MEDIDAS ENTROPICAS Y DE COMPLEJIDAD
DE
FUNCIONES ESPECIALES Y SISTEMAS CUANTICOS

Tesis Doctoral
por

ANGEL GUERRERO MARTINEZ

Programa de doctorado en Fisica y Matematicas, FISYMAT

Facultad de Ciencias
Instituto Carlos I de Fisica Teérica y Computacional

y
Departamento de Fisica Atomica, Molecular y Nuclear

2014



Editor: Editorial de la Universidad de Granada
Autor: Angel Guerrero Martinez

D.L.: GR 2279-2014

ISBN: 978-84-9083-340-7






Tesis doctoral dirigida por:

Dr. Jesus Sanchez-Dehesa

Dr. Pablo Sanchez Moreno






A mis padres y hermanos.






D. Jestis Sanchez-Dehesa Moreno-Cid, Doctor en Fisica, Doctor en Matematicas y Catedrati-
co del Departamento de Fisica Atémica, Molecular y Nuclear de la Facultad de Ciencias de la
Universidad de Granada, y

D. Pablo Sanchez Moreno, Doctor en Fisica y Matematicas y Profesor Titular del Departa-
mento de Matematica Aplicada de la Facultad de Ciencias de la Universidad de Granada,

MANIFIESTAN:

Que la presente Memoria titulada “Medidas entrépicas y de complejidad de funciones espe-
ciales y sistemas cudnticos”, presentada por Angel Guerrero Martinez para optar al Grado de
Doctor en Fisica y Matematicas, ha sido realizada bajo nuestra direccién en el Departamento
de Fisica Atémica, Molecular y Nuclear de la Universidad de Granada y el Instituto Carlos I de
Fisica Tedrica y Computacional de la Universidad de Granada.

Granada, 17 de Septiembre de 2014

Fdo.: Jesus Sanchez-Dehesa Moreno-Cid

Fdo.: Pablo Sanchez Moreno

Memoria presentada por Angel Guerrero Martinez para optar al Grado de Doctor en Fisica
y Matematicas por la Universidad de Granada.

Fdo.: Angel Guerrero Martinez






El doctorando Angel Guerrero Martinez y los directores de la tesis Jesus Sanchez-
Dehesa Moreno-Cid y Pablo Sanchez Moreno, garantizamos, al firmar esta tesis
doctoral, que el trabajo ha sido realizado por el doctorando bajo la direcciéon de los
directores de la tesis y hasta donde nuestro conocimiento alcanza, en la realizacién del
trabajo, se han respetado los derechos de otros autores al ser citados, cuando se han
utilizado sus resultados o publicaciones.

Granada, a 17 de septiembre de 2014

Director/es de la Tesis Doctorando

Fdo.: Jesus Sanchez-Dehesa Moreno-Cid Fdo. Angel Guerrero Martinez

Pablo Sanchez Moreno






Agradecimientos

En primer lugar queria agradecer a mis directores de tesis, Jesis y Pablo, su dedicacién y
ayuda. Gracias a ellos es posible haber llevado a buen puerto este trabajo. Igualmente agradecer
la ayuda de los companeros de la sala de becarios, a los que acudi en algiin momento con diversas
dudas.

Al Departamento de Fisica Atémica, Molecular y Nuclear junto con sus miembros, agradezco
el haber posibilitado desarrollar esta tesis.

Un gran agradecimiento a la familia, presentes en todas las etapas de evolucion personal. Su
acompanamiento hace posible llegar a las metas y hacer el camino mas llano.

Finalmente quiero también hacer mencién a las personas cercanas y amigos que han ido
apareciendo en los diversos momentos de la vida. Su apoyo, comparia y buenos consejos permiten
gran aprendizaje vital y avance personal.






Indice general

[Resumen| 15
[Publicac: Tol autorl 17
Mntroduccionl 19
1. Medidas teorico-informacionales de una densidad de probabilidad| 23
[1.1. Medidas de incertidumbre entropicas| . . . . . . . . .. ... L oL 24
[1.2. Medidas de complejidad| . . . . . . . .. oo o 26
[1.3. Relaciones de incertidumbre entrépicas|. . . . . . . . . .. ... Lo L. 26
2. Medidas de funciones especiales y sistemas cuanticos| 29
2.1, Densidad de Rakhmanovl. . . . . . . . . . . . .. 29
[2.2. Densidad de probabilidad cuantical . . . . . .. ... ... ... . ... 30
3. Metodologial 33
[3.1. Célculo de momentos ordinarios de polinomios ortogonales|. . . . . . . . ... .. 33
[3.2. Meétodo de Laplace| . . . . . . . . . 33
13.3. Desarrollo de la potencia de un polinomio en serie de potencias simples mediante |
| los polinomios de Belll . . . . . . . .. . 34
3.4, Calculo de extremalesl . . . . . . ... ... o 35
[3.5. Técnica de linealizacion de Srivastava-Niukkanen| . . . . . . .. .. ... ... .. 36
4. Resultados| 37
|4.1. Longitudes entropicas de los polinomios ortogonales| . . . . .. ... ... .... 37
4.2. Normas L, y entropias de Rényi de los polinomios ortogonales| . . . . ... ... 7
4.3. Medidas de complejidad de los polinomios ortogonales| . . . . . .. ... .. ... 107
|4.4. Medidas entrépicas y de complejidad de los armonicos hiperestéricos y aplicaciones |
| cuanticasl . .. .. e e e e e e e 125
|4.5. Acotacion de productos de incertidumbre y medidas de complejidad de sistemas |
[ cuanticosl . ... . e 149
|Conclusiones y problemas abiertos| 159
|A.. Polinomios ortogonales hipergeométricos| 163
Bibliog 168

13



14

INDICE GENERAL



Resumen

Esta tesis aborda el estudio tedrico-informacional de las funciones especiales de la matematica
aplicada y de la fisica matematica, con especial hincapié en los polinomios ortogonales hiper-
geométricos y los arménicos hiperesféricos. Los conceptos e ideas clave en este tratamiento son
las entropias y longitudes entrépicas, asi como las medidas de complejidad de la densidad de
Rakhmanov o densidad de probabilidad asociada a tales funciones. En este trabajo, se calculan
estas magnitudes matematicas haciendo uso de las diversas caracterizaciones de las funciones
consideradas y se estudia su asintética. Se desarrollan y utilizan conceptos y técnicas derivados
de la teoria de la aproximacién, la teoria de funciones especiales y la mecdnica cudntica. Ademas,
se aplican los resultados obtenidos en varios sistemas cudnticos concretos (e.g., el rotador rigi-
do) y se analiza la acotacién de varios productos de incertidumbre y medidas de complejidad de
sistemas cudnticos generales.

La tesis consta de Introduccion, cuatro Capitulos, Conclusiones, un Apéndice y Bibliografia.
En el Capitulo [I] se definen y se discuten las medidas entrépicas y de complejidad empleadas
a lo largo de este trabajo. El Capitulo [2] recoge los elementos y las propiedades bésicas de las
funciones especiales a las que se aplicaran las medidas de informacién; a saber, los polinomios
ortogonales hipergeométricos y los arménicos hiperesféricos. En el Capitulo [3|se describe breve-
mente la metodologia usada en nuestro trabajo. Finalmente, el Capitulo 4| contiene los resultados
obtenidos y las publicaciones asociadas, ordenadas tematicamente.

Los contenidos de esta tesis han dado lugar a cinco publicaciones en revistas de fisica y ma-
teméaticas (Journal of Physics A: Mathematical and Theoretical, Physical Review A, Complex
Analysis and Operator Theory, Applied Mathematics and Computation, Journal of Mathema-
tical Chemistry), asi como a un manuscrito aceptado en Journal of Computational and Applied
Mathematics, y otro més enviado para su publicacién.
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Introduccion

Las funciones especiales y los polinomios ortogonales de la matematica aplicada y la fisica
matemadtica [58,/59.|78] destacan sobre las demds funciones matemadticas por el gran nimero de
propiedades algebraicas simples y elegantes que poseen, lo cual facilita su manipulacién analitica
y su aplicacién para resolver, interpretar y modelizar una gran cantidad de problemas cientifi-
cos y tecnologicos. No obstante, estas funciones presentan ain muchas incégnitas y cuestiones
abiertas cuya solucion resulta util e interesante tanto desde un punto de vista fundamental como
aplicado, como ocurre con las propiedades tedrico-informacionales y de entrelazamiento.

En esta tesis se lleva a cabo un estudio tedrico-informacional de los polinomios ortogonales
hipergeométricos [58,59,/78] y los arménicos hiperesféricos [8-11}26,55,80,81] por medio de la
determinacién de varias medidas entrépicas y de complejidad de su densidad de probabilidad
asociada (densidad de Rakhmnanov), tales como e.g. la informacién de Fisher, la entropia de
Shannon, las entropias de Rényi y las complejidades de Cramér-Rao, Fisher-Shannon, Fisher-
Rényi y LMC. Estas medidas no solo estan estrechamente ligadas con magnitudes fundamen-
tales de la teorfa de aproximacién, como son e.g., las normas Ly, sino que permiten cuantificar
distintos aspectos de la distribucién o esparcimiento de las funciones especiales (polinomios or-
togonales) en su dominio de definicién (intervalo de ortogonalidad). Hasta muy recientemente,
el interés estaba centrado casi exclusivamente en la varianza y en la entropia de Shannon de
los polinomios ortogonales clasicos [6,134], las funciones de Airy y Bessel [35],36,(70], los arméni-
cos hiperesféricos [33,81], las funciones hipergeométricas [82] y los polinomios ortogonales de
variable discreta [5,37]. En este trabajo se extiende este estudio a las medidas entrépicas y de
complejidad arriba mencionadas.

Por otra parte, las funciones especiales en general y los polinomios ortogonales en particular
se utilizan habitualmente para describir un gran ntmero de fenémenos y propiedades de los
sistemas cientificos y tecnoldgicos. Ademaés, de acuerdo a la teoria funcional de la densidad de
Hohenberg-Kohn [60], se sabe que las propiedades fisicas y quimicas de los sistemas cuénti-
cos finitos (dtomos, moléculas, nicleos,...) estdn controladas por su densidad monoparticular.
Cuando la ecuacion de Schrodinger de tales sistemas es exacta- o cuasi-exactamente resoluble,
esta densidad viene dada en términos de la densidad de probabilidad de Rakhmanov [62] de las
funciones especiales que controlan las funciones de onda de los estados cuanticos del sistema. En
particular, los polinomios ortogonales hipergeométricos y los arménicos hiperesféricos controlan
las funciones de onda de numerosos sistemas cudnticos [12,24,41,42,58], incluyendo el dtomo de
hidrégeno, el oscilador arménico y el rotador rigido.

Por consiguiente, las propiedades fisicas y quimicas de los sistemas cuénticos (que son valores
esperados de operadores hermiticos y, por ende, funcionales integrales de su densidad monopar-
ticular) dependen esencialmente de distintos cuantificadores de la distribucién de las funciones
especiales de la matemdtica aplicada que controlan sus funciones de onda en la regién de con-
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20 Introduccion

finamiento del potencial mecano-cuantico de tales sistemas. Estas magnitudes matematicas no
sé6lo nos permiten obtener informacién sobre varios aspectos del desorden interno de los siste-
mas cudnticos finitos (el cual esta conectado con la geometria tridimensional de la distribucién
monoparticular), sino que también posibilitan la descripcién de numerosas magnitudes fisicas
de gran interés (e.g., densidad electrénica media, energia de interaccién entre nicleo y electron,
energias cinéticas, entre otras muchas; ver por ejemplo [3./4,27-29,32]). Estas magnitudes pueden
expresarse [52}(5356] por medio de medidas teérico-informacionales de la densidad monopar-
ticular, y su determinacién para los sistemas cuanticos exacta- o cuasi-exactamente resolubles
es una de las aplicaciones fundamentales de la teoria de la informacion de las funciones especiales.

En esta tesis se utilizan varias medidas de dispersién (los momentos ordinarios y la desviacién
estandar, y las entropias y longitudes entrépicas de Fisher, Rényi y Shannon) de la densidad de
probabilidad de Rakhmanov [62] de los polinomios ortogonales. Cada una cuantifica un aspecto
diferente de la distribucién p(z) de estos polinomios en su intervalo de ortogonalidad. Mientras
que los momentos ordinarios y la desviacién estandar dependen de un punto especifico del in-
tervalo de ortogonalidad (el origen en el primer caso, y el centroide en el segundo), las entropias
y longitudes entrépicas de Fisher, Rényi y Shannon no presentan tal dependencia, lo que les
permite caracterizar mas adecuadamente la nocién de incertidumbre o indeterminacién cuanti-
ca. Ademds, mientras que los momentos ordinarios son funcionales integrales del tipo z*p(z),
las entropias y longitudes entrépicas de Rényi y Shannon son funcionales del tipo [p(z)]* y por
tanto estan estrechamente relacionados con las normas L, de los polinomios ortogonales.

La determinacién analitica de las normas L, de los polinomios ortogonales p,(z) ha sido
un problema permanente de la teoria de aproximacion, y en general de la Matemé&tica Aplica-
da, desde Bernstein y Steklov (ver por ejemplo [14,[54}77,85]) hasta ahora [20}50], habiéndose
obtenido solamente relaciones de tipo desigualdad. Los valores explicitos de tales normas solo
se conocen para los valores méas bajos del grado n del polinomio; y para valores grandes de n,
se han calculado las normas de los polinomios de Hermite [50]. Sélo muy recientemente se ha
desarrollado un método analitico sencillo que permite la determinacién de estas normas (y de
las longitudes entrépicas asociadas) para polinomios con grado arbitrario n. Este método, que
hace uso de los polinomios de Bell de cardcter combinatorial, ha sido ilustrado en 2010 para
los polinomios de Hermite [66] y en 2011 para los polinomios de Laguerre [68]. En esta tesis
se aplica este método a los polinomios de Jacobi [43] (ver también [31]), tal como se describe
detalladamente en la Seccion Ademas, hemos desarrollado un método alternativo que hace
uso de las formulas de linealizaciéon polinémicas de Srivastava-Niukkanen para la determinacion
de las normas L, y de las entropias de Rényi de los polinomios ortogonales hipergeométricos
de tipo Hermite generalizado, Laguerre y Jacobi [67], tal como se detalla en la Seccién
Ademads en este mismo capitulo, usando el teorema de Laplace adecuadamente modificado, se
investiga tedrico-computacionalmente la asintética [30] de las normas de tales familias de poli-
nomios ortogonales en términos de su grado y de los parametros que caracterizan su funcién peso.

Existe una clase de medidas tedrico-informacionales que describen no uno, sino dos o més
aspectos de la densidad de probabilidad; son las medidas de complejidad. En esta tesis se consi-
deran las medidas de complejidad de tipo Cramér-Rao, Fisher-Shannon, Fisher-Rényi y LMC.
Estas magnitudes, que cuantifican simultaneamente dos aspectos macroscopicos de la densidad
de probabilidad que estemos analizando, se aplican en las Secciones y de este trabajo a
la densidad de probabilidad de Rakhmanov de los polinomios ortogonales hipergeométricos y los
armoénicos hiperesféricos tanto analitica como numéricamente y se estudia su asintética. De esta
forma se obtienen propiedades estructurales de nuevo cuno de los polinomios ortogonales hiper-
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geomeétricos, cuya relacién con otras nociones de la teoria de aproximacién y teoria de potencial
es ain una cuestion abierta. Ademds, en la Seccién los resultados obtenidos se aplican a
un sistema cudntico prototipo que se utiliza a menudo para la interpretacién y prediccion de
numerosos fenémenos y propiedades moleculares; a saber, el rotador rigido, cuyas funciones de
onda mecano-cuanticas estan controladas por los armédnicos hiperesféricos.

Finalmente, en la Seccién [£.5] se muestra explicitamente que las medidas de complejidad de
Cramér-Rao, Fisher-Shannon y LMC de sistemas cudnticos generales pueden acotarse superior-
mente y que los productos de incertidumbre de Shannon y de Rényi pueden acotarse no solo
inferiormente (son las conocidas relaciones de indeterminacién) sino también superiormente en
términos del producto de incertidumbre de Heisenberg-Kennard. Ademéds se determina la me-
jora de tales cotas para los sistemas cuanticos con simetria esférica, y se aplican los resultados
obtenidos para los sistemas Coulombianos y arménicos de tipo oscilador.
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Capitulo 1

Medidas teorico-informacionales de
una densidad de probabilidad

Claude E. Shannon publicé en 1948 un articulo revolucionario [72] donde proponia un con-
junto de postulados que debia satisfacer una medida de incertidumbre, y mostré que estos
postulados los verifica la expresion de la entropia que, desde entonces, lleva su nombre. A menu-
do, la entropia de Shannon recibe el nombre de medida de informacion, de aqui que el trabajo
de Shannon haya dado lugar a un campo enteramente nuevo de la ciencia llamado Teoria de
la Informacion. El término informacion es quizas poco afortunado, no porque carezca de con-
notaciones intuitivas sino porque tiene demasiadas. La nocién de informacién segiin Shannon
es la incertidumbre de un suceso, o del resultado de un experimento, basado en una distribu-
ciéon de probabilidad dada. El desarrollo y generalizacién de esta forma de cuantificacién de
la informacién ha posibilitado la aplicacién de la Teoria de la Informacién en numerosas dreas
cientificas, tecnolégicas y humanistas, que van desde la estadistica y la teoria de la probabilidad,
la fisica atomica y molecular, la criptografia y la computacion cudnticas hasta la neurobiologia,
la ecologia, la psicologia cognitiva y la ingenieria de las telecomunicaciones [25}38,73].

En este capitulo describiremos brevemente las medidas tedrico-informacionales (i.e., entropias
y medidas de complejidad) de cuantificacién del esparcimiento o distribucién de una densidad
de probabilidad p(7), ¥ € A C RP, més alld de la nocién familiar de varianza dada por

Vil = (%) = (P (1.1)

donde 7% = |7? y

(f (7)) = /A £ (7) pl7) dPr, (1.2)

es el valor esperado de la cantidad f (7) o también llamado momento no centrado de orden 1 de
la variable en estudio (en este caso una funcién del vector 7).

Las entropias de caracter global (entropias de Shannon, Rényi y Tsallis) y de cardcter local
(informacion de Fisher), asi como las medidas de longitud entrépicas asociadas y las medidas
de complejidad de tipo Cramér-Rao, Fisher-Shannon y LMC extienden y mejoran la nocién de
medida de incertidumbre o de informacién con respecto a la varianza (o su raiz cuadrada, la
desviacion estandar). Estos cuantificadores del esparcimiento de la probabilidad y las relaciones
de incertidumbre que satisfacen son los elementos principales de esta tesis.
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24 1. Medidas tedrico-informacionales de una densidad de probabilidad

1.1. Medidas de incertidumbre entroépicas

La varianza y sus diversas generalizaciones basadas en los momentos ordinarios o valores
esperados radiales de la densidad de probabilidad (i.e., las medidas de incertidumbre de tipo
Heisenberg) no son especialmente adecuadas para describir la incertidumbre de la densidad
(salvo que ésta sea de tipo gaussiano o cuasigaussiano), bien por que no estdn bien definidas
para densidades de probabilidad generales o bien porque dependen de un punto especifico del
intervalo de definicién de la densidad. Por estas y otras razones se suelen utilizar las medidas
de incertidumbre entrépicas, que se describen brevemente a continuacién, para cuantificar el
esparcimiento de densidades de probabilidad generales (sobre todo las densidades de probabilidad
de Born de los sistemas cudnticos) y, en definitiva, de la incertidumbre de la posicién o el
momento de una particula moviéndose en un espacio de dimensién arbitraria. Estas medidas,
en contraste con las medidas de tipo Heisenberg, se definen por medio de los momentos de
frecuencia o momentos entrépicos de posiciones

%M=AMMW%q>&

y analogamente para las medidas de incertidumbre entrépicas del momento.

Las medidas entrépicas de incertidumbre mas relevantes son la entropia de Shannon y sus
generalizaciones, las entropias de Rényi y de Tsallis, y la informacién de Fisher. La entropia
de Shannon de la densidad de probabilidad cuéntica en el espacio de posiciones es el funcional
logaritmico de la densidad p(7) dado [44}/72] por

St == [ ot alp(rr (1.3)

que puede escribirse en términos de los momentos entrépicos W, como

_ dWqlp]

Slp] = dq

q=1
La entropia de Shannon representa la conocida entropia termodindmica en el caso de una colec-

tividad térmica. Vale la pena remarcar que a diferencia de la entropia para una variable discreta
—> pilnp; (también debida a Shannon), S[p] puede tomar cualquier valor real e incluso puede

7
no estar definida. Cualquier pico en la densidad p(7) tiende a hacer S[p] negativo mientras que
los valores positivos de S[p] son provocados por un decaimiento suave; por lo tanto la entropia

—

de Shannon es una medida que cuantifica el grado de localizacién de la densidad p(7)
Las entropias de Rényi [63] y Tsallis [79], que dependen de un pardmetro ¢, se definen por medio

de las expresiones

1

myfol = o ([ )i o> 0,021, (1.4

nid = (1= [lwear) s a> 0041, (15)
q—1 A

respectivamente. Nétese que cuando ¢ tiende a la unidad, tanto la entropia de Rényi como la
de entropia de Tsallis tienden a la entropia de Shannon S[p|. Ademds, la entropia de Tsallis
es una linealizacién de la entropia de Rényi con respecto a W,[p], por tanto ambas tienen
varias propiedades comunes mas alld de la que acabamos de comentar. En particular, ambas
son funcionales de potencias de la densidad p(7) por lo que pueden ser interpretadas como
medidas globales de esparcimiento espacial de dicha probabilidad. Por otra parte, mientras que
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las entropias de Rényi son aditivas, las entropias de Tsallis son pseudoaditivas, i.e., satisfacen
la relacién

Ty [pr @ po] =Ty [pr] + Ty [p2] + (1 — @) Ty [p1] T4 [p2]

para cualquier par de densidades de posicién. Las entropias monoparamétricas de Rényi y de
Tsallis han sido ampliamente usadas en el estudio de los sistemas cudnticos. En particular, en el
analisis del entrelazamiento cudntico, los protocolos de comunicacion cuantica, las correlaciones
cuanticas, la medida cuantica, la decoherencia, la produccién multiparticular en las colisiones
de alta energia, la mecéanica estadistica clasica y cuantica, las propiedades de localizacion de los
estados Rydberg y los sistemas de spin, entre otros muchos fenémenos y sistemas [16,/17].

Finalmente, se define la informacién de Fisher [39,40] en el espacio de posiciones por medio

del siguiente funcional del gradiente de la densidad de posicién p(7)

= [ Yo (1.6)

A p(7)
A diferencia de las entropias de Shannon, Rényi y Tsallis, la informacién de Fisher es una medida
local del esparcimiento de la densidad p(7) debido a la presencia del gradiente, lo cual la hace ser
muy sensible a las fluctuaciones de la densidad. Cuanto mayor es su valor, més localizada estd la
densidad, menor es la incertidumbre y mayor es la precision en la prediccién de la posicién de
la particula.

Ahora bien, las medidas entrépicas de una densidad de probabilidad p(7), al tener distintas
unidades, no pueden compararse entre si ni con la desviacion estandar de dicha densidad dada

por
A7 = VTl = [ (r2) — |72 (L.7)

Por ello se han definido otras magnitudes relacionadas del mismo caricter que no presen-
tan este problema y, sin embargo estan relacionadas directamente con tales medidas: son las
denominadas longitudes entropicas de la densidad, cuya definicion y significado enumeramos a
continuacién. Estas magnitudes, junto con la desviacién estandar (también llamada longitud de
Heisenberg Ly = AT), tienen una serie de propiedades comunes de gran interés: (a) todas tie-
nen las mismas unidades que la variable de la que depende la densidad de probabilidad, (b) son
invariantes bajo traslaciones y reflexiones, y reescalan linealmente con la variable. En particular
la longitud entrépica de Shannon se define por

Lg = exp (S [p]) - (1.8)

v la longitud entropica de Rényi por

L[] = exp (RO [g]) . (1.9)

Notese que esta magnitud contiene un ntmero infinito de candidatos para una medida directa de
incertidumbre; en particular, la longitud de Shannon corresponde al limite ¢ — 1 de la longitud
de Rényi. Y, en términos de la entropia de Fisher, se define la longitud entrépica de Fisher

1
Flo]

Es interesante destacar que todas las longitudes entrépicas, al tener las mismas unidades, pueden
compararse entre si; de hecho verifican las siguientes relaciones de tipo desigualdad

Lp =

(1.10)

Lr <Ly,
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(2me)? Ly < Lg < (2me)'? Ly,

donde las igualdades se alcanzan para la distribucién gaussiana. Digamos también que la de-
sigualdad que liga Lg y Ly corresponde a la conocida propiedad de maximizacion de la entropia
de Shannon de la densidad de probabilidad con desviacién estandar dada. Y la desigualdad
entre Lg v Lp puede obtenerse de la identidad tedrico-informacional de de Bruijn e incluso de
la desigualdad logaritmica de Sobolev. Més detalles sobre el significado y propiedades de las
longitudes entropicas se dan en la Seccion de esta tesis.

1.2. Medidas de complejidad

Recientemente se han introducido medidas teérico-informacionales de una densidad de pro-
babilidad que son esencialmente productos de dos de las medidas de esparcimiento anteriormente
mencionadas (varianza V [p], entropia de Shannon S [p], informacién de Fisher F'[p]). Estas me-
didas reciben el nombre de medidas de complejidad, porque cuantifican méas de un aspecto
macroscopico de la densidad. Son las medidas de Cramér-Rao, Fisher-Shannon, y Lépez-Ruiz-
Mancini-Calvet (medida LMC de ahora en adelante), que se definen por medio de las expresiones

Ccrlpl = Flp]V[p], (1.11)
CMMh@;meﬁésw) (1.12)
Conte (o) = Wa [p] exp (S 7)) (1.13)

respectivamente, donde W [p] es el desequilibrio, que no es més que el valor esperado de la
distribucién p; esto es,

Waldl = o) = [ o) ar (1.14)

Cada una de estas medidas de complejidad cuantifica el balance combinado de dos facetas de la
densidad de probabilidad. La medida de Cramér-Rao cuantifica el contenido de gradiente de la
densidad junto con el esparcimiento de la probabilidad alrededor de su centroide. La medida de
complejidad de Fisher-Shannon cuantifica el balance combinado del contenido de gradiente de la
densidad y su esparcimiento total en el dominio soporte. La medida de complejidad LMC cuan-
tifica la altura media de la densidad de probabilidad (tal como viene dada por el desequilibrio)
y su esparcimiento total (tal como viene dado por la potencia entrépica de Shannon). Ademds
puede probarse que estas tres medidas de complejidad tienen una serie de propiedades comunes
altamente interesantes: son adimensionales, estan acotadas inferiormente por la unidad, y toman
valores minimos en el caso extremo de menor complejidad; a saber, el caso de maximo desorden
(asociado a una distribucién uniforme monodimensional, o a un gas tridimensional). Finalmente,
vale la pena hacer notar que las tres medidas de complejidad satisfacen también las propiedades
de invariancia bajo replicacién, translacién y transformaciones de escala. Mds detalles sobre el
significado y utilizacién de estas medidas en ambos contextos de teoria de funciones especiales
y mecdanica cuantica pueden verse en la Seccién de esta tesis.

1.3. Relaciones de incertidumbre entroépicas

Andlogamente a la relaciéon de incertidumbre de Heisenberg Ax - Ap > g, que satisfacen las
desviaciones estandar de posicién y momento, también las medidas de incertidumbre entréopicas
de Shannon, Rényi y Fisher satisfacen las llamadas relaciones de incertidumbre entrépicas del
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mismo nombre. Estas relaciones son formulaciones alternativas del principio de incertidumbre
de la mecanica cuantica mas rigurosas que la relacién de Heisenberg anteriormente mencionada.

Las entropias Shannon de posiciones y momentos, que se denotan por S [p] y S [y] respecti-
vamente, satisfacen la siguiente relacion de incertidumbre entrépica

Slpl+ S >D(1+Inm). (1.15)

donde v = 7(p) denota la densidad de momentos o densidad del sistema en el espacio conju-
gado o espacio de momentos. Esta relacién fue obtenida en primer lugar por Hirschman [46] y
més tarde demostrada independientemente por Beckner [13] y Bialynicki-Birula y Mycielski en
1975 [18]. Esta expresion indica que la incertidumbre total en el conocimiento de la posicién y
el momento de la particula es necesariamente mayor que D (1 + Inm).

Anilogamente, Bialynicki-Birula e independientemente Zozor y Vignat han demostrado que
las entropias de Rényi de posicién y momento satisfacen la siguiente relaciéon de incertidumbre
entrépica

1 1 1
Rylp] + Byly] = DIn (2n(29) 52 (2p) %2 )5~ + - =2 (1.16)
q P
para g > p. Esta relacién fue encontrada en el caso unidimensional de forma independiente
por Bialinicki-Birula [15], y Zozor y Vignat [84], siendo generalizada al caso D dimensional por
Zozor, Portesi y Vignat en 2009 [83].

Una relacién andloga fue obtenida por Rajagopal [61] para las entropias de Tsallis de posi-

ciones y momentos:

1 E D —-D 1 1
0+0-ph}» 1+ 0 -aThl= = (£)" (2)™; ~+2=20 (@)
T T q p
Es importante hacer notar que en el limite de (p,q) yendo a la unidad, ambas relaciones de
incertidumbre entrépicas se reducen a la relacién entrépica de incertidumbre (1.15)) basada en
la entropia de Shannon.

Las informaciones de Fisher de posiciones y momentos, F[p] y F[y| respectivamente, satis-
facen la siguiente relacién de incertidumbre:

F[p|F[y] > 4D?. (1.18)

Esta relacién es valida para cualquier densidad de probabilidad cuantica monodimensional.
Para los sistemas D-dimensionales, con D > 1, solamente es valida para los estados cuanticos
caracterizados por funciones de onda que sean reales bien en el espacio de posiciones o en el
espacio de momentos. Para un estudio detallado de esta relacion, véase la referencia [69].

Una revisién exhaustiva de las relaciones de incertidumbre cuanticas ha sido hecha recientemente
[19,32] donde se pone de manifiesto el interés cientifico-tecnolégico de tales relaciones.
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Capitulo 2

Medidas de esparcimiento de
funciones especiales y sistemas
cuanticos

2.1. Densidad de Rakhmanov

Las medidas de esparcimiento o distribucién de los polinomios ortogonales hipergeométricos
yn(z) que satisfacen la condicién (ver Apéndice |A))

b
/ Yn () ym(z) w(x) doe = di Onirms

son, por definicion, las medidas de esparcimiento de su densidad de probabilidad de Rakhmanov
asociada dada por

pul) = 37 v2(2) (). (2.1)

Notese que efectivamente se verifica fab pn(z)dx = 1, dado que la condicién de ortogonalidad
implica que

b 1 )
/a gyn(x)w(x) dx = 1. (2.2)

Esta funcién densidad, que fue introducida por primera vez por Evgeni Rakhmanov [62] en
1977 para describir la asintética del cociente de dos polinomios de grados consecutivos, juega
un papel central en esta tesis. En efecto, es la funcién que nos permite estudiar los polinomios
ortogonales desde el punto de vista de la teoria de la informacion.

Por extensién, se define de forma andloga la densidad de probabilidad de Rakhmanov de
cualquier otra funcién especial de la matematica aplicada. Veamos céomo se procede para los
armoénicos esféricos, que juegan un papel importante en nuestro trabajo. Los armonicos hi-
peresféricos son funciones especiales D-dimensionales [9-11,/80,[81] que pueden definirse por la

expresion
1 D—2
iwp—10p— Aot . .
Y (1 (Qp) = \/T—We“m 1¥p-1 H Cﬂjfﬁﬁf (cos ;) (sin @;)Hi+1, (2.3)
j=1
donde Qp = (61,62, -- ,0p_1) representa las D —1 coordenadas angulares medidas en un espacio
de D dimensiones. Los rangos de valores que pueden tomar son 0 < 6; <7 paraj=1,...,D—-2

29
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y 0 < 0p_1 <27 Los D — 1 nlmeros enteros | = puy y {u2,...,up—1 = m} = {u} tienen los
valores [ = 0,1,2,...y g1 > p2 > -+ > |pp—1| > 0. El pardmetro a; = (D —j —1)/2 y la
funcién CA',,’)(x), A > —%, denota el polinomio ortonormal de Gegenbauer de grado n y pardmetro
A. Los polinomios de Gegenbauer satisfacen la relacién de ortogonalidad siguiente

+1 R
CMx)CN (x)wr(2)dz = S, (2.4)

-1

donde la funcién peso viene dada por

wi(z) = (1 - x2))‘_%. (2.5)

Las propiedades de los armdnicos hiperesféricos han sido ampliamente estudiadas [9,/11}45,
57]. En particular verifican la condicién de ortogonalidad:

/S Y, (20) Yy 1y (QD)dQp = dudgpy (3 (2.6)
D-1

donde el elemento de dngulo sdlido viene dado por
D—
dQp = H (sin ;)% df; | dop_.

En base a esta condicion de ortogonalidad, se define la densidad de probabilidad de Rakh-
manov asociada a los arménicos hiperesféricos asi:

P (0) = [Yig (20)[7. (2.7)

Esta funcién densidad constituye el punto de partida del estudio de los arménicos hiper-
esféricos en el marco de la teoria de la informacion.

2.2. Densidad de probabilidad cuantica

En esta seccién se pone de manifiesto que la determinacion de las medidas tedrico-informacionales
de los sistemas cuanticos (que caracterizan sus propiedades fisicas y quimicas) se reduce en 1lti-
ma instancia al calculo de las correspondientes medidas entrépicas y de complejidad de las
funciones especiales y polinomios ortogonales que controlan las funciones de onda de los esta-
dos mecano-cuanticos permitidos de dichos sistema fisicos. Ello se debe a que la densidad de
probabilidad de Born de los sistemas cudnticos puede expresarse en términos de la densidad de
probabilidad de Rakhmanov de tales funciones especiales, al menos en aquellos sistemas para
los que su ecuacion de Schrodinger es exacta- o cuasi-exactamente resoluble. En efecto, sea la
ecuacion de Schrédinger de una particula moviéndose en el potencial V (7, t):

—hQVQxIﬁt + V(7 t — i 2.8
VR + VO ) = i W), (28)

La densidad de probabilidad de la particula viene dada, segtiin los postulados de la mecanica
cuantica, por el cuadrado de la funcién de onda o sea de la solucién fisica ¥(7, t) de esta ecuacién
de Schrodinger; esto es,

P(7,t) = | W (7, 1))?. (2.9)

Para ilustrar la conexion entre esta densidad de probabilidad cudntica y la densidad de Rakh-
manov de los polinomios ortogonales hipergeométricos y la densidad de Rakhmanov de los
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armonicos hiperesféricos, consideraremos que la particula se mueve en un potencial tridimensio-
nal esféricamente simétrico e independiente del tiempo V (7, t) = V(r). En tal caso, los estados
cuanticos estacionarios del sistema monoparticular pueden describirse por las funciones de onda

djnlm(F) = Rnl(r)}/lm(ev ¢) (2'10)

con los nimeros cuanticos n =0,1,2,...,1=0,1,2,...,ym = —I,—l+1...,l. La parte angular
viene dada por los armoénicos esféricos tridimensionales
1 .
Yim (0, ¢) = ——C" (cos 6) (sin §)™ ™ 2.11
im (0, @) ml_m( ) (sin 6) (2.11)
con0 <0 <7my0<¢<2m,yCp(x) denota los polinomios de Gegenbauer o ultraesféricos fami-
liares. La parte radial de la funcién de onda R,;(r) se puede expresar en términos w'/2(r)y, (r),
donde {y,(r)} denota un sistema de polinomios hipergeométricos ortogonales con respecto a la
funcién peso w(r). Entonces, la probabilidad de encontrar a la particula entre ¥y 7+ d7 viene
dada por
Pt (FVAF = Ui, (7, ) [2di7 = Dy (r)r?dr x My, (Q)d2, (2.12)

donde el elemento de volumen dif = r2dr sin dfd¢ = r2drdS), v las densidades de probabilidad
radial y angular toman la expresién

Dy(r) = [Ru(r)]> = A(r)w(r) [ya(r)]?, (2.13)

donde A(r) es una funcién no negativa, y

L (Q) = [Yim (6, 0)|2 = [c;jm (cos 9)]2 [sin ]2 (2.14)

m

respectivamente. La primera densidad da la probabilidad por intervalo radial de encontrar a la
particula en (r,7 + dr), y la segunda describe el perfil espacial del sistema que estamos conside-
rando.

La teoria de la informacién basada en estas densidades de probabilidad permite cuantificar
la aleatoriedad intrinseca (incertidumbre) y el perfil geométrico del sistema cudntico por medio
de las distintas medidas tedrico-informacionales antes mencionadas de las densidades radial y
angular, respectivamente. Mas alla de la varianza, que viene dada por

Vipanl = [ R (2.15)
0
la informacién de Fisher, por ejemplo, puede expresarse como
F [prim] = F[Rui] + (r7*)F [Yimi], (2.16)
donde F[R,] y F[Yim] son los funcionales de Fisher de la parte radial R,;(r) y el arménico

esférico Y, (Q2), respectivamente. Por otra parte, la entropia de Shannon resulta ser igual a la
suma de los correspondientes funcionales entrépicos E[R,] y E[Yin], dados por

E[Ruy] = — /Ooo | R (7)|? In | Ry (1) |2dr (2.17)

T 21
E[Yim] = — /0 sin 06 /O 46| Yin (0, &) 1n | Yim (6, 6)|. (2.18)
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Las correspondientes medidas de complejidad de tipo Cramér-Rao, Fisher-Shannon y LMC
pueden obtenerse subsiguientemente a partir de las definiciones ya expuestas en el capitulo
anterior, como productos de dos funcionales de polinomios ortogonales de tipo potencia, de tipo
gradiente y de tipo logaritmico.

Para determinar numéricamente las medidas de esparcimiento del sistema, hemos de conocer
la forma analitica del potencial central; por ejemplo si el potencial es de tipo coulombiano, de
tipo oscilador o de tipo rotador rigido, en cuyo caso ya podriamos especificar el tipo de polinomio
ortogonal y/o de funcién especial que controlan las funciones de onda de los estados cudnticos
estacionarios del sistema en consideracién.



Capitulo 3

Metodologia

En este capitulo se describen brevemente algunas técnicas y métodos que se han empleado
en esta tesis.

3.1. Calculo de momentos ordinarios de polinomios ortogonales

El momento ordinario o momento alrededor del origen de orden k, (2*), de la densidad de
Rakhmanov de los polinomios ortogonales y,(x) viene dado por

b b
<azk> = / z* pn(z)dz = d% / ka(x) Yn () yn(x) dz,

donde d? denota la constante de normalizacién de los polinomios ya mencionada en el capitulo
anterior. Haciendo uso del desarrollo de potencias yn(z) = > " _;anm ™ y de la relacién de
ortogonalidad, se obtiene que

n b
(zF) = d% Z Anm, (/ 2y (1) w(x) da:) .
" m=n—k @
Ahora el desarrollo de una potencia arbitraria de x en términos de polinomios ortogonales
ghtm = Z’;;Lg‘ Chtm,p Yp(z) [71] junto con la relacién de ortogonalidad permite obtener final-
mente la expresion

n

1 n
(F) = = Z Anm Chtmopn A2 = Z Unm Ch+m,n (3.1)

n m:n—k,‘ m:n—k’

para los momentos ordinarios de la distribucién de los polinomios ortogonales y,(z) a lo largo
de su intervalo de definicién. Esta técnica se utiliza en la Seccién para la determinacién de
los momentos de los polinomios ortogonales hipergeométricos.

3.2. Meétodo de Laplace

El método de Laplace se ha empleado para calcular el comportamiento asintético de los
funcionales integrales que aparecen a la hora de determinar la asintética de las normas L, y
las entropias de Rényi de los polinomios ortogonales. En este método se parte de las funciones
reales de variable real f y g definidas en un intervalo [a,b] C RU {—00,+0c0} de manera que la
siguiente expresion integral de Riemann tenga sentido:

I0) = / " F () gy, (3.2)
33
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Para calcular el comportamiento asint6tico de I(\) cuando p — 400 el método considera que las
funciones f y ¢ tengan la regularidad necesaria para poder sustituirlas por su correspondiente
desarrollo de Taylor. Se distinguen los dos casos siguientes:

» Caso 1: Supongamos que g tiene un mdximo estricto en ¢ € (a,b), y que ¢'(¢) = 0,
g"(c) <0y f(c) # 0. Entonces se verifica que

b 27
I(A :/ £)ePI® dt ~ eP9©) f(e), [ — — 400.
W= [ 1 FOy =i s v

= Caso 2: Supongamos que el maximo estricto sea uno de los extremos del intervalo, que el
minimo estd en a, y que ¢’(a) =0y ¢”(a) < 0. Entonces se verifica que

b 27
= pg(t) ~ pg(a) 1
I(\) /a f)ePI™ dt ~ eP9\Y f(a) 2057 si p— +oo.

Este método se emplea en la Seccién para el calculo de los comportamientos asintéticos
de las normas L, y de las entropias de Rényi de los polinomios ortogonales.

3.3. Desarrollo de la potencia de un polinomio en serie de po-
tencias simples mediante los polinomios de Bell

En la Seccion se demuestra y se utiliza para el calculo de las normas L, y de las entropias
de Rényi de los polinomios ortogonales el siguiente resultado matemaético.

El desarrollo en serie de potencias de la potencia de un polinomio y,(x) de grado n se puede
expresar como

n p np |
wa @) = |3 et =3 L'BW@ (co,2let, ..., (k + 1)leg) 2, (3.3)
k=0 k=0 (k+p)!

donde By, ; son los polinomios de Bell multivariados que son muy ttiles en Combinatoria [23,64],
y que se definen como

Bm7l (Cly C2y ... 7Cm—l+1) -
S (@) (@) (e )T
A I R S R S TV AR (m—1+1)! ’ '
#(m.l)

donde ¢c; e R, Vi=1,....m—14+1, j; € Nym >1con m,l € N. Notese que el nimero de
variables del polinomio depende del valor de los nimeros naturales m,[. La suma que aparece
en la definicién se extiende a todos los valores de j; que verifican las dos condiciones 7(m,1)
siguientes:

i+ Jot o+ G =L

» 1+ 25+ (m =4 1)1 = m.
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3.4. Calculo de extremales

Sea el funcional

1= [ @@y @) d (3.5)

Z1
donde y es una funcién de la variable z en el intervalo [z1,z2] € R. f hace referencia a un

funcional dependiente de la variable z, la funcién y y su derivada. La funcién extremal y(x) que
hace minimo o maximo el valor de I viene dada por la ecuacién de Euler, que es una ecuacién

diferencial con la forma siguiente:
of _d (9f\_,
oy dx\ody )

Este resultado sélo da el extremal, pero no indica que sea méximo o minimo. Hay que
acudir a otros argumentos para determinarlo. También podemos senalar que cuando el funcional
f depende de m&as de una funcién, por ejemplo n funciones, se tiene el siguiente grupo de
ecuaciones para llegar a la solucién:

of d (Of\ . .
8% CkE(ayg)—O Z—172,...,n.

En muchas ocasiones pueden encontrarse restricciones de la forma ¢;(x,y,y’) = 0, i =
0,1,...,n. Entonces se define

f*(l', Y, yl) = f(l', Y, yl) + Z Aifbi(‘r?yvy/)a (36)

=0

y las nuevas ecuaciones que permiten llegar a resolver el mismo problema son

of _d (957 _,
oy dx\oy )

¢i($,yay/)=0, iZO,l,...,n.

La generalizacién para el caso de varias funciones y;, ¢ = 0,1,...,n puede formularse
también directamente si tenemos las restricciones ¢;(x,y1, Y5, .., Yn,ys) =0 i =0,1,...,m.
Definiendo

m
f*(mvyl’yia s ,yn’y;z) = f(x,ylvyia s 7yn7y;L) + Z Aiﬁbi(%yhy/l’ s aynay%% (37)
=0

se obtiene para el caso mas general posible:

af* d (Of* .
- — = =0,1,...
g dz ( y£> 0 +:=0,1,...,n,

¢i(x7y17y17"'7ynayil):0 izoala"'vm-

Este método se ha empleado en la Seccién [4.2] para el cdlculo de extremales de medidas de
informacién, como es el caso de la entropia de Shannon cuando f(x,p(z)) = —p(z)Inp(x) y

oz, p(z)) = p(z).
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3.5. Técnica de linealizacion de Srivastava-Niukkanen

Esta técnica |74,|76] consiste en obtener la expresién del producto de una potencia de la
variable independiente por una potencia de un polinomio ortogonal ¥, (z) como una serie donde
los términos son, a su vez, polinomios de la misma familia que y,(x):

o
Hlyn(t2)]” = eilp,m b n)yi(), (3.8)
1=0

donde los coeficientes c¢; se expresan en términos de funciones hipergeométricas generalizadas de
varias variables de tipo Lauricella. En particular, a modo de ilustracién, digamos que para los
polinomios de Laguerre se tiene:

oo
(L )] = 3 et r om0 L0 (@), (3.9)
=0
con los coeficientes
Yy+pu+1;,—n : n, —1i A
r sy, T, — ——
ci(p,ryt,n,a,y) = (y+1) nta Firty ity 1], (3.10)
K A
n a+l,...,a+1,v+1

r

donde FXJrl)(a:l, ..., Tr+1) denota la funcién hipergeométrica generalizada de Lauricella de tipo
A de r + 1 variables y 2r + 3 parametros definida |75] como

Flgs) ( a; by, ..., bs ;331,.~-,=Ts> _ i (a)j1+'--+]’s(bl)j1 (b ) :L‘.jll : xgs. (3‘11)

Cly...,Cs = (Cl)jl...(cs)js ]1']8'

Este método se emplea en la Seccion para el calculo de las normas L, y las entropias de
Rényi de los polinomios ortogonales.
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Resultados

A continuacion se presenta una descripcién de cada uno de los articulos incluidos en esta
tesis ordenados tematicamente:

4.1. Longitudes entropicas de los polinomios ortogonales

Esta seccién contiene los dos articulos siguientes que tratan el cdlculo de medidas entrépicas
de polinomios ortogonales.

1. Information-theoretic lengths of Jacobi polynomials.
A. Guerrero, P. Sanchez-Moreno y J. S. Dehesa.
Journal of Physics A: Mathematical and Theoretical 43 (2010) 305203 (19 paginas)

2. Information theoretic-based spreading measures of orthogonal polynomials.
J. S. Dehesa, A. Guerrero y P. Sanchez-Moreno.
Complex Analysis and Operator Theory 6 (2012) 585-601
En el primer articulo se estudian los polinomios de Jacobi Péa’ﬁ ) (x), con «, B > —1, desde
el punto de vista de la teoria de la informacion. Para ello se considera la densidad de proba-
bilidad de Rakhmanov de tales polinomios y se determina su esparcimiento en su intervalo de
ortogonalidad no solo por medio de los momentos ordinarios alrededor del origen, sino también
a través de las siguientes medidas tedrico-informacionales: entropias de Shannon y Rényi, y la
informacién de Fisher. Estas magnitudes son complementarias en el sentido que describen dis-
tintos aspectos de la distribucién de los polinomios que no son comparables entre si.

Entre los resultados obtenidos cabe mencionar los siguientes: (a) determinacién analitica
de los momentos ordinarios y la informacion de Fisher, asi como la desviacién estandar y la
longitud entrépica de Fisher de la densidad de Rakhmanov de estos polinomios, (b) célculo de
la entropia de Rényi en funcién del grado n del polinomio y de sus pardametros caracteristicos
haciendo uso de los polinomios combinatoriales de Bell, (¢) estudio de las cotas superiores de
la entropia de Shannon para densidades generales en el intervalo compacto [—1,1] mediante
técnicas variacionales, aplicindose después al caso de los polinomios de Jacobi, y (d) andlisis
numérico exhaustivo de tales cotas.

En el segundo articulo se hace una discusién tedrico-computacional comparativa del esparci-
miento o distribucién de las tres familias canénicas de polinomios ortogonales hipergeométricas
(Hermite, Laguerre y Jacobi) en su correspondiente intervalo de ortogonalidad, haciendo uso no
solo de la desviacion estandar sino también de las tres longitudes entrépicas principales de su
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densidad de probabilidad de Rakhmanov asociada; a saber, las longitudes de Fisher, Rényi y
Shannon. Y se discute su comportamiento asintético relativo, observandose en particular que
la longitud entrépica de Shannon y la desviacion estdndar estan asintéticamente relacionadas
de forma lineal en las tres familias hipergeométricas cldsicas. Cabe preguntarse sobre si esta
propiedad puede cumplirse para otros polinomios ortogonales de tipo Favard.
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Abstract

The information-theoretic lengths of the Jacobi polynomials P,l(o’"S )(x), which
are information-theoretic measures (Renyi, Shannon and Fisher) of their
associated Rakhmanov probability density, are investigated. They quantify
the spreading of the polynomials along the orthogonality interval [—1, 1] in a
complementary but different way as the root-mean-square or standard deviation
because, contrary to this measure, they do not refer to any specific point of
the interval. The explicit expressions of the Fisher length are given. The
Renyi lengths are found by the use of the combinatorial multivariable Bell
polynomials in terms of the polynomial degree n and the parameters («, ). The
Shannon length, which cannot be exactly calculated because of its logarithmic
functional form, is bounded from below by using sharp upper bounds to general
densities on [—1, +1] given in terms of various expectation values; moreover, its
asymptotics is also pointed out. Finally, several computational issues relative
to these three quantities are carefully analyzed.

PACS number: 89.70.Cf
Mathematics Subject Classification: 33C45, 94A17, 62B10, 65C60

1. Introduction

The Jacobi polynomials p*P (x), (@, B > —1), are the real hypergeometric orthogonal
polynomials with respect to the weight function

wap(x) = (1 — x)*(1 +x)*

in the interval [—1, 1]. These polynomials (or some subclasses of them, such as the Chebyshev
and Gegenbauer polynomials) play a fundamental role not only in applied mathematics
[1-4] and mathematical physics [5—10] but also in numerous scientific and technological
fields such as e.g. atomic physics [11-14], classical [15] and quantum [16] optics, information
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theory [17-21], molecular physics [22-24], non-relativistic [6, 25, 26] and relativistic
[27-33] quantum physics, many-body spin physics [34, 35], physics of the Calogero—Moser
and Ruijsenaars—Schneieder systems [36], polymer physics [37], QCD analysis of the polarized
quark distribution [38], quantum algebras and groups [39—43], quantum walk [44], Rydberg
physics [45, 46] and supersymmetric quantum mechanics [22, 47-49]. Let us highlight that
the Jacobi polynomials control the angular part of the position wavefunctions of the quantum
states of any spherically symmetric quantum-mechanical potential in arbitrary dimensions; it
is well known, for example, that central potentials are able to explain a great deal of natural
phenomena such as periodicity in the periodic table of elements and numerous macroscopic and
spectroscopic properties of atomic and molecular systems. Moreover, the Jacobi polynomials
also control the radial part of the momentum wavefunctions of the hydrogenic systems [50],
the explicit expression of the representation functions of certain quantum groups [39—41] and
some coupling coefficients of angular momenta [42].

Although many algebraic properties (orthogonality, three-term recurrence relation, ladder
relations, second-order differential equation, etc) of these polynomials are well known [1-3,
5, 6], this is not the case for their spreading measures beyond the root-mean-square or the
standard deviation. These quantities measure the distribution of the Rakhmanov probability
density of the Jacobi polynomials (and so, of the polynomials themselves) defined by [51]

Prp () = [P ()P (1) (1

along the orthogonality interval [—1, 1] in various complementary ways, where B (x) are
the orthonormal Jacobi polynomials. Physically, this function characterizes the quantum-
mechanical density of the stationary states of numerous physical systems [24-27, 47, 52]. In
this work we investigate the direct spreading measures of the Rakhmanov density (1) with
emphasis on those of information-theoretic origin. The direct spreading measures [53] of
a probability density defined in a finite interval share the same properties as the standard
deviation: same units as the variable x, reflection invariance and vanishing when the density
tends to a Dirac delta. To this family of measures belongs not only the standard deviation
but also the information-theoretic lengths of Fisher, Renyi and Shannon types [53, 54], whose
definition and meaning for the Rakhmanov density (1), together with the basic properties of
the Jacobi polynomials, will be given in section 2. It is interesting to remark that, contrary
to the standard deviation which measures the concentration of the probability cloud around a
particular point (the centroid) of the orthogonality interval, the information-theoretic lengths
do not refer to any specific point of that interval.

This is a reason why the information-theoretic lengths are physically much more
appropriate uncertainty measures than the standard deviation in quantum systems. Moreover,
they have finite values for probability distributions where the standard deviation does not exist
[53]. These lengths are much more convenient measures of the probability distribution than
(more conventional) quantifiers such as the associated Shannon entropy, Fisher information
and Renyi entropy because, contrarily to these quantities, all the information-theoretic lengths
mentioned above have the same dimensions as the variable x, so, allowing a natural comparison
among them and with the standard deviation. For explicit physical applications to various
quantum mechanical potentials, see [55, 56].

The structure of the paper is as follows. In section 2, the notion and meaning of the
spreading measures of a probability density are briefly described for the sake of clarity and
to fix notations. In section 3 we give the explicit values of the moments with respect to
the origin (xX), k € Z, the standard deviation Ax and the Fisher length of the polynomials.
Then, in section 4, we compute the Renyi lengths in terms of the polynomial degree n and
the parameters (¢, 8) by the use of an error-free approach based on the multivariable Bell

2
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polynomials of Combinatorics [57]. The Shannon length of the Jacobi polynomials cannot be
calculated in an exact manner because of its logarithmic-functional form; so, it seems natural
to try to obtain sharp bounds and to study its asymptotics. Keeping in mind this purpose, we
first obtain in section 5 some upper bounds to the Shannon entropy for general probability
densities with support [—1, +1] in terms of various power and logarithmic expectation values
and then, in section 6, we determine the asymptotics and some upper bounds for the Shannon
length of the Jacobi polynomials. In section 7 three computational issues are tackled: (i) the
identification of the pairs (¢, 8) for which the Shannon length is maximal for a given degree
n, (ii) the determination of the numerical accuracy of the upper bounds previously mentioned
and (iii) the mutual comparison of the isodimensional or direct spreading quantities (standard
deviation and information theoretic lengths) of the Jacobi polynomials. Finally, some open
problems are posed and conclusions are given.

2. Basics on spreading measures

In this section we gather the notion and meaning of the spreading measures of a probability
density. For a probability density p(x), x € [—1, 1], corresponding to some random variable
X, there exist two main classes of measures which quantify the distribution or the spread of X
along its interval of definition [—1, 1]: the moments with respect to the origin (xk), k € Z,and
the frequency or entropic moments ([p @)1 (see e.g. [58]). Heretoforth, the symbol ( f(x))
denotes the expectation value of f(x) with respect to the density p(x) as

1
(f()) 1=/1f(X)p(x)dx. (2)

The complete knowledge of each set of moments determines the probability density p (x) under
certain conditions as the ordinary [59] and the entropic [60] Hausdorff moment problems state.

Often, it is more convenient to use instead some related quantities such as the central
moments (or moments around the centroid (x)) given by the expectation values ((x — (x))*),
the Renyi entropies [61] defined by

1
Rylp] = 1 In([p ()19 "); q >0, q#1, 3

—4q
and the Tsallis entropies [62] given by

1
%myzgjqu—qmmw*m q >0, q#1,

together with their ¢ — 1 limit, the Shannon entropy

1
Smy=—/‘mmmwu»w. @)
-1

These quantities, however, are not direct measures of spreading [53] of p, (x) in the sense
that they do not have the same units as x. The most well-known direct measure of spreading
are the root-mean-square or standard deviation

Ax = ((x = (1)) = V(x2) — (x)? (5)
and, in a less sense, the Onicescu—Heller length [63, 64] (also called inverse participation ratio

[63, 64], disequilibrium [65], linear entropy [66] and Briikner—Zeilinger entropy [67] in other
contexts)

1
L =
)= 5o
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Recently, other direct measures of spreading related to the entropic moments have been
introduced: the Renyi and Shannon lengths [53] defined by

Ly[p] := exp(R,[p)). ©)

and

Nlp] := lim LE[p] = exp(S[p]), @)

respectively. Remark that Lf[,o] = L[p]. It is worth noting that

o the standard deviation and the Renyi and Shannon lengths are global spreading measures
because they are powerlike (standard deviation and Renyi lengths) or logarithmic
(Shannon length) functionals of the density,

o the standard deviation is a measure of separation of the probability cloud from a particular
point of the support interval of the density (namely the mean value or centroid) and

o the Renyi and Shannon lengths are measures of the extent to which the density is in fact
concentrated.

In addition, there is another direct measure of spreading which is qualitatively different
from the previous one. It is the Fisher length [68], defined by

1
= —_—, 8
S| ®

where F[p(x)] denotes the Fisher information of the density p(x) given by

_[d PP
Flp] = <[alnp(x)i|>_ s dx. ©)]

The Fisher length, then, is a functional of the derivative of the density; so, it is very sensitive to
the fluctuations of the density in contrast to the global direct measures of spreading mentioned
previously. This local quantity measures the pointwise probability concentration of the density
along its support interval.

The four direct spreading measures (standard deviation and the Renyi, Shannon and Fisher
lengths) defined in a finite interval, besides the properties mentioned in the previous section,
enjoy an uncertainty property; see [53] for the standard deviation, Renyi and Shannon cases,
and [69, 70] for the Fisher case.

3. Moments, standard deviation and Fisher length

In this section we show the values of the ordinary moments (xk)n,a. g, the standard deviation
(AX)p,«,p and the Fisher length (6x),,q,p of the Rakhmanov probability density p, o g(x) of
the Jacobi polynomials given by equation (1). The Jacobi polynomials Iﬁ",l(o"ﬁ )

to satisfy the orthonormality relation

(x) are known

1
/ Prfa,ﬂ) (x)Pn(f’ﬂ) (x)a)aﬂ(x) dx = 8,m, (10)
—1

fora, B > —1,so that PP (x) = d,,, P P.*P) (x) gives the relation between the orthonormal
and orthogonal polynomials, where the constant

2o 2P M (n+a+ DI(n+ B +1)
B Tl Qn+a+ B+ DIn+a+p+1)
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The moments around the origin (x*),, .  of the Jacobi polynomials, according to equation (2),
are defined by

+1
(K pap = / X o p(x) dx = / [BP ()], p(x) dx.

The use of the expansion of x* Pn( @f) (x) in series of orthogonal polynomials [71] together with
the orthogonality relation (10) has allowed us to obtain that

(Fnap = Y allP Z ( )( D" bt (11)
m=0 l=n—k

(@.8)

where the coefficients ay and biiin

are given by

2@B _ n\ 'a+n+ D'+ B+n+m+1) (12)
mn n2"T (@ +B+n+Dl(a+m+1)°
and
@B _ k+DI(=DH="2"T(n + o+ B+ 1) n—k—ln+p+l (13)
Ml = g ) T Cn+a+p+1) '\ 2n+a+p+2 )
respectively. For k = 1 and k = 2, equations (11)—(13) provide the following values
’32 _0{2
<x)n,a,f3 = s (14’)
Cn+a+p)2Cn+a+p+2)
and
<2> dn+)(n+a+1)(n+B+Dn+a+p+1)
X )na,p =
p Cn+a+B+1D)2n+a+B+2)22n+a+ B +3)
dnn+a)(n+p)n+a+p) +(x)2, (15)

(2n+(x+ﬁ —D2n+a+pB)22n+a+pB+1)
for the first and second moments. Then, the standard deviation of the Jacobi polynomials is,
according to equations (1) and (5), the expression

(Anap = ((Pnap — (020 4)7
which together with equations (14) and (15) provides the value
(Ax) :[ dn+Dn+a+)n+B+1)(n+a+p+1)
e Qu+a+B+D)2n+a+B+2)2Cn+a+p+3)

. dn(n+a)(n+p)(n+a +p) 12
Cn+a+B—-—D2n+a+pB)22n+a+pB+1) ’
in agreement with the expression recently obtained by other means [72]. Remark that

(AX)nap ™ 5. n— +00. (16)

Moreover, the Fisher length can be obtained by the use of equations (1), (8) and (9) as
1

) nof — —m—m—m—m—m—
OOmes = —

where the Fisher information F|[p, « g] has the expression [73]

2n+a+p+1 n+a n+p
el e+ p—1) (55 +2+ 222
+(n+1)(n+a+/3)(”+“+2+"+ﬁ>], o f>1,
F[Pn,a,ﬂ] = 2n+4ﬂ+1 [,3+1 tn+@n+ Dm+p+1)+ (n+1) ]’ a=08>1,
2n(n+1)2n + 1), o, =0,
00, otherwise




J. Phys. A: Math. Theor. 43 (2010) 305203 A Guerrero et al

for the Jacobi polynomials Pn(“’ﬁ)(x) with , 8 > —1 and n = 0,1,2,...; keep in
mind, additionally, that F[p, o g(x)] = F[psp«(x)] due to the (o, )-symmetry of Jacobi
polynomials. Let us highlight, in particular, that the Cramer—Rao inequality §x < Ax,
valid for continuous densities on the whole real line, is satisfied by the Rakhmanov densities
Pn,a,p(x), with supporton [—1, +1], when o, B > 1. This is because these densities have zeros
at x = %1 and they can be considered as continuous densities on the (—oo, +00) interval.

4. Renyi’s lengths

In this section we compute the Renyi lengths Lg[,o,,,a, g(x)] of the Jacobi polynomials by
means of an algebraic methodology which uses the explicit expression of the polynomials and
the multivariable Bell polynomials of Combinatorics [57]. According to equations (1), (3)
and (6), these quantities are given by

S
L onapl = {Wolpnapl) =75 q >0, q#1,

where

+1
Wylpnapl = ([onap () ") = /1 [0n,ap(x)]7 dx

+1
=f[WWm%%mwx (17)
-1

are the frequency or entropic moments of the Rakhmanov density (1) of the Jacobi polynomials.
To calculate this functional we begin with the explicit expression of the Jacobi polynomials,
which can be formulated as the following power series:

n

ﬁn(“’ﬂ) (x) = Z crxk, (18)

k=0

where the expansion coefficients have the values

_ MNae+n+D2n+a+p+1)
CT N a2 a+ B+ D@+ B+n+ DI+ B+1

(M (I\T@+B+n+i+])
XiX:k:( . <’><k> 2 (a+i+1) 19)

Recently it has been found (see the appendix of [54]) that a finite power of a polynomial can
be expressed by means of the multivariable Bell polynomials of Combinatorics [57]. This
result applied to Jacobi polynomials (18) gives

np '

n p
B, P k p k
[PP 0] = [Z o } =2 (k + p)!Bk+p,p(Co’ 2ler, s (k4 Dle)x”, (20)
k=0 k=0
with ¢; = 0 for i > n, and the remaining coefficients are given by equation (19). Moreover
the Bell polynomials are given by

m! CiN/t feaNR Con—i+] Jm—l+1
B J(C],...,C — ]): —(-) (_) <—> ,
" e ﬁ(Xm:l)h!Jzz---]m,m! 1/ \21 (m—1+1)!

where the sum runs over all partitions 7 (m, [) such that
Jit it e =1, and JiA2p+- ot (m =1+ 1) ju—r =m.

[§
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The substitution of expression (20) with p = 2¢ into equation (17) yields the value

2nq
29)!
Wolonapl =Y UH—‘qu),qu,Zq (co. 2. ..., (k+ DIe)I(k, g, o B). 1)
k=0 '

where

+1

Z(k,q,a, B) =/ (1= )% (1 +x)Pdx

—1
_ (—Dk2*ea+Bar (qq + )T (Bg + 1) —k,1+8q
B T (ag + Bq +2) T+ @+pg )
For the sake of checking we first note that forg = 1

+1
WiLpnap] = f Prap(r)dr = 1,
—1

and for g = 2,

+1
Walpna ] = / [P (1)1 dx
—1

4n
41
=> Gray Bsalco 2ler, oo (k+ DII(, 2, @ B).

k=0
which immediately produces the Onicescu—Heller length L[p, 4 g] of the Jacobi polynomials,

since Ll png.p] = (Onap(x))™! = {Wz[pn,a,ﬂ]}_l. The Renyi lengths of these polynomials
can be obtained from (6) and (21), obtaining the expression

_ 1
L Tonapl = (Wylpnapl) o

1
g—1

2nq

_(3* e | |

- (k+—2q)‘Bk+2q,2q(C072'cl’ e (k+1)Ck)I(k, q,, ﬂ) )
k=0 :

with ¢ = 2,3, .... For the two Jacobi polynomials with lowest degrees one has, then, the
values

LR _ C@+p+2) 2 9 140a+Ba T (g + 1)T(Bq + 1) -4
q [po.a.p] = <2a+ﬂ+1F(OZ + DB+ 1)) T(ag + fq +2)

2q g1
2q _
L§[pl,0l,/3] = |:Z (n)c(z)q kCIlCZ(ka q, o, ﬂ)} 9

k=0
for the Renyi lengths, respectively, and the values

o T(a+p+2) 9 Q1920428 (26 + )T 2B+ 1)
Po.a.p _[(2a+ﬂ+lr(a+1)r(ﬁ+1)> TQ2a+28+2) } ’

L /4
L[Pl,a,ﬂ] = [Z (n)cg_kcll{:[(k’ 2, o, /3) 5
k=0

for the Onicescu—Heller length of the polynomials p*P (x) with n = 0, 1 respectively.
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5. Upper bounds to the Shannon entropy for general densities on [—1, +1]

Before starting the study of the Shannon length of the Jacobi polynomials, in the next section
we find here several general upper bounds to the Shannon entropy S[p] and the Shannon length
NJp] for any density p(x) in the [—1, +1] interval, with different constraints in the form of
expectation values.

First, we find the well-known maximum value of this information measure for any
normalized density by considering the following Lagrangian:

1 1
£=—/ ,o(x)ln,o(x)dx—)»(/ p(x)dx—l).
—1 -1

The associated Euler-Lagrange equation

dx 0p’ dp
yields
In pax(x) + 1+ A = 0.

S0 pmax(¥) is a constant distribution that, once normalized to unity and obtained the value of
A, becomes pmax (x) = 1/2. The maximum Shannon entropy is S[pmax] = In2, so we have
the well-known general upper bound

S[pl < In2,
and taking into account equation (7), we obtain
N[p] <2. (22)

Now let us find the variational bounds to the Shannon entropy of a general probability
density subject not only to the normalization to unity but also to the known expectation value
(f (x)) of an arbitrary (but given) function f(x). Working similarly as before, we start with
the Lagrangian associated with this problem:

1 1 1
£=—/ p(x)Inp(x)dx — A (/ p(X)dx—l)—kz (f f(X),O(x)dx—<f>>-
-1 —1 -1

Then the corresponding Euler—Lagrange equation yields
Pmax (X) = e 17M g=hf (1)

The Lagrange multipliers A; and A, are obtained by imposing the two conditions

1
/ P () dx = 1, (23)
-1

and

1
/1 J () pmax (x) dx = (f). (24)

The analytical determination of the upper bound S [pomax] to the Shannon entropy S[p]
will depend on the explicit form of f(x). In the following we give the upper bounds associated
with different choices of f(x).

e Bound in terms of the expectation value (In(x?)). In this case we have

2
,Omax(-x) — e—l—)\l e—Azln(x ) — e—]—)\l |x|—2)\2.
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Then, condition (23) yields

1 1
2 1
ax(x) dx :e’“k‘/ x| P dx = e IM =1, if A < —.
/7110mdx( ) 71| | 1—2)@ 2 )
s0, A can be expressed in terms of A, and pmax becomes
1—-20
Prmax (x) = x| 722

The second condition (24) yields
1—2x;

1 1
/ In(x?) pax () dx / In(x?)[x| 2" dx
_ —1

1

2 G, i < s
= = (In , i < —.
20 — 1 * )
Thus, A, is expressed in terms of (In(x?)) as A, = 1/(In(x?)) + 1/2, so the condition
Ay < 1/2 s satisfied; and ppax 1s finally written as

2
x| ey ! .

1
Pmax (X) = — (]n(x2)>

The corresponding value of the Shannon entropy for this density is

1 2
SLomax] = — / Panax (1) 10 pnax (1) dx = 1+ (1“(; 2 4 In(=(In(e))).
-1

Then, the variational upper bound to the Shannon entropy, with the constraint (In(x?)), is
given by

1 2
stot < 1+ 5 4 inne ), 25)
e Bound in terms of the expectation value (In(1 — x)). Working similarly, we have that
2 W= | L
. — J— In2—(In(1—x))
() = = (=) ,

and the corresponding upper bound to the Shannon entropy of any distribution with
support [—1, +1] and constraint (In(1 — x)) is given by

S[p] < 1+ (In(1 — x)) +In(In2 — (In(1 — x))). (26)

e Bound in terms of the expectation value (In(1 + x)). In this case we obtain that

2w 1
Pmax (X) = m(l + ) 2y
and the upper bound
Slp] < 1+ {In(1 +x)) +In(In2 — (In(1 + x))). 27

e Bound in terms of the expectation value (In(1 — x?)). In this case the expression of
(In(1 — x?)) in terms of the Lagrange multiplier A, is not invertible, so that we obtain

I (% B )\'2) (1 _ xZ)flz

Pmax (X) = m
and the upper bound
I3 -2x) 3
S[p]<—lnm+)~2 (w(l_kz)_w<§_k2>>» (28)

9
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where v (x) is the digamma function, with the implicit relation
3
v =) -y <§ - kz) = (In(1 — x%)) (29)

that must be solved numerically for every value of (In(1 — x2)).
e Bound in terms of the expectation value (x). As in the previous case, we have

A

— —)\2)(3
Pmax (X) = 2 sinh(1y) ,
and the upper bound
2
S[p] € —In —————— — A, coth(ry) — 1, 30
[p] n 3 sinh(on) 2 coth(Az) (30)
with the implicit relation
1
— — coth(Ay) = (x). (3D
A2

e Bound in terms of the expectation value (x?). As in the two previous cases, we have

( ) )»2 1 e—)»zxz
() =) = ;
Pma 7 erf(Vo)

and the upper bound

S[]<l—ln \/E; _\/Ei (32)
PIS 3 7 erf (/) 7 erf(Jia)

where erf(x) is the error function, with the implicit relation

1 e 2
A amerf(ViAy) b Gy

Finally, let us point out that the combination of equation (7) with each of the bounds
(25)—(30) and (32) provides the corresponding upper bounds to the Shannon length of any
probability density with the support [—1, +1].

6. The Shannon length

The purpose of this section is twofold. First, to fix the asymptotics of the Shannon length
N[pn,a,p] of the Jacobi polynomials P,,(“‘ﬁ ) and its relation to the standard deviation. Second,
to determine sharp upper bounds to N[p, « gl by using the results of the previous section.
With respect to the first purpose let us start writing that, according to equations (4) and (7),

N[pn,a.ﬁ(x)] = CXP{S[Pn,a,ﬂ(x)]}, (34’)
with
+1
Sonapl = — / 0o ([ PP ()] In s ) [BEP ()]} dx
-1
= E[BeP] + 1[Be).
with the entropic functionals [70, 74]
+1
E[P@P] = - / 0up(O[PEP ()] In [P ()] dx
—1

=Inw —1—(¢+8)In2+0(l), (35)
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and

+1
I[PeP] = - / 0a 5 ) [BEP ()] In w5 (x)
-1
=—av(n+a+l)—BYym+B+1)+(ax+p)

x[—ln2+ +21/f(2n+0(+/3+1)—Iﬁ(n+a+ﬂ+1)i|.

2n+a+B+1

The logarithmic functional E [ﬁ,fa’ﬂ )] cannot be exactly calculated, but its asymptotics has
been fully determined by means of the L,-method of Aptekarev et al [75]. Taking into account
this result (given by equation (35)) together with the fact that lim,,_, oo 1 [IN’,fa’ﬂ )] =(¢+8)In2
one has that

Slpnapl =Inm —1+0(1); n — 400,

for the Shannon entropy, and with equation (34)
L R (36)
e

for the Shannon length of the Jacobi polynomials. Moreover, from equations (16) and (36)
we find the asymptotical relation

2
Niona 1~ 22 Aoy ~ 16389 (Ataps 1o 00 37)
e

between the Shannon length and the standard deviation of the Jacobi polynomials. It is
interesting to highlight that this asymptotical linear correlation between these two quantities
has exactly the same form as for Hermite [54, 76] and Laguerre polynomials [76, 77].

In order to obtain upper bounds for the Shannon length, we can use the variational bounds
found in the previous section for the Shannon entropy. Then, from equation (22) we would
obtain the general upper bound

N[pn,a,ﬂ] < 2.

Imposing now the different constraints based on the expectation values considered before, we
obtain the following upper bounds in a straightforward manner:

e Bound with the constraint (In(x?)):

1 2
N[;On,ot,ﬁ] < _<1n(x2)> exp (1 + ( n(; )>> . (38)
e Bound with the constraint (In(1 &£ x)):
Nlpnapl < (Un2 — (In(1 £ x))) exp(1 + (In(1 = x))). 39)
e Bound with the constraint (In(1 — x2)):
al(1 —Xy) 3
Nipnag) < YRA =2 o [xz (wa —h) =¥ (— - xz))} : (40)
F(3 =) 2
where 1, is related to (In(1 — x?)) through equation (29).
e Bound with the constraint (x):
2 sinh(A;)
Nlpnapl < /\—GXP(—l — Az coth(22)), 41)

where X, is given in terms of (x) by equation (31), and (x) is given explicitly by
equation (14) in terms of (n, «, B).

11
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Figure 1. Numerical study of the maximal Shannon length of the Jacobi polynomials P,g“’ﬁ >(x).

Regions in the plane (o, 8) where the Jacobi polynomials P,fa’ﬁ) (x) have maximal Shannon lengths.
Note that the degree n varies from a region to the following.

e Bound with the constraint (x?):

N[ ]<\/Zerf(ﬁ)ex l—ﬁi (42)
pn,ot.ﬂ X )‘42 2 p 2 T erf(\/k—z) 4

where 1, is given in term of (x?) by equation (33), and (x?) is given by equation (15) in
terms of (n, «, B).

The accuracy of these bounds is numerically studied in the next section.

7. Some computational issues

In this numerical section, we first investigate the regions in the plane («, 8) where the Shannon
spreading length of the Jacobi polynomials is maximal for various degrees n. Then, we analyze
the accuracy of the upper bounds to the Shannon length obtained in the previous section and
finally we study the mutual comparison of the four direct spreading lengths considered in this
paper, namely the standard deviation and the Fisher, Renyi and Shannon lengths.

In figure 1, we show the regions where the maximal Shannon length of the Jacobi
polynomial Pn(a’ﬂ ) (x) in the plane («, B) is obtained for various degrees n going from 0O to 10.
Only half of the plane is shown because the Shannon length is invariant under the exchange
of « and B. We observe a rich structure of successive black and gray regions, which is an
open analytical problem. All points lying down in a certain region correspond to obtaining
the maximum value of the Shannon length for the same degree n. Note the region for n = 0,
indicating that the maximum Shannon length is N[pg « g]. This region is surrounded by other
regions where the maximum is sequentially achieved for polynomials with increasing degree,
as is shown in the figure.

In figures 2—4 we study numerically the variational bounds (38)—(42) to the Shannon
length of the Jacobi polynomial p*? )(x) obtained in the previous section with respect to
its exact value N[p, q 4] for n going from O to 20 and the parameters («, ) are equal to

12
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Figure 2. Numerical study of the Shannon length N[p, « 4] (M) and its upper bounds in terms of
the expectation values (In(x?)) (x), {In(1 — x)) (CJ), (In(1 +x)) (A), {In(1 — x2)) (e), (x) (o), (x?)
(+), as a function of n for (¢, ) = (0, 0).

0, 0), (— % — %) and (2, 5), respectively. The bounds are controlled by the expectation values
(In(x?)), (In(1 — x)), (In(1 +x)) , (In(1 — x?)), (x), (x?), respectively. Several observations
can be done. First, all the bounds lie above, or equal in the case n = o = 8 = 0, to the
exact value; moreover all of them improve the trivial bound 2, except the one controlled by
(x) in the cases when o« = B, where the density is even and (x) = 0. Second, expression
(40) controlled by the expectation value (In(1 — x2)) provides the best upper bound in both
figures 2 and 3, except for n = 1, but that is not true in figure 4. Third, there is still plenty of
space for the improvement of the upper bounds in the three figures.

In figures 5 and 6 we make a similar study of the previous bounds to the Shannon length
of the Jacobi polynomial P\*? (x) as a function of the parameter o when the pair of values
(n, B) is equal to (0, 2) and (1, 0), respectively. It is found that, at times, some upper
bounds are equal or very close to the exact value of the Shannon length; this occurs, e.g.,
for the bounds depending on the expectation values (In(1 — x)) and (In(1 — x?)) in figure 5,
and for the bound depending on (In(x?)) in figure 6. Nevertheless, none of the expectation
values chosen as constraint supply a sufficiently good upper bound for the whole interval
considered.

Finally, in figure 7 we compare the four direct spreading measures of the Jacobi polynomial
p*P (x) among themselves for (o, 8) = (2, 2) and n going from 0 to 80: the Shannon length
N[pp,apl, the Renyi lengths R,[0,.,] With g = 2, 5 and 10, the Fisher length (6x),,«,p
and the standard deviation (Ax), 4. This is possible because all of them have the same
dimensions. It is observed that (i) the Fisher length is smaller than the remaining spreading
measures, mainly because of its locality property, and it tends toward zero for large values of
the polynomial degree n, (ii) the Shannon length is bigger than the rest of spreading measures
and, together with the standard deviation, tends asymptotically (i.e. for large n) to constant
values, which are mutually related by equation (37) and (iii) the three Renyi lengths considered
in the figure, contrary to the two previous global quantities, asymptotically vanish because the
power functionals of the densities decrease along the support interval when the polynomial
degree is increasing.

13
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Figure 3. Numerical study of the Shannon length N[0, «,s] (M) and its upper bounds in terms of
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(+), as a function of n for (¢, ) = (—1/3, —1/3).
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Figure 4. Numerical study of the Shannon length N[p, « ] (M) and its upper bounds in terms of
the expectation values (In(x?)) (x), (In(1 — x)) (CJ), (In(1 +x)) (A), (In(1 — x2)) (e), (x) (o), (x?)
(+), as a function of n for (¢, ) = (2, 5).

8. Open problems and conclusions

In this work we first give the moments-around-the-origin (x*), the standard deviation Ax and
the Fisher length éx of the Jacobi polynomials p*P (x) in terms of the degree n and the
parameters (o, 8). Second, we calculate the Renyi lengths of these mathematical objects by
means of the Bell polynomials, so much used in Combinatorics.
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2

Npo.az2] and upper bounds

Figure 5. Numerical study of the Shannon length N[0, q,4] (M) and its upper bounds in terms
of the expectation values (In(x2)) (long dashed line), (In(1 — x)) (dash-dotted line), (In(1 + x))
(dash-dot-dotted line), (In(1 — x2)) (short dashed line), (x) (dotted line), (x2) (dash-dot-dot-dotted
line), as a function of « for (n, ) = (0, 2).

2

N{[p1,a,0) and upper bounds

Figure 6. Numerical study of the Shannon length N[0, «,4] (M) and its upper bounds in terms
of the expectation values (In(x2)) (long dashed line), (In(1 — x)) (dash-dotted line), (In(1 + x))
(dash-dot-dotted line), (In(1 — xz)) (short dashed line), (x) (dotted line), (xz) (dash-dot-dot-dotted
line), as a function of « for (n, ) = (1, 0).

Then, since the analytical determination of the Shannon length N is a formidable task, we
calculate upper bounds of variational type to the Shannon entropy S[p] of general densities
p(x),x € [—1, +1]. These results are subsequently used to yield upper bounds to the Shannon
length of the Jacobi polynomials, N[p, « g, via some power and logarithmic expectation values
which can be, at times, analytically calculated. Moreover, the accuracy of these bounds is
numerically computed and discussed for various polynomial degrees and pairs of parameters

(@, B).
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Figure 7. N[pp,a,p] (solid line), R2[pon,«,p] (long dashed line), Rs[on,q,p] (dash-dotted line),
R10[pn,a,p] (dash-dotted line), (Ax), q,p (short dashed line) and (8x),,q,p (dotted line), as a
function of n, for («, B) = (2, 2).

Finally, the mutual comparison of the global (standard deviation, Renyi and
Shannon lengths) and local (Fisher length) spreading measures of a Jacobi polynomial is
computationally performed since all of them have the same dimensions as the variable x. They
grasp various aspects of the polynomial, quantifying its distribution all over the support in
different ways.

There are a number of open information-theoretic issues which deserve to be considered
for a deeper understanding of the spread of Jacobi polynomials along its support interval.
Beyond the exact calculation of the Shannon entropy of the Jacobi polynomials (which is a
formidable open task because of its logarithmic functional form), it is interesting from both
theoretical and applied points of view to find the asymptotics of the Renyi lengths L 5 [Pn,a,p8]
and the entropic moments W, [0, « g] in the following three following cases: (i) n — +00 and
(g, a, B) fixed, (ii)) ¢ — +oo and (n, «, B) fixed and (iii) o and B large but (n, g¢) fixed. A
further open problem is the determination of the analytical boundaries of the regions of the
maximal Shannon length in the plane («, 8).
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1 Introduction

The special functions of applied mathematics and mathematical physics [1-3] tower
above the jungle of mathematical functions for its numerous, simple and elegant alge-
braic properties, what has facilitated their analytical manipulation and application to
solve and interpret a great deal of scientific and technological problems. Nevertheless
there are still many open problems related to them whose solution would be very useful
and interesting from both fundamental and applied standpoints. This is particularly
the case for the information-theoretic properties, whose knowledge for the classical
orthogonal polynomials in a real continuous variable has been reviewed in [4] up to
2001 and their asymptotics in [5] up to 2010. The information theory of the discrete
orthogonal polynomials and the special functions other than orthogonal polynomials is
still in its infancy despite a few efforts on Airy and Bessel functions [6—8], hyperspher-
ical harmonics [9,10], hypergeometric functions [11] and on orthogonal polynomials
in a discrete variable [12,13].

According to the Hohenberg—Kohn density functional theory [14], the physical and
chemical properties of a quantum system are controlled by the distribution of the sin-
gle-particle density of the system over its confined domain. This quantum-mechanical
density is given by the Rakhmanov probability density of the special function which
controls the single-particle wavefunction. Consequently, the physics and chemistry
of the quantum systems essentially depend on the spreading of the special functions
of applied mathematics over its domain of definition, which is usually fixed by the
confining limits of the system. To identify and compute the most appropriate measures
of the various facets of this spreading far beyond the celebrated root-mean-square or
standard deviation is a main goal of the emerging theory of information of the special
functions.

In this paper we are going to discuss the class of direct spreading measures (the
standard deviation and the information-theoretic lengths of Fisher, Rényi and Shannon
types) of the Rakhmanov probability density [15] of the orthogonal polynomials and
to compute them for the Hermite, Laguerre and Jacobi polynomials. They have been
shown to best quantify different aspects of the spreading of these polynomials all over
its orthogonality interval. It is well known that these classical orthogonal polynomials
controls the wavefunctions of numerous quantum systems [1,16-19], including the
hydrogenic and oscillator-like systems, and they are very frequently used in modeling
a great deal of scientific and technological phenomena.

The structure of this review paper is the following. In Sect. 2 we define the direct
spreading measures of the orthogonal polynomials recently introduced [20-26] and
we fix the notations which will be used in the rest of the paper. In Sects. 3, 4 and
5 we give the values of the standard deviation and the Fisher length, and the Rényi
and Shannon information-theoretic lengths, respectively, as well as the corresponding
methodology to calculate them. Then, in Sect. 6 the numerical analysis of these quan-
tities is done for some particular polynomials. Finally, some conclusions are given and
various open problems are posed.
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2 Direct Spreading Measures of Orthogonal Polynomials

Let us here describe the direct spreading measures of the real hypergeometric-type
orthonormal polynomials, i.e. the polynomials which satisfy the orthogonality relation

/pn(x)Pm(x)w(x)dx =08im, m,n €N, (1)
A

where the weight function w(x) has the expressions

)
wgx)=e ",

wp(x) =x%"", (x> —1) (2)

wr(x) =1 —=x)"A+x)P, (@, p>-1)

for the three canonical families of Hermite H,(x), Laguerre Lf,a) (x) and Jacobi
Pn(m”3 ) (x), respectively. The spreading measures which quantify the different facets of
the distribution of these polynomials all over the orthogonality interval are given by
the corresponding measures of their associated Rakhmanov probability density, which
is defined by

Pn(x) = pr(x)w(x), (3)

as defined by this mathematician [15], who first discovered that this density governs
the asymptotic (n — +00) behavior of the ratio of two polynomials with consecu-
tive orders. It is worth saying here that this normalized-to-unity probability density
characterizes the stationary states of a large family of quantum-mechanical potentials
[1,16-19].

The class of direct spreading measures of a probability density [20-22] include the
standard deviation and the information-theoretic lengths of Fisher, Rényi and Shannon
types. The standard deviation of the polynomial p, (x) is given by the following root-
mean-square

Bf—

(A0, = (D = 03) ", )

where the expectation value of a function f(x) is defined by

() = / £ ()P (x)dx. 5)
A



588 J. S. Dehesa et al.

The Rényi information-theoretic lengths [22] of the (Rakhmanov density associated
to) the polynomial p,(x) is defined as

__1
g—1

= /[pn(x)]q dx , q>0,qg#1, (6)
A

1

L8 = (lonCo1™!)

where R,[p;,] denotes the gth-order Rényi entropy [27]. Let us highlight the case
q = 2, which corresponds to the Onicescu—Heller length (closely related to the notions
of disequilibrium, inverse participation ratio, Brilkner—Zeilinger entropy and quantum
entanglement in various contexts) given by

—1

LR = (lpa0)) ! = / [on ()P dxy (7)
A

and the Shannon length [22], which corresponds to the limiting case ¢ — 1:

Nlpnl = lim L 1pn) = exp(Slpnl) = exp | = / pu () Inpu(X)dx § o (8)
A

where S[p,] denotes the Shannon information entropy [28].
Now let us consider a direct spreading measure which is qualitatively different from
the previous ones, the Fisher length [20,21]; it is defined by

I —

6x), = ! = [iln (x)i|2 _j— /dxM 9)
" JFlon] \Ldx B Pn(X) ’

A

where F'[p, ] denotes the Fisher information [29] of the polynomial p,,. Itis interesting
to remark that this quantity is a functional of the derivative of the Rakhmanov density
of the polynomial. So, the Fisher length is very sensitive to the polynomial oscillations.
It is a local quantity in the sense that it measures the pointwise concentration of the
probability over the orthogonality interval, and it quantifies the gradient content of the
Rakhmanov density providing (i) a quantitative estimation of the oscillatory character
of the density and the polynomials, and (i) the bias to particular points of the interval,
so that it measures the degree of local disorder.

In contrast, the standard deviation and the Rényi and Shannon lengths are global
spreading measures because they are power-like (standard deviation and Rényi lengths)
and logarithmic (Shannon length) functionals of the density. Moreover, the standard
deviation is a measure of separation of the probability cloud from a particular point of
the support interval (namely, the mean value or centroid) while the Rényi and Shannon
lengths are measures of the extent to which the density (so, the polynomial) is in fact
concentrated.
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Finally, let us mention that all the four direct spreding measures share the following
properties [20—22]: same units as the random variable, translation and reflection invari-
ance and linear scaling under adequate boundary conditions, and vanishing when the
density tends to a delta function. Moreover they fulfil an uncertainty property [30—33]
and the Cramér—Rao [20] and Shannon [28] inequalities given by

8300 < (Ax)y, and N[p,] < 2me)? (Ax),, (10)

respectively.

3 Standard Deviation and Fisher’s Length of Classical Orthogonal Polynomials
In this Section we give the values of the standard deviation and the Fisher length of
the Hermite, Laguerre and Jacobi polynomials in terms of their degree and the charac-

terizing parameters, as well as the methodology used for their analytical calculation.
First let us show that the standard deviation Ax, given by (4), has the value

(Ax)p =\/n+%, (11)

for the Hermite polynomials H,, (x),

(AxX)po =202 +2(+ Dn4a + 1, (12)
for the Laguerre polynomials Lﬁla)(x), o > —1,and

An+ 1) n+a+Dn+B+1Dn+a+p+1)
Cn+a+B+D2n+a+B+222n+a+ B +3)

n dn(n+a)(n+ pB)(n+ o+ p) ]1/2 (13)
Cn+a+pB—-—D2n+a+p)22n+a+B+1) ’

(AX)pap = [

for the Jacobi polynomials Pn(a’ﬂ ) (x), with o, B > —1. These results can be obtained
from Egs. (4) and (5) and the three-term recurrence relation of the polynomials [23]
(see also [24-26] for an alternative proof of the Hermite, Laguerre and Jacobi cases,
respectively).

On the other hand, the Fisher information-theoretic length dx, defined by (9), has
the value

(6x)p = (14)

1
Van +2°
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for Hermite polynomials H,, (x),

. —
NZTES R a =0,
= -1 .
(Sx)n,(x QrzofHW’ o > 1, (15)
0; ae(—=1,+1],a #0.

for Laguerre polynomials L,(f‘) (x), ¢ > —1, and

1

(8x)n,a,/3 - T >
VF [Pnap]

where the Fisher information F [,on,a’ 5] has the expression

(16)

[ 2n(n +1)Q2n + 1), a, =0,
ntpl [/3+1 +n4@n+Din+p+1)+ % (”“) ] a=08>1,
Fpnap] = | pcrerbel [n(n+a—|—,3 —1 (gj"l‘ Y24 Zﬁ)

+ o+ Do+ B (5 2+ 28] @ B> 1,
| 00, otherwise,

for Jacobi polynomials Pn(a”g )(x), with o, B > —1. These expressions follow from
Eq. (9) and the algebraic determination of the Fisher information of the classical
orthogonal polynomials [11,34].

The comparison of Egs. (11)—(13) and (14)—(16) allows us to point out that the
Cramér—Rao inequality 6x < Ax, valid for all continuous probability densities on the
whole real line, is indeed fulfilled not only in the Hermite case but also in the Laguerre
and Jacobi cases. It is easy to verify that the Cramér—Rao inequality is satisfied for
o =0,and fore = 8 =0and ¢ = 0, B > 0, respectively. And the corresponding
Rakhmanov densities for « > 1 and «, 8 > 1, with supports [0, +00) and [—1, +1],
respectively, vanish at x = 0 and x = =1, so that they can be considered as con-
tinuous on the whole real line. Moreover, the Cramér—Rao product (§x),(Ax), = %
for Hermite polynomials. Finally, it is worth noting that the asymptotic (n — +00)
behaviour of this product is

\/Z; oa =0,
((Sx)n,a(Ax)n,a = /o —1n a> 1,

0; ae€(—1,+1],a #0.
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for the Laguerre polynomials L'® (x), and

[ (2n)"3; a, B =0,

N —

1 1 - 3
—+T+4) n-2: a=0,p8>1,
(0x)n,0,(AX)p,00,p 2 1 (ﬂ+1 B—1 |

-2 _3
| O; otherwise,

for the Jacobi polynomials Pn(o“’3 ) (x).

4 Rényi’s Lengths of Classical Orthogonal Polynomials

In this Section we show the value of the Rényi lengths L’ff [0, ], with half-integer order
q, of Hermite, Laguerre and Jacobi polynomials obtained by a combinatorial meth-
odology based on the use of the multivariate Bell polynomials [35], and the values
of these quantities obtained for the Laguerre polynomials by means of an algebraic
methodology based on the linearization relation of Srivastava and Niukkanen [36] and
the use of Lauricella functions [37].

4.1 Combinatorial Approach
This approach is based on the following lemma

Lemma 4.1 (Ref. [24]) The p th power of the polynomial

n

Ya(x) =D cx' (17)
t=0
is given by
np p! t
[yn (X)]P = Z(; (H—p)!BHp,p(co, ey, ..., (4 Dlepx’, (18)

with ¢; = 0 fori > n. The B-symbols denote the Bell polynomials of Combinatorics
[35] which are given by

m! C1\J1 fCco\ N2
Bm,i(c1, 2, s Cm—141) = Z (F) (5)

P IS B |
A(m.l) J1-J2: Jm—I+1:

Cm—l—l—l jmfl+l
“'((m—l—l—l)!) (19
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where the sum runs over all partitions 7t (m, [) such that

sttt jmepi=Ll and j+2j+- -+ m =1+ 1) jp—ip1=m. (20)

From the definition (6) of the Rényi length of the Rakhmanov density (3) of the
classical orthogonal polynomials, the explicit expressions (17) of these polynomials
and this lemma, we obtain the following £§ [on] values for 2¢g e N, g > 2:

(1) Hermite polynomials H,(x) [24]

LR1p,] = e
g Lon] = {Wylpal}

%F(j—!—%) (29)!
gt (2 +29)!

Jj=0
_ 1
q—1
X 2]—|—2q,2q(c() y 2:C1 7, 25+ )-Czj) , (21
where the expansion coefficients c; are given by
3n—t
(=D 7! 20 (=)' +(=D"
Ct(n) — =R 5 , (22)
(2mn1ym)? ()
(i1) Laguerre polynomials L,S“’ (x) [25]
2nq
R [,On a] _ Z MNag+k+1) (29)!
q ’ ~ qaq—l—k—i-l (k + zq)!
_ 1
qg—1
Brrag.2q (e, 216", o (k4 Dle ) L (23)
with the Laguerre expansion coefficients
) _ \/F(n +a+1) (=1 n 24
1 - ’
n! MNa+t4+1)\¢
(ii1)) Jacobi polynomials Pn(a’ﬁ ) (x) [26]
2nq
(29)!
Lk = A
 onas] ; (k+29)!
_ 1
g—1

X Briagq (c§7 P 2Pk DI ) Tk g | L 25)
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where

(DRI gt DBt (—k 1+ B
Hha e = Fag+Pqg+2) A (ke e?)

and with the Jacobi expansion coefficients

CWWD—J F@+n+D2n+a+B+1)
! VR +B+ DM@+ B+n+ DI n+B+1)

S i (MY ((\T@+B+n+i+1)
xg(—l) (,)(;) Tatitl (26)

From relations (21)—(25) we can obtain all the Rényi lengths L’g [p] with2g € N of
the three real classical orthogonal polynomials. In particular, for ¢ = 2 we obtain the
following values for the Onicescu—Heller information-theoretic length £§ [on] [see

Eq. (M]:

/5 4 64
£§[,00] =27, [,g[pl] = 3«/27[’ Lg[pz] — H /27T

of the first few Hermite polynomials with degrees n = 0, 1, 2,

22a+l r +1 2 %
£§[po,a]=( F(;a(i : ) ) , @7)
220t+3 (F(O[ +2))2 %
R _
Eﬂmﬂ]_(a4wn@+3mraa+n (28)

of the Laguerre polynomials L,(la) (x) withn =0, 1, and

< B I'(o+B+2) 9 Q1 +204+28 P 2+ T 2B+ 1)
Ly [po,a,]= ,

20BN (a+ 1) (B+1) FRa+28+2)
(29)
4 1y -1
LRp1.a.p] = |:Z (n)cg_kc’fl(k, 2, a, ,3):| , (30)
k=0

of the Jacobi polynomials P,fa’ﬂ ) (x) withn = 0 and 1.

4.2 Algebraic Approach

This approach is based on the linearization relation of an arbitrary product of clas-
sical orthogonal polynomials of the same type which would allow us to express the
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gth-power of the polynomials in terms of the polynomials themselves, so that the
power functional involved in the Rényi lengths (6) of the associated Rakhmanov den-
sity would be solvable by using the orthogonality relation. Such a linearization relation
is known only for Laguerre polynomials [25,36], to the best of our knowledge. Indeed,
the linearization relations found by the Srivastava and Niukkanen for arbitrary prod-
ucts of Laguerre polynomials [36] have allowed us to find [25] the expansion relation

@ L] =3 ey (aq, 0,24, {n}, o}, } }ID L @n. G
k=0

with the ®-coefficients given by

2q
o (aq’ 0,29, {n}, (o}, [é]) = I'(ag + 1)(" :: “)

1 1
xF 24D (aq—l—l;—n,...,—n;—k;a—l—l---,a+1,1;—,...,—,1). (32)
" q

where FXH) denotes a Lauricella’s hypergeometric function of r 4 1 variables [37].
The combination of Egs. (3), (6), (31) and (32) yields the following value for the
gth-order Rényi length of the Laguerre polynomial

2q
R n! E | n—+ o
na| — r 1
£ lonal |:(F(oz+n+1)) grarT @4 )( n )

1
XE%HDGW+JF%N.”—ana+1W“w+LL_“'”
q

_ 1
q—1
1))

(33)

| =

for every ¢ > 0 such that 2g € N. As particular cases, this expression gives the value

(34)

1
1 MNoag+1) | a1
R —

and

1

R _ [Tlag + (1 +a)* g ag+1. 1 ) s
£q lere] _[ (T(a +2))1g2a+! 2F0( _ @D . (35)

for the Laguerre polynomials L f,a) (x) with lowest degrees n = 0, 1. Itis worth remark-
ing that Egs. (34) and (35) with ¢ = 2 boil down to the previous values (27) and (28),
respectively, of the Onicescu—Heller lengths.
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5 Shannon’s Length of Classical Orthogonal Polynomials

The Shannon length (8) of the Rakhmanov density (3) of the classical orthogonal
polynomials of the classical orthogonal polynomials N[p,] = exp(S[p,]) have not
yet been analytically calculated in terms of the degree n and the characterizing param-
eters, mainly because it is a logarithmic functional of the polynomials. Here, we show
“only” its asymptotic (n — -+o00) behaviour and the common linear asymptotical
relation with the standard deviation. Moreover, we also give sharp bounds to N[p;]
in terms of various expectation values ( f (x)).

5.1 Asymptotics

In a series of works initiated in 1994 and recently summarized in [5], Aptekarev et al.
have studied the asymptotic behaviour of the Shannon entropy

Slon] = —/w(X)pn(x) log py (x)dx

of the Rakhmanov density p, (x) defined by Eq. (3) for the classical orthogonal poly-
nomials given by Egs. (1) and (2). They have found the values

Slpn] = log\/ﬂ+ logm — 14 0(1),
S[pnal = @+ Dlogn — (e +n+1) — 1 +log(2m) + o(1),

and
S[:On,oz,ﬂ] - logn — 1+ 0(1)
for the Hermite, Laguerre and Jacobi polynomials, respectively, by use of powerful,

highbrow concepts and techniques of approximation theory [38]. Taking these results
into (8), we obtain the following asymptotical values

T/ 2n
N[pn] =~ (36)
2mn
N[:On,a] = 7 (37)
and
T
Nlpnapl = " (38)

for the Shannon length of Hermite, Laguerre and Jacobi polynomials, respectively.

The comparison of Egs. (36)—(38) with the asymptotical values of the standard
deviation Ax given by Eqgs. (11)—(13) for Hermite, Laguerre and Jacobi polynomials,
respectively, yields the following linear relation
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p
N{p] ~ T2\ 16389, (39)
e

which is common for all three cases [39] (see also [24-26]). It is interesting to mention
here that this relation also holds for the whole class of Bernstein—Szeg6 polynomials
[39] but it is not true for arbitrary orthogonal polynomials, since e.g. it is violated
for Freud polynomials. Indeed, the Shannon length and the standard deviation has a
quadratic relation in the Freud case [39].

5.2 Upper Bounds

Since the exact value of the Shannon length N[p, ] of the classical orthogonal polyno-
mials cannot be calculated in terms of the degree n and the characterizing parameters,
it is natural to look for analytical upper bounds to this quantity as simple and accurate
as possible. This has been done in 2010 [24-26] in terms of expectation values (x*)
of the associated Rakhmanov density given by (3).

In the Hermite and Laguerre cases [24,25] we have used an optimized information-
theoretic technique based on the non-negativity of the Kullback—Leibler functional of
the Rakhmanov density of the polynomial and a probability density of exponentially
decreasing type of the form exp(—x¥). It is found that

n

1
2(ek)* 1 1
Nlpn] < (ek) r(;) E k=24,

and

r(L 5
Nlpnal < MM% b >0,

S

for the Rényi length of Hermite and Laguerre polynomials, respectively. For com-
pleteness we give here the values

k
k! —-n,—s5
—K___HF 212), k
(Fy = 1 20 (341) 7 1( 1 ) e (40)
0, odd k
and
2
' nCk+a+1) <[ k k+o+r
- > : 41
i 'h+oa+1) —\n—r r @1

of the ordinary moments of Hermite and Laguerre polynomials, respectively. See
[24,25] for further discussion about these bounds. Let us point out here, for complete-
ness, that the results (11) and (12) may be also obtained from Eq. (4) together with
Egs. (40) and (41) with kK = 1 and 2, respectively.
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In the Jacobi case, beyond the general upper bound N[p] < 2 valid for any prob-
ability density p(x) with the support interval [—1, +1], we [26] have variationally
found various upper bounds in terms of the following expectation values: (x), (x2),
(log x2), (log(1 £ x)), (log(1 — x2)). The analytical and numerical analysis of these
bounds are discussed in detail in Ref. [26].

6 Numerical Discussion

Here we carry out the numerical comparison of four direct spreading measures (stan-
dard deviation, Onicescu length or Renyi length with ¢ = 2, Shannon length and Fisher
length) of various real classical orthogonal polynomials (H,(x), L,(qs) (x), P,fz’z) (x))
as a function of the degree n. This is done in Figs. 1, 2 and 3.

In the Hermite and Laguerre cases all the four measures have a similar qualitative
behaviour when the polynomial degree increases, as shown in Figs. 1 and 2, respec-
tively forn = 0, ..., 20. The three global quantities (standard deviation and Onicescu
and Shannon lengths) grows when the degree n is increasing, essentially because the
polynomials spread more and more. Moreover, they behave so that Ax < £§ <N,
indicating that the spreading rate is weaker with respect to the mean value or centroid
of the random variable than in absolute terms. In addition, we observe that the (local)
Fisher length §x decreases when the degree n is increasing; this is because the poly-
nomial becomes more and more oscillatory, so making its gradient content bigger.
Finally, note that the Fisher length x < Ax in the two polynomial cases. It is worth
remarking that the rate §x /Ax fulfils the following characteristics. First, it is less than
unity in accordance with the Cramer—Rao inequality (10). Second, it decreases as n ™!

. . _3.
in the Hermite and as n™ 2 in the Laguerre case.

In the Jacobi case Pn(z,z) (x) the results are shown in Fig. 3 when n goes from 0 to
80. The overall behaviour is qualitatively similar to the Hermite and Laguerre cases for

10

9r o © b

8t o g o

Spreading lengths
O

OXXXxxxxxxxxxxxx X
0 5 10 15 20

n

Fig. 1 Standard deviation Ax (+), Fisher length 8x (x), Onicescu length £, ([), and Shannon length N
(®) of the Hermite polynomial Hj, (x) as a function of n
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Fig. 2 Standard deviation Ax (+), Fisher length 8x (x), Onicescu length £, (L), and Shannon length N
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Fig. 3 Standard deviation Ax (+), Fisher length 8x (x), Onicescu length £, (L), and Shannon length N

(®) of the Jacobi polynomial P,Ez’z) (x) as a function of n

the standard deviation and the Fisher length, while the Shannon and Onicescu lengths
decrease in this case as n grows. There are quantitative differences, of course; but there

: e 3

is one quantitative similarity: the rate §x/Ax decreases as n~ 2 like in the Laguerre
case. For a more extensive numerical discussion of the various spreading measures of
these and other classical orthogonal polynomials, please see Refs. [24-26].

7 Conclusions and Open Problems

We have reviewed the knowledge of the recently introduced information-theoretic
lengths of the classical orthogonal polynomials in a real, continuous variable. These
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measures quantify the spreading of these polynomials over its orthogonality interval
in a complementary and more appropriate way than the standard deviation. They do
not depend on any specific point of the interval. Moreover, they are direct spreading
measures in the sense that they have the same units as the involved random variable and
they possess a number of common invariance properties with the standard deviation,
what facilitates their use and interpretation.

The standard deviation and the Fisher length can be explicitly given in a simple
manner. The Rényi length can be expressed in terms of the degree n and the polyno-
mial parameter(s) via the Bell polynomials in all cases and a Lauricella function in the
Laguerre case. The Shannon length has not yet been calculated but its asymptotics has
been determined and some bounds have been found either variationally (Jacobi) or by
means of an information-theoretic technique. Then, the accuracy of these bounds and
the mutual comparision of the four direct spreading measures used in this work have
been numerically studied. For completeness let us here mention that interesting but
formal and cumbersome expressions between the Shannon entropy and the zeros of
some classical orthogonal polynomials have been found in the literature [4,40,41]

Finally let us point out a few open problems whose solution is not only very rele-
vant per se for the algebraic theory of classical orthogonal polynomials but they could
also help to improve and extend this work. First, to derive linearization formulas for
arbitrary powers of Hermite and Jacobi polynomials; this would help to find alter-
native expressions to the Rényi lengths of those polynomials. Second, to determine
the £,-norms of the Laguerre and Jacobi polynomials what are not known for all the
classical orthogonal polynomials save for the Hermite polynomials [42]. These two
problems and their corresponding asymptotics with respect to the degree of the polyno-
mials and the parameter g appear in the study of the Rényi lengths of the polynomials.
Third, to find sharp variational bounds to the Shannon length of the orthogonal polyno-
mials mentioned above. Fourth, to identify the largest class of orthogonal polynomials
which satisfy the relation (39) fulfilled by three canonical families of classical orthog-
onal polynomials in a real continuous variable. Fifth, to look for similar correlations
among the Fisher and Rényi lengths and standard deviation for Hermite, Laguerre and
Jacobi polynomials.
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4.2. Normas L, y entropias de Rényi de los polinomios ortogo-
nales

Esta seccién contiene los dos articulos siguientes que tratan el calculo de normas L, y de
entropia de Rényi de polinomios ortogonales, y su asintética.

1. Rényi entropies, L, norms and linearization of powers of hypergeometric ort-
hogonal polynomials by means of multivariate special functions.
P. Sanchez-Moreno, J. S. Dehesa, A. Zarzo y A. Guerrero.
Applied Mathematics and Computation 223 (2013) 25-33

2. Asymptotics (p — oo) of L, norms of hypergeometric orthogonal polynomials.
J. S. Dehesa, A. Guerrero, J. L. Lépez y P. Sanchez-Moreno.
Journal of Mathematical Chemistry 52 (2014) 283-300

En el primer articulo se calculan las normas L, asociadas a los polinomios ortogonales de
Laguerre, Hermite generalizados y Jacobi, asi como las entropias de Rényi correspondientes R,
p € N. Para ello se utilizan las técnicas de linealizaciéon polinémica de Srivastava y Niukkanen,
escasamente conocidas. Los resultados obtenidos se expresan en términos de funciones hiper-
geométricas generalizadas de tipo Lauricella (en el caso Hermite y Laguerre) y de Srivastava-
Daoust (en el caso de Jacobi) evaluados en algunos valores especificos de las 2p variables. Estas
funciones dependen de 4p+1 y 6p+ 2 parametros, respectivamente, que estan determinados por
el orden p y los parametros de la funcién peso correspondiente.

En el segundo articulo se investiga la asintética (p — oo, n fijo) de las normas L, de las densi-
dades de Rakhmanov de los polinomios ortogonales hipergeométricos genéricos {y,(z)} mediante
el método de Laplace y la ecuacién diferencial de tipo hipergeométrico que tales polinomios sa-
tisfacen. De esta forma extendemos los resultados de Larsson-Cohn sobre los polinomios de
Hermite [51] a cualquier polinomio ortogonal de caracter hipergeométrico. Ademads, se analiza y
discute criticamente la propiedad de monotonia de esta asintética y se lleva a cabo un estudio
numérico de ella.
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ARTICLE INFO ABSTRACT

Keywords: The quantification of the spreading of the orthogonal polynomials p, (x) can be investigated
Orthogonal poynomials by means of the Rényi entropies Ry[p], q being a positive integer number, of the associated
Renyi entropy ) Rakhmanov probability densities, p(x) = w(x)p?(x), where w(x) is the corresponding
Hypergeometric functions weight function. The Rényi entropies are closely related to the L;-norms of the polynomi-

Lauricella function

Srivastava—Daoust function als. In this manuscript, the L;-norms and the associated Rényi entropies of the real hyper-

geometric orthogonal polynomials (i.e., Hermite, Laguerre, and Jacobi polynomials) and the
generalized Hermite polynomials are expressed in an explicit way in terms of some gener-
alized multivariate special functions of Lauricella and Srivastava-Daoust types which are
evaluated at some specific values of 2q variables. These functions depend on 4q + 1 and
6q + 2 parameters, respectively, which are determined by the order g, the degree n of
the polynomial, and the parameters of the orthogonality weight function w(x). The key
idea is based on some extended linearization formulas for these polynomials. These results
open the way to determine the Rényi information entropies of the quantum systems whose
wavefunctions are controlled by hypergeometric orthogonal polynomials.

© 2013 Elsevier Inc. All rights reserved.

1. Introduction

The theoretical determination of integrals containing products of an arbitrary number of hypergeometric orthogonal
polynomials is a long standing, yet generally unsolved, mathematical problem from the times of Erdélyi, Feldheim, Bus-
bridge, Bailey, Carlitz and Titchmarsh (see e.g. [25,17,27,18]) up until now [4,8,1,2,9-11,14,62,33,34,39,42,44-46,52-
55,61,65,68,70,71,74,36]. It appears frequently in many scientific and technological domains, ranging from combinatorics
[62] and weighted permutation problems [30,26,12,36,29,35], to the theory of angular momentum and mathematical phys-
ics for the evaluation of matrix elements of Hermitian operators which describe physical observables of quantum systems
(see e.g. [52,68,51] and references therein). Specially relevant from both fundamental and applied standpoints is the calcu-
lation of the integrals containing arbitrary (i.e., non-necessarily integer) powers of a certain hypergeometric orthogonal poly-
nomial, because (a) they are closely related to its L, norm (see e.g. [5,43,6]), to different quantifiers of its spreading all over its
orthogonality interval, the information-theoretic lengths [22,32,63,64], and various information-theoretic quantities (Rényi
and Tsallis entropies and lengths) of the probability density associated to the polynomial, (b) they admit combinatorial
[62,29,42,39,36,35] and entropic [22,32,63,64] interpretations, and (c) they describe the expectation values of some
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quantum observables of the Hilbert space of numerous physical systems (which are the quantum-mechanical predictions of
the experimentally accessible physical quantities) [52].

Let us consider the system {p,(x)} of hypergeometric polynomials which are orthonormal with respect to the weight
function w(x) on the real interval A = (a,b). The probability density associated to these polynomials is given by
Pn(x) = w(x)p2(x), which is to be called Rakhmanov’s density, because this author discovered [56] for the first time that it
governs the asymptotic (n — +oo0) behavior of the ratio of two polynomials with consecutive orders. The spreading of the
polynomials p,(x) along its orthogonality interval may be quantified by means of the gth-order frequency moments (also
called probability or entropic moments) of its associated probability density, which are the qth-power of the weighted L,
norms of the polynomials, defined by

Wolp,) = / [pa(x))"dx = / [EP2X)] dx = (|1 )

as well as in terms of the closely related Rényi [58,80] and Tsallis [77,78] entropies of order g, which are given by

1
RQ[pn]:mlan[pn]; q>07 q#17 (2)

and
1
Tq[pn}:qj(l—wq[pn}); q>0, g#1, 3)

respectively. The R, and T, quantities, which include the celebrated Shannon information entropy S[p,]=
— [\ pa(x)log p,(x)dx in the limiting case q — 1, grasp different aspects of the distribution of the probability density p, (x)
along the interval A when the order q is varying. See e.g., the recent review [23].

The goal of this work is the determination of the frequency moments, so the weighted L, norms and the Rényi and Tsallis
entropies, of the three canonical families of real hypergeometric ortogonal polynomials (i.e., Hermite, Laguerre and Jacobi)
and the generalized Hermite polynomials in terms of some generalized multivariate hypergeometric functions of Lauricella
and Srivastava-Daoust types [69]. These quantities inform us about the distribution of the hypergeometric polynomials
along the orthogonality domain in a quantitative manner.

This issue has a manifold motivation. The integer-order frequency moments of a probability density completely charac-
terize the density under certain conditions [41,59]; this is specially interesting in those cases where the ordinary or power
moments do not do it properly (see e.g., [60]). The L, norms has received much attention in approximation theory, the theory
of extremal polynomials [49] and the theory of trigonometric series [81], but only recently they have been calculated for the
nth-degree real classical ortogonal polynomials in terms of the combinatorics-based multivariate Bell polynomials [32,63,64]
(see also the review [22]). This method, however, is not very efficient for high and very high degrees. The asymptotics
(n — o) of the L, norms of the orthogonal polynomials p,(x) has had its own interest and development since the times of
Bernstein and Steklov [49,15,72] up until now [5,6,43] (see also [7] for a review); recently, the leading term of this asymp-
totics has been fully determined for Hermite polynomials [6], remaining open the Laguerre and Jacobi cases. As well, the
asymptotics (@ — oo) has also been considered by Suetin [72] and Rakhmanov [57] for polynomials orthonormal with respect
to a positive weight; recently the leading term of this asymptotics has been calculated for Hermite, Laguerre and Jacobi poly-
nomials [21] and the generalized Hermite polynomials [31].

Physically, the Rakhmanov density p,(x) describes the probability density of the ground and excited states of the physical
systems whose non-relativistic wavefunctions are controlled by the polynomials p,(x) (see e.g. [24] and references therein).
Moreover, the physical and chemical properties of a quantum system strongly depend on the distribution of its charge density
over the confinement region of the system. This charge density is closely connected with the Rakhmanov density of the hyper-
geometric orthogonal polynomials or the special functions of mathematical physics which control the wavefunctions of the
quantum-mechanically allowed states of the physical system under consideration. The frequency moments of this density
(a) allow us to gain insight into the internal disorder of the quantum systems and (b) represent various fundamental and/or
experimentally measurable quantities of the systems; e.g., the frequency moments of order g = 1, 2, £ and 3 are, at times up
to a proportionality factor, the number of constituents, the average electron density, and the Thomas-Fermi and Dirac exchange
energies (see e.g. [3,23]), respectively. In addition, they can be used to characterize the macroscopic properties of atoms and
molecules which can be represented by functionals of the single-particle density of the physical systems [48,47,50]. On the
other hand, let us point out here that the L, norms of the Hermite polymomials fully determine the frequency moments of
the highly-excited (i.e., Rydberg) states of the isotropic harmonic oscillator [6]. The Rényi and Tsallis entropies, which are global
measures of the spreading of the density because they are power functionals of p, (x), have been recently used for different pur-
poses in a great variety of fields ranging from finances (see e.g., [ 13,16]), theory of multifractal systems [38], statistical physics
[77-79], to theory of electronic structure and quantum information (see the recent review [66]).

The structure of this paper is the following. First, in Sections 2-4, the Rényi entropies R,[p,] of the real hypergeometric
orthogonal polynomials (i.e., the classical orthogonal polynomials in a real continuous variable) are expressed in terms of the
multivariate Lauricella functions Ff‘” (% . %) for the Laguerre, Hermite and generalized Hermite cases, and in terms of the

Srivastava-Daoust generalized function F}fﬂl (1,...,1) for the Jacobi case, respectively. Finally, some conclusions and open

problems are pointed out.
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2. Rényi entropy of Laguerre polynomials L (x)

In this Section, we calculate the Rényi entropies R,[p,,] of the Rakhmanov density

o) = pILEY) = e [L7 0] @)

n,o

associated to the Laguerre polynomials L\ (x), orthogonal for & > —1, with normalization constant dﬁ.’a =I'(n+a+1)/n!, so
that the probability density p% () is normalized to unity. They are found to be determined by a Lauricella function

Ff‘” (%%) The key idea is to use the extended formula of Srivastava-Niukkanen [68,71] which linearizes any positive

integer power of Laguerre polynomials.
We begin with the definition (2) for the gqth-order Rényi entropy of the Rakhmanov probability density pj, ,(X):

Rioti) =g () ' [ e (1) | @] = 1o m {(diﬂ)"q““ [ el (2)] zqdy} G

where we have performed the change of variable y = gx. Notice that this expression is valid for « > —1/q. The equivalence
between the powers of the Laguerre polynomials is valid only for ¢ € N. We now employ the linearization method of Srivast-

ava-Niukkanen [68,71] for products of various Laguerre polynomials of the form xﬂLﬁ,‘f:) (t1X) - -Lfﬁ:)(trx) to obtain the follow-
ing linearization expression of the integer rth-power of the Laguerre polynomial L\ (ty):

r x .
V)] =Y atwr.tn et v (6)
i=0
with the coefficients
n+a\" Y+ u+1;"n r T S A
. — (1 (r+1) ’ LA ) .
atrenay) = 0, (" O R TR T )
—_—— ———

r

where Fﬁ(“’(xl ,...,Xr) denotes the Lauricella function of type A of r + 1 variables and 2r + 3 parameters defined as [69]

Fﬁ\s)("%bh-wbs.x] Xs) i (@), (1), -+ (Bs)y, -

Ci,....Cs i (1), - (co);, Gl

(8)

Now we linearize the power of Laguerre polynomials in right-hand side of Eq. (5) in terms of the system {LEOJ (y)} by
means of the linearization formula (6) for the integer power of the orthogonal polynomials L\ (ty). Taking the values
u=oq,t= % r=2q and y = 0 into Eqgs. (6) and (7) we obtain

2q 2q
—_——— . —
oq L(oc) X zqiir(a +]) n+o zqF(ZqH) OCQ+1§_n7--~7—n7_l.1 11 L(O)() (9)
Y n q _ifO q o A O(+174..,OC+],1 7q’”"q7 i Y)-
= —————————
2q

Then, the replacement of this expression into Eq. (2) gives rise to the Rényi entropy

2q 2q

Riot =Yl ot [ oS Fag (Y ZqF(qu) g + 150, =, i T T 1[0 (10
q[pn.oc]fq (n,a) q /0 Zo: (q+ ) o A OC+]7...7OC+17] 767'“,67 i (y)y . )
i=

2q

Using now the orthogonalization condition of the polynomials {Lfo) (¥)} we can immediately realize that all the summa-
tion terms vanish except the one with i = 0, so that

2q 2q
—_—— ——
1 n! TT(ag+1) (n+a\* oo | 2a+1:50,.,-1,0 1 1
Ry(p,,] = In F2ary =1
Wnal =1 _gqg In+o+1) qra+1 o A o+1,...,0+1,1 g q
_———
L 2q
[ 2q 2q
—N—
1 In Fag+1) (C(n+a+1))7 F20 ocq+1;—n7...,—n.l 1
71_q qg(q+1 (n')q(r(a+1))2q A O(“‘],‘..,OC—F] 7q,-.-,q )
L 2q
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which gives the values of the Rényi entropy of the Laguerre polynomials L (x) for all integer orders (i.e., when q € N). Note
that the order of the Lauricella function has been reduced to 2q in the second equality. Finally, let us realize that the L;-norm
and the associated Rényi entropy depend on the order g, the polynomial degree n and the polynomial parameter o.

3. Rényi entropy of generalized Hermite polynomials HY (x)

The generalized Hermite polynomials H" (x), u > —1, are real polynomials orthogonal with respect to the weight
w(x) = [x|*"e**. These polynomials, which do not have an hypergeometric character, were introduced by Szegé [73] and
extensively studied by Chihara [19], who obtained various algebraic properties beyond orthogonality (e.g., the second-order
differential equation, the explicit expression, the Rodrigues formula, a generating function,. .. ). Recently other analytic prop-
erties have been found, such as characterization problems, operational rules of Dunkl-type and connection and linearization
formulas for the products of two polynomials. Moreover, the generalized Hermite polynomials have been shown to be useful
in numerical analysis and various physical fields.

In this Section we determine the Rényi entropies R,[p! . of the Rakhmanov density of the generalized Hermite
polynomials

1 ) 2
PLuX) = pIH) = —— X [HY ()| (1)
a2 i
in terms of the Lauricella function F*? <%, ... %) The factor

2 92n E | n+1 1

@, =2" 3] Fq S|+ as
is the normalization constant of the polynomials, where |x| denotes the integer part of x. We will use a methodology which
begins with the definition (2) of Rényi entropy, continues with the relation between the generalized Hermite and Laguerre

polynomials and, finally, employs the linearization formula (6) of Srivastava-Niukkanen.
From Eq. (2) the Rényi entropies of the Hermite polynomial H,(x) is given by

1 oo 2 2\1
Rylpt ] = 4 In / . (dﬁﬂ) M xPragax ((HL’”(x)) ) dx

— o |@,) g / e (1, (L)) ey (12)
1-q e o0 "\Va
forpu > —-L Where we have made the change of variable y = ,/gx, and the equivalence between the powers of the generalized

Hermite polynomlals is valid only for q € N. To calculate this Hermite functional, we first take into account the following
expressions of generalized Hermite polynomials of even and odd orders in terms of Laguerre polynomials

HE () = (127"l 2 02), > -, (13)
HPY L () = (<122 nxL P o2),  p> -2 (14)

so that we have

e () e G

with the constant

n-—v

Ang) =227 (1 (U2 1))2q (16)

and the parameter v = 0 for even n, and v = 1 for odd n.

Thus, we can use the formula (6) to linearize the (2q)th-power of generalized Hermite polynomials given by Eq. (15)
although only when q € N.

From Eqgs. (15), (6) and (7), one has

ylz“q{Hﬁ“)(%)r Ang(vV)q ch( q(u+v), 261,6,*7%%%7*1) L) (17)

with the linearization coefficients
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2q
1n-v 1 1 1 e aqeny QU+ V) + 10 ] 1
e (a(u+v).2q. 2 "0 +v77,77>:<f> ) xEEen R S L
’<<q(” Wg Ty Y ) =) L e A pHv+L o ptv+il a7 g

2

where F e+ (11 1) js a Lauricella function of 2q + 1 variables (see Eq. (8)). Moreover, using again Eq. (15) in Eq. (17)
one obtams the following linearization relation for the (2q)th-power of generalized Hermite polynomials
2q o0 ntv—1 2 l y—n y—n 7k 1 1 1
e ()] -0 () (B )
v g (s S (G) (L) e T ) o) (18)

Now, taking this expression into Eq. (12) and keeping in mind the orthogonalization condition of generalized Hermite
polynomials one realizes that the only non-vanishing contribution from the summation is the one with k = 0; so that we find

2q
1 -~ N4 s o+ =l sqiny QU V) 1o 1
R.ioH 1= Inl(d 34 (v q»(_) 2 F2a+D) 202 2 = =1
alPnd 1-¢ [( ”“’) q na(M4 {5 aum \ 5 A RAV+L, . u+v+33707 g

+oo
/ ey Hg)) (y)dy} .

Thus, one finally finds the values

1 (T + e\ 1) % 1\ L0r 3 1
= [ T AR Lt e
9 2 pAvespevezy 41

2q

Finally, since the last upper parameter of the Lauricella function is b,q,1 = 0 we can reduce it to a Lauricella function
F(Z‘”( q> as follows
2q
—n v—n

ntv+1)\ 1 -2q qu+v)+ %7,...77
Rq[pnﬂ]—Lln q e <M> <F<M+V+%)> F<q(u+V)+%>Fﬁf‘” 1 2 12 Lo
(3 +1) T q q

2q

2q

for the Rényi entropies of integer order g for generalized Hermite polynomials, H* (x), with v = 0 for even degree and v = 1

for odd degree. Notice that they are expressed in terms of n, 4 and q, only.
As a particular case, for u = 0, we obtain the expression of the Rényi entropy of the usual Hermite polynomials:

2q
e 2q
Yy—n y—n
Rolply) = ——1 vq1<r("+§+]) )qr LARTESAN Wtz T
- (Y (1 2)) () |
g rz+1) 2 2) " v+%,...,v+% @ 4
—_———

which is completely determined by n and gq.

4. Rényi entropy of Jacobi polynomials P\*” (x)

In this Section we determine the Rényi entropies Rq[p, , 4], € N, of the Rakhmanov probability density

Prap®) = d%u —x (140 (P w)’, (19)

no.p

associated to the Jacobi polynomials P**(x), orthogonal for o and § > —1, with the normalization constant

> 2" T(a+n+ DIB+n+1) 20)
PN+ f+2n+ DI+ f+n+ 1)
These entropic quantities are found to be expressed by means of a Srivastava-Daoust function F}’ %::f (1,...,1) of the 2q
variables (x1,...,X,q) evaluated at (1,...,1), and 2q + 1 parameters, as we will show in the following.

We begin with Eq. (2) which deﬁnes the Rényi entropy Ry[p,, ;] as
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Relpnopl = ] 1q In (d21 ﬁ)" /_1 (1-x)™1 +x)/fQ((P,<1x.ﬁ) (x))2>qu 1)

for o, p > —1/q. Now, we linearize the term

{(P(n“’ﬁ)(x))zr = [Pff’/‘)(x)]zq, forgeN, (22)

in terms of the Jacobi system {PE“‘”””} by means of the following Srivastava’s linearization formula [68]
r x .
(PR () =D E(rn, o, 8,7, )P0 (), (23)
i=0

where the expansion coefficients are given by

N n+o\’ P40+ 2i+1)(—p); oo B+1Ly+u+1:—no+p+n+1;..;-no+p+n+1 —_—
i(u,r.n, o, B,7,0) = 7+1 — —F5 1., 1.
Ci(pr,m, %, §,7,9) ( n )(’)+ )“W+1)f(“/+0+1+1)ﬂ+1 21551 U—i+1,p+0+pu+i+2:0+1;.. ;041
—,_/
(24)
The symbol F22 """ “2(x1,...,%) denotes the r-variate Srivastava-Daoust function [68] defined as
1 1 X
— al),....aP . a§),...7a§”1);...;a(,),...,a(rp).xl .
B ey ’ (A
o=\ p0 L pl0 pth o plan. pM )
(1) (po) (1) (p1) (1) (p2) (1) (pr) i1 o j
g O 08 (), @), @), ) @, ), s
(1) (do) (1) (a1) (1) (d2) (1) (ar) il g
oo (by )j1+--«+jr.”(b00 )j1+.“+j, (b3 )j, - (by! )j1 (b; )jz"'(bzz )jz"'(br )j,"'(br )j, Tzt

which depends on N = 377 (p; + q;) parameters. See [68] for further details and applications. Notice that the Srivastava-

Daoust’ generalized special function F% %:::::1(1 ., 1) which appears in Eq. (24), has N = 3r + 4 parameters, presenting the
expression
,
F22:.2 u+1,y+pu+1: —n,oz+ﬁ+n+1;4..;—n,<x+[3+n+1_i——/l—-T
21551 U—i4+1,p+0+pu+i+2:0+1;..;0+1 T
r
L M+ g, (P41, X(fn>jl(a+ﬁ+n+1) Cm et it l)
I (it Rk VN O R TR ) (4 1) - (e + 1) Jy! - jy!

In order to linearize the term (22) encountered in the expression (21) of the Rényi entropy by means of the Srivastava’s
formula (23)-(24), we have to consider the case y = 0. For such a case the linearization coefficient
oc)r( 1 (GH+o+20+ )W A+ g+ u+1)
PO+ +0+1+1),, el (U—i+1); (P +o+p+i+2);
(=), (@ +B+n+1); - (-n) (@+p+n+1)
(+1); - (o4 1)yt Ji! ’

G(u,ron, o B,7y,0) = (H

X

(25)

presents an indetermination problem provoked by the first Pochhammer symbol in the denominator of the summation ker-
nel. This problem can be solved by using the following Slater’s formula [67]

CR A, zF1(V+“+j1+ ~+j,+1,—i;1). -
P+ Di(u—i+1); y+1
Taking the expression (26) into Eq. (25), we have that the coefficient needed in our problem becomes
¢ N+o\ P4+0+2i+1 < K O+ D,
Ci(o’r’n’a’ﬁ’y’é):( n )yﬁ/+5+l+1 ;ojnz—ov+(s+?+2]),:1ﬂ
(=1);, (4 B+ 1+ 1) - (=) (%4 B+n+1); (=) |
(OH_l)jl"'(a+1)1r(7)+1)1,,111- Gl )

so that with 4 = 0,r = 2q,y = aq and § = 8¢, the Eq. (23) provides the following linearization formula for even powers of the
Jacobi polynomials:

(27)
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(P£“~ﬁ> (x)>2q = iﬁi(O, 2q.n,0, B, g, pq)PP? (x). 28)

i=0

The replacement of this expression in Eq. (21) allows us to find

1 1 ! x S x
RolPnopl =74 I (@) / (=X q(1+X)”q;q(0,2q,n,oc7ﬁ,otq7ﬂQ)P§ 9 (x)dx | (29)

no.f

The use of the orthogonalization condition of the system {PE“‘”"”} allows us to boil down this expression to a single term:
the one corresponding to i = 0. We obtain that

2

Relonasl =1 1 g0 d"z"“‘”qu ¢0(0,2q,n, o, B, g, fq) |, (30)
C
with
€(0,2q,n,%, B, 0q, fq) = (n+o¢)24 o 5 0 Dy T, PR, W), (4 fn L,
n jl‘_“quzo(ocq+[3q+2)jl+m+j2q (a+1); - (o + l)qujl!w-]zq!
_ <n+oc)z"F]:z:_“:z(ocq+1:—n,oc+/f+n+1;...;—n,oc+/3+n+1.1 1)
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where the involved generalized special function is a 2g-variate Srivastava-Daoust function evaluated at unity; i.e., at
(1,...,1). Thus, we have finally found the following expression

1 [ Tag + DT(g +1) (mi@+p+2n+ DI+ p+n+1) !
q I'(og + pq + 2) 2o+ n+ DHI(f+n+1)
2q 5
q
X<n+oc)2"F1:2;_“:2 aq+1:-no+f+n+Tionotfrntl ——
n ted aq+pq+2:a+1;..00+1 P
N— ——
2q

RelPpos) = 1

for the Rényi entropy of the Jacobi polynomials P\*# (x) with order g = 2,3, 4,... It is worth noting that this quantity depends
on the order g, the polynomial degree n and parameters « and S.

5. Conclusions and open problems

The L,-norms and the associated Rényi entropies Ry, q € N, of the hypergeometric orthogonal polynomials {p,(x)} in a real
continuous variable (i.e., Hermite, Laguerre and Jacobi polynomials) and the generalized Hermite polynomials have been ex-
pressed in terms of some generalized multivariate special functions of Lauricella type and Srivastava-Daoust types evaluated
at some specific values of 2q variables. These funcions depend on 4q + 1 and 6q + 2 parameters, respectively, which are
determined by the order g, the degree n and the parameters of the corresponding weight function. We have used a meth-
odology based on some non-sufficiently known linearization techniques of Srivastava and Niukkanen. Although the Rényi
entropy of the polynomials p, (x) can be efficiently computed directly from its definition (see Egs. (1) and (2)) when n is
not high enough, our results are relevant from an analytical point of view because they open the way to find interesting
properties for the Rényi entropies of the polynomials by using the rich variety of analytical properties provided by the theory
of the special functions for the generalized multivariate hypergeometric functions. Moreover, they allow us to study the
asymptotics of the L, norms, the entropic moments and the Rényi entropies of the hypergeometric polynomials when the
degree n is high and very high, by means of the determination of the concomitant asymptotics of the generalized hypergeo-
metric functions of Lauricella and Srivastava types: when their characterizing parameters are large and very large. The latter
requires to use and extend recent investigations of various authors [75,76,28,20] done for simpler functions where one of the
parameters is very large, what lies beyond the scope of this paper.

This theoretical effort is not only mathematically interesting per se because it might be an alternative approach to the
most sophisticated and fine methods of Riemann-Hilbert and Tulyakov (see e.g. [6]) for the analytical evaluation of the L,
norms, but also physically relevant because it would allows us to e.g., determine the exact values of the macroscopic fun-
damental and experimentally accesible quantities of the highly-excited (i.e., Rydberg) atomic and molecular systems; in-
deed, they are controlled by the L, norms and entropic moments of the Rakhmanov probability density of some
hypergeometric orthogonal polynomials. In this sense, this work is a further motivation to foster the present investigations
in the largely unexplored field of asymptotics of the generalized multivariate hypergeometric functions in spite of the ele-
gant results which have been done by a number of researchers (see e.g. [75,76,28,20]).
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Let us mention that the determination of the L, norms of the orthogonal polynomials of the Askey tableau [40] other than
the classical polynomials considered here is a completely open issue for both continuous and discrete variables. In the latter
case the problem is harder because there are no practical procedures of linearization of powers of these polynomials in spite
of a few efforts based on the recursion relation [46,14], the difference equation [1], or motivated by some combinatorial
problems [62,37].

Finally let us point out that our method to calculate L;-norms with an integer positive q is related to the explicit expres-
sions of the linearization coefficients (see them in e.g. Chapter 9 of [35] or [40] for the squares of hypergeometric orthogonal
polynomials, and [68,71] for higher powers). Thus, it cannot be used to calculate the L,-norms when q is any positive real
number. The latter requires a completely different approach, still unknown at least to the best of our knowledge. Indeed,
it would be most interesting to develop such an approach to provide a more general answer to our problem, without the
need of the linearization coefficients.
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Abstract The determination of the weighted L, norms of the real orthogonal poly-
nomials of hypergeometric type {y,(x)} is not only a very important problem per se
in the theory of special functions, but also because of their recent entropic charac-
terization and applications in quantum chemistry, quantum physics and information
theory. Indeed, they essentially describe the pth-order Rényi and Tsallis entropies of
the numerous quantum systems whose wavefunctions are controlled by these poly-
nomials. Moreover, for different values of p, up to a constant factor, these norms
characterize various fundamental and experimentally accessible quantities of many-
electron systems. As well, the L, norms have been used to develop and interpret all
energy components in the density-functional theory of the ground-state of atoms and
molecules. The asymptotics of these quantities when n — oo and p > 0 have been
recently calculated for Hermite polynomials, although not yet for Laguerre and Jacobi
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polynomials. Here, we determine the asymptotics (p — 00, n fixed) of the weighted
L , norms for general orthogonal polynomials in terms of the weight function and the
coefficients of the second-order hypergeometric differential equation that they satisfy,
and we apply it to the three classical families of real orthogonal polynomials. More-
over we analyse and discuss the monotonicity of this asymptotics, and we carry out a
detailed numerical study of it.

Keywords Orthogonal polynomials - Quantum chemistry - Quantum physics -
Information theory - Hermite polynomials - Laguerre polynomials - Jacobi
polynomials - L ,-norms asymptotics

1 Introduction

Let {y,(x)} denote a sequence of real polynomials orthogonal with respect to the
weight function w(x) on the interval A. The probability density of the polynomial
yn(x), to be called Rakhmanov‘s density heretoforth because he found [1] that it
governs the asymptotic (n — 00) behaviour of the ratio y,+1/y, for general > 0
almost everywhere on the finite interval A, is given by

1 2
;On(x) = d_’%a)(x)yn(x)’

where d,% is the normalization constant. Physically, p, (x) describes the probability
density of the ground and excited states of the physical systems whose non-relativistic
quantum-mechanical wavefunctions are controlled by the polynomials y, (x) (see e.g.,
[2,3]).

This density distribution can be characterized under certain conditions either by
means of the ordinary moments pj := f A x* p, (x)dx [4,5] with integer order k, or
via the frequency moments (also called probability moments or entropic moments) of
integer order k, vy 1= f A Lon (x)]k dx [5-8]. The latter quantities are the integer-order
instances of the weighted L , norms of the orthonormal polynomials y, (x), which are
set by

|
lonllp = /[pn(x)]"dx = /[w(x)y,%(x)]pdx p>0. (1)
A

n
A

They are closely related to not only the pth-order frequency moments W,[p,] =
Il on ||£, but also to various information-theoretic measures such as the Rényi entropies
[9] Rp[px], the Tsallis entropies [10], T),[0,] and the Rényi spreading lengths [11]
L 5 [0n], which are defined as P

1
Rp[pn] = 1 In Wp[pnk p>0,p#1,

- P
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1
Tplon]l = F (1 - Wp[pn]); p>0,p#1,

P
—1

Lol = exp (Rplonl) = llonllp”

respectively. These quantities, which include the Shannon information entropy
Slon] = — f A PnIn ppdx in the limiting case ¢ — 1, grasp different aspects of
the distribution of the probability density p,(x) along the interval A when the order
p is varying (see the recent review [12]).

From a chemical point of view these quantities do not only allow us to grasp various
aspects of the internal disorder of many-electron systems (which are closely connected
with the rich three-dimensional geometry of their electron distributions), but also they
describe up to some constant factors numerous fundamental and experimentally acces-
sible chemical quantities (average electron density, electron-nucleus attraction energy,
kinetic and exchange energies, among many others; seee.g., [12—14]) and tightly bound
other macroscopic properties of these systems [15—17]. Moreover, it most important
that the L, norms have been used to develop and interpret all energy components
in the density-functional theory of the ground-state of atoms and molecules [18-20].
In addition, they have been used as uncertainty measures in chemical and physical
quantum systems [21]. For further details, see the recent survey [12].

The analytical determination of these norms has been a long standing problem not
only in quantum chemistry but also in the theory of special functions and extremal
polynomials itself since the times of Bernstein and Steklov (see e.g., [22—24]) and in the
theory of trigonometric series [8]. Recently, they have been calculated for polynomials
yn (x) with arbitrary degree n by means of the combinatorics-based Bell polynomials
in the Hermite [25], Laguerre [26] and Jacobi [27] cases; see also [28]. However, this
methodology is computationally very demanding and analytically inefficient for high
and very high values of n. Recently, extending some previous works of Aptekarev et
al. [29] when p € [O, %‘], the strong asymptotics (n — oo and p > 0) of the weighted

L , norms has been fully determined for Hermite polynomials H), (x) [30] orthogonal

: . . 2 . .
with respect to the weight function wy = e~* . This result has been achieved by

means of the Tulyakov method [31] whose initial starting point is the recurrence
relation of the polynomials; so, opposite to the matrix Riemann—Hilbert method [28]
which begins with the orthogonality weight. We should immediately underline that
both weak* [32] and strong [29] asymptotics of Laguerre and Jacobi polynomials are
still lacking in spite of some serious efforts [23,33,34].

For completeness, it is worth mentioning here that the pth-power of the (non-
weighted) L, norms defined as N,(p; ) = fA [v.(¥)]? w(x)dx has also been
considered and its asymptotics has been determined for n — oo in some special cases
[29,33,35]. Indeed, the leading term of the asymptotic behavior of the norms N, (p; w)
for the polynomials orthogonal with respect to a weight function satisfying either the
Bernstein condition or the weaker Szego condition has been calculated, obtaining more
refined results for Jacobi polynomials [29,33]. As well, the asymptotic behavior of the
Hermite norms N, (p; w%z) when n — oo has been found and applied by Larsson-
Cohn [35] to some extremal problems on Wiener chaos [35]. In the discrete case, the
only results found in the literature are the ones of Meixner [36] and Charlier [37]
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polynomials, which were recently used to determine the asymptotics of generalised
derangements.

The aim of this work is the calculation of the complementary asymptotics (i.e., for
p — oo and n fixed) of the weighted L , norms of general hypergeometric orthogonal
polynomials (i.e., with respect to a general weight function on the real line) and
their applications to the systems of orthogonal polynomials of Hermite, Laguerre and
Jacobi types. We use the Laplace’s asymptotic method, which is much more efficient
for this problem than the ones based on linearisation [38—48], combinatorial [49] and
integro-differential [50] techniques.

The structure of the paper is the following. In Sect. 2 we determine the asymptotics
of the pth-power of the weigthed L, norms of general orthogonal polynomials for
large values of p by means of the Laplace’s method [51] together with the second-
order hypergeometric differential equation of the polynomials [52]. Then, in Sect. 3,
we apply the previous result to Hermite, Laguerre and Jacobi polynomials. In Sect. 4
we analyse the monotonicity behaviour of the asymptotics of the L, norms of these
hypergeometric polynomials. Later, in Sect. 5, we make a numerical study of the
weighted L, norms in some special cases. Finally some conclusions and references
are given.

2 Weighted L ,-norms of general orthogonal polynomials: asymptotics
(p — 00)

In this section we determine the asymptotics (p — o0) of weighted L, norms of the
system of polynomials {y, (x)} orthogonal with respect to the weight function w (x)
on the interval (a, b) of the real line, not necessarily finite. According to Eq. (1) we
have that the pth-power of the weighted L, norm of the polynomials y, (x) is given
by

b b

/ [w(x)y,f(x)]p dx = / PMo+n @] g, @)

a a
To estimate the asymptotic behaviour of this quantity when p — o0, we use the
Laplace’s method [51], designed to derive an asymptotic expansion of the functional
integral

b
FIf] =/e1’f<x> dx, p>0, f(x)real

a
Let us suppose that this integral converges absolutely for large enough p. For large
p, the dominant contribution of the integrand to the integral occurs around the point
xo € la, b] where f(x) reaches its maximum value, so that the contribution of the
integrand to the integral is exponentially damped away from it.
Assume that f € C3(a, b) and has only one simple maximum at x = xg in (a, b).
Then f'(x9) =0, f”(x¢) < 0 and
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Fifi = e | |27 o], po oo 3)
—pf"(x0)

Moreover, if the function f(x) has two or more maxima the dominat contribu-
tion to the functional F[ f] comes from the absolute maximum xy of f(x), mainly
because the contribution from a local maximum at x; is suppressed by the factor
exp (f(x1) — f(x0)). Then, the asymptotics of the weighted L, norm of y,(x) is
basically controlled by the absolute maximum of the function

f0) =Inw(x) +1Iny; (x),
whose value xog = xq(n) is the solution of the equation

yax0) 1 a'(xo)

= . 4
Yn(x0) 2 w(xo) @

So, from Egs. (2)—(4) one has that

b
2 ro. 2 p 2 1
[ o] ax=[wwoion)] [,/mm(p >]p+oo, 5)

a

where

1" (x0)

_ o) 3 [a)’(XO)]Z L i)
w(xo) 2 [ w(xo) yn(x0)

Furthermore, since the polynomial y, (x) satisfies [52] the hypergeometric differential
equation

0 (X)yy (¥) + T(X) 9, (X) + A yu(x) = 0 (6)

(where o and t are polynomials of degree 2 and 1, at most, respectively, and A, is a
scalar), one has that

1" (x0)

_w”(x())_g[w’(xo)]z 20| T(x0) @ (x0) -

T o) 2lebn)] oG o) @)’
where use of the Laplace’s condition (4) has been used.

3 Applications

In this section, we apply the general results (5) and (7) obtained in the previous

section to determine the pth-power of the L, norms of the three canonical systems
of real orthogonal hypergeometric polynomials [52]; that is, the Hermite, Laguerre
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Table 1 Data on classical orthogonal polynomials

Hermite H,, (x) Laguerre Jacobi Pn(a’ﬂ )(x)
L) (@ > —1) (@>—1,>-1)

(a,b) (=00, +00) (0, +00) (=1,+1D
»(x) e XX (1= 021 +x)P
o(x) 1 X 1 —x2
T(x) —2x l4+a—x —(a+B+2D)x+B—«
n 2n n nn+a+pB+1)

2 T (n+a+1) 20HBHIP (- + )T (n+B+1)
dy 2'n\m . WCnta+B+ DT (itatp+1)

and Jacobi polynomials. These polynomials are known to satisfy the orthogonality
condition

b
/ Y (X) Y (N0 (x) dx = d> 8,

a
and the second-order differential equation (6), whose coefficients o (x), 7(x), Ay,

weight function w (x), orthogonality interval (a, b), and normalization constant d,f are
given in Table 1.

3.1 Hermite polynomials H,,(x)

These polynomials are orthogonal with respect to the weight function wy (x) = e™* ’

on the whole real line and satisfy the differential equation (6) with the coefficients
(see Table 1).

ox)=1, t(x)=-2x, A, =2n.

According to (4), the absolute maximum xo = xo(n) is given by one solution of the
equation

xoHy, (x0) = 2nH,—1(x0).

Moreover, following Eq. (7) one has that the second derivative of fy(x) = Inwgy (x)+
In (H, (x))2 evaluated at the absolute maximum xg has the value

1 (x0) = 2x5 — 4n — 2.
Then, according to Eq. (5) we obtain that
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+00 —+00

/ [a)H(x)an(x)]p dx =2 / [a)H(x)an(x)]p dx
—00 0
. 5 p 2w 1
= 2w () B (x0)] [\/ s e Rl )} C®

For the particular cases n = 0, 1 and 2 we have that xo = 0, 1 and \/g , respectively,
so that the L, norm of the corresponding polynomials has the asymptotical values

ﬁ EAR [\/1+0<p—1>] and 297+ \/2—ﬂ+0<p—1> NC)
P 2p 5p

Remark that the first of these three asymptotical values is the exact value of the
functional. To calculate it we take into account that xo = 0, so that one has to apply
the Laplace’s method to the whole integration interval (—oo, +00) in (8).

3.2 Laguerre polynomials L,(la) (x)

These polynomials are orthogonal with respect to the weight function wy, (x) = x%e™*

on the interval [0, +00) and satisfy the differential equation (6) with the coefficients
ox)=x, tx)=14a—x, A,=n

Here, the absolute maximum xo = xg(n) is according to Eq. (4) one solution of the
equation

(x% - 1) L@ (xg) = 2LV (x). (10)

Moreover, according to Eq. (7), one has that the second derivative of the function

2
fo(x) =Inwr(x)+1In (L,(f‘) (x)) evaluated at xq has the value

a’ 2n4+a+1 1

2x§ X0 2

7/ (x0) =

Then, following Eq. (5) we obtain that the pth-power of the weighted L, norm of
Laguerre polynomials L,(f‘) (x) has the following asymptotic behavior
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+/OO|:a)L (x) [L,Sa)(x)]z}p dx = |:a)L(x0) [L;(f{) (xo)]z]p
0

x 2 +O0(p™H |, (11)

2ndta+l 1
P( 2x2 T X0 2)

for p - 400 and ¢ > 0. For the Laguerre polynomials with ¢ > 0 and degrees
n = 0 and 1, one finds from Eq. (10) the absolute maximum values xop = «
and % (Za + 3 — /8 4 9), respectively. Taking these particular cases into Eq. (11),
we obtain that the leading term of the asymptotics (p — 00) of the weighted L,

norms of the corresponding polynomials L(“)(x) =1 and Lga) x) =a+1-—-xis

given by
e 277 2ro
/ [wL(x) [L“‘)(x)” dx:awe—m[ ; +c9(p‘1)}
0

and

o 2P o —xg P 2 —
|:a)L(X) [Lg)(x)]] dx:[xoe (1+a—xo)2] |: TJ,T(XO)—I—O(P 1):|,

respectively, with

380/ +9 — 8o —
(V8o +9 — 2a — 3)

[ (x0) =

Moreover, in the subcase ¢ = 1 one finds that xp = % (5 Y 17) and f"(x9) =
— 1—16 (51 + 114/ 17) , so that we obtain the following asymptotics

70[‘%(96) [Lgl)(x)]z]” dx [ (31 _7f) é(5 \/_)}

32
« id Lo

p(51—|—11\/ﬁ)
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3.3 Jacobi polynomials P\ (x)

These polynomials are orthogonal with respect to the weight function w; (x) = (1 —
x)%(1+x)? on the interval [—1, +1], and satisfy the differential equation (6) with the
coefficients

o*(x):l—xz, tx)=—a—(x+B+2)x, Ay=nn+a+p+1)

In this case the absolute maximum x( turns out to be, according to Eq. (4), one solution
of the equation

Pn(o_‘Jlrl,ﬁle)(xo) B 1 ( — B ) 12

=— +
PP (x0) a+pB+n+1\1—x0 1+x

Moreover, the use of Eq. (7) allows us to find the following value for the second

2
derivative of the function f;(x) = Inwjy(x) + In (P,fa’ﬁ )) evaluated at xg:

. B a? 1 B> 1
ff(x‘))__(“+7) (I—x0)? (’”7) (1 +x0)?
off _2n(n+o¢—|—,8+1)

_l—xg l—xg
—oa—(a+pB+2
Jpoa—(@ 2,3 )XO[ B« } (13)
l—xo 1+X() 1—X0

Now, from Eq. (5) we find that the pth-power of the weighted L, norm of the Jacobi
polynomials Pn(a’ﬂ ) (x) has the following asymptotic behavior:

+1

/ |:a)1(x) [Pn(“’ﬁ)(x)]z]p dx

-1

277 2
_ (@.8) | 2m 1
= [CI)J(X()) [Pn (xo)] ] |: pf}’(xo) + O(p ):| (14)

for p - oo and o, B > 0. In the particular case where n = 0, « > 0 and 8 > 0 we
can find from Eq. (12) and (13) that

(@+p)°

_ﬁ_a d £ _
xo—m an fj(xo)—— 4ap )
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respectively. Thus, from Eq. (14) with these values of x¢ and f }/ (x0) we obtain the
value

+1

/ |:a) (%) (pga’m(x))z]p dx

—1

_patp) 9 ap( B )ﬂp | 8maB .
2 (a+/3) a+p p(a+ﬂ)3+0(p)

for the leading term of the asymptotics (p — 00) of Péa’ﬁ )(x) = 1. Finally, let us

consider another particular case: when n = 1 and « = f > 0. Then, Pl(a’a)(x) =
(1 4+ «@)x and the associated Rakhmanov density

P () = wy(x) [Pf“’“)]z = (1 +a)(1 - x2)%x?

is symmetric with respect to the origin. Then, the corresponding pth-power of the
weighted L, norm can be expressed as

1 1
+ + »

/ {C()J(.X) [Pl(a’a)(x)]z]p dx = 2/ [a)J(x) [Pl(a’a)(x)]zl dx.
0

-1

The application of the Laplace’s method to this functional on the interval (0, +1)
together with the values

[ 1 4(1 + a)?
= d “ e —
X0 I+ o and 7 (xo) o

for the absolute maximum and the second derivative of the corresponding function
f7(x) allows us to find from Eq. (5) the expression

+1

@ o]} ax = LI L Y R
/ij(x)[Pl (x)” dx_2(1+oz)p|:1+ai| [ e, T O )]
1

for the leading term of the asymptotics (p — o0) of the weighted L, norm of the
- . (a,a)
Jacobi polynomial P, (x).

4 Monotonicity of the asymptotic behaviour
In this section we analyse the monotonicity of the asymptotics (p — +o00) for the

Hermite polynomials H,(x). Then, we describe the difficulties to obtain the same
property in the Laguerre and Jacobi cases.

@ Springer



J Math Chem (2014) 52:283-300 293

We start from the general expression (5), whose asymptotic behaviour is given by

> p 2w
G(p = |weonio| | — .

This function G(p) is the product of the function [w(x0)y2(x0)]” (which has, as a

function of p, an exponential behavior in practice) and the power p_%. For large
values of p, the exponential function gives the increasing or decreasing behaviour of
the asymptotics: G (p) increases with p if @ (xq) y,% (xo) > 1 and G(p) decreases when
p increases if a)(x())y,% (x0) < 1. Thus, notice that the monotonicity of the asymptotic
behaviour for large values of p is controlled by the value of the function in the absolute
maximum xg.

Let us first consider the case of the orthogonal (H, (x)) and orthonormal (Fln (x))
Hermite polynomials. Notice that Fln (x) = H,(x)/ \/d_,% The orthonormal Hermite
polynomials satisfy Eq. 18.14.9 of [53], namely

- 1
wp (x)H(x) < =< 1.

Thus, in particular we have that wy (xo)ﬁ,f (x0) < 1, so the pth-power of the L, norm
of these polynomials decreases as p increases for large values of p.

On the other hand, the orthogonal Hermite polynomials, with the standard normal-
ization constant dr% given in Table 1, satisfy that [54]

wi (x0)H*(x0) > K,

for n > 6 with

27 2n«/4n—2(n!)2
1 2
K 612mo V8nZ-8n+3(51)
— V16n2—16n+6nl(n—1)! ¢ -
n 27 _ V16n°—16nt6nin—D! i 149

1 2
61(2n)6 Jh—l(@!)

if niseven,

Note that K, reaches its minimum at n = 6, with value K¢ >~ 15209 > 1. Then
wp(xo)Hy(x0) > 1, n>6.

In fact this condition is also true for I < n < 5. So finally we have that the pth-power
of the L, norm of these polynomials increases with p for large values of p. Moreover,
forn = 0, wy (xo)Hoz(xo) = 1; so we have a decreasing behaviour in this case, as
given by Eq. (9).

Let us now consider the Laguerre case. Then, the standard orthogonal L,(f‘) (x)
and the orthornormal polynomials are related by L ,(1“) (x) = L,(f‘) (x)/ \/d—,% . Regarding
upper and lower bounds, we have not found in the literature results for these polyno-
mials so simple and powerful as those for Hermite polynomials. However, notice that

@ Springer



294 J Math Chem (2014) 52:283-300

d,% > 1 for Laguerre polynomials with o > 0. This implies that

(L 0)’

2
3 .
dn

(15)

wr, (x0) (L,(f) (XO))2 > wr,(x0) = wr (x0) (i,(f‘)(xo))

Thus, if wr, (xg) (L,(f‘) (xo)>2 < 1= wr(xp) (Zﬁf‘)(xo))2 < 1. Then, if the pth-power
of the L, norm of the standard orthogonal polynomials decreases as p increases for
large values of p, the pth-power of the L, norm of the orthonormal polynomials has
the same behaviour.

For Jacobi polynomials, we do not have results like those for Hermite polynomials,
neither their normalization constant is always greater or lower than one. Then, the
monotonicity of the asymptotic behaviour remains open for each specific case.

5 Numerical study

In this section we study numerically the behaviour of the asymptotics given in Sect. 3
for the Hermite, Laguerre and Jacobi families of orthogonal polynomials. This is
done in each case for the standard orthogonal and orthonormal polynomials. In all the
following figures, we represent the numerically calculated exact value of the corre-
sponding pth-power of the L, norms ||,o||5 of these polynomials (squared dot), its
corresponding asymptotic behaviour y,, (solid line), as well as the absolute difference
(circled dot)

Oa =PIy = vpl,

and the relative difference (times)

el = vyl
_ lelly = vl
ol

9

as a function of p.

Figure 1 shows these values for the orthogonal Hermite polynomial with n = 1,
H(x). Herein we observe the increasing behaviour of the pth-power of the L, norms
and the asymptotic behaviour, as predicted in Sect. 4. The absolute difference increases
with p indicating that the asymptotic behaviour can be improved with some increasing
terms, while the relative difference goes to zero as expected for a good asymptotic
behaviour.

In Fig. 2 we take into account the orthonormal Hermite polynomial H (x), whose
pth-power of the L, norm is now decreasing, as expected from the results of Sect. 4.
The absolute and relative differences naturally decrease as well.

These behaviours are completely analogous for Hermite polynomials with other
values of the degree n.

Now, let us consider the orthogonal Laguerre polynomial with degree n = 1 and

parameter ¢« = 1, Lil)(x). Figure 3 shows that the pth-power of the L, norms
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Fig. 1 Exact value of the
pth-power of the L p norms
||,0||Z (squared dot), its
corresponding asymptotic
behaviour yp, (solid line),
absolute difference 6, (circled
dot), relative difference 6,
(times) for the Hermite
polynomial Hj(x), as a function
of p

Fig. 2 Exact value of the
pth-power of the L p norms
||,0||Z (squared dot), its
corresponding asymptotic
behaviour yp, (solid line),
absolute difference 6, (circled
dot), relative difference 6,
(times) for the orthonormal
Hermite polynomial Hj (x), as a
function of p

Fig. 3 Exact value of the
pth-power of the L, norms

||p||§ (squared dot), its
corresponding asymptotic
behaviour yp, (solid line),
absolute difference 6, (circled
dot), relative difference 6,
(times) for the Laguerre
polynomial L%l) (x),asa
function of p
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decreases as a function of p. Then, taking into account the result (15) from Sect. 4,
we can conclude that the pth-power of the L, norms of the orthonormal polynomials

iil) (x) also decreases as p is increasing. The absolute and relative differences 6, and
0,, also decrease as p is increasing.
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Fig. 4 Exact value of the 1016

pth-power of the L, norms 1014 |

||,0||Z (squared dot), its 1012

corresponding asymptotic

behaviour y, (solid line), 1010

absolute difference 6, (circled 108

dot), relative difference 6,

(times) for the Laguerre 10°

polynomial ng) (x),asa 104

function of p 102 |
100 o OOOOO |
1021 *° ]

X><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><><

104
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p

Fig. 5 Exact value of the 10°
pth-power of the L, norms

||p||§ (squared dot), its 1010t
corresponding asymptotic

behaviour y,, (solid line), 1020
absolute difference 6, (circled

dot), relative difference 6, 1090

(times) for the orthonormal

- -40
Laguerre polynomial Liz) (x), as 10

a function of p 10°50

1070

1 0-70 L L L L L L L L L
0O 10 20 30 40 50 60 70 80 90 100
p

In Figs. 4 and 5 we consider the orthogonal ng) (x) and orthonormal ZEZ) (x)
Laguerre polynomials, respectively. Now, the pth-power of the L, norm increases
with p in the orthogonal case, but it decreases in the orthonormal case. A brief study

2 - 2

of the corresponding functions x2e™* (ng) (x)) and xZe™* (ng) (x)) shows that
their maximum values are greater and lower than 1, respectively. As in the previous
Hermite case, the absolute difference 6, increases with p for the orthogonal poly-
nomial, indicating that the asymptotic behaviour can be improved with increasing
terms.

The Jacobi polynomials, with bounded support, can have maximum values greater
or lower than zero, depending on the values of the degree n and the parameters «
and B, regardless if we are considering the orthogonal or the orthonormal version

of the polynomials. Thus, Figs. 6 and 7 show the behaviour of the pth-power of the
33 (33
L, norm for the polynomials Pl(z’ 2 (x) and P1(2 &2 (x), respectively.We notice that it
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Fig. 6 Exact value of the
pth-power of the L, norms

||,0||Z (squared dot), its
corresponding asymptotic
behaviour yp, (solid line),
absolute difference 6, (circled
dot), relative difference 6,

(times) for the Jacobi polynomial

(3.3)
P12 2’ (x), as a function of p

Fig. 7 Exact value of the
pth-power of the L , norms

oI}y (squared dot), its
corresponding asymptotic
behaviour y, (solid line),
absolute difference 6, (circled
dot), relative difference 6,

(times) for the orthonornal

33
Jacobi polynomial Pl( 2:2) (x),
as a function of p
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is increasing with p in the orthogonal case, but decreasing in the orthonormal case.
According to the reasoning in Sect. 4, this behavior is because

xe[—1,1]

max
xe[—1,1]

33 2
3 3 5::2)
max (1 —x)2(1+4+x)2 (P1 (x)) <1<

11
(4.3

11
Figures 8 and 9 show the same quantities for polynomials P, 2) (x) and 153( 27) (x),
respectively. Now the behaviours are in the opposite direction compared with those of
the previous examples in Figs. 6 and 7. The pth-power of the L, norm is decreasing
for the orthogonal polynomial but increasing for the orthonormal one. The reason,

again, is that
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Fig. 8 Exact value of the
pth-power of the L p norms
||,0||Z (squared dot), its
corresponding asymptotic
behaviour yp, (solid line),
absolute difference 6, (circled
dot), relative difference 6,
(times) for the Jacobi polynomial

11
P3(2’2)(x), as a function of p

Fig. 9 Exact value of the
pth-power of the L, norms

||p||ﬁ (squared dot), its
corresponding asymptotic
behaviour yp, (solid line),
absolute difference 6, (circled
dot), relative difference 6,

(times) for the orthonornal
11

Jacobi polynomial f’3( 227 (),
as a function of p
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l) 2
2 (x)) <1<

11 2
(1 —x)%(l —I—x)% (f’;z’z)(x))

Then, all the numerical examples considered here agree with the analytical
monotonicity results of Sect. 4. Furthermore, the relative difference 6, is always a
decreasing function as p increases. Notice also in all the figures the exponential behav-
ior predicted by the Laplace’s method for the pth-power of the L, norms and their
asymptotics. Please keep in mind the logarithmic scale in the ordinate axis.

6 Conclusions and open problems

Energetic and entropic quantities of the ground and excited states of exactly and quasi-
exactly solvable quantum systems can be often expressed in terms of some weighted L ,
norms of the orthogonal polynomials which control the corresponding wavefunctions.
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In this work we have determined the asymptotics of the weighted L, norms of
Hermite, Laguerre and Jacobi polynomials of nth degree when p — oo by means of
the Laplace’s method. Moreover we have analyzed its monotonicity, identifying some
new open problems. As well, a numerical study of the asymptotics for all classical
continuous orthogonal polynomials has been performed.

The extension of these results to other continuous hypergeometric orthogonal poly-
nomials of the Askey tableau [55] (even to those which are orthogonal with respect to a
complex contour where the Laplace’s method remains valid under certain conditions)
and to the classical orthogonal polynomials in a discrete variable are open problems
of a great interest in the theory of special functions not only from a fundamental
point of view, but also because of their straightforward applications to various fields,
from some weighted permutation problems to the quantum-mechanical description of
physical systems.

Finally, let us point out that the only results found for the asymptotics of the L
norms of discrete orthogonal polynomials up until now are the ones for the unweighted
norms of Meixner [36] and Charlier [37] polynomials, which were shown to be very
useful for some extremal problems in generalised derangements [36]. It is clear that
for extensions to other discrete systems we will need the linearisation techniques for
the corresponding polynomials [41,56-59].
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4.3. Medidas de complejidad de los polinomios ortogonales

Esta seccién contiene el articulo siguiente que trata el calculo de medidas de complejidad de
polinomios ortogonales:

Complexity analysis of hypergeometric orthogonal polynomials.
J. S. Dehesa, A. Guerrero y P. Sanchez-Moreno.
Journal of Computational and Applied Mathematics (2014). Aceptado.

En este articulo se extiende el concepto de complejidad, que tan importante papel juega en
Ciencia y Tecnologia, a la teoria de funciones especiales y, concretamente, a los polinomios or-
togonales hipergeométricos p,(z). Para ello se hace uso de su densidad de Rakhmanov asociada
pn(x) = w(x)p?(z), donde w(x), = € (a,b) es la funcién peso correspondiente, y se calculan las
medidas de complejidad de tipo Cramér-Rao, Fisher-Shannon y LMC para las tres familias hi-
pergeométricas candnicas. Entre los resultados obtenidos cabe mencionar la expresion explicita
de la complejidad de Cramér-Rao de las tres familias polinémicas, y el término dominante de la
asintotica de las complejidades de tipo Fisher-Shannon y LMC para dichas familias.

Por ultimo se lleva a cabo un estudio numérico de estas tres medidas de complejidad, dis-
tinguiéndose dos casos. En primer lugar, se fijan los pardmetros de los polinomios y se analiza
la evolucién de las complejidades con respecto al grado n, y en segundo lugar se fija el grado
del polinomio y se estudia la evolucién de dichas magnitudes con respecto a los pardmetros que
caracterizan la funcién peso con respecto a la cual son ortogonales los polinomios considerados.
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Complexity analysis of hypergeometric orthogonal polynomials

J.S. Dehesa®¢, A. Guerrero™°, P. Sdnchez-Moreno”°
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Abstract

The complexity measures of the Cramer-Rao, Fisher-Shannon and LMC (Lépez-Ruiz, Mancini and Calvet)
types of the Rakhmanov probability density p,(x) = w(x)p?(z) of the polynomials p, (z) orthogonal with
respect to the weight function w(x), x € (a,b), are used to quantify various two-fold facets of the spreading
of the Hermite, Laguerre and Jacobi systems all over their corresponding orthogonality intervals in both
analytical and computational ways. Their explicit (Cramer-Rao) and asymptotical (Fisher-Shannon, LMC)
values are given for the three systems of orthogonal polynomials. Then, these complexity-type mathematical
quantities are numerically examined in terms of the polynomial’s degree n and the parameters which char-
acterize the weight function. Finally, several open problems about the generalised hypergeometric functions
of Lauricella and Srivastava-Daoust types, as well as on the asymptotics of weighted L,-norms of Laguerre
and Jacobi polynomials are pointed out.

1. Introduction

The contents of this work are inspired to a great extent by the ideas of Leonhard Euler [1], who long ago
ushered in a true revolution in mathematics by combining painstaking observations (which he collected in
notebooks) with use of quantities extracted from Physics (e.g., electrostatic properties of the zeros, capacity,
mutual energy, logarithmic potential, ...) in order to gain further insights into the structure of mathematical
functions, having encountered novel paths, notions and approaches which led to many of the fundamental
properties which presently we know about them. These Physics-based notions have contributed in a very
important manner to the development of various mathematical fields, such as e.g. the theory of special func-
tions, approximation theory and potential theory. With this spirit in mind, we use concepts and techniques
extracted from Information Theory (such as entropy, entropic moments, complexity,...) to define, analyze
and discuss new characteristics and structural properties of hypergeometric orthogonal polynomials.

The information-theoretical quantities of the Rakhmanov’s probability density associated to these polyno-
mials turn out to describe novel macroscopic facets of them, which possibly cannot be considered otherwise.
Moreover, these quantities have not only a relevant mathematical character, but also they have an applied
interest. Indeed, for example, they are closely related to physical entropies and measures of complex-
ity of quantum systems which quantify their internal disorder and, consequently, they describe numerous
fundamental and/or experimentally accesible quantities of these systems. This is essentially because the
hypergeometric orthogonal polynomials often controls the mathematical description of the physical states
of the quantum systems whose fundamental wave equations (Schrédinger, Dirac,...) are exactly- or quasi-
exactly solvable.

A great challenge in contemporary science is to explore the mixing of simplicity and complexity, regular-
ity and randomness, order and disorder, from particle physics and cosmology up to the adaptive complex
systems and ultimately the living beings [2-4]. Many related efforts have been spent in these and other

Email addresses: dehesaQugr.es (J.S. Dehesa), agmartinez@ugr.es (A. Guerrero), pablos@ugr.es (P. Sdnchez-Moreno)

Preprint submitted to Elsevier August 12, 2014



disciplines in the last few decades, but still today not so many results have been done in the theory of
the mathematical functions which control the classical and quantum phenomena of the involved physical,
chemical and biological systems. Not even for the so-called special functions of mathematical physics and
applied mathematics and, particularly, the hypergeometric orthogonal polynomials [5, 6], which are very
useful because of their numerous simple and elegant algebraic properties (e.g., recursion and ladder rela-
tions, Rodrigues formulas, integral representations, second-order differential equations). These “elementary”
functions have plenty of applications not only in many mathematical areas but also in applied sciences; in
particular, they are used to model and interpret numerous scientific properties and phenomena, as well as to
describe the wave functions of classical and quantum-mechanical states of a great deal of physical systems,
beginning with the prototypic hydrogenic and oscillator-like systems [5, 7].

The purpose of this paper is to quantify how simple or how complex are the special functions of Applied
Mathematics beginning by the classical or hypergeometric-type orthogonal polynomials in a real continuous
variable (i.e., Hermite, Laguerre and Jacobi). The issues How do we understand by simplicity and complez-
ity? and In what sense a certain mathematical function is simple and complex another one? are not at all
simple. There does not exist a unique notion of complexity to grasp our intuitive notions in the appropriate
manner. Or perhaps various different quantities (possibly not yet known) are required to grasp our intuitive
notions of complexity of a mathematical function (e.g., a hypergeometric orthogonal polynomial) in order to
capture the great diversity and complexity of its configuration shapes corresponding to the different values
of its degree and the parameters which characterize its weight function. Up until now there does not exist
such notions, to the best of our knowledge.

We should immediately say that various distinct complexity notions have been published in different contexts
(dynamical systems, cellular automata, neuronal networks, social sciences, complex molecules, geophysical
and astrophysical processes,...) for several purposes, such as e.g. to study pattern, structure and correlations
in systems and processes. In addition, at times, some complexity-type quantities are successfully used to
analyze the computational resources (space, time,...) required to solve a problem in computer science and
quantum information theory [8, 9], so at the interface of mathematics and computer science; more precisely,
they concern the scaling of the resources in terms of the size of the problem. Nevertheless we will not
use these complexity measures (heretoforth called by extrinsic complexity measures) in the present work
because they do depend on the context, such as e.g. the algorithmic and computational complexities; they
are closely related to the time required for a computer to solve a given problem; so that it depends on the
chosen computer.

Here we will rather use density-dependent complexity measures, such as the Cramér-Rao, Fisher-Shannon
and LMC (Lépez-Ruiz-Mancini-Calvet) complexities, recently introduced in a quantum-physical context
(see e.g. the reviews [10, 11] and [12-16]), which are of intrinsic character in the sense that they do not
depend on the context but on the quantum probability density of the system under consideration. Our
goal is to quantify how simple or how complex are the classical orthogonal polynomials p,(x) by means
of the complexity measures of its associated Rakhmanov’s probability density [17]. Remark that, contrary
to other complexity notions (algorithmic, computational,...)[8, 9], the density-dependent complexities are
intrinsic properties of the polynomials. Thus, the intrinsic complexity notions are closely related to the
main macroscopic features of the associated probability density of the polynomials (irregularities, extent,
fluctuations, smoothing,...).

The structure of the paper is the following. In Section 2 we define and describe the meaning of the
complexity measures of the classical orthogonal polynomials which we use throughout the paper. Then, in
Section 3 we give the values of the Cramér-Rao complexity of the Hermite polynomials and the asymptotics
(infinity) of the Fisher-Shannon and LMC complexities of Hermite polynomials. In Sections 4 and 5 we
find the Cramér-Rao complexity and the disequilibrium as well as the asymptotics of the Fisher-Shannon
and LMC complexities of the Laguerre and Jacobi polynomials, respectively. In Section 6, the previous
analytical results are numerically discussed in terms of the polynomial’s degree and the parameters which
characterize the weight function. Finally, some conclusions and various open problems found throughout
the paper are given.



2. Complexity measures of a general probability density

In this Section we give the definitions and mathematical meanings of the complexity measures of a
probability distribution.

Let us consider a general one-dimensional random variable X characterized by the continuous probability
distribution p(z), x € A C R. To quantify the spread of X over the interval A we usually employ the
statistical root-mean-square or standard deviation Az, which is the square root of the variance

= (%) = (2)*,

[N

Vipl = (Az)

where

(f(z)) = /Af(x)p(x)dx.

The information theory provides other spreading measures such as the Rényi and Shannon entropies and
the Fisher information. The Rényi entropy R,[p] of p(x) is defined [18] by

1 1

in [ pta)rds

where W,[p] = (p?~!) denotes the gth-order frequency or entropic moment of p(x). The limiting value
q — 1, taking into account the normalization condition W7 [p] = 1, yields the Shannon entropy [19]

Slp] = lim R, o] = - /A pl) In plz) da

qg—1

The Fisher information of p(z) is defined [20, 21] as

_ [ (Ee@)’
Fp] .—/A o) dx.

It is worth remarking that: (a) these three information-theoretic spreading measures do not depend on
any particular point of their interval A, contrary to the standard deviation, (b) the Fisher information has
a locality property because it is a functional of the derivative of p(x), and (c) the standard deviation and
the Rényi and Shannon entropies are global properties because they are power and logarithmic functionals
of p(z), respectively. Moreover they have different units, so that they can not be compared each other. To
overcome this difficulty, the following information-theoretic lengths have been introduced [22]

Nylpl = exp (Rylp]) = (Wylp]) ™7, Rényi length,

Ni[p] = lim Ng4[p] = exp (S[p]), Shannon length,

q—1

oxr =

, Fisher length.

Flp]
It is straightforward to observe that these three lengths, as well as the standard deviation Az, have the
same units of X.

Let us highlight that the quantities (V[p], Rqlp], Slpl, Flpl), and its related measures (Az, Ny[p],
Ni[p], dz), are complementary since each of them grasps a single different facet of the probability density
p(x). So, the variance measures the concentration of the density around the centroid while the Rényi and
Shannon entropies are measures of the extent to which the density is in fact concentrated, and the Fisher
information is a quantitative estimation of the oscillatory character of the density since it measures the
pointwise concentration of the probability over its support interval A.



Recently, some composite density-dependent information-theoretic quantities have been introduced;
namely, the complexity measures of Cramer-Rao [23-25], Fisher-Shannon [26, 27] and Lépez-Ruiz-Mancini-
Calbet (LMC) [28] types. They are given by the product of two of the previous single spreading measures
as

Ccrlp] = Flp] x Vip], (1)
Crslp) = Flo] x 5 = - Fly) x N[g], )
Crumclp] = Walp] x 57 = (p) x Ny [p], (3)

for the Cramer-Rao, Fisher-Shannon and LMC complexities, respectively. Each of them grasps the com-
bined balance of two different facets of the probability density. The Cramer-Rao complexity quantifies
the wiggliness or gradient content of p(x) jointly with the probability spreading around the centroid. The
Fisher-Shannon complexity measures the gradient content of p(x) together with its total extent in the sup-
port interval. The LMC complexity measures the combined balance of the average height of p(z) (as given
by the second-order entropic moment Ws[p], also called disequilibrium D[p]), and its total extent (as given
by the Shannon entropic power N|[p] = e5°]).

Moreover, it may be easily observed that these three complexity measures are (a) dimensionless, (b) bounded
from below by unity (when p is a continuous density in R in the Crdmer-Rao and Fisher-Shannon cases,
and for any p in the LMC case), and (c) minimum for the two extreme (or least complex) distributions
which correspond to perfect order (i.e. the extremely localized Dirac delta distribution) and maximum
disorder (associated to a highly flat distribution). Finally, they fulfil invariance properties under replication,
translation and scaling transformation [29, 30].

3. Complexity measures of Hermite polynomials

In this section we give the values of the Crdmer-Rao complexity, as well as the asymptotics (n — o0)
of the Fisher-Shannon and LMC complexities, of the Hermite polynomials H,(z) characterized by the
orthogonality condition (see e.g. [6, 31])

+o0 R
H,(x)Hy(z)e ™ dz = 0mp, m,neN.

— 00
These quantities are defined by the corresponding complexity measures of the Rakhmanov-Hermite proba-
bility density
2
pr(r) = H(z)e ™ .
Let us begin with the Crdmer-Rao complexity which, according to Eq.(1), is given by
Cerlpn] = Flon] x Vlpu],

where the variance and the Fisher information of the Hermite polynomials are known [24, 32] to be

1
V[pH} =n-+ 5’
and
Flpr) =4n + 2, (4)

respectively. Therefore, one easily has the value
Corlpr) = 4n* 4 4n + 1,

for the Cramer-Rao quantity.



Similarly, from Eq. (2) one has that the Fisher-Shannon complexity of Hermite polynomials is given by

1
Crslpn] = Flpm] % %NﬂPH],

where the Shannon length (also called Shannon entropy power) of the Hermite polynomials, Ni[pg] =
exp(S[pr]), have not been analytically calculated up until now except in the asymptotical case [33]:

™
NilpH] ~ g\/2n; n> 1. (5)

Then, this expression together with the Fisher value (4) directly lead to the asymptotical value of the
Fisher-Shannon of the Hermite polynomials:

47
Crspu] ~ <e3> n?, n> 1.

Finally, from Eq. (3) one obtains the LMC complexity of Hermite polynomials as
Cryclpr] = Walpr] x Nilpu],
where the second-order entropic moment (also called disequilibrium)
Walpu] = (pu),
can be explicitly calculated both for all n and in the asymptotic case. The latter value is
Walpr] = 2772(2n) "2 (In(n) + O(1));n > 1,

as explained in [34]. Then, this expression together with Eq. (5) gives
2

CLMc[pH]m—lnn; n>1,
e

for the asymptotical value of the LMC complexity of the Hermite polynomials H,,(x).

4. Complexity measures of Laguerre polynomials

In this section we give the values of the Cramer-Rao complexity and the asymptotical value of the

Fisher-Shannon of the Laguerre polynomials Lgf‘ )(sc), a > —1. As well, we point out the issues to calculate

the LMC complexity of these mathematical objects both in the general (i.e., for all n) and asymptotical

(i.e., at large n) cases. The Rakhmanov probability density associated to the Laguerre polynomials Lff) (x)
characterized by the orthogonality condition (see e.g. [6, 35])

—+o0
/ LI (2) L) () z%e ™ dx = Spn,
0
is defined by
2
pr(x) = [L,(la)(x)} x%e 7.
Then, according to Eq.(1), the Cramer-Rao complexity of the Laguerre polynomials is given by

Cerlpr] = FlpL] x Vipcl, (6)
where the variance and the Fisher information are given [24, 32] by
Vipr] = 2n* +2(a+)n+a + 1, (7)
5



and

dn + 1, a =0,
Flpp] = Gntletl o5, (8)
0, a€[-1,41],a # 0,

respectively. The expressions (6)-(8) lead to the following value

8n3 + [8(a+ 1) + 2] n? +6(a+ 1)n + (a+ 1), a=0,
Ceorlpr] =4 = [4an® + (40 + 6a + 2)n? + (40> + 6a + 2)n + (e +1)?], a>1,
0 otherwise,

)

for the Cramer-Rao complexity of Laguerre polynomials.
Let us now consider the Fisher-Shannon complexity of these polynomials which is defined, according to

Eq.(2), by

Crslps) = Flps) x 5—N?pe), ©

where the Shannon length or Shannon entropy power Ni[pr] = exp(S[pr]) of the Laguerre polynomial

L,(la)(ac) is not yet known for all values of the degree n, mainly because it is a logarithmic functional of the
polynomial. However, its asymptotical (large n) value has been found [31] to be

2mn
Nifpr] = = (10)

Then, from Egs.(8), (9) and (10) one obtains the following asymptotics for the Fisher-Shannon complexity
of the Laguerre polynomial L{ (z):

CFS [PL] ~ aﬁil (PLS) n37 o> 13
0, otherwise.
Finally, let us tackle the calculation of the LMC complexity of Laguerre polynomials which is given by

Cruclpr] = Walpr] x Nilpr]-

Now, we have two opposite situations when calculating these two factors: while the Shannon length Nq[py] is
only known in the asymptotics case (see Eq.10), the second-order entropic moment Ws[pr| has been recently
shown [31] to be expressed in the two following manners for all values of the degree n:

(i) In terms of the four-variate Lauricella function FXL) (3,3.4.1) [36]:

n! TRa+1) [ n+a \*
W p—
2[pL] <F(a+n+ 1)) 22a+1 n
(4) 20+ 1;-n,-n,-n,—n 1 111
xFy <a+1,a+1,a+1,a+1’2’2’2’2 ’ (11)
(ii) In terms of the multivariate Bell polynomials By, (a1, a2 ..., Gm—1+1) [37]:
4n
I‘(2a + k + 1) (4)' n,o n,o n,o
Walpr] = [Z T g D (6, 2e™ s 1) |, (12)
k=0
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where the parameters cﬁn’“) are given by

C(n’a) _ F(n+a+ 1) (71)t n
t n! Dla+t+1)\ t

Taking into account that Ni[pr] is not known for a generic degree n of the polynomials and the asymp-
totics of Eqgs.(11) and (12) is a formidable task, the evaluation of the LMC complexity of Laguerre polyno-
mials remains to be an open problem in both general and asymptotic situations of n.

5. Complexity measures of Jacobi polynomials

In this section we give the values of the Cramer-Rao complexity of the Jacobi polynomials PT(La’ﬁ )(x),
with «, 8 > —1, as well as the asymptotics (large n) of its Fisher-Shannon complexity. In addition, we
discuss the reasons why the evaluation of the LMC complexity cannot yet be done. The Jacobi polynomials
are well-known to satisfy the orthogonality condition (see [6, 35])

/tuﬁwkgagﬁom1_@%1+mﬂmz5W“
and its associated Rakhmanov probability density ps(x) is given by
ps@) = [PEP @) (- 201+ 2)°.
The Crdmer-Rao complexity of ple?) (x) is defined by the Cramer-Rao of the density ps(x) which,

according to Eq.(1), is given by
Cerlpsl = Flps] x Vip,]- (13)

These two factors have been recently calculated [24, 32], having the values

dn+1)(n+a+1)n+B+1)(n+a+5+1)

V =
lpJ] Cn+tat+B+1)(2n+a+pB+2)22n+a+ B +3)
dn(n +a)(n + B)(n+ o+ B)
2 K (14)
2n+a+B-1)2n+a+p)22nta+pf+1)
for the variance, and
2n(n +1)(2n + 1), a,f =0,
2L [ bt (n+ D)+ B+ 1)+ GE] a=0,8>1,
F == n—+o n+o n 1
P = Zretitl [nn+a+p-1) (58 +2+ 242) (15)
+ e+ D +atp) (55 2+ 22 0> 1,
00, otherwise,

for the Fisher information of the Jacobi polynomial pFP )(a:) Then, from Egs.(13)-(15) one obtains the



value

n 2 n2
2n(n+1) [(2:4&:)3 2n_1} , a=p3=0,
[ (n+1)2(n+B+1)2 n n?(n+p3)? }
(2n+B8+2)2(2n+B+3) ' (2n+B-1)(2n+pB)?
2 n 2
><[#+n+(4n+1)(n+ﬁ+1)+(Btll)}, a=0,8>1,

Cerlps] = |:(n+1)(n+a+1)(n+3+1)(n+a+,@+1) | _n+a)(n+h)(ntatp) ]
(2n+a+B+2)2(2n+a+6+3) 2n+a+B-1)(2n+a+pB)?
Xt bt B-1) (555 2+ 55)
+(n+1)(n+a+ﬂ)(’[§%§‘+2+gi_/f)}, a>1,8>1,
0, otherwise.

The Fisher-Shannon complexity of Jacobi polynomial is, according to Eq.(2), given by
1

2me

Crslps] = Flps] x s—N¢[pJ]. (16)

We cannot calculate the exact value of this complexity measure for all values of the polynomial degree n
since the Shannon length Nq[p ;] has not yet been found for a generic n, because of its logarithmic-functional
nature. However, its asymptotic value has been recently shown [37] to be as
m
Nl[pJ]%Ea n — o0, (17)
so that the asymptotics of the Fisher-Shannon complexity of the Jacobi polynomial P,(La’ﬁ )(:E) is

() w, a=f=0.

Crslps] =~

0, otherwise.

where Eqgs.(15), (16) and (17) have been taken into account.
Finally it is worth highlightening that the LMC complexity of Jacobi polynomial defined by

Crumclps] = Walps] x Nilps],

cannot yet be evaluated neither for a generic polynomial degree n, nor in the asymptotic case n — co. This
is so despite we know [37, 38] the asymptotic behavior of the Shannon length Ni[p;] and the two following
expressions for the second-order entropic moment Ws[p ;] (also called disequilibrium):

(a) In terms of the four-variate Srivastava-Daoust function F1112121212 (1,1,1,1) [38] [36]:

3Ly

d(2a,2ﬂ)
WQ[pJ] =D |:P15,a’5):| = Oibo (45 n7a7/8a 2(1, 26) )

()

g 20t (e +n+ )I(B+n+ 1)
" nlla+p+2n+1)Na+B+n+1)
8

where




and

4
b0(47naa7ﬁa2a52ﬂ) = ( nj,;a )

o plzzi22 20+ 1:—n,a+B+n+1;...;—na+pB+n+1 1111
L1151 20+ 28+2:a+1;...;a+1 T ’
(b) In terms of the Bell polynomials By, (a1, a2, .., am—i+1) [37]:
() (n..B) o (n..8) (n.a,8)
WQ[pJ] :;mBkJrz;A (CO T ,2!01 T ,...,(k+1)!ck o )I(k,&a,ﬁ),
where the coefficients cg"""ﬁ) are given by

dmaB) Ma+n+1)2n+a+p3+1)
K [ nl2etAHIN (@ + B4 n+ DI (n+ B+ 1)

Xi(l)”( ZL ) ( 725 > F(aﬁ“(ﬂainiia;r 1),

i=t

and

hg.ong - CURTT g 4 DEBg 1) < —k,1+ Bq ,2)_

I(ag + Bq +2) 2+ (a+B)q’

To find the value of the LMC complexity of REO"B )(gc) we would further need to know the explicit
value of the Shannon length Nj[p] and/or the asymptotics of the disequilibrium D[P,Eba’ﬁ )(m)], what is
a formidable task. Therefore the analytical knowledge of the LMC complexity of Jacobi polynomials
remains to be an open problem in both general and asymptotic cases.

6. Numerical discussion

In this section the expressions for the Cramer-Rao, Fisher-Shannon and LMC complexities found in the
three previous sections are numerically studied for the three classical families of orthogonal polynomials of
Hermite, Laguerre and Jacobi. The values of these complexities are computationally discussed in terms of
the degree and parameters of the corresponding polynomials.

6.1. Dependence on the polynomial’s degree n

Figures 1 and 2 represent the Cramer-Rao and the Fisher-Shannon complexity measures, respectively,
for the Rakhmanov densities of the Hermite H,(z) (x), Laguerre L%Q)(x) (W) and Jacobi P,EQ’Q)(;U) (o)
polynomials as a function of the degree n for n = 0,1,...,40. In the three cases these complexity measures
monotonically grow with the degree n. For different values of the parameters of the Laguerre and Jacobi
polynomials, the behaviour of these measures is the same. This behaviour can be explained from an intuitive
idea of complexity: The number of maxima of the Rakhmanov density associated to a polynomial of degree n
is equal to n+ 1, with one zero between each two consecutive maxima. Therefore, the number of oscillations
and, consequently, one form of complexity of the density increases with n. Then, it looks like an intuitive
idea of complexity is in agreement with the values of these complexity measures.

Figure 3 shows the LMC complexity measure for the Rakhmanov densities of the Hermite H,(z) (x),
Laguerre Lg)(z) (M) and LeY (z) (O), and Jacobi pE? (z) (o) and po-s0) (z) (o) polynomials, as a function
of the degree n for n = 0,1,...,30. This complexity measure is a monotonically increasing function of n
in the Laguerre and Jacobi cases with small values of the parameters, as can be seen in the figure for the

9
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Figure 1: Cramer-Rao complexity measure for the Rakhmanov densities of the Hermite Hy(x) (x), Laguerre Lf)(ac) (M) and

Jacobi PT<L2’2)(J:) (e) polynomials as a function of the degree n for n =0,1,...,40.
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Figure 2: Fisher-Shannon complexity measure for the Rakhmanov densities of the Hermite H, (x) (Xx), Laguerre Lg)(a:) (m)

and Jacobi P,(L2’2>(3:) () polynomials as a function of the degree n for n =0,1,...,40.
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Figure 3: LMC complexity measure for the Rakhmanov densities of the Hermite Hy(z) (x), Laguerre Lif) (z) (W) and L£L5O) (z)
(O), and Jacobi PT(LZ’Q)(x) (o) and P7(150’50)(:):) (o) polynomials, as a function of the degree n for n =0,1,...,30.

polynomials Lg? ) () and P,(L2’2) (). However, the LMC complexity measure is a decreasing function of n

for small values of n in the Hermite case and also for Laguerre and Jacobi polynomials with large values
of the parameters (o = 8 = 50 in the figure). This can be explained taking into account that the LMC
complexity does not depend on the Fisher information or any other information measure sensitive to the
oscillatory character of the density. Then, the increase of the oscillatory content of the density from one
maximum (n = 0) to two maxima (n = 1) is not very relevant to the increment of the complexity, from the
point of view of the LMC measure. What provokes the decreasing of the LMC complexity is the decrement
experienced by the average height of the density, that is measured by the disequilibrium; while the Shannon
entropy remains almost constant. Thus, the LMC complexity is much more sensitive to the smoothness of
the density than to its oscillatory character, grasping a different intuitive idea of complexity.

6.2. Dependence on the polynomial’s parameters

Figures 4, 5 and 6 represent the Cramer-Rao, Fisher-Shannon and LMC complexity measures, respec-
tively, for the Rakhmanov densities of the Laguerre Lga)(x) (solid line), and the Jacobi Péa’o)(x) (dashed

line) and PQ(a’2)(:z:) (dotted line) polynomials, as a function of the parameter «, for 1 < o < 10 in the Cramer-
Rao and Fisher-Shannon case (as the Fisher information is defined for @ > 1, apart from the discrete value
a=0), and —3 < a < 10 in the LMC case (as the disequilibrium is defined for o > —1).

For the Laguerre polynomials, the three complexity measures decrease when « increases. Again, this be-
haviour can be explained from an intuitive idea of complexity: The spreading of these densities increases with
«. Since the complexity decreases (and the smoothness increases) as the spreading grows, the complexity of
these densities decreases as « increases, as shown by the three studied complexity measures.

In the Jacobi case, the principal characteristic on these figures is the minima that show the three
complexity measures as a function of . This behaviour can also be explained from an intuitive point
of view: For a given value of 8 € {0} N (1,4+00), if @ < 1 the density appears more concentrated around
positive values of z in the interval (—1,1). However, as « increases from this value the density moves to
negative values of x. Within this transition, the density pass through a configuration of maximal spreading
and smoothness, or minimal complexity, that is detected by these complexity measures with the minima
that we can see in these figures. Another feature from these figures is the clear separation between points for
n = 0 and points for n = 2 that appear in the Cramer-Rao and Fisher-Shannon representations, contrary to
the LMC complexity measure. This behaviour is due to the effect of the Fisher information, very sensitive
to the oscillatory character, in the first two complexity measures. However, the LMC complexity measure
depend on the disequilibrium, that is not affected directly by the oscillatory content but for the average
height of the density. For the three measures, since the density is defined in a bounded interval, the variance

11
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Figure 4: Cramer-Rao complexity measure for the Rakhmanov densities of the Laguerre Léa>(z) (solid line), and the Jacobi
Péa’m(x) (dashed line) and PQ(DC’Z) (z) (dotted line) polynomials, as a function of the parameter «, for 1 < a < 10.
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Péa’o)(m) (dashed line) and P2(a’2)(a:) (dotted line) polynomials, as a function of the parameter «, for 1 < o < 10.
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Figure 6: LMC complexity measure for the Rakhmanov densities of the Laguerre L(Qa)(x) (solid line), and the Jacobi Péa’o) (z)

(dashed line) and P2(a’2)($) (dotted line) polynomials, as a function of the parameter «, for —% < a < 10.

and the Shannon entropy have an upper bound, so the variations of these measures come essentially from
the Fisher information and the disequilibrium, respectively.

7. Conclusions and open problems

Nowadays the concept of complexity has become fundamental in Science and Technology because of
its usefulness to interpret, explain and predict numerous natural phenomena. However its mathematical
realization is manifold, depending not only on the specific discipline where it was created but also on the
concrete purpose which generated it. Generally speaking, the different notions of complexity published in the
literature can be classified as intrinsic (i.e., the ones which depend on the single-particle probability density
of the many-body system under consideration) and extrinsic (i.e., the ones which do not depend on any
probability density and take into account the context where the system is related with). The complexities of
extrinsic character (e.g., Kolmogorov, computational and algorithmic complexities) were earlier introduced,
being mostly used in technological areas [8, 9], while the intrinsic ones (e.g., Cramer-Rao, Fisher-Shannon
and LMC complexities) have been recently introduced, being mostly used in scientific disciplines to discuss
the internal structure of physical systems as well as to describe the course of chemical and biological processes
and reactions [10, 11, 13, 14, 25, 26].

In this work we have introduced various complexities of intrinsic character to study the complexity of
the hypergeometric-type orthogonal polynomials in a real continuous variable. We have defined them as the
corresponding complexities of the Rakhmanov probability density associated to these polynomials. Then,
we have discussed both algebraically and numerically the complexities of Hermite, Laguerre and Jacobi
polynomials in terms of both the polynomial degree and the characterizing parameters of their weight
functions. Analytically, we have found the explicit expression of the Cramer-Rao complexity in the Hermite
case and the asymptotics of the Fisher-Shannon and LMC complexities in the three Hermite, Laguerre and
Jacobi cases. Numerically we have shown that, opposite to the single information-theoretic measures (e.g.,
Shannon entropy, Fisher information, disequilibrium,...), these three composite complexities grasp different
aspects of the complex nature that people have about the mathematical functions here considered.

In addition, several open problems have been pointed out throughout the paper. Here we would like to

highlight two important issues in the field of generalized hypergeometric functions (namely, the reduction
of the Lauricella function F" (3,3,1,3) and the Srivastava-Daoust function F);7777(1,1,1,1) to much
simpler functions) and the following asymptotic problem of classical orthogonal polynomials y,,(x): to find

13



the asymptotical (n — oo) value of the functional

Walo] = / o))" da = /A (@) [y (@) da,

which is very closely connected to the weighted Lg,-norm of these polynomials. Here, w(z) (z € A) is the
weight function with respect to which these polynomials are orthogonal, and p(z) = w(z)|y,(x)|? denotes
the associated Rakhmanov probability density. This asymptotical issue has been recently solved for the
Hermite polynomials [34] but it remains open in the Laguerre and Jacobi cases. The solution of these issues
would allow one to calculate not only the disequilibrium but also the LMC complexity of the Laguerre and
Jacobi cases and, in extenso, the corresponding quantities of numerous physical systems whose quantum-
mechanical states are described by wavefunctions controlled by these polynomials. Finally, for the sake of
completeness, let us also comment that the asymptotics (¢ — oo) of these mathematical objects have been
recently considered [39].
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4.4. Medidas entropicas y de complejidad de los armoénicos hi-
peresféricos y aplicaciones cuanticas

Esta seccién contiene el articulo siguiente que trata el cdlculo de medidas entrépicas y de
complejidad de los armoénicos hiperesféricos, y los resultados obtenidos se aplican al rotador
rigido.

Entropy and complexity analysis of the D-dimensional rigid rotator and hypersp-
herical harmonics.

J. S. Dehesa, A. Guerrero y P. Sanchez-Moreno.

Journal of Mathematical Chemistry (2014). Enviado.

Uno de los prototipos cudnticos mas utilizados para caracterizar fenémenos y propiedades
moleculares es el rotor o rotador rigido, que es un sistema-modelo constituido por una particula
moviéndose sobre la superficie de una esfera. En este articulo se considera un rotador rigido
en D dimensiones, por lo que el movimiento de la particula tiene lugar sobre una hiperesfera
D-dimensional. Las funciones de onda de los estados mecano-cudnticos permitidos para este
sistema son los arménicos hiperesféricos. En este trabajo se analiza el movimiento mecano-
cuantico de este sistema haciendo uso de las medidas tedrico-informacionales. Esto conlleva la
determinacién de los momentos entrépicos, las medidas entrépicas y las medidas de complejidad
de los armoénicos hiperesféricos. Finalmente se hace un andlisis numérico exhaustivo de estas
magnitudes.
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Entropy and complexity analysis of the D-dimensional rigid
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Abstract

In this paper we carry out an information-theoretic analysis of the D-dimensional rigid rotator
by studying the entropy and complexity measures of its wavefunctions, which are controlled by
the hyperspherical harmonics. These measures quantify single and two-fold facets of the rich
intrinsic structure of the system which are manifest by the intricate and complex variety of D-
dimensional geometries of the hyperspherical harmonics. We calculate the explicit expressions of
the entropic moments and the Rényi entropies as well as the Fisher-Rényi, Fisher-Shannon and
LMC complexities of the system. The explicit expression for the last two complexity measures is
not yet possible, mainly because the logarithmic functional of the Shannon entropy has not yet

been obtained up until now in a closed form.
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I. INTRODUCTION

The manifestations of quantum mechanics in D-dimensional physical systems are gener-
ally analytically inaccessible, basically because the associated Schrodinger equations cannot
be explicitly solved except for a very few cases which correspond to a quantum potential
with some known symmetry. The particle-in-a-box, the harmonic oscillator, the hydrogen
atom, the particle moving in a Dirac-delta-like potential, and the rigid rotator are possi-
bly the five major prototypical systems which are used to model the quantum-mechanical
behavior of most 3- and D-dimensional physical systems (see e.g. [1, 2]).

The information-theoretic properties of these physical prototypes have been recently in-
vestigated for the first four cases in references [3-7]; see also the review papers [8, 9]. How-
ever, the corresponding properties for the rigid rotator have not yet been found, although
many other properties of this system are well known, such as the specific heat [10], poten-
tial energy surfaces [11], spectral quantities in external fields [12], among others. This is a
serious lack because of the numerous applications of this model; in particular, it has been
extensively used to characterize the rotation of diatomic molecules (and is easily extended
to linear polyatomic molecules). In this work we investigate the entropy and complexity
properties of the wavefunctions of the rigid rotator; i.e., the hyperspherical harmonics.

The D-dimensional (D > 3) spherical harmonics (or simply, hyperspherical harmonics)
do not only play a central role in harmonic analysis and approximation theory [13—-15] but
also in quantum theory [16, 17]. As well, they have been shown to be the solutions of a
very broad class of equations of a form into which numerous equations of D-dimensional
physics can be transformed, ranging from the Schrodinger equation of the rigid rotator till
the Bethe-Salpeter equation of some quark systems [2, 14, 16-22]. Indeed, e.g. they are the
eigenfunctions of the D-dimensional rigid rotator (i.e., a point mass p rotating around a
fixed center in the hyperspace at a given distance 1) corresponding to the eigenvalues /(I 4
D—2)/(2I), for 1 =0,1,2,..., where the moment of inertia I = pur3. Moreover, they are the
functions that give the anisotropic character of the eigenfunctions of D-dimensional central
potentials, since the remaining radial part is spherically symmetric. The hyperspherical
harmonics are functions defined on the (D — 1)-dimensional unit sphere Sp_; C Rp which
arise as eigenfunctions of the Laplace-Beltrami operator corresponding to the eigenvalues

[(I+ D —2). They are basis vectors in certain irreducible representation spaces of SO(D, 2)



[13-15], and in fact constitute a basis for integrable functions defined on the unit sphere.

The hyperspherical harmonics are known [4, 16, 21] to have the form

D—2
Yi g (2p) = —=eo1r [T G (cos 0;) (sin )+, (1)
V2T iy +
where Qp = (01,605, ,0p_1) represents the D — 1 angular coordinates of the sphere Sp_;
sothat 0 <60, <mforj=1,---,D—-2and 0 <0p_; < 27. The D — 1 integer numbers

[ = py and {pg, -+, pup—1 = m} = {u} have the values [ = 0,1,2,--- and pg > po > ... >
lp_1] > 0. The parameter a; = (D — j — 1)/2. And the symbol CX(z), A > —3, denotes
the orthonormal Gegenbauer polynomial of degree n and parameter A\ which satisfies the
orthogonality condition

+1

Co(@)Cn (@) (@)da = by, (2)

—1

where the weight function is defined as
wa(r) = (1—2*)*2, (3)

The algebraic properties of these functions are widely known in mathematical physics

[2, 16, 17, 20-24]; in particular, they satisfy the orthogonality relation

/S Y0 (Q20) Y (3 (2p)dQ2p = urdypy vy
D—1
where the generalized solid angle element is

2

D—
dQD = ( (sin 9j)2a'7d0j) dHD—l-
=1

J

The spread of the hyperspherical harmonics all over the hyperspace is, however, not so
well known. This is a serious lack since these functions control the angular distribution of
the charge and momentum distributions of numerous quantum mechanical systems with a

central potential, by means of the density function

2

i (20) = Yoy (20)]7, (4)

which is called as Rakhmanov probability density of the hyperspherical harmonics in the

theory of special functions, and gives the distribution of the particle all over the hyperspace.



The information-theoretic measures of this density function allows us to quantify single
and composite facets of the rich variety of D-dimensional geometries of the system in the
hyperspace.

The goal of this paper is three-fold. First, we calculate the analytical expressions of
various single information-theoretic measures of spreading (entropic moments and Rényi en-
tropies) beyond the recently found Fisher information [25], and the following two-component
complexity measures: Fisher-Shannon, Fisher-Rényi and LMC complexities. Second, we ap-
ply these results to eigenfunctions of the standard (i.e., three-dimensional) rigid rotator; that
is to the hyperspherical harmonics. Third, we carry out a numerical study of these entropy
and complexity quantities for various orders and dimensionalities of the harmonics.

The structure of the paper is the following. In Section II we give the definitions of the
entropies and complexities to be used throughout the paper. Then, in Section III we give
the expression of the Fisher information and calculate the entropic moments and Rényi en-
tropies of the wavefunctions of the quantum-mechanical D-dimensional rigid rotator, which
are controlled by the hyperspherical harmonics. In Section IV the expressions of the two-
component complexity measures of the type Fisher-Shannon, Fisher-Rényi and LMC types
are given, and a numerical study is performed. Finally, some conclusions are given and

various open problems are pointed out.

II. ENTROPY AND COMPLEXITY MEASURES: BASICS

In this Section we describe briefly the information-theoretic spreading measures of a gen-
eral probability density p(r) which will be used throughout the paper; namely, the entropic
moments, the Rényi, Tsallis and Shannon entropies, the Fisher information and the associ-
ated two-component complexity measures: Fisher-Shannon, Fisher-Rényi, and LMC.

The gth-frequency or entropic moment of the density p(f), ¥ € RP, is defined by

Wil = (o) = [T qert )

Jn
Y

where the expectation value of a function f(r), (f(r)), is given by

(f(r)) = . F(F)p(F)dF.

Mathematically, these moments are often more useful than the ordinary moments (r*) be-

cause the later ones give too much weight to the tail of the distribution and, at times, they

4



are undefined [26]. From a physical point of view the entropic moments describe numerous
functionals of the electron density which characterize fundamental and/or experimentally-
measurable quantities of atomic and molecular systems according to the Hohenberg-Kohn
density-functional theory [27-30]; e.g. the Thomas-Fermi and Dirac exchange energies. See
also [31] for their connection with other atomic density functionals, [32, 33] for the exis-
tence conditions, [34] for further mathematical properties, [8] for various applications in
D-dimensional quantum systems, and [35] for potential applications in statistics and imag-
ing.

The Rényi and Tsallis entropies of p(r) are defined in terms of the entropic moments as

[36]

Ryl = 7= og Wil = T 1os | (A", >0, 1, (6)

-9
and [37]
1 1 o
ni = 0wl = (1= [ @), o0 gt @

respectively, which when ¢ — 1 reduce to the well-known Shannon entropy

St = = [ | o) log p()ai (®)

It is interesting to remark that these quantities are global measures of spreading of the
density p(r) because they are power (Rényi) or logarithmic (Shannon) functionals of p(r).
They provide various complementary ways to quantify the extent of p(r) all over the hyper-
space.

The (translationally invariant) Fisher information of p(r) is defined [38, 39] by

F[p]:/RD p(7) [V log () dr—4/ Vo /o] dr, 9)

where V denotes the D-dimensional gradient. This notion was first introduced in the one-
dimensional case for statistical estimation [38], but nowadays it is used in a wide variety
of scientific fields [39] mainly because of its close resemblance with kinetic and Weiszécker
energies [40]. Contrary to the Rényi and Shannon entropies, the Fisher information is a
local measure of spreading of the density because it is a gradient functional of p(r). The
higher this quantity is, the more localized is the density, the smaller is the uncertainty and

the higher is the accuracy in estimating the localization of the particle.



Recently, some composite density-dependent information-theoretic quantities have been
introduced. They are called complexity measures because they grasp more than a single
facet (macroscopic property) of the density. We refer to the Fisher-Shannon, and the more
general Fisher-Rényi, and the LMC shape complexities. They have a number of very interest-
ing mathematical properties. Here we would like to highlight some common characteristics.
They are dimensionless, opposite to the previously defined single-component entropies (en-
tropic moments, Shannon and Rényi entropies, Fisher information), what allows them to
be mutually compared. They are defined essentially by the product of two single entropies,
what allows them to quantify two-fold facets of the density. Moreover, they are intrinsic
quantities of the density what differenciate them from other complexity notions already
used (computational complexity, algorithmic complexity, ...), which depend on the context.
Finally, they are close to the intuitive notion of complexity because they are minimum for
the extreme or least complex distribution which correspond to maximum disorder (i.e. the
highly flat distribution).

The Fisher-Rényi complexity of p(r) is defined [41] by

Oy [0l = F[p] x J, [p] (10)

where F'[p] is the Fisher information (9) and J, [p] denotes the gth-order Rényi power entropy
of p(r) given by
I

Jolp] = %GDRM (11)

where R, [p] is the Rényi entropy (6). This complexity measure quantifies wiggliness or
gradient content of the density jointly with its total extent all over the hyperspace, the
parameter ¢ weighting different regions of p(r). The special case ¢ — 1 of (10) leads to the

Fisher-Shannon complexity as

I =
Crs [p] = F[p] x %Ws[p]; (12)

where S [p] is the Shannon entropy (8). All the relevant invariance properties (replication,

translation, scaling) of Crg [p] are also fulfilled by the Fisher-Rényi complexities Cg]])% [p] for

any g > 0, g # 1.
The LMC complexity of p(r) is given [42, 43] by

Cruc [p] = D [p] x 7] (13)
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where
D [p] = Wa [p] = (p) (14)

is the second-order entropic moment of p, also called disequilibrium in some contexts. This
complexity measure quantifies the combined balance of the average height of p(r) and the

total extent of the spread of the density over the whole hyperspace.

III. ENTROPY MEASURES OF HYPERSPHERICAL HARMONICS

In this Section we give the algebraic expression of the Fisher information and obtain
those of the entropic moments and Rényi and Tsallis entropies of the hyperspherical har-
monics Y, 1,3(€2p), which are given by the corresponding quantities, F'[p], W, [p] and R, [p]
respectively, of the associated Rakhmanov probability density p = p; 1,3 (€2p). They will be
expressed in terms of the hyperquantum numbers (1 =1, po, ..., up—1) = (I, {p}) and the
dimensionality D.

First we realize from Eqs. (1) and (4) that the Rakhmanov density of the hyperspherical

harmonics is
D—2

P () = % IT [Coers cos ej)r (sin 0;)2+1. (15)
=1
Then, according to Eq. (9), the Fjisher information of this density is [25, 44]
Floygn] = 4L(L +1) = 2[pp|(2L +1) = (D = 1)(D = 3), (16)
where L = + £, In the three-dimensional case (D = 3) this yields
Fimlp) =41+ 1) = 2|m|(20 + 1). (17)

The entropic moments of this density are, according to Eq. (5),

Walpigm] = /S 140 (Q20)] " d2p (18)

B <2w1>q1 H/

The change of variable 6; — x; = cos 0; allows us to write these quantities as follows

2q

C«aj+uj+1

g —Hj+1 (sin Gj)Q(quﬂ +aj)d9j

(cosb;)

D-2

1 AP % o
Wolprguy] = (2m)et 1_[/1 C#jj:fj:(x]) (1= 22) 73 gy (19)
j=1""
1 D=2 oen » 5
o 1
- W H /1 C‘“;_“;:l (“TJ) Wapjy1+a, (xj) dx; (20)
=17



where wy () is defined in (3).

For ¢ € N we can apply the linearization method for Jacobi polynomials by Srivastava [45],
particularized for Gegenbauer polynomials. This method yields the following linearization
formula:

quj+1ta;—3 7‘1#J+1+04j_’)

2q(pj—pj+1) d(
i C«?‘j+‘Jl‘j+1 ([L’ )
J
i

” 2q
Qg i
Crtina@)| = Z B

J,0,D 2q 1
pj1tag =3 pitag =3 )
# —Hj+1

which, together with the orthogonality relation of the Gegenbauer polynomials, allows us to

obtain the following expression for the entropic moments:

|:d<QNj+l+Oéj q#]+1+aj—)] 2
(0)

D—-2
Wlprgm] bi | -
jz Ya-1 Jlj[l 7D { (#J+1+aj—§v#j+1+aj—§)]2q
g =141
where
Jon _ [ 2Tt 0t DT+ 5+ 1) (22)
nl@n+a+ B+ Ol(n+a++1)

is the normalization constant of the Jacobi polynomials pie? (x) and

o _ (s 1 1 1 1
Biap = ¢\ 2¢; 5 — pj1, 0 + pjpn — 5 Qi + 1 — 5 +qpje — 5 Qi + Qi1 — 5

with
C(T’ n,a,ﬂ,’y, 5)
_ (”"‘O‘)TFL&...;Q y+1l:—n,a+f+n+1...;—na+f+n+1
- 1:15..51 y Lyttt
n Y+o+2:a+1;...;a+1

Y

:(n+a>r z”: (Y4 Djpopg, (—n)j(a+B84+n+1); - (—n)(a+B+n+1);

A G R I (@+ 1)y (@+ D)5l 4!

(23)

where F 1 12 is a Srivastava-Daoust function [45]. This expression generalizes to any ¢ the
expression of the entropic moment with ¢ = 4 already obtained in [25].

Let us now consider some examples: In the case D = 3 we obtain the expressions

Walpoo] = 2°7 21w



for l=m =0,
22—2q3q7r1—q

WQ[plyo] = 2q+1

forl=1,m=0,

g 224 (D(gl + 1)) ((2l + 120 + 1))q

Walpu] = (2m) (2q1 + 1)0(2g1 + 1) \ 22041 (D(1 + 1))

for m = [, and

(q(l—1),q01—1) ) *
o+ DT (-1 + ) (@)

Welpria] = (277)1_q12q 3 2q
V7L (gl + ) (dgl—l,l—l)

form=1-1.
For D = 2 the spherical harmonic reduces to Y,,(0) = \/—276' , m € Z, so the entropic

moment of order ¢ have the constant value
Wilpw] = (2m)'.
For D = 4 we can obtain the values of the entropic moments
Wolpopo] = 279w

for p11 = po = p3 =0, \

ol+q 5 —2q (% + q)

WQ[pl,O,O] - F(Z I q)

for py = 1 and ps = pu3 =0,

(l+ 1)

— 2\1—q
Wylpi] = (27%) g+ 1

for py = po = ps =1,

P+ YT g —1)+1)
I'(lg + 2)

Walpri—ii—) = 2727 22(1(1 + 1))"

for py and po = pu3 =1—1,

L (g + 1))’ (gl —2)+1)

Wl pi1i-11—a] = 21971 729(1(1? + 1
Q[pl 1,1-1, 2] ™ (( + )) F(lq+2)

for py, po =1 —1and puz =1— 2.



For any value of the dimensionality D we can obtain the following results:

7)™

(C(D—j—1)""

Wq[pOO 0] _ (2ﬂ.)l—qQ(D—l)(D—Q)(l—q)/Q((D _ 2)[)61-1

j=1
for pjy = pp = --- = pup_1 =0,
W, 1] = (2) -92(P-D(D-2(1-0)/2 (gi];;li;zzq
<1 g Cﬁgi_;)—)n (ml o _21)>q
j=1 T (+54)
for py = po=---=pp_1=1.

These expressions together with Eqs. (6) and (14) allow us to obtain the Rényi and Tsallis
entropies of the quantum-mechanical states of the D-dimensional rigid rotator, respectively,
in a straightforward manner in terms of the hyperquantum numbers characterizing the states

and the dimensionality D.

IV. COMPLEXITY MEASURES OF HYPERSPHERICAL HARMONICS

In this Section we consider the complexity measures of Fisher-Shannon, Fisher-Rényi
and LMC of the eigenfunctions of the D-dimensional rigid rotator (i.e., the hyperspherical
harmonics) which are described by the corresponding quantities of the associated probability
density given by Eq. (4) or (15). We should immediately say that these quantities cannot be
obtained in analytical form, mainly because of the highbrow expression of the Rényi entropy
(as seen in the previous section) and the logarithmic character of the Shannon functional.
Therefore, our study has to be necessarily numerical. We will fix the dimensionality D = 3,
so that we will investigate the behavior of the abovementioned complexity measures for the
eigenfunctions of the three-dimensional rigid rotator (i.e., the standard spherical harmonics
Yim(0,¢)) in terms of the quantum numbers [ and m. We will numerically perform a
complexity analysis of the three-dimensional rigid rotator (i.e. a point-mass particle freely
moving on the two-dimensional sphere) whose ground and excited states (I,m) have the
associated probability density

P, ) = — [é%+m(cos e)} " (sin )2, (24)

It l—m
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It is well known that this system models a great number of physical systems, such as e.g. the
rotating diatomic molecules. Indeed, a diatomic molecule is an extremely complicated many
body problem (e.g., the HCI molecule is a 20-body problem), but at very low energies no
excitations associated with the electron degrees of freedom come into play since the electron
cloud binds the two atomic nuclei into a nearly rigid structure. For further details and

applications of the three-dimensional rigid rotator, see e.g. [14, 19, 21].

A. Fisher-Shannon complexity

According Eq. (12), the Fisher-Shannon complexity of the three-dimensional rotator
state (I,m) is given by the Fisher-Shannon complexity of the density p; (6, ¢); that is,

1 1
esSlumd — (41(1 4 1) — 2|m|(2 + 1)) x 5 ¢35lom]
e

C ml = Flpim
Fs[Pim) [P1,m] % e

i

where the Shannon entropy S[pim,| is given by Eq. (8). The variation of this complexity
measure in terms of [ and m is investigated in Figures 1, 2 and 3. Figure 1 shows the
values of the Fisher-Shannon complexity for fixed values of the angular quantum number
[ = 10, 20, 50, 80, for m from 0 to I. Notice that this complexity measure depends on the
absolute value of m, so we have that Crs[p;—m] = Crs[pim). In this case we observe that
the function Crg|p1m] decreases monotonically as m increases. We can also remark that the
values of the complexity measure grow when [ increases.

Figure 2 shows specifically how the complexity measure grows with [ (I > m) for fixed
values of m.

Finally, Figure 3 represents the values of Cpg[pim| as a function of [ when m =1 —a
with a = 0,1, 2, for [ from m to 80. The complexity measure increases monotonically with
[ in all the cases, and we see that the larger the difference between [ and m, the higher the

growth rate.

B. Fisher-Rényi complexity

Following Eqs. (6), (10), (11), (17) and (18) we can express the Fisher-Rényi complexity
Cﬁfl)%[pl,m] of the three-dimensional rigid rotator in terms of the quantum numbers [ and m

via the entropic moments W, [p; | already calculated in Section III for any dimension; that

11
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FIG. 1: Dependence of the Fisher-Shannon complexity on the magnetic quantum number m =
0,...,1, for various spherical harmonics Y} ,,(6, ¢) with a fixed orbital quantum number [ = 10 (H),

20 (x), 50 (&J) and 80 (©®).
is,

() 1 _2
CFR[pl,m] = 2_7'('€F[pl’m] X Wq[phm]d(l—q)

1 2
— % (4[([ + 1) — 2|m|(21 -+ 1)) X Wq[pl,m]g(l_‘”, with q > 0. (25)

Let us now explore the dependence of this complexity for a given ¢ (say e.g., ¢ = 2) on
the quantum parameters [ and m by means of Figures 4, 5 and 6. Figure 4 represents the
Fisher-Rényi complexity measure Céq])% [p1.m] for ¢ = 2 as a function of m for fixed values of
[ =10, 20,50. The most notable feature of this figure is the maximum value achieved by this
complexity measure for a given value mg > 0 that depends on [ and ¢. This contrasts with
Figure 1, where the maximum value of the Fisher-Shannon complexity measure is achieved
for mg = 0 in all the cases.

Figure 5 shows the complexity Cl([fj)%[pl,m] for ¢ = 2 as a function of [ for m = 0,1, 2,5.
We observe the same monotonically increasing behaviour shown by the Fisher-Shannon
complexity in Figure 2.

Figure 6 represents the complexity C’l(f]){[plym] for ¢ = 2 as a function of [ for m =1 — a,
with a = 0,1,2. This figure is completely analogous to the corresponding Figure 3 for

the Fisher-Shannon complexity, where the complexity measure increases monotonically as [
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FIG. 2: Growth of the Fisher-Shannon complexity with [ for various spherical harmonics Y] ,,,(6, ¢)
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FIG. 3: Behaviour of the Fisher-Shannon complexity of the spherical harmonics Y}, (6, ¢) with

m =1—a, where a =0 (W), 1 (x) and 2 ([J), as a function of [ when [ goes from a to 80.
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FIG. 4: Study of the Fisher-Rényi complexity measure C}?}{ in terms of m for various spherical

harmonics Y] ,,, (0, ¢) with fixed values of [ = 10 (W), 20 (x) and 50 (®).
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FIG. 5: Study of the Fisher-Rényi complexity measure Cl(f}{ in terms of [ for various spherical

harmonics Y] ,,, (6, ¢) with fixed values of m =0 (W), 1 (x), 2 (&) and 5 (©®).
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FIG. 6: Study of the Fisher-Rényi complexity measure C}ZI)% for various spherical harmonics
Y1 m(0,¢) with m =1 — a, where ¢ = 0 (W), 1 (x), and 2 (®), as a function of | when [ goes

from a to 60.

C. LMC complexity

According to Egs. (8), (13) and (14) we have that the LMC complexity of the rotator

states (I, m) is given by the expression
Crarclpim] = Walpim] x e%lowm (26)

where Ws[p;.m] have been already calculated in Section III. Figure 7 shows the LMC com-
plexity measure as a function of m and fixed values | = 10,20,50,80. This complexity
measure has a decreasing behaviour as m increases up to the position m ~ [ where a mini-
mum is found and the complexity measure starts increasing.

Figure 8 shows the LMC complexity Cryc[pim) as a function of [ for fixed values m =
0,1,2,5. For [ > m this complexity have a clear increasing behaviour. But for some cases
it has a minimum when [ ~ m. These minima correspond to those found on Figure 7. They
appear when the values of [ and m have similar values.

This behaviour is better explained in Figure 9, where Cpyc|pim] is represented as a
function of [ for m =1 — a, with a = 0,1,2. Thus, [ ~ m in all the cases. We observe that
for large and moderate values of [ (I 2 5) the complexity measure is larger when m = [ than

in the other two cases.
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FIG. 7: Dependence of the LMC complexity measure on m for various spherical harmonics
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V. CONCLUSIONS

The rigid rotator model has been used in numerous mathematical and physical directions

[13-16]; in particular it has been used to characterize the rotation of diatomic molecules
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FIG. 9: Behavior of the LMC complexity measure for various spherical harmonics Y ,, (6, ¢) with

m =1—a, where a =0 (W), 1 (x), and 2 (1J), as a function of I when [ goes from a to 60.

(and is easily extended to linear polyatomic molecules), so that the entropy and complexity
properties of these molecules can be referenced with respect to the corresponding rotator
quantitites [46]. In this work we have investigated the entropy and complexity measures
of the eigenfunctions of the D-dimensional rigid rotator model (namely, the hyperspherical
functions) in terms of the dimensionality and the hyperquantum numbers which characterize
them.

Since the hyperspherical harmonics describe the angular part of the stationary states of
any central potential with arbitrary dimensionality, these information-theoretic quantities
provide estimations for the angular anisotropy of the eigenfunctions of a central potential in
the hyperspace. In other terms, they quantify the rich variety of D-dimensional geometries
of the lobe-structure of the quantum states of the corresponding system (e.g., hydrogenic
orbitals for the hydrogen atom), which are described by means of D integer hypernum-
bers (e.g., the principal, orbital and azimuthal quantum numbers n, [ and m, in the three
dimensional case).

Specifically, besides the explicit expression for the Fisher information, first we have found
the entropic or frequency moments of the hyperspherical harmonics, which allows one to find
the Rényi and Tsallis entropies of the rigid rotator in a straightforward manner. Then, we

numerically study the dependence on the quantum numbers (I, m) for the complexity mea-
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sures of Fisher-Shannon, Fisher-Rényi and LMC types of the spherical harmonics Y;,, (0, ¢),
which are the eigenfunctions of the three-dimensional rigid rotator.

Let us highlight that the spatial complexity of the associated probability densities (24) to
the spherical harmonics is clearly related to the number of lobes of their three-dimensional
representations. In fact the degree of the involved Gegenbauer polynomial is connected to
its number of maxima, and hence to the number of lobes, that is equal to I — |m| + 1; so
the complexity is expected to grow as the difference | — |m| increases. This behaviour is
only grasped by the Fisher-Shannon complexity. Indeed the Fisher-Rényi and the LMC
complexities, although follow this behaviour in most cases, show pointwise differences with
respect to the Fisher-Shannon complexity. This can be seen e.g. in Figure 1, where the
Fisher-Rényi measure increases with |m/| at low values of |m|. Similarly, this counterintuitive
behaviour can also be seen for the LMC complexity in Figures 7 and 8 for the cases where
[ ~ |m|. As well, this phenomena is also apparent in Figure 9 in a transparent manner,
where |m| ~ [ in all the cases and a clear monotonic behaviour in the plotted data is not
observed. In turn, it is remarkable that the Fisher-Shannon complexity grasps the visual,
intuitive complexity of the density associated to the spherical harmonics. From this point
of view we can endorse this quantity as the most appropriate complexity measure in this
system.

Finally, let us also point out that the entropy and complexity quantities used in this
work do not only quantify the anisotropic character of the stationary states of the central
potentials in any dimensionality, but they can potentially be used to visualize D-dimensional
models that are becoming integral components of data processing in many fields, including
medicine, chemistry, architecture, agriculture and biology over last few years. Moreover,
they could be employed to carry out volumetric shape analyses which permit an evaluation

of the actual structures that are implicitly represented in D-dimensional image data.
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4.5. Acotacion de productos de incertidumbre y medidas de
complejidad de sistemas cuanticos

Esta seccién contiene el articulo siguiente:

Upper bounds on quantum uncertainty products and complexity measures.
A. Guerrero, P. Sdnchez-Moreno y J. S. Dehesa
Physical Review A 84 (2011), 042105.

En este articulo se presentan cotas superiores a las medidas de informacién y a las medidas de
complejidad. En la introduccién se hacen presentes cotas inferiores para las principales medidas
de complejidad (Cramér-Rao, Fisher-Shannon y LMC).

Posteriormente se hayan diversas cotas superiores tanto a los productos de incertidumbre de
Shannon y Rényi como a las medidas de complejidad, en términos del producto de Heisenberg
generalizado, que involucra valores esperados de los espacios de posiciones y momentos de un
sistema cudntico. Se hayan cotas tanto para sistemas generales como para sistemas centrales
(i.e., aquellos cuyo potencial depende inicamente de la distancia al origen).
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The position-momentum Shannon and Rényi uncertainty products of general quantum systems are shown to
be bounded not only from below (through the known uncertainty relations), but also from above in terms of the
Heisenberg-Kennard product (r2)(p?). Moreover, the Cramér-Rao, Fisher-Shannon, and Lépez-Ruiz, Mancini,
and Calbet shape measures of complexity (whose lower bounds have been recently found) are also bounded

from above. The improvement of these bounds for systems subject to spherically symmetric potentials is also

explicitly given. Finally, applications to hydrogenic and oscillator-like systems are done.
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I. INTRODUCTION

The uncertainty principle is a basic physico-mathematical
aporia. It is not only a relevant issue in harmonic analysis [1],
but also a statement of the human and technical limitations
to perform measurements on a system without disturbing
it [2]. Moreover, the position-momentum uncertainty principle
describes a characteristic feature of quantum mechanics whose
first mathematical realization is the Heisenberg-Kennard
relation [2,3] based on the second-order power moment of
the position and momentum probability densities (o(F),y (p))
which characterize the quantum state of a physical system.
This relation is given in atomic units 7 = 1 by

) (p*) = 3, (1)

valid for all quantum-mechanical states of any three-
dimensional physical system. Here the symbol { f(r)) denotes
the expectation value

G0 = [ @ win =

in position space, and similarly in momentum space. Then
the relation (1) was generalized for any power moments
({r*Y,(p®)) in the sense [4,5]

1

giph s x| §>‘l‘<§)}’ -4}
) (") 2[16”%”(%)} C) () e

PACS number(s): 03.65.Ta, 89.70.Cf

valid for a,b > 0. See also [6] for further inequalities with
moments of negative orders. For the case a = b we have

2 § 3 2
(r“>(P“)>|:#?(§)i| (;) A as0, ()

which reduces to (1) when a = 2. However, the Heisenberg-
Kennard relation is much too weak to express the uncertainty
principle (see, e.g., [7,8]).

Presently it is well known that quantities based not on
the position and momentum power moments ((r%), (p#)), but
instead on the frequency or entropic moments,

Walp] i= fR @I, Wiyl = fR Rz

are much more appropriate and stringent uncertainty measures
for quantum systems. These quantities are called information-
generating functionals in other contexts [9]. The position Rényi
entropy [10-12], defined as

1

—

0 <o < oo;

Ry[p] == I In Wy [p];

a#1,

and the corresponding momentum quantity Rg[y] provide
the most relevant canonical class of position and momentum
uncertainty measures [13]. These quantities have been widely
used in a large variety of quantum systems, phenomena, and
processes, as briefly summarized in Refs. [14] and [15]. It
is worth noting that the (Boltzmann-Gibbs)-Shannon entropy

@ S[pl = — [ p(F)In p(F)d’r is the limiting case o — 1 of

Ry [p] (see, e.g., [16]), and the Tsallis entropy [17] is a linear

approximation of R,[p] with respect to W,[p]. Moreover,

uncertainty-type inequalities associated with the Shannon and

*agmartinez@ugr.es Tsallis entropies have been obtained by Beckner [18] and

tpablos @ugr.es Bialynicki-Birula—Mycielski [19], and Maassen-Uffink [20]
fdehesa@ugr.es and Rajagopal [21], respectively.
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Bialynicki-Birula [14] has shown in 2006 that the Renyi
entropies satisfy the uncertainty relation

(%) ()
2l—a) 20-B) B

which has been extended and rewritten in 2009 by Zozor et al.
[22] in the form

Ru[pl + Rglyl =

No[p]Ngly] = Cla.p), “4)

where N,[p] denotes the position Renyi «-entropy power
[22,23]

1 1
Nqlp] = exp <§Ra[p]) = {Wealpl}=o )
in position space, and Ng[y] the corresponding momentum
quantity. The constant C(«, 8) has the value

C(@.p) =27 Q) 2B)T. ©)

On the other hand, the translationally invariant Fisher
information [24], defined by

7 o (7)]2
[Vp(f)] 7
r:  p(r)
has been shown to be a particularly useful uncertainty measure.
This is because, contrary to the previous measures, it has
a locality property: it is very sensitive to the fluctuations
or irregularities of the position probability density of the

stationary states of the quantum systems. Moreover, it has
the bounds

Flp] :=

’

81 <
(r2)(p?) =
where we have used the Cramér-Rao inequalities [23]
Flp] = i, Flyl > i,
(r?) (p?)
and the Stam relation [25]

Flpl < 4(p%,

Let us also mention, for the sake of completeness, that the
Fisher information also satisfies the uncertainty relation

FIplF[y] < 16(%)(p?),

Flyl < 4(r?).

Flp]F[y] > 36

for quantum systems when either the position wave function
or the momentum wave function is real [26].

Furthermore, there exist some products of two single
information-theoretic measures which have been shown to be
most appropriate to grasp various facets of the internal disorder
of quantum systems and to disentangle among their rich
three-dimensional geometries: the Cramér-Rao [16,27,28],
Fisher-Shannon [29-31], and Lépez-Ruiz, Mancini, and Cal-
bet (LMC) [32,33] complexities. These composite quantities
are defined as

Ccrlpl = FlplVip] (7N
for the Cramér-Rao complexity; as
1
Crslpl = FlolJ[p] = o— FlpIN7lp] ®)
Te

1 1
with — 4+ — =2,
o
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for the Fisher-Shannon complexity; and as

N 3
Cimclp] = Dlplexp(S[p]) = D[pIN;[p] = |: 1[,0]i| ©)
Na[p]

for the LMC shape complexity. The symbols V[p] and
J[p] denote the variance V[p] = (r?) — |(F)|* and the Shan-
non quantity J[p] = Qme)! exp(% Slp)) = (2me)™! le[,o],
where N[p] = exp( % S[p]) gives the Shannon entropy power,
and the disequilibrium D[p] = (p) = Wa[p] = N, [p] of the
system. These three dimensionless two-ingredient measures of
complexity, which quantify how easily a quantum system may
be modeled, differ from the remaining complexities in the fol-
lowing properties: (i) mathematical simplicity, (ii) invariance
under replication, translation, and scaling transformations, and
(iii) minimal values in the two extreme cases: perfect order
(i.e., for completely ordered systems, that is, when the density
denotes a Dirac § function) and perfect disorder (i.e., for
completely disordered systems which have a uniform or highly
spread density and an ideal gas in one and three dimensions,
respectively). Moreover, they are bounded from below as

Ccrlpl 29,

Crslpl 23, and Crmclpl =21 (10

for general three-dimensional systems.

In this work we first highlight (see Sec. II) the connection
between the Rényi- and Shannon-entropy-based uncertainty
products of general quantum systems, as well as the two-
ingredient measures of complexity mentioned above, with the
Heisenberg-like uncertainty products (r¢)(p”). Thenin Sec. III
we show that the resulting upper bounds can be improved
for systems subject to central potentials of arbitrary analyt-
ical form. Finally, these quantities are explicitly given and
numerically discussed for the hydrogen atom and harmonic
oscillator quantum systems in Sec. IV. Some conclusions and
open problems are also given.

II. UNCERTAINTY PRODUCTS AND COMPLEXITY
MEASURES FOR GENERAL SYSTEMS:
UPPER BOUNDS

In this section we first study the relation of the Rényi-
and Shannon-entropy-based uncertainty products with the
Heisenberg-like products in general quantum systems. Then,
we derive upper bounds on the Cramér-Rao, Fisher-Shannon,
and LMC shape complexities in terms of Heisenberg-like
products.

A. Uncertainty products

We will first show the uncertainty character of the product
Ny [p]Ngly] of the Rényi entropy powers in position and
momentum spaces via its connection with the Heisenberg-like
products (1), (2), and (3). To do this we use the variational
optimization procedure described in Ref. [34], subject to the
constraint (r*), a = 1,2, ..., to obtain the following lower
bound to the position entropic moment W, [p]:

Walpl = Ai(a,a)(re) Bl o >,

042105-2
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with the constant
ax

(a+3)a—3

a—1
a |: 30 — 3 :|2

x 9
4B (:%,2) L@ +3)a —3

where B(x,y) = I'(x)I'(y)/ I'(x 4 y) denotes the 8 function.
Similarly, we find the lower bound

A(a,a) =

Welyl = Ai(B,b)(p") BEDPLp =12 ...y B>1,

for the entropic moment W[y ] of the momentum density y (p)
in terms of the momentum expectation value (p?).
For & < 1 we have the following upper bound [35]:

Walpl < Ai(a,a)(r*)PU-o/ds o < 1,

with the constant
oa

Al(()l,a) = —[(a T 3)a — 3](1

2

8 aa [ 3 —3a) :|i !
4nB (7% —2.3) [(@+3)a -3

l—a

Then, taking into account Eq. (5) we have the following
upper bounds:

Nylp] < As(e,a)(r®)/ (11)
and
Nglyl < Ax(B.b)(p")'", (12)

for the position and momentum Rényi entropy power, where
the constant A is given by

[A1(,@)]'P0=,
[A1(a,a)]' /30,

a>1,
As(a,a) = o<1

The expression (11) extends and generalizes various inequal-
ities of similar type obtained differently by various authors
[36,37]. Then, from (11) and (12) we obtain the inequality

NalpINsIy] < As(a,@)Ar(B,b)(r) e (p*)r,  (13)

fora > 1,8 > 1, for the position-momentum Rényi products.
Remark that a and b = 1,2,3, ... In case that a = b, one has

No[pINg[Y] < As(e,a)Aa(B,a)[(r*) (p*)1V,  (14)

for a=1,2,...;a > 1,8 > 1, which connects the Rényi
products with the Heisenberg-like uncertainty products
(r*)y(p*). Moreover, from Egs. (4)—(6) and Eq. (14) witha = 2
one finds

No[pINg[Y] < Ax(@,2)A2(B,2)((r*)(p* N2 (15)

To obtain the corresponding Shannon-entropy-based uncer-
tainty products, either we carefully take the limits « — 1 and
B — 1 in the expressions (11), (12), (13), (14), and (15), or
we start from the variational bound [38,39] on the Shannon
entropy S[p] given by

3
Slpl < As(@) + —In(r), Va >0,
a
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) (&) ]
As(a)=In|—T| - — .
a a 3

Then one easily obtains the following lower bound on
the Shannon entropy power Ni[p] = exp(%S [p]) in position
space:

with

Nilp] < Ag(a) (r*)", (16)

47 3\ sae\Va
Ay = | Zr (2 (—) .
la| a 3
A similar result can be obtained for the upper bound on
the momentum Shannon entropy power N;[y] in terms of
an arbitrary expectation value (p®), b > 0. So the uncertainty
product N;[p]N;[y] is bounded from above as

NpIN[y] < As(a) Ag(b) (r*)e (p")V/2.

In case that a = b, one has that

NilpINi[y] < [Ag(@)]* () (p*)'/* (17)

fora = 1,2, ..., which connects the Shannon-entropy-power-
based products with the Heisenberg-like uncertainty products
(r*y(p®). Moreover, from Eq. (15) with (¢ — 1, 8 — 1) or
from Eqgs. (4)—(6) with « — 1 and (17) with a = 2 we have
the Shannon product

with

(3 (p*H'/? (18)

in terms of the Heisenberg-Kennard uncertainty relation
(r)(p?).

2me
Ni[pINi[y] < T(

B. Complexity measures

In Eq. (10) of Sec. I we have pointed out the lower bounds
of the Cramer-Rao, Fisher-Shannon, and LMC measures of
complexity. Let us now explore the upper bounds on these
three measures.

1. Cramér-Rao complexity Ccr[p]

Taking into account its definition (7) and the Cramér-Rao
inequality [i.e., the first expression in (10)], the Stam relation
F[p] < 4(p?), and that V[p] < (r?), one obtains that the
Cramér-Rao complexity is bounded from both sides as

9 < Cerlpl < 477 (ph). (19)

2. Fisher-Shannon complexity Crs[p]

Let us start with its definition (8). Taking into account the
Stam relation F[p] < 4(p2) and the upper bound N;[p] <
(Z<(r*))!/? on the Shannon power entropy previously men-
tioned, we obtain the upper bound Crg[p] < %‘(rz)(pz) on
the Fisher-Shannon complexity. This result together with the
lower bound (10) allows us to write the following chain of
inequalities:

3 < Crslpl < 3(r2)(p?). (20)

042105-3
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3. LMC shape complexity Cyyclp]
From its definition (9) one has that

Cuvclpl = DIpIN;[p].
Now, taking into account that N7[p] < (%< (r?))*/? because
of Eq. (16), and the Gadre-Chakraborty inequality for the
disequilibrium [40]
D[p] < ! (
p ~ 3 \/gnz p

one obtains the upper bound

2)3/2! (21)

2 erypty 22)
EENz P
We know from the very beginning that the upper bound (21)
on the disequilibrium is not so accurate because it is the result
of two concatenated general inequalities (namely, Cauchy-
Schwarz and Sobolev) [40,41]. Consequently, the upper bound
in Eq. (22) is poor; nevertheless, it is the only existing one to
the best of our knowledge.

1 < Crmclp] <

III. UNCERTAINTY PRODUCTS AND COMPLEXITY
MEASURES FOR CENTRAL POTENTIALS:
UPPER BOUNDS

In this section we study the improvement of the upper
bounds on the uncertainty products and complexity measures
found in the previous section, when the potential of the
quantum system is spherically symmetric.

A. Uncertainty products

Let us first improve the inequality (15) between the
Rényi-entropy-based product N, [p]Ng[y ] and the Heisenberg
product (r2)(p?) for central potentials.

The stationary states of a single-particle system in a spher-
ically symmetric potential V (r) are known to be described by
the wave functions

wnlm (;:) = Ry() Yin (0a¢) s

which are characterized through the quantum numbers (n,/,m),
where the principal quantum number n = 0,1, . . ., the orbital
quantum number [ =0,1,..., and the magnetic quantum
number m = —I, —1+1,...,l —1,/l. The angular part is
given by the well-known spherical harmonics Y;,,(0,¢), and
the radial part R,;(r) depends on the analytical form of the
potential.

Recently, Sdnchez-Moreno et al. [42] have used a vari-
ational method to bound the Rényi entropy N,[p] with the
covariance matrix as a constraint. They found that

No[p] < B(l,m) Ax(a,2) (r*)"/* (23)

with

92 1/6
B.m) =3 (21(1 +1)—2m 1)

Hl+1) -3
5 W+ +m>—1\"
44l +1)-3 ’
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FIG. 1. Uncertainty product N>[p]N,[y] (e), central upper bound
(®), and general upper bound ([J), with @ = 8 = 2, for the states of

the hydrogen atom with quantum numbers / = m = 10, as a function
of the principal quantum number 7, for n = 11-100.

It is worth noting that B(0,0) = 1. Moreover, B(/,m) < 1 so
that the bound (23) is lower (so, better) than the bound given
by Eq. (11) witha = 2.

By working in momentum space we can obtain a similar
bound for the momentum Rényi entropy Ng[y] in terms
of the expectation value (p?). Then, we can obtain in a
straightforward manner the following inequality between the
Rényi-entropy-based and Heisenberg uncertainty products:

No[pINg[y] < [BUm)]* Ax(e,2) A2(B,2) (r*)(p*)'/2.
24)

Now, let us show the improvement of the upper bound
(18) on the Shannon-entropy-based uncertainty product
Ni[p]N,[y] for the central potentials. This is obtained either
by taking the limit @ — 1 in expressions (23) and (24) or by
using the corresponding variational result [42]. The former
one yields the value

2me

1/2
Nilp] < (T) B(l,m) (r*)/* (25)

1100
1000
900 ¢
800 r
700 ¢
600 -
500 r
400 r
300 ¢
200
100 o

Uncertainty product and bounds

0 20 40 60 80 100

FIG. 2. Uncertainty product N>[p]N,[y] (e), central upper bound
(®), and general upper bound ([J), with @« = g = 2, for the states
of the harmonic oscillator with quantum numbers / = m = 10, as a
function of the principal quantum number n, for n = 0 to 100.
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for the upper bound on the Shannon entropy power N;[p]. And
from Eq. (24) one obtains the inequality

2
NilpINi[y] < %[B(z,m)]zurz)(p%)‘/z,

which improves the general upper bound (18) because
B(l,m) < 1.

B. Complexity measures

Here we improve for central potentials the upper bounds
on the Cramer-Rao, Fisher-Shannon, and LMC measures of
complexity given in Egs. (19), (20), and (22), respectively.

1. Cramer-Rao complexity Ccglp]

Since, for central potentials, the variance is V[p] = (rz)
and the Fisher information is given [43] as

Flp]l = 4(p*) — 221 + D|m|(r—2), (26)
one has the following exact value,
Ccrlpl = 4(p*)(r?) =221 + DIm|(r ) (r%), (27

for the Cramer-Rao complexity of physical systems with
central potentials, as a function of the expectation values (p?),
(r?), and (r~2). Notice that for m = 0, this expression reduces
to Ccrlp] = 4(p?)(r?). Thus these states saturate the previous
general upper bound (19).

2. Fisher-Shannon complexity Crg[p]

The combination of its definition (8) with the inequality
(25) for the Shannon entropy power and the exact expression
(26) of the Fisher information for central potentials, yields the
upper bound

Crs < 5[4(p?)(r?) = 2Q21 + Dim|(r=2)(r2)] [BUm))?
(28)

on the Fisher-Shannon complexity of the central potentials,
which clearly improves the general upper bound %(rz) (p?) of
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3. LMC shape complexity Cyyclpl

From the definition (9) and the inequality (25) for the
Shannon entropy power Nj[p] of central potentials one has
that

2me 3/2
Cimclp]l = DIpIN;[p] < (T) [B(I,m))® D[p] (r*)*>.

On the other hand, we have the general inequality (21) that
allows us to find the upper bound

1273\ "?
CLMc[p]<§<T> [BA,m)I? (r*)(p*))**  (29)

on the LMC complexity of central potentials. It is worth
emphasizing that this inequality, which certainly improves the
generalized upper bound, can be more refined, provided that
we improve for central potentials the inequality (21) of the
disequilibrium D[p].

IV. APPLICATION TO HYDROGENIC AND
OSCILLATOR-LIKE SYSTEMS

In this section we examine the improvement of the general
upper bounds on the uncertainty Rényi product and the
complexity measures studied in Sec. II by the inclusion
of the spherical symmetry (see Sec. III). This is done by
comparing the bounds on the uncertainty product and on the
complexity measures found in Sec. III for central systems,
with respect to the corresponding ones described in Sec. II
for general systems. We study these bounds in the two main
prototype systems in quantum physics [44]: the hydrogen
atom, characterized by the Coulomb potential V(r) = —},
and the harmonic oscillator, characterized by the potential
V() = %rz. Specifically, we consider the bounds described by
the inequalities (15), (19), (20), and (22) for general systems,
and (24), (27), (28), and (29) for central systems. Notice that
all these bounds are expressed in terms of the expectation
values (r2), (p?), and (r~2). These expectation values have
the expressions

nz
7[snz =311+ 1)+ 17,

)=~ Y=
= —, r = =,
Eq. (20). =1 n3 20+ 1
A (a) (b) (c)
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3 + ° el 3 X 00%q00 4 x %009
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FIG. 3. (a) Cramer-Rao (+), Fisher-Shannon (e), and LMC ([J) complexity measures. (b) Fisher-Shannon complexity measure (e), central
upper bound (®), and general upper bound (x). (¢) LMC complexity measure ([-]), central upper bound (®), and general upper bound (x). All
the quantities are plotted for the states of the hydrogen atom with / = m = 10 from n = 11 to 40.
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for the hydrogen atom, and

()= (=242 (Y=

2 21 +1

for the harmonic oscillator. With these expressions we can
calculate the upper bounds of the hydrogen and the oscillator
systems on the uncertainty Rényi product and the Cramer-Rao,
Fisher-Shannon, and LMC complexities, valid for general and
central systems.

First, we study the dependence on n with (I,m) fixed.
Figure 1 shows the exact value of the uncertainty product
N> [p]N2[y] (), the upper bound for central systems given by
(24) (©), and the general upper bound described in (15) ([J),
with « = B = 2 for the states of the hydrogen atom, and with
quantum numbers / = m = 10 as a function of the principal
quantum number n forn = 11 — 100. Figure 2 shows the same
quantities for the harmonic oscillator states with quantum
numbers ! =m = 10 as a function of n for n =0 — 100.
In both figures we can see how the upper bound for central
systems represents a significant improvement with respect to
the general upper bound. Nevertheless, notice that there is still
room for much sharper bounds.

Figure 3(a) shows the exact value of the hydrogenic Cramer-
Rao (+), Fisher-Shannon (e), and LMC ([J) complexity
measures as a function of the principal quantum number
n when [ = m = 10. Figures 3(b) and 3(c) show the exact
values of the hydrogenic Fisher-Shannon (e) and LMC ([J)

(a)

complexity measures, respectively, together with their upper
bounds for central systems (©®), and their general upper bounds
(x) as a function of the principal quantum number n when
| = m = 10. Figures 4(a)-4(c) represent the same quantities
for the harmonic oscillator states with / = m = 10.

The three complexity measures increase with n, since the
spreading and the oscillatory behavior of these densities grows
with n, both for the hydrogen atom and the harmonic oscillator.
Furthermore, in Figs. 3(b) and 4(b) we see that for the Fisher-
Shannon complexity, the central upper bound is much sharper
than the general bound. This is not the case for the LMC
complexity measure, whose bounds, as seen in Figs. 3(c) and
4(c), are relatively far from the exact value, mainly because
the upper bound of one of its ingredients (the disequilibrium)
has not yet been improved for central potentials.

Second, we study the dependence on ! with (n,m) fixed.
Figures 5 and 6 represent the same quantities as in Figs. 3
and 4 for the hydrogen atom and the harmonic oscillator,
respectively. In Fig. 5 the quantities are given for the hydrogen
atom states with n =20 and m =0 as a function of /.
Figure 6 shows these quantities for the harmonic oscillator
states with n =m = 0 as a function of /. In the hydrogen
atom case, as shown in Fig. 5(a), the Cramer-Rao and the
Fisher-Shannon complexities have a decreasing behavior as /
increases. This indicates that the complexity of the density is
lower for the states with higher values of /, from the point
of view of these measures. However, the LMC complexity

(b) (©)
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FIG. 5. (a) Cramer-Rao (+), Fisher-Shannon (e), and LMC ([J) complexity measures. (b) Fisher-Shannon complexity measure (e), central
upper bound (®), and general upper bound (x). (c) LMC complexity measure ([-I), upper bound for central systems (©), and general upper
bound (x). All the quantities are plotted for the states of the hydrogen atom with n = 20 and m = 0 from/ = 0 to 19.
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FIG. 6. (a) Cramer-Rao (+), Fisher-Shannon (e), and LMC (&]) complexity measures. (b) Fisher-Shannon complexity measure (e), central
upper bound (©), and general upper bound (x). (c) LMC complexity measure ([-]), upper bound for central systems (©), and general upper
bound (x). All the quantities are plotted for the states of the harmonic oscillator with n = 0 and m = 0 from / = 0 to 19.

shows an increasing behavior for low values of I, which
indicates a lower complexity for values of [ near O for
this complexity measure. For the harmonic oscillator, all the
complexity measures have an increasing behaviour with /.
The reason is that the oscillatory behavior of the density, and
hence its complexity, increases with /, as well as with n, for
this system. Figures 5(b) and 5(c), and 4(b) and 4(c), show
the Fisher-Shannon and LMC complexity measures for the
hydrogen atom and harmonic oscillator, respectively, together
with the central and general upper bounds. We can clearly
see in these figures the improvement of the bound for central
potentials. However, this improvement is very small, especially
for the LMC complexity for the aforementioned reason.

V. CONCLUSIONS

In this paper we first highlight the uncertainty character
of the product of the Rényi entropy powers of position
and momentum spaces by showing its inequality-based

relationship with the Heisenberg-like uncertainty products.
Then the Cramer-Rao, Fisher-Shannon, and LMC complexity
measures are shown to be upper-bounded by the Heisenberg-
Kennard product. Later on, the resulting bounds are improved
for arbitrary spherically symmetric (i.e., central) potentials.
Finally, the accuracy of all these bounds is studied in
various states of the hydrogenic and oscillator-like systems. In
summary, we observe that the inclusion of spherical symmetry
considerably improves the general upper bounds found on the
Shannon and Rényi uncertainty product as well as on the three
complexity measures.
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Conclusiones y problemas abiertos

En esta tesis se estudian las propiedades tedrico-informacionales de los polinomios ortogo-
nales hipergeométricos y de los arménicos hiperesféricos. Estas propiedades corresponden a las
medidas entrépicas y a las medidas de complejidad intrinseca de la densidad de Rakhmanov de
(o densidad de probabilidad asociada a) tales funciones especiales de la matemética aplicada.
Estas magnitudes cuantifican el esparcimiento o distribucién de dichas funciones en su dominio
soporte desde la perspectiva de la Teoria de la Informacién; o sea, mas alla de la desviacion
estandar y de sus generalizaciones basadas en los momentos ordinarios de orden arbitrario. Las
magnitudes tedrico-informacionales de los polinomios ortogonales se expresan en términos de los
momentos de frecuencia o momentos entrépicos de su densidad de Rakhmanov, que son funcio-
nales integrales de tipo potencia de dicha densidad (y, por tanto, estrechamente relacionados
con las normas L, de tales funciones).

Los contenidos de esta tesis estdn en gran medida inspirados por las ideas y el enfoque
empleado por Leonhard Euler [22] en sus trabajos para profundizar en el conocimiento de las
funciones matematicas. Euler introdujo, analiz6 y aplicé en distintas direcciones muchos concep-
tos extraidos de la Fisica (e.g., energia mutua, potencial logaritmico, electrostética de ceros,...)
que han contribuido poderosamente al desarrollo de lo que ahora se entiende en matematica
aplicada por teoria de funciones especiales, teoria de aproximacién y teoria de potencial. En
este trabajo se introducen, analizan y aplican conceptos y técnicas extraidos de la Teoria de la
Informacién para aumentar el (ya de por si, enorme) caudal de conocimientos de que se dispo-
ne actualmente sobre los polinomios ortogonales hipergeométricos [2,(7,21,47,5759,(78] y los
armonicos esféricos [8-11,26,55]. Su interés y relevancia no son solo de cardcter fundamental en
matematica aplicada (dado que las nuevas medidas consideradas en esta tesis describen aspectos
de las funciones especiales no contemplados hasta ahora), sino también de caracter aplicado: las
magnitudes tedrico-informacionales de estas funciones especiales estan estrechamente relaciona-
dos con las entropias fisicas y las medidas de complejidad que describen y cuantifican el desorden
interno (y por ende, las propiedades macroscépicas) de los sistemas cuanticos. Esto se debe a
que los polinomios ortogonales hipergeométricos y los arménicos esféricos controlan las funcio-
nes de onda que caracterizan los estados mecano-cudnticamente permitidos de la mayoria de
los sistemas fisicos cuyas ecuaciones de movimiento fundamentales (ecuaciones de Schrodinger
y Dirac) son exacta o cuasi-exactamente resolubles.

A continuacién se describen brevemente las conclusiones principales de este trabajo y algu-
nos problemas abiertos encontrados.

1. Se han estudiado tanto analitica como numéricamente las longitudes entrépicas de Fis-
her, Rényi y Shannon de las tres familias canénicas de los polinomios ortogonales hiper-
geométricos (Hermite, Laguerre y Jacobi) en términos del grado n y de los pardmetros
que caracterizan su funcién peso. Estas magnitudes permiten cuantificar diferentes as-
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pectos del esparcimiento de tales polinomios a lo largo de su intervalo de ortogonalidad,
mas alla de los que proporcionan la simple desviacién estandar y los momentos ordinarios
(que dependen de un punto especifico del intervalo, bien sea el centroide o el origen). Se
han encontrado expresiones cerradas y simples para, no solo la desviacién estdndar y los
momentos ordinarios, sino también para la longitud entréopica de Fisher. Para la longitud
entropica de Rényi hemos encontrado dos algoritmos diferentes de calculo: uno basado en
los polinomios de Bell, de uso frecuente en Combinatoria, y otro basado en las funciones
hipergeométricas generalizadas de Lauricela y Srivastava-Daoust. La longitud entrépica de
Shannon no se deja calcular analiticamente debido a su caracter de funcional logaritmico
de los polinomios, por lo que nos hemos limitado a su acotacién por medios variacionales
y tedrico-informacionales, analizandose la precisiéon numérica de las cotas resultantes.
Una continuacién natural de gran interés seria la determinacién de las longitudes entrépi-
cas de todos los polinomios ortogonales de la tabla de Askey, incluyendo el sistema mas
general que engloba a los polinomios de Askey-Wilson [49].

. Se han obtenido las expresiones de las normas L, (asi como los momentos entrdpicos y

las entropias de Rényi) de los polinomios ortogonales hipergeométricos, incluyendo los
polinomios de Hermite generalizados, por medio de ciertas funciones especiales de tipo
Lauricella y Srivastava-Daoust de 2¢ variables evaluadas en algunos valores especificos de
dichas variables.

Estas expresiones abren la posibilidad de generar una técnica alternativa a los métodos
maés sofisticados de Riemann-Hilbert y Tulyakov, para la determinacién de la asintética
de estas tres magnitudes matemaéaticas tedrico-informacionales cuando el grado n de los
polinomios se hace grande o muy grande, por medio de la obtencién de la asintética conco-
mitante de las funciones hipergeométricas multivariadas antes mencionadas para grandes
valores de sus pardmetros. El cdlculo de las normas L, y las entropias de Rényi Ry, ¢ > 0
para grandes valores de n no solo tiene un interés matematico per se sino que también
presenta aplicaciones fisicas interesantes, dado que su resolucién permitiria determinar los
valores exactos de varias propiedades fundamentales y/o experimentalmente accesibles de
los estados Rydberg o estados altamente excitados de los sistemas atomicos o moleculares.

. Se ha determinado la asintética de las normas L, de los polinomios de Hermite, Laguerre

y Jacobi de grado n cuando ¢ — oo, mediante el método de Laplace. Y se han anali-
zado las propiedades de monotonia de estas normas. Asimismo se ha llevado a cabo un
estudio numérico exhaustivo de la asintética de todos los polinomios ortogonales clésicos.
La extensién de estos resultados a otros polinomios ortogonales de tipo hipergeométrico
en variable continua [49] y a los polinomios ortogonales clédsicos en variable discreta son
problemas abiertos cuya resolucion seria de gran interés no solo desde un punto de vista
matematico sino también en otros campos cientificos, particularmente en mecanica cuanti-
ca. Ha de mencionarse inmediatamente que los tinicos resultados de este tipo publicados
hasta ahora son los correspondientes a los polinomios de Charlier y Meixner [48,/50].

. Se han calculado y discutido varias nociones de complejidad de los polinomios ortogonales

hipergeométricos, que fueron inicialmente introducidas en la descripcién mecano-cudntica
de los sistemas atémicos y moleculares y de varios procesos fisico-quimicos. Se han estudia-
do analitica y numéricamente las medidas de complejidad de Cramér-Rao, Fisher-Shannon
y LMC de la densidad de probabilidad de Rakhmanov de los polinomios de Hermite, La-
guerre y Jacobi en términos del grado n y de los parametros que caracterizan la funcién
peso de tales polinomios. Se ha obtenido, en particular, la expresién explicita de la com-
plejidad de Cramér-Rao y las expresiones asintéticas para las medidas de Fisher-Shannon
y LMC. Y se pone de manifiesto la necesidad de avanzar en el problema de la reduccion a



Conclusiones y problemas abiertos 161

funciones mas simples de las funciones hipergeométricas generalizadas de tipo Lauricella
y Srivastava-Daoust para poder profundizar en el conocimiento de las medidas de comple-
jidad polinémicas antes mencionadas.

5. Se ha estudiado tanto analitica como numéricamente una bateria de medidas tedrico-
informacionales de los armdnicos hiperesféricos constituida por los momentos entrépicos,
las medidas entrépicas y las medidas de complejidad. Para ello ha sido de gran ayuda la
estrecha relacién existente entre los armoénicos hiperesféricos y los polinomios ortogonales
hipergeométricos de tipo Gegenbauer. Esto ha permitido la determinacién de las corres-
pondientes magnitudes de uno de los prototipos fisicos més utilizados en la descripcién
e interpretacion de multiples propiedades de los sistemas moleculares; a saber, el rotador
rigido. En esta tesis se han investigado los valores de entropia y complejidad de las fun-
ciones de onda (que estédn controladas por los arménicos hiperesféricos) en D dimensiones
en términos de la dimensién y los nimeros hipercuanticos del estado del sistema. Se ha
obtenido, en particular, la expresion explicita tanto para la informacién de Fisher como
para los momentos entrépicos y las entropias de tipo Rényi. Dado que los arménicos hi-
peresféricos describen la parte angular de los estados estacionarios de cualquier potencial
central en dimensién arbitraria D, las medidas tedrico-informacionales aqui consideradas
permiten cuantificar la anisotropia angular de las funciones de onda no solo del rotador
rigido sino de cualquier otro sistema multidimensional sujeto a un potencial central. Es
decir, estas medidas cuantifican de diversas formas la estructura geométrica de los estados
cuanticos del correspondiente sistema.

6. Finalmente, se han analizado y comparado relativamente entre si las medidas de compleji-
dad y algunos productos de incertidumbre de sistemas cuanticos arbitrarios. En particular,
se han encontrado cotas superiores a las medidas de complejidad de Cramér-Rao, Fisher-
Shannon y LMC en términos del producto de incertidumbre de Heisenberg. Y se ha mos-
trado numéricamente la precision de estas cotas en varios potenciales centrales especificos
de tipo coulombiano y de tipo arménico. Se ha mostrado, por ultimo, que la consideracién
de la simetria esférica en el potencial del sistema mejora sustancialmente las cotas en todos
los casos.
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Apéndice A

Polinomios ortogonales
hipergeométricos: propiedades
basicas

Los polinomios ortogonales hipergeométricos y, (x) son las soluciones polindmicas de la ecua-
cién diferencial de tipo hipergeométrico [58]

o(2)y"(z) + 7(x) y'(z) + Ay(x) = 0, (A1)

donde o(z) es un polinomio de grado menor o igual a 2, 7(x) es un polinomio de grado menor
oigual a 1 y A es una constante que satisface la condicién

-1
A=\, =-n7(x)— n(nQ) o’ (), (A.2)
donde n =0,1,2,... es un nimero natural. Estas funciones polinémicas y, () pueden escribirse
a la Rodrigues [58]
@)= 2 L on (@) w(a)] (A3)
Yl = w(z) dam ’ ’ )

donde B,, es una constante y w(z) es la funcién peso que verifica la ecuacién de Pearson
lo(z)w(@)] =7(z)w(z). (A.4)

Existen tres familias candénicas de polinomios ortogonales hipergeométricos reales (a saber,
los polinomios de Hermite, Laguerre y Jacobi) que satisfacen las ecuaciones — con los
parametros que recoge la Tabla Estas funciones y,(z) verifican una serie de propiedades
algebraicas que, aunque conocidas en la literatura, senalamos aqui por completitud: ecuacién
diferencial de segundo orden, férmula de Rodrigues, ortogonalidad, relacién de recurrencia a tres
términos, desarrollo en serie de potencias, relaciones de inversién y momentos ordinarios.

= KEcuacion diferencial de segundo orden y féormula de Rodrigues

e Hermite H,(z):
wlz) =e o(z) =1, 7(z) = -2z, A\, = 2n.
La ecuacién diferencial resultante es

"

H

n

(z) — 22 H, () + 2n Hy(x) = 0, (A.5)
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er n by o B .
| | Hermite H,,(z) | Laguerre L (2) | Jacobi AA"7(z) |

o(x) 1 x 1— a2

7(x) -2z l+a—z —(a+p+2)z+p -«
An 2n n n(n+a+p+1)
B, (=)™ 1/n! (=1)"/(2"n!)

w(z) e xve ? (1—2)*(1+2)?

Tabla A.1: Parametros de los polinomios ortogonales hipergeométricos.

n

y la correspondiente férmula de Rodrigues con B,, = (—1)" es
n d" —z?
Hy(a) = (-1)" — [e } . (A.6)
e Laguerre A (x):
wx)=ze" o(x)=z,7(x) =—z+a+1, A\, =n.
La ecuacion diferencial resultante es
x [Lglo‘) (az)} + (a+1—1x) [L%O‘) (x)} +n [L%O‘) (m)} =0, (A.7)
y la férmula de Rodrigues con B,, = % correspondiente es
o 1 X — dn a+n _,—T
L%)(x):mew dx—n[ere ] (A.8)
e Jacobi Péa’ﬁ)(m):
wz) = 1-2)*0+2)8 o) =1—-2% 7)) = ~(a+B+2x+B -, \y =
n(n+a+p5+1).
La férmula de Rodrigues con B, = 2%71, es
PB) () = 1 (1—2)"*(1+ x)—ﬁdi [(1 — )"t (1 + x)nﬂ : (A.9)
" 2" n! dxm

» Ortogonalidad. Los polinomios ortogonales hipergeométricos y,,(z) cumplen la condicién
de ortogonalidad siguiente:

b
/ Yn () ym(z) w(x) doe = d% Onims (A.10)

donde w(x) es la funcién peso, d, es la constante de normalizacién, 0, es la delta de
Kronecker y [a,b] es el intervalo de ortogonalidad. Para cada uno de los P.O.C., con sus
respectivos pesos tendremos distintos valores de la constante d2 (también presentamos su
valor para los polinomios ménicos, o sea aquellos que tienen como coeficiente principal 1)
y del intervalo de ortogonalidad. Todos estos datos se resumen a continuaciéon de forma
esquematica.

e Hermite H,(z):
(a,b) = (=00, +0),
d2 = 2" nl /7, y para ménicos d% = "R~
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er " " ( B .
’ ‘ Hermite H,(z) ‘ Laguerre L(a)(ac) ‘ Jacobi P\ )( ) ‘

2(n+1)(n+a+B+1)
o 1/2 —(n+1) Cntatf 1) Cntatiis)
B —a

Bn 0 2n+a+1
Tn n —(n+ )

(2nta+B)(2n+a+5+2)
2(n+a)(n+5)
(2n+a+B)(2n+o+p+1)

Tabla A.2: Valores de ay,, 8, ¥ V» en la relacién de recurrencia a tres términos para polinomios
estandar.

’ ‘ Hermite H,(z) ‘ Laguerre i) (x) ‘ Jacobi 7 (x) ‘
Qp 1 1 1
62_042
- ’ ey L
n(n+a)(n+p)(n+a+p)(n+a+L+
Tn n/2 n(n+a) @nta+B—1)(2n+a+p)2(2ntat+B+1)

Tabla A.3: Valores de «ay,, 8, ¥ V» en la relacién de recurrencia a tres términos para polinomios
monicos.

e Laguerre A (x)

(aa b) = (07 +OO)7
42 = I'(nt+a+1)
n n!

e Jacobi P\*? ()

(CL, b) = (*17 +1)7
Q2 = 208+ M (n+a+1) I'(n+8+1)

n — nl(2n+a+p+1) F(nta+pB+1)?

20+8+20+1 I I (n+a+1) I'(n+8+1)
2n+a+p+1) I'(n+a+p+1) (n+a+p+1)2

, ¥y para ménicos d2 = n!T'(n + a + 1).

y para ménicos d2 = (

= Relacién de recurrencia a tres términos

Una de las principales caracteristicas de los polinomios ortogonales clasicos es que satis-
facen una relaciéon de recurrencia a tres términos que conecta tres polinomios de grados
consecutivos yn—1(), yn(x), yn+1(x); a saber,

TYn(T) = an Yn+1(2) + Bn yn () + Y Yn—1(), (A.11)

(se suele tomar y_1(x) =0y yo(z) = 1) donde a,, B, ¥ ¥ son constantes cuyos valores se
recogen en las Tablas Y para polinomios con normalizacién estdandar y monicos,
respectivamente.

= Desarrollo en serie de potencias

A continuacién presentaremos los distintos desarrollos para los P.O.C. que estudiamos en
este trabajo. Para los polinomios de Hermite y de Laguerre estas expresiones se encuentran
facilmente en la literatura [1]. Los polinomios de Jacobi requieren un poco de trabajo
adicional.

e Hermite H,(z)

Hn(x) = bnmxn_2ma (A.12)
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donde [%] indica la parte entera de %, y los coeficientes by, tienen la forma

2n—2m n!

b = (1" ——————. A.13
’ (=1) m!(n —2m)! ( )

e Laguerre Ll (x)
LM (z) =Y af o™ (A.14)

m=0
donde los coeficientes del desarrollo son
n+a) 1

@ = (=1)" — A.15
n= o (170 (A15)

e Jacobi Péa’ﬁ)(x)
La expresion explicita de estos polinomios que més aparece en la literatura [1] es

PP (z) =" afh (x—1)™ (A.16)
m=0

donde los coeficientes del desarrollo tienen la forma

gab — (1 FNa+n+1)INa+B8+n+m+1) (A7)
mm \m)nl2mT(a+B+n+ 1) T(a+m+ 1)’ '
Ahora bien, teniendo en cuenta la serie de potencias del binomio
" /m
(@—1)" =) < l ) (—1)m gl (A.18)
1=0
se obtiene la siguiente expresién explicita de los polinomios de Jacobi
n
P () = e at, (A.19)

k=0

donde los coeficiente ¢, tienen la forma

_ " /n MNa+n+1)T(a+B+n+i+1) (i o
Ck_iz;(i>”!2ir(a+ﬂ+n+1)F(a+z’+1) <k>( ), (A.20)

que es mucho mas adecuada para los propésitos de nuestro trabajo.

s Relaciones de inversion

En este apartado se recogen las relaciones de inversién de los polinomios ortogonales hi-
pergeométricos yn(z), esto es los desarrollos del tipo

m
" = Z Cmn Yn (), (A.21)
n=0
donde los coeficientes ¢, tienen la forma general [65,71]
1 b
Cmn = —5 / " yn(z) w(x) de, (A.22)
Ty

donde w(z) denota la funcién peso con respecto a la cual son ortogonales los polinomios en
el intervalo (a,b). A continuacién se detallan los coeficientes de las férmulas de inversién
de los polinomios de Hermite, Laguerre y Jacobi:
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e Hermite H,,(z)

|
—2"”71!((%4—71)/2)! para m —n par

Cmn = (A23)

0 para m—n impar
e Laguerre A (x)

(=D)"m!IT(m+a+1)

(m—n)T(n+a+1) (A.24)

Cm,n =

e Jacobi P\*" (z)

m! (=1)""2"T(n+2a + 1)
= Fi(n— 1;2 2:2). (A.25
G = i Tt 2a 1) it B Lindadt f42:2). (A.25)

donde 2 F(a, b; ¢;2) es la funcién hipergeométrica de Gauss.

= Momentos ordinarios de la densidad de Rakhmanov En esta seccién se recogen los mo-
mentos ordinarios de la densidad de Rakhmanov p,(z) de los polinomios ortogonales
hipergeométricos y,(z). Estas medidas de esparcimiento de los polinomios a lo largo del
intervalo de ortogonalidad (a,b), que juegan un papel relevante en algunas cuestiones de
este trabajo, se definen por

b b
(zF) = / 2* pp(z) dx = d% 2*y? (z) w(z) de, (A.26)

Estos momentos pueden obtenerse a partir de la relacién de ortogonalidad y de la relacién
de recurrencia a tres términos que genéricamente satisfacen tales polinomios; a saber,

T Yn(T) = 0 Yn41(T) + B Yn(T) + Y0 Yn-1(2), (A.27)

obteniéndose por ejemplo que

1 b
(@) = g n [ (@) vE0)do = B, (4.28)
a2 d2_
(%) = S 1 g2 4 o7 St (4.29)

y asi sucesivamente. En particular, para los sistemas canénicos de Hermite, Laguerre y
Jacobi se obtiene que:

e Hermite H,(z)
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e Laguerre Ll ()

(x%) =1, () =2n+a+1,
(2%) = 60 + 6(a+ 1)n + (a + 1) (a +2),
(23) = 4n* + 20+ T)n® + (10a + 13)n? + (40 + 120 + 14)n + (a + 1) (3o + 4).
o Jacobi P\ (x)

52—042
Cn+a+8)2n+a+p+2)

<$0> =1, (.CU> =

dn+1)(n+a+1l)n+p+1)(n+a+pB+1)
Cn+a+B+1)2n+a+F+2)22n+a+ 6+ 3)
N in(n +a)(n+ B)(n + o+ )

Cn+a+p-1)2n+a+6)?C2n+a+5+1)

(o) = + (z)?

Y, en general, para los momentos ordinarios de orden arbitrario k se obtienen los valores
[71]):

e Hermite H,(z)

k

2 m k+n—2m)!
m=0(=1)" 5z ooy (n(_;m)!?(k)_2m)/2]! para k par
(a*) = (A.30)
0 para k impar

e Laguerre L' ()

n

1 nfnt+a\ (k+p)!Tk+p+a+l
<wk>:m Z (=1p <n—p>( 1234:4-(}7—5)!]?! ) (A.31)

p=n—~k

e Jacobi PT(LQ’B)(:U)

R - (M Ta+n+DT(a+B+n+t+1) [t
(") _izzn:k: (;(_1) <t>n!2tf(a+ﬁ+n+ DI(a+t+1) (z))
(—D)kFimon (k) T(n+a+ B +1)
(k+ti-n)T2n+ta+pB+1)

n—k—in+p6+1
><2F1< 2n—|—oz—{—ﬁ—|—2 ‘2) (A32)
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