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1. Introduction

In recent literature, several researchers have focused the attention on constructions and
stochastic orders among probability distribution functions with given marginals. These
problems are interesting especially for their relevance in finance and quantitative risk
management, like models of multivariate portfolios and bounding functions of dependent
risks (see, e.g., [1]).

If a random vector X = (Xi,...,X,) is characterized by a distribution function
(= d.f.) F with known univariate marginals, then upper and lower bounds for F were
given in early works by Fréchet. When, instead, we have some information about the
multivariate marginals of F, then the problem has not been considered extensively in the
literature, although it seems natural that for some applications one needs to estimate the joint
distribution F of X, when the dependence among some components of F is known. For this
discussion, we refer to Riischendorf [2, 3] and Joe [4, 5].

In this paper, we aim at contributing to this problem by providing lower and upper
bounds in the class of continuous trivariate d.f.’s whose bivariate marginals are given, that
is, when we have full information about the pairwise dependence among the components of
the corresponding random vector. These new bounds improve some estimations given by Joe

5].
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We will formulate our results in the class of copulas, which are multivariate d.f.”s whose
one-dimensional marginals are uniformly distributed on [0, 1]: see Joe [5]; Nelsen [6]. It is
well known that this restriction does not cause any loss of generality in the problem because,
thanks to Sklar’s Theorem [7], any continuous multivariate d.f. can be represented by means
of a copula and its one-dimensional marginals. Moreover, in order to obtain our results, we
use two constructions that, starting with two bivariate copulas, give rise to new bivariate
and trivariate copulas, respectively. These constructions can be seen as generalizations of the
product-like operations on copulas considered by Darsow et al. [8] and Kolesarov4 et al. [9].

2. Preliminaries

Let n bein N, n > 2, and denote by x = (x1,...,x,) any point in R". An n-dimensional copula
(shortly, n-copula) is a mapping C, : [0,1]" — [0,1] satisfying the following conditions:
(C1) Cp(u) = 0 whenever u € [0,1]" has at least one component equal to 0;

(C2) Cy(u) = u; whenever all components of u € [0,1]" are equal to 1 except for the ith
one, which is equal to u;;

(C3) C, is n-increasing, viz., for each n-box B = X[ [u;, v;] in [0, 1]" with u; < v; for each
ief{l,...,n},

Ve,B):= > (-DVPCu(z) 20, (2.1)

zex!L, (ui,v;}

where N(z) = card{k | zx = ux}.

We denote by C, the set of all n-dimensional copulas (n > 2). For every C,, € C,, and
for every u € [0,1]", we have that

Wh(u) < Cp(u) < My(u), (2.2)

where

W, (u) := max{Zui—n+1,0}, M, (u) := min {uy,up, ..., Uy} (2.3)
i=1

Notice that M, is in C,, but W, is in C, only for n = 2. Another important n-copula is the
product I'T, (u) := [T, ;.

We recall that, for C and C' in Cp, C' is said to be greater than C in the concordance
order, and we write C < C', if C(uy,up) < C'(uy,up) for all (u1,uz) € [0, 1]2. Moreover, for D
and D’ in C3, D’ is said to be greater than D in the concordance order, and we write D < I,
if D(u) < D'(u) and D(u) < D'(u) for all u € [0, 1]3, where D is the survival copula of D
defined on [0,1]° by

B(ul,uz,m) =1- Uy — Uy — U3z + D(ul,uz,l) + D(ul,l,ug) + D(l,uz,u3) - D(ul,uz,u3).
(2.4)

For more details about copulas, see [5, 6].
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For each C,, € C,, and for each permutation o = (o4, ...,0,) of (1,2,...,n), the mapping
Cg :[0,1]" — [0,1] given by

Co(ur, ..., un) = Cu(tg,..., Us,) (2.5)

is also in C,. For example, if C3 € Cs, then we denote by C§1,3,2) the 3-copula given by
(13.2)
Cy 77 (w1, Uz, u3) = C3(ur, uz, uz).
For the sequel, we need the following definition.

Definition 2.1. Three 2-copulas C1p, C13 and Cyp3 are compatible if, and only if, there exists Ce Cs
such that, for all u1, up, uz in [0,1],

Cio(ur,u2) = 6(”1,1!2,1),
Ci3(ur,u3) = é(uhl,us), (2.6)

Cos(u2,u3) = C(1, 12, u3).

In such a case, Cqp, C13 and Cy3 are called the bivariate marginals (briefly, 2-marginals) of C.

In general, it is a difficult problem to determine whether three bivariate copulas are
compatible (for some preliminary studies, see [5] and the references therein). Notice that
IT,, Iy, I, are compatible, because they are the 2-marginals of I'l;. Analogously, M,, M, M>
are compatible, because they are the 2-marginals of M3. The copulas W,, W, W,, however,
are not compatible.

If C13, Cy3 and Cyp3 in C, are compatible, the Fréchet class of (Cq, Ci3, Cp3), denoted by
F(C12,C13,Cp3), is the class of all Ce Cs such that (2.6) hold.

In the following result, we present a way for obtaining a 3-copula starting with some
suitable 2-copulas. This method can be considered as a direct extension of some results by
Darsow et al. [8] and Kolesérov4 et al. [9].

Proposition 2.2. Let A and B be in Cy and let C = (Cy),¢(o,1) be a family in Co. Then the mapping
AxcB : [0,1]° — [0,1] defined by

(AxcB) (11, 1z, u3) = f :zct<%A(u1,t), %B(t, u3)>dt 2.7)

is in C3, provided that the above integral exists and is finite.

Proof. It is immediate that AxcB satisfies (C1) and (C2). In order to prove (C3) for n = 3, let
u;, v; be in [0, 1] such that u; < v; for every i € {1,2,3}. Since A is 2-increasing, we have that
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A(v1,t) — A(uy, t) is increasing in t € [0, 1], and, therefore, (0/0t)A(vy,t) > (0/0t) A(uy, t) for
all t € [0,1]. Analogously, (0/0t)B(t,v3) > (0/0t)B(t, u3) for all t € [0, 1]. Then, we have that

Vases([t1,01] x [z, 02] x [us, 03]

) —[:VC‘<[%A(”l’t)’%"‘(””)] § [%B(t/ua)r%B(t,va)Ddtzo, 28)

which concludes the proof. O

The copula AxcB is called the C-lifting of the copulas A and B with respect to the family
C= (Ct)te[o,l] in C,. Given C € Cy, if C; = C for every t in [0,1], we will write AxcB = AxcB.
Notice that, if C; = I'l, for every t € [0, 1], then the operation 1, was considered by Darsow
et al. [8] and Kolesdrova et al. [9]. We easily derive that the 2-marginals of AxcB are A, A*cB
and B, where

1
(AxcB) (w1, 1) = f Oct<§A(u1,t),%B(t,uz)>dt 2.9)

is called the C-product of the copulas A and B (see [10] for details).

As we will see in the sequel, every 3-copula can be represented in the form (2.7). In fact,
a C-lifting C canbe interpreted as mixture of conditional distributions (see [5, Section 4.5] and
[11]). Specifically, C is the d.f. of the random vector (U1,U,,U3), U; uniformly distributed
on [0,1] for i € {1,2,3}, characterized by the following property: for every t € [0,1], the
conditional d.f.’s of [U; | U, = t] and [U3 | U, = t] are coupled by means of the copula C;.
For instance, if they were (conditionally) independent for every ¢, then C; would be equal to
IT, for every t.

Finally, we show a result that will be useful in next section, concerning the concordance
order between two 3-copulas generated by means of the C-lifting operation.

Proposition 2.3. Let C = (Ci)ye[gq) and C' = (C;)te[O,l] be two families in Cy. For all A,B € Cy,
suppose that the copulas AxcB and Axc B are well defined. If C; < C; for every t € [0,1], then
A*CB < A*CIB.

Proof. Tt is immediate that C; < Cj, for every t € [0,1], implies AxcB < Axc B in the pointwise
order. Thus, we have only to prove that AxcB < Axc B. To this end, notice that

(AxcB)(u1,u, 1) = (AxcB) (u1,u2,1) = A(u1, ua),

(2.10)
(AxcB)(1,uz,u3) = (Axc'B) (1, uz, u3) = B(uz, us3).

Therefore AxcB(u1, up, u3) < AxcB(u1, Uy, u3) if, and only if,

(AxcB)(u1,u3) — (AxcB) (w1, uz, u3) < (A*xcB)(u1,u3) — (Axc B) (u1, Uz, u3), (2.11)
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which, in turn, is equivalent to

’[1 C <2A( t) 2B(t ))dt < J‘1 C’(EA( t) QB(t )>dt (2.12)
B N T e N T e A '
and this is obviously true since C; < C; for every t € [0, 1]. O

3. Bounds for trivariate copulas

Given three compatible 2-copulas Cip, Ci3 and Cp3, we are now interested in the bounds for
the Fréchet class ¥(Ciz, C13, Ca3) of all 3-copulas whose 2-marginals are, respectively, Ci2, C13
and C23.

Theorem 3.1. For every Ce F(Ci2, Ci3, Ca3) and for all uy, up, uz in [0, 1], one has

Cr(w1, uz, u3) < Clur, up, uz) < Cy (11, up, u3), (3.1)

where

Cr(ui, uz,u3) = (ir?ka}é(p{ (Cijrw, Cix) (i, uj, ux ), (Cijrar,Cji ) (wi, uj, ux)

+ Cik (ui, ux) — (Cij*a, Cji ) (ui, ux) },

Cu(w, uz,u3) = (il}}{i)relp{ (Cij*a, Cix) (ui, uj, ux ), (Cij*w, Cji ) (wi, uj, k)

(3.2)

+ Cik (ui, ux) — (Cij*w, Cix) (ui, uk) },

and P = {(1,2,3),(1,3,2), (2,1,3)}.

Proof. 1f C e F(C12, Ci3,Cp3), then there exist a probability space (2, ¥, P) and a random
vector U = (U3, Uy, U3), U; uniformly distributed on [0, 1] for each i € {1, 2,3}, such that, for
all uq, up,u3 in [0,1],

Clur, u,u3) = P(Uy < ur, Us < up, Us < u3). (3.3)

Moreover, Cy; is the copula of (U1, U»), Cy3 is the copula of (U1, U3) and Cos is the copula of
(U, U3). Then we have that

~ Uz
C(ur, up, u3) = f CO(P(Uy <y | Uy =t), P(Us < s | Uy = 1))dt, (34)
0

where, for each t € [0,1], C;z) is the 2-copula associated with the (conditional) distribution
function of (Uy,Us) given U, = t. But, by simple calculations, we also obtain that, almost
surely on [0,1],

0C12(uy, t)

0Ca3(t, u3)
ot ! ’

P(LI1 §u1|ll2=t)= Y

PUs <uz |Uy=t) = (3.5)
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Therefore we can rewrite (3.4) in the form

~ e 0 0
C(u1, uz,u3) = J‘ Ct(Z) (&Cu(uhf), aczs(f, u3)>dt
0 (3.6)

= (Cia*xc,Co3) (11, Uz, us),

where C, = (ng) )te[o]- If we repeat the above procedure by conditioning in (3.4) with respect
to U, = t and with respect to U3 = t, we obtain that there exist other two families of 2-copulas,
C1 = (CM)eo1 and Cs = (€)1, such that

C = (Ciaxc,Ca2) ?? = Ciaxc,Caz = (Carxc, Ciz) >, (3.7)
Since W, < C < M, for every C € C,, Proposition 2.3 ensures that, for each (i, j, k) in [,

(Ciprm,Ciie) "™ < € < (Ciprar, i) . (3.8)

By definition of concordance order, for each (i, j, k) in 0 and u = (u1, u, u3) € [0, 1]3, we have
that

(Cij*chjk) (ui, Uj, ui) < CAj(u) < (Cij*MZCjk) (ui, uj, Uk), (3.9)
(Cij*w, Cjr) (ui, uj, ux) < C(u) < (Cij*a, Cji ) (ui, uj, ug). (3.10)
The first inequality in (3.10) is equivalent to:

1- Uy — Uy — U3z + Ci]' (ui, u,-) + C]'k (u]-, uk) + (Cij*WZCjk) (u,-, uk) - (Ci]-*wzcj'k) (u,-, u]-,uk)

<l-uy—up—uz+ Cij(ui,u]-) + C]‘k(u]‘,uk) + Cik(u,-,uk) - 6(1/!,‘,11]', uk).
(3.11)

The second inequality in (3.10) is equivalent to:

1—u;—u—uz+ Ci]-(ui, uj) + C]-k(uj,uk) + Cik(u,-, uk) — é(ui, uj, uk)

< 1—u1—u2—u3+Cl~j(ui, u]-) + C]-k(uj, uk) + (Cl-]-*Mijk)(u,-, uk) — (Cij*Mijk)(ui, uj, uk).
(3.12)

Easy calculations show that these inequalities are equivalent to:

C(u) < (Cijrw, Cji) (i, uj, uxe) + Cir (i, ure) — (Cijrw, Cite) (wi, ),

} (3.13)
C(u) > (Cij*m,Cix) (ui, uj, ur) + Cir (ui, ux) — (Cij*a, Cii) (ui, ur).

Using these inequalities and (3.9), we directly get (3.1). O
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Bounds of the above type are based on the so-called “method of conditioning”,
formulated for the first time by Riischendorf [2] in a more general framework. Later, the
same method was adopted in [5, Theorem 3.11], where it was provided an upper bound Fy;
and a lower bound F; for #(Ci2, Ci3,C23) given by

Fy (u1,up,u3) = min {Cia(u1, uz), Ci3(u1, u3), Coz (2, u3), 1 — uy — uz — u3
+ Cip(u1, u) + Ciz(u1, uz) + Coz(u, u3) | (3.14)
Fr(u1,uz, u3) = max {0, Cip(uy, uz) + Ci3(ur, uz) — uy, Ciz(uy, uz) .

+ Co3(uz, u3) — uz, Ci3(u1, u3) + Co3(uz, uz) — usz}.

Here, a comparison with our bounds is presented.

Proposition 3.2. Let Cip, Ci3 and Coys be three compatible 2-copulas. Then, for every u =
(1, u2,u3) € [0,1]°, one has that Cy(u) > Fr(u) and Cy(u) < Fy(u).

Proof. Let ube in [0, 1]°. We have that
Cr(u) > (Ciz*w,Ca) (u1, u3, uz)
wo 2
= .[o W2<EC13(ul,t),&Cn(t,uz))dt (3.15)

> Ci3(u1,uz) + C3(uz, u3) — us,

and, analogously,

Cr(u) > Ciz(uy, up) + Crz(u1, uz) — uy, (3.16)
Cr(u) > Cia(uy, up) + Coz(uz, u3) — up. .

Therefore, since Cy(u) > 0, it follows that C (u) > Fy (u) for every u in [0,1]°.
On the other hand, we have that

Cu(u) < (Ciaxpm,Ca2) (u1, us, up)
= J‘u3 min <2C (ug,t) 2C (t )>dt (3.17)
- 0 at 13 1, 7 at 32 /uz .

<min (Ci3(u1, u3), Cos (12, u3)),

and, analogously, Cyy(u) < Ci2(u1, up). Moreover, for every u € [0, 1]3, we have that

(Cr2xw, Ca3) (11, uz, uz) + Ciz(u1, uz) — (Ci*w, Co3) (11, u3) (3.18)

<1—wy —up —uz + Crp(ur, up) + Ciz(ur, uz) + Coz(ua, u3),

as a consequence of the fact that (Cioxw,Cos)(u) > 0. Thus Cyy(u) < Fy(u) for every u in
[0,17°. O
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While the bounds F;, and Fi; come from inequalities involving three random variables,
the bounds C; and Cy come from inequalities involving sets of two random variables,
applied over each value of the third variable. These last bounds can be considered, in fact,
as conditional Fréchet lower and upper bounds for the d.f.’s and the survival d.f.’s from each
of the three permutations (U1, Uy) | U3, (U1, U3) | Up and (U, U3) | U;.

In general, Cy; is strictly less than Fy; (resp., Cy, is strictly greater than Fy ).

Example 3.3. Let us consider the copula C(uq,u2) = wqux(1 + (1 — u1)(1 — up)). We want to
determine the bounds for ¥(C, C, C). First of all, note that ¥(C, C, C) # @, because it contains
the copula

Clur, 2, u3) = wimous(1+ (1= w) (1 = u2) + (1 — 1) (1 = uz) + (1 - u2) (1 — u3)) (3.19)

(you can check that C is a copula just by computing that its density is positive). Now, it is
easy to calculate that, for every u € [0,1],

Fy(u,u,u) = min{C(u,u),1 -3u+3C(u,u)},

) (3.20)
Cu(u,u,u) = min { (Cxpr,C) (1, u, 1), (Cxw,C) (w, u, u) + C(u, 1) — (Crw,C) (1, 1) }.

When u = 1/3, we obtain

Fu(ut, 1) = Clu, ) = = > 27 = (Coupg, ) 1t 1) > Cur(t,1,10) (321)

u(u,u,u) =C(u,u =873 M, C) (w,u, 1) > Cy(u,u,u). .
Moreover, one has
F , U, = 0/2C 7 - 7
(1, u,u) = max{ (u,u) —u} (3.22)

Cr(u,u,u) = max { (Cxw,C) (u,u,u), (Cxrm,C) (u, u, u) + C(u, u) — (Cxp1,C) (u, 1) }.

When u =3/5, Fr(u,u,u) = 147/625 and Cr (1, u, u) > (Cxw,C)(w, u,u) =1/3 > Fr(u, u, u).
In the case of pairwise independence, C; and Fy; (resp., Fi, and Cp) coincide.

Example 3.4. From Theorem 3.1, if Cisin F(I1,, I, IT,), then, for every uj, up and us in [0,1],
we have

Cr(w1, uz, u3) < Clur, up, us) < Cy (11, 1z, u3), (3.23)

where

Cr(u1, up, uz) = max {uyWa (ua, uz), usWa (1, us), usWo (1, 1) }, (324)
Cu (u1, uz, uz3) = min {uyun, urus, upus, (1 —u1) (1 — up) (1 — uz) + uruous }. .

It is easy to check that, in this case, C; = F; and Cy; = Fy;. These bounds were also obtained by
Deheuvels [12] and Rodriguez-Lallena and Ubeda-Flores [13] (compare also with [5, Section
3.4.1]). Moreover, C, and Cy; may not be copulas, as noted in [13].
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