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The Mantel-Haenszel test is the most frequent asymptotic test used for analyzing stratified 2 x 2 tables. Its exact alternative is the
test of Birch, which has recently been reconsidered by Jung. Both tests have a conditional origin: Pearson’s chi-squared test and
Fisher’s exact test, respectively. But both tests have the same drawback that the result of global test (the stratified test) may not be
compatible with the result of individual tests (the test for each stratum). In this paper, we propose to carry out the global test using
a multiple comparisons method (MC method) which does not have this disadvantage. By refining the method (MCB method) an
alternative to the Mantel-Haenszel and Birch tests may be obtained. The new MC and MCB methods have the advantage that they
may be applied from an unconditional view, a methodology which until now has not been applied to this problem. We also propose

some sample size calculation methods.

1. Introduction

In statistics it is very usual to have to verify whether
association exists between two dichotomic qualities. This is
especially frequent in medicine, for example, where the aim
is to assess whether the presence or absence of a risk factor
conditions the presence or absence of a disease or compare
two treatments whose answers are success or failure, and
so forth. In all the cases the problem produces data whose
frequencies are presented in a 2 x 2 table: the two levels of one
of the qualities are set out in the rows, the two levels of the
other quality in the columns, and the observed frequencies
are set out inside the table.

The exact and the asymptotic analyses of a 2 x 2 table
have their roots in the origins of statistics, and hundred of
papers have been devoted to the problem [1]. It is traditional
to carry out the exact independence test using the Fisher
exact test, which is a conditional test (because it assumes
that the marginals of the rows and columns are previously
fixed). More than thirty years has passed since the situation
changed, and it is well known that the unconditional exact

test tends to be less conservative and more powerful than
the conditional test [2-4], because the loss of information
as a result of conditioning may be as high as 26% [5].
The unconditional tests assume that it is only the values
that were really previously fixed: the marginal of the rows,
the marginal of the columns or the total data in the table.
This causes two types of unconditional test: that of the
double binominal model (the first two cases) and that of
the multinomial model (the third case). The same can be
said of the asymptotic tests, generally based on Pearson’s
chi-squared statistic with different corrections for continuity
(cc). However, the unconditional exact tests have the great
disadvantage of being very laborious to compute. An overall
view of the problem can be seen in Martin Andrés [1, 6].
Frequently the individuals who take part in the study
are stratified in groups based on a covariate such as sex or
age, which gives rise to several 2 x 2 tables. In this case
the aim is to contrast the independence of both the original
dichotomic qualities, bearing in mind the heterogeneity
of the populations defined by the strata. To this end, the
most frequent approach is to suggest a test under the null
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hypothesis of Mantel-Haenszel for which the odds ratio (or
the risk ratio) for all the strata is equal to unity. For this
purpose the most frequent asymptotic tests are those of
Cochran [7] and Mantel and Haenszel [8], both of which are
very similar; the exact version of the test is due to Birch [9]
(and has recently been reconsidered by [10]). In all these cases
the proposed tests are conditional and, when there is only one
stratum, the test for the case of only one 2 x2 table is obtained
(Fisher’s exact test or Pearson’s chi-squared test). Moreover,
Jung [10] and Jung et al. [11] propose a sample size calculation
method, asymptotic in the first and exact in the second.

The procedures indicated have the drawback of almost
all the tests for a global null hypothesis like the one in
question that the result of the global (stratified) test may
not be compatible with that of the individual tests (the test
for each stratum). In this paper, we propose a global test
(MC test) which does not have this disadvantage because it
is based on a multiple comparisons method: the global test is
significant if and only if at least one of the individual tests is
significant. In return the MC test will have the drawback of
being less powerful, given that it must control both the alpha
error of the global test and the alpha errors in the individual
tests. Because of this, another procedure is proposed (MCB
test) which only controls the alpha error of the global test
(just as in the classic stratified tests), although the alpha error
in the individual tests will only exceed the nominal value
on a few occasions (and generally by very little). The two
procedures are applicable from both the conditional and the
unconditional point of view and also when carrying out an
asymptotic test or an exact test. The advantage of applying
them in the form of an unconditional test is that in this way
the loss of power mentioned above is reduced with regard to
the classic global tests. In addition this paper shows that the
asymptotic tests function well, even for small samples, if they
are carried out with the appropriate continuity correction.
And finally, the sample size for almost all the cases studied
(exact or asymptotic tests, conditional or unconditional tests)
is determined.

2. Hypothesis Test

2.1. Notation, Models, and Example. In the following (without
loss of generality) it will be assumed that each 2 x 2 table
refers to the successes or failures in two treatments which
are applied to m; and n; individuals, respectively. Let J be
the number of strata, N; = m; + n; (j = 1,...,]) the total
of individuals in the stratum j, N = }'; N; the total sample
size, {xj,Ej =m; - xj} and {yjjj =n; - y]-} the number
of successes and the number of failures with the treatments
1 and 2, respectively, and z; = x; + y;and z; = X; + ;
the total number of successes and failures in the stratum
j respectively. These data may be summarized as shown in
Table 1. Once the experiment has been performed, the values
obtained will be written with an extra subindex “0,” that is,
Xjo>» Yjo> Mjo» Nijo» -

Let p;and q; (p; = 1 - p;andgq; = 1 - q;) be the
probabilities of success (failure) with treatments 1 and 2 in
the stratum j, respectively. The odds ratio for each stratum is
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TABLE 1: Frequency data of 2 x 2 table for stratum j.

Treatment Response Total
Yes No

1 Xj % j

2 Y Y e

Total zZ; zZ; f

6; = p;4;/p;q;> and the aim is to contrast the null hypothesis
H:0, = --- = 6; = 1 against an alternative hypothesis with
one tail (K: 0]- > 1 for some j) or with two tails (K: 6]- + 1 for
some j). This paper addresses only the case of one-sided test;
for the two-tail test the procedure is similar.

In the previous description it was assumed that the data
(xj, y;) of each stratum j proceed from a double binomial
distri{)ution of sizes m; and n; and probabilities p; and q; in
groups 1 and 2, respectively. Because in each stratum j there
are two previously fixed values (m; and n;) the model will be
referred to as Model 2; the model is very frequently used in
practice so that it will serve here as a basis for defining and
illustrating the procedures MC and MCB. If in each stratum
there is conditioning in the observed value z; = x; + y;,
then one has Model 3; now the three values m;, z;, and N;
are previously fixed in each stratum j and the only variable
x; arises from a hypergeometric distribution. If only the
values of N; are fixed in each stratum j, one will get Model
L: (x, y;X;) proceeding from a multinomial distribution.
Finally, if only the global sample size N is fixed (so that now
even the values for N are obtained at random), one will have
Model 0. With conditioning in the appropriate marginal, the
model X leads to the model (X + 1). Therefore, whatever the
initial model (i.e., whatever the sampling method for the data
obtained), by conditioning in all the nonfixed marginals one
always obtains Model 3 (which is the one covered by Birch
and Mantel and Haenszel).

Each model produces a different sample space, which is
formed by the set of all possible values of the set of variables
involved in the same. For example, the sample space of
stratum j under Model 2 consists of (mm i+ x(n;+1) possible
values of (x i yj). Each transition from a Model X to Model
(X + 1) constitutes a loss of information, because the number
of points of the new sample space is very much smaller
than that of the previous one. Probably the most dramatic
transition is that of Models 2 to 3, a transition in which the
loss of information may reach 26% for J = 1 [5]. In addition,
each transition implies using a conditional rather than an
unconditional method of eliminating nuisance parameters,
something which is generally never advisable [13].

The data in Table 2, which are given by Li et al. [12], are
taken from preliminary analysis of an experiment of three
groups to evaluate whether thymosin (treatment 1), compared
to a placebo (treatment 2), has any effect on the treatment of
bronchogenic carcinoma patients receiving radiotherapy. The
one-sided p values are Py;., = 0.1563 by global conditional
stratified exact test and P, = 0.80073, P, = 0.57143, and
P; = 0.14706 by Fisher’s individual conditional exact test
in each stratum. If the global test is carried out to an error
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TABLE 2: Response to thymosin in cancer patients (yes = success, no
= failure).

Total Stratum 2 Total Stratum 3

Yes No Yes No Yes No
Thymosin 10 1 1 9 0 9 8 0 8
Placebo 12 1 13 11 1 12 7 3 10

Total 22 2 24 20 1 21 15 3 18

Stratum 1 Total

a = 0.1563 we conclude K, so that now 6; > 1 at least
once. However no individual test has significance if these are
carried out to an alpha error that respects the former global
error; for example, by using Bonferroni’s method, the smaller
of the three p values P, = 0.14706 > 0.1563/3. The same
thing occurs if asymptotic tests are used. Our aim is to define
procedures in which these incompatibilities will not occur.

2.2. Conditional Tests Obtained by Using Classic Methods
(Model 3). The p value of exact test is Py, 4, = 0.1563. Table 3
shows this value and the remaining p values in this paper.
This result is based on determining the probability of all the
configurations (xj | Nj,mj,zj), j = 1,2,...,], such as
S =2;x; 28 = X;xj = 27. Here S is a test statistic
determining the order in which the points of the sample space
(x;,x,,x5) enter the region R, a region whose probability
under H yields the value of Py;,. Note that as the sample
spaces in each stratum are 9 < x; < 11,8 < x, < 9,
and 5 < x; < 8, the possible values of (x;, x,,x3) will be
3 x 2 x 4 = 24, which is the total number of points in the
global sample space; of these, four belong to R (three with
S = 27 and one with S = 28), so that 4/24 = 0.1667. Moreover
note that, under the original Model 2, the number of points
in the sample space of strata 1, 2, and 3 are (mj +1)x (nj +1) =
(11+1)x(13+1),(9+1)x(12+1),and (8 + 1) x (10 + 1),
respectively. The total points for the global sample space will
be 168 x 130 x 99: more than two million, compared to only
24 in Model 3. To determine the value Py, 4, have developed
various programs (see references in [14]); an easy way to get
it is through http://www.openepi.com/Menu/OE_Menu.htm
(option “Two by Two Table”).

The asymptotic test of Mantel-Haenszel based on } x;
is asymptotically normal with mean } E; = };m;z;/N;
and variance ZVJ = ijnjzjzj/N]z(Nj — 1). Therefore
the contrast statistic is yyy = (X x; - YE)/(X Vj)o‘5 ,
whose p value Py;;; = 0.0760 patently does not agree with
Pyyng = 0.1563. However because the variable S is discrete,
it is convenient to carry out a continuity correction [15].
As S jumps one space at a time, the cc should be 0.5 and
so the statistic with cc will be yypue = X x; - Y E; -

0.5)/(3 Vj)o'5 [8]. The new p value Py = 0.1573 itself is
already compatible with the exact value.

2.3. MC and MCB Tests Based on the Criterion of the Multiple
Comparisons: General Observations. Let us suppose that in
each stratum the hypotheses H;: 0, = 1 versus K;: 0, > 1 to

error «; are contrasted. Thereby H = NH; and K = UK. If

TABLE 3: p values obtained by various methods for the data in the
example of Li et al. [12]. Each asymptotic method is placed directly
below the exact method from which it proceeds.

Model  Test Procedure = Statistic used p value
Exact Birch ~ Sum of successes 01563
(treated group)
Xun of Mantel-Haenszel 0.0760
. (without cc)
Asymptotic MH
Xmu of Mantel-Haenszel
| 0.1573
3 (with cc)
Exact p value Fisher 0.3795
Asymptotic Me x5 of Yates 0.3887
Exact p value Fisher 0.1471
. MCB
Asymptotic X, of Yates 0.1513
Exact MC p value Barnard 0.1602
) Asymptotic X, of Martin et al. 0.1614
Exact MCB p value Barnard 0.1533
Asymptotic X, of Martin et al. 0.1588
1 Exact MC p value Barnard 0.1282
Asymptotic x, of Pirie and Hamdan ~ 0.1512

Note: MH = Mantel-Haenszel test; MC = multiple comparisons method;
MCB = method based on the multiple comparisons.

the global null hypothesis H is rejected when there exists at
least one j in which the individual test rejected H;, then the
alpha error « of the global test (H versus K) will be [16]

a=1-[](1-a). M

In particular, if o = « (V) method MC is obtained (the
“method of the multiple comparisons”), and its global alpha
error will be

a=1-(1-a). (2)

Method MC guarantees the compatibility of the results of the
global test and of the individual tests, because the global test
is significant if and only if at least one of the individual tests
is so. When J = 1, the global test is the same as the individual
test.

On the basis of the above, in general the test can be
defined as follows. In each stratum j an order statistic S; will
have been defined which allows the p value for each one of
its points to be determined. If the points from all strata are
mixed, they are ordered from the lowest value of their p value
to the highest and will be introduced one by one into the
global critical region R until a given condition (stopping rule)
has been verified; then R = UR;, with R; the critical region
formed by the points in the stratum j which belong to R. Let
«; be the largest of the p values of the points in R;. The real
global alpha error o of the test constructed thus will be
given by expression (1).

When the stopping rule is “stop introducing points into R
when the maximum of the «; is as close as possible to « (but
less than or equal to «),” with « given by

a=1-V1-a, 3)
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TABLE 4: Sample sizes by stratum (m; =n;) and global (IV) obtained by various methods for the data of Jung’s example [10] under Model 2.
Each asymptotic method is placed immediately below the exact method from which it proceeds.

Stratum

Model Test Procedure N
1 2 3
Exact Jung 10, 10 10, 10 11, 11 62
Conditional i
Asymptotic Xmu Without cc 8,8 8,8 9,9 50
XMH with cc 11, 11 11, 11 12,12 68
12,12 12,12 13,13 74
Exact MC (Barnard’s order) 10, 11 11, 12 12,13 69
Unconditional 1,2 11,12 12,13 2
11, 11 12,12 12,12 70
Asymptotic MC (, with cc) 10,11 11,12 12,13 69
1,2 11,12 12,13 51

Note: xyp: x of Mantel-Haenszel; MC = multiple comparisons method; x, = x of Model 2.

then method MC is obtained, and this method simultane-
ously controls global error « and the individual error «. Now,
the critical region R; = Rjyc of each stratum consists of
all the points whose p value is smaller or equal to «, a; =
ajpc < & R = Ryc = URjyc and the real global error will be
e =1-TI1-ajp0) <1-(1-a) =@

It is a simpler process to obtain the p value Py of some
observed data. Let P; be the p-value of the individual test
in stratum j. The first individual alpha error for which K is
concluded will be = Py = min;P;, so that for expression (2)
the p value of the global text wifl be

Pyc=1-(1-P). (4)

When the stopping rule is “stop introducing points into R
when 1-[](1-«;) is the closest possible to & (but smaller than
or equal to «&),” method MCB is obtained (the method “based
on the multiple comparisons”). Because now only the global
error & is controlled, its goal is similar to that of Jung’s method
(10]. The method MCB causes that R; = Rjycp> &; = &jpice
R = Rycp = URjycp and the real global error is aycp =
1-T[(1 —ajycp) < o. Note that Ry € Ryicp, since oy < @,
something to be expected given that method MC controls two
errors and the MCB method controls only one of these.

Let us see how we can obtain the p value Py of some
observed data in which P, = P, for example. The region Ry;cp
which yields the first significance of the global test is obtained
when the observed point in stratum 1 is the last introduced
into Rycp, that is, when oo = Ppy; in the other strata it
should be ajycp < Fy, but as close as possible to Fy. Thus
the p value will be Pycg = 1= [](1 = atjycp)- It can now be
seen that ot;cp = & Where oy are the values of the MC
test when this is carried out to the error « = P,. Therefore
Pyicg < Pyc and, for effects of calculating the p value Py;cp,
the p values a;ycp = oy and the regions R;yc = R
; i
the largest p value in stratum j which is smaller than or equal
to P,

JMCB

will be written just as « and R;f, respectively. Thus, if «

Pycp =1-[](1-4}).

©)

Methods MC and MCB may be applied with exact
methods or with asymptotic methods and to any of the three
models, as illustrated in the following sections.

2.4. MC and MCB Tests under Model 3. The p values of the
Fisher exact test in each stratum are P, = 0.80073, P, =
0.57143, and P; = 0.14706. So, Py = P, = 0.14706 and
Pyc = 0.3795 by expression (4). In order to apply method
MCB the critical regions R (j = 1 and 2) must be determined

to the objective error « = 0.14706 = Py = «;. For j = 1,
9 < x, < 11 with Pr{x, = 11 | H,} = 0.2862 > P,; thus
R} = ¢ and ] = 0. This same occurs for j = 2 (a; = 0). For
expression (5), Pycg = 0.1471 (smaller than Py, ). Generally
speaking the critical region of Birch [9] and Jung [10] has the
form S = ) ;x; > S, = }; xj, while that of method MCB
is in the form U{x; > x7}, with xj > x;,. It can be proved
that this generally implies that the Birch method will yield a
p value smaller than or equal to that of method MCB when
the p values P, are similar or when the observed values x ;, are
the highest possible.

Let us now apply an asymptotic test. In general, whatever
the model is, the appropriate statistic is the chi-squared
statistic [6]:

Vi b i ki
] \/mj”jzjzj (N;-1)

The appropriate value for the continuity correction ¢;
depends on the assumed model, and that value is what causes
the results of the three models to be different. When ¢; =
0 (Vj) Pearson’s classic chi-squared statistic is obtained. In
the case here of Model 3, by making ¢; = N;/2 the classic
statistic x;; (or the Yates chi-squared statistic) is obtained.
Its maximum value is reached in stratum 3 (y;; = 1.0308),
which yields the p values Py = 0.15132 and Py = 0.3887. In
order to apply method MCB, one must obtain in the other
two strata the first value x3 ; of x3; which is larger than or

(6)

equal to ;3. As there is none, & = a; = 0, a; = 0.15132 and
Pyicg = 0.1513. Note that the asymptotic p values are similar
to the exact ones, both with method MC and with method
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MCB. Despite the small size of the samples, the asymptotic
methods function well (something which also occurs with the
rest of the methods, as will be seen).

2.5. MC and MCB Tests under Model 2. The data in the
example in reality proceeds from Model 2. In determining
the p value P; of an observed table of Model 2 (x;y, yjo |
mj,n;) the same steps are followed as in Model 3 (except the
last, which is special): (1) define an order statistic S j(x Y |
mj,nj), which does not need to be the same one in each
stratum; (2) determine the set of points R; = {(xj, i |
mpng) | SiCey; | mpn) = Sjo(xjo, yio | mpnks (3)
calculate the probability of R; under H;: p; =49 =7
given by «;(m;) = ZR]_ ij,ijnj,yjn]Z.j(l - 7;)%; and (4)

determine the p value as P; = max, «;(r;), where 7, is
j G j

the nuisance parameter that is eliminated by maximization
(the most complicated step). Note that 7; is the marginal
probability of columns under H;. In the case of Model 3
there is only one order statistic §; possible [17], because the
convexity of the region R; must be verified and the points
ordered “from the largest to the smallest value of x;” In the
case of Model 2 there are many possible test statistics. One
of these is the order F; of Boschloo [18]: order the points
from the smaller to larger value of its one-tailed p value
obtained using the Fisher exact test. It is already known [19]
that the unconditional test based on the order F; is uniformly
more powerful (UMP) than Fisher’s own exact test. Although
no unconditional order is UMP compared to the rest, the
generally most powerful order is [3] the complex statistic B;
of Barnard [20].

As far as we know, the only program that carries
out the above «calculations for the statistic B; is
SMPEXE, which may be obtained free of charge at
http://www.ugr.es/local/bioest/software.htm. The program
also gives the solution for other simpler test statistics. Using
this program, because the minimum p value is P; = 0.05653
then Py = 0.1602. In order to obtain Py;-p one has to
proceed as in the previous section, although now the process
is now somewhat more difficult. In stratum 1, the table
(x;,¥1) = (11,10) is the one that gives a larger p value
a; = 0.05462, but smaller than or equal to a; = 0.05653. In
stratum 2 the results are (x,, y,) = (4,1) and o; = 0.05069.
So, Pycp = 0.1533, a value which is similar to that of
Py, (the results are alike if other order statistics of the
program SMP.EXE are used). It can be seen that the use of
the unconditional method allows the inherent conservatism
in the definitions of methods MC and MCB to be reduced.

In order to carry out the asymptotic test we shall use the
optimal version of expression (6) for Model 2: y, ; is the value
of expression (6) when ¢; = 1 (or 2) if m; # n; (or m; = n;)
[6]. Now the maximum value is y,; = 1.5805, whereby P; =
0.05700 and Py, = 0.1614 (avalue, i.e., very near the 0.1602 of
the exact method). Proceeding as above, the first values x,; of
X2; (j = 1 or 2) which are larger than or equal to x,; are y;, =
1.5822 for (xy, y;) = (10,8) and x5, = 1.6056 for (x,, y,) =
(2,0). This makes ;] = 0.05680, o, = 0.05418, and Py;cp =
0.1588 (which is also a value, i.e., very close to the 0.1533 of
the exact method).

2.6. MC and MCB Tests under Models 1 and 0. Let us
suppose now that the data contained in the example in
Table 2 proceed from Model 1. The determining of the p
value P; of an observed table (xjp,¥j0.¥;0 | 1)) is the
same as in Model 2, but now the calculations are more
complicated because the nuisance parameters must be elimi-
nated (the marginal probabilities of rows and columns under
H;). Again there are many possible test statistics [1, 21],
although none of them is UMP compared to the others.
The generally more powerful statistic is again Barnard’s B;
statistic [22] and, as far as we know, the only program to
apply it is TMP.EXE which may be obtained free of charge
at http://www.ugr.es/local/bioest/software.htm. The program
also gives the solution using other simpler test statistics. Using
this program, the minimum p value is P; = 0.04472 and from
this Py;c = 0.1282 (substantially smaller than Pg;,,).

In order to carry out the asymptotic test we shall use the
optimal version of expression (6) for Model 1: y,; is the value
of expression (6) when ¢ =05Vj [6]. The statistic is given
by Pirie and Hamdan [23]. Now the maximum value is y;5 =
1.6149, with the result that P; = 0.05317 and Py, = 0.1512.

Method MCB (which is very laborious to calculate) is
omitted here, because the large number of points in the
sample space will make ] =~ o = «ai = P, and so
Pyc = Pycp- Note that stratum 1 under Model 2 consists of
(m; + 1)(n; +1) = (11 + 1) x (13 + 1) = 168 points, but
under Model 1 it consists of (N7 + 1)(N; + 2)(N; + 3)/6 =
25 % 26 x 27/6 = 2,925 points. For similar reasons, Model 0
can be treated as if it were Model 1 (by conditioning in the real
obtained values N j).

3. Sample Size under Model 2

3.1. Example and Conditional Solutions Obtained by Classic
Methods. Jung [10] proposes a sample size calculation for its
stratified exact test. For the example described in Section 2.1,
he accepts Model 2 and sets out a case study with N; = N/3
and m i=N /6. The aim is to determine the value of N for the
alternative hypotheses (6,,0,,0;) = (1,30, 30), a type I error
of @ = 0.1 and a power of 1 — 8 = 0.8. Jung also assumes
that (g, g5, g5) = (0.9,0.75,0.6), so that under the alternative
hypothesis p; = 0,4;/(q; + 0;q;). His solution is Ny, = 62.
From what can be deduced from other parts of his paper, the
detailed solution is n; = n, = 20, n; = 22,m; = m, = 10, and
m, = 11. These values are included in Table 4 (as well as the
most relevant ones obtained in all the following). This sample
size provides a real error of &, = 0.0565 and a real power

Of 1 = B, = 0.8105.

Let us suppose that generally n; = k;m;, with k;
known values, and that the aim is to determine the values
m; which guarantee the desired power, which implies using
Model 2. The reasoning that follows is the same as that with
which Casagrande et al. [24] and Fleiss et al. [25] obtained
the classic formula for sample size in the comparison of
two independent proportions. The solutions without cc that



follow are a special case of those of Jung et al. [11]. The test
Xmc in Section 2.2 is based on the statistic }’(x; — E;) - 0.5 =
YD, - 0.5, where D; = (k;x; - y;)/(k; + 1). Because D;
is distributed asymptotically as a normal distribution with
tl;e mean D; = _kjmj(pj - qj)/(kj ;L 1’)\ and thivariance
Sj = kjmj(kjpjp]. + qjqj)/(kj + 1), D = ZDj will be
asymptotically normal with the mean D = } D; and the
= ZS? Under H, p; = q; = n; (Vj), with
the result that the mean and variance of D will be D; =
0 and of Sf{ = ijmjﬂjﬁj/(kj + 1), respectively, with
7; = 1 — ;. Because under H the nuisance parameter 7 is
estimated by z;/N;, it is usual to substitute it by its average
value under K, that is, by m; = (pj + quj)/(kj + 1); hence

(fj + quj)/(kj + 1). Consequently the statistic D

variance $2

will reach significance in the critical value D* which verifies
@ = Pr{D > D* | H} = Pr{z > (D* - 0.5)/S};}, in which the
number 0.5 corresponds to the cc indicated above and z refers
to a normal standard variable. Therefore D* = z,_3S;; + 0.5,
with z;_g the 100 x (1 — «)-percentile of the normal standard
distribution. Under K the parameters D = Dy and §* =
Sy are obtained in the values P; and2 q; which specif}i K:
Dy = Y kjmj(p; - q;)/(k; + 1) and S = Y k;m;(k;p;p; +
qjqj)/(kj + 1)%. Given the above, the error beta will be

my 4
m=—"1+, 1+ —
4 [ +\/ +moZ(pj—qj)]
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By = Pr{D < D* | K}
@)

If the solution is restricted to the case of m; = m (V}), by

making -z, B equal to the fraction of expression (7) and by

working out 1, one obtains the equation md — m"[z, aao +
zl_ﬁal] 0.5 = 0, where § = ij(p] q;)/(k; + 1), 00 =

Ykina;/(kj + 1), and o7 = Y ki(k;p;p; +q;q,)/(k; + 1)
therefore

— 2
my 2

m=—L11+4]1+—
4 my0

where m,, = [

(8)

— 2
21500 + Z,_0)

)

The solutions 1, and m are those of the tests x\;y and Xypes
respectively. Frequently k; = 1 (V); in this case expression
(8) explicitly takes the following form:

2 )

21 a\/Z

itq; ( p; +§j) /2 + ZI_B\/Z (pjﬁj + qulj)

with m, =

For the example at the beginning of this section (in which
k; = 1), if at first we restrict the solution to m; = m, = m; =
m, expression (9) indicates that m, = 8.27 and m = 11.3.
Assuming that in this example the values of m; are allowed
to differ at most by 1, then the solution that is sought must
be 8 < m; <9 (Vj) without cc or 11 < m; < 12 (Vj) with
cc. In the second phase, expression (7) indicates that in m, =
m, = 11 and m, = 12 is the first time that BMHC (=0.183) <
0.2, so that this is the solution with cc that was being sought
(N = 68). The solution without cc is obtained in the same
way (im; = m, = 8, my; = 9,and N = 50), but it is too
liberal.

3.2. Solution Using the Exact Method MC. For fixed values of
the global error & and the sample sizes (m > nj), the method
MC described in Section 2.3 allows one to obtain the critical
region Ry and the real type 1 error ay;c < &. Moreover, let
Bimc be the error beta for each individual test, with 1 — ;¢
equal to the probability of the region ;i under K. Because

2 (p-a;)

of the way method MC was defined, the real global error beta
will be

_ 1- ) YVi—. J’, .
g{ ijc<xf><y>l)] pJ q] qJ ]

It EMC < E, these values {(m;,n;)} guarantee the desired

power. If 3, > f, it is necessary to increase some values
of m; and/or n; and to repeat the previous procedure.

Let us initially assume that m; = n;. The process for
determining the sample sizes m1; may be shortened if it begins
with a value m; = m (V) like that of expression (8). With
the method MC, one obtains that m = 12 is not a solution

because f8,, = 0.2262 > 0.2, but m = 13 is a solution

because BMC = 0.1723 < 0.2. The solution can now be refined
allowing values m; to differ by a maximum of one. The final
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solution is m, = m, = 12, m; = 13 (N = 74), &y = 0.0881,
and f,.. = 0.1880.

Unconditioned tests are more powerful when the sample
sizes are slightly different [3], since the number of ties that
produces any statistic S; that is used is reduced. By planning
n; = m; + 1 and making the values of m; consecutive, the
solution m; = 10, m, = 11, and m; = 12 (N = 69) is
obtained, with o, = 0.0924 and BMC = 0.1821 (the solution
based on n; = m; — 1 is worse). Actually, stratum 1 is of
virtually no interest since in it H; = K. Despite everything,
ifit is introduced, the configuration n;=m;+l,m; =1,m, =
11 and m3 = 12 (N = 51) is correct because &;c = 0.0602

and B, = 0.1833.

3.3. Solution Using the Asymptotic Method MC Based on the
Chi-Square Test with cc. In the following the procedure is
the same as in Section 2.1, assuming for the moment that
m; and n; can be any values. The numerator of x,; may be

j
¢j, where ¢; is the cc of Model 2 (¢; = 2 or

written as d; — ]
1 depending on whether m; and n; are equal or dlfferent

j
resp.) and d = njx; m;y; (the base statistic for the test)
is asymptotlcally normal with mean d; = m;n;(p; - q;) and

variance s] =mn(n;p;p; + m;q;q;)- )
Under H;, p; = q; = m; and d; is asymptotically

normal with mean 0 and variance séj = N m ]n]njnj, with
T,=1

— 7;. Because under H; the nuisance parameter 7; is
estimated by z;/N;, it is usual to substitute it by its average
value und_er K;, that is, by m; = (m;p; + n;q;)/N; hence
7; = (m;p; +n;q;)/N;. If each individual test is realized to
the error o of expression (3), the critical value d;f for d : will
verify a = Prid; > d | H;} = Priz > (d} - ¢;)/sy;}, in which

the value ; corresponds to the cc indicated above; therefore

d; =z _oSpj ¢
Under K;, d j is asymptotically normal _with mean dy; =
nj(pj—qu) and variance sf(j = mj”j(”ijPijquﬁj)- Thus
Bj=Prld; <dj | K} = Priz < (z,_gsp; + ¢; — di;j)/sg;} and
applying the first equality in expression (10)
. } . ()

_ ZyqSpj+ G~
Buc = Hﬁch = HPr {Z < -
j j

Kj

in particular, if m; = n;

j=m (Vj), then ¢ =2, and

MC = HPr z
j
ammi (p

(12)

+q1 P]+QJ)/2+2 m(pj_qj)
mm (i, +a;d;)

For the data in the example, « = 1 — 0.9'° = 0.03451
and by making m; = m (V) the solution, the solution based
on expression (12) is m = 12. This solution can be refined by
allowing the values of m; to differ by a maximum of one, in

which case the new solution, now based on expression (11), is
my = 11,m, = my = 12 (N = 70) with B, = 0.1901. Ifa cc
is not carried out the solution is too liberal: m; = m, = 10,
m, = 11 (N = 62) with By = 0.1984. By planning n; =
m;+1 and making the values of m; consecutive, the solution

j
m, = 10, m, = 11, and m; = 12 is obtained (as in the exact

method), with o= EMC = 0.1759. This is the same result as
for the configuration at the end of the previous section.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgment

This research was supported by the Ministerio de Economia
y Competitividad, Spanish, Grant no. MTM2012-35591.

References

[1] A. Martin Andrés, “Entry Fisher’s exact and Barnard’s tests,” in
Encyclopedia of Statistical Sciences, S. Kotz, N. L. Johnson, and
C. B. Read, Eds., vol. 2, pp. 250-258, Wiley-Interscience, New
York, NY, USA, 1998.

[2] L. L. McDonald, B. M. Davis, and G. A. Milliken, “A non-
randomized unconditional test for comparing two proportions
in a 2 x 2 contingency table,” Technometrics, vol. 19, no. 2, pp.
145-157,1977.

[3] A. M. Andrés and A. S. Mato, “Choosing the optimal uncon-
ditioned test for comparing two independent proportions;’
Computational Statistics & Data Analysis, vol. 17, no. 5, pp. 555-
574,1994.

[4] A. Agresti, Categorical Data Analysis, Wiley-Interscience, 3rd
edition, 2013.

[5] Y. Zhu and N. Reid, “Information, ancillarity, and sufficiency in
the presence of nuisance parameters,” The Canadian Journal of
Statistics, vol. 22, no. 1, pp. 111-123, 1994.

[6] A. Martin Andrés, “Comments on ‘Chi-squared and Fisher-
Irwin tests of two-by-two tables with small sample recommen-
dations}” Statistics in Medicine, vol. 27, no. 10, pp. 1791-1796,
2008.

[7] W. G. Cochran, “The 22 correction for continuity,” Iowa State
College Journal of Science, vol. 16, pp. 421-436, 1942.

[8] N. Mantel and W. Haenszel, “Statistical aspects of the analysis
of data from retrospective studies of disease,” Journal of the
National Cancer Institute, vol. 22, no. 4, pp. 719-748, 1959.

[9] M. W. Birch, “The detection of partial association. I. The 2
x 2 case,” Journal of the Royal Statistical Society. Series B.
Methodological, vol. 26, no. 2, pp. 313-324, 1964.

[10] S.-H. Jung, “Stratified Fisher’s exact test and its sample size
calculation,” Biometrical Journal, vol. 56, no. 1, pp. 129-140, 2014.

[11] S.-H. Jung, S.-C. Chow, and E. M. Chi, “A note on sample
size calculation based on propensity analysis in nonrandomized
trials,” Journal of Biopharmaceutical Statistics, vol. 17, no. 1, pp.
35-41, 2007.

[12] S.H.Li, R. M. Simon, and J. J. Gart, “Small sample properties of
the Mantel-Haenszel test,” Biometrika, vol. 66, no. 1, pp. 181-183,
1979.



[13] A. Agresti, “Dealing with discreteness: making ‘exact’ confi-
dence intervals for proportions, differences of proportions, and
odds ratios more exact,” Statistical Methods in Medical Research,
vol. 12, no. 1, pp. 3-21, 2003.

[14] A. Agresti, “A survey of exact inference for contingency tables,”
Statistical Science, vol. 7, no. 1, pp. 131-177, 1992.

[15] D. R. Cox, “The continuity correction,” Biometrika, vol. 57, pp.
217-219, 1970.

[16] Z. Sidak, “Rectangular confidence region for the means of
multivariate normal distributions,” Journal of the American
Statistical Association, vol. 62, pp. 626-633, 1967.

[17] L. J. Davis, “Exact tests for 2 x 2 contingency tables,” The
American Statistician, vol. 40, no. 2, pp. 139-141, 1986.

[18] R. D. Boschloo, “Raised conditional level of significance for the
22 table when testing the equality of two probabilities,” Statistica
Neerlandica, vol. 24, no. 1, pp. 1-35, 1970.

[19] E. S. Pearson, “The choice of statistical tests illustrated on the
interpretation of data classed in a 22 table,” Biometrika, vol. 34,
pp. 139-167, 1947,

[20] G. A. Barnard, “Significance tests for 22 tables,” Biometrika, vol.
34, pp. 123-138, 1947,

[21] G. Shanand G. Wilding, “Unconditional tests for association in
2 x 2 contingency tables in the total sum fixed design,” Statistica
Neerlandica, vol. 69, no. 1, pp. 67-83, 2015.

[22] M. Andrés and T. Garcia, “Optimal unconditional test in 2x2
multinomial trials,” Computational Statistics and Data Analysis,
vol. 31, no. 3, pp. 311-321, 1999.

[23] W. R. Pirie and M. A. Hamdan, “Some revised continuity
corrections for discrete distributions,” Biometrics, vol. 28, no. 3,
pp. 693-701, 1972.

[24] J. T. Casagrande, M. C. Pike, and P. G. Smith, “An improved
approximate formula for calculating sample sizes for comparing
two binomial distributions,” Biometrics, vol. 34, no. 3, pp. 483-
486, 1978.

[25] J. L. Fleiss, A. Tytun, and H. K. Ury, “A simple approximation
for calculating sample sizes for comparing independent propor-
tions,” Biometrics, vol. 36, pp. 343-346, 1980.

Computational and Mathematical Methods in Medicine



MEDIATORS

INFLAMMATION

The SCientiﬁc Gastroentero\ogy & . Journal of )
World Journal Research and Practice Diabetes Research Disease Markers

International Journal of

Endocrinology

Journal of
Immunology Research

Hindawi

Submit your manuscripts at
http://www.hindawi.com

BioMed
PPAR Research Research International

Journal "’f
Obesity

Evidence-Based

Journal of Stem CGHS Complementary and L o' ‘ Journal of
Ophthalmology International Alternative Medicine & Oncology

Parkinson’s
Disease

Computational and . z
Mathematical Methods Behavioural AI DS Oxidative Medicine and
in Medicine Neurology Research and Treatment Cellular Longevity



