(S) < DX (6)

for every 6 € (0,2). Besides, we prove the continuity of ®x(-) and ®3(-). We also
show further that the Bishop-Phelps-Bollobas moduli are continuous with respect to

the Banach-Mazur distance.

We devote section 2.4 to calculate both moduli for some classical Banach spaces. We
give the exact value of the moduli for Hilbert spaces and we present many examples
for which the moduli reach the maximum possible value for small é’s. Among these
examples we can find L1 (y) and Cy(L) where y is a measure and L is a locally compact

Hausdorff topological space with at least two points.
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In section 2.5 we show that a Banach space X satisfying ®x(8) = /26 for some
0 € (0,2) must contain almost isometric copies of the real space Eg). However, this
condition is not enough: we provide an example of a three-dimensional Banach space
X containing ¢% isometrically but such that ®x(5) < +/26. To finish the chapter, in

section 2.6 we gather the questions that we were not able to solve in our study.

All the results in this chapter can be found in [10, 11, 12]. The beginning of this
topic was developed in a joint work with V. Kadets, M. Martin, S. Moreno-Pulido, and
F. Rambla-Barreno [12]. We studied the refined versions of the moduli in collaboration
with V. Kadets, M. Martin, J. Meri, and M. Soloviova [11]. Finally, the shaper results
and further properties of the Bishop-Phelps-Bollobds moduli appear in [10], which is a
joint work with V. Kadets, M. Martin, and J. Meri.
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Notation

All along this study we consider K as the field of the real numbers R or to the field of
the complex numbers C. We also write D for the set {A € K : |[|A|| = 1}.

We use in K the function real part Re(-) that naturally is the identity when K = R.

Given a set A C K, we consider the following notation:

ReA:={Rel : A € A}.

Let be a Banach space X with norm || - ||, Bx and Sx we write respectively its unit
ball and its unit sphere:
Bx:={xe X :|x| <1}, Sx:={xeX: x| =1}

We denote X* to the topological dual space of X, where its natural norm is

|x*|| ;= sup{|x*(x)| : x € Bx} (x* € X¥)

and for another Banach space Y, L(X, Y) will be the space of bounded linear operators

from a Banach space X into a Banach space Y, endowed with the usual operator norm
|T|| := sup{||Tx| : x € Bx} (T € L(X,Y)).

21



22 Notation

In the case X = Y we write L(X) := L(X, X) and Id for the identity operator in X. On
the other hand, if X is a complex Banach space, we will write XR for its real subjacent

space.
For a A convex set, extA will be the set of its extreme points.

Given p € [1,+o0) y m € N, we denote (3} to the space (K", || - [[,) where

1
(1, - )| o= (Dx,v’) (x1,...,%m) € K™,

and as usual for p = 4-oo0:

1(xty e m) oo = max{|xi| : i=1,..,m} y €% = (K" |e)-

Given an arbitrary family of Banach spaces {X, : A € A}, we call lo-sum of the

family, and we write [© e X\ ], to the subspace of the cartesian product [] Xxofall
AEA
the families (x)) e where the set {||x,|| : A € A} is bounded. That is a Banach space

with the norm

[Gea)reall = supfllxall = A € A}

As a subspace of this {e-sum we find the co-sum that is written as [Gea Xy, Fi-
nally, for 1 < p < oo, the £y-sum, which we write [©cp X)) ] ¢, consist of all the famlhes

(x1)ren such that (||x)||P)rea is summable, and itis a Banach space with the norm

|

[ (xr)reall = (Z HXAHP)

AEA









Chapter 1

Rank-one numerical index of a Banach

space

In this chapter we study the concept of rank-one numerical index of a Banach space,
which has been recently introduced in [33] to relate the numerical range and the usual
norm of rank-one operators on Lj-spaces as an analogue to the deeply studied nu-
merical index of a Banach space. We will recall briefly some results about numerical
index which will be relevant to our discussion, as well as the results about rank-one
numerical index which were known before we started our study. We analyse the ba-
sic properties of the rank-one numerical index and its behaviour with respect to some
usual operations with Banach spaces. This will give some differences with the classical
numerical index. Finally, we compute the rank-one numerical index for some families

of polyhedral Banach spaces.

1.1 Introduction

At the beginning of the 1960’s F. Bauer and G. Lumer gave two different definitions of

the numerical range of a linear operator on a Banach space. Since they are equivalent

25



26 Chapter 1. Rank-one numerical index of a Banach space

concerning applications, we pick Bauer’s one which is easier to handle. So, given

T € L(X) its numerical range is defined as the scalar set
V(T) = {x*(Tx) : (x,x*) € II(X)}

where
IT(X) = {(x,x*) € Sx x Sx : x*(x) =1}.

The numerical radius of T is
o(T) =sup{|A| : A€ V(T)}

and clearly satisfies v(T) < ||T||. Itis easy to check that v defines a semi-norm on L(X).
In fact, very often v is actually a norm which is equivalent to the usual operator norm.
To study if this is the case, G. Lumer defined in 1968 the numerical index of X as the
constant

n(X) =inf{o(T) : T € L(X), |T|| =1}.

Equivalently, n(X) is the greatest constant k > 0 such that k||T|| < v(T) for every
T € L(X). Note that 0 < n(X) < 1, and n(X) > 0 if and only if v and || - || are

equivalent norms on L(X).

Even before the notion of numerical index had appeared, it was known that for a
Hilbert space H of dimension greater than one, it holds that #n(H) = 1/2 in the complex
case and n(H) = 0 in the real case [23, p. 114]. In the first work about numerical index
[16], J. Duncan, C. M. McGregor, J. D. Pryce, and A. J. White proved that L (y) spaces
and their isometric preduals have numerical index 1 so, in particular, n(C(K)) = 1 for
every compact topological space K. This property is shared by the disk algebra A(ID)
[8, Theorem 32.9] and, more generally, by every function algebra [43]. The exact value
of the numerical indices of L, (u) spaces is still unknown when1 < p < coand p # 2,
but in a series of papers A. Aksoy, E. Ed-dari, and M. Khamsi [17, 18, 19] show that all
infinite-dimensional L, (y) spaces have the same numerical index, which actually co-
incides with the infimum of the numerical indices of finite-dimensional L, () spaces,

and the result extends to vector-valued L, spaces. It was shown in [34] that every real
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L,(u) space has positive numerical index for p # 2. Finally, the numerical index of

some families of polyhedral norms on the plane was computed in [32].

In the following lines we present briefly some of the known results about numerical
index which will be useful in our discussion. First of all, it is known since the work
of J. Duncan, C. M. McGregor, J. D. Pryce, and A. J. White [16] that v(T) = v(T*) for
every T € L(X), where T* is the adjoint operator of T. So it follows that n(X*) < n(X)
for every Banach space X. This inequality may be strict, as shows the example given
by K. Boyko, V. Kadets, M Martin, and D. Werner [9].

It is also known that real and complex spaces behave differently with respect to
the numerical index. Indeed, the set of values of the numerical index of real Banach
spaces fills the whole interval [0, 1], while for complex Banach spaces it fills the interval
[1/e,1] [16]. The fact that n(X) > 1/e in the complex case, known as the Bonehnblust-
Karlin theorem and first pointed out by B. Glickfeld [22], has important consequences

in the theory of Banach algebras.

The numerical index is continuous with respect to the Banach-Mazur distance be-
tween equivalent norms and this gives that the set of values of the numerical index of a
Banach space up to renorming is a non-trivial interval [21]. The numerical index of the
co-, ¥1-, or -sum of a family of spaces is equal to the infimum of the numerical index
of the spaces and the numerical indices of the vector-valued function spaces C(K, X),

L1(p, X), and Leo(p, X) are equal to the numerical index of the range space [38].

The rank-one numerical index of a Banach space was introduced in [33].

1.1.1 Definition. Let X be a Banach space. The rank-one numerical index of X is

n(X) :=max{k >0 : k||T|| > o(T) VT € L(X) with dim(T(X)) <1}
—inf{o(T) : T € L(X), ||T|| =1, dim(T(X)) < 1}.

In the aforementioned work [33] it is proved that

2 2

ni(Lp(p)) =p rq 7
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for every 1 < p < oo and every atomless measure y, where g = p/(p — 1) is the
conjugate exponent to p; it is also shown that n1(H) = 1/2 for every real or complex

Hilbert space H of dimension greater than one.

There are several motivations to study rank-one operators and the rank-one nu-
merical index. First, in an arbitrary Banach space, it is possible to give a formula for
the operator norm only for rank-one operators and so, generally, the knowledge of the
numerical index does not give more information than the knowledge of the rank-one
numerical index. Moreover, the study of rank-one operators and the rank-one numer-
ical index is sometimes enough to get important consequences on the geometry of the
space (this is the case of the results of [2, 29] on Banach spaces with numerical index 1,
see the comment in the next paragraph). As rank-one operators are contained in any
operator ideal, the rank-one numerical index gives an upper bound to any numerical
index one may define associated to any operator ideal (as, for instance, the compact
numerical index that we consider in section 1.4). Finally, estimations of the rank-one
numerical index in concrete Banach spaces give non-trivial inequalities relating the ge-
ometry of the space and its dual, as happens with the result for atomless L,-spaces

commented earlier.

While the definition of rank-one numerical index was first given in [33], the study of
numerical radius of rank-one operators was initiated much earlier. For instance, in the
1999 paper [29], the authors proved a number of results for Banach spaces with numer-
ical index one, but they claimed that all of them are also true for Banach spaces with
rank-one numerical index equal to one, since in all the proofs only rank-one operators
are used. Actually, in [37] the so-called alternative Daugavet property is introduced. A

Banach space X has the alternative Daugavet property if the norm equality

max [id + 67| = 1+ |T|

holds for all rank-one operators on the space and, in such a case, all compact operators
also satisfy that equation (actually, this is true for all operators not fixing a copy of /1,
as has been recently proved in [2, Corollary 5.6]). The relation of this property with

the rank-one numerical index comes from the fact known from the 1970’s [16], that for
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T € L(X),

ofT) = ITI| <= max Jid +6T) = 1+T].

Therefore, a Banach space X has the alternative Daugavet property if and only if
n1(X) = 1 and, in such a case, we actually have v(T) = ||T|| for every operator
T € L(X) which does not fix a copy of ¢; (in particular, for compact operators). It
also follows that for a finite-dimensional space X, if n1(X) = 1, then n(X) = 1. This
result is false in the infinite-dimensional setting, an example being C([0,1], ¢2). To fin-
ish the review about the alternative Daugavet property, let us mention that C(K, X)
has the alternative Daugavet property if and only if X does or K is perfect; the spaces
L1(p, X) and Lo (1, X) have the alternative Daugavet property if and only if X does or
1 has no atoms [37].

1.2 A lower bound for the rank-one numerical index

The classical result of B. Glickfeld saying that n(X) > 1/e for every complex Banach
space X tells us that n1(X) > 1/e in this case. Our goal in this section is to prove that
this lower bound for the rank-one numerical index is also valid in the real case and to

show that it is the best possible one.

We recall that given a real or complex Banach space X, one can define the exponen-

tial function on L(X) by

00 k

exp(T) =1d + kz % (T € L(X))
=1 ™

and that it follows from [7, Theorem 3.4] that

|exp(aT)|| <M (T e L(X), a € K). (1.1)

We are ready to state and prove the promised result.
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1.2.1 Theorem. Let X be a real Banach space. Then,

1
Tll(X) 2 E

Proof. Let us fix a rank-one operator T € L(X). We find x§ € X*, xg € X such that
Tx =x5(x)x9 (x € X)
and we write A = x{(xo). Note that for each « € R one has

Id +aT ifA=0

N (1.2)
Id+ <=1 T ifA#0.

exp(aT) = {

Indeed, if A = 0 then T? = 0 and hence exp(aT) = Id + aT. If otherwise A # 0, taking
into account that (aT)* = A*~1a*T for every k € IN, we can write

e — 1

/\T.

© Ak=1ykT 1 & Akgk
exp(sz)zId—FZk—;X:Id-l-(XZ k?é

) T=Id+
k=1 k=1

Now, if v(T) = 0 then A = 0 (indeed, if xg = 0 the result is clear; otherwise, just
pick y* € Sx- such that y*(xg) = ||xol|, write y = x¢/||x0|| € Sx and observe that
y*(y) = 1and A = y*(Ty)). Therefore, equations (1.1) and (1.2) give in this case that

[d +aT[| = [[exp(aT)[| <1 (a € R).

This obviously implies that T = 0 and thus || T|| < ev(T).

If otherwise v(T) # 0, we can assume without loss of generality that v(T) = 1 and
so we have to show that ||T|| < e. We distinguish two cases depending on wether
A = 0 or not. Suppose first that A = 0. Then, using equations (1.1) and (1.2) fora =1

and « = —1, we obtain
IId+T||<e and IId—T| <e

which gives

1Tl = |3ad+T) - Jad-T)| <5 +5 =e,

e e
2 2
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as desired. Finally, when A # 0 one can use (1.1) and (1.2) to obtain

e — 1
HId+ < TH = |[exp(aT)|| <e  (a eR).
Using this for « = 1 and « = —1 one gets
A 1 A 1
HId—ke TH <e and HId—Fe TH <e
and, therefore, one has
A_ oA A —A
et —e 1 et —1 1 et —1
—|IT|| € = ||I T+ = || T|| <e.
S me s o] s ]
e oA
The desired inequality follows now from the fact that )1‘2% e 1. O

The following example shows that the inequality above is sharp. Let us comment
that it is the real version of the space given in [22] of a complex two-dimensional space

with numerical index equal to 1/e.

1.2.2 Example. There is a real two-dimensional Banach space X with n1(X) = 1/e.
Indeed, consider the function @ : [0, +oo[— R given by

et/ ift € [0,¢]

d(t) = { (t € [0, 400[)

t ift >e.
Then, by Proposition 3.1 in [16] the mapping || - || : R> — [0, +-o0[ given by
| @(ED) ifa £ 0
(B = S () € R?)
|B| ifa =0
defines a norm on R?. Now, denote X = (R?, || - ||) and consider the shift operator

S € L(X) given by S(«, B) = (0,a). Using Lemma 3.3 in [16] one obtains that

/

IIS||=1 and o(S)= sup% =1/e,

which give n1(X) < 1/e, as desired.
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1.3 Some properties of the rank-one numerical index

This section is devoted to study the behaviour of the rank-one numerical index with
respect to some natural operations with Banach spaces. In many cases, it behaves sim-
ilarly to the classical numerical index. This is the case of the stability properties con-
cerning suitable sums of Banach spaces and the continuity with respect to the Banach-
Mazur distance. We will also see that the behaviour with respect to vector valued

spaces differs from that of the classical numerical index.

Our first goal is to study the stability properties of the rank-one numerical index
when one considers sums of Banach spaces. Given an arbitrary family {X, : A € A} of
Banach spaces, we denote by [ @, Xa],, the co-sum of the family and [ @)en X ‘
denotes the £,-sum of the family for a given p with 1 < p < oco.

It is shown in [38, Proposition 1] that the numerical index of a cp-, ¢1-, or £eo-sum
is equal to the infimum of the numerical index of the addends. As we will see later,
the proof of this result can be easily adapted to the rank-one numerical index. In the
already cited paper [38] it is also commented that the numerical index of an £,-sum is
less or equal than the numerical index of the addends. This result has been generalized
to absolute sums of Banach spaces in [35, §2]. Again, all the proofs can be adapted
to the rank-one numerical index since when one considers a rank-one operator, then
all the operators involved are rank-one. But, actually, we are now presenting a more

general result which is new even for the classical numerical index.

1.3.1 Proposition. Let X be a Banach space and Y, Z closed subspaces of X such that
X=Y®Zand|y1 +z| = ||ly2 +z| forz € Zand y1,y> € Y with ||y1|| = ||y2||. Then,

n(X) < n(Y) and  m(X) < ny(Y).

We need a lemma which gives, in the hypotheses of the above result, the possibility

of extending an operator from Y to X with the same norm and numerical radius.
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1.3.2 Lemma. Let X be a Banach space and Y, Z nontrivial closed subspaces of X such
that X = Y@ Z and ||y + z|| = |ly2 + z|| for every z € Z and every y1,y> € Y with
Ily1]l = |ly2||. Then, given an operator T € L(Y), the operator T € L(X) defined by

Ty+z)=Ty (yeY,z€2Z),

satisfies | T|| = ||T|| and v(T) = o(T).

Proof. We start with two easy observations. First, the hypothesis gives us that the pro-
jections to Y and Z given by the decomposition X = Y @ Z have norm one. Indeed,
giveny € Yand z € Z, one hasy = 1(y+z) + 1(y — z) which, using the fact that
ly—zll = | —y+zll = ly +zI|, gives

1 1
Iyl < Slly +zll + Sy =zl = [ly +=|

and, analogously, we get ||z|| < ||y + z||.

Secondly, we show that X* is isometrically isomorphic to Y* & Z*. To do so, recall
that X* = Z+ @ Y+ and observe that Z+ = Y* and Y' = Z*. Indeed, consider the

1 € Z!. Taking into account

mapping | : Zt — Y* given by Jz1 = zt|y for z
that zt (y +z) = zt(y) and |ly +z|| = |ly| for z- € Z+,y € Y,z € Z, it is clear
that ||Jz*| = ||z*]||. To see that J is onto, fix y* € Y*, take x* € X* a Hahn-Banach
extension of y*, and write x* = z+ + y for some z+ € Z+ and y* € Y. Then one has
Jzt = zt|y = x*|y = y*. Analogous arguments show that Y+ = Z*. Summarizing,

we have proved that X* = Y* @ Z* and that the action on X is given by

'+l y+2) =y (y) +2"(2)  (y+zeX y +z" € X).

Now, since Y is 1-complemented in X, it is clear that ||T|| < ||T|| and the reversed
inequality is always true. To show that v (T) > o(T), fixed (y,y*) € T1(Y), take a Hahn-
Banach extension x* € Sx- of y* and observe that x*(y) = 1 and x*(T(y)) = y*(Ty).

Therefore,

" (Ty)| = [x*(T(y))| < o(T)
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and we get the desired inequality taking supremum on (y,y*) € II(Y).

Finally, to prove the inequality v(T) < v(T), fixed (x,x*) € IT(X), there are y €
Y,z Z,y" € Y*,z* € Z* such that

x=y+z x*=y"+z and Rex*(x) =Re(y*(y)+z"(z)) =1

Moreover, it holds that ||y|| < ||x|| and ||y*|| < ||x*||. Hence, if we show that Re y*(y) =
ly* [l ly[l, then

[ (Tx)| = |y (Ty)| < o(Dlly* [yl < o(T)|[x*|[|lx]] = o(T)
and the proof will be finished. To do so, given ¢ > 0, take y. € By with ||y¢|| = ||y
such that

Rey™(ye) > lly" llllyell —e.
By hypothesis, we have that |ye + z|| = ||y + z|| = 1 and, therefore,

Rey*(y) + Rez*(z) = Re[y* +z*|(y +z) =1
> Re[y” +27](ye +2z) = Rey"(ye) + Rez"(z2)
> [y [[llyell — e +Rez*(z)

which gives Rey*(y) > |ly*||||y|| — €. Finally, the arbitrariness of ¢ tells us that Re y*(y) >
Ly [yl O

Proof of Proposition 1.3.1. For the numerical index the result is an obvious consequence

of the above lemma, since for every T € L(Y) with T # 0, one has

s < 2D _ (D)
< T T

Taking infimum on T € L(Y) with T # 0, we get n(X) < n(Y) as desired. The result
for the rank-one numerical index follows using the same ideas and taking into account

that when T is a rank-one operator, T is also a rank-one operator. O

As we already commented, in the case of ¢y, £1, and /«-sums we have the following

expected result.
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1.3.3 Proposition. Let {X) : A € A} be a family of Banach spaces. Then

”1([@XA]CO) :”1([@}9\}51) =m ([P Xﬂgm) =inf{n1(X,) : A € A}.

AEA AEA AEA

The proof of this result, which we include for shake of completeness, is just an adap-
tation of the one given in [38, Proposition 1] for the numerical index. As we mentioned
above, it is enough to check that when in this proof one starts with rank-one operators,

all the operators involved are also rank-one.

Proof. Let X be the ¢, {1 or the {s-sum of the family {X, : A € A}. Then, Proposition
1.3.1 tells us that for every A € A we have n1(X) < n1(X,) and, therefore, we obtain
that 71 (X) < inf{n1(X,) : A € A}.

We turn to prove the reversed inequality for the ¢y and {o sums. If Z denotes the
any of these sums, a rank-one operator T € L(Z) can be seen as a family (T)),ca of
rank-one operators where Ty € L(Z, X, ) for every A, and ||T|| = sup, ||Tx||. Given
e > 0, we find Ay € A such that ||T) || > ||T|| — ¢ and we write X = X, @ Y where
Y = [@A#AOXA]CO orY = [@,£),Xp], . Since Bz is the convex hull of Sx,, X Sy, we

leo

may find xg € S Xa, and yp € Sy such that

1 Ta, (x0,%0) || > ||T|| —e.

Now fix x5 € X} with |x§]] = x§(x0) = 1 and consider the rank-one operator S &
L(X,,) defined by
Sx = Ty, (x,x5(x)yo) (x € Xy,)-
We clearly have
IS1 = [[Sxoll = [ITay (x0, yo) || > ITI| — ¢,

so we may find (x,x*) € II(X},) such that
[x"(Sx)| = n(Xao)[IIT]] — ]
Now z = (x,x5(x)yo) € Sz, z* = (x*,0) € Sz- satisfy z*(z) = 1 and

2% (Tz)| = |x*(Thy (x, x5 (x)y0))| = [x"(Sx)| = n(Xp,) I T — €.
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It follows that
o(T) > infn(X,) | T|

and so n(Z) > inf, n(X,) as required.

The proof for the ¢1-sum is somehow the dual of the above argument. If Z =
[®reaXa]y,, @ rank-one operator T € L(Z) may also be seen as a family (T))rea of
rank-one operators where now T) € L(X,,Z) for all A, and again ||T|| = sup, || T,]|.
Given ¢ > 0, find Ag € A such that ||T),|| > ||T|| —¢ and write Z = X,, &1 Y,
Ty, = (A,B) where A € L(X,,) and B € L(X,,,Y). Now we choose xy € Sx,, such
that

ITagxoll = [ Axoll + [ Bxol| > [ITI] — ¢,

we find ag € Sx, ,y* € Sy- satisfying
|Axollag = Axg  and  y*(Bxo) = ||Bxol|,
and define a rank-one operator S € L(X,,) by
Sx = Ax +y*(Bx)ag (x € X),)-

Then
1811 > 1180l = || Ax0 + [IBxollao|| = | Axoll + |Bxoll > | T ¢,

so we may find (x, x*) € I1(X),) such that
[ (Sx)| = n( X)) [T — €]
Forz = (x,0) € Sz and z* = (x*,x*(ap)y*) € Sz~ we clearly have z*(z) = 1 and
|2°(T2)| = |x*(Ax) + 1" (a0)y™ (Bx)| = |x"(Sx)| = n(Xp,) [ TI| —¢].

The desired inequality n(Z) > inf) n(X,) follows. O

As a particular case of Proposition 1.3.1 we have that the rank-one numerical index
of an absolute sum of Banach spaces is less or equal than the rank-one numerical index
of each one of the addends (in [35, §2] the reader will find a different proof for the case

of the classical numerical index). We will only give here two particular cases.
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1.3.4 Corollary. Let A be a nonempty set, let {X) : A € A} be a family of Banach
spacesand 1 < p < co. Then

nl([ @ X/\]@p) < inf{nl(XA) tAE A}
AEA

To present the second result we recall the notions of absolute norm and absolute
sum of a family of Banach spaces. Let A be a nonempty set and let E be a linear

subspace of R*. An absolute norm on E is a complete norm || - || satisfying

(a) Given (a,), (b)) € R* with |a,| = |b,| forevery A € A, if (a)) € E, then (by) € E
with [|(ax)[[e = [ (ba)][e-

(b) For every A € A, x(zy € E with [[xyy[[e = 1, where x,, is the characteristic
function of the singleton {A}.

The following results can be deduced from the definition above:

(c) Given (x)),(yy) € RM with |y)| < |x,| for every A € A, if (x)) € E, then
(ya) € Ewith [[(ya)[le < [ (xa)[E-

(d) ¢1(A) C E C lo(A) with contractive inclusions.

Given an arbitrary family {X, : A € A} of Banach spaces, the E-sum of the family

is the space

[@ XA}E = {(x/\) cx € XA VA EA, (|xa]]) € E}
AEA

= {(a/\xA) cay €RY, x) € Sx, VA E A, (ay) € E}

endowed with the complete norm ||(x,)| = |[(|[xA]])||e. Examples of absolute sums
are co-sums, £p-sums for 1 < p < oo, i.e. given a nonempty set A, we are considering
E = co(A) or E = £,(A). Other interesting examples are the absolute sums produced

using a Banach space E with a one-unconditional basis, finite (i.e. E is R" endowed
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with an absolute norm) or infinite (i.e. E is a Banach space with an one-unconditional
basis viewed as a linear subspace of RN via the basis). With this notation we can write

the promised result.

1.3.5 Corollary.

(a) Let E be R™ endowed with an absolute norm, let Xy, ..., X,, be Banach spaces

and write X to denote their E-sum. Then
nl(X) < min{nl(Xl),. . .,Tll(Xm)}.

(b) Let E be a Banach space with a one-unconditional (infinite) basis, let {Xj 1 j € N}

be a sequence of Banach spaces and let X denote their E-sum. Then

n(X) <inf{n;(X;) : j € N}.

We turn now to deal with the study of the rank-one numerical index of vector val-

ued spaces. This time its behavior differs from that of the classical numerical index.

1.3.6 Proposition. Let K be a compact Hausdorff space, u a positive measure, and X a

Banach space. Then, the following hold:

1 if K is perfect,
n (C(K, X)) =
n1(X) if K is not perfect,
1 if u has no atoms,
n (Ll (“l/l, X)) =
n1(X) if y has atomic part,
1 if y has no atoms,
n1(Leo(pt, X)) =

n1(X) if u has atomic part.

Proof. The proof for L1 (u, X) and L (p, X) follows the same lines, so we only give the

one for the Li-case. Indeed, it is known that L;(p, X) is isometrically isomorphic to a
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space of the form
51 (F, X) ®1 Lq (1/, X)

for suitable set I' and atomless measure v [15, pp. 501], being I empty when y is actu-
ally atomless. Now;, the result follows from Proposition 1.3.3 and the fact that L, (v, X)
has the alternative Daugavet property [37, Theorem 3.4] and so, n1 (L1 (v, X)) = 1.

Let us now prove the result for C(K, X). If K is perfect, C(K, X) has the alternative
Daugavet property [37, Theorem 3.4] and so 14 (C (K,X)) = 1. If K has an isolated
point, then X is an /e-summand of C(K, X) and so Proposition 1.3.3 gives us that
n1(C(K, X)) < n1(X). For the reversed inequality, we just need to follow the first part
of the proof of [38, Theorem 5] but considering rank-one operators. Indeed, we fix a
rank-one operator T € L(C(K, X)) with ||T|| = 1 and we prove that v(T) > n;(X).
Given ¢ > 0, we may find fy € C(K, X) with || fo|| = 1 and ¢y € K such that

I[Tfol(to)]| > 1 —e. (1.3)

Denote yo = fo(#p) and find a continuous function ¢ : K — [0, 1] such that ¢(#y) =1
and ¢(t) = 0if ||fo(t) — yol| = & Now write yo = Ax; + (1 —A)xp; with0 < A < 1,

X1, X2 € Sx, and consider the functions
fi=A=9)fotexje C(K,X) (j=12).
Then ||¢fo — ¢yo|| < € meaning that

[fo—(Afi+(1-A)f)l <e,

and, using (1.3), we must have
ITAI(t)I >1 =2 or  [[[TfH](to)]| >1 -2
By making the right choice of xyp = x1 or xop = x we get xo € Sx such that
T (1= @) fo+ @x0)] (o) || > 1 —2e. (1.4)
Next we fix x§ € Sx+ with xj(xp) = 1, denote

P(x) = x5(x)(1— @) fo+ ¢x € C(K, X) (x € X),
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and consider the rank-one operator S € L(X) given by
Sx = [T(®(x))](to)  (x €X).

Since, by (1.4),
ISI] = [|Sxoll > 1—2e,

we may find (x,x*) € II(X) such that
|x*(Sx)| = n1(X)[1 — 2¢].

Now, define ¢ € Sck x) by § = ®(x), for this x, and consider the functional ¢* €

SC(K,X)* given by
g (h) =x"(h(to))  (he€C(K X)).

Since g(tg) = x, we have ¢g*(g¢) = 1 and
87 (Tg)| = |x™(Sx)| = m(X)[1 — 2¢].

Hence v(T) > n1(X), as required. O

We may use the above result to give an example of a Banach space X such that
n1(X*) < n1(X). Indeed, the space X = C([0,1], ¢,) satisfies n1(X) = 1 but X* =
L1(p, £3) for some measure u which clearly contains atoms, so 11 (X*) = ny(¢) = 1/2.
Let us comment that this kind of example has appeared previously in the literature (see
[37, Example 4.4]) using a characterization of the alternative Daugavet property for C*-
algebras and von Neumann preduals. On the other hand, for a von Neumann algebra
A, itis shown in [37, Theorem 4.2] that A has the alternative Daugavet property if and
only if its predual A, does (equivalently, n1(A) = 1 if and only if n;(A,) = 1) and
this result was generalized to L-embedded spaces in [31, Proposition 2.3]. Actually, we
may give a more general result covering any value of the rank-one numerical index.
We recall that a Banach space X is said to be L-embedded if X** = X @1 X, for some
closed subspace X; of X**.

The proof of the following result is just an adaptation of the one given in [31, The-

orem 2.1] for the case of the classical numerical index.



1.3. Some properties of the rank-one numerical index 41

1.3.7 Proposition. Let X be an L-embedded space. Then, n1(X) = ny(X*).

Proof. We write X** = X @1 Xs; and Px : X** — X for the associated projection.
Given a rank-one operator T € L(X*), we consider the rank-one operators A € L(X)
and B € L(X,X;) givenby A = PxoT*oix and B = (Id — Px) o T* o ix (observe
that T* oix = A @& B). Given ¢ > 0, since By is w*-dense in By and T* is w*-w*-

continuous, we may find xp € Sx such that
IT*(x0) || = [[ACxo) [| + [ B(xo)[| > IT*]| — .
Now, we find a9 € Sx, y; € Sx: satisfying
|A(x0)[lao = A(xo) ~ and  y5(B(x0)) = [[Bxol,

and we define an operator S € L(X) by

Then

IS1 > I1SGo)ll = 1A Cx0) + B laol) = (Il Axoll + 1B} laoll > 1T —e,
so we may find (x, x*) € IT(X) such that

[x*(S(x))| = n(X)[|IT]| — €.
For z = (x,0) € Sx= and z* = (x*, x*(ag) y§) € Sx+= we clearly have z*(z) = 1 and
|27(T"(2))] = [x"(A(x)) + x"(a0) y5 (B(x))| = [x"(S(x))| = n(X)[IIT"|| —e].
Now, letting ¢ | 0, we get
o(T) = o(T") = n(X) T[] = n(X)|| T

Therefore, n(X*) > n(X), and the other inequality is always true. O

As a corollary, we get the following result for von Neumann algebras.
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1.3.8 Corollary. Let A be a von Neumann algebra and A, its unique predual. Then,
nl(A) = Tll(A*).

We finish this section with a result on the continuity of the rank-one numerical
index of Banach spaces, analogous to the one given in [21] for the classical numerical
index. Actually, the proofs are just adaptations to the new index of the ones given
there. However, it is interesting to gather the results and the proofs which are valid
for the rank-one numerical index. We need some definitions and notation used in the

cited paper [21] which were actually taken from [8, §18].

Given a Banach space X, we denote by £(X) the set of all equivalent norms on X.

This is an arcwise connected metric space when provided with the distance

d(p,q) = log (min{k > 1 : p <kq, q <kp}) (p.q € E(X)).

If p € £(X) we will use the same symbol to denote the dual norm in X* and we will

use the set
M(X, p) = {(x,37) € X x X* 1 p(x) = p(x*) = ¥ (x) = 1}.
Given T € L(X), vp(T) denotes the numerical radius of T in the space (X, p):
vp(T) = sup{[x*(Tx)| : (x,x7) € I(X, p)}.

Besides, 11 (X, p) will be the rank-one numerical index of the Banach space (X, p). Fi-

nally, we consider the set
Mi(X) = {m(X,p) : pe&(X)}

which represents all the values of the rank-one numerical index that X may have up to

equivalent renorming.

1.3.9 Proposition. Let X be a Banach space.

(a) The mapping (p,T) — v,(T) from £(X) x L(X) to R is uniformly continuous

on bounded sets.
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(b) As a consequence, the mapping p — n1(X, p) from £(X) to R is continuous.

(c) Hence, N1(X) is an interval.

(d) Ifdim(X) > 1, then1/e € N1(X).
Proof. Item (a) follows from an easy refinement of the proof of [8, Corollary 18.4], as
it was commented in [21]: we start observing that since neither boundedness nor uni-
form continuity depend on the norm we fix in X (equivalent norms in X correspond
equivalent norms in L(X)), we can use in £(X) x {L € L(X) : L rank-one} any of the

natural distances in a product of metric spaces. For instance, we may and do choose

the maximum. Next, fix pp € £(X), k > 1, and

G(po, k) ={p € £(X),d(p, po) < logk}

a neighbourhood of pg in £(X). We observe that for every bounded set A in £(X) x
{L € L(X) : Lrank-one}, there exist k > 1 and N > 0 such that

A C G(po, k) x {T € L(X) rank-one : po(T) < N}.
Therefore, it is enough to prove the result for sets of the form
G(po, k) x {T € L(X) rank-one : po(T) < N}.

Fix p,q € G(po, k) with d(p,q) < log(1+ ¢), where § > 0 is still to be determined, and

rank-one operators T, S satisfying:
po(T) <N, po(S) <N, and po(T— S) < 0. (1.5)

We need to show that if ¢ > 0 then |v,(T) — v4(S)| < e. To do so, take (x,x*) € II(X, p)

and define z = —*- and z* = -~ Then, it follows that
q(x) q(x*)

q(z) =q(z") =1, d(p,q) <log(1+4), and  2'(z) =
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Therefore, we get z*(z) > e S0 if v > 0 satisfies

1+(5)

1
(1+46)2

2
7
4

the Bishop-Phelps-Bollobds Theorem (see 2.1.1) applied in (X, q) provides us with
(y,y*) € II(X, q) such that g(z — y) < v and g(z* — y*) < <. Since

1
— <
1-0< 154 S <g(x) <149,

we also obtain g(x — z) = |1 — g(x)| < ¢ and, analogously, g(x* —z*) < 6. So we can

write

gx—y) <q(x —z)+q(z—y)<d+v and g(x*—-y*)<I+1.

Moreover, since g € G(po, k) we have

po(x—y) <k(0+7) and  po(x* —y") <k(0+7).

Using this, (1.5), and taking into account that p, g € G(po, k) gives us

po(x") <kp(x™) =k and  po(y) <kqy) =k;
we can estimate |x*(Tx) — y*(Sy)| as follows:
2 (T(x = y)| + |x*(T = S)(y)| + [(x* = y™) (Sy)]

po(x*)po(T)po(x —y) + po(x*)po(T — S)po(y)
+ po(x* —y")po(S)po(y)

[x"(Tx) —y*(Sy)| <
<
<KE2N(5+79) + ).

Since 7 only depends on é, and it tends to zero with J, one can choose § > 0 such that

the last expression is as small as we wish. So, fixed ¢ > 0 and

G(po, k) x {T € L(X) rank-one : po(T) < N}
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we have showed that there exists § > 0 satisfying that if d(p,q) < log(1+ ¢) and
po(T — S) < 4, then there are (x, x*) € I1(X, p) and (y,y*) € II(X, q) such that

x*(Tx) — 7 (Sy)| <e.
Finally, we obtain
(T < e+ v (Sy)| < e+ vq(S)

and taking supremum in (x,x*) € II(X, p), one has
vp(T) < v4(S) + &
Now, exchanging the roles of p and g and those of Tand S, we get the desired inequality

[0p(T) —vqg(S)| <&

Item (b) follows from (a) in the same manner as the continuity of the classical nu-
merical index is deduced in [21]. Indeed, fix pg € £(X), let B be an open ball centered
atppand S = {T € L(X) : po(T) =1, dim(T(X)) = 1}. It follows from (a) that the
mapping ¥ : B x S — R given by

_ op(T)

¥(p,T) = p((T) (peB, TeS)

is uniformly continuous, which implies that the mapping

p— inf{¥(p,T) : T €S} =m(X,p)

is continuous on B. (c) is an obvious consequence of (b). Finally, to prove (d) we take
a two-dimensional subspace Y of X, and we write X = Y @ Z for suitable Z. Now, let
W be a two-dimensional space with n1(W) = 1/e (Example 1.2.2 for the real case and
[22] for the complex case). Then, we have X ~ W @7 Z, and Proposition 1.3.3 tells us
that 1y (W @1 Z) = min{n1(W),n1(2)} = n (W). O
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1.4 Some examples and remarks

Our goal in this section is to provide some interesting examples concerning the rank-
one numerical index. As we already commented, for every Banach space one has
n1(X*) < n1(X) and this inequality may be strict. In the first example we show that

this inequality can be strict in the strongest possible way.

1.4.1 Example. There isa Banach space X such that n1(X) = land n1(X*) = 1/e. Indeed,
let E be a two-dimensional Banach space with 11 (E) = 1/e. Then, by [30, Theorem 3.3]
there is a Banach space X = X(E) satisfying n(X) = 1 and X* = E* & Z for suitable
Z. Therefore, n1(X) > n(X) = 1land 1/e < n1(X*) < n1(E*) = n1(E) = 1/e by
Theorem 1.2.1 and Proposition 1.3.3.

In the following we construct some examples which relate the rank-one numerical
index with some other natural indices that one may consider, let us start by defining

them. Given a Banach space X, for every r € IN we define the rank-r numerical index by
ny(X) =inf{o(T) : T € Sy(x), dim(T(X)) <7}

and the compact numerical index by
Neomp(X) = inf{v(T) : T € Sy (x), T compact}.

It is immediate that 7, (X) > 1,,1(X) 2> ficomp(X) = n(X) for every r € IN.

We start providing a real Banach space whose compact numerical index is strictly
between the classical numerical index and the rank-one numerical index. Let us recall
that when 71 (X) = 1 for a Banach space X, then #¢omp(X) = 1[37, Theorem 2.2].

1.4.2 Example. There exists a real Banach space X such that

Indeed, fix a sufficiently large even number k such that tan (%) < 1/e and take Xj

to be the two-dimensional real Banach space whose unit ball is the 2k-sided regular
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polygon centered at the origin, having one of its vertices on the point (1,0). Now,

consider the space

X = C([O,l],gz) D1 Xk-

Then, we have that n(X) = n(¢;) = 0 by [38, Proposition 1 and Theorem 5], that
n1(X) > 1/e by Theorem 1.2.1, and that #icomp(X) = Meomp(Xx) = n(Xy) = tan (%)
by [32, Theorem 5] and Proposition 1.3.3.

Let us comment that we do not know if the equality 7comp(X) = n1(X) holds for

every complex Banach space X.

The next result we present is that for finite-dimensional spaces, the values of the
rank-one and the rank-two numerical indices are sometimes related. We start with a

lemma which does not require the space to be finite-dimensional.

1.4.3 Lemma. Let X be a Banach space. If thereis T € L(X) with dim(T (X)) = 2 and
o(T) =0, thenn1(X) < 1.

Proof. By [42, Thorem 2.1], Y = T(X) is a two-dimensional well-embedded Hilbert
subspace of X. That is (see [42, p. 430] and [42, Proposition 1.11]), there exists a sub-
space Z of X such that X =Y & Z and ||y1 + z|| = ||y2 + z|| for every z € Z and every
y1,y2 € Y with ||y1|| = |ly2]|- Now, Proposition 1.3.1 gives that n1(X) < n1(Y). Fi-
nally, we have that n1(Y) = } by [33, Proposition 3.3] since Y is a Hilbert space with

dimension greater than one. O

As an immediate consequence, we obtain that the numerical indices of rank-one

and rank-two operators are linked for finite-dimensional Banach spaces.

1.4.4 Corollary. Let X be a finite-dimensional (real) space with ny(X) = 0. Then,
Tll(X) < %
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For two-dimensional spaces, the result actually deals with the classical numerical

index.

1.4.5 Corollary. Let X be a two-dimensional (real) space. If n1(X) > 1, then n(X) > 0.

We do not know whether the above result is true for arbitrary Banach spaces.

When X is a two-dimensional real Hilbert space, one has that n3(X) = 0 and
n1(X) = 1/2. In the next example we show that something similar can happen for

the numerical indices of higher rank.

1.4.6 Example. For every even number r there is a Banach space X, of dimension r
with n,(X,) = 0 and ns(X,) > 0 for every s < r. Indeed, fixed an even number 7, [41,
Theorem 3.10] provides us with an r-dimensional real Banach space X, and an onto
operator Ty € L(X;) such that

(TeL(X) : o(T) =0} = {ATy : A € R}.

It follows that n,(X,) = 0 since Ty # 0 and that n5(X;) > 0 for every s < r since the
only non-null operators with numerical radius zero are the non-null multiples of Ty

which have rank r.

We may use the above example to produce an analogue to Example 1.4.2 for the

numerical indices of higher rank.

1.4.7 Example. For everyr € IN, there exists a real Banach space X such that
1(X) < fcomp(X) < ny(X).

Indeed, write Y = X, or Y = X, of the above example depending on whether
r is even or odd. We have then 7,(Y) > 0 and #comp(Y) = 0 since n,,1(Y) = 0 or
n,42(Y) = 0 depending on our choice of Y. From Proposition 1.3.9.a (just the analo-

gous proof to (b) there, replacing rank-one operators by rank-r operators or compact
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operators), we deduce that both 71¢comp and 7, are continuous with respect to equivalent
norm. Therefore, as we may find polyhedral norms arbitrarily close to the norm of Y,
there exists a polyhedral norm such that, calling W to the space Y endowed with this
norm, we still have #comp (W) < 1,(W). Moreover, as W is polyhedral it cannot contain
an isometric copy of C, so Theorem 2.4 in [36] tells us that ncomp(W) # 0. Now, we

may follow the lines of the proof of Example 1.4.2 and consider the space
X =C([0,1],42) 1 W

which satisfies n(X) = n(¢,) = 0by [38, Proposition 1 and Theorem 5], n,(X) = n,(W)
and 7comp (X) = tcomp (W) since C([0, 1], £2) has the alternative Daugavet property and

Proposition 1.3.3 is also true for the rank-r and the compact numerical indices.

We do not know if there is a Banach space X such that n¢omp(X) # inﬂg n(X). If

re
such an example exists, it cannot have the approximation property since, in that case,
compact operators can be approximated in norm, and hence in numerical radius, by

finite-rank operators.

1.5 Computation of the rank-one numerical index

In this section we compute the rank-one numerical index of some families of polyhe-
dral norms on the plane. More precisely, we obtain explicit formulae for the rank-one
numerical index of three families of norms on IR?: a family of hexagonal norms and
two families of octagonal norms. The numerical index of these families of norms was

computed in [32].

We start recalling some facts that will be useful to our discussion. Let X and Y be
Banach spaces such that there exists a surjective isometry S : X — Y. It is immediate
to check that

o(T) =v(S7!TS) and  ||T|| = |ISTITS|.

for every operator T € L(Y).
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For a convex set A, ext(A) will denote the set of its extreme points. Since a nonempty
compact convex subset of R" is equal to the convex hull of its extreme points, we get
the following equalities for every operator T on a finite-dimensional real Banach space

X (see [37, Lemma 2.5] for the numerical radius):

IT] = sup{||T]| : x € ext(Bx)} (16)
o(T) =sup{|x*(Tx)| : x € ext(Bx), x* € ext(Bx+), x*(x) = 1}. (1.7)

1.5.1 Hexagonal norms

The first family for which we compute the rank-one numerical index consists of spaces
whose unit ball is hexagonal. For each 1y € [0,1], let X, = (R?, || - |,) where the norm
| - II., is given by

I )l = max{lyl, [x[ + (X =)y}  V(xy) € R~

o

Figure 1.1: Hexagonal norms

For v = 0and v = 1 we have Xy = (R?, || - ||1) and X; = (R?, || - ||eo) respectively,
hence n1(Xp) = n1(X;1) = 1. If 0 < ¢ < 1 the unit ball associated is a hexagon, see
Figure 1.1.
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1.5.1 Theorem. For vy € [0,1], let X,, be defined as above. Then,

1 .
—  if
n(X,) =4
"z if

Y/ AN/AN
=N

NN

Y
Y

N— O

Proof. As we commented before, when v € {0,1} we have n1(X,) = 1. For 0 < ¢ < 1,
bearing the equalities (1.6) and (1.7) in mind, we have to determine the sets ext(B Xy)

and ext(Bx: ) to compute the rank-one numerical index. It is easy to check that

ext(By,) = {=(1,1), +(1,0), +(7,~1)}.

Therefore, we get the following formula for the dual norm of || - ||,:

1 y)l7, = max{|x|, [y[ +lx[}  (vy) € X,
and
ext(BX;) ={+(1,1—7), £(0,1),£(-1,1—v)}.

From this we deduce that, for each 0 < v < 1, Xi’; is isometrically isomorphic to X;_,,

which allows us to write

nl(Xl_v) = T’ll(Xj’;,) = I’ll(le).

Hence, it suffices to prove that n;(X,) = ﬁ for % < v < 1. So, fixed % <v<1,we

b
consider the rank-one operator given by the matrix T = ( 6;\ A) where
a

1
a=1, b=3-3y, and )\:—E.

We claim that || T||, = and v, (T) = 27 . Indeed, the fact 1 < v < 1 obviously
gives 3 — 2y > land |4’y 3| < 1. So, using equatlons (1.6) and (1 7), one obtains
! 2—7" 2-9 ’2—7’ 2—1 2—7
3—2y 1 |4y—3] |4y -3|(3—27) 3—2y
T — =
»r(T) maX{Z—’r 2-9" 2-90 " 2-v 27

3 2)?
-
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and, therefore, n;(X,) < %27 To get the reversed inequality observe that, by [32,
X

3
Theorem 1], one has n1(Xy) > n(X,) = ﬁ O

1.5.2 Octagonal norms

Our next goal is to compute the rank-one numerical index of a family of spaces with
octagonal unit ball. For each ¢ € [0, 1] we consider the normed space Xz = (IR?, || - || ¢)

where the norm || - |+ is given by

el =max {Jsl 1o, LY vy e w

If & = 0 we have (R?, || - ||1), and when ¢ = 1 we are dealing with (R?, || - ||es), S0 We
get n1(Xp) = n1(Xq) = 1. For 0 < ¢ < 1 the unit ball of X is an octagon as it is shown
in Figure 1.2.

Figure 1.2: Octagonal norms
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1.5.2 Theorem. For ¢ < [0,1], let X defined as above. Then,

( %%g if 0< C < \/g _2
2422 .
m(Xg) = 212 4\/88 71281 NPT A
o ' —1< g
1136/ (110241 &) i Va-1<e< V5,
N if Y1 <a<.

Proof. Taking into account the comments before the statement of the theorem, we only
have to deal with 0 < ¢ < 1. In this case it is readily checked that

ext(Bx,) = {£(1,8), £(1,=¢), (¢, 1), (&, —1) }.

This way, one obtains that the dual norm of || - ||z is given by

I y)llz = max {|x| + &yl [yl +Zlx[}  (x,y) € Xz

Hence the extreme points of B X; are

1 1 -1
ext(By;) = { £0,0), 40,1, % (7 177 )+ (e 17 }

b
Let T € L(X¢) be a rank-one operator represented by the matrix (; Ab) . Using
a
equations (1.6) and (1.7) one obtains
ITlle = maX{IﬂI +[0[G, |M|(lal + b)), |alg+ (0], |A|(alg + |b]), (1.8)
1+ Al 1+ Al
T I+ [012), 5 (alg + [0
and
og(T) = max {la + ¢, 1A1(al2 + ), 19

|ag + bA| + |b+aAg| |a+bAE| + ]bC+a)\|}
1+¢ ’ 14+¢ '
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We divide the proof into three different cases depending on some of the values of .
v5—1 . . . 01
Casel: *5— < ¢ < L. Itisimmediate to check that the rank-one operator T; = 00

satisfies || T1||z = 1 and vg(Ty) = max{@,l}r—g} = (. Hence, one has n1(Xz) < ¢.
On the other hand, Theorem 2 in [32] tells us that n(Xz) = max {C,%g} and so
m(Xe) 2 n(Xe) 2 ¢.

Case2:v2—-1< ¢ < ‘/52_1. For these values of ¢ it follows that 1 — ¢ — (;‘2 > 0. We

will use this fact throughout the proof of this case without explicit mention.

242¢2
14+35+/(14+6)2+462(1-¢—22)

In order to prove n;(Xg) > fixed a rank-one operator

Aa Ab IThe = 14304/ (1482 +42(1-8-82)
observing that there is no loss of generality in assuming |A| < 1. Indeed, since the

a b
T = ( ) we have to show that 2e(T) > 2428 . We start

01
operator S represented by the matrix (1 0 is an onto isometry satisfying S? = 1d,

we have that

v:(T) = v:(STS) and ||T||z = [|STS].

Therefore, if [A| > 1 it is enough to consider A= % and the operator T = ASTS =

Nb Na which satisfies
Ab Aa

ve(T) _ ve(T)
Il ITle”

Hence we can set |A| < 1 for the rest of the proof of Case 2.

Next we observe that if |a| > |b| then we are done. Indeed, in such a case using

equations (1.8) and (1.9) one has

1+ A
17l = max { o] + oig, T ol + )} and o) > Jal + i
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This, together with the facts ¢ > vV2—1land1— & — 2 >0, tells us that
ve(T) . { 1+§} 1+¢
>min<l, —— ) > —~
ITllg 1+ [A] 2
2 4272 2 4272
T3+ (140 T 1435+ /A +)T A1 -C- )
Hence we can assume that |a| < |b| from now on. This gives the following value for
IT]g:

14
ol o 110)

We divide the rest of the argument into two cases depending on |A|.

ITlle =max{|a|c+ ),

o If [A| < G, using equations (1.9) and (1.10) one obtains || T||z = |a|¢ + |b| and
6] — lal[A[Z + |[al¢ — |b||7\|\}

ve(T) >max{|a\+!b!€, 1+¢

Al 1+ Al
>
> ma ol + 612, 5 7 (0l + 61, 773 (6] = el
which give
5T s {ELEE 1AL 1Pl )
1Tl alg+[b]" 1+¢ " 1+ [al8+[b|
LB g el ale |
flet1” 1487 14 ald + o]
1-
Weclaimthatmax{lljr'g',11++|g| {2};&5}2 1]2: Indeed, if 0 < |A| < H@then%é'?
_la
g
\bl

. On the other hand, if }ZI & < |A| then we have

14 Aol — lalz _ 1+ Jol — lalg _ 1= ¢
152 Jalg+16] ~ 1+c alg bl - 1+g

Hence, we can write

vg(T)>maX{b+€ 1-— bé})minmax{g—g 1—t

%CJrl’ 1+¢ 0<t<1

R

b

Nab ‘
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Since :5L_+é; increases with t and % is decreasing as a function of , the minimum
1=6+1/(140)°+422 (16 =¢7)

above is attained at t) = — > which satisfies 0 < g < 1 and
toE _ 1—tol
tOOC =T +Og So we have that

ve(T) 1—tof _ 1+30—(1+)>+40°(1 -8 =07
1Tl = 1+¢ 26(1+¢)
_ 24 2¢2
143+ /(1 +§)? +432(1-¢-2)

o If & < |A| < 1, using equations (1.9) and (1.10) we have ||T||z = —|C(|a|§+ b]) and

|b[|A] = |alg + [b] — !ﬂIIMC}
1+¢

(1~ lofe)}.

0¢(T) > max {|a| T 1BIE, 1A (Jal¢ + [B]),

1+ |A|
1+¢

_ max{|a| + [BIE, [A(Jalg + [B]),

So we can write

0s(T) 14¢ Ja]+[pE (M1 +8) [b] - a2
>ma"{1+m||a|¢+|b|' 1+]A] '|a|¢+\b|}

142 5T A+ e

= max , ,
L+ e 1" 1+IAL "14 e
lal 4
Since —ﬂ ¢ 1s decreasing as a function of |A], M' \Xl ©) increases with |A|, and both
fl+¢ fl+¢
expressions take the value 1“? when |A| = ‘L“g , we have that
o] [o]
la] —
Ug(T)>maX R |b|§ >minmax{t+§ 1—t§}
Tl M1 14 fle [ o E+171+148

Using the facts that ; +1 increases with ¢, % +i§ is a decreasing function of ¢, and that
VA St e e
4¢

satisfies A+t6 — 1-4¢ 459 0<t <1, wecan

the number t; = AT — TFRE
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continue the estimation as follows

ve(T) _ h+8 _ —C+38+ V8 -7 +28 +¢*
ITlle =~ ti+1 3¢ — 24 /8¢ — 722 4283 + &4
_ 2+ 2¢2
240 EE -T2

Finally, we claim that for v/2 — 1 < & < \[ ! the following holds:

2+ 222 N 24222
2402+ /BT 4203+ T 1438+ V(1024 (108

Therefore,

vg(T) - 2+2¢2
ITlle = 143+ V0 +8)?+482(1-¢ - &)
24282
14384/ (14024482 (1-¢ )

which finishes the proof of the inequality 11 (Xz) >

. Toprove

the claim it suffices to show that

2+(;—§2+\/85—7§2+2§3+§4<1+3§+\/(1+§)2+4§2(1—§—§2)

or, equivalently

VB -7 428 4t -\ (142 420 - - ) <28+ -1

To do so, observe that for « > B > 0 one has \/a — /B = \f+ \/_ \//i Besides, for
Fev2-1, %], we have

8 — 7 +28 + & — (148)*+42(1—-¢—-¢%) = (28 + &> —1)(1 — 42 +5¢%) >0
So, calling
a=8;—-72"+2+¢"  and  B=(1+§)>+42°(1-¢-2%)

we can write

(26+62 - 1)( 4C+5CZ)
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This gives the desired inequality just taking into account that

1 —4& + 5¢2 <1—4g+5gz<1
2/ +02+421-¢ -3 20+¢) 7
Now we turn to prove the inequality 17 (Xz) < 2126 . To this

1438+1/(14€)2+462(1-¢—¢?)

b
end, we consider the rank-one operator T, = < b) where b = 2@2,

Aa

a=-1-+ /1482 +42(1- - @), and A= SV LOHII R

Since /(1 +¢)2 +4¢2(1 — ¢ — ¢&2) > 1+ ¢, it follows that a > 0 and A < 0. Moreover,
itis clear that [A| = ¢7 and it is routine to check that a < b, which gives |A| < ¢. Hence,

using equations (1.8) and (1.9) we obtain

|T2||e = a +b
and
h— P2 (1 — &2 _a p_ a2
vé(Tz):max{a—l—b(j, 1+b§,61( Ciié 78 = max a—i—bé,Tbg .
-2 g2
Our choice of 2 and b gives that a + b = — +‘7 z and, therefore, we can write
v(T2) _a+bf _ 2+2¢

ITolle  al+b 1432+ /A+2)2+422(1—¢—22)

hich tells us that 1 (X) < e :
which tells us that 711 (X¢) 3t T i ()

Case 3 : 0 < & < v/2 — 1. This case can be obtained from the preceding ones. We start
proving that the operator | : Xz — X1-¢ given by the matrix
T+¢

1 (11
]_mj<—1 1)
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is an onto isometry. To do so, given (x,y) € X observe that

17 lig = | e+ vy =]

T+¢

me{ yl ly—xl 1 x+ywyx}

1+¢7 1+4¢71+4¢ 1+1é

_ PX+W ly — x| M+y%Hy—ﬂ}
1+¢ " 1+¢ 7 2

max { 2 max((, )} = e )1

w

‘W

)

satisfies

Therefore, Xz and X:-¢ are isometrically isomorphic and 7, (Xz) =m <X

T+& r

Ww

Besides, observe that the function f : [0,1] — [0, 1] given by f(¢) = -

+

At

fr=f f0V5-2) = [%51], and (V5 -2 v2-1]) = [V2- 1,45

So, for & € [0, /5 — 2] we have that f(¢) € [@, 1], and using Case 1 we obtain

m(Xg) = m(Xpe) = F€) = ¢
For ¢ € [\/5 —2,V/2— 1], calling
2 4272
_ d
e e e
2 4272

h(¢) =

1+30+/ (147 +42(1-¢-8)

it is routinely checked that h(f(&)) = g(&). Hence, taking into account that f(¢{) €
V2 -1, @], we can use Case 2 to write

m(Xe) = m(Xs)) = h(f(¢)) = 8(¢)

which finishes the proof. O
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Since the rank-one numerical index of a finite-dimensional normed linear space
and the one of its dual is the same, the last theorem allows us to compute the rank-
one numerical index of a new family of normed spaces. Concretely, for ¢ € [%, 1] we

consider the space Y, = (R?, || - ||,) where the norm is given by

1- 1-
I, )], = max {|x| + 28l lyl+ Tgm} v (x,y) € R

For ¢ €]3, 1], the unit ball is an octagon (see Figure 1.3) with

Figure 1.3: More octagonal norms

ext(By,) = {£(1,0), £(0,1), £(¢, 0), £(¢, —0) }-

ﬁ:. Equivalently, Y5 = Xz where { = %

Hence, the following corollary is an immediate consequence of Theorem 1.5.2.

Therefore, one has that Xz =Y, where ¢ =
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1.5.3 Corollary. For every ¢ € [3,1], let Y, be defined as above. Then

(

1-0 e 1 2
0 if 2S@eS V5417
20%+2(1—0)? . 2 1
if =2 <0< —,
n1(Y,) = 30—20%++/?+4(1—0)?(?+o—1) Vi S OS2
e 20°+2(1-0)° if L <o< 2
30—1++/1-20—702+2403—16¢* V2 TS T -1
o1
_ <o<1.
\ZQ 1 if 75 SO 1

1.5.3 The rank-one numerical index of L, spaces

Computing the classical numerical index of L, spaces has remained as an open prob-
lem since the beginning of the theory in the early 70’s. Although there have been some
recent advances, there is still a long way to go in order to fully solve the problem. It is
therefore natural to ask about the computation of the rank-one numerical index of L,
spaces. We devote the following lines to present the small advances we were able to

achieve.

We start recalling the results known before we began our work. It was shown in

[33, Theorem 3.1] that k, > n1(Ly(p)) > kf, for every atomless measure y, where

1 ) tp—1 ] t
——— =su = su )
pl/qu/‘i t>€ 1+tP t>g 14 tP

kp:

The number k, is the numerical radius of both operators Ty (x,y) = (y,0) and T (x,y) =
(0,x) defined on the real or complex space E%. Since k, tends to 1 when p — o0
or p — 1, the estimation given above is sharp in those cases. However, one has
n1(H) = 1/2 for every Hilbert space H of dimension greater than one [33, Proposi-
tion 3.3]. So, the estimation from below is far from being sharp when p is close to 2
since k, = 1/2.

One may wonder if there is a similar estimation for 7y (L,()) when y has atoms. A
reasonable starting point is the real space E%. Since || T1|| = 1 and v(T7) = k, it follows
that ny (E%,) < kp. We conjecture that this is, in fact, an equality. Unfortunately, we have

not been able to prove it.
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Let us fix p # 1,2,00 and observe that a rank-one operator T on E% can be repre-

a b
T =
(Aa Ab)

where a,b, A € R. On the one hand, we have that

sented by the matrix

|T|| = sup H(ax+by,)x(ax+by))||p

(x’y) 65[2
P

= (L+|AIP)P sup |ax+by| = (1+ |A]P)/P(|a]? + [b]7)"/1.
(x,y)esé%

On the other hand, using Lemma 3.2 in [16] one can compute the numerical radius of

T as follows:

|a + bAtP| + |bt + aAtP~ 1|
sup .

T) —
o(T) s 1+ tP
We would like to get a lower bound for % which does not depend on 4, b, and A.
The following observation tells us that the minimum value for ﬁ occurs for a precise
configuration of signs of a,b, A. Indeed, consider the operator
b
. ( ol )
—|Allal —|A|[D]
and observe that ||S|| = || T|| and
[lal = [BIIA]#7] + | bt — |al|A]#7~]
v(S) = < o(T).
(S) sup T3 (T)

Hence from now on we may and do assume that

a b
T =
( —Aa —Ab )

We claim that when b = 0 one obtains Z|’|—TTH) > kp. Indeed, in this case we have

T— a 0
—Aa 0

where a, b, A > 0.
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and, therefore, v(T) = sup, a(lﬁ—ﬁj_l) and ||T|| = a(1+ AP)1/P. We distinguish two

different cases depending on the values of A. If A < (pgP/9 — 1)!/? one can use the
value t = 0 to estimate v(T) and so
v(T) 1
2 2 kp.
1711 2 @ anie =
If otherwise A > (pg?/7 — 1)V/?, we use the value t = (p — 1)/7 (which satisfies

= kp) to estimate v(T):

xr =
o(T) _ 1/p+ Ak
171~ @+ A/
Therefore, the claim will be proved if we show that g(A) = ij:—:\\f”)p > k;,; for A >

(pgP’1 —1)1/P. Since we have that lim,_,«, g(A) = kb, the desired inequality will hold
if we show that g(A) is decreasing for A > (pg?/7 — 1)/7. To do so, observe that
= P Akp)P 1 (1+ AP)ply — pAP~H(1/p + Akp)?
g (1+AP)2
(1/p + Akp)P~H (pkp — AP71)
(1+AP)2
which tells us that g(A) is decreasing for A > (pk,)!/ (P=1). Observe finally that

p=1\ p-1
1 1 —1\ » 1 1
(pkp)? T = (Pm (p—> ) =(p—1)7 < (pg"" - 1)

p

and so the claim holds.

Now we can suppose that b # 0 and use this to get rid of one variable in our

problem. Indeed, call # = § and observe that the operator

Fo( * 1
—Au —A

o) _ o(T) . For this kind of operators we have that

satisfies =< =
Tl Tl

1Tl = )1+ A9V and

~ |;l_)\tﬁ|+|t_)\ytr’—1|
T) = sup .
v( ) St>0 14 ¢tP

=
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On the one hand, using the value t = 0 one obtains v(T) > y. On the other hand, it is
immediate to check that
= [ — AP| + |t — AptP |

> i =
o(T) > lim 1+ tP A
and so _
v(T) S max{A, it}

IT) ~ (L p) a1+ Ar)t/ee

Using this we can obtain the desired estimate for some values of A and p: if A > (le

andu < (g—1)Y90ru > &W and A < (p—1)V/?, then II( H) ky. Indeed, suppose

tirst that A > = })1 7 and u < (g — 1)1/4. Since is a decreasing function and

1/p
P PR . .
i/\p> 1s Increasing we can write

1
(1+p1)t/a

=
(1+ar)t/7p 1
o(T) N 1 A _11
1Tl A +wun)a @+ Ante =

= kpn

11
‘ipl’

)

m and A < (p — 1)/7, one can proceed analogously using this

is increasing and that

If otherwise y

time that is decreasing:

1
(14+AP)1/p

o(T) i 1
SRS >
T G )V (4 A7

T
1

1
p

— kp.

2=
=

However, with this kind of reasoning, we have been not able to get further useful
information. There is still a big range of the values of 4 > 0 and A > 0 for which the

problem is not solved.

1.6 Open problems

We devote this brief section to recall some of the questions which raised during our

study of the rank-one numerical index and that remain unsolved.

It is clear that the rank-one numerical index may differ from the compact numerical
index for real Banach spaces (see Example 1.4.2). But as far as we know, they might

coincide in the complex case.
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1.6.1 Problem. Let X be a complex Banach space. Is it true that 11 (X) = ncomp(X)?

To answer this question it could be useful to compute the numerical index and the

rank-one numerical index of some families of finite-dimensional complex spaces.

The compact numerical index is obviously bounded above by the infimum of the

finite-rank numerical indices. We do not know if the inequality can be strict.

1.6.2 Problem. Is there a Banach space X such that #comp (X) # inf,en 1,(X)?

Of course, if such a Banach space exists it must fail the approximation property.

To finish our list we recall that the computation of the rank-one numerical numeri-

cal of £, spaces is far from being achieved, as we discussed in Section 1.5.

1.6.3 Problem. Compute 1;(£,) for 1 < p < co with p # 2.






Chapter 2

Bishop-Phelps-Bollobds moduli of a

Banach space

This chapter is devoted to study two functions that can be defined for every Banach
space which, roughly speaking, give a measure of what is the best possible Bishop-
Phelps-Bollobds Theorem that can be achieved in a fixed Banach space. These func-
tions are what we call the Bishop-Phelps-Bollobas moduli of a Banach space. We show
that these moduli have natural continuity properties and that they are well related to
duality. The main result of the chapter gives an upper bound for the moduli that pro-
duces a sharp version of the Bishop-Phelps-Bollobas Theorem. We give the exact value
of the moduli for Hilbert spaces and we show that for several classical examples of Ba-
nach spaces they take their maximum value. Finally, we obtain a necessary condition
for that maximal behaviour to occur: the containment of almost isometric copies of the

(2)

real space (o’ .

67
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2.1 Introduction

As is widely known, given a Banach space X and a functional x* € X* it is said that x*

attains its norm if

|x*|| = max{|x*(x)| : x € Bx}.

Obviously not every functional attains its norm in every Banach space. On the other
hand, for every element x* € X* there exists x* € Bx« such that ||x*|| = x}*(x*) by
Hahn-Banach theorem. Hence, if X is reflexive then every functional attains its norm.
In 1957 R. C. James [25] proved that this condition is enough to ensure reflexivity. A few
years later E. Bishop and R. Phelps proved that the set of norm attaining functionals
on a Banach space is norm dense in the dual space. In 1970, B. Bollobés [6] gave a
sharper version of this result allowing to approximate at the same time a functional
and a vector at which it almost attains the norm. Our aim in this chapter is to study

the best possible approximation of this kind that is valid in every Banach space.

We first present the original result by Bollobas, nowadays known as the Bishop-

Phelps-Bollobds theorem, which is the leitmotiv of our work.

2.1.1 Theorem (Bishop-Phelps-Bollobas theorem [6]).

Let X be a Banach space. Suppose x € Sx and x* € Sy« satisty |1 — x*(x)| < &/2 for
some 0 < ¢ < 1/2. Then there exists (y,y*) € I1(X) such that ||x — y|| < e+ ¢? and
I —yll <e.

The idea is that given (x,x*) € Sx x Sx» such that x*(x) ~ 1, there exist y €
Sx close to x and y* € Sx- close to x* for which y*(y) = 1. This result has many

applications, especially for the theory of numerical ranges, see [7, 8].

Our objective is to introduce two moduli which measure, for a given Banach space,
what is the best possible Bishop-Phelps-Bollobas theorem in this space, that is, how
close can be y to x and y* to x* in the result above depending on how close is x*(x) to

1. In the first modulus, we allow the vector and the functional to have norm less than
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or equal to one, whereas in the second modulus we only consider norm-one vectors

and functionals.

2.1.2 Definitions (Bishop-Phelps-Bollobas moduli). Let X be a Banach space.

(a) The Bishop-Phelps-Bollobds modulus of X is the function ®x : (0,2) — R™ such
that given 6 € (0,2), ®x(6) is the infimum of those ¢ > 0 satisfying that for
every (x,x*) € Bx x Bx+ with Rex*(x) > 1 —4, there is (y,y*) € II(X) with
|x —y| <eand ||x* —y*| <e.

(b) The spherical Bishop-Phelps-Bollobds modulus of X is the function ®3, : (0,2) —
R* such that given 6 € (0,2), 3(9) is the infimum of those ¢ > 0 satisfying that
for every (x,x*) € Sx x Sx» with Rex*(x) > 1 — 9, there is (y,y*) € I1(X) with
lx =yl <eand [lx* —y*[| <e.

Evidently, ®$(5) < ®x(5), so any estimation from above for ®x () is also valid for
Y ¥x y

®3,(6) and, viceversa, any estimation from below for ®3(6) is also valid for ®x(0).

Recall that the dual of a complex Banach space X is isometric (taking real parts) to
the dual of the real subjacent space XR. Also, IT(X) does not change if we consider X
as a real Banach space (indeed, if (x, x*) € II(X) then x* € Sx~ and x € Sx satisfies
x*(x) = 1s0, obviously, Re x*(x) = 1and (x,Rex*) € II(XR)). Therefore, only the real
structure of the space is playing a role in the above definitions. Nevertheless, we prefer
to develop the theory for real and complex spaces which, actually, does not suppose
much more effort. This is mainly because for classical sequence or function spaces, the
real space underlying the complex version of the space is not equal, in general, to the
real version of the space. Unless otherwise is stated, the (arbitrary or concrete) spaces

we are dealing with will be real or complex and the results work in both cases.

The following notations will help to the understanding and further use of Defini-
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tions 2.1.2. Let X be a Banach space and fix 0 < § < 2. Write

Ax(8) := {(x,x*) € Bx x Bx+ : Rex*(x) >1—4},
A%(0) == {(x,x*) € Sx x Sx+ : Rex*(x) >1—4}.

It is clear that
Oy (4) = su inf max{ |lx — v||, lx* — v*||,
Ko (x,x*)egx(g) (yy*)€Il(X) {l vl | v}
d5(8) = su inf max{||x — yl|, lx* — y*||}.
X( ) (x,x*)e]z%(g) (yy*)ell(X) {H y” H y ”}

We denote di (A, B) the Hausdorff distance between A, B C X x X* associated to the

lso-distance diste, in X X X*, that is,

disteo ((x, x"), (y,y")) = max{[lx —y|, |x" — y"[|}

for (x,x*), (y,y*) € X x X*, and

dr(A, B) = max {sup inf diste(a, 1), sup inf distoo(a,b)}

acA beB beB acA

for A,B C X x X*. We clearly have that
@x(0) = dy(Ax(6)TI(X))  and  @%(0) = dn(A5(6), TI(X)

for every 0 < § < 2 (observe that IT(X) C Ax(6) and I1(X) C A (6) for every ).

The following result is immediate.

2.1.3 Remark. Let X be a Banach space. Given 61,0, € (0,2) with é; < &, one has
Ax(81) C Ax(8) and A5 (1) C A% ().

Therefore, the functions ®x(-) and ®%(-) are increasing.

Routine computations and the fact that the Hausdorff distance does not change if

we take closure in one of the sets, provide the following observations.
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2.1.4 Remark. Let X be a Banach space. Then, for every é € (0,2), one has

CI)X(é) =

and

D3(8) :=

inf{e > 0 : V(x,x*) € Bx x Bx- with Rex*(x) >1—4,

(v, y*) € II(X) with disteo((x, x*), (1, ")) < €}

inf{e >0 : V(x,x*) € Bx x Bx- with Rex*(x) >1—4,

(v, y*) € I(X) with disteo((x, x*), (y,¥*)) < €}

inf{e > 0 : V(x,x*) € Bx x Bx+ with Rex*(x) >1—

inf{e >0 : V(x,x*) € Bx X Bx- with Rex"(x) > 1—

0,
J(y,y*) € II(X) with diste((x, x*), (y,y*)) < €}

0,

")

Ay, y*) € TI(X) with diste((x, x™), (v, y

) e

inf{e >0 : V(x,x*) € Sx X Sx» with Rex*(x) >1—4,

(v, y*) € II(X) with disteo((x, x*), (v, ")) < €}

=inf{e >0 : V(x,x*) € Sx x Sx- with Rex*(x) >1—4,

= inf{e >0 : V(x,x*) € Sx x Sx» with Rex*(x) > 1 -,

3y, y*) € TI(X) with diste((x, x*), (y,y7)) < e}
)

3(y,y*) € TI(X) with diste((x,x%), (v,5)) < e}

= inf{e > 0 : V(x,x") € Sx X Sx- with Rex*(x) >1—5,
Iy, y*) € I(X) with disteo((x, x*), (y,¥*)) < €}.

2.2 The upper bound of the moduli

Observe that the smaller are the functions ®x(-) and ®%(-), the better is the approxi-
mation on the space. It can be deduced from the Bishop-Phelps-Bollobés theorem that
there is a common upper bound for ®x(-) and ®3(-) for all Banach spaces X. Our

main goal here is to obtain the best possible upper bound for the moduli which is valid
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for every Banach space which is, in fact, sharp. To do so, we consider a somewhat more
general problem: to calculate the best possible upper bound for deo ((x, x*),II(X)) in
any Banach space X as a function of ||x|, ||x*||, and x*(x). More precisely, given a Ba-
nach space X and fixed é € (0,2) and p, 6 € [0,1] satisfying 6 > 1 — 9, we consider

the function

Dx(1,0,6) := sup{de ((x,x*),II(X)) : x € X, x* € X,
lxll = p, [[x*]] = 6, Rex™(x) > 1 -6}

Observe that, with this notation, we have that

@3(8) = Dx(1,1,6) and  Dx(d) = sup Px(u,6,6).
udel0,1]
1o=>1-5

In order to present the promised result, we introduce the following notation: for
0 €(0,2) and p, 0 € [0,1] with uf > 1 — ¢, we define the function

2—u—0+ —0)2+8(u0—1+46
¥(u,0,6) = 21— 0 VK 2) (1 )

2.2.1 Theorem. Let X be a Banach space, § € (0,2), and p,6 € [0,1] satisfying u6 >
1 — 9. Then,

Dx(1,0,0) < min{¥(u,0,6),1+u,1+0}.

Let us provide some preliminary results needed in the proof of this theorem. The

tirst one gives an easy inequality and also covers the trivial case in which 0 =1 — 4.

2.2.2 Remark. Let X be a Banach space, 6 € (0,2), and u,0 € [0,1] satisfying u6 >
1 — 6. Then, the inequality ®x(y,0,6) > 1 — min{yu, 0} holds. Moreover, if uf =1 — 94,
in fact one has ®x(y,0,0) =1 — min{y, 6}.

Indeed, fix a pair (xp, x5) € I1(X) and write x = pxo and x* = 6x§. Then, it is clear
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that x*(x) > 1— 4 and

Dy (1,0,0) = doo((x,x7),TI(X)) = inf  max{|[x -yl |[x* —v*
X(1,0,0) 2 de(x, ) 1) = in - max{(fx =" ~y°]}
> inf max{l—u,1—0} =1 —min{u,6}.
b mAXA = 1 =6} {10}
To prove the moreover part, suppose that 6 = 1 — 6 and observe that given any

pair (x,x*) € X x X* satisfying ||x|| = p, ||x*|| = 6, and Rex*(x) > 1 — J§ we get that
Rex*(x) =1—4. Now,if uf > Owetakey = J and y* = - which satisfy Re y*(y) = 1
and

deo ((x, ), 11(X)) < max{[[x -y, |x" = y"[I} =1 —min{p,6}.

Taking supremum in (x,x*), we get ®x(u,0,6) < 1 —min{y,0}. If u6 = 0, an analo-

gous argument with obvious simplifications gives the desired inequality.

Next, we present some elementary observations on the function ¥ which will be

useful in our arguments.

2.2.3 Lemma. Foré € (0,2) and p, 6 € [0,1] with uf > 1 — 6, we have
a) ¥(u,0,-) is an increasing function.
b) ¥(u,0,5) =Y(0,u,0).
Q) ¥(u0,1+u?) =1+p.

d) If6 <1, then¥(y,0,0) <1+pand ¥(p,0,0) <1+6.

Proof. Only item c) needs an explanation: observe that

2—u—0+ —0)2+8(ub + u?
¥(,0,1+ ) = 21 \/(P‘z) (10 +112)
_2—pu—0++/(Bu+6)>

N 2

=1+pu. O
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Finally, we will need the following result from [40].

2.2.4 Lemma ([40, Corollary 2.2]). Suppose C is a closed convex subset of the Banach
space X, that z* € Sx+ and thatn > 0 and z € C are such that

Resupz*(C) < Rez*(z) + 7.
Then, for any k € (0,1) there exist 7* € X* and j € C such that

supRey*(C) =7°(9),  lz-7ll < % 12" =7 < k.

We are now ready to prove the main result of the section.

Proof of Theorem 2.2.1. Fixed (x,x*) € X x X* satisfying ||x|| = u, ||x*|| = 6, and
Rex*(x) > 1—6, we take y; € Sx satisfying ||[x —y1|| < 1, yj € Sx- such that
¥i(y1) = 1 and observe that

max{[x —yil, [|x* — 1[I} <1+6.
We can produce a dual argument by means of the Bishop-Phelps theorem: find a norm

attaining functional y; € Sx- with ||x* —y;|| < 1 and a point y, € Sx satisfying
¥4 (y2) = 1. Then, we have that

max{[|x = ya|, [[x" = yall} < T+ p

and, therefore,
doo ((x,x%),11(X)) < min {1+ p,1+6}.
Now, since ¥ (,0,1+u?) =1+ u, ¥(1,0,1+6%) =1+ 6,and ¥Y(y,6, ) is an increas-

ing function, the proof will be finished if we show that
doo ((x,x%), T1(X)) < ¥ (1,6,0)

for § < min{1 + 2,1 + 6?}. In this case 40 > 1 —§ > —6% which implies that 8 > 0.
Thus we can define

0—1
”:y +§>

7 0, z =X, and z¥ = —



2.2. The upper bound of the moduli 75

which satisfy Rez*(z) +# > u. Besides, consider

L 0—u++/(p—0)2+8(ub—1+9)
- 40

It is clear that k > 0 and, using the fact that § < 1+ 6?, it is not difficult to verify that
k<1

p Ot V(=02 + 8o +6%)  6—p+(ut30)?
49 N 46 -

Therefore, we may apply Lemma 2.2.4 for C = uBx, z* € Sx-,z € uBx =C,n > 0,
and 0 < k < 1to obtain y* € X* and y € C satisfying

7 (§) = supRe7*(C) = pli*ll, z=7I <L, and [z" 7

Ask < 1, we get y* # 0 and we can write y* =
I1(X). This way, we have that

Yy

Z__

H

< ||z—y~u+Hy—%H <Ti1-u 2.1)

Ix—y = !

On the other hand we can estimate ||x* — y*|| as follows:

o ‘s ||x*—9]7*H+H6y*—H;—*”

" =y* |l =

Y 2.2
& ‘ 22

<o|X -7 +lewi-11 <o |5 -7 | + o1l ol + 1

o

<2k6+1-—06.

*

x* B

7|+ r-1) +1-0 <20

Finally, it is routine to check that % +1—u=2k0+1—0=""(y06,0). Therefore,
doo (2, x), TI(X)) < max{|lx —yl|, [|x* —y*[I} < ¥(16,0)

which finishes the proof. O
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Since ®%(8) = ®x(1,1,6) < ¥(1,1,6) = V26, we obtain the following estimate for

the spherical modulus as an immediate consequence of the above result.

2.2.5 Corollary. Let X be a Banach space and 6 € (0,2). Then ®3,(5) < v/20.

With just a bit of effort, we can obtain the analogue result for the general modulus.

2.2.6 Remark. Letd € (0,2) and y, 6 € [0,1] be such that u6 > 1 — 6. If uf < 1 then

min{¥(1,0,6),1+u,1+ 0} < V26.

Proof. Since min{¥(y,6,9),1+ u,1+ 0} is symmetric in y and 6 we can suppose with-
out loss of generality that u = min{y, 0} < 1.

If § < 1+ u?, using that ¥(,6,-) is an increasing function and ¥ (y, 0,1+ u?) =
1+ u we deduce that min{¥(y,6,9),1+ u,1+ 6} = ¥(u,0,6). Besides, we observe
that

oY 1 +30
e \/(y—9)2V+8(y9—1+5))
1 y—|—30—\/(y—9)2+8(y0—1+5)>
2 V(i —0)248(ub —1+96)
1 8(1+ 62 —0) )
2\ (02 8(u8—1+9) (h+30+ (n—02+8(uo—1+0))

> 0.
So ¥ (-,6,0) is strictly increasing in the interval [y, 1] and, therefore, we can write
¥(1,6,6) < ¥(1,6,0). 2.3)

In case & = 1 we obtain ¥(y,0,6) < ¥(1,1,6) = V/26 as desired. If otherwise 0 < 1,
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using that ¥ is symmetric in # and 6, one can easily check that

o 1 8(2—9)
a6 100 =3 (\/(19)2+8(91+5) (0+3+ ¢(19)2+8(91+5)>) -

Hence, we can continue the estimation in (2.3) as follows:

¥(1,0,6) <¥(1,0,6) < ¥(1,1,6) = V2.

Finally, when & > 1 + p? it follows that

min{¥(1,60,6),1+pu,1+0} =1+u<1++vo—1.

This, together with the fact that 1 + /0 — 1 < V26 for b € [1,2), finishes the proof. [

2.2.7 Corollary. Let X be a Banach space and 6 € (0,2). Then ®x(5) < v/20.

As a consequence of all of this, we obtain an improvement of the Bishop-Phelps-

Bollobés theorem which we write in two equivalent ways.

2.2.8 Corollary. Let X be a Banach space.

(a) Let0 < e < 2 and suppose that x € Bx and x* € Bx- satisfy
Rex*(x) >1—¢%/2.
Then, there exists (y,y*) € 11(X) such that
lx—yl<e and [x* -y <e
(b) Let0 < § < 2 and suppose that x € Bx and x* € Bx- satisfy
Rex*(x) > 1—29.
Then, there exists (y,y*) € 11(X) such that

lx—y|| < V26 and |x* —y*|| < V2.
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We conclude the section presenting an example for which the estimation given in

Theorem 2.2.1 is sharp.

2.2.9 Example. Let X be the real space ¢%, 5 € (0,2), and y, 6 € [0, 1] satisfying u0 >
1 — 4. Then, there exists a pair (x, x*) € X x X* with ||x|| = u, ||x*|| =6, x*(x) > 1,
and such that

doo (26, x*), TI(X)) = min {¥ (31, 6,6),1+u,1+6}.

Therefore, ®x (1,0,5) = min {¥(y,6,6),1+ u,1+ 0} for all possible values of 6, y, 6.

Proof. We divide the proof into three cases depending on the expression at which the

minimum is attained.
Case 1: min {¥(u,0,6),14+u,14+6} =¥(u,0,9).

Since Y (u, 0, -) is an increasing function and ¥ (y, 6,1+ 62) =1+ 60 > ¥Y(1,0,6) we
have that 6 < 1+ 62. Thus, we can write 48 > 1 — § > —6% which implies # > 0, so we

can define

r— 9—H+\/(ﬂ—i);+8(}19—1+5) , x=(u1-¥(u0,0)) and x* = (6(1—k),0k).

As we observed in the proof of Theorem 2.2.1, k € (0,1) and so ||x*|| = 6. Besides, we

can estimate as follows

1 — __N\2
¥(0,0)) > 2B VIHZOT

u.

This, together with the fact that ¥(y,6,0)) < 1+ p, gives us ||x|| = p. Moreover, we
have that

x*(x) =ub(1—k)+ (1 —"¥(1,60,6))0k = ub + (1 —u —¥(1,6,6))0k

— 0+ e—y—\/(y—9%2+8(y9—1+5) 9—y+\/(y—9312+8(y9—1+5)

=ub— (o —140)=1-29.




2.2. The upper bound of the moduli 79

In view of Theorem 2.2.1, to finish the proof in this case we only need to show that
doo((3,3), TI(X)) > ¥(1,0,0).
Fixed (y,y*) € II(X) there are a,b,c,d € R such thaty = (a,b), y* = (¢,d) and
max{|al,|b|} =1, lc| + |d]| =1, and  ac+bd=1.

We distinguish two cases depending on the values of d. Suppose first that d < 0 and
recall that k > 0 to write

¥ =y = [e = 0(1 = k)| + |d — 6k|
> e —0(1—k)+|d|+0k=20k+1—60=Y(ub,0).
If otherwise d > 0, then the inequality
lc| +]d] =1 =ac+bd < |c|+bd
yields that b = 1 and we can write
lx =yl = max{|p —al,[¥(u,6,6)|} =¥ (1 6,9),
which finishes the proof for Case 1.
Case 2: min {¥ (1, 6,0),1+pu,1+6} =1+0.
In this case we have that 6 > 1+ 6% and u > 0. So defining
x = (u,—0) and x*=(0,0),

it is clear that ||x|| = u, ||x*|| = 6, and x*(x) = —0% > 1 — ¢. To verify the inequality
doo ((x,x*),I1(X)) = 1+ ||x*|| one can proceed analogously to the previous case.

Case 3: min {¥(,6,6),14+u,1+0} =1+ p.

In this case one has that § > 1+ u? and 0 > u. So we can consider
_ o (O—p Oty
x=(u,—u) and x—(z, 2)

which satisfy ||x|| = u, [|x*]] = 0, and x*(x) = —u? > 1 — 4. Again, verifying the
inequality de ((x, x*),I1(X)) > 1+ ||x|| can be done analogously to Case 1. O
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2.3 Basic properties of the moduli

In this section we present some of the basic properties that the Bishop-Phelps-Bollobés
moduli have. Among other results, we will show that the functions ®x(-) and ®5(-)
are continuous, as well as the continuity of these functions with respect to the Banach-
Mazur distance. We also study the relationship of the Bishop-Phelps-Bollobas moduli

of a Banach space and those of its dual space.

2.3.1 Continuity with respect to the parameter.

In order to study the continuity of the Bishop-Phelps-Bollobds moduli, the only thing
we have to understand is how close to each other the sets Ax(6) and Ax(d) are (or
A3(6) and A3(69)) when & < & € (0,2) are close. To do so, we need the following

three lemmas which could be of independent interest.

2.3.1 Lemma. For every pair (xo,x}) € Bx x Bx- there is a pair (y,y*) € Il(X) with
Re[y" (x0) + x5 (4)] > 0.

Moreover, if actually Re x(xg) > 0 then (y,y*) € I1(X) can be selected to satisfy
Re[y* (xo) + x5(y)] = 21/Re (x5 (x0))-

Proof. 1. Take yo € Sx Nker x; and let y; be a supporting functional at yy. Then

Rely5(x0) + x5 (vo)] = Reyp(xo)
If the right hand side is positive we can take y = yo, y* = yj, in the opposite case take
Y=Yy = Yo

2. For the second statement, take y = IIJJE_SH and let y* be a supporting functional at

y. Then, since for a fixed a > 0 the minimum of f(t) := t 4 % for t > 0 equals 21/a, we
get

* * ]' * *
Re[y"(x0) + x5 (y)] = [[xoll + 77— Re x5 (x0) = 2y/Re xj(x0),

1ol
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as desired. ]

The above lemma allows us to prove the following result which we will use to show

the continuity of the Bishop-Phelps-Bollobds modulus.

2.3.2 Lemma. Let X be a Banach space and let (x¢,x;) € Ax(dp) with0 < 6 < Jy < 2.
Then:

Case 1: If 5,6y €]0,1] then

dist((x0, %3), Ax(8)) < 2“11__‘5\;% %

Case 2: If 5,0y € [1,2) then

2 — 5 So— 06
do  bg—14++1—=20+6)

diSt((X(), XS),Ax(d)) <2

Proof. Denote t = Rex(j(xg). Let (y,y*) € II(X) be from the previous lemma (in
case 1 we use part 2 of the lemma, in case 2 we use part 1). For every A € [0,1] we
define x, = (1 —A)xg+ Ay and x; = (1 — A)x§ + Ay*. Both x, and x} belong to
corresponding balls, and diste ((xo, x5), (¥, x})) < 2A. We have

Rex}(x)) = (1—A)%t+ A1 — A)Re[y*(xo0) + x5 (y)] + A2, (2.4)
so in case 1
Rexj (x1) > (1 - A2+ 241~ Wi+ A2 = (L= A)VE+A) .

Now we are looking for a possibly small value of A, for which (x),x}) € Ax(6). If 6 >
1 —t, the value A = 0 satisfies the required condition and diste, ((x, x;), Ax(4)) = 0. If
2

0 < 0 < 1—t then the positive solution in A of the equation <(1 —MVE+ )\) =1-9¢
is
VI—46—t

M=V V7

1Vt
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Evidently, A; € [0,1], so (x),, x}3,) € Ax(5). Since A; decreases in t,

V1I—6—+v1-0

diStoo ((XO, XS),Ax(é)) < ZAt < 2)\1,50 =2
1— 1=

This completes the proof of case 1.

In the case 2 we may assume that t < 1 — § (otherwise the corresponding distance

is 0 and the job is done), so t < 0. By part 1 of the previous lemma and (2.4)
Rex}(xy) = (1 —A)%t+ A2
so we are solving in A the equation
(1-A)?t+A%2—-146=0, ie. (1+HA2—2tA+(t—1406)=0.

The discriminant of this equationis D = —t6 —J + 1. Note that D > —(1—0)0 —J +
1=(1-46)2>0andt—1+ <0, so there is a positive solution of our equation given
by

Ap=—14ﬁ+¢_) Tt Vi-t -0
This A; decreases in t, so
1 2 + (50 0p— 0
A< A_s,=—(1—0g+1—26+6dp)
ES M= = 5 0 0) b0  do—1++/T—20700,
which finishes the proof. O

To show the continuity of the spherical modulus we need the following result.

2.3.3 Lemma. Let X be a Banach space and let (xo, xj) € A%(J) with0 < § < &y < 2.

Case 1: If 6 < 1, then

distes ((x0,x5), A% (6)) < 4(‘505—_‘5)
0
Case2: If6 € [1,2) and 2 — /2 — g < 6 < dy, then
2(8y — &)

distoo((xo,xf)k),A%(‘S)) S 25
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Proof. Let us start with case 1. Fix § € (0,6). As ||x§|| = 1, we may find y; € Sx
satisfying x;(yz) > 1 — ¢. For every A € [0, 1] we define

x(A,¢) = Axg+ (1 — A)ye.

Consider Az = 5; € [0,1] and write x; = x(Ag §). A straightforward verification
shows that
Rexg(xg) >1—9

and so,as 1 — 0 > 0, we have that Xg # 0 and also that

Re x}; * >1—-96
0 .
[ xz]|

Therefore, ( K x0> € A3(5). We have

X0 — < |Jxo — x| +

= + [|lxel = 1
el < 5= g = o=l + it =1

So—6
< 2|xz —xol| =2(1 = Ag)llxo — yell <4 (%—C) :

We get the result by just letting { — 0.
Let us prove case 2. If Re xj(x9) > 1 — 9, then the proof is done. Suppose that
1—62>Rexy(xg) > 1— 0.
Fix ¢ € (O min{2 — &, M}) (observe that % > 0 by the conditions on

9). As ||x5|l = 1, we may find y¢ € Sx satisfying x;(yz) > 1 — ¢. Now, we consider

5o — 0
2-06-¢

Notice that Az € (0,1) (since § < dg and ¢ < 2 — &p) and

/\C = and Xg = X0+ /\C]/g.

gl = llxoll = Allygll =1 = Az > 0.

Also, observe that

(1-6)2—6—-¢)+d—9
2—-0—-¢

Rexy(xz) K1 -0+ Az =
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so, Re x;j(xz) < 0since ¢ < %. Now,
1—0p+ As(1—
Re x} X > Re x} s > 0 A 6)21—5.
e | 1-4A¢ 1-4;

Therefore, (Hgll , xé) € A3(5). We have

Consequently, letting ¢ — 0, we get

- PP
xo—mH < 2lxo0 — x| —2"6—2(2—5—6)'

. * 2 5 _ 5
disteo ((xO/ xO)/ Ag{(é)) < (Zofé)
as we desired. -

We are ready to state and prove the promised result.

2.3.4 Proposition. Let X be a Banach space. Then, the functions
o Ox(8) and 5+ DY(0)

are continuous in (0,2).

Proof. Let us give the proof for ®x(J). Observe that for 41,5, € (0,2) with §; < J,, one
has

0 < Px(d2) — Dx(61) = dy (Ax(62), TI(X)) — dy (Ax(01),T1(X))

dy
dr (Ax(62), Ax(61)).

N

Now, the continuity follows routinely from Lemma 2.3.2. An analogous argument

allows to prove the continuity of ®3(6) from Lemma 2.3.3. O

We finish this subsection showing that when the general modulus attains its maxi-

mum value is, in fact, because the spherical modulus does.
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2.3.5 Proposition. Let X be a Banach space. Forevery d € (0,2), the condition ®x(J) =
V/26 is equivalent to the condition ®%(5) = v/26.

Proof. Since ®3(8) < ®x(0) < V24, the implication [®5(6) = V26| = [@x(5) =
\/%] is evident. Let us prove the inverse implication. Let ®x(4) = v/25. Then there
is a sequence of pairs (xy,x};) € Bx X Bx+ such that Rex};(x,) > 1 — ¢ but for every
(y,y*) € TI(X) we have

1 1
I —yll > V2= or -y > VE -
This, together with Theorem 2.2.1, gives

1 X . %
V20 = — < Px([|xnll, f[xull, 0) < min{¥ ([|a], [[x3 1], 0), 1+ [l T+ [l 1.
By passing to a subsequence we may and do assume that ||x,|| — u and ||x};|| — 6

for some y,0 € [0,1] as n — 0. So, letting n — oo in the preceding inequality we get
V25 < min{¥(u,0,6),1+ u,1+6}.

Now, Remark 2.2.6 gives us that y = 1 and 6 = 1. Denote X}, = HiZH’ X, = Y In the

case when ¢ € (0,1], we have Re ¥}, (%,) > 1 — d but for every (y,y*) € I(X)

~ 1 = &%k * 1 =%k *
1% =yl > V26— — — ltn = Tl o [|% —y"| > V26—~ — |7 - %]
Since the right-hand sides of the above inequalities go to v/25, we get the condition
D3,(6) = V/20.

In the case of 6 € (1,2), we no longer know that Re ¥;(%,) > 1—J, but what
we do know is that liminfRe %;;(%,) > 1 — J, and that gives us the desired condition
®3,(6) = /20 thanks to the continuity of the spherical modulus (Proposition 2.3.4). [J

2.3.2 Duality.

Our next aim is to compare the moduli of a Banach space and the ones of its dual space.
The following lemma will be the key to prove the result. It is actually an easy applica-

tion of the Principle of Local Reflexivity, which we remind for the sake of clearness.
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2.3.6 Lemma. Fore > 0, let (x,x*) € Bx x Bx+ and let (§*,7**) € I1(X*) such that
v =g <e and [x—g"] <e
Then there is a pair (y,y*) € I1(X) such that

lx—yl <e and [~y <

2.3.7 Theorem (Principle of Local Reflexivity (see Theorem 11.2.4 [1])). Let X be a
Banach space. Suppose that F is a finite-dimensional subspace of X** and G is a
tinite-dimensional subspace of X*. Then given ¢ > 0 there is a subspace E of X
containing F N X with dimE = dim F, and a linear isomorphism T : F — E with
| T|[[|T~Y < 1+ e such that

Tx=x, x€eFNX

and

Proof of Lemma 2.3.6: First chose ¢ < ¢ such that still
|[x* =7 <& and |x—7"| <¢.
Now, we consider ¢ > 0 such that

/ 2¢
(1+C)€ +7¢+ m<€,

and use the Principle of Local Reflexivity to get an operator T : lin{x,7**} — X
satisfying

ITHITHI <1+¢ T(x)=x §(T@F) =y~ F) =1

T(7+*
Next, we consider ¥ = ”TE;T;H € Sx and ¥* = * € Sx+, observe that
1 ¢
Rex* (%) > ——=1———,
e X* (%) Tre T+re
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and we use Corollary 2.2.8 to get (y, y*) € I1(X) satisfying that

g 28 ok ok | 2¢
1% —y| < FC and || —y*| < 1—6

Let us show that (y,y*) € I1(X) fulfill our requirements.

lx =yl < IT(x) =TI+ 1TG) = 2l + 1x -yl

<(1+§)s’+§+,/%<e
2¢

I =yl < " =7+ 17" =yl <€+ [-77= <e&

1+¢
getting the desired result. O

and, analogously,

We can now present the promised result about duality.

2.3.8 Proposition. Let X be a Banach space. Then
@y (6) < Px:(0) and PY(8) < DY (9)

forevery d € (0,2).

Proof. The proof is the same for both moduli, so we are only presenting it for ®x(6). Fix
5 € (0,2). We consider any ¢ > 0 such that ®x-(d) < ¢ and for a given (x,x*) € Ax(J)
consider (x*,x) € Ax+(4) (we identify X as a subspace of X**) and so we may find
(7", 7**) € TI(Y*) such that

|x* —7*|| <e and |x—7| <e
From Lemma 2.3.6, we find (y,y*) € T1(X) such that
lx—y|| <e and ||x*—y*| <e.

This means that ®x(4) < € and, therefore, ®x () < Px+(0), as desired. O
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We do not know whether the inequalities in Proposition 2.3.8 can be strict. Of

course, this cannot be the case when the space is reflexive.

2.3.9 Corollary. For every reflexive Banach space X, one has ®x(6) = Px-(J) and
D3, () = D% (0) forevery 0 < 6 < 2.

2.3.3 Continuity with respect to the Banach space.

Our next goal is to show that the Bishop-Phelps-Bollobds modulus of a Banach space
is continuous with respect to the Banach-Mazur distance. To do so we will follow the
notation of section 1.3 in Chapter 1. Given a Banach space X, recall that £(X) denotes

the set of all equivalent norms to the natural norm in X endowed with the distance:

1
d(p,q) = log (min{k}l:Epgqgkp}) (p,g € £(X)).
For pp € £(X) and k > 1 we will consider the open set in £(X) given by

G(po k) = {p € E(X) : d(p, po) < logk}.

For § € (0,2), we write ®(x ,) to denote the Bishop-Phelps-Bollobas modulus of X

when it is endowed with the norm p. Besides, we consider the set
Ap(0) = {(x,x") e X x X" : p(x) <1, p(x) <1, x*(x) >1—6}.

Finally, we write d,,(A, B) to denote the Hausdorff distance between A,B C X x X*
associated to the /-distance de p in X x X* when X and X* are endowed with the

norm p. That is,

deo,p ((x,x7), (,y7)) = max{p(x —y), p(x" —y")}  ((xx"), (y,¥") € X x X7)

and

dy(A, B) = max {sup infde, p(a,b),sup infdoo,p(a,b)} :

acA beB beB acA
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Observe that with this notation one has that ®(x ,(6) = dp(A,(J),11(X, p)). Finally
we need a result from [8] which tells us that IT(X, p) and T1(X, q) are close when p and

q are close.

2.3.10 Lemma (Theorem 18.3in [8]). Let X be a Banach space. Then, the function p —
I1(X, p) is continuous from £(X) to the set of non-void closed bounded subsets of

X x X* endowed with the Hausdorff distance, and it is uniformly continuous on each
bounded subset of £(X).

2.3.11 Theorem. Let X be a Banach space and ¢ € (0,2). The functions
Dx(0): E(X) — R and ‘D(Sx,.)(fS) (X)) — R

are continuous.

To prove this result we need two lemmas which may be of independent interest.

2.3.12 Lemma. Let X be a Banach space, § € (0,2), po € £(X), andk > 1. Letn > 0
and p,q € G(po, k) satisfying d(p,q) < log(1+7).

Case 1: If§ € (0,1], then

2kn/1—6
dy, (Ay(0),A;(0)) < kn + .
PO( P( ) ‘7( )) n 1+17_m

Case 2: If 6 € (1,2) and (6 — 1)(1 +1)? < 1, then

dyy (Ap(8), Ag(8)) < kj + 2k(§2+—+777)72) .

Proof. We suppose first that 6 € (0,1] and we write §p = 1 — (11;7‘5)2. Given (x,x*) €

Ap(9), define xg = %x and x; = Z ((jz:))x* which obviously satisfy g(xg) < 1 and

q(x}) < 1. Besides, it is immediate to check that
* L PEp() _ Rex'(x) | 1-6
Rexy(xg) = Rex™(x > > =1-— 10y,
o) =R ey 7 g2~ g~
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and so (xg, x;) € Ag(dp). Observe thatif 6 < 1 then dy > J, and we can use Case 1 of
Lemma 2.3.2 for X endowed with the norm g to obtain (y,y*) € A,(0) satisfying

. VI—6-VI—8&  2y/1-34
— ), q(xf —y*)} <2 = ;
max{q(xo —y),q(xo —y*)} R 11y -vi-s

where we used that /1 — §y = Vl - }7 . Now we can estimate as follows

po(x —y) < po(x —x0) + po(xo — y)

p(x) 2kn/1 -6
< po(x) 1—m‘+kQ(x0—y)<k’7+l+;7_m

and an analogous argument gives us the same inequality for the number po(x* — y*).
Therefore, we have that dp, ((x,x*), A4(6)) < kn + V10 gor every (x,x*) € Ap 5).

1+7 \ﬁ
Exchanging the roles of p and g one obtains dy, ((z,z*), Ap(6)) < ki + 13:”7 : \/7 for

every (z,z") € A4(6) and hence

2knv1—6
dy, (A,(0),A;(0)) <k .
PO( P() Q( )) 77+1+17_m

In the particular case in which § = 1 it suffices to observe that Re x§(xp) > 0 and so

(x0, x) belongs to Ay(J). Therefore one obtains the estimation dy, ((x, x*), A4(6)) <
ky.

Suppose now that 6 € (1,2) and define this time dp = 1+ (6 — 1)(1 + 7)2. Given
(x,x*) € Ay(6) we consider as in the previous case xp = Z (( ;x and xj = p(( gx* which
satisfy q(xp) < 1and gq(x§) < 1. Using the facts that p(x)/q(x) < 147, p(x*)/q(x*) <

1+nand1 -4 <0, we can write

() = Rext () PPET) o o p(Op() 2_q_
Rexg(xo) = Rex"(x) "3 sy 2 (1=0) iy iy > (1= 9+ n)" =1=4,

and so (xg,x;) € Ay(d). Since 2 > Jy > J, we can use Case 2 of Lemma 2.3.2 for X
endowed with the norm g to obtain (y,y*) € A,(9) satisfying
2—10 S — 6

—vy),q(x) —y*)} <2
max{q(xo y) q(xo y )} 50 50_1_|_ 1_25+550
<22—(5050—5 <2(50—5 _217(2+17) .

) (50—1\ 50—1_ (1+77)2
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From this point one can proceed as in the previous case to obtain

dp, (Ap(8), Ag(6)) < ki +2k’Z§2+—+17’§),

which finishes the proof. O
One can obtain an analogous result for the spherical modulus using the same proof.

2.3.13 Lemma. Let X be a Banach space, § € (0,2), po € £(X), andk > 1. Letnp > 0
and p,q € G(po, k) satisfying d(p,q) < log(1+7).
Case 1: If§ € (0,1], then

4k(1 - 0)(2y + 1)
S+2n+n>

dy, (Ag(a),Ag(a)) <ky+

Case 2: If§ € (1,2), suppose that (6 —1)(1+7)> <land2—/1— (6 —1)(1+7)2 <6,
then

dy, (Af;(&),Ag((S)) < ki + 2k (25 + ;72)37(S .
Proof. The proof follows exactly the same lines as the proof of Lemma 2.3.12, using
Lemma 2.3.3 instead of Lemma 2.3.2 in the corresponding cases. We observe that
when 6 = 1, Lemma 2.3.3 cannot be used. In this case it suffices to take into ac-
count that the element (x¢, xj) lies in Af](é) if (x,x*) is in A’S,((S) so the estimation
dp, ((x,x%), A3(8)) < ki follows as in the proof of Lemma 2.3.12. O

We are ready to show that the Bishop-Phelps-Bollobds moduli are continuous in the

metric space £(X).

Proof of Theorem 2.3.11. Fixed py € £(X) and k > 1, we consider the open set in £(X)
given by G(po, k) = {p € £(X) : d(p, po) < logk}. Let 5 > 0 be such that

6-1)(1+n)*<1
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and p,q € G(po, k) satisfying

d(p,q) <log(1+n).

Then we can estimate as follows

D x,p)(0) = P(x,0)(8) = dp (Ap(8), TL(X, p)) — dy (A4(9), TI(X, 7))
< dp (Ap(8), Aq(9)) +dp (Aq(8), TI(X, p))

—dq (Aq(0),11(X, p)) +dq (T1(X, p), T1(X, 9))
< kdp, (Ap(9), Aq(8)) + (1 +1)dg (A4(0), TI(X, p))

—dy (A4(9), TI(X, p)) + kdp, (TL(X, p), TI(X, q))
< kdp, (Ap(0), Ag(9)) + kndy, (Aq(6), T1(X, p))

+ kdp, (T1(X, p), 11(X, q))

< Ky, (Ap(6), Ag(8)) + 2k + kdy (TI(X, p), TI(X, 7)) .
Exchanging the roles of p and g, we get
‘qD(X,p)((s) - <I><x,q>(5)\ < kdp, (Ap(0), Aq(9)) + 2k + kdp, (T1(X, p), 11(X, q)) -

This, together with Lemma 2.3.10 and Lemma 2.3.12, gives the continuity of @y (6).

A completely analogous argument allows to prove the continuity of CID(SX ) from

Lemma 2.3.13. O]

There is a classical way to measure when two Banach spaces are close, the so-called
Banach-Mazur distance, and which is related to our approach using the distance be-
tween equivalent norms. Given two isomorphic Banach spaces X and Y, the Banach-
Mazur distance between X and Y is defined by

dpm(X,Y) = loginf{||T|||T"!|| : T an isomorphism of X onto Y}.

Note that dgp(X,Y) > 0 and dgy(X,Z) < dgm(X,Y) 4+ dpm(Y,Z). Given a Banach

space X, we write Z(X) to denote the set of all Banach spaces isomorphic to X, which
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is semimetric space when endowed with the Banach-Mazur distance. Then, the result
above about the continuity of the Bishop-Phelps-Bollobas moduli on £(X) can be easily

translated to the new setting.

2.3.14 Corollary. Let X be a Banach space and ¢ € (0,2). The functions from Z(X) to
R given by
Y+ ®y(0) and Y+—— ®Y(0) (Y €Z(X))

are continuous.

The way to deduce the above result from Theorem 2.3.11 is given by the next
lemma, which is well-known (see [20, Exercise 1.75], for instance) and relates £ (X)

and Z(X). We include an easy proof for the sake of completeness.

2.3.15 Lemma. Let Xy, X; be Banach spaces. If T : X; — Xy is an isomorphism, there
exists a norm p; € £(Xy) such that (X, p1) is isometrically isomorphic to (X1, || - ||x,)
and satisfying that

Ixllx, < pr(x) < ITIHITH 1,

for all x € Xp.

Proof. Define p1(x) = ||T||[|T~1(x)| x, for every x € Xo. Then, it is clear that (Xo, p1)

is isometrically isomorphic to (Xj, || - ||x, ). Also, for each x € Xy we have
p1(x) = ITIIT () 1%, < ITIHTH] flxllx,
and, on the other hand,

Ixllx, = IT(T )%, < ITUNTTH () 1%, = pa(2). 0

An easy consequence of the continuity of the Bishop-Phelps-Bollobds moduli is that

they coincide for Banach spaces which are almost isometric.
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2.3.16 Corollary. Let X and Y be almost isometric Banach spaces (i.e. dgp(X,Y) = 0).
Then ®x(65) = ®y(6) and D3 (5) = P} (6) forevery § € (0,2).

24 Computation of the Bishop-Phelps-Bollobias moduli

In this section we calculate the two moduli for some classical Banach spaces. Among
other results, the moduli of every real or complex Hilbert space are calculated. Besides
that, we present a number of spaces for which both moduli reach the maximal possible
value for small ¢’s. This is the case of ¢y, /1 and, more in general, L1(u), Co(L), and

unital C*-algebras with non-trivial centralizer.

We start observing that there is a universal lower bound for the Bishop-Phelps-

Bollobds modulus for small values of 6.

2.4.1 Remark. Let X be a Banach space. Then, ®x () > ¢ for every 6 € (0,1].
Indeed, using Remark 2.2.2 for y = 1 and 6 = 1 — §, we obtain
Px(6) > Px(1,1-6,6) >1—min{1,1 -6} =46

as desired.

Let us remark that we do not know a result giving a lower bound for ®x(6) when
d > 1, outside of the trivial one ®x(d) > 1.

The first example we give consists in the simplest Banach space X = R. In this case
we can obtain the distance of a fixed pair (x,x*) € Bx X Bx+ to II(X) in terms of |x|

and |x*|.

2.4.2 Example. Let¢ € (0,2), x,x* € R such that |x|, [x*| <1 with x*x > 1 —, then

R I W

1+ min{|x|,|x*|} ifx*x <O.
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Proof. We take y = y* € {—1,1} to be the sign of the number in {x, x*} which has
bigger modulus (in case |x| = |x*| any choice will do). If x*x > O then |[x —y| = 1 — |x|

and |x* — y*| = 1 — |x*|. So
doo ((x,x"), TI(R)) = min {deo ((x,x"), (1,1)), deo ((x,x7), (=1, -1)) }
= deo (), (y,y7)) = 1 — min{]], [¥*]}.
If otherwise x*x < 0 we have that
deo ((x,x"), TI(R)) = min {deo ((x, x"), (1,1)), deo ((x,x7), (=1, -1)) }

= doo (%, %), (y,y")) = 1+ min{|x[, [x"[}

which finishes the proof. O]
From this result we can deduce the value of both moduli for the real line.

2.4.3 Example. For every ¢ € (0,2) the following hold:

o if0<é<1,

O%(0) =0 and DR() =
1+v0—-1 ifl<d<2

Proof. The result for @, is an obvious consequence of the fact Sg = {—1,1}. To com-
pute ®Rr(9), we fix first 6 € (0,1] and observe that taking x = 1 -, x* = 1itis
clear that ®R(6) > deo((x,x*),II(R)) = 4. To prove the reversed inequality, fixed
x,x* € [—1,1] satisying x*x > 1 — 6 > 0, observe that min{|x|, |x*|} > 1 — 4. This,

together with Example 2.4.2, allows us to write
doo (2, x*),TI(R)) = 1 — min{|x|, [x*|} <6

which, taking supremum on (x, x*), implies that R (4) < 6.

Fix now ¢ € (1,2), and observe that taking x = v/ — 1 and x* = —+/6 — 1 one has

xfx=1-9, lx+1]=vd—1+1, and x*—1=vd—-1+1
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which give that ®r(d) > 1+ /6 — 1. To get the reversed inequality, we fix x,x* €
[—1,1] satisying x*x > 1 — 4. If x*x > 0 then min{|x|, |x*|} > 1 — ¢ which, together
with Example 2.4.2, tells us that

doo ((x,x*),II(R)) =1 — min{|x|, [x*|} < <1+ V- 1;

where we used that 6 <1+ +/6 —1ford € (1,2). If otherwise x*x < 0, then |x*||x| =
—x*x < 0 — 1 and so min{|x|, |x*|} < v/ — 1. Now using Example 2.4.2 we can write

doo ((x,x*),TI(R)) = 1+ min{|x|, [x*|} <1+ V6 —1.

Taking supremum on (x, x*) we obtain the desired inequality. O

We now turn to compute the moduli of a Hilbert space of (real) dimension greater
than one. As we commented in the introduction, both ®j; and ®§, only depend on the
real structure of the space, so we may and do suppose that H is a real Hilbert space of
dimension greater than or equal to 2. Let us also recall that H* identifies with H and
that the action of a vector y € H on a vector x € H is nothing but their inner product

denoted by (x,y). In particular, it is clear that

II(H) = {(z,2) € Sy X Su}.

In the next result, fixed a pair (x,y) € By X By, we obtain the distance from (x, y)
to II(H) in terms of ||x||, ||y||, and (x, v).

2.4.4 Theorem. Let H be a real Hilbert space with dim(H) > 2 and let x, y be different
points in By with ||x|| > ||y||. We call

x||2 = ||y||?
a={ @ ermxn: > e+ EL

Then,
1T— [yl if (x,y) € A,
\/1— (x,y) = 2A/[Ix[12[ly I — (x, )2 if (x,y) € A,

deo((x,), TI(H)) = {
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where

- —2 /TPy T = e 92 + o4 (1l + w12 = 202, ) — (1] = [ly]2)2
- 211> + Iyl = 2(x, ) '

To prove this result we need two easy observations concerning the distance be-

tween points in a Hilbert space.

2.4.5 Lemma. Letwayg €| — 7, 7], a > 0,b > 0, and let f : [ap — 77,09 + 1] —> R be
defined by

f(a) =||(acos(ap),asin(ag)) — (bcos(a), bsin(a))||2.

Ifab > 0, then f decreases in [xy — 7T, 9] and increases in [wg, &y + 7t]. If ab = 0, then f

is constant.

Proof. Only the case ab > 0 needs an explanation. Taking into account that f?(a) =
a® + b?> — 2ab cos(ay — «), it suffices to observe that abcos(xg — ) increases in the in-

terval [ag — 71, wg] and decreases in [ag, g + 7T|. O

2.4.6 Remark. Lemma 2.4.5 is telling us, in particular, that given a circumference C and
a point x in the same plane which is not the center of C, the minimum distance from x
to C is attained at the intersection point of C and the half-line starting at the center of

C which passes through x.

Proof of Theorem 2.4.4. If y = 0, we have to show that doo((x,0),II(H)) = 1, but this
is clear since de((x,0), (ﬁ, HxTH)) < 1 and every h € Sy satisfies do((x,0), (h,h)) >
||| = 1. So we can set y # 0 for the rest of the proof.

In the next step we show that we can reduce the problem to the 2-dimensional
case. Let X be the 2-dimensional subspace of H containing x and y. We claim that
doo ((x,y),II(H)) = deo((x,y),11(X)). Indeed, since IT(X) C II(H), the inequality
doo ((x,y),I1(H)) < deo((x,y),II(X)) is evident. To prove the reversed inequality,
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tixed h € Sy, consider the plane P which contains #, intersects X in a line and which
is orthogonal to the line containing x and y. Set hx € X to be the intersection point of
P and the line containing x and y. We observe that P N Sy is a circle which contains
h and we write EX to denote the intersection point of P N Sy and the half-line starting
at the centre of P N Sy and containing hx. If hx happens to be the centre of P N Sy,
any of the two points in P N Sy N X can be taken as hix. By Remark 2.4.6 we have
that || — hx|| > ||lix — hx||. Finally, using the orthogonality between P and the line

containing x and y, we can write
o = ll = (e = x| + [l = RI)Y2 > ([l = hel|? + | x — Bx|2)!2 = |lx = hx |

and, similarly ||y — k|| > |ly — hix||. Hence, we get deo((x,y), (1, 1)) > deo((x,y), TI(X))
and taking infimum for i € Sy we obtain the desired inequality. Thus, we can suppose

that H is 2-dimensional and we can identify it with (R?, || - ||2).

Set x = HTXH and y = ”};—” Of the two points in Sy whose distances to x and y are
equal, let m be the one that minimizes that distance. We claim that deo ((x,y), I1(X))
is attained at one of the three pairs (X, X), (y,) or (m,m). Indeed, for h € Sy denote
fx(h) = |lx = k||, fy(h) = |ly — k||, and f(h) = max{fx(h), f,(h)}. Itis clear that
f attains its minimum, say that it does at hy € Sy. Then hy must be either a point
of local minimum of fy, or a point of local minimum of f,, or it satisfies fy(hg) =
fy(ho). Lemma 2.4.5 tells us that the only local minimum for fy is ¥ and the only local
minimum for f, is y. So hp must one of the following four points: x, y, m and the
remaining point p of Sy whose distances to x and y are equal, but for sure f(p) is not

the minimal value, so we omit this possibility.

To obtain the value of des ((x, ), I1(X)), we have to determine which is the suitable
pair among (X, X), (i, y), and (m, m). We distinguish two cases depending on the value
of (x,vy):

1 (x,) > (]2 + 1y 25545 then

_ 2 _
ly =71 = (1= llylD* > llxll* +1 - ”y—”<x,y> =[x -7l
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which gives us that ||y — yl| > [lx — ¥ll, and so deo ((x,y), (7.9)) = lly =¥l = 1= [yl
On the other hand, Remark 2.4.6 tells us that ||y — y|| = dist(y, Sg). Therefore, we can

write

deo ((x,Y), (7,7)) = lly — 7ll = dist(y, Su) < deo((x, ), TI(H)) < deo((x,y), (7.7)),

finishing the proof in this case.

[l —lll>
2

Suppose otherwise that (x,y) < ||y[|* + ||y|| | . Then we obtain ||y — 7| <

|x — 7|, and thus deo ((x,y), (7,)) = ||x — J||. We observe that since ||y|| < ||x|| and
|x]| + [|y|l <2 we also have

x|12 = |ly||? 2 _ x|I2
(o) < I+ T P I g JAE— DI

Hence, we can deduce analogously that ||x — X|| < [ly — X|| and so de ((x, 1), (%, X)) =
ly —XxII.
Let us check that this time one has deo ((x, ), (m,m)) < min {|[x — 7|, ||y — X|| } and

so (m,m) is the suitable pair. We start observing that, up to a rotation, we can assume

without loss of generality that
x = (ay cos(ay), aysin(ay)) and  y = (aycos(ay),aysin(ay)),

where a; > 0,a, > 0, ay,a, € [0, 7], and ay < ay. Then, by Lemma 2.4.5, the function
fx t [ax, 2y] — R given by

fx(a) = || (ay cos(ay),aysin(ay)) — (cos(a),sin(a))||
is increasing and the function fy : [ay, ay] — R given by
fy(a) = ||(ay cos(ay),a, sin(ay)) — (cos(a),sin(a))||

is decreasing. Besides, we have that

fr(ax) = [Jx =X|| <[ly = x| = fy(az) and
fy(ay) = lly = yll < llx =yl = fx(ay).
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So there is &y € (ay, ay) satisfying fr(a1) = fy(a1). Obviously one has that m =

(cos(ay),sin(ay)),

|x —ml|| = fx(a1) = fy(a1) < fy(ax) = |ly — ||, and
ly —m| = fr(a1) < fxl(ay) = [[x =yl

We finish the proof computing de. ((x,y), (m,m)). To this end, we write x = (x1,x2),
y = (y1,y2), and z = (y2 — x2,x1 — y1) which is orthogonal to x — y and obviously
satisfies ||z|| = ||x — y||. We can assume without loss of generality (exchanging z by
—z if necessary) that (x —y,z) > 0. With this notation we can write m = XTW + Az for
suitable A that we have to compute. Since m must be in Sy we obtain the following

equation for A :

_lx+ylP

1= 2 = 1L

+Mx 4y, z) +A%x -yl
Besides, observe that

(¥ +y,2)% = 4(x1y2 — x2y1)? = 4([x[Pyl* = (x,y)?)

and, therefore,

x +yl]?
1= VT o iyl — (e 4+ A2l — 2 @5)
Observe further that
2 2
X — X —
ly=ml = = = | Yz = B ey

Hence, we have to pick A to be the solution of (2.5) which has smaller modulus, that is:

_ 2 IIXI|2||y||2—<x/y>2+\/4 (P lly 2= o)) +4lx=yl2= =yl 2=y

A
2[|lx—yll?

Taking into account that

(112 + Iy 11 + 206 1)) (=12 + Iyl = 2(x, 1))
= (|l + [ly]?)® — 4(x, y)?

[ + ylI]lx = yI?
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we get

4(IIxIPlylI = 2 y)?) = llx + Il =yl = = ()2 = ly]?)*
This, together with ||x — y||?> = ||x||* + ||y||* — 2(x, y), gives the expected value for A.
Finally, using (2.5) we obtain

x — 2
() ) = [ =l = Y ey
—yll2 2
— VEFE 11— B o Ry = (k02
= /1= (ry) — 22y [Pl - (e 92

which finishes the proof. OJ

2.4.7 Corollary. Let H be a real Hilbert space with dim(H) > 2,6 € (0,2), and u,0 €
[0,1] satisfying p > 6 and 46 > 1 — 6. Then,

1-0 if1—5>92+9@,
@H( ,015) =
p max {1 —0, \/5 — 244/ 1?07 — (1 —5)2} if1-6 < 0?4+ 085%
where
_2\/‘”292 — (1 — 5)2 + \/4(‘»1/[2 + 62 _2+25) . (‘uz . 92)2
As =

2(42 + 62 — 2 4 26)

Proof. Suppose first that 1 — & > 62 + 9# and fix an arbitrary pair (x,y) € H x H
with ||x|| = u, [ly|| = 0 and (x,y) > 1— 6. Then, (x,y) > 6%+ 9# and Theorem 2.4.4
gives doo ((x, ), II(H)) = 1 — 6, taking supremum in (x,y) we obtain ®g(y,0,5) <
1 — 6. The reversed inequality always holds by Remark 2.2.2.

Suppose now that 1 —§ < 62 + 9@. As we observed at the beginning of the
proof of Theorem 2.4.4, we can suppose that dim(H) = 2 and so we can assume the
identification H = (IR?,|| - ||2). Fix an arbitrary pair (x,y) € H x H with ||x|| = g,

ly|l = 6and (x,y) > 1—J. Renaming x and y if necessary and using a suitable rotation,
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we can suppose without loss of generality that x = (u,0) and y = 6(cos(a), sin(«))
with a € [0, 71]. Let a; € [0, 1] be so that the point z = 6(cos(a1),sin(aq)) satisfies
(x,z) = ubcos(awy) = 1 — 4. Observe that, in fact, one has a € [0, a1].

Next, we write ¢ = max {1 — 0, \/(5 — 2A 5/ 12602 — (1 — 5)2} and we use Theo-

rem 2.4.4 for x and z to obtain

deo((x,2), TI(H)) = \/5 — 205/ 267 — (1 - 6)2.

Let ay € [0, 7] be so that the point m = (cos(ay), sin(a;)) satisfies

Jx—m| = ||z — m| = %s—zmﬂez —(1-0)2.
If & € [0, ap] then we can use Lemma 2.4.5 with g = 0,4 = p, and b = 1 to obtain that
Y = (cos(a), sin(a)) satisfies
l2 = Fll = [ (1,0) = (cos(a), sin(a)) || < [|(1£,0) = (cos(az), sin(az))|| = [|x — m|

and, therefore

deo (x,), TI(H)) < max{ = 71| |y — 71} < max {[lx —m],1 -0} =e.

If « € [ap, a1] (obviously this case does not occur when ap > a7), we use Lemma 2.4.5

with ap = ap, a = 1, and b = 0 to obtain that

|[m —yl|| = ||(cos(az),sin(az)) — (8 cos(«), O sin(a))|

< || (cos(az), sin(az)) — (Gcos(ocl) 0sin(ny))|| = [|m —z||.
This allows us to write

des ((x,y), TI(H)) < max {|[x —m|, ly = m|[} <max{|lx —m|,[lz—m|} <e

So, for every (x,y) € H x H with ||x|| = u, ||ly|| = 0 and (x,y) > 1 —J we have
doo((x,y),I1(H)) < € and, therefore, ®(y,0,6) < e. To prove the reversed inequal-
ity, it suffices to recall that @y (p, 6, (5) 1 — 0 always holds and that ®y(u,0,6) >

doo((x,2), 11 \/(5 2A54/ 4202 — (1 —6)2. O
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With some more work, we can compute the Bishop-Phelps-Bollobds moduli of a

Hilbert space as a consequence of the above results.

2.4.8 Example. Let H be a Hilbert space with dimension over R greater than or equal

to two. Then:

(a) ®%(6) = V2 —+/4—25 forevery 6 € (0,2).

(b) For § € (0,1], ®(5) = max {5, V2 Vi 25}.
For § € (1,2), ®x(d) = V4.

Proof. (a). Using Corollary 2.6.4for y =6 =1, we get &y (1,1,9) = \/5 —2A5V26 — 52

where A5 = \/275_2— %2‘5_‘52 and, therefore,

®3,(8) = ®y(1,1,8) = \/2 — V4 —26.

We will use the following claim in the proof of (b).

Claim: Given x,y € Sy with x +y # 0, write z = % to denote the normalized

ezl =y —z] = /2 2+ 2(x ).

Indeed, we have ||x — z|> = 2 — 2(x, z) and
2, z) = 20x,x+y) _ 24+2(x,y)

Ix+yll — V2+2(xy)
giving ||x —z|| = \/ 2 — /2 +2(x,y), being the other equality true by symmetry.

(b). We first fix § € (0,1) and write gy = max {(5, V2 —4-26 } The inequality
Dy (8) > g follows from the fact that @y (5) > P3,(0), the result in item (a) and

Remark 2.4.1. To get the reversed inequality, we could try to optimize the function

midpoint. Then

Py (p,0,0) in u, 0 € [0,1] but the difficulties in this optimization are relevant. For that

reason, we give an alternative proof. We first observe that

CI)H((S) < q)lin{x,y} ((5) Vx,y € By with (x,y) =1-9. (2.6)
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1-6f5f Myi—6 P A

Figure 2.1: Calculating ® () for 6 € (0,1)

This follows from the obvious fact that ®.(d) increases when we restrict to subspaces.

This implies that it is enough to show that for

P =(p1,0),Q = (41,92) € By

such that p1,q2 > 0, |P|| > [|Q|, and (P,Q) > 1 — 6 where 3 is the 2-dimensional
Hilbert space, there exists z € 53 so that |P—z|| < ¢pand ||Q — z|| < €. Now, it is

straightforward to check that we have

Pl € [VI—6,1] and g, = ﬁ ef1-ovi-dl.

Figure 2.1 helps to the better understanding of the rest of the proof.

Consider M = <\/ 172‘5”+P‘||‘P”, Hp‘gﬂg”_é)), which is the normalized midpoint be-

tween A = (1,0) and B = (ﬁ, 1— (ﬁ)z) and write A to denote the arc of the unit
sphere of H between A and M. We claim that Q € U,ca B(z,€p) and P € N,ep B(z, €0).
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Observe that this gives that there is z € A C Sy whose distance to P and Q is less
than or equal to g, finishing the proof. Let us prove the claim. First, we show that
Q = (91,92) € Uzea B(z,€0). If g < W, the ball of radius ¢y centered at
the point of A with second coordinate equal to g, contains the point Q since gy >
dist ((g1,0), A) > dist(Q, A). For greater values of g,, write first C = <q1, W) ,
which belongs to B(M, €p) by the previous argument. Also, as M is the normalized mid

point between A and B, we have by the claim at the beginning of this proof that

1—6
||M—B||=\/2—\/2—|—2A,B — 2242270 < /2 VE— 25 < g
\A.B) 17l

so, also, ||[M — D|| < €. Therefore, both points C and D belong to B(M, ¢g), so also the

whole segment [C, D] is contained there, and this proves the first part of the claim. To

show the second part of the claim, that P € (< B(z, €0), we consider the function
flp)=14p"=y/2p(p+1-6)  (pe[V1-41])
and observe that it is a convex function, so

f(p) <max{f(1), f(V1- 3} <.

It follows that

P — M| = \/1+ IP[|? = \/ZHPH(IIPH +1-9) <o,

hence M € B(P,¢p). As also A € B(P,¢), it follows that the whole circular arc A is
contained in B(P, ¢p) or, equivalently, that P € (N, B(z, €0).

Now, we fix § € (1,2). Analogously to what we did before in equation (2.6), to
show that ®y(d) < \/5, it is enough to consider the two-dimensional case and, given
P = (||P|,0) € By, Q = (q1,92) € By with g, > 0, to find z € Sy such that

lz—P| <5,  |z-Qll<Ve

Routine computations show that

L <||P||2+q1, \/1— (||P||2+fh>2) cs.
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does the job. For the other inequality, we fix an orthonormal basis {e1,e,...} of H,

consider

P=+6—1e € By, Q=—-Vdé—1le € By

and observe that (P,Q) =1 — 4. For any z € Sy, we write z; = (z,e1) and we compute

max{||z — P|1, |}z - QII?} =
= max{|zl V1P +1— |z, |z + Ve -1 +1— \zl|2}
= mfx]zl +V0—12+1—|z1]2 = (|z1| + V6 —1)* +1— |z
=6+2v0 —1|z1| > 4.

It follows that ®p(8) > /4, as desired. O

Our next aim is to present a number of examples for which the values of the Bishop-
Phelps-Bollobas moduli are the maximum possible, namely ®%,(6) = ®x(5) = V20
for small ¢’s. As we always have ®3(6) < ®x(J) < /26, it is enough if we prove the
formally stronger result that ®%(5) = V/26 for small §’s. Actually, the two facts are
equivalent as we proved in Proposition 2.3.5. Moreover, we will actually show that

Px(u,0,0) is maximum for many values of the parameters.

The first result is about Banach spaces admitting an L-decomposition. As a conse-

quence we will obtain the moduli of the L;(u) spaces.

2.4.9 Proposition. Let X be a Banach space. Suppose that there are two (non-trivial)
subspaces Y and Z such that X =Y &1 Z. Leté € (0,1) and 1,60 € [0,1] with1 — ¢ <
10 < 2(1 —0). Then, there exists a pair (xo, x§) € X x X* with ||xo|| = p, ||x}|| = 0 and
Rex{(xo) = 1 — ¢ satisfying

doo ((x0,x5), TI(X)) = ¥ (1, 6,6).

Therefore, ®x(u,0,6) = ¥(u,6,9) for the cited values of 6, , 6.
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Proof. Since 0 <1 — 6 < ub we get that y > 0, so we can take
. p—0++/(1—0)2+8(ub —1+9)
4
which satisfies 0 < k < 1 because 6 < 1. Next, we fix pairs (vo,y;) € TI(Y) and
(z0,2§) € TI(Z), and we define

(1 —=¥(n0,6))yo,0zp) -

The facts |1 — ¥ (1, 6,6)| < 0and 0 < k < 1imply that ||xo|| = p, [|x{|| = 6. Moreover,

we can write

xo = (ukyo, (1 —k)zp) and

Rexy(xo) = p0 + (1 -6 — ¥ (,0,0)) puk

0+ ]479*\/(#*9%2+8(y971+(5) y—9+\/(#*94)12+8(y6—1+5) _1_s

Given (x,x*) € TI(X), write x = (y,z) € Y®1 Z, x* = (y*,2*) € Y @ Z and

observe that
[yl +[]z]l =1 =Rex™(x) = Rey"(y) + Rez"(z) < [ly*[llyll + [Iz*[|l|z]]- (2.7)

If it holds ||(1 =¥ (1, 0,9))y; —y*|| = ¥Y(u,0,9) then |[x5 — x*|| = ¥(p,0,0) and we
are done. If otherwise we have that ||(1 — ¥ (1, 6,9))y§ —vy*|| < ¥(u,0,9) then we can

write
1= %(0,8,0)] — Iy ll| < 1100—¥(,6,8))5 — v || < ¥(1,6,0).
Now the hypothesis pf < 2(1 — 0) gives us that 1 —¥(u,0,6) > 0 and hence

1="¥(p,6,8) = ly"ll| < ¥(p0,0).
From this it follows that ||y*|| < 1 and so, y = 0 by (2.7), giving ||z|| = 1. But then

10 — x|l = Kpellyoll + [[1(1 = K)zo — 2|
> kp+ [p(1—k) = |lz]|| = (2k = Dp+1="¥(1,0,0)

which finishes the proof. O
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In the hypotheses of the above result we have that
®%(8) = ®x(1,1,6) = ¥(1,1,6) = V25

for every 6 € (0,1/2], which gives the value of the Bishop-Phelps-Bollob4s moduli for

every space admitting an L-decomposition.

2.4.10 Corollary. Let X be a Banach space. Suppose that there are two (non-trivial)
subspaces Y and Z such that X = Y®Z. Then ®x(5) = ®5(5) = /26 for every
5 € (0,1/2].

As a consequence we obtain the value of the moduli for L; (u) spaces.

2.4.11 Example. Let(Q), X, v) be a measure space such that L1 (v) has dimension greater
than one and let E be any non-zero Banach space. Then, ®;, , r)(y,0,8) = ¥(u,0,6)
foré € (0,1) and 1,0 € [0,1] with1 —6 < puf < 2(1 —9). In particular, @, (, £)(6) =
CIDZ(V’E)((S) = /26 for every 5 € (0,1/2).

Indeed, we may find two measurable sets A, B C () with empty intersection such that
Q=AUB. ThenY = Li(v|4,E) and Z = L1(v|g, E) are non-null, L1 (v,E) = Y &1 Z

and so the result follows from Proposition 2.4.9.

As it may be expected, a dual argument to the one given in Proposition 2.4.9 allows
us to deduce an analogue result for a Banach space which decomposes as an {«-sum.
Actually, in this case we will get a better result using ideals instead of subspaces. Given

a Banach space X we will write w* to denote the weak*-topology o (X*, X) of X*.

2.4.12 Proposition. Let X be a Banach space. Suppose that X* = Y ©1 Z where Y and
Z are (non-trivial) subspaces of X* such that el # X* and Al # X*. Letd € (0,1)
and p,0 € [0,1] with1 — 6 < uf < 2(1 — 6). Then, there exists a pair (xg, x;) € X x X*
with || xo|| = p, ||xj|| = 6 and Re x5(xo) > 1 — ¢ satisfying

doo ((x0,x5), TI(X)) =¥ (1, 0,9).
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Therefore, ®x (u,0,6) = ¥(u,0,6) for the cited values of 6, u, 6. In particular, x () =
P3(8) = V26 forevery s € (0,1/2].

Proof. Since 0 <1 —J < ub we get that 6 > 0, so we can take

p o O r V(=0 +8(uf —1+9)
B 46

which satisfies 0 < k < 1 because § < 1.
We claim that there are yg,z¢ € Sx, y; € Sy, and zj € Sz such that
Reys(yo) =1, Rezp(zo) =1, y*(z0) =0Vy* €Y, z%(yo) =0Vz" € Z.

Indeed, we define yy and yj, being zg and z; analogous. By assumption there is yo €
Sx such that z*(yy) = 0 for every z* € Z and we may choose x* € Sx- such that
Re x*(yp) = 1 and we only have to prove that x* € Y and then write y; = x*. But we
have x* = y* +z* withy* € Y, z* € Z and

1=Rex"(yo) = Rey"(yo) < |ly"ll < Iyl + 2"l = 1,

soz*=0and x* € Y.

We now define
x5 = (kByg, (1 —k)0z5) € X¥, xo=(1—Y¥(10,9))yo+ uzo € X
and first we observe that

Rexg(xg) = ub+ (1 —pu —¥(u,0,0))0k

6+ 9—;4—\/(;4—9;24—8(;49—1-1—(5) 9—y+\/(y—9212+8(y6—1+5) 16

Besides, since 0 < k < 1, it is clear that ||xj|| = 6. Let us check that ||xg|| = u. Indeed,
using the fact that |1 — ¥ (y, 6,0)| < u, for every x* = y* + z* € Sx+ one has

[x*(xo)| = [(y" +2°) (1 = ¥ (1, 6,6))y0 + nzo)|
S =¥ 0,9yl + pllz"ll < plly™[l + 127]]) = p.
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This, together with |z§(xo)| = p, gives ||xo|| = u.

Let (x,x*) € II(X). We consider the semi-norm || - ||y defined on X by ||x||y :=
sup{|y*(x)| : y* € Sy«} which is smaller than or equal to the original norm, write
x* =y* 4+ z" withy* € Yand z* € Z, and observe that

[yl +1Iz"[] = 1 = Rex*(x) = Rey"(x) + Rez"(x) < [ly"[[llx[ly + [[Z*[lllx].  (2.8)
If ||xo — x||y = ¥ (p,0,0) we obviously have dist((xo, x;), I1(X)) > ¥(u,6,9).
Otherwise ||xg — x|y < ¥(p,6,0), and we can write
11 =¥, 0,0)| = llx[ly| < 11 =¥ (1, 0,8))y0 — x[ly = [lx0 = x[ly < ¥(p,8,9).
Now, the hypothesis u0 < 2(1 — §) gives us that 1 — ¥ (,6,9) > 0 and hence
1 =%, 0,0) = llxlly[ <¥(w0,9).
From this it follows that ||x||y < 1 and so, y* = 0 by (2.8), giving ||z*|| = 1. But then

g — x| = kO|ygll + [|0(1 — k)z5 — ="
>k0+[0(1—k) — 27| = (2k = 1) +1 = ¥(,6,)

which finishes the proof. O

As an immediate consequence, we obtain the mentioned result for Banach spaces

which decompose as an {-sum of two non-trivial subspaces.

2.4.13 Corollary. Let X be a Banach space. Suppose that there are two (non-trivial)
subspaces Y and Z such that X =Y @ Z. Leté € (0,1) and y,0 € [0,1] with1 — 6 <
10 < 2(1 —6). Then, there exists a pair (xo,x;) € X x X* with ||xo|| =, ||x3|| = 6 and
Re xj(xg) > 1 — ¢ satisfying

doo ((x0,x3), TL(X)) =¥ (1,6, 9).

Therefore, ®x (u,0,6) = ¥(u,0,6) for the cited values of 6, u, 6. In particular, ®x(J) =
P%(8) = V26 forevery é € (0,1/2].
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This corollary applies to vector-valued Lo, spaces and vector-valued cg spaces.
2.4.14 Examples.

(a) Let (), %, v) be a measure space containing two disjoint measurable sets with
positive measure and let X be a Banach space. Then, ®;_(, x)(1,0,0) = Y (1,0, )
for 6 € (0,1) and p,0 € [0,1] with 1 -0 < uf < 2(1 — ). In particular,
P x)(6) = CIDiOO(U’X)(é) = /26 for every 5 € (0,1/2].

(b) Let I be a set with at least two points and let X be a non-trivial Banach space.
Then, @ r,x)(#,0,6) = ¥(1,0,6) for 6 € (0,1) and p,0 € [0,1] with1 -6 <
uo < 2(1—9). In particular, &, x)(6) = q)fo(r X)((S) = /26 for every ¢ €
(0,1/2].

Moreover, Proposition 2.4.12 allows to get the result for vector-valued Cy(L) spaces
using the concept of M-ideal which we recall (we refer the reader to [24] for back-

ground on M-ideals).

2.4.15 Definition. Let X be a Banach space. Given a subspace | of X, | is called M-
ideal if J* is an L-summand in X*. In this case, we have that X* = |- @, where
F={xt e Xt ol =[x} = T

If X contains a non-trivial M-ideal ], one has X* = J= @ J*. To apply Proposi-
tion 2.4.12 we need that J* is not o(X*, X)-dense. Actually, J* is not dense in X* if and
only if there is xg € X \ {0} such that ||xo + y|| = max{||xo||, ||y||} for every y € ] (this

is easy to verify and a proof can be found in [4]). Therefore, we get the following result.

2.4.16 Corollary. Let X be a Banach space. Suppose that there is a non-trivial M-ideal
J of X and a point xy € X \ {0} such that ||xo + y|| = max{||xo|, ||y||} for everyy € J.
Then, ®x(u,0,6) =¥ (1,60,6) foréd € (0,1) and u, 0 € [0,1] with1 —6 < uf <2(1—9).
In particular, ®x(8) = ®3,(8) = /26 for every 6 € (0,1/2].
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The above corollary applies to non-trivial Cy(L) spaces.

2.4.17 Example. Let L be a locally compact Hausdorff topological space with at least
two points and let E be any non-zero Banach space. Then, @, g)(1,0,6) =¥ (1, 0,9)
foré € (0,1) and p,0 € [0,1] with1 — 5 < u# < 2(1 —6). In particular, ®¢ (1 £)(6) =
q)go(L,E) (8) = \/26 for every 5 € (0,1/2].

Indeed, we may find a non-empty non-dense open subset U of L and consider the

subspace
J={feCl(LE): flu=0},

which is an M-ideal of Cy(L, E) by [24, Corollary V1.3.4] (use the simpler [24, Exam-
ple L.1.4.a] for the scalar-valued case) and it is non-zero since L \ U has non-empty
interior. As U is open and non-empty, we may find a non-null function xy € Cy(L, E)
whose support is contained in U. It follows that ||xo + y|| = max{||xo||, ||y||} for every

y € ] by disjointness of the supports.

A sufficient condition to be in the hypotheses of Corollary 2.4.16 is that a Banach
space X contains two non-trivial M-ideals J; and ], such that J; N J, = {0}. In this case,
J1 and ], are complementary M-summands in [; + J> (see [24, Proposition 1.1.17]). Let
us comment that this is actually what happens in C(K) when K has more than one

point.

2.4.18 Corollary. Let X be a Banach space. Suppose there are two non-trivial M-ideals
J1 and ], such that [y N ], = {0}. Then, ®x(u,0,6) = ¥(u,6,6) for 5 € (0,1) and
w0 €[0,1] with1— 6 < ud < 2(1 - 6). In particular, ®x () = ®5(5) = /26 for every
5e€(0,1/2].

A sufficient condition for a Banach space to have two non-intersecting M-ideals is
that its centralizer is non-trivial (i.e. has dimension at least two). We are not going

into details, but roughly speaking, the centralizer Z(X) of a Banach space X is a closed
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subalgebra of L(X) isometrically isomorphic to C(Kx) where Kx is a Hausdorff topo-
logical space, and it is possible to see X as a C(Kx )-submodule of [Tk, X for suitable
Xi's. We refer to [3, §3.B] and [24, §1.3] for the details. It happens that every M-ideal of
C(Kx) produces an M-ideal of X in a suitable way (see [3, §4.A]) and if Z(X) contains
more than one point, then two non-intersecting M-ideals appear in X, so our corollary

above applies.

2.4.19 Corollary. Let X a Banach space. If Z(X) has dimension greater than one, then
Dx(u,0,6) = ¥(u,0,6) foré € (0,1) and u,0 € [0,1] with1 —6 < ud < 2(1—9). In
particular, ®x (5) = ®%(8) = \/26 for every é € (0,1/2].

To give some new examples coming from this corollary, we recall that the central-
izer of a unital (complex) C*-algebra identifies with its center (see [24, Theorem V.4.7]

or [3, Example 3 in page 63]).

2.4.20 Example. Let A be a unital C*-algebra with non-trivial center. Then, ® 4 (p,6,9) =
Y (u,0,6) foré6 € (0,1) and u,0 € [0,1] with1 -6 < ub < 2(1 —9). In particular,
P4 (8) = ®5(6) = V26 forevery 5 € (0,1/2].

None of the results of this section applies to L(H), where H is a Hilbert space,
since its center is trivial and, even though it contains K(H) as an M-ideal, there is no
element xy € L(H) satisfying the requirements of Corollary 2.4.16 (see [4, page 538]).
Let us also comment that, when H is infinite-dimensional, the bidual of L(H) is a C*-
algebra with non-trivial centralizer, so @y )« (6) = (IDi (Ey (6) = /26 for every § €
(0,1/2] (indeed, L(H) is a C*-algebra which contains a non-trivial M-ideal, so L(H)**
contains weak-star non-trivial M-ideals which came from a central projection, see [24,
Proposition V.4.5] for instance). To sum up, it would be interesting to see whether the
algebra L(H) for an infinite-dimensional Hilbert space H has the maximum Bishop-
Phelps-Bollobas moduli. If there is § € (0,1/2] such that ®;5(6) < v/25, then this

would be an example in which the inequality in Proposition 2.3.8 is strict.



114 Chapter 2. Bishop-Phelps-Bollobas moduli of a Banach space

We finish this section showing two pictures: one with the Bishop-Phelps-Bollobés
moduli of R, C, and /2, and another one with the corresponding values of the spherical
Bishop-Phelps-Bollobds moduli.

5 A

v

Figure 2.2: The value of ®x(4) for R, C, Figure 2.3: The value of CD%((S) for IR, C,
22 22,

2.5 Banach spaces with the greatest possible moduli

The aim of this section is to show that a Banach space X with maximum value of ®x ()
for some & € (0,2) contains almost isometric copies of the real space 02, For s <
1/2 this was proved, with a much more complicated proof, in [12, Theorem 5.8] and
[11, Corollary 3.4] (in the last reference, the result is a consequence of a quantitative
approach). We start recalling the definition of containment of almost isometric copies

of a Banach space.

2.5.1 Definition. Let X, E be Banach spaces. X contains almost isometric copies of E if for
every € > 0 there exist a subspace E; C X and a bijective linear operator T : E — E;
with ||T|| <1+eand |[T7Y| <1 +e.
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(2)

The unit ball of the real space () is the square with the vertexes u = (1,1), v =
(1,—1), —u and —v, and the vertexes satisfy ||[u — v|| = |[u + v|| = 2. The following
easy result, which we state here for future use, is well known and follows from the

above description of the shape of the unit ball of Eg).

2.5.2 Lemma. Let X be a Banach space.

(a) X contains the real space 02 isometrically if and only if there are elements u,v €

Sg such that ||u — v|| = ||ju +v|| = 2.

(b) X contains almost isometric copies of the real space 02 if and only if there are

elements u,,v, € X, n € N such that
lim [|u,|| =lim ||v,]| =1, liminfl||u, —v,|| =22 and liminf ||u, + v, > 2.

(2)

(c) X contains almost isometric copies of the real space (s’ if and only if X* does

(see [28, Corollary 2], for instance).

Our promised result can be stated as follows.

2.5.3 Theorem. Let X be a Banach space and suppose that there is 6 € (0,2) satisfying

dx(6) = V26, Then, X contains almost isometric copies of the real space Eg).

We need a couple of preliminary results. The first one is a sufficient condition for a

(2)

Banach space to contain almost isometric copies of the real space /s’ which can be of

independent interest.

2.5.4 Lemma. Let X be a Banach space. Suppose that there exist k € (0,1) and two
sequences (x) in Sx and (y,) in X \ {0} satisfying

Yn

Xy — =

Yl
(2)

Then X contains almost isometric copies of the real space (s’ .

limsup ||x, —yu| <k and lim inf

> 2%
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We will use the following result which is surely well known, but we include an

elementary proof.

2.5.5 Remark. Let X be a Banach space, k € (0,1) and let (u,), (vs) sequences of

elements of X such that
limsup ||u,]| <1, limsup|jv,|| <1 and liminf|[(1—k)u, + kv,| > 1.

Then liminf ||u, + v,|| > 2.

Proof. Write m,, = ||(1 — k)u, + kv, ||, take f,, € Sx+ such that
Re fu((1 = k)un +kvy) = ||(1 — k)uy + kog|| = my,
and observe that lim sup Re f,,(u,) < 1 and limsupRe f,(v,) < 1. As

mu = (1 — k) Re fu(un) + kRe fu(0n),

we have
1 1
Re fu(uy) = m(mn —kRe fu(vy)) and  fu(vn) = E(m" — (1 —k)Re fu(un)).
Now, .
liminfRe f,, (1) > % (liminf m, — klimsup Re f,(v,)) > 1
and

liminfRe f,(v,) > — (liminfm, — (1 — k) limsup Re f,, (1)) > 1.

==

Finally,

iminfRe f,, (u, + vy)

liminf ||u, + v, > 1
> liminfRe f, (1) + liminfRe f, (v,) > 2. O

Proof of Lemma 2.6.5. Up to subsequences, we may and do suppose that

Yn

Xp — T

Al

lim ||x, — ya|| <k, lim ' >2k, and Flm ||y,].
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We first observe that since (x,) lies in Sx, using the triangle inequality we have that
lim|1 — Jyall| = [1 = lim [lya]|| <k
Now, we have

= lim |H||yn|| )+ (1= llyalDya|

< lim||xn — yu|l +1m |1 — [lyal|| < k+k = 2k.

Hence, all the inequalities above are in fact equalities, and so we have

y_”‘zzk, and [1—lim|yall| =k (29)

lim [|xn — yull =k, "yl

Using Lemma 2.5.2, it is enough to find two sequences (i), (v,) in X such that
lim [|u,|| =1, lim|v,|| =1, liminf|u,+v,||>2, and liminf||u, —ov,| =2

We distinguish two cases depending on the values of lim ||y,||. Suppose first that

lim ||yn|| =1 — k and take

and v, = xn—;yn (n € N),

which satisfy that lim ||u,| = lim ||v,|| = 1. We have (1 — k)u,, + kv, = x,, € Sx, and
we may apply Remark 2.5.5 to get that lim inf || 1, + v,,|| = 2. On the other hand,

1 1
|tn —vul| = EHk”n — (X —yn)ll = EHk”n — X+ (1= k)uy||
k
|-

1 1 ‘ Yn
> 2.
>l )

= —”“n_an T =% Xn
Therefore, liminf || 1, — vy,|| > 2. This finishes the proof in this case.

1=k lyall
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If, otherwise, lim ||y, || = 1 + k, take

_Yn _ Yn —Xn
u"_l-i-k and v, = p (n € IN),

which satisfy that lim ||u,|| = lim ||v,|| = 1. Observe that

1
bttt
(el o)
> ([l — 72| -
k( "yl 1+k II}/nI|

Therefore, liminf ||u,, — v,|| = 2. On the other hand,

H(l —k)un—l—kvnH = H(l —k)uy + yn —an = ||(1—k)un—|— (1+k)uy —an

= ||2un — x| = 2[Jun|| = ||xall — 1,

so liminf ||(1 — k)u, + kv, || > 1 and we may apply Remark 2.5.5 to get the desired

condition liminf ||u, + v,| > 2. O

Observe that if the sequences (x,) and (y,) in Lemma 2.6.5 are constant, what we
get (with much easier proof) is an isometric copy of the real space ¢2). Let us state this

result.

2.5.6 Corollary. Let X be a Banach space. Suppose that there are x € Sx, y € X \ {0}
and k € (0,1) satisfying

|lx—y||=k  and = 2k.

y
x R
[yl H
2)

Then the real linear span of {x,y} is isometrically isomorphic to the real space (s,

We would like to mention that both Lemma 2.6.5 and Corollary 2.5.6 are false for
k = 0and k = 1. The case of k = 0 is immediate, as in every Banach space we may find
unit vectors x,y satisfying the requirements of the corollary, and the corresponding

constant sequences satisfy the requirements of the lemma. The case of k = 1 in the



2.5. Banach spaces with the greatest possible moduli 119

corollary cannot happen: if X is a Banach space, x € Sx and y € X\ {0} satisfy
|lx —y|| = 1and Hx - ”3;—”H = 2, it follows that |1 — ||ly||| = 1 (see equation (2.9)), so
|lyl| = 2; but then

4=2x =yl < [lxf + [lx = yll <2,
a contradiction. Finally, hypothesis of Lemma 2.6.5 for k = 1 are satisfied in every
Banach space X. Indeed, fix x € Sx and consider x, = x € Syand y, = —*x € X\ {0}.

Then, ||xy — yu| =1+ 1 and = [|2x|| = 2.

Y|

Proof of Theorem 2.5.3. Consider a strictly increasing sequence (py,) of positive numbers
with lim p,, = 1 and such that \ﬁ < 1for every n € IN. By Proposition 2.3.5, we have
that ®%(6) = V24, so for every n € N there are x,, € Sx and x;, € Sx+ satisfying that

Rexy(xp) 21—
and such that
max{||x, — 2|, |x; — 2*||} = V26pu11 (2.10)

for every (z,z*) € I1(X). Next, we apply Lemma 2.2.4 with x}, € Sx+, x, € Bx, and
ky, = \ﬁ € (0,1) to obtain y; € X* and y,, € Sx satisfying

V26
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= V2hpu, and  ||x; -yl < ki =

lyall = Reyy (yn), |20 — ynll <

Ask, < 1and ||x}; — y5|| < kn, we get that yj; # 0 and so, (yn,H;i—ft‘O € I1(X). As we
have that ||x, — ya|| < V200, < V200,41, we get from equation (2.10) that

' V260, 11.

x_

*
1’1
*

vl

Summarizing, we have found two sequences (x;};) in Sx- and (y;;) € X*\ {0} such that

v ‘>\@.

Y
vl

limsup ||x;, — y;| < 5 and liminf

I’l

(2)

Now, Lemma 2.6.5 gives that X* contains almost isometric copies of the real space /s,
and so does X (Lemma 2.5.2), as desired. O
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Let us remark that for complex Banach spaces, we cannot expect that Theorem 2.5.3
provides a complex copy of £2, in the dual of the space. Namely, the two-dimensional
complex space X = (2 satisfies @x(8) = /26 for & € (0,2) but it does not contain the
complex space (3, (of course, it contains the real space ¢% as a subspace since ¢ and (%,
are isometric in the real case). We do not know whether it is true a result saying that if
a complex space X satisfies ®x(8) = 1/26 for some § € (0,2), then X contains a copy

of the complex space ¢2 or a copy of the complex space /%,

In the following lines we present an example which tells us that the existence of
an (2,-subspace does not imply that ®x(§) = /25, even when X has dimension 3.
For every 6 € (0,1/2) we denote ¢ = V26,500 < ¢ < 1. We denote B2 C R3 the
absolute convex hull of the following 11 points Ay, k =1, ...,11 (or, what is the same,
the convex hull of 22 points £A;, k=1,...,11):

3

Al = -
1 (010/4)/
€ £ ) £
AZ - (1 _8/115)1 A3 - (1 _81_115)/ A4 - (8_1/115)/ A5 - (8_11_115)/
As=(1,1-¢5), Ay=(-11-¢5), Ag= (Le—1,5), Ag=(-1,e—1,5)
6 — 7 /2/ 7 — 7 /2/ 8§ — 7 /2/ 9 — 7 /2/

A1 = (1,1,0), Ay = (1,—1,0).

Denote D; (“D” from “Diamond”) the normed space (IR?, || - ||), for which B? is its unit
ball. Then D} can be viewed as R® with the polar of B as the unit ball, and the action
of x* € D} on x € D is just the standard inner product in R3. Let us list, without

proof, some properties of D, whose verification is straightforward:

e The subspace of D, formed by vectors of the form (x1,xp,0) is canonically iso-

metric to /2.
e There are no other isometric copies of £3, in D,.

e The subspace of D; formed by vectors of the form (x1, x»,0) is canonically iso-

metric to E% (and so, is isometric to £2)).
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e There are no other isometric copies of £2, in D}.
e The following operators act as isometries both on D, and D;":
(x1,x2,x3) —> (x2,x1,x3) and (xq,x2,x3) —> (X1, —X2,X3).

In other words, changing the sign of one coordinate or rearranging the first two

coordinates do not change the norm of an element.
We state the promised result and refer the reader to [12, Theorem 6.1] for its proof.

2.5.7 Theorem. Letd € (0,1/2), e = /26, and X = D;. Then ®x(5) < v/26.

2.6 Open problems

In the following lines we gather some of the problems which remain unsolved after
our study. We recall that Proposition 2.3.8 gives ®x(5) < ®x+(5) and ®3(5) < D%.(6)
for every Banach space and every ¢ € (0,2). It is natural to wonder if this inequalities

are always equalities.

2.6.1 Problem. Is it true that ®x(5) = Px+(5) or 3(5) = 3. (6) for every Banach
space and every § € (0,2)?

As we explained at the end of Section 2.4, a candidate to get a counterexample to
this conjecture is the algebra L(H) for an infinite-dimensional Hilbert space H. We
know by the results in Section 2.4 that the bidual of L(H) has maximal Bishop-Phelps-
Bollobas moduli, so if there is 6 € (0,1/2] such that ®;5)(6) < /26 then L(H) would
tell us that the above equality may not hold.

Self duality of Hilbert spaces together with the fact that they present sometimes
“perfect” behaviour with respect to some geometric properties prompt us to pose the

following question.
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2.6.2 Problem. Let X be a Banach space with dim(X) > 2, H a Hilbert space with

dimension over R greater than one, and ¢ € (0,2). Do the following inequalities hold?

D% (5) = D}(5) and ®x(3) > Pp(d).

We conclude with another natural problem in the theory we just developed.

2.6.3 Problem. Compute the Bishop-Phelps-Bollobas moduli for L, () spaces.

It seems hard to get a complete solution to this problem mainly because one has to
deal with arbitrary points in the unit ball of L, (y) and its dual. However, one possible
approach is to start with the spaces L,[0,1] for 1 < p < co which are almost transitive
(this fact was first reported by A. Pelczynski and S. Rolewicz [39]). Recall that a Banach

space X is almost transitive if for every x € Sx the orbit
Ox(x) ={T(x) : T € L(X) onto isometry}

satisfies Ox(x) = Sx. Therefore, in order to estimate CIDi 01] (6) one only needs to deal
plYs

with one point in 5; o] and the functionals with big action on it.
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Esta memoria esta dedicada al estudio de dos herramientas relacionadas con la ge-
ometria de los espacios de Banach: el indice numérico de rango uno y el médulo de Bishop-
Phelps-Bollobds. Si bien estd dividida en dos partes independientes, hay un hilo con-
ductor que es el uso de los operadores mds simples posibles en un espacio de Banach,

los que tienen rango uno y los funcionales.

Capitulo 1: Indice numérico de rango uno de un espacio
de Banach

Indice numérico de rango uno de un espacio de Banach

Dado un espacio de Banach X, se denomina rango numérico de un operador T € L(X)

al siguiente conjunto de escalares:
V(T) ={x"(Tx) : (x,x") € Sx x Sx+ : x"(x) =1}.

Este concepto fue introducido por F. Bauer en los afios 1960 como una extensién del
conocido rango numérico para matrices. Asi, se define el radio numeérico de un operador
T como

o(T) =sup{|A| : A € V(T)}
que claramente satisface que v(T) < ||T||, y define una seminorma en L(X). A menudo

esta seminorma es en realidad una norma equivalente a la norma usual de operadores.

123
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Para estudiar este hecho, G. Lumer defini6 en 1968 el indice numérico de un espacio de

Banach X como la constante
n(X) =inf{o(T) : T € L(X), ||T|| = 1}.

Es inmediato que n(X) es la constante més grande k > 0 de forma que k||T|| < v(T)
para todo operador T € L(X). Se tienen trivialmente que 0 < n(X) < 1, n(X) =1
significa que radio numérico y norma de operadores coinciden y n(X) > si, y s6lo si,

es una norma equivalente a la norma de operadores en L(X).

Antes incluso de que la nocién de indice numérico apareciera, era conocido que
para un espacio de Hilbert H con dimensién mayor que 1, se tiene que ||T|| < 2v(T)
para todo operador T € L(H) en el caso complejo. En el caso real, siempre se puede
obtener un operador con norma 1 y radio numérico igual a 0. Asi pues, existe una
clara diferencia de comportamiento del indice numérico frente al caso real y el caso
complejo. Ademas, el conjunto de valores del indice numérico es diferente en cada
caso, como mostramos a continuacién, hecho observado por J. Duncan, C.M. McGre-

gor, J. D. Pryce y A. ]J. White en su articulo pionero sobre indice numérico [16]:
{n(X) : X espacio normado complejo} = [e™?,1]
{n(X) : X espacio normado real} = [0, 1].

Para terminar esta pequefia introduccién acerca del indice numérico cldsico, comenta-
mos brevemente algunos de los resultados maés relevantes. En el mencionado trabajo
[16], los autores probaron que espacios de tipo L1 () y sus preduales isométricos tienen
indice numérico 1. En particular, se tiene n(C(K)) = 1 para todo espacio topoldgico
compacto K. Asimismo, demostraron que el radio numérico de un operador y el de su
adjunto coinciden, dando lugar a la desigualdad n(X*) < n(X) para todo espacio de
Banach X. Desigualdad que puede ser estricta, véase el ejemplo dado por K. Boyko,
V. Kadets, M. Martin y D. Werner en [9].

El valor del indice numérico para los espacios L,(it) conp # 2y 1 < p < oo, sigue
siendo todavia deconocido a pesar de que se han hecho algunos avances al respecto,
ver [17, 18, 34].
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El indice numeérico de rango uno de un espacio de Banach fue introducido en [33]
como una herramienta auxiliar para avanzar en el conocimiento del indice numérico

de los espacios L, ().

2.6.1 Definicién. Sea X un espacio de Banach. El indice numérico de rango uno de X es

la constante dada por

n(X) :=max{k >0 : k||T|| > o(T) VT € L(X) con dim(T(X)) < 1}
=inf{v(T) : T e L(X), |T|| =1, dim(T(X)) <1},

que obviamente verifica n(X) < n1(X).

En el mencionado articulo [33] se prueba que para todo 1 < p < coy toda medida

sin 4tomos p, se tiene que

donde g = p/(p — 1) es el exponente conjugado de p. También se prueba que n1(H) =

1/2 para todo espacio de Hilbert H con dimensién mayor que uno.

Aunque la definicién del indice numeérico de rango uno fue dada en [33], el estudio
del radio numérico de operadores de rango uno fue iniciada mucho antes. En [29] los
autores prueban una serie de resultados para espacios de Banach con indice numérico
igual a uno, en los que en realidad sélo se utiliza la igualdad entre radio numérico y

norma para operadores de rango uno.

Cota inferior del indice numérico de rango uno

Como consecuencia del resultado de Glickfeld [22], tenemos que 11 (X) > n(X) > 1/e
para todo espacio de Banach complejo X. EI primer resultado que presentamos nos
dice que esta desigualdad también es vélida en caso real, lo que nos da la primera

diferencia entre el indice de rango uno y el indice numérico.
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2.6.2 Teorema. Sea X un espacio de Banach real. Entonces,

1
X) > —.
n1(X) -

Ademads esta desigualdad es 6ptima, pues el siguiente ejemplo proporciona un es-

pacio de Banach real de dimensién dos con indice numérico de rango uno iguala 1/e.

2.6.3 Ejemplo. Existe un espacio de Banach real de dimensién dos X conny(X) = 1/e.
Basta considerar la funcion @ : [0, +co[— R dada por

et/e si e
O(t) = teloe (t € [0, +o0)

t sit >e,
para definir la siguiente norma en R%:

o Bl 1w
[(a, B)]| = :ﬁ:q)(“') S, #g ((a,B) € R?).
sia =

Se tiene entonces que el espacio X = (R?, || - ||) cumple lo deseado.

Propiedades del indice numérico de rango uno

Esta seccion la dedicamos al estudio de algunas propiedades del indice numérico de
rango uno. En primer lugar nos ocupamos del comportamiento del mismo frente a
ciertas operaciones naturales con espacios de Banach. Concretamente, estudiamos el
indice numérico de rango uno de algunos tipos de espacios de Banach, y la relacién en-
tre el indice numérico de rango uno de espacios con valores vectoriales y el del espacio
de llegada. Dada una familia arbitraria de espacios de Banach {X, : A € A}, de-
notamos por [ @jcp X oY [@Pren Xa] 0 respectivamente a la cp-suma y la /,-suma
de la familia para 1 < p < oo. Algunos de los resultados que exponemos a contin-

uacion fueron probados en el caso del indice numérico clésico en [38]. Como veremos,
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el indice numérico clasico y el indice numérico de rango uno se comportan de forma
similar cuando tratamos con sumas discretas, como en el caso las cg-, £1-, 0 £~ Sumas.

Sin embargo, hay diferencias en el caso de espacios con valores vectoriales.

Comenzamos con un resultado general que es nuevo incluso en el caso del indice

numérico clésico.

2.6.4 Proposicidon. Sea X un espacio de Banach e Y, Z subespacios cerrados de X tales

queX =Y&Z, |ly1 +z| = |ly2+z| paraz € Zyy1,y2 € Y con ||y1|| = ||y2||. Entonces,

Como comentamos anteriormente, véase [38], es conocido el comportamiento del
indice numérico en una de cp-, {1-, 0 fe- suma de espacios Banach es el infimo de
los indices numéricos de los sumandos. Lo mismo ocurre para el indice numérico de

rango uno.

2.6.5 Proposicion. Sea {X) : A € A} una familia de espacios de Banach. Entonces

m([D Xal,) =m([ D Xal,) =m([D Xal,) =inf{m (X)) : A€ A}

AEA AEA AEA

Como caso particular de la Proposicion 2.6.4 obtenemos el siguiente resultado para

las normas Holder.

2.6.6 Corolario. Sea A un conjunto no vacio,1 < p < o y {X, : A € A} una familia

de espacios de Banach. Entonces

1’11([ @ X/\]Ep) < il’lf{i’ll(XA) A€ A}
AEA

Ahora presentamos un resultado usando que involucra la nocién de norma abso-

luta y suma absoluta de una familia de espacios de Banach, ver [7].
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2.6.7 Corolario.

(a) Sea E el espacio R™ provisto de una norma absoluta, y X3, ..., X, espacios de

Banach. Denotamos por X a su E-suma. Entonces
Tll(X) < min{nl(Xl), R ,Tll(Xm)}.
(b) Sea E un espacio de Banach con una base uno-incondicional (infinita), y { X; : j €
IN'} una sucesion de espacios Banach. Denotamos por X a su E-suma. Entonces

m(X) <inf{ny(X;) : j € N}.

En el siguiente resultado presentamos el indice numérico de rango uno de los es-
pacios con valores vectoriales més usuales. Resaltamos que el comportamiento difiere

al del indice numérico clésico.

2.6.8 Proposicion. Sea K un espacio de Hausdorff compacto, y una medida positiva y

X un espacio de Banach. Entonces se tiene lo siguiente:

1 si K es perfecto,
n1(C(K, X)) =

n1(X) siK no es perfecto,

1 si 4 no tiene dtomos,
ni(Li(p, X)) =

n1(X) siy tiene dtomos,

1 si y no tiene dtomos,
n1(Leo(pt, X)) =

n1(X) siy tiene 4tomos.

Usando este resultado, es facil construir un espacio de Banach X de forma que
n1(X*) < n1(X). Basta considerar el espacio X = C([0, 1], /2) que satisface que n1(X) =
1 pero X* = Li(p, {3) para alguna medida y con dtomos, asi n1(X*) = n1(fp) = 1/2.
Este tipo de ejemplos ya aparece en [37, Ejemplo 4.4]. Comentemos que para un alge-

bra de von Neumann A, se prueba en [37, Teorema 4.2] que cumple n11(A) = 1siy solo
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si su predual A, cumple lo mismo. Generalizamos este resultado, no sélo cubriendo el

caso del indice numérico de rango uno igual a uno, si no considerando cualquier valor.

2.6.9 Proposiciéon. Sea X un espacio L-embebido. Entonces, n1(X) = nq(X*).

Concluimos esta seccién con un resultado de continuidad del indice numérico de
rango uno respecto a la distacia de Banach-Mazur, andlogo al que se tiene para el indice
numérico clasico [21]. Como consecuencia se obtiene que el conjunto de valores que

puede tomar el indice numérico de rango uno es el intervalo [1/e, 1].

Dado un espacio de Banach X, denotamos por £(X) al conjunto de las normas

equivalentes en X, que es un espacio métrico cuando se considera la distancia
d(p,q) =log (min{k >1 : p<kq g<kpy)  (pge (X))

Dado un operador T € L(X), v,(T) denota el radio numérico de T en el espacio
(X, p):
vp(T) = sup{|x*(Tx)| : p(x) = p(x7) = x"(x) = 1}.
Denotamos por 11 (X, p) al indice numérico de rango uno del espacio de Banach (X, p),
y el conjunto
M(X) ={m(X,p) : pe&(X)}
contiene todos los posibles valores del indice numérico de rango uno del espacio por

renormacion equivalente.

2.6.10 Proposicién. Sea X un espacio de Banach.

(a) La aplicacién (p, T) — v,(T) de £(X) x L(X) aR es uniformemente continua

en conjuntos acotados.
(b) Como consecuencia, la aplicacion p — n1(X, p) de £(X) aR es continua.
(c) Por tanto, N1(X) es un intervalo.

(d) Sidim(X) > 1, entonces1/e € N1(X).
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Alunos ejemplos y consideraciones sobre el indice numérico de rango

uno

En la seccién anterior expusimos un ejemplo de un espacio de Banach X de forma que
n1(X*) < n1(X). A continuacién damos un ejemplo de forma que esta desigualdad
es lo mads fuerte posible. Es decir, encontramos un espacio de Banach X que verifica
nm(X*)=1/eyni(X) =1.

Basta considerar un espacio de Banach E de dimensién dos con n1(E) = 1/e. En-
tonces, usando [30, Teorema 3.3] existe un espacio X = X(E) que satisface n(X) =1y

X* = E* @1 Z para un adecuado Z. Por tanto,
mX)=n(X) =1 y 1/e<m(X") <m(E*) = m(E) =1/e

por el Teorema 2.6.2 y la Proposicién 2.6.5.

Ademads del indice numérico clasico y el indice numérico de rango uno, podemos
considerar una gama de indices entre ellos, es decir: dado un espacio de Banach X,

para cada r € IN podemos definir el indice numeérico de rango-r por
ny(X) =inf{o(T) : T € Sy(x), dim(T(X)) <}
y el indice numérico compacto por
neomp(X) = inf{v(T) : T € Sy (x), T compact}.

Obviamente se tiene la desigualdad n,(X) > n,41(X) > #comp(X) > n(X) para todo
r € IN y si un espacio de Banach tiene indice numérico de rango uno igual a 1, entonces
todos los demaés indices son iguales a 1. Es posible construir un espacio real en el que

dos de las desigualdades anteriores son estrictas.

2.6.11 Ejemplo. Existe un espacio de Banach real X tal que

n(X) < neomp (X) < n1(X).
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Por otro lado, la siguiente proposicién nos dice que el indice numérico y el indice

numérico de rango dos estan relacionados para espacios reales de dimension finita.

2.6.12 Proposicién. Sea X un espacio real de dimensioén finita con ny(X) = 0. En-

tonces, n1(X) < 3.

Para espacios de dimension dos se reescribe de la siguiente manera mas sugerente:

2.6.13 Corolario. Sea X un espacio de Banach (real) de dimensién 2. Sini(X) > 1,

entonces n(X) > 0.

En este punto hemos de comentar que no sabemos si la igualdad 7comp (X) = 11(X)
es siempre cierta en el caso complejo. Tampoco sabemos si existe un espacio de Banach
X de forma que se verifique ncomp(X) 7# inﬂ{I 1,(X). En caso de existir, esta claro que

re

no podria tener la propiedad de aproximacion.

Célculo del indice numérico de rango uno

En general calcular el indice numérico de un espacio concreto es una tarea dificil, so-
lamente se conocen pocos espacios donde es relativamente sencillo calcular su indice
numérico. Lo mismo ocurre en el caso del indice numérico de rango uno. La dltima
seccion de este capitulo sobre el indice numérico de rango uno esta dedicada al cdlculo
del mismo para ciertas familias de normas poliédricas en el plano: tratamos el caso de
espacios de Banach con normas hexagonales y octagonales. Comentemos que el com-
puto del indice numérico cldsico de estas mismas familias de normas poliédricas en el

plano se habia hecho en el trabajo de J. Meri y M. Martin en [32].
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Normas hexagonales

La primera familia de normas poliédricas a la cual le calculamos su indice numérico
de rango uno consiste en una familia de normas hexagonales. Para cada v € [0,1], se

considera X, = (R?, || - ) conlanorma | - ||, dada por

I )l = max{lyl, [x[ + (1= 7)lyl} ¥ (xy) e R~

o

2.6.14 Teorema. Para vy € [0,1], sea X, el espacio definido anteriormente. Entonces,

1 ~ 1
m(x,)— {FE S0STSz7
! L sil<caygt
3-2y 2STSs L

Normas octagonales

De la misma forma, calculamos el indice numérico de rango uno para la siguiente
familia cuya bola unidad tiene forma de octagono. Para ello, consideramos ¢ € [0,1] y

sea Xz = (R?, || - || ¢) el espacio normado donde su norma tiene la expresién siguiente

_ x| + |y 2
Il =max { i bl EEAL vy e



Resumen 133

2.6.15 Teorema. Para ¢ € [0,1], sea Xz definido anteriormente. Entonces,

4

—_

+

Y

si 0<&E<V5-2,

2+282 . » i

nl(Xé) = 2+€*§2+\/8§77§2+2€3+§4 S1 \/5 &< \/—
2+2¢82 Vi< it

st/ VZ-1<E< Y5

¢ PVl

[y
ER

Como el indice numérico de rango uno de un espacio y el de su dual coinciden en el
caso finito-dimensional, el resultado anterior nos permite obtener el indice numérico
de rango uno de los espacios duales a los Xz. Mas detalladamente, para ¢ € [%, 1]

consideramos el espacio Y, = (R?, || - ||,) con la norma dada por

1— 1—
1x,y)ll, = max {rx\ R Tgwx\} v (x,y) € R

De esta forma, se tiene que X; = Y, donde ¢ = 3 +§ Equivalentemente, Y, = Xz
donde ¢ = %Q. Por tanto, tenemos la siguiente consecuencia inmediata del Teo-
rema 2.6.15.
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2.6.16 Corolario. Para todo ¢ € [%, 1], sea Y, definido como anteriormente. Entonces

/

1;9 1 2
0 51 2 < 0 < V5417
20%42(1—0)? I 1
S1 <0< —,
1 (Y,) = { 3¢ 2V e a-02(@e-1) Vo SeS 2
e 2¢2+2(1—g)? 6 L<gg |
30—1++/1—20—702+2403—16¢* 2 S0Ss 5
201 si ﬁ <o<1l

Problemas abiertos

Para concluir este capitulo del indice numérico de rango uno, damos un breve repaso

a algunas de las cuestiones que han quedado abiertas en nuestro estudio.

2.6.17 Problema. Sea X un espacio de Banach complejo. ;Es verdad que ny(X) =

ncomlg (X) ?

Como paso previo a resolver este problema, seria interesante calcular el indice

numérico de rango uno para algunas familias de espacios de Banach complejos.
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2.6.18 Problema. ;Existe algtin espacio de Banach X tal que ncomp(X) # inf,en 1,(X)?

2.6.19 Problema. Calcularn({y) paral < p < coconp # 2.

Capitulo 2: Médulo de Bishop-Phelps-Bollobas de un es-

pacio de Banach

La segunda parte de esta memoria estd dedicada al desarrollo de una nueva her-
ramienta en el estudio de la geometria de los espacios de Banach, el mddulo de Bishop-
Phelps-Bollobds.

Como es bien conocido, si X es un espacio de Banach y x* € X*, se dice que x*

alcanza su norma si

|x*|| = max{|x*(x)| : x € Bx}.

Es claro que no todo funcional alcanza su norma; de hecho, R. C. James establece en
1957 que esto ocurre sélo si estamos en un espacio reflexivo. Afios después, E. Bishop
y R. Phelps [5] probaron que el conjunto de funcionales que alcanza su norma es denso
en el espacio dual. Mas tarde, B. Bollobas [6], proporcioné una versién mejorada de
este teorema permitiendo aproximar al mismo tiempo un funcional y un vector en el

que casi alcanza la norma. Este resultado es el punto de arranque de nuestro trabajo.

2.6.20 Teorema (Teorema de Bishop-Phelps-Bollobés [6]).

Sea X un espacio de Banach. Supongamos que x € Sx y x* € Sx- satisfacen que
11— x*(x)| < €2/2 para algtin 0 < & < 1/2. Entonces existe una pareja (y,y*) € T1(X)
verificando que ||x —y|| < e+ y |x* —y*|| < e

La idea fundamental de nuestro trabajo consiste en encontrar el mejor teorema
posible de Bishop-Phelps-Bollobds para un espacio de Banach dado. Tiene sentido

plantearse dicho problema considerando de partida vectores y funcionales con norma
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igual a uno, o permitiendo que tomen norma menor o igual a uno. Desarrollamos la

teoria en ambos casos.

2.6.21 Definicién (Médulos de Bishop-Phelps-Bollobas).

Sea X un espacio de Banach.

(a) El médulo de Bishop-Phelps-Bollobds de X es la funciéon ®x : (0,2) — R™ tal que
dado 6 € (0,2), ®x(d) es el infimo de los ¢ > 0 que satisfacen que para toda
pareja (x,x*) € Bx X Bx+ con Rex*(x) > 1 —J, hay una pareja (y,y*) € I1(X)
con [lx —yl| <ey [lx* —y*| <e

(b) El médulo esférico de Bishop-Phelps-Bollobds de X es la funcién &% : (0,2) — R
tal que dado ¢ € (0,2), ®35(5) es el infimo de los ¢ > 0 que satisfacen que para
toda pareja (x,x*) € Sx X Sx» con Rex*(x) > 1 — ¢, hay una pareja (y,y*) €
II(X) con [[x —y[| <ey [lx* —y*[| <e

Resaltamos que, como el dual de un espacio de Banach complejo X es isométrico
(tomando parte real) al dual del espacio real subyacente Xr y I1(X) no cambia si con-
sideramos X como espacio de Banach real, sélo la estructura real del espacio se ve

involucrada en las definiciones anteriores.

Consideraremos la siguiente notacién que facilita la comprensién y uso de las defini-

ciones anteriores. Sea X un espacio de Banach y fijamos 0 < § < 2. Escribimos

) x*) € Bx X Bx+ : Rex*(x) > 1- 6},

)
x*) € Sx x Sx« : Rex™(x) >1—6}.

Ax( ) . {(x,
A% (0) = {(x,

<>,

De esta forma se tiene que
®x(6) = sup inf - max{|jx—yl, [lx* = y"[|},
(xx*)eAx(5) Wy*)Ell(X)

d3(8) = su inf  max{||x —yl,||x* —v*|}.
) (x,x*)elzi(g) (yy*)ell(X) Ulx =yl | v}
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Si ademas denotamos por di(A, B) a la distancia de Hausdorff entre A,B C X x X*
asociada a la w-distancia dist,, en X x X*, se obtiene la siguiente expresién para los

moédulos para todo 0 < 6 < 2
Px(6) = du(Ax(6),TU(X)) vy DX(6) = du(A%(6),T1(X)).

De esta forma, se observa claramente que cuanto menores son ®x(-) y ®%(-), mejor es

el Teorema de de Bishop-Phelps-Bollobas que se puede obtener en el espacio.

Cota superior para el médulo de Bishop-Phelps-Bollobas

En esta seccion probamos que existe una cota superior para ambos médulos de Bishop-
Phelps-Bollobds, que ademas es 6ptima. Como consecuencia, se obtiene una mejora del
teorema de Bishop-Phelps-Bollobés [6]. Nuestro objetivo concreto consiste en obtener
la mejor cota superior para deo ((x, x*), II1(X)) en cualquier espacio de Banach X como
una funcién de || x|, ||x*|| y x*(x). Mds concretamente, fijados € (0,2) y u,0 € [0,1]

satisfaciendo puf > 1 — J, consideramos la funcién

Dx(p,0,0) := sup{deo ((x,x*), IL(X)) : x € X, x* € X7,
x| = p, [[x*|| = 6,Rex™(x) > 15}

que nos permite estudiar los dos médulos simultdneamente:

D5(8) = dx(1,1,8) vy ®Px(8) = sup Dx(u,0,9).
uoelo,1]
uo>1-4

Para presentar el resultado anunciado, introducimos también la siguiente notacion:

parad € (0,2) y 1,0 € [0,1] con u6 > 1 — 4, definimos la funcién

2—u—0+ —0)2+8(u0—1+46
¥(1,0,0) = 2P0+ VK 2) (1 )

2.6.22 Teorema. Sea X un espacio de Banach, 6 € (0,2), y 4,6 € |0,1] verificando que
ub >1— 6. Entonces,

Py (1,0,0) < min{¥(u,0,6),1+u,1+6}.
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Con un poco de esfuerzo se consigue de este resultado una cota superior para am-

bos médulos de Bishop-Phelps-Bollobas.

2.6.23 Corolario. Sea X un espacio de Banach y § € (0,2). Entonces
D% (5) < Px(8) < V20,

También se obtiene como consecuencia del estudio de ®x(y,0,) que el méximo

valor de ®x(8) s6lo puede darse cuando también ®5 () es maximo.

2.6.24 Proposicion. Sea X un espacio de Banach. Para todo 6 € (0,2), la condicién
P (6) = V20 es equivalente a la condicién ®5,(5) = /2.

Como consecuencia, obtenemos una version mejorada del teorema de Bishop-Phelps-
Bollobas.

2.6.25 Corolario. Sea X un espacio de Banach.

(a) Sea0 < & < 2 y supongamos que x € Bx y x* € Bx« verifican que

Rex*(x) > 1—¢2/2.

Entonces, existe una pareja (y,y*) € I1(X) tal que

lx—y| <e and |x"—y*| <e
(b) Sea0 < § < 2 y supongamos que x € Bx y x* € Bx= verifican que
Rex*(x) >1—9.
Entonces, existe una pareja (v, y*) € I1(X) tal que

lx—y|| < V26 and |x* —y*|| < V2.
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Para terminar esta seccién presentamos un espacio de Banach para el que la esti-

macion dada anteriormente en el Teorema 2.6.22 es 6ptima.

2.6.26 Ejemplo. Sea X el espacio de Banach real 530, 0 € (0,2), y consideramos y,0 €
[0,1] verificando que 6 > 1 — 4. Entonces existe una pareja (x,x*) € X x X* con

Il = g, 2] = 6, 4*(x) > 1 5y tal que
doo ((x,x*),T1(X)) = min {¥(y,0,0),1+u, 1+ 6}.
Por tanto, ®x(u,0,6) = min{¥(u,0,6),1+ u,1+ 6} para todos los posibles valores
de 8, u, 6. En particular, @x(8) = @3,(8) = /2.
Propiedades del médulo de Bishop-Phelps-Bollobas

En esta segunda secciéon presentamos las propiedades basicas mds interesantes que
tiene el médulo de Bishop-Phelps-Bollobés. Entre ellas destacamos resultados de con-
tinuidad respecto de la variable §, asi como de continuidad de estas funciones con
respecto a la distancia Banach-Mazur. Ademads, analizamos la relacién que guarda el

modulo de un espacio con el de su dual.
2.6.27 Proposicién. Sea X un espacio de Banach. Entonces, las funciones
S—®x(8) y I DY()

son continuas en (0,2).

Usando este resultado de continuidad y el Principio de Reflexividad Local (ver Teo-
rema 11.2.4 [1]), obtenemos la relacion entre los médulos de un espacio y de su dual,
mas concretamente, se demuestra que la aproximacioén en un espacio es mejor que en

su dual.
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2.6.28 Proposicién. Sea X un espacio de Banach. Entonces
Dx(0) S Px:(0) y PX(6) < Px-(9)
para todo é € (0,2).

Desafortunadamente, no sabemos si la desigualdad dada anteriormente puede ser

estricta, aunque esta claro que en el caso reflexivo esto no puede pasar.

2.6.29 Corolario. Sea X un espacio de Banach reflexivo, se tiene que ®x(6) = Px+ ()
y 5 (0) = ®%.(6) paracada0 < 6 < 2.

Probamos ademas que los médulos de Bishop-Phelps-Bollobéds son continuos con

respecto a la distancia de Banach-Mazur.

2.6.30 Proposicion. Sea X un espacio de Banach 6 € (0,2). Entonces las funciones

®(x.)(6) : E(X) — lRyCIJEX/.)((S) : £(X) — R son continuas.

Calculo del médulo de Bishop-Phelps-Bollobas

Esta parte se dedica al computo de ambos médulos para algunos espacios de Banach
clasicos: R y los espacios de Hilbert tanto reales como complejos de dimensién mayor
que uno. También, se presentan ejemplos donde ambos médulos toman el maximo
valor posible para valores de § no demasiado grandes. Este es el caso de ¢, ¢; y, con
un poco de mas generalidad, de L1(u), Co(L), y C*-algebras unitales con centralizador

no trivial.

Comenzamos observando que existe una cota inferior universal para el médulo de

Bishop-Phelps-Bollobés siempre y cuando 4 tome valores pequefios.

2.6.31 Observacion. Dado X un espacio de Banach. Entonces ®x(J) > J para todo
5 € (0,1].
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Para valores més grandes de J desconocemos si hay una cota inferior universal que

no sea la trivial dada por ®x(4) > 1.

Empezamos calculando ambos médulos en el caso més sencillo posible, X = IR.
2.6.32 Ejemplo. Para todo ¢ € (0,2) se verifica:

P ) si0<d <1,
Op(6)=0 'y ORr() =
1+vV6—1 ifl <éd<?2.

A continuacién, calculamos ambos médulos para un espacio de Hilbert H de di-
mension (real) mayor que uno. Al igual que el caso de R, comenzamos con un resul-
tado que nos da la distancia exacta de una pareja (x,y) € By x By aII(H) en términos

de ||x||, |ly|l y el producto escalar (x, y).

2.6.33 Teorema. Sea H un espacio de Hilbert real con dim(H) > 2 y sean x,y puntos

diferentes en By con ||x|| > ||y||. Llamamos

4 s H et s o2 o 1202 = 9P
= {(vy) € Hx Hx (vy) >yl + Jy )40

Entonces,

1— |yl si(x,y) € A,
\/1 = y) =20/ [x[Pllyll> = (xy)*  si(xy) ¢ A,

deo((x,y),I1(H)) = {

donde

—2y/ T PTyIZ = Ce g + (/4 (12 + w12 = 202, ) = (1Ix]]2 = [ly]2)2
A= .
2(JIx[1> + lylI* = 2(x, )

Como consecuencia obtenemos el valor de @ (u, 0, 9).
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2.6.4 Corollary. Sea H un espacio de Hilbert real con dim(H) > 2,6 € (0,2) y u,0 €
[0,1] tales que u > 6 y u > 1 — 4. Entonces

1-6 if1—5>92+9@’
@H( ,0,5) =
" max{l—e,\/é—mwuzf)z—(1—5)2} if1-05 < 62+ 615",
donde
_2\/‘1,[292_ (1—5)2_{_ \/4(y2+92_2+25) _ (]/lz_gz)z
As = .

2(42 + 62 — 2 4 26)

Trabajando un poco més también podemos calcular ®%;(8) y Dy (9).

2.6.34 Ejemplo. Sea H un espacio de Hilbert con dimensién sobre R mayor que uno.

Entonces:

(a) ®,(6) = V2 — /4 —25 para todo § € (0,2).

(b) Para é € (0,1], ®y(5) = max {5, V2 Vi 25}.
Para ¢ € (1,2), ®y(8) = V0.

Como adelantamos al principio de este resumen, ahora se proporcionan algunos
ejemplos de espacios de Banach para los cuales su médulo de Bishop-Phelps-Bollobés

es el méaximo posible, es decir, % (8) = ®x(8) = v/26 para valores pequerios de 4.

Comenzamos con un resultado que asegura que si un espacio de Banach admite
una L-descomposicion, entonces su médulo es el maximo posible. Como consecuencia,

podemos calcular el médulo de espacios de tipo Ly (y).

2.6.35 Proposicién. Sea X un espacio de Banach. Supongamos que hay dos subespa-
cios (no triviales) Y y Z tales que X = Y @1 Z. Sead € (0,1) y u,60 € [0,1] con
1—6 < uf < 2(1—0). Entonces, existe una pareja (xg, x;) € X x X* con ||xo|| = u,
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|x5]] = 6 yRex§(xo) > 1 — 0 satisfaciendo
doo ((x0,x5), TI(X)) =¥ (1, 6,9).

Por tanto, ®x(u,0,6) = ¥ (u,0,9) para los valores indicados de J, i, 6.

En las hipétesis del teorema anterior tenemos que
®%(8) = x(1,1,6) = ¥(1,1,8) = V25

para todo 6 € (0,1/2]. Como consecuencia, obtenemos el médulo para espacios que

admitan una L-descomposicién:

2.6.36 Corolario. Sea X un espacio de Banach. Supongamos que hay dos subespacios
no triviales Y, Z tales que X = Y®1Z. Entonces ®x(5) = ®5(5) = /26 para todo
5 € (0,1/2].

2.6.37 Ejemplo. Sea (Q),X,v) un espacio de medida tal que L,(v) tiene dimension

mayor que uno y sea E cualquier espacio de Banach no nulo. Entonces
Py (vE) (1, 8,0) = ¥ (1, 6,9)
parad € (0,1) yu,0 € [0,1] con1 -6 < ub < 2(1 — ). En particular,
DL (1,5)(0) = P} () (0) = V25
para todo d € (0,1/2].
Usando un argumento dual se pueden obtener los resultados analogos para espa-
cios de Banach que se descomponen en una /«-suma. De hecho, se puede mejorar us-

ando ideales en vez de subespacios. Si denotamos por w* a la topologia débil* o (X*, X)

en X*, tenemos el siguiente resultado.
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2.6.38 Proposicién. Sea X un espacio de Banach. Supongamos que X* = Y @1 Z donde
Y, Z son subespacios no triviales de X* tales que Y # X* yzw* # X*.Sead € (0,1)
yu,0€[0,1] conl—6 < uf <2(1—0). Entonces, existe una pareja (xo, xj) € X x X*
con ||xo|| = p, ||x§]| = 6 y Rex§(xo) = 1 — & verificando

doo ((x0,x3), TL(X)) =¥ (1,6, 9).

Por tanto, ®x(u,0,6) = ¥(u,60,6) para los valores citados de J, j, 8. En particular,
Py (6) = ®%(0) = /26 para todo é € (0,1/2].

Como corolario tenemos el resultado para espacios de Banach que se descomponen

como una f«-suma dos subespacios no triviales.

2.6.39 Corolario. Sea X un espacio de Banach. Supongamos que hay dos subespacios
de no triviales Y, Z tales que X = Y @« Z. Sead € (0,1) y u,0 € [0,1] con1 -6 <
10 < 2(1 —6). Entonces, existe una pareja (xo, x;) € X x X* con ||xo|| = p, |x5|| =0y
Re xj(xg) > 1 — ¢ verificando

o (30, %9), TL(X)) = ¥(31,0,0).
Por tanto, ®x(u,0,6) = ¥(u,0,6) para los valores §, u, 6. En particular, ®x(5) =

<I>§((5) = @para todod € (0,1/2].

Asimismo, este resultado puede aplicarse a espacios de tipo L y cp con valores

vectoriales.
2.6.40 Ejemplos.

(a) Sea (€), %, v) un espacio de medida que contiene dos conjuntos disjuntos medi-

bles con medida positiva y sea X un espacio de Banach. Entonces

q)Loo(v,X)(,u/ 0,6) =¥ (u,0,9)
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parad € (0,1) ypu,0 € [0,1] con1—J < uf < 2(1 — §). En particular,
D 0,x)(6) = D], x)(6) = V25
para todo ¢ € (0,1/2].
(b) Sea I con al menos dos puntos, y X un espacio de Banach no trivial. Entonces
Do (r,x)(1,0,6) =¥ (1, 0,0)
parad € (0,1) y u,0 € [0,1] con1 — 3 < uf < 2(1 — §). En particular,
(Dco(l",X)(‘S) = @7 (r,x)(‘s) = V25

€0

para todo ¢ € (0,1/2].

La Proposicién 2.6.38 nos proporciona un resultado andlogo para espacios de tipo
Co(L) con valores vectoriales, usando el concepto de M-ideal. Referimos al lector diri-

girse a [24] para mas detalles sobre este concepto.

2.6.41 Corolario. Sea X un espacio de Banach. Supongamos que hay un M-ideal | no
trivial de X y un punto xy € X \ {0} tal que ||xo + y| = max{||xol|, |ly||} para todo
y € J. Entonces

Dx(p,0,0) =¥ (u0,0)

parad € (0,1) yu,0 € 0,1 con1 — 6 < ub < 2(1 — 8). En particular,
P (6) = 5(8) = V25

para todo d € (0,1/2].

Como caso particular de este corolario tenemos el siguiente ejemplo.

2.6.42 Ejemplo. Sea L un espacio topolégico localmente compacto Hausdorff con al

menos dos puntos, y sea E cualquier espacio de Banach no nulo. Entonces

®CO(L,E)(V/9/5) =Y¥(u,90,96)
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parad € (0,1) yu,0 € 0,1 con1 — 6 < ub < 2(1 — 4). En particular,
q)CO(L,E)(‘S) = q’f:O(L,E) (5) = \/%

para todo d € (0,1/2].

A continuacién, vamos a desarrollar una serie de condiciones suficientes para que
se cumplan las hipétesis del Corolario 2.6.41. La primera de ellas es que el espacio de
Banach en cuestion contenga dos M-ideales J; y J» con J; N J, = {0}. Esto ocurre en
el caso de C(K) cuando K tiene mds de un punto. A su vez, una condicién suficiente
para que un espacio de Banach tenga dos M-ideales con interseccién vacia, es que su
centralizador tenga al menos dimensién dos. Un ejemplo de ello son las C*-algebras

con centro no trivial.

En relacién a estos tltimos resultados, queremos comentar el caso especial del es-
pacio de Banach L(H), donde H es un espacio de Hilbert. Este ejemplo es bastante
interesante ya que ninguno de los resultados anteriores es aplicable pues su centro es
trivial. Ademads, no hay elementos xy € L(H) satisfaciendo los requisitos del Coro-
lario 2.6.41. Por otra parte, en dimensién infinita, el bidual de L(H) es una C*-adlgebra
con centro no trivial, por lo que se tiene que @ (-« (5) = CIJi( H)e (8) = \/26 para todo
0 € (0,1/2]. Por tanto, seria muy interesante calcular el médulo de L(H), porque en el
caso de no ser el médximo posible, obtendriamos un ejemplo para el cual la desigualdad

de la Proposicion 2.6.28 seria estricta.

Espacios de Banach con el maximo valor posible para el médulo

Obsérvese que todos los espacios de Banach presentados en la seccién anterior que
satisfacen que su médulo de Bishop-Phelps-Bollobas es el maximo posible, esto es,
Px(6) = P%(8) = V20, contienen copias casi isométricas de ¢%. El objetivo de esta
seccién es demostrar que este hecho no es una coincidencia, si no que se trata de una

condicién necesaria para que un espacio de Banach tenga maximo valor para su mo-
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dulo de Bishop-Phelps-Bollobés. Sin mds dilacién presentamos el resultado principal

de esta parte de la memoria.

2.6.43 Teorema. Sea X un espacio de Banach. Supongamos que existe 6 € (0,2) veri-
ficando que ®%(6) = v/26. Entonces, X contiene copias casi-isométricas del espacio de

Banach real /%,

La demostracién necesita este lema que puede tener utilidad por si mismo.

2.6.5 Lemma. Sea X un espacio de Banach. Supongamos que podemos encontrar k €

(0,1) y dos sucesiones (x,) en Sx e (y,) en X \ {0} tales que

Yn

Xp — T

limsup ||x, —yul| <k y lim inf
[yl

> 2%

(2)

Entonces X contiene copias casi-isométricas del espacio real {s,’ .

Comentamos que un resultado como el Teorema 2.6.43 que provea de una copia
compleja de £% no es posible. Basta considerar el espacio complejo de dimensién dos
X = 2 que satisface que ®x(6) = /26 para é € (0,2), pero no contiene ninguna
copia compleja de % (obviamente si contiene una copia real de £2, ). No sabemos si
es cierto que un espacio de Banach complejo X satisfaciendo que ®x(8) = /26 para
algin 6 € (0,2) tiene que contener una copia del espacio complejo £ o del espacio

complejo /2..

A raiz del resultado anterior surge la pregunta de si la contencién de £2 es suficiente
para tener méximo médulo de Bishop-Phelps-Bollobés. Esto no es asi pues existe un

contraejemplo de dimensién 3.

2.6.44 Ejemplo. Para cada d € (0,1/2) existe un espacio de Banach real X; de dimen-

sién 3 que contiene una copia isométrica de ¢2, pero que verifica ®x () < v/24.
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Problemas abiertos

En lo siguiente, hacemos una recopilaciéon de los problemas que no han podido ser
resueltos en nuestro estudio. Empezamos recordando la Proposicién 2.6.28 que nos
dice que ®x(6) < Px+(6) y ®5(0) < D%.(6) para todo espacio de Banach y todo

0 € (0,2). Es natural preguntarse si la desigualdad puede ser en realidad una igualdad.

2.6.45 Problema. ; Es verdad que ®x(5) = ®x+(6) 0 P%(6) = P3,.(6) para todo espa-
cio de Banach y ¢ € (0,2)?

Como se coment6 en la Seccién 2.4, un candidato para el contraejemplo es el dlgebra

L(H) para un espacio de Hilber H de dimensi6n infinita.

2.6.46 Problema. Sea X un espacio de Banach condim(X) > 2, H un espacio de Hilbert
con dimensioén sobre R mayor o igual que dos, y 6 € (0,2). ¢ Se verifica la siguiente

desigualdad?
DY(8) = @Y(8) y Px(6) = Pu(d).

En otras palabras, nos estamos preguntando si el espacio de Hilbert puede ser el es-
pacio (con dimensién mayor que uno) con menor médulo de Bishop-Phelps-Bollobés
posible. Por dltimo, y como problema natural para completar este estudio, nos pre-

guntamos acerca del médulo de Bishop-Phelps-Bollobas en espacios de tipo L, (u).

2.6.47 Problema. Calcular el médulo de Bishop-Phelps-Bollobds para los espacios Ly ().

Sin lugar a dudas estamos ante un problema dificil de abordar; la dificultad prin-
cipal reside en que tenemos que tratar con puntos y funcionales arbitrarios de la bola
de L,(u) y su dual. Sin embargo, un buen comienzo podria ser considerar el espacio
L,y[0,1] paral < p < oo, pues este espacio es casitransitivo (esto es, para cada punto

de su esfera unidad, el conjunto de las imdgenes de dicho punto por isomorfismos
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isométricos es denso en la esfera unidad) y, por tanto, bastaria trabajar con un tnico

punto de la esfera unidad de L,[0,1].
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