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ABSTRACT

The present work focuses on the discussion of the λ Bootis nature of the multiperiodic δ Scuti star HD 192640
(29 Cyg), through a comprehensive asteroseismic modeling. Some of the most recent asteroseismic tools are used
to check whether the observed low metallicity is internal, i.e., intrinsic, present throughout the star, or due to
superficial processes as accretion, diffusive settling, radiative levitation, mass loss, etc. The modeling method
uses some of the most recent tools, including: (1) effects of rotation on equilibrium models, on the adiabatic
oscillation spectrum, and its influence in multicolor observables, (2) nonadiabatic stability of radial and nonradial
modes, (3) inclusion of the atmosphere–pulsation interaction for a more accurate multicolor mode identification,
and (4) ratio between radial modes n = 4 and n = 5 in the framework of Petersen diagrams. The analysis
performed reveals that the models fulfilling all the constraints are those in the middle of the main sequence
(MS), with subsolar metallicity, except some other unlikely possibilities. Therefore, this study does not support
the idea of the λ Bootis stars being zero-age MS or pre-MS stars interacting with their primordial cloud of gas
and dust, but suggest the explanation of their nature as submetallic MS objects. Nevertheless, more accurate
multicolor photometric observations are required for a more conclusive study using the procedure presented
here, since the observational errors are too large for a definitive rejection of any of the possible explanations.

Key words: stars: fundamental parameters – stars: individual (29 Cygni) – stars: oscillations – stars: rotation –
stars: variables: other

1. INTRODUCTION

Discovered by Morgan et al. (1943), the λ Bootis-type
stars are nonmagnetic, moderately rotating, Pop. I stars with
spectral types from late B–early A to F (dwarfs),3 which
show peculiarities in the morphology and abundance of the
Fe-peak element lines. In particular, these lines are unusually
weak considering their spectral types. Significant deficiencies
in their abundances (up to 2 dex) are found, whereas C, N,
O, and S have solar abundance (Paunzen et al. 2002). To date,
different theories have tried to explain the λ Bootis nature from
both observational (photometry, spectroscopy) and theoretical
investigations. It is not our aim to discuss all these theories here
(see Paunzen 2003 for an interesting review). Nevertheless, it
may be worth describing the most probable scenarios which
rely on the accretion of interstellar medium gas by the star
(Venn & Lambert 1990) or mass loss together with diffusive
processes (Michaud & Charland 1986). The second possibility
was discarded when the meridional circulation was included in
the models (Charbonneau 1993), and only the first one remains.
The accretion/diffusion scenario would explain the abundances
found at the base of the outer convective zone of these stars,
since convective layers are assumed to remain chemically
homogeneous. The accretion rate required to maintain this
situation is of the order of 10−10–10−14 M� per year (Turcotte &
Charbonneau 1993) and, once the accretion has ceased, the
metal deficiencies should disappear in 1 Myr approximately
due to diffusion and internal mixing processes. Thus, a possible
interpretation is that λ Bootis stars are very early A-type stars
(in a pre-main sequence (pre-MS) or zero-age MS (ZAMS)
evolutionary stage), still interacting with their primordial clouds

1 Associated researcher: Observatoire de Paris, LESIA, UMR 8109, Meudon,
France.
2 Current address: Toulouse, France
3 2% of the A-type stars belong to this class (Gray & Corbally 2002)

of gas and dust. Interestingly, Paunzen et al. (2002) found that
most of the known λ Bootis stars lie between the ZAMS and
the TAMS (terminal-age MS). In this case the most likely
scenario would be an MS star passing through an interstellar
cloud (Kamp & Paunzen 2002). Even so, the chemical mixing
due to internal processes, such as rotationally induced mixing,
cannot yet be discarded as a possible explanation itself of the
observed abundances.

Nowadays the λ Bootis stars and other types of stars in the
same region of the H-R diagram, such as δ Scuti stars, are
considered as particularly suitable for the asteroseismological
study of poorly known hydrodynamical processes occurring in
stellar interiors, like the extent of the convective core, mixing of
chemical elements, redistribution of angular momentum (Zahn
1992), etc. λ Bootis-type stars are also pulsating stars. Therefore,
asteroseismology can be used to obtain information about the
internal structure of these objects. Several works have been
devoted to these studies, for instance Paunzen (1998).

The λ Bootis star 29 Cyg (HD 192640, HR 7736) (at
α = 20h14m32.s0, δ = 36◦48.′4) was the first λ Bootis star classi-
fied as a pulsating variable (Gies & Percy 1977). It is a multiperi-
odic, small-amplitude (ΔV ∼ 0.m02), pulsating star (Rodrı́guez
et al. 2000). Winzer (1974) searched for variations of the order
of days, but no evidence of such variations was found. Gies &
Percy (1977) discovered its short-term photometric variations
with an estimated period of ≈ 45 minutes, with an oscillation
amplitude in the V band of the order of 0.02 mag. Handler &
Paunzen (1995) confirmed that variability, and established a
new dominant period of approximately 39 minutes. Further
frequency analyses were performed by Kusakin & Mkrtichian
(1996) and Paunzen & Handler (1996). While the former found
seven oscillation frequencies, the latter obtained results con-
sistent with the work of Gies & Percy (1977). Rolland et al.
(2002) found 14 significant frequencies in a multisite cam-
paign using the 90 cm telescope at Sierra Nevada Observatory
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(Granada, Spain) together with the 1.5 m telescope at San
Pedro Mártir Observatory (Mexico). In both observatories, twin
four-channel simultaneous Strömgren photometers were used.
Mkrtichian et al. (2007) presented results of a multisite cam-
paign and a tentative mode identification of this star. The
frequencies provided in this reference are almost coincident
with those used in our work (taken from Rolland et al. 2002;
Table 1).

The present work aims at a comprehensive asteroseismic
modeling of 29 Cyg focusing on the discussion of the λ Bootis
nature of the star. That is, its aim is to answer whether the ob-
served metallicity is intrinsic to the star or an effect of superfi-
cial processes such as accretion together with internal chemical
transport (rotationally induced mixing, gravitational settling,
radiative levitation, etc). To do so, some of the most updated
tools adapted for this purpose are used: (1) the evolutionary
code CESAM (Morel 1997), and (2) the pulsation codes GraCo
(Moya et al. 2004) and FILOU (Tran Minh & Léon 1995; Suárez
2002). GraCo provides nonadiabatic quantities related to pul-
sation and includes the atmosphere–pulsation interaction de-
scribed in Dupret et al. (2002). FILOU includes the effects of
rotation on adiabatic oscillations up to the second order in a
perturbative theory. Using these tools we performed a massive
numerical study of 29 Cyg in an attempt to constrain physical
and theoretical parameters. In this work we will follow the same
scheme used for the study of RV Arietis (Casas et al. 2006), i.e.,
the analysis of:

1. the effects of rotation on both the oscillation frequencies
and the equilibrium models;

2. the effect in the results of changing the mixing length
parameter αMLT;

3. the use of multicolor photometry for mode identification. To
do this, calculation of nonadiabatic observables is needed;

4. the pulsational instability of this star.

The two main approximations taken in the models with a
possible influence in this study are the neglect of updated
internal chemical transport mechanisms in the equilibrium
models, such as rotational-induced mixing or gravitational
waves, and the use of the “frozen convection approximation”
in the pulsational resolution. We are working to add these
mechanisms and remove the frozen convection approximation
in our models.

The paper is structured as follows: equilibrium models,
oscillation computations, and the fundamental parameters of
29 Cyg are described in Section 2. Then, a nonadiabatic analysis
is performed in Section 3, including studies of mode-instability
ranges. Section 4 focuses on the problem of mode identification,
which is undertaken by considering amplitude/phase diagrams
in the framework of multicolor photometry, and examining the
variation of color indices as a function of the star’s position
in the H-R diagram and the stellar rotation. In Section 5,
some additional procedures are presented, as the analysis of
the evolution of multicolor indices or of a few radial-mode
frequency ratios. Finally, conclusions are reported in Section 6.

2. PHYSICAL PARAMETERS AND STELLAR SEISMIC
MODELS

2.1. Physical Parameters

The physical parameters of 29 Cyg (log Teff = 3.902 ±
0.009, log g = 4.12 ± 0.25, and vsini � 80 km s−1)
were kindly provided by E. Rodrı́guez, who derived them

from multicolor photometry (details in Rodrı́guez et al. 2000
and references therein). These values are compatible with
the physical parameters found for this star in the litera-
ture (Mkrtichian et al. 2007; Heiter et al. 2002). The star
29 Cyg can be classified as a moderately rotating δ Scuti star
with v sin i ∼ 80 km s−1 (Heiter et al. 2002). Michel et al.
(1999) proposed a method of determining the effects of rotation
and geometry (angle of inclination of the star) on photomet-
ric parameters. In the framework of δ Scuti stars that method
was then further developed by Pérez Hernández et al. (1999),
showing that uncertainties of around 100–150 K in effective
temperature, and ∼0.10 dex in log g, can be found for moder-
ately rotating stars. That result was later confirmed by Suárez
et al. (2002). In the present case, considering the absence of
additional information on the inclination angle of the star, an
uncertainty H-R diagram box of ∼150 K in Teff and ∼0.25 dex
in log g, is adopted here (see Figure 1).

2.2. Stellar Equilibrium Models

The stellar equilibrium models were computed with the
evolutionary code CESAM (Morel 1997), using a mesh grid
(B-splines basis) of 2000 points. First-order effects of rotation
on the equilibrium models were considered by subtracting the
spherically averaged contribution of the centrifugal acceleration
to the gravity of the model, geff = g − Ac(r), where g
corresponds to the local gravity, and Ac(r) represents the radial
component of the centrifugal acceleration. This spherically
averaged component of the centrifugal acceleration does not
change the order of the hydrostatic equilibrium equations. Such
models are called “pseudo-rotating” models (see Soufi et al.
1998; Suárez et al. 2006). During evolution, models are assumed
to rotate as a rigid body, and their total angular momentum
is conserved. Although the nonspherical components of the
centrifugal acceleration were not considered, they were included
as a perturbation in the oscillation computation.

Standard physical inputs for δ Scuti stars are used, i.e., the
CEFF equation of state (Christensen-Dalsgaard & Daeppen
1992). The opacity tables were taken from the OPAL package
(Iglesias & Rogers 1996), complemented at low temperatures
(T � 104 K) by the tables provided by Alexander & Ferguson
(1994). The atmosphere was calculated with two approaches:
a gray atmosphere (Eddington T (τ ) law) when the equilibrium
models were used to compute adiabatic oscillations, and the
Kurucz model atmospheres for the computation of nonadia-
batic quantities. The abundance mixture used is that given in
Grevesse & Noels (1993).

The left (right) panel of Figure 1 plots evolutionary tracks
obtained by covering the four corners and the center of the pho-
tometric error box. The λ Bootis stars are classified as Pop.
I stars, since the most likely scenario to explain the abun-
dances anomalies in some elements are some physical pro-
cesses (see Section 1) and not intrusive abundances. Therefore
we have studied models with a metallicity [M/H ] = −0.44
([M/H ] = 0), to explore the most likely range of mentali-
ties for Pop. I stars. The helium mass fractions used are, then,
Y=0.25 and 0.273, respectively. Both sets of models are used
to check whether the observed metallicity of 29 Cyg is inter-
nal or superficial. The rotational velocity used is described in
Section 4.1.

2.3. Oscillation Computation

The seismic models were completed by computing for each
model its corresponding oscillation spectrum.
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Figure 1. H-R diagrams showing the observational photometric error box (shaded surface) for 29 Cyg. Filled circles correspond to models representative of the star,
labeled from 0 to 4, covering the extreme regions of the error box (more details in the text). In the left panel, evolutionary tracks for [M/H ] = −0.44, and in the right
panel, those with solar metallicity.

Table 1
Observed Mean Periods of the Detected Oscillation Frequencies with their

Corresponding Mean Amplitudes (Taken from Rolland et al. 2002)a

Frequency P(d) ν(c/d) ν(μHz) Av (mag) f1/fi=2...14

f1 0.0336 29.7760 344.63 0.0039 · · ·
f2 0.0288 34.7104 401.74 0.0056 0.858
f3 0.0267 37.4259 433.17 0.0127 0.7956
f4 0.0397 25.1913 291.57 0.0035 1.182
f5 0.0364 27.5067 318.37 0.0032 1.083
f6 0.0393 25.4631 294.71 0.0021 1.169
f7 0.0316 31.6514 366.34 0.0021 0.941
f8 0.0301 33.2451 384.78 0.0020 0.896
f9 0.0304 32.9112 380.92 0.0017 0.905
f10 0.0368 27.1457 314.19 0.0014 1.097
f11 0.0492 20.3431 335.45 0.0014 1.464
f12 0.0317 31.5841 365.56 0.0013 0.943
f13 0.0359 27.8326 322.14 0.0012 1.070
f14 0.0279 35.8477 414.90 0.0011 0.831

Note. a Last column gives the frequency ratio f1/fi=2...14.

GraCo was used to study the mode instability and estimate
the nonadiabatic observables required for multicolor photo-
metric analysis. For such computations, Kurucz atmospheres
(Section 2.2) were reconstructed at specific Rosseland optical
depths (τRoss = 1) until the last photospheric edge of the star
was reached.

FILOU was utilized in order to calculate adiabatic oscillations
corrected for the effect of rotation up to second order (centrifu-
gal and Coriolis forces), including near-degeneracy effects and
the mode contamination coefficients (Suárez et al. 2006), neces-
sary to correct the amplitude ratio/phase difference diagnostic
diagrams for the effect of rotation. The v sin i of 29 Cyg is
close to the limit of validity of such second-order perturbation
technique, so results should be regarded with caution.

3. INSTABILITY ANALYSIS

The first constraint to the modeling considered in our study
is given by the instability analysis of the observed frequen-
cies. That is, only the models that predict the instability of ob-
served frequencies are kept. This analysis was performed using

Table 2
Main Characteristics of Computed Models Representative of 29 Cyga

ID (ij ) M/M� Teff g Xc Age αMLT νmin νmax Δz/Hp νf

00 1.57 3.902 4.12 0.359 1284 1.5 188 661 0.84 186.22
01 1.57 3.902 4.12 0.361 1284 1.0 158 685 0.82 186.10
02 1.57 3.902 4.12 0.360 1282 0.5 148 727 0.74 186.52

10 1.81 3.910 3.92 0.198 1045 1.5 153 456 0.86 126.42
11 1.81 3.910 3.92 0.198 1045 1.0 146 460 0.85 126.43
12 1.81 3.910 3.92 0.198 1045 0.5 135 465 0.76 126.43

20 1.72 3.894 3.92 0.195 1213 1.5 134 439 0.80 129.03
21 1.72 3.894 3.92 0.195 1213 1.0 129 448 0.78 129.03
22 1.72 3.894 3.92 0.195 1213 0.5 129 448 0.70 129.03

30 1.48 3.910 4.32 0.588 772 1.5 249 988 0.85 268.15
31 1.48 3.910 4.32 0.588 772 1.0 246 1030 0.84 268.15
32 1.48 3.910 4.32 0.588 772 0.5 170 1092 0.78 268.15

40 1.42 3.894 4.31 0.575 935 1.5 198 831 0.83 265.27
41 1.42 3.894 4.31 0.575 935 1.0 198 870 0.82 265.28
42 1.42 3.894 4.31 0.575 938 0.5 198 947 0.78 265.08

A02 1.83 3.902 4.12 0.483 670 0.5 204 759 0.78 177.72
A12 2.09 3.910 3.92 0.313 700 0.5 130 473 0.78 121.42
A22 2.00 3.894 3.92 0.303 807 0.5 159 489 0.77 121.32
A32 1.75 3.910 4.29 0.660 170 0.5 211 1050 0.83 238.29
A42 1.67 3.894 4.30 0.680 100 0.5 192 935 0.81 244.91

Note. a Label i from 0 to 4 indicates the location of the models in the H-R
diagram displayed in Figure 1 with [M/H ] = −0.44, while j accounts for the
αMLT used. From left to right, M represents the stellar mass in solar masses
M�; Teff the effective temperature in K (on a logarithmic scale); g the surface
gravity in cgs (on a logarithmic scale); Xc the central hydrogen mass fraction;
the age in Myr; αMLT the mixing-length parameter; νmin and νmax represent
the frequency range of predicted unstable modes (in μHz); Δz/Hp the size of
the external convective zone normalized by the local pressure scale height, and
finally, νf , the fundamental radial mode (in μHz). Models labeled as Ai2 have
been calculated with solar metallicity and αMLT = 0.5.

nonrotating models computed in the manner described in
Section 2.3. For the two selected metallicity values, only the
models at the center and at the four corners of the photometric
error box shown in Figure 1 were considered (Table 2). This
selection guarantees a good coverage of the general properties
of the models within the photometric uncertainties and avoids
redundant computations. Models are identified (ID) with labels
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Figure 2. Predicted growth rates η for modes in the range of the observed frequencies, as a function of the frequency in μHz. Different lines correspond to different
values of the mixing-length parameter αMLT. Vertical dashed lines represent the observed frequencies f1, f2, and f3. The shaded area represents the complete frequency
range of observed frequencies.

ij with i = 0, · · · , 4 and j = 0, 1, 2. Label i indicates the
location in the H-R diagram (0j correspond to central models
represented in Figure 1). Label j indicates a different value of
αMLT used. The extra set of solar metallicity models are labeled
with an A (Aij ).

Predictions on the modes’ instability are obtained by analyz-
ing the growth rate η in the range of the observed frequencies.
When η > 0, modes are predicted to be overstable. The instabil-
ity ranges found for the whole set of selected models are listed
in Table 2. Although most of the selected models predict the
observed frequency range to be unstable, significant differences
are found in the size of the predicted ranges. In general, the
larger the mass of the model and/or the αMLT parameter, the
lower the total number of unstable modes. Moreover, the lower
limit of the instability ranges is nearly independent of the αMLT
value. This is illustrated in Figure 2 in which the instability
range predicted by the models is compared with the range of the
observed frequencies (shaded region) for the five selected mod-
els with [M/H ] = −0.44, and for three different values of the
mixing-length parameter α = 0.5, 1, and 1.5, respectively. For
comparison, the predicted growth rates obtained for the model
A0j (with solar metallicity) are also depicted. Although this
last model has the same location in the H-R diagram as has
its subsolar equivalent model 0j , their physical characteristics
(mass, evolutionary stage, etc.) are quite different (see Table 2).
This implies differences in their internal structure, which does
not necessarily mean that their instability ranges are different.
In fact, only the model with αMLT = 0.5 shows some differ-
ences with its equivalent subsolar model. In any case, it can
be shown that such differences are not relevant for the present
study.

This instability study could be completed by studying the
influence of a helium abundance variation due to accretion/
diffusion chemical mixing processes. This task will be addressed
once the rotationally induced chemical mixing is implemented
in our equilibrium models.

4. MULTICOLOR PHOTOMETRY

In the following, multicolor photometry is used to provide
constraints on the physical magnitudes of the star and additional
information on the degree � of the spherical harmonic associated
to each observed pulsational frequency.

The linear approximation to nonradial flux variations of a pul-
sating star was first derived by Dziembowski (1977), and later
reformulated by Balona & Stobie (1979) and Watson (1988).
Then, Garrido et al. (1990) showed that “v” and “y” Strömgren
bands can be used for discriminating the degree �. The compar-
ison of the numerical solutions with the observations are based
on nonadiabatic calculations (more details in Moya 2003; Moya
et al. 2004). In particular, pulsation is highly nonadiabatic in
stellar surface layers, where thermal relaxation time is either
of the same order as, or even lower than, the pulsation period.
Accurate determination of the eigenfunctions in these layers,
therefore, requires the use of a nonadiabatic description that in-
cludes the entire atmosphere. This procedure makes it possible
to relate multicolor photometric observables with such eigen-
functions, allowing therefore a direct constraining on some un-
known physical parameters through the direct comparison with
observations (see Table 3). However, when a star rotates, these
multicolor photometric observables may be affected. Therefore
we first must evaluate this source of possible confusion.

4.1. Effect of Rotation

For a moderately rotating star, like 29 Cyg, the effects of
rotation on the oscillation modes must be taken into account
(Dziembowski & Goode 1992; Soufi et al. 1998). In particular,
differential rotation and near degeneracy (Suárez et al. 2006)
should be considered carefully when searching for detailed
asteroseismic models. Note that, according to Suárez et al.
(2006), the effect on low-order radial mode frequencies is ex-
pected to be much lower than the effect caused by the star
deformation due to the centrifugal force. Therefore, for this
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Table 3
Observed Amplitudes and Phases (Referred to as y) and their Corresponding Error Bars in the Four Bands of the Strömgren System, for the Three

Highest Amplitude Frequencies

φu − φy φv − φy φb − φy Au/Ay Av/Ay Ab/Ay

f1 9.5 ± 5.0 −0.9 ± 3.9 0.6 ± 3.9 1.241 ± 0.112 1.345 ± 0.080 1.207 ± 0.076
f2 5.4 ± 3.6 −2.5 ± 1.7 −1.3 ± 2.7 1.195 ± 0.078 1.366 ± 0.058 1.243 ± 0.055
f3 6.9 ± 1.5 −1.6 ± 1.2 −0.6 ± 1.2 1.165 ± 0.033 1.309 ± 0.024 1.186 ± 0.023

Table 4
Main Characteristics of the Computed Pseudo-Rotating Models Representative of 29 Cyg with the Two Metallicity Values [M/H ] = 0.00,−0.44, and the Three

Rotational Velocities Ω = 80, 94 and 120 km s−1, Respectivelya

ID (ij ) M/M� log Teff log g log(L/L�) Xc Age νf νΩ

Ω = 80, [Fe/H]= 0.00 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
02 1.84 3.902 4.12 1.14 0.492 642 177.0 9.4
12 2.09 3.909 3.93 1.42 0.324 690 121.7 7.1
22 2.01 3.894 3.92 1.35 0.314 785 121.2 7.1
32 1.76 3.910 4.28 0.99 0.663 154 235.9 11.6
42 1.68 3.893 4.29 0.90 0.679 105 241.3 12.0

Ω = 94, [Fe/H]= 0.00 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
02 1.84 3.902 4.13 1.14 0.499 630 178.2 11.0
12 2.09 3.909 3.93 1.42 0.331 690 122.5 8.2
22 2.01 3.894 3.92 1.35 0.319 780 121.5 8.2
32 1.76 3.910 4.29 0.99 0.678 95 239.4 13.5
42 1.68 3.893 4.29 0.90 0.682 90 241.0 13.7

Ω = 120, [M/H ] = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
02 1.84 3.901 4.13 1.13 0.508 603 178.7 14.2

Ω = 80, [Fe/H] = −0.44 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
02 1.58 3.902 4.12 1.08 0.367 1250 185.0 10.2
12 1.81 3.909 3.92 1.36 0.211 1037 127.7 7.5
22 1.72 3.894 3.93 1.27 0.211 1200 130.8 7.9
32 1.49 3.910 4.32 0.88 0.595 730 267.2 13.2
42 1.42 3.892 4.33 0.78 0.622 705 274.6 13.6

Note. a Label i from 0 to 4 indicates the location of the models in the H-R diagram given in Figure 1. From left to right, Ω represents
the rotational velocity in km s−1, M the stellar mass in solar masses M�, log Teff the effective temperature in K (on a logarithmic
scale), log g the surface gravity in cgs (on a logarithmic scale), log(L/L�) the luminosity relative to solar luminosity (on a logarithmic
scale), Xc the central hydrogen fraction, the age in Myr; νf the frequency of the fundamental radial mode (in μHz), and finally, νΩ
represents the rotational frequency (in μHz) of the model.

particular case, no specific corrections for the effect of dif-
ferential rotation are required. In the present work we focus
on the effect of second-order near degeneracy. As shown by
Daszyńska-Daszkiewicz et al. (2002), when modes are degen-
erate, the rotational coupling affects the amplitude ratios/phase
difference diagnostics diagrams. In particular, the loci of dif-
ferent modes in such diagrams become both m and aspect de-
pendent (i.e., dependent of the visual angle i). This is explained
by the mixing of the corresponding angular components of the
coupled modes, i.e., the so-called mode contamination (Suárez
et al. 2006, 2007).

Taking all these effects into account, asteroseismic models
are built for the five selected models in the photometric error
box of 29 Cyg shown in Figure 1, with αMLT = 0.5, and the
two metallicity values considered. Since there is no available
information about the inclination angle of the star, i, the pseudo-
rotating models are computed for three rotational velocities: 80,
94, and 120 km s−1 (see Table 4). This selection covers a range
of reasonable rotational velocities for δ Scuti stars. Such a range
remains in the limit of validity of the perturbation approach
followed in the calculation of the oscillation frequencies. This
range of rotational velocities implies a range in i from i = 90◦
to i = 41.8◦, respectively.

The asteroseismic pseudo-rotating models representative of
29 Cyg are then completed by their corresponding oscillation
spectra as described in Section 2.3. Due to cancellation effects,
only radial and nonradial modes up to � � 3 are computed.
In order to investigate the impact of near degeneracy on mode
identification, we select, for each model, the degenerate modes
whose frequencies are close to the observed ones. Then, for
these degenerate modes, we calculate the so-called contamina-
tion coefficients βj (see Casas et al. 2006 for a similar proce-
dure). We use these contamination coefficients to calculate the
amplitude/phase diagrams for modes of Table 5. The aspect
dependence is studied varying the angle of inclination i from
−180◦ to 180◦, by steps of cos i = 0.02. In Figure 3, the am-
plitude ratios/phase difference diagrams are depicted for the u
band (as compared to y), for the models with solar abundance
(similar results are found for models with [M/H ] = −0.44).
For comparison, the values of the amplitude ratios and phase
differences obtained for the nonrotating case are also depicted.
Only models with a rotational velocity of 80 km s−1 are con-
sidered, as for the remaining models, similar results are found.
This can be explained by the small dependence of the con-
tamination coefficients upon the rotational velocity (see Suárez
et al. 2006 for more details). In general, the amplitude
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Figure 3. Phase–amplitude diagrams for the u Strömgren band (as compared to y), for theoretical near-degenerate modes whose frequencies are close to the observed
ones. Only models with solar metallicity are considered. The squares represent the locations of modes obtained when rotation is not taken into account.

and phase predictions seem to concentrate in some regions
of the curves, with a high density of points. As expected, this
dense region is located between the coupled �, that is, if there
are two coupled modes with � = 0–2, most of the angles give

rise to observables in the range limited by the nonrotating � = 0
and � = 2 values. Similar results are found for the � = 1–3 cou-
pling. Besides, this region is clearly different from the rest of the
nonrotating � predictions for most of the angles. On the other
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Table 5
Coupled Modes Found for the 02 Models with Two Metallicity Values

[M/H] = 0.00,−0.44, and Three Rotational Velocities Ω = 80, 94, and
120 km s−1, Respectivelya

Model na, �a , ma σa nb, �b , mb σa − σb βj

Omega; = 80, [Fe/H] = 0.00 . . . . . . . . . . . . . . .

4, 0, 0 333.35 3, 2, 0 2.73 0.15
4, 1, 1 340.34 3, 3, 1 4.34 0.11

4, 1, −1 359.04 3, 3, −1 −3.76 0.15
5, 0, 0 387.00 4, 2, 0 −3.80 0.13
5, 1, 1 398.61 4, 3, 1 5.07 0.09

5, 1, −1 417.26 4, 3, −1 −4.61 0.13
6, 0, 0 442.64 5, 2, 0 5.05 0.11

Ω = 94, [Fe/H] = 0.00 . . . . . . . . . . . . . . .

4, 0, 0 334.85 3, 2, 0 3.90 0.15
4, 1, 1 339.72 3, 3, 1 5.90 0.10

4, 1, −1 361.45 3, 3, −1 −5.22 0.15
5, 0, 0 388.63 4, 2, 0 −5.41 0.13
5, 1, 1 398.06 4, 3, 1 6.90 0.09

5, 1, −1 419.73 4, 3, −1 −6.37 0.13

Ω = 120, [Fe/H] = 0.00 . . . . . . . . . . . . . . .

4, 0, 0 334.18 3, 2, 0 7.29 0.15
4, 1, 1 333.83 3, 3, 1 10.18 0.11
5, 0, 0 387.53 4, 2, 0 −9.98 0.13
5, 1, 1 391.56 4, 3, 1 12.03 0.09

5, 1, −1 419.69 4, 3, −1 −11.33 0.13
6, 0, 0 442.69 5, 2, 0 −12.82 0.11
6, 1, 1 448.11 5, 3, 1 14.02 0.08

Ω = 80, [Fe/H] =−0.44 . . . . . . . . . . . . . . .

5, 0, 0 399.88 4, 2, 0 3.05 0.16
5, 1, 1 408.85 3, 3, 1 5.86 0.09

5, 1, −1 429.06 3, 3, −1 5.36 0.06

Note. a The mode identification is given by its radial order n, spherical degree �,
and azimuthal order m. The oscillation frequencies are represented by σa and σb

(in μHz). The contamination coefficient is given by βj (see Casas et al. 2006).
Modes corresponding to the observed f1(344.63 μ Hz), f2(401.74 μ Hz), and
f3(433.17 μ Hz) are marked in bold face.

hand, the rest of the possible angles, not lying in this region,
yield results clearly far from those expected for any nonrotating
models.

In summary, if two modes are coupled by rotation, their
multicolor photometric observables depend on the inclination
angle i, and two possibilities arise: (1) for most of the angles,
the coupled modes give observables between their nonrotating
predictions, and (2) there are some angles giving values for these
observables far from the nonrotating predictions (see Figure 3).
This means that a possible confusion with the rest of the
� values in the nonrotating frame is unlikely. Furthermore,
some inclination angles can be easily identified, since the
multicolor observables are clearly different from the nonrotating
predictions. When the �-diagnostic diagrams are performed for
the models with [Fe/H ] = −0.44, conclusions are similar
to those reported for the solar metallicity models. From these
diagnostics, no constraints on the λ Bootis nature of the star
are obtained. Indeed, the observational uncertainties, especially
those of the phase differences, are too large to perform any
systematic analysis of the mode identification in presence of
near degeneracy. Sufficiently accurate multicolor observations
are thus required.

4.2. Amplitude Ratios versus Phase Differences

The computed models described in Section 2.3 provide in-
formation not only about the unstable modes, but also about the

nonrotating nonadiabatic quantities necessary to calculate phase
differences and amplitude ratios for the different Strömgren col-
ors. Theoretical predictions of both quantities are then compared
with the observed ones for f1, f2, and f3. We do not extend the
study to the rest of the observed frequencies due to their large er-
ror bars, rendering that extension of the study meaningless. For
the sake of clarity and brevity, diagnostic diagrams are depicted
only for the Ai2 sets of models (i.e., those with αMLT = 0.5)
without rotation and solar metallicity. The selected reference
band for amplitude ratios and phase differences is band y.

For each Aij model, the theoretical frequencies used to build
these diagrams are the closest to the observed ones, within an
uncertainty of ≈ 5% (in frequency), which includes effects
coming from rotation, α, and metallicity observational errors.
A detailed analysis reveals that the uncertainty coming from
rotation largely dominates.

Let us examine the results for the different models, combining
information from Figures 3–8, and Table 5.

A0j models (Figure 4):

1. For f1, the nonrotating predictions agree with the observa-
tions. A possible coupling of � = 1–3 modes is found in
Table 5. In this case, inclination angles are constrained to
those not changing the color index significantly. Therefore,
f1 can be identified as � = 0 or a coupling of � = 1–3.

2. The mode f2 may be interpreted as a coupling of � = 1–3
modes. As the nonrotating predictions give an amplitude
ratio between the u and y bands larger than observations,
the only possible interpretation is that the observed mode
suffers a rotational coupling, with a visual angle i =
[70, 75] deg. Nevertheless, a noncoupled � = 0 or 2
mode cannot be completely discarded since the theoretical
predictions are close to the limit of the observational errors.

3. An important consequence of this analysis is that f3 cannot
be correctly identified for any αMLT. No coupling is pre-
dicted for this frequency, and the observed values for the u
band do not fit any of the nonrotating predictions.

A1j models (Figure 5): for the following mode identifica-
tions, we use the same procedure showed in the A0j case. As
αMLT decreases, f1 and f2 theoretical predictions are closer to
observations. However, for f1 the amplitude ratios between the
u and y bands cannot be reproduced, since no coupling is pre-
dicted for this mode. For f2, the amplitude ratios for all bands
cannot be reproduced in any case. This also occurs for f3 and
the observations with the u band.

A2j models (Figure 6): in the case of f1, the only possible
identification compatible with the u band is a coupling of
� = 0–2 modes, but for a small range of i angles. This
possibility, pointed out by Daszyńska-Daszkiewicz et al. (2002),
thus, becomes very unlikely. The u band for f2 and f3 cannot
be reproduced in any of the scenarios considered here. This
behavior is not necessarily inconsistent with the finding that the
phase differences with the v band of both frequencies are not
predicted.

A3j models (Figure 7): only one mode has a frequency close
to the observed f1. For this mode, the multicolor observables fit
the observations except for the phase differences in the u band.
Note that these results are close to the upper limit, therefore this
identification cannot be completely discarded. The mode f2 can
only be interpreted as a dipole mode. Finally, the nonadiabatic
observables for the u band of f3 can only be fitted if the observed
mode is a coupling of � = 0–2 modes, for a small i range.
Nevertheless, the amplitude ratio for the v band cannot be
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Figure 4. Amplitude ratios (top row) and phase differences (bottom row) for models A02 (αMLT = 0.5 and [M/H ] = 0), calculated for the observational frequencies
f1 (left column), f2 (center column), and f3 (right column), respectively. Observed Strömgren bands are represented by asterisks.

Figure 5. Amplitude ratios (top row) and phase differences (bottom row) for models A12 (αMLT = 0.5 and [M/H ] = 0), calculated for the observational frequencies
f1 (left column), f2 (center column), and f3 (right column), respectively. Observed Strömgren bands are represented by asterisks.

reproduced. These two conditions make this identification very
unlikely.

A4j models (Figure 8): these models give a mode iden-
tification similar to A3j , except that, in this case, a radial
mode can also be associated to f2, and f1 is now identified as
� = 1.

This study was also carried out for models with subsolar
metallicity ([M/H ] = −0.44), and the main results are sum-
marized as follows:

1. 0j models: the f1 mode can be interpreted as � = 0 or 2,
frequency f2 as � = 2 or a coupling of � = 0–2, and f3 can

only be a � = 1–3 coupled mode, in a range of inclination
angle i = [70, 75] deg.

2. 1j and 2j models: all modes have to be interpreted as
coupled modes, but the inclination angles required to fit
each frequency are not coherent. Therefore, these models
are unable to reproduce the observations.

3. 3j and 4j models: these models provide a reasonable fitting
of the observations, except the amplitude ratio in the band
v for f3. The 4j models match the results better than the 3j
models.

Therefore, although both groups of models (with solar and
subsolar metallicity) yield similar results, the subsolar ones
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Figure 6. Amplitude ratios (top row) and phase differences (bottom row) for models A22 (αMLT = 0.5 and [M/H ] = 0), calculated for the observational frequencies
f1 (left column), f2 (center column), and f3 (right column), respectively. Observed Strömgren bands are represented by asterisks.

Figure 7. Amplitude ratios (top row) and phase differences (bottom row) for models A32 (αMLT = 0.5 and [M/H ] = 0), calculated for the observational frequencies
f1 (left column), f2 (center column), and f3 (right column), respectively. Observed Strömgren bands are represented by asterisks.

fit the observations better. Note that this study shows better
agreement for models in the bottom part of the H-R uncertainty
box. In the center of the H-R uncertainty box, only models with
subsolar metallicity fit the observations, since f3 is predicted to
be coupled by rotation, fitting observations for the u band. The
mode identification of f3 with solar metallicity models is very
unlikely. A summary of the possible mode identifications for all
the studied models can be found in Table 6.

The identification for f3 is not coincident with that given in
Mkrtichian et al. (2007) (� = 2, n = 5). Unfortunately, in that
work there is not a detailed explanation of the characteristics of

the model used. Therefore, the origin of this discrepancy cannot
be checked.

Once this analysis has offered some possible mode identifi-
cations and some models fulfilling better all the constraints, the
fitting of the rest of the frequencies displayed in Table 1 has
been verified. Unfortunately, 14 frequencies are not enough to
find any spacing pattern and, taking into account modes up to
� = 3, and splitted by rotation, we can always find a theoretical
mode close to any observed one. Therefore, the direct frequency
comparison is not meaningful with the present observational
data.



No. 1, 2009 ASTEROSEISMOLOGICAL MODELING OF 29 CYGNI 531

Figure 8. Amplitude ratios (top row) and phase differences (bottom row) for models A42 (αMLT = 0.5 and [M/H ] = 0), calculated for the observational frequencies
f1 (left column), f2 (center column), and f3 (right column), respectively. Observed Strömgren bands are represented by asterisks.

Figure 9. Phase–amplitude diagrams showing the evolution of the f1 (top panels) and f2 (bottom panels) for the model 02 with subsolar metallicity. From left to right,
the different panels depict the results for the Strömgren bands b, u, and v, using the y band as reference, respectively.

5. COMPLEMENTARY TECHNIQUES

To obtain additional constraints, two complementary tech-
niques are developed. These techniques are very dependent
on the observational data uncertainties and on the previous
mode identification. Nevertheless, they can be useful for future
studies.

5.1. Evolution of Color Indices

The evolution of the color indices along the evolutionary
track, with αMLT = 0.5 and subsolar metallicity (02 models),

passing by the center of the photometric error box of this star,
for the frequencies f1 and f2, have been studied. To do so, the
three bands u, v, and b have been included in this study. We have
used the mode identification of these two modes best fitting the
observations, i.e., (n = 4, � = 0) and the (n = 5, � = 0) part of
the corresponding coupled mode, respectively (see Figure 9).

During the main part of the stellar evolution, models present
color indices in good agreement with observations, taking into
account the large error box. Keeping only the models both lying
inside the photometric error box and with the identified modes
having a frequency ±5% around the observed f1 and f2, it is
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Figure 10. Phase–amplitude diagrams showing the evolution of the f1 (top panels) and f2 (bottom panels) for the model A02 with solar metallicity. From left to right,
the different panels depict the results for the Strömgren bands b, u, and v, using the y band as reference, respectively.

Table 6
Possible Mode Identification (n, �) for f1, f2, and f3 Obtained with Multicolor

Photometrya

ID f1 f2 f3

02 (4,0) (2,2) (3,2) [(5,0)-(4,2)] [(5,1)-(3,3)]
12 . . . . . . . . .

22 . . . . . . . . .

32 (2,0) (2,1) (3,0) (2,2) (3,0) (3,1)
42 (2,0) (2,1) (1,2) (3,0) (2,2) (3,0) (3,1)
A02 (4,0) [(4,1)-(3,3)] (5,0) (5,2) [(5,1)-(4,3)] . . .

A12 . . . . . . . . .

A22 . . . . . . . . .

A32 (2,2) (3,1) [(4,0)-(3,2)]
A42 (2,1) (3,0) (3,1) [(4,0)-(3,2)]

Note. a Coupled modes are within square brackets.

possible to constrain the range of fundamental parameters given
by observations. The left and right panels of Figure 9 indicate
that both oscillation frequencies provide similar constraints on
the age and the effective temperature of the models. Note that
the u filter values for f2 and subsolar metallicity give values
mainly larger than observed. The reason is that this is a coupled
mode, and can be affected by the value of i. Therefore this
panel cannot be used for the present discrimination. Using the
rest of the panels, the effective temperature and evolutionary
stage are constrained to [7870, 8035] K and [1250, 1360] Myr,
respectively. These ranges are unusually narrow when compared
with typical asteroseismic modeling of δ Scuti stars. For
models with solar metallicity, this study provides an effective
temperature and evolutionary stage of [7943, 8072] K and
[600, 700] Myr, respectively (see Figure 10).

In this procedure, the oscillation frequency gives the largest
constraint for the temperature and age determination. Never-
theless, the large uncertainties associated with the photometric
observations compromise the efficiency of the method. There-
fore, with more accurate observations we could better constrain

the temperature and age of the star and, if any of the modes
is a coupled mode, we can have an estimate of the inclination
angle, i.

5.2. Generalized Petersen Diagrams

The presence of possible radial modes in the observed oscil-
lation spectra of the star may provide additional information.
In fact, the effect of rotation on mode frequencies is systematic
and less significant for radial modes than for nonradial modes.
Therefore, it is plausible to compare ratios of observed radial
modes with those predicted by the theory. We illustrate this
with the i2 and Ai2 models. In Figure 11, we compare the
observed fourth-to-third radial overtones period ratio (f1/f2,
Table 1) with the theoretical predictions obtained for repre-
sentative models with solar and subsolar ([Fe/H ] = −0.44)
metallicity, respectively. For the five models considered in each
metallicity case, the corresponding period ratios Π4/3 for solar-
metallicity tracks are systematically closer to the observations
than the subsolar-metallicity tracks. However, they are not yet
within the range of the observations. This means that f1 and
f2 cannot be radial modes at the same time, constraining the
possible modal identifications.

On the other hand, we have also studied the possible radial
modes identified with the 3j and 4j models for the f1 and f2
frequencies, and the discrepancies with observations are even
larger.

Note that the present results could be different when account-
ing for several physical phenomena which can modify the period
ratios, including rotation. Cox et al. (1984) proposed that He gra-
dients due to diffusion (during evolution) in the stellar envelopes
are responsible for the increase of the period ratios (regardless of
the increase due to evolution). On the other hand, Guzik & Cox
(1991) point out that the aforementioned period-ratio additional
increase cannot be theoretically explained by helium diffusion,
because the evolution timescale through the δ Scuti instability
strip is of the order of 107 years, which is much shorter than the
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Figure 11. Fourth-to-third radial overtones period ratio Π4/Π3 evolution as a function of the Π3 period (in d), for the evolutionary sequences of i2 models with a
rotational velocity of 80 km s−1 (see Table 4) for models with solar (left panel) and subsolar [Fe/H ] = −0.44 (right panel) metallic contents. The filled symbol
represents the observed f1/f2 (see Table 1) for δ Scuti star 29 Cyg.

diffusion timescale (108 years). In addition, complete surface
helium depletion would produce a maximum period decrease of
only about 15% of the period increase expected from evolution-
ary changes. In any case, the additional period ratio expected for
δ Scuti type stars is about 0.01 maximum. This is clearly much
smaller than the difference between the observed and theoret-
ical period ratios found in the present work (see, for instance
Figure 11). In addition, the aforementioned effects are of the
same order (or even lower) than the effects of rotation on period
ratios found by Suárez et al. (2006) and Suárez et al. (2007).

6. CONCLUSIONS

The star 29 Cygni has been studied in order to provide some
information on its λ Bootis phenomenon. A first thorough as-
teroseismological analysis has been carried out for this type of
star with the help of the most recent multicolor photometric ob-
servations and some of the most complete computational tools.
The main results are summarized as follows: (1) representative
models of the star predict all the observed modes to be unsta-
ble, (2) the only models providing a mode identification for f3
are 0j , 3j , 4j , A3j , and A4j ; except for 3j and 4j , this iden-
tification is possible only if this observed mode is interpreted
as a rotational coupling of two modes, (3) the f1 and f2 modes
cannot be radial modes at the same time, and (4) for those
subsolar metallicity models proving a possible mode identifica-
tion for the three frequencies, the determined age of the star is
in the range [770, 1200] Myr, and its mass between 1.42 and
1.57 M�. This range of ages covers the age given by Paunzen
et al. (2002) for this star. The range of masses is not the same.
Similarly, in the case of models with solar metallicity the results
are [100, 170] Myr for the age, and [1.67, 1.75]M� for the mass,
far from the Paunzen et al. (2002) results. Nevertheless, it must
be taken into account that the mode identification provided by
these solar metallicity models for f3 is very unlikely.

Hence, two main conclusions can here be reported.

1. This study is not conclusive regarding the metallicity
of this star. On the one hand, the models with solar
metallicity which better fit the observations are the youngest
ones, but their mode identifications are very unlikely.
Nevertheless, the particular case of a model at the center
of the photometric error box, with solar metallicity, a large
rotational velocity (larger than 100 km s−1) and a certain
inclination angle, i, around 70 deg, would be the model

which best fits the observations. On the other hand, the
models with subsolar metallicity are the set of models
which most likely fit the observations, especially 3j and
4j models, at the bottom of the photometric error box.

2. This star seems to be in the middle of the main sequence.
This result is not compatible with the hypothesis of the λ
Bootis phenomenon which places the star on the ZAMS or
pre-MS, and still connected to its primordial cloud of gas
and dust (see Paunzen et al. 2002).

Therefore, the present study suggests the explanation for
the nature of the λ Bootis stars as submetallic Pop. I objects
affected by chemical transport phenomena (such as rotationally
induced mixing, radiative levitation, etc.) or crossing a gas
cloud. Nevertheless, the procedure presented here would require
more accurate observational data in order to be more conclusive.
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