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Presentacién

La presente memoria de tesis doctoral es presentada por D.? Esperanza Lopez Centella
para optar al titulo de Doctora en Matematicas por la Universidad de Granada, en el
marco del Programa Oficial de Doctorado en Matematicas (D24 56 1; RD 1393/2007).
Se realiza por tanto de acuerdo con las normas que regulan las ensenanzas oficiales de
Doctorado y del Titulo de Doctor/a en la Universidad de Granada, aprobadas por el
Consejo de Gobierno de la Universidad de Granada en su sesiéon de 2 de Mayo de 2012,
donde en los epigrafes 1y 5 del Articulo 18° y el epigrafe 2 del Articulo 22° se especifica

que

«<La tesis doctoral consistira en un trabajo original de investigacion elaborado por
el candidato en cualquier campo del conocimiento que se enmarcara en alguna de

las lineas de investigacion del Programa de Doctorado en el que esta matriculado.»

«<La tesis podra ser escrita y, en su caso, defendida, en los idiomas habituales para
la comunicacién cientifica en su campo de conocimiento. Si la redaccién de la

tesis se realiza en otro idioma, debera incluir un amplio resumen en espanol.»

«Para garantizar, con anterioridad a su presentacién formal, la calidad del trabajo
desarrollado se aportara, al menos, una publicaciéon aceptada o publicada en un
medio de impacto en el ambito de conocimiento de la tesis doctoral firmada por

el doctorando, que incluya parte de los resultados de la tesis.»

La presente memoria ha sido redactada en base a dos articulos de investigacion [14,
15], publicados en los anos 2014 y 2015 en revistas de relevancia internacional en el
ambito del Algebra Cuéntica y la Teorfa de Categorias y de las estructuras algebraicas
asociadas, referenciadas en el Journal of Citations Reports e incluidas en las bases
de datos MathScinet (American Matematical Society) y Zentralblatt fiir Mathematik
(European Mathematical Society).

Entre otros motivos, con el fin de optar a la mencién internacional en el titulo de
Doctora, la mayor parte de esta memoria esta escrita en inglés, lengua que actualmente
es de mayoritario uso en la comunicacion cientifica en el area de las matemaéticas,
respetando asi el idioma en que los articulos de investigacién en que se basa han sido
publicados. No obstante, al ser redactada en una lengua no oficial en Espana, se incluye

un resumen de conclusiones (paginas 213-218) en espanol.



Los resultados novedosos presentados en esta tesis doctoral han sido obtenidos a lo
largo de los anos 2011-2015 bajo la supervisién del Dr. José Goémez Torrecillas y la
Dra. Gabriella Bohm, en el Departamento de Algebra de la Universidad de Granada.
Durante este tiempo, la doctoranda ha sido alumna del Programa Oficial de Doctorado
en Matematicas. Desde Septiembre de 2011 y hasta Septiembre de 2015, ha disfru-
tado de una Ayuda Predoctoral de Formaciéon de Personal Investigador (Ayuda FPI:
BES-2011-044383), otorgada y financiada por el Ministerio de Ciencia e Innovacién
espanol y adscrita al Proyecto de Investigacién MTM-2010-20940-C02-01, financiado
por la Direcciéon General de Investigacion Cientifica y Técnica, cuyo Investigador Prin-
cipal es el Dr. José Gémez Torrecillas. La doctoranda ha realizado sus investigaciones
siendo miembro del Grupo de Investigacién FQM266: Anillos y modulos, durante los
anos 2012-2014, liderado por el Dr. Pascual Jara Martinez, y del Grupo de investi-
gacion FQM-379: fflgebm y Teoria de la informacion, durante los anos 2014 y 2015,
liderado por el Dr. Javier Lobillo Borrero; ambos grupos financiados por la Junta de
Andalucia. Durante su periodo de estudios de doctorado, la doctoranda ha realizado

diversas estancias de investigacion en centros extranjeros, a saber:

e Del 1 de Abril al 30 de Junio de 2012, en el Elméleti Fizikai Osztaly (Departamento
de Fisica Tedrica) del Wigner Research Centre for Physics (Budapest, Hungria),
bajo la supervision de la Dra. Gabriella Bohm; financiada por el Ministerio de

Economia y Competitividad espanol.

e Del 16 de Enero al 22 de Febrero de 2013, en el Elméleti Fizikai Osztdly (Depar-
tamento de Fisica Tedrica) del Wigner Research Centre for Physics (Budapest,
Hungria), bajo la supervisién de la Dra. Gabriella Bohm; financiada por los Nefim

Funds of Wigner Research Centre for Physics.
e Del 21 de Septiembre al 21 de Diciembre de 2013, en el Vakgroep Wiskunde (De-

partamento de Matematicas) de la Vrije Universiteit Brussel (Bruselas, Bélgica),
bajo la supervisiéon del Dr. Stefaan Caenepeel; financiada por el Ministerio de

Economia y Competitividad espanol.

e Del 15 de Junio al 15 de Agosto de 2015, en el Theory Group del Deutsches Elek-
tronen Synchrotron (Hamburgo, Alemania), bajo la supervisién del Dr. Mikael
Rodriguez Chala; financiada por el Ministerio de Economia y Competitividad

espanol.



Signed declaration of the directors of the thesis and the doctoral researcher

The directors of the thesis Dr. José Goémez Torrecillas, University professor in the
Department of Algebra at the Universidad de Granada, and Dr. Gabriella Bohm, re-
searcher in the Wigner Research Centre for Physics in Budapest, as well as the doctoral

researcher Ms. Esperanza Lépez Centella,

CERTIFY:

By signing this doctoral thesis, Quantization of categories: weak bialgebras
and weak multiplier bialgebras, that the present work has been undertaken
by the doctoral candidate under the supervision of both directors of the
thesis and that, to the best of our knowledge, this work respects the rights
of other authors to be quoted when their results or publications have been

used.

Granada, 2nd September, 2015.

Director of the thesis, Director of the thesis, Doctoral researcher,

José Gémez Torrecillas Gabriella Bohm Esperanza Lépez Centella






Declaracién firmada de los directores de tesis y la doctoranda

Los directores de la tesis Dr. José Gémez Torrecillas, catedratico de Universidad en
el Departamento de Algebra de la Universidad de Granada, y Dra. Gabriella Bohm,
investigadora en el Wigner Research Centre for Physics en Budapest, asi como la doc-

toranda D.? Esperanza Lopez Centella,

GARANTIZAMOS:

al firmar esta tesis doctoral, Quantization of categories: weak bialgebras and
weak multiplier bialgebras (Cuantizacion de categorias: bidlgebras débiles y
bidlgebras multiplicadoras débiles), que ésta ha sido realizada por la doc-
toranda bajo la direccién de los directores de la tesis y que, hasta donde
nuestro conocimiento alcanza, en la realizaciéon de la presente memoria se
han respetado los derechos de otros autores a ser citados cuando se han

utilizado sus resultados o publicaciones.

Granada, a 2 de septiembre de 2015.

El director de la tesis, La directora de la tesis, La doctoranda,

José Gémez Torrecillas Gabriella Bohm Esperanza Loépez Centella
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Chapter 1
Introduction

A quite recent trend in the subject of study of generalizations of the notion of Hopf
algebra turns out to be finding the descriptions of these generalizations in a categorical
framework. In this spirit, some abstractions of (Hopf) bialgebras —which have been
studied intensively on their own right— were shown to be instances of (Hopf) bimonoids
in appropriately constructed braided (or even symmetric) monoidal categories. This
was done, for example, in [27] for Turaev’s group (Hopf) bialgebras [68] and in [28] for
Makhlouf and Silvestrov’s hom (Hopf) bialgebras [47]. Such a description allows for
a unified treatment of all these structures, it conceptually explains the origin of some
results obtained earlier by other means and it also makes available the general theory
of (Hopf) bimonoids in braided monoidal categories.

Weak (Hopf) bialgebras were introduced by Gabriella B6hm, Florian Nill and Kornél
Szlachdnyi around 1999 in [18] as a generalization of the concept of Hopf algebra.
Although in this thesis we are interested in a purely algebraic treatment of them,
the first motivations for studying weak bialgebras come from quantum field theory
and operator algebras. We refer the reader to [18], [29] and [38] (and the references
therein) for more detailed background information about this. A weak bialgebra H, as
ordinary bialgebras, has the structures of an algebra and of a coalgebra in which the
comultiplication A is multiplicative but, in contrast to usual bialgebras, A is no longer
unital nor the counit e is multiplicative. Instead, the following axioms hold for any

elements a, b, c in H:

19



Chapter 1. Introduction 20

(AW e(1eA(l)= A1) =(1eA(1)(A(1)e1)
(c®)(a® D)AD)(1®c)) = e(abe) =(e®e)((a®)APB)(1®c))  (1.1)

(where A°P denotes the opposite comultiplication, that is, the resulting map of com-
posing A with the canonical flip of vector spaces).

After a solid attempt of locating weak (Hopf) bialgebras [18] in a categorical setting,
our first conclusions are summarized as they do not seem to be (Hopf) bimonoids in
any braided monoidal category. One of the main aims of this thesis is to describe them
rather as (Hopf) bimonoids in so-called duoidal categories.

Duoidal categories —term coined by Ross Street in [59]— were introduced by
Marcelo Aguiar and Swapneel Mahajan in [5] under the original name ‘2-monoidal
category’. These are categories with two, possibly different, monoidal structures. They
are required to be compatible in the sense that the functors and natural transforma-
tions defining the first monoidal structure, are comonoidal with respect to the second
monoidal structure. Equivalently, the functors and natural transformations defining
the second monoidal structure, are monoidal with respect to the first monoidal struc-
ture. Whenever both monoidal structures coincide, we re-obtain the notion of braided
monoidal category. More details are recalled in Section 2.1.3. A bimonoid in a duoidal
category is a monoid with respect to the first monoidal structure and a comonoid with
respect to the second monoidal structure. The compatibility axioms are formulated
in terms of the coherence morphisms between the monoidal structures. In the spirit
of [20], a bimonoid is said to be a Hopf monoid provided that it induces a right Hopf
comonad in the sense of [23], as it is presented in the same Section 2.1.3.

An inspiring example in [5, Example 6.43] says that small categories can be described
as bimonoids in an appropriately chosen duoidal category: in the category of spans
over a given set (the set of objects). This construction is re-visited in Section 3.1.1. By
this motivation we aim to find an appropriate duoidal category whose bimonoids are
‘quantum categories’; that is, weak bialgebras. Recall that weak bialgebras are examples
of Takeuchi’s xg—bialgebras [65], equivalently, of Lu’s bialgebroids [45]; such that the
base algebra R carries a separable Frobenius structure [56, 61]. Bialgebroids whose base
algebra R is central, were described in [5, Example 6.44] as bimonoids in the duoidal

category of R-bimodules. It was also discussed there that arbitrary bialgebroids are
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beyond this framework because the candidate —Takeuchi’s xg—operation— does not
define a monoidal product in general. Nevertheless, under suitable assumptions on R,
the situation favorably changes: for any separable Frobenius algebra R, the Takeuchi’s
x g—product can be identified with some (twisted) bimodule tensor product over R® R°P,
as we observe and prove in Section 3.2.1. We use this to equip the category of bimodules
over R ® R°P for a separable Frobenius algebra R with a duoidal structure. Moreover,
we show in Section 3.2.2 that its bimonoids are precisely the weak bialgebras whose
base algebra is isomorphic to R.

This interpretation of weak bialgebras as bimonoids allows us to define a category
wba of weak bialgebras (by applying a more general construction at the beginning
of Chapter 3). Morphisms, from a weak bialgebra H with separable Frobenius base
algebra R, to a weak bialgebra H’ with separable Frobenius base algebra R’, are pairs
of coalgebra maps ¢: R - R’ and () : H — H' with additional properties that ensure
that they induce a morphism of monoidal comonads —in the sense of [63]— from the
monoidal comonad induced by H on the category of R® R°P—bimodules to the monoidal
comonad induced by H’ on the category of R’ ® R'°P~bimodules. These additional
properties are proven to be equivalent to () : H - H' obeying a weak multiplicativity
condition and commuting with the right and left counital maps of H and H’, and
q: R - R’ commuting with the Nakayama automorphisms of the separable Frobenius
algebras R and R'.

As an application of our formulation of the category wba, we generalize the close
relation between groups and pointed cosemisimple Hopf algebras (see, for instance,
[1]), showing an adjunction between wba and the category cat® of small categories with
finitely many objects. As it is well-known [9, 53] and recalled in Section 3.3.1, the
vector space spanned by any small category with finitely many objects carries a weak
bialgebra structure. This turns out to yield the object map of a functor k from the
category cat® to wba. In Sections 3.3.2 and 3.3.3 we show that it possesses a right
adjoint g: For the interval category 2 and any weak bialgebra H, we consider the set
g(H) = wba(k(2), H) of morphisms k(2) - H of weak bialgebras. In general, it is
isomorphic to a subset of the set of so-called ‘group-like elements’; that is, of coalgebra
maps from the base field to H (not to be mixed with the weakly group-like elements in

[18] and [74]). In favorable situations —for example, if H is cocommutative or H is a
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weak Hopf algebra— g(H) is proven to be isomorphic to the set of group-like elements.
For any weak bialgebra H, g(H) is interpreted as the morphism set of a category and
it is shown to obey wba(k(C), H) = cat(C,g(H)), for any small category C with finitely
many objects. The unit of this adjunction is a natural isomorphism. The component
of the counit at some weak bialgebra H is an isomorphism if and only if H is pointed
cosemisimple (as a coalgebra). So we obtain an equivalence between cat® and the full
subcategory in wba of all pointed cosemisimple weak bialgebras.

Returning to our inspiring example, the Hopf monoids in the duoidal category of
spans turn out to be exactly the small groupoids. In the duoidal category of bimodules
over R® R°P, for a separable Frobenius algebra R, Hopf monoids turn out to be precisely
the weak Hopf algebras with base algebra isomorphic to R. In Section 3.3.4 we show
that the adjunction k - g between cat® and wba restricts to an adjunction between the
category grp® of small groupoids with finitely many objects, and the full subcategory
wha in wba of all weak Hopf algebras. Consequently, the equivalence between cat® and
the full subcategory in wba of all pointed cosemisimple weak bialgebras restricts to an
equivalence between grp® and the full subcategory in wha of all pointed cosemisimple
weak Hopf algebras. As previously announced, this extends the well-known relation be-
tween groups and pointed cosemisimple Hopf algebras (see for example [1]), concluding
Chapter 3.

In Chapter 4 we introduce a non-unital generalization of weak bialgebras (and mul-
tiplier Hopf algebras [69]) with a multiplier-valued comultiplication, meaning that the
comultiplication no longer lands in the tensor product of the underlying algebra but in
its multiplier algebra [31]. The motivation of this generalization requires the following
preliminary analysis.

The most well-known examples of Hopf algebras are the linear spans of (arbitrary)
groups over a field k. Dually, also the vector space of k—valued functions on a finite group
carries the structure of a Hopf algebra. In the case of infinite groups, however, the vector
space of k—valued functions —with finite support— possesses no unit. Consequently, it
is no longer a Hopf algebra but, more generally, a multiplier Hopf algebra [69]. Replacing
groups with finite groupoids, both their linear spans and the dual vector spaces of k—
valued functions carry weak Hopf algebra structures [18]. Finally, removing the finiteness

constraint in this situation, both the linear spans of arbitrary groupoids, and the vector
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spaces of k—valued functions with finite support on them are examples of weak multiplier

Hopf algebras as introduced in the recent paper [72] (see Table 1.1 below).

C kEC1t k(C)!
group Hopf algebra Hopf algebra
£ | groupoid weak Hopf algebra weak Hopf algebra
=
* | monoid bialgebra bialgebra
category weak bialgebra weak bialgebra
group Hopf algebra multiplier Hopf algebra
groupoid -
weak Hopf algebra weak multiplier Hopf algebra
(finite object set)
% groupoid weak multiplier Hopf algebra | weak multiplier Hopf algebra
= .
£ | monoid ? ?
categor
sOLY weak bialgebra ?
(finite object set)
category ? ?

Table 1.1: Motivating examples.

Multiplier Hopf algebras [69] were introduced by Alfons Van Daele around 1994 as
a non-unital generalization of Hopf algebras with a multiplier-valued comultiplication.
Van Daele’s approach to multiplier Hopf algebras is based on the principle of using
minimal input data. That is, one starts with a non-unital algebra A with an appropri-
ately well-behaving multiplication and a multiplicative map A from A to the multiplier
algebra of A® A. This allows one to define maps 77 and 75 from A® A to the multiplier
algebra of A® A as

Ti(a®b)=A(a)(1®D) and To(a®b) = (a®1)A(D),

where 1 stands for the unit of the multiplier algebra of A. (If A is a usual, unital

bialgebra over a field k, then these maps are the left and right Galois maps for the

1kC and k(C) denote, respectively, the linear span of C and the vector space of finitely supported

k—valued functions on C (or of/on its arrow set if C is a category).
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A-extension k - A provided by the unit of A.) The axioms of multiplier Hopf algebra
assert first that 77 and T, establish isomorphisms from A® A to A® A. Second, 77 and
T, are required to obey (7>®id)(id®T}) = (id®7})(T>®id) (replacing the coassociativity
of A in the unital case). These axioms are in turn equivalent to the existence of a counit
and an antipode with the expected properties. In particular, if A has a unit, then it is
a multiplier Hopf algebra if and only if it is a Hopf algebra.

A similar philosophy is applied in [72, 73] by Alfons Van Daele and Shuanhong Wang
to define weak multiplier Hopf algebra. Recall that if A is a weak Hopf algebra over
a field & with a unit 1, then its comultiplication A is not required to preserve 1 (i.e.
A(1) may differ from 1® 1). Consequently, the maps 77 and T3 are no longer linear
automorphisms of A ® A. Instead, they induce isomorphisms between some canonical
vector subspaces determined by the element A(1). In the situation when A is allowed
to possess no unit, in [73] the role of A(1) is played by an idempotent element in the
multiplier algebra of A ® A, which is meant to be part of the structure. It is used to
single out some canonical vector subspaces of A® A. The maps 77 and T; are required
to induce isomorphisms between these vector subspaces and the same (coassociativity)
axiom (T3 ® id)(id ® T1) = (id ® T1)(75 ® id) is imposed. In contrast to the case of
multiplier Hopf algebras, however, these axioms do not seem to imply the existence
and the expected properties of the counit and the antipode. Therefore, in [73], also the
existence of a counit € : A - k is assumed (in the sense that (e ® id)7} and (id ® €)T5
are equal to the multiplication on A). Adding these counit axioms, the existence of
the antipode and most of the expected properties of the counit and the antipode do
follow. However —at least without requiring that the opposite algebra obeys the same
set of axioms, called the regularity condition in [73]— some crucial properties seem
to be missing (see [73] for several discussions on this issue). Most significantly, in a
usual, unital weak Hopf algebra, the counit € is required to obey the two symmetrical
conditions (1.1). Interestingly enough, the axioms of weak multiplier Hopf algebra in
[73] imply the second equality in (1.1) but apparently not the first one (unless regularity
is assumed). In this way, even if a weak multiplier Hopf algebra has a unit, it may not
be a usual, unital weak Hopf algebra.

One of our main aims in Chapter 4 is to identify an intermediate class between

regular and arbitrary weak multiplier Hopf algebras in [73]. This class should be big
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enough to contain any usual weak Hopf algebra. On the other hand, its members should
have the expected properties like the (separable Frobenius type) structure of the base
algebras.

In fact we take a broader perspective in getting to this goal. If considering monoids
instead of groups, their linear spans (and vector spaces of base field-valued functions in
the finite case) are only bialgebras, no longer Hopf algebras. Similarly, the linear spans
of small categories with finitely many objects (and the vector spaces of base field-valued
functions in the case when also the number of arrows is finite) are only weak bialgebras
but not weak Hopf algebras. So with the ultimate aim to describe the analogous
structures associated to categories without any (or at least with a milder) finiteness
assumption, we study weak multiplier bialgebras. In this case the existence and the
appropriate . . . . e e
set of axion
forms. We
so does any
between th
on any uni
properties t
of multiplie

occurring u

weak

multiplier
Hopf

algebra

weak
multiplier
bialgebra?

Figure 1.1: Algebraical framework.
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In Section 4.2 and Section 4.3 we study some distinguished subalgebras of the mul-
tiplier algebra of a weak multiplier bialgebra. They generalize the ‘right’ and ‘left’
(also called ‘source’ and ‘target’) base algebras of a weak bialgebra. Whenever the
comultiplication is ‘full’ (in the sense of [73]), they are shown to carry firm Frobenius
algebra structures arising from a coseparable co-Frobenius coalgebra in the sense of
[12]. In Section 4.4 we study an appropriate category of modules (idempotent and
non-degenerate non-unital right A-modules) over a regular weak multiplier bialgebra
A with a full comultiplication. It is shown to be a monoidal category equipped with a
strict monoidal and faithful (in some sense ‘forgetful’) functor to the category of firm
bimodules over the base algebra. In Section 4.5 we introduce the notion of antipode on
a regular weak multiplier bialgebra. Whenever the comultiplication is full, the antipode
axioms are shown to be equivalent to the projections of the maps 77 and 75 to maps
between relative tensor products over the base algebras, being isomorphisms. We claim
that the one of regular weak multiplier bialgebras possessing an antipode is the desired
‘intermediate’ class between regular and arbitrary weak multiplier Hopf algebras in
which one can answer the questions left open in [73] and which is big enough to contain
any unital weak Hopf algebra.

Summarizing, in this thesis we deal with two generalizations —each one in a sense—
of the notion of bialgebra: weak bialgebra and weak multiplier bialgebra (this latter
being, in turn, a generalization of the first one); and, in some extent, we view both
ones as ‘quantum’ categories: with finitely many objects and with infinite objects re-
spectively. Roughly, the weakening of a weak bialgebra with respect to an ordinary
bialgebra is on the compatibility between the algebra and the coalgebra structures;
in a weak multiplier bialgebra, instead, the underlying algebra is not supposed to be
unital and the comultiplication is multiplier-valued. Our interest in weak bialgebras is
essentially giving a categorical approach to them. This allows us to extend to weak bial-
gebras and small categories (respectively, to weak Hopf algebras and small groupoids)
interesting algebraical relations, classical at the level of bialgebras and monoids (re-
spectively, of Hopf algebras and groups). On the other hand, our main goals to define
weak multiplier bialgebras are the following. First, filling the conceptual gap of the
‘antipodeless’ situation of weak multiplier Hopf algebra in [73]: whereas (weak) Hopf

algebras are classically defined as (weak) bialgebras admitting the further structure of
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an antipode, in Van Daele (and Wang)’s approach, (weak) multiplier Hopf algebras
are defined directly without considering the antipodeless situation of (weak) multiplier
bialgebra. Our definition of weak multiplier bialgebra is supported by the fact that
(assuming some further properties like regularity or fullness of the comultiplication),

the most characteristic features of weak bialgebras extend to this generalization:

e There is a bijective correspondence between the weak bialgebra structures and

the weak multiplier bialgebra structures on any unital algebra.

e The multiplier algebra of a weak multiplier bialgebra contains two canonical com-
muting anti-isomorphic firm Frobenius algebras; the so-called base algebras. (In
the route, multiplier bialgebra is defined as the particular case when the base

algebra is trivial; that is, it contains only multiples of the unit element.)

e Appropriately defined modules over a (nice enough) weak multiplier bialgebra
constitute a monoidal category via the module tensor product over the base al-

gebra.

Second, our other main aim by defining weak multiplier bialgebras is to introduce a
notion that, without doubt and as desirable, generalize both notions: the one of weak
bialgebra [18] and the one of multiplier Hopf algebra [69]. Moreover, we provide a
concept of antipode for regular weak multiplier bialgebras, in such a way that any
regular weak multiplier Hopf algebra in the sense of [73] is a regular weak multiplier
bialgebra in the sense of this thesis possessing an antipode; and if a regular weak
multiplier bialgebra admits an antipode, then it is also a weak multiplier Hopf algebra
—though not necessarily a regular one— in the sense of [73]. We show a wanted
intermediate class between regular and arbitrary weak multiplier Hopf algebras, big
enough to contain any unital weak Hopf algebra and answering the questions left open

in [73] by the aforementioned authors.






Chapter 2

Preliminaries

In this preliminary chapter we recall most of the concepts on which this thesis is based,
as well as we fix the notation and establish the conventions adopted throughout the
text. Concretely, Section 2.1 presents the main notions needed from category theory:
monoidal categories and duoidal categories. In Section 2.2 we collect some definitions
on (non-unital) algebras and (non-unital) modules over algebras, and also on their dual
counterparts: coalgebras and comodules over them. Section 2.3 is devoted to the study
of a particular instance of (co)algebras: the separable Frobenius ones, which will play a
crucial role in forthcoming chapters. The goal of Section 2.4 is to succinctly introduce
the classical notions of bialgebras and Hopf algebras in order to, further on in Section
2.5, study the weakening by Gabriella Bohm, Florian Nill and Kornél Szlachanyi of
these concepts that weak bialgebras and weak Hopf algebras [18] are. We aim to expose
their principal features, including numerous properties of their so-called base algebras
and of the antipode. We refer to [11, 18, 25, 26, 56] for the proofs of most of them.
In Section 2.6 we recall the notion of multiplier Hopf algebra [69] due to Alfons Van
Daele. Finally, Section 2.7 presents the generalization of this concept that Alfons Van
Daele and Shuanhong Wang proposed in [72] under the name of weak multiplier Hopf
algebra. We discuss in detail the analogies of the algebraic relations of Hopf algebras
with multiplier Hopf algebras and, more deeply, of their respective weak versions. In
our walk through all these sections, we systematically analyze our two main sources
of motivating examples referred in the introduction: the linear span of various (and
more and more general) algebraic structures and the vector spaces of finitely supported

field-valued functions on them.
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2.1 Categorical notions

We denote categories (always meaning locally small categories) in uppercase sans serif
math font: C,D, etc. The arrow and object sets of a category C are respectively denoted
by Cp and Cy, and the source and target maps C; - Cy by s and ¢. For any objects A, B
in C, by A - B we mean an arrow with source A and target B. We refer to the set of all
these arrows as C(A, B) and, in most cases, we use Greek letters for them. The identity
morphism on A is symbolized by id4, 14 or, shortly, A. Unless otherwise stated, the
composition in a category is denoted by juxtaposition. In general, functors are written
in uppercase calligraphic font: F,G, etc. The singleton category (that one with a single
arrow) is denoted by 1, and the interval category (with two objects and only one non-
identity arrow) by 2 and represented as C S—=T 3 Any label inside a diagram
means that the diagram commutes by the argument that the label refers to, holding
true in the corresponding context. We denote by cat the category of small categories
and functors, and by cat its full subcategory of categories with finitely many objects.
For the study of categories and its foundational issues concerning ‘size’, we refer to the

classical references [21, 46].

2.1.1 Monoidal categories

Monoidal categories were first explicitly formulated in [8] by Jean Bénabou in 1963 and,
in the same year, by Saunders Mac Lane, under the illustrative names of ‘catégories
avec multiplication” and ‘categories with multiplication’. It was Samuel Eilenberg who
introduced the current naming.

In a monoidal category (C,o, 1), we call o: Cx C - C the monoidal product functor.
For any objects A, B in C, we refer to Ao B as the monoidal product of A and B, and
to I as the unit object of C. For any objects A, B,C' in C, the natural isomorphism
aspc:(AoB)olC = Ao(BoC) is called the associator, and the natural isomorphisms
A:loA—- Aand py: Aol - A are known as the unit constraints or unitors. Often
we simultaneously will deal with two monoidal structures on the same category. Their
monoidal products will be both of the same type: distinct fibre products or module
tensor products. That is why we omit explicitly denoting the associator isomorphisms,
identifying the objects (Ao B) o C and Ao (Bo (), and using Ao Bo C for the

identification. However, since their corresponding unitors could take very different
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forms, we do explicit them, writing \° and p° for the unit constraints associated to the
monoidal product o. For the sake of uniformity, we also adopt both conventions when
there is only one monoidal structure in play.

Let (C,o0,I) and (D,e,.J) be two monoidal categories. We say that a functor F :

C — D is comonoidal if there is a natural transformation

A,B

F(Ao B) 225 F(A) e F(B)

from the bifunctor Fo to ¢(F x F), and a morphism

Fo: F(I) > J

in D, obeying the obvious associativity and unitality conditions. The data F, and F
are called coherence or structure maps. More concretely, F, is termed the binary part
and Fy the nullary part.

Dually, a functor F : C — D is said to be monoidal if there is a natural transformation
FP

F(A)e F(B) — F(Ao B) and a morphism Fy : J - F(I) in D, satisfying natural
coassociativity and counitality conditions. A monoidal functor is strict if its coherence
maps are identities. Monoidality of a natural transformation between monoidal functors
is defined via the evident compatibility conditions.

Some authors use the names ‘colax monoidal functor’ (for instance, the authors of
[5]) and ‘oplax monoidal functor’ (used in [66, 76]) for the above concept of comonoidal
functor. Also for the dual notion, the names ‘monoidal functor’ (used in this thesis)
and ‘lax monoidal functor’ (used in [5]) do coexist.

We end this section by recalling a basic result true for any category, which will be

repeatedly used further on in Chapter 3.

Proposition 2.1.1. Let A, B,C be objects in a category C, and let ¢ : A - A be an
idempotent morphism in C. If there exist epimorphisms m : A > B and 7' : A -» C
which split @, via monomorphisms ¢ : B » A and /' : C » A, then B and C are

1somorphic via 't and wi'.

2.1.2 Monoidal comonads

Comonoidal monads were introduced by Ieke Moerdijk in [48] under the name of Hopf

monads. In works of Alain Bruguieres, Steve Lack and Alexis Virelizier ([23, 24]), this
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concept has been renamed ‘bimonad’, being reserved the term ‘Hopf monad’ for bi-
monads with an ‘antipode’, convention also followed in this thesis. In those papers,
comonoidal monads on monoidal categories are studied for a generalisation of the clas-
sical theory of bialgebras and Hopf algebras over a field. In this text we are especially
interested in their dual notion: monoidal comonads.

Let (H,A,€) be a comonad on a monoidal category (C,o,I). If the endofunctor
‘H : C - C is monoidal and A and e are monoidal natural transformations, we call the
quintuple H = (H, A, e, Ha, Ho) a monoidal comonad.

The monoidal comonad H is said to be a right Hopf comonad [23] whenever the

so-called right fusion operator is invertible, that is, for any objects A, B in C,

A oHB

HAoHB 2292 A oy B —2=H(HAo B)

is an isomorphism (natural in A and B).

Let H” = (H', A, €/, H}, H) be a second monoidal comonad on a monoidal category
(D,e,J). A morphism of monoidal comonads H — H’ [63, Definition 3.1] is a pair
(F:C->C,®: FH - H'F) where F is a comonoidal functor and ® is a comonad

morphism (in the sense of [58, §1]) rendering commutative also the diagrams

F(HAoHB) -2~ FH(Ao B) FI—2 (2.1)
Bl l@(AoB) ]—'HOL

FHAe FHB HF(Ao B) FHI ",

@Ao@Bl \L'H']—'z (¥

HWFAeHFB—~H(FAeFB)  WFI——~HT
2 0
for any objects A, B in C.

2.1.3 Duoidal categories

Duoidal categories were introduced by Marcelo Aguiar and Swapneel Mahajan in [5]
under the original name ‘2—-monoidal category’. These are categories with two, pos-
sibly different, monoidal structures. They are required to be compatible in the sense

that the functors and natural transformations defining the first monoidal structure, are
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comonoidal with respect to the second monoidal structure. Equivalently, the functors
and natural transformations defining the second monoidal structure, are monoidal with
respect to the first monoidal structure. Whenever both monoidal structures coincide,
we re-obtain the notion of braided monoidal category [5, Section 6.3].

In other words, a duoidal category is a quintuple (C,o,1,e,.J), where (C,o,I) and
(C,e,J) are monoidal categories, along with a transformation (called the interchange

law)
Yapcp:(AeB)o(CeD)— (AoC)e(BoD) (2.2)

which is natural in the objects A, B,C, D in C, and three morphisms
pyJod—J Ap:I—>Te], T:1—J (2.3)

obeying the axioms below. (If they can be told from the context, we usually omit
subscripts from ~ referring to the objects on which acts.)

Compatibility of units. The units I and J are compatible in the sense that (J, s, 7)
is a monoid in (C,o,I) and (I/,A;,7) is a comonoid in (C,e,J). Equivalently, the

following diagrams commute.

I = Tel Jel<—"1 Jer—17" 14y
A]\L lAI.[ ]AI
e [Io—AI>[ e/e] AT / pr
JoJoJ — o joy JoJ—"0 — Joj<—2T"  Jof
g ST
Jo.J v J XJJ J p‘}
Associativity. The following diagrams commute, for any objects A, B,C, D, E, F in
C.
(AOB)O’y (2 4)
(Ao B)o(CaD)o(EeF) ™ (4eB)o((CoB)s(DoF)) -

'yo(EoF)i \LW

((AoC)e(BoD))o(EsF) (AoCoE)s(BoDoF)

~
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(AeBe(C)o(DeEeF) (AoD)e((BeC)o(EeF)) (2.5)

’Yi \L(AoD)ry

((AeB)o(DeFE))e(CoF)——=(AoD)e(BoE)e(CoF)

~ve(CoF)

Unitality. The following diagrams commute, for any objects A, B in C.

Ajgo (A B) (AOB)OAI

To(AeB) 2 (1e1)o(AeB) (Ao B)o T2 (A e BYo(Ie])
| PO e
AeB (ToA)e(IoB) AeB (AoT)e(Bol)
Je(AoB)2 ) (15 1) e(A0B) (AoB) e J L™ (46 BYe(Jo )
| by a @9
AoBr— (JoA)o(JeB) AoB (AeJ)o(BeJ)

We denote by duo the category whose objects are duoidal categories and whose
morphisms are functors which are comonoidal with respect to both monoidal structures.
Note that, in contrast to [5], no compatibility is required between these comonoidal
structures. In duo we will use the nomenclatures o—comonoidality and e—comonoidality
to refer to the comonoidality of a functor with respect to the monoidal products o and
e, respectively.

Let (C,o,1,0,J) and (D,o’, I’ e’ .J") be duoidal categories. A functor F:C — D is
said to be double comonoidal [5, Definition 6.55] if it is comonoidal with respect to both

monoidal structures, and the following diagrams commute for any objects A, B,C, D in
C.

F((AeB)o(CeD)) 70) F((AoC)e(Bo D)) (2.10)
f;l ig
F(AeB)o F(C o D) F(AoC) o F(BoC)
fgo'fgl i]—';.’]—';

(F(A) o' F(B)) o' (F(C) ' F(D)) —= (F(A) o' F(C)) &' (F(B) o' F(D))
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FUeD)™2 ry Bvp (211)  Fo)y Mmooy Ty (212)
f;l Al f;i e

F(I)"F(I) e ] F(J)Olf(J)T)J,O'J,
0 0

PR

A bimonoid in a duoidal category (C,o, 1, e, J) is a quintuple (H,u,n, A, €) where
(H,pu,n) is amonoid in (C,o, 1), (H,A,€) is a comonoid in (C, e, .J) and both structures

are compatible in the sense that the four diagrams below commute.

(HeH)o(HeH)—>(HoH)e(HoH) HoH—%JoJ
AOAT iu-u (2.13) #i iw (2.14)
HoH—3>H—x>HeoH H——F—J
I L H H
A,l iA (2.15) / \ (2.16)
Tel v HeH I p- J

A morphism of bimonoids is a morphism of the underlying monoids and comonoids.

Any bimonoid H in (C,o,I,e,J) induces monoidal comonads (-) ¢ H and H e (-)
on (M,o,I), and comonoidal monads (=) o H and H o (=) on (M, e, J) (see [20]). We
say that a bimonoid H is a Hopf monoid [20, pages 193-194] if the induced monoidal
comonad (-) e H is a right Hopf comonad; that is, if

v((AeA)o(BeH)) ((AeH)oB)ep

(AeH)o(BeH) ((AeH)oB)e(HoH) ((AeH)oB)eH (2.17)
is a natural isomorphism. The above notion of right Hopf comonad is the dual of that
of right Hopf monad in [23], where also the left counterpart was defined. The monad-
comonad duality and the left-right symmetry allow for analogous versions of definition
of Hopf monoid. Replacing the required condition above by that the induced monoidal
comonad H e (-) is a left Hopf comonad; or the comonoidal monad (-) o H is a right
Hopf monad; or H o (-) is a left Hopf monad (in the sense of [23]), would result in
definitions that equally lead to proving the corresponding results (Proposition 3.3.16
and Proposition 3.3.17) in Chapter 3, as in fact it is shown (Proposition 3.3.18 and

Proposition 3.3.19).
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2.2 (Non-unital) algebras and coalgebras

The following notations and conventions apply to the entire text of this thesis. Through-
out, k£ will always denote a field and the unadorned symbol ® will stand for the usual
tensor product of vector spaces over k. The term linear will always signify k-linear.

Let A and B be k—vector spaces. We call flip map the linear map
tw:A®B->B®A, a®b-bea. (2.18)

For any subset X of A, we denote by (X) the vector subspace linearly spanned by X.
The identity map on A is indistinctly denoted by id, id4 and A. For any map f: A - B,
we refer to its support as supp(f). For any vector subspace C' of A, we denote by fic the
restriction of f to C. By Lin(A, B) we mean the k—vector space of linear maps A - B
equipped with the componentwise addition and the scalar multiplication. When A and
B are the same vector space we simply write Lin(A). The kernel of any f € Lin(A, B)
is denoted by ker(f). The single character n will always refer to an (indeterminate)
natural number. Frequently, for brevity, those algebraic structures defined by a vector
space equipped with further structure maps forming an n—tuple will be denoted by the
single vector space, understanding that the rest of structure is given. For any set X,
the characteristic function of values in k on a subset S of it is denoted by xs. For any
x,y € X, d,, means the Kronecker’s ‘delta symbol’.

In the subsequent equalities of a computation, the label or labels shown above and /or
under an equality sign mean that that equality is obtained by properly applying —in
the corresponding context— the argument to which the labels refer.

By a non-unital algebra (A, p) over a field k (or non-unital k—algebra) we mean
a k—vector space equipped with a linear map p: A® A - A (called multiplication)

satisfying the associativity condition

p(p®id) = p(id ® ). (2.19)

Working with elements we will normally use juxtaposition to denote the multiplication
i, just writing ab for u(a ® b). We denote by p? any of the two equal expressions in
(2.19). If in addition g is surjective then A is said to be idempotent. If any of the
conditions (ab =0, Va e A) and (ba =0, Va € A) implies b = 0, then the multiplication
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1 is termed non-degenerate. We say that A is firm if the quotient map A®4 A - A,
a®4 b+ ab is bijective. It has local units' if there is a set E of idempotent elements in
A such that for every finite set {a;}", € A there is e € E obeying eq; = a; = a;e for every
i€{1,...,n}. For any non-unital algebras (A, u4) and (B, ug), also the opposite algebra
A% = (A, u¥) and (A® B, 14ep) are non-unital algebras for the opposite multiplication
pof = ptw and paep = (La®up)(A®tw® B). Clearly, A and A® B are idempotent and
non-degenerate whenever A and B are so (see e.g. [40, Lemma 1.11]). A morphism of
non-unital algebras from A to B is a linear map f : A — B obeying the multiplicativity

condition

fra=ps(fef). (2.20)

The non-unital algebra A ® A° is known as the enveloping algebra of A and it is
denoted by A¢.

Example 2.2.1. Take a small category C. For a field k, let kC be the k—vector space
with basis C;. For any arrows a and b, let their product be the composite arrow ab
if they are composable and zero otherwise. Since the identity arrows of the category
give rise to local units, £C is in this way an idempotent non-unital algebra with a

non-degenerate multiplication.

Example 2.2.2. Take again a small category C. For a field k, let £(C) be the vector
space of k—valued functions with finite support on C;. It is a non-unital algebra via
the pointwise multiplication (fg)(c) := f(¢)g(c) for any f,g € k(C) and ¢ € C;. The
characteristic functions yr of the finite subsets F' of C; serve as local units for k(C).

Hence k(C) is idempotent with a non-degenerate multiplication.

Let (A, ) be a non-unital algebra over a field k. A non-unital right A-module is a
pair (M, p) where M is a k—vector space and

pMA—->M, mea—ma

!This definition of local units is the one used in [12, 37], and it can be traced back to [2] and [7]. It
is more general than [2, Definition 1.1], since commutativity of the elements of E is not assumed. In
fact, the present notion generalizes that of [2] since, when the idempotents of F' commute, it is enough
to require that for each element r € R there exists e € E such that er = r = re, see [2, Lemma 1.2]. For
more equivalent conditions for the existence of local units, see also [75].
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is a linear map (called the right A—action) obeying the associativity condition

p(idyr @ ) = p(p®ida). (2.21)

A non-unital left A—module is a non-unital right module over the opposite algebra A°P
(equivalently, a k—vector space N endowed with a linear map A ® N — N obeying a
symmetric axiom to (2.21)).

If the A—action p is a surjective map, then M is said to be idempotent?. It is called
firm [55] if the quotient map M ®4 A - M, m ® 4 a » ma is bijective (where A is
regarded as a left A—module with respect to its multiplication). If for any m € M,
the condition ma = 0 for all a € A implies m = 0, then M is termed non- degenerate.
For brevity, we will usually omit the summation symbol in the writing of an arbitrary
element of a module tensor product A ®c B (for any appropriate A, B and C'), writing
for example a; ®¢ b; instead of ¥, a; ®¢ b;, with a; € A, b; € B.

The vector spaces of non-unital right A-module maps and of non-unital left A-
module maps A - A are denoted by End4(A) and 4End(A) respectively.

A non-unital A-B-bimodule is a triple (M, A, p) where (M, ) is a non-unital left A—
module, (M, p) is a non-unital right B-module, and their actions obey the compatibility
condition

We use the nomenclature A-bimodule to refer to an A-A-bimodule.

By rmd(A) we will mean the category of idempotent and non-degenerate non-unital
right A-modules. The category of firm non-unital A-bimodules (i.e. of bimodules
which are firm both as left and right non-unital modules) will be denoted by bim” (A).
Whenever A is a firm non-unital algebra, bim’ (A) is amonoidal category via the module
tensor product ® 4 and the unit object A.

By an algebra over k we mean a triple (A, pu,n) where (A, u) is a non-unital k—
algebra and n : £ - A is a unit for it. Working with elements, we will use the unit

element 1:=n(1) instead of . If (A, ua,n4) and (B, up,np) are algebras over a field,

2In other many sources —for instance, in [34, 70]—, an A-module M obeying this property is called
unital. This terminology is motivated by the fact that, by virtue of [34, Proposition 3.3], there is a
unique extension of (M, p) to a right module (M, ) over M((A) (the multiplier algebra of A, see page
54), meaning that p(m ® 1) = m for all m € M (where 1 stands for the unit of M(A)).
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a morphism of algebras from A to B is a morphism of non-unital algebras f: A - B

respecting their units.

Example 2.2.3. Consider k£C described in Example 2.2.1 for a small category C with
finitely many objects. Then the sum of all the identity arrows in C works as a unit for

the product, and consequently kC becomes a k—algebra in this case.

Example 2.2.4. Analogously, for a finite category C, consider k(C) as introduced in
Example 2.2.2 (now the assumption of finite support on the k—valued functions becomes
redundant). Then the map C; - k constantly equal to 1 is a unit for the pointwise

multiplication, so that k£(C) turns out to be a k—algebra.

For an algebra A we define right A-modules, left A—modules, A-B-bimodules and
their corresponding morphisms as their non-unital counterparts obeying the obvious
unitality conditions as the case.

Let R be an algebra over a field, and M and N be R*-bimodules. Then M has
the structure of a right R—module via the action m ® r = m(r ® 1), and N is a left
R-module via r®@n ~ n(1®r). Consider the module tensor product M ® g N that these
R-modules give rise to, that is, the factor space of M ® N by

<m(rel)en-meon(ler)>. (2.23)
It is an R-bimodule via the actions
s(mern)s' =(s®1)mer(1®s)n (2.24)
for any s,s"€ R, me M, ne N. By
(sel)(m(rel))e(l1es)n (22 (s@l)ym)(rel)e (1®s')n

and
seme(les)(n(1er) "2 (seDme (1o s)n)(1er),

these actions are well defined. The Takeuchi’s product [65] M xg N is defined as the
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center of this R-bimodule M ®x N. It is an R°-bimodule via the actions:

(s®r)(m;®rn;) (leor)m; g (s®1)n, (2.25)

mi(ler)®pn(s®1) (2.26)

(my®rny)(s®r)

for any s®@re R¢,m; ®gn; € M xg N.

Coalgebras are the dual notion of algebras. A coalgebra over a field k is a triple
(C,A,e) where C is a k—vector space equipped with linear maps A:C' - C ® C (called
comultiplication) and € : C' - k (called counit) obeying the following coassociativity law

and counitary property.

(A®id)A = (d®A)A (2.27)
(e®id)A= id =(id®e)A (2.28)

We denote by A? both equal maps in (2.27). For the comultiplication of a coalgebra, we
will use the implicit summation index notation introduced by Robert George Heyne-
mann and Moss Eisenberg Sweedler around 1969. This means that normally we will
write A(c) as ¢; ® ¢ for any ¢ € C, denoting by ¢; ® ¢; ® ¢3 both equal sums resulting
of applying (2.27) on ¢. Furthermore, if in a same algebraical expression there is more
than one occurence of A(c¢), in order to distinguish them when passing to Heyneman-
Sweedler notation, we will use prime symbols in the subscripts in the following fashion:
€1 ® g, C1 ® Cory ¢y @ ¢y, and so on. (See [42, Section I11.1.6] for further details about
this notation.)

The triple Ceop = (C, AP, €) with the opposite comultiplication A°P = twA is a new
k—coalgebra called the coopposite coalgebra of C'.

If (C,A¢c,ec) and (D,Ap,ep) are coalgebras over k, C' ® D is also a k—coalgebra
with structure maps (id ® tw ® id)(Ac ® Ap) and ec ® ep. A morphism of coalgebras
from C' to D is a linear map f : C' — D satisfying the comultiplicative and counital

conditions
ADf = (f ® f)AC (229) and GDf =€ (230)

Right and left comodules and bicomodules over a coalgebra [25] are defined dually to
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right and left modules and bimodules over an algebra.
Let (A, u,n) and (C, A, €) be, respectively, an algebra and a coalgebra over the same
field k. For any f,g € Lin(C, A), their convolution product is defined as

frg=u(feg)A. (2.31)

The triple (Lin(C, A), *,ne¢) is then a k—algebra, known as the convolution algebra of C
and A. The dual algebra C* = Lin(C,k) of C is a particular instance of a convolution
algebra. Every right (left) C—comodule becomes then a left (respectively right) C*—
module. In particular, C' becomes a C*—bimodule. The coalgebra C' is called co-
Frobenius if there exists a monomorphism C' - C* of left (or right) C*—modules (see
[44]). It is said to be coseparable if there is a C-bicomodule retraction (i.e. left inverse)
of the comultiplication.

The set of the group-like elements of C' is defined as

G(C):={geC : A(g)=g®g, c(g)=1} (2.32)

It is easy to check that the elements of G(C') are linearly independent over k and kG (C)
may be regarded as a k—subcoalgebra of C' [1, Theorem 2.1.2].

Example 2.2.5. Let k£ be a field, S a set and kS the k—vector space with basis S.
Then, for any s € S, the diagonal comultiplication A : s+~ s® s and the counit e: s~ 1

endow kS with a k—coalgebra structure.

2.3 Separable Frobenius (co)algebras

Although they would be named Frobenius after, Frobenius algebras began to be studied
in the late 1930s and early 1940s by Richard Dagobert Brauer and Cecil James Nesbitt
in their works [22] and [51]. At the same time, in [49] and more especially in [50],
Tadashi Nakayama discovered the beginnings of a rich duality theory. Essentially,
Frobenius algebras are based on the idea of compatibility between an algebra and a
coalgebra structure on a same vector space.

On the other hand, the notion of separability of an algebra is a strengthening of
that of semisimplicity, and a generalization of that of a separable field extension. Both,

separability and Frobenius property, are closely related to each other. In fact, as it is
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shown in [36], any separable algebra over a field can be endowed with the structure
of a particular type (symmetric) Frobenius algebra. Nevertheless, in this text we are
interested in the general notion of a Frobenius algebra over a field. The following result

provides several characterizations of it.

Proposition 2.3.1. [4, Theorem 2.1] Let (R, u,n) be an algebra over a field k. The

following assertions are equivalent.
(i) (R,p) and (R*,-) are isomorphic right R—modules 3.
(i) (R,u) and (R*,-) are isomorphic left R—modules 3.
(111) R possesses a k—coalgebra structure with an R-bilinear comultiplication.

(iv) There exist a linear map v : R - k and an element ¢; ® f; € R® R such that for

everyr € R,

Y(re;) fi=1=ep(fir). (2.33)

If an algebra R over a field obeys any of the equivalent assertions of Proposition
2.3.1, it is said to be a Frobenius algebra. We call Frobenius functional and Frobenius
element a linear map 1 : R - k and a distinguished element e; ® f; € R® R as in part
(iv) of Proposition 2.3.1. We refer to a pair (¢,e; ® f;) as a Frobenius structure on
R, and to each coalgebra structure (d,¢) existing by part (iii) in the same proposition
as a Frobenius coalgebra structure. In light of [3, Propositions 2 and 5|, if (¢,e; ® f;)
is a Frobenius structure on R, then all the Frobenius structures on R are of the form
(Y(-u),e;u~t ® f;) for an invertible element u € R. It is a consequence of its definition
(given by the equivalent claims in Proposition 2.3.1) that any Frobenius algebra is
finite-dimensional.

Since any Frobenius algebra carries a coalgebra structure, we will also refer to them
as Frobenius coalgebras and Frobenius (co)algebras —depending on which aspect is
more relevant in the given situation. Clearly, if (¢, e;® f;) and (¢, e/ ® f!) are respective
Frobenius structures on algebras 12 and I/, then (v, fi®e;) and (Y ®¢’,e;®€;® f;® f7)
are respectively so on the opposite algebra R°P and the tensor product R® R’.

31t is understood that ¢ -r = ¢(r—) and r- ¢ = o(-r) for any ¢ € R*,r € R.



Chapter 2. Preliminaries 48

Proposition 2.3.2. [}3, §16E] Let R be an algebra over a field and (¢,e; ® f;) a

Frobenius structure on it. The following assertions hold true.
(i) There is a unique algebra automorphism 6 : R — R such that for any r,s € R
U(rs) =v(0(s)r). (2.34)

(i1) For any r € R, the following identities hold true.

re; ® f; = € ® fir (2.35)

eir ® fi = e ®0(r)fi (2.36)
e;®0(f;) = 07 (e)®fi (2.37)
0(e;)® fi= fi®e; =e;®07'(f;) (2.38)

For a Frobenius algebra R, the automorphism 6 defined in part (i) of Proposition
2.3.2 is called Nakayama automorphism. For any r € R, its explicit expression and that

of its inverse are:

O(r) :=v(er)fi (2.39) and O-1(r) = e (rf;). (2.40)

Proposition 2.3.3. For any algebra S over a field equipped with an algebra automor-
phism C, there is an automorphism functor F : bim(S¢) — bim(S¢) defined as follows.
For any S¢-bimodule M with actions denoted by juztaposition, F(M) = (M,-) and
FYM)=(M,-) where

(ser)y-m=(1e((r)m(les), m-(s®@r)=(rel)m(s®l) (2.41)
(s®@r)-m=(1e(r)m(les), m-(s®r)=(rel)m(sel)

for any m e M and s®r € S¢. On morphisms both F and F~' act as the identity map.

Proposition 2.3.2 assures that Proposition 2.3.3 holds true, in particular, for Frobe-
nius algebras where ¢ can be taken to be the Nakayama automorphism.

Since, by virtue of Abrams’s classical theorem ([4, Theorem 3.3]), any R—module
over a Frobenius (co)algebra R carries also an R—comodule structure and vice-versa,
we will use the nomenclatures R-module, R—comodule or R—(co)module for them —
depending on which aspect is more important in the given situation. For a big number
of examples and a detailed exposition on many aspects of Frobenius algebras we refer
to [43] and [57].
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Proposition 2.3.4. [35, Proposition 1.1] For any algebra (R, u,n) over a field, the

following assertions are equivalent.
(i) The multiplication p: R® R — R is a split epimorphism of R—bimodules.

(1) There exists an element e; ® f; € R® R such that for any r € R,
eifi=1 (2.42) and  Te;® fi=e;® fir. (2.43)

An algebra R over a field satisfying any of the equivalent conditions of Proposition
2.3.4 is called a separable algebra. In such a case, a distinguished element ¢;® f; e R® R
as in part (ii) of Proposition 2.3.4 is called separability idempotent. It is indeed an
idempotent in R ® R°P:

(2.43) (2.42)
€ie; ® fifi = eifie;® f; =" €@ fj. (2.44)

The separability idempotent in a separable algebra is not unique in general. Clearly,
if R and S are separable algebras, then also the opposite algebra R°P and the tensor
product algebra R ® S are so.

We call (¢, e;® f;) a separable Frobenius structure on an algebra R if it is a Frobenius
structure on R and e; ® f; is a separability idempotent for R. Then it is natural to call
e; ® f; separability Frobenius idempotent.

We denote by sfr the category whose objects are separable Frobenius (co)algebras
over a given base field k£, and whose morphisms are defined as follows. Given k—algebras
R and R’ with respective separable Frobenius structures (1, e;® f;) and (¢, e/ ® f/) and
Nakayama automorphisms # and #’, a morphism from R to R’ in sfr is a coalgebra map ¢ :
R — R’ such that 0’q = qf. Taking into account the expression of the comultiplications
of R and R’ induced by their separability Frobenius idempotents, the comultiplicativity

of ¢ means the identity
q(re;) ® q(f;) =q(r)e;® fl, forall reR. (2.45)

The following results show important features of separable Frobenius algebras which

will be exploited in Chapter 3.
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Proposition 2.3.5. Let S be a separable Frobenius algebra with separability Frobenius
idempotent e; ® f;, P a right S—module and Q) a left S—module. Then the map P® Q) —
P ®g Q splits via the section p ®g q — pe; ® fiq.

Proposition 2.3.6. Let S be a separable Frobenius algebra with separability Frobenius
idempotent e; ® f; and let P be an S-bimodule. Then the map PS = P splits via the

section p — e;pf;.

2.4 Bialgebras and Hopf algebras

As the authors of [6] state, determining the origin of Hopf algebras is not a simple
task. We learn from that work —aimed precisely to study the beginnings of these
objects— that it was Pierre Cartier who, in 1956 and under the name of hyper-algebra,
gave the first formal definition of Hopf algebra (although not exactly as we know it
nowadays). Nevertheless, it is to Heinz Hopf to whom they owe their name, term
coined (originally, in french: algébre de Hopf) by Armand Borel in 1953, in honour
to the foundational work of the German mathematician. Leaving aside the interesting
historical and mathematical roots of Hopf algebras, the next proposition introduces the

definition of a conceptually prior notion: that of a bialgebra.

Proposition 2.4.1. [1, Theorem 2.1.1] Let H be a vector space over a field k equipped

with linear maps p:He H - H, n:k—>H,

A:H->H®H, e: H -k,
such that (H,u,m) is a k—algebra and (H,A,€) is a k—coalgebra. Then p and n are

k—coalgebra morphisms if and only if A and € are k—algebra morphisms.

If a k—vector space H satisfies any of the equivalent conditions of Proposition 2.4.1,

then the quintuple (H, u,n, A, €) is called a k-bialgebra.

Example 2.4.2. Let A be a monoid. Denote by juxtaposition its multiplication and
by 14 its unit. For a field k, let kA be the k—vector space with basis A. The linear

extensions of the maps defined by

pla®b)=ab,  n(l)=14
Aa) =a®a, e(a) =1



Chapter 2. Preliminaries 46

for any a,b € A provide a k-bialgebra structure on kA.

Example 2.4.3. Let k£ be a field and A a finite monoid, and use the same notation
as above for its product and unit. Denoting by 1(-) the function A — k constantly
equal to 1, and identifying k(A) ® k(A) with k(A x A), the following maps induce a

k-bialgebra structure on the k—vector space k(A) of k-valued functions on A:

p(fe®g)(a)
A(f)(a,b)

f(a)g(a), (1)
f(ab), e(f)

1(-)
f(1a)

for any a,b € A.

A Hopf algebra (H,u,n,A,€,S) over a field k is a k—bialgebra for which the identity
map id : H - H is invertible in the convolution algebra Lin(H); in other words, the

bialgebra H is equipped with a linear map S: H - H (called antipode) obeying:
Swid=ne=id * S. (2.46)

If H' is another Hopf algebra with antipode S’, any morphism f: H - H’ of algebras
and coalgebras automatically respects the antipodes of H and H’, that is, S'f = fS
holds (see [60, Chapter 4]).

Example 2.4.4. If in Example 2.4.2 we consider an arbitrary group G instead of a
monoid A, the k—bialgebra kG is in fact a Hopf algebra with the linear extension of the
inverse operation of the group as antipode; that is, S(g) = g7! for all g € G. It is called
the group Hopf algebra.

Example 2.4.5. Analogously, if in Example 2.4.3 we consider a finite group G in place
of a finite monoid A, the k—bialgebra k(G) turns out to be a Hopf algebra with the
antipode given by S(f)(g) = f(g7!) for all g € G.

2.5 Weak bialgebras
Weak bialgebras were introduced by Gabriella Bohm, Florian Nill and Kornél Szlachanyi

around 1999 in [18]. A weak bialgebra over a field possesses the structure of an algebra

and of a coalgebra, but the compatibility between them is weaker than in a bialgebra.
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This weakness refers to the multiplicativity of the counit and the comultiplicativity of
the unit: they no longer hold. Instead, in [18] they are replaced by the second and

third axioms of the definition below.

2.5.1 The weak bialgebra axioms

A weak bialgebra [18] over a field k is a quintuple (H,pu,n, A, €) where (H,pu,n) is a
k-algebra and (H,A,€) is a k—coalgebra satisfying the following axioms.

Multiplicativity of the coproduct.
A(ab) = A(a)A(b), forall a,be H. (2.47)

Weak multiplicativity of the counit.
e(aby)e(bac) = e(abe) = e(aby)e(bic), for all a,b,ce H. (2.48)

Weak comultiplicativity of the unit.
(Ao 1)(1®A(1)=A%(1)=(1eA(1))(A(1)®1) (2.49)

In contrast, in [52], (H,u,n, A, €) is called a weak bialgebra if it is an algebra and a
coalgebra in which the comultiplication is multiplicative. In that work, weak bialgebras
obeying the weak multiplicativity of the counit axiom (2.48) are termed monoidal, and
those ones on which the weak comultiplicativity of the unit axiom (2.49) hold are said
to be comonoidal. These monoidality (respectively, comonoidality) axioms are aimed
to make the category of H-modules (respectively, H-comodules) monoidal (see [52,
Section 4]).

Example 2.5.1. Example 2.4.2 shows that the linear span of a monoid is a bialgebra.
If, instead of a monoid (which may be regarded as a category with a single object),
we consider a small category C with finitely many objects, then its linear span kC
still carries an algebra structure as described in Examples 2.2.1 and 2.2.3. However,
the diagonal comultiplication given by A : ¢ - ¢® ¢ and the counit € : ¢ —» 1 for any
c € C; fail to provide a bialgebra structure on it. In fact, € is no longer multiplicative:
e(cc’) = Os(c)u(ey is not equal to e(c)e(c’) = 1 if ¢ and ¢’ are not composable arrows in
C. Moreover, since ¥ ..c, 1c ® 1o # 2. wec, 1e ® 1r, A is not unital. So that £C is not a



Chapter 2. Preliminaries 48

bialgebra with this natural structure but, more generally, a weak bialgebra over k, as

it can be easily checked.

Example 2.5.2. A similar relation to that between Example 2.5.1 and Example 2.4.2
can be observed between the present one and Example 2.4.3. Indeed, replacing in
Example 2.4.3 the finite monoid by a finite category C, we can endow the k—vector

space k(C) of k—valued functions on C; with a weak bialgebra structure via:

pu(f®g)(c) = fe)g(c), n(1)=1(-)
A(f) = dzc fled)Xiey ® X1ay e(f) = ZC: f(e)

for all f € k(C),c € C;. (Recall from Section 2.2 that xg denotes the characteristic

function of a set S.)

Clearly, for any weak bialgebra, its opposite algebra (with the same coalgebra struc-
ture), its coopposite coalgebra (with the same algebra structure) and its opposite-

coopposite (equivalently, coopposite-opposite) (co)algebra are also weak bialgebras.

2.5.2 The base algebras of a weak bialgebra

In a weak bialgebra H, define the counital maps H — H by the formulae
nf(h) =11e(hly) (2.50) nE(h) = e(11h)1, (2.51)
A%(h) = Lie(1,h)  (2.52) A" (h) = e(hl))1l,.  (2.53)

As it will be shown in forthcoming subsections, these counital maps play an important
role in weak bialgebra theory in general and, in particular, in the original results of this
thesis. In this subsection we focus on presenting a big number of their properties. Most
of them are included in [18].

First of all note that, if H is a bialgebra, the four above maps (2.50)-(2.53) are equal
to the counit e. So, the novelty of their meaning —which is in fact the interesting part—
is actually linked to the weakness of weak bialgebras. In order to guide our intuition
on these counital maps, let us recognise their expressions in the weak bialgebra kC of

Example 2.5.1. For any morphism a € Cy,

@) = Yela)= Y e=sa), (2.54)
ceCp ceCo:t(c) =s(a)
mrc(a) = Y e(ca)e= > c=t(a). (2.55)

ceCo ceCo:s(c)=t(a)
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Similarly, we can see that Fii-(a) = t(a) and Fc(a) = s(a). Thus, in kC these maps
serve precisely as source and target maps of the category C. Not surprisingly, many

authors ([25, 26, 56], etc.) call N and N* counital ‘source’ and ‘target’ maps.

Putting b =1 in axiom (2.48), the following identities are immediately obtained.

e(ac) = e(nf(a)c) (2.56) e(ac) =e(ant (c)) (2.57)
e(ac) = e(ar™(c)) (2.58) e(ac) = e(F"(a)c) (2.59)

By them it follows the idempotency of all these counital maps:

nfinf=nf A% =" nint=nt, AR =AN (2.60)
as well as the identities
Alnk =7k, Aftnl = /7, nRFEY = Ak, nLAt = Ak, (2.61)

The table below collects, for any weak bialgebra H, the expressions of the counital

maps of the weak bialgebras HoP, H,, and Hesp in terms of the structure maps of H.

H=(H,pu,nAc€) nk [ nL [ A% | Ak
HeP = (H,pu®,n, A e€) At | 7k | R | Al
Heop = (H, p1,m, A% €) 7t | At | nl | nR
Hs = (H, poP,m, A% €) | nF | nf ak | At

Table 2.1: Counital maps in the symmetric weak bialgebras.

Any identity in a weak bialgebra has symmetrical versions, obtained by ‘rewriting’ the
identity in question in the opposite, cooposite and opposite-coopposite weak bialgebras.

The table above helps on getting them when counital maps are involved in the identity.

Lemma 2.5.3. [18, Equation (2.4)] In any weak bialgebra H over a field, the following
identity holds.

A(1) =1, ®n(1y) = nf(11) ® 1, = nf(1y) @ (1) (2.62)

Consequently,
A1) en®(H) @ nl(H). (2.63)
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Proposition 2.5.4. [18, Equations (2.7a) and (2.7b)] Let H be a weak bialgebra over
a field. Then, for any h,h' € H,

A(nf(h))
A(n*(h))

1, ® 1, 1% (n), (2.64)
b (h)1; ® 1. (2.65)

Therefore, "®(H) and nY(H) are respectively left and right coideals of the coalgebra H.

As a direct consequence of axiom (2.47) and Proposition 2.5.4, for any elements h, h’

of a weak bialgebra H,
A(hnf (h")) = hy ® ho nf (B'), A(nE(h)h') = nk(h)h] ® k. (2.66)

The axiom (2.48) expressing weak multiplicativity of the counit in a weak bialgebra

admits the following equivalent reformulation.

Lemma 2.5.5. [14] Assume that (H,p,n) and (H,A,€) are, respectively, an algebra
and a coalgebra over the same field and they obey axioms (2.47) and (2.49). The

following assertions are equivalent.
(i) €(aby)e(bac) = e(abe) = e(aby)e(bic), for all a,b,ce H.
(11) €(aly)e(1ac) = €(ac) = e(aly)e(1yc), for all a,ce H.

Proposition 2.5.6. [18, Lemma 2.5 and Proposition 2.4] Let H be a weak bialgebra
over a field. The map N is a right n®(H)-module map and n¥ is a left n*(H)-module
map. Symmetrically, " is a left "B(H)-module map and 7" is a right nL(H)-module

map. In formulae, the following identities hold true for all h,h' € H.

(R (1)) = (R AR (), rE(E () = () o (),

—R/—R —R/7\ =R —L,p—L — L \=L (2.67)
A (At (k) B) =1 (h) AT (R, A (hA(h')) =77 (h)A (R').

Moreover, for any h,h' € H,

nf (h) nl (h") =k (R") N (h). (2.68)

As a consequence of (2.56)-(2.59), (2.68) and (2.63), the following identities hold
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R R _ =R

Ank =nk, Alnl = Ak, nfat =a, nLat =&k (2.69)

By (2.67) and (2.69), nB(H) =7"(H) and nL(H) =7"(H) are (unital) subalgebras of
H.

The ranges of the counital maps in H are called the base algebras. More precisely, by
Proposition 2.5.6, the coinciding image of n# and 7 in H is called the right subalgebra,

and the coinciding image of n? and 7" is termed the left subalgebra.

Proposition 2.5.7. [18, Equations 2.5a and 2.5b] For any weak bialgebra H, the maps

AR, nk, 7% and 7" obey the so-called counital properties

ha A (hy) = 0P (hy )y = T (ho)hy = ko™ (hy) = h, (2.70)
and
n®(nf(h)h') = nk(hh'), nE(hnl (b)) =nt(hh'), (2.71)
A (A () = AR (AR, A4 (A" (h) ') =75 (hh)

for all h,h' € H.

Proposition 2.5.8. [18, Lemma 2.3] Let H be a weak bialgebra over a field. The
following identities hold true for any h,h' € H.

nf(h))®hy = 1;®hls (2.72) hy®@nt(hy) = 1;h®1, (2.73)
hy @ nfi(hy) = hlyenf(ly) (2.74) nt(hy)®hy = nk(l)® 1k (2.75)
Moreover,
nf ((hh'))) ® (hh')y = nfi(h)) ® hhl (2.76)
(hR))1 @B ((hRh)y) = hih' @ nE(hy) (2.77)
nf(hy) @ nf(hy) = nf(hy) @nk(h;) (2.78)

Theorem 2.5.1. [18, Proposition 2.11][61] For a weak bialgebra H, the pairs
(€|HR(H)7 11 ® |_|R(12)) and (6|,-,L(H), I_IL(ll) ® 12) (279)

provide separable Frobenius structures on the right and left subalgebras N®(H) and

and Ntk

nE(H). Their respective Nakayama automorphisms are given by nfn L)

L
In%(H)
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The Frobenius structures on n%(H) and n“(H) in Theorem 2.5.1 induce on them

the following Frobenius coalgebra structures:

(6|‘|R(H) : I—IR(h) 11 ® I—lR(lg) nft (h), e\mR(H)) (280)
Gregary 2 E(R) o PE(R) O (1) ® o, e an)- (2.81)

Lemma 2.5.9. Let H be a weak bialgebra over a field. The identities below hold true
for any h,h' € H.

nR(AFE(R')) = nR(R) AR (h)  (2.82) nE(AER(R)RY) = (W) nE (R)  (2.83)
A(nE(R)R) =T (R)FR(W)  (2.84) (b nf (h)) = A5 (R)A"(R)  (2.85)

Proposition 2.5.10. [11, Proposition 1.18] For any weak bialgebra H, consider n®(H)
and Nt (H) with their coalgebra structures (2.80) and (2.81). Corestriction yields coal-
gebra maps nf : H - nR(H) and nt : H - nL(H). Moreover, the maps nf and 7"
induce mutually inverse anti-algebra and anti-coalgebra isomorphisms between nt(H)

and N (H).
Lemma 2.5.11. Let H be a weak bialgebra and R :=nR(H). The linear map

n:R°— H, s®7T > st () (2.86)
15 an algebra morphism.

Remark 2.5.12. As a consequence of the results shown along this section, we obtain

the equivalence of the following five assertions for a weak bialgebra H:
(i) H is a bialgebra; (i) A(l)=1®1; (iii) e(hh') =e(h)e(h');
(iv) nf(h) = 1e(h); (v) nl(h)=1e(h).

2.5.3 Weak Hopf algebras

A weak Hopf algebra (H,pu,n,A €, S) over a field is a weak bialgebra equipped with a
linear map S : H — H, called the antipode, satisfying the following axioms for all h € H.

S(h)he =R(R)  (2.87) hiS(hs) =nk(h)  (2.88) S(hi)heS(hs) = S(h) (2.89)

In terms of the convolution product (2.31) of Lin(H), they can be rewritten as
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Sxid=nf (2.90) id*S=nl (2.91) S+id+S =5 (2.92)

Remark 2.5.13. It is noticeable that the antipode S of a weak Hopf algebra H is no
longer a (strict) inverse of the identity map H — H in the convolution algebra Lin(H).
However, it is a ‘weak’ inverse in the following sense. By (2.70), the maps n’ and
nf: H - H are idempotent elements in the convolution algebra and they serve as left,
respectively, right units for the identity map on H. The antipode is then a linear map
H — H for whom n’ and nf serve as a right, respectively, left unit (cf. (2.92)); and
whose convolution products with the identity map in both possible orders yield n* and
nf respectively (cf. (2.90) and (2.91)).

Lemma 2.5.14. [18, Lemma 2.9] In a weak Hopf algebra H, the following identities

hold.
nl S =nlnft = SNk, nftS = nfnl = gk (2.93)

Ats =nt = SAt, Ats = nf = sAt. (2.94)

Proposition 2.5.15. [18, Theorem 2.10] The antipode S of a weak Hopf algebra H
over a field is anti-multiplicative and anti-comultiplicative, that is,
S(h")S(h) (2.95)

S(hh')
S(h)1 ® S(h)s

for all h,h' € H. The unit and the counit are S—invariant:

S(1)=1 and €S =e. (2.97)

Example 2.5.16. Consider the weak bialgebra described in Example 2.5.1. Replacing
the small category C with a small groupoid G with finitely many objects, kG becomes
a weak Hopf algebra. In fact, the map S : kG - kG, sending every a € G; to a™! obeys

the antipode axioms:

a1S(az) = aS(a)=aa' =t(a) (229) nk-(a),
S(a)ay = S(a)a=ata=s(a) (229 N (a),
S(ar)asS(az) = S(a)aS(a)=ataa™ =a'=S5(a),

for any morphism a in G, see [53, Section 2.5].
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Example 2.5.17. Take a finite groupoid G. The vector space k(G) of k—valued func-
tions on G is a weak Hopf algebra with the structure detailed in Example 2.5.2, and
the antipode given by S(f)(a) = f(a™!) for any f € k(G) and a € G;.

2.6 Multiplier Hopf algebras
Multiplier Hopf algebras [69] were introduced by Alfons Van Daele in 1994. They are a

generalization of the concept of Hopf algebra in a different direction of that of a weak
Hopf algebra. More precisely, they are a non-unital extension of the notion of Hopf
algebra with a multiplier-valued comultiplication, meaning that the comultiplication
no longer lands in the tensor product of the underlying algebra but in its multiplier
algebra, which is introduced next.

Let A be a non-unital algebra over a field & with a non-degenerate multiplication.

A multiplier on A [31] is a pair (), p) of linear maps A — A such that
aA(b) = p(a)b (2.98)

for all a,b € A. Then it follows that A is a morphism of right A-modules and p is a
map of left A-modules. The vector space of multipliers on A —via the componentwise
linear structure— is known as the multiplier algebra of A and it is denoted by M(A).
It is an algebra via the multiplication (X, p’)(A, p) = (MA, pp') (where juxtaposition
means composition) and the unit 1 = (id,id). Any element a € A can be regarded as
a multiplier as (b — ab,b — ba). This allows us to regard A as a dense two-sided
ideal in M(A), in the sense that the (right and left) annihilators of A in M(A) are
trivial. Indeed, for (\,p) € M(A) and a € A, a(\,p) = p(a) and (A, p)a = A\(a); and
—by non-degeneracy of the multiplication— p = 0 if and only if A = 0. So that the
inclusion A ¢ M(A) always holds true. The opposite one is only true if A possesses a
unit. Clearly, M[(A)°P 2 M[(A°P). If B denotes a second non-unital algebra with a non-
degenerate multiplication, then we have algebra embeddings A ® B € M(A) @ M(B) ¢
M(A® B). None of these inclusions will be explicitly denoted throughout the text. The
multiplication in M(A) will be denoted by p: M(A) ® M(A) - M(A).

Example 2.6.1. For a small category C, let £C be the non-unital k—algebra in Example
2.2.1. As an illustration, let us study its multiplier algebra M((£C). Since C; is a basis
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for kC, any multiplier (), p) on kC can be written as

A kC>kC, ar Aa)= ) Ma, o), (2.99)
CECl

p : kC>kC, awp(a)=> p(a,c)c (2.100)
C€C1

in terms of suitable scalars A(a, ¢), p(a,c) € k (non-zero only finitely many of them).
Using that A and p are respectively right and left kC-module maps and that kC has

local units, we get for any a € Cy

Ma) = A(t(a)a) = A(t(a)a= > A(s(c),c)ca, (2.101)

c:s(c) =t(a)

p(a) =plas(a)) =ap(s(a)) = >, p(t(c),c)ac. (2.102)

c:t(c) = s(a)

Now, using both identities above, the compatibility condition (2.98) held by (A, p) can

be rewritten as

S As@.dach= Y p(t(e), ach
c:s(c) =t(b) c:s(c) =t(b)
t(c) = s(a) t(c) = s(a)

for any a,b € C;. Taking a and b to be objects in C, it follows by the linear independence
of the elements of C; that

A(s(c),c) =p(t(c),c) (2.103)

for any ¢ € C;. By (2.101), (2.102) and (2.103), we conclude that any multiplier (A, p)

on kC can be given in terms of a single function
C=k e A(s(e), ) = p(t(c), ).

Of course, any function C; - k does not define a multiplier on kC. In fact, the functions

which do it are precisely those whose restrictions to the sets
L,={ceCi:s(c)=2} and R,:={ceCi:t(c)=xa}

have finite support for any object z in C. In this fashion, the vector space M(kC) can
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be described as

M(kC) = {p: Cy = k | supp(¢L, ), supp(pr,) <oo VaeCo}.

Lastly, consider a morphism d in C and regard it as an element of M(kC), that is, as
the multiplier (A4, pq) defined by

Ai(a) :==da and pg(a):=ad (2.104)

for any a € C;. Comparing it with (2.101) and (2.102), it follows that for any arrow ¢
in C,
Aa(s(c),¢) =0ca = pa(t(c),c). (2.105)

Now that we have introduced the notion of multiplier algebra, on which rests the
structure that gives name to this section, let us present its definiton. A multiplier
Hopf algebra [69, 2.3 Definition| over a field & is a triple (A, u, A) where a (A, p) is a
non-unital k-algebra with a non-degenerate multiplication and A: A > M(A® A) is a

multiplicative linear map subject to the axioms below.

(i) For any a,be A, the elements
Ti(a®b):=A(a)(1®b) and  Th(a®b):=(a®1)A(D) (2.106)

of M(A ® A) belong to the two-sided ideal A® A. (Notice that, above, 1 stands
for the unit of M((A), introduced on page 54.)

(ii) The comultiplication is coassociative in the sense that

(T2 ® Id)(ld ®T1) = (Id ®T1)(T2 ® Id)

(iii) The linear maps 77,75 : A® A - A® A defined in (2.106) are bijective.

Note that axiom (i) makes sense and that it is indeed a requirement. On the one
hand, for any a € A, A(a) is an element of M(A® A) by definition of the comultiplication
A. On the other hand, for any b € A, 1®b is the multiplier (c®d — c®bd,c®d — c®db)
in M(A)@ Ac M(A)eM(A) c M(A® A). Thus, by construction, 7} lands in M(A® A).
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Axiom (i) is precisely a constraint on its range, requiring it to stay in the ideal A ® A
of M(A® A), giving a meaning to the coassociativity axiom as formulated in (ii). An
analogous remark can be made on the requirement on 75.

The notion of multiplier Hopf algebra covers that of Hopf algebra. In fact, if
(H,pu,m,Ae,S) is a Hopf algebra, axioms (i) and (ii) obviously hold on H, and the
axioms of the antipode assure that the maps H ® H - H ® H defined by

Ri(a®b) = ((id®S)A(a))(1®b),
Ry(a®b) = (a®1)((S®id)A(D))

are respective inverses of 77 and 75 in (2.106).
Under the assumption of the multiplier Hopf algebra axioms on A, Theorems 3.6 and
4.6 in [69] show the existence of a counit and an antipode with the expected properties.

More precisely, they prove the existence of a multiplicative linear map € : A — k obeying
(e®id)Ty = p = (id®€)Ts, (2.107)
and an anti-multiplicative linear map S : A - M(A) such that

p((id® S)Tr(c®a)(1®b))
p((c®1)(S®id)Ti(a®b))

ce(a)b, (2.108)
ce(a)b (2.109)

for all a,b,c € A. The surjectivity of the maps 77 and T5 makes clear that the formulas
(2.107) determine e. If A possesses a unit, then € is a counit in the usual sense (cf.
(2.28)). On the other hand, it can be checked that (2.108) and (2.109) determine S.
Again, if A is unital, we obtain the classical formulas (2.46). This leads to prove that a
multiplier Hopf algebra with a unit is a Hopf algebra (c.f. [69, Theorem 4.7]). Therefore,
in the unital case, both structures (multiplier Hopf algebras and Hopf algebras) turn

out to be equivalent.

Example 2.6.2. Let k be a field and G an arbitrary group. Consider the free k—vector
space kG spanned by G with the k—algebra structure that G induces on it. Clearly, the
linear extension to kG of the map A:a - a®a (a € G) is multiplicative and it obeys

axioms (i) and (ii) in the definition of multiplier Hopf algebra. Moreover, the maps
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Ri,Ry:G®G — G @G defined by
Ri(a®b)=a®a'b and Ry(a®b):=ab'®b,
are left inverses of the maps 71,75 : G ® G - G ® G given by
Ti(a®b)=a®ab and Ty(a®b)=ab®b.

So that axiom (iii) also holds and hence kG is, with this structure, a multiplier Hopf

algebra.

Example 2.6.3. [69, 2.5 Example] Let k be a field and G an infinite group. Consider
the k—vector space k(G) of finitely supported k—valued functions on G. In contrast to
Example 2.4.3 and 2.4.5, now the function G — k constantly equal to 1 does not work
as a unit since it has not finite support. So that k(G) is a non-unital k—algebra with the
pointwise multiplication. In this case, M(k(G)) consists of all k—valued functions on
G. Moreover, k(G) ® k(G) can be naturally identified with finitely supported k—valued
functions on G'x G, being M(k(G) ® k(G)) the space of all k—valued functions on G xG.
Let f,g e k(G) and (s,t) € G x G. The map A : k(G) - k(G x G) defined by

A(f)(s,t) = f(st)

is clearly multiplicative. For any f, g € k(G), the maps

Ti(f®g)(s,t) = f(st)g(t) and To(f®g)(s,t):=f(s)g(st)

have finite support, so they obey axiom (i) in the definition of multiplier Hopf algebra.
The coassociativity law (ii) is an immediate consequence of the associativity of the

multiplication of GG. Finally, the maps defined by

Ri(f)(s,t) = f(st™,1) and  Ro(f)(s,t):=f(s,57'1)

for any f € k(G x ), are respective inverses of the above maps 77 and T», hence also

axiom (iii) holds.

In [40] a categorical interpretation of multiplier Hopf algebras was proposed.
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2.7 Weak multiplier Hopf algebras

Weak multiplier Hopf algebras [73] were introduced by Alfons Van Daele and Shuanhong
Wang in 2012. For their definition, as in the case of multiplier Hopf algebras in [69],
a philosophy based on minimal input data is applied. However, the weakness of weak
multiplier Hopf algebras requires to assume the existence of further structure which in
the non-weak multiplier case is derived from the axioms.

As we saw in previous Section 2.6, a Hopf algebra is always a multiplier Hopf
algebra. In order to motivate the definition of a weak multiplier Hopf algebra let us
briefly analyze the main reason for which a weak Hopf algebra A fails to be a multiplier
Hopf algebra. Essentially, it is due to the weak comultiplicativity of the unit. Recall
that the comultiplication A of A is not required to preserve the unit 1 (i.e. A(1) may
differ from 1®1). Consequently, the maps T} and Ty are no longer linear automorphisms
of A® A. Instead, they induce isomorphisms between some canonical vector subspaces
determined by the element A(1). Thus, in the situation when the underlying algebra A
is allowed to possess no unit, in the definition of weak multiplier Hopf algebra in [73] the
role of A(1) is played by an idempotent element E in the multiplier algebra of A® A,
which is meant to be part of the structure. It is used to single out the canonical vector
subspaces F(A® A) and (A® A)E of A® A. The maps T} and T are required to induce
isomorphisms between certain vector subspaces of A ® A and the same coassociativity
axiom (73 ® id)(id ® T7) = (id ® T1)(75 ® id) is imposed. In contrast to the case of
multiplier Hopf algebras, however, these axioms do not seem to imply the existence
and the expected properties of the counit and the antipode. Therefore in the definition
of a weak multiplier Hopf algebra also the existence of a counit € : A - k is assumed (in
the same sense of (2.107)). Adding these counit axioms, the existence of the antipode
and most 4 of the expected properties of the counit and the antipode do follow. The
motivating examples are —as the reader at this point can certainly guess— the linear
spans of arbitrary groupoids and the vector space of base field-valued functions with
finite support on arbitrary groupoids.

Prior to the definition of weak multiplier Hopf algebra, some preliminary results

are needed. The following theorem gives sufficient conditions on a multiplicative linear

4The emphasis of the word most in the sentence will be explained in detail in Chapter 3.
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map A — M(B) to extend to M(A).

Theorem 2.7.1. [72, Proposition A.3] Let A and B be non-unital algebras with non-
degenerate multiplications and v : A - M(B) be a multiplicative linear map. Assume

that there is an idempotent element e € MI(B) such that
(v(a)b|ae A, beB)y={eb|be B} and (by(a)|acA, beB)={be|be B}.

Then there is a unique multiplicative linear map 7 : M[(A) - M(B) such that 7(1) = e
and 7(a) =~y(a), for all a € A.

It is worth recalling the way in which this extension 7 : M(A) - M(B) is con-

structed: For any multiplier [ on A,
O = y(ladb, y7(0) = Y epy(d) (2.110)
i J

for any z,y € B such that ex = ¥, v(a;)b; and ye = ¥, ¢;v(d;) for a;,d; € A, bj,c; € B
(the existence of these elements is assured by the assumptions on 7).

If for some map v there exists an idempotent element e as in Theorem 2.7.1, then
it is clearly unique (cf. [73, Proposition 1.6]).

Let A be an idempotent non-unital algebra over a field & with a non-degenerate
multiplication and let A: A - M(A® A) be a multiplicative linear map. Assume that
there is an idempotent element £ € M[(A ® A) such that

(A(@)(b® V) | a,bt € A) = (E(b® V) | bb ¢ A) and (2.111)
(b®V)A(a) | bt € A) = (b@V)E | b,V € A) (2.112)

as k—vector spaces. Then by Theorem 2.7.1, there exist the extended multiplicative
maps A : M(A) - M(A®A), Agid: M(A®A) » M(A®A®A) andid® A : M(A®A) -
M(A® A® A) such that

A(1)=E. (2.113)

If for any a®be A® A the maps Ti(a®b) = A(a)(1®b) and Tr(a®b) = (a® 1)A(b)
land in A® A, and they satisfy (7o ® id)(id® 77) = (id ® T1) (73 ® id), then it follows
by [72, Proposition A.8] that (id® A)(F) = (A®id)(£). This allows us to define the
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idempotent element
E® = (ide A)(F) = (Aweid)(E) (2.114)

in M(A® A® A). Define also the multiplicative linear map A°P: A - M(A® A) via

A%®(a)(b®c) =tw(A(a)(c®b)) and (b®c)A%®(a):=tw((c®b)A(a)) (2.115)

and the map Aj3: A—>M(A® A® A) by

Aiz(a)(boced):=(ideotw)(A(a)(b®d)®c) and
(bec®d)Az(a):=(idetw)((b®d)A(a) ® ¢).

By Theorem 2.7.1, taking as idempotent element twEtw, also A° extends to multi-
plicative maps A° : M(A) - M(A® A), A®*oid: M(A® A) > M(A® A® A) and
ide AP : M(A® A) > M(A® A® A). The explicit forms of all these maps are easily
computed using (2.110). Since we will need them later on in Chapter 4, next we show
that one of A ® id as an illustration. For any € M(A® A),u,v,w,z,y,z € A,

Areid)()(uevew) = Y[(A%Peid)(l(aob))|(deb ec) (2.116)

(royex)(Ared)(l) = Y(decsf)[(APeid)(dee))] (2117)

! ! / ! !/ !
where a;,b;, a;, 0}, ¢;, dj, e5,d}, €, f1 € A such that

(twEtwe 1)(u®@vew) = Z[(AOP ®id)(a; ® b;)](ai @bl @ c}),

()

Y(djeeie (AP eid)(d; ®e;)]

J

(roy®z2)(twEtw® 1)

(the existence of such elements is guaranteed by the previous assumptions (2.111) and
(2.112)). Calculating further, we have

(twEtw® 1)(u®@v®w) = Z(tw ®id)(id®tw)(tw®id)[((i[d® A)(b; ® a;))(c; ® b, ® a}) ]

and hence,
(1o E)(weveu)=((ldeA)(bea))(ceb®a;). (2.118)

Proposition 2.7.1. [73, 1.11 Proposition] Let A be an idempotent non-unital algebra
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over a field with a non-degenerate multiplication and let A : A - M(A® A) be a
multiplicative linear map. Assume that there is an idempotent element E € M((A® A)
such that

(A(a)(bob') | a,b,b' € A)=(E(b®b") | b)b' € A) and
(b&@V)A(a) | a,b,t/ € A) = (bo V)E | bb € A).

Then there exist linear maps G1,Go: A® A > A® A characterized by the equalities

(Gl ® Id)[Alg(CL)(l ®b® C)]
(ideGy)[(a®b®1)A3(c)]

Ap(a) (10 E)(1®bec),
(a®b®1)(E®1)A3(c)

for all a,b,ce A.

A weak multiplier Hopf algebra (A, u,A) [73, 1.14 Definition] is a non-degenerate
idempotent non-unital algebra (A, pu) over a field k equipped with a multiplicative
linear map (called comultiplication) A : A - M(A® A) and a linear map (called counit)

€: A — k subject to the following axioms.
(i) For any a,be€ A, the elements
Ti(a®b):=A(a)(1®D) and To(a®b) = (a®1)A(D)
of M(A ® A) belong to the two-sided ideal A ® A.

(ii) The comultiplication is coassociative in the sense that

(T2 ® Id)(ld ®T1) = (Id ®T1)(T2 ® Id)

(iii) The counit obeys
(e®id)T) = p=(id®e€)Ts.

(iv) There exists an idempotent E € M(A ® A) giving the ranges of T} and T:

E(A9A)=T1(A®A) and (AQA)E=T,(A®A).
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(v) The element F € M(A ® A) satisfies the equality
(Ee1)(19E)=E® =10 E)(E®1)

in M(A® A® A), c.f. (2.114).

(vi) The kernels of the maps 77 and T3 are of the form

ker(Ty)
ker(T5)

(id-G1)(A® A)
(id-G2)(A® A),

where G1,G5: A® A —> A® A are the linear maps in Proposition 2.7.1.

(vii) The smallest k—vector subspaces V and W of A satisfying
A(A)(1®A)cV®A and (A®1)A(A)c AW (2.119)

are V=W = A.

Axiom (vii) is called fullness of the coproduct and it is imposed to assure the
uniqueness of the counit. If the coproduct is full, it follows that any element of A is
a linear combination of elements of the form (id ® w)(A(a)(1 ® b)) with a,b € A and
w € A*, and reciprocally (see [72, 1.11 Lemmal). Roughly speaking, it means that the
‘legs’ of the comultiplication are all of A.

As in the non-weak case of multiplier Hopf algebras, any weak multiplier Hopf
algebra A is proven to possess a map S : A - M(A), called the antipode, generalizing
the properties of the antipode in more restrictive settings (see [73, Proposition 2.4 and
Proposition 2.7]).

Following [69, Definition 2.3], a multiplier Hopf algebra (A, p, A) (as introduced in
the previous Section 2.6) is called regular if (A, u, A°) (cf. (2.115)) is also a multiplier
Hopf algebra. In the same vein, a weak multiplier Hopf algebra (A, u, A) is said to be

reqular if, for all a,b € A, the elements
T35(a®b):=(1®b)A(a) and Ty(a®b):=A(b)(a®1)

of M(A ® A) belong to the two-sided ideal A ® A, and (A, u, A%) (cf. (2.115)) is a
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weak multiplier Hopf algebra (see Definition 1.1 and Definition 4.1 in [73]). This is
equivalent to require (A, u°P; A) to be a weak multiplier Hopf algebra. Moreover, in
[73, Theorem 4.10], the authors provide a characterization of regular weak multiplier
Hopf algebras, proving that a weak multiplier Hopf algebra A is regular if and only if

its antipode maps A into A and it is a bijection.



Chapter 3
Categories of bimonoids

A suggestive example in [5, Example 6.43] says that small categories can be described
as bimonoids in an appropriately chosen duoidal category: the category of spans over
a given set (the set of objects). This construction is revisited in Section 3.1. By this
motivation, with the purpose of locating weak bialgebras in a categorical framework, in
Section 3.2, we aim to find an appropriate duoidal category whose bimonoids are ‘quan-
tum categories’; that is, weak bialgebras. Inspired by the description of bialgebroids
whose base algebra R is central, as bimonoids in the duoidal category of R—bimodules
[5, Example 6.44], we study the category of bimodules over R ® R°P for a separable
Frobenius algebra R. Observing that in this case the Takeuchi’s xzg—product becomes
isomorphic to some (twisted) bimodule tensor product over R ® R°P, we equip this cat-
egory with a duoidal structure. Moreover, we show that its bimonoids are precisely
the weak bialgebras whose base algebra is isomorphic to R. This interpretation is used
to define a category wba of weak bialgebras over a given field. As an application, in
Section 3.3, the “free vector space” functor from the category cat® of small categories
with finitely many objects to wba is shown to possess a right adjoint, given by taking
(certain) group-like elements. This adjunction is proven to restrict to the full subcate-
gories of groupoids and of weak Hopf algebras, respectively. As a corollary, we obtain
equivalences between cat’ and the category of pointed cosemisimple weak bialgebras;
and between the category of small groupoids with finitely many objects and the cate-
gory of pointed cosemisimple weak Hopf algebras. This extends the well-known relation

between groups and pointed cosemisimple Hopf algebras, see for example [1].

65
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All these results are based on the use of a general categorical construction: to any
functor M from an arbitrary category to the category duo of duoidal categories (recall
its definition on page 34), we associate a category bmd (M) of some bimonoids. On the
one hand, when applying it to the functor span : set - duo, we recognize the category
bmd(span) as the category cat. On the other hand, when applying it to the functor
bim(—¢) : sfr - duo constructed in Section 3.2 (recall the definition of sfr on page 44), we
show that the objects in bmd(bim(—¢)) are precisely pairs (R, H) of weak bialgebras H
whose right subalgebra is isomorphic to R; and that the morphisms (R, H) - (R', H') in
bmd(bim(-¢)) can be identified with weakly multiplicative coalgebra maps commuting

with n® and r'®, 7% and 7, and the Nakayama automorphisms of R and R'.

For an arbitrary category S, consider a functor M : S - duo. Let us associate a

category (of some bimonoids) to M.

Lemma 3.0.2. Let X and X' be objects of S and let H and H' be bimonoids in
MX and MX', respectively. For a morphism q : X - X' in' S and a morphism
Q:(Mq)H - H' in MX', the following assertions are equivalent.

(a) The functor Mq: MX - MX' and the natural transformation

(Mq)$

(Ma)(- o H) 22 (Mg)(-) o (Mq) H -2

(Mq)(=) o' H'

constitute a morphism of monoidal comonads (MX,0),(-)e H) - ((MX',0"),
(=)o H').

(b) The following diagrams commute, for any objects A, B of MX.

(Mq)H 9 Jig (3.1)

(MQ)Ai A

(MQ)(H°H) m (./\/lq)H o’ (Mq)HM)H, o H'
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(Mq)H H' (3.2)
(Mq)el ¢
(Mq)J M J’ J’
(Mg)((As H)o (Bo H)) — P~ (Mg)((AoB)s(HoH))  (33)
(Ma)3 (Mq)3
(Mg)(As H) o' (Mq)(B o« H) (Mg)(Ao B) o' (Mq)(H o H)
(Mg)30"(Maq)3 (Mq)5e'(Mq)(HoH)

(Mq)A e (Mq)H) o' (Mg)B o' (Mq)H) ((Mg)Ao' (Mgq)B)e' (Mq)(H o H)
' ((Mq)Ao' (Mq)B)e' (Mq)u

(Mg)Ao" (Mq)B) e ((Mq)H o' (Mq)H) ((Mq)Ao (Mq)B) e (Mq)H

((Mq)Ao’(Mgq)B)e'(Qo'Q) ((Mgq)Ao" (Mq)B)e'Q
((Mgq)A o' (Mq)B) ' (H'o" H') ((Mg)A o' (Mq)B) e H'
((Mq)Ao'(Mq)B)e' 1!
(Mo)I s I (3.4)

(Mg)A
(Mg)(I 1) N
(Maq)3

(Mg)I o' (Mq)I el

(Mq)Te'(Mq)n I'e'y'
(Mo)L o' (M) H s (Ma)T o HY Zoee I o HY

Proof. Assume first that the functor Mg and the natural transformation ((Mgq)(-) e

Q)(Mq)3 constitute a morphism of monoidal comonads. Diagram (3.1) is the outer
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path of the diagram:

Q
(Mg)H = J'e (Mg)H @ Jr el H H

. J,.’Q .’
A(MQZH) fMayse (Mo ©) A
2
(Ma)J & (Mq)H — oo (Ma)J o H —e- " o H
o T(MQ)E
q
(Mq)H = (Mq)(J e H) ™ (4)
(Ma)a | Mooy O (M) (Mg)Jo'a" 2N
(Mq)(H e H) (Mq)(JeHeH) (6) A
(Mq)H o (Mq)H < (Mq)(J e H) o' (Mq)H (Mq)J o' H' o' H' —— J' o' H' o' H'
(11) \L(MQ)(J'H)°,Q T(MQ)J"Q"H’ ,
)\. o/ !
(Mq)(J o H) o HVE M) T o (M) H & HY 10y || a3 7
(Ma)H'Q | Mg (0 MM
g /\EM‘I)H. I of / IJ, o'Qe'H’ o H
(Mq)H o H J' e (Mg)H o H' =2y o1 g ’H’%H’ b2l
(12)
Qe'H'

where (1), (4) and (12) commute by naturality of A*’; (2) and (9) do by e—comonoidality
of Mg; (3), (7), (10) and (11) commute by functoriality of the monoidal product e’;
the commutativity of (5) and (13) follows by the coherence axioms on \* and \*’; (6) is
commutative by assumption (compatibility with the comultiplications of any morphism
of monoidal comonads) and (8) is so by naturality of (Mg)3. Since (Mg)A} is an
isomorphism, this proves commutativity of (3.1).

Using again that (Mg)A3; is an isomorphism, commutativity of (3.2) is derived from

Q
(Mg)H=———J's' (Mg)H = Jo H =
. J'e'Q A®
(Mq)H H'
(Mq)§e'(Mg)H (3)
MQ)J"Q (Mq)o./Hl
@ (Mg)J o (Mg)H —— (Mg)J o H — = J' o' H' (1) |¢
(Mq)$ J{(Mq)«h’ M lJ'O'e' )
Maq)As M)y (Mq)ge'J’ A%
(M) H L5 Moy (TeH) @ (Ma)d o S g 2 g
, /
() (Mg)(Jee) J{pZMQ)J 9) lp}, (8)
(M)A =(Mq)p
Mg)(JeJ)———>(Mq) — T
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where (1), (4) and (5) commute by naturality of A*" and \*; (2) does by e—comonoidality
of Mg; (3) and (7) by functoriality of e’; (6) is commutative by assumption; (8) com-
mutes by the identity p%, = A%, (holding true in every monoidal category) and (9) does
by naturality of p*'.

The diagrams (3.3) and (3.4) are literally the diagrams shown in (2.1), rendered
commutative by any morphism of monoidal comonads by definition.

For the converse implication, this last argument is valid to justify the commuta-
tivity of the diagrams in (2.1), assuming the commutativity of (3.3) and (3.4). As for
the compatibility of (Mg(-) o Q)(Mg)s with the comultiplications and the counits
concerns, consider respectively the diagrams

(Maq)3 (Mq)Ae’Q

(Mq)(AeH) (Mq)A e (Mq)H (Mq)Ae' H'
(Mq)(Aen) l(Mq)Ad(Mq)A
Mq)s ,

(Ma)(AsH o H) — % (M)A (Ma)(H o H) (1) (M)A

(Ma)3 l(Mq)A-wq);
(Ma)se (Mg)H (Mq)Ao'Qe'Q
(Mq)(AeH) o' (Mq)H (Mg)Ae (Mq)H o' (Mq)H ——— (Mq)Ae' H' o' H’
(Mq)(AeH)o'Q
(Mq)(AeH) o' H (M) i (M)A &' (M) H o H' o (M) A o' HY o' HY,

where the unlabelled squares commute by naturality and coassociativity of (Mgq)3, and

(Mq)$

(Ma)(A s H) (Ma)A & (Ma)H P22 (Ma)(A) o 1!
(Ma) (e | (M)A (Ma)e| (32) | M ase
(Mg)(Aw ) — " (Mg) A& (Ma)] 2 (Mg A w1
(MQ)P;;\L J{”Z;\Aqm
(Mg)A (Mqg)A,
where the unlabelled squares commute by naturality and counitality of (Mgq)3. O

Remark 3.0.3. If the functor Mq: MX - MX" is double comonoidal in the sense
of [5, Definition 6.55] (see this definition on page 34), then the commutativity of the

diagrams below assures that of the last two diagrams in part (b) of Lemma 3.0.2.
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(Ma)(H o H) ™22 (M) H o (M) H =% 7 o2 1 (Mq)T =22
(M‘I)Ml W (3.5) (MQ)Wi ln’ (3.6)
(Ma)H Q H' (MQ)H? H’
Indeed, for any objects A, B in MX, the diagrams
(Mg)(AeH) o' (Mq)(BeH) s (Mq)((AeH)o(BeH))
(MQ)EO'(Mq)El Ma)(v)
(Mq)A o' (Mq)H) o' ((Mq)B o' (Mq)H) (Mq)((AoB)e(HoH))
’Y'l (210 (Maq)3
((Mgq)A o' (Mq)B) e (Mg)H o' (Mq)H) (Mgq)(AoB)e' (Mq)(H o H)
(Mag)se' (Mq)(HoH)

(Mq)A o (Mq)B) o' (Mq)H o (Mq)H) (Mq)Ao" (Mq)B) e (Mq)(H o H)
((Mq) Ao’ (Mq) B)e(Mq)3
(Mq) Ao’ (Mq)B)e' (Mq)u

(3.5)

((Mg) Ao’ (Mq) B)o'(Q0'Q) ((Mg)Ao" (Mq)B) e (Mq)H
((Mq)Ao'(Mq)B)e'Q
A O, B ./ Hl O, HI O/ ./ !
(Mq)Ao (Mq)B) ' ( ) (Ma) s M) Byer? (Mq)Ao (Mq)B)e' H
and
M o
(Mqg)1 o r
(Maq)A;
(Ma)(I 1) e A
(Mq)3
(Mq)I o' (Mq)I M= Ma)y I'el’
(Mq)Ie'(Mq)n 5:0) I'e'y’
(Mo)T o' (M) o= (Ma)T o Hi oo o= 17 o HY

are commutative. However, in our most important example in Section 3.2, the functors
Mg : MX - MX' are not double comonoidal. So we need to cope with the more

general situation in Lemma 3.0.2.
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Definition 3.0.4. Let M be a functor from an arbitrary category S to the category duo
of duoidal categories. The associated category bmd(M) is defined to have objects which
are pairs (X, H) consisting of an object X of S and a bimonoid H in MX. Morphisms
are pairs (¢,Q) of a morphism ¢: X - X’ in S and a morphism @ : (Mq)H — H' in
MX' obeying the equivalent conditions in Lemma 3.0.2.

Since the composite of any morphisms of monoidal comonads (page 32) is a mor-
phism of monoidal comonads again, the composition of morphisms in bmd(M) is well
defined by their description in part (a) of Lemma 3.0.2.

If S is the singleton category 1, then the functors M : 1 — duo are in bijection
with the objects of duo; that is, with the duoidal categories M. In this case bmd(M)
is the usual category of bimonoids in the duoidal category M: Its objects are the
bimonoids and its arrows are the morphisms in M which are both morphisms of monoids
(w.r.t. o) and morphisms of comonoids (w.r.t. e). Indeed, if (¥, H) and (*, H') are
objects in bmd(M), then a morphism between them in bmd(M) is given by the pair
(¢ =id,Q : (Mid)H = idw(H) = H - H'), that is, by a morphism @ : H - H' in
M obeying the corresponding conditions in Lemma 3.0.2. It can be easily checked
that, with this datum, (3.1), (3.2), (3.3) and (3.4) turn out to be, respectively, the
compatibility of () with the comultiplications, the counits, the multiplications and the

units of the bimonoids.

Remark 3.0.5. Note that Definition 3.0.4 is one choice of several symmetric possi-
bilities. With this choice, we obtain the adjunction shown in Subsection 3.3.1 and
Subsection 3.3.3. An analogous definition could be based on the monoidal comonad
((MX,0),H e (-)). If applied to the functor span : set - duo in Subsection 3.1.1,
it would lead to the same category of small categories. If applied to the functor
bim(—¢) : sfr > duo in Subsection 3.2, however, it would result in a different notion
of morphism between weak bialgebras (related to that in Subsection 3.2.2 by inter-
changing the roles of the left and right subalgebras). This symmetric variant of the
category of weak bialgebras admits a symmetric adjunction with the category of small
categories, see also Remark 3.3.11.

As a further symmetry, one can change the notion of morphism between duoidal
categories to functors which are monoidal with respect to both monoidal structures.

Then two symmetric variants of morphisms between bimonoids can be defined in terms
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of the induced comonoidal monads ((MX,e), H o (-)) and ((MX,e),(-) o H). (Note
that while weak bialgebra is a self-dual structure [18, page 390], its morphisms in
Section 3.2 are not. A category of weak bialgebras whose morphisms are dual to those
in Section 3.2 can be obtained by this dual construction. The possibility of finding a
contravariant adjunction to the category of small categories has not been investigated

in this case.)

3.1 The category cat of small categories

In this section we construct a functor span : set - duo. As for its object part, we need
to endow the category span(X) of spans over a given set X with the structure of a
duoidal category. This is recalled from [5, Example 6.17]. As for its morphism part,
we construct a functor span(g) which is comonoidal with respect to both monoidal
structures of span(X) for any map ¢: X - X’ in set. Next, we prove that the category

bmd(span) associated to it is isomorphic to cat.

3.1.1 The functor span

Let us recall the definition of the category of spans over a given set [5, Example 6.17].
For any set X, a span over X is a triple (A, s,t) where A is a set and s,t: A - X are
a pair of maps, called the source and target maps, respectively. A morphism between
the spans (A, s,t) and (A’,s',t") over X is a map f: A - A’ such that the diagrams

! A A d A
X X

commute. For brevity, we write A instead of (A, s,t), understanding that s and t are

A

(3.7)

given. We denote by span(X) the category of spans over X. For any spans A and B,
define the sets

AoB = {(a,b)e AxB:s(a)=t(b)}, (3.8)
AeB := {(a,b)e AxB:s(a)=s(b) and t(a) =t(b)}. (3.9)
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We turn Ao B and A e B into spans over X by defining, for (a,b) € Ao B,
s(a,b) := s(b) and  t(a,b):=t(a),
and for (a,b) € Ae B,
s(a,b) :=s(a) = s(b) and  t(a,b):=t(a) =t(b).

Each one of these operations is functorial, that is, they do not act only on spans but
also on morphisms between spans in an appropriate manner: preserving identities and
composite morphisms. Each one of them endows the category span(X) with a monoidal
structure, with the obvious associators. The unit object I of (span(X), o) is the discrete
span (X, id,id) and the unit object J of (span(X), e) is the complete span (X x X, p1,p2)
with pi(z,y) = 2 and py(x,y) = y. For any span A, the unitors A%, p5%, A%, p% are given
by the projections onto A. Furthermore, (span(X),o,1,e,.J) is a duoidal category with
the structure below. Let A, B,C, D be spans over X. The interchange law

vaBcni(AeB)e(CeD)— (AcC)e(BoD)

simply sends (a,b,c,d) to (a,c,b,d). The structure map A;: [ — I o [ is the diagonal
one and py:JoJ — J and 7: [ - J are uniquely determined since the object J is

terminal in the category span(X). Explicitly,
Ar:xw(x,x), pr:((u,v),(w,u)) v~ (w,v) and 7:2+ (x,7)

for any z € I and ((u,v),(w,u)) € JoJ. (See [16, Section 5.4], where the category of
spans is regarded as a monoidal bicategory Span and any set X is seen to determine,
in fact, a naturally Frobenius map-monoidale in the monoidal bicategory resulting by
reversing the 2—cells in Span. Then span(X) is the endo-hom category of X; duoidal via
the monoidal products provided by the composition and the convolution). A bimonoid
in the duoidal category span(X) is, equivalently, a small category (see [5, Example
6.43]).

Consider the following functor span from the category set of (small) sets to duo. It

sends a set X to the duoidal category span(X) above. Regarding its action on a map
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of sets ¢ : X - X', note that ¢ induces a morphism span(q) in duo from span(X) to
span(X’): The functor span(q) takes an object t: X « A > X :stoqt: X'« A— X':
qs and it acts on the morphisms as the identity map. It is easily seen to be a functor
which is in addition comonoidal with respect to both monoidal structures o and e, via

the following binary and nullary parts:

)5: Ao B — Ao B, (a,b) ~ (a,b)
span(q)g: X - X', T = q(x)

)s:AeB—>Ae B, (ab) = (a,b)

)0 X x X = X'x X', (z,y) = (q(x),q(y))-

In fact, the coassociativity of span(q) is evident with respect to both monoidal struc-

tures. Its left unitality is checked by

(1,0, a) span(q)(A%) (1,a) span(q)(A%)
I(A;:an(q)(m)l [(’\géanm)m))l
wpan(@) (gs(a),qt(a),a) span(q)3 (qt(a),a)
(3.9) (3.8)
(u,v,a) ———=(q(u),q(v),a) (u, a) ———(q(u), a).

span(q)&e’id span(q)§o’id

Right counitality is proven analogously.

3.1.2 The category bmd(span)

Theorem 3.1.1. The category bmd(span) is isomorphic to the category of small cate-

gories.

Proof. On the one hand, note that any object (A,s,t) of (span(X),e, X x X) has
a unique comonoid structure. It is given by the diagonal comultiplication A : A —
Ae A aw (a,a) and the counit e: A > X x X, awr~ (s(a),t(a)). Hence it follows that
objects in bmd(span) are pairs (X, A) of a set X and a monoid A in span(X) (with
the above structure it is easily seen to render commutative diagrams (2.13)-(2.16)) or,
equivalently, a small category A with object set X, see [5].

On the other hand, the morphisms in bmd(span) are pairs (¢: X - X', Q: A - A")
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of maps for which ¢s = s'Q), gt = t'Q) and which render commutative the four diagrams

in Lemma 3.0.2 (b), which take now the following form.

A span(q)3 €

A AeA——"5 Ao A A X xX
! o -
Al N Aol A Al 6, X' x X'
(MeoeA)o(NeA)—2=(MoN)e(AoA) X 1 X’
span(q); span(q)3
(MeA)o (NeA) (MoN)e (AoA) N &
(span(q)) 3o’ (span(q))$ (span(q))3e'(AcA) X e X X' o X'
(Mo A)o' (Ne A) (Mo N)e (Ao A) (span(q))}
~ (Mo N)e'u X o X
(Mo N)o (Ao’ A) (Mo N)e A Xt
(Mo N)o'(Q'Q) (MoNyg
(Mo N)e (Ao A(’&m,(j\/[ o' N) o A’ R et AT

Evaluating these diagrams on elements of the appropriate set, we see that the first one
commutes for any pair of maps (¢: X - X’,Q : A - A’); the second one commutes if
and only if @ restricts to maps {a € A:ta =y, sa=x} - {a’' € A" : t'a’ = qy, s'a’ =
gzx}; the third one commutes if and only if ) preserves composition; and the last one
commutes if and only if () preserves identity arrows. Shortly, these diagrams commute

if and only if there is a functor with object map ¢ and morphism map Q). O

Applying the above construction to the restriction of the functor span to the full
subcategory of finite sets in set, we obtain the full subcategory cat® of small categories

with finitely many objects.

3.2 The category wba of weak bialgebras

In this section we construct a functor bim(—¢) : sfr - duo, from the category of separable
Frobenius algebras to that of duoidal categories. Concerning its object part, we need

to endow the category of R¢—bimodules over a separable Frobenius algebra R with the
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structure of a duoidal category. This is achieved by considering the monoidal product
®pe and the Takeuchi’s product xp, after showing that in this case —mamely, for a
separable Frobenius algebra R— xg can be identified with some (twisted) bimodule
tensor product over R¢ (so that it turns out to be a monoidal product). As for its
morphism part, for any map ¢: R - R’ in sfr, we construct a functor bim(¢®) by using
the dual forms of g (obtained via transposition), turning out to be a comonoidal functor
with respect to both monoidal structures. Once defined the functor bim(-¢), we prove
that an object (R, H) in the category bmd(bim(—¢)) (of bimonoids associated to it) is
precisely a weak bialgebra H whose right subalgebra is isomorphic to R; and that a
morphism in that category is exactly —in the justified language of weak bialgebras— a

R

coalgebra map commuting with n® and n’, 7" and (i , the Nakayama automorphisms

of R and R’ and obeying a so-called weak multiplicativity condition.

3.2.1 The functor bim(-°¢)

Let R be an object in sfr, that is, a separable Frobenius algebra. Let (¢,¢; ® f;) be
a separable Frobenius structure on R and 6 : R - R its Nakayama automorphism. In
order to construct the object part of the functor bim(-¢) : sfr » duo, first we present
two monoidal structures on bim(R¢). In what follows, the original R®—actions of any

Re¢-bimodule are denoted by juxtaposition.

The first monoidal structure. The category bim(R¢) of R*~bimodules is monoidal
via the monoidal product o = ®ge, and the unit I = R¢ with the R*~bimodule structure

given by its multiplication as a k—algebra, that is, by the actions
(s®r)(x®y) =sr@yr and (zoy)(s®r)=zs®ry. (3.10)
Given R¢~bimodules M and N, the unit constraints are

XoyiloM — M, (z®@y)omw (z@y)m
Py Mol — M, mo(z®y)»m(zxey).

The product M o N is an Ré~bimodule via the actions

(s@r)(mon)=(s®r)mon and (mon)(s®r)=mon(s®r). (3.11)
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Thanks to the separable Frobenius structure of R (and hence of R¢), the canonical

Re¢—bimodule epimorphism

Tyn:M&N - MoN, me®nemon
is split by

tyn:MoN—-M®N, mon—m(e; ® f;)® (f; ®e;)n.
Thus, M o N is isomorphic to the vector subspace (in fact R*—subbimodule)
tyn(MoN)=M(e;® f;)®(fi®e;)N

of M ® N. Alternatively,

MoN=z{xeM®N : 13 yTyyyT=1 }.

By [9, Lemma 2.2], the monoids in this monoidal category (bim(R¢),o,I) can be
identified with pairs consisting of a k—algebra A and a k—algebra morphism 7 : R¢ —
A. Let H be a weak bialgebra over a field. By Theorem 2.5.1, its right subalgebra
R := nf(H) is a separable Frobenius algebra; by Lemma 2.5.11, the map R® - H,

s®r = st (r) is an algebra morphism. Consequently, H is a monoid in (bim(Re),o, ).

The second monoidal structure. The Takeuchi’s product of R*-bimodules is
defined for any ring R. However, at this level of generality it does not define a monoidal
product on the category of R—bimodules (only a lax monoidal one, see [32]). As we
will see below, it is a consequence of the separable Frobenius structure of R that allows
us to write the Takeuchi product over it as a (co)module tensor product, what is more,

as a split (co)equalizer; serving as a second monoidal product for the category bim(R¢).

Lemma 3.2.1. Let R be a separable Frobenius algebra and let e; ® f; be a separability
Frobenius idempotent for R. For any R¢-bimodules M and N, M xg N is isomorphic
to the R¢-subbimodule (¢; ® 1)M(e; ®1)® (1® fi)N(1® f;) of M ® N.
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Proof. Consider the diagram

R M xg N R

TM,N Ly N
xR
M,N

MeN MeN

TN (e; @ )M (e;01)® (18 £)N(1® f;) i
where the occurring maps are given by:

Ty 2 mens(e®1)meg(le fi)n,

Ty mene(e®)m(e;@1)e (1 fi)n(l® f;),

L}(\ZN Comy®@rny = my(e; 1) @n(l® fj),

iy ¢ (e@l)m(e;@1)® (1 fi)n(1® f;) = (e; @ )m(e; @ 1) @ (1 fi)n(1® f)),

amy 2 omens(eel)m(e;el)e (1 fi)n(le f;).

The maps 7,7y and 7,7\ are evidently well defined. As ¢}F, concerns, it is well defined
by

(m(rel))(e;ol)en(le f;) (m(re;®1))®@n(1l® f;)
? m(e; ®1)®n(le fr)

= m(eg;el)®(n(ler))(1e f;);

(2.3

for any me®n e M ® N, r € R; and 7,/ is also so by Proposition 2.3.6. Moreover,
W]X\/ﬁN is surjective: For any element m; ® g n; of M xg N, using in the first equality that

m; ® g Ny belongs to the center of M ®g N,

(e; @ 1)myxp (1@ fi)yny = (e;fi® 1)my @ my 222 (1 1)m ®rn,=m ®gny.

The identity 7,7 y23fy = id follows by (2.44); that myfyeyfy = id, by the following

computation. For any m; ®gn; € M xg N,

(ej ® l)mt(ei ® 1) ®r (1 ® f])nt(l ® fz)
(e; @ 1)m; ®p (1@ fj)ny = my ®p ny.

WJX\/}’:NLJX\fN(mt ®R Mt)
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In the second equality we used (2.23) and, in the last one, that m;®gn, is an element
of the center of M ®r N. By (2.44), 37y is an idempotent map,i,F yTrry = @37 and

L;fNWJXV}TN = ]X\}[fN. By Proposition 2.1.1, we conclude that M xg N is isomorphic to

(e, @ 1)M(e; 1) (1@ f;)N(1® f;). O

Any automorphism functor on a monoidal category can be used to twist the monoidal
structure. In particular, for any separable Frobenius algebra R, we can use the functor
F given by Proposition 2.3.3 —choosing as ( the Nakayama automorphism # of R—, to
twist the monoidal category (bim(R¢),o, 1) to a new monoidal category (bim(R¢),e,.J).
For any R¢~bimodules M and N, define

MeN=F(M)oF(N) and J=F*(I). (3.12)
Recall that F(M) is the same vector space M with the Ré—actions
(s®@r)-m=(1e6(r))m(les), m-(ser)=(rel)m(se®l) (3.13)

where the original R¢—actions of M are denoted by juxtaposition. In other words, M e N

is the factor space of M ® N with respect to the relations
{(rel)ym(sel)en-me (1®0(r))n(le®s)}. (3.14)
On the other hand, F~1(M) is the same vector space M with the Ré—actions
(s@r)-m=(1007(r))m(1®s), m-(ser)=(rel)m(se1l). (3.15)

Lemma 3.2.2. Let R be a separable Frobenius algebra and let e; ® f; be a separability
Frobenius idempotent for R. For any R¢—bimodules M and N, M e N is isomorphic to
the R¢-subbimodule (e;® 1)M(e; ®1)® (1® fi)N(1® f;) of M ® N.

Proof. Consider the diagram

PN

MeN Mo N

TN (6,0 1)M(e;@1) @ (18 f)N(1® f;) M
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where the occurring maps are given by:

Tun @ m®n—men,

Tun ¢+ mene (e;@l)me;el)e (1o fi)n(le f)),

tun - mene (@ )m(e;01)® (1@ fi)n(l1® f;), (3.16)
tuny ¢ (e@)m(e;@l)® (1o fi)n(le f;) = (e;el)m(e; @1) @ (1 fi)n(le f)),

dyn * menw (e;®@1)me; 1)@ (1 fi)n(lo f;).

The maps 73, \, Ty vy and 7}, y are respectively the canonical projections and inclusion.
By Proposition 2.3.5, also ¢}, y is well defined. By (2.44), ¢4 is an idempotent map,
and we have the identities 73 v N = O3y v Ly NThN = Py a0d Ty vy v = id. The

following computation proves that 73, ¢y, v =id. For any men e M e N,

Tuntun(men) = (e®@1L)m(e;@1)e (1o fi)n(1® f;)
29 m-(e;®e;) e (fj®0(f)) n

_ (2.42)
m-(e;f; ® 071 (fi)e;) on (gnmon

(3.12)

Proposition 2.1.1 concludes that M ¢ N and (e; ® 1)M(e; ® 1) ® (1® f;)N(1® f;) are

isomorphic R¢-bimodules. O

As a consequence of Lemma 3.2.1 and Lemma 3.2.2, there is an isomorphism vy v :
M xgp N - M o N for any R*-bimodules M and N for a separable Frobenius algebra

R. Let (¢,e; ® f;) be a separable Frobenius structure on R. This isomorphism is given

by vmn = Ty nuNT At viary and Vi) = TN N T vty s that s,
UMN T @R N > My @ Ny, 1/1{/[17]\, :men (¢;® 1)meg (1® fi)n.

The R¢-bimodule structure of M xr N induces thus R¢-actions on M e N:

2.25)

(ler)yme(s®1)n, (3.17)
m(ler)en(s®1l), (3.18)

(s@r)-(men)=v((s®r)v” 1(mon))

(men)-(s®r)=v(v 1(mon)(s®r))( 29

for any s®r € R, men € M e N. Using (3.15), the R*-bimodule structure of J =
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F-Y(I) = R® comes out as
(sor)-(zoy)=z0syd ' (r) and (z®y)-(s®r)=rrs®Y. (3.19)

The left and right unit constraints for the monoidal product e are given by

Aoy J e M — M, (zoy)em—(zoy) - m=(10(y))m(lex) (3.20)
po i MeJ— M, me(z@y)»m-(z®y)=(y®l)m(ze1). '
Moreover,
MeNz{zeMaN : 15 yrhn(z) =2 }.
Note that, for any x ® y € R¢ and m € M,
(Ve Y @id)iyy((z®y)em) (3.21)
Y @weveid(eo1)-(roy)-(;e ) (1o fim(le f)]
(319 (Yveyeid)|rze;@ey® (1@ fi)m(le f;)]
EHEED (1o 0(y))ym(1e x)
20 Nl@ey) em);
and, analogously,
(idev @)y (me(z®y)) =py(me(zey)). (3.22)

Theorem 3.2.1. (bim(R¢),0,1,e,.J) possesses the structure of a duoidal category.

Proof. Let (¢, e; ® f;) be a separable Frobenius structure on R. Given R°*-bimodules
A, B,C, D, define the interchange law v : (AeB)o(CeD) - (Ao(C)e(BoD) (2.2) by

((aeb)o(ced))=(ale;@1)oc)e(bo(l® f;)d) (3.23)

and the morphisms in (2.3) by

T+ I J r®yryf; ®xe;

py = JoJ—>J, (x@y)o(p®q) > Y(rg)p®y (3.24)
Ar : I-Tel, zoyr (loy)e(rzel).
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In order to show that v is well defined, we should check that the map7: A B®C'®
D — (AoC)e(BoD) sending a®b®c®d to (a(e;®1)oc)e(bo(1® f;)d) is R~balanced

in all of the three occurring tensor products. This is proven by the computations below.

In what follows, a, b, c,d are respective elements of A, B,C, D, and r,s,p,q,x,y, of R.

Ala-(1er)®beced]

Fla-(s®1)®b®ced]

Ala®b®c-(1®r)®d]

Fla®b®c-(s®1)®d]

(3.13)

(3.12)

[(re1l)a(e;®1)oc]e[bo(l® f;)d]
[(a(ci®1)oc)-(1er)] o [bo (18 f)d]
[a(e;@1)oc]e[(1®7)-(bo(l® f;)d)]
[a(es® 1) o] o [(186())bo (18 )]
Fla® (1®r)-b®ced]

[a(se;® 1) oc]e[bo(1® f;)d]
[(a(e;®1)oc)]e[bo(1® f;s)d]
[(a(e;®@1)oc)]e[b(1®5)0 (18 f;)d]
[(a(ei@1)oc)]e[(s@ 1) -bo(1® fi)d]
Fa®(s®l)-boced)

[a(e;®1)oc-(1@71)]e[bo(l® f;)d]
[a(e; ®1) o (r@1)c]e[bo(1® f;)d]
[a(e;r®1)oc]e[bo(1® f;)d]
[a(e;® 1) oc]e[bo(1®0(r)f;)d]
[a(e;® 1) oc]e[bo(l® fi)(1®r)-d]
F(a®b®c®(1®r)-d)

[a(e; @ 1) oc-(s@1)]e[bo(1® f;)d]
[a(e;@1)oc(s@1)]e[bo(1® f;)d]
[a(e;@1)oc](s@1)e[bo(1® f;)d]
[a(e;®1)oc]e[bo(l® fi)d](1®s)
[a(e;@1)ocle[bo(1® f;)d(l®s)]
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e [a(e;®@1)oclefbo(1® f)((s®1)-d)]
- F(aobeco(s®l)-d)

F(a®b)-(s®1)®@c®d] 52 Fa®b(s®1)®c®d]

= fa(es®@1)oclefb(s@1)o (18 fi)d]
[a(ei@1)oclefbo(1® fi)(s®1)d]

Fla®b®c® (s®1)d]

Fla®be (s®1)-(c®d)]

Fl(a®b)-(1®r)®c®d] 52 [a(l1®@r)oc]e[bo(1® f;)d]

= [a(ler)(e;@l)oc]e[bo(l® f;)d]
[a(e;® 1) o (1®@r)c]e[bo(1® f;)d]

a®b® (1®r)c®d]

Al
C1Y Flaebe (1er)-(cod)]

By similar steps one can also see that p; is well defined:

w
—_
=]

pi(zey)(ser)e(peq) = u(rzseyepeq) 2 y(resgpey
W(asgd (pey 2 pi(reyepe se(r)
= ey e (ser)(peq)),

and that v, 7, uy and Ay are morphisms of R¢~bimodules:

W(aeb)o(cod)-(sor) 2
(3.18)

[(a(es®@1)oc)e (bo (1@ fi)d)]-(s®T)
(a(e;@1)oc)(1®r)e(bo(l® f;)d)(s®1)
(a(e;®@1)oc(ler))e(bo(s® f;)d)

= q(asb)o(c(l®r)e(s®1)d)]

29 Sl(aeb)o((cod)-(s®r))] (3.25)
=" [((aed)o(ced))-(s®r1)],
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(3.23)

(s®r)-7((aeb)o(ced))

—~ —~ —~ —~ —~
w w w w w
M= = I N =1
= ~ w -~

—~
= Hw Il
t Ny

T(x®y)-(s®T)

—
w
©

=

(s@r)-T(rey) (324

(2.36)

w

= Nl = Il
= =

(s®r)-p;((z®y)o(p®q))

= — — —
w
©
=

—
w
©
w

w
=~
=

pi((z@y)o(peq))-(ser)

w

= —~ —~ —
o = Il
= ©

—
w
=)

N

—~
w

—
W
=

=

Af(z®y)-(s®r)

o~
Mo = o
©
=

=~
=

—_
—_
~—

[y
—
~—

(s@r)-[(a(e;®@1)oc)e(bo(l® fi)d)]
(1er)a(e;®1)oc]e(s®@1)[bo(l® f;)d]
[(1®r)a(e;®@1)oc]e[(s®1)bo (1® f;)d]
W((Lerjae(s@l)b)o(ced)]
W((s@r)-(aeb))o(ced)]
W(ser)-((aeb)o(ced))],

(3.26)

(yfi®ze;)-(ser) 2% ry fis ® we;

ryfi ® Tse; (29

T((z@y)(s®r)),

T(zs @ 1Y)

(s®r)-(yf; ® ve;) (29 yf; ® sze;07'(r)

yrf; ® sxe; (329

T((ser)(zey)),

T(sx @ yr)

Y(zg)(ser)-(p®y) (3.27)
(zq)p @ syd(r)
pr((z®syd~'(r)) o (p®q))
pil(ser)-((zey)o(p®q))],
V(zg)(p®y)-(s®T) (3.28)
U(zq)(rps ® y)

i((z®y)o(rps®q))
mil((z@y)o(peq))-(ser)],

(ley)e(z®1))-(s@r)
(1ey)(1er)e(z®@1)(s®1)
Ap(zsory) =Ar((z®y)(s®T)),
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(ser)-Azey) "2V (ser)-((1oy)e(zo1))

G ler(ley)s(sel)(z®1)
3.24
(2 Aj(szeyr)=A((ser)(z®y)).

We turn to checking the compatibility between both monoidal structures. This
amounts to showing that the just defined maps satisfy the associativity, unitality
and compatibility of units conditions from Section 2.1.3. The computations are fairly
straightforward. For example, coassociativity of A; and associativity of u; are obvious.

The counitality of A; and the unitality of 117 are checked by the following computations.

(3.24)

A (Teid)A;(z®y) A(reid)((1oy)e(z®1))

Ai((yfj®e)e(z@1))
vy f,0( J)(zzs (242) o

(3:24)

(3.20)

p(Ter)Al(zey) "2 p(Ter)(1@y)e(z@l))
p1((1ey)e(f;®xe;))

(reo)(1ey)(fiwl) "2 (zoy)

(3.24)

(3.20)

G2 ((yfs @ zer) o (p®q))

s ((fi ® ze07'(y)) o (p® q))
V(fig)p®reid ™ (y) "2 pe xgh(y)
Nj((zey)o(p®q))

py(roid)((z®y)o(pev))
(2.36)

(3.24)

(3.11)

pr((z®y) o (qf; ®pe;))
Yapeafiey 2 qrpey
= (@) (zey)(p®l)

= p((z®y)o(p®q))

pa(ider)((z®y) o (pev))

Commutativity of diagrams (2.4) and (2.5) is immediate from (3.11), (3.17) and (3.18).
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The computations below prove the commutativity of (2.6), (2.7), (2.8) and (2.9).

Y(Aro(AeB)) (Xyup)'(aeb)

GIV L (Aro(AeB)[(1®1)o0(aeb)]

U2 (e 1) e(1@1)) o (ash)]

P2 (e 1) (g e1)0a)s (1O 1)o (18 f)h)

- ((ej@1)0a)e((1® f;)ob)

2 (e Dea)e (e (f)- (1o 1)oD)

Y (1) 0a)- (1807(f;) s (1®1)0b))

(e (e e ea) s (1o1)oh)
(2:36)(2.42) (1®1)oa)e((1®1)0b)

(3.1

() e (M) ) (aed)

(P 0 p°)y ((AeB)oAp)p (aeb)

(3.11) (p° e p°)Y((Ae B) o Ap)[(aeb)o(1®1)]
P (epplaen) e (e e (18 1))

(3.23) (p°ep°)[(a(e;®1)o(1®1))e(bo(1® fi))]
(3.11) (3.12)(2.42)

ale;@1)eb(l® f;) = T aeb

(s e (Ao B))v((A) o (X)) (aob)

(isgfn (nye (Ao B))v(((1®1)ea)o((1®1)ob))

G20 (uye (Ao B)((er®1) 0 (18 1)) e (a0 (18 f)b))
U2V (e (1@1) e (ao (1 f;)b)

(2.33) 3.20

(1e1)e(aob) “2” (Nip) ' (aod)

p*(ideps) y[(ae(z®y))o(be(p®q))]

f‘ﬁi” p*(ide i) [(a(e;®1)ob) e ((z@y)o(1® f;)-(p®q))]
P20 pl(ales®1) 0 b) o (28 (f))p ® y)]
(2.34)

p*[(a(e;®1)ob) e (YV(fizq)p®y)]
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2 pl(a(zge1)ob) + (pey)]
2 wel)(a(zge1)eb)(pe )

= (yol)a(z®1)o(¢g@1)b(p®1)
(3.20) (p*op®)(ae(x®y))o(be(p®q))]

]

Remark 3.2.3. For any commutative algebra R over a field k, a duoidal category
bim(R) of R-bimodules was constructed in [5, Example 6.18] (see also [16, Section 5.2],
where the authors study duoidal categories —in particular bim(R)— arising from a
special type of pseudo-monoids in a monoidal bicategory). Although the constructions
in [5, Example 6.18] and in the current subsection are similar in flavor, they yield
inequivalent categories for a commutative separable Frobenius k—algebra R (in which
case both can be applied). Indeed, an equivalence bim(R) 2 bim(R¢) would imply the
Morita equivalence of R¢ and R°¢ ® R¢; hence R¢* ¥ R = k. To say a bit more about
the relationship between the categories bim(R) and bim(R¢), let R be a commutative
separable Frobenius k—algebra. Any R-bimodule M with left and right actions r ®
mer >mand m®7r = m< r can be regarded as an R¢ 2 R ® R-bimodule putting
(s@r)ym:=r>m<ds=m(s®r). This is the object map of a fully faithful embedding
(acting on the morphisms as the identity map) from the category bim(R) in [5, Example
6.18] to the category bim(R¢) in Theorem 3.2.1 —but it is not an equivalence. It is
strict monoidal with respect to the monoidal products ¢ in [5, Example 6.18] and o
in Theorem 3.2.1 —but not with respect to * in [5, Example 6.18] and e in Theorem
3.2.1. In fact, it takes the monoidal product  to e but it does not preserve its monoidal
unit. The image of the »—monoidal unit R in [5, Example 6.18] does not serve as a
e—monoidal unit in our bim(R¢), while our e~-monoidal unit R¢ does not lie in the image

of the above embedding bim(R) — bim(R¢).

Recall (from [5, Appendix C.5.3]) that for a commutative k—algebra R, the duoidal
category bim(R) in [5, Example 6.18] arises via the so-called ‘looping principle’. This
means the following. If (V, x,1) is a monoidal 2—category and C is a V—enriched bicat-
egory, then for any object R of C, the endo-hom object C(R, R) is a pseudo-monoid
in V. By [5, Appendix C.2.4], duoidal categories can be regarded as pseudo-monoids
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in the monoidal 2—category coMon of monoidal categories, comonoidal functors and
comonoidal natural transformations (with monoidal structure provided by the Carte-
sian product). So via the looping principle, hom objects in a coMon—enriched bicategory
are duoidal categories. Below we claim that also the duoidal category bim(R¢) in The-
orem 3.2.1 can be obtained via the looping principle. (See [16] for a more general

comment about this.)

Proposition 3.2.4. There exists a coMon-enriched bicategory C whose objects are
separable Frobenius k—algebras and such that, for any object R in C, C(R, R) = bim(R¢).

Proof. For any separable Frobenius k—algebras R and S, let C(R,S) be the category
of Re-Sebimodules. As in (3.13), we can regard any R°-S°—bimodule M as an S ® R—

bimodule via the actions

(s@r) - m-(s'®@r')=(r"ed(r))m(s'®s),

where 6 denotes the Nakayama automorphism of R. Hence C(R,S) is a monoidal

category via the S ® R—module tensor product

MeN:=MoN/{(real)m(s®1l)®@n-me (1®0(r))n(l1®s)),

cf. (3.12). The product M e N is an R*S°—bimodule as in (3.17-3.18). The monoidal
unit is R® S with the actions (re@r’)(z®y)(s®s') = rzf=1(r") ® s'ys (which becomes
isomorphic to the R*-bimodule J in (3.19) if S = R). For any separable Frobenius k—
algebra R, there is a comonoidal functor Iy from the singleton category 1 to C(R, R),
sending the single object of 1 to the R*~bimodule I in (3.10). Its comonoidal structure
is given (up-to isomorphism) by the R*~bimodule maps 7:7 - J and A;: [ - e[ in
(3.24). Coassociativity and counitality of this comonoidal functor follows by coassocia-
tivity and counitality of A;. Furthermore, for any separable Frobenius k-algebras .S,
R and T, there is a comonoidal functor og g1 : C(S,R) x C(R,T") - C(S,T) given by
the usual R*—module tensor product. Denoting by (¢, e; ® f;) a separable Frobenius

structure on R, its comonoidal structure is given by the maps (S® R)o(R®T) - S®T
and (AeB)o(CeD)— (AoC)e(BoD) defined by

(s@r)o(r'et) » Y(rr')(s®t) (3.29)
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(aeb)o(ced) —~ (ale;®1)oc)e(bo(l® f;)d), (3.30)

for any S°-R¢~bimodules A and B and R¢-T*-bimodules C and D (compare them with
py in (3.24) and v in (3.23)). By (3.25) and (3.26), the map (3.30) is a bimodule map;
by computations similar to (3.27) and (3.28), also the map (3.29) is so.

Naturality of the binary part is immediate. Coassociativity and counitality of the
comonoidal functor og rr is verified by the same computations used in the proof of
Theorem 3.2.1 to check that (2.5), (2.8) and (2.9) hold. The unitors and the associator

for the module tensor product o give rise to 2—cells

C(R,S)x1 = C(R,S) = 1xC(R,S)
cm,swsl - - l[quR,a
C(R,8) x C(8,8) —57er—> C(R, §) < C(R. R) x C(R, )

(C(Z,R) xC(R,S)) xC(S,T) = C(Z,R) x (C(R,S) x C(S,T))
°Z,R,SXC(S’T)l lC(Z’R)XOR,S,T
C(Z,8) x C(S,T) - C(Z,R) x C(R,T)
C(Z,T) C(z,T)

in coMon, for any separable Frobenius algebras R, S, T, 7. Indeed, they are shown to
be comonoidal natural transformations by computations similar to those in the proof
of Theorem 3.2.1 verifying the associativity and the unitality of u; and the validity of
(2.4), (2.6) and (2.7). They clearly obey the Mac Lane type coherence conditions. This
proves that C is a coMon—enriched bicategory. Hence, by [5, Appendix C.2.4] and the
looping principle, C(R, R) = bim(R¢) is a duoidal category. ]

This finishes the construction of the object part of the functor bim(-¢) : sfr — duo.
Let us now turn to its morphism part.

Let R and R’ be separable Frobenius (co)algebras. For any coalgebra morphism
q: R — R' define ¢°: R® - R by ¢°(s®1) = q(s) ® q(r). Associated to ¢, there is a
functor bim(¢¢) : bim(R¢) - bim(R’®). On morphisms it acts as the identity map. On
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objects, it takes an R°bi(co)module P with coactions A : P - R*®P and p: P - PQR®
to the R'*~bi(co)module P with the coactions (¢°® P)\ and (P®¢°)p. The R'*—actions
on P are induced from the R¢-actions by the dual forms of ¢; that is, by the algebra

maps
G:R - R, r'»'(r"q(e;)) fi and G:R' =R, r'" e (q(fi)r") (3.31)

(r'® s )p(u' ® ') = (") ® ¢(s"))p(¢(u') ® (")), (3.32)

for pe P, 1’ s’ u',v" € R'. Note that, by (2.33),

(i) @ fi=e;@q(f;)  and e; ® q(f1) = q(ej) @ f;. (3.33)

The maps § and ¢ are equal if and only if ¢ commutes with the Nakayama automor-
phisms of R and R’; that is, 68’q = ¢f. Indeed, if this equality holds, for any " € R/,

2.34

ar) U2 rg(en) £ P2 W (0q(e)r) f;
2.3 .31)

= Waber) £ U2 (e U2 ).
Conversely, if §= ¢, for any r € R,

g0(r) P20 plem)a(f) U2 o) U2 o (ea(en) fir)
(233 (2.39

= f(ea(eno(fr) P2 pr(ela(r)) P27 0g(r).

Proposition 3.2.5. Let R and R’ be separable Frobenius (co)algebras and q: R - R!
be a coalgebra morphism which commutes with the Nakayama automorphisms of R and
R'. The induced functor bim(q®) : bim(R¢) — bim(R'®) is comonoidal with respect to

both monoidal structures.

Proof. The coalgebra morphisms ¢ : R - R’ are in bijective correspondence with the

algebra morphisms §: R’ - R via transposition (or duality)

g~ q=v"(=q(e:))fi T q=e(@fi)-) (3.34)
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In particular, the Nakayama automorphism and its dual @ satisfy

0(r) = 0(ro(e)) f; P2 v f)en = 071 ().

Thus the assumption /g = ¢f can be written equivalently as g’ = 07.
The candidate for the binary part of the comonoidal structure with respect to o is
the (Re—bimodule) map bim(g®)s : bim(¢®)(M o N') - bim(q®) M o’ bim(¢®) N defined by

monwm(e;® f;)o (fi®ej)n.
It is evidently coassociative. The nullary part of the o—comonoidal structure is
bim(¢°)§ =¢°: R* > R*,  x@y~q(x)®q(y)
Its R'*~bimodule map property, that is,
sq(x)s’ @ rq(y)r' = q(q(s)xq(s")) ® ¢(q(r)yg(r")),
is proven by

(3.34)

g@ag(s)) 2V W gl a(fiwe) v (a(f;)s) (3.35)
B2 wrrg(e))alfix) e (f1s)

A45)

W (rg(e)a(fix)s' P20 (e fla()s P2 rg(a)s,

(2.33)

for all r’, s’ € R'. Right and left counitality; that is, commutativity of the diagrams

bim(g¢) M (@) ) bim(¢¢)(M o I) bim(q¢) M (O bim(q¢)(I o M)
bim(q"')M\L bim(qc)M\L
bim(g¢) M bim(q)3 bim(q¢) M bim(q°)3
p;i’m(qe)ZWT )‘;ilm(qe)JV[T
bim(q¢)M o' I' <——— bim(q®) M o’ bim(¢®)I I" o' bim(q¢) M <——— bim(¢®) o' bim(q¢) M
bim(q¢) Mo’bim(q¢)g bim(q®)§o’bim(q¢) M

—which on elements means the identities

m =m(e;qq(fi) ®qq(e;) f;) and m = (gq(e;)fi ® e;qa(f;))m
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— follows from

e;qq(f;) "2 aenacs)) U2 qer) 2V g =1 (3.36)

and

da(en) f; "2 aenats) 2 atenr) P2 gy = 1. (3.37)

The binary part of the e—comonoidal structure is given by the R*-bimodule map
bim(¢®)3 : bim(q¢)(M e N) - bim(q®) M o' bim(¢®) N defined by

menw— (e;®1)m(e;®1) e (1@ f)n(l® f;).

Its coassociativity is obvious. The nullary part is given by bim(q¢)§ = ¢¢: R® — R'. Its
R’*bilinearity, that is,

r'q(x)s" ® sq(y)0' " (r) = a(@(")2q(s")) ® a(@(s)yo~'q(r)),

follows by (3.35) and @0’ = #g. Right and left counitality; that is, commutativity of the

diagrams
bim(g*)((p3,)™") bim(g®)((A3)™)
bim(q°) M ————" bim(q*)(M o J) bim(¢°) M ————"~ bim(q*)(J M)
bim(qe)M\L bim(qe)J\i\L
bim(q¢) M bim(¢°)3 bim(q®) M bim(¢°)3
p;i’m(qc)IWT )\;ilm(q‘f)l\lT
bim(q¢)M o' J' <———bim(q¢) M o' bim(¢®).J J" " bim(q®) M <———— bim(q®)J o' bim(¢®) M
bim(q®)Me’bim(q®)® bim(g®¢)ge’bim(qe) M

—which on elements means the identities
(Gqq(e) fi® 1)m(e;qq(f;) ©1) =m and (1 ®e;qq(fi))m(1eqq(e;)f;)=m

— follows by (3.36) and (3.37). O

3.2.2 The category bmd(bim(-¢))

By Theorem 3.2.1 and Proposition 3.2.5 there is a functor bim(-¢) : sfr - duo. Our

next aim is to describe the corresponding category bmd(bim(-¢)) as a category of weak
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bialgebras over k. We begin with identifying in the next two paragraphs the objects
of bmd(bim(-¢)) with weak bialgebras; that is, the bimonoids in bim(R¢) with weak
bialgebras of right subalgebras isomorphic to R.

3.2.2. From weak bialgebras to bimonoids. Let (H,u,n,A,€) be a weak bialgebra
over a field k£ and let R :=nf(H). By Theorem 2.5.1, (g, 1; ® n%(1,)) is a separable
Frobenius structure on R. The corresponding Nakayama automorphism and its inverse
are the (co)restrictions of nfin’ and 75 to R. In this paragraph we equip H with
the structure of a bimonoid in bim(R¢).

First we construct on H a monoid structure in bim(R¢). By [9, Lemma 2.2], this
amounts to the construction of an algebra homomorphism R¢ - H. By Lemma 2.5.11,
7: Re » H defined as 7j(s ® r) = s/"(r) is an algebra map. It induces an R°-bimodule
structure on H whose actions we denote by juxtaposition. By virtue of [9, Lemma
2.2], the multiplication p factorizes through an Re—bilinear associative multiplication
f:HoH— H with unit 77, so that (H,,7) has a structure of monoid in bim(R¢).

In order to equip H with the structure of a comonoid in bim(R¢), note that A : H —
H ® H factorizes through H e H (via the inclusion ¢3; ,; : He H > H ® H, cf. (3.16)).
That is, for any h € H,

(2.47)

A(h) = hi®hy =" 11h111 ® 19hgly (338)
(231) 1,h11y/ ®ﬁL N (12)h2ﬁL nf (12/)
(3.16)

C2 ey @1)® (1o (1))ha(1® (1)) "=” 13 4y (hy o ho).

As the comultiplication for the bimonoid associated to the weak bialgebra H, consider
the corestriction A : H - He H of A. It is Re-bilinear by the R-module map properties
of A, cf. (2.64); and its coassociativity is obvious. As the counit, consider the map
€:H > R® R defined as

e= (M eia®)A = (nferA™)A%®. (3.39)

Both defining expressions of € are indeed equal, since for any h € H,

(2.78)

'_'R(hl)@ﬁR(hZ) = ‘—‘R(hl)@ﬁRl‘lL (he) "= I‘IR(hz)@)ﬁRnL(hl) (2.61)

N (hy) ®F (hy).
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Right Re¢-linearity of € follows by

An(ser)) = e(hsti(r ))‘3'39)—(2'68)1 ®11,e(12,hsﬁL(r)12)=r11®11,e(12,hs12)

= rl; ® 11/6(12/h128) = 7‘11 ® 1116(121h12 n (S))
= rlis® lue(lyhly) P2V h) - (s @),

for he H and s ® r € R¢. The sixth and the third equalities follow, respectively, by the
following identities:
(2.61)
(2.63)
S AR ()t (1) @ 1

Prop. 2510 =R _[, (11)HR nl nf(h) ® 1, g%i Linf(h)el,,

1, ® 1, nF nf(h) A% Al (1) ® 1, nP nfi(h) (3.40)

1@ ()1, “2) 1, @ AR R (B) 1, =R (W) @ 1, V2 nf(h) 1 @1, (3.41)

where in the second equality of (3.41) we used the symmetric version of (3.40) in A°P.

Left Relinearity of € is checked symmetrically. The computation
hy - (MR (hy) ® % (hs)) = (A" (hs) ® 1)k (Nf(hy) ® 1) = A% (hs)hy Nf (hy) = h,

for any h € H, shows the right counitality of A; left counitality is checked symmetrically.
This proves that (H,A,?) is a comonoid in bim(Re¢).

Our next aim is to show that the compatibility conditions —expressed by diagrams
(2.13), (2.14), (2.15) and (2.16)— hold between the above monoid and comonoid struc-
tures of H. For any h,h’' € H,

(7o 7i)v((hy @ ha) o (hi e hs))
(o) ((m(ly® 1) ohy) e (hao (1@ n"(12))h)))

hl]_lhll ° h212h2 = (hh )1 L (hh,)g
Rji(hol),

(e )Y (AoB)(hol')

—
w
w

=

—~
[\o}
=2
=
= lw N
© d
(=
no
=

(3:39)

117 (o€)(hoh') pal(Mf(hy) @7 (ha)) o (MF()) ® T (R3))]
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—
w0
=~

=

e(nf(h)AE(RY)) N (hy) ® A (hy)
e(NB(h)RY) nft (B)) © 7 (hg)
AR (M (b)) @ T (hy) 2 R (hy ') @ T (o)

—
N

—
o
w
(IS IIX 1RSI
oo
N
,4;
N2

CI0 qR( 1R @ TR (hals) U2 af(hihl) @ AR (he F ()
O (k) @ (hohy) P27 nE((RI)y) @ FE((RI)s)
(3 24):(3.39) %’/I(h o h'),
AT(s®T) = A(sa* (r)) (2:64)(2:65) 11|—| L(r) e s1y
BONE (1 @)1 e (s@nf(1))1 P2 (A (1)1 @)l e (s® 1)1
P10 (ler)le(s@1)l=(FeM[(1er)e(sal)]
B2 emA(ser),
diser) = e(st(r) ") R(ﬁ%)l ) © 7 (s1,)

67)

nf(rly) @ A% (sly ) rly ® st (1)
(2.62)(2.61)

= rf (1) ® sly o2 7'(5@7’).

In the equalities marked with (*) we used that for all h,h' € H,

(2;71) ﬁR(hﬁR(hl)) (zgl)ﬁR(hﬁR I_IL (hl)) (2;71) ﬁR(h [—|L (hl))

At (hh')
and symmetrically, n®(hh’) = nB(@"(h)h’). Therefore, we conclude that (H, 7,7, A, €)

is a bimonoid in bim(R¢).

3.2.3. From bimonoids to weak bialgebras. Take now a bimonoid (H, i, A, 7,€) in
bim(R¢), for some separable Frobenius (co)algebra R over the field k. In this paragraph
we equip H with the structure of a weak bialgebra over k, whose right subalgebra is
isomorphic to R.

Let (¢,e; ® fi) be a separable Frobenius structure on R. First we construct an

associative and unital k-algebra structure on H, via the multiplication and the unit
defined by

M:H®HE>{>H0H—/7>H and n:kﬂRELH, (3.42)
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where 7. denotes the unit of the k-algebra R¢.

Next, we can make H to be a k—coalgebra via the comultiplication and the counit

AH- 2 Hel-""HeH and ¢:H—>Re"2%F (3.43)

Indeed, A is evidently coassociative and it is counital by commutativity of

3 geng—"" Hen HeH-" Hem<3 g
iaH . ¢€®H H®'€¢ . H.zi /
Ree H—">Reg I H® R~ HeRe
T |weven He(vey) | Ap/

H H

where the triangles at the bottom commute by (3.22).

Our next aim is to show that the above algebra and coalgebra structures of H
combine into a weak bialgebra. In doing so, we use both Heynemann-Sweedler notations
A(h) = hi e hs and A(h) = hy ® hy, for any h e H.

We begin with checking the multiplicativity of the comultiplication A; that is, axiom
(2.47). For any h e H,

3.43) 3.16

Ah) 2 s B(h) P2 (e @ 1hi(er @ 1) @ (18 f)ha(1® f), (3.44)

hence

(3.44)

A(h)A(R") (e;@1)hi(e;®1)hi(er®1) @ (1@ f)hs(1® fi)hs(1® fi)

. —~ N N o 2.13 . N~_o
= S @emv(BoA)ry y(he ') P2 iy Afiny y(he i)

(3.43)(3.42) Ap(h® h') = A(hh'),

for all h,h' € H. Next we check axiom (2.49), expressing weak comultiplicativity of the
unit. From (2.15) on the bimonoid H it follows that, for any r ® s € R®,

Af(res) P2 s Bi(res) U2 i (e A (res) P2 (e 0 5) @Ti(re f). (3.45)

With this identity at hand, the weak comultiplicativity of the unit is checked by
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= e eaiie f) " e o1) 0 @ fi) @71 @ f)
= ieel)ei(le f)ileel)ei(le f;)
G2 (A e 1)(1e A1),

(Ho A)A(1)

Since (1®7)77(s®1) =7(s®r) =7(s® 1)7(1®r), forall r,s € R, also (19 A(1))(A(1)®
1) = (H ® A)A(1). Finally, we check that the axiom on weak multiplicativity of the

counit —in its equivalent form given by part (ii) in Lemma 2.5.5— holds. This starts

with proving the equality
= (nem)y A= (nemA (3.46)

in terms of the maps
I_I::(H;.R@,ROPﬂ.R) and ﬁ::(H$R®RoprRO:Rop)'
Equality (3.46) is proven by commutativity of the following diagram, noting that p%, is

an isomorphism.

HeH ce Re @ Re ~20vO e
L.HHI L;ae,Rel
eH % R P pedpe— " pe
_ Py
| :

The bottom-right region and the top-left region commute by the R¢-bimodule map
property of € The bottom-left region commutes by counitality of A. Commutativity

of the top-right region follows by

(R®Y) @Y ® R™®)ihe pe((z®y) @ (u®0))
(ROY®Y®RP)((e;®91)-(z@y)-(e;01)0(1® f;)-(uev)-(1® f;))

2 (Rev ey e R®)(re; @ cye fu® v (f)
(3.20)

rueuvy (r@y)e(uev))

for any (r®@y) e (u®v) e R°e Re. For all h,h' € H,
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A () eF((h)y) P2 (o) U2 py@e R (ho ) (3.47)
CELE (n(ha)A(RY)) 1 (R) @ Fi(ha).

Using the Re—bilinearity of € together with (3.46) in the second equality,

—
w

—
)
w
N

e e I e s
N <o
h N
w
=
=

(b @p)e(h(e; @ 1)) (Y @p)e((1e fi)h')
Y(n(ha)e)yni(ha) v 0 (R ([(Ro)07(f:))
b(n(ha)T(hs))e 1 (h1)¢T(he)

& ((hh)1)a((hh)2)

(¢ ® Y)e(hh') = e(hh'),

6(]111)6(].2]1’)

—~ —
_C/D w
~ ©
~ ~

—
w
=)

=

where in the first equality, in addition, we used (3.45) and that the multiplication p of
the k-algebra H is R®-balanced and R¢-bilinear. Symmetrically,

e(hla)e(Lih') 27 (pew)e(h(l® £))(4 8 ¢)e((e; @ D)
C20 i fim (h))T(ha ) 1 (B )b (eTi(Rb))
U2 (k)R ) (1) 6F(he)
CZD g (W) )ER((RI),)

(Y @ Y)e(hh") = e(hh').

(3.46)

We have so far constructed a weak bialgebra structure on H. It remains to check
that n¥(H) is isomorphic to the given separable Frobenius (co)algebra R. With this

purpose, consider the map

o:R—-H, r-7n(rel). (3.48)
For any s,r € R,
ditres) "2 (ev)Eres) 2 (pev)r(res) (3.49)
W(sfi)ilre) 27 g(sr)
and
I_IRO'(T‘) (2.50)(3.45) 77(61@1)677(7‘@]2) = ﬁ(ei®1)¢(fir) (2.33) nrel) (3.28) o(r). (3.50)

(2.20)
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This proves that o corestricts to a map R — nf{(H), to be denoted also by o. This
restricted map o : R - nf(H) is our candidate to establish the desired isomorphism of
separable Frobenius (co)algebras. Since 7] is a k—algebra morphism, so is 0. Comulti-

plicativity of ¢ is proven by
o(Mieie ) onile f;) "2V e @1) o7(fi01) "= o(re)) @ o(f).

Finally, it is checked that o is also counital by applying (3.49) for s = 1. By [54, Propo-

sition A.3], this proves that o is an isomorphism of separable Frobenius (co)algebras.

Theorem 3.2.4. Let R be a separable Frobenius algebra over a field k. A bimonoid in
the duoidal category bim(R¢) in Theorem 5.2.1 is, equivalently, a weak bialgebra over k

whose right subalgebra is isomorphic to R (as a separable Frobenius algebra).

Proof. In light of Paragraphs 3.2.2 and 3.2.3, we only have to prove the bijectivity of
the correspondence described in them. Starting with a weak bialgebra (H, u,n, A €),
and applying to it the above constructions, the resulting weak bialgebra has the same
structure as H, as the following shows. The resulting multiplication is the unique map
which ylelds pmy ; if composed with 73 ;. Hence it is equal to p. The resulting unit
map multiplies an element of k by lﬁL(l) = 1 hence it is equal to . The resulting
comultiplication is equal to A by (3.38). The resulting counit sends h € H to

)(2.58) (2.28)

(e " ®epi)A(R) © (@) A(h) "2V e(n).

Conversely, consider a bimonoid (H,%,7,A,€) in bim(R¢) and the bimonoid ob-
tained by applying to it the constructions in Paragraphs 3.2.3 and 3.2.2. By construc-
tion, they have identical multiplications and comultiplications. Concerning the unit

and the counit, note that in the weak bialgebra in Paragraph 3.2.2,

nf(h) = T(e; @ 1) (Y @ ¥)e(hif(1® fi))

= 7(e; ® 1)ip(fim (ha))¢ni(he) = 71(N(h1) @ 1)e(hs) = 7(N(h) ® 1),

for all h € H. In the first equality we wrote the definition (2.50) of nf; in the second
one we used the right R linearity of € (3.46) and (3.19); in the third equality we

used the Frobenius property (2.33) and ¢ = ¢, and in the last one we used the counit
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property of e. By similar computations also the idempotent maps fi* and A" —in the
weak bialgebra associated in Paragraph 3.2.2 to the bimonoid (H, 7,7, K,E))— can be
expressed as

Al =7(1en(-)) and AT=7(FA(-)®1).

So the counits differ by the isomorphism ¢ ® o by (3.46). Finally, in the bimonoid
obtained by applying both constructions, the unit map takes s ® r € R ® R°P to

o(s)Fto(r) "2 s e il er) 2V (s r). O

By Theorem 3.2.4, an object of bmd(bim(—¢)) is given by a weak bialgebra. We make
no notational distinction between a weak bialgebra H and the corresponding bimonoid
in the bi(co)module category bim(R¢), where R is the right subalgebra nf(H).

By [56, 61], a weak bialgebra with right subalgebra R can be regarded as a right
R-bialgebroid (or ‘xg—bialgebra’ in [65]) supplemented by a separable Frobenius struc-
ture on R. However, since for arbitrary algebras R we cannot equip the category of
Re—bimodules with a duoidal structure, we cannot extend Theorem 3.2.4 to interpret

arbitrary bialgebroids as bimonoids in an appropriate duoidal category.

Theorem 3.2.5. Let H and H' be weak bialgebras with respective right subalgebras
R and R'. A morphism in bmd(bim(-¢)) from (R,H) to (R',H') is, equivalently, a

coalgebra map Q : H - H', rendering commutative the diagrams'

j sy -2 -4 HeH-2-HeH*Ymemn

I‘IR ﬁR HRI‘IL ,
‘_IIR H’R ‘_IIR‘—I/L # K
H—>H' H—g=H’ H—=H’ H ) H',

where E(h® h') == hl; @ n®(13)A'.

Proof. Let us take first a morphism in bmd(bim(-¢)), and see that it obeys the prop-

erties in the claim. A morphism in bmd(bim(-°¢)) is given by a morphism ¢ : R - R’

1We will refer to the commutativity of these diagrams, from left to right, as source (sc), target (tc),
Nakayama (Nkc) and weak multiplicativity (wmc) conditions.
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in sfr and a morphism @ : bim(¢®)H — H' in bim(R’®), rendering commutative the four
diagrams in part (b) of Lemma 3.0.2.
Let us check first that ) is a coalgebra map. In order to prove that it is comulti-

plicative, we need to see that the top row of

7

by bim(g¢)? I
H—2 e —""  gegl% popg M pgen
Qi (3.1) y l@-'@ y l@@@
it N H @ H — s o jpr — g
(3.38)
A,

is equal to the comultiplication A of H. Computing its value on h € H, we get

(@(er)ei ® Dha(e;gle) ® 1) @ (1 fig(fy))ha (1@ G(f) f;).

It is equal to

(er@ Dle;e 1)@ (1o f)ha(1e f;) “" L 1h10 © Lohyly 27 A(R)
by
— s (235 ey o 2.20) — ; 4
q(er)e ® fig(fr) 229 q(er)a( fr)ei ®fi( = )Q(ekfk)ei ® fi (3.51)
222 q1e;® fi=e;® f;
and

eae)oa(f)f; 2 e eaUnoae s, =e; @a(fNa (e f;  (3.52)
C2 e eqenan ;T e 0 1,

where, in the second equality of the last computation, we used the commutativity of
q: R - R’ in sfr with the respective Nakayama automorphisms ¢ and 6’ of R and R’

in its equivalent form g’ = 6g. This proves the comultiplicativity of (). In order to see

that ) is counital as well, observe that condition (3.2) takes now the form

(HR@ﬁR)A 4®¢°°

R® RP —— > R/ @ R/oP

H
°| H
H' R ® R'°P.

(mFer A’
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!

Composing both paths around it with R’ ®€| and with e"  ® I, respectively, we obtain
7 Q(h)=qn® (k)  and  FTQ(R) = ¢ (h); (3.53)

and composing either one of these equalities with e"  We have the counitality of @
proven.

Let us check now that () satisfies the required weak multiplicativity condition; that
is, it renders commutative the last diagram in the claim. Since (¢, Q) is a morphism
in bmd(bim(-¢)) by assumption, it renders commutative diagram (3.3) for any R*-
bimodules A and B. Let us evaluate both paths around it on an arbitrary element

(aeh)o(beh')e(AeH)o(BeH). On the one hand, we have

(aeh)o(beh)
Jbim(a®)z
(aoh)-(e;® f;)o' (fi®e;)-(beh')
=(a(l® f;)eh(e;®1)) o' (1®ej)be (fi® 1))
Jbim(g®)5e'bim(g®)3
[(ep ® 1)a(eq ® fJ) o (1® fp)h(ei ® fq)]ol
[(er ®e;)b(er®1) o (fi® fr)h'(1® fi)]
Il
[(ep ® 1)a(eyq(er,) ® fj) o (ex ® e;)b(e; @ 1))’
[(1® fp)h(ei® fo) o' (fi® fig(fr))W (1 ® fi)]
(bim(g*)34bim(g* )3 8)#'(Q'Q)
[(ep ® Da(eyqler,) ® f;) o (ex ® €;)b(e; ® 1)]of
QI(I® fo)h(e;® fo)] o' QL(fi ® fig(fL))W (1 fi)]
(2.35)(2.42)

(230) [(ep®1)ale, ® f;) o (ex ®ej)b(e; @ 1)]e’

Ql(1® fy)h(ei ® f)]Q[(fi ® fi)h'(1® fi)].

On the other hand,
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(aeh)o(beh)
I8
(a(e;®1)ob) e (ho(1® f;)h'))
Jbim(a®)3
=[(ep®1)a(e; ®1) obeg@1)] o' [(1® fp)ho(1® f;)h' (18 f,)]
Tbim(q°)3'bim(q*) (HoH)
[(ep @ Dale; @ 1)(ex ® fi) o' (fe ®er)b(eg@1)] o' [(1® fp)ho (1 fi)h'(1® fy)]
7 (bim(q®)3 Ho'bim(q®)5 H)e'bim(q* )
[(ep ® D)a(eier ® fi) o' (fr ®e)b(eg® 1) o' [(1® fr)h(1® fi)(1® f,)]

I(bim(qe)gHo'bim(qe)gH)o’Q

[(ep @ 1) (aleiex ® fi) o' (fr @ e1)beg @ 1)] o' Q[(1® fr)h(1® fi)h' (18 fy)]

So, by commuativity of (3.3), the identity

((ep @ Daleiex ® fi) o' (fr @ e)b(eg @ 1)) o' Q((1® f)h(1@ fi)h' (1@ fg)) = (3.54)
((ep ® 1)aleq ® f;) o' (er ® ¢;)b(er® 1)) o Q((1® fi)h(ei ® f3))Q((fi ® fr)h' (1 ® f1))

holds for any (aeh)o (beh') e (AeH)o(BeH). Take A = B = R®* ® R® with the

Re-actions
(res)((zey)e(vew))(res’) = (re®ys)® (vr' ® s'w).

Puttinga=b=1®1®1®1, and applying (:° ® H').* to the resulting equality, it follows
by the R’*—bilinearity of ) and (3.51) that

e, ®1®eer®f1®free®e,10Q((1® f)h(1® fi)R (11 f,))
= 01060 f0e0e;8e010Q((1® f,)h(e;® f,))Q((fi® fi)M(1® fi)).

Applying 1 to the first, third, fifth and seventh tensorands in the last equality, we get

19 fivoe®leQ(hh)=10 fiee;®1®Q(h(e; ®1))Q((fi ® 1)h").
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This is equivalent to
Q(hh') = Q(h11)Q(N"(12)R"),

that is, commutativity of the last diagram in the claim.
Next we check that ¢ can be uniquely reconstructed from () —namely, it is the

(co)restriction to R — R’ of Q) : H — H'. Evaluating the equal paths around

o
Lpre ‘e

Re —" > gre 2 pre ot gre " pre g e
Ar
Re o Re (3.4) R'ee'7y
bim () ReeT

Ree’ q°e'Q

RE.,Reﬁ:RE.,HHR’e.IH,

Ry
o o R'e H'
LRe Re Lre o

R6®Re?®ﬁ>Re®H Reo H'

q°®Q

at 1; ® nfi(15)r € R¢, we obtain
q(11) ® ¢(N(12)r) ® Q(111y) = 11 ® ¢(n(12)r) ® ¢(11)15.

Applying e|’ o ® el’  ® H' to both sides of the identity above and using counitality of ¢,
counitality of the comultiplication (2.80) of R and (2.33), we conclude Q(r) = q(r).

Comparing this identity Q(r) = ¢(r) with (3.53), the source and target conditions
(that is, compatibility of @ with nf and 7f, meaning the commutativity of the first
two diagrams in the claim) follow. By Theorem 2.5.1, the Nakayama condition (that
is, compatibility of @ with nfnl commutativity of the third diagram in the claim) is
equivalent to the assumed commutativity of ¢ with the Nakayama automorphisms.

Conversely, assume that () : H - H' is a coalgebra map rendering commutative the
four diagrams in the statement. We construct its mate ¢ : R - R’ together with whom
they constitute a morphism in bmd(bim(-¢)).

By commutativity of any of the first two diagrams in the claim, ) restricts to a map
q:R— R'. Indeed, for r € R, n"EQ(r) () Qnk(r) (20 Q(r), so Q(r) € R', proving the
existence of ¢: R — R', r = Q(r). Let us see that the restriction ¢: R - R’ of Q) is a

morphism in sfr. First of all, that it is a coalgebra map. Take y € R. Since () respects
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the counits, e|’R,q(y) = €'Q(y) = ¢r(y). Moreover, ¢ is comultiplicative by

Q(yl) ® N Q(y2)
= Qy11) @ Q" (1y).

Q1L e (1) “T Q) o "F(Qy): >
Q) e Qi (yy) 2

= ||1\.,

By commutativity of the third diagram in the claim, ¢ commutes with the Nakayama
automorphisms (see Theorem 2.5.1). Hence it is a morphism in sfr, as needed.
In order for @ to be a morphism in bim(R’¢), it has to be an R’*~bimodule map.

Below we check that @) is a right R’*~module map; left R’*~module map property is

similarly proven.

Qra(r)) U2V Q1) (gt (1)) B2 Q(h)e (g (ho)r)
) Q(h»a(n’R@(h)'ﬂ?—” Q(h)e' (Q(ha)r)
P20 Qe (Qh)ar') P Q!

Q(hﬁLz]v(r/)) (2.28)(2.65) E(hlﬁLa(T’))Q(hz) (334) E(hlﬁL R (12))6’(T’q(11))Q(h2)
. Z):( o e ([T (r)a(1)Q(h)
(2

3)(2.60)

£8) e(hily)e (q(11)_,L(7”,))Q(h2)

B2V (g (A ))Q(hz) = e (RQh)A () Q(h2)
@M. S Uyt ()

It remains to show that the morphisms ¢: R — R in sfr and @) : H — H' in bim(R'¢)
obey the conditions in part (b) of Lemma 3.0.2. Commutativity of diagram (3.3) was
seen to be equivalent to the identity (3.54). It holds by the following computation, for
all h,h' € H, a € A and b € B for any R°~bimodules A and B.

((ep® Dale, @ £;) (e @ e)bler® 1)) o' QUL f,)h(er ® ))QU(fi @ fi)l (1 © 1))
2 ((ep @ Dale,® f;) ' (ex® ep)ber@ 1)) ' Q18 f)h(1® f,)(1® fi)h' (1 f)
2 (e aleger f)) o (froe)b(ae 1))« QLo f)h(1e ) (1o f))



Chapter 3. Categories of bimonoids 106

Commutativity of diagram (3.4) is checked by

o Qr(z ®n’(12))(1®q(11))

o Q(i(z " (12)) (1 ® g(11)))
o Q7(z ®Gq(11) 1" (15))

o Qr(z ®g(17)7 " (13))

o Qi(r®1)

o 7' (q(x) ®1),

(1®q(y)
= (1®q(y)
= (1®q(y)
= (1®q(y)
= (1®q(y)
= (1®q(y)

(q(11) ® q(y)) o QTi(x ® n(1y))

~— ' — " N N

for any =,y € R. In the first equality we used the definition of e (cf. (3.12)). In
the second and third equalities we used the right R’¢-linearity of () and the right R~
linearity of 7, respectively. In the fourth equality we used (3.33); in the penultimate
equality we used that § is an algebra map together with (2.70); and in the last equality
we used that @) restricts to ¢ on R. The following commutative diagrams show that

(3.1) and (3.2) hold.

H2 o gemg ™™ pogy H—2 - HeH """ Rg Rop
\ (3.51) /
HeH ™
Q |@ee Qv'Q Q QeQ 4@q”
yH '@ H ’%
H' < H' o H' H' 4) H' ® H/ R/ R'op

]

We conclude by Theorem 3.2.4 and Theorem 3.2.5 that the category bmd(bim(-¢))
has weak bialgebras as its objects and morphisms as in Theorem 3.2.5. Thus we can
regard it as the category of weak bialgebras and introduce the notation wba for it.

As it was already pointed out, applying results from [63], we know from Lemma
3.0.2 that the morphisms in wba are closed under the composition. It is also easy to
see this directly. Indeed, if both morphisms @) : H - H’ and Q' : H' - H" render
commutative the first three diagrams in Theorem 3.2.5, then so does their composite

evidently. If @) and @)’ make commutative the last diagram in Theorem 3.2.5, then so
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does their composite: For any h,h’ € H,

(wmc)

QQ() "I QIQ(MNQNE(1:))] "I QQ(R11)15]Q [N (15)Q(NF(15)h")]
P2 QhL,g(17))Q' Q@R (15) n (15)h)
Q'Q(h1)Q'Q(NE(1,)h).

(3:51)

While the notion of weak bialgebra is self-dual, the morphisms in Theorem 3.2.5 are
not. (They are coalgebra morphisms but not algebra morphisms.) The dual counterpart
of wba; that is, a category of weak bialgebras with the dual notion of morphisms, would
be obtained from a construction based on a symmetric form of Definition 3.0.4 (see the
discussion in Remark 3.0.5).

The morphisms in Theorem 3.2.5 look different from all other kinds of morphisms
between weak bialgebras discussed previously in [62, Section 1.4]. However, if we re-
strict to morphisms @ : H — H' whose (co)restriction ¢ : n®(H) - n'f(H') is the
identity map, they are in particular unit preserving nf*(H) = n’®( H')-bimodule maps;
hence also morphisms of algebras (see also Remark 3.0.3). That is to say, they are
‘strict morphisms’ of weak bialgebras in the sense of [62, Section 1.4]. For usual (non-
weak) bialgebras H and H’ over the field k, any morphism H — H’ in Theorem 3.2.5
(co)restricts to the identity map nf(H) = k - n'®(H') = k. Hence wba contains
the usual category of k—bialgebras —in which morphisms are algebra and coalgebra

morphisms— as a full subcategory.

3.3 Application: Adjunction between cat’ and wba

In this section we use the just defined category wba of weak bialgebras to show the
existence of an adjoint pair between it and the category cat® of small categories with

finitely many objects.

3.3.1 The “free vector space functor”

Let k£ be a field. For any small category C with finite object set, the free k—vector space
kC spanned by its set of morphisms has a structure of weak bialgebra, as described in
Example 2.5.1. This assignment gives the object map of a functor k : cat® - wba as

Proposition 3.3.1 shows.
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Proposition 3.3.1. Let C and C' be small categories with finite object sets. For any

functor F : C— C', the linear extension kF : kC - kC’ is a morphism in wba.

Proof. First, note that kF is a morphism of k—coalgebras because it sends group-like
elements to group-like elements; and group-like elements provide a basis in kC. We
need to show that the four diagrams in Theorem 3.2.5 commute for () = kF. As for the

first two concerns, for any basis element c € Cy,

(kF) e (o)
(kF) Fic(c)

(kF)s(c) = Fs(c) = s'F(c) = meF () = My (kF)(0),
(kF)t(c) = Ft(e) = t'F(c) = Fre F(c) = Ane (kF) (¢).

The commutativity of the third diagram in Theorem 3.2.5 becomes redundant by rk. =
ﬁkRC. In order to check that the fourth diagram commutes, let us first note that any
element in the range of the map E = (-)1; ® nf{(13)(-) : kC® kC - kC ® kC is of the

form

YO Azer(D Ad)= > (Y Aoy (Y, Aud)= Yo Adeced;

zeCq ceC c'eC zeCo c:s(c)=z c:t(c)=x ¢, :s(c)=t(c’)

and if s(c) = t(¢’), then
(EF)u(ced)=F(cd)=F(c).F()=p'(kF®kF)(c ),

where we denoted by . the composition in C (in order to distinguish from the multipli-

cation in kC, denoted by juxtaposition). O

3.3.2 Group-like elements in a weak bialgebra

In forthcoming Subsection 3.3.3 we will construct the right adjoint g of the “free vector
space” functor k in Subsection 3.3.1. Recall that for any small category C, the set of
morphisms is in a bijective correspondence with the set of functors from the interval
category 2 = CS —a>T3 to C. So if the right adjoint g of k exists, then for any
weak bialgebra H over the field k, the set of morphisms in g(H) is isomorphic to
cat?(2,g(H)) = wba(k2, H). This motivates the study of the set wba(k2, H) for any
weak bialgebra H, with the aim of finding the way to look at it as the set of morphisms

in an appropriate category.
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Definition 3.3.2. For any weak bialgebra H, define the subset

A(g) =g®g, Anf(g) =nf(g)®nf(g) }

g(H):{QEH: (9) =1 ATy =)o (o)

of the set of group-like elements in H.

Remark 3.3.3. Let us stress that for a general weak bialgebra H, the set g(H) is
strictly smaller than the set {ge H : A(g) =g®g, €(g) =1} of group-like elements.
For example, let us consider the free k—vector space on the basis provided by the
morphisms of the interval category 2. It is a weak bialgebra via the dual of the weak
bialgebra structure in Example 2.5.1. In terms of Kronecker’s delta, it has the unique
multiplication such that pq = d, 4p, for all p,q € {S,T, a}, the unit S+7T + a, the unique

comultiplication for which
A(S)=8®5, A(T)=T®T, Ald)=Teoa+a®S
and the unique counit for which €(S) =¢€(T) =1 and e(«) = 0. In this weak bialgebra
M5(9) =a(9) = S +a, Mf(T) =Fie(T) = T, (@) = s (@) = 0.

Thus there are two group-like elements S and T but only 7" belongs to g(k2).

As we shall see below, there are some distinguished classes of weak bialgebras H,
however, in which g(H) coincides with the set of group-like elements in H.

In contrast to usual bialgebras, where the unit element is always group-like, there
are weak bialgebras H in which the set of group-like elements (and therefore the subset
g(H)) is empty. Consider, for example, the groupoid with two objects S and T and
only one non-identity isomorphism « : S — T'. The free k—vector space on the basis
provided by its morphisms, is a weak bialgebra via the dual of the weak bialgebra
structure in Example 2.5.1. It has the unique multiplication such that pg = 9, ,p, for all

p,q€{S,T,a,a™ '}, the unit S+ 7T + a + a~!, the unique comultiplication for which

A(S)= SeS+alea, A(T) = TeT+a®a’!
Ala)= T®a+a® s, A(a™) Seal+aleT,
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and the unique counit for which €(S) = €(7") = 1 and €(«) = e(a™!) = 0. In this weak

bialgebra there is no group-like element.

Lemma 3.3.4. For a weak bialgebra H, any element g € H such that A(g) = g®g obeys
the following identities.

(i) gnf(9)=g=F"(g9)g and n*(g9)g=g=g7" (9). (3.55)
(ii) All elements nR(g), T (g), nt(g), A" (g) are idempotent.
(111) If in addition g € g(H), then

nftnl(g) = ﬁR(g) and nFnf(g) = ﬁL(g). (3.56)

Proof. The equalities in part (i) follow from A(g) = g ® g and (2.70). The statements
in part (ii) are obtained by applying n#, 7 nL and A, respectively, to the equalities

in part (i), and taking into account the module map properties (2.67). For g € g(H),
A'(g) @[ () = AT (g) = 11 ® 11" (9). (3.57)

Applying to both sides id ® n® and multiplying on the right the result by g ® 1, by the
application of part (i) we get

g (g) = 1ig®nf(1,)T"(g).
Application of € ® id to both sides of this equality yields
m(g) =" 1" (9)F" (9)- (3.58)

On the other hand, applying to both sides of (3.57) N’ @ nfn% and multiplying on the
right the result by ¢ ® 1, we obtain

genfint (g) =1lygenfn (g)1y,

where we used (2.61), part (i), (2.62), (2.67), anti-multiplicativity of nf : nt(H) -
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nf(H) (cf. Proposition 2.5.10), and (2.62). Thus by applying € ® id, we get
n"nt(g) =" n" ()7 (g). (3.59)

Comparing (3.58) and (3.59), we conclude on the first equality in part (iii). The other
equality in part (iii) follows by applying in Hes, the just proven identity. O

Proposition 3.3.5. For a cocommutative weak bialgebra H, the set of group-like ele-
ments and the set g(H) are equal; that is, g(H) ={ge H:A(g) =g ®g,e(g) = 1}.

Proof. Tt follows immediately from the cocommutativity of H that n = 7" and n% = 7%,
so that n®(H) and n*(H) are coinciding commutative separable Frobenius subalgebras
in H, with separability Frobenius idempotent A(1) = 1; ® 15 (Theorem 2.5.1). Hence if
A(g) = g®g, then

Anf(g) L @nfi(g)ls =1, @ nf(g) N (g)12

nf(g)l @ nfi(g)1y = nfi(gly) @ Nfi(gla) = nf(g) @ Nfi(g).

In the first equality we used (2.64) and, in the second one, part (ii) of Lemma 3.3.4. In
the third equality we used the commutativity of the algebra nf(H) and the Frobenius
property (2.36) for the separability idempotent A(1). In the fourth equality we used
A(1) en®(H)®nf(H) and (2.67). In the last equality we used the multiplicativity of
the comultiplication (cf. (2.47)) and that A(g) =g ®g.

The identity AT (g) = 7% (g) ®7(g) follows symmetrically (by applying An% (g) =
nf(g) ® nfi(g) in HP, see Table 2.1). O

Example 3.3.6. Consider the cocommutative weak bialgebra kC presented in Example
2.5.1. Proposition 3.3.5 says that G(kC) = g(kC). It is also easy to see this directly:
Indeed, an element in kC is evidently a group-like if and only if it is a basis element,
so that G(kC) = Cy; taking into account (2.54) and (2.55), it immediately follows that
also g(kC) = C;.

Lemma 3.3.7. Let H be a weak Hopf algebra and g € H such that A(g) =g®g. Then

the following assertions hold.

(i) Ant(g)=nk(g)®nt(g) and Ank (g) =nf(g) ® n(g).
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(ii) S*nf (g) =n"(g) and S*n* (g) = 1" (g).
(iii) F*(g) = nfi(g) and nt(g) =F"(g).
(v) 5*(g) =g
(v) NS(g) =" (g) and T"S(g) = (g); NtS(g) =" (g) and A"S(g) = n(g).
(vi) AT (9) =F"(9) ®F"(9) and AT (g) =F"(g9) @1 (9).
Proof. (i). Since A(g) = g ® g, it follows that

(2.88) (2. 47) (2.96)

An*(g) A(915(g2)) = A(95(9)) ' 915(g2) ® 925 (g17)

- 95(9) ® 95(g) “27 n(g) @k (g),

and symmetrically for nfi(g) (by applying the above identity in Hghp).
(ii). By the weak Hopf algebra axioms and part (i),

Lrf(g) U2 nf(g),S(nf(g)2) P2 Y nfi(g) S nt (g) 2 () kb (g).  (3.60)

Symmetrically,

P20 R (g) @ st(g) ) (9)s (3.61)

part () SnR(g)nR(g) = Al af (g) 1" (g).

" (9)

The right hand sides of (3.60) and (3.61) are equal by (2.68), proving

Lnf(g) =n(yg). (3.62)

Applying nf to both sides of (3.62) and using (2.93), we conclude on S?2n%(g) = nf(g).
The other equality is proven symmetrically.

(iii). As a matter of fact,

1% (g) 2 ntnf (g) P2V Rk nf(g) P2 AL nk () P2V AL (g).

The other equality is proven symmetrically (by applying the above identity in Hgy).
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(iv). If A(g) =g ® g, then

(3 55)

95(9)9 = 915(92) 93 CE0 gy (92) (3.63)

Hence

(3.63) (2.95)

g "2 45(9)9 "2 95(95(9)9)9 U= 95(9)5%(9)S(9)g

(2.88)(2.87

"1 (9)52(9) 1" (g)
Y 52k (g)g ' (g)) P2 52(g).

= 915(92)5%(9)S(917) g
820t (9)5%(9) 8" (9)

)2
(2.95

(v). The first claim follows by [ (g) = AS2(g) = nfS(g), cf. part (iv) and (2.93).
The second claim is immediate by (2.93). The remaining two claims follow symmetri-
cally (by applying these previous ones in Hggp).

(vi). This is immediate by parts (i) and (iii). O

From parts (i) and (vi) of Lemma 3.3.7 we obtain the following.
Corollary 3.3.8. In a weak Hopf algebra H, g(H)={gec H : A(g)=9g®g,e(g) =1}.

Our motivation of the study of the set g( H) in a weak bialgebra H comes from the

following.

Proposition 3.3.9. For any weak bialgebra H over a field k, there is a bijection between
the sets wba(k2,H) and g(H).

Proof. Let v € wba(k2, H) and consider g, := y(«) (where « stands for the only non-
identity morphism in 2). Let us see that g, € g(H):

Ag) = Ay(a)=(7@7)Ak(@) 2 v(a) @ y(a) = g, ® g,
(g) = er(a) 2" em(a) -1,
AR (g) = Anfy(a) "PE (v ©4) Al (@) = vl (@) @y 1l (a)
Y nhya)en v<a>:nR<gw>®nR<gv>,
Ag) = AFy(a) “C% (7 @ 1) Akl (a) = 1) ® i (a)

W G5y () @ T (a) =R (g,) @ T (g,).
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Conversely, let g € g(H) and consider the linear map v, : k2 - H, given by

7(S)=nf(g),  (T)=m"(9), v(a)=g, (3.64)

(where S and T are the objects of the category 2 and the same symbols stand for their
unit morphisms). By Theorem 3.2.5, to check that 7, is a morphism in wba(k2, H) it
should be proven first that 7, is a coalgebra map. This follows by noting that —since
enf = ¢ and e’ = ¢ (cf. (2.56) and (2.58))— for any morphism ¢ in 2,

Avy(c) =v4(c) ® '79(0) = (79 ® 79) Ar2(c) and evg(c) =€(g) =1 = ex2(c).

Next, v, can be seen to obey the source condition:

(3.64) (2.54)

(8) P2V o ") w2 R() () 2 2yl (),
(1) 2 (g) 'Ff(g) O %(T) B2 o,y (1),

myg(a) P2V nf(g) P2V 5,(9) = vgs(a) U2V, nE, ().

The target condition is checked analogously. The Nakayama condition on v, is proven
by

(3.64) (3.56)  p_
nfrl () =7 nfnbnf(g) "= nfiEt(g)
(2.61) (3.64) (2.54)
= R( ) g(S) = VQHkRz '_'ﬁz(S%
MRty (T) P2V R ak Al (g) 42V nR L(g)
(3.56) — (3.64)
= '_‘R(g) = g(T) = 79'—%2 [—'kz(T)
(3.64) (2.54)
nfnk oy, (a) Rt (g) P2V FR(g) OV 4, (1) P2V 4, nR, mky ().

Finally, the weak multiplicativity condition in Theorem 3.2.5 translates to four equali-

ties in parts (i) and (ii) of Lemma 3.3.4, see

Yg(S)74(S) =nf(g) nf (g) =nf(g) =74(S),  Yg(@)7(S) =g (g) =g =,4(a),
Yo (D)1 (T) =T ()T (g) =T () =%(T),  7(T)ve(c) =7"(9) g = g =74(r).
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These constructions clearly yield mutually inverse maps between the sets g(H) and
wba(k2, H). Indeed, for any g € g(H), g,, = 74(a) = g; and for any ~ € wba(k2, H),
g, is the map that sends S to nfi(g,) = nf(y(a)) = v(S), a to g, = v(a) and T to

HR(g'y) = ﬁR(’Y(Oé)) =~(T); shortly, Vg, =7- u

Proposition 3.3.10. For any weak bialgebra H, there is a category with morphism set
g(H) in Definition 3.3.2. The object set is {r e nB(H) =" (H) : A(r) =rer, e(r) =1}
and the identity morphisms are given by the evident inclusion into g(H). The source
map is giwen by the restriction of M® and the target map is given by the restriction of

7. The composition is given by the restriction of the multiplication in H.

Proof. First we check that g(H) is closed under the composition. Let g, ¢’ € g(H) such
that nf(g) =A"(¢’). Then

A(gg) 27 A(@AW)=(999)(d®g) =99 ®gg  and
e(gg") "2V (g (9)) = g™ (9)) U= e(g) = 1.
Since
" (g9') U2 AR (R (g)g) = n(ER (g)g) P27 R (") (3.65)
and
A (gg") "2V AR (g ()) = (g " (9)) P2V AR (), (3.66)

also the following identities hold:

AT (gg) " AR (g) = () @n(y) =1 (99) @ (99"
ATf(gg) P27 AT(g) = T(g) © T(9) =T"(99) ®T"(99),

and we conclude that gg’ € g(H). Associativity of the composition is evident because
of associativity of the multiplication. The object set is clearly a subset of the morphism
set (taking into account the idempotency of M# and that 7N = Nk, cf. (2.60) and
(2.61)); and for any g € g(H), both nf(g) and F"(g) belong to the object set. The
restrictions of Mf and 7 give the source and target maps, respectively, by part (i) of
Lemma 3.3.4. It follows by (3.65) and (3.66) that the composition is compatible with

the source and target maps. O]
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The category in Proposition 3.3.10 is also denoted by g(H).

Remark 3.3.11. For an arbitrary weak bialgebra H, the construction of the category
g(H) in Proposition 3.3.10 is not symmetric under the simultaneous replacements nf «
ﬁL, A < nL. Thisis a consequence of the choice we made in the definition of morphisms
between bimonoids (so in particular in the definition of morphisms in wba), see Remark
3.0.5. In light of part (iii) of Lemma 3.3.7, the symmetry of the category g(H) under

R

. I = . .
the simultaneous replacements nft < A~ T < 1l is restored whenever H is a weak

Hopf algebra.

Proposition 3.3.12. Any morphism H — H' in wba restricts to a functor g(H) —
g(H').

Proof. Let Q) : H— H' be a morphism in wba. First we need to see that it restricts to a
map g(Q) = Qg : 8(H) — g(H'). Since @ is in particular a coalgebra map, it follows
for all g € g(H) that

(2.29) 2

AQ(9) 2" (QeQ)A(9) = Q(9) 8 Qg) and €Q(g) “2” e(g) = 1.

Since @ is comultiplicative and it satisfies the source and target conditions,

—

AEQ(g) *IE (QeQ)An (9)= QT (9) @ QT (9) E nEQ(g) & MFQ(g),
2.29)

A TRQ(g) " (QeQ)ATT (9) = QF(g) ® QF(g) € FEQ(g) @ FTQ(g).

2.29

This proves Q(g) € g(H'). Also from the compatibility of Q with N and 7", it follows
that g(@Q) respects the source and target maps as well as the unit morphisms. By the
weak multiplicativity condition, g(()) preserves the composition: For all g,¢' € g(H)
such that nf(g) = 7" (g"),

(2.72

Q(gg) "V Q(g1)Q(M (1)) “27 Q(91)Q(M (92)9)
- Q(9)Q(M(9)9) = QN ()9 “=” Q(9)Q(e).

]

The group-like elements in any coalgebra over a field are linearly independent (see

[1, Theorem 2.1.2]). Hence the elements of g(H) in a weak bialgebra H are linearly
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independent. As the right subalgebra nf(H) of H is finite dimensional (since it is
separable Frobenius, cf. Theorem 2.5.1), this proves that the cardinality of the object
set of g( H) —that is, of the set g( H)nnf(H)— is finite. So we conclude by Proposition
3.3.10 and Proposition 3.3.12 that there is a functor g from wba to the category cat?.

3.3.3 The right adjoint of the “free vector space” functor

The aim of this subsection is to show that the functor g in Subsection 3.3.2 is right
adjoint of the “free vector space” functor k in Subsection 3.3.1. That is, to prove the

following.

Theorem 3.3.1. For any small category C with finitely many objects, and for any weak
bialgebra H over a given field k, there is a bijection wba(k(C), H) = cat®(C,g(H)) which
is natural in C and H. Moreover, the image of 1y under this bijection (that is, the

unit of the adjunction k 4 g) is a natural isomorphism.

Proof. First we show that the to-be-unit of the adjunction k 4 g is a natural isomor-
phism. That is, for any category C with finitely many objects the functor C — gk(C),
¢~ c¢ is an isomorphism. This amounts to checking its bijectivity on the sets of mor-
phisms. Injectivity is obvious. In order to see its surjectivity, let us take some p € gk(C).
Let us write p = Y .c, Acc, With . € k non-zero at most for finitely many c € C;. Then

from the requirement that p is group-like,

A(p)=pep-= Z AeAgCc ® d.
C,dECl
By linearity of A,

A(p) = D AA(c) = > Ac®c

C€C1 C€C1

Since {¢® d},gec, is a linearly independent subset in kC ® kC, we conclude that A, is

non-zero at most for one element ¢ € C;. On the other hand, as
1= 6(]7) = >\c€(c) = )\ca

we have p=ce (.
We claim next that the desired bijection ¢c g : wba(k(C), H) — cat?(C,g(H)) takes
any morphism @ : kC - H to Q)c,, its restriction to C; = gk(C). By Proposition 3.3.12,
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() restricts to a functor C; = gk(C) — g(H); so that ¢c g is well defined. Naturality of
¢c,m is evident. Since C; is a basis of the vector space kC, the map ¢c g is injective. In
order to show surjectivity of ¢c g, consider some functor F : C - g(H). Since C; is a
basis of the vector space kC, it can be extended to a unique linear map F : k<C - H. Let
us see that F is a morphism of weak bialgebras and hence F = oc, H(ﬁ ). For any c € Cy,
F(c) eg(H) so AF(c) = F(c) ® F(c) and eF(c) = 1. Thus F extends to a coalgebra
map F. The weak multiplicativity of F follows from the fact that F preserves the

composition. Indeed, denoting by . the composition in C, for ¢,d € Cy,
f(C(lkc)l)f(ﬂR((lkc)g)d) = 55(0)7,5(5[)?(0)}'(61) = (55(0)7t(d).7:(6.d) = f(cd)

Since F preserves the source and target maps, F commutes with n® and 7. Finally,

by part (iii) of Lemma 3.3.4,
nfnt Fle) =% F(e) = Ft(e) = Fnl nk(c)

for all ¢ € Cy, hence nfnl F=F nf nk. follows by linearity. O

The counit of the above adjunction k 4 g is not an isomorphism in general (as it is
not so for usual, non-weak bialgebras; see for instance [1]). Consider for example the
weak bialgebra on the vector space k2 from Remark 3.3.3. This weak bialgebra k2 is
three dimensional, while applying to it the functor kg we get a one dimensional weak
bialgebra. So they cannot be isomorphic. Another counterexample is the following: For
any (non-zero) weak bialgebra H for which there are no group-like elements in n%(H),

kg(H) is the zero dimensional weak bialgebra.

Proposition 3.3.13. The component gbg(lH)H(g(H)) : kg(H) — H of the counit of
the adjunction k + g : wba — cat® is an isomorphism if and only if H is a pointed

cosemisimple weak bialgebra.

Proof. Assume that H is a pointed cosemisimple weak bialgebra. By cosemisimplicity,
H = @, H; where each H; is a cosimple subcoalgebra of H. Since H is pointed, each
H; is 1-dimensional, i.e. H = ®4mkg (where G(H) is the set of group-like elements
of H, cf. (2.32)). So that H is cocommutative. By Proposition 3.3.5, G(H) = g(H).

As a consequence, H = kg(H). The converse is clear since kg(H) is obviously a pointed
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cosemisimple coalgebra. O

Corollary 3.3.14. The functors k and g induce an equivalence between the category
of all small categories with finitely many objects, and the full subcategory of wba of all

pointed cosemisimple weak bialgebras over a given field k.

Since over an algebraically closed field every cocommutative coalgebra is pointed
(see for instance [1, Theorem 2.3.3]), we get the following alternative form of Corollary
3.3.14.

Corollary 3.3.15. If k is an algebraically closed field, then the functors k and g induce
an equivalence between the category of all small categories with finitely many objects,

and the full subcategory of wba of all cocommutative cosemisimple weak bialgebras.

3.3.4 Restriction to Hopf monoids

The aim of this subsection is to study and compare the full subcategories of Hopf
monoids in the category of spans over a given set in Subsection 3.1.2 and in the one of

Re—bimodules for a separable Frobenius algebra R in Subsection 3.2.2.

Proposition 3.3.16. For any set X, a Hopf monoid in span(X) is precisely a groupoid
with object set X.

Proof. In light of Theorem 3.1.1, a bimonoid H in span(X) is a small category. Let H
be a Hopf monoid in span(X’) and consider the induced monoidal comonad (-)e H. By

assumption, the map

(((AeH)oB)eu)y((AeA)o(BeH))

Bap:(AeH)o(B o H) (AsH)oB)eH

is an isomorphism for any objects A, B in span(X). So in particular, for A= B =J =

X x X, it is an isomorphism from

(XxX)eH)o((XxX)eH)xHoH

to

(X x X) o H)o (X x X)) o H={(h. ') € H x H:1(h) = t(h')} = H x, H.
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Call it v. It sends (h,h") to (h,hh'). We can write its inverse v=! in the form (h,h') —
(I(h,h'),r(h,h")), in terms of some maps [ and r from H x H to H satisfying the

conditions
sl(h,h') =tr(h,h") I(h,h")=h (3.67) I(h,h")r(h,h') =h" (3.68)
for all h,h' € H such that t(h) =t(h'), and

r(h,hh') = i/ (3.69)

for all h, h' € H such that s(h) = t(h"). Using (3.67) to simplify (3.68) and substituting
R’ =t(h) in it, we obtain
hr(h,t(h)) =t(h) (3.70)

so that r(h,t(h)) is a right inverse of h. As the following computation proves, it is also

its left inverse.

7 (3.69)

(b, t(W)R P2 (b b (B, t(B))R) P27 v (h, B) P27 s(h)

Since this construction is valid for every h € H, we showed that H is a groupoid.
Conversely, if H is a groupoid with object set X, then 84 5 : (a, h,b,h") — (a,h,b, hh')

is an isomorphism with the inverse 52}5’ :(a,h,b,h") — (a,h,b,h=1h"), for any h,h' € H

and any a € A,b e B of objects A, B in span(X). Therefore, H is a Hopf monoid. = [J

Proposition 3.3.17. For any separable Frobenius algebra R, a Hopf monoid in bim( R¢)
is precisely a weak Hopf algebra with right subalgebra isomorphic to R.

Proof. By Theorem 3.2.4, a bimonoid in bim(R¢) is precisely a weak bialgebra H whose
right subalgebra is isomorphic to R. Assume that H is a weak Hopf algebra with the
antipode S': H - H. Then the map (2.17) —which takes now the explicit form

Bas((aeh)o(bel)) = ((ashi)ob)ehol’
— is an isomorphism with the inverse
Bap(((@eh)ob)eh’)=(aehi)o(beS(ha)h').

In order to show that 52,13 is well defined, we should check that the map B’A}B A9 H®
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B®H' > (AeH)o(BeH') sending a®h®b®h' to (aehy)o(beS(hy)h') is Ré~balanced
in all of the three occurring tensor products. This follows by the computations below
for any h,h' e Hyae€ A,be B and s,r € R.

Bilsla-(eryehebeh) = FlL(relashebeh)
= ((rel)aehy)o(beS(hy)h')
2V (ae (1®0(r)hy) o (be S(ha)h)
= (aen®(r)hn)o(beS(ha)h)

P20 (ae (MF()R)1) o (be S((MH(r)h)2)I)
- Bipla®nt(r)hebe ']
(3.13) Bipla® (1@r) -hebeh']
Bilg(a-(sel)ehebel) 27 Flia(sel)ehebel)
(a(s®1) @ hy)o(beS(ha)h')

(aohi(1®s))o(beS(hy)h')

(a e haF*(s)) o (be S(ha)l')

PO (@e (B (5)1) © (b e S((hF"(s))2)1)
(ae(h(1®5))1)o (be S((h(1®5)):)h')
(ae((s®1)-h)1)o(beS(((s®1)-h))I')
= 5;}B(a®(s®1)-h®b®h’)

BA}B(a®h(s®1)®b®h’) = BA}B((I@hs@b@h’)
- (aeh) o (be S(hus)H)
B (o) o (b S(s)S(ha)')
(2.60)(2.93) (a0 hy)o (bent(s)S(ha)h)
CI9 (ahy)o(be(185)-S(ha)l)
1) (Gehy)o(b-(1®s) s S(ha)h)
(3.13)

(aohy)o((s®1)beS(he)h')
Bipla®@h® (s®1)b@h')
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B’A?B(a(lc@r)@h@b@h’) =

B llaoheb(s®l)oh] =

Biglae (rehebeh] =
(2.95)

(2.60)(2.93)

Moreover,

BapBas((aeh)o(beh’)) =

(a(l@r)ehy)o(beS(hy)h)
(aohy)-(1®71)o(beS(ha)h')
(aehy)o(l®r)-(beS(ha)h')
(aohy)o((1®71)beS(he)h')
Bipla®he® (1er)beh']

(aehy)o(b(s®1)eS(ha)h')
(aehy)o(b-(s@1)eS(ha)h')
(aehy)o(be(s®1)-S(he)h')
(aohy)o(beS(hy)h (1®3s))
(aohn) o (be S(ha)H'A(5))
Bipla®h®be KT (s))]
Biglaehebe (sel) 1]

(aehy)o(beS(rhy)h')
(awhi)o(be S(h)S(r)h)
(awhi)o(beS(ha) n” (1))
Bipla®h®ben™(r)h]
Biplaehebe (1e6(r))h]
Biplaehebe (1er) k]

(& [ ] hl) o (b [ ] S(hg)hgh,)
(a®hy)o(ben®(hy)l)
(aehy)o(n(hy)@1)-(beh')
(a®hy)-(n(ha) ® 1) 0 (beh')
(aohy 1 (h3)) o (be )

(

aeh)o(beh'),
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BanBap(((aeh)ob)el)

(2.70)

((aehy)ob)ehyS(hs)h'

((a ®hi)ob) et (ha)h!
((aehy)ob) er N AlAf(hy)h!
((aehy)ob)e(1&F"(hy))-H
((aehy)ob)- (1@F"(hy)) e b
([ (h2) ® 1)((a®hy)ob) e
((F%(h2) ®1) - (awhy)ob) e b
((a o (A (hs) @ 1)hy) 0 b) e I
((a o™ (h)hy)) o be b/
((aeh)ob) el

Conversely, assume that 84 g is an isomorphism for any objects A, B in bim(R¢). Then

it is an isomorphism, in particular, for A = B = R* ® R¢ with the R*-actions

(res)((zey)e(vew))(res’) = (re®ys) @ (vr' ® s'w).

The maps

ReR®R® Hl, ®@n%(1,)H - ((R°®@R°)eH)o((R°® R*)e H)
r®y®z®hl; ®@nf(1ly)h > (Iex)e(lel))eh)o(((1®y)®(1®z))eh’)

R®R®R®1,H® 1,H > (((Re®@R°)eH)o(R°®R°))e H
TRY®z®1L1h® Ll ~ ((lex)e(lel))eh)e((loy)e(lez)))eh,

are evidently isomorphisms with inverses given by

((RF@R¢)eH)o((R°® R°) e H)

-1
o R®R® R® H1; ® nfi(15)H

((wor)®(y®z))eh)o (((s®t)®(usv))eh') —» zxetzue((yow)-h)l;

((Re@Re)eH)o (Re® R°)) e H

®n (1) ((u®s)-h')

&1t

- R®R®R®1H®lH

((woz)®(y®z))eh)o ((s®t)®@(u®v)))eh! ~ x®tzeueli((yow)-h-(s®l))

®la((u®1)-h')
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(where - refers to the Ré—actions in (3.13)). So that the composite &' Bregre reoreS1,

given by

R®R®R® Hly9nf(13)H - R®R®R®1,H®1,H
r®y®z®hl; ®@nf(ly)h! > T®Yy®z®h; ®hyh/,

also is so. Then the Galois map H1;@n?(13)H —» 11H®1,H, h1;®@nf(15)h' — hy®@hoh'
is an isomorphism. This means, equivalently, that H is a weak Hopf algebra (see [56,
Corollary 6.2] for the details of this equivalent characterization of weak Hopf algebras

among weak bialgebras). ]

In the preliminary Chapter 2, we pointed out that the definition of Hopf monoid
in a duoidal category given on page 35 is one choice of several symmetric possibilities;
and that those others —based on the notions of left Hopf comonad and left and right
Hopf monad [23]— would also lead to prove our results. Next we detail these notions
and we provide the symmetric versions of Proposition 3.3.16 and Proposition 3.3.17 for
each one of them.

Let H be a bimonoid in a duoidal category (C,o, I e, J). The induced monoidal
comonad H e (-) is said to be a left Hopf comonad [23] if

v((HeA)o(AeB)) pe(Ao(HeB))

(HeA)o(HeDB) (HoH)e(Ao(HeRB)) He(Ao(HeDB)) (3.71)

is a natural isomorphism. Dually, the comonoidal monad H o (-) is a left Hopf monad

23] if

7(Ao(As(HoB))) (HoA)e(uoB)

Ho(Ae(HoB)) (HoA)e((HoH)oB) (HoA)e(HoB) (3.72)

is a natural isomorphism. Symmetrically, we call the comonoidal monad (=)o H a right
Hopf monad [23] if

Y(((AocH)eB)oA) (Aop)e(BoH)

((AoH)eB)oH (Ao(HoH))e(BoH) (AoH)e(BoH) (3.73)

is a natural isomorphism.

Proposition 3.3.18. For any set X and any bimonoid H in span(X), the following

assertions hold.
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(i) The induced monoidal comonad H e (=) is a left Hopf comonad if and only if H
18 a groupoid with object set X.

(11) The induced comonoidal monad (=)o H is a right Hopf monad if and only if H
18 a groupoid with object set X.

(111) The induced comonoidal monad H o (=) is a left Hopf monad if and only if H is
a groupoid with object set X.

Proof. Throughout the proof, X and X x X refer to the units I = (X,id,id) and J =
(X x X,p1,p2) of span(X) (page 73). In light of Theorem 3.1.1, a bimonoid H in
span(X) is a small category.

(i). Define the sets H » H :={(h,h') e Hx H : t(h) = s(h')} and H x; H := {(h,h') €
H x H :s(h) =s(h')}. First, observe that applying the same reasoning as in the proof
of Proposition 3.3.16 on H° (meaning H with its opposite monoid structure), it is

concluded that H°P is a groupoid (and hence also that H is so), by using that
v:Hx*H=H®oH®— H®x;, H® = H x, H,

taking (h,h’) to (h,h'h), is an isomorphism.

By assumption, the map
<= (s (X x X) o (H o (X x X)) [(H s (X x X)) o (A e (X xX))]
from
(He(XxX))o(He(XxX))2HoH

to
He((XxX)o(He(XxX)))2Hx,H

is an isomorphism, sending (h, h’) to (hh',h’). Then, denoting by t the usual flip map
(h,h') —» (h', h) of sets, also the composite morphism

YosH YuxsH

H+H—"5HoH>Hx,H—5Hx,H

sending (h,h') to (h,h'h) is so. Since it is equal to v, we conclude by the observation
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at the beginning of the proof that H is a groupoid.

Conversely, if H is a groupoid with object set X, then the fusion morphism (h, a, k', b)
— (hh',a,h',b) in (3.71) is an isomorphism with the inverse (h,a, h’,b) — (hh'=* a,h',b)
for any h,h’' € H and any a € A,b € B of any objects A, B in span(X). Therefore, H is
a Hopf monoid.

(ii). The hypothesis of the claim assures that the map [(Xou)e((XxX)oH)]y[((Xo
H)e (X x X))oA] from

(XoH)e(XxX))oHxHoH

to
(XoH)e((XxX)oH)~Hxs,H,

taking (h,h’) to (hh',h’), is an isomorphism. This is precisely the map ¢ in the proof
of part (i), so that by the same reasoning we conclude that H is a groupoid.

Reciprocally, if H is a groupoid with object set X, then the fusion morphism
(a,h,b,h') ~ (a,hh/;b,h") in (3.73) is an isomorphism with the inverse (a,h,b,h') —
(a,hh'=1 b ") for any h,h' € H and any a € A,b € B of any objects A, B in span(X).
Therefore, H is a Hopf monoid.

(iii). By assumption, the map [(H o (X x X)) e (o X)]y[Ao((X x X)e(Ho X))]
from

Ho((XxX)e(HoX))xHoH

to
(Ho(XxX))e(HoX)x2HxyH

is an isomorphism, sending (h,h’) to (h,hh’). It is equal to the map v in the proof of
Proposition 3.3.16. Thus, by the same reasoning that in Proposition 3.3.16, it is proven
that H is a groupoid.

Conversely, if H is a groupoid with object set X, then the fusion morphism (h, a, h',b)
~ (h,a,hh' b) in (3.72) is an isomorphism with the inverse (h,a,h’ b) — (h,a,h=th',b)
for any h,h' € H and any a € A,b € B of any objects A, B in span(X). This concludes
that H is a Hopf monoid. m

Proposition 3.3.19. For any separable Frobenius algebra R and any bimonoid H in
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bim(R¢) the following assertions hold.

(i) The induced monoidal comonad H e (=) is a left Hopf comonad if and only if H
15 a weak Hopf algebra with right subalgebra isomorphic to R.

(11) The induced comonoidal monad (=)o H is a right Hopf monad if and only if H
is a weak Hopf algebra with right subalgebra isomorphic to R.

(11i) The induced comonoidal monad H o (=) is a left Hopf monad if and only if H is
a weak Hopf algebra with right subalgebra isomorphic to R.

Proof. By Theorem 3.2.4, a bimonoid in bim(R¢) is precisely a weak bialgebra H whose
right subalgebra is isomorphic to R. As usual, the original R¢-actions of H are denoted
by juxtaposition, while - refers to the Ré—actions in (3.13).

(i). If H is a weak Hopf algebra with antipode S, the fusion morphism (3.71) and

its inverse are given by

rap((hea)o(h'eb))
Kap(he(ao(l'eb)))

hhy e (ao (hyeb))
(hS(h})ea)o (h)eb)

for any h,h' € H and any elements a, b of any R¢~bimodules A, B.
Conversely, if k4 p is an isomorphism for any objects A, B in bim(R¢), then also is

so the composite ('K regre ReereC1, given by

Re®R®R® Hl;®onf(13)H - RIR®R® H1;® Hl,
ry®z®hl;@nf (1)~ r®y®z®hhi®h,

where

ReR®R® H1, ®@n%(1,)H > ((R°*®@R°)eH)o((R°® R*)e H)
r®y®2z®hl; ®@nf(1y)h > (he((z®1)®(1®1)))o(he((y®1)®(2®1)))

R®R®R® H1l;® Hl, > He((R°® R*)o(He(R® R)))
T®Y®z®Nhl®h'1, =~ he(((zel)e(lel))e(he((yel)e(z01)))),

and
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(He(R°® R¢))o (H e (R*® R*)) > R®R®R®HIl,onf(ly)H
(he((wex)®(y®z)))o (M o ((s®t)®(udv))) - wyse®ue(h-(20071(x)))1;
®nf (19) (A (vel-1(1)))

He((Re® R)o(He(R®R?))) > R®R®R®Hl,® Hl,
he(((wez)®(y®z)) o (Me(((s®t)®(u®v)))) + weyseud(h-(z0071(x)))11
&(h'-(v®07(1)))12,

and R¢® R is regarded as an R¢~bimodule via the actions
(res)((zey)e(vew))(res’): = (re®ys)® (vr' ® s'w).

Then the Galois map H1; @ nf(13)H - H1; ® Hls, hl; ® nf(12)h’' = hh| ® h} is an
isomorphism. In light of [56, Corollary 6.2] this means, equivalently, that H is a weak
Hopf algebra.

(ii). If H is a weak Hopf algebra with antipode S, the fusion morphism in (3.73)

and its inverse are given by

oas(((ach)eb)oh’)
oxp((aoh)e(bol’))

(aohhi)e(bohy)
((aohS(h}))eb)oh)

for any h,h' € H and any elements a,b of any R*-bimodules A, B.
Conversely, if 04 p is an isomorphism for any objects A, B in bim(R¢), then also is

so the composite 050 regre Re@re 01, given by

ReR®IR® H1; 9N (13)H - R®R®R® H1;® Hl,
r®y®z®hl; ®@nf(1y)h > T®Yy®z®hh)®hl,

where
ROR®R® Hl, @nf(1,)H % (((R°®R°)oH)e(R*® R¢))o H
T®Y®z®hl; @ nE(1y)h! > (yex)®@(1®l))oh)e((z®1)®(1®1)))oh

ReR®R® H1,® Hl, % ((R°®R°)oH)e((R°® R) o H)
r®y®z®hl; ®h'ly > (yoz)e(1el))oh)e(((z®1)®(1®1))oh'),
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and

(Re®@Re)oH)e(Re® R*))o H %> R®R®R®H1, ®nf(1,)H
((wer)®(y®z))oh) e ((s®t)®(u®v)))oh’ + z00 ' (H)weds’((y®z)h(vel))l;
ek (15)((ue1)h’)

((RE®@ R¢)oH)e ((R°® R¢) o H) > R®R®R®Hl,® Hl,
((wer)®(y®z))oh) e (((s®t)®(u®v))oh’) + z00 ' (H)weds’((y®z)h(vel))l;
&((u®1)h')1,,

and R¢ ® R¢ is seen as an R¢—module via the actions

(res)((zey)e(vew))(res’):=(re®ys)® (vr' ® s'w).

Then the Galois map H1y @ nfi(15)H — H1; ® Hls, hly @ nfi(1y)h' — hh] ® b is an
isomorphism. By [56, Corollary 6.2] this means, equivalently, that H is a weak Hopf
algebra.

(iii). If H is a weak Hopf algebra with antipode S, the fusion morphism (3.72) and

its inverse are given by

wap(ho(ae(h'ob))) = (hioa)e(hyh'ob)
wag(hoa)e(h'ob) = hio(ae(S(ho)h o))

for any h,h' € H and any elements a,b of any R°~bimodules A, B.
Conversely, if w4 p is an isomorphism for any objects A, B in bim(R¢), then also is

so the composite ¢, wregpre Regres1, given by

R®R®R® Hl;9nf(13)H - R®R®R®1,;H®1,H
r®y®z®hl; @nf(ly)h! > TQY®2®h ®hyh,

where
ROR®R® Hl,®nk(1,)H 3 Ho((R°® R°) e (H o (R ® R?)))
r®y®z®hl; ®@nfi(ly)h > ho((1®el)®(y®z))e(ho((1®l)®(z®1))))

ROR®R®1,H®1,H % (Ho(Re®R°))e(Ho (R ®R))
rT®Y®z®11h® 10 > (ho((1o)®@(y®2)))e(Mo((1®l)®(z®1))),
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and

Ho((R°® R¢) e (H o (R°® R?))) > R®R®R® Hl;onf(l,)H
ho(((wezr)®(y®z))e (ko ((s®t)®(usv)))) = ueyvez®(h(l®z))l,
onf (1) ((1®f(w))h/(set))

(Ho(R¢® R¢))e(Ho(R*® R°)) > R®R®R®1,H®1,H
(ho((wez)®(y®z))) e (Mo (((s®t)®(u®v)))) + ulyvezel(h(wer))
®ly(h'(s®t)),

and R¢ ® R¢ is considered an R¢—module via the actions
(res)((zey)e(vew))(res’):=(reeys)® (vr' ® s'w).

Then the Galois map H1; ® nfi(15)H — 1, H ® 1oH, h1; @ nf(15)h' = hy ® hoh! is an
isomorphism. In view of [56, Corollary 6.2] this means, equivalently, that H is a weak
Hopf algebra. [

Remark 3.3.20. In the recent paper [16], many equivalent characterizations of a Hopf
algebra over a field are generalized for any naturally Frobenius map-monoidale M in a
monoidal bicategory M, and any monoidal comonad on M. Regarding any monoidal
comonad on M as a bimonoid in the duoidal hom-category M(M, M) (see [59]), and ex-
tending to that setting various conditions distinguishing classical Hopf algebras among
bialgebras, in particular, a notion of antipode —which was missing to date— is defined
in that context. Under suitable assumptions —the existence of certain conservative
functors and the splitting of idempotent 2—cells in M— all those Hopf-like conditions
are shown to be equivalent ([16, Theorem 7.16]). Applying these conditions to a small
category H (regarded as a monoidal comonad on a suitable naturally Frobenius map-
monoidale [16, 5.4]), all of them are equivalent to H being a groupoid [16, 8.2]. Applying
these conditions to a weak bialgebra H (regarded as a monoidal comonad on a suitable
naturally Frobenius map-monoidale [16, 5.3]), all of them are equivalent to H being
a weak Hopf algebra [16, 8.4]. In other words, Proposition 3.3.16, Proposition 3.3.17,
Proposition 3.3.18 and Proposition 3.3.19 can be seen as particular instances of [16,
Theorem 7.16].
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Let us take the full subcategory grp® of groupoids in the category of small categories
with finitely many objects. The morphisms in grp? are functors (so that they are
compatible with the inverse operation on the morphisms). Similarly, let us consider the
full subcategory wha of weak Hopf algebras in wba. Its morphisms are the coalgebra
maps H - H’ rendering commutative the diagrams in Theorem 3.2.5. Note that there
is no reason to expect that all of them will be compatible with the antipodes (that is,
the equality S’Q = QS will hold). In fact, compatibility with the antipodes is equivalent
to M"L@Q = Qn’ holding true. Indeed, if S’Q = @S, the identity n’FQ = QN immediately
follows by using (2.94) and the source condition. Conversely, if n’FQ) = Qn’ is assumed,
then for any h e H,

sQh) Q)RS (Q(h)s) P2 S1(Q(R)) M (Q(h)s)
P20 Q) ™ (Q(hs)) = S'Q(h)Q N (hy)
U SQ()Q(haS(hs)) “E S'Q(h)Q(ha11)Q(M(12) S (hs))
GO S1(Q(hn11)1)Q((ha11)2)Q(MP(15) S (ha))
( <2')i:” T7Q(h111)Q(M (15)S (hs)) (S:‘? QN (M 11))Q(n"(12)S(h2))
2.63 wmc) 2.89

3)(2.67) QMR (h1)1)Q(R7(15)S (he)) = Q(nR(hl)S(hz))(_)QS(h).

Theorem 3.3.2. The adjunction in Subsection 3.3.3 restricts to an iso unit adjunction

between grp°® and wha.

Proof. First we check that k : cat® — wba restricts to a functor grp® — wha. If G is
a groupoid, then kG has a weak Hopf algebra structure via the structure in Example
2.5.16. On the other hand, also g : wba — cat? restricts to a functor wha — grp®. That is,
if H is a weak Hopf algebra, then g(H) is a groupoid (with many finitely objects) with
the inverse operation g(H) - g(H), g = S(g). In order to see that S(g) is indeed an
element of g(H), note that AS(g) = (S® S)A%(g) =S5(g) ® S(g) and €S(g) =€(g) =1
follow from the fact that S is an anti-coalgebra map (Proposition 2.5.15). By part
(v) of Lemma 3.3.7 also the other two conditions on elements of g(H) hold true and
the to-be-inverse operation g — S(g) is compatible with the source and target maps.

Moreover, for any g € g(H), it works as an inverse by

2.88 2.87
95(9) = 15(g2) “EV k() and  S(9)g = S(90)g2 2 Al (9).
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The following corollaries are immediate consequences of Corollary 3.3.14 and Corol-

lary 3.3.15, respectively.

Corollary 3.3.21. The functors k and g induce an equivalence between the category
of all small groupoids with finitely many objects, and the full subcategory of wha of all

pointed cosemisimple weak Hopf algebras over a given field k.

Corollary 3.3.22. If k is an algebraically closed field, then the functors k and g induce
an equivalence between the category of all small groupoids with finitely many objects,

and the full subcategory of wha of all cocommutative cosemisimple weak Hopf algebras.

Example 3.3.23. Assume k to be a field of characteristic 0, and let N be a positive

integer. The ‘algebraic quantum torus’; that is, the algebra
H = k{u,v,v |uY = 1,vu = quv)

with g € k such that ¢V =1, is a double crossed product weak Hopf algebra of the group
Hopf algebra k(v,v7!) and the N-dimensional weak Hopf algebra B := k{u |u® = 1)

with the comultiplication
N

Au) = %;(w & u),
the counit defined by €(1) = N, e(u™) = 0 if u” # 1 and the antipode S = id (see [13,
Example 9]).
For any Nth root of unity w € k (possibly, different from ¢), there is a group-like
element g, = + Zj]\il w/u? in B. Thus, if k contains a primitive Nth root of unity (so
that the set T':= {w € k: w™ =1} has N elements) then, as coalgebras,

B=@kg, and H= @ kg™
weT weT, meZ
We deduce from Corollary 3.3.21 that in this case H is isomorphic to the groupoid
weak Hopf algebra kG, where G = {g,v™|w € T,m € Z}. This groupoid has N objects
{gw|w €T}, but it is not finite. Since g9, =0 if w # W', and g2 = g.,, we get that two
morphisms g,v™, g,v" of G are composable if and only if w = v¢g™, and, in such a case,

ngmgyvn — ngm+n_



Chapter 4
Weak multiplier bialgebras

In the previous Chapter 3 we provided, among other things, a categorical approach
to weak bialgebras. In this chapter we introduce a non-unital generalization of weak
bialgebras with a multiplier-valued comultiplication. This means that, in contrast to
weak bialgebras, the underlying algebra A of the structure is not supposed to have a
unit and the ‘comultiplication’ no longer lands in A ® A but in its multiplier algebra.
As we pointed out in the introductory Chapter 1, this generalization is well motivated
both in practice and in theory. On the one hand, its motivation comes from the wish
to have an algebraical structure for which, given a category with non-finite object set,
the linear span of its arrow set and the vector space of finitely supported functions
on its arrow set are particular instances. On the other hand, we would like to fill the
conceptual gap of the antipodeless situation of (weak) multiplier Hopf algebras [69, 72];
as well as identifying a class of the new objects, intermediate between regular and ar-
bitrary weak multiplier Hopf algebras, big enough to contain any unital weak Hopf
algebra and whose members should have the expected properties like the structure of
the base algebras. In Section 4.1 we provide several equivalent formulations of the
definition of a weak multiplier bialgebra over a field, as well as various sources of exam-
ples. In a remarkable analogy with the unital case (that is, weak bialgebra setting), in
Section 4.2 we study certain canonical subalgebras of the multiplier algebra of a weak
multiplier bialgebra. Also in this more general context these non-unital algebras are
proven to carry a rich structure: under appropriate assumptions on the weak multiplier

bialgebra, they turn out to be coseparable co-Frobenius coalgebras. In the spirit of

133
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extending further features of weak bialgebras to this generalization, in Section 4.4 we
study appropriately defined modules over a weak multiplier bialgebra. They are shown
to constitute a monoidal category via the (co)module tensor product over the base
(co)algebra. Finally, in Section 4.5, we provide a notion for weak multiplier bialgebras
that, as it will be justified, deserves to be called antipode. We end the present chapter
discussing the relation of weak multiplier bialgebras to Van Daele and Wang’s (regular

and arbitrary) weak multiplier Hopf algebras.

4.1 The weak multiplier bialgebra axioms

In this section we introduce the central notion of this chapter: weak multiplier bialgebra.
Several equivalent forms of the axioms are presented and their first consequences are

drawn. At the end of the section, we collect some illustrative examples.
Definition 4.1.1. A weak multiplier bialgebra A over a field k is given by

e an idempotent non-unital k—algebra with a non-degenerate multiplication

prA® A A,
e an idempotent element E in M(A® A),
e a multiplicative linear map A: A - M(A® A) (called the comultiplication),

e and a linear map €: A > k (called the counit),
which are subject to the axioms below.

(i) For any elements a,b € A, the elements
Ti(a®b):=A(a)(1®D) and  Ty(a®b):=(a®1)A(b) (4.1)

of M((A® A) belong to the two-sided ideal A ® A.

(ii) The comultiplication is coassociative in the sense that

(T2 ® Id)(ld ®T1) = (Id ®T1)(T2 ® Id)

(iii) The counit obeys
(E ® Id)Tl =u= (Id ® E)TQ.
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(iv) In terms of the idempotent element E,

(A(a)(b®c) | a,b,ce Ay =(E(b®c) | b,ce A) and
(b®c)A(a) | a,b,ce Ay =((b®c)E | b,ce A).

(v) The idempotent element F satisfies the equality
(Ee1)(19E)=E® =10 E)(E®1)
in M(A® A® A), cf. (2.114).
(vi) For any a,b,ce€ A,
(e®id)((1®a)E(b®c))=(e®id)(A(a)(b®c)) and
(e®id)((a®b)E(1®c)) =(e®id)((a®b)A(c)).
From these axioms it follows immediately that
EA(a) =A(a) = A(a)E, (4.2)
for all a € A. Indeed, for any a,b,c€ A,
A(a)(b®c)=E(z;®y;) = E*(z;9y;) = EA(a)(b® ¢),

where the existence of z; ® y; € A® A in the first equality is assured by axiom (iv); and
the second and third equalities follow, respectively, by the idempotency of E and the

first equality of the own chain of equalities.

Remark 4.1.2. In a weak multiplier bialgebra, the idempotent element F and the
counit € are uniquely determined in fact by the multiplication p and the comultipli-
cation A. The uniqueness of F follows by the uniqueness of the idempotent element
in Theorem 2.7.1. We will come back to the uniqueness of € later in this section (cf.
Theorem 4.1.1).



Chapter 4. Weak multiplier bialgebras 136

Definition 4.1.3. A weak multiplier bialgebra A is said to be regularif also the elements
T35(a®b):=(1®b)A(a) and Ty(a®b):=A(b)(a®1) (4.3)

of M(A ® A) belong to the two-sided ideal A® A, for all a,b € A.

For an equivalent formulation of the regularity condition for weak multiplier bialge-
bras see [10, Definition 1.1 and Theorem 1.2].

Remark 4.1.4. Note that the same term regular has a different meaning preceding
weak multiplier bialgebra or preceding weak multiplier Hopf algebra (compare them
on page 63). In fact, a weak multiplier bialgebra is regular if T3 and T, exist (as
maps to A® A), and a weak multiplier Hopf algebra is regular if 73 and 7T are weakly
invertible; equivalently, the antipode (coming from the weakly invertible maps T; and
Ty) is invertible [73, Theorem 4.10].

The following is easily derived using the non-degeneracy of the multiplication.

Lemma 4.1.5. For a reqular weak multiplier bialgebra A over a field, the following

identities are equivalent.
(i) Ty = twTytw.
(11) Ty = twTstw.

(iii) A =A% (cf (2.115)).

Definition 4.1.6. A regular weak multiplier bialgebra A over a field is said to be

cocommutative if it satisfies the equivalent identities in Lemma 4.1.5.

Below we shall provide some equivalent forms of axiom (vi) in Definition 4.1.1. In

particular, this will allow us to prove the uniqueness of the counit.

Proposition 4.1.7. For any weak multiplier bialgebra A over a field, and for any a € A,

the linear maps A - A,
b (e®id)Ta(a®b) and b (e®id)((a®b)E) (4.4)

define a multiplier ﬁL(a) on A, giving rise to a linear map Al A > M(A).
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Proof. For any a,b,ce€ A,

c((e®id)Tr(a®b)) (45” (e®id)((a®c)A(D))
Y (eoid)((a®c)E(1®b)) = ((e®id)((a®c)E))b.

]

So that, any element a of a weak multiplier bialgebra A, defines a multiplier ﬁL(a) €
M(A) given by

A (a)b = (e®id)Ty(a®b) (4.5) and b (a) = (e®id)((a®b)E) (4.6)
for any b e A.

Proposition 4.1.8. Let A be a weak multiplier bialgebra over a field. For any a,be A,

the following assertions hold.
(1) (ideP")Ty(a®b) = (ab® 1)E as elements of M(A® A).
(2) (a®1)E belongs to the non-unital subalgebra A @ M(A) of M(A® A).
(3) (a®1)E(1®Db) belongs to the non-unital subalgebra A® A of M(A® A).

Proof. (1). For any a,b,c,d € A,

(c®d)((idem")Ty(a®b)) (dee®id)[(T2(ca®b)®d)(1® E)]
(dee®id)[(Tx(ca®b)®d)(E®1)(1® E)]
(idee®id)[(Ty ®id)(ca®b® d)E®]

= (dee®id)(Th®id)[(ca®b®d)(1® E)]

W (cod)(abe1)E.

n=onE o

In the first equality we used the definition of A" in (4.5) and the left A-module map
property of Ts. The fourth equality follows by

(2.114)

(a®1@1)(Aoid)(bec)(A®id)(E)
= (a91®1)((A®id)((b®c)E))
= (Iheid)((eeb®c)(1®F)).

(Iy®id)(a®bec)E®



Chapter 4. Weak multiplier bialgebras 138

(2). In the equality in (1), the left hand side belongs to A ® M(A) hence so does
the right hand side. Since A is idempotent by assumption, this proves (2).
(3) follows immediately from (2), since A is an ideal of M(A). O

Proposition 4.1.9. Let A be an idempotent non-unital algebra over a field k with
a non-degenerate multiplication, A : A - M(A ® A) be a multiplicative linear map,
€: A—k be a linear map and E be an idempotent element in M((A® A). Assume that
the axioms (i)-(v) —but not necessarily (vi)— in Definition 4.1.1 hold. If

(dee)((a®1)E(bec)) =(idoe)(A(a)(b®c)) (4.7)
for all a,b,c € A, then the following assertions hold.
(1) The linear maps
b (idee)(E(b®a)) and b~ (id®e)l1(b®a) (4.8)
define a multiplier 7 (a) on A, giving rise to a linear map T : A - M(A).
(2) (A" ®@id)Ti(a®b) = E(1®ab) as elements of M(A® A).
(3) E(1®a) belongs to the non-unital subalgebra M((A) ® A of M(A® A).
Proof. (1). For any a,b,ce A,

a((ide)E(bec)) = (dee)((a®l)E(b®c))
W (dee)(A(a)(bec) Y (idee)(Ti(a® )b,

(2). For any a,b,c,d € A,

(AP eid)Ti(a®b))(c®d) = (doeoid)(E®l)(coTi(a®bd))

= (dee®id)((F®1)(1® E)(c®Ti(a®bd))
Y (deeoid)(E®(deT))(c®a®bd))

= (deeeid)((IdT)((E®1)(c®a®bd))
D B(1eaw)(cod).
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In the first equality we used the definition of 7" in (4.8) and the right A-module map
property of T7. The fourth equality follows by

2.114)

E®((deT)(coasb) “EY ([doA)E)(ideA)(coa)(leleb)
= ((deoA)(E(c®a))(1®1®Db)
W deT)(E®1)(coadb)),

for any a,b,c e A.
(3). In the equality in (2), the left hand side belongs to M(A) ® A hence so does the
right hand side. Since A is idempotent by assumption, this proves (3). ]

By virtue of Proposition 4.1.9, any element a in a weak multiplier bialgebra A defines
a multiplier [ (a) e M(A) given by

A(a)b:= (doe)(E(b®a)) (4.9) and b (a) = (idoe)Ti(b®a) (4.10)
for any b e A.

Proposition 4.1.10. Let A be an idempotent non-unital algebra over a field k with
a non-degenerate multiplication, A : A - M(A ® A) be a multiplicative linear map,
€: A—k be a linear map and E be an idempotent element in M((A® A). Assume that
the azioms (i)-(v) —but not necessarily (vi)— in Definition 4.1.1 hold. The following

assertions are equivalent !.
(1) (e®@id)((a®b)E(1&c)) = (e®id)((a®b)A(c)) for all a,b,ce A.
(2) (idee)((ae )E(bec)) = (idee)(A(a)(b®c)) for all a,b,ce A.
(3) (a8 1)E(1®c) e A® A and (e®¢)((a®1)E(1®c)) = e(ac) for all a,ce A.
(1) (e® €)((a® 1)A(b)(1@c)) = e(abe) for all a,b,ce A.

Proof. (1)=(3). Note that (1) is in fact the second one of the axioms in Definition
4.1.1 (vi). Hence the same reasoning used to prove Proposition 4.1.8 (3) shows that for
alla,be A, (a®1)E(1®b) € A® A; so that (1) is equivalent to (e®id)((a®1)E(1®c)) =

!The proof of (4) = (1) was kindly communicated to us by Alfons Van Daele.
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(e®id)Tr(a®c) for all a,c e A. Applying € to both sides of this equality and using the
counitality axiom (iii), we obtain the equality in (3).

(2)=(3). By part (3) in Proposition 4.1.9, E(1®c) e M((A) ® A for any c € A hence
(a®1)E(1®c) e A® A for any a,ce A. Then (2) is equivalent to

(dee)((e®1)E(1®c)) =(d®e)Ti(a®c) (4.11)

for all a,c € A. Applying € to both sides of this equality and using the counitality axiom
(iii), we obtain the equality in (3).
(3)=(1). For any a,c,d € A,

(iii

(e®id) (a®1)E(1®c)dY (c@ewid)(ideT)((a®1)E(l®c)®d))
W (coewid)((idoA)((ae1)E(1®c))(1e1ed))

= (e®coid)(([doA)(ael)([deA)(E)(ideA)(lec)(leled))
ME cgewid)((e®lol)(Eol) (1o E)(1eTi(ced)))

2 (coevid)((aelel)(Eel)(1eTi(cod))

© (coid)((a®@)Ti(cod)) = ((c®id)Tr(a®c))d,

where in the third equality we used that id®@ A: A® A > M(A® A® A) extends to
ide A:M(A® A) > M(A® A® A) (see page 60) and the multiplicativity of id ® A,
and in the fourth one we used, in addition to (v) and (2.113), the idempotency of
EeM(A®A).

(3)=(2). For any a,c,d € A,

iif)

didee) ((a®1)E(lec) P (docoe)(Thoid)(de (a®1)E(loc))
W (deeoe)((dolol)(Aoid)((a®1)E(1®c)))
= (deee)((dolel)(Aeid)(a®1)(A®id)(E)(Aeid)(1®c))
ME) (deeoe)(Th(doa)o ) (Ee1)(le E)(1olsc))
2 (decoe)(Th(dea)ol)(1eE)(1olec))
© (dee)(Thdea)(l®c)) =d(id®e)Ti(a®c),

where in the third equality we used that id ® A is a multiplicative extension of id® A (see
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page 60), and in the fourth one we used, in addition to (v) and (2.113), the idempotency
of EeM(A® A).

(1) (and (3)) =(4). For any a,c,d € A,

(c@e)((a® DAB)(18¢c) Y (c@e)((a®)E( b)) L e(abe).

(4)=(1). For the idea of the reasoning below, we are grateful to Alfons Van Daele.

In view of axiom (iv) in Definition 4.1.1, (1) is equivalent to

(e®id)((a®b)A(c)(1®d)) = (e®id)((a ®b)A(cd)) Ya,b,c,d e A,

hence by the non-degeneracy of the multiplication, also to

(e®id)Tr(a®c)d=(e®id)Tz(a®cd) Ya,c,de A.

So we will prove it in this last form. For any ¢,d € A, denote ¢; ® d; := T1 (¢ ® d). Then
for any be A,

Tl(bC(X)d) ZA(b)(CZ®dz) :Tl(b®di)(ci®1). (412)
With this information in mind, for any a,b,c,d € A,

((e®id)Th(a®b))ed = (e®id)[Ta(a®b)(1®cd)]

= (e®e®id)(id®T)[(T2(a®b)(1®c)) ®d]

=7 (e@eid)[((deoT)(Troid)(a®b®d;))(1®c; ®1)]
= (e®e®id)[((Tr®id)(ldeT))(a®b®d;))(1®c;®1)]
= (e®id)[(a®1)T1(b®d;)(c;®1)]

=7 (e@id)[(a® 1)T1(bced)] = ((e®id)Ty(a ® bc))d,

so we conclude by the non-degeneracy of the multiplication. O]

Lemma 4.1.11. Let A be an idempotent non-unital algebra over a field k with a non-
degenerate multiplication, A : A - M(A® A) be a multiplicative linear map, € : A - k be
a linear map and E be an idempotent element in M((A® A). Assume that also the ranges
of the maps T3 and T}y in Definition 4.1.3 are in the ideal A® A, and that the axioms (1)-
(v) —but not necessarily (vi)— in Definition 4.1.1 hold. Then, A° := (A, u°?, A,e, E)
obeys the same assumptions made on A.
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Proof. Clearly, (A, u°P) is an idempotent non-unital algebra and p°P is non-degenerate.
As M(A°P®@ A%) = M((A® A)°P) x M(A® A)°P, the multiplicativity of A on A°P follows
immediately from its multiplicativity on A. Since the maps T} and T5 in A°P are exactly
the maps T3 and Ty (cf. (4.3)), axiom (i) on A° follows by the assumption that the
ranges of the maps T3 and Ty in are in A ® A. In order to check the coassoaciativity
axiom (ii), introduce the notations 71 (b ® d) =: b; ® d; and Tr(e ® b) =: e; ® b); for any
b,d,ec A. For any a,b,c,d,e€ A,

(eele ) [(Ty®id)(ideT3)(a®bec)](1®1®d)

WD w10 [(Theid)(a®b;®d)]

(1eleo)[(Treid)(evb®d)](a®@1®1)
D (1e1ec)(ideT)(caeb,od)]
[(i[d®T3)(eja®b;®c)](1®1®d)
[(i[deoTs5)((e®1)Ty(a®b)®c)]|(1®1®d)
(e@le)[(dT3)(Ty®id)(a®b®c)](l1®1®d),

from which we conclude

(Ty®id)(id® T3) = (id ® T3) (T4 ® id). (4.13)

As for the counitality axiom (iii), for any a,b,c € A,

=
—~

i ble®id)T1(a®c) W bac,
iif)

(id®e)Tr(c®b)a @ cha,

(e®id)Ty(a®b)e
c(id®e)Ty(a®b) (s

=

(4.1)

and hence (e®id)T5 = p°f = (id®¢)Ty. Writing out on A° both assertions in axiom (iv)
and the three expressions requested to be equal in axiom (v), one literally re-obtains

those ones in axioms (iv) and (v) on A, what concludes the proof of the claim. O

The following analogous version of Proposition 4.1.10 is immediate.

Proposition 4.1.12. Let A be an idempotent non-unital algebra over a field k with
a non-degenerate multiplication, A : A - M(A ® A) be a multiplicative linear map,

e: A - k be a linear map and E be an idempotent element in M(A ® A). Assume
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that also the ranges of the maps T3 and Ty in Definition J.1.3 are in the ideal AQ A,
and that the azioms (i)-(v) —but not necessarily (vi)— in Definition J.1.1 hold. The

following assertions are equivalent.
(1) (eoid)(18@a)E(b&c)) = (c®id)(A(a)(b®c), for any a,b,ce A.
(2) (idee)((a®@b)E(ce1)) = (id®e)((a®b)A(c)), for any a,b,c € A.
(3) l®a)E(cel) e A® A and (c®e)((1® a)E(c® 1)) = e(ac), for any a,ce€ A.
(4) (e® ) (1@ a)A(b)(c® 1)) = e(abe), for any a,b,c e A.

Proof. By Lemma 4.1.11, A% := (A, u°P, A€, E) obeys the hypotheses of Proposition
4.1.10. Parts (1), (2), (3) and (4) follow by applying Proposition 4.1.10 on it. O

Lemma 4.1.13. Let (A, u, A€, E) be a reqular weak multiplier bialgebra over a field.
Then, A% := (A, uP, A e, E), Acop:= (A, p, AP e, twEtw) and A5, = (A, uoP, A% e,

twEtw) are also reqular weak multiplier bialgebras over the same field (A as defined
in (2.115)). They will be referred to as the opposite, coopposite and opposite-coopposite

structures of A, respectively.

Proof. In view of Lemma 4.1.11, in order to conclude that A is a weak multiplier
bialgebra, it is enough to observe that axiom (vi) on A° says the same as on A.
Regularity of A°P is evident from the fact that the maps 73 and T on A° are the maps
Ty and T3 on A, and axiom (i) on A.

Next, we prove that A also obeys the axioms of a weak multiplier bialgebra. Since
A is regular, the elements twTstw(a ®b), twTytw(a ®b) belong to A® A for any a,be A,
proving axiom (i). Using the notations T3(b®a) =: b; ® a; and Ty(c®b) =: ¢; ®; for any

a,b,ce A, the coassociativity axiom (ii) is proven by

(id ® twTytw) (twTstw ® id) (a ® b ® ¢) (id®tw)(a; ® Ty(c®b;))

(tweid)(id @ tw)(tw ® id) (T4 (c ® b;) ® a;)
U2 (tw e id)(id ® tw) (tw ® id) (¢; ® T5(V; ® a))
= (tweid)(T3(b;®a) ® c;)

= (twTstweid)(id @ twTitw)(a® b® c)
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for all a,b,c € A. Using part (i) of the current proposition in the second equalities,

axiom (iii) follows by

(e®id)twTjtw(a ®b)

(dee)ly(b®a)=p®(bea)=pula®b)

(id ® e)twTstw(a ® b) (e®id)T3(b®a)=pP(b®a)=pu(a®b)

for any a,b € A. Using the definition (2.115) of A°P, the first and second assertions in
axiom (iv) on Ag, follow, respectively, by the first and second assertions in the same
axiom on A. In order to check axiom (v), introduce the notations E(c®b) =: ¢; ® b; and
E(b®a) =V ®a; for any a,b,c€ A. For any a,b,ce A,

(twEFtw @ 1)(1®@twEtw)(a®b®c) = (twEtw®1)(a®b; ®¢;) (4.14)
= (twoid)(idotw)(tweid)(¢; ® E(b; ® a))
2 (id® tw)(tw ®id)(id ® tw) (E(c ® b) ® a;)
= (letwktw)(a; ® ) ®c)
= (1otwEtw)(twEtw® 1)(a®b®¢)

Let us check now that the elements (1@ twEtw)(twEtw® 1) = (twEtw® 1)(1 ® twEtw)
of M(A® A® A) are also equal to (A°P ® id)(twEtw). For any u,v,w € A,

(AP @ id)(twEtw)(u ® v ® w)
= Y (A®eid)twEtw(a; ® b;)](a; ® b, ® c})

(2

= (detw)(tweid)(id®tw)[((i[d® A)E(b; ®a;))(c; ® b ® al)]

2 (detw)(tweid)(idetw)[(E®1)(1e E)((id® A) (b ® a;))(c, @ b, ® a)]
=" (detw)(tweid)(detw)[(Fe1)(1® E)(w®v®u)]

= (1otwEtw)(twEtw® 1)(u® v ® w),

where a;,b;,al,b, ¢} are elements of A such that (twEtw® 1)(u® v ®@ w) = ¥;[(A® ®
id)(a; ®b;)](a, ®b;®cl) (their existence is assured by axiom (iv)). In the third equality
we used, in addition, the multiplicativity of A ®id, and in the last equality we used
the identity of the third and last lines in (4.14). The equality of id ® A°P(twEtw) with

(twEtw ® 1)(1 ® twFEtw) is similarly proven. The first assertion in axiom (vi) on Acop
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requires (id®¢€)((a®1)E(b®c)) to be equal to (id®e€)(A(a)(b®c)) for any a,b,c € A,
what indeed holds by the equivalent form of axiom (vi) on A in part (2) in Proposition
4.1.10. The second assertion in the same axiom (vi) on A, means the equality of
(dee)((a®b)E(c®1)) and (id®€)((a ® b)A(c)), what is assured by the equivalent
form of axiom (vi) on A in part (2) in Proposition 4.1.12. Since the maps 75 and T on
Acp are the maps twlhtw and twTitw on A, regularity of Ao, follows from axiom (i)
on A.

As a consequence of the considerations above, the opposite structure of A, and

the coopposite structure of A°P are both (identical) regular weak multiplier bialgebras,
to be denoted by AZ,. O

In view of Lemma 4.1.13, a weak multiplier bialgebra over a field is regular if and
only if the opposite of its underlying algebra is a weak multiplier bialgebra too, via the
same comultiplication, counit and idempotent element. For a regular weak multiplier
bialgebra A, some of the axioms in Definition 4.1.1 can be re-written in the following

equivalent forms.
(11) = (T4 ® Id)(ld ® T3) = (Id ® Tg)(T4 ® Id)7
(ili) < (e®id)T5 = pP = (id ® €)Ty.

Note also that, keeping the regularity assumption on A, by evaluating both sides of (ii)
onany a®b®ce A® A® A, multiplying on the left by 1® 1 ® d and simplifying on the

right by 1 ® 1 ® ¢, the coassociativity axiom (ii) admits the alternative form
(T2®|d)(|d®T3) = (Id@Tg)(TQ@Id) (415)

In order to reduce the computations and to shorten the proofs, Lemma 4.1.13 will
be exploited in many of the results in this chapter in the following sense. After showing
some claims of the corresponding statements, we may like to stress the fact that the
other ones may symmetrically follow. More precisely, if we say, for instance, that an
assertion q follows by some proven assertion p and the symmetry A — A°P, this means
that p formulated on A°P yields exactly the assertion q what, indeed, proves q.

The following table collects the expressions of the T; maps in the regular weak

multiplier bialgebras A°P, A, and Aco, for any regular weak multiplier bialgebra A.
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A Ao Aeop A%,
(A, Ae, B | (A uP, Ave, B) | (A, p, A% e twEtw) | (A, u°P, A% e twEtw)

T T3 twltw twlrtw

T2 T4 tWT3 tw tWT1 tw

T3 T1 tWT2 tw tWT4tW

T4 T2 tWT1 tw tWT3 tw

Table 4.1: T; maps in the symmetric weak multiplier bialgebras.

Theorem 4.1.1. The counit of a weak multiplier bialgebra A over a field k is uniquely

determined by the multiplication and the comultiplication.

Proof. We have seen in Remark 4.1.2 that the idempotent element E is uniquely fixed.
Let €,¢' : A —» k be counits for A. Then for all a,b,ce A,

(e@e)[(a®1)AMB)(1®c)]=(e®€)[(a®1)T1(b® )]
= (e®e®d)[(a®101)(E®1)(10Ti(bac))]
al (ee@e)[(a®1@1)(E®1) (1@ E)(1eTi(b®c))]
Y (e@ed)[(aolel)(doA)E(leb))(lelec)]
Neewlel)(deT))(E(1®b)®c)]

iii

Y (cee) (e )E1®be)] = (ca¢)Ti(a®be) 2 ¢ (abe).

= (e®e®e

In the second and the penultimate equalities we used Proposition 4.1.10 (3) and (2) (in
its alternative form (4.11)) for € and for €', respectively. In the fifth equality we used
Propostion 4.1.9 (3). Symmetrically, using Proposition 4.1.10 (3) for €’ in the second
equality, Proposition 4.1.8 (2) in the fifth equality and Proposition 4.1.10 (1) for € in
the penultimate equality,

(e@)[(a®@ 1) A()(1®c)]=(c®c)[Th(a®b)(1®c)]
= (e®ed)[(Th(a®b)®1)(1®E)(1®1®C)]
W (e @) [(Ta(avb)®1)(Eo 1) (1@ E)(1®1®c)]
Y (coded)(aolel)(Aaid)((he)E)(1lelec)]
= (9o [(Tra®id)(a® (b 1)E)(1®1®c)]
W (coe[(ab®1)E(1®c)] = (c® ) Th(ab® ) "2 e(abe),
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where the label (iii)’ refers to the application of axiom (iii) to €. So we conclude by
the idempotency of A that € = ¢’ O

Two main sources of examples of weak multiplier bialgebras are regular weak mul-
tiplier Hopf algebras in [73] and weak bialgebras [18, 52] (possessing units), as we shall

see in the next two theorems.

Theorem 4.1.2. If an idempotent non-unital algebra A over a field with a non-degenerate
multiplication possesses a reqular weak multiplier Hopf algebra structure in the sense of
[73] (recalled in Section 2.7), then A is also a (regular) weak multiplier bialgebra via

the same structure maps.

Proof. Axioms (i), (ii), (iii) and (v) in Definition 4.1.1 are parts of the definition of
regular weak multiplier Hopf algebra in [73]. Since A is an idempotent non-unital
algebra by assumption, the axioms F(A® A) =T1(A® A) and (A A)E=T,(A® A)
in [73] imply our axiom (iv). It remains to prove that axiom (vi) holds true. By [73,
Proposition 2.3|, for any weak multiplier Hopf algebra A over a field, there exists a
linear map Ry : A® A > A® A such that T1R,(a®b) = E(a®b) for all a,be A. Then
applying € ® id to both sides and using the counitality axiom (iii) in Definition 4.1.1, it
follows that

pRi(a®b) =(e®id)[F(a®b)] Va,be A. (4.16)

For any a,b,ce A,
Ti[(a® 1)Ri(boc)] = A(a)(T1R1(b®c)) = A(a)E(b®c) W Aa)(b®c).
Applying € ® id to both sides and using the counitality axiom (iii) and (4.16),
(eid)((1®a)E(b®c)) =(e®id)(A(a)(b®c)).

So the first axiom in (vi) holds true. The assumption about regularity —which has

not yet been used so far— allows for a symmetric verification of the second axiom in
(vi). O

For arbitrary weak multiplier Hopf algebras in [73], however, the second axiom in

Definition 4.1.1 (vi) does not seem to hold. Consequences of this will be discussed
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further in Section 4.5. The following result shows, in particular, that the notion of

weak multiplier bialgebra extends that of weak bialgebra (recalled in 2.5.3).

Theorem 4.1.3. For an algebra A over a field, there is a bijective correspondence

between
e weak bialgebra structures on A,
e and weak multiplier bialgebra structures on A.

Proof. An algebra A is clearly idempotent with a non-degenerate multiplication, and
its multiplier algebra M(A) coincides with A. So in this case the axioms in Definition
4.1.1 (i) become trivial identities and any weak multiplier bialgebra structure on A is
regular. By axioms (ii) and (iii), a weak multiplier bialgebra structure on A is given
by a coassociative counital comultiplication A - A ® A which is a multiplicative map,
and a compatible idempotent element of A ® A. By the uniqueness of the idempotent
element F (see Remark 4.1.2) obeying axiom (iv), it follows that F' = A(1). Then axiom
(v) is the usual weak bialgebra axiom (2.49) expressing the weak comultiplicativity of
the unit. By Proposition 4.1.10 and Proposition 4.1.12, axiom (vi) is equivalent to the
usual weak bialgebra axiom (2.48) expressing the weak multiplicativity of the counit

(cf. parts (4) of the quoted propositions). O

Among weak bialgebras A over a field, bialgebras are distinguished by the equivalent
properties that A(1) = 1® 1, or e(ab) = e(a)e(b) for all a,b € A, or A*(a) = e(a)l for
all a € A, or (a) = e(a)l for all a € A (see Remark 2.5.12). As shown in the next
theorem, these properties (in appropriate forms) remain equivalent also for a weak

multiplier bialgebra A.

Theorem 4.1.4. Let A be a weak multiplier bialgebra over a field. The following

assertions are equivalent.
(1) E=1 as elements of M(A® A).
(2) e(ab) = e(a)e(b) for all a,be A.
(8) T (a) = e(a)l as elements of M(A), for all a € A.

(4) % (a) = e(a)l as elements of M(A), for all a € A.
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Proof. (1)=(2). For any a,be A, e(a)e(b) w (e®€)[(a®1)E(1®b)] = €(ab), where the
last equality follows by Proposition 4.1.10 (3).

(2)=>(1). Using Proposition 4.1.8 (1) in the first equality, it follows for any a, b, ¢,d €
A that

= ((def)Ty(a®b))(1® cd)
W (deesid)[((ideT)(Thoid)(a®boc))(leled)]
= (deewid)[(Ta(a®b)®1)(10Ti(c®d))]

= (id®e)Th(a®b)® (e®id)Ti(c®d) Wb e cd,

(ab® 1)E(1®cd)

from which we conclude by the density of A® A in M((A® A).

(1)=(3). For any a,be A, b"(a) () (e®id)[(a ®D)F] W be(a), from which we
conclude by the density of A in M(A).

(1)=(4). For any a,b e A, A (a)b () (dee)(E(b®a)) W €(a)b, from which we
conclude by the density of A in M(A).

(3)=(1). Using Proposition 4.1.8 (1) in the first equality, it follows for any a,b e A
that

(abe 1)E = (idef)h(aod) 2 (dea)haob) o1 2 wel,

from which we conclude by the density of A® A in M((A® A).
(4)=(1). Using Proposition 4.1.9 (2) in the first equality, it follows for any a,be A
that

iii

E(l®ab) = (A eid)Ti(a®b) P 1@ (coid)Ti(a®b) Y 1® ab,

from which we conclude by the density of A® A in M((A® A). O

Whenever the equivalent conditions in Theorem 4.1.4 hold for a weak multiplier
bialgebra over a field, it would be most natural to term it a multiplier bialgebra. Note,
however, that this notion is different from both notions in [40] and [67] which were
given the same name. The present one is covered by the definition of reqular multiplier
bialgebra in a braided monoidal category given in [17] applied to the category of vector
spaces.

The next four families of examples do not belong to any of the previously discussed

classes.
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Example 4.1.14. Take a small category C possibly with infinitely many objects and
arrows. For a fixed field, consider the idempotent non-unital algebra £C with a non-
degenerate multiplication from Example 2.2.1. It can be equipped with the structure
of a regular weak multiplier bialgebra. The comultiplication takes an arrow a to a ® a
regarded as an element of the multiplier algebra M(kC ® k£C). The counit takes each
arrow to 1. For any arrows a,b in C, the idempotent element E in M(kC® kC) is given
by E(a®b) =a®bif t(a) = t(b) and E(a ® b) = 0 otherwise; and (a ® b)E = a ® b if
s(a) = s(b) and (a ® b)E = 0 otherwise. All these maps are then linearly extended.

Example 4.1.15. Take again a small category C possibly with infinitely many objects
and arrows. For any arrows a and b of common source, assume that there are only
finitely many arrows ¢ such that ca = b. Symmetrically, for any arrows a and b of
common target, assume that there are only finitely many arrows ¢ such that ac = b.
(These assumptions evidently hold for a groupoid.) For a fixed field &, consider k(C),
the non-unital k—algebra of k—valued functions of finite support on the arrow set Ci,
see Example 2.2.2. It carries the structure of a regular weak multiplier bialgebra. In
terms of the characteristic functions y(. of the one element subsets {c} of C;, the
comultiplication A takes f € k(C) to the multiplier A(f) described by
A(f)geh)= 3, gle)h(d)f(cd)x( ® Xiay = (9 ® B)A(f)

c,deC1
for any g,h € k(C). Note that in this sum there are only finitely many non-zero terms
since g, h and f have finite supports. The maps T} (for j € {1,2,3,4}) land in k(C)®k(C)
by the assumption that we made about the set of arrows. The counit takes f to the sum
of the values f(1,) for the identity arrows 1, (which contains finitely many non-zero
terms by assumption). The idempotent element F in M(k(C) ® k(C)) is given by
E(geh)= Y g()h(d)x ® Xy = (9@h)E VYg,hek(C).
c,deC
s(e) = t(Zl)
It was shown in [73] that whenever the categories in the above examples are group-

oids, then both constructions yield regular weak multiplier Hopf algebras in the sense
of [73].

Example 4.1.16. In this example we show that any direct sum of weak multiplier
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bialgebras over a field —so in particular any infinite direct sum of weak bialgebras over
a field —is a weak multiplier bialgebra.

For any index set I, consider a family of idempotent non-unital algebras {A4;} ;e
over a field & with non-degenerate multiplications p;. Let A := @j; A; denote the
direct sum vector space with the inclusions i; : A; - A and the projections p; : A - A,.
The elements of A are the I-tuples a = {a; € A;};er such that a; := p;(a) is non-zero
only for finitely many indices j € I. Clearly, A can be equipped with the structure of
an idempotent non-unital algebra with a non-degenerate multiplication p:a® b+ ab,
uniquely characterized by p;(ab) = a;b;, for any a,b € A and j € I (so that i; becomes
multiplicative as well).

The multiplier algebra of A is isomorphic to the direct (in fact, Cartesian) product
[1,cr M(A;), regarded as an algebra via the factorwise multiplication. (Its elements
are [-tuples {w; € M(A;)};e; without any restriction on the number of the non-zero
elements.) Indeed, i;(A;) is an ideal in A for any j € I. Hence for any w € M[(A), any
jel, and any a,be A;,

wij(ab) = w(i;(a)i; (b)) = (wij(a))i; (b)

is an element of i;(A;). So by the idempotency of A;, wi;(a) €i;(A;), and symmetri-
cally, i;(a)w € i;(A;), for any j e I and a € A;. This proves the existence of multipliers
w; € M(A;) such that

i;(w;a) = wij(a) and i;(aw;) =1;(a)w, Vae A;.
Hence there is a map
p:M(A) > [IM(4)),  we {wiljer (4.17)
gel

It has the inverse {w,}je; = w such that p;(wa) = w;a; and p;(aw) = a;w; for all a € A
and jel.

Let us take now two families {A,};e; and {B;}e; of idempotent non-unital algebras
with non-degenerate multiplications, together with a family of multiplicative linear
maps {v; : A; > M(B;)};er and idempotent elements {e; € M(B;)};e; such that for all
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jel, vj(A;)B; = e;jBj and B;v;j(A;) = Bjej. Then it follows by Theorem 2.7.1 that
there exist unique multiplicative linear maps {7; : M(A4;) - M(B;)};er extending +;
such that 7,(1;) = e;. Put A= @;;;A; and B = @ B; as before and in terms of the
map (4.17) define

e=¢ '({ej}jer) €M(B) and ~v:A->M(B), aw~ ¢ '({v(a)}je)

Then for all j e I, p;(v(A)B) =v;(A;)B; = ¢;B; = pj(eB), so that 7(A)B = eB. Sym-
metrically, By(A) = Be. Thus by Theorem 2.7.1, v extends to a unique multiplicative
linear map 7 : M((A) - M(B) such that 7(1) = e. Explicitly,

pi(Y(w)b) =7;(w;)b;  and  p;(0y(w)) = b7, (w;), (4.18)

for all jel,be B and weM(A).

Assume next that for all j € I, A; carries a weak multiplier bialgebra structure with
comultiplication A; : A; - M(A,; ® A;), counit ¢; : A; - k and idempotent element E; €
M(A; ®A;). Since A® A= @&, A; ® A, its multiplier algebra M((A® A) is isomorphic
to [1;er M(A; ® A;). Hence M(A ® A) has a non-unital subalgebra [];.; M(A; ® A;).
In terms of the map (4.17), we define

A A>Tl M(4;0 A45) cM(A® A), ar o' ({A;(a;)}jer)
€: A-k, a~ Yierei(ag)
Ee [l M(A;0 Aj) cM(A® A), E = o7 ({Ej}jer)-

Note that the counit € is well defined because the sum has only finitely many non-zero
terms. This equips A with the structure of a weak multiplier bialgebra. Moreover, if A,

is a regular weak multiplier bialgebra for all j € I, then so is the direct sum A = @,/ A;.

Example 4.1.17. Recently, in [33], Kenny De Commer and Thomas Timmermann
showed that the total algebra associated to a partial bialgebra has the structure of a
regular weak multiplier bialgebra. Next, we briefly present these notions and refer to
the reader to sections 1.1, 1.2 and 1.3 in [33] for details about them.

Let I be a set and consider I? = I xI as the pair groupoid with - denoting composition.
An element X = (s,t) € I? has source s and target t; we denote them by X; and X,
respectively. If X = (s,t),Y = (t,u) € I? we write X - Y = (s,u). An [-partial algebra
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(or partial algebra over I) A= (A, ) (over C) is a set I together with

e for each X = (s,t) € I? a vector space A(X) = A(s,t) = ;A (possibly the zero

vector space),

e for each X,Y with X, =Y} a multiplication map

P(X,Y) A(X)®@ A(Y) - A(X - Y), a®bw ab

e and elements 1(s) =1, ¢ A(s, s) (the units),

such that the obvious associativity and unit conditions are satisfied. The vector space
A(X -Y) is defined to be {0} when X, # Y}; then pu(X,Y") is let to be the zero map.
The total algebra A of an I-partial algebra A is the vector space

A= @ A(X)

Xel?

endowed with the unique multiplication whose restriction to A(X) ® A(Y') coincides
with pu(X,Y).
Regard now the elements of I? as column vectors and denote by * the (vertical)

composition. Now we say that X = (t) € I? has source s and target ¢t and we denote

them by X, and Xy respectively. If X = (t), Y = ( ) € I? then X Y = ( ) An I—partial

coalgebra (or partial coalgebra over I) A= (A,A) (over C) consists of a set I together
with
e for each X = (t) € I? a vector space A(X) = A(t) =A7,

e for each X,Y with X; =Y, a comultiplication map

A(Y): AKX #Y) > A(X) 8 A(Y),  ar apx ®aey,

e and counit maps € : A(j) - C,

obeying the obvious coassociativity and counitality conditions. Analogously to the
above, we make the convention that A(X *Y') = {0} and A(i) is the zero map when
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Xy #Y,. Similarly, a counit map is seen as the zero functional on A(X) when X = (i)

with s # t. For brevity, if X = () and Y = (i), we write A, instead of A(i), as the

t

other indices are determined by the element to which A, is applied. For similar reason,
we drop the index from €, and simply write e.

Let My(I) be the set of 4—tuples of elements of I arranged as 2x2-matrices. It can
be endowed with two compositions, namely - (viewing My (1) as a row vector of column
vectors) and * (viewing Ms([) as a column vector of row vectors). For any X € My(7),
we write X = (XZ,XT> = (i:) = (f(’m ﬁ:)

Note that, in what follows, the index of A will now be a 1x2 vector in I? as we will
deal with partial coalgebras over 2. A partial bialgebra A = (A, i, A) consists of a set
I and a collection of vector spaces A(X) for X € My(1I) such that

. A(XZ,XT) constitute an I?-partial algebra,
o A(id) constitute an I?—partial coalgebra,

and on which the following compatibility conditions hold.

(1) For all s,t,t',ue I, one has
A (1(2)) =601(;) @ 1(2):
(2) For all X,Y € My(I) with X, =Y; and all a e A(X) and be A(Y),
e(ab) = e(a)e(b).

(3) For all sel, e(l( )) =1.

(4) For each X € M5(I) and each a € A(X), the assignment (p,q) = Aq)(a) has

finite support in either one of the variables when the other variable has been fixed.

(5) For all a e A(X) and be A(Y) with X, =Y,

A (ab) =3 Ay (@) Am,g) (D).
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As a consequence of all the above information (see [33, Lemma 1.18]), it follows that
for each element a in the total algebra A of an I—partial bialgebra A, there exists a
unique multiplier A(a) e M((A ® A) such that

Apg(a) = (1@ A)A(a)(1® Ag) = (pp ® 1)A(a)(pg ® 1) (4.19)

forall p,g e I, all X € My(I) and all a € A(X), where A = ¥, 1(’;), =Y 1(’;) e M(A).
The resulting map A: A - M(A® A), a~ A(a) is a homomorphism. Moreover, the
element ' = 3., , 1(t) ® 1(2) = Y, pt ® Ay is a well-defined idempotent in M(A ® A),
and it satisfies A(A)(A® A) = F(A® A) and (A® A)A(A) = (A® A)E ([33, Lemma
1.19]). Proposition 1.20 and Remark 1.21 in [33] prove that the total algebra of A is,

with this structure, a regular weak multiplier bialgebra.

4.2 The base algebras

Let A be a weak multiplier bialgebra over a field. The aim of this section is to study

the properties of the maps
Al A - M(A), a~ (e®id)((a®1)E) (4.20)

in (4.4) and
At A - M(A), a~ (idee)(E(l®a)) (4.21)

in (4.8) in a remarkable analogy with the unital case. Their images in M[(A) are termed
as the base algebras (they are indeed subalgebras of M[(A) by Lemma 4.2.6 below), and
they will be investigated further in the next Section 4.3.

The following two examples explicitly show the base algebras of some families of

weak multiplier bialgebras.

Example 4.2.1. For a small category C, consider the weak multiplier bialgebra kC
presented in Example 4.1.14. The base algebra nf(kC) is easily seen to be equal to
kCo. Indeed, for any a,b € C; such that s(a) = s(b),

bt (a) "2 (id® ) ((b® a) E) = be(a) = b;

and for any a,b € C; such that s(a) # s(b), bnf (a) = 0. That is, nf(a) = s(a) for any
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a € Cy, from which we conclude n®(kC) = kCy. A symmetrical computation checks that
also n*(kC) = kCy.

Example 4.2.2. Let C be a small category such that for any arrows a and b of common
source, there are only finitely many arrows ¢ such that ca = b; and that, for any arrows
a and b of common target, there are only finitely many arrows ¢ such that ac = b.
Let k(C) be the weak multiplier bialgebra shown in Example 4.1.15. The base algebra
nf(k(C)) is described as follows. For any g, h € k(C),

grfi(h)y "2 (dee)((g@h)E) = > 9O Delxiaxiy
s(’c)ig(ld)
= zd: . g(c)h(d)( EC: Xeay(12)) Xty = EC: g(c)h(s(c))x¢e

s(c) =t(d)

9(=)h(s(-))-

(Notice that above, in the last expression, juxtaposition means pointwise multiplica-
tion.) Hence, nf(k(C)) consists of the functions f : C; — k such that f(c) = f(d)
if s(c) = s(d), for any ¢,d € C;. In other words, nf(k(C)) = k(Cy). The map
nf(k(C)) — k(Co) is given by restriction, sending f € n?(k(C)) to fic,; and its in-
verse k(Co) — nfi(k(C)), by precomposition with the source map, taking f € k(Cop)
to f(s(-)). Analogously, n¥(k(C)) consists of the functions f : C; - k such that
f(c) = f(d) if t(c) = t(d), for any ¢, d € Cy; that is, N (k(C)) = k(Cp), via the isomor-
phism given by n*(k(C)) = k(Co), f = fic, and k(Co) » n*(k(C)), f = f(t(-)).

Lemma 4.2.3. For any weak multiplier bialgebra A over a field, and any a,be A,
(A" (a)b) = e(ab) and e(am(b)) = e(ab).
Proof. For any a,be A,

(@ (a)p) Y (e@)Tu(a®b) 'Y ¢(ab)
e(a®(®)) LY (e@)Ti(a®b) Y ¢(ab).
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Lemma 4.2.4. For any weak multiplier bialgebra A over a field, and any a,be A,
AL (A" (a)b) = A (ab) and A (aR(b)) = A (ab).

Proof. For any a,b e A, using Lemma 4.2.3 together with part (2) in Proposition 4.1.8

and part (3) in Proposition 4.1.9 in the second equalities,

ALA (@) "2 (eoid)[(FH(a)h @ 1)E] = (c®id)[(abe 1)E] =" 7 (ab),
7@ (b)) "2V (idee)(BE(1®art (b)) = (id®e)(E(l ®ab)) 2" A% (ab).

Lemma 4.2.5. For any weak multiplier bialgebra A over a field, and any a € A,

A (a) = (F*(a)®1)E =E(["(a)®1) and
Aff(a) = (17 (a))E =E(1er"(a)).

Proof. For any a € A, (a® 1)E ¢ A® M(A) by Proposition 4.1.8 (2). Hence, using
additionally the idempotency of E in the fifth equalities,

Art(a) "2” Aleoid)[(a®1)E] = (e®id)(id® A)[(a® 1)E]
C29 (coid)[(doR)(a®1)(i[de A)(E)]
GO0 ceid)[(e@le1)(1® E)(1e E)(Ee1l)]
Y (eoid)(a®101)(E®1)(leE)]
= ((eoid)[(ae)E]e DE "2 (A (a) ® 1)E,
Arfa) 2V A(deo)[E(lea)]=(dee)(Aeid)[E(lead)]
C29 (de o) [(Aeid)(E)(Aeid)(1®a)]
(2.113)(v)

C= (dee)[(loE)(E®l)(Eol)(1el®a)]
(deeo)[(Fel)(leE)(1®ol1l®a)]
=  E(le(dee[E(l®a)])=E(lef(a)).
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For any a,c,d € A, using the notations (c® d)E =: ¢; ® d;, E(c® d) =: ¢} ® d,

cod)(@(@o)E Y [(coid)((aec)E)sdE
= (e®idoid)[(e®c®d)(E®1)(1®E)]
Y (eoideid)[(a®cod)(le E)(Ee1l)]
= (e®id)((ea®c¢)E)®d;

= i (a)®d; = (cod)E(["(a) ® 1),

E( et (a)(ced) 2 Elco(idoo)(E(d®a))]
= (deidee)[(E®1)(1®E)(cod®a)]
Y (deidee)[(leE)(E®l)(c®d®a)]
= (doidee)(c;® E(d;®a))

= c}@ﬁR(a)d;:(l @ (a))E(c®d).

Lemma 4.2.6. For any weak multiplier bialgebra A over a field, and any a,be A,
A (am" (b)) =" (a)A(b)  and  AYA(a)b) =T (a)F(D).

Proof. For any a,b,ce€ A,

@@ (0))e L (e@id)Ty(aTt () ® c) L (e®|d)[(a L(0) ® 1) EA(c)]
= (e®id)[(a® 1)AF" (b)c)] = (€®Id)T2(CL®I_I (b)c)
YA @ o)
(4.10)

(id ® )T (c ® A (a)b) 'L (id ® ¢)(A(c)E(L o™ (a)b))
= (idee) (A a)(1®b) 2 (id® e)Ti (A% (a) ® b) 2"
- A )F),

GO

where in the third equalities we used Lemma 4.2.5 and the multiplicativity of A. By
the density of A in M((A), we conclude the claim. O
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As an immediate consequence of the previous lemma, for any weak multiplier bial-
gebra A, the ranges of i* and of 7™ are non-unital subalgebras of the multiplier algebra

M(A).
Lemma 4.2.7. For any weak multiplier bialgebra A over a field, and any a,be€ A,
7 (a)@" (b) = 7" (b)A"(a).

Proof. For any a,be A,

4.21)(4.20

' (deo)[E(1l®a)](coid)[(b®1)E]

= (evid@e)[(1®eE)(b®l®a)(E®1)]
(evid@e)[(bol1®1)(1®E)(E®l)(l®l®a)]
(evidee)[(bolel)(E®l)(19E)(1®l®a)]
= (eoid)[(be1)E](d®e)[E(1®a)]

(4.20)(4.21) ﬁL(b)ﬁR(a)

A (a)rt ()

—
IS

]

Lemma 4.2.8. Forany weak multiplier bialgebra A over a field, and for any a,b,c,d € A,
(abe 1)((F*@id)Ti(c®d)) = ((id® ") Th(a ® b)) (1 ® cd).

Proof. Both expressions in the claim are equal to (ab® 1)E(1 ® cd), see Proposition
4.1.8 (1) and Proposition 4.1.9 (2). O

Whenever A is a reqular weak multiplier bialgebra over a field, the above consider-
ations can be repeated in the opposite weak multiplier bialgebra algebra A°P. That is,

for any a € A we can define multipliers n®(a),n’(a) € M((A) by

nf(a)b:=(id®e)T3(b®a)  (4.22) and brfi(a):=(d®e)((b®a)FE) (4.23)
nt(a)b:=(e®id)(E(a®b)) (4.24) and bk (a):=(e®id)Ty(a®b)  (4.25)

for any b e A. They obey the following properties, for all a,b,c,d € A.
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(1®ab)E = (n?®id)T3(b®a) and E(ab® 1) = (id®@n*)Ty(b®a). (4.26)
e(an® (b)) = e(ab) and e(n?(a)b) = e(ab). (4.27)
nf(ant (b)) = n(ab) and nf (nf(a)b) = nf(ab). (4.28)
Ant(a)=(n*(a)®1)E = E(n*(a) ® 1) and (4.29)
Anf(a)=(1enf(a))E = E(1®nf(a)).

n*(n*(a)b) = n*(a) n* (b) and nf (an’ (b)) = nf(a) N’ (b). (4.30)
nf(a) n® (b) = nf(b) n* (a). (4.31)
(Mfeid)T3(a®b))(cd®1) = (1®ba)((id®n*)Ty(d® c)). (4.32)

The following table collects the expressions of the generalized counital maps in each
one of the regular weak multiplier bialgebras A%, A, and Ac, in terms of a regular

weak multiplier bialgebra A.

A AP Acop Al
(A, Ae, B | (A uP, Ave, B | (A, p, A% e twEtw) | (A, u°P, AP e twEtw)
At nk nk A
At nk nk 7
nk Al A nk
nk mr At rf

Table 4.2: Generalized counital maps in the symmetric weak multiplier bialgebras.

In a weak bialgebra —weak multiplier bialgebra possessing a unit, by Theorem
4.1.3—, the above maps (which turn out to be precisely the counital maps (2.50)-
(2.53) defined in Subsection 2.5.2) behave as generalized counits: (N’ ®id)A = id =
u(id ® NB)A and poP(A" @ id)A = id = poP(id ® A7) A (see Proposition 2.5.7). In the

following lemma these identities are generalized to weak multiplier bialgebras.

Lemma 4.2.9. For a reqular weak multiplier bialgebra A over a field, the following

equalities hold.
(1) por (A" ®id) Ty = puoP.
(2) por(id ® A7) Ty = pop.

(3) p(n* ®id)Ty = pu.
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(4) n(id @ YT, = .

Proof. We spell out the proof only for (1), all other assertions follow by the symmetries
shown in Table 4.2. Let a,b,c € A and put a; ® b; :=T5(a ®b) = (1 ® b)A(a). Then,

(1o (A" ®id)T3(a ® b))c 1P[((F* @id)Ty(a® b)) (c®1)]
= P (a)e@b) L bi(e®id)[(a; ® 1)A(0)]

- (c@id)[(a;@b)A(O)] = (cid)[(10b)A()A(C)]

(22 (e®id)T3(ac®b) ) bac,
(4.3)
so we conclude by non-degeneracy of the multiplication. O]

Remark 4.2.10. (See [10, Lemma 1.5].) For any regular weak multiplier bialgebra
A, it follows by the idempotency of A and Lemma 4.2.9, that the vector space A is

spanned by elements of the form
(1) af™(b) for a,b € A; (2) @%(b)a for a,b € A;
(3) nE(b)a for a,b e A (4) an®(b) for a,be A.

Using this together with Lemma 4.2.6 and (4.30), we conclude that A (A), A% (A), nE(A)

and nf(A) are idempotent non-unital algebras.
Lemma 4.2.11. For a reqular weak multiplier bialgebra A over a field, and any a,b e A,
e(n*(a)d) = (@ (b)a) and e(an’ (b)) = e(bA*(a)).

Proof. In light of (4.24) and (4.9), respectively, left and right sides of the first equality
are equal to (e ® €)[ F(a ® b)] hence also to each other. The second equality follows by
the first one and the symmetry A — A% (or A - AZ5, on equal footing). O

Lemma 4.2.12. For a reqular weak multiplier bialgebra A over a field, and any a € A,

the following equalities hold.

(M) DE= (107" (a)E  and E[F%(a)®1)=E(1en"(a)).
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Proof. By axiom (iv) in Definition 4.1.1, the first equality in the claim is equivalent to
(nf(a) e DTi(b®c) = (1ef"(a))Ti(b®c), Va,bceA. (4.33)

Using the identities

crf ()b "2 (id®e)[(c®a)A(D)] (4.34)
W (deo)[(1®a)Ta(cob)]
and
(coid)[(a@D)Ti(boc)] 2 (coid)[Th(a®b)(1®c)] (4.35)

“s) 7" (a)be
(for any a,b,c € A) in the first and the fourth equalities, respectively, one computes

(dnf () e D)Ti(boc) "2V (decoid)[(1oae)(Troid)(ideT)(deboc))]
D (deeoid)[(leaol)((ideT)(Tr®id)(d®b®c))]
W (deeoid)[(1oae1)((ideT))((de1)A(D)®c))]
U 1em () (de DAG)(1ec)
W dert(a)Ti(bec),

for all a,b,c,d e A. So we conclude (4.33) by the non-degeneracy of the multiplication,
and hence (Nf(a) ® 1)E = (1®7"(a))E holds for all a € A. The other equality follows
by the proven identity and the symmetry A — A°P. m

Lemma 4.2.13. For any reqular weak multiplier bialgebra A over a field, and for any
a,b,c,de A,

(1@ ab)((ideT )Ty (cod)) = (M eid)TP(a®b))(dc®l) and
(A ®id)T3(a®b))(cd®1) = (1®ba)((id ® n*)TP(c® d)),

where T =tw Ty and T3 = tw Ts.
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Proof. For any a,b,c,d € A,

(1el®a)((ideTi?tw) (Ty®id)(c®d®b))
W 1elea)(ide T™w)(A(d)(cel)®b)
W 1e1ea)(1eA%P0) (A (col)®1)
W leTPeb)(A(d)el)(celel)

Yo (yeid)(de TP)(deaeb))(calel).

Applying id ® € ® id to both sides, and using the identities (4.8) and (4.22), we obtain
the first equality in the claim. The second equality follows by the proven identity and
the symmetry A — AZ,. O

Lemma 4.2.14. Let A be a reqular weak multiplier bialgebra over a field. For any
a,be A,

nf(am (b)) = nf(a)A"(b) = A% (nf(a)b) and

nb (@ (a)b) = 7" (a) " (b) = T (an® (b)).

Proof. The second equality follows by the first one and the symmetry A - A°P; the third
and fourth equalities follow by the first and second ones and the symmetry A- Ago,. So
let us prove the first identity in the claim. Applying the multiplicativity of A : M(A) —
M(A® A), Lemma 4.2.5 and (4.2) in the second equality,

Ty (@) @) ‘Z) (1o )AFEa)D) = (1 ® A (a))AD) "2 Ty (b & @(a)),

for any a,b,c e A. Using the above identity in the second equality,

AR (@ (b)) e "2 (id ® ) Ty (c ® af™(b)) = (id ® ) Ty(F*(b)e ® a) 22 A (a)FR (b)e.

]

Lemma 4.2.15. Let A be a reqular weak multiplier bialgebra over a field. For any
a,be A, the following hold.

(a1 (b)) = n() NF (a) " ([ (a)b) = n*(b) n* (a)
AR (b)a) = T (a)T" () A (bnF (a)) = T (a)TE (b).
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Proof. We only prove the first assertion explicitly. The second one follows by it and
the symmetry A — AZh,; the third and fourth equalities in the claim follow by the first

and second ones and the symmetry A — A°. For any a,b,ce€ A,

AR (0)e 2 (idee)Ty(c® am™ (b)) "2 (id @ €)[(1 ® afi* (b)) A(c)]

(4.

= (ideo)[(NF(D) ®a)A(e)] "2 nR(b)(id ® ) T3 (c ® a)

1 R (a)e,

where the third equality follows by (4.2) and Lemma 4.2.12. So we conclude by the
density of A in M(A). O

The following theorem introduces the important notions of right and left full co-
multiplication. Roughly speaking, they mean that the respective ‘legs’ of the comulti-

plication of a regular weak multiplier bialgebra A are all of A.

Theorem 4.2.1. For a reqular weak multiplier bialgebra A over a field k, the following

assertions are equivalent to each other.

(1) The comultiplication is right full in the sense that

((dow)Ti(a®b) | a,be A,w e Lin(A,k)) = A.

(2) The comultiplication is right full in the sense that

((idew)T3(a®b) | a,be A,welLin(Ak)) = A.

(3) ((id@e)Ti(a®b) | a,be A) = A.
(4) ((id®e)T3(a®b) | a,be A) = A.
(5) {n*(a) | ac A} = {A*(a) | ac A},
The following assertions are equivalent to each other, too.

(1)’ The comultiplication is left full in the sense that

(weid)Ty(a®b) | a,be A,weLin(Ak)) = A.
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(2)° The comultiplication is left full in the sense that

(woid)Ty(a®b) | a,be A,weLin(Ak)) = A.

(3) ((e®id)Th(a®b) | a,be A) = A.

A.

(1) ((e®id)Tu(a®b) | a,be A)
(5) {ni(a) | a € A} = {F(a) | a e A},

Proof. We only prove the equivalence of the first five assertions. The equivalence of the
second quintuple follows symmetrically by applying the first one in AZ5,.

(1)«<>(2) is proven in [72, Lemma 1.11]; we also prove it below. Reasoning by
reductio ad absurdum, suppose that A is not spanned by the elements of the left hand
side of the equality in (2). Then there exists 0 # ¢ € Lin(A, k) vanishing on all such
elements; equivalently, w(¢®id)T3(a®b) =0 for all w € Lin(A, k) and all a,b e A. Thus,
(p®id)T3(a®b) =0 for all a,be A. Consequently, (1®b)T1(a®c)=T3(a®b)(1®c) €
ker(p) ® A for any a,b,c € A. Hence, Ti(a ® ¢) € ker(y) ® A for all a,c € A, what
contradicts (1). The converse is analogously proven.

(3)=(1) and (4)=(2) are trivial.

(1) and (2)=(5). For any a,b,c€ A,

(leah)E(lec) "2¥ (Mfeid)Ti(bea))(lec) =) (MFeid)((1®a)AM)(1ec))

W 1ea) (MR eid)Ti(bec)),

(lea)E(lecd) = (Ioad)(( @ eidi(cod) ™ @ oid)((1ead)Al)(1ed))

W (@ eid)Ty(coa))(18d),

where in the first equality of the second chain of equalities we used Proposition 4.1.9 (2).

By the non-degeneracy of the multiplication and the idempotency of A, it follows that

(Meid)Ti(a®b) = (10a)E(10b) = (A" eid)T3(b®a)
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for any a,be A. Then (1) implies
{(n"(a) |ae A} = (([dow)[(18a)E(1®b)] | a,be A we Lin(A, k))
and (2) implies
(A% (a) |ae A} = (([dow)[(1®a)E(1®b)] | a,be A,w e Lin(A, k)),

proving the claim.
(5)=(3). By Remark 4.2.10, (an® (b) | a,be A) = A. Hence by (5),

A={a () | a,be A ((id@ ) Ti(a®@b) | a,be A).

5)=(4) follows by (5)=(3) and the symmetry A — A°P. ]
(5)=(4) ¥y y y

Note that, if a weak multiplier bialgebra A has a unit, then the comultiplication is
automatically right and left full. This will also hold if A has no unit but the counit is
multiplicative (that is, if A is a multiplier bialgebra, cf. Theorem 4.1.4). However, in
a general (regular) weak multiplier bialgebra, we do not assume the existence of a unit

neither the multiplicativity of the counit.

4.3 Firm separable Frobenius structure of the base

algebras

In a weak bialgebra, the coinciding range of the maps fi” and rn’, and the coinciding
range of 7 and Nf in the previous section, carry the structures of anti-isomorphic
separable Frobenius algebras (with units; see Theorem 2.5.1). The aim of this section is
to see that in a regular weak multiplier bialgebra with a left and right full comultipli-
cation, the base algebras still carry the structures of anti-isomorphic coseparable and
co-Frobenius coalgebras. Consequently, they are firm Frobenius algebras in the sense
of [12] (recalled in the preliminary Section 2.2).

It follows immediately from Lemma 4.2.6 that for any weak multiplier bialgebra
A, the ranges of A* and of @ are non-unital subalgebras of the multiplier algebra

M(A). We turn to proving that —whenever A is regular with a left and right full
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comultiplication— they carry coalgebra structures as well. First we look for the candi-

date counit.

Proposition 4.3.1. Let A be a reqular weak multiplier bialgebra over a field k with a

right full comultiplication. Then the counit € determines a linear map
e:{nfi(a) | ae A} -k, nf(a) = e(a). (4.36)

Proof. In order to see that ¢ is a well defined linear map, we need to show that n(p) =0
implies €(p) = 0, for any p € A. Since A is idempotent by assumption, we can write
any element p of A as a linear combination Y, a’b’ in terms of finitely many elements
a’,b' € A. So omitting throughout the summation symbol for brevity, it is enough to
prove that nf(a’b’) = 0 implies e(a’d?) = 0, for any finite set of elements a?,b* € A. If
nf(a’b’) = 0, then

(4.27)

0 (id®e)[(1®a'b)(([deT)Ty(hed))(1®c)]
(c®id)[((id® ™) Ty(ai @ b'))(c @ dh)]

(e ®id)[((id ® nF)Ty(a’ ® b)) (A" (c) ® 1)]dh,

for all ¢,d,h € A. In the second equality above, we used the first statement in Lemma
4.2.13 and the third equality follows by Lemma 4.2.3. By Theorem 4.2.1, the vector
subspaces M(A) == {nf(a) | a € A} and A7 (A) := {7%(a) | a € A} of M(A) coincide. So
by the density of A in M(A), the map

nf(A) - nf(4), @)~ (e®id)[((id @ nf)Ty(a' ® ') (A% (c) ® 1)]

is the zero map. The map Lin(nf(A), k) @ nf(A) —» Lin(nf(A),nk(A)), der— &(-)r
is injective. Indeed, denote by I,J two index sets and by {®;}ies,{7;};jes respective
bases of the k-vector spaces Lin(nf(A), k), nf(A). If ¥icr jes Aij®(=)ir; =0 (N ; € k for
every i € I, j € J, non-zero for at most finitely many of them), then ¥,/ je; Ai®(s)ir; =0
for all s € Mf(A) and, hence, ¥;; i j®i(s) = 0 for all s € nf(A). This implies that
Yier Aij®i(=) = 0, from what follows \;; = 0 for all ¢ € I,j € J. Using this and the

notation Ty(a’ ® b*) =: a; ® b; we conclude that

e(aj—) ® (b)) e Lin(n"(A), k) @ n(A)
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is equal to zero. Applying to it the evaluation map Lin(n®(A),k)®@nf(A) >k, Pox
®(z), and using Lemma 4.2.9 (4) in the second equality, we prove that

e(alnf (b)) = eu(id @ ) Th(a' @ b') = e(a’t’)
is equal to zero as needed. 0

Proposition 4.3.2. Let A be a reqular weak multiplier bialgebra over a field k with a

left full comultiplication. Then the counit € determines a linear map
e:{nf(a) |ae A} -k, nf(a) = e(a). (4.37)

Proof. Tt follows by applying Proposition 4.3.1 to the regular weak multiplier bialgebra
A2, with a right full comultiplication. O

For the construction of the comultiplication on nf{( A), the following technical lemma

is needed.

Lemma 4.3.3. Let A be a reqular weak multiplier bialgebra over a field. For any

a,be A, the following assertions hold.

(1) The element (id @) T (a®b) of A@M(A) depends on a and b only through the
product ba.

(2) The element (id@nf)Ty(a®b) of A M(A) depends on a and b only through the
product ab.

Proof. We only explicitly prove part (1), part (2) follows from it and the symmetry
A - A°P. Applying twice the first identity in Lemma 4.2.13, for all a,b,c,d, f,ge A

(1ecd)((idom)Ty(aeb)(fog) = ((Nteid)TP(cod))(baf®g)
= (1ecd)((ideT™)Ty(f®ba))(1®g).

If ba = b'a’ for some a,b,a’,b’ € A, using the above identity in the first and third

equalities,
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(idem™)Tu(a®b))(feg) = ((ded")Ty(feba))(leqg)
= ((de™)Ty(febd))(1eyg)
((id @™ Ty(a’ ® b)) (f ® g),

for all f, g€ A, proving (id ® ") Ty(a ®b) = (id @ 7)Ty(a’ @ b'). O

Proposition 4.3.4. For a reqular weak multiplier bialgebra A over a field, the following

assertions hold.

(1) The maps A A—> A® A,
a®ber (A @id)TP(cob))(a®l) and
ab®c (1®c)((id®n™)Th(a® b))
(where T,® =twTy) determine an element of M((A® A), to be denoted by F.
(2) For any elementa € A, and F e M((A®A) asin (1), (Nf(a)®1)F and F(1e@nf(a))
are equal elements of N (A) ® nfi(A), to be denoted by dnr(ay N (a).
(3) The map

Onr(ay s M (A) - nf(A) @ nfi(A), nf(a) = (nfi(a) ® 1) F = F(1 ® n*(a))
provides a Nft(A)-bimodule section of the multiplication in Nf(A).

(4) The map 0nr(ay: NE(A) - nfi(A) @ nfi(A) in part (8) is a coassociative comulti-

plication.

Proof. (1). Both maps in the claim are well defined by Lemma 4.3.3. They define a
multiplier by the first statement in Lemma 4.2.13, as the following computation proves.

For any a,b,c,d,e, f,g€ A,
(dg@ef) [(F"@id)T;*(ceb))(a®1)]
= tw[(ef ®dg)((id@ ™) Ty(cob))(1®a)]
= twl(efe)[((M"@id)I3P(d®g))(be® 1)(1@a)]]
= (1eef)((iden®)Ty(d® g))(a® be).
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(2). Centrality of F in the nf(A)-bimodule M(A ® A) follows by the following

computation, for all a,b,c,d € A.

(bew d)(nf(a) ® 1)F = (1®d)((id® ™) Th(b®cnf (a)))
= (1ed)((iden®)(Th(bec)An® (a))
= (1ed)((den?®)(Ty(bec)(1enf(a))))
= (1ed)((den®)Ty(bec))(1enf(a))
= (be®d)F(1enf(a))

The second equality follows by the explicit form of T and the multiplicativity of A.
In the third equality we used that by (4.29), AnZ (a) = E(1 ® nf(a)), and by (4.2),
To(b® c)E = Th(b® ¢). The fourth equality follows by (4.30). The stated elements
belong to Nf(A) ® nf(A) by the following reasoning. Let a,b,¢,d, f € A, and denote

a;®b;:=Th(a®b) and f; ®d; :=Ty(f ®d). Then,
(nf(ab) ® 1)F(codf) = nf(ab)A®(d;)c® f; = nf(abT™(d;))c® f;

nf(a;)c e n(b;)df = (N e )Ty (a® b)(c® df).

The second equality follows by Lemma 4.2.14 and the third one follows by the first

assertion in Lemma 4.2.13. This proves
rrcay N (ab) = (M @) T (a®b), Va,be A (4.38)

So by the idempotency of A, dr(4y Nf (a) e N (A) ® nf(A), for all a € A.
(3). Using Lemma 4.2.9 (4) in the last equality, for any a,b € A,

pbnn 1 (ab) 2V p(nR @ ) Ty(a @ b) "2 nfu(id @ n)Ty(a ® b) = 1R (ab).
(4). Let us use Heyneman-Sweedler type index notation d,r(4)(r) =: 71 ® ry for any

r e n®(A), where implicit summation is understood. It follows by part (3) that nf(A)

is an idempotent non-unital algebra. So the coassociativity of dnr(4) follows by

(5HR(A) ® id)(;,—lR(A)(ST) 6,—|R(A)(ST1) ®T9 =81 ® ST @19

$1® Onr(ay(s2r) = (id ® drr(ay)dnr(ay(sr),



Chapter 4. Weak multiplier bialgebras 171

for all s,r € #(A). In the first and the penultimate equalities we used that dnr(4) is
a morphism of left Nnf(A)-modules (part (3)) and in the second and the last equalities
we used that it is a morphism of right N ( A)-modules (part (3)). O

The following proposition, collecting symmetric results to the previous ones, is im-

mediate.

Proposition 4.3.5. For a reqular weak multiplier bialgebra A over a field, the following
assertions hold.
(a) The maps A A—- A® A,

a®ber (MFeid)Ti(b®c))(a®1) and
ab®cr (1o c)((idem )TP(b®a))

(where T3° = twT3) determine an element of M(A ® A), to be denoted by F.
For any element a € A, (F"(a) ® 1)F, and Fy(1 ® F"(a)) are equal elements of
A (A) @ A*(A), to be denoted by 5ﬁL(A)ﬁL(CL). The map

5ﬁL(A) :ﬁL(A) - ﬁL(A) ®ﬁL(A)a ﬁL(a) = (HL(@) ®1)F, = Fy(1 ®HL(CL))

provides a A" (A)-bimodule section of the multiplication in 7" (A) and a coasso-
ciative comultiplication.
(b) The maps A® A - A® A,
ba®cr ((idef)Ty(a®b))(1®c) and

a®bcr (a®1) (M eid)TP (b c))

(where Ty® = twTy) determine an element of M(A ® A), to be denoted by Fs.
For any element a € A, F3(f"(a) ® 1) and (1 ® T (a))F; are equal elements of

A%(A) ®A"(A), to be denoted by 5ﬁR(A)ﬁR(a). The map

Oicqy T (A) > (A @ T (A),  T(a) =~ F3([(a) 8 1) = (17" (a))F}

. .. L. . . —R
provides a coassociative comultiplication in 7 (A).
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(¢) The maps A A - A® A,

ba®cw ((den™)TP(b®a))(1®c) and
a®ber (a®1)((A* ®@id)T3(c®b))

(where T{® = twTy) determine an element of M(A ® A), to be denoted by Fj.
For any element a € A, Fy(nt(a)® 1) and (1 ® Nt (a))F, are equal elements of
nk(A) e nl(A), to be denoted by dpraym* (a). The map

Oz ay s MH(A) » 0P (A4) @ n*(A), n*(a) » Fy(n*(a)®1) = (1®n*(a))F,

provides a coassociative comultiplication in Nt (A).

Proof. Part (a) follows by applying parts (1), (2), (3) and (4) in Proposition 4.3.4 to
the regular weak multiplier bialgebra A.,,. Parts (b) and (c) follow by applying parts
(1), (2) and (4) in the same proposition to A°P and Agh,. O

The elements F, F,, F3 and F; of M(A ® A) from Proposition 4.3.4 and 4.3.5 obey
the identities:

F;=twFtw and F; =twFytw. (4.39)

More details on these maps are shown further on in Table 4.5.

Theorem 4.3.1. Let A be a reqular weak multiplier bialgebra over a field k with a
right full comultiplication. Then nf(A) is a coalgebra via the counit € : Nf(A) —
k in Proposition 4.3.1 and the comultiplication dpray + M(A) - nf(A) ® nfi(A) in
Proposition 4.3.4 (3).

Proof. The map d,r(4) is a coassociative comultiplication by Proposition 4.3.4 (4). It

remains to prove the counitality of dr(4y. For any a,be A,
(id ® £)5r 1y 7 (ab) "2V (id @ 2) (M © Nf)Ty(a @ b) = nfi(id @ €) Ty (a @ b) ‘X' nf(ab).

In order to prove counitality on the other side, we need an alternative expression of 9.

To this end, note that for any a,b,ce€ A,

(ideo)[(1ea)h(bec)] = (idee)[(be 1) Ti(coa)] 27 bnE (a)e. (4.40)
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On the other hand, for any a,b,ce A,

(idee)[T5(b®a)(1®c)] (dee)[(1®a)Ti(bec)] (4.41)
(idoe)[(1em"(a)Ti(bec)]

(id® e)[(nf(a) ® )T (b® )],

where the second equality follows by Lemma 4.2.3 and the third one follows by (4.2)
and Lemma 4.2.12. Therefore,

(Moo [vea)(lec)] ‘2" (MReo[(f(a)e )Ti(bec)]  (4.42)
U2 (rRee)[(a® )Ti(bec)]

W (R e o) [Th(aeb)(1ec)].
With these identities at hand, for any a,b,c,d, f,g€ A,

(feg) (Men)Ti(bea))(ced) (4.43)
U (Fe 1) (Mt eeoid)[(Ty(bea)® 1) (1T (ged)](ce 1)

(fel)(Nfeeeid)[(Ta(a®b)®1)(10TP(g®d))](c® 1)

"2 (feg)((Mfen®)Ty(aeb))(cod),

(4.42)

so that by (4.38),
orr(ay M (ab) = (M@ ") T3(b® a), Va,be A. (4.44)

Using this expression of ¢,

(e®id)dr a1 (ab) "2V (c@id) (o) Th(bea) "2 nf(coid)Ty(boa) T ni(ab).

]

Theorem 4.3.2. Let A be a reqular weak multiplier bialgebra over a field k with a left
full comultiplication. Then nt(A) is a coalgebra via the counit € : n*(A) - k in Propo-
sition 4.3.2 and the comultiplication 0w 4y : M*(A) - nl(A) ® nt(A) in Proposition
4.5.5 (c).
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Proof. Tt follows by applying Theorem 4.3.1 to the regular weak multiplier bialgebra
A2, with a right full comultiplication. O

Lemma 4.3.6. Let A be a reqular weak multiplier bialgebra over a field with a right full
comultiplication. Then the comultiplication dnr(ay and the counit € in Theorem 4.5.1

satisfy the following identities, for all a,be A.
(1) Sar T (ab) = (@ AN TP (b a) = (M @A) TP (a @ b).
(2) er™(a) = e(a).

Proof. (1). Symmetrically to the derivation of (4.38), for any a,b,c,d, f € A denote
Ty(b®a)=b;®a; and Tr(c®d) = ¢; ®d;. Then

(cd ® f)Srmay" (ab) (cd® f)F(1 7" (ab)) = ¢; ® f ' (d;)F"(ab)
¢; ® AT (nf(d;)ab) = cdi™(a;) ® fA"(b;)

= (cd® f)((A"@T)TP(b®a)).

The third equality follows by Lemma 4.2.14 and the fourth equality follows by the first
assertion in Lemma 4.2.13. Now, applying the equality (4.43) in A°P (see Table 2.1),

we obtain for all a,be A
ATy (bea) = (AF @) T (a®b).

(2). Applying Proposition 4.3.1 to A%, there is a linear map F'(A) - k, A" (a) ~
€(a). Using part (1) and axiom (iii) in Definition 4.1.1 for A°P, it can be seen to be the

counit for dnr(4) proving that it is equal to e. n

Remark 4.3.7. Let A be a regular weak multiplier bialgebra over a field with a right
full comultiplication. Equivalently, nB(A) = A(A) as sets (see Theorem 4.2.1). Then
dr(4y from part (1) in Proposition 4.3.4 and dzr,) from part (2) in Proposition 4.3.5

obey the following relation: For any a € A,
by (@) = Fy((a) @ 1) “2” twFtw (A% (a) ® 1) = twd e )" (a).

Analogously, for a regular weak multiplier bialgebra with a left full comultiplication, it

holds 8z 4) Nk (a) = tw5ﬁL(A) n’ (a). These formulas stress the fact that 5ﬁR(A) and
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dnr(ay do not induce, in general, bimodule sections of the multiplication in (i (A) and
n"(A) respectively (in contrast to dnr(a) and sz 4). However, taking into account
Lemma 4.3.6, they give a sufficient condition for this to happen: whenever the regular
weak multiplier bialgebra A is cocommutative in the sense of Definition 4.1.6 (in such

a case, it follows that dzr 4y = 0nr(a) and Oz a) = (SHL(A)).

The following theorem describes the rich algebraic structure carried by the base

algebras. Such a result was obtained for regular weak multiplier Hopf algebras in [71].

Theorem 4.3.3. Let A be a reqular weak multiplier bialgebra over a field with a right

full comultiplication. Then the following assertions hold.

(1) Via the coalgebra structure in Theorem 4.3.1 and the restriction of the multiplica-
tion in M((A), n(A) is a coseparable coalgebra, hence a firm Frobenius non-unital

algebra.

(2) The multiplication in the firm Frobenius non-unital algebra in part (1) is non-

degenerate. Moreover, it has local units.

(3) The coalgebra nf(A) in part (1) is a co-Frobenius coalgebra. Hence there exists
a unique isomorphism of non-unital algebras 9 : nf(A) > nR(A) —known as the

Nakayama automorphism— such that £(sr) = (9(r)s), for all s,r e nE(A).

Proof. (1). By Theorem 4.3.1, nf(A) is a coalgebra. By Proposition 4.3.4 (3), the
multiplication in Nf(A) is a bicomodule retraction (i.e. left inverse) of the comultipli-
cation. This precisely means a coseparable coalgebra structure. Then n#(A) is a firm
Frobenius non-unital algebra by the considerations in [12, Section 6.4].

(2). For some a € A, assume that n2(a)A"(b) = nf(af(b)) = 0, for all be A (where
the first equality follows by Lemma 4.2.14). Then also

0=enf (am(b)) = e(al™ (D)) = e(ab), Vbe A,
where the last equality follows by Lemma 4.2.3. This implies that

0=(idee)[(1®a)Ta(bec)] = (idee)[(be )T(cea)] "2 bk (a)e, Vb,ce A,
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proving nf(a) = 0. Since Nf(A) = A%(A) by Theorem 4.2.1, this proves the non-
degeneracy of the multiplication on the right. Non-degeneracy on the left is proven
symmetrically (applying the reasoning above in A°). The existence of local units
follows by [12, Proposition 7].

(3). In light of part (2), it follows by [12, Proposition 7] that the coalgebra nf(A)
in Theorem 4.3.1 is left and right co-Frobenius. So the existence of the Nakayama

automorphism follows by [30, Section 6]. O

The following symmetric version is immediate.

Theorem 4.3.4. Let A be a reqular weak multiplier bialgebra over a field k with a left

full comultiplication. Then the following assertions hold.

(1) Via the coalebra structure in Theorem (4.3.2) and the restriction of the multiplica-
tion in MI(A), N (A) is a coseparable coalgebra, hence a firm Frobenius non-unital

algebra.

(2) The multiplication in the firm Frobenius non-unital algebra in part (1) is non-

degenerate. Moreover, it has local units.

(3) The coalgebra n*(A) in part (1) is a co-Frobenius coalgebra (hence its counit has

a Nakayama automorphism).

Proof. Tt follows by applying Theorem 4.3.3 on the regular weak multiplier bialgebra
A2, with a right full comultiplication. O

Our next aim is to find a more explicit expression of the Nakayama automorphisms
in Theorem 4.3.3 (3) and Theorem 4.3.4 (3).

Lemma 4.3.8. For a reqular weak multiplier bialgebra A over a field, the following

assertions hold.

(1) If the comultiplication is left full, then there is a linear anti-multiplicative map

o :nb(A) =FH(A) > nf(4),  TH(a) > 1(a).
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(2) If the comultiplication is left full, then there is a linear anti-multiplicative map

7:nM(A) =AF(A) > A%(4),  n*(a) A% (a).

(3) If the comultiplication is right full, then there is a linear anti-multiplicative map

rinf(A) =FR(A) > FE(A),  nf(a) - A (a).

(4) If the comultiplication is right full, then there is a linear anti-multiplicative map

7:nf(A) =A%(A) > nt(4),  7%a) ~nl(a).

If the comultiplication is both left and right full, then 7 =o' and 7= .

Proof. We prove part (1) explicitly; parts (2), (3) and (4) follow, respectively, by part
(1) and the symmetries A — AP, A — Ay, A — A5,. Let e the counit of the coalgebra
nt(A) =7"(A) (cf. Theorem 4.3.2). If A (a) = 0, then for all b,c e A,

)
Il

(id ® e(A" ()T (<)) Ta(b® ¢) = (id ® " (a1 (=))) To(b ® ¢)
(id® e(af™ (=) Ta(b® ¢) = (id ® (- % (a)))To(b ® c)
(id® ) [(b® 1)A(c)(1® ™ (a))] = (id® &) Th(b® cn” (a)) 2 ben (a),

proving that nf(a) = 0. The second equality follows by Lemma 4.2.6 and the fourth
one follows by Lemma 4.2.11. In the penultimate equality we applied axiom (iv) in
Definition 4.1.1, (4.29) and the multiplicativity of A. This proves the existence of the
stated linear map o. Using Lemma 4.2.6 in the first equality and Lemma 4.2.15 in the

penultimate equality,
o([" ()T (b)) = 071" (afT" (b)) = n*(aF" (b)) = N (b) N* (a) = (a7 (b)) (071" (a)),
for any a,b € A; that is, o is anti-multiplicative. O

Proposition 4.3.9. Let A be a reqular weak multiplier bialgebra over a field with a

left and right full comultiplication. Then the maps o and o in Lemma 4.5.8 are anti-
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coalgebra isomorphisms. Moreover, the Nakayama automorphism of n®(A) is equal to

0o ' and the Nakayama automorphism of nt(A) is equal to o 'o.

Proof. By the A — AZS, symmetric counterpart of Lemma 4.3.6 (1), for any a,b € A,
Oy (ab) = (A" @ A*)T5P(b® a). Therefore,

(0®0)8%  F(ab) = (ofi* ® o) T3 (b® a) = (NF @ ™) Ty (b® a) "2 § A (ab),

At (4)
so that ¢ is anti-comultiplicative. By the left-right symmetric counterpart of Lemma
4.3.6 (3), eofi*(a) = e N (a) = e(a) = em”(a) for any a € A, proving that o is an anti-
coalgebra map. That also & is an anti-coalgebra homomorphism is proven by the above

and the symmetry A — A°P.
Applying Lemma 4.2.3 in the second equality, it follows for all a,b e A that

2

e(az nF () = e(afi® (b)) = e(ab) “Z” e(ar® (b)).

Since ML(A) = A*(A) by Theorem 4.2.1, this implies that e(azr” (b)) = e(af” (b)), for
all a,b € A. Using this identity in the fourth equality and Lemma 4.2.11 in the fifth

one,

e(MR(a)7 o' nf (b)) = (MR (a)am (b)) “2” & n® (45T (b)) = (e (b))

= e(ari (b)) = e(br® (a)) = £ nf (0" (a) "2 (MR (D) MF (a)),

for all a,b € A. This proves that 07 ! is the Nakayama automorphism of n#(A4) and, by

the symmetry A — A%, also that & 'o is the Nakayama automorphism of nf(A4). [
Finally, we focus on finding a relation between the multipliers £ and F'.

Lemma 4.3.10. Let A be a reqular weak multiplier bialgebra over a field. Then for all
acA,

(1ef"(a))Eenf(A)@f (A) and E(l1en’(a))em®(A)en(A).

In particular, if the comultiplication is right and left full, then we can regard E as an
element of M(nf(A) ® nL(A)P).
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Proof. For any c,d,f € A, (f@ 1)Ty(d®c) = (f®1)A(c)(d® 1) =To(f®c)(d® 1).
Hence multiplying on the left both sides of (4.32) by f® 1 and simplifying on the right
the resulting equality by d ® 1, we obtain the identity

(fel)((NMteid)T3(a®b))(c® 1) = (1®ba)((id®n*)Ty(f ®c)),

for all a,b,c, f € A. Using this identity in the fourth equality and Lemma 4.2.14 in the

third one,

(a®@1)(1ef(be)) E (d® f) = (1o (b)) (a®1)E(d® f)

“29 1ot (be))((id e nh)Th(a @ d)) (1 ® f)
1) [(1ebe)((iden")Tha®d)](1e f)
(1ef")[(ae ) (M eid)T3(ceb))(de1)](1® f)
(a®1)((Mfed")Ty(cob))(de f),

for all a,b,c,d, f € A. This proves
(1em"(be))E = (N oA Ty(c®b)  Vb,ce A, (4.45)

hence by the idempotency of A also the first claim. The second claim follows from the

first one and the symmetry A — A°P. m

Let A be a regular weak multiplier bialgebra over a field with a right and left full
comultiplication. The non-unital algebra nf(A) @ n¥(A) is idempotent by Proposition
4.3.4 (3) and its symmetric counterpart. Hence the multiplicative and bijective map
id®o:nf(A) @k (A)P - nf(A) @ nfi(A) in Lemma 4.3.8 (1) is non-degenerate and
thus extends to an algebra homomorphism id ® o : M(NE(A) @ nL(A)°r) - M(nE(A) ®
nf(A)).

Proposition 4.3.11. Let A be a reqular weak multiplier bialgebra over a field with a
right and left full comultiplication. Then (id® 0)(E) = F as elements of M(nf(A) ®
nfi(A)).
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Proof. For any a,b,ce€ A,

((id® o) (E))(n(a) ® nf(be)) (ideo)[(1em (b)) E(nf(a) ®1)]
(ideo)[((n* e )T3(ceb))(n(a) @ 1)]
= ((Mfen®)Ty(ceb))(nf(a)®1)

U2 p(rf(a) ® nR(be)),

(4.45)

where in the first and the third equalities we used part (1) of Lemma 4.3.8 and the
multiplicativity of id ® o. O

4.4 Monoidal category of modules

Bialgebras over a field can be characterized by the property that the category of their
(left or right) modules is monoidal such that the forgetful functor to the category of
vector spaces is strict monoidal. More generally, the category of (left or right) mod-
ules over a weak bialgebra is monoidal such that the forgetful functor to the category
of bimodules over the (separable Frobenius) base algebra is strict monoidal (see e.g.
[64]). The aim of this section is to prove a similar property of regular weak multiplier
bialgebras with a (left or right) full comultiplication. The key point in doing so is to
find the appropriate notion of module in the absence of an algebraic unit.

Recall from the preliminary Section 2.2 that whenever A is a firm non-unital algebra
—that is, the quotient map A®4 A - A, a®4b ~ ab is bijective— the category bim’(A)
of firm non-unital A-bimodules is monoidal via the module tensor product ® 4 and the
neutral object A.

Let A be a regular weak multiplier bialgebra over a field with a right full comul-
tiplication. By Theorem 4.3.3 (1), R := nf(A) is a firm non-unital algebra so there
is a monoidal category bim/(R). Recall from the aforementioned preliminary section
that rmd(A) denotes the category of idempotent and non-degenerate non-unital right

A-modules (page 38).

Proposition 4.4.1. Let A be a reqular weak multiplier bialgebra over a field with a
right full comultiplication. Any object of rmd(A) can be regarded as a firm R-bimodule.
This gives rise to a functor U : rmd(A) - bim?(R), acting on the morphisms as the
identity map.
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Proof. By [34, Proposition 3.3] we know that the A-actions on any object M of rmd(A)
can be extended to nf(A) (in fact, to M(A)). Using that M is an idempotent non-

unital A—module, define the R—actions on M with the help of the map 7 in Lemma
4.3.8 (3) by

(ma) -nf(b) :==m(an® (b)) and nf(b)-(ma) =m(a(rn?(b))) = m(aﬁL(b)).

In order to see that these actions are well defined, assume that Y., m;a; = 0. Then,

omitting throughout the summation symbol for brevity, for all b,c € A,

(e
I

(msa;) (M (b)c) = mi(a;(n"(b)c)) = mi((a; N (b))e) = (mi(a; N (D)))e,
(mya;) (T (b)e) = mi(a; ([ (b)e)) = mi((a; 1" (b))e) = (mi(a;iT"(b)))e.

ja=)
Il

So by the non-degeneracy of M, 0 = m;(a; n¥ (b)) = m;(a;7" (b)) proving that the right
and the left R—actions on M are well defined. Associativity of both actions is proven
by the associativity of the multiplication in M[((A) and the anti-multiplicativity of 7 (cf.
Lemma 4.3.8 (3)): For any a,b,c € A,

m(an® (¢) 1 (b)) = (m(an” (c))) -n*(b)
= ((ma)-n"(c)) -0 (b),

(M (e)n® (b)) -ma = m(a(r(n"(c)n® (b)) = m(a(r " (b)7 N (c))
= nf(c) - (m(a(rn" (b)) =n"(c) - (" (b) - (ma)).

(ma) - (n*(c) 0 (b))

The following computation checks that the left and right R-actions commute (cf.
(2.22)): For any a,b,ce A and m e M,

() - ((ma) 1)) = nf(c)- (m(an™ (b)) =m(an® (b)7"(c))
= m(afi(¢) 0" (b)) = (m(afi*(c))) - 1™ (b)
= (nf(c)- (ma))-n*(b).
The third equality follows by Lemma 4.2.7 (since by the right fullness of the comul-

tiplication nfi(A) = A¥(A), see Theorem 4.2.1). Finally, R has local units by The-

orem 4.3.3 (2). So in order to see that M is a firm non-unital R-bimodule, it is
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enough to see that it is idempotent as a left and as a right non-unital R-module.
Since both the non-unital algebra A and the non-unital module M are idempotent,
any element of M can be written as a linear combination of elements of the form
m(ab) = m(a; nf (b;)) = (ma;) - nf(b;), in terms of m € M and a,b € A, where
a; ® b; := To(a ® b) and the first equality follows by Lemma 4.2.9 (4). Symmetri-
cally, any element of M can be written as a linear combination of elements of the
form n(ed) = n(e;A°(d;)) = NB(d;) - (ne;), in terms of n € M and ¢,d € A, where
d; ® ¢; :==T3(d ® ¢) and the first equality follows by Lemma 4.2.9 (1).

With respect to the stated R—actions, any map of non-unital right A-modules is
evidently a morphism of non-unital R—bimodules. This proves the existence of the
stated functor U. O

Proposition 4.4.2. Let A be a reqular weak multiplier bialgebra over a field with a
right full comultiplication. Then R :=nf(A) carries the structure of an idempotent and
non-degenerate non-unital right A—module. The functor U in Proposition 4.4.1 takes
this object R of rmd(A) to the non-unital R-bimodule R with the actions provided by

the multiplication.
Proof. For any a,be A, put

AR (a)ab = nR(nf(a)b) "2V AR (ab).
It is clearly a well defined action; by the associativity of the product in A, it is asso-
ciative. Let us see that it is idempotent. For any a,b € A, denote b; ® a; := Ty(b® a).
By the right fullness of the comultiplication, M#(A) = A%(A), cf. Theorem 4.2.1. So by
Lemma 4.2.9 (2),

(0 <= )b = ).

By the idempotency of A, this proves the surjectivity of the A—action on R. In order
to see its non-degeneracy, assume that for some a € A, nf(ab) = 0 for all b e A. Then
for all b,c,d € A,

0 = (u(iiden®)[(1ea)Ta(be®c)])d
(niden®)[(be 1)T3(c®a)])d
b(p(ideid®e)(id® Tstw) (T3 ®id)(c®a® d))

(4.22)
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= b(idee)(p®id)(id® Tstw) (T3 ®id)(c®a® d))
= b((idee)[(1®a)A(c)A(d)])

27 b((d @ e)[(1® a)A(cd)])

2 b((ide e)Ty(cd® a)) "2 b (a)cd.

By the density of A in M(A), this proves n(a) = 0 hence the non-degeneracy of the
action. Applying the functor U : rmd(A) — bim/(R) in Proposition 4.4.1 to the object
R of rmd(A) above, the right action in the resulting non-unital R—bimodule comes out

as the right multiplication. Indeed,

AR (ab) - nf(c) = nR(a) < (brF (¢)) = nf(abn® (¢)) "2 AR (ab) A (¢),

for all a,b,c e A. The left R—action is also given by the multiplication since

nf(c) -nf(ab) = nf(a)< (57" (c)) = nf(ab"(c)) = nf(c) N (ab),
where the last equality follows by Lemma 4.2.15. O]

Lemma 4.4.3. Let A be a reqular weak multiplier bialgebra over a field with a right
full comultiplication. Regard any objects M and N of rmd(A) as firm non-unital R :=
nR(A)-bimodules as in Proposition 4.4.1. Then the non-unital R—module tensor product

M ®r N is isomorphic to
((men)((a®b)E) | meM, neN, a,be A).

Proof. By Theorem 4.3.3 (1), R is a coseparable coalgebra. Then by [19, Proposition
2.17], M ® N is isomorphic to the image of the idempotent map 6 : M @ N - M ® N,

m-nfa)ene (m-(-)® (=) -n)dign? (a),

where 6p : R > R ® R is the (R-bilinear) comultiplication in Proposition 4.3.4 (3).
Let us obtain a more explicit expression of this map 6. For this, note first that for all
a,b,c,de A,

(4.26)

(n?®id)[(ab® cd)E] (Mfeid)[(abe 1)((Nteid)T3(d®c))] (4.46)
(4.30)

20 (rf(ab) ® 1)(ME @ id)Ta(d @ ¢)) "2 (MR (ab) ® cd) E,
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hence (M ®id)[(ab® 1)E] = (nf(ab) ® 1)E. By the idempotency of A and Lemma
4.2.9 (4), any element of A can be written as a linear combination of elements of the
form an’(bc) —so any element of M can be written as a linear combination of elements

of the form ma n® (bc)— in terms of m e M, a,b,c€ A. Now

O(man® (bc) ®ond) "2V (maend)(NFeT)Th(bec)) (4.47)
= (maond)((Nfeid)[(bc®1)E])
U2 (men)((anf (be) ® d)E),

where the second equality follows by Proposition 4.1.8 (1). This proves that the image
of # is spanned by the stated elements (m®n)((a ®b)E). O

Proposition 4.4.4. Let A be a regular weak multiplier bialgebra over a field with a
right full comultiplication. Regard any objects M and N of rmd(A) as firm non-unital
R = nf(A)-bimodules as in Proposition 4.4.1. Then the non-unital R—module tensor
product M ® g N carries the structure of an idempotent and non-degenerate non-unital

A-module too.

Proof. Observe that, for each ¢ € A, there is a well defined linear map ¢.: M ® N —
M ® N given by

we(ma®nb):=(ma®n)T3(c®b)=(menb)Ty(a®c)=(men)((a®b)A(c))

for any a,be A, m e M and n € N. This map is R-balanced:

we((ma)-nfi(d)®nb) = (men)((an®(d)eb)A(c))
' men)(a®b)(n(d) ® 1) EA(c)
= (men)(a®d)(1 ®ﬁL(d))EA(c)
Y men)(a®b)(1eF(d)AC)
= (ma®n(bF*(d))Ae) = po(ma® n(d) - (nb)),

where in the third equaility we used Lemma 4.2.12. By this R—balancement, ¢, induces
an action of A on M ® N defined by

(ma®gnb)c=nm((men)((a®b)A(c))),
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where m: M ® N - M ®r N denotes the canonical epimorphism. This action is as-
sociative by the multiplicativity of A. In order to see that it is idempotent and non-
degenerate, let us apply the isomorphism in Lemma 4.4.3. It takes the above A—action
on M ®r N to

(men)((a®@b)E)c=(men)((a®b)A(c)). (4.48)

It is an idempotent action by axiom (iv) in Definition 4.1.1. In order to see that it is
non-degenerate, assume that (m®n)((a®b)A(c)) =0 for all ce A. Then

0=(men)((a®b)A(c))(d® f)=(men)(a®b)(A(c)(d® [)) Ve, d,feA
implies, by axiom (iv) in Definition 4.1.1, that
0=(men)(a®b)(E(c®d))=(men)((a®b)E)(c®d) Ve,de A.

By [40, Lemma 1.11], M ® N is a non-degenerate non-unital A ® A-module. Hence
0=(m®n)((a®b)E), proving the non-degeneracy of the non-unital A—module M ®r N.

Applying the functor U : rmd(A) — bim’/(R) in Proposition 4.4.1 to the object
M ®r N of rmd(A) above, it follows by Lemma 4.2.5 and (4.29) that the resulting

non-unital R—bimodule has the actions

n(a)- (m®gn)-nfi(b) = (N(a) -m) ®g (n-nf(b)).

]

Theorem 4.4.1. Let A be a reqular weak multiplier bialgebra over a field with a right
full comultiplication. Then rmd(A) is a monoidal category and the functor U : rmd(A) —
bim/(R) in Proposition 4.4.1 is strict monoidal.

Proof. In view of Proposition 4.4.2 and Proposition 4.4.4, we only need to show that
the associativity and unit constraints of bim/ (R) —if evaluated on objects of rmd(A)—

are morphisms of non-unital A-modules. Take any objects M, N, P in rmd(A). In view
of Lemma 4.4.3, (M ®z N) ®g P is isomorphic to the vector subspace of M ® N ® P

spanned by the elements of the form

(men)((aeb)E)op)(cod)E) "2 (menep)((a®be1)(Asid)((c®d)E))

Y (menep)((aebe 1)(A(c)@d)(le E)),
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(for a,b,c,d € A, m e M, ne N and p € P) hence in light of axiom (iv) in Definition
4.1.1, by elements of the form

(menep)((acebed)(E®1)(1®FE)) W (menep)((cebed) (1 E)(E®1))

(for a,b,d € A, m e M, n e N and p € P). A symmetric computation shows the
isomorphism of the same vector subspace of M ® N ® P to M ®r (N ®g P), and the
associator isomorphism (M ® g N) ®g P - M ®g (N ®g P) is given by the composite
of these isomorphisms. Its A—module map property is thus equivalent to the equality

of both induced actions

(men®dp)((avbec)(E®1)(1® E)))d (4.49)
(men)((a@b)E) @ p)Ts(dec)
(menbep)((To®id)(ide®T3)(a®d®c))

and

(menep)(a®bec)(le E)(E®1)))d (4.50)
(me(nep)((bec)E))lr(a®d)
(menbep)((deT;)(Tx®id)(a®d®c)),

where we used the equivalent forms (m ®n)((a ® b)E)c = (ma®n)T3(c®b) = (m®
nb)T5(a ® c) of the action in (4.48). The actions (4.49) and (4.50) are equal by (4.15).

In order to see that the left unit constraint R®z M — M, nE(a)®zm — mi"(a) is a
morphism of non-unital right A-modules, take any n*'(a)®zrmb e Re®g M. Applying to
it the left unit constraint and next the action by any c € A results in mbﬁL(a)c. On the
other hand, acting first by ¢ € A on nf(a) ® g mb yields 7((n#(a) ® m)T3(c®b)), where
we used the notation 7: R® M — R®r M for the canonical epimorphism. Applying now
the left unit constraint, we obtain m(u°? (A ®id)[(a®1)T3(c®b)]). Using Lemma 4.2.4,
Lemma 4.2.5 and Lemma 4.2.9 (1) in the first, second and last equalities, respectively,

we see that for any a,b,ce A

poP (A" @id)[(["(a) ® 1)T3(c@ b)]
1o (AF @ id) Ty (A% (a)c ® b) = bA*(a)c.

(A @id)[(a®1)Ts(c®b)]
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This proves that the left unit constraint in bim’ (R) evaluated on an object M of rmd(A)
is a morphism of non-unital A—modules. A symmetric reasoning applies for the right

unit constraint. O

4.5 The antipode

The antipode of a Hopf algebra A is defined as the convolution inverse of the identity
map A - A (cf. (2.31) and (2.46)). In a weak Hopf algebra, the antipode is no longer a
strict inverse of the identity map in the convolution algebra of the linear maps A — A.
However, it is a ‘weak’ inverse in some sense (see Remark 2.5.13). In what follows, we
equip a weak multiplier bialgebra with an antipode in the same spirit: as a generalized
convolution inverse. For this, our first step is to get a generalization of the convolution
product of a (weak) bialgebra.

Let A be a regular weak multiplier bialgebra over a field. By Proposition 4.3.4 (1),
for all a,be A (ab® 1)F = (id ® n#)Ty(a ® b) is an element of A ® M(A). So by the
idempotency of A, (a® 1)F € A®@ M(A) for all a € A, allowing for the definition of a
linear map

Gi:A®A—> A® A, a®br~ (a®1)F(1®Db). (4.51)

The notation GG; is motivated by the fact that it is the same map appearing under the

same name in [73, Proposition 1.11]:

Proposition 4.5.1. Let A be a reqular weak multiplier bialgebra. The map (4.51)
satisfies the equality

(Gr@id)[An(a)(18b®c)] =A@l B)(1ebsc),  VabceA

Hence it is the same map denoted by Gy in [73, Proposition 1.11].
Proof. For any a,b,c,d € A,

(G1®id)[A3(a)(1®bd ® )] As(a)((FF @ id)TP(deb) ® c)
Ap(a)(1e (dernt)Ty(deb))(l1elec)

A3(a)(1® E)(1®bd ® c).

The first equality follows by Proposition 4.3.4 (1), the second one follows by Lemma
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4.2.12 and the last equality follows by (4.26). So we conclude by the idempotency of
A. O

Symmetrically to (4.51), the elements Fy, F3 and Fy in Proposition 4.3.5 induce
maps A® A - A® A defined as:

Go: a®br (a®1)Fy(1®D),
Gs: a®br~ (10b)F3(a®1),
Gy: a®br (1®0)Fy(a®1).

More explicit forms of all these maps are given by

Gi(a®bc) = (a®1)(A"@id)TP(c®b)), (4.52)
Go(a®be) = (a®)((Mfe@id)Ti(bsc)),

Gs(a®be) = ((Meid)T5P(bec))(a® 1),

Gila®bc) = ((A*®id)T3(c®b))(a®1),

and, equivalently, by

Gi(ab®c) = ((iden)Th(a®b))(1c), (4.53)
Gy(ab®c) = ((dem)TP(bea))(l®c), (4.54)
Gs(ab®c) = (1ec)((der))Ty(bea)),
Gilab®c) = (1®c)((iden*)TP(a®b)),

for any a,b,c e A. They obey the following relations:
Gz =twGitw  and G4 = twGatw.

The table below collects the form of all these maps (and of Fy:= E(-®-): AQ A —
A®Aand Ey:=(-9-)E: A® A— A® A) in a regular weak multiplier bialgebra and
in its opposite, copposite and opposite-coopposite structures.

In [73], the form (4.51) of G was proven for regular weak multiplier Hopf algebras,

but it was left open if it has the above form for arbitrary weak multiplier Hopf algebras.
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4 e Aeop A,
(A, Ae, B | (A uP, Ave, B) | (A, p, A% e twEtw) | (A, u°P, A% e twEtw)
Ey Es tw B tw twEstw
F F3 Fy F
G G G Gy
GQ G4 Gl GS
G Gy Gy G
Gy Gy G G,

Table 4.3: E;, F; and G; in the symmetric weak multiplier bialgebras.

Proposition 4.5.2. Let A be a reqular weak multiplier bialgebra over a field. If the
comultiplication s left and right full, then the following hold.

(1) The image of the map Ey: A® A— A® A, a®b~ E(a®b) is isomorphic to the

non-unital N (A)-module tensor square of A with respect to the actions

nf(a)-b:=n*(a)b and b-n*(a):=1"(a)b, fora,be A.

(2) The image of the map G : A® A - A® A in (4.51) is isomorphic to the non-unital

nf(A)-module tensor square of A with respect to the actions

nf(a)-b:=nf(a)b and b-nf(a)=bn (a), fora,beA.

Proof. (1). By the A - A%, symmetric version of (4.47), E; is equal to the map
a®n(be)d~ (AP en)Ti(bec))(a®d)

whose image is equal to the stated module tensor product.
(2). Since Nf(A) is a coseparable coalgebra by Theorem 4.3.3 (1), it follows by [19,
Proposition 2.17] that the stated module tensor product is isomorphic to the image of

the map
an®(b)@cr (a®1)(dray (b)) (1@ c)=(an™ (b)® 1)F(1®c)=Gi(an®(b)®c),

where F' e M(A® A) appeared in Proposition 4.3.4 (1) and dnr(4y : M7 (A) - nf(A4) ®
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nf(A) is the comultiplication in Proposition 4.3.4 (3). Since by Lemma 4.2.9 (4) and
by the idempotency of A any element of A is a linear combination of elements of the

form an® (b), for a,b € A, we have the claim proven. ]

For any weak multiplier bialgebra A over a field, consider the vector space

L =L 1 \ A
E::{L:AM%A@A‘ (a®bc) = L(a®b)(1®c) Ya,b,ce A, }

(Tyoid)(ido L) = (ide L)(T, ® id)
There is a linear map

L - Lin(A,End4(A)), Lo [Ar:a~(e®id)L(a®-)]. (4.55)
With its help, for any a,b,ce A and L€ L,

(doAp)Th(a®b))(1ec)=(doe®id)(id® L)(Ty®id)(a®b®c) (4.56)

- (doecoid)(Tyoid)(ido L) (aoboc) Y (a@1)L(b® ).

Applying this together with the non-degeneracy of the multiplication in A ® A, we
conclude that the map (4.55) is injective. Clearly, £ is an algebra via the composition
of maps. For L, L' € L and a € A,

/\L/L(a) = (6 ® Id)L’L(CL ® —) = ,u()\L/ ® |d)L(a ® —) (457)

(where p: Enda(A) ® A - A denotes the evaluation map ® ® a — ®a = ®(a)), general-
izing the convolution product (A * Ap)(a) = p(Ar ® Ap)A(a) (cf. (2.31)) of endomor-

phisms Az and A7 on a (weak) bialgebra.
Proposition 4.5.3. Let A be a reqular weak multiplier bialgebra over a field.

(1) The maps Ty, Fy:= E(-®—) and Gy in (4.51) from A® A to A® A are elements
of L.

(2) The map (4.55) takes the elements of L in part (1) to [a — a(-)], [a » nE(a)(-)]

and [a — nf(a)(-)], respectively.

(3) E% :El, G% :Gl and E1T1 :Tl :T1G1~
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Proof. (1). Evidently, all of 77, E; and G are right non-unital A-module maps. The
compatibility of 7} with 75 (in the definition of £) is axiom (ii) in Definition 4.1.1. The

compatibility of E; with Ty follows in the same way as in [73, Proposition 2.2]: For all
a,b,ce A,

(Theid)(do® F1)(a®b®c) = (a®l®l)(A®id)(E(b®c))
Y (welel)(1eE)(Eel)(AD)®c)
Y 1eE)ae®1e1)(AD)®c)
= (de E)(Thy®id)(a®b®c).

It remains to prove the compatibility of Gy with T5. Denoting Ty(d ® ¢) =: d; ® ¢; and
using the multiplicativity of A in the second equality, and Lemma 4.2.5 together with
(4.2) in the third one, it follows for any a,b,c,d € A that

(hoid)(ideG)(aebecd) 27 (welel)(Aeid)[(be1)((F¥eid)T™(dec))]

= (a®101)(AD)AT (¢)®d;)

= (a9l )(AM) (1T (¢)) ®d)
(aelel)(A) e ) (le ([T eid)TP(dec))
(deG1)(Tr®id)(a®b® cd),

from which we conclude by the idempotency of A.

(2). Take any a,b € A. By axiom (iii), (e ® id)T1(a ® b) = ab. By (4.24), (e ®
id)E1(a®b) =nl(a)b. Finally, using Lemma 4.2.3 in the second equality, it follows for
all a,b,ce A that

(e®id)Gi(a®be) "2 (deo)[(1®a)(ide ) Ti(cob)]
= (deo)[(1®a)Ti(ceb)]

(4.3) (4.22)

(idoe)[T3(b®a)(c®1)] = nf(a)be.

(3). E? = E; is evident by the fact that E is an idempotent element of M(A ® A).
By Lemma 4.2.5, for any a,b,c€ A,

(1oA™(a))Tu(b®c) = Ty(bo T (a)c). (4.58)
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For any b,c e A, denote Ty(c ®b) =: ¢; ® b;. Then by Lemma 4.2.9 (2),
A%(b:) e = poP(id @ i) Tu(c ® b) = be. (4.59)

With these identities at hand, and applying Lemma 4.2.6 in the second equality, it
follows for a,b,c,d € A that

4.52)

G2a®bed) ‘27 (o (b)) © 1) (A% @ id)TP(d ® i)
= (ae )((Feid)[[(h) ® VTP (d® c;)])
U2 (ae 1)((F* @id) TP (d @ 77 (b;)e;)

2 (@ (A eid)TP(do b)) "2 Gy (a @ bed),

proving G2 = G;. The equality F1T; = T} is immediate by (4.2). Finally, using again
the notation Ty(c® b) =: ¢; ® b;, for all a,b,ce A

(4.59

TGy (a®be) "2 AR (5)) (1ec) = A(a)(1e7 (b)) "2 A(a)(1@be) = T (a®be).

The second equality follows by the multiplicativity of A, Lemma 4.2.5 and axiom (iv).
O

Applying the same reasoning as in [73, Proposition 2.3], the following is shown.

Proposition 4.5.4. Let A be a reqular weak multiplier bialgebra over a field. If there
is a linear map R : A® A > A® A such that R\T\ = Gy, T'Ry = E1 and R{T1R; = Ry,
then Ry € L.

Proof. For any a,b,ce€ A,

Rl(CL@bC) RlTIRl(CL@bC) = Rl(TlRl((l@b)(l@C))

RUTi(Ri(a®b)(1®¢))) = BT\ R (a®b)(1®c) = Ri(a®b)(1®c).

In the first equality we used the assumption R,T) R, = R1; in the second one we used the
assumption 71 Ry, = F; and that E; € £ by Proposition 4.5.3 (1); in the third equality
we used that, by the same proposition, also 77 € £; and in the last equality we used the

assumption that R;77 = G; and that G; € £ by the mentioned proposition. As for the
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other condition concerns,

(T2 ® Id)(ld ® Rl) (TQ ® Id)(ld ® RlTlRl) = (Id ® RlTl)(T2 ® Id)(ld ® Rl)
(Id ® Rl)(TQ ® Id)(ld ® Tl)(ld ® Rl) = (Id ® RlTlRl)(TQ ® Id)

(id® Ry)(Tx ®id),

where in the first, second and third equalities the same arguments as in the above first,

second and third equalities were used respectively. O]
Symmetrically to the above considerations, we can define

R:= {K:A@A»A@AI K(ab®c)=(a® )K(b®c) Ya,b,ce 4, }

(deTi)(Keid) = (K®id)(id® T7)

There is an injective linear map

R - Lin(A, 4End(4)), K [px:aw (idee)K(-®a)] (4.60)
such that
(a®1)((px®id)Ti(boc)) = K(a@b)(1®c),  Va,bceA. (4.61)
For K,K'eR,
proxc(a) = p(id @ pr ) K (- ®a), Vae A, (4.62)

(where pu: A® 4End(A) - A denotes the evaluation map a ® & — a® = ®&(a).) The
linear map (4.60) takes the elements Ty, Es := (- ® —=)E and Go (cf. (4.54)) of R to
[a— (-)a], [a~ (-)nf(a)] and [a ~ (=)L (a)], respectively. The equalities E? = Fs,
G2 = Gy and EyTs = Ty = ToGs hold. If there is a linear map Ry : A® A > A® A such
that RyTh = Ga, TyRy = Ey and RyTyRy = Ry, then Ry € R.

Proposition 4.5.5. Let A be a reqular weak multiplier bialgebra over a field and for
ie{l,2}, let B;,G;: A® A > A® A be the same maps as before. Then the following
hold.

(1) (id® E))(FEy®id) = (E, ®id)(id® EY).
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(2) (id & G1)(Gr@id) = (G @id)(id @ G1 ).
(3) (id& G1)(By®id) = (F®id)(id® G).
(4) (Id ®E1)(G2 ® Id) = (GQ ® Id)(ld ®E1).

Proof. Assertion (1) is evident and (2) is checked by the following computation for any
a,b,c,d,e € A, where we use the notations T3°(b® a) =1 b; ® a; and T, (e®d) =: ¢; ® d;.

(4.54)

(id@Gi)(Gr@id)(ab@code) "= (deG)([(idef")T5P(bea)](l®c)® de)
(id® G1)(b; ® " (a;)c ® de)

z;® (A" (y)e® D[(AF id) TP (e @ d)]

b ® - (a;)c" (e;) ® d;

=7 (Gy@id)(ab® cA(e;) ® d;)

= (Gyeid)(ab® (co D)[(F*0id)TP(e®d)])
=7 (Ge®id)(id® Gy)(ab® c® de)

Concerning (3), take any a, b, ¢, d € A and denote Ty(d®c) =: d;®c; and Ey(a®b) =: a;®0b;.

Then using Lemma 4.2.5 in the fourth equality,

52)

(ide G1) (B ® id)(a®bocd) "2 aie (b ® 1)[(FF @id) TP (d® c)])
= (g;9b)(10F%c))®d; = (a®b)E(187"(¢;)) ®d,
= (aeb(¢))Eed =(ae[(be 1) (PR eid)TP(dec)])(Ee1)
U2 (B eid)(id® Gh)(a®b® cd).

Part (4) is proven symmetrically. O

Consider the vector subspace
M={(L,K)eLxR |a((e®id)L(b®c))=((ild®e)K(a®Db))c, Ya,b,ce A}
of £xR. The maps (4.55) and (4.60) induce a linear map

M > Lin(AM(A)), (LK)~ [a~ (A(a), pr(a))].
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For (L, K) € M, assume that L =0. Then for any a € A, in (Ar(a),pxr(a)) e M(A) the
component Ay (a) is zero. Hence also pi(a) =0 for any a € A so pg = 0. Thus by the
injectivity of (4.60), also K =0. Symmetrically, K =0 implies L = 0.

By part (2) of Proposition 4.5.3 and its A — Ace, symmetric counterpart, (71,7%),
(E1,Gs) and (G, E») are elements of M. For i € {1,2}, assume that there exist linear
maps R; : A® A > A® A such that R, T; = G;, T;R; = E; and R;T;R; = R;. Then
(Ry, R2) € Lx R, and our next aim is to show that in fact (Ry, Ry) € M.

Proposition 4.5.6. Let A be a reqular weak multiplier bialgebra over a field and for
i€{1,2}, let B;,G;, R; : A® A > A® A be the same maps as before. Then the following
hold.

(1) (id® E)(Ry®id) = (R, ®id)(id ® E) ).
(2) (ide R)(Ey®id) = (B, ®id)(id® R, ).
(3) (id®G1) (R, ®id) = (Ry @id)(id® G, ).
(4) (id® R)(Gy®id) = (Gy®id)(id® Ry ).
(5) (id® Ry) (R ®id) = (Ry ®id)(id ® Ry).

Proof. (1). Applying part (4) of Proposition 4.5.5 in the second equality and its part
(1) in the penultimate equality,

(Id ® El)(R2 ® Id) = (Id ® El)(GgRg ® ICI) = (Gg ® Id)(ld ® El)(RQ ® Id)
= (R2T2 ® Id)(ld ® El)(RQ ® Id) EIZEL (R2 ® Id)(ld ® El)(TQRQ ® Id)
= (RQ ® Id)(ld ® El)(EQ ® Id) = (R2E2 ® Id)(ld ® El) = (R2 ® Id)(ld ® El)

(2). (id®R)(E,®id) = (id® R ) (B, ®id) = (id® R, ) (Ey ®id)(id ® E;)

= (id® Ry)(Fy®id)(id®TiRy) = (id® Ry)(id®T1)(F2 ®id)(id ® Ry)
(id®G1)(Fy®id)(id® Ry) = (Ey®id)(id® G )(id ® Ry)
(Ey®id)(id® Ry)

(3) and (4). Part (3) is analogously proven to (4), which is checked by
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(id® Ry ) (G2 ®id)(id ® R 1) (G ®id) = (id ® Ry ) (G ®id)(id ® E7)

= ([d® R))(G2®id)(ide®TiR;) = (id® Ry)(id®T1) (G2 ®id)(id ® Ry)
(id®Gp)(Gy@id)(id® Ry) = (G2 ®id)(id® G1)(id ® Ry)
(Go®id)(id® Ry).

(5). Using part (1) of the current proposition in the second equality and its part (3) in
the penultimate equality,

(ICI ® Rl)(R2 ® Id) = (Id ® RlEl)(RQ ® Id) = (Id ® Rl)(RQ ® Id)(ld ® El)

= (Id@Rl)(R2®Id)(Id®T1R1) = (Id®R1T1)(R2®Id)(Id®R1)
_ (id®G1)(Ry®id)(id® Ry) = (Rs ®id)(id ® Gy Ry) = (R, ®id)(id ® Ry).

]

Corollary 4.5.7. Let A be a regular weak multiplier bialgebra over a field and for i €
{1,2}, let T;, E;, G : A® A - A® A be the same maps as before. Assume that there exist
linear maps R; : A® A - A® A such that R, T; = G;, T;R; = E; and R/ T;R; = R;. Then
(Ry, Ry) € M, hence there is a corresponding linear map S := (Ag,, pr,) : A > M(A).

Proof. Using in the second equality that (G1, Ey) € M, it follows for any a, b, c € A that

a(e®id)R(b®c) a(e®id)G 1R (b® c)
= pu(idee®id)(Ey®id)(id® Ry)(a®b®c)
= p(ideewid)(ThaRy®id)(id® R1)(a®b® )

D (ueid) (R ®id)(ide R)(a®@bec).
Symmetrically, using in the second equality that (E1,Gy) € M,

(idoe)Ry(a®b)e = (id®e)GaRy(a®b)c
= p(idoe®id)(id® E1)(R:®id)(a®b® ¢)
= p(idee®id)(idoTiR)(Ry®id)(a®b®c)
D uidep)(de Ry)(Ryeid)(aebec).

We conclude that the expressions above are equal by the associativity of p and Propo-



Chapter 4. Weak multiplier bialgebras 197

sition 4.5.6 (5). O

The map S : A - M(A) in Corollary 4.5.7 —whenever it exists— will be termed

the antipode for the following reason.

Theorem 4.5.1. For any reqular weak multiplier bialgebra A over a field, there is a

bijective correspondence between the following data.

(1) Forie{l,2}, alinear map R;: A® A - A® A such that R;T; = G;, T;R; = E; and
R, TiR; = R;.

(2) A linear map S : A - M(A) satisfying for all a,b,c e A

(vii) TA[((id® S)Ta(a®b))(1®c)] = A(a)(b® ),
(viii) To[(a® 1)((S®id)Ti(b®c))] = (a®b)A(c),
(iz) p(Seid)[E(a®1)] =S(a) (equivalently, u(id® S)[(1®a)E] = S(a)).

Proof. (1)~(2). By Corollary 4.5.7, there is a linear map (Ag,,pr,) =2 S: A - M(A).
Using in the third equality that T\ R; = Ey,

Ti[((ide S)Th(aeb)(1ec)] "2 Ti(a®1)Ri(bec)] iﬁg) A(a)Ty Ry (b® c)
= AlEGec) P A)(bec)

for all a,b,c € A, so that (vii) holds. Symmetrically, (viii) follows by ToRs = F5. Using
in the second equality R FE| = Ry,

w(S@id)[E(a®b)] 27 Ap, i, (a)b = Mg, (a)b = S(a)b,

for all a,b € A, proving the first form of (ix). The second form follows symmetrically by
RoFEs = Rs.
(2)~(1). By axiom (iv) in Definition 4.1.1,

Im(Ty) < (E(a®b) | a,be A) = (A(a)(b®c) | a,b,ce A).

Conversely, by (vii), (A(a)(b®c) | a,b,c € A) € Im(T}), so that Im(7y) = Im(E;). By
Proposition 4.5.3 (3), T1G1 = T} so that Ker(G;) € Ker(77). In order to see the converse,
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note that applying id ® € to both sides of (viii) and making use of the counitality axiom

(iii) and (4.22), we conclude, since A is non-degenerate, that
1(S ®id)T, = u(nf @ id). (4.63)
Assume that for some b,ce A, T1(b® ¢) =0. Then for all a € A,

0 = (dop)(deSeid)(Tx®id)(id®Ti)(a®bec)
(deu)(ide Seid)(ide®T1) (T, ®id)(a®b® c)
(idopu)(iden?eid)(Ty®id)(a®b® c) (435) Gi(ab®c)=(a®1)Gi(b®c).

In the last equality we used that Gy in (4.51) is a morphism of left non-unital A-modules.
By the non-degeneracy of the multiplication in A ® A, this proves G1(b® ¢) = 0 hence
Ker(Gy) = Ker(T1). By the same reasoning applied in [73, Proposition 2.3], the above
information about the image and the kernel of 77 implies that there is a linear map
Ri:A® A—> A® A with the desired properties. A bit more explicitly, for any a,b e A,

Ry: Tl(CL ® b) = Gl(a ® b), (464)

gives Ry on Im(E)) = Im(77), while R; is defined as zero on Ker(E;). The map Ry is
constructed symmetrically. Note that we did not make use of property (ix) so far.

It remains to see the bijectivity of the above correspondence. From the expression
(4.64) of Ry, it is clear that it does not depend on the actual choice of the map S
in part (2) (only on its existence). Hence starting with the data (R, R2) as in part
(1), we get from the relation R;7T; = G that Ry must be defined by (4.64) on Im(7});
and because R; = R;E;, Ry must be equal to zero on Ker(F;). Similarly for R».
Conversely, starting with a map S as in part (2) and iterating the above constructions
S+ (Ry, Ry) = (Mg, pr,), We obtain the map Ag, : A - End4(A) taking a € A to

b+ (e®id)Ri(a®b)=(c®id)G1R(a®b)=pu(neid)R;(a®b)

(4.63

) (S eid) iR (a®b) = u(S @ id)[E(a®b)].

In the second equality we used Proposition 4.5.3 (2). This element Ag, (a)b is equal to
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S(a)b for all a,b e A if and only if the first form of (ix) holds. Symmetrically, apg,(b)
is equal to aS(b) for all a,b € A if and only if the second form of (ix) holds, what proves

in particular the equivalence of both stated forms of (ix). O
Theorem 4.5.1 implies in particular that if the antipode exists then it is unique.

Remark 4.5.8. Let us stress that the antipode axioms in part (2) of Theorem 4.5.1
imply the identities

p(Seid)T) = p(neid), p(ide STy =u(iden?), w(Seid)E; =u(Seid) (4.65)
and, equivalently,
p(Seid)T) = p(nfeid), wu(ide S)Ty=p(ident), u(ide S)E, =pu(id®S), (4.66)

expressing the requirement that S is the (widely generalized) convolution inverse of the
map A - M(A), a ~ (a(-),(-)a). Indeed, the third identity in (4.65) is literally item
(ix) in part (2) of Theorem 4.5.1. As for the first and second ones concerns, for any
a,b,ce A,

(4.22)

c(id® )Ty(b®a) "2 (id®e)((c®a)A(D))
M (de ) T[(c® 1)((S®id)Ti(a®b))]
W uSeid)Ti(asb),

cp(nf®id)(a®b)

pident)(aebd)e "2 (eoid)Tu(bea)e s (e®id)(Aa)(bec))

" (e@id)Ti[((d® S)Th(a®b)(1®c)]
(i) pl(ide S)Th(a®b)(1ec)].

However, the identities in (4.65) (or, equivalently, in (4.66)) do not seem to be equivalent

to the axioms (vii)-(ix).

Let us compare now the structure of a weak multiplier bialgebra with an antipode
in the just presented sense with a (regular or not) weak multiplier Hopf algebra in

[73]. Combining Theorem 4.1.2 and Theorem 4.5.1, we conclude that any regular weak
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multiplier Hopf algebra in the sense of [73] is a regular weak multiplier bialgebra in
the sense of this thesis possessing an antipode. On the other hand, if a regular weak
multiplier bialgebra in the sense of this thesis admits an antipode, then it is also a
weak multiplier Hopf algebra —though not necessarily a regular one— in the sense of
[73]. That is to say, regular weak multiplier bialgebras possessing an antipode here are
between regular and arbitrary weak multiplier Hopf algebras in [73].

In view of Theorem 4.1.3, an algebra possesses a weak Hopf algebra structure as in
[18] if and only if via the same structure maps, it is a regular weak multiplier bialgebra
with an antipode.

From Theorem 4.5.1 and Example 4.1.16, we obtain the following example.

Example 4.5.9. For a family {A,};c; of regular weak multiplier bialgebras over a field,
labelled by any index set I, the direct sum regular weak multiplier bialgebra ®;c;A; in
Example 4.1.16 possesses an antipode if and only if A; does, for all j € I. In this case,
for any a € A, S(a) = ¢ ({S;(a;)}jer) in terms of the map (4.17) and the antipode S
of A;.

Our next task is to investigate the properties of the antipode.

Lemma 4.5.10. Let A be a reqular weak multiplier bialgebra over a field. Assume that
A possesses an antipode S : A - M(A). Forie {1,2}, denote by R;: A9 A > A® A
the corresponding maps in Theorem 4.5.1 (1). Then the following hold.

pRy = pu(n* ®id) and  pRy = p(id®nf).
Proof. For any a,b,c€ A,
a(uR (b® ) "2 (u(id ® $)Ta(a® b))e "2 ank (b)e.

This proves the first assertion and the second one is proven symmetrically. O

Lemma 4.5.11. Let A be a reqular weak multiplier bialgebra over a field. Assume that
A possesses an antipode S : A - M(A). Forie {1,2}, denote by R;: A9 A > A® A
the corresponding maps in Theorem J.5.1 (1). Then the following hold.

p(n?®id)Ry = u(S®id) and  p(id®@n)Ry = u(id® S).
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Proof. Using part (2) of Proposition 4.5.3 in the first equality, G; R = R; in the third
one, and the relation between S and Ag, in Corollary 4.5.7 in the last one, it follows

for all a,b e A that
u(ME@id)Ry(a®b) = u(\e, ® id)Ri(a®b) "2 Ak, (a)b = A, ()b = S(a)b.
This proves the first assertion and the second one is proven symmetrically. O]

Although the following theorem is contained in [73, Proposition 3.5], we prefer to

give an alternative proof not referring to Heyneman-Sweedler type indices.

Theorem 4.5.2. Let A be a reqular weak multiplier bialgebra over a field. If A possesses
an antipode S : A — M(A), then it is anti-multiplicative.

Proof. For i € {1,2}, denote by R; : A® A - A® A the maps in Theorem 4.5.1 (1),

Consider the composite map
W=p*(Ry®id)(idop®id)(idoid® Ry)(id®tw®id)(id®id ® R;)(id ® tw ® id)

from A A® A® A to A. We shall evaluate it on an arbitrary element a ® b® c® d in

two different ways. In one case, we will get a.5(bc)d and in the other case it will yield
aS(c)S(b)d. To begin with, compute

(uide S)eid)(ideT)) "L (deesid)(R,®id)(ideT})
B (d g e@id)(id® T1) (R ®id) ¥ (id ® 1) (Ry ® id).
With its help,
W(aebecod) =a(u(Seid)Ti(1eid)(ide R;)(tweid)(ide R )(ce bed))).
Next, for all b,c,d € A,
Ti(peid)(ide R)(boced) = AG)TiR(cod) Y Ti(bed)(col).

Using this computation,
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Waebeced) = a(u(S®id)[(T1R(bod))(c®1)])

(4.65)

= a(p(S®id)E(bcod)) =" aS(bc)d
for all a,b,c,d € A. On the other hand, using Lemma 4.5.10 in the first and last
equalities,

U2%1(id © MR (id ® p(n® ®id)) = Ry (id ® u(nf @ id)),

pRy(id ® 1) = p(id @ Ny
hence

W=p?(Ry®id)(idd® pu(nf®id) ®id)
(ideide R)(id®tweid)(id®id® R;)(id ® tw ® id).

Moreover, for any a,b,c,d € A,

Ro(aorf(h)e)(1od) L) (a®1)(S®id)Ti (nF(b)c® d))
202 (e 1)((S®id)(1®nR(b))Ti(c® d)))
= (aer®®)((S®id)Ti(c®d)).
Therefore,

12 (Ry®id)(ide pu(nfeid)®id)(id®id® R)(a®b®c®d)
= pllaenf()(Seid)T1Ri(c®d))]
= pllaen®(®)(Seid)(E(ced)))]
= pllae)((Seid)((Len(b)E(ced)))]

2 a(u(S ®id)Ei(c @ nf(b)d)) "L aS(c) nf (b)d.

Substituting this identity in the latest expression of W and applying Lemma 4.5.11, we

obtain
Waebeced)=p*(ideSenteid)(idoide R))(a®c®b®d) =aS(c)S(b)d

for any a,b,c,d € A. By the density of A in M[(A), this proves S(bc) = S(¢)S(b), for all
b,ce A. O
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The following proposition is contained in [73, Proposition 3.6]. However, in our

setting a much shorter proof can be given.

Proposition 4.5.12. Let A be a reqular weak multiplier bialgebra over a field which
possesses an antipode S : A - M(A). Whenever the comultiplication is left and right

full, S is a non-degenerate map.

Proof. Using the idempotency of the non-unital algebra A, Lemma 4.2.9 (1), the fact
that mL(A) =F"(A) (cf. Theorem 4.2.1) and (4.65),

A=A?c AR (A) = Anf (A)c AS(A)c A

so that A= AS(A). A symmetrical reasoning shows that also A = S(A)A. O

We conclude by Theorem 2.7.1 that in the situation in Proposition 4.5.12 the an-
tipode extends to algebra homomorphisms S : M(A)°P - M(A), id® S : M(A ® A°P)
M(A%® ® A)P - M(A® A), S@id: M(A® A) - M(A%® ® A) = M(A® A°%)°P and
S®S:M(A® AP »M(Ae A).

Lemma 4.5.13. Let A be a reqular weak multiplier bialgebra over a field. Assume that
A possesses an antipode S : A - M(A). Then for any a,be A, the following hold.

S(af" (b)) = N (b)S(a) S(F"(b)a) = S(a) 1™ (b)

S(ar™ (b)) = nE(b)S(a) S(A%(b)a) = S(a) n* (b).
Proof. Using Lemma 4.2.12 in the second equality, it follows for any a,b,c € A that

aS(A(e)) LY u(id® S)[(a® b A (c))E]
= u(ide S)[(an® (¢) ®b)E] LY an® ()S(b).

By the density of A in M((A), this proves the first claim. It also implies that

S(a) N (¢)S(b)d = S(a)S (b (c))d = S(F*(¢)a)S(b)d
for all a,b,c,d € A, where in the second equality we used the anti-multiplicativity of S

(cf. Theorem 4.5.2). Using the non-degeneracy of S and the density of A in M(A), we

have the second claim proven. The remaining assertions follow symmetrically. O]
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In view of Proposition 4.1.8 and (4.26), in any regular weak multiplier bialgebra A
over a field, we may regard F as an element of M[(A ® A°P). The following proposition
—and thus its Corollary 4.5.15— was proven in [73] only for regular weak multiplier

Hopf algebras.

Proposition 4.5.14. Let A be a reqular weak multiplier bialgebra over a field with a left
and right full comultiplication. Assume that A possesses an antipode S : A - M(A).
Then the elements E' € M(A ® A°P) and F € M(A ® A) in Proposition 4.3.4 (1) are

related via the extensions of S as

(ideS)E)=F and (S®id)(F)=E",

where (a®1)EP(1®b) :=tw[(1®a)E(b®1)] and (1®b)E®(a®1) :=tw[(b®1)E(1®a)]
define E°P e M(AP® A).

Proof. Since A is idempotent and S is non-degenerate (by Proposition 4.5.12), any
element of A ® A can be written as a linear combination of elements of the form ab®
¢S(d), in terms of a,b,c,d € A. Moreover, using the anti-multiplicativity of S in the
first equality, applying Proposition 4.1.8 (1) in the second equality, Lemma 4.5.13 in
the third one and Proposition 4.3.4 (1) in the last one, it follows for any a,b,c,d € A
that

(ab®cS(d)([d@8)(E) = (1®e)((ideS)[(ab®1)E(1ed)])
(1®c)((id® S)[((id® ) Th(a ® b)) (1 ® d)])

(1®cS(d))((ide ™) Ty(a®b)) = (ab® cS(d))F.

This proves the first assertion. Symmetrically, in order to prove the second one, write
any element of A® A as a linear combination of elements of the form aS(b) ® cd. Using
again the anti-multiplicativity of S in the first equality, Proposition 4.3.4 (1) in the
second equality, Lemma 4.5.13 in the third one and (4.26) in the fourth one, it follows
for any a,b,c,d € A that

(aSH)®@1)(S®id)(F)(1®cd) = (a®1)((S®id)[F(b®cd)])
= (a@D)((SeId)[(A"eid) TP (d®c))(be1)])
= (aS(b)® 1)) (M ®id)T;?(d®c))
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= (aS(O) e )tw(E(cd® 1))
= tw((1®aS(b))E(cd® 1))
= (aS(b)®1)E®(1®cd).

[]

Corollary 4.5.15. Let A be a reqular weak multiplier bialgebra over a field with a left
and right full comultiplication. If A possesses an antipode S : A - M(A), then S is

anti-comultiplicative in the sense of the commutative diagram

Aop 5 M(A)
- :
M(A® A)°p - M(A® A).

Proof. By [73, Proposition 3.7], AS(a) = ((S® S)A°(a))E, for all a € A. By Proposi-
tion 4.5.14, E = (S ® S)(E°P) so that by the anti-multiplicativity of S ® 5,

AS(a) = ((S®S)A®(a))E = ((S®S5)A%(a))(S ® §)(E®)

(S®9)(EPA®(a)) "2 (S® 5)A%(a).






Chapter 5

Conclusions and further research

proposals

The main achievements of this thesis, as well as various new questions related to them,
are collected below.

First, for a separable Frobenius algebra R, we describe weak bialgebras with right
subalgebra isomorphic to R as bimonoids in the duoidal category of R® R°P—bimodules
(Theorem 3.2.4). In this, two points are specially worth to be highlighted. On the one
hand, that the duoidal structure of the category of bimodules over R ® R°P is given
by the monoidal products ®ge and the Takeuchi’s xz—product [65] (Theorem 3.2.1).
On the other hand, that this is possible because the Takeuchi’s xz—product, when
considered over a separable Frobenius algebra R, is proven to be a bimodule tensor
product (Lemma 3.2.1 and Lemma 3.2.2) turning out to be, consequently, a monoidal
product.

Secondly, this interpretation of weak bialgebras allows us to define a category wba
of weak bialgebras over a given field. We use this to extend the well-known relation
between groups and cosemisimple pointed Hopf algebras in the following sense. We
prove that the ‘free vector space’ functor k : cat’ — wba (from the category of small
categories with finitely many objects, Section 3.3.1) possesses a right adjoint (Propo-
sition 3.3.10, Proposition 3.3.12 and Theorem 3.3.1) given by taking a suitable subset
of the set of group-like elements (Definition 3.3.2; namely, those group-like elements g

whose both right projections —nf(g) and F*(g)— are group-like elements too; Theo-

207
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rem 3.3.1). For a general weak bialgebra, this subset is shown to be proper, that is, it
is indeed strictly smaller than the set of group-like elements (Remark 3.3.3). Neverthe-
less, if the weak bialgebra in question is cocommutative or if it has an antipode, then
it is exactly the set of group-like elements (Proposition 3.3.5 and Lemma 3.3.7). We
prove that this adjunction restricts to the full subcategories of weak Hopf algebras of
wba and the category of small groupoids of cat? (Theorem 3.3.2); and that it becomes
an equivalence by respectively restricting us to the categories of pointed cosemisimple
weak bialgebras (Corollaries 3.3.14 and 3.3.21), and pointed cosemisimple weak Hopf
algebras (Corollaries 3.3.21 and 3.3.22).

We propose weak multiplier bialgebras (Definition 4.1.1) as a non-unital generaliza-
tion of weak bialgebras with a multiplier-valued comultiplication. On the one hand,
weak multiplier bialgebras fill the conceptual gap of the antipodless situation of weak
multiplier Hopf algebras [73]. On the other hand, our definition is supported by the
fact that (assuming some further properties like regularity (Definition 4.1.3) or full-
ness (Theorem 4.2.1) of the comultiplication), the most characteristic features of usual,

unital, weak bialgebras extend to this generalization:

(1) There is a bijective correspondence between the weak bialgebra structures and

the weak multiplier bialgebra structures on any unital algebra (Theorem 4.1.3).

(2) The multiplier algebra of a weak multiplier bialgebra contains two canonical com-
muting anti-isomorphic firm Frobenius non-unital algebras; the so-called base
algebras (Theorem 4.3.1, Theorem 4.3.3, Proposition 4.3.4, Proposition 4.3.5).
By generalizing to the multiplier setting several equivalent properties that distin-
guish bialgebras among weak bialgebras, we also propose a notion of multiplier
bialgebra based on this: it is defined as the particular case of weak multiplier
bialgebra when the base algebra is trivial; that is, it contains only multiples of
the unit element (Theorem 4.1.4).

(3) Appropriately defined modules (i.e. idempotent and non-degenerate non-unital
right A—modules) over a regular weak multiplier bialgebra A with a full comulti-
plication constitute a monoidal category via the module tensor product over the
base algebra (Theorem 4.4.1).

Moreover, we introduce the notion of antipode on a regular weak multiplier bialgebra
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(Theorem 4.5.1). Whenever the comultiplication is full, the antipode axioms are shown
to be equivalent to the projections of the maps 77 and 75, to maps between relative
tensor products over the base algebras, being isomorphisms (Remark 4.5.8). We claim
that the one of regular weak multiplier bialgebras possessing an antipode is the desired

‘intermediate’ class between regular and arbitrary weak multiplier Hopf algebras in

weak
Hopf
Hopf algebra

weak

; Hopf
algebra with p
bijective algebra
antipode

regular regular

Lo multiplier weak ?
multiplier Hopf multiplier .

‘ Underlying unital algebra

Hopf algebra Hopf
algebra weak
algebra multiplier LA
Hopf
algebra

Figure 5.1: Sets relations I.

In the Figure 5.1 above, the question mark inside the small striped rectangle in the
dark violet rectangle of weak multiplier Hopf algebras stress the fact that, to the date,

it is not known whether any weak multiplier Hopf algebra with underlying algebra is a
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Figure 5.3: Sets relations III.

Many interesting questions and problems arise from the work collected in this thesis.

Some of them are being addressed at present, others are future projects that will lead
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to success with almost no doubts, and there are also some more challenging research
proposals whose approach certainly requires the development of new and innovative
tools. Let us briefly outline some of these ideas.

In Chapter 3 we proved that the category cat® of small categories with finitely many
objects and the category wba of weak bialgebras are related by an adjunction via the
‘free vector space functor’ k and certain functor g (Theorem 3.3.1). As it has been
previously pointed out, this adjunction extends the well-known relation between the
category of finite monoids and bialgebras over a field. Example 4.1.14 shows that the
linear span of a small category (without any constraint on the finiteness of its object
set) has the structure of a weak multiplier bialgebra. In order to extend to the category
cat of (arbitrary) small categories the adjunction k 4 g between cat® and wba, a category
wmb of weak multiplier bialgebras has to be first defined —what in fact is interesting
on its own. For this purpose, we need to find out the right notion of morphism of weak
multiplier bialgebras; in such a way that the category wmb (which it gives rise to),
contains wba as a subcategory, and that a functor between small categories induces a
morphism in wmb.

On the other hand, since cat has a natural structure of bicategory considering nat-
ural transformations as 2-morphisms (2—cells), it would be of interest to study the
adjunction k -4 g between cat” and wba (or, more generally, between cat and wmb after
achieving the first exposed goal) at the level of bicategories, having previously added
an appropriate notion of 2-morphisms to the categories wba and wmb. This seems to
be a not hard question with at most technical difficulties.

Once the category wmb of weak multiplier bialgebras is defined, a big challenge
would be to obtain a ‘characterization’ of it. Recall that bialgebras over a field can
be characterized by the property that the category of their (left or right) modules
is monoidal such that the forgetful functor to the category of vector spaces is strict
monoidal. More generally, the category of (left or right) modules over a weak bialgebra is
monoidal such that the forgetful functor to the category of bimodules over the (separable
Frobenius) base algebra is strict monoidal (see e.g. [64]). In Chapter 4 we proved that
for any regular weak multiplier bialgebra A over a field, the category of idempotent
and non-degenerate non-unital right A—modules is monoidal, and that the functor from

it to the category of firm non-unital N®(A)-bimodules is strict monoidal (Theorem
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4.4.1). It would be really interesting to further investigate this relation, in order to get
a definite statement, that is, a characterization of weak multiplier bialgebras by these
classical means. However, in this situation, the ‘forgetful functor’ from the category
of (co)modules is not (co)monadic; hence the well-developed theory of lifting is not
applicable. Consequently, some really fresh ideas and innovative tools are needed to
face this problem —which potentially entails some risk and also a high gain. In this
regard, noteworthy is the work [40] by Kris Janssen and Joost Vercruysse, where it
is shown that, over a commutative ring k, a (non-unital, idempotent, non-degenerate,
k-projective) k—algebra is a multiplier bialgebra (in a different sense that in the present
thesis, cf. Theorem 4.1.4) if and only if the category of its algebra extensions and both
the categories of its left and right modules are monoidal and fit, together with the
category of k—modules, into a diagram of strict monoidal forgetful functors.

Another big interest in the theory of weak multiplier bialgebras is a more deep study
of the non-regular case as well as the find of examples of non-regular weak multiplier
bialgebras. Examples 4.1.14, 4.1.15, 4.1.16 and 4.1.17 present weak multiplier bialgebras
obeying the regularity condition (Definition 4.1.3). Non-regular examples would stress
even more the relevance and necessity of the well justified weak multiplier bialgebras
theory, taking advantage of its potential.

Concerning applications, in spite of their recent birth, weak multiplier bialgebras
are already having a notable impact in related areas, allowing progress in further re-
search projects. This is evidenced by the work [33] by Kenny De Commer and Thomas
Timmermann, where they generalize Hayashi’s definition of a compact quantum group
of face type [39] to the case where the commutative base algebra is no longer finite-
dimensional, by relying on the notion of weak multiplier bialgebra. In addition, in [41],
Byung-Jay Kahng and Alfons Van Daele, show that a weak multiplier bialgebra with a
regular and right and left full comultiplication is a regular weak multiplier Hopf algebra
if there is a faithful set of integrals. As pointed out by the authors, the relevance of this
result lies in the aid that it represents for the development of the theory of locally com-
pact quantum groupoids in the operator algebra setting, being precisely the prospect

of such a theory the motivation of their study.



Conclusiones y propuestas de

investigacion futura

Esta seccion trata de ser un compendio de los principales logros de esta tesis, asi como
de algunas cuestiones relacionadas sugiriendo nuevas direcciones en esta investigacion.
En primer lugar, para un algebra Frobenius separable R, las bidlgebras débiles con
subdlgebra derecha isomorfa a R son descritas como bimonoides en la categoria duoidal
de R® R°P-bimddulos (Teorema 3.2.4). Entre los detalles de esta descripcién merece ser
especialmente destacado que, sobre un algebra Frobenius separable R, el producto xpg
de Takeuchi [65] resulta ser un producto tensor de bimédulos (y, por tanto, monoidal,
Lema 3.2.1 y Lema 3.2.2) sirviendo, junto con el producto tensor xge de médulos sobre
Re, como producto monoidal para la estructura duoidal de bim(R¢) (Teorema 3.2.1).
En segundo lugar, esta interpretacion de bidlgebras débiles permite definir una ca-
tegoria wbha de bialgebras débiles sobre un cuerpo dado. Esta categoria es usada para
extender la bien conocida relacién entre grupos y dlgebras de Hopf cosemisimples y
punteadas, en el siguiente sentido. Probamos que el funtor k : cat® - wba (de la
categoria de categorias pequenas con un numero finito de objetos) posee un funtor
adjunto por la derecha (Proposicién 3.3.10, Proposicién 3.3.12 y Teorema 3.3.1), dado
por un subconjunto del conjunto de elementos group-like (Definicién 3.3.2; a saber,
aquellos elementos group-like g cuyas proyecciones derecha —n*(g) and ﬁR(g)— son
también elementos group-like). Para una bidlgebra débil general, este subconjunto es
propio, esto es, es estrictamente mas pequeno que el conjunto de elementos group-like
(Observaciéon 3.3.3). No obstante, si la bidlgebra débil en cuestién es coconmutativa
o tiene antipoda, entonces se trata exactamente del conjunto de elementos group-like

(Proposicién 3.3.5 y Lema 3.3.7). Ademds, probamos que esta adjuncién restringe a
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las categorias plenas de algebras de Hopf débiles de wba y de grupoides pequenos de
cat? (Teorema 3.3.2); y que resulta ser una equivalencia al restringirnos respectivamente
a las categorfas de bidlgebras débiles cosemisimples y punteadas (Corolarios 3.3.14 y
3.3.21), y de algebras de Hopf débiles cosemisimples y punteadas (Corolarios 3.3.21 y
3.3.22).

Por otro lado, proponemos las bidlgebras multiplicadoras débiles (Definicién 4.1.1)
como una generalizaciéon no unital de las bidlgebras débiles y con comultiplicacién va-
luada en el algebra de multiplicadores. Por una parte, nuestra definicion es avalada por
el hecho de que (asumiendo algunas otras propiedades como regularidad (Definicién
4.1.3) o plenitud (Teorema 4.2.1) de la comultiplicacién), la mayoria de las carac-

teristicas de las bidlgebras débiles (unitales, usuales) extienden a esta generalizacion:

(1) Existe una correspondencia biyectiva entre las estructuras de bidlgebra débil y las

de bidlgebra multiplicadora débil sobre cualquier dlgebra unital (Teorema 4.1.3).

(2) El algebra de multiplicadores de una bidlgebra multiplicadora débil contiene
dos &algebras no unitales Frobenius firmes candnicas, que conmutan entre si;
las llamadas algebras base (Teorema 4.3.1, Teorema 4.3.3, Proposicién 4.3.4,
Proposicién 4.3.5). Basdndonos en esto y generalizando al ‘ambiente de multipli-
cadores’ varias propiedades equivalentes que distinguen a las bidlgebras entre las
bidlgebras débiles, también proponemos una nocién de bidlgebra multiplicadora.
Esta es definida como el caso particular de bidlgebra multiplicadora débil en que
el algebra base es trivial; esto es, contiene sélo multiplos del elemento unidad
(Teorema 4.1.4).

(3) Definidos apropiadamente (i.e. A-mdédulos por la derecha no unitales, idempo-
tentes y no degenerados), los médulos sobre una bidlgebra multiplicadora débil A
regular constituyen una categoria monoidal via el producto tensor sobre el dlgebra
base (Teorema 4.4.1).

Por otra parte, las bidlgebras multiplicadoras débiles resuelven la brecha concep-
tual de la situacién sin antipoda de las dlgebras multiplicadoras de Hopf débiles [73].
Ademas, introducimos la nocién de antipoda sobre una bialgebra multiplicadora débil
regular (Teorema 4.5.1), probando que la de bidlgebras multiplicadoras débiles regu-

lares con antipoda es la clase ‘intermedia’ deseada entre las dlgebras multiplicadoras de
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Hopf débiles regulares y las algebras multiplicadoras de Hopf débiles arbitrarias; que
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Figure 5.4: Relaciones de conjuntos I.

En la Figura 5.4 de arriba, los signos de interrogacion a los lados del rectangulo pequeno
y rayado dentro del rectangulo de dlgebras multiplicadoras débiles, enfatizan el hecho de
que, hasta la fecha, no se conoce si toda dlgebra multiplicadora de Hopf débil con algebra
subyaciente unital es un algebra de Hopf débil, como fue senalado en el introductorio
Capitulo 1, y en [73, pagina 29] por Alfons Van Daele y Shuanhong Wang. Por el

momento no se conoce ningun ejemplo de algebra multiplicadora de Hopf débil unital
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Figure 5.6: Relaciones de conjuntos III.

De cara a investigaciones futuras, muchas son las cuestiones y problemas intere-
santes que se derivan de esta tesis. Algunas de ellas ya estan siendo abordadas; otras
formaran parte de préximos proyectos. Ademads, también damos cuenta de objetivos
mas desafiantes que ciertamente requieren un gran desarrollo de nuevas e innovadoras

herramientas. En lo que sigue, esbozamos brevemente algunas de estas propuestas.
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En el Capitulo 3 probamos que la categoria cat’ de categorias pequenas con un
nimero finito de objetos y la categoria wba de bidlgebras debiles son adjuntas via el
funtor k ‘espacio vectorial libre’ y cierto funtor g de tipo ‘group-like’ (Teorema 3.3.1).
Como ya ha sido senalado previamente, esta adjuncion generaliza la bien conocida
relacién entre la categoria de monoides finitos y la de bidlgebras sobre un cuerpo. El
Ejemplo 4.1.14 muestra que el espacio vectorial generado por el conjunto de morfismos
de una categorfa pequena (sin ninguna restricciéon sobre la finitud de su conjunto de
objetos) tiene estructura de bidlgebra multiplicadora débil. Con el fin de extender a la
categoria cat de categorfa pequenas (arbitrarias) la adjuncién k 4 g entre cat® y wba,
primero se ha de definir apropiadamente una categoria wmb de bidlgebras multiplicado-
ras débiles —lo cual tiene interés por si mismo. Para ello, es preciso dar una definicién
de morfismo entre bidlgebras multiplicadoras débiles de tal forma que la categoria wmb
(a la que dé lugar), contenga wba como subcategoria, y que un funtor entre categorias
pequenas induzca un morfismo en wmb.

Por otra parte, dado que cat tiene una estructura natural de bicategoria con las
transformaciones naturales como 2-morfismos (2—celdas), serfa de interés estudiar la
adjuncién k - g entre cat’ y wba (o, mds generalmente, entre cat y wmb una vez
conseguido el primer objetivo expuesto) al nivel de bicategorias, dando previamente
unas nociones adecuadas de 2-morfismos en las categorias wba y wmb. Esto parece ser
un estudio factible con, a lo sumo, ciertas dificultades de tipo técnico.

Después de formalizar la categoria de bidlgebras multiplicadoras débiles, un gran
reto seria obtener una caracterizacién de ella. Recordemos que las bidlgebras sobre un
cuerpo pueden ser caracterizadas por la propiedad de que la categoria de sus modulos
(por la derecha o por la izquierda) es monoidal tal que el funtor olvido a la cate-
goria de espacios vectoriales es monoidal estricto. Mas generalmente, la categoria de
modulos (por la izquierda o por la derecha) de una bidlgebra débil es monoidal tal que
el funtor olvido a la categoria de bimddulos sobre el dlgebra base (separable Frobe-
nius) es monoidal estricto (e.g. [64]). En el Capitulo 4 probamos que para cualquier
bialgebra multiplicadora débil A regular sobre un cuerpo, la categoria de A-mddulos
por la derecha no unitales idempotentes y no degenerados es monoidal, y que el funtor
desde ella a la categoria de N®(A)-bimdédulos no unitales firmes es monoidal estricta

(Teorema 4.4.1). Resulta muy interesante investigar més alla esta relacion con el ob-
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jetivo de conseguir una caracterizacion de las bidlgebras multiplicadoras débiles en los
términos expuestos. Sin embargo, en esta situacion, el funtor olvido de la categoria
de (co)médulos no es (co)monddico; de ahi, la bien desarrollada teoria de ‘elevacién’
no es aplicable. En consecuencia, este estudio requiere de ideas realmente innovadoras
—Ilo que potencialmente conlleva un cierto riesgo y también un gran beneficio. A este
respecto, cabe destacar el trabajo [40] de Kris Janssen y Joost Vercruysse, donde los
autores prueban que, sobre un anillo conmutativo k, una k—dlgebra (posiblemente no
unital, idempotente, no degenerada, k—proyectiva) es una bidlgebra multiplicadora (en
un sentido diferente que en la presente tesis, cf. Teorema 4.1.4) si y sélo si la categoria
de sus extensiones de algebra y las categorias de sus moédulos por la derecha y por la
izquierda son monoidales y hacen conmutar, junto con la categoria de k—mddulos, un
diagrama de funtores olvido monoidales.

Otro gran interés en la teoria de bidlgebras multiplicadoras débiles es el desarrollo
de un estudio mas profundo sobre el caso no regular, asi como el hallazgo de ejemplos
en este caso. Los Ejemplos 4.1.14, 4.1.15, 4.1.16 y 4.1.17 presentan bidlgebras multipli-
cadoras débiles que satisfacen la condicién de regularidad (Definicién 4.1.3). Ejemplos
no regulares destacarfan ain mas la importancia y necesidad de la ya bien justificada
teoria de biadlgebras multiplicadoras débiles, exprimiendo su potencialidad.

En cuanto a aplicaciones, a pesar de su reciente nacimiento, las bidlgebras multi-
plicadoras ya estan repercutiendo notablemente en areas de investigacion relacionadas,
favoreciendo el progreso de otros proyectos y lineas con tematica afin. Prueba de ello
es el trabajo [33] de Kenny De Commer y Thomas Timmermann, donde la definicién
de grupo cuédntico compacto de tipo face debida a Hayashi [39] es generalizada al caso
en que el dlgebra base conmutativa no es finito dimensional, basdndose en la nocién de
bidlgebra multiplicadora débil. Adicionalmente, Byung-Jay Kahng y Alfons Van Daele
demuestran en [41] que una bidlgebra multiplicadora débil con comultiplicacién regular
y plena por la derecha y por la izquierda es un algebra multiplicadora de Hopf débil
regular si existe cierto conjunto de integrales. Este resultado, tal y como senalan sus au-
tores, contribuye de manera relevante en el desarrollo de la teoria de grupoides cuanticos
localmente compactos en el ambito de dlgebras de operadores, siendo precisamente esta

teoria la motivacion de su estudio.
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algebra, 38 diagonal comultiplication, 41
Frobenius, 42 duoidal category, 33
separable, 44 _

. envelopping algebra, 37

algebraic quantum torus, 132

antipode, 46, 52, 197 flip map, 36

associator, 30 free vector space functor, 107

Frobenius element, 42
base algebras, 51, 155

bialgebra, 45

Frobenius functional, 42

Frobenius structure, 42

bimodule, 39 functor
bimonoid, 35 comonoidal, 31
binary part, 31 double comonoidal, 34

monoidal, 31

category, 30 strict monoidal, 31

characteristic function, 36
coalgebra, 40 group-like element, 41

-Frobenius, 41
COTHIODEIITS, Heynemann-Sweedler notation, 40

Hopf algebra, 46
Hopf algebra group, 46
Hopf monoid, 35

coseparable, 41
coherence maps, 31
comultiplication, 40

coassociative, 40
convolution algebra, 41 interchange law, 33
convolution product, 41 interval category, 30

it lgebra, 40
coopposite coalgebra, Kronecker’s delta, 36

counit, 40
counital maps, 48 left full comultiplication, 164
counitary property of counit, 40 left Hopf comonad, 124
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left Hopf monad, 124
left module, 39

left subalgebra, 51
linear, 36

local units, 37

looping principle, 87

module action, 38
monoidal category, 30
monoidal comonad, 32
monoidal product, 30
monoidal product functor, 30
morphism

of algebras, 39

of bimonoids, 35

of coalgebras, 40

of comonoidal monads, 32

of Hopf algebras, 46

of non-unital algebras, 37

of spans, 72

of weak bialgebras, 106
multiplication, 36

associative, 36
multiplier, 54
multiplier algebra, 54
multiplier bialgebra, 149
multiplier Hopf algebra, 56

regular, 63

Nakayama automorphism, 43
Nakayama condition, 100
non-unital algebra, 36

firm, 37

idempotent, 36

non-degenerate, 37
opposite, 37
non-unital bimodule, 38
non-unital left module, 38
non-unital right module, 37
firm, 38
idempotent, 38
non-degenerate, 38

nullary part, 31

opposite comultiplication, 40

opposite multiplication, 37

partial algebra, 152
partial bialgebra, 154

partial coalgebra, 153

right full comultiplication, 164
right fusion operator, 32

right Hopf comonad, 32

right Hopf monad, 124

right module, 39

right subalgebra, 51

separability Frobenius idempotent, 44

separability idempotent, 44

separable Frobenius structure, 44

singleton category, 30
source condition, 100

span, 72

Takeuchi’s product, 39
target condition, 100
total algebra, 153

unit constraints, 30
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unit object, 30

unitors, 30

weak bialgebra, 47
coopposite, 48
opposite, 48
opposite-coopposite, 48
weak Hopf algebra, 52
weak multiplicativity condition, 100
weak multiplier bialgebra, 134
cocommutative, 136
coopposite, 143
opposite, 143
opposite-coopposite, 143
regular, 136
weak multiplier Hopf algebra, 62
regular, 63






Symbol index

Categories

1

2
cat
cat®
sfr

duo
rmd(A)

bim’ (A)
bim(A)
wba

wha

gpd
set

span(X)
bmd(M)

coMon

Morphisms

S

Singleton category

Interval category

Small categories

Small categories with finitely many objects
Separable Frobenius algebras

Duoidal categories

Idempotent and non-degenerate

non-unital right A-modules

Firm non-unital A-bimodules
A-bimodules

Weak bialgebras

Weak Hopf algebras

Small groupoids

Sets

Spans over a set X

Bimonoids associated to a functor M

from an arbitrary category to duo
2—category of monoidal categories, comonoidal

functors and comonoidal natural transformations

Source of a category
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Aop I

(@)

> U
|

Xs —

Functors
k -
g -

Objects

* _
S S
T —

Structures

k o
Co —
Cy —
Aop o
Acop

Target of a category
Binary part of a functor F
Nullary part of a functor F
Flip map of vector spaces
Identity morphism on A
Identity morphism on A
Multiplication

Opposite multiplication
Comultiplication

Opposite comultiplication
Unit

Counit

Antipode

Kronecker’s delta

Characteristic function of a set S

‘Free vector space’ functor

‘Group-like type’ functor

Single object in 1
Source object in 2

Target object in 2

Field

Object set of a category C
Arrow set of a category C
Opposite (algebra) of A
Coopposite (coalgebra) of A
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Acsp
M(A)
ker(f)
supp(f)
G(C)

kC

k(C)
Lin(A, B)
Enda(A)
AEnd(A)

Sets

Arrows

vy gl

Products

®
X
®R
XR
o

Opposite-coopposite ((co)algebra) of A

Multiplier algebra of an algebra A

Kernel of a linear function f

Support of a function f

Group-like elements of a coalgebra C

Free vector space spanned by C

Vector space of finitely supported k-valued functions on £C
Vector space of linear maps A - B

Vector space of non-unital right A-module maps

Vector space of non-unital left A—-module maps A - A

Set of natural numbers

Set of complex numbers

Implies/2—cells (depending on the context)
If and only if, equivalent

Adjunction

Surjection

Injection

Tensor product of vector spaces over a field
Cartesian product

Module tensor product over an algebra R
Takeuchi’s product over an algebra R
Monoidal product

Monoidal product
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Relations

= — Equal

c — Inclusion of sets

= — Isomorphism, isomorphic

> —  Greater or equal than

< —  Strictly lesser than

Operators

N — Intersection of sets

P —  Sum

| — Restriction (e.g. fix)/Corestriction (e.g. fIX)
Miscellaneous

00 — Infinity

v — For all

O —  Quod erat demonstrandum, end of the proof
n — Indeterminate natural number

Acronymous

w.r.t —  With respect to

ie. — Isto es (that is)

e.g. —  Ezempli gratia (for example)

cf. —  Confer (compare)
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