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✼✳✸✳✵✳✸ ▼✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ✳ ✳ ✳ ✶✵✾

✼✳✹ ❊①♣❡r✐♠❡♥t❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

✼✳✹✳✶ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s ② ❞❡❧ ❞✐s❡ñ♦ ❡①♣❡r✐♠❡♥t❛❧✶✶✵

✼✳✹✳✷ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ●❘❇❋◆◆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✽ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙ ❈❖◆ ◆❖❉❖❙ ❉❊ ❚■✲
P❖ ❘❆❉■❆▲ ●❊◆❊❘❆▲■❩❆❉❖❙ ✶✶✻
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✽✳✶ ■♥tr♦❞✉❝❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

✽✳✷ ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❝♦♥ ◆♦❞♦s ❞❡ ❚✐♣♦ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐✲
③❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✾ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮ ✶✷✶

✾✳✶ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ▼✐❝r♦❛rr❛②s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✾✳✶✳✶ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s ❇❛s❡s ❞❡ ❉❛t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✸

✾✳✶✳✷ ▼❛r❝♦ ❞❡ ❊①♣❡r✐♠❡♥t❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

✾✳✷ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ■♥❝❛♣❛❝✐❞❛❞ ▲❛❜♦r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✾✳✷✳✶ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ❉❛t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✸

✾✳✷✳✷ ▼❛r❝♦ ❞❡ ❊①♣❡r✐♠❡♥t❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✺

✾✳✷✳✸ ❆♥á❧✐s✐s ❞❡ ❧♦s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✼

✾✳✷✳✹ ❈♦♥❝❧✉s✐♦♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

✶✵ ❈❖◆❈▲❯❙■❖◆❊❙ ❨ ❚❘❆❇❆❏❖❙ ❋❯❚❯❘❖❙ ✶✹✵

✶✵✳✶ ❈♦♥❝❧✉s✐♦♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

✶✵✳✷ P✉❜❧✐❝❛❝✐♦♥❡s ❛s♦❝✐❛❞❛s ❛ ❧❛ t❡s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✶✵✳✷✳✶ ❆rtí❝✉❧♦s ❡♥ r❡✈✐st❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶

✶✵✳✷✳✷ ❆rtí❝✉❧♦s ❡♥ ❝♦♥❣r❡s♦s ✐♥t❡r♥❛❝✐♦♥❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✷

✶✵✳✸ ❚r❛❜❛❥♦ ❢✉t✉r♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✸
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✷✳✶ ❚♦♣♦❧♦❣í❛ ❞❡ r❡❞❡s ♥❡✉r♦♥❛❧❡s ❛rt✐✜❝✐❛❧❡s ❛✮ ❘❡❞ ✧❋❡❡❞❋♦r✇❛r❞✧
❜✮ ❘❡❞ ❘❡❝✉rr❡♥t❡ ✭✧❋❡❡❞❇❛❝❦✇❛r❞✧✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✷ ❚❛①♦♥♦♠í❛ ❞❡ ✉♥❛ ❘❡❞ ◆❡✉r♦♥❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✸ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ r❛❞✐❛❧✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✹ ❈✉r✈❛t✉r❛s ❞❡ ❧❛ ●❛✉ss✐❛♥❛ ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ τ ❝♦♥ r = 1✳ ✶✼

✷✳✺ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❞✐❢❡r❡♥t❡s ●❘❇❋s ❝♦♥ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡
❡①♣♦♥❡♥t❡ ② r❛❞✐♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✻ ❊❥❡♠♣❧♦s ❞❡ ❝✉r✈❛s ❘❖❈✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✼ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♣r❡s❡♥t❡ ❡❧ ❡❧ ❛❧❣♦r✐t♠♦ ✐❘♣r♦♣✰
❡♥ s✉ ✐t❡r❛❝✐ó♥ ✐♥✐❝✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✶ ❊sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ ♣♦r ❉❡❜✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✷ ❊sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦ ◆◆❊P✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✸ ❊❥❡♠♣❧♦ ❞❡ ❢✉s✐ó♥ ❞❡ ❞♦s ♥♦❞♦s ❝♦♥ ❧❛ ♠✉t❛❝✐ó♥ ❯◆✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✶ ▼♦❞❡❧♦ ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ✉t✐❧✐③❛♥❞♦ ❝♦✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ②
✉♥✐❞❛❞❡s ❞❡ ❞✐❢❡r❡♥t❡ t✐♣♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✷ ❋✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ✉♥ ♣✉♥t♦ ❞❡ ✉♥❛
❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ❡sté ❛ ✉♥❛ ❞✐st❛♥❝✐❛ q ❞❡ ❧❛ ♠❡❞✐❛ ♣❛r❛
❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ d✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

①✐✐



❮◆❉■❈❊ ❉❊ ❋■●❯❘❆❙ ①✐✐✐

✻✳✸ ❙❛❧✐❞❛s ❞❡ ❢✉♥❝✐♦♥❡s ❘❇❋ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ s✉s ❝❡♥tr♦s
♣❛r❛ ❞♦s ♣♦s✐❜❧❡s ❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✭d = 2 ② d = 100✮✱
❥✉♥t♦ ❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧❛s ❞✐st❛♥❝✐❛s ♣❛r❛ ❞❛t♦s ❞✐str✐❜✉✐❞♦s
♥♦r♠❛❧♠❡♥t❡ ✭f(q, d)✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✻✳✹ ❈♦♠♣❛r❛❝✐ó♥ ❡♥tr❡ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❥✉st❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ●❛✉s✲
s✐❛♥❛ ② ❧❛ ❢✉♥❝✐ó♥ ●❛✉ss✐❛♥❛ ●❡♥❡r❛❧✐③❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✼✳✶ ❉❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●❛✉ss✐❛♥❛ r❡s♣❡❝t♦ ❛❧ á♥❣✉❧♦
q✉❡ ❢♦r♠❛ ❧❛ t❛♥❣❡♥t❡ ❝♦♥ ❡❧ ❡❥❡ ❞❡ ❛❜s❝✐s❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✼✳✷ ●❛✉ss✐❛♥❛s ●❡♥❡r❛❧✐③❛❞❛s ✭❝♦❧♦r r♦❥♦ ② ✈❡r❞❡✮ ❝♦♥ ✐❣✉❛❧ ❝✉r✈❛✲
t✉r❛ ❝♦♠♣❛r❛❞❛s r❡s♣❡❝t♦ ❛ ✉♥❛ ●❛✉ss✐❛♥❛ ❡stá♥❞❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✼✳✸ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❞♦s ♣❛r❡s ❞❡ ●●s ❝♦♥ ✐❣✉❛❧ r❛❞✐♦ ✭❝❛❞❛ ♣❛r✿
0.5 ② 6.0✮ ❡ ✐❣✉❛❧ ❝✉r✈❛t✉r❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✾✳✶ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ r❡s✲
♣❡❝t♦ ❛ ❧♦s ❞❡♠ás ❛❧❣♦r✐t♠♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐✲
♠❡♥t❛❝✐ó♥ s♦❜r❡ ❧❛s ✶✷ ❜❛s❡s ❞❡ ❞❛t♦s tr❛s ❛♣❧✐❝❛r ❧♦s ❛❧❣♦r✐t♠♦s
❋❈❇❋ ② ❇❆❘❙ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷
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✷✳✶ ❚❛❜❧❛ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❛❝t✐✈❛❝✐ó♥ ❞❡ ♥♦❞♦s ❘❇❋✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✼✳✷ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡✜♥✐❞❛ ♣❛r❛ ❧❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ s♦❜r❡ ❝❛❞❛ ✧❞❛✲
t❛s❡t✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✼✳✸ ❘❡s✉❧t❛❞♦s ❡st❛❞íst✐❝♦s ❞❡❧ ❆❊ ✉t✐❧✐③❛♥❞♦ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♥♦✲
❞♦s✿ ▼❡❞✐❛ ② ❉❡s✈✐❛❝✐ó♥ ❊stá♥❞❛r ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ❡♥ ❡❧ ❝♦♥❥✉♥t♦
❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ (CG(%))✱ ♣r❡❝✐s✐ó♥ ♠❡❞✐❛ ✭CG(%)✮ ② ✧r❛♥✲
❦✐♥❣✧ ♠❡❞✐♦ ✭❘✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✼✳✹ ❚❡st ❞❡ ❇♦♥❢❡rr♦♥✐✲❉✉♥♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

✾✳✶ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛s ✻ ❜❛s❡s ❞❡ ❞❛t♦s ✉t✐❧✐③❛❞❛s ❡♥ ❧❛ ❡①♣❡r✐✲
♠❡♥t❛❝✐ó♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻

✾✳✷ ❈♦♠♣❛r❛❝✐ó♥ ❞❡❧ ♠ét♦❞♦ ♣r♦♣✉❡st♦ r❡s♣❡❝t♦ ❛ ❧♦s ❞❡♠ás ❛❧❣♦r✐t✲
♠♦s q✉❡ ❝♦♠♣♦♥❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✿ CG(%) ♠❡❞✐❛
② ❞❡s✈✐❛❝✐ó♥ ❡stá♥❞❛r ✭❙❉✮ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ♣❡rt❡♥❡❝✐❡♥t❡ ❛ ❧❛s ✸✵
❡❥❡❝✉❝✐♦♥❡s ❡❢❡❝t✉❛❞❛s s♦❜r❡ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ❡♥ ♣❛rt✐❝✉❧❛r✱
CG(%) ♠❡❞✐❛ ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s ♦❜t❡♥✐❞❛s ♣♦r ✉♥ ❝❧❛s✐✜❝❛❞♦r
❛♥t❡ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s ♣r♦♣✉❡st❛s✱ R r❛♥❣♦ ♠❡❞✐♦✱ p✲❱❛❧✉❡ ②
α

′

♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ t❡st ❞❡ ❍♦❧♠ ❬✶❪✭♥♦ ♣❛r❛♠étr✐❝♦✮ r❡❛❧✐③❛❞♦
s♦❜r❡ CG ❝♦♥ α = 0.05 ② ✉t✐❧✐③❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ♣r♦♣✉❡st♦ ❝♦♠♦
❛❧❣♦r✐t♠♦ ❞❡ ❝♦♥tr♦❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

✾✳✸ ❱❛r✐❛❜❧❡s ❞❡✜♥✐❞❛s s♦❜r❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧✳ ✳ ✶✸✻

①✐✈
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✾✳✹ ▼❡❞✐❛✱ ❞❡s✈✐❛❝✐ó♥ tí♣✐❝❛✱ ♠í♥✐♠♦ ② ♠á①✐♠♦ ✈❛❧♦r ❞❡ ♣r❡❝✐s✐ó♥
CG ❞❡ ❧❛s ✶✵✵ ❡❥❡❝✉❝✐♦♥❡s ❞❡❧ ✧✶✵✲❢♦❧❞ ❝r♦ss ✈❛❧✐❞❛t✐♦♥✧✳ ◆ú♠❡r♦
❞❡ ✈✐❝t♦r✐❛s✱ ❡♠♣❛t❡s ② ❞❡rr♦t❛s ❝✉❛♥❞♦ s♦♥ ❝♦♠♣❛r❛❞♦s r❡s♣❡❝✲
t♦ ❛ ❧♦s ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ✉t✐❧✐③❛♥❞♦ ❡❧ ✧▼❛♥♥ ❲❤✐t♥❡② ❯ r❛♥❦
s✉♠ t❡st✧ ❝♦♥ α ❂ ✵✳✵✺✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽



▲✐st❛ ❞❡ ❛❜r❡✈✐❛t✉r❛s ② s✐❣❧❛s

❆❇▲ ❆❧❣♦r✐t♠♦ ❞❡ ❇úsq✉❡❞❛ ▲♦❝❛❧

❆❈ ❆ñ❛❞✐r ❈♦♥❡①✐ó♥

❆❈❖ ❖♣t✐♠✐③❛❝✐ó♥ ❈♦❧♦♥✐❛ ❞❡ ❍♦r♠✐❣❛s ♦ ✧❆♥t ❈♦❧♦♥② ❖♣t✐♠✐③❛t✐♦♥✧

❆● ❆❧❣♦r✐t♠♦ ●❡♥ét✐❝♦

❆❊ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦

❆❍ ❆❧❣♦r✐t♠♦ ❍í❜r✐❞♦

❆▼ ❆❧❣♦r✐t♠♦ ▼❡♠ét✐❝♦

❆◆ ❆ñ❛❞✐r ◆♦❞♦s

❆❯❈ ➪r❡❛ ❇❛❥♦ ❧❛ ❈✉r✈❛ ❖♣❡r❛t✐✈❛ ❈❛r❛❝t❡ríst✐❝❛

❆❨❘◆❆ ❆♣r❡♥❞✐③❛❥❡ ② ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

❇❆❘❙ ✧❇❡st ❆❣❣❧♦♠❡r❛t✐✈❡ ❘❛♥❦❡❞ ❙✉❜s❡t✧

❇❉ ❇❛s❡ ❞❡ ❉❛t♦s

❇▲ ❇úsq✉❡❞❛ ▲♦❝❛❧

❇P ✧❇❛❝❦Pr♦♣❛❣❛t✐♦♥✧

❈ Pr❡❝✐s✐ó♥

❈❈❘ ✧❈♦rr❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ❘❛t❡✧

❈❊ ❈♦♠♣✉t❛❝✐ó♥ ❊✈♦❧✉t✐✈❛

①✈✐
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❈P ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ P❛tr♦♥❡s

❊ ❊♥tr♦♣í❛ ❈r✉③❛❞❛

❊❊ ❊str❛t❡❣✐❛s ❊✈♦❧✉t✐✈❛s

❊❈ ❊❧✐♠✐♥❛r ❈♦♥❡①✐ó♥

❊◆ ❊❧✐♠✐♥❛r ◆♦❞♦s

❋❈❇❋ ✧❋❛st ❈♦rr❡❧❛t✐♦♥✲❇❛s❡❞ ❋✐❧t❡r✧

❋▲❈ ❈♦♥tr♦❧❛❞♦r❡s ❞❡ ▲ó❣✐❝❛ ❉✐❢✉s❛

❋P ❋❛❧s♦s P♦s✐t✐✈♦s

❋P❘ P♦r❝❡♥t❛❥❡ ❞❡ ❋❛❧s♦s P♦s✐t✐✈♦s

❋◆ ❋❛❧s♦s ◆❡❣❛t✐✈♦s

❋❱ ❋✉♥❝✐ó♥ ❞❡ ❱❡r♦s✐♠✐❧✐t✉❞

●❈ ❈♦rr❡❧❛❝✐ó♥ ❈✉❛❞rát✐❝❛ ●❡♥❡r❛❧✐③❛❞❛

●● ●❛✉ss✐❛♥❛ ●❡♥❡r❛❧✐③❛❞❛

●▼ ▼✐♥❦♦✇s❦✐ ●❡♥❡r❛❧✐③❛❞❛

●◆❆ ❆❧❣♦r✐t♠♦ ●❛✉ss✲◆❡✇t♦♥

●❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛

●❘❇❋◆◆ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛

❍❊P ✧❍②❜r✐❞ ❊✈♦❧✉t✐♦♥❛r② Pr♦❣r❛♠♠✐♥❣✧

❍❊P❈ ✧❍②❜r✐❞ ❊✈♦❧✉t✐♦♥❛r② Pr♦❣r❛♠♠✐♥❣ ✇✐t❤ ❈❧✉st❡r✐♥❣✧

❍❱❉▼ ▼étr✐❝❛ ❍❡t❡r♦❣❡♥é♥❡❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s

❍❊❖▼ ▼étr✐❝❛ ❍❡t❡r♦❣é♥❡❛ ❊✉❝❧í❞❡❛✲❙♦❧❛♣❛❞❛

■❘▲❙ ✧■t❡r❛t✐✈❡ ❘❡✲✇❡✐❣t❤❡❞ ▲❡❛st ❙q✉❛r❡❞✧

✐❘Pr♦♣ ❘❡tr♦♣r♦♣❛❣❛❝✐ó♥ ❊❧ást✐❝❛ ▼❡❥♦r❛❞❛ ✭✧■♥♣r♦✈❡❞ ❘❡s✐❧✐❡♥t
❇❛❝❦♣r♦♣❛❣❛t✐♦♥✧✮
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✐❘Pr♦♣✰ ❘❡tr♦♣r♦♣❛❣❛❝✐ó♥ ❊❧ást✐❝❛ ▼❡❥♦r❛❞❛ ✭✧■♥♣r♦✈❡❞ ❘❡s✐❧✐❡♥t
❇❛❝❦♣r♦♣❛❣❛t✐♦♥✧✮

■❱❉▼ ▼étr✐❝❛ ■♥t❡r♣♦❧❛❞❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s

❏❈▲❊❈ ▲✐❜r❡rí❛ ❞❡ ❈❧❛s❡s ❡♥ ❏❛✈❛ ♣❛r❛ ❈♦♠♣✉t❛❝✐ó♥ ❊✈♦❧✉t✐✈❛

❑❊❊▲ ✧❑♥♦✇❧❡❞❣❡ ❊①tr❛❝t✐♦♥ ❜❛s❡❞ ♦♥ ❊✈♦❧✉t✐♦♥❛r② ▲❡❛r♥✐♥❣✧

▲♦❣❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ▲♦❣❛rít♠✐❝❛

▲▼ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t

▲▼❚ ✧▲♦❣✐st✐❝ ▼♦❞❡❧ ❚r❡❡✧

●▼❈❘❇❋ ▼❛❝r♦▼❡❞✐❛ ✭✧▼❛❝r♦✲❆✈❡r❛❣❡✧✮

●▼❈❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ▼✉❧t✐❝✉❛❞rát✐❝❛ ●❡♥❡r❛❧✐③❛❞❛

●▼❈■❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ▼✉❧t✐❝✉❛❞rát✐❝❛ ■♥✈❡rs❛ ●❡♥❡r❛❧✐③❛❞❛

▼❆❱● ▼❛❝r♦✲❆✈❡r❛

▼❈❘❇❋ ▼✉❧t✐❝✉❛❞rát✐❝❛s ●❡♥❡r❛❧✐③❛❞❛s

▼❈■❘❇❋ ▼✉❧t✐❝✉❛❞rát✐❝❛s ■♥✈❡rs❛s ●❡♥❡r❛❧✐③❛❞❛s

▼● ▼❡❞✐❛ ●❡♦♠étr✐❝❛

▼▲P P❡r❝❡♣tró♥ ▼✉❧t✐❝❛♣❛

▼❙❊ ❊rr♦r ❈✉❛❞rát✐❝♦ ▼❡❞✐♦

◆ P❛tr♦♥❡s ❝♦♥ ❈❧❛s❡ ◆❡❣❛t✐✈❛

◆◆❊P ✧◆❡✉r❛❧ ◆❡t ❊✈♦❧✉t✐♦♥❛r② Pr♦❣r❛♠♠✐♥❣✧

❖▲❙ ▼í♥✐♠♦s ❈✉❛❞r❛❞♦s ❖rt♦❣♦♥❛❧❡s

P Pr❡❝✐s✐ó♥ P♦s✐t✐✈❛

P❈❆ ❆♥á❧✐s✐s ❞❡ ❈♦♠♣♦♥❡♥t❡s Pr✐♥❝✐♣❛❧❡s

P❊ Pr♦❣r❛♠❛❝✐ó♥ ❊✈♦❧✉t✐✈❛

P● Pr♦❣r❛♠❛❝✐ó♥ ●❡♥ét✐❝❛

P● Pr♦♣♦r❝✐♦♥❛❧ ■♥t❡❣r❛❧ ❉❡r✐✈❛t✐✈♦



▲■❙❚❆ ❉❊ ❆❇❘❊❱■❆❚❯❘❆❙ ❨ ❙■●▲❆❙ ①✐①

P❙❖ ❖♣t✐♠✐③❛❝✐ó♥ ♣♦r ❙✐st❡♠❛ ❞❡ P❛rtí❝✉❧❛s

P❙ ❙✐st❡♠❛ ❞❡ P❛rtí❝✉❧❛s

◗❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ◗✲●❛✉ss✐❛♥❛

❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧

❘▲ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

❘❖❈ ✏❘❡❝❡✐✈❡r ❖♣❡r❛t✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝✑ ♦ ❈✉r✈❛ ❖♣❡r❛t✐✈❛
❈❛r❛❝t❡ríst✐❝❛

❘◆❆ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

❘Pr♦♣ ❘❡tr♦♣r♦♣❛❣❛❝✐ó♥ ❊❧ást✐❝❛ ✭❘❡s✐❧✐❡♥t ❇❛❝❦♣r♦♣❛❣❛t✐♦♥✮

❘▼❙❊ ❘❛í③ ❞❡❧ ❊rr♦r ❈✉❛❞rát✐❝♦ ▼❡❞✐♦

❙❘❇❋ ❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ❊stá♥❞❛r

❙❆ ❘❡❝♦❝✐❞♦ ❙✐♠✉❧❛❞♦ ♦ ✧❙✐♠♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣✧

❙♣ ❊s♣❡❝✐✜❝✐❞❛❞

❙❙ ❇úsq✉❡❞❛ ❉✐s♣❡rs❛

❙❱❉ ❉❡s❝♦♠♣♦s✐❝✐ú♥ ❡♥ ❱❛❧♦r❡s ❙✐♥❣✉❧❛r❡s

❙❱▼ ▼áq✉✐♥❛s ❞❡ ❙♦♣♦rt❡ ❱❡❝t♦r✐❛❧

❚P❘ ❙❡♥s✐❜✐❧✐❞❛❞

❚❙ ❇úsq✉❡❞❛ ❚❛❜ú

❚P ❱❡r❞❛❞❡r♦s P♦s✐t✐✈♦s

❚◆ ❱❡r❞❛❞❡r♦s ◆❡❣❛t✐✈♦s

❚P❙ ✧❚❤✐♥ P❧❛t❡ ❙♣❧✐♥❡✧

❯✳❈✳ ❯♥✐✈❡rs✐❞❛❞ ❈❡♥tr❛❧

❯P ❯♥✐❞❛❞❡s Pr♦❞✉❝t♦

❯◆ ❯♥✐r ◆♦❞♦s

❯P❘❇❋ ❯♥✐❞❛❞❡s Pr♦❞✉❝t♦✲❋✉♥❝✐ó♥ ❞❡ ❇❛s❡ ❘❛❞✐❛❧



①① ▲■❙❚❆ ❉❊ ❆❇❘❊❱■❆❚❯❘❆❙ ❨ ❙■●▲❆❙

❯❙ ❯♥✐❞❛❞❡s ❙✐❣♠♦✐❞❡

❯❘❇❋ ❯♥✐❞❛❞❡s ❝♦♥ ❋✉♥❝✐♦♥❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

❯❙❘❇❋ ❯♥✐❞❛❞ ❙✐❣♠♦✐❞❡✲❘❇❋

❱❉▼ ▼étr✐❝❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s

❱❯❙ ❱♦❧✉♠❡♥ ❇❛❥♦ ❧❛ ❙✉♣❡r✜❝✐❡

❲❱❉▼ ▼étr✐❝❛ ❊♥♠❛r❝❛❞❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s



❈❛♣ít✉❧♦ ✶

■◆❚❘❖❉❯❈❈■✁✵◆

✶✳✶✳ ▼♦t✐✈❛❝✐ó♥

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ P❛tr♦♥❡s ✱❈P✱ ❞❡♥tr♦ ❞❡❧ á♠❜✐t♦ ❞❡❧

❘❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ P❛tr♦♥❡s✱ ❡s ✉♥❛ ❞❡ ❧❛s ❢♦r♠❛s ♠ás ❝♦♠✉♥❡s ❛ ❧❛ ❝✉❛❧ r❡✲

❞✉❝✐r ♣r♦❜❧❡♠❛s ❛❜♦r❞❛❞♦s ♣♦r ♥✉♠❡r♦s❛s r❛♠❛s ❞❡ ❧❛ ❝✐❡♥❝✐❛✳ ▲❛ ❝♦♠✉♥✐❞❛❞

❝✐❡♥tí✜❝❛ ♣♦s❡❡ ❡♥ ❧❛ ❈P ✉♥❛ ❤❡rr❛♠✐❡♥t❛ ✈❡rsát✐❧ ✉t✐❧✐③❛❞❛ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡

❧❛ ✈✐s✐ó♥ ❝♦♥ ♦r❞❡♥❛❞♦r ♣❛r❛ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❡♥t♦r♥♦s ✉r❜❛♥♦s✱ ❛❣rí❝♦❧❛s ②

♠❛r✐♥♦s ❞❡s❞❡ ✐♠á❣❡♥❡s ❞❡ s❛té❧✐t❡✱ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❤✉❡❧❧❛s ❞❛❝t✐❧❛r❡s✱ r❡✲

❝♦♥♦❝✐♠✐❡♥t♦ ❡ ✐♥t❡r♣r❡❛t❛❝✐ó♥ ❞❡ ♦❜❥❡t♦s ❡♥ ❡s❝❡♥❛s✱ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❡♥ ♣❛rt❡s

❡♥ ❧í♥❡❛s ❞❡ ❡♥s❛♠❜❧❛❞♦✱ ❞❡t❡❝❝✐ó♥ ❞❡ ❞❡❢❡❝t♦s✱ ❞❡t❡❝❝✐ó♥ ❞❡ t✉♠♦r❡s✱ ❛♥á❧✐s✐s

❞❡ ❝r♦♠♦s♦♠❛s✱ ❝♦♥t❡♦ ❞❡ ❝é❧✉❧❛s ❡♥ ❧❛ s❛♥❣r❡✱ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❝❛r❛❝t❡r❡s✿

❧❡❝t✉r❛ ❞❡ ❡t✐q✉❡t❛s✱ ♣r♦❝❡s❛❞♦ ❞❡ ❝❤❡q✉❡s ❜❛♥❝❛r✐♦s✱ ❧❡❝t✉r❛ ❞❡ t❡①t♦s✱ r❡❝♦✲

♥♦❝✐♠✐❡♥t♦ ❞❡ ♠❛trí❝✉❧❛s✱ ❡t❝✳ ❖tr❛s ❛♣❧✐❝❛❝✐♦♥❡s ♥♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡s ❞♦♥❞❡

❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ♣❛tr♦♥❡s ❡s ❞❡ ❣r❛♥ ✉t✐❧✐❞❛❞ s♦♥✿ ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ ❣❛♥❛❞♦

❜♦✈✐♥♦✱ ♣r♦♥óst✐❝♦ ❞❡ ♣❡rs♣❡❝t✐✈✐❞❛❞ ❞❡ ②❛❝✐♠✐❡♥t♦s ♠✐♥❡r❛❧❡s✱ ❞✐❛❣♥óst✐❝♦ ❞✐✲

❢❡r❡♥❝✐❛❧ ❞❡ ❡♥❢❡r♠❡❞❛❞❡s✱ ❧❡❝t✉r❛ ❞✐❛❣♥óst✐❝❛ ❞❡ ❡❧❡❝tr♦s❡ñ❛❧❡s✱ ✐❞❡♥t✐✜❝❛❝✐ó♥

❞❡ ♦❜❥❡t♦s ♠❡❞✐❛♥t❡ s♦♥✐❞♦s ✭❛✈✐♦♥❡s✱ ✈❡❤í❝✉❧♦s✮ ❡ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❞❡ ♦❜❥❡t♦s

♠❡❞✐❛♥t❡ r❛str♦s ✭❜❛❧íst✐❝❛✮✱ ❡♥tr❡ ♦tr❛s ❛♣❧✐❝❛❝✐♦♥❡s✳

▲❛ ❈P t✐❡♥❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❢✉♥❞❛♠❡♥t❛❧ ❡st❛❜❧❡❝❡r ✉♥❛ té❝♥✐❝❛ ♦ ✉♥ ♠♦✲

❞❡❧♦ q✉❡ ♣❡r♠✐t❛✱ ❛ ♣❛rt✐r ❞❡ ❞❛t♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ✉♥❛ ♠✉❡str❛ ❝♦♥❝r❡t❛ ✭❝♦♥✲

❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✮✱ ♣r❡❞❡❝✐r ❡❧ ✈❛❧♦r ❞❡ ✉♥❛ ♦ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ♠❡❞✐❞❛s

s♦❜r❡ ❧♦s ❞❛t♦s q✉❡ ♥♦ ✐♥t❡r✈✐❡♥❡♥ ❡♥ ❡❧ ♣r♦❝❡s♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ✭❝♦♥❥✉♥t♦

✶



✶✳✷✳ ❖❜❥❡t✐✈♦

❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥✮✳ ▲♦s ♠♦❞❡❧♦s ♦ té❝♥✐❝❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ♦❜t❡♥✐❞♦s ♣r❡❞✐❝❡♥

❧❛ ❝❧❛s❡ ❞❡ ❧♦s ♣❛tr♦♥❡s ❛ ❧♦s q✉❡ s❡ ❛♣❧✐❝❛♥✳ ❆ s✉ ✈❡③ ❧♦s ♠♦❞❡❧♦s ❝r❡❛❞♦s ♣❡r✲

♠✐t❡♥ ✭♥♦ t♦❞♦s ❡♥ ✐❣✉❛❧ ♠❡❞✐❞❛✮ ❧❛ ✐♥t❡r♣r❡t❛❝✐ó♥ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡

❧❛s ✈❛r✐❛❜❧❡s ♠❡❞✐❞❛s✭r❡❧❛❝✐ó♥ ❝❛✉s❛✲❡❢❡❝t♦✮❀ r❡s✉❧t❛♥❞♦ ✉♥❛ ❢✉❡♥t❡ ✐♠♣♦rt❛♥t❡

❞❡ ❝♦♥♦❝✐♠✐❡♥t♦ ♣❛r❛ ❧♦s ❡①♣❡rt♦s ❡♥ ❧❛ ❝✐❡♥❝✐❛ ❞❡ ❧❛ ❝✉❛❧ ♣r♦✈✐❡♥❡♥ ❧♦s ❞❛t♦s

s✉❥❡t♦s ❛ ❝❧❛s✐✜❝❛❝✐ó♥✳

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ P❛tr♦♥❡s ❤❛ s✐❞♦ ❛❜♦r❞❛❞♦ ❞❡s❞❡ ❞✐❢❡✲

r❡♥t❡s ♣❡rs♣❡❝t✐✈❛s✱ ❛❧❣✉♥❛s ②❛ ❝❧ás✐❝❛s✳ ❉❡♥tr♦ ❞❡ ❧❛s té❝♥✐❝❛s ♠ás ❝♦♥♦❝✐❞❛s

s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ♠♦❞❡❧♦s q✉❡ ❞❡✜♥❡♥ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ♦♣t✐♠✐③❛❞❛ ♠❡✲

❞✐❛♥t❡ ❛❧❣♦r✐t♠♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡✱ q✉✐❡♥❡s ❛❧ ✐❣✉❛❧ q✉❡ ❧❛s ▼áq✉✐♥❛s ❞❡

❙♦♣♦rt❡ ❱❡❝t♦r✐❛❧ ✭❙❱▼✮ ♦♣t✐♠✐③❛♥ ✉♥❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦✳ ❖tr♦s ❛❧❣♦r✐t♠♦s

②❛ ❝♦♠✉♥❡s s♦♥ ❧♦s ❛❧❣♦r✐t♠♦s ❜❛s❛❞♦s ❡♥ ✐♥❝❡rt✐❞✉♠❜r❡ q✉✐❡♥❡s ❝♦♥str✉②❡♥

♠♦❞❡❧♦s ❜❛s❛❞♦s ❡♥ ✐♥❝❡rt✐❞✉♠❜r❡ ♣r♦❜❛❜✐❧íst✐❝❛ ♦ ❞✐❢✉s❛ ♠♦❞❡❧❛♥❞♦ ❧❛ ♣❡rt❡✲

♥❡♥❝✐❛ ❞❡ ✉♥ ♣❛tró♥ ❛ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ❝❧❛s❡ ❝♦♠♦ ✉♥ ✈❛❧♦r ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ♦

❞❡ ✐♥❝❡rt✐❞✉♠❜r❡✳

✶✳✷✳ ❖❜❥❡t✐✈♦

▲❛ ♣r❡s❡♥t❡ t❡s✐s t✐❡♥❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❢✉♥❞❛♠❡♥t❛❧ ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ♠✉❧✲

t✐❝❧❛s✐✜❝❛❞♦r❡s ❜❛s❛❞♦s ❡♥ ❋✉♥❝✐♦♥❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳

◆✉❡str❛ ♣r♦♣✉❡st❛ s❡ ❝❡♥tr❛ ❡♥ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ♣❛r❛

❡♥tr❡♥❛r ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s ② ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s

❜❛s❛❞♦s ❡♥ ❋✉♥❝✐♦♥❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳ ❉✐❝❤♦s ♠♦❞❡❧♦s s❡rá♥ ❡st✐✲

♠❛❞♦s t❛♥t♦ ❡str✉❝t✉r❛❧ ✭♥ú♠❡r♦ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡✱ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s

❞❡❧ ♠♦❞❡❧♦✮ ❝♦♠♦ ♣❛r❛♠étr✐❝❛♠❡♥t❡ ✭✈❛❧♦r ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦✮✳

P❛r❛ ❡❧ ❧♦❣r♦ ❞❡ ❡st❡ ♦❜❥❡t✐✈♦ ❢✉♥❞❛♠❡♥t❛❧ s❡ ❞❡✜♥✐❡r♦♥ ❧♦s s✐❣✉✐❡♥t❡s

♦❜❥❡t✐✈♦s ❡s♣❡❝í✜❝♦s✿

❘❡❛❧✐③❛r ✉♥ ❡st✉❞✐♦ ❞❡ ❧❛s té❝♥✐❝❛s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ♠♦❞❡❧♦s ❞❡

❘◆❆s✳

❉✐s❡ñ❛r ❡ ✐♠♣❧❡♠❡♥t❛r ❞❡ ✉♥ ❆❧❣♦r✐t♠♦ ❍í❜r✐❞♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦

❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳

❚❡s✐s ❉♦❝t♦r❛❧ ✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✶✳ ■◆❚❘❖❉❯❈❈■✁✵◆

❉✐s❡ñ❛r ❡ ✐♠♣❧❡♠❡♥t❛r ❞❡ ✉♥ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦

❞❡ ♠♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳

❱❛❧✐❞❛r ❧♦s ❛❧❣♦r✐t♠♦s ❡❧❛❜♦r❛❞♦s ❝♦♥ ❜❛s❡s ❞❡ ❞❛t♦s ✐♥t❡r♥❛❝✐♦♥❛❧❡s ②

♣r♦❜❧❡♠❛s r❡❛❧❡s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✳

✶✳✸✳ ❘❡s✉♠❡♥

❉❡♥tr♦ ❞❡ ❧♦s ♠♦❞❡❧♦s ♠ás ✉t✐❧✐③❛❞♦s ♣❛r❛ ❧❛ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ P❛tr♦♥❡s

s❡ ❡♥❝✉❡♥tr❛♥ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s q✉✐❡♥❡s ❞❡ ❢♦r♠❛ r❡s✉♠✐❞❛ s❡

❝♦♥❝❡♣t✉❛❧✐③❛♥ ❝♦♠♦✿ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛

q✉❡ ♣r♦❞✉❝❡ ❝♦♠♦ r❡s✉❧t❛❞♦ ✉♥ ✈❛❧♦r ♦ ❡t✐q✉❡t❛ ♣❡rt❡♥❡❝✐❡♥t❡ ❛❧ ❡s♣❛❝✐♦ ❞❡

s❛❧✐❞❛ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❧❛ ❝♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ❝❧❛s❡ ❛ ♣r❡❞❡❝✐r✳

❉❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧♦s ❆❊s ♣❛r❛ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ❘◆❆s s✉r❣❡♥ ❧❛s

❞❡♥♦♠✐♥❛❞❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s ❊✈♦❧✉t✐✈❛s ❬✷❪✳ ❊st❛ ár❡❛ ❞❡ ✐♥✈❡s✲

t✐❣❛❝✐ó♥ ❤❛ ❛tr❛í❞♦ ♠✉❝❤❛ ❛t❡♥❝✐ó♥ ❡♥ ❧❛ ú❧t✐♠❛ ❞é❝❛❞❛✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ✉♥❛

❤❡rr❛♠✐❡♥t❛ ♠✉② ❛❞❡❝✉❛❞❛ ♣❛r❛ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ t❛♥t♦ ❞❡ ❧❛ t♦♣♦❧♦❣í❛ ❝♦♠♦ ❞❡

❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆s ❬✸❪✳ ❙✐ t❡♥❡♠♦s ❡♥ ❝✉❡♥t❛ ❧❛ ❞✐✜❝✉❧t❛❞

q✉❡ ✐♠♣❧✐❝❛ ❡❧ ❡st❛❜❧❡❝✐♠✐❡♥t♦ ❞❡ ✉♥❛ ❛rq✉✐t❡❝t✉r❛ ❛❞❡❝✉❛❞❛ ❥✉♥t♦ ❝♦♥ ❧♦s ❝♦✲

rr❡s♣♦♥❞✐❡♥t❡s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❘◆❆✱ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❆❊s ♣❛r❛ ❡❧ ❞✐s❡ñ♦ ❞❡ ❧❛

❡str✉❝t✉r❛ ② ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♥❛ ❘◆❆ ❡stá ❛♠♣❧✐❛♠❡♥t❡

❥✉st✐✜❝❛❞❛✳

P❛r❛ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛ ❧❛s ❘◆❆s ♣r❡s❡♥t❛♥ ❧❛s

❧❧❛♠❛❞❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ q✉✐❡♥❡s r❡♣r❡s❡♥t❛♥ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❞❡ ❧♦s ❞❛t♦s

❞❡ ❡♥tr❛❞❛✳ ▲❛ ♣r❡s❡♥t❡ ✐♥✈❡st✐❣❛❝✐ó♥ ♣r♦♣♦♥❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧❛s ❋✉♥❝✐♦♥❡s

❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛s ●❘❇❋ ❡♥ ♠♦❞❡❧♦s ❞❡ ❘◆❆ ♣❛r❛ s❡r ❡♥tr❡♥❛✲

❞❛s ♠❡❞✐❛♥t❡ ❆❧❣♦r✐t♠♦s ❍í❜r✐❞♦s ❝♦♠❜✐♥❛♥❞♦ ❡❧ ♣♦❞❡r ❞❡ ❡①♣❧♦r❛❝✐ó♥ ❞❡ ❧♦s

❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❥✉♥t♦ ❛ ❧❛ ❝❛♣❛❝✐❞❛❞ ❡①♣❧♦t❛❞♦r❛ ❞❡ ❧♦s ❆❧❣♦r✐t♠♦s ❞❡

❇úsq✉❡❞❛ ▲♦❝❛❧ ❝♦♥ ❡❧ ✜♥ ❞❡ ❧♦❣r❛r ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡❧ ❛❧❣♦r✐t♠♦ ❛ ✉♥❛ s♦❧✉❝✐ó♥

❢❛❝t✐❜❧❡✳

▲❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧❛s ❋✉♥❝✐♦♥❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛s s❡ ❥✉st✐✜❝❛

❞❡❜✐❞♦ ❛ s✉ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❥✉st❡ ❛ ❧♦s ❞❛t♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❧í♠✐t❡ ❞❡

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✶✳✸✳ ❘❡s✉♠❡♥

❞♦s ♦ ♠ás ●❘❇❋s✳ ❊st❡ ❝♦♠♣♦rt❛♠✐❡♥t♦ s❡ ❞❡❜❡ ❛ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥ ♣❛rá✲

♠❡tr♦ q✉❡ ❝♦♥tr❛❡ ♦ r❡❧❛❥❛ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●❘❇❋✳ ❈♦♥ ❡❧ ✜♥ ❞❡ ❛✉♠❡♥t❛r

❧❛ r❛♣✐❞❡③ ② ❧❛ ♣r❡❝✐s✐ó♥ ❞❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡

❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛ ●❘❇❋◆◆ ❧❛ ♣r❡s❡♥t❡ t❡s✐s ♣r♦♣♦♥❡ ❧❛ r❡❢♦r♠✉❧❛❝✐ó♥ ❞❡

❧❛ ●❘❇❋ ♣❡r♠✐t✐❡♥❞♦ t❛♥t♦ ❛❧ ❆❧❣♦r✐t♠♦ ❞❡ ❇úsq✉❡❞❛ ▲♦❝❛❧ ✭❆❇▲✮ ❝♦♠♦ ❛❧

❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣r❡s❡♥t❡s ❡♥ ❡❧ ❆❧❣♦r✐t♠♦ ❍í❜r✐❞♦ ♣r♦♣✉❡st♦ ❡♥ ❧❛ t❡s✐s✱

✉♥❛ ❝♦♥✈❡r❣❡♥❝✐❛ ♠ás rá♣✐❞❛✳ ❊st❡ ❆❧❣♦r✐t♠♦ ❍í❜r✐❞♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦

❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛ ❝♦♥st✐t✉②❡ ✉♥ r❡s✉❧t❛❞♦ ❞❡

❧❛ ✐♥✈❡st✐❣❛❝✐ó♥✳ ▲❛ ❡✜❝❛❝✐❛ ❞❡❧ ❛❧❣♦r✐t♠♦ ❤❛ s✐❞♦ ♣r♦❜❛❞❛ s♦❜r❡ ❜❛s❡s ❞❡ ❞❛✲

t♦s ✐♥t❡r♥❛❝✐♦♥❛❧♠❡♥t❡ ❝♦♥♦❝✐❞❛s✱ ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❯❈■ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣

❘❡♣♦s✐t♦r② ❬✹❪✳ ❚r❛s ❧❛ ♦❜t❡♥❝✐ó♥ ❞❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♣r♦❝❡❞✐ó ❛ ❤✐❜r✐❞❛r ❧❛s

●❘❇❋◆◆s ❝♦♥ ❧❛ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛✳

❉❡♥tr♦ ❞❡ ❧♦s ♠♦❞❡❧♦s q✉❡ ❝♦♠❜✐♥❛♥ ❧❛s ❘◆❆s ❝♦♥ ♦tr♦s ♠♦❞❡❧♦s ❜✐❡♥

❝♦♥♦❝✐❞♦s s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s q✉✐❡♥❡s ❝r❡❛♥ ♠♦❞❡❧♦s

❧♦❣íst✐❝♦s s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s ❣❡♥❡r❛❞❛s ♣♦r ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❞❡ ❧❛s ❘◆❆s✳

❊st❡ ❡♥❢♦q✉❡ ♣❡r♠✐t❡ ❝r❡❛r ♠♦❞❡❧♦s q✉❡ r❡♣r❡s❡♥t❛♥ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s ✈❛✲

r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ ♠ás ❛❧❧á ❞❡ ❧❛ s✐♠♣❧❡ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡s❝r✐t❛ ♣♦r ❡❧

♠♦❞❡❧♦ ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛✱ ❘▲✳ ▲❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ tr❛♥s❢♦r♠❛❝✐♦♥❡s ♠ás

❝♦♠♣❧❡❥❛s ❡♥ ❧❛ ❘▲ ❞✐✜❝✉❧t❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ♠❡❞✐❛♥t❡ ❡❧ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛

✈❡r♦s✐♠✐❧✐t✉❞✳ P♦r ❡❧❧♦✱ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡ ❧❛ ❡str✉❝t✉r❛ ② ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛s

tr❛♥s❢♦r♠❛❝✐♦♥❡s ♥♦ ❧✐♥❡❛❧❡s ✐♥❞✉❝✐❞❛s ♣♦r ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❝♦♥st✐t✉②❡ ✉♥

ár❡❛ ❞♦♥❞❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s✱ s❡ ❥✉st✐✜❝❛✳

▲❛ ♣r❡s❡♥t❡ t❡s✐s ♣r♦♣♦♥❡ ✉♥ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❧❛ ❝r❡❛❝✐ó♥ ❞❡

▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❡❧ ❝✉❛❧ r❡❛❧✐③❛ ✉♥❛ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ s♦❜r❡ ❧❛s s❛✲

❧✐❞❛s ❞❡ ❧❛s ❋✉♥❝✐♦♥❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛s ♠♦❞❡❧❛❞❛s ♣♦r ✉♥ ❆❊✳

❊❧ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♠❛♥❡❥❛ ❝♦♥❝❡♣t♦s ❝♦♠♦ ❧❛ ♣❡r❢❡❝t❛ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞

♣r❡s❡♥t❡ ❡♥ ❧❛s ❝♦✈❛r✐❛❜❧❡s q✉❡ s✉r❣❡♥ ❣r❛❝✐❛s ❛ ❧❛s ●❘❇❋s ❝♦♥ ❜❛❥❛ ❝♦❜❡rt✉r❛❀

❞✐❝❤❛ ♣r♦♣✐❡❞❛❞ ♣r♦✈♦❝❛ q✉❡ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ❘▲s ❝❛✐❣❛ ❛❜r✉♣t❛♠❡♥t❡✳ P♦r

❡❧❧♦ ❡❧ ❆❊ tr❛t❛ ❧❛s ●❘❇❋ ❞✉r❛♥t❡ ❡❧ tr❛♥s❝✉rs♦ ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥✳

▲❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❡❧❛❜♦r❛❞♦s ♣♦r ❡❧ ❆❊ s♦♥

✈❛❧✐❞❛❞♦s ❡♥ ❡❧ ❝✉❡r♣♦ ❞❡ ❧❛ t❡s✐s s♦❜r❡ ❞❛t♦s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ✐♥❝❛♣❛❝✐❞❛❞

❧❛❜♦r❛❧ ② ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ♠✐❝r♦❛rr❛②s✱ ♣r❡♣r♦❝❡s❛❞♦s ❧♦s ú❧t✐♠♦s ❝♦♥ té❝♥✐❝❛s

❚❡s✐s ❉♦❝t♦r❛❧ ✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✶✳ ■◆❚❘❖❉❯❈❈■✁✵◆

❞❡ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳

✶✳✹✳ ❊str✉❝t✉r❛ ❞❡ ❧❛ ❚❡s✐s

▲❛ ♠❡♠♦r✐❛ ❡stá ♦r❣❛♥✐③❛❞❛ s❡❣ú♥ ❡❧ ❡sq✉❡♠❛ s✐❣✉✐❡♥t❡✿

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ s❡ ✐♥tr♦❞✉❝❡♥ ❧♦s ❝♦♥❝❡♣t♦s ❜ás✐❝♦s ❛❝❡r❝❛ ❞❡ ❧❛s ❘❡❞❡s

◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s ❘◆❆s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧♦s ❝❛♣ít✉✲

❧♦s ♣♦st❡r✐♦r❡s✳ ❍❛❝✐❡♥❞♦ é♥❢❛s✐s ❡♥ ❧❛s ❘❡❞❡s ✧❋❡❡❞❋♦r✇❛r❞✧ s❡ ♣r♦❝❡❞❡

❛ ❞❡s❝r✐❜✐r ❧❛s ❞✐st✐♥t❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❞❡ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛

❞❡ ❧❛ r❡❞✳ ❙❡ ❛♥❛❧✐③❛ ❞❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s ❋✉♥❝✐♦♥❡s ❞❡

❇❛s❡ ❘❛❞✐❛❧ ✭❘❇❋✮ ❧❛s ❝✉❛❧❡s r❡s✉❧t❛rá♥ ❞❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ♣♦st❡r✐♦r❡s

❝❛♣ít✉❧♦s✳ ❙❡❣✉✐❞❛♠❡♥t❡ s❡ ❞❡s❝r✐❜❡ ❝ó♠♦ s♦♥ ❡♠♣❧❡❛❞♦s ❧♦s ♠♦❞❡❧♦s ❞❡

❘◆❆s ❡♥ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❝❡♥trá♥❞♦♥♦s ❡♥ ❧❛s ♠étr✐❝❛s ❞❡ r❡♥✲

❞✐♠✐❡♥t♦ t❛♥t♦ ♣❛r❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❜✐♥❛r✐❛ ❝♦♠♦ ♠✉❧t✐❝❧❛s❡✳ ❚r❛s ♠♦str❛r

❧❛ ✉t✐❧✐❞❛❞ ❞❡ ❧❛s ❘◆❆s ❡♥ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ s❡ ❞❡s❝r✐❜❡♥ ❧♦s

♠ét♦❞♦s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ♣❛r❛ ❛❥✉st❛r ❞✐❝❤♦s ♠♦❞❡❧♦s✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✸✱ s❡ ❞❡s❝r✐❜❡ ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡ ❧♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✲

✈♦s ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘◆❆s✳ P❛r❛ ❡❧❧♦ s❡ ❞❡s❝r✐❜❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛

❣❡♥❡r❛❧ ❝r❡❛❞❛ ♣♦r ❑❛❧②❛♥♠♦② ❉❡❜ ♣❛r❛ ❡str✉❝t✉r❛r ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦

❞❡ ❧♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s✳ ❊♥ ❝♦♥❝♦r❞❛♥❝✐❛ ❝♦♥ ❧❛ ♣r♦♣✉❡st❛ ❞❡ ❉❡❜

s❡ ❞❡s❝r✐❜❡ ❡❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❞❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P ♣❛r❛ ❡♥tr❡♥❛r ❘❡❞❡s

◆❡✉r♦♥❛❧❡s ❝♦♥ ♥♦❞♦s ❘❇❋ ❡stá♥❞❛r✳ ❉✐❝❤♦ ❛❧❣♦r✐t♠♦ s✐r✈❡ ❞❡ ❜❛s❡ ♣❛r❛

❧♦s ❛❧❣♦r✐t♠♦s ♣r♦♣✉❡st♦s ❡♥ ❧♦s ❈❛♣ít✉❧♦s ✼ ② ✽✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✹ ✱ s❡ ❞❡s❝r✐❜❡♥ ❧❛s ♣r✐♥❝✐♣❛❧❡s ❛rq✉✐t❡❝t✉r❛s ❞❡ ❤✐❜r✐❞❛❝✐ó♥

❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s✱ ✐❧✉str❛♥❞♦ ❧❛s ❛❧t❡r♥❛t✐✈❛s ♠ás ✉t✐❧✐③❛❞❛s ♣❛r❛

❧♦❣r❛r s✉ ❝♦♠❜✐♥❛❝✐ó♥✳ ❆❞❡♠ás s❡ ❞❡s❝r✐❜❡♥ tr❛❜❛❥♦s ❛♥t❡r✐♦r❡s ❞❡s❛rr♦✲

❧❧❛❞♦s ♣♦r ❡❧ ❣r✉♣♦ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ❆❨❘◆❆ ❡♥ ❡❧ ár❡❛ ❞❡ ❧❛s ❘❡❞❡s

◆❡✉r♦♥❛❧❡s ❊✈♦❧✉t✐✈❛s✱ ❡s♣❡❝í✜❝❛♠❡♥t❡ ❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❆❧❣♦r✐t♠♦s

❍í❜r✐❞♦s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✶✳✹✳ ❊str✉❝t✉r❛ ❞❡ ❧❛ ❚❡s✐s

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✺✱ s❡ r❡❛❧✐③❛ ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s✿

s✉ ❛rq✉✐t❡❝t✉r❛ ② ♣r✐♥❝✐♣❛❧❡s ❝♦♥❝❡♣t♦s✳ P❛r❛ ❡❧❧♦ s❡ ❝♦♠❡♥t❛ ❡❧ ❢✉♥❝✐♦✲

♥❛♠✐❡♥t♦ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘▲✿ s✉ ❛rq✉✐t❡❝t✉r❛✱ ❛❧❣♦r✐t♠♦ ❝❧ás✐❝♦ ❞❡

❡♥tr❡♥❛♠✐❡♥t♦ ✭■❘▲❙✮ ② ❝♦♥❝❡♣t♦s ❝♦♠♦ ❧❛ r❡❣✉❧❛r✐③❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜✲

❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❘▲ ② ❧❛ ♣❡r❢❡❝t❛ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✼✱ s❡ ♣r♦♣♦♥❡ ✉♥ ♥✉❡✈♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡

❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛ ② s❡ ✈❛❧✐❞❛ ♠❡❞✐❛♥t❡ ❧❛

❡①♣❡r✐♠❡♥t❛❝✐ó♥ s♦❜r❡ ❞❛t♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❯❈■ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣

❘❡♣♦s✐t♦r②✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✽✱ s❡ ♣r♦♣♦♥❡ ✉♥ ♥✉❡✈♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦

❞❡ ♠♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✾✱ s❡ ❞❡s❝r✐❜❡♥ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣r♦♣✉❡st♦s

❡♥ ❧♦s ❝❛♣ít✉❧♦s ✼ ② ✽ s♦❜r❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ▼✐❝r♦❛rr❛②s ② ✉♥ ♣r♦❜❧❡♠❛

r❡❛❧ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❞✐s❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧✳

❊♥ ❡❧ ❝❛♣ít✉❧♦ ✶✵✱ s❡ ♠✉❡str❛♥ ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ❞❡ ❧❛ ♣r❡s❡♥t❡ ✐♥✈❡st✐❣❛✲

❝✐ó♥ ✐♥❞✐❝❛♥❞♦ ❝ó♠♦ s❡ ❝✉♠♣❧✐❡r♦♥ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♦❜❥❡t✐✈♦s ❡s♣❡❝í✜❝♦s

tr❛③❛❞♦s ❡♥ ❧❛ t❡s✐s✳ ❆❞❡♠ás s❡ s✐❡♥t❛♥ ❧❛s ❜❛s❡s ❞❡ ❧♦s tr❛❜❛❥♦s ❢✉t✉r♦s

❡♥ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘◆❆s✳

❉❡ ❢♦r♠❛ ❣❡♥❡r❛❧ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ t❡s✐s s❡ r❡s✉♠❡ ❡♥ ✻ ❝❛♣ít✉❧♦s ❞♦♥✲

❞❡ s❡ ❞❡s❝r✐❜❡ ❡❧ ♠❛r❝♦ t❡➥✐❝♦ ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ❞♦♥❞❡ s❡ ❤❛❝❡ ❤✐♥❝❛♣✐é ❡♥

❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P✱ ❡❧ ❝✉❛❧ s❡r✈✐rá ❞❡ ❜❛s❡ ♣❛r❛ ❧❛s ♣r♦♣✉❡st❛s ❞❡s❝r✐t❛s ❡♥

❡❧ ❝❛♣ít✉❧♦ ✼ ② ✽✳ P♦r ✉➝t✐♠♦ s❡ ❞❛♥ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ ✐♥✈❡st✐❣❛❝✐ó♥ ② ❧❛s

❝♦♥❝❧✉s✐ó♥❡s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ✾ ② ✶✵ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡s✐s ❉♦❝t♦r❛❧ ✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷

❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

✷✳✶✳ ❚❡r♠✐♥♦❧♦❣í❛ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

❯♥❛ r❡❞ ♥❡✉r♦♥❛❧ ❝♦♥s✐st❡ ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✉♥✐❞❛❞❡s ❞❡ ♣r♦❝❡s❛♠✐❡♥t♦✱

❝♦♥♦❝✐❞❛s ❝♦♠♦ ♥♦❞♦s✱ ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ♦ ✉♥✐❞❛❞❡s ❞❡ ❜❛s❡✱ ❧❛s ❝✉❛❧❡s ❡stá♥

❝♦♥❡❝t❛❞❛s ❡♥tr❡ sí✳ ▲❛ ❝♦♥❡❝t✐✈✐❞❛❞ ❞❡ ✉♥❛ r❡❞ ♥❡✉r♦♥❛❧ ✈✐❡♥❡ ❞❛❞❛ ❡♥ tér♠✐✲

♥♦s ❞❡ ✉♥❛ ❛rq✉✐t❡❝t✉r❛ ♦ t♦♣♦❧♦❣í❛✱ ❧❛ ❝✉❛❧ ❡s ✉♥ ❣r❛❢♦ ❝♦♥ ❝♦♥❡①✐♦♥❡s ❡♥tr❡

❧♦s ♥♦❞♦s ♦ ✉♥✐❞❛❞❡s✳ ❆q✉❡❧❧♦s ♥♦❞♦s q✉❡ ♥♦ t✐❡♥❡♥ ❝♦♥❡①✐♦♥❡s ❞❡ ❡♥tr❛❞❛ ❞❡

✉♥ ♥♦❞♦ ❛♥t❡r✐♦r s❡ ❞❡♥♦♠✐♥❛♥ ♥♦❞♦s ❞❡ ❡♥tr❛❞❛ ② ❧♦s ♥♦❞♦s ❞❡ ❧♦s q✉❡ ♥♦ s❛❧❡

♥✐♥❣✉♥❛ ❝♦♥❡①✐ó♥ ❛ ✉♥ ♥♦❞♦ ♣♦st❡r✐♦r s❡ ❞❡♥♦♠✐♥❛♥ ♥♦❞♦s ❞❡ s❛❧✐❞❛✳ ❊❧ r❡st♦

❞❡ ♥♦❞♦s s❡ ❞❡♥♦♠✐♥❛♥ ♥♦❞♦s ♦❝✉❧t♦s✳ ▲♦s ♥♦❞♦s ❞❡ ❝♦♠♣✉t❛❝✐ó♥ ❞❡ ✉♥❛ r❡❞

s♦♥ ❧♦s ♥♦❞♦s ❞❡ s❛❧✐❞❛ ② ❧♦s ♥♦❞♦s ♦❝✉❧t♦s✳ ❚♦❞♦s ❧♦s ♥♦❞♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥

❛ ❧❛ ♠✐s♠❛ ❞✐st❛♥❝✐❛ ❡♥ ❡❧ ❣r❛❢♦ ❞❡ ❧♦s ♥♦❞♦s ❞❡ ❡♥tr❛❞❛ ❢♦r♠❛♥ ✉♥❛ ❝❛♣❛✳

▲❛s r❡❞❡s ♥❡✉r♦♥❛❧❡s ♣✉❡❞❡♥ ❞✐✈✐❞✐rs❡ ❡♥ ❞✐❢❡r❡♥t❡s t✐♣♦s ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉

❝♦♥❡❝t✐✈✐❞❛❞✱ s✐❡♥❞♦ ❧❛s ♠ás ❝♦♠✉♥❡s✿ ❧❛s r❡❞❡s ❝♦♥ ❝♦♥❡①✐♦♥❡s ❤❛❝✐❛ ❛❞❡❧❛♥t❡

✭❢❡❡❞❢♦r✇❛r❞✮ ② ❧❛s r❡❞❡s r❡❝✉rr❡♥t❡s ✭❜❛❝❦✇❛r❞✮ ✭✈é❛s❡ ❧❛ ❋✐❣✉r❛ ✷✳✶✮✳ ❊♥ ❡❧

♣r✐♠❡r ❝❛s♦ ❧♦s ♥♦❞♦s s♦❧♦ t✐❡♥❡♥ ❝♦♥❡①✐ó♥ ❤❛❝✐❛ ♥♦❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❝❛♣❛s

♣♦st❡r✐♦r❡s ♥♦ s✐❡♥❞♦ ❛sí ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ♥♦❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛s r❡❞❡s

r❡❝✉rr❡♥t❡s ❞♦♥❞❡ ❧♦s ♥♦❞♦s ♣♦s❡❡♥ ❝♦♥❡①✐♦♥❡s ❤❛st❛ ♥♦❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛

❝❛♣❛s ❛♥t❡r✐♦r❡s✱ ♣♦st❡r✐♦r❡s ❡ ✐♥❝❧✉s♦ ❛ ♥♦❞♦s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❧❛ ♠✐s♠❛

❝❛♣❛✳ ▲♦s ❡❧❡♠❡♥t♦s q✉❡ ❝❛r❛❝t❡r✐③❛♥ ✉♥ ♥♦❞♦ ❞❡ ✉♥❛ ❘◆❆ s♦♥✿

✼



✷✳✶✳ ❚❡r♠✐♥♦❧♦❣í❛ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

❈♦♥❡①✐♦♥❡s ♣♦♥❞❡r❛❞❛s✿ ❤❛❝❡♥ ❡❧ ♣❛♣❡❧ ❞❡ ❧❛s ❝♦♥❡①✐♦♥❡s s✐♥á♣t✐❝❛s✳ ▲❛

❡①✐st❡♥❝✐❛ ❞❡ ❝♦♥❡①✐♦♥❡s ❞❡t❡r♠✐♥❛ s✐ ❡s ♣♦s✐❜❧❡ q✉❡ ✉♥ ♥♦❞♦ ✐♥✢✉②❛ s♦❜r❡

♦tr♦✱ ♠✐❡♥tr❛s q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧♦s ♣❡s♦s ② ❡❧ s✐❣♥♦ ❞❡ ❧♦s ♠✐s♠♦s ❞❡✜♥❡♥

❡❧ t✐♣♦ ✭❡①❝✐t❛t♦r✐♦✴✐♥❤✐❜✐t♦r✐♦✮ ② ❧❛ ✐♥t❡♥s✐❞❛❞ ❞❡ ❧❛ ✐♥✢✉❡♥❝✐❛✳

❋✉♥❝✐ó♥ ❞❡ ❛❝t✐✈❛❝✐ó♥✿ ❝❛❧❝✉❧❛ ❡❧ ✈❛❧♦r ❞❡ ❜❛s❡ ♦ ❡♥tr❛❞❛ t♦t❛❧ ❛❧ ♥♦❞♦✱

❣❡♥❡r❛❧♠❡♥t❡ ❝♦♠♦ s✐♠♣❧❡ s✉♠❛ ♣♦♥❞❡r❛❞❛ ❞❡ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s ❞❡

❡♥tr❛❞❛ r❡❝✐❜✐❞❛s✱ ❡s ❞❡❝✐r✱ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ ♠✉❧t✐♣❧✐❝❛❞❛s ♣♦r

❡❧ ♣❡s♦ ♦ ✈❛❧♦r ❞❡ ❧❛s ❝♦♥❡①✐♦♥❡s✳ ▲❧❛♠❛r❡♠♦s f(x,w) ❛❧ ✈❛❧♦r ♦❜t❡♥✐❞♦✱

s✐❡♥❞♦ x ❡❧ ✈❡❝t♦r ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ ② w ❡❧ ✈❡❝t♦r ❞❡ ❝♦♥❡①✐♦♥❡s✳

❋✉♥❝✐ó♥ ❞❡ s❛❧✐❞❛ ♦ ❞❡ tr❛♥s❢❡r❡♥❝✐❛✿ ❝❛❧❝✉❧❛ ❧❛ s❛❧✐❞❛ ❞❡❧ ♥♦❞♦ ❡♥ ❢✉♥❝✐ó♥

❞❡ ❧❛ ❛❝t✐✈❛❝✐ó♥ ❞❡ ❧❛ ♠✐s♠❛✳ ❙❡ r❡♣r❡s❡♥t❛ ❝♦♠♦ h(·) ② s❡ ✉s❛♥ ❞✐❢❡r❡♥t❡s

t✐♣♦s ❞❡ ❢✉♥❝✐♦♥❡s✱ ❞❡s❞❡ s✐♠♣❧❡s ❢✉♥❝✐♦♥❡s ❞❡ ✉♠❜r❛❧ ❤❛st❛ ❢✉♥❝✐♦♥❡s ♥♦

❧✐♥❡❛❧❡s✳ ❊❧ ✈❛❧♦r ✜♥❛❧ ❞❡ s❛❧✐❞❛ φj ❞❡ ✉♥ ♥♦❞♦ ♦❝✉❧t♦ s❡rí❛ ❡❧ s✐❣✉✐❡♥t❡✿

φj(x, wj) = h(f(x, wj)) ✭✷✳✶✮

❞♦♥❞❡ j r❡♣r❡s❡♥t❛ ❡❧ í♥❞✐❝❡ ❞❡❧ ♥♦❞♦✳

❊♥ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❛❝t✐✈❛❝✐ó♥ s♦♥✱ ❡♥

❣❡♥❡r❛❧✱ ❞✐❢❡r❡♥t❡s s❡❣ú♥ s❡ tr❛t❡ ❞❡ ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ♦ ❞❡ ♥♦❞♦s ♣❡r✲

t❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✳ ❯s✉❛❧♠❡♥t❡✱ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ s❛❧✐❞❛ ❞❡ ❧♦s ♥♦❞♦s

❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ s♦♥ ❞❡ ❞✐❢❡r❡♥t❡s t✐♣♦s ✭✈❡r ❡♣í❣r❛❢❡ ✷✳✷✳✸✳✸✮✳ ❊①✐st❡♥ ♥✉♠❡✲

r♦s❛s r❡❢❡r❡♥❝✐❛s ❛ ❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ❞❡ r❡❞❡s ♥❡✉r♦♥❛❧❡s ❡♥tr❡ ❧❛s q✉❡ ❝❛❜❡♥

❞❡st❛❝❛r ❧❛s ❞❡ ✭❇✐s❤♦♣✱ ✶✾✾✺ ❬✺❪ ② ❍❛②❦✐♥✱ ✶✾✾✹ ❬✻❪✮✳

❊❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦ ❛❜♦r❞❛ ❧❛s r❡❞❡s ♥❡✉r♦♥❛❧❡s ❝♦♥ ❝♦♥❡①✐♦♥❡s ❤❛❝✐❛

❛❞❡❧❛♥t❡ ✭❢❡❡❞❢♦r✇❛r❞✮ ❝♦♥ ✉♥♦ ♦ ✈❛r✐♦s ♥♦❞♦s ❞❡ s❛❧✐❞❛ ❞❡ ❛❝✉❡r❞♦ ❛❧ t✐♣♦ ❞❡

❝❧❛s✐✜❝❛❝✐ó♥ ✭❜✐♥❛r✐❛ ♦ ♠✉❧t✐❝❧❛s❡✮ q✉❡ ❛❜♦r❞❛✳ ▲♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆ t✐❡♥❡♥

✉♥❛ ú♥✐❝❛ ❝❛♣❛ ✐♥t❡r♠❡❞✐❛ ♦ ❝❛♣❛ ♦❝✉❧t❛ ✭❋✐❣✉r❛ ✷✳✶ ✭❛✮✮✳

❚❡s✐s ❉♦❝t♦r❛❧ ✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❋✐❣✉r❛ ✷✳✶✿ ❚♦♣♦❧♦❣í❛ ❞❡ r❡❞❡s ♥❡✉r♦♥❛❧❡s ❛rt✐✜❝✐❛❧❡s ❛✮ ❘❡❞ ✧❋❡❡❞❋♦r✇❛r❞✧ ❜✮
❘❡❞ ❘❡❝✉rr❡♥t❡ ✭✧❋❡❡❞❇❛❝❦✇❛r❞✧✮✳

✷✳✷✳ ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

❊❧ ✉s♦ ❞❡ ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♥♦❞♦s ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ♣❡r♠✐t❡ ✧♣❛rt✐❝✐♦✲

♥❛r✧ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♠❡❞✐❛♥t❡ ❞✐❢❡r❡♥t❡s ❢✉♥❝✐♦♥❡s ❞✐s❝r✐♠✐♥❛♥t❡s✳

▲♦s ♥♦❞♦s s✐❣♠♦✐❞❡s✱ ♣r♦❞✉❝t♦s ✉ ♦tr♦s ❞❡ t✐♣♦ ♣r♦②❡❝❝✐ó♥ ❝♦♥str✉②❡♥ ✉♥ ❝♦♥✲

❥✉♥t♦ ❞❡ ❤✐♣❡rs✉♣❡r✜❝✐❡s ♣❛r❛ ❞❡❧✐♠✐t❛r ❧❛s ❢r♦♥t❡r❛s ❡♥tr❡ ❧❛s ❝❧❛s❡s✳ ❆❧ s❡r

♣r❡s❡♥t❛❞♦ ✉♥ ♥✉❡✈♦ ♣❛tró♥ ♦ ❡❧❡♠❡♥t♦ ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❛ ❧❛

r❡❞ ♠❡❞✐❛♥t❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡✱ ❡st❡ s❡ ♣r♦②❡❝t❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❡♥ ♥✉❡✈❛s

r❡❣✐♦♥❡s ❞❡ ❢♦r♠❛ t❛❧ q✉❡ s❡ ❛❝t✐✈❡ ❡❧ ♥♦❞♦ ♦ ♥♦❞♦s ❞❡ s❛❧✐❞❛ q✉❡ ♠ás r❡❧❛❝✐ó♥

❣✉❛r❞❛ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❛s♦❝✐❛❞❛s ❛❧ ♣❛tró♥✳ P♦r ♦tr❛ ♣❛rt❡ ❡♥ ❧♦s

♥♦❞♦s ❞❡ t✐♣♦ r❛❞✐❛❧ ❬✼❪ s✐ ❡❧ ♣❛tró♥ q✉❡ s❡ ❧❡ ♣r❡s❡♥t❛ ❛ ❧❛ r❡❞ ♥❡✉r♦♥❛❧ s❡

❡♥❝✉❡♥tr❛ ♠✉② ❧❡❥♦s ❞❡ ❧♦s ♥♦❞♦s✱ ♥♦ s❡ ❛❝t✐✈❛rá ♥✐♥❣✉♥❛ s❛❧✐❞❛✳

❊♥ ❡st❛ ❚❡s✐s tr❛t❛r❡♠♦s ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✱ ♣✉❞✐❡♥❞♦ s❡r ❡❧ ♥ú✲

♠❡r♦ ❞❡ ♥♦❞♦s ❞❡ s❛❧✐❞❛ s✉♣❡r✐♦r ❛ ✉♥♦✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s❡s ❛s♦✲

❝✐❛❞❛s ❛❧ ♣r♦❜❧❡♠❛✳ ▲❛ ❛rq✉✐t❡❝t✉r❛ ❞❡ ❡st❛s ❘◆❆s s❡ r❡✢❡❥❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✳✷✱

❞♦♥❞❡ n ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ ❞❡❧ ♣r♦❜❧❡♠❛✱ M ❡s ❡❧ ♥ú♠❡r♦

❞❡ ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② L ❡s ❡❧ ♥ú♠❡r♦ ❞❡ s❛❧✐❞❛s ❞❡❧ ♣r♦❜❧❡♠❛✳ ❆ ❝❛❞❛

♥♦❞♦ s❡ ❧❡ ✐♥❝♦r♣♦r❛ ✉♥ s❡s❣♦ ♦ ✈❛❧♦r ♥✉♠ér✐❝♦ q✉❡ s❡ ✐♥❝♦r♣♦r❛ ❛❧ ♠♦❞❡❧♦✳ ❙✐

r❡♣r❡s❡♥t❛♠♦s ❝♦♥ θ = {θ1, ..., θj} ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❛s♦❝✐❛❞♦s ❛ ❧❛

❘◆❆✱ ❡❧ ♠♦❞❡❧♦ ❢✉♥❝✐♦♥❛❧ ❛s♦❝✐❛❞♦ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♥♦❞♦s ❞❡ s❛❧✐❞❛ ❡s ❡❧

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✷✳ ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

s✐❣✉✐❡♥t❡✿

fl(x,θil) = βl0 +

M
∑

j=1

βljφj(x,wj) l = 1, . . . , L ✭✷✳✷✮

s✐❡♥❞♦ ✶ ≤ ❧ ≤ ▲✱ θl ❂ {βl,W} ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ♣❛r❛ ❡❧ ♥♦❞♦ ❧ ❞❡

s❛❧✐❞❛✱ βl ❂ {βl0, βl1, ..., βlM} ❡❧ ✈❛❧♦r ❞❡ ❧❛s ❝♦♥❡①✐♦♥❡s ❡♥tr❡ ❝❛♣❛ ♦❝✉❧t❛ ② ❝❛♣❛
❞❡ s❛❧✐❞❛ ♣❛r❛ ❞✐❝❤♦ ♥♦❞♦✱ W = {w1,w2, ...,wM} ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s

❛s♦❝✐❛❞♦s ❛ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✱ wj = {wj0, wj1, ..., wjn} ❡❧ ✈❛❧♦r ❞❡ ❧❛s

❝♦♥❡①✐♦♥❡s ❞❡❧ ♥♦❞♦ ❥ ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② φj(x,wj) ❧❛ s❛❧✐❞❛ ❞❡❧ ♥♦❞♦ ❥ ❞❡ ❧❛

❝❛♣❛ ♦❝✉❧t❛✳

❋✐❣✉r❛ ✷✳✷✿ ❚❛①♦♥♦♠í❛ ❞❡ ✉♥❛ ❘❡❞ ◆❡✉r♦♥❛❧✳

✷✳✷✳✶✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ◆♦❞♦s ❞❡ ❚✐♣♦ ❙✐❣♠♦✐❞❡ ✭❯❙✮

▲❛s r❡❞❡s ❞❡ ❯❙s ♦ P❡r❝❡♣tr♦♥❡s ▼✉❧t✐❝❛♣❛ ✭▼▲Ps✮ s♦♥ ❛q✉❡❧❧❛s q✉❡

❡stá♥ ❢♦r♠❛❞❛s ♣♦r ♥♦❞♦s t✐♣♦ s✐❣♠♦✐❞❡ ❡♥ s✉ ❝❛♣❛ ♦❝✉❧t❛✱ ❧♦s ❝✉❛❧❡s s✐❣✉❡♥

✉♥ ♠♦❞❡❧♦ ❛❞✐t✐✈♦ ❞❡ ♣r♦②❡❝❝✐ó♥ ❝♦♥ ❧❛ ❢✉♥❝✐ó♥ s✐❣♠♦✐❞❡ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡

tr❛♥s❢❡r❡♥❝✐❛✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❊♥ ❣❡♥❡r❛❧✱ ✉♥❛ ❢✉♥❝✐ó♥ s✐❣♠♦✐❞❡ ❡s ✉♥❛ ❢✉♥❝✐ó♥ r❡❛❧ ❞❡ ✈❛r✐❛❜❧❡ r❡❛❧

❞✐❢❡r❡♥❝✐❛❜❧❡✱ ❝♦♥ ✉♥❛ ♣r✐♠❡r❛ ❞❡r✐✈❛❞❛ no − negativa ♦ no − positiva ② ❝♦♥

s♦❧♦ ✉♥ ♣✉♥t♦ ❞❡ ✐♥✢❡①✐ó♥✳ ❆❞❡♠ás ♣♦s❡❡ ❞♦s ❛sí♥t♦t❛s ❤♦r✐③♦♥t❛❧❡s ❝✉❛♥❞♦

t → ±∞✳ ❊❧ ♠♦❞❡❧♦ ♠ás ❝♦♠ú♥ ❞❡ ♥♦❞♦ s✐❣♠♦✐❞❡ ✉t✐❧✐③❛ ❧❛ ❢✉♥❝✐ó♥ f(x) =
1

1+e−x q✉❡❞❛♥❞♦ ❡①♣r❡s❛❞❛ ❝♦♠♦ s❡ ♠✉❡str❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

φj(x,wj) =
1

1 + e−(wj0+wj1x1+wj2x2+...+wjnxn)
=

1

1 + e−(wj0+
∑n

i=1 wjixi)
✭✷✳✸✮

▲❛s r❡❞❡s ❯❙ ♣♦s❡❡♥ ✉♥❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣✐❡❞❛❞✿ ❧❛ ❢❛♠✐❧✐❛ ❞❡ ❢✉♥❝✐♦♥❡s r❡❛❧❡s

q✉❡ r❡♣r❡s❡♥t❛♥ ♣✉❡❞❡♥ ❛♣r♦①✐♠❛r ❝✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❝♦♥ s✉✜❝✐❡♥t❡

♣r❡❝✐s✐ó♥✱ ❝♦♥ t❛❧ ❞❡ q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ♥♦ ❡sté ❛❝♦t❛❞♦✳

❊st❛ ♣r♦♣✐❡❞❛❞ ♣r♦♣♦r❝✐♦♥❛ ✉♥❛ só❧✐❞❛ ❜❛s❡ ❞❡ ❝❛rá❝t❡r t❡ór✐❝♦ q✉❡ ❤❛ s✐❞♦

❡s❡♥❝✐❛❧ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦✱ ❡❧ ❡st✉❞✐♦ ② ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❡st❛s r❡❞❡s ❬✽✱ ✾✱ ✶✵❪✳

▲❛s ▼▲P ❝♦♥st✐t✉②❡♥ s✐♥ ❞✉❞❛ ✉♥ ♠♦❞❡❧♦ ♠✉② ❡st✉❞✐❛❞♦ ❞❡ ❘◆❆ t❛♥t♦ ❞❡❧

♣✉♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦ ❬✶✶✱ ✶✷❪✱ ❞❡ s✉ ❛♣❧✐❝❛❝✐ó♥ ❝♦♥❝r❡t❛ ❡♥ ♠ú❧t✐♣❧❡s ♣r♦❜❧❡♠❛s

❬✶✸✱ ✶✹✱ ✶✺❪ ❝♦♠♦ ❞❡ ❧♦s ❞✐st✐♥t♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ s✉ ❡♥tr❡♥❛♠✐❡♥t♦ ❬✶✻❪✳

✷✳✷✳✷✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ◆♦❞♦s ❞❡ ❚✐♣♦ Pr♦❞✉❝t♦ ✭❯P✮

▲❛s r❡❞❡s ❞❡ ❯P✱ ✐♥tr♦❞✉❝✐❞❛s ♣♦r ❉✉r❜✐♥ ② ❘✉♠❡❧❤❛rt ❡♥ ✶✾✽✾ ❬✶✼❪✱ s♦♥

❛q✉❡❧❧❛s q✉❡ ❡stá♥ ❢♦r♠❛❞❛s ♣♦r ♥♦❞♦s ❞❡ t✐♣♦ ♣r♦❞✉❝t♦ ❡♥ s✉ ❝❛♣❛ ♦❝✉❧t❛✱ ❧♦s

❝✉❛❧❡s s✐❣✉❡♥ ❡❧ ♠♦❞❡❧♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ ♣r♦②❡❝❝✐ó♥ ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ❢✉♥❝✐ó♥

❞❡ s❛❧✐❞❛✿

φj(x,wj) = x
wj1

1 x
wj2

2 ...x
wjn
n =

n
∏

i=1

x
wji

i ✭✷✳✹✮

s✐❡♥❞♦ ❡♥ ❡st❡ ❝❛s♦ wj = {wj1, wj2, ..., wjn}✱ ②❛ q✉❡ ❡♥ ❡st❡ t✐♣♦ ❞❡ ❘◆❆s ♥♦

❞❡✜♥✐♠♦s ✉♥ s❡s❣♦ ❡♥ ❝❛♣❛ ❞❡ ❡♥tr❛❞❛✳ ❊♥tr❡ ❧❛s ✈❡♥t❛❥❛s ❞❡ ❧❛s r❡❞❡s ❯P s❡

❡♥❝✉❡♥tr❛♥ ❧❛s s✐❣✉✐❡♥t❡s ❬✶✽❪✿

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❙t♦♥❡✲❲❡✐❡rstr❛ss✱ s❡ ❤❛ ❞❡♠♦str❛❞♦

q✉❡ ❧❛s r❡❞❡s ❞❡ ❯P s♦♥ ❛♣r♦①✐♠❛❞♦r❡s ✉♥✐✈❡rs❛❧❡s ❬✶✽❪✱ ✭♦❜sér✈❡s❡ q✉❡

❧❛s ❢✉♥❝✐♦♥❡s ♣♦❧✐♥ó♠✐❝❛s ❞❡ ✈❛r✐❛s ✈❛r✐❛❜❧❡s s♦♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❧♦s

♠♦❞❡❧♦s ❜❛s❛❞♦s ❡♥ ❯Ps✮✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✷✳ ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

▲❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ✉s❛r ❡①♣♦♥❡♥t❡s ♥❡❣❛t✐✈♦s ♣❡r♠✐t❡ ❡①♣r❡s❛r ❝♦❝✐❡♥t❡s

② r❛t✐♦s ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s✳

❉✉r❜✐♥ ② ❘✉♠❡❧❤❛rt ❬✶✼❪ ❞❡♠♦str❛r♦♥ q✉❡ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ✐♥❢♦r♠❛❝✐ó♥

❞❡ ✉♥ ú♥✐❝♦ ♥♦❞♦ ❞❡ t✐♣♦ ♣r♦❞✉❝t♦ ✭♠❡❞✐❞❛ ❝♦♠♦ ❧❛ ❝❛♣❛❝✐❞❛❞ ♣❛r❛ ❡❧

❛♣r❡♥❞✐③❛❥❡ ❞❡ ♣❛tr♦♥❡s ❜♦♦❧❡❛♥♦s ❛❧❡❛t♦r✐♦s✮ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧

❛ ✸◆✱ ❝♦♠♣❛r❛❞♦ ❝♦♥ ❡❧ ✈❛❧♦r ❞❡ ✷◆ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♥ ♥♦❞♦ ❞❡ t✐♣♦

❛❞✐t✐✈♦✱ s✐❡♥❞♦ ◆ ❡❧ ♥ú♠❡r♦ ❞❡ ❡♥tr❛❞❛s ❞❡❧ ♥♦❞♦✳

▲♦s ❡①♣♦♥❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ s♦♥ ♥ú♠❡r♦s r❡❛❧❡s✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ t✐❡♥❡

❡s♣❡❝✐❛❧ ✐♠♣♦rt❛♥❝✐❛✱ s♦❜r❡ t♦❞♦ s✐ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ q✉❡ s♦♥ ❢r❡❝✉❡♥t❡s

❧❛s s✐t✉❛❝✐♦♥❡s ❡♥ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡ ❞❛t♦s r❡❛❧❡s ❡♥ ❧❛s q✉❡ ❧❛ r❡❧❛❝✐ó♥ ❡♥✲

tr❡ ❧❛s ✈❛r✐❛❜❧❡s r❡s♣♦♥❞❡ ❛ ✉♥❛ ❡str✉❝t✉r❛ ❞❡ t✐♣♦ ♣♦t❡♥❝✐❛❧ ❞♦♥❞❡ ❧❛s

♣♦t❡♥❝✐❛s ♥♦ ❡stá♥ r❡str✐♥❣✐❞❛s ❛ ❧♦s ♥ú♠❡r♦s ♥❛t✉r❛❧❡s ♦ ❡♥t❡r♦s ❬✶✾❪✳

P❡r♠✐t❡♥ ✐♠♣❧❡♠❡♥t❛r ❢✉♥❝✐♦♥❡s ♣♦❧✐♥ó♠✐❝❛s ❞❡ ♦r❞❡♥ s✉♣❡r✐♦r✳ ❍❛♥ ❞❡✲

♠♦str❛❞♦ ❜✉❡♥♦s r❡s✉❧t❛❞♦s ❡♥ ❡❧ ♠♦❞❡❧❛❞♦ ❞❡ ❞❛t♦s ❡♥ ❧♦s q✉❡ ❡①✐st❡♥

✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ❞✐❢❡r❡♥t❡s ór❞❡♥❡s ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧

♣r♦❜❧❡♠❛ ❬✷✵✱ ✷✶✱ ✷✷✱ ✷✸✱ ✷✹✱ ✷✺✱ ✷✻❪✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❝✉❛♥❞♦ ❡①✐st❡♥ ✐♥t❡r✲

❛❝❝✐♦♥❡s ❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s q✉❡ ✐♥t❡r✈✐❡♥❡♥ ❡♥ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ❢❡♥ó♠❡♥♦✱

❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❜❛s❛❞❛s ❡♥ ❯Ps ♣❡r♠✐t❡♥ ♦❜t❡♥❡r ♠♦❞❡❧♦s ♠ás s✐♠✲

♣❧✐✜❝❛❞♦s q✉❡ ❧♦s ▼▲Ps✱ ❡♥ ❝✉❛♥t♦ ❛ ♥❡❝❡s✐t❛r ✉♥ ♥ú♠❡r♦ ❞❡ ❢✉♥❝✐♦♥❡s

❞❡ ❜❛s❡ ✐♥❢❡r✐♦r✳

❏✉♥t♦ ❛ ❡st♦✱ ❡s ♣♦s✐❜❧❡ ♦❜t❡♥❡r ❝♦t❛s s✉♣❡r✐♦r❡s ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❱❈

✭❞✐♠❡♥s✐ó♥ ❞❡ ❱❛♣♥✐❦✲❈❤❡r✈♦♥❡♥❦✐s ❬✷✼❪✮ ♣❛r❛ r❡❞❡s ❜❛s❛❞❛s ❡♥ ❯Ps s✐✲

♠✐❧❛r❡s ❛ ❧❛s ❝♦♥♦❝✐❞❛s ♣❛r❛ ❧❛s r❡❞❡s ▼▲P ❬✷✽❪✱ ❧♦ q✉❡ s✉♣♦♥❡ q✉❡ ♣♦s❡❡♥

✉♥❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ s✐♠✐❧❛r✳

❆ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧♦ q✉❡ ♦❝✉rr❡ ❝♦♥ ❧❛s r❡❞❡s ❞❡ ❯❙✱ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡r✐✈❛❞❛s

♣❛r❝✐❛❧❡s ❞❡❧ ♠♦❞❡❧♦ ♦❜t❡♥✐❞♦ ❛ ♣❛rt✐r ❞❡ ✉♥❛ r❡❞ ❞❡ ❯P s♦♥ ❢✉♥❝✐♦♥❡s

❞❡❧ ♠✐s♠♦ t✐♣♦✳ ❊st❡ ❤❡❝❤♦ ❛②✉❞❛ ❝♦♥ ❢r❡❝✉❡♥❝✐❛ ❛❧ ❡st✉❞✐♦ ❞❡ ❧❛s t❛s❛s

❞❡ ❝❛♠❜✐♦ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ♠♦❞❡❧♦ ❝♦♥ r❡s♣❡❝t♦ ❛ ❝❛❞❛ ✉♥❛

❞❡ ❧❛s ✈❛r✐❛❜❧❡s✱ ❢❛❝✐❧✐t❛♥❞♦ ❧❛ ✐♥t❡r♣r❡t❛❜✐❧✐❞❛❞ ❞❡ ❧♦s ♠♦❞❡❧♦s✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❈♦♠♦ ❝♦♥tr❛♣❛rt✐❞❛✱ ❧❛s r❡❞❡s ❞❡ ❯P ♣r❡s❡♥t❛♥ ✉♥ ✐♥❝♦♥✈❡♥✐❡♥t❡ ✐♠♣♦rt❛♥t❡✱ ❧❛

s✉♣❡r✜❝✐❡ ❞❡ ❡rr♦r ❛s♦❝✐❛❞❛ ❡s ❡s♣❡❝✐❛❧♠❡♥t❡ ❝♦♠♣❧❡❥❛ ❝♦♥ ♥✉♠❡r♦s♦s ó♣t✐♠♦s

❧♦❝❛❧❡s ② r❡❣✐♦♥❡s ♣❧❛♥❛s✱ ② ♣♦r t❛♥t♦ ❡①✐st❡ ✉♥❛ ♠❛②♦r ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡

❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ❜úsq✉❡❞❛ q✉❡❞❡♥ ❛tr❛♣❛❞♦s ❡♥ ❛❧❣✉♥♦ ❞❡ ❧♦s ó♣t✐♠♦s ❧♦❝❛❧❡s

❬✷✾❪✳ ▲❛ ❡str✉❝t✉r❛ ♣♦t❡♥❝✐❛❧ ❞❡❧ ♠♦❞❡❧♦ ♣r♦✈♦❝❛ q✉❡ ♣❡q✉❡ñ♦s ❝❛♠❜✐♦s ❡♥ ❧♦s

❡①♣♦♥❡♥t❡s t❡♥❣❛♥ ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ✉♥ ❝❛♠❜✐♦ s✐❣♥✐✜❝❛t✐✈♦ ❡♥ ❧♦s ✈❛❧♦r❡s

❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛❝t✐✈❛❝✐ó♥ ② ❡♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ❬✷✽❪✳ ❆sí✱ ❧♦s ❛❧❣♦r✐t♠♦s

❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ r❡❞❡s ❜❛s❛❞♦s ❡♥ ❡❧ ❣r❛❞✐❡♥t❡ q✉❡❞❛♥ ❝♦♥ ❢r❡❝✉❡♥❝✐❛ ②✱

❞❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧✱ ❡♥ ❡st❡ t✐♣♦ ❞❡ r❡❞❡s✱ ❛tr❛♣❛❞♦s ❡♥ ó♣t✐♠♦s ❧♦❝❛❧❡s✳ P♦r

❡❥❡♠♣❧♦✱ ❡stá ❡st✉❞✐❛❞♦ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡❧ ❝❧ás✐❝♦ ❛❧❣♦r✐t♠♦ ❞❡ r❡tr♦♣r♦♣❛❣❛❝✐ó♥

♥♦ ❢✉♥❝✐♦♥❛ ❜✐❡♥ ❡♥ ❡st❡ t✐♣♦ ❞❡ r❡❞❡s ❬✸✵❪✳ ❊st❛ ❞✐✜❝✉❧t❛❞ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥

❡❧ ❡♥tr❡♥❛♠✐❡♥t♦✱ ❡s ✉♥❛ ❞❡ ❧❛s r❛③♦♥❡s ♣♦r ❧❛s q✉❡✱ ❛ ♣❡s❛r ❞❡ ❧❛s ✈❡♥t❛❥❛s

❛♥t❡r✐♦r♠❡♥t❡ s❡ñ❛❧❛❞❛s✱ ❧❛ t❡♦rí❛ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❜❛s❛❞❛s ❡♥ ❯Ps ❤❛

t❡♥✐❞♦ ♣♦❝♦ ❞❡s❛rr♦❧❧♦ ② ❤❛♥ s✐❞♦ ♠❡♥♦s ✉t✐❧✐③❛❞❛s ❝♦♠♦ ❤❡rr❛♠✐❡♥t❛s ♣❛r❛

♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ② ❞❡ r❡❣r❡s✐ó♥ q✉❡ ♦tr♦s t✐♣♦s ❞❡ r❡❞❡s ❬✸✶❪✳

✷✳✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ◆♦❞♦s ❞❡ ❚✐♣♦ ✭❘❇❋✮

▲♦s ♥♦❞♦s ♦❝✉❧t♦s ❞❡ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❝♦♥ ♥♦❞♦s ❘❇❋s ♣r❡s❡♥t❛♥

❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❞❡ t✐♣♦ ❦❡r♥❡❧ ❬✸✷✱ ✸✸❪✳ ❈❛❞❛ ✉♥♦ ❞❡ ❧♦s ♥♦❞♦s ❘❇❋

r❡❛❧✐③❛ ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❧♦❝❛❧ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛✱ ♥♦r✲

♠❛❧♠❡♥t❡ ♠❡❞✐❛♥t❡ ✉♥❛ ❝❛♠♣❛♥❛ ❞❡ ●❛✉ss✳ ▲❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ❞❡ t✐♣♦ ❧✐♥❡❛❧

✉♥✐✜❝❛ ❡❧ ❡❢❡❝t♦ ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❝❛❞❛ ♥♦❞♦✱ s✉♠❛♥❞♦ ❝❛❞❛ ✈❛❧♦r ♦❜t❡♥✐❞♦✳ ▲❛

✐♥t❡♥❝✐ó♥ ❡s q✉❡ ❝❛❞❛ ♥♦❞♦ ❡sté s✐t✉❛❞♦ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛

❢♦r♠❛❞♦ ♣♦r ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ ② ❛❞❡♠ás ❝♦♥ ✉♥ r❛❞✐♦ ❞❡t❡r♠✐♥❛❞♦ ❞❡❧

❡♥t♦r♥♦✳ ❊❧ ♣r♦❝❡s♦ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❧❛ r❡❞ ♥❡✉r♦♥❛❧ ❞❡ ❘❇❋s ❝♦♥s✐st✐rá ❡♥

✐r ♠♦✈✐❡♥❞♦ ❞✐❝❤♦s ♥♦❞♦s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛✱ ♠♦❞✐✜❝❛♥❞♦ ❧♦s

❝❡♥tr♦s ② ❧♦s r❛❞✐♦s ♣❛r❛ ❛❥✉st❛r ❧♦s ♥♦❞♦s ❛ ❧♦s ❞❛t♦s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✳ ▲❛

❢✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❞✐st❛♥❝✐❛ ✭s❡❝❝✐ó♥

✷✳✷✳✸✳✶ ✮✱ ❣❡♥❡r❛❧♠❡♥t❡ ❧❛ ❡✉❝❧í❞❡❛ ✭t♦♠❛♥❞♦ ❝♦♠♦ ❝❡♥tr♦ ❞❡ ❧❛ ❘❇❋ ❡❧ ✈❡❝t♦r

wj✮ ② ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛❝t✐✈❛❝✐ó♥ ♣✉❡❞❡ t❡♥❡r ♠✉❝❤❛s ❢♦r♠❛s ✭s❡❝❝✐ó♥ ✷✳✷✳✸✳✷✮✱

❛❧❣✉♥❛s ❞❡ ❧❛s ❝✉❛❧❡s s❡ ♣✉❡❞❡♥ ✈❡r ❡♥ ❡❧ ❈✉❛❞r♦ ✷✳✶✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✷✳ ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

❯♥ ❛s♣❡❝t♦ ✐♥t❡r❡s❛♥t❡ ❞❡ ❧❛s r❡❞❡s ♥❡✉r♦♥❛❧❡s ❝♦♥ ♥♦❞♦s ❘❇❋ ❡s s✉

❝❛♣❛❝✐❞❛❞ ❞❡ ❝♦♥str✉✐r ❛♣r♦①✐♠❛❝✐♦♥❡s ❣❧♦❜❛❧❡s ❬✸✹✱ ✸✺❪ ❛ ❢✉♥❝✐♦♥❡s ♠❡❞✐❛♥t❡

❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♥♦❞♦s ❝❡♥tr❛❞♦s ❡♥ ❧♦s ✈❡❝t♦r❡s ❞❡ ♣❡s♦s ❞❡ ❝❛❞❛ ♥♦❞♦✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✳✸ s❡ r❡♣r❡s❡♥t❛♥ ❡♥ ✉♥ s✐st❡♠❛ ❝❛rt❡s✐❛♥♦

❛❧❣✉♥❛s ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ r❛❞✐❛❧ ♠ás ❝♦♠✉♥❡s✳

●❛✉ss✐❛♥❛ ✭❙❘❇❋✮ ▲♦❣❛rít♠✐❝❛ ✭▲♦❣❘❇❋✮

▼✉❧t✐❝✉❛❞rát✐❝❛s ●❡♥❡r❛❧✐③❛❞❛s ✭▼❈❘❇❋✮ q✲●❛✉ss✐❛♥❛ ✭◗❘❇❋✮

❋✐❣✉r❛ ✷✳✸✿ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧❛s ❞✐❢❡r❡♥t❡s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ r❛❞✐❛❧✳

✷✳✷✳✸✳✶✳ ❋✉♥❝✐♦♥❡s ❞❡ ❚r❛♥s❢❡r❡♥❝✐❛

▲❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ✉t✐❧✐③❛❞❛s ♣♦r ❧♦s ♥♦❞♦s ❘❇❋ s♦♥ ♠❡❞✐❞❛s

❞❡ s✐♠✐❧❛r✐❞❛❞ ❡♥tr❡ ✉♥ ♣❛tró♥ ② ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❝❛❞❛ ♥♦❞♦ ❞❡✜♥✐❞♦

❚❡s✐s ❉♦❝t♦r❛❧ ✶✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ▲❛ ♠❡❞✐❞❛ ♠ás ✉t✐❧✐③❛❞❛ ♣♦r ❧♦s ♥♦❞♦s ❘❇❋

❡s ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛❀ ♥♦ ♦❜st❛♥t❡ ♣✉❡❞❡♥ s❡r ✉t✐❧✐③❛❞❛s ❞✐✈❡rs❛s ♠❡❞✐❞❛s ❞❡

s✐♠✐❧❛r✐❞❛❞ ❝♦♠♦ ❧❛s q✉❡ s❡ ♠✉❡str❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

❊✉❝❧í❞❡❛

D(x,y) =

√

√

√

√

m
∑

i=1

(xi − yi)2 ✭✷✳✺✮

▼étr✐❝❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s → ❱❛❧✉❡ ❉✐✛❡r❡♥❝❡ ▼❡tr✐❝ ✭❱❉▼✮ ❬✸✻❪

▼étr✐❝❛ ■♥t❡r♣♦❧❛❞❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s → ■♥t❡r♣♦❧❛t❡❞ ❱❛❧✉❡ ❉✐❢✲

❢❡r❡♥❝❡ ▼❡tr✐❝ ✭■❱❉▼✮ ❬✸✼❪

▼étr✐❝❛ ❊♥♠❛r❝❛❞❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s → ❲✐♥❞♦✇❡❞ ❱❛❧✉❡ ❉✐✛❡✲

r❡♥❝❡ ▼❡tr✐❝ ✭❲❱❉▼✮ ❬✸✼❪

▼étr✐❝❛ ❍❡t❡r♦❣é♥❡❛ ❞❡ ❉✐❢❡r❡♥❝✐❛ ❞❡ ❱❛❧♦r❡s → ❍❡t❡r♦❣❡♥❡♦✉s ❱❛❧✉❡

❉✐✛❡r❡♥❝❡ ▼❡tr✐❝ ✭❍❱❉▼✮ ❬✸✼❪

▼étr✐❝❛ ❍❡t❡r♦❣é♥❡❛ ❊✉❝❧í❞❡❛✲❙♦❧❛♣❛❞❛→❍❡t❡r♦❣❡♥❡♦✉s ❊✉❝❧✐❞❡❛♥✲❖✈❡r❧❛♣

▼❡tr✐❝ ✭❍❊❖▼✮ ❬✸✼❪

▼✐♥❦♦✇s❦② ❬✸✽❪

▼✐♥❦♦✇s❦✐ ●❡♥❡r❛❧✐③❛❞❛ ✭●▼✮ ❬✸✾❪

❖tr❛s ❞✐st❛♥❝✐❛s ❝♦♠♦ ❧❛ ❞✐st❛♥❝✐❛ ▼❛♥❤❛tt❛♥✱ ❈❛♠❜❡rr❛✱ ❈❤❡❜②❝❤❡✈✱

❈✉❛❞rát✐❝❛✱ ▼❛❤❛❧❛♥♦❜✐s✱ ❡t❝✳

✷✳✷✳✸✳✷✳ ❋✉♥❝✐♦♥❡s ❞❡ ❆❝t✐✈❛❝✐ó♥

▲❛s ❢✉♥❝✐♦♥❡s ❞❡ ❛❝t✐✈❛❝✐ó♥ ❞❡ ❧❛s ❘❇❋s ♣♦s❡❡♥ ❞✐✈❡rs❛s ❢♦r♠❛s✳ ❆❧❣✉♥❛s

❞❡ ❧❛s ♠ás ❝♦♥♦❝✐❞❛s s❡ ♠✉❡str❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❞♦♥❞❡ r ❂ x ✲ µ ✭❡s ❧❛ ❞✐st❛♥❝✐❛

❡✉❝❧í❞❡❛ ❞❡ ① ❛ µ✱ ✈❡r s❡❝❝✐ó♥ ✷✳✷✳✸✳✶ ✮✿

◆♦♠❜r❡ ❊①♣r❡s✐ó♥ P❛rá♠❡tr♦s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✷✳ ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

●❛✉ss✐❛♥❛ e−
r2

2σ2 ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲
❝✐ó♥ σ > ✵

●❛✉ss✐❛♥❛ ●❡♥❡r❛❧✐③❛✲
❞❛

e−(
r
θ
)τ ❈♦♥ ♣❛rá♠❡tr♦ θ > 0

▼✉❧t✐❝✉❛❞rát✐❝❛s (r2 + σ2)
1
2 ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲

❝✐ó♥ σ > 0
▼✉❧t✐❝✉❛❞rát✐❝❛s ●❡✲
♥❡r❛❧✐③❛❞❛s

(r2 + σ2)β ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲
❝✐ó♥ σ > 0 ② 1 < β < 0

▼✉❧t✐❝✉❛❞rát✐❝❛s
■♥✈❡rs❛s

(r2 + σ2)−
1
2 ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲

❝✐ó♥ σ > ✵
▼✉❧t✐❝✉❛❞rát✐❝❛s
■♥✈❡rs❛s ●❡♥❡r❛❧✐③❛❞❛s

(r2 + σ2)−β ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲
❝✐ó♥ σ > 0 ② 1 < β < 0

❈ú❜✐❝❛s r3

❙♣❧✐♥❡ ❘❛❞✐❛❧✭❚P❙✮ r2 ∗ log(r)
❙♣❧✐♥❡ ❘❛❞✐❛❧ ●❡♥❡r❛✲
❧✐③❛❞♦✭❚P❙✮

r(2∗i) × log r i ∈ N

▲♦❣❛rít♠✐❝❛ log (r2 + σ2) ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲
❝✐ó♥ σ > 0

q✲●❛✉ss✐❛♥❛ (1−(1−q) r
2

σ2 )
1

1−q ❈♦♥ ♣❛rá♠❡tr♦ ❞❡ ♥♦r♠❛❧✐③❛✲
❝✐ó♥ σ > 0

❚❛❜❧❛ ✷✳✶✿ ❚❛❜❧❛ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❛❝t✐✈❛❝✐ó♥ ❞❡ ♥♦❞♦s ❘❇❋✳

▲❛s r❡❞❡s ❘❇❋ ❛ ❧❛ ✈✐st❛ ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❛❝t✐✈❛❝✐ó♥

♣r❡s❡♥t❛♥ ❧❛ ✈❡♥t❛❥❛ ❞❡ q✉❡ ❝❛❞❛ ♥♦❞♦ ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❡s ✉♥ ❡❧❡♠❡♥t♦ ❧♦❝❛❧

❡♥ ❡❧ ♠♦❞❡❧♦✱ ❧♦ q✉❡ ❤❛❝❡ q✉❡ ♣❛r❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣❛tró♥ s♦❧♦ ❛❧❣✉♥♦s ♥♦❞♦s

♦❝✉❧t♦s s❡ ❛❝t✐✈❡♥✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ ❢❛❝✐❧✐t❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦✱ ❞✐s♠✐♥✉②❡♥❞♦

❡❧ ♥ú♠❡r♦ ❞❡ ó♣t✐♠♦s ❧♦❝❛❧❡s ② r❡❣✐♦♥❡s ♣❧❛♥❛s ❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ❡rr♦r✱ ❛❧

❞❡s❛♣❛r❡❝❡r ❣r❛♥ ♣❛rt❡ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡♥tr❡ ❧♦s ♣❡s♦s✳ P♦r ú❧t✐♠♦✱ ❡❧ ♣r♦✲

❝❡s♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s r❡❞❡s ❘❇❋ s✉❡❧❡ ❝♦♥st❛r ❞❡ ❞♦s ❡t❛♣❛s✱ s✐❡♥❞♦ ❧❛s

❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ♦ ♥♦❞♦s ✭❢✉♥❝✐ó♥ ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ✰ ❢✉♥❝✐ó♥ ❞❡ ❛❝t✐✈❛❝✐ó♥✮

❛♣r♦①✐♠❛❞❛s ❡♥ ♣r✐♠❡r ❧✉❣❛r ♠❡❞✐❛♥t❡ té❝♥✐❝❛s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ♥♦ s✉♣❡r✈✐s❛✲

❞♦✱ ② ❡♥ s❡❣✉♥❞♦ ❧✉❣❛r ❧♦s ♣❡s♦s ❡♥tr❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ s♦♥

❛♣r♦①✐♠❛❞♦s ❛ tr❛✈és ❞❡ ♠ét♦❞♦s s✉♣❡r✈✐s❛❞♦s ❬✹✵❪✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

✷✳✷✳✸✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ◆♦❞♦s ❞❡ ❚✐♣♦ ●❘❇❋

▲♦s ♥♦❞♦s ●❘❇❋ s✉r❣❡♥ ❞❡ ❣❡♥❡r❛❧✐③❛r ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❧❛ ●❛✉ss✐❛♥❛ ❞❡

❧♦s ♥♦❞♦s ❙❘❇❋ ✐♥tr♦❞✉❝✐❡♥❞♦ ✉♥❛ ♠❛②♦r ✢❡①✐❜✐❧✐❞❛❞ ❛ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡❞ ②

♣❡r♠✐t✐❡♥❞♦ ✉♥❛ ♠❛②♦r ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❥✉st❡ ❛ ❧♦s ❞❛t♦s✳ ❙✐ ❜✐❡♥✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡

❛❝t✐✈❛❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ❙❘❇❋s ❡s ✉♥❛ ●❛✉ss✐❛♥❛ ❝♦♠♦ s❡ ❢♦r♠✉❧❛ ❛ ❝♦♥t✐♥✉❛✲

❝✐ó♥✿

f(x) = e−(
x
r
)2 ✭✷✳✻✮

❞♦♥❞❡ r ❡s ❡❧ r❛❞✐♦ ❞❡❧ ♥♦❞♦ ❙❘❇❋ ② ① ❡s ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r ❧❛ ❢✉♥❝✐ó♥ ❞❡

tr❛♥s❢❡r❡♥❝✐❛ ❞❡❧ ♥♦❞♦ ❙❘❇❋ ❛♥t❡ ✉♥ ♣❛tró♥✳

▲❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ❙❘❇❋ ♣✉❡❞❡ ❡st❛r s✉❥❡t❛ ❛ ✈❛r✐♦s ❡♥❢♦q✉❡s

❝❡♥tr❛❞♦s ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❡♥ ❡❧ r❛❞✐♦ ② ❡♥ ❡❧ ❡①♣♦♥❡♥t❡ ❞❡ ❧❛ ●❛✉ss✐❛♥❛

❝♦♠♦ ♣r♦♣♦♥❡♥ ❧♦s ♥♦❞♦s ●❘❇❋ s✉st✐t✉②❡♥❞♦ ❡❧ ❡①♣♦♥❡♥t❡ ❝✉❛❞rát✐❝♦ ♣♦r ✉♥

♥✉❡✈♦ ♣❛rá♠❡tr♦ τ ❝♦♠♦ s❡ ♣r❡s❡♥t❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

f(x) = e−(
x
r
)τ ✭✷✳✼✮

▲❛ ♣r❡s❡♥❝✐❛ ❞❡❧ ♣❛rá♠❡tr♦ τ ♣❡r♠✐t❡ ❧❛ ❝♦♥tr❛❝❝✐ó♥✴r❡❧❛❥❛❝✐ó♥ ❞❡ ❧❛

●❛✉ss✐❛♥❛ ●❡♥❡r❛❧✐③❛❞❛ ❝♦♠♦ s❡ r❡♣r❡s❡♥t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✳✹✳
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❋✐❣✉r❛ ✷✳✹✿ ❈✉r✈❛t✉r❛s ❞❡ ❧❛ ●❛✉ss✐❛♥❛ ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ τ ❝♦♥ r = 1✳

❯♥❛ ✈❡♥t❛❥❛ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ❡s ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ s✐♠✉❧❛r ❝♦♠♣♦rt❛✲

♠✐❡♥t♦s ❝♦♥st❛♥t❡s ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ♠❡❞✐❛♥t❡ ❧❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❛❧t♦s ✈❛❧♦r❡s ❛❧

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✷✳ ▼♦❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❆rt✐✜❝✐❛❧❡s

♣❛rá♠❡tr♦ τ ✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✷✳✹ s❡ r❡♣r❡s❡♥t❛ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ✉♥❛ ●● ❝♦♥ r = 1

② τ = 8 ✭❡q✉✐✈❛❧❡♥t❡ ❡♥ ❡❧ ❡❥❡ ♣♦s✐t✐✈♦ ❞❡ ❧❛s ❛❜s❝✐s❛s✮ ❛ ❧❛ ❢✉♥❝✐ó♥✿

f(x) =

{

1, s✐ x < 1
0, s✐ x ≥ 1

✭✷✳✽✮

P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥ ♥✉❡✈♦ ♣❛rá♠❡tr♦ r❡s♣❡❝t♦ ❛ ❧♦s ♥♦❞♦s

❙❘❇❋ ❞✐✜❝✉❧t❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ♣✉❡s ✈❛r✐❛❝✐♦♥❡s ❡♥ ❡❧ ✈❛❧♦r

❞❡ τ t❛♥t♦ ♣❛r❛ ✉♥ ♠✐s♠♦ ✈❛❧♦r ❞❡❧ r❛❞✐♦ ❝♦♠♦ ♣❛r❛ r❛❞✐♦s ❞✐st✐♥t♦s ♥♦ ♣r♦❞✉❝❡

❝❛♠❜✐♦s ❡♥ ✐❣✉❛❧ ♠❛❣♥✐t✉❞ s♦❜r❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●●✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ q✉❡

✐♥tr♦❞✉❝❡ ❡❧ ♣❛rá♠❡tr♦ τ ❞✐✜❝✉❧t❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆

t❛♥t♦ ♠❡❞✐❛♥t❡ ❛❧❣♦r✐t♠♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡ ❝♦♠♦ ♠❡❞✐❛♥t❡ ❛❧❣♦r✐t♠♦s

❡st♦❝ást✐❝♦s✱ ♣✉❡s r❡tr❛s❛ s✉ ❝♦♥✈❡r❣❡♥❝✐❛✳

❆♥❛❧✐③❛♥❞♦ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●● ❛✉①✐❧✐á♥❞♦♥♦s

❞❡ ❧❛ ❋✐❣✉r❛ ✷✳✹ s❡ ♦❜s❡r✈❛ q✉❡ ♣❛r❛ ✉♥ ♠✐s♠♦ r❛❞✐♦ ✐❣✉❛❧❡s ❝❛♠❜✐♦s ❡♥ ❧❛

♠❛❣♥✐t✉❞ ❞❡❧ ♣❛rá♠❡tr♦ τ ♣r♦❞✉❝❡ ❝❛♠❜✐♦s ♥♦ ✏❡q✉✐✈❛❧❡♥t❡s✑ s♦❜r❡ ❧❛ ●●✳ P❛r❛

❡❧❧♦ ❡s s✉✜❝✐❡♥t❡ ❝♦♥ ❝♦♠♣❛r❛r ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❧♦s ♣❛r❡s ❞❡ ●❛✉ss✐❛♥❛s

❞♦♥❞❡ τ = 0.5 ② τ = 1 r❡s♣❡❝t♦ ❛ ❧❛s ❝✉r✈❛s ❞♦♥❞❡ τ = 3.0 ② τ = 3.5✳ ❊s

❡✈✐❞❡♥t❡ q✉❡ ❡❧ ♣r✐♠❡r ♣❛r ❞❡ ❝✉r✈❛s s♦♥ ♠✉② ❞✐❢❡r❡♥t❡s ❡♥tr❡ sí ♠✐❡♥tr❛s q✉❡

❡❧ s❡❣✉♥❞♦ ♣❛r ♣rá❝t✐❝❛♠❡♥t❡ s❡ s♦❧❛♣❛♥ ❞❡ ❢♦r♠❛ ❣rá✜❝❛✳

❙✐♠✐❧❛r ❝♦♠♣♦rt❛♠✐❡♥t♦ ♣r❡s❡♥t❛ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●● ♣❛r❛ ❞✐st✐♥t♦s

✈❛❧♦r❡s ❞❡ r❛❞✐♦s✳ ❈♦♥ ❡❧ ❛✉♠❡♥t♦ ❞❡ ❧❛ ♠❛❣♥✐t✉❞ ❞❡❧ r❛❞✐♦✱ ❧❛ ❝✉r✈❛t✉r❛ s❡

r❡❧❛❥❛ ❝♦♠♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✳✺ ❞♦♥❞❡ ❧❛s ❝✉r✈❛s r❡♣r❡s❡♥t❛❞❛s ❞❡

❝♦❧♦r ❛③✉❧ ② ✈❡r❞❡ r❡s♣❡❝t✐✈❛♠❡♥t❡ s❡ ❞✐❢❡r❡♥❝✐❛♥ ❡♥ ❡❧ ✈❛❧♦r ❞❡❧ r❛❞✐♦ s✐❡♥❞♦ ❧❛

s❡❣✉♥❞❛ ❝✉r✈❛ ♠❡♥♦s ❝♦♥tr❛í❞❛ q✉❡ ❧❛ s❡❣✉♥❞❛✳ ❉❡ ❡st❛ ❢♦r♠❛ ♣❛r❛ ♠❛♥t❡♥❡r

❧❛ ❝♦♥tr❛❝❝✐ó♥✴r❡❧❛❥❛❝✐ó♥ ❞❡ ❧❛ ●● ✭✈❡r ❝✉r✈❛s r♦❥❛ ② ❛③✉❧ ❞❡ ❧❛ ❋✐❣✉r❛ ✷✳✺✮

❡s ♥❡❝❡s❛r✐♦ ❛s✐❣♥❛r ❛❧t♦s ✈❛❧♦r❡s ❛❧ ❡①♣♦♥❡♥t❡✳ ❯♥ ❛♥á❧✐s✐s ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ●●

♥♦s ✐♥❞✐❝❛ q✉❡ ❡❧ r❛❞✐♦ ♣r♦❞✉❝❡ ✉♥❛ r❡❧❛❥❛❝✐ó♥ ❞❡ ❧❛ ♠✐s♠❛ ❡♥ ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡❧

❡❥❡ ❞❡ ❧❛s ❛❜s❝✐s❛s✳ ❉❡ ❡st❡ ♠♦❞♦ s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r ❛s❡✈❡r❛♥❞♦ q✉❡ ❧❛ ❝✉r✈❛t✉r❛

❞❡ ❧❛ ●● ❞❡♣❡♥❞❡ t❛♥t♦ ❞❡ r❛❞✐♦ ❝♦♠♦ ❞❡❧ ✈❛❧♦r ❞❡ τ ✱ ❧✉❡❣♦ ♣❛r❛ ❝❛❧✐❜r❛r ❧❛

❝✉r✈❛t✉r❛ ❡s ♥❡❝❡s❛r✐♦ ❛❥✉st❛r ❛♠❜♦s ♣❛rá♠❡tr♦s✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❋✐❣✉r❛ ✷✳✺✿ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❞✐❢❡r❡♥t❡s ●❘❇❋s ❝♦♥ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ ❡①✲
♣♦♥❡♥t❡ ② r❛❞✐♦✳

❯♥ r❡s✉♠❡♥ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛s ●●s ② ♣♦r ❡♥❞❡ ❞❡ ❧❛s ●❘❇❋s

♥♦s ♠✉❡str❛ q✉❡✿

✶✳ P❡r♠✐t❡ ❧❛ ❝♦♥tr❛❝❝✐ó♥✴r❡❧❛❥❛❝✐ó♥ ❞❡ ❧❛ ●❛✉ss✐❛♥❛✳

✷✳ P❡r♠✐t❡ ❛ ❧♦s ♥♦❞♦s ●❘❇❋ ❛s✐❣♥❛r ❛❧t♦s ✈❛❧♦r❡s ✭❝❡r❝❛♥♦s ❛ ✉♥♦✮ ❞❡

s❛❧✐❞❛ ❛ ♣❛tr♦♥❡s q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❞✐st❛♥t❡s ❞❡❧ ❝❡♥tr♦ ❞❡❧ ♥♦❞♦✳

✸✳ ▲❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●● ❞❡♣❡♥❞❡ t❛♥t♦ ❞❡ r❛❞✐♦ ❝♦♠♦ ❞❡❧ ✈❛❧♦r ❞❡ τ ❧✉❡❣♦

♣❛r❛ ❝❛❧✐❜r❛r ❧❛ ❝✉r✈❛t✉r❛ ❡s ♥❡❝❡s❛r✐♦ ❛❥✉st❛r ❛♠❜♦s ♣❛rá♠❡tr♦s✳

✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

❊♥ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ s✉♣❡r✈✐s❛❞❛ ❡❧ ♦❜❥❡t✐✈♦ ❡s ♣r❡❞❡❝✐r ❧❛

❝❧❛s❡ ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❞❡ ❧♦s ♣❛tr♦♥❡s ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥✱ ❛ ♣❛rt✐r

❞❡ ❧♦s ✈❛❧♦r❡s ♥✉♠ér✐❝♦s ♦❜t❡♥✐❞♦s ♣❛r❛ ❧❛s ✈❛r✐❛❜❧❡s ② ❝❧❛s❡s ♦❜s❡r✈❛❞❛s ❞❡❧

❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✳ ▲❛s ✈❛r✐❛❜❧❡s xi, i = 1, 2, ..., n ❡stá♥ ❛s♦❝✐❛❞❛s ❛ ✉♥

♣❛tró♥ q✉❡ ❞❡❜❡ s❡r ❝❧❛s✐✜❝❛❞♦ ❡♥ ✉♥❛ ❞❡ ❧❛s ▲ ❝❧❛s❡s ❜❛sá♥❞♦♥♦s ❡♥ ❞✐❝❤❛s

♠❡❞✐❞❛s✳

▲❛s ❘◆❆ s♦♥ ♠♦❞❡❧♦s q✉❡ ❤❛♥ s✐❞♦ ✉t✐❧✐③❛❞♦s ❛♠♣❧✐❛♠❡♥t❡ ♣❛r❛ ❛❜♦r❞❛r

✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥❀ ♣❛r❛ ❡❧❧♦✱ ❡♥ ♣r✐♥❝✐♣✐♦✱ s❡ ❡st❛❜❧❡❝❡ ✉♥ ♥ú♠❡r♦ ❞❡

♥♦❞♦s ❡♥ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❛ tr❛t❛r✳ ❙❡

❛s✉♠❡ q✉❡ ▲ ❡s ✜♥✐t♦ ② q✉❡ ❧❛s ✈❛r✐❛❜❧❡s xi s♦♥ ♦❜s❡r✈❛❝✐♦♥❡s ❛❧❡❛t♦r✐❛s✳ ❉❡✜✲

♥✐♠♦s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❡♥ ❧❛ ❢♦r♠❛ D = {(xp,yp); p = 1, 2, ..., N}✱

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

❞♦♥❞❡ xp = (x1p, ..., xnp) ❡s ❡❧ ✈❡❝t♦r ❝♦♥ ❧❛s ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ q✉❡ t♦♠❛

✈❛❧♦r❡s ❡♥ Ω ⊂ R
⋉ ❡ yp r❡♣r❡s❡♥t❛ ❧❛ ❝❧❛s❡ ❞❡❧ ♣❛tró♥ p✳

❆❞♦♣t❛r❡♠♦s ❧❛ té❝♥✐❝❛ ❝♦♠ú♥ ❞❡ ❝♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧❛s ❝❧❛s❡s ♠❡❞✐❛♥t❡ ✉♥

✈❡❝t♦r ✏✶✲❞❡✲▲✑ ♣❛r❛ r❡♣r❡s❡♥t❛r ❧❛ ❝❧❛s❡ ❞❡❧ ♣❛tró♥✳ ❊st♦s ✈❡❝t♦r❡s t✐❡♥❡♥ ❧❛

❢♦r♠❛ y = (y(1), y(2), ..., y(L))✱ s✐❡♥❞♦ y(j) ✐❣✉❛❧ ❛ ✶ s✐ ❡❧ ♣❛tró♥ ♣❡rt❡♥❡❝❡ ❛ ❧❛

❝❧❛s❡ ❥✱ ❡ ✐❣✉❛❧ ❛ ✵ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✳ ❇❛sá♥❞♦♥♦s ❡♥ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❛♣♦rt❛❞❛

♣♦r ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✱ ❡❧ ♦❜❥❡t✐✈♦ ❡s ❡♥❝♦♥tr❛r ✉♥❛ ❡st✐♠❛❝✐ó♥ ❞❡

❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❘◆❆ ✭θ̂✮ q✉❡ ❞❛❞♦ q✉❡ ❝❧❛s✐✜❝❛♥ ❜✐❡♥ ❛ ❧♦s ♣❛tr♦♥❡s ❞❡❧

❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✱ ❝❧❛s✐✜q✉❡♥ ❜✐❡♥ ❧♦s ♣❛tr♦♥❡s ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡✲

r❛❧✐③❛❝✐ó♥✳ ❊st♦ ❡q✉✐✈❛❧❡ ❛ ♦❜t❡♥❡r ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❞❡❝✐s✐ó♥ ❈ ✿ Ω → {1, 2, ..., L}
♣❛r❛ ❝❧❛s✐✜❝❛r ❛ ❧♦s ✐♥❞✐✈✐❞✉♦s✳ ❊♥ ♦tr❛s ♣❛❧❛❜r❛s✱ ❧❛ ❢✉♥❝✐ó♥ ❤❛❝❡ ✉♥❛ ♣❛rt✐❝✐ó♥

{D1, D1, . . . , DL} ❞❡ Ω✱ ❞♦♥❞❡ Dj ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣❛tr♦♥❡s q✉❡ ♣❡rt❡♥❡❝❡ ❛

❧❛ ❝❧❛s❡ ❝✉②♦ ✈❛❧♦r ♦ ❡t✐q✉❡t❛ ❡s ❥✳ ❯♥❛ ❝❧❛s✐✜❝❛❝✐ó♥ ✐♥❝♦rr❡❝t❛ s❡ ♣r♦❞✉❝❡ s✐ ❈

❛s✐❣♥❛ ❛ ✉♥ ♣❛tró♥ ❧❛ ❝❧❛s❡ Dj ❝✉❛♥❞♦ ❡♥ r❡❛❧✐❞❛❞ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❧❛s❡ Di ❝♦♥

Di 6= Dj ✳

❊❧ ❡♥❢♦q✉❡ ❛❞♦♣t❛❞♦ ❛ ❧❛ ❤♦r❛ ❞❡ ✐♥t❡r♣r❡t❛r ❧❛s s❛❧✐❞❛s ❞❡ ❧♦s ♥♦❞♦s

❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ❡s ✉♥ ❡♥❢♦q✉❡ ♣r♦❜❛❜✐❧íst✐❝♦ q✉❡ ❝♦♥s✐❞❡r❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡

❛❝t✐✈❛❝✐ó♥ s♦❢t♠❛① ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ ❞✐❝❤♦s ♥♦❞♦s✱ ❧❛ ❝✉❛❧ ✈✐❡♥❡ ❞❛❞❛ ♣♦r✿

gj(xp, θ̂j) =
efj(xp,θ̂l)

∑L
l=1 e

fl(xp,θ̂l)
para l = 1, . . . , L ✭✷✳✾✮

❙✐❡♥❞♦ ▲ ❡❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s❡s ❞❡❧ ♣r♦❜❧❡♠❛✱ fj(xp, θ̂l) ❧❛ ❢✉♥❝✐ó♥ ❞❡ s❛❧✐✲

❞❛ ❞❡❧ ♥♦❞♦ ❥ ♣❛r❛ ❡❧ ♣❛tró♥ xp ② gj(xp, θ̂j) ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ❡❧ ♣❛tró♥

xp ♣❡rt❡♥❡③❝❛ ❛ ❧❛ ❝❧❛s❡ Dj ✳ ▲❛ tr❛♥s❢♦r♠❛❝✐ó♥ s♦❢t♠❛① ♣r♦❞✉❝❡ ❡st✐♠❛❝✐♦♥❡s

♣r♦❜❛❜✐❧íst✐❝❛s ♣♦s✐t✐✈❛s ❡♥ t♦❞❛s ❧❛s s❛❧✐❞❛s✱ s✐❡♥❞♦ ❧❛ s✉♠❛ ❞❡ ❡st❛s ♣r♦❜❛❜✐✲

❧✐❞❛❞❡s ✧❛ ♣♦st❡r✐♦r✐✧ ✐❣✉❛❧ ❛ ✶✱ ❧♦ q✉❡ ❤❛❝❡ q✉❡ ♣✉❡❞❛♥ s❡r ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦

❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ✧❛ ♣♦st❡r✐♦r✐✧ ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❞❡ ✉♥ ♣❛tró♥ ❛ ❧❛ ❝❧❛s❡ ❝♦rr❡s✲

♣♦♥❞✐❡♥t❡✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❡st❛ ❝♦♥s✐❞❡r❛❝✐ó♥✱ s❡ ♣✉❡❞❡ ❝♦♠♣r♦❜❛r q✉❡ ❧❛

❝❧❛s❡ ♣r❡❞✐❝❤❛ ♣♦r ❧❛ ❘◆❆ C(xp, θ̂j) ❡s ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛

❞❡ s❛❧✐❞❛ ❝✉②♦ ✈❛❧♦r ❞❡ s❛❧✐❞❛ ❡s ♠❛②♦r✳ ❊①♣r❡s❛❞♦ ❢♦r♠❛❧♠❡♥t❡✱ ❡st♦ q✉✐❡r❡

❞❡❝✐r q✉❡✿

❚❡s✐s ❉♦❝t♦r❛❧ ✷✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

C(xp, θ̂j) = l̂, donde l̂ = argmaxi gj(xp, θ̂j) ✭✷✳✶✵✮

= argmaxi fj(xp, θ̂j), para 1 ≤ i ≤ L ✭✷✳✶✶✮

❆❧ tr❛t❛rs❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❛ ✉♥❛ ❝❧❛s❡ ❡stá ❝❧❛r♦ q✉❡ ♥♦

❡s ♥❡❝❡s❛r✐♦ ❝❛❧❝✉❧❛r❧❛s t♦❞❛s✱ ②❛ q✉❡✱ ♣♦r ❡❥❡♠♣❧♦✱ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❧❛ ú❧t✐♠❛

s❛❧✐❞❛ gL(xp, θ̂L) s❡ ♣✉❡❞❡ ♦❜t❡♥❡r ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ r❡st♦ ❝♦♠♦ 1−∑L−1
i=1 g(xp, θ̂j)✳

❉❡ ❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r ❡❧ ♠♦❞❡❧♦ ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ s❛❧✐❞❛ ❞❡❧ ú❧t✐♠♦

♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ ✵✱ ❡s ❞❡❝✐r✱ fL(xp, θ̂L) ❂ ✵✳ ❊st❡

♥♦❞♦ ♥♦ s❡rá ❡♥tr❡♥❛❞♦✱ ♣❛r❛ ❛sí r❡❞✉❝✐r ❡❧ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❛ ❡st✐♠❛r ②

❧❛ ❝❛r❣❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡❧ ❛♣r❡♥❞✐③❛❥❡✳

✷✳✸✳✶✳ ▼étr✐❝❛s ❞❡ r❡♥❞✐♠✐❡♥t♦

▲❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡❧ r❡♥❞✐♠✐❡♥t♦ ❡s ❛❧❣♦ ❞❡❝✐s✐✈♦ ♣❛r❛ ♦❜t❡♥❡r ✉♥❛ ♠❡❞✐❞❛

❞❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r✱ ❡♥ ❝✉❛♥t♦ ❛ ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ②

❣❡♥❡r❛❧✐③❛❝✐ó♥✳ ❊♥ ♦❝❛s✐♦♥❡s ❡❧ ♣r♦❝❡s♦ ❞❡ ❞✐s❡ñ♦ ✉ ♦❜t❡♥❝✐ó♥ ❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r

❝♦♥❧❧❡✈❛ ✉♥❛ s❡r✐❡ ❞❡ ❡t❛♣❛s q✉❡ ✐♠♣❧✐❝❛♥ ✉♥ ♣r♦❝❡s♦ ✐t❡r❛t✐✈♦✱ ❞♦♥❞❡ ❝❛❞❛

✐t❡r❛❝✐ó♥✱ ♣✉❡❞❡ ❛❧t❡r❛r ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡ ❡❧ ❝❧❛s✐✜❝❛❞♦r q✉❡ s❡ ❡stá ❞✐s❡ñ❛♥❞♦✳

❙❡ r❡q✉✐❡r❡✱ ♣♦r t❛♥t♦✱ ✉♥❛ r❡❡✈❛❧✉❛❝✐ó♥ ❞❡❧ ❝❧❛s✐✜❝❛❞♦r ❡♥ ❝❛❞❛ ✐t❡r❛❝✐ó♥ ♣❛r❛

❞❡t❡r♠✐♥❛r ❝✉á❧ ❤❛ s✐❞♦ ❡❧ ✐♠♣❛❝t♦ ♣r♦❞✉❝✐❞♦ ❡♥ s✉ r❡♥❞✐♠✐❡♥t♦✱ ♣r❡♠✐❛♥❞♦✱

❣❡♥❡r❛❧♠❡♥t❡✱ ❛q✉❡❧❧♦s ❝❛♠❜✐♦s q✉❡ ❧♦ ❤❛♥ ❤❡❝❤♦ ♠❡❥♦r❛r✳

❊♥ ❧❛ ❧✐t❡r❛t✉r❛ ❡①✐st❡♥ ❞✐✈❡rs❛s ♠❡❞✐❞❛s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡❧ r❡♥❞✐♠✐❡♥t♦

❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r ❬✹✶✱ ✹✷✱ ✹✸❪✱ ♣❡r♦ ❛♥t❡s ❞❡ ♣❛s❛r ❛ ❞❡s❝r✐❜✐r ❛❧❣✉♥❛s ❞❡ ❧❛s ♠ás

✉t✐❧✐③❛❞❛s✱ ❡s ❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r ❧♦ q✉❡ s❡ ❞❡♥♦♠✐♥❛ ♠❛tr✐③ ❞❡ ❝♦♥t✐♥❣❡♥❝✐❛ ♦

♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥ ❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r✳

❉❛❞♦ ✉♥ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ♠✉❧t✐❝❧❛s❡ ❝♦♥ L ❝❧❛s❡s✱ s✐❡♥❞♦ L ≥ 2✱

② N ♣❛tr♦♥❡s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ♦ ❣❡♥❡r❛❧✐③❛❝✐ó♥✱ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥t✐♥❣❡♥❝✐❛

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✷✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

M(g)✱ ❞❡ ❞✐♠❡♥s✐ó♥ L①L✱ ❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r g✱ ❡stá ❞❛❞❛ ♣♦r✿

❈❧❛s❡ Pr❡❞✐❝❤❛

M(g) =









n11 n12 . . . n1L

n21 n22 . . . n2L

. . . . . . nii . . .
nL1 nL2 . . . nLL









❈
❧❛
s❡

❘
❡❛
❧

❞♦♥❞❡ ❧❛s ✜❧❛s ✐♥❞✐❝❛♥ ❧❛ ❝❧❛s❡ r❡❛❧ ❞❡ ♣❡rt❡♥❡♥❝✐❛ ② ❧❛s ❝♦❧✉♠♥❛s ❧❛ ♣r♦♥♦st✐✲

❝❛❞❛ ♣♦r ❡❧ ❝❧❛s✐✜❝❛❞♦r✳

❋♦r♠❛❧♠❡♥t❡✱ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥✱ M(g)✱ s❡ ♣✉❡❞❡ ❞❡✜♥✐r ❝♦♠♦✿

M(g) =







nij ;

L
∑

i,j=1

nij = N







❞♦♥❞❡ nij r❡♣r❡s❡♥t❛ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ❛s✐❣♥❛❞♦s ❛ ❧❛ ❝❧❛s❡ i✱ ❝✉❛♥❞♦

r❡❛❧♠❡♥t❡ ♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ❝❧❛s❡ j✳ ▲❛ ❞✐❛❣♦♥❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ❧♦s ♣❛tr♦♥❡s ❝♦✲

rr❡❝t❛♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s ♣❛r❛ ❧❛s L ❝❧❛s❡s ❞❡❧ ♣r♦❜❧❡♠❛✱ ② ❧♦s L(L−1) ❡❧❡♠❡♥t♦s

❢✉❡r❛ ❞❡ ❧❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧♦s ❡rr♦r❡s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✳ ❊♥

❝♦♥s❡❝✉❡♥❝✐❛✱ ❧♦s t♦t❛❧❡s ♣♦r ✜❧❛ ✐♥❞✐❝❛♥ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ♣❡rt❡♥❡❝✐❡♥t❡s

❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝❧❛s❡s✱ ② ❧❛ s✉♠❛ ❞❡ ❡st♦s t♦t❛❧❡s ❡s ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ ♠✉❡str❛✳

❙✐ ❛♥❛❧✐③❛♠♦s ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥✿








n11 . . . . . . n1L

. . . . . . nij . . .

. . . . . . . . . . . .
nL1 . . . . . . nLL









t❡♥❡♠♦s q✉❡✿

ni◦ =

L
∑

j=1

nij i = 1, ..., L

n◦j =
L
∑

i=1

nij j = 1, ..., L

s✐❡♥❞♦ ni◦ ❡❧ t♦t❛❧ ❞❡ ♣❛tr♦♥❡s ❛s♦❝✐❛❞♦s ❛ ❧❛ ❝❧❛s❡ i ✭s✉♠❛ ♣♦r ✜❧❛s✮✱ ② n◦j ❡❧

♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ♣r❡❞✐❝❤♦s ♣♦r ❡❧ ❝❧❛s✐✜❝❛❞♦r q✉❡ s❡ ❤❛♥ ❝❧❛s✐✜❝❛❞♦ ❝♦♠♦

♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❧❛s❡ j ✭s✉♠❛ ♣♦r ❝♦❧✉♠♥❛s✮✳

❚❡s✐s ❉♦❝t♦r❛❧ ✷✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❆ ♣❛rt✐r ❞❡ ❧❛s ❡①♣r❡s✐♦♥❡s ❛♥t❡r✐♦r❡s✱ s❡ ♣✉❡❞❡ ❞❡❞✉❝✐r q✉❡
L
∑

i=1

ni◦ = N

② q✉❡
L
∑

j=1

n◦j = N ✳ P♦r t❛♥t♦✱ ❧❛s ❢r❡❝✉❡♥❝✐❛s r❡❧❛t✐✈❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛❧

♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ❞❡ ❧❛ ❝❧❛s❡ i s♦❜r❡ ❡❧ t♦t❛❧ ❞❡ ♣❛tr♦♥❡s ✈✐❡♥❡ ❞❛❞❛ ♣♦r✿

fi◦ =
ni◦

N

② ❧❛ ❢r❡❝✉❡♥❝✐❛ r❡❧❛t✐✈❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s q✉❡ ❡❧ ❝❧❛s✐✜❝❛✲

❞♦r ❤❛ ❝❧❛s✐✜❝❛❞♦ ❝♦♠♦ ❝❧❛s❡ j✱ ❝♦♥ r❡s♣❡❝t♦ ❛❧ t♦t❛❧ ❞❡ ♣❛tr♦♥❡s ✈✐❡♥❡ ❞❛❞❛

♣♦r✿

f◦j =
n◦j
N

❊♥ ❡❧ ❝❛s♦ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❜✐♥❛r✐❛ ✭✉♥❛ ❝❧❛s❡ ♣♦s✐t✐✈❛ ♦ é①✐t♦ ② ✉♥❛ ❝❧❛s❡

♥❡❣❛t✐✈❛ ♦ ❢r❛❝❛s♦✮✱ ❡s ❞❡❝✐r✱ ❝♦♥ ✉♥ ✈❛❧♦r ❞❡ L = 2✱ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥ ❡stá

❞❛❞❛ ♣♦r✿

M(g) =

(

TP FN
FP TN

)

❞♦♥❞❡✿

❚P s✐❣♥✐✜❝❛ ✏✈❡r❞❛❞❡r♦s ♣♦s✐t✐✈♦s✑✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ s♦♥ ❞❡ ❧❛

❝❧❛s❡ ♣♦s✐t✐✈❛ ② q✉❡ ❡❧ ❝❧❛s✐✜❝❛❞♦r ❤❛ ❝❧❛s✐✜❝❛❞♦ ❝♦♠♦ ♣♦s✐t✐✈♦s✳

❋◆ s✐❣♥✐✜❝❛ ✏❢❛❧s♦s ♥❡❣❛t✐✈♦s✑✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ s♦♥ ❞❡ ❧❛ ❝❧❛s❡

♣♦s✐t✐✈❛ ② q✉❡ ❡❧ ❝❧❛s✐✜❝❛❞♦r ❤❛ ❝❧❛s✐✜❝❛❞♦ ❝♦♠♦ ♥❡❣❛t✐✈♦s✳

❋P s✐❣♥✐✜❝❛ ✏❢❛❧s♦s ♣♦s✐t✐✈♦s✑✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❝❧❛s❡ ♥❡❣❛t✐✈❛

q✉❡ s♦♥ ❝❧❛s✐✜❝❛❞♦s ❝♦♠♦ ♣♦s✐t✐✈♦s✳

❚◆ s✐❣♥✐✜❝❛ ✏✈❡r❞❛❞❡r♦s ♥❡❣❛t✐✈♦s✑✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❝❧❛s❡

♥❡❣❛t✐✈❛ q✉❡ s♦♥ ❝❧❛s✐✜❝❛❞♦s ❝♦♠♦ ♥❡❣❛t✐✈♦s✳

✷✳✸✳✶✳✶✳ ▼étr✐❝❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ❜✐♥❛r✐♦s

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❡①♣♦♥❡♠♦s ❧❛s ♠étr✐❝❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥

❜✐♥❛r✐❛ q✉❡ ♠ás s❡ ✉t✐❧✐③❛♥ ❛ ❧❛ ❤♦r❛ ❞❡ ♦❜t❡♥❡r ❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ✉♥ ❝❧❛s✐✜❝❛✲

❞♦r✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✷✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

Pr❡❝✐s✐ó♥✱ ❈✿ ❊❢❡❝t✐✈✐❞❛❞ ❣❧♦❜❛❧ ❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r ♦ ♣♦r❝❡♥t❛❥❡ ❞❡ ♣❛tr♦♥❡s

t♦t❛❧❡s ❝♦rr❡❝t❛♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s✳ ❊s ✉♥❛ ♠❡❞✐❞❛ q✉❡ s✉❡❧❡ ♣r♦♣♦r❝✐♦✲

♥❛rs❡ ❡♥ t❛♥t♦ ♣♦r❝✐❡♥t♦✳

C =
TP + TN

TP + FN + FP + TN
=

TP + TN

N

Pr❡❝✐s✐ó♥ ♣♦s✐t✐✈❛✱ P✿ P♦r❝❡♥t❛❥❡ ❞❡ ♣❛tr♦♥❡s ❝♦rr❡❝t❛♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s ❞❡

❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛ ❝♦♥ r❡s♣❡❝t♦ ❛ t♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s q✉❡ ❡❧ ❝❧❛s✐✜❝❛❞♦r

♣r❡❞✐❥♦ ❝♦♠♦ ♣♦s✐t✐✈♦s✳ ❉✐❝❤♦ ❞❡ ♦tr❛ ❢♦r♠❛ s❡rí❛ ❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ❡❥❡♠✲

♣❧♦s q✉❡ ❡❧ ❝❧❛s✐✜❝❛❞♦r ❤❛ ♣r❡❞✐❝❤♦ ❝♦♠♦ ♣♦s✐t✐✈♦s ② q✉❡ r❡❛❧♠❡♥t❡ s♦♥

♣♦s✐t✐✈♦s✳

P =
TP

TP + FP

❙❡♥s✐❜✐❧✐❞❛❞✱ ❚P❘✿ ❚❛♠❜✐é♥ s❡ ♥♦♠❜r❛ ♣♦r ❘❡❝❛❧❧ ♦ ❚r✉❡ P♦s✐t✐✈❡ ❘❛t❡

✭❚P❘✮✳ ❊s ❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ♣❛tr♦♥❡s ❝♦rr❡❝t❛♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s ❞❡ ❧❛

❝❧❛s❡ ♣♦s✐t✐✈❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ❡①✐st❡♥t❡s ❞❡

❡s❛ ❝❧❛s❡✱ ♦ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ❞❡❝✐r q✉❡ ❡s ❧❛ ❡❢❡❝t✐✈✐❞❛❞ ❞❡❧ ❝❧❛s✐✜❝❛❞♦r

♣❛r❛ ✐❞❡♥t✐✜❝❛r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛✳

TPR =
TP

TP + FN

❊s♣❡❝✐✜❝✐❞❛❞✱ ❙♣✿ P♦r❝❡♥t❛❥❡ ❞❡ ♣❛tr♦♥❡s ❝♦rr❡❝t❛♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s ❞❡ ❧❛

❝❧❛s❡ ♥❡❣❛t✐✈❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ❡①✐st❡♥t❡s ❞❡

❡s❛ ❝❧❛s❡✱ ♦ t❛♠❜✐é♥ s❡ ♣✉❡❞❡ ❞❡❝✐r q✉❡ ❡s ❧❛ ❡❢❡❝t✐✈✐❞❛❞ ❞❡❧ ❝❧❛s✐✜❝❛❞♦r

♣❛r❛ ✐❞❡♥t✐✜❝❛r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ❝❧❛s❡ ♥❡❣❛t✐✈❛✳

Sp =
TN

FP + TN

P♦r❝❡♥t❛❥❡ ❞❡ ❢❛❧s♦s ♣♦s✐t✐✈♦s✱ ❋P❘✿ ❚❛♠❜✐é♥ s❡ ♥♦♠❜r❛ ♣♦r ❋❛❧s❡ P♦s✐✲

t✐✈❡ ❘❛t❡ ✭❋P❘✮✱ ② s❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ♣❛tr♦♥❡s ✐♥❝♦rr❡❝t❛✲

♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s ❞❡ ❧❛ ❝❧❛s❡ ♥❡❣❛t✐✈❛ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡

❡❧❡♠❡♥t♦s ❡①✐st❡♥t❡s ❞❡ ❡s❛ ❝❧❛s❡✳

FPR =
FP

FP + TN
= 1− Sp

❚❡s✐s ❉♦❝t♦r❛❧ ✷✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❋s❝♦r❡✿ ❊s ✉♥❛ ♠❡❞✐❞❛ q✉❡ s❡ ❜❛s❛ ❡♥ P ② ❡♥ TPR✱ ② s❡ ♣✉❡❞❡ ✐♥t❡r♣r❡t❛r

❝♦♠♦ ✉♥❛ ♠❡❞✐❛ ♣♦♥❞❡r❛❞❛ ❞❡ ❛♠❜❛s✳ ❊s ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s ❡❧❡♠❡♥t♦s

♣♦s✐t✐✈♦s ② ❛q✉❡❧❧♦s ❞❛❞♦s ♣♦r ❡❧ ❝❧❛s✐✜❝❛❞♦r✳

Fscore =
2

1
P + 1

TPR

= 2× P × TPR

P + TPR

▼❡❞✐❛ ❣❡♦♠étr✐❝❛✱ ●▼ ▲❛ ♠❡❞✐❛ ❣❡♦♠étr✐❝❛ ✐♥t❡♥t❛ ♠❛①✐♠✐③❛r ❧❛ ♣r❡❝✐✲

s✐ó♥ ❡♥ ❧❛s ❞♦s ❝❧❛s❡s q✉❡ ❝♦♠♣♦♥❡♥ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❧❛

❢♦r♠❛ ♠ás ❜❛❧❛♥❝❡❛❞❛ ♣♦s✐❜❧❡✳ ❆✉♥q✉❡ ❡st❛ ♠❡❞✐❞❛ s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r

♣❛r❛ ♣r♦❜❧❡♠❛s ♠✉❧t✐❝❧❛s❡s s✉ ✉t✐❧✐③❛❝✐ó♥ ♥♦ ❡s ✉s✉❛❧✳

GM =
√

TPR · Sp

➪r❡❛ ❜❛❥♦ ❧❛ ❝✉r✈❛ ♦♣❡r❛t✐✈❛ ❝❛r❛❝t❡ríst✐❝❛✱ ❆❯❈✿ ▲❛ ❝✉r✈❛ ♦♣❡r❛t✐✈❛

❝❛r❛❝t❡ríst✐❝❛ ❘❖❈ ❬✹✹❪ ❡s ✉♥❛ ❞❡ ❧❛s té❝♥✐❝❛s ♠ás ✉s❛❞❛s ❤❛❜✐t✉❛❧♠❡♥t❡

♣❛r❛ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡❧ r❡♥❞✐♠✐❡♥t♦ ♠♦str❛❞♦ ♣♦r ❞♦s ♦ ♠ás ❝❧❛s✐✜❝❛✲

❞♦r❡s ❜✐♥❛r✐♦s✳ ❉✐❝❤❛s ❝✉r✈❛s s♦♥ ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ❛❧ ✉s♦ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ②

s✉s ♣r♦❜❧❡♠❛s ❞❡r✐✈❛❞♦s ❬✹✺✱ ✹✻❪✱ ② ❡s ✉♥❛ ❜✉❡♥❛ té❝♥✐❝❛ ♣❛r❛ ❝♦♠♣r♦❜❛r

s✐ ✉♥ ❝❧❛s✐✜❝❛❞♦r ❡s ♠❡❥♦r q✉❡ ♦tr♦ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ ❝❧❛s❡ ♠✐♥♦r✐t❛r✐❛

❡♥ ♣r♦❜❧❡♠❛s ♥♦ ❜❛❧❛♥❝❡❛❞♦s ❞♦♥❞❡ ❤❛② ✉♥❛ ❝❧❛s❡ ♠❛②♦r✐t❛r✐❛ ② ✉♥❛ ♠✐✲

♥♦r✐t❛r✐❛✳ ▲❛s ❝✉r✈❛s ❘❖❈ s♦♥ ❣rá✜❝❛s ❡♥ ❞♦s ❞✐♠❡♥s✐♦♥❡s✱ ❡♥ ❧❛s q✉❡ s❡

r❡♣r❡s❡♥t❛♥ ❧♦s ❡rr♦r❡s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ❝❧❛s❡ ♥❡❣❛t✐✈❛ ♦ ❋P❘ ❡♥ ❡❧

❡❥❡ ❤♦r✐③♦♥t❛❧✱ ② ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛ ♦ ❚P❘ ❡♥ ❡❧ ❡❥❡ ✈❡rt✐❝❛❧✳

▲❛s ❝✉r✈❛s ❘❖❈ ♠✉❡str❛♥ t♦❞❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ❡❧ r❡♥❞✐✲

♠✐❡♥t♦ ❞❡ ✉♥ ❝❧❛s✐✜❝❛❞♦r✱ ② ♣❡r♠✐t❡♥ ✉♥❛ rá♣✐❞❛ ✈✐s✉❛❧✐③❛❝✐ó♥ ❞❡❧ t✐♣♦ ❞❡

r❡❧❛❝✐ó♥ ❡♥tr❡ ❧♦s r❡♥❞✐♠✐❡♥t♦s ❞❡ ✈❛r✐♦s ❝❧❛s✐✜❝❛❞♦r❡s✳ ❊❧ ❛♥á❧✐s✐s ❞❡ ❧❛

❝✉r✈❛ ❘❖❈✱ ♦ s✐♠♣❧❡♠❡♥t❡ ❛♥á❧✐s✐s ❘❖❈✱ ♣r♦♣♦r❝✐♦♥❛ ✐♥❢♦r♠❛❝✐ó♥ ♣❛r❛

s❡❧❡❝❝✐♦♥❛r ❧♦s ♠♦❞❡❧♦s ♣♦s✐❜❧❡♠❡♥t❡ ó♣t✐♠♦s✱ ② ❡s t❛♠❜✐é♥ ✐♥❞❡♣❡♥❞✐❡♥✲

t❡ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧❛s ❝❧❛s❡s ❡♥ ❧❛ ♣♦❜❧❛❝✐ó♥✳ ❊❧ ❛♥á❧✐s✐s ❘❖❈ s❡

r❡❧❛❝✐♦♥❛ ❞❡ ❢♦r♠❛ ❞✐r❡❝t❛ ❝♦♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ❝♦st❡✲❜❡♥❡✜❝✐♦ ❡♥ ❧❛ t♦♠❛

❞❡ ❞❡❝✐s✐♦♥❡s✳

❉❡♥tr♦ ❞❡ ✉♥❛ ❣rá✜❝❛ ❘❖❈✱ ✉♥ ❝❧❛s✐✜❝❛❞♦r ❞♦♠✐♥❛ ❛ ♦tr♦ ♠✐❡♥tr❛s ♠ás

❛rr✐❜❛ ② ♠ás ❛ ❧❛ ✐③q✉✐❡r❞❛ s❡ ❡♥❝✉❡♥tr❡ ✭✈❡r ✜❣✉r❛ ✷✳✻✮✳ ❊❧ ♠❡❥♦r ♠ét♦✲

❞♦ ♣♦s✐❜❧❡ ❞❡ ♣r❡❞✐❝❝✐ó♥ s❡ s✐t✉❛rí❛ ❡♥ ✉♥ ♣✉♥t♦ ❡♥ ❧❛ ❡sq✉✐♥❛ s✉♣❡r✐♦r

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✷✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

✐③q✉✐❡r❞❛✱ ♦ ❝♦♦r❞❡♥❛❞❛ (0, 1) ❞❡❧ ♣❧❛♥♦ ❘❖❈✱ r❡♣r❡s❡♥t❛♥❞♦ ✉♥ ✶✵✵✪ ❞❡

s❡♥s✐❜✐❧✐❞❛❞ ✭♥✐♥❣ú♥ ❢❛❧s♦ ♥❡❣❛t✐✈♦✮ ② ✉♥ ✶✵✵✪ ❞❡ ❡s♣❡❝✐✜❝✐❞❛❞ ✭♥✐♥❣ú♥

❢❛❧s♦ ♣♦s✐t✐✈♦✮✳ ❊st❡ ♣✉♥t♦ (0, 1) s❡ ❞❡♥♦♠✐♥❛ ❝❧❛s✐✜❝❛❝✐ó♥ ♣❡r❢❡❝t❛✳ P♦r

❡❧ ❝♦♥tr❛r✐♦✱ ✉♥❛ ❝❧❛s✐✜❝❛❝✐ó♥ t♦t❛❧♠❡♥t❡ ❛❧❡❛t♦r✐❛ ❞❛rí❛ ✉♥ ♣✉♥t♦ ❛ ❧♦

❧❛r❣♦ ❞❡ ❧❛ ❧í♥❡❛ ❞✐❛❣♦♥❛❧ ✭❧í♥❡❛ ❞❡ ♥♦✲❞✐s❝r✐♠✐♥❛❝✐ó♥✮✱ ❞❡s❞❡ ❡❧ ❡①tr❡♠♦

✐♥❢❡r✐♦r ✐③q✉✐❡r❞♦ ❤❛st❛ ❡❧ ❡①tr❡♠♦ s✉♣❡r✐♦r ❞❡r❡❝❤♦✳

✭❛✮ ❈✉r✈❛ ❘❖❈ ✭❜✮ ❈❧❛s✐✜❝❛❞♦r ❛❧❡❛t♦r✐♦

✭❝✮ ❇✉❡♥ ❝❧❛s✐✜❝❛❞♦r ✭❛❧t♦ ❚P❘ ② ❜❛❥♦ ❋P❘✮ ✭❞✮ ▼❛❧ ❝❧❛s✐✜❝❛❞♦r✱ ✭❜❛❥♦ ❚P❘ ② ❛❧t♦ ❋P❘✮

❋✐❣✉r❛ ✷✳✻✿ ❊❥❡♠♣❧♦s ❞❡ ❝✉r✈❛s ❘❖❈✳

▲❛ ❡①t❡♥s✐ó♥ ❞❡ ❧❛s ❝✉r✈❛s ❘❖❈ ♣❛r❛ ❞♦s ❝❧❛s❡s ❛ ♣r♦❜❧❡♠❛s ♠✉❧t✐❝❧❛s❡

❡s ✐♥t❡r❡s❛♥t❡✱ ②❛ q✉❡ ❝♦♥❢❡r✐rí❛ ❧♦s ❜❡♥❡✜❝✐♦s ❞❡❧ ❛♥á❧✐s✐s ❘❖❈ ❛ ♠ás

♣r♦❜❧❡♠❛s ❡♥ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♣❛tr♦♥❡s✳ ❙❡ ❤❛♥ r❡❛❧✐③❛❞♦ ♠✉❧t✐t✉❞ ❞❡

❛♣r♦①✐♠❛❝✐♦♥❡s✱ ❛✉♥q✉❡ ❛❝t✉❛❧♠❡♥t❡ ♥♦ ❤❛② ♥✐♥❣ú♥ ❛♥á❧✐s✐s s♦❜r❡ ❡st❡

❚❡s✐s ❉♦❝t♦r❛❧ ✷✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

t❡♠❛ q✉❡ ❡sté ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥s♦❧✐❞❛❞♦ ❬✹✼❪✳ ❊♥ ❬✹✽❪✱ s❡ ❝♦♥s✐❞❡r❛ ✉♥

♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ♠✉❧t✐✲♦❜❥❡t✐✈♦ ❞♦♥❞❡ ❡❧ ♦❜❥❡t✐✈♦ ❡s ♠✐♥✐♠✐③❛r

s✐♠✉❧tá♥❡❛♠❡♥t❡ ❧♦s Q(Q − 1) ❡rr♦r❡s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❛❞♦s ♣♦r ❧♦s ✈❛✲

❧♦r❡s ♥♦ ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥✱

❞♦♥❞❡ ❡❧ ❡rr♦r s❡ ❞❡✜♥❡ ♣♦r
nij

ni◦
✱ ♣❛r❛ i = 1, 2, ..., L ② j 6= i✳ ❉❡ ❡st❛

❢♦r♠❛✱ ❡❧ ❝♦st❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝r❡❝❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s❡s✳ ❊♥

❬✹✾❪✱ s❡ ♣r♦♣♦♥❡ ✉♥ ❛❧❣♦r✐t♠♦ q✉❡ ❛ ♣❛rt✐r ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥ ❞❡

✉♥ ❝❧❛s✐✜❝❛❞♦r ✐❞❡♥t✐✜❝❛ ❧❛s ❝❧❛s❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ② ❣r✉♣♦s ❞❡ ❝❧❛s❡s q✉❡

✐♥t❡r❛❝tú❛♥ ❡♥tr❡ sí✱ ♣❡r♠✐t✐❡♥❞♦ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ ♠❛tr✐③ ❡♥ ✉♥❛

❝✉r✈❛ ❘❖❈ ❝♦♥ ✉♥ ♥ú♠❡r♦ ❜❛❥♦ ❞❡ ❣r✉♣♦s ❞✐♠❡♥s✐♦♥❛❧❡s✳ ❊st♦ r❡❞✉❝❡ ❧❛

❝♦♠♣❧❡❥✐❞❛❞ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡✳ ▲❛ ❤✐♣❡r✲s✉♣❡r✜❝✐❡ ❘❖❈

❞❡s❝♦♠♣✉❡st❛ s❡ ♣✉❡❞❡ tr❛t❛r ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦ ✐❞❡❛❧ ✭❞♦s ❝❧❛s❡s✮✱ ♣❡r✲

♠✐t✐❡♥❞♦ r❡❛❧✐③❛r ❛♣r♦①✐♠❛❝✐♦♥❡s ❝♦st❡✲❜❡♥❡✜❝✐♦ ② ❧❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡

◆❡②♠❛♥✲P❡❛rs♦♥ ❬✺✵❪✱ ❛sí ❝♦♠♦ ❡❧ ✈♦❧✉♠❡♥ ❜❛❥♦ ❧❛ ❝✉r✈❛✱ ❆❯❈✳ ❖tr❛

♠❛♥❡r❛ ❞❡ tr❛❜❛❥❛r ❝♦♥ ♣r♦❜❧❡♠❛s ♠✉❧t✐✲❝❧❛s❡ ❡s ♠❡❞✐❛♥t❡ ❡❧ ✉s♦ ❞❡❧ ✈♦✲

❧✉♠❡♥ s♦❜r❡ ❧❛ s✉♣❡r✜❝✐❡ ❘❖❈ ✭❱♦❧✉♠❡ ✉♥❞❡r ❙✉r❢❛❝❡✱ ❱❯❙✮ ❬✺✶❪ ❝♦♥

❝✉r✈❛s ❡♥ ✸✲❉ ❬✺✷✱ ✺✸❪✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ❬✺✹❪✱ ❡❧ ❝♦♥❝❡♣t♦ ❞❡ ❝✉r✈❛s ❘❖❈

s❡ ❡①t✐❡♥❞❡ ❛ ❝✉❡st✐♦♥❡s ❞❡ ❞✐❛❣♥óst✐❝♦ ♠é❞✐❝♦ ❝♦♥ tr❡s ♣♦s✐❜❧❡s ❛❧t❡r♥❛✲

t✐✈❛s❀ s❡ ❞✐❜✉❥❛ ✉♥❛ s✉♣❡r✜❝✐❡ ❘❖❈ ❡♥ tr❡s ❞✐♠❡♥s✐♦♥❡s ♣❛r❛ ✉♥❛ t❛r❡❛

❞❡ ❞❡❝✐s✐ó♥ tr✐❞✐♠❡♥s✐♦♥❛❧✱ ❛ñ❛❞✐❡♥❞♦ ❡❧ ❱❯❙ s♦❜r❡ ❧❛ s✉♣❡r✜❝✐❡ ❘❖❈✳

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧ ❱❯❙ r❡s✉♠❡ ❧❛ ♣r❡❝✐s✐ó♥ ❣❧♦❜❛❧ ❞❡❧ ♠♦❞❡❧♦✱ s✐♠✐❧❛r ❛❧

❆❯❈ ❞❡ ✉♥❛ ❝✉r✈❛ ❘❖❈ ❤❡❝❤♦ s♦❜r❡ ✉♥❛ t❛r❡❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❝♦♥ ❞♦s

❛❧t❡r♥❛t✐✈❛s✳ ▲❛ ♦❜t❡♥❝✐ó♥ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ❡♥ ❧♦s ♣✉♥t♦s ❞❡ ❧❛ s✉♣❡r✜❝✐❡

s❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❞❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ q✉❡ ♣❛r❛ ❝✉r✈❛s ❘❖❈ ❜✐❞✐♠❡♥s✐♦✲

♥❛❧❡s❀ ❛sí s❡ ♣✉❡❞❡♥ ❝♦♠♣❛r❛r tr❡s t✐♣♦s ❞❡ ❝✉r✈❛s ❘❖❈ ❜✐❞✐♠❡♥s✐♦♥❛❧❡s✱

❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❝❛❞❛ s✉♣❡r✜❝✐❡✳

❊♥ r❡s✉♠❡♥ ❡❧ ❆❯❈ ❡s ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡❧ ❝❧❛s✐✜❝❛❞♦r ♣❛r❛ ❡✈✐t❛r ✉♥❛ ❝❧❛✲

s✐✜❝❛❝✐ó♥ ❢❛❧s❛✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ t❛♥t♦ ❛ ❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛ ❝♦♠♦ ❛ ❧❛

♥❡❣❛t✐✈❛✳ ❊st❛ ♠❡❞✐❞❛ ❡s ✉♥❛ ❛♣r♦①✐♠❛❝✐ó♥ ❞❡❧ ár❡❛ ❜❛❥♦ ✉♥❛ ❝✉r✈❛ ❘❖❈

✭❘❡❝❡✐✈❡r ❖♣❡r❛t✐♥❣ ❈❤❛r❛❝t❡r✐st✐❝✮✱ ② s❡ ♣✉❡❞❡ ✈❡r ❝♦♠♦ ✉♥❛ tr❛♥s❢♦r✲

♠❛❝✐ó♥ ❧✐♥❡❛❧ ❞❡❧ í♥❞✐❝❡ ❞❡ ❨♦✉❞❡♥ ❬✺✺❪✳ ❙❡ ♣✉❡❞❡ ❝❛❧❝✉❧❛r ❞❡ ♠❛♥❡r❛

♠ás ♣r❡❝✐s❛ ♠❡❞✐❛♥t❡ ❡❧ ✏❆❧❣♦r✐t♠♦ ✷✏ ♠♦str❛❞♦ ❡♥ ❬✹✹❪✳ ❈♦♥❝r❡t❛♠❡♥✲

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✷✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

t❡ ❡❧ ❆❯❈ ❡s ✉♥❛ ♣♦r❝✐ó♥ ❞❡❧ ár❡❛ ❞❡ ✉♥ ❝✉❛❞r❛❞♦ ❞❡ ❧❛❞♦ ❧❛ ✉♥✐❞❛❞✱

❡st❛♥❞♦ s✉ ✈❛❧♦r ❡♥tr❡ ✵ ② ✶✳

✷✳✸✳✶✳✷✳ ▼étr✐❝❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ♠✉❧t✐❝❧❛s❡

P❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ❛❧ ❛✉♠❡♥t❛r ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡ ❧❛ ♠❛tr✐③ ❞❡

❝♦♥❢✉s✐ó♥✱ ❡s ♥❡❝❡s❛r✐♦ ❞❡✜♥✐r ♥✉❡✈❛s ♠❡❞✐❞❛s ❛s♦❝✐❛❞❛s ❛❧ ❝♦♠♣♦rt❛♠✐❡♥t♦

❝♦♥❝r❡t♦ ❞❡❧ ❝❧❛s✐✜❝❛❞♦r ♣❛r❛ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ❝❧❛s❡✳

❆ ♣❛rt✐r ❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥ ♠✉❧t✐❝❧❛s❡ ♠♦str❛❞❛ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸✳✶✱

❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❞❡ ✉♥❛ ❝❧❛s❡ i ❡♥ ♣r♦❜❧❡♠❛s ♠✉❧t✐❝❧❛s❡✱ s❡ ❞❡✜♥❡ ❝♦♠♦ ❡❧ ♥ú♠❡r♦

❞❡ ♣❛tr♦♥❡s ❝♦rr❡❝t❛♠❡♥t❡ ♣r❡❞✐❝❤♦s ❡♥ ❡s❛ ❝❧❛s❡ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♥ú♠❡r♦ t♦t❛❧

❞❡ ♣❛tr♦♥❡s ❞❡ ❞✐❝❤❛ ❝❧❛s❡ ✭♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ♣r❡❞❡❝✐r ❝♦rr❡❝t❛♠❡♥t❡ ✉♥ ❡❥❡♠♣❧♦

❞❡ ❧❛ ❝❧❛s❡ i✮✱ ② ❧❛ ❞❡♥♦t❛r❡♠♦s ♣♦r✿

Si =
nij

ni◦
, i = 1, ..., L.

▲❛ ❡s♣❡❝✐✜❝✐❞❛❞✱ Sp✱ ❞❡ ✉♥❛ ❝❧❛s❡ i ❡♥ ♣r♦❜❧❡♠❛s ♠✉❧t✐❝❧❛s❡✱ s❡ ❞❡✜♥❡

❝♦♠♦ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ❝♦rr❡❝t❛♠❡♥t❡ ♣r❡❞✐❝❤♦s ❡♥ ❡s❛ ❝❧❛s❡ ❝♦♥ r❡s♣❡❝t♦

❛❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛tr♦♥❡s ♣r❡❞✐❝❤♦s ♣♦r ❡❧ ❝❧❛s✐✜❝❛❞♦r ♣❛r❛ ❡s❛ ❝❧❛s❡✳ ❍❛②

q✉❡ ❤❛❝❡r ♥♦t❛r q✉❡ ♣❛r❛ ♣r♦❜❧❡♠❛s ❜✐♥❛r✐♦s ❧❛ ❡s♣❡❝✐✜❝✐❞❛❞ s❡ r❡✜❡r❡ ❛ ❧❛ ❝❧❛s❡

♥❡❣❛t✐✈❛✱ s❡❣ú♥ ❡stá ❞❡✜♥✐❞❛ ❡♥ ❧❛ s❡❝❝✐ó♥ ✷✳✸✳✶✳✶✿

Spi =
nii

n◦j
, j = 1, ..., L.

❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❞✐❝❤❛ ♠❛tr✐③ ② ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❧❛s ♠étr✐❝❛s

♠ás ✉t✐❧✐③❛❞❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ♠✉❧t✐❝❧❛s❡ s♦♥ ❧❛s s✐❣✉✐❡♥t❡s✿

Pr❡❝✐s✐ó♥✱ ❈✿ ❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❡❧ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❜✐♥❛r✐♦s ❡s ❡❧ ♣♦r❝❡♥t❛❥❡

❞❡ ♣❛tr♦♥❡s ❝♦rr❡❝t❛♠❡♥t❡ ❝❧❛s✐✜❝❛❞♦s✳ ❊s ✉♥❛ ♠❡❞✐❞❛ q✉❡ s✉❡❧❡ ❞❛rs❡

❡♥ t❛♥t♦ ♣♦r ❝✐❡♥t♦✿

C =

(

1

N

) L
∑

j=1

njj

❚❡s✐s ❉♦❝t♦r❛❧ ✷✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❈ ♣✉❡❞❡ ❡①♣r❡s❛rs❡ ❝♦♠♦ ♠❡❞✐❛ ♣♦♥❞❡r❛❞❛ ❞❡ ❧❛s s❡♥✲

s✐❜✐❧✐❞❛❞❡s✿

C =

L
∑

i=1

ni◦

N
Si, i = 1, ..., L✱ ✭✷✳✶✷✮

❞♦♥❞❡ ❧♦s ♣❡s♦s ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ✧❛ ♣r✐♦r✐✧ ❞❡ ❝❛❞❛

❝❧❛s❡✳

❊rr♦r ❝✉❛❞rát✐❝♦ ♠❡❞✐♦✱ ▼❙❊✿ ❊❧ ❡rr♦r ❝✉❛❞rát✐❝♦ ♠❡❞✐♦ ❡s ✉♥❛ ♠❡❞✐❞❛

q✉❡ ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♣r♦♠❡❞✐♦ ❞❡❧ ❡rr♦r ❝♦♠❡t✐❞♦ ♣♦r ✉♥ ❝❧❛s✐✜❝❛❞♦r ❡♥tr❡

❧♦s ✈❛❧♦r❡s ♣r❡❞✐❝❤♦s ② ❧♦s r❡❛❧❡s ✉ ♦❜s❡r✈❛❞♦s✳ ▲♦s ✈❛❧♦r❡s q✉❡ ♣✉❡❞❡ t♦✲

♠❛r ❡st❛ ♠❡❞✐❞❛ ❡stá♥ ❡♥tr❡ ✵ ❡ ∞✳ ◆♦r♠❛❧♠❡♥t❡ s❡ ✉t✐❧✐③❛ ❡♥ ♣r♦❜❧❡♠❛s

❞❡ r❡❣r❡s✐ó♥✱ ❛✉♥q✉❡ ❤❛② ❛✉t♦r❡s q✉❡ t❛♠❜✐é♥ ❧❛ ✉s❛♥ ♣❛r❛ ❝❧❛s✐✜❝❛❝✐ó♥

❬✺✻✱ ✺✼❪✳

MSE =

(

1

N

) N
∑

i=1

(

Ŷi − Yi

)2

s✐❡♥❞♦ Ŷi ❧❛ ❡t✐q✉❡t❛ ❡st✐♠❛❞❛ ♣❛r❛ ❡❧ ♣❛tró♥ i✱ ❡ Yi ❧❛ ❡t✐q✉❡t❛ r❡❛❧ ❞❡❧

♣❛tró♥ i✳

❊♥ ❝✉❛♥t♦ ❛ ❧♦s ✈❛❧♦r❡s q✉❡ ♣✉❡❞❡ t♦♠❛r ❧❛ ✈❛r✐❛❜❧❡ Ŷi ② ❧❛ ✈❛r✐❛❜❧❡ Yi✱

t❛♥t♦ ❡♥ ❡st❛ ♠étr✐❝❛ ❝♦♠♦ ❡♥ ❧❛s s✐❣✉✐❡♥t❡s q✉❡ s❡ ❡①♣♦♥❡♥ ❞❡♥tr♦ ❞❡

❡st❛ s❡❝❝✐ó♥✱ ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ✐♥t❡r♣r❡t❛❝✐ó♥ q✉❡ s❡ ❤❛❣❛ ❞❡ ❧❛✭s✮ s❛❧✐❞❛✭s✮

q✉❡ ♣r♦♣♦r❝✐♦♥❛ ❡❧ ❝❧❛s✐✜❝❛❞♦r q✉❡ ❡st❡♠♦s ❡✈❛❧✉❛♥❞♦✱ ② ❞❡ ❧♦s ✈❛❧♦r❡s

t♦♠❛❞♦s ❝♦♠♦ ✈❡r❞❛❞❡r♦s✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ♣♦s✐❜❧❡s ❞❡ ✐♥t❡r♣r❡t❛❝✐ó♥✱

❛♣❧✐❝❛❞♦s ❡♥ ❡st❡ ❝❛s♦ ❛ ❘◆❆s✱ ♣♦❞rí❛♥ s❡r ❧♦s s✐❣✉✐❡♥t❡s✿ ❡♥ ♣r✐♠❡r ❧✉❣❛r

✉♥❛ r❡❞ ♥❡✉r♦♥❛❧ ❝♦♥ ✈❛r✐❛s s❛❧✐❞❛s ✐♥t❡r♣r❡t❛❞❛s ❞❡ ♠❛♥❡r❛ ♣r♦❜❛❜✐❧íst✐✲

❝❛✱ ❞♦♥❞❡ ❡❧ ✈❛❧♦r ❞❡ ❝❛❞❛ s❛❧✐❞❛ ✐♥❞✐❝❛ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❛

✉♥❛ ❝❧❛s❡ ❞❡t❡r♠✐♥❛❞❛❀ ❡♥ s❡❣✉♥❞♦ ❧✉❣❛r ✉♥❛ r❡❞ ♥❡✉r♦♥❛❧ ❝♦♥ ✉♥❛ s♦❧❛

s❛❧✐❞❛✱ ❝♦♠♣r❡♥❞✐❞❛ ❡♥tr❡ ✵ ② ✶✱ ❞♦♥❞❡ ❧❛ ♣❡rt❡♥❡♥❝✐❛ ❛ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛

❝❧❛s❡ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ✉♥ ❝✐❡rt♦ r❛♥❣♦ ❞❡ ❡s❛ s❛❧✐❞❛❀ ② ❡♥ t❡r❝❡r ❧✉❣❛r ✉♥❛

r❡❞ ❞❡ ✈❛r✐❛s s❛❧✐❞❛s✱ ❞♦♥❞❡ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s ✐♥❞✐❝❛ ✵ ♦ ✶✱ ❞❡♣❡♥❞✐❡♥❞♦

❞❡ s✐ ✉♥ ♣❛tró♥ ♣❡rt❡♥❡❝❡ ♦ ♥♦ ❛ ✉♥❛ ❝❧❛s❡ ❞❡t❡r♠✐♥❛❞❛✳ P♦r t❛♥t♦✱ ❤❛❜rá

q✉❡ ❛❞❛♣t❛r ❧♦s ✈❛❧♦r❡s Ŷi ② ❧♦s ✈❛❧♦r❡s Ŷi✱ ❞❡ ❢♦r♠❛ q✉❡ s❡ ♣✉❡❞❛ ❛♣❧✐❝❛r

❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♠étr✐❝❛✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✷✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

❘❛í③ ❞❡❧ ❡rr♦r ❝✉❛❞rát✐❝♦ ♠❡❞✐♦✱ ❘▼❙❊✿ ▲❛ r❛í③ ❝✉❛❞r❛❞❛ ❞❡❧ ❡rr♦r ❝✉❛✲

❞rát✐❝♦ ♠❡❞✐♦✱ t❛♠❜✐é♥ ♣r♦♣♦r❝✐♦♥❛ ✉♥ ♣r♦♠❡❞✐♦ ❞❡❧ ❡rr♦r ❝♦♠❡t✐❞♦ ♣♦r

✉♥ ❝❧❛s✐✜❝❛❞♦r✳ ❙✉s ✈❛❧♦r❡s t❛♠❜✐é♥ ❡stá♥ ❡♥tr❡ ✵ ❡ ∞✳

RMSE =

√

√

√

√

(

1

N

) N
∑

i=1

(

Ŷi − Yi

)2

❊♥tr♦♣í❛ ❝r✉③❛❞❛✱ ❊✿ ▲❛ ❡♥tr♦♣í❛ ❝r✉③❛❞❛✱ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ❜❛s❛❞❛

❡♥ ❧❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣❛tr♦♥❡s ❞❡ ✉♥

❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝❧❛s❡s q✉❡ ❝♦♠♣♦♥❡♥ ✉♥ ❞❡t❡r♠✐♥❛❞♦

♣r♦❜❧❡♠❛✳ ▲♦s ✈❛❧♦r❡s q✉❡ ♣✉❡❞❡ t♦♠❛r ❡st❛ ♠❡❞✐❞❛ ❡stá♥ ❡♥tr❡ ✵ ❡ ∞✳

E = −
(

1

N

) N
∑

n=1

L
∑

l=1

y(l)n log gl(xn) ✭✷✳✶✸✮

❞♦♥❞❡ y
(l)
n ❡s ✐❣✉❛❧ ❛ ✶ s✐ ❡❧ ♣❛tró♥ n ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❧❛s❡ l✱ ② ✵ ❡♥ ❝❛s♦

❝♦♥tr❛r✐♦✱ ② ❞♦♥❞❡ gl(xn) ❡s ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ❡❧ ♣❛tró♥ n ♣❡rt❡♥❡③❝❛

❛ ❧❛ ❝❧❛s❡ l✳

●❡♥❡r❛❧✐③❡❞ ❙q✉❛r❡❞ ❈♦rr❡❧❛t✐♦♥✱ ●❈2✿ ▲❛ ❝♦rr❡❧❛❝✐ó♥ ❝✉❛❞rát✐❝❛ ❣❡♥❡✲

r❛❧✐③❛❞❛ s❡ ♣✉❡❞❡ ❝♦♥s✐❞❡r❛r ❝♦♠♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ♣❛r❛ ♣r♦❜❧❡♠❛s

♠✉❧t✐❝❧❛s❡ ❞❡❧ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛❝✐ó♥ ❞❡ ▼❛tt❤❡✇s ❬✺✽❪ ♣❛r❛ ❞♦s ❝❧❛✲

s❡s✳

GC2 =
1

N (L− 1)

L
∑

i,j=1

(nij − eij)
2

eij

❞♦♥❞❡ eij =
ni◦n◦j
N

❡s ❡❧ ♥ú♠❡r♦ ❡s♣❡r❛❞♦ ❞❡ ♣❛tr♦♥❡s ❡♥ ❧❛ ♣♦s✐❝✐ó♥ ij

❞❡ ❧❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉s✐ó♥✱ t❡♥✐❡♥❞♦ ❝♦♠♦ ❤✐♣ót❡s✐s q✉❡ ❧❛s ❛s✐❣♥❛❝✐♦♥❡s

② ❧❛s ♣r❡❞✐❝❝✐♦♥❡s s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

▼❛❝r♦✲❆✈❡r❛❣❡✱ ▼❆❱●✿ ▲❛ ♠❛❝r♦✲♠❡❞✐❛ s❡ ❞❡✜♥❡ ❝♦♠♦ ❧❛ ♠❡❞✐❛ ❞❡ ❧❛s

s❡♥s✐❜✐❧✐❞❛❞❡s ❞❡ ❝❛❞❛ ❝❧❛s❡✱ s✐♥ ❝♦♥s✐❞❡r❛r ❧❛ ❞❡s✈✐❛❝✐ó♥ tí♣✐❝❛✳ ❉❛ ❧❛

♠✐s♠❛ ✐♠♣♦rt❛♥❝✐❛ ♦ ♣❡s♦ ❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❝❧❛s❡s ❞❡ ✉♥ ♣r♦❜❧❡♠❛✳

MAVG =
1

L

L
∑

i=1

Si

❚❡s✐s ❉♦❝t♦r❛❧ ✸✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

✷✳✸✳✷✳ ❚❡sts ❡st❛❞íst✐❝♦s ♣❛r❛ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❛❧❣♦r✐t♠♦s

❊❧ t❡st ❞❡ ❋r✐❡❞♠❛♥ ❬✺✾❪ ❡s ✉♥ t❡st ♥♦ ♣❛r❛♠étr✐❝♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ❧❛s

✏❘❡♣✐t❡❞✲▼❡❛s✉r❡s✑ ❆◆❖❱❆✳ ❊st❡ t❡st ❡❧❛❜♦r❛ ✉♥ ✧r❛♥❦✐♥❣✧ ❞❡ ❛❧❣♦r✐t♠♦s

♣❛r❛ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ❞❡ ❢♦r♠❛ s❡♣❛r❛❞❛✱ ❛❧ ♠❡❥♦r ❛❧❣♦r✐t♠♦ s❡ ❧❡ ❛s✐❣♥❛

❡❧ ✧r❛♥❦✐♥❣✧ ✶✱ ❛❧ s❡❣✉♥❞♦ ♠❡❥♦r ❛❧❣♦r✐t♠♦ s❡ ❧❡ ❛s✐❣♥❛ ❡❧ ✧r❛♥❦✐♥❣✧ ✷ ② ❛sí

s✉❝❡s✐✈❛♠❡♥t❡✳ ❊♥ ❝❛s♦ ❞❡ ❡♠♣❛t❡ s❡ ❧❡ ❛s✐❣♥❛ ❧❛ ♠❡❞✐❛ ❞❡ ❧♦s ✧r❛♥❦✐♥❣s✧

✭❊❥❡♠♣❧♦ s✐ ❞♦s ❛❧❣♦r✐t♠♦s ❡stá♥ ❡♠♣❛t❛❞♦s ❡♥ ❡❧ s❡❣✉♥❞♦ ❧✉❣❛r ❡♥t♦♥❝❡s s❡

❧❡s ❛s✐❣♥❛ ❛ ❛♠❜♦s ✉♥ ✈❛❧♦r ❞❡ ✧r❛♥❦✐♥❣✧ ✐❣✉❛❧ ❛ ✷✳✺ ♣r♦❞✉❝t♦ ❞❡ ❝❛❧❝✉❧❛r ❡❧

♣r♦♠❡❞✐♦ ❞❡ ✷ ② ✸✮✳

❙❡❛ rji ❡❧ ✧r❛♥❦✐♥❣✧ ❞❡❧ ❥✲és✐♠♦ ❛❧❣♦r✐t♠♦ ❞❡♥tr♦ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❦ ❛❧❣♦✲

r✐t♠♦s✱ ❛❧ s❡r ❛♣❧✐❝❛❞♦ s♦❜r❡ ❧❛ ✐✲és✐♠❛ ❜❛s❡ ❞❡ ❞❛t♦s ❞❡♥tr♦ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡

◆ ❜❛s❡s ❞❡ ❞❛t♦s✳ ❊❧ t❡st ❞❡ ❋r✐❡❞♠❛♥ ❬✺✾❪ ❝♦♠♣❛r❛ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ❧♦s r❛♥❦✐♥❣s

❞❡ ❧♦s ❛❧❣♦r✐t♠♦s✱ Rj = 1
N

∑

i r
j
i ② ❡st❛❜❧❡❝❡ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ ✐♥❞✐❝❛♥❞♦ q✉❡

t♦❞♦s ❧♦s ❛❧❣♦r✐t♠♦s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ② ♣♦r ❡♥❞❡ s✉s ✧r❛♥❦✐♥❣s✧ Rj ❞❡❜❡♥ s❡r

✐❣✉❛❧❡s✳ ❊❧ t❡st ❞❡ ❋r✐❡❞♠❛♥ ✉t✐❧✐③❛ ✉♥ ❡st❛❞íst✐❝♦ q✉❡ s✐❣✉❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥

χ2
F ❝♦♥ ❦✲✶ ❣r❛❞♦s ❞❡ ❧✐❜❡rt❛❞❀ ♣❛r❛ ❝✉❛♥❞♦ ◆ ❃ ✶✵ ❛♥❞ ❦ ❃ ✺ ❡❧ ❡st❛❞íst✐❝♦ s❡

❝❛❧❝✉❧❛ ❝♦♠♦✿

χ2
F =

12n

k(k + 1)
[
∑

j

R2
j −

k(k + 1)2

4
] ✭✷✳✶✹✮

❊❧ ❡st❛❞íst✐❝♦ ❞❡ ❋r✐❡❞♠❛♥ ♣♦s❡❡ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ♥♦ ❞❡s❡❛❞❛ ❞❡ s❡r ❝♦♥✲

s❡r✈❛t✐✈❛ ♣♦r ❧♦ q✉❡ ■♠❛♥ ② ❉❛✈❡♥♣♦rt ✭✶✾✽✵✮ ♣r♦♣♦♥❡♥ ✉♥ ♠❡❥♦r ❡st❛❞íst✐❝♦

❡♥ tér♠✐♥♦s ❞❡ χ2
F ✿

FF =
(N − 1)χ2

F

N(k − 1)− χ2
F

✭✷✳✶✺✮

❡❧ ❝✉❛❧ s❡ ❞✐str✐❜✉②❡ s✐❣✉✐❡♥❞♦ ✉♥❛ ❋✲❞✐str✐❜✉❝✐ó♥ ❝♦♥ ❦✲✶ ② ✭❦✲✶✮✭◆✲✶✮ ❣r❛❞♦s

❞❡ ❧✐❜❡rt❛❞✳

❊♥ ❝❛s♦ ❞❡ q✉❡ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ s❡ r❡❝❤❛❝❡✱ ♥♦ s❡ ♣✉❡❞❡ ❛✜r♠❛r q✉❡

❡①✐st❛♥ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s ❡♥tr❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣♦r ❧♦ q✉❡ s❡ ♣r♦❝❡❞❡

❡❢❡❝t✉❛r ❧❛ ♣r✉❡❜❛ ❞❡ ◆❡♠❡♥②✐ ✧♣♦st✲❤♦❝✧ ❬✻✵❪✳ ❊st❛ ♣r✉❡❜❛ ❝♦♠♣❛r❛ ❝❛❞❛ ♣❛r

❞❡ ❛❧❣♦r✐t♠♦s ❡♥tr❡ sí✱ ❞❡✜♥✐❡♥❞♦ q✉❡ ❞♦s ❛❧❣♦r✐t♠♦s s♦♥ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✸✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

❞✐❢❡r❡♥t❡s s✐ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ s✉s r❛♥❦✐♥❣s ❛♥t❡ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ❞✐✜❡r❡♥ ❡♥

❛❧♠❡♥♦s ❡♥✿

CD = qα

√

k(k + 1)

6N
✭✷✳✶✻✮

❞♦♥❞❡ ❧♦s ✈❛❧♦r❡s ❝rít✐❝♦s qα s❡ ❞❡t❡r♠✐♥❛♥ ❛ ♣❛rt✐r ❞❡❧ ❡st❛❞ít✐❝♦ ❞❡ r❛♥❣♦

t✐♣✐✜❝❛❞♦ ❞✐✈✐❞✐❞♦ ♣♦r
√
2✳

❈✉❛♥❞♦ t♦❞♦s ❧♦s ❝❧❛s✐✜❝❛❞♦r❡s s❡ ❝♦♠♣❛r❛♥ ❝♦♥ ✉♥ ❝❧❛s✐✜❝❛❞♦r ❞❡ ❝♦♥✲

tr♦❧✱ ♣♦❞❡♠♦s ❡♥ ❧✉❣❛r ❞❡ ❧❛ ♣r✉❡❜❛ ◆❡♠❡♥②✐ ❬✻✵❪ ✉t✐❧✐③❛r ✉♥♦ ❞❡ ❧♦s ♣r♦❝❡✲

❞✐♠✐❡♥t♦s ❣❡♥❡r❛❧❡s ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡❧ ❡rr♦r ✏❢❛♠✐❧②✲✇✐s❡✑ ❡♥ ❧❛s ♣r✉❡❜❛s ❞❡

❤✐♣ót❡s✐s ♠ú❧t✐♣❧❡✱ t❛❧❡s ❝♦♠♦ ❧❛ ❝♦rr❡❝❝✐ó♥ ❞❡ ❇♦♥❢❡rr♦♥✐ ♦ ♣r♦❝❡❞✐♠✐❡♥t♦s s✐✲

♠✐❧❛r❡s✳ ❆✉♥q✉❡ ❡st♦s ♠ét♦❞♦s s♦♥ ❣❡♥❡r❛❧♠❡♥t❡ ❝♦♥s❡r✈❛❞♦r❡s ② ♣✉❡❞❡♥ t❡♥❡r

♣♦❝♦ ♣♦❞❡r✱ ❡❧❧♦s s♦♥ ❡♥ ❡st❡ ❝❛s♦✱ ♠ás ♣♦❞❡r♦s♦s q✉❡ ❡❧ t❡st ❞❡ ◆❡♠❡♥②✐ ❬✻✵❪✳

❊❧ ✉s♦ ❞❡ ❧❛ ❝♦rr❡❝❝✐ó♥ ❞❡ ❇♦♥❢❡rr♦♥✐ r❡❛❧✐③❛ ❞❡ k × (k − 1)/2✱ ♠✐❡♥tr❛s q✉❡

❝✉❛♥❞♦ ❧❛s ❝♦♠♣❛r❛❝✐♦♥❡s ❡♥ ❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ✉♥ ❝♦♥tr♦❧ ✭t❡st ❞❡ ◆❡♠❡♥②✐

❬✻✵❪✮ s❡ r❡❛❧✐③❛♥ s♦❧♦ k− 1 ❝♦♠♣❛r❛❝✐♦♥❡s✳ ❊❧ t❡st ❡st❛❞íst✐❝♦ ♣❛r❛ ❝♦♠♣❛r❛r ❡❧

i− simo ② ❡❧ j − simo ❝❧❛s✐✜❝❛❞♦r ✉t✐❧✐③❛ ❡❧ ✈❛❧♦r ❞❡ ③✳

z = (Ri −Rj)

√

k(k + 1)

6N
✭✷✳✶✼✮

❊❧ ✈❛❧♦r ❞❡ ③ s❡ ❝♦♠♣❛r❛ ❝♦♥ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧❛ t❛❜❧❛

❞❡ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧✱ ❝♦♥ ✉♥ ✈❛❧♦r ❞❡ α ❛♣r♦♣✐❛❞♦✳

P❛r❛ ❝♦♥tr❛st❛r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❇♦♥❢❡rr♦♥✐✲❉✉♥♥ ♣❛s♦ ❛ ♣❛s♦ ✭✏s✐♥❣❧❡✲

st❡♣✑✮ s❡ ❡st❛❜❧❡❝❡♥ ♣r♦❝❡❞✐♠✐❡♥t♦s q✉❡ ❛♥❛❧✐③❛♥ ❡❧ ♣✲✈❛❧♦r r❡s✉❧t❛♥t❡ ❞❡ ❝♦♠✲

♣❛r❛r ❝❛❞❛ ❛❧❣♦r✐t♠♦ r❡s♣❡❝t♦ ❛ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦♥tr♦❧✳ ❊♥ ✶✾✼✾ ❍♦❧♠ ❬✶❪

♣r♦♣♦♥❡ ✉♥ ❛❧❣♦r✐t♠♦ q✉❡ ❛♥❛❧✐③❛ ❧♦s ♣✲✈❛❧♦r❡s ♦r❞❡♥❛❞♦s ✭p1 ≤ p2 ≤ · · · ≤
pk−1✮ ❝♦♠♣❛r❛♥❞♦ ❝❛❞❛ pi ❝♦♥ α/(k − i)✳ ❊♥ ♣r✐♠❡r ❧✉❣❛r✱ s❡ ❝♦♠♣r✉❡❜❛ q✉❡

p1 ≤ α/(k − 1) ❡♥ ❝❛s♦ ♣♦s✐t✐✈♦ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ s❡ r❡❝❤❛③❛ ② s❡ ❝♦♥❝❧✉②❡

❡♥ q✉❡ ❡①✐st❡♥ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s ❡♥tr❡ ❡❧ ❛❧❣♦r✐t♠♦ ❝✉②♦ ♣✲✈❛❧♦r ❡s p1

② ❛sí s✉❝❡s✐✈❛♠❡♥t❡✳ ❊♥ ❝❛s♦ ❞❡ q✉❡ ✉♥ ♣✲✈❛❧♦r pm ♥♦ ❝✉♠♣❧❛ ❧❛ ❞❡s✐❣✉❛❧❞❛❞

pm ≤ α/(k −m) s❡ ❛❝❡♣t❛ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ ② s❡ ❞❡t✐❡♥❡ ❡❧ ❛❧❣♦r✐t♠♦ ❝♦♥❝❧✉✲

❚❡s✐s ❉♦❝t♦r❛❧ ✸✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

②❡♥❞♦ q✉❡ ❧♦s ❛❧❣♦r✐t♠♦s pm, pm+1, . . . , pk−1 ♥♦ ♣♦s❡❡♥ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s

❝♦♥ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦♥tr♦❧✳

❖tr❛ ♣r✉❡❜❛ ❡st❛❞íst✐❝❛ ✉t✐❧✐③❛❞❛ ❡♥ ❡❧ ❝✉❡r♣♦ ❞❡ ❧❛ t❡s✐s ❡s ❡❧ ✏t❡st ❞❡

❑r✉s❦❛❧✲❲❛❧❧✐s✑ ✭❞❡ ❲✐❧❧✐❛♠ ❑r✉s❦❛❧ ② ❲✳ ❆❧❧❡♥ ❲❛❧❧✐s✮ ❡s ✉♥ ♠ét♦❞♦ ♥♦ ♣❛✲

r❛♠étr✐❝♦ ♣❛r❛ ♣r♦❜❛r s✐ ✉♥ ❣r✉♣♦ ❞❡ ❞❛t♦s ♣r♦✈✐❡♥❡ ❞❡ ❧❛ ♠✐s♠❛ ♣♦❜❧❛❝✐ó♥✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ ❡s ✐❞é♥t✐❝♦ ❛❧ ❆◆❖❱❆ ❝♦♥ ❧♦s ❞❛t♦s r❡❡♠♣❧❛③❛❞♦s ♣♦r ❝❛t❡❣♦✲

rí❛s✳ ❊s ✉♥❛ ❡①t❡♥s✐ó♥ ❞❡❧ ✧▼❛♥♥✲❲❤✐t♥❡② ❯ t❡st✧ ♣❛r❛ ✸ ♦ ♠ás ❣r✉♣♦s✳

❨❛ q✉❡ ❡s ✉♥❛ ♣r✉❡❜❛ ♥♦ ♣❛r❛♠étr✐❝❛✱ ❧❛ ♣r✉❡❜❛ ❞❡ ❑r✉s❦❛❧✲❲❛❧❧✐s ♥♦

❛s✉♠❡ ♥♦r♠❛❧✐❞❛❞ ❡♥ ❧♦s ❞❛t♦s✱ ❡♥ ♦♣♦s✐❝✐ó♥ ❛❧ tr❛❞✐❝✐♦♥❛❧ ❆◆❖❱❆✳ ❙í ❛s✉♠❡✱

❜❛❥♦ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛✱ q✉❡ ❧♦s ❞❛t♦s ✈✐❡♥❡♥ ❞❡ ❧❛ ♠✐s♠❛ ❞✐str✐❜✉❝✐ó♥✳ ❯♥❛

❢♦r♠❛ ❝♦♠ú♥ ❡♥ q✉❡ s❡ ✈✐♦❧❛ ❡st❡ s✉♣✉❡st♦ ❡s ❝♦♥ ❞❛t♦s ❤❡t❡r♦❝❡❞ást✐❝♦s✳

✶✳ ❙❡ ❝❛❧❝✉❧❛ ❡❧ ❡st❛❞íst✐❝♦ K✿ ❞♦♥❞❡✿

ni ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s ❡♥ ❡❧ ❣r✉♣♦ ✐✳

rij ❡s ❡❧ r❛♥❣♦ ✭❡♥tr❡ t♦❞❛s ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s✮ ❞❡ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ❥ ❡♥

❡❧ ❣r✉♣♦ ✐✳

N ❡s ❡❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s ❡♥tr❡ t♦❞♦s ❧♦s ❣r✉♣♦s✳

ri =
∑ni

j=1 rij
ni

❡s ❡❧ ♣r♦♠❡❞✐♦ ❞❡❧ ❣r✉♣♦ i✳

r ❡s ❡❧ ♣r♦♠❡❞✐♦ ❞❡ t♦❞♦s ❧♦s ❣r✉♣♦s✳

◆♦t❡ q✉❡ ❡❧ ❞❡♥♦♠✐♥❛❞♦r ❞❡ ❧❛ ❡①♣r❡s✐ó♥ ♣❛r❛ ❑ ❡s ❡①❛❝t❛♠❡♥t❡
(N−1)N(N+1)

12 ✳

▲✉❡❣♦✿ K = 12
N(N+1)

∑g
i=1 ni(r − ri)

2

✷✳ ❙❡ ♣✉❡❞❡ r❡❛❧✐③❛r ✉♥❛ ❝♦rr❡❝❝✐ó♥ ♣❛r❛ ❧♦s ✈❛❧♦r❡s r❡♣❡t✐❞♦s ❞✐✈✐❞✐❡♥❞♦ ❑

♣♦r 1 −
∑G

i=1 t
3
i−ti

N3−N
❞♦♥❞❡ ● ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❣r✉♣♦s ❞❡ ❞✐❢❡r❡♥t❡s r❛♥❣♦s

r❡♣❡t✐❞♦s✱ ② ti ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s r❡♣❡t✐❞❛s ❞❡♥tr♦ ❞❡❧ ❣r✉✲

♣♦ ✐ q✉❡ t✐❡♥❡ ♦❜s❡r✈❛❝✐♦♥❡s r❡♣❡t✐❞❛s ♣❛r❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ✈❛❧♦r✳ ❊st❛

❝♦rr❡❝❝✐ó♥ ❤❛❝❡ ❝❛♠❜✐❛r ❛ ❑ ♠✉② ♣♦❝♦ ❛❧ ♠❡♥♦s q✉❡ ❡①✐st❛♥ ✉♥ ❣r❛♥

♥ú♠❡r♦ ❞❡ ♦❜s❡r✈❛❝✐♦♥❡s r❡♣❡t✐❞❛s✳

✸✳ ❋✐♥❛❧♠❡♥t❡✱ ❡❧ ♣✲✈❛❧♦r ❡s ❛♣r♦①✐♠❛❞♦ ♣♦r Pr(χ2 ≥ K) ❙✐ ❛❧❣ú♥ ni ❡s

♣❡q✉❡ñ♦ ✭❁ ✺✮ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❑ ♣✉❡❞❡ s❡r ❞✐st✐♥t❛ ❞❡ ❧❛ ❝❤✐✲❝✉❛❞r❛❞♦✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✸✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✸✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ♣❛r❛ ❈❧❛s✐✜❝❛❝✐ó♥

❖tr❛ ♣r✉❡❜❛ ✉t✐❧✐③❛❞❛ ❢✉❡ ❡❧ ✏❲✐❧❝♦①♦♥ s✐❣♥❡❞✲r❛♥❦s t❡st✑ ❬✻✶❪✱ ❡s ✉♥ t❡st

♥♦ ♣❛r❛♠étr✐❝♦ ❛❧t❡r♥❛t✐✈♦ ❛❧ ✏t✲t❡st✑ ♣❛r❛ ♣❛r❡s ❞❡ ♠✉❡str❛s✳ ❊st❡ t❡st ❝r❡❛ ✉♥

✧r❛♥❦✐♥❣✧ ❞❡ ❞✐❢❡r❡♥❝✐❛s ✭s❡❣ú♥ s❡❛ ❧❛ ♠étr✐❝❛✮ ❡♥tr❡ ✷ ❝❧❛s✐✜❝❛❞♦r❡s s♦❜r❡ ❝❛❞❛

❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s✱ ✐❣♥♦r❛♥❞♦ ❧♦s s✐❣♥♦s✱ ② ❝♦♠♣❛r❛ ❧♦s r❛♥❦✐♥❣s ♣❛r❛ ❝❛❧❝✉❧❛r

❧❛s ❞✐❢❡r❡♥❝✐❛s ♣♦s✐t✐✈❛s ② ♥❡❣❛t✐✈❛s✳

❙❡❛ di ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ✏♣❡r❢♦r♠❛♥❝❡ s❝♦r❡s✑ ❞❡ ❞♦s ❝❧❛s✐✜❝❛❞♦r❡s s♦❜r❡

❧❛ i✲és✐♠❛ ❜❛s❡ ❞❡ ❞❛t♦s ❞❡♥tr♦ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ◆✳ P♦st❡r✐♦r♠❡♥t❡ s❡ ♦r❞❡♥❛♥

❧❛s ❞✐❢❡r❡♥❝✐❛s r❡s♣❡❝t♦ ❛ s✉ ✈❛❧♦r ❛❜s♦❧✉t♦ ② s❡ ❧❡s ❛s✐❣♥❛ ✉♥ ✈❛❧♦r ❞❡ ✧r❛♥❦✐♥❣✧

❞❡ ❛❝✉❡r❞♦ ❛ s✉ ✈❛❧♦r ❛❜s♦❧✉t♦✱ ❡♥ ❝❛s♦ ❞❡ ❡♠♣❛t❡s s❡ ❛s✐❣♥❛ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ❧♦s

✧r❛♥❦✐♥❣s✧ ❞❡ ❧♦s ❝❧❛s✐✜❝❛❞♦r❡s q✉❡ ❡stá♥ ❡♠♣❛t❛❞♦s✳ ❙❡❛ R+ ❧❛ s✉♠❛ ❞❡ ❧♦s

r❛♥❦✐♥❣s ♣❛r❛ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s ❡♥ ❧❛s ❝✉❛❧❡s ❡❧ s❡❣✉♥❞♦ ❛❧❣♦r✐t♠♦ s♦❜r❡♣❛s❛

❛❧ ♣r✐♠❡r♦✳ ❙❡❛ R− ❧❛ s✉♠❛ ❞❡ ❧♦s r❛♥❦✐♥❣s ❞❡ ❢♦r♠❛ ♦♣✉❡st❛✳ ▲♦s r❛♥❦✐♥❣s

❝♦♥ di ❂ ✵ s♦♥ ❞✐✈✐❞✐❞♦s ❡♥ ✷ s✉❜❣r✉♣♦s✱ s✐ ❧❛ ❝❛♥t✐❞❛❞ ❡s ✐♠♣❛r✱ s❡ ✐❣♥♦r❛ ✉♥♦

❞❡ ❡❧❧♦s✳

R+ =
∑

di>0

rank(di) +
1

2

∑

di=0

rank(di) ✭✷✳✶✽✮

R− =
∑

di<0

rank(di) +
1

2

∑

di=0

rank(di) ✭✷✳✶✾✮

❙❡❛ ❚ ❂ min(R+, R−)✱ ❡♥t♦♥❝❡s ❡❧ ❡st❛❞íst✐❝♦ ✿

z =
T − 1

4N(N + 1)
√

1
24N(N + 1)(2N + 1)

✭✷✳✷✵✮

s❡ ❞✐str✐❜✉②❡ ♥♦r♠❛❧♠❡♥t❡✳ ❈♦♥ α ❂ ✵✳✵✺ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ s❡ r❡❝❤❛③❛ ❝✉❛♥❞♦

z < −1.86✳

z =
T − 1

4N(N + 1)
1
24N(N + 1)(2N + 1)

✭✷✳✷✶✮

❚❡s✐s ❉♦❝t♦r❛❧ ✸✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

✷✳✹✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

✷✳✹✳✶✳ ▼ét♦❞♦s ❞❡ ❊♥tr❡♥❛♠✐❡♥t♦

❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ❡①♣♦♥❡ ❜r❡✈❡♠❡♥t❡ ✉♥❛ ✈✐s✐ó♥ ❣❧♦❜❛❧ ❞❡ ❧♦s ♠ét♦❞♦s

❝❧ás✐❝♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘◆❆s✱ ② ❞❡ ❧♦s

♠ét♦❞♦s q✉❡ ✐♥❝♦r♣♦r❛♥ ❛❧❣ú♥ t✐♣♦ ❞❡ ❤❡✉ríst✐❝❛ ♦ té❝♥✐❝❛ ♣❛r❛ ♠❡❥♦r❛r ❡❧

❛♣r❡♥❞✐③❛❥❡ ❬✻✷❪✳

✷✳✹✳✶✳✶✳ ▼ét♦❞♦s ❝❧ás✐❝♦s

▲❛ ♠❛②♦rí❛ ❞❡ ❧♦s ♠ét♦❞♦s ❝❧ás✐❝♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡

❘◆❆s t✐❡♥❡♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ q✉❡ ♣✉❡❞❡♥ ❧❧❡❣❛r ❛ ❡st❛♥❝❛rs❡ ❡♥ ✉♥❛ s♦❧✉❝✐ó♥

q✉❡ ♥♦ s❡❛ ❧♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ✐❞ó♥❡❛ ♣❛r❛ ❡❧ ♣r♦❜❧❡♠❛ q✉❡ s❡ ❡sté ✐♥t❡♥t❛♥❞♦

r❡s♦❧✈❡r✳ ▲♦s ♠ét♦❞♦s ♠ás ❝♦♠✉♥❡s s♦♥✿

▼ét♦❞♦s ❝♦♥str✉❝t✐✈♦s✿ ▲♦s ♠ét♦❞♦s ❝♦♥str✉❝t✐✈♦s ❝♦♠✐❡♥③❛♥ ❝♦♥ ✉♥❛ r❡❞

♠í♥✐♠❛ ② ✈❛♥ ❛ñ❛❞✐❡♥❞♦ ♥♦❞♦s ② ❝♦♥❡①✐♦♥❡s ❤❛st❛ q✉❡ ést❛ ❡s ❝❛♣❛③ ❞❡

r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ♣❧❛♥t❡❛❞♦ ❝♦♥ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ♣r❡❝✐s✐ó♥✳ ▲♦ q✉❡ s❡

❤❛❝❡ ❡s ❛❞❛♣t❛r ❡❧ t❛♠❛ñ♦ ❞❡ ❧❛ r❡❞ ❛❧ ♣r♦❜❧❡♠❛ ❡♥ ❝✉❡st✐ó♥✱ t❡♥✐❡♥❞♦ ❧❛

✈❡♥t❛❥❛ ❞❡ q✉❡ ♥♦ s❡ ♥❡❝❡s✐t❛ ❤❛❝❡r ✉♥❛ ❡st✐♠❛❝✐ó♥ ✏❛ ♣r✐♦r✐✑ ❞❡❧ t❛♠❛ñ♦

❞❡ ❧❛ ♠✐s♠❛✱ ♣❡r♦ s❡ ♥❡❝❡s✐t❛ ✉♥ ❡①♣❡rt♦ ❝♦♥ s✉✜❝✐❡♥t❡ ❡①♣❡r✐❡♥❝✐❛ ② ✉♥

♣r♦❝❡s♦ ❞❡ ♣r✉❡❜❛ ② ❡rr♦r ❬✻✸✱ ✻✹❪✳ ❊st❡ t✐♣♦ ❞❡ ♠ét♦❞♦s s♦♥ s✉s❝❡♣t✐✲

❜❧❡s ❞❡ ❝❛❡r ❡♥ ♠í♥✐♠♦s ❧♦❝❛❧❡s ❬✸❪✱ ❛❞❡♠ás ❞❡ q✉❡ s♦❧♦ ♣✉❡❞❡♥ ❧❧❡✈❛r ❛

❝❛❜♦ ❧❛ ❜úsq✉❡❞❛ ❡♥ s✉❜❝♦♥❥✉♥t♦s r❡❞✉❝✐❞♦s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ♣♦s✐❜❧❡s

t♦♣♦❧♦❣í❛s✳

▼ét♦❞♦s ❞❡str✉❝t✐✈♦s ♦ ❞❡ ♣♦❞❛✿ ▲♦s ♠ét♦❞♦s ❞❡str✉❝t✐✈♦s ♦ ❞❡ ♣♦❞❛ ❬✻✺✱

✻✻❪ ♣❛rt❡♥ ❞❡ ✉♥❛ r❡❞ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✭✐♥✐❝✐❛❧♠❡♥t❡ ♣✉❡❞❡ s♦❜r❡✲

❡♥tr❡♥❛r ② s❡r ❞❡♠❛s✐❛❞♦ ❝♦♠♣❧❡❥❛✮✱ ② s✉❝❡s✐✈❛♠❡♥t❡ s❡ ✈❛♥ ❡❧✐♠✐♥❛♥❞♦

♥♦❞♦s ② ❝♦♥❡①✐♦♥❡s ❤❛st❛ ❧❧❡❣❛r ❛ ✉♥❛ t♦♣♦❧♦❣í❛ ❡♥ ❧❛ q✉❡ ❧❛ ❡❧✐♠✐♥❛❝✐ó♥

❞❡ ✉♥ ♥♦❞♦ ♥♦ ♠❡❥♦r❡ ❧♦s r❡s✉❧t❛❞♦s✳ ▲❛ ✈❡♥t❛❥❛ ❞❡ ❡st♦s ♠ét♦❞♦s ❡s

q✉❡ ❧❛s r❡❞❡s q✉❡ s❡ ♦❜t✐❡♥❡♥ s♦♥ ♣❡q✉❡ñ❛s ② ♣♦r ❧♦ t❛♥t♦ ♠ás ❢á❝✐❧❡s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✸✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✹✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

❞❡ ✐♠♣❧❡♠❡♥t❛r ② ❡♥tr❡♥❛r✳ ❉❡ ♥✉❡✈♦✱ ❡s ♣r✐♠♦r❞✐❛❧ ❧❛ ❡①♣❡r✐❡♥❝✐❛ ❞❡❧

❞✐s❡ñ❛❞♦r✱ ② s❡ ♥❡❝❡s✐t❛ ✉♥ ♣r♦❝❡s♦ ❞❡ ♣r✉❡❜❛ ② ❡rr♦r✳

▼ét♦❞♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡✿ ❊❧ ❛❧❣♦r✐t♠♦ ❞❡ r❡tr♦♣r♦♣❛❣❛❝✐ó♥ ✭❇❛❝❦✲

Pr♦♣❛❣❛t✐♦♥✱ ❇P✮ ❬✻✼❪ ② s✉s ♠ú❧t✐♣❧❡s ✈❛r✐❛♥t❡s ❬✻✽✱ ✻✾✱ ✻✼❪ ✭✈❡r s✐❣✉✐❡♥t❡

s❡❝❝✐ó♥✮ ❡s ✉♥♦ ❞❡ ❧♦s ♠ás ❝❛r✐s♠át✐❝♦s ② ✉t✐❧✐③❛❞♦s ❞❡♥tr♦ ❞❡ ❧♦s ♠ét♦✲

❞♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡✳ ❊st❡ t✐♣♦ ❞❡ ♠❡t♦❞♦❧♦❣í❛s t✐❡♥❡ ❝♦♠♦ ♣r✐♥❝✐♣❛❧

✐♥❝♦♥✈❡♥✐❡♥t❡ ❡❧ ♣♦❞❡r ❝❛❡r ❡♥ ó♣t✐♠♦s ❧♦❝❛❧❡s ② q✉❡❞❛r ❡st❛♥❝❛❞♦ ❡❧ ♣r♦✲

❝❡s♦ ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ♣♦r ❧♦ q✉❡ ❡s ♥❡❝❡s❛r✐♦ ❡st❛❜❧❡❝❡r ❞❡ ❛♥t❡♠❛♥♦ ✉♥❛

s❡r✐❡ ❞❡ ♣❛rá♠❡tr♦s✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❧❛ t❛s❛ ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ❧❛ ✐♥✐❝✐❛✲

❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s ✭✐♥✢✉②❡ ❡♥ ❧❛ r❛♣✐❞❡③ ❞❡❧ ❛♣r❡♥❞✐③❛❥❡ ② ❡♥ ❡❧ q✉❡ s❡

❛❧❝❛♥❝❡ ♦ ♥♦ ❡❧ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r✮✱ ❡❧ ♥ú♠❡r♦ ❞❡ ❝❛♣❛s

♦❝✉❧t❛s ② ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ❡♥ ❝❛❞❛ ❝❛♣❛✱ ❡♥tr❡ ♦tr♦s✳

▲♦s ❛❧❣♦r✐t♠♦s ❝❧ás✐❝♦s s✉❡❧❡♥ ♣r❡s❡♥t❛r ✉♥❛ s❡r✐❡ ❞❡ ♣r♦❜❧❡♠❛s ❬✸✱ ✷❪✿

✶✳ ■♠♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❝❛❧❝✉❧❛r ❡❧ ❣r❛❞✐❡♥t❡ ❝✉❛♥❞♦ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛❝t✐✈❛❝✐ó♥ ♥♦

❡s ❞❡r✐✈❛❜❧❡✳

✷✳ ■♥❝❛♣❛❝✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥ ♠í♥✐♠♦ ❣❧♦❜❛❧ s✐ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ❡s

♠✉❧t✐♠♦❞❛❧ ②✴♦ ♥♦ ❞✐❢❡r❡♥❝✐❛❜❧❡✳

✸✳ ❆✉s❡♥❝✐❛ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❝❧ás✐❝♦s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦

❝✉❛♥❞♦ ❡❧ ♥ú♠❡r♦ ❞❡ ❞í❣✐t♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡♣r❡s❡♥t❛r ❧❛ ❢✉♥❝✐ó♥ ❞❡

❛❝t✐✈❛❝✐ó♥ ♦ ❧♦s ♣❡s♦s ❞❡ ❧❛ r❡❞ ✭♣r❡❝✐s✐ó♥✮ ♥♦ ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

✹✳ ❚❡♥❞❡♥❝✐❛✱ ♣♦r ♣❛rt❡ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✱ ❛ ♦❜t❡♥❡r ❡①✲

❝❡s✐✈❛s s♦❧✉❝✐♦♥❡s ♥♦ ó♣t✐♠❛s ❡♥ ❝❛❞❛ ❡❥❡❝✉❝✐ó♥✳

✺✳ ❊♥ ❣❡♥❡r❛❧✱ ❧♦s ♠ét♦❞♦s ❝♦♥str✉❝t✐✈♦s ② ❞❡str✉❝t✐✈♦s ❧✐♠✐t❛♥ ❧❛s ❛rq✉✐t❡❝✲

t✉r❛s ❞✐s♣♦♥✐❜❧❡s✳ ❊♥ ❛❧❣✉♥♦s ❞❡ ést♦s ♠ét♦❞♦s✱ ✉♥❛ ✈❡③ s❡ ❤❛ ❡①♣❧♦r❛❞♦

✉♥❛ ❛rq✉✐t❡❝t✉r❛ ② s❡ ❤❛ ❞❡❝✐❞✐❞♦ q✉❡ ❡s ✐♥s✉✜❝✐❡♥t❡✱ s❡ ❛❞♦♣t❛ ✉♥❛ ♥✉❡✈❛

❛rq✉✐t❡❝t✉r❛✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❧❛s ❛♥t✐❣✉❛s ❛rq✉✐t❡❝t✉r❛s s❡ ❝♦♥✈✐❡rt❡♥ ❡♥

✐♥❛❧❝❛♥③❛❜❧❡s✳ ❆❞❡♠ás✱ ❧♦s ❛❧❣♦r✐t♠♦s ❝♦♥str✉❝t✐✈♦s ② ❞❡str✉❝t✐✈♦s ❜❛s❛♥

s✉ ❡st✉❞✐♦ ❡♥ s✉❜❝♦♥❥✉♥t♦s t♦♣♦❧ó❣✐❝♦s✱ ❡♥ ❧✉❣❛r ❞❡ ❜❛s❛rs❡ ❡♥ ❧❛ ❝❧❛s❡

❝♦♠♣❧❡t❛ ❞❡ ❧❛s ❛rq✉✐t❡❝t✉r❛s ❞❡ r❡❞✳ ❊♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ❡st♦s ❛❧❣♦r✐t♠♦s

❚❡s✐s ❉♦❝t♦r❛❧ ✸✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

t✐❡♥❞❡♥ ❛ ♦♣t✐♠✐③❛r ✉♥❛ ❝❧❛s❡ ❞❡ ❛rq✉✐t❡❝t✉r❛ ❡♥ ❧✉❣❛r ❞❡ ❛❥✉st❛r ✉♥❛

❛rq✉✐t❡❝t✉r❛ ❛♣r♦♣✐❛❞❛ ♣❛r❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❡t❡r♠✐♥❛❞♦✳

✻✳ ▲❛s ❞❡✜❝✐❡♥❝✐❛s ❞❡ ❧♦s ♠ét♦❞♦s ❝♦♥str✉❝t✐✈♦s ② ❞❡str✉❝t✐✈♦s s❡ ❞❡r✐✈❛♥ ❞❡

♠ét♦❞♦s ✐♥❛❞❡❝✉❛❞♦s ♣❛r❛ ❧❛ ❛s✐❣♥❛❝✐ó♥ ❞❡ ❧♦s ❝♦♠♣♦♥❡♥t❡s ❡str✉❝t✉r❛❧❡s

❞❡ ✉♥❛ r❡❞✳ ❙❡ ❛s✉♠❡♥ q✉❡ ❧❛s r❡str✐❝❝✐♦♥❡s t♦♣♦❧ó❣✐❝❛s ❧✐♠✐t❛♥ ❧❛ ❝♦♠♣❧❡✲

❥✐❞❛❞ ❞❡ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❡str✉❝t✉r❛❧❡s ② ♣❛r❛♠étr✐❝❛s✱ ❡ ✐♥❝r❡♠❡♥t❛♥ ❧❛

♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥❛ r❡❞ s✉✜❝✐❡♥t❡ ❜✉❡♥❛ ♣❛r❛ r❡s♦❧✈❡r ❡❧ ♣r♦✲

❜❧❡♠❛✱ ♣❡r♦ ❧♦ ✐❞❡❛❧ s❡rí❛ q✉❡ ❡s❛s r❡str✐❝❝✐♦♥❡s ♣r♦✈✐♥✐❡s❡♥ ❞❡ ❧❛ t❛r❡❛ ♦

♣r♦❜❧❡♠❛ ❡♥ sí✱ ② ♥♦ q✉❡ ❡st✉✈✐❡r❛♥ ✐♠♣❧í❝✐t❛s ❡♥ ❡❧ ❛❧❣♦r✐t♠♦✳

✼✳ ❖tr♦s ♠ét♦❞♦s ✉s❛♥ ✉♥❛ s♦❧❛ ♠♦❞✐✜❝❛❝✐ó♥ ❡str✉❝t✉r❛❧ ♣r❡❞❡✜♥✐❞❛✱ ❝♦♠♦

❛ñ❛❞✐r ✉♥ ♥♦❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥❡❝t❛❞♦ ❡♥ ❝❛♣❛ ♦❝✉❧t❛✱ ♣❛r❛ ❣❡♥❡r❛r

t♦♣♦❧♦❣í❛s s✉❝❡s✐✈❛s✳ ❚❛❧❡s ♠ét♦❞♦s ❝♦♠♦ ❧❛ ❡s❝❛❧❛❞❛ ❡♥ ❝♦❧✐♥❛ ❡str✉❝✲

t✉r❛❞❛ ✭❙tr✉❝t✉r❛❧ ❍✐❧❧ ❈❧✐♠❜✐♥❣✮✱ s♦♥ s✉s❝❡♣t✐❜❧❡s ❞❡ q✉❡❞❛r ❛tr❛♣❛❞♦s

❡♥ ó♣t✐♠♦s ❧♦❝❛❧❡s ❡str✉❝t✉r❛❧❡s✱ ② ❤❛❝❡♥ r❡❝❛❡r ❧❛ ❝❛r❣❛ ❞❡ ❧❛ t❛r❡❛ ❞❡

✐♥❞✉❝❝✐ó♥ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥ ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ✈❛❧♦r❡s ❛❞❡❝✉❛❞♦s ❞❡

❧♦s ♣❛rá♠❡tr♦s✱ ❡♥ ✈❡③ ❞❡ ❞✐str✐❜✉✐r ❧❛ ❝❛r❣❛ ✉♥✐❢♦r♠❡♠❡♥t❡✳

✷✳✹✳✶✳✷✳ ❆❧❣♦r✐t♠♦s ❇❛s❛❞♦s ❡♥ ●r❛❞✐❡♥t❡

❊st♦s ❛❧❣♦r✐t♠♦s ✉t✐❧✐③❛♥ ✉♥❛ ❛rq✉✐t❡❝t✉r❛ ✜❥❛ ② s❡ ❝❛❧❝✉❧❛ ❡❧ ✈❛❧♦r ❞❡

❧♦s ❝♦❡✜❝✐❡♥t❡s✱ ❞❡ ❢♦r♠❛ q✉❡ s❡ ♠✐♥✐♠✐❝❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦st❡ ❛♣r♦♣✐❛❞❛✳

❊st♦s ❛❧❣♦r✐t♠♦s s♦♥ ♠✉❝❤♦ ♠ás ♣♦♣✉❧❛r❡s q✉❡ ❧♦s ❛♥t❡r✐♦r♠❡♥t❡ ❝✐t❛❞♦s✱ ②❛

q✉❡✱ ❛❞❡♠ás ❞❡ ♥♦ ♣r♦❞✉❝✐r ♠♦❞❡❧♦s t❛♥ ❝♦♠♣❧❡❥♦s✱ ♦❜t✐❡♥❡♥ r❡❞❡s ❝❛♣❛❝❡s ❞❡

❛❢r♦♥t❛r t❛r❡❛s q✉❡ ✈❛♥ ♠ás ❛❧❧á ❞❡❧ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♣❛tr♦♥❡s✳ ❙✉ ♥♦♠❜r❡

✈✐❡♥❡ ❞❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡♥ ❝❛❞❛ ♣❛s♦ s❡ r❡❛❧✐③❛ ✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s

s✐♥á♣t✐❝♦s ❡♥ ❧❛ ♠✐s♠❛ ❞✐r❡❝❝✐ó♥ ❞❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r✳ ❙✐♥ ❡♠✲

❜❛r❣♦✱ ❛❧ ❡st❛r ❜❛s❛❞♦s ❡♥ ❞❡r✐✈❛❞❛s✱ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ tr❛♥s❢❡r❡♥❝✐❛ ❞❡❜❡♥ s❡r

❝✉✐❞❛❞♦s❛♠❡♥t❡ ❡s❝♦❣✐❞❛s✱ s✐❡♥❞♦ ♥❡❝❡s❛r✐♦ q✉❡ s❡❛♥ ❝♦♥t✐♥✉❛s ② ❞❡r✐✈❛❜❧❡s✳

P♦r ❧♦ t❛♥t♦✱ ❛❜❛♥❞♦♥❛♥ ❡❧ ✉s♦ ❞❡❧ ♥♦❞♦ ❞❡ t✐♣♦ ❡s❝❛❧ó♥✳

❊❧ ❆❧❣♦r✐t♠♦ ❞❡ ❘❡tr♦♣r♦♣❛❣❛❝✐ó♥ ✭❇P✮

❊❧ ❝♦♥♦❝✐❞♦ ❛❧❣♦r✐t♠♦ ❞❡ r❡tr♦♣r♦♣❛❣❛❝✐ó♥ ✭❇❛❝❦Pr♦♣❛❣❛t✐♦♥✱ ❇P✮ ❡s ✉♥ ❡❥❡♠✲

♣❧♦ ❞❡ ❡st❡ t✐♣♦ ❞❡ ♠ét♦❞♦s✳ ❙❡ ❜❛s❛ ❡♥ ❧❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s ❝♦♥ ✈❛❧♦r❡s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✸✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✹✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

❛❧❡❛t♦r✐♦s ② ❡♥ ❡❧ ❝á❧❝✉❧♦ ✐t❡r❛t✐✈♦ ❞❡ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s✱ r❡❛❧✐③❛❞♦ ❡♥

❞♦s ♣❛s❛❞❛s q✉❡ r❡❝♦rr❡♥ ❧❛ r❡❞ ❡♥ ❞✐r❡❝❝✐♦♥❡s ♦♣✉❡st❛s ❬✼✵❪ ✳ ❊❧ ♣r✐♥❝✐♣❛❧ ✐♥✲

❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❡st❡ ❛❧❣♦r✐t♠♦ ❡s q✉❡ ❧❛ ♠✐♥✐♠✐③❛❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦st❡ ❡s

✉♥ ♣r♦❜❧❡♠❛ ♥♦ ❧✐♥❡❛❧ ②✱ ♣♦r ❧♦ t❛♥t♦✱ ❡s ❝♦♠ú♥ q✉❡ q✉❡❞❡ ❛tr❛♣❛❞♦ ❡♥ ♠í♥✐♠♦s

❧♦❝❛❧❡s✳

▲♦s ♣❛rá♠❡tr♦s ♠ás ✐♠♣♦rt❛♥t❡s ❞❡❧ ❛❧❣♦r✐t♠♦ ❜ás✐❝♦ ❤❛❝❡♥ r❡❢❡r❡♥❝✐❛✱

❡♥tr❡ ♦tr❛s ❝✉❡st✐♦♥❡s✱ ❛❧ ❝r✐t❡r✐♦ ❞❡ ✜♥❛❧✐③❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ❬✼✶❪ ✱ ❛ ❧❛ ❝♦♥s✲

t❛♥t❡ µ ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ♦ ❛❧ t✐♣♦ ❞❡ ♠✐♥✐♠✐③❛❝✐ó♥ ✭♠✐♥✐♠✐③❛❝✐ó♥

✏❜❛t❝❤✑ ❞❡❧ ❡rr♦r ♣r♦❞✉❝✐❞♦ ♣♦r t♦❞♦s ❧♦s ♣❛tr♦♥❡s ❡♥ ❝❛❞❛ ✐t❡r❛❝✐ó♥ ♦ ♠✐♥✐♠✐✲

③❛❝✐ó♥ ✏♦♥❧✐♥❡✑ ❞❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣❛tr♦♥❡s ♣♦r s❡♣❛r❛❞♦✮✳

❊❧ ❛❧❣♦r✐t♠♦ ❜ás✐❝♦ ❛❞♦❧❡❝❡ ❞❡ ❧❛ ❞✐✜❝✉❧t❛❞ ❝♦♠ú♥ ❛ t♦❞♦ ♠ét♦❞♦ ❜❛s❛✲

❞♦ ❡♥ ❣r❛❞✐❡♥t❡✿ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦st❡ ❡s ❧❡♥t❛✳ P❛r❛ ❡✈✐t❛r

❡st❡ ♣r♦❜❧❡♠❛✱ s❡ ♣r♦♣♦♥❡ ❡❧ ✉s♦ ❞❡ ✉♥ tér♠✐♥♦ ❞❡ ♠♦♠❡♥t♦ q✉❡ s✉❛✈✐③❛ ❡❧

❝♦♠♣♦rt❛♠✐❡♥t♦ ♦s❝✐❧❛t♦r✐♦ ❞❡❧ ❛❧❣♦r✐t♠♦ ❬✼✷❪✳ ❉❡s❞❡ s✉s ✐♥✐❝✐♦s ❡❧ ❆❧❣♦r✐t♠♦

❞❡ ❘❡tr♦♣r♦♣❛❣❛❝✐ó♥ ❤❛ s✐❞♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞✐♦ ♣❛r❛ ❛✉♠❡♥t❛r s✉ ♣♦❞❡r ❞❡

❣❡♥❡r❛❧✐③❛❝✐ó♥ ❬✼✸❪ ❛sí ❝♦♠♦ s✉ ❛♣❧✐❝❛❝✐ó♥ ❛ ❧♦s ❞✐st✐♥t♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆s

❬✼✹✱ ✼✺✱ ✼✻✱ ✼✼❪✳

❊❧ ❆❧❣♦r✐t♠♦ ✐❘Pr♦♣✰

❊❧ ❛❧❣♦r✐t♠♦ iRprop+ ✭■♠♣r♦✈❡❞ ❘❡s✐❧✐❡♥t ❇❛❝❦✲♣r♦♣❛❣❛t✐♦♥✮ ❬✼✽❪ ❡s ✉♥❛

♠❡❥♦r❛ ❞❡❧ ♦r✐❣✐♥❛❧ ❘♣r♦♣ ❬✼✾❪✳ ❊❧ ❛❧❣♦r✐t♠♦ ❘♣r♦♣ ✭❘❡s✐❧✐❡♥t ❇❛❝❦✲♣r♦♣❛❣❛t✐♦♥✮

❬✼✾❪✳ ❈♦♠♦ ♠ét♦❞♦ ❞❡ ❇▲✱ ❡s ✉♥❛ ❞❡ ❧❛s ♠❡❥♦r❡s té❝♥✐❝❛s ❝♦♥♦❝✐❞❛s ❡♥ tér✲

♠✐♥♦s ❞❡ ✈❡❧♦❝✐❞❛❞ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✱ ♣r❡❝✐s✐ó♥ ② r♦❜✉st❡③ ❝♦♥ r❡s♣❡❝t♦ ❛ s✉s

♣❛rá♠❡tr♦s✳ ✐❘Pr♦♣✰ ❡s ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❜❛s❛❞♦ ❡♥ ❣r❛❞✐❡♥t❡✱ ❞✐✜r✐❡♥❞♦ ❞❡

❧❛s té❝♥✐❝❛s ❝❧ás✐❝❛s ❞❡ ♣r♦♣❛❣❛❝✐ó♥ ❤❛❝✐❛ ❛trás ❞❡❧ ❡rr♦r ❡♥ q✉❡✱ ❧❛s ❞❡r✐✈❛❞❛s

♣❛r❝✐❛❧❡s ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡rr♦r✱ s♦❧♦ s❡ ✉s❛♥ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡❧ s❡♥t✐❞♦ ❡♥ q✉❡ s❡

❞❡❜❡♥ ❝♦rr❡❣✐r ❧♦s ♣❛rá♠❡tr♦s ❛ ❛❥✉st❛r✱ ♣❡r♦ ♥♦ ❧❛s ♠❛❣♥✐t✉❞❡s ❞❡ ❧♦s ❛❥✉st❡s✳

❊❧ ♠♦❞❡❧♦ ❞❡ ❛❝t✉❛❧✐③❛❝✐ó♥ ❞❡ ❝❛❞❛ ♣❛rá♠❡tr♦ xi ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ f(x) ✈✐❡♥❡

❞❛❞♦ ♣♦r x
(t+1)
i = x

(t)
i + △x

(t+1)
i ✱ ❞♦♥❞❡ △x

(t+1)
i s❡ ❡st✐♠❛ ❝♦♥ ✉♥❛ ❢✉♥❝✐ó♥

❞❡ ❝❛♠❜✐♦ ❞❡ s✐❣♥♦ ❞❡ ❧❛ ❞❡r✐✈❛❞❛ ❞❡❧ ❡rr♦r ❡♥tr❡ ❧❛s ✐t❡r❛❝✐♦♥❡s (t) ② (t − 1)✱

② ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ t❛♠❛ñ♦ ❞❡ ♣❛s♦ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s ✭△i✮✱ t❛❧ ❝♦♠♦ s❡ r❡❛❧✐✲

③❛ tr❛❞✐❝✐♦♥❛❧♠❡♥t❡ ❝♦♥ ❧❛s té❝♥✐❝❛s ❜❛s❛❞❛s ❡♥ ❣r❛❞✐❡♥t❡✳ ❆sí✱ s✐ ❡❧ s✐❣♥♦ ❞❡

❧❛ ❞❡r✐✈❛❞❛ ♥♦ ❝❛♠❜✐❛ ❡♥ ❧❛s ❞♦s ú❧t✐♠❛s ✐t❡r❛❝✐♦♥❡s✱ ❡❧ t❛♠❛ñ♦ ❞❡ ♣❛s♦ s❡

❚❡s✐s ❉♦❝t♦r❛❧ ✸✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❛✉♠❡♥t❛✳ ❙✐ ❧❛ ❞❡r✐✈❛❞❛ ❡s ❝❡r♦ ♥♦ s❡ ♠♦❞✐✜❝❛ ② s✐ ❝❛♠❜✐❛ ❞❡ s✐❣♥♦ s❡ ❞✐s♠✐♥✉✲

②❡✳ ✐❘Pr♦♣✰ ❛♣❧✐❝❛ ✉♥❛ ❡str❛t❡❣✐❛ ❞❡ ❜❛❝❦tr❛❝❦✐♥❣ ♣❛r❛ ❞❡❝✐❞✐r ❧❛ ❞✐r❡❝❝✐ó♥ ❞❡

❝♦rr❡❝❝✐ó♥ ❞❡❧ ✈❛❧♦r ❞❡ ❧♦s ♣❛rá♠❡tr♦s✱ ❝♦♥❝r❡t❛♠❡♥t❡ ❧❛ ✐❞❡❛ ❡s q✉❡ ❧❛ ❛❝t✉❛❧✐✲

③❛❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡♣❡♥❞❛ ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡❧ ❡rr♦r✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡❧

❡sq✉❡♠❛ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❝♦♠❜✐♥❛ ✐♥❢♦r♠❛❝✐ó♥ ❧♦❝❛❧ ❝♦♥ ✐♥❢♦r♠❛❝✐ó♥ ❣❧♦❜❛❧

✭♣♦r ❡❥❡♠♣❧♦ ❡❧ ✈❛❧♦r ❞❡❧ ❡rr♦r ❡♥ ❝❛❞❛ ✐t❡r❛❝✐ó♥✮ ❛ ❧❛ ❤♦r❛ ❞❡ ❞❡❝✐❞✐r s✐ ❞❡❜❡

♠♦❞✐✜❝❛r ❧♦s ♣❛rá♠❡tr♦s✳ ❯♥ ❝❛♠❜✐♦ ❞❡ s✐❣♥♦ ❡♥ ✉♥❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ s✐❣♥✐✜❝❛

q✉❡ s❡ ❤❛ s❛❧t❛❞♦ ✉♥ ♠í♥✐♠♦ ❧♦❝❛❧✳ ❙❡ ❤❛ ❞❡♠♦str❛❞♦ ♠❡❞✐❛♥t❡ ♣r♦❜❧❡♠❛s ❞❡

♣r✉❡❜❛ ♦ ❜❡♥❝❤♠❛r❦s ❬✼✽❪✱ q✉❡ ✐❘Pr♦♣✰ ❝♦♥s✐❣✉❡ ♠❛②♦r r❡♥❞✐♠✐❡♥t♦ q✉❡ s✉

✈❡rs✐ó♥ ♦r✐❣✐♥❛❧✳

❊❧ ❡sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ ✐❘Pr♦♣✰ s❡ r❡s✉♠❡ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

❆❧❣♦r✐t♠♦ ✐❘♣r♦♣✰

♣❛r❛ t♦❞♦ xi ∈ x ❤❛❝❡r
s✐ ∂E(t−1)

∂xi
✯ ∂E(t)

∂xi
< 0 ❡♥t♦♥❝❡s

∆
(t)
i = max(∆

(t−1)
i ∗ η−,∆min)

s✐ Et > Et+1 ❡♥t♦♥❝❡s
x
(t+1)
i = x

(t)
i −∆x

(t+1)
i

✜♥ s✐
∂E(t)

∂xi
= 0

s✐ ♥♦ s✐ ∂E(t−1)

∂xi
✯ ∂E(t)

∂xi
> 0 ❡♥t♦♥❝❡s

∆
(t)
i = min(∆

(t−1)
i ∗ η+,∆max)

∆w
(t)
i = −sign(∂E

(t)

∂xi
) ∗∆(t)

i

x
(t+1)
i = x

(t)
i +∆x

(t+1)
i

s✐ ♥♦
∆w

(t)
i = −sign(∂E

(t)

∂xi
) ∗∆(t)

i

x
(t+1)
i = x

(t)
i +∆x

(t+1)
i

✜♥ s✐
✜♥ ♣❛r❛

❉♦♥❞❡ x ❡s ❡❧ ✈❡❝t♦r ❞❡ ♣❛rá♠❡tr♦s ❛ ❛❥✉st❛r✱ E ❡s ❧❛ ❢✉♥❝✐ó♥ ❛ ♦♣t✐♠✐③❛r✱

∆
(t)
i ❡s ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ✈❛r✐❛❝✐ó♥ ❛ r❡❛❧✐③❛r s♦❜r❡ xi ❡♥ ❧❛ ✐t❡r❛❝✐ó♥ t✱ ② ∆min

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✸✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✹✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

② ∆max s♦♥ ❧❛s ❝♦t❛s ♠í♥✐♠❛ ② ♠á①✐♠❛ ❞❡ ∆(t)
i ✳ ▲♦s ✈❛❧♦r❡s ❞❡ ❧♦s ♣❛rá♠❡tr♦s

s❡❣ú♥ ❬✼✽❪ s♦♥✿ η+ = 1.2✱ η− = 0.5✱ η+ = 1.2 ✱ ∆(0)
i = 0.0125✱ ∆min = 0✱

∆max = 50✳

●❡♥❡r❛❧♠❡♥t❡ ❡❧ ❛❧❣♦r✐t♠♦ ✐❘Pr♦♣✰ s❡ ❛♣❧✐❝❛ ❡♥ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡

❘◆❆s ♠❡❞✐❛♥t❡ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡❧ ▼❙❊✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡ ❡❧ ♦❜❥❡t♦

❞❡ ❡st✉❞✐♦ ❞❡ ❡st❛ t❡s✐s s♦♥ ❧♦s ❆❍ ♣❛r❛ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ♣❛tr♦♥❡s ❧❛ ❢✉♥❝✐ó♥

❞❡ ❡rr♦r ✉t✐❧✐③❛❞❛ ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡♥tr♦♣í❛ ❝r✉③❛❞❛✱ ❞❡ ❢♦r♠❛ q✉❡ ❡❧ ✈❡❝t♦r

❣r❛❞✐❡♥t❡ ✈✐❡♥❡ ❞❛❞♦ ♣♦r✿

▽E(βq,w) =

(

∂E

∂βq
,
∂E

w

)

❞♦♥❞❡ βq,w s♦♥ ❧♦s ✈❡❝t♦r❡s ❞❡ ♣❛rá♠❡tr♦s ❛s♦❝✐❛❞♦s ❛ ✉♥❛ r❡❞ ♥❡✉r♦♥❛❧✳

❙❡❛ Θ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ βq ② w✱ ❡♥t♦♥❝❡s

∂E

∂Θ
=

1

N

N
∑

n=1

Q
∑

q=1

yqn
1

gq (xn,Θ)

∂gq (xn,Θ)

∂Θ

∂gq (xn,Θ)

∂Θ
=

1
(

1 +
∑Q−1

q=1
efq
)2

{

efq
∂fq
∂Θ

(

1 +

Q−1
∑

q=1

efq

)

− efq
Q−1
∑

q=1

efq
∂fq
∂Θ

}

∂gq (xn,Θ)

∂Θ
= gq

∂fq
∂Θ

− g2qe
−fq

Q−1
∑

q=1

efq
∂fq
∂Θ

❉♦♥❞❡ N r❡♣r❡s❡♥t❛ ❛❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ② Q ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ❞❡ ❧❛

❝❛♣❛ ❞❡ s❛❧✐❞❛✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❧♦s ♣❡s♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ❞❡ ❧❛ ❘◆❆ s❡

t✐❡♥❡ q✉❡✿

∂fq

∂βk
0

= δkq =

{

0 k 6= q

1 k = q
,

∂fq
∂βk

s

=

{

0 q 6= k

σs (w,x) q = k

② ♣❛r❛ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ q✉❡

∂fq
∂wt

s

= βq
s

∂σ (w,x)

∂wt
s

, ❞♦♥❞❡ s = 1, 2, · · · ,m; t = 1, 2, · · · , k

❚❡s✐s ❉♦❝t♦r❛❧ ✹✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❙✐❡♥❞♦ βk
0 ❡❧ ❜✐❛s ❞❡❧ ♥♦❞♦ ❦✱ βk

s ❡❧ ♣❡s♦ ❞❡❧ ❛r❝♦ q✉❡ ✉♥❡ ❛❧ ♥♦❞♦ s ❞❡ ❧❛

❝❛♣❛ ♦❝✉❧t❛ ❝♦♥ ❡❧ ♥♦❞♦ k ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ② wt
s ❡❧ ♣❡s♦ ❞❡❧ ❛r❝♦ q✉❡ ✉♥❡ ❛❧

♥♦❞♦ ❞❡ ❡♥tr❛❞❛ t ❝♦♥ ❡❧ ♥♦❞♦ s ♣❡rt❡♥❡❝✐❡♥t❡ ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✳

❯♥ ❛s♣❡❝t♦ ✐♠♣♦rt❛♥t❡ ❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡♥ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡❧ ✐❘Pr♦♣✰

❡♥ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ❡♥ ♠♦❞❡❧♦s ❞❡ ❘◆❆ ❡s ❡❧ ✈❛❧♦r ✐♥✐❝✐❛❧

❞❡❧ ♣❛rá♠❡tr♦ ∆
(0)
i ✭✐❣✉❛❧ ❛ ✵✳✵✶✷✺✮✱ ♣✉❡s ❡♥ s✉♣❡r✜❝✐❡s ❞❡ ❡rr♦r ❝♦♥ ❛❧t❛ ♠✉❧✲

t✐♠♦❞❛❧✐❞❛❞ ✭❝♦♠♦ ❡s ❡❧ ❝❛s♦ ❞❡ ❧❛ ❡♥tr♦♣í❛ ❝r✉③❛❞❛✮ ❡❧ ✈❛❧♦r ❞❡ ∆
(0)
i ♣✉❡❞❡

❧❧❡✈❛r ❛ ❧❛ s♦❧✉❝✐ó♥ ❛ ✉♥ ❡s♣❛❝✐♦ ❝ó♥❝❛✈♦ ♠❡♥♦s ♣r♦♠❡t❡❞♦r ❋✐❣✉r❛ ✷✳✼✳ ❯♥

❛♥á❧✐s✐s ❞❡❧ ❛❧❣♦r✐t♠♦ ✐❘Pr♦♣✰ ❞❡ ❢♦r♠❛ ❛✐s❧❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♥ ♣✉♥t♦ ❛❧❡❛t♦r✐♦

❞❡ ❧❛ s✉♣❡r✜❝✐❡ ❞❡ ❡rr♦r ♥♦s ✐♥❞✐❝❛ q✉❡ ❡s ♣♦s✐❜❧❡ q✉❡ ❧❛ s♦❧✉❝✐ó♥ tr❛♥s✐t❡ ❛ ♦tr❛

r❡❣✐ó♥ ❝♦♠♦ ♦❝✉rr❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✳✼ ❞♦♥❞❡ ❡❧ ✐♥❝r❡♠❡♥t♦ ✐♥✐❝✐❛❧ ❡s ♠ás ❣r❛♥❞❡

❞❡ ❧♦ ♥❡❝❡s❛r✐♦✳ ❊♥ ❡st❡ ❝❛s♦ s❡rí❛ ❡q✉✐♣r♦❜❛❜❧❡ q✉❡ ❡st❛ ♥✉❡✈❛ r❡❣✐ó♥ s❡❛ ♠ás

♦ ♠❡♥♦s ♣r♦♠❡t❡❞♦r❛✳ ❙✐♥ ❡♠❜❛r❣♦ ❝✉❛♥❞♦ ❡❧ ♣✉♥t♦ ✐♥✐❝✐❛❧ ❡s ❝❛❧❝✉❧❛❞♦ ♣♦r

✉♥ ❛❧❣♦r✐t♠♦ ❡st♦❝ást✐❝♦✱ ❡s ♠✉② ♣r♦❜❛❜❧❡ q✉❡ s✐ ❞✐❝❤♦ ♣✉♥t♦ tr❛♥s✐t❛ ❛ ♦tr❛

s✉♣❡r✜❝✐❡✱ ❡st❛ s❡❛ ♠❡♥♦s ♣r♦♠❡t❡❞♦r❛✳

incremento inicial = 0.0125

Punto óptimo

Punto inicial Punto tras el incremento

❋✐❣✉r❛ ✷✳✼✿ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ♣r❡s❡♥t❡ ❡❧ ❡❧ ❛❧❣♦r✐t♠♦ ✐❘♣r♦♣✰ ❡♥
s✉ ✐t❡r❛❝✐ó♥ ✐♥✐❝✐❛❧✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✹✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✹✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

❊st❡ ♣r♦❜❧❡♠❛ ❡♥ s✉♣❡r✜❝✐❡s ♠✉❧t✐♠♦❞❛❧❡s ❝♦♠♦ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡rr♦r

s♦❜r❡ ♠♦❞❡❧♦s ❞❡ ❘◆❆ ♣✉❡❞❡ s❡r ❛❜♦r❞❛❞♦ ♠❡❞✐❛♥t❡ ❧❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡❧ ❛❧❣♦✲

r✐t♠♦ ❝♦♠♦ s❡ ❞❡t❛❧❧❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

❆❧❣♦r✐t♠♦ ✐❘♣r♦♣✰
❘❡tr♦❝❡❞❡r ❂ ❋❆▲❙❖

♣❛r❛ t♦❞♦ xi ∈ x ❤❛❝❡r
s✐ ∂E(t−1)

∂xi
✯ ∂E(t)

∂xi
< 0 ♦ ❘❡tr♦❝❡❞❡r ❂ ❱❊❘❉❆❉❊❘❖ ❡♥t♦♥❝❡s

❘❡tr♦❝❡❞❡r ❂ ❋❆▲❙❖
∆

(t)
i = max(∆

(t−1)
i ∗ η−,∆min)

s✐ Et > Et+1 ❡♥t♦♥❝❡s
x
(t+1)
i = x

(t)
i −∆x

(t+1)
i

✜♥ s✐
∂E(t)

∂xi
= 0

s✐ ♥♦ s✐ ∂E(t−1)

∂xi
✯ ∂E(t)

∂xi
> 0 ❡♥t♦♥❝❡s

s✐ Et > Et+1 ❡♥t♦♥❝❡s
❘❡tr♦❝❡❞❡r ❂ ❱❊❘❉❆❉❊❘❖

s✐ ♥♦
∆

(t)
i = min(∆

(t−1)
i ∗ η+,∆max)

∆w
(t)
i = −sign(∂E

(t)

∂xi
) ∗∆(t)

i

x
(t+1)
i = x

(t)
i +∆x

(t+1)
i

✜♥ s✐
s✐ ♥♦
∆w

(t)
i = −sign(∂E

(t)

∂xi
) ∗∆(t)

i

x
(t+1)
i = x

(t)
i +∆x

(t+1)
i

✜♥ s✐
✜♥ ♣❛r❛

▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t

❊❧ ❛❧❣♦r✐t♠♦ ❞❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ✭▲▼✮ ❬✽✵❪✱ ♣r♦♣♦r❝✐♦♥❛ ✉♥❛ s♦❧✉✲

❝✐ó♥ ♥✉♠ér✐❝❛ ❛❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r ✉♥❛ ❢✉♥❝✐ó♥✱ ♣♦r ❧♦ ❣❡♥❡r❛❧ ♥♦ ❧✐♥❡❛❧✱

❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❢✉♥❝✐ó♥✳ ❊st♦s ♣r♦❜❧❡♠❛s s✉r❣❡♥ ❡s♣❡❝✐❛❧✲

♠❡♥t❡ ❡♥ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ♣♦r ❡❧ ♠ét♦❞♦ ❞❡ ❧♦s ♠í♥✐♠♦s ❝✉❛❞r❛❞♦s ❞❡ ❛❥✉st❡

❚❡s✐s ❉♦❝t♦r❛❧ ✹✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❞❡ ❢✉♥❝✐♦♥❡s ♥♦ ❧✐♥❡❛❧❡s ❡♥ ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡s✐ó♥✳ ❊❧ ▲▼ ♣r♦♣♦♥❡ ✉♥❛ ❛❝t✉❛✲

❧✐③❛❝✐ó♥ ✐t❡r❛t✐✈❛ q✉❡ ♣✉❡❞❡ s❡r r❡s✉♠✐❞❛ ❝♦♠♦✿

xk+1 = xk − α(λI +Hf )∇f ✭✷✳✷✷✮

❞♦♥❞❡ α ② λ s♦♥ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s ❡ ■ ❡s ❧❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞✱ Hf ❡s ❡❧

❍❡ss✐❛♥♦ ❞❡ ❢ ② ∇f ❡s ❡❧ ❣r❛❞✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ f ✳ ❊❧ ♦❜❥❡t✐✈♦ ❡s s❡❧❡❝❝✐♦♥❛r

✉♥ ✈❛❧♦r ❞❡ λ ❞❡ ❢♦r♠❛ q✉❡ λI+Hf s❡❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✳ ▲❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r

s❡ ❛♣r♦①✐♠❛ ❛❧ ♠ét♦❞♦ ❞❡❧ ❞❡s❝❡♥s♦ ♠ás rá♣✐❞♦ s✐ λ → ∞ ✱ ② ❛❧ ♠ét♦❞♦ ❞❡

◆❡✇t♦♥ ❝✉❛♥❞♦ λ → 0✳

❊❧ ♠ét♦❞♦ ▲▼ ❡s ♠ás r♦❜✉st♦ q✉❡ ❡❧ ❞❡ ●❛✉ss✲◆❡✇t♦♥ ✭●◆❆✮✱ ❧♦ q✉❡

s✐❣♥✐✜❝❛ q✉❡ ❡♥ ♠✉❝❤♦s ❝❛s♦s s❡ ❡♥❝✉❡♥tr❛ ✉♥❛ s♦❧✉❝✐ó♥✱ ✐♥❝❧✉s♦ s✐ ❝♦♠✐❡♥③❛

♠✉② ❧❡❥♦s ❞❡❧ ♠í♥✐♠♦ ✜♥❛❧✳ P♦r ♦tr❛ ♣❛rt❡✱ ♣❛r❛ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❝♦♥ ♣♦❝❛s

❝✉r✈❛t✉r❛s ② r❛③♦♥❛❜❧❡s ♣❛rá♠❡tr♦s ❞❡ ♣❛rt✐❞❛✱ ❡❧ ▲▼ s✉❡❧❡ s❡r ✉♥ ♣♦❝♦ ♠ás

❧❡♥t♦ q✉❡ ❡❧ ●◆❆✳ ▲▼ t❛♠❜✐é♥ ♣✉❡❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♥❛ ✈❡rs✐ó♥ ❞❡❧ ●❛✉ss✲

◆❡✇t♦♥ ✉t✐❧✐③❛♥❞♦ r❡❣✐♦♥❡s ❞❡ ❝♦♥✜❛♥③❛✳

✷✳✹✳✶✳✸✳ ▼ét♦❞♦s ❍❡✉ríst✐❝♦s

▲❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ♠ét♦❞♦s ❞❡ ♥❛t✉r❛❧❡③❛ ❤❡✉ríst✐❝❛ ❬✽✶✱ ✽✷✱ ✽✸❪ ♣❛r❛ ❡❧

❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘◆❆s s✉r❣❡ ❡♥ ❧❛ ❞é❝❛❞❛ ❞❡ ❧♦s ✾✵ ❝♦♠♦ s♦❧✉❝✐ó♥ ❛ ❧♦s ♣r♦❜❧❡✲

♠❛s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ♣r❡s❡♥t❛❞♦s ♣♦r ❧♦s ❛❧❣♦r✐t♠♦s ❝❧ás✐❝♦s✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥

s❡ ❝✐t❛♥ ❛❧❣✉♥♦s ❞❡ ❧♦s ♠ét♦❞♦s ❤❡✉ríst✐❝♦s ✉t✐❧✐③❛❞♦s ❝♦♥ ♠ás ❢r❡❝✉❡♥❝✐❛ ♣❛r❛

❡❧ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❘◆❆s✿

❱❛r✐❛♥t❡s ❤❡✉ríst✐❝❛s ❞❡ ❧❛ r❡tr♦♣r♦♣❛❣❛❝✐ó♥ ❞❡❧ ❡rr♦r ❬✽✹❪✱ ❇P ❝♦♥ ✈❡❧♦✲

❝✐❞❛❞ ❛❞❛♣t❛t✐✈❛ ②✴♦ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❛♣r❡♥❞✐③❛❥❡ ❬✽✺❪✱

❧❛ r❡❣❧❛ ❞❡❧t❛✲❞❡❧t❛ ♦ ❧❛ r❡❣❧❛ ❞❡❧t❛✲❜❛r✲❞❡❧t❛ ❬✽✻❪✱ ❡❧ ❛❧❣♦r✐t♠♦ ◗✉✐❝❦♣r♦♣

❬✽✼❪✱ ❡❧ ❛❧❣♦r✐t♠♦ ✐❘Pr♦♣✰ ❬✽✽❪ ② ♠✉❝❤♦s ♦tr♦s ♠ás✳

❆❧❣♦r✐t♠♦s ❞❡ ❣r❛❞✐❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❝♦♠♦ ❡❧ ❋❘❈● ❞❡ ❋❧❡t❝❤❡r✲❘❡❡✈❡s

❬✽✾❪✱ ❡❧ P❘❈● ❞❡ P♦❧❛❦✲❘✐❜✐ér❡ ❬✾✵❪ ♦ ❡❧ ❞❡ P♦✇❡❧❧✲❇❡❛❧❡ ❬✾✶❪✳

❆❧❣♦r✐t♠♦s ❞❡ t✐♣♦◗✉❛s✐✲◆❡✇t♦♥✐❛♥♦s ❝♦♠♦ ❡❧❉❋P ❞❡ ❉❛✈✐❞♦♥✲❋❧❡t❝❤❡r✲

P♦✇❡❧❧ ❬✾✷❪ ② ❡❧ ❇❋●❙ ❞❡ ❇r♦②❞❡♥✲❋❧❡t❝❤❡r✲●♦❧❢❛r❜✲❙❤❛♥♥♦♥ ❬✾✸❪✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✹✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✹✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

❆❧❣♦r✐t♠♦s q✉❡ ♠♦❞✐✜❝❛♥ ❡❧ ♠ét♦❞♦ ◗✉❛s✐✲◆❡✇t♦♥ ❝♦♠♦ ❡❧ ▲▼ ❞❡

▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞ ❬✾✹❪✳

▼ét♦❞♦s ❤❡✉ríst✐❝♦s ♥♦ ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡ ❝♦♠♦ ❡❧ ❡♥❢r✐❛♠✐❡♥t♦ s✐♠✉✲

❧❛❞♦ ✭❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣✱ ❙❆✮✱ ❧❛ ❜úsq✉❡❞❛ t❛❜ú ✭❚❛❜✉ ❙❡❛r❝❤✱ ❚❙✮✱ ❧❛

❜úsq✉❡❞❛ ❞✐s♣❡rs❛ ✭❙❝❛tt❡r ❙❡❛r❝❤✱ ❙❙✮✱ ❧♦s ❡♥❥❛♠❜r❡s ❞❡ ♣❛rtí❝✉❧❛s ✭P❛r✲

t✐❝❧❡ ❙✇❛r♠✱ P❙✮ ② ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ✭❊✈♦❧✉t✐♦♥❛r② ❆❧❣♦r✐t❤♠s✱

❆❊s✮✱ s✐❡♥❞♦ ést♦s ú❧t✐♠♦s ❧♦s q✉❡ ♠ás ✐♠♣❛❝t♦ ❤❛♥ t❡♥✐❞♦ ❡♥ ❡❧ ❞✐s❡ñ♦

❞❡ ❘◆❆s✳ ❊st❡ t✐♣♦ ❞❡ ❤❡✉ríst✐❝❛s s❡ ❤❛♥ ✉t✐❧✐③❛❞♦ ♠✉② ❢r❡❝✉❡♥t❡♠❡♥t❡

♣❛r❛ ❡❧ ❛♣r❡♥❞✐③❛❥❡ ❡♥ ❘◆❆s ❬✻✷✱ ✾✺❪✳

❖♣t✐♠✐③❛❝✐ó♥ ❞❡ ❝♦❧♦♥✐❛s ♦ ❡♥❥❛♠❜r❡s ❞❡ ♣❛rtí❝✉❧❛s ✭P❛rt✐❝❧❡

❙✇❛r♠ ❖♣t✐♠✐③❛t✐♦♥✮ ✭P❙❖✮✳

❙❡ tr❛t❛ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❣❧♦❜❛❧ ❜❛s❛❞♦ ❡♥ ♣♦❜❧❛❝✐♦♥❡s✳

▲♦s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✱ ❞❡♥♦♠✐♥❛❞♦s ♣❛rtí❝✉❧❛s✱ s❡ ❛❣r✉♣❛♥ ❡♥ ❝♦❧♦♥✐❛s

♦ ❡♥❥❛♠❜r❡s✳ ❈❛❞❛ ♣❛rtí❝✉❧❛ r❡♣r❡s❡♥t❛ ✉♥❛ ♣♦s✐❜❧❡ s♦❧✉❝✐ó♥ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡

♦♣t✐♠✐③❛❝✐ó♥✳ ❈❛❞❛ ♣❛rtí❝✉❧❛ s❡ ♠✉❡✈❡ ❛ tr❛✈és ❞❡ ✉♥ ❡s♣❛❝✐♦ ◆✲❞✐♠❡♥s✐♦♥❛❧

❞♦♥❞❡ ◆ ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rá♠❡tr♦s ❛ ❡st✐♠❛r ❡♥ ❡❧ ♠♦❞❡❧♦ ❛ ♦♣t✐♠✐③❛r✳ ❉✉r❛♥✲

t❡ s✉ ✧♠♦✈✐♠✐❡♥t♦✧ ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♠♦❞❡❧♦ s❡ ✈❛♥ ❛❥✉st❛♥❞♦ ❡♥ ❡❧ ❡s♣❛❝✐♦

❞❡ ❜úsq✉❡❞❛✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✉ ♣♦s✐❝✐ó♥ ② ❞❡ ❧❛ ❞❡ ❧❛s ♣❛rtí❝✉❧❛s ✈❡❝✐♥❛s✳ ❊❧

❡❢❡❝t♦ ❡s q✉❡ ❧❛s ♣❛rtí❝✉❧❛s ✏✈✉❡❧❛♥✑ ❤❛❝✐❛ ❡❧ ♠í♥✐♠♦✱ r❡❛❧✐③❛♥❞♦ ❧❛ ❜úsq✉❡❞❛

❛❧r❡❞❡❞♦r ❞❡ ✉♥❛ ❛♠♣❧✐❛ ár❡❛ ❡♥ ✉♥ ❡♥t♦r♥♦ ó♣t✐♠♦✳ ▲❛ ♣r♦①✐♠✐❞❛❞ ❞❡ ❝❛❞❛

♣❛rtí❝✉❧❛ ❛❧ ó♣t✐♠♦ s❡ ♠✐❞❡ s❡❣ú♥ ❧♦s ✈❛❧♦r❡s ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❛♣t✐t✉❞ ♣r❡✈✐❛✲

♠❡♥t❡ ✜❥❛❞❛ ② q✉❡ ❞❡♣❡♥❞❡rá ❞❡ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ♣r♦❜❧❡♠❛✳ ❊♥ ❡❧ ♣r♦❜❧❡♠❛

q✉❡ ♥♦s ♦❝✉♣❛✱ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ✉♥❛ r❡❞ ♥❡✉r♦♥❛❧✱ ❝❛❞❛ ♣❛rtí❝✉❧❛ r❡♣r❡s❡♥✲

t❛ ❡❧ ✈❡❝t♦r ❞❡ ♣❡s♦s ❞❡ ❧❛ r❡❞ ② ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛♣t✐t✉❞ ♣✉❡❞❡ s❡r ♠♦❞❡❧❛❞❛ ❞❡

❞✐❢❡r❡♥t❡s ❢♦r♠❛s ✭ ❡❥❡♠♣❧♦✿ ❛ ♣❛rt✐r ❞❡❧ ❡rr♦r ❝✉❛❞rát✐❝♦ ♠❡❞✐♦ ❞❡ ❧❛ r❡❞ s♦❜r❡

❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✮✳ ▼ás ❞❡t❛❧❧❡s s♦❜r❡ ❡st❡ ♠ét♦❞♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥

♣✉❡❞❡♥ ❡♥❝♦♥tr❛rs❡ ❡♥ ✏◆❡✇ ■❞❡❛s ✐♥ ❖♣t✐♠✐③❛t✐♦♥✑ ❬✾✻❪ ② ❡♥ ✏❈♦♠♣✉t❛t✐♦♥❛❧

■♥t❡❧❧✐❣❡♥❝❡ P❈ ❚♦♦❧s✑ ❬✾✼❪✳

❆❧❣✉♥❛s ✈❛r✐❛♥t❡s ❞❡❧ ♠ét♦❞♦ ❛♥t❡r✐♦r ❤❛♥ s✐❞♦ ❞✐s❡ñ❛❞❛s ♣❛r❛ ❡❧ ❡♥tr❡✲

♥❛♠✐❡♥t♦ ❞❡ r❡❞❡s ❝♦♥ ♥♦❞♦s ❞❡ t✐♣♦ r❛❞✐❛❧ ❬✾✽✱ ✾✾❪✳

❆❧❣♦r✐t♠♦ ❣❡♥ét✐❝♦ ✭❆●✮

❚❡s✐s ❉♦❝t♦r❛❧ ✹✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❯♥ ❛❧❣♦r✐t♠♦ ❣❡♥ét✐❝♦ ❡s ✉♥❛ s✐♠✉❧❛❝✐ó♥ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡ ❧♦s ♣r♦❝❡s♦s

❞❡ s❡❧❡❝❝✐ó♥✱ r❡♣r♦❞✉❝❝✐ó♥✱ ♠✉t❛❝✐ó♥ ② ❝r✉❝❡ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡ ✉♥❛ ♣♦❜❧❛❝✐ó♥

❡♥ ✉♥ ❛♠❜✐❡♥t❡ ♥❛t✉r❛❧ ❛ ❧♦ ❧❛r❣♦ ❞❡ s✉❝❡s✐✈❛s ❣❡♥❡r❛❝✐♦♥❡s✳ ❊♥ ✉♥ ❛❧❣♦r✐t♠♦

❣❡♥ét✐❝♦✱ ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ❝♦♠♣✐t❡♥ ♣❛r❛ s♦❜r❡✈✐✈✐r✳ ▲♦s ✐♥❞✐✈✐✲

❞✉♦s ❡stá♥ ❢♦r♠❛❞♦s ❡♥ ❡st❡ ❝❛s♦ ♣♦r ❡❧ ✈❡❝t♦r ❞❡ ♣❡s♦s ❞❡ ❧❛ r❡❞✱ ❧❛ ❢✉♥❝✐ó♥

❞❡ ❛♣t✐t✉❞ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ s❡ ❡st❛❜❧❡❝❡ ❞❡ ✈❛r✐❛s ❢♦r♠❛s ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡

❛ ♣❛rt✐r ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ❞❡ ❧❛ r❡❞ ♥❡✉r♦♥❛❧ ❛♥t❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡✲

♥❛♠✐❡♥t♦✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❣❡♥ét✐❝♦s ❛❧ ❞✐s❡ñ♦ ② ❡♥tr❡♥❛♠✐❡♥t♦

❞❡ r❡❞❡s ♥❡✉r♦♥❛❧❡s ❝♦♥ ♥♦❞♦s ❞❡ t✐♣♦ r❛❞✐❛❧ ❬✶✵✵✱ ✶✵✶✱ ✶✵✷❪ ❤❛ ✈❛❧✐❞❛❞♦ ❧❛

✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♠✐s♠♦s✳

✷✳✹✳✶✳✹✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ✭❆❊s✮

❙✐♥ ❡♠❜❛r❣♦✱ ❧♦s ❛❧❣♦r✐t♠♦s ❤❡✉ríst✐❝♦s q✉❡ ♠ás ✐♠♣❛❝t♦ ❤❛♥ t❡♥✐❞♦✱

r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❞✐✈❡rs❛s ❛rq✉✐t❡❝t✉r❛s ② ♣r♦❜❧❡♠❛s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s✱ ❤❛♥

s✐❞♦ ❧♦s ❜❛s❛❞♦s ❡♥ ♠♦❞❡❧♦s ❡✈♦❧✉t✐✈♦s✳ ❊❧ ❝♦♥❝❡♣t♦ ❞❡ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦

✭❆❊✮ ❞❡s❝r✐❜❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ s✐st❡♠❛s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♠❡❞✐❛♥t❡ ❡❧

♦r❞❡♥❛❞♦r✱ q✉❡ ✉s❛♥ ✉♥ ♠♦❞❡❧♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ s✐♠✐❧❛r ❛ ❧♦s ♣r♦❝❡s♦s ❡✈♦❧✉t✐✈♦s

❞❡ ❧❛ ♥❛t✉r❛❧❡③❛✱ ❡s ❞❡❝✐r✱ ✉♥ ♠♦❞❡❧♦ ❜❛s❛❞♦ ❡♥ ❡❧ ♣r✐♥❝✐♣✐♦ ❞❛r✇✐♥✐❛♥♦ ❞❡

r❡♣r♦❞✉❝❝✐ó♥ ② s✉♣❡r✈✐✈❡♥❝✐❛ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s q✉❡ ♠❡❥♦r s❡ ❛❞❛♣t❛♥ ❛❧ ❡♥t♦r♥♦

❡♥ q✉❡ ✈✐✈❡♥✳ ❆❧❣✉♥❛s ❛♣r♦①✐♠❛❝✐♦♥❡s ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ◆♦❞♦s ❞❡ ❚✐♣♦

❘❛❞✐❛❧ ❬✶✵✸✱ ✶✵✹✱ ✶✵✺✱ ✶✵✻✱ ✶✵✼✱ ✶✵✽✱ ✶✵✾❪ ❞❡♠✉❡str❛♥ ❧❛ ❝♦♠♣❡t✐t✐✈✐❞❛❞ ❞❡

❡st❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❢r❡♥t❡ ❛ ♦tr♦s ❛❧❣♦r✐t♠♦s ❝❧ás✐❝♦s ❬✶✶✵✱ ✶✶✶✱ ✶✶✷✱ ✶✶✸✱ ✶✶✹❪✳

❉❡ ✐❣✉❛❧ ♠❛♥❡r❛ q✉❡ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s s✐♠✉❧❛♥ ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ❞❡ ❧♦s

✐♥❞✐✈✐❞✉♦s ❡♥ ❧❛ ♥❛t✉r❛❧❡③❛✱ ♦tr♦s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❝♦♠♦ ❧❛ ❝♦♦♣❡r❛❝✐ó♥ ❬✶✶✺❪

❡♥tr❡ ❧♦s ♠✐s♠♦s s♦♥ s✐♠✉❧❛❞♦s ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡

❇❛s❡ ❘❛❞✐❛❧ ② ❘◆❆s ❡♥ ❣❡♥❡r❛❧✳

✷✳✺✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛✲

❞✐❛❧

❊❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ❡s ❛❜♦r❞❛❞♦

❡♥ ❞♦s ❧í♥❡❛s ❢✉♥❞❛♠❡♥t❛❧❡s✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✹✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✺✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

❊♥tr❡♥❛♠✐❡♥t♦ ♣♦r ❝❛♣❛s✿ ❞♦♥❞❡ s❡ ❡♥tr❡♥❛ ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧❛ ❝❛♣❛ ❞❡

♥♦❞♦s ✭❙❘❇❋✮ ❤❛❝✐❡♥❞♦ ✉s♦ ❣❡♥❡r❛❧♠❡♥t❡ ❞❡ té❝♥✐❝❛s ❞❡ ❝❧✉st❡r✐♥❣❀ ② ❡♥

s❡❣✉♥❞♦ ❧✉❣❛r s❡ ❡♥tr❡♥❛♥ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ❜❛❥♦ ❡❧ s✉♣✉❡st♦

❞❡ q✉❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧♦s ♥♦❞♦s ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ②❛ ❡stá♥ ❛❥✉st❛❞♦s✳

❊♥tr❡♥❛♠✐❡♥t♦ s✐♠✉❧tá♥❡♦✿ ❞♦♥❞❡ t♦❞♦s ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧♦s ♥♦❞♦s ❞❡

❧❛ r❡❞ s♦♥ ❡st✐♠❛❞♦s ❞❡ ❢♦r♠❛ s✐♠✉❧tá♥❡❛✳

❊❧ t❡♦r❡♠❛ ❞❡ ✏◆♦ ❋r❡❡ ▲✉♥❝❤✑ ♣r♦♣✉❡st♦ ♣♦r ❲♦❧♣❡rt ② ▼❛❝r❡❛❞② ♣❡r✲

♠✐t❡ ❛s❡❣✉r❛r q✉❡ ♥♦ ♣✉❡❞❡ ❡①✐st✐r ✉♥ ❛❧❣♦r✐t♠♦ ❝❛♣❛③ ❞❡ r❡s♦❧✈❡r t♦❞♦s ❧♦s

♣r♦❜❧❡♠❛s✱ ❡♥ ♠❡❞✐❛✱ ♠❡❥♦r q✉❡ ❝✉❛❧q✉✐❡r ♦tr♦ ❛❧❣♦r✐t♠♦ ❬✶✶✻❪✳ ❊st❡ t❡♦r❡✲

♠❛ ♠♦t✐✈❛ ❛ q✉❡ s❡ s✐❣❛♥ ❜✉s❝❛♥❞♦ ♥✉❡✈♦s ❛❧❣♦r✐t♠♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✳ ▲❛

✉t✐❧✐③❛❝✐ó♥ ❞❡ ♠ét♦❞♦s ❞❡ ♥❛t✉r❛❧❡③❛ ❤❡✉ríst✐❝❛ ♣❛r❛ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s

◆❡✉r♦♥❛❧❡s s✉r❣❡ ❡♥ ❧❛ ❞é❝❛❞❛ ❞❡ ❧♦s ✾✵ ❬✶✶✼❪✳ ❆❧❣✉♥♦s ❞❡ ❧♦s ♠ét♦❞♦s ❤❡✉✲

ríst✐❝♦s q✉❡ s❡ ❤❛♥ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡♥tr❡♥❛r ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❤❛♥ s✐❞♦✱ ❡♥tr❡

♦tr♦s✱ ❡❧ ♠ét♦❞♦ ❞❡ ❡♥❢r✐❛♠✐❡♥t♦ s✐♠✉❧❛❞♦ ❬✶✶✽❪✱ ❧❛ ❜úsq✉❡❞❛ t❛❜ú ❬✶✶✾❪ ♦✱ ♠ás

r❡❝✐❡♥t❡♠❡♥t❡✱ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ❡♥❥❛♠❜r❡ ❞❡ ♣❛rtí❝✉❧❛s ❬✶✷✵❪ ✳ ❚❛♠❜✐é♥ s❡

❤❛♥ ♣r♦♣✉❡st♦ ❞✐✈❡rs❛s ✈❛r✐❛♥t❡s ❤❡✉ríst✐❝❛s ❞❡❧ ❛❧❣♦r✐t♠♦ ❇P✳ P♦r ❡❥❡♠♣❧♦✱

❧❛ r❡❣❧❛ ❞❡❧t❛✲❞❡❧t❛ ♦ ❧❛ r❡❣❧❛ ❞❡❧t❛✲❜❛r✲❞❡❧t❛ ❬✽✻❪✳ ❖tr❛s ❛❧t❡r♥❛t✐✈❛s s❡ ❜❛s❛♥

❡♥ ♠❡❥♦r❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❬✶✷✶❪✱ ❡♥ ❡❧ ✉s♦ ❞❡❧ ❣r❛❞✐❡♥t❡ ❝♦♥❥✉✲

❣❛❞♦ ❬✶✷✷❪✱ ❡❧ ❛❧❣♦r✐t♠♦ ❘Pr♦♣ ❬✼✾✱ ✶✷✸❪ ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦✱ ❛❧❣♦r✐t♠♦s ❞❡ t✐♣♦

◆❡✇t♦♥✐❛♥♦ ❬✶✷✹❪ ✭❡♥tr❡ ❧♦s q✉❡ ❡♥❝♦♥tr❛♠♦s ❡❧ ◗✉✐❝❦Pr♦♣ ❬✶✷✺❪ ✮ ♦ ◗✉❛s✐✲

◆❡✇t♦♥✐❛♥♦ ✭❛❧❣♦r✐t♠♦ ❉❛✈✐❞♦♥✲❋❧❡t❝❤❡r✲P♦✇❡❧❧ ❬✾✷❪ ✮ ② ♠ét♦❞♦s ❜❛s❛❞♦s ❡♥

❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ❬✽✵❪✳

✷✳✺✳✶✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧♦s ◆♦❞♦s ❞❡ ❚✐♣♦ ❘❛❞✐❛❧ ❙❘❇❋

❊❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s r❡❞❡s ❙❘❇❋ s❡ ❡♥❝❛r❣❛ ❞❡ ❡st✐♠❛r ❧♦s ❝❡♥tr♦s ②

❞❡♠ás ♣❛rá♠❡tr♦s ❞❡ ❧❛s ♠✐s♠❛s✳ ▲♦s ❝❡♥tr♦s ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❞❡ ❧❛

r❡❞ ❞❡✜♥❡♥ ❧❛ ✉❜✐❝❛❝✐ó♥ ❞❡ ❧❛s ♠✐s♠❛s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛✳ ❈❛❞❛ ✉♥❛ ❞❡

❡❧❧❛s ❞❡❜❡rí❛ ❡st❛r s✐t✉❛❞❛ ❡♥ ✉♥❛ ③♦♥❛ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛ ❡♥ ❧❛s q✉❡ ❤❛②❛

❡❥❡♠♣❧♦s ❞❡ ❡♥tr❛❞❛✴s❛❧✐❞❛ q✉❡ ❧❛ ❛❝t✐✈❡♥✱ ❞❡ ❢♦r♠❛ q✉❡ ❝♦♥tr✐❜✉②❛ ❛ ❧❛ s❛❧✐❞❛

❞❡ ❧❛ r❡❞✳ ❯♥❛ ❢✉♥❝✐ó♥ q✉❡ ♥♦ s❡ ❛❝t✐✈❡ ♣♦r ♥✐♥❣ú♥ ❡❥❡♠♣❧♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦

❚❡s✐s ❉♦❝t♦r❛❧ ✹✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✷✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

s♦❧❛♠❡♥t❡ ❝♦♥tr✐❜✉✐rá ❛ ❛✉♠❡♥t❛r ❧❛ ❝♦♠♣❧❡❥✐❞❛❞ ❞❡ ❧❛ r❡❞ ✐♥út✐❧♠❡♥t❡✱ ❛❞❡✲

♠ás ❞❡ ♣r♦❞✉❝✐r ✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ♠❛❧ ❝♦♥❞✐❝✐♦♥❛❞❛s ♣❛r❛ ❡❧ ♣♦st❡r✐♦r

❝á❧❝✉❧♦ ❞❡ ❧♦s ♣❡s♦s ❞❡ ❧❛ r❡❞✳

▲❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛s ❙❘❇❋ ❤❛ ❧❧❡✈❛❞♦ ❛ ❧❛ ✉t✐❧✐③❛❝✐ó♥

❞❡ ❞✐st✐♥t♦s ❛❧❣♦r✐t♠♦s✱ ❞❡ ❡♥tr❡ ❡❧❧♦s s♦❜r❡s❛❧❡♥ ❡❧ ❛❧❣♦r✐t♠♦ ❇❛t❝❤ ❑✲▼❡❞✐❛s

❬✶✷✻❪✱ ❖♥▲✐♥❡ ❑♠❡❞✐❛s ❬✶✷✼❪✱ ❙❝❛❧❛❜❧❡ ❑✲▼❡❞✐❛s ❬✶✷✽❪✱ ❈✲▼❡❛♥ ❬✶✷✾❪ ✱ ❋✉③③②

❈✲▼❡❛♥ ❬✶✸✵✱ ✶✶✹❪ ② ❡❧ ▼❡❛♥✲❚r❛❦✐♥❣ ❈❧✉st❡r✐♥❣ ❆❧❣♦r✐t❤♠ ❬✶✸✶❪✳ ❊st♦s ❛❧❣♦✲

r✐t♠♦s ♣❡r♠✐t❡♥ ❞❡t❡r♠✐♥❛r ❝♦♥❣❧♦♠❡r❛❞♦s r❡♣r❡s❡♥t❛❞♦s ♣♦r ❝❡♥tr♦✐❞❡s ❝✉②❛s

❝♦♦r❞❡♥❛❞❛s s♦♥ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❧❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛s ❙❘❇❋✳

✷✳✺✳✷✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛ ❈❛♣❛ ❞❡ ❙❛❧✐❞❛

❊❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ s❡ r❡❛❧✐③❛ ❜❛❥♦ ❡❧ s✉♣✉❡st♦ ❞❡

q✉❡ ❧♦s ♣❛rá♠❡tr♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ s❡ ❡♥❝✉❡♥tr❡♥

✜❥♦s✳ P❛r❛ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ s❡ ✉t✐❧✐③❛♥

❞✐❢❡r❡♥t❡s ♠ét♦❞♦s✱ ❣❡♥❡r❛❧♠❡♥t❡ ❛❧❣♦r✐t♠♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡ s♦❜r❡ ✉♥❛

❢✉♥❝✐ó♥ ❞❡ ❡rr♦r✳ ❊♥tr❡ ❧♦s ♠ét♦❞♦s ♠ás ❝♦♠✉♥❡s s❡ ❡♥❝✉❡♥tr❛♥ ❧❛ ❞❡s❝♦♠✲

♣♦s✐❝✐ó♥ ❞❡ ❈❤♦❧❡s❦② ❬✶✸✷❪✱ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❞❡ ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ✭❙✐♥❣✉❧❛r

❱❛❧✉❡s ❉❡s❝♦♠♣♦s✐t✐♦♥✱ ❙❱❉✮ ❬✶✸✸❪✱ ❡❧ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s ❝✉❛❞r❛❞♦s ♦rt♦❣♦✲

♥❛❧❡s ✭❖rt♦❣♦♥❛❧ ▲❡❛st ❙✉❛r❡✱ ❖▲❙✮ ❬✶✸✹❪ ② ♦tr♦s ②❛ ❝❧ás✐❝♦s ❝♦♠♦ ❡❧ ●r❛❞✐❡♥t❡

❉❡s❝❡♥❞❡♥t❡ s♦❜r❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r✳

✷✳✺✳✷✳✶✳ ●r❛❞✐❡♥t❡ ❉❡s❝❡♥❞❡♥t❡

❊❧ ❛❧❣♦r✐t♠♦ ❞❡ ●r❛❞✐❡♥t❡ ❉❡s❝❡♥❞❡♥t❡ ♣r♦♣♦♥❡ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ✉♥❛

❢✉♥❝✐ó♥ ♠❡❞✐❛♥t❡ ❧❛ ❛❝t✉❛❧✐③❛❝✐ó♥ s✉❝❡s✐✈❛ ❞❡ ✉♥ ♣✉♥t♦ ✐♥✐❝✐❛❧ ❡❧ ❝✉❛❧ s❡ ❡♥✲

❝✉❡♥tr❛ s✐t✉❛❞♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛✳ ❉✐❝❤❛ ❛❝t✉❛❧✐③❛❝✐ó♥ s❡

r❡❛❧✐③❛ ♠❡❞✐❛♥t❡ ❧❛ s✉❜str❛❝❝✐ó♥ ❞❡ ✉♥ ♣❡q✉❡ñ♦ ❞✐❢❡r❡♥❝✐❛❧ q✉❡ ❡s ♣r♦♣♦r❝✐♦♥❛❧

❛❧ ❣r❛❞✐❡♥t❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❡♥ ❞✐❝❤♦ ♣✉♥t♦✳ ▲❛ ❛❝t✉❛❧✐③❛❝✐ó♥ ❞❡❧ ♣✉♥t♦ s❡ ♣✉❡❞❡

r❡s✉♠✐r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

xk+1 = xk − α× f ′(xk) ✭✷✳✷✸✮

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✹✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✷✳✺✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

❞♦♥❞❡ α ❡s ✉♥ ❢❛❝t♦r ❞❡ ❡s❝❛❧❛♠✐❡♥t♦✳ ❯♥❛ ❛♣❧✐❝❛❝✐ó♥ ❞✐r❡❝t❛ ❞❡ ❡st❡ ✉ ♦tr♦

♠ét♦❞♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❡s ❧❛ ♠✐♥✐♠✐③❛❝✐ó♥ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❡rr♦r ❞❡✜♥✐❞❛

s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❝♦♠♣✉❡st♦ ♣♦r ❧♦s ♣❡s♦s ❛ ♦♣t✐♠✐③❛r ❡♥ ✉♥❛ ❘❡❞

◆❡✉r♦♥❛❧ ❝♦♥ ❛❝t✐✈❛❝✐ó♥ ❤❛❝✐❛ ❞❡❧❛♥t❡✳

❚❡s✐s ❉♦❝t♦r❛❧ ✹✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸

❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖
P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖
❨ ❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙
◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❉❡s❞❡ ❡❧ s✉r❣✐♠✐❡♥t♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✱ ❧❛ ❝♦♠✉♥✐❞❛❞

❝✐❡♥tí✜❝❛ s❡ ❤❛ ❞❛❞♦ ❛ ❧❛ t❛r❡❛ ❞❡ ❞✐s❡ñ❛r ❛❧❣♦r✐t♠♦s q✉❡ ♣❡r♠✐t❛♥ ♦♣t✐♠✐③❛r

❧♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s✳ Pr✐♠❡r❛♠❡♥t❡ s✉r❣✐❡r♦♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s

♠✉② r♦❜✉st♦s ❝♦♥♦❝✐❞♦s ❝♦♠♦ ❛❧❣♦r✐t♠♦s ❝❧ás✐❝♦s✳ ❙✐ ❜✐❡♥ ❡st♦s ❛❧❣♦r✐t♠♦s ❝❧ás✐✲

❝♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ s♦♥ ❡❢❡❝t✐✈♦s ❡♥ ❡♥t♦r♥♦s ❝♦♥t✐♥✉♦s✱ ❧✐♥❡❛❧❡s ♦ ❝✉❛❞rát✐❝♦s✱

✉♥✐♠♦❞❛❧❡s ② ❝♦♥✈❡①♦s✱ ❧♦s ❛❧❣♦r✐t♠♦s ♠♦❞❡r♥♦s ❝♦♠♦ ❧♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✲

✈♦s ✭❆❊s✮ s❡ ♠✉❡str❛♥ ♠ás ❡✜❝❛❝❡s ❡♥ ❡♥t♦r♥♦s ❞✐s❝♦♥t✐♥✉♦s✱ ♥♦ ❞✐❢❡r❡♥❝✐❛❜❧❡s✱

♥♦ ❝♦♥✈❡①♦s✱ ♠✉❧t✐♠♦❞❛❧❡s ② ❝♦♥ ♣r♦❜❧❡♠❛s ❞❡ r✉✐❞♦ ♦ ❢❛❧t♦s ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ❛

♣r✐♦r✐ ❬✶✸✺❪✳ ▲♦s ❛❧❣♦r✐t♠♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝❧ás✐❝❛ ✉t✐❧✐③❛♥ r❡❣❧❛s ❞❡t❡r♠✐♥✐s✲

t❛s ♣❛r❛ ♣❛s❛r ❞❡ ✉♥ ♣✉♥t♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛ ❛❧ s✐❣✉✐❡♥t❡ ② ❝♦♠✐❡♥③❛♥

❞❡s❞❡ ✉♥ ú♥✐❝♦ ♣✉♥t♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❧♦s ❆❊s r❡❛❧✐③❛♥ ✉♥❛ ❜úsq✉❡❞❛ ♣❛r❛❧❡❧❛

❞❡s❞❡ ❞✐st✐♥t♦s ♣✉♥t♦s ② ❧❛s tr❛♥s✐❝✐♦♥❡s t✐❡♥❡♥ ❝✐❡rt❛s ❝♦♠♣♦♥❡♥t❡s ❛❧❡❛t♦r✐❛s✳

❊♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❞❡s❝r✐❜❡♥ ❧❛s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡

❧❛ ❝♦♠♣✉t❛❝✐ó♥ ❡✈♦❧✉t✐✈❛✳ ❙❡ ❞❡s❝r✐❜❡ ✉♥❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ ♣♦r ❉❡❜

❬✶✸✻❪ ❞♦♥❞❡ s❡ ✐❞❡♥t✐✜❝❛♥ ❧❛s ❢❛s❡s q✉❡ ❝❛r❛❝t❡r✐③❛♥ ❛ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✳

P♦st❡r✐♦r♠❡♥t❡ s❡ ❞❡s❝r✐❜❡ ❧❛ ❛rq✉✐t❡❝t✉r❛ ♣r♦♣✉❡st❛ ♣♦r ▼❛rtí♥❡③✲❊st✉❞✐❧❧♦

❬✶✸✼❪ ♣❛r❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ♠♦❞❡❧♦s ❞❡ ❘◆❆ ❞❡✜♥✐❡♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P q✉❡

✹✾



✸✳✶✳ ❈♦♠♣✉t❛❝✐ó♥ ❊✈♦❧✉t✐✈❛

s❡r✈✐rá ❞❡ ❜❛s❡ ❛ ❧♦s ❛❧❣♦r✐t♠♦s ♣r♦♣✉❡st♦s ❡♥ ❧♦s ❝❛♣ít✉❧♦s ✼ ② ✽✳

✸✳✶✳ ❈♦♠♣✉t❛❝✐ó♥ ❊✈♦❧✉t✐✈❛

▲❛ ❈♦♠♣✉t❛❝✐ó♥ ❊✈♦❧✉t✐✈❛ ❡s ✉♥❛ ❞❡ ❧❛s ♠ú❧t✐♣❧❡s r❛♠❛s ❞❡ ❧❛ ■♥t❡❧✐✲

❣❡♥❝✐❛ ❆rt✐✜❝✐❛❧ ❝✉②❛ ✜❧♦s♦❢í❛ s❡ ❜❛s❛ ❡♥ ❞❡s❛rr♦❧❧❛r ❛❧❣♦r✐t♠♦s ❞❡ ❜úsq✉❡❞❛

❡st♦❝ást✐❝❛ ♠❡❞✐❛♥t❡ té❝♥✐❝❛s ✐♥s♣✐r❛❞❛s ❡♥ ❧❛ t❡♦rí❛ ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥✳ ▲❛ ❡✈♦❧✉✲

❝✐ó♥ ❡s ✉♥ ♣r♦❝❡s♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✱ ❞♦♥❞❡ ❡❧ ♦❜❥❡t✐✈♦ ❡s ♠❡❥♦r❛r ❧❛ ❤❛❜✐❧✐❞❛❞

❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ♣❛r❛ s♦❜r❡✈✐✈✐r ❛❞❛♣tá♥❞♦s❡ ❛❧ ♠❡❞✐♦✳ ▲♦s ♦r❣❛♥✐s♠♦s t✐❡♥❡♥

❞❡t❡r♠✐♥❛❞❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ✐♥✢✉②❡♥ ❡♥ s✉ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❞❛♣t❛❝✐ó♥ ② r❡✲

♣r♦❞✉❝❝✐ó♥✳ ❊st❛s ❝❛r❛❝t❡ríst✐❝❛s ✭❣❡♥❡s✮✱ s❡ ❡♥❝✉❡♥tr❛♥ r❡♣r❡s❡♥t❛❞❛s ❡♥ ❧♦s

❝r♦♠♦s♦♠❛s✳ ❚r❛s ❧❛ r❡♣r♦❞✉❝❝✐ó♥ s❡①✉❛❧ s❡ ♣r♦❞✉❝❡ ✉♥❛ ♠❡③❝❧❛ ❞❡ ♠❛t❡r✐❛❧

❣❡♥ét✐❝♦ ❣❡♥❡r❛♥❞♦ ✉♥ ❤✐❥♦ ❝♦♥ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❣❡♥ét✐❝❛ ❞❡ ❧♦s ♣❛❞r❡s✳ ❊s ❞❡

❡s♣❡r❛r q✉❡ ❧♦s ❤✐❥♦s ✈❛②❛♥ ❤❡r❡❞❛♥❞♦ ❧❛s ♠❡❥♦r❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ s✉s ♣❛✲

❞r❡s✳ ◆♦ ♦❜st❛♥t❡✱ ❡❧ ♣r♦❝❡s♦ ❞❡ ❧❛ s❡❧❡❝❝✐ó♥ ♥❛t✉r❛❧ ❛s❡❣✉r❛ q✉❡ ❧♦s ✐♥❞✐✈✐❞✉♦s

♠ás ❛♣t♦s ✈❛②❛♥ ♣❡r♣❡t✉á♥❞♦s❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥✱ s✐❡♥❞♦ ❧♦s ♠❡❥♦r❡s

✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ❝❛❞❛ ✈❡③ ♠ás ❛♣t♦s✳

❖❝❛s✐♦♥❛❧♠❡♥t❡✱ s❡ ♣r♦❞✉❝❡♥ ♠✉t❛❝✐♦♥❡s ❡♥ ❧♦s ❝r♦♠♦s♦♠❛s q✉❡ ❝❛✉s❛♥

❝❛♠❜✐♦s ❡♥ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ② q✉❡✱ ❛❧❣✉♥❛s ✈❡❝❡s✱ s✉❡❧❡♥

♠❡❥♦r❛r ❧❛s ❝❛♣❛❝✐❞❛❞❡s ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s✳

▲❛ ❡✈♦❧✉❝✐ó♥ ♥❛t✉r❛❧ ♣✉❡❞❡ ✈❡rs❡ ❝♦♠♦ ✉♥ ♣r♦❝❡s♦ ❞❡ ❜úsq✉❡❞❛ ❛❧❡❛t♦r✐♦

❞❡♥tr♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛ ❞❡ ❧♦s ♣♦s✐❜❧❡s ❝r♦♠♦s♦♠❛s ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡

❡♥❝♦♥tr❛r ✉♥ ❝r♦♠♦s♦♠❛ q✉❡ ♠❡❥♦r❡ ❝✐❡rt❛ ❝❛r❛❝t❡ríst✐❝❛✳ ❉❡s❞❡ ❡st❡ ♣✉♥t♦

❞❡ ✈✐st❛✱ ✉♥ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦ s❡ ❡♥t✐❡♥❞❡ ❝♦♠♦ ✉♥ ♣r♦❝❡s♦ ❞❡ ❜úsq✉❡❞❛

❛❧❡❛t♦r✐❛ ❞❡ ❧❛ ♠❡❥♦r s♦❧✉❝✐ó♥ ❛ ✉♥ ♣r♦❜❧❡♠❛ ❞❛❞♦✳

▲❛ ✐❞❡❛ q✉❡ s✉❜②❛❝❡ ❜❛❥♦ ❡st♦s ❛❧❣♦r✐t♠♦s ❡s s✐❡♠♣r❡ ❧❛ ♠✐s♠❛✿ ❞❛❞❛

✉♥❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ✐♥❞✐✈✐❞✉♦s ❡♥ ✉♥ ❡♥t♦r♥♦ ❜❛❥♦ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ♣r❡s✐ó♥ s❡❧❡❝✲

t✐✈❛ ✭s♦❜r❡✈✐✈❡♥ ❧♦s ♠ás ❛♣t♦s✮ ✐r ♠❡❥♦r❛♥❞♦ ❧❛ ❛♣t✐t✉❞ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡

❧❛ ♣♦❜❧❛❝✐ó♥✳ ❉❛❞❛ ✉♥❛ ❢✉♥❝✐ó♥ ❝❛♣❛③ ❞❡ ♠❡❞✐r ❧❛ ❝❛♣❛❝✐❞❛❞ ♦ ❝❛❧✐❞❛❞ ❞❡ ❧♦s

✐♥❞✐✈✐❞✉♦s ❡s ❢á❝✐❧ ❣❡♥❡r❛r ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣♦s✐❜❧❡s s♦❧✉❝✐♦♥❡s✱

② ❛♣❧✐❝❛r s♦❜r❡ ést❛s ❧❛ ❢✉♥❝✐ó♥ ❞❡♥♦♠✐♥❛❞❛ ❞❡ ❛♣t✐t✉❞✱ ❝♦♠♦ ✉♥❛ ♠❡❞✐❞❛ ❛❜s✲

tr❛❝t❛ ♣❛r❛ ✈❡r ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❞❛♣t❛❝✐ó♥ ❛❧ ♠❡❞✐♦ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦✳ ❙❡❣ú♥

❚❡s✐s ❉♦❝t♦r❛❧ ✺✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❡st❛ ♠❡❞✐❞❛ ♣♦❞❡♠♦s ♦r❞❡♥❛r ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡ ♠❡❥♦r ❛ ♣❡♦r✳ ▲♦s ♠❡❥♦r❡s ✐♥❞✐✲

✈✐❞✉♦s✱ ❝♦♠♦ r❡❣❧❛ ❣❡♥❡r❛❧✱ s❡ ❡❧❡❣✐rá♥ ❝♦♠♦ ❝❛♥❞✐❞❛t♦s✱ t❛♠❜✐é♥ ❞❡♥♦♠✐♥❛❞♦s

♣❛❞r❡s✱ ♣❛r❛ ❢♦r♠❛r ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❝✐ó♥ ❛♣❧✐❝❛♥❞♦ té❝♥✐❝❛s ❞❡ r❡❝♦♠❜✐♥❛✲

❝✐ó♥ ♦ ❝r✉❝❡ ②✴♦ ♠✉t❛❝✐ó♥✳ ❊❧ ❝r✉❝❡ ♦ r❡❝♦♠❜✐♥❛❝✐ó♥ ❡s ✉♥ ♦♣❡r❛❞♦r q✉❡ s❡

❛♣❧✐❝❛ ❛ ♠ás ❞❡ ✉♥ ♣❛❞r❡ ② ❝✉②♦ ❝♦♠❡t✐❞♦ ❡s ♦❜t❡♥❡r ✉♥♦ ♦ ♠ás ✐♥❞✐✈✐❞✉♦s

✲❤✐❥♦s✲ ♠❡❞✐❛♥t❡ ❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ✐♥❢♦r♠❛❝✐ó♥✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ ♠✉t❛❝✐ó♥

s✐❡♠♣r❡ s❡ ❛♣❧✐❝❛ s♦❜r❡ ✉♥ ♣❛❞r❡ ② s❡ ♦❜t✐❡♥❡ ✉♥ ❤✐❥♦✱ ♠♦❞✐✜❝❛♥❞♦ ❞❡ ❛❧❣✉♥❛

♠❛♥❡r❛ ❛❧ ♣❛❞r❡✳ ❆♣❧✐❝❛♥❞♦ ❞✐❝❤♦s ♦♣❡r❛❞♦r❡s ❛ ♣❛rt✐r ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐✲

❞✉♦s ♣❛❞r❡s ♦❜t❡♥❡♠♦s ♦tr♦ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❤✐❥♦s q✉❡ ❝♦♠♣✐t❡♥ ❡♥tr❡

sí ②✴♦ ❝♦♥ ❧♦s ♣❛❞r❡s ♣❛r❛ ❢♦r♠❛r ✉♥❛ ♥✉❡✈❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ✐♥❞✐✈✐❞✉♦s ❡♥ ❧❛

s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❝✐ó♥✳ ❊st❡ ♣r♦❝❡s♦ s❡ r❡♣✐t❡ ❤❛st❛ ❧❧❡❣❛r ❛ ♦❜t❡♥❡r ✉♥ ✐♥❞✐✈✐❞✉♦

❝♦♥ ✉♥❛ ❞❡t❡r♠✐♥❛❞❛ ❛♣t✐t✉❞ s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❝❡♣t❛❜❧❡✱ ♦ ❜✐❡♥✱ ❝✉❛♥❞♦ s❡ ❤❛

❧❧❡❣❛❞♦ ❛ ✉♥ ❧í♠✐t❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✜❥❛❞♦ ❞❡ ❛♥t❡♠❛♥♦✳

▲❛ ❝♦♠♣✉t❛❝✐ó♥ ❡✈♦❧✉t✐✈❛✱ ♦❢r❡❝❡ ✈❡♥t❛❥❛s ♣rá❝t✐❝❛s ♣❛r❛ ❡❧ ✐♥✈❡st✐❣❛❞♦r

q✉❡ s❡ ❡♥❢r❡♥t❛ ❛ ❞✐❢í❝✐❧❡s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✳ ❊st❛s ✈❡♥t❛❥❛s s♦♥ ♠ú❧t✐✲

♣❧❡s✱ ✐♥❝❧✉②❡♥❞♦ ❧❛ s✐♠♣❧✐❝✐❞❛❞ ❞❡❧ ♣❧❛♥t❡❛♠✐❡♥t♦✱ s✉ r❡s♣✉❡st❛ ❝♦♥t✉♥❞❡♥t❡ ❛

❧❛s ❝❛♠❜✐❛♥t❡s ❝✐r❝✉♥st❛♥❝✐❛s✱ s✉ ✢❡①✐❜✐❧✐❞❛❞✱ ② ♠✉❝❤❛s ♦tr❛s ❢❛❝❡t❛s✳ ❯♥ ❛❧❣♦✲

r✐t♠♦ ❡✈♦❧✉t✐✈♦ s❡ ♣✉❡❞❡ ❛♣❧✐❝❛r ❛ ♣r♦❜❧❡♠❛s ❞♦♥❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❤❡✉ríst✐❝❛s

♥♦ ❡stá♥ ❞✐s♣♦♥✐❜❧❡s ♦ ❡♥ ❣❡♥❡r❛❧ ❧♦s r❡s✉❧t❛❞♦s s♦♥ ♣♦❝♦ s❛t✐s❢❛❝t♦r✐♦s✳

❈♦♠♦ r❡s✉❧t❛❞♦✱ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ❤❛♥ r❡❝✐❜✐❞♦ r❡❝✐❡♥t❡♠❡♥t❡ ✉♥

♠❛②♦r ✐♥t❡rés✱ ❡♥ ♣❛rt✐❝✉❧❛r ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❢♦r♠❛ ❡♥ q✉❡ s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r

♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ♣rá❝t✐❝♦s✳ P♦r ❧♦ ❣❡♥❡r❛❧✱ ❛❣r✉♣❛❞♦s ❜❛❥♦ ❡❧ tér♠✐♥♦

❝♦♠♣✉t❛❝✐ó♥ ❡✈♦❧✉t✐✈❛ ♦ ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s✱ s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ❛❧❣♦r✐t♠♦s

❣❡♥ét✐❝♦s ❬✶✸✽❪✱ ❧❛s ❡str❛t❡❣✐❛s ❞❡ ❡✈♦❧✉❝✐ó♥ ❬✶✸✾✱ ✶✹✵❪✱ ❧❛ ♣r♦❣r❛♠❛❝✐ó♥ ❡✈♦❧✉✲

t✐✈❛ ❬✶✹✶❪✱ ② ❧❛ ♣r♦❣r❛♠❛❝✐ó♥ ❣❡♥ét✐❝❛ ❬✶✹✷❪✳ ❚♦❞♦s ❡❧❧♦s ❝♦♠♣❛rt❡♥ ✉♥❛ ❜❛s❡

❝♦♥❝❡♣t✉❛❧ ❝♦♠ú♥ ❞❡ s✐♠✉❧❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛s ❡str✉❝t✉r❛s ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ❛

tr❛✈és ❞❡ ♣r♦❝❡s♦s ❞❡ s❡❧❡❝❝✐ó♥✱ ♠✉t❛❝✐ó♥✱ ② ❧❛ r❡♣r♦❞✉❝❝✐ó♥✳ ❊♥ ❝♦♠♣❛r❛❝✐ó♥

❝♦♥ ♦tr❛s té❝♥✐❝❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❣❧♦❜❛❧✱ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ✭❆❊✮ s♦♥

❢á❝✐❧❡s ❞❡ ✐♠♣❧❡♠❡♥t❛r ② ♠✉② ❛ ♠❡♥✉❞♦ ♦❢r❡❝❡♥ s♦❧✉❝✐♦♥❡s ❛❞❡❝✉❛❞❛s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✺✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✷✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s

✸✳✷✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s

❊❧ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❜ás✐❝♦ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦ s❡ ❞❡s❝r✐❜❡ ❝♦♠♦

✉♥ ❛❧❣♦r✐t♠♦ ❡st♦❝ást✐❝♦ q✉❡ ♠❛♥t✐❡♥❡ ✉♥❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ✐♥❞✐✈✐❞✉♦s P (t) =

x1(t), . . . , xn(t) ♣❛r❛ ❝❛❞❛ ✐t❡r❛❝✐ó♥ ♦ ❣❡♥❡r❛❝✐ó♥ t✳ ❈❛❞❛ ✐♥❞✐✈✐❞✉♦ r❡♣r❡s❡♥t❛

✉♥❛ s♦❧✉❝✐ó♥ ♣♦t❡♥❝✐❛❧ ❛❧ ♣r♦❜❧❡♠❛ ❛ r❡s♦❧✈❡r ② s❡ ✐♠♣❧❡♠❡♥t❛ ♠❡❞✐❛♥t❡ ❛❧❣✉♥❛

❡str✉❝t✉r❛ ❞❡ ❞❛t♦s✳ ❈❛❞❛ s♦❧✉❝✐ó♥ ①✭t✮ ❡s ❡✈❛❧✉❛❞❛ ♣❛r❛ ❞❛r ❛❧❣✉♥❛ ♠❡❞✐❞❛ ❞❡

s✉ ❛❥✉st❡ ♦ ❛❞❛♣t❛❝✐ó♥✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥✱ s❡ ❢♦r♠❛ ✉♥❛ ♥✉❡✈❛ ♣♦❜❧❛❝✐ó♥ ✭❣❡♥❡✲

r❛❝✐ó♥ t ✰ ✶✮ ♠❡❞✐❛♥t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ♠ás ❛❞❛♣t❛❞♦s✱ ❛❧❣✉♥♦s

❞❡ ❧♦s ❝✉❛❧❡s s♦♥ ♠♦❞✐✜❝❛❞♦s ♠❡❞✐❛♥t❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ♦♣❡r❛❞♦r❡s ❣❡♥ét✐❝♦s

❞❡ r❡❝♦♠❜✐♥❛❝✐ó♥ ② ♠✉t❛❝✐ó♥ ♣❛r❛ ❢♦r♠❛r ♥✉❡✈❛s s♦❧✉❝✐♦♥❡s✳ ▲❛ ❡str✉❝t✉r❛ ❞❡

✉♥ ♣r♦❣r❛♠❛ ❡✈♦❧✉t✐✈♦ s❡❣ú♥ ❬✶✹✸❪ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦
✶✳ t❂✵✳
✷✳ ■♥✐❝✐❛❧✐③❛ P✭t✮✳
✸✳ ❊✈❛❧ú❛ P✭t✮
✹✳ ▼✐❡♥tr❛s ♥♦ s❡ ❝✉♠♣❧❛ ❛❧❣✉♥❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♣❛r❛❞❛

t❂t✰✶
❙❡❧❡❝❝✐♦♥❛ P✭t✮ ❛ ♣❛rt✐r ❞❡ P✭t✲✶✮
▼♦❞✐✜❝❛ P✭t✮
❊✈❛❧ú❛ P✭t✮

❋✐♥ ❞❡❧ ▼✐❡♥tr❛s✳

P❛r❛ ❧❧❡✈❛r ❛ ❝❛❜♦ ❧❛ ✏▼♦❞✐✜❝❛❝✐ó♥ ❞❡ P (t)✑ s❡ ❛♣❧✐❝❛♥ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡

❞♦s t✐♣♦s ❞❡ ♦♣❡r❛❞♦r❡s✿ ❡♥ ♣r✐♠❡r ❧✉❣❛r ❧♦s ♦♣❡r❛❞♦r❡s ✉♥❛r✐♦s✱ ❡♥ ❡❧ s❡♥t✐❞♦

❞❡ q✉❡ ❛❝tú❛♥ s♦❜r❡ ✉♥ ú♥✐❝♦ ✐♥❞✐✈✐❞✉♦✱ ♣r♦❞✉❝✐é♥❞♦❧❡ ✉♥ ♣❡q✉❡ñ♦ ❝❛♠❜✐♦

♣❛r❛ ✐♥tr♦❞✉❝✐r ✐♥♥♦✈❛❝✐ó♥ ❞❡♥tr♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ② q✉❡ s✉❡❧❡ ❞❡♥♦♠✐♥❛rs❡

♠✉t❛❝✐ó♥❀ ② ♦tr♦s ♦♣❡r❛❞♦r❡s ❜✐♥❛r✐♦s✱ ❤❛❜✐t✉❛❧♠❡♥t❡ ❞❡♥♦♠✐♥❛❞♦s ❞❡ ❝r✉❝❡✱

q✉❡ ❝r❡❛♥ ♥✉❡✈♦s ✐♥❞✐✈✐❞✉♦s ❛ ♣❛rt✐r ❞❡ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♣❛rt❡s ❞❡ ♦tr♦s

✐♥❞✐✈✐❞✉♦s✳ ▲❛ ❛♣t✐t✉❞ ♦ ✜t♥❡ss ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ r❡✢❡❥❛ s✉ ✈❛❧♦r ❝♦♥ r❡s♣❡❝t♦ ❛

✉♥❛ ❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ♣❛rt✐❝✉❧❛r ❛ ♦♣t✐♠✐③❛r✳ ❊❧ ♦♣❡r❛❞♦r ❞❡ s❡❧❡❝❝✐ó♥ ✐♠♣♦♥❡

✉♥❛ ❜úsq✉❡❞❛ ❞✐r✐❣✐❞❛ ❞❡♥tr♦ ❞❡❧ ♣r♦❝❡s♦ ❞❡ ❡✈♦❧✉❝✐ó♥✱ ❡❧✐❣✐❡♥❞♦ ❛ ❧♦s ♠❡❥♦r❡s

✐♥❞✐✈✐❞✉♦s ♣❛r❛ q✉❡ s♦❜r❡✈✐✈❛♥ ② s❡ r❡♣r♦❞✉③❝❛♥✳

❚❡s✐s ❉♦❝t♦r❛❧ ✺✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❯♥ ❡❧❡♠❡♥t♦ ❞❡ ✈✐t❛❧ ✐♠♣♦rt❛♥❝✐❛ ❡s ❧❛ ❝♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s✳

▲❛ ❝♦❞✐✜❝❛❝✐ó♥ ❡s ❡❧ ❡st❛❜❧❡❝✐♠✐❡♥t♦ ❞❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ❡♥tr❡ ❡❧ ✏♠✉♥❞♦ r❡❛❧✑ ②

❡❧ ✏♠✉♥❞♦ ❞❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✑✳ ❙❡ tr❛t❛ ❞❡ ❜✉s❝❛r ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡

❝❛❞❛ s♦❧✉❝✐ó♥ r❡❛❧ ♣❛r❛ q✉❡ ❡❧ ❆❊ tr❛❜❛❥❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❞✐❝❤❛ r❡♣r❡s❡♥t❛❝✐ó♥

② s❡ ♣✉❡❞❛♥ ❛♣❧✐❝❛r ❧♦s ♦♣❡r❛❞♦r❡s ❞❡ ❜úsq✉❡❞❛ ♦ ♠♦❞✐✜❝❛❝✐ó♥✳ ❉❡s❞❡ ❡❧ ♣✉♥t♦

❞❡ ✈✐st❛ ❜✐♦❧ó❣✐❝♦✱ ♣♦❞❡♠♦s ❤❛❜❧❛r ❞❡ ❢❡♥♦t✐♣♦ ✭✐♥❞✐✈✐❞✉♦ r❡❛❧✮ ② ❣❡♥♦t✐♣♦ ✭❝♦✲

❞✐✜❝❛❝✐ó♥ ❝r♦♠♦só♠✐❝❛ ❞❡ ❞✐❝❤♦ ✐♥❞✐✈✐❞✉♦✮✳ ❊st❡ ♣❛s♦ ❡s ❢✉♥❞❛♠❡♥t❛❧ ❞❡♥tr♦

❞❡❧ ❞✐s❡ñ♦ ❞❡❧ ❆❊ ♣✉❡s ❛❢❡❝t❛ ❞❡ ♠❛♥❡r❛ ❞✐r❡❝t❛ ❛ ❧❛ ❡✜❝✐❡♥❝✐❛ ② ❝♦♠♣❧❡❥✐❞❛❞

❞❡❧ ❛❧❣♦r✐t♠♦✳

❊♥ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✱ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s

❞❡ ❧❛ ❢✉♥❝✐ó♥ ✭♣❡s♦s s✐♥á♣t✐❝♦s ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ❘◆❆✮✱ ❢✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❛❢r♦♥✲

t❛❞❛ ♠❡❞✐❛♥t❡ ❝♦❞✐✜❝❛❝✐ó♥ ❜✐♥❛r✐❛✱ r❡str✐♥❣✐❡♥❞♦ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ❛

❧❛ ❧♦♥❣✐t✉❞ ❞❡ ❧♦s ❝r♦♠♦s♦♠❛s ❝♦♥s✐❞❡r❛❞♦s✳

▲❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧❛ ❝♦❞✐✜❝❛❝✐ó♥ r❡❛❧ ❝♦♠✐❡♥③❛ ❛ ❛♣❛r❡❝❡r ❡♥ ❛♣❧✐❝❛❝✐♦♥❡s

♣❛rt✐❝✉❧❛r❡s ②✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❡♥ ❛❧❣✉♥♦s ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✳ ❍❛st❛

✶✾✾✶ ♥♦ s❡ ❤❛❝❡♥ ❧♦s ♣r✐♠❡r♦s ❡st✉❞✐♦s t❡ór✐❝♦s✱ ②❛ q✉❡ ❧❛ ❝♦❞✐✜❝❛❝✐ó♥ r❡❛❧

❝❛✉s❛❜❛ ❝✐❡rt❛ ❝♦♥tr♦✈❡rs✐❛ ❡♥ ❧♦s ✐♥✈❡st✐❣❛❞♦r❡s ❢❛♠✐❧✐❛r✐③❛❞♦s ❝♦♥ ❧❛ t❡♦rí❛

❝❧ás✐❝❛ ❞❡ ❧♦s ❆●✳ ❙❡ ❞❡♠♦stró ❡♥t♦♥❝❡s q✉❡ ❧❛ ❝♦❞✐✜❝❛❝✐ó♥ r❡❛❧ t✐❡♥❡ ♠❡❥♦r

❝♦♠♣♦rt❛♠✐❡♥t♦ q✉❡ ❧❛ ❜✐♥❛r✐❛✱ ❛❧ ♠❡♥♦s ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s ❬✶✹✹✱ ✶✹✺❪

②❛ q✉❡ ♥♦ s❡ ♥❡❝❡s✐t❛ ❝♦♥✈❡rt✐r ❧❛ s❡❝✉❡♥❝✐❛ ❞❡ ❜✐ts ❡♥ ♥ú♠❡r♦s r❡❛❧❡s✱ ❧♦s

♦♣❡r❛❞♦r❡s s❡ ♣✉❡❞❡♥ ❛♣❧✐❝❛r ♠ás rá♣✐❞❛♠❡♥t❡ ❛❧ ❞❡❝r❡❝❡r ❡❧ ♥ú♠❡r♦ ❞❡ ❣❡♥❡s

② ❧❛ ♣r❡❝✐s✐ó♥ ❡s ♠✉❝❤♦ ♠❛②♦r✳ ❊♥ ❬✶✹✻❪ s❡ r❡❛❧✐③❛ ✉♥❛ ❝♦♠♣❧❡t❛ r❡✈✐s✐ó♥ ❞❡

❧♦s ❞✐st✐♥t♦s ♦♣❡r❛❞♦r❡s ❡♠♣❧❡❛❞♦s ❡♥ ❆● ❝♦♥ ❝♦❞✐✜❝❛❝✐ó♥ r❡❛❧✱ ❛❞❡♠ás ❞❡ ✉♥❛

❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ♣❛r❛ s✉ ❡st✉❞✐♦ t❡ór✐❝♦✳

✸✳✷✳✶✳ ▼❡t♦❞♦❧♦❣í❛ ❞❡ ❉❡❜

❉❡❜ ♣r♦♣♦♥❡ ✉♥❛ ♥✉❡✈❛ ❢♦r♠❛ ❞❡ ❞❡s❝r✐❜✐r ② ❡str✉❝t✉r❛r ❧♦s ❛❧❣♦r✐t♠♦s

❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❜❛s❛❞♦s ❡♥ ♣♦❜❧❛❝✐♦♥❡s ❞❡ ✐♥❞✐✈✐❞✉♦s ❬✶✸✻❪✳ ❙❡❣ú♥ ❉❡❜✱ ❧❛ ♠❛✲

②♦rí❛ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❜❛s❛❞♦s ❡♥ ♣♦❜❧❛❝✐♦♥❡s ❞❡ ✐♥❞✐✈✐❞✉♦s

❣❡♥❡r❛❧♠❡♥t❡ r❡s♣♦♥❞❡♥ ❛ ✉♥❛ ♠✐s♠❛ ❡str✉❝t✉r❛✳ ▲❛ ♠❛②♦rí❛ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s

❡✈♦❧✉t✐✈♦s s♦♥ ❛❧❣♦r✐t♠♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❜❛s❛❞♦s ❡♥ ♣♦❜❧❛❝✐♦♥❡s ❞❡ ✐♥❞✐✈✐✲

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✺✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✷✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s

❞✉♦s✱ ♣♦r t❛♥t♦✱ s❡ ❧❡s ♣✉❡❞❡ ❛♣❧✐❝❛r ❡st❛ ♠❡t♦❞♦❧♦❣í❛✳ ■❣✉❛❧♠❡♥t❡ ❡♥ ❬✶✸✻❪

s❡ ❧❡ ❛♣❧✐❝❛ ❡st❛ ♠❡t♦❞♦❧♦❣í❛ ❛ ♦tr♦s ♠ét♦❞♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝❧ás✐❝♦s ❝♦♠♦

❡❧ ♠ét♦❞♦ ❞❡❧ s✐♠♣❧❡① ♣r♦♣✉❡st♦ ♣♦r ◆❡❧❞❡r ❛♥❞ ▼❡❛❞ ❬✶✹✼❪✱ ② ❡❧ ♠ét♦❞♦ ❞❡

❜úsq✉❡❞❛ ❛❧❡❛t♦r✐❛ ❛❞❛♣t❛t✐✈❛ ❬✶✹✽❪✳

▲❛ ♣r✐♥❝✐♣❛❧ ✈❡♥t❛❥❛ ❞❡ ❡st❛ ♠❡t♦❞♦❧♦❣í❛✱ ❡s q✉❡ ♣♦❞❡♠♦s ❝♦♠♣❛r❛r ❞✐s✲

t✐♥t♦s ❛❧❣♦r✐t♠♦s ❞❡ ❡st❡ t✐♣♦ ❞❡ ✉♥❛ ♠❛♥❡r❛ s❡♥❝✐❧❧❛ ②❛ q✉❡ ést❛ ♥♦s ♣r♦♣♦♥❡

✉♥❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ❢✉♥❝✐♦♥❛❧ ❝♦♠ú♥✱ ❡♥ ❢♦r♠❛ ❞❡ ♣❧❛♥❡s ♦ ❡t❛♣❛s ✐♥❞❡♣❡♥❞✐❡♥✲

t❡s ❡♥tr❡ sí✳ ❉❡ ❡st❛ ♠❛♥❡r❛✱ ♥♦s ♣✉❡❞❡ s❡r✈✐r ♣❛r❛ ♦♣t✐♠✐③❛r ❧♦s ❛❧❣♦r✐t♠♦s✱ ❛

♣❛rt✐r ❞❡ ♦tr♦s✱ ❛♥❛❧✐③❛♥❞♦ ② ❝♦♠♣❛r❛♥❞♦ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣❧❛♥❡s ② ❡①tr❛②❡♥❞♦

❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❧♦ ♠❡❥♦r ❞❡ ❝❛❞❛ ♣❧❛♥✳

❙❡❣ú♥ ❉❡❜✱ ❡❧ ❛❧❣♦r✐t♠♦ ❝♦♠✐❡♥③❛ ❝♦♥ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ ✉♥❛ ♣♦❜❧❛❝✐ó♥

✐♥✐❝✐❛❧ ❞❡ ✐♥❞✐✈✐❞✉♦s✱ ♣♦s✐❜❧❡s s♦❧✉❝✐♦♥❡s ❛❧ ♣r♦❜❧❡♠❛✱ ② ❡♥ ❝❛❞❛ ❣❡♥❡r❛❝✐ó♥ ❧❛

♣♦❜❧❛❝✐ó♥ ❡s ♠♦❞✐✜❝❛❞❛ ✉s❛♥❞♦ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❛❝t✉❛❧✐③❛❝✐ó♥✳ P♦r t❛♥t♦✱ s✐

s✉♣♦♥❡♠♦s q✉❡ ♥♦s ❡♥❝♦♥tr❛♠♦s ❡♥ ❧❛ ❣❡♥❡r❛❝✐ó♥ t ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s

B(t) ✭❝♦♥ ◆ ❂ |B(t)| ✮ ❛❧ ✜♥❛❧ ❞❡ ❧❛ ❣❡♥❡r❛❝✐ó♥ ♦❜t❡♥❞r❡♠♦s ✉♥❛ ♥✉❡✈❛ ♣♦❜❧❛❝✐ó♥

B(t+1) s✐❣✉✐❡♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❛❝t✉❛❧✐③❛❝✐ó♥ q✉❡ ❝♦♥st❛ ❞❡ ❧♦s s✐❣✉✐❡♥t❡s

♣❛s♦s✿

✶✿ P❧❛♥ ❞❡ ❙❡❧❡❝❝✐ó♥ ✭P❙✮

❉✐❝❤♦ ♣❛s♦ ❝♦♥s✐st❡ ❡♥ s❡❧❡❝❝✐♦♥❛r ❧♦s ♣ ✐♥❞✐✈✐❞✉♦s ❞❡❧ ❝♦♥❥✉♥t♦ B(t) ♣❛r❛

❢♦r♠❛r ❡❧ ❝♦♥❥✉♥t♦ P (t) ✳ ◆♦r♠❛❧♠❡♥t❡ s❡ s✉❡❧❡♥ ❡❧❡❣✐r ❧♦s ✐♥❞✐✈✐❞✉♦s ♠ás ❛♣t♦s

♣❡r♦✱ ❝♦♠♦ s❡ ❤❛ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡♥ ♦❝❛s✐♦♥❡s s❡ ✐♥❝❧✉②❡♥ ✐♥❞✐✈✐❞✉♦s ♠❡♥♦s

❛♣t♦s ♣❛r❛ ❡✈✐t❛r q✉❡❞❛r ❛tr❛♣❛❞♦ ❡♥ ♠í♥✐♠♦s ❧♦❝❛❧❡s ② ♣♦❞❡r ❡①♣❧♦r❛r ♦tr❛s

③♦♥❛s ❞❡♥tr♦ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✶✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r

❝ó♠♦ s❡ s❡❧❡❝❝✐♦♥❛♥ ❧♦s ✐♥❞✐✈✐❞✉♦s ♠❛r❝❛❞♦s ❞❡ ❝♦❧♦r ❛③✉❧✳

P❛s♦ ✷✿ P❧❛♥ ❞❡ ●❡♥❡r❛❝✐ó♥ ✭P●✮

❊♥ ❡st❡ ♣❛s♦ s❡ ❣❡♥❡r❛♥ ❝ ✐♥❞✐✈✐❞✉♦s ❛ ♣❛rt✐r ❞❡❧ ❝♦♥❥✉♥t♦ P (t) ❢♦r♠❛♥❞♦ ❡❧

❝♦♥❥✉♥t♦ C(t) ✳ ❊st❡ ♣❛s♦ ❡s ❡❧ ♠ás ✐♠♣♦rt❛♥t❡ ② ❞♦♥❞❡ s✉❡❧❡ ❤❛❜❡r ♠❛②♦r

❞✐❢❡r❡♥❝✐❛ ❞❡ ✉♥♦ ❛ ♦tr♦ ❛❧❣♦r✐t♠♦✳ ❉❡♥tr♦ ❞❡ ❡st❡ ♣❛s♦ s❡ ✉t✐❧✐③❛♥ ❧♦s ♦♣❡r❛✲

❞♦r❡s ❞❡ ♠♦❞✐✜❝❛❝✐ó♥ ❣❡♥❡r❛♥❞♦ ♥✉❡✈♦s ✐♥❞✐✈✐❞✉♦s✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✶✱ ♣♦❞❡♠♦s

♦❜s❡r✈❛r ❝ó♠♦ s❡ ❣❡♥❡r❛♥ ❧♦s ✐♥❞✐✈✐❞✉♦s ♠❛r❝❛❞♦s ❞❡ ❝♦❧♦r r♦❥♦ ❛ ♣❛rt✐r ❞❡ ❧♦s

s❡❧❡❝❝✐♦♥❛❞♦s ❡♥ ❡❧ ♣❛s♦ ❛♥t❡r✐♦r ❝♦♥ ❡❧ ❝♦❧♦r ❛③✉❧✳

❚❡s✐s ❉♦❝t♦r❛❧ ✺✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

P❛s♦ ✸✿ P❧❛♥ ❞❡ ❘❡❡♠♣❧❛③❛♠✐❡♥t♦ ✭P❘✮

❊♥ ❡st❡ ♣❛s♦ s❡ s❡❧❡❝❝✐♦♥❛♥ r ✐♥❞✐✈✐❞✉♦s ❞❡❧ ❝♦♥❥✉♥t♦ B(t) ❢♦r♠❛♥❞♦ ❡❧ ❝♦♥❥✉♥t♦

R(t) ❝♦♥ ❡❧ ♦❜❥❡t♦ ❞❡ s❡r s✉st✐t✉✐❞♦s✳ ●❡♥❡r❛❧♠❡♥t❡✱ s❡ tr❛t❛ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s

♠❡♥♦s ❛♣t♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✸✳✶✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❝ó♠♦ s❡

s❡❧❡❝❝✐♦♥❛♥ ❧♦s ✐♥❞✐✈✐❞✉♦s ♠❛r❝❛❞♦s ❞❡ ❝♦❧♦r ✈❡r❞❡✳

P❛s♦ ✹✿ P❧❛♥ ❞❡ ❙✉st✐t✉❝✐ó♥ ✭P❙❯✮

P♦r ú❧t✐♠♦✱ ❡♥ ❡st❡ ♣❛s♦ s❡ ❣❡♥❡r❛ ❧❛ ♣♦❜❧❛❝✐ó♥ B(t+1) ❢♦r♠❛❞❛ ♣♦r ❧♦s ✐♥❞✐✲

✈✐❞✉♦s ❞❡ B(t) ✉♥❛ ✈❡③ s✉st✐t✉✐❞♦s ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡ R(t) ♣♦r ❧♦s ✐♥❞✐✈✐❞✉♦s

s❡❧❡❝❝✐♦♥❛❞♦s ❞❡ ❧♦s ❝♦♥❥✉♥t♦s P (t) ② C(t) ✉t✐❧✐③❛♥❞♦ ❡❧ ♣❧❛♥ ❞❡ s✉st✐t✉❝✐ó♥✳ ❊♥

❧❛ ❋✐❣✉r❛ ✸✳✶✱ s❡ s✉st✐t✉②❡♥ ❧♦s ✐♥❞✐✈✐❞✉♦s ♠❛r❝❛❞♦s ❡♥ ❡❧ ♣❧❛♥ ❞❡ r❡❡♠♣❧❛③❛✲

♠✐❡♥t♦ ❞❡ ❝♦❧♦r ✈❡r❞❡✱ ♣♦r ❧♦s s❡❧❡❝❝✐♦♥❛❞♦s ❡♥ ❡st❡ ♣❛s♦ ❞❡ ❝♦❧♦r r♦s❛❞♦✳ ❍❛②

q✉❡ ♦❜s❡r✈❛r q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s s❡❧❡❝❝✐♦♥❛❞♦s ❡♥ ❡❧ ♣❧❛♥ ❞❡ r❡❡♠♣❧❛✲

③❛♠✐❡♥t♦ ❝♦✐♥❝✐❞❡ ❝♦♥ ❧♦s ❡❧❡♠❡♥t♦s s❡❧❡❝❝✐♦♥❛❞♦s ❡♥ ❡❧ ♣❧❛♥ ❞❡ s✉st✐t✉❝✐ó♥✳ ❉❡

❡st❛ ❢♦r♠❛ ♠❛♥t❡♥❡♠♦s ❝♦♥st❛♥t❡ ❡❧ ♥ú♠❡r♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✱ ❡s

❞❡❝✐r✱ |B(t)| ❂ |B(t+1)| ❂ N ✱ ❞♦♥❞❡ N r❡♣r❡s❡♥t❛ ❡❧ ❝❛r❞✐♥❛❧ ❞❡❧ ❝♦♥❥✉♥t♦✳

1 - Plan de Selección 2 - Plan de Generación

3 - Plan de Reemplazamiento

P(t)
B(t)

P(t) C(t)

B(t)

R(t)

P(t) C(t)

R*(t)

3 - Plan de Sustitución

P

B(t+1)

r

c

r

Seleccionar

seleccionar generar

seleccionar

❋✐❣✉r❛ ✸✳✶✿ ❊sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ ♣♦r ❉❡❜✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✺✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ② ❉✐s❡ñ♦ ❞❡ ❘❡❞❡s
◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ②

❉✐s❡ñ♦ ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

▲❛ ♣r❡s❡♥t❡ s❡❝❝✐ó♥ ❛❜♦r❞❛ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ P❊ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡

❘◆❆ ✭◆❡✉r❛❧ ◆❡t ❊✈♦❧✉t✐♦♥❛r② Pr♦❣r❛♠♠✐♥❣ ◆◆❊P✮ ♣r♦♣✉❡st♦ ♣♦r ▼❛rtí♥❡③✲

❊st✉❞✐❧❧♦ ❬✶✸✼❪✱ ❜❛s❛❞♦ ❡♥ ❞✐✈❡rs♦s tr❛❜❛❥♦s ❛♥t❡r✐♦r❡s✳ ❊❧ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡

❡st❡ ❛❧❣♦r✐t♠♦ ❡s ❡❧ ❞❡ ❞✐s❡ñ❛r ❧❛ ❡str✉❝t✉r❛ ② s✐♠✉❧tá♥❡❛♠❡♥t❡ ♦♣t✐♠✐③❛r ❧♦s

♣❡s♦s ❞❡ ❞✐st✐♥t♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆s✳ ▲❛ ❜úsq✉❡❞❛ ❝♦♠✐❡♥③❛ ❝♦♥ ✉♥❛ ♣♦❜❧❛❝✐ó♥

✐♥✐❝✐❛❧ ❞❡ r❡❞❡s ❣❡♥❡r❛❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ❛ ❧❛ q✉❡ s❡ ❧❡ ❛♣❧✐❝❛ ✉♥ ❛❧❣♦r✐t♠♦

♣♦❜❧❛❝✐♦♥❛❧ ❡♥ ❝❛❞❛ ✐t❡r❛❝✐ó♥✱ ❡❧ ❝✉❛❧ ❝♦♠♣❛rt❡ ♠✉❝❤❛s ❝❛r❛❝t❡ríst✐❝❛s ❝♦♥ ♦tr♦s

❛❧❣♦r✐t♠♦s ♣r❡✈✐♦s ❝♦♠♦ ❡❧ ♣r♦♣✉❡st♦ ♣♦r ❆♥❣❡❧✐♥❡ ❬✸✱ ✶✹✾❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥

r❡s✉♠✐♠♦s s✉s ❝❛r❛❝t❡ríst✐❝❛s ❢✉♥❞❛♠❡♥t❛❧❡s✳

✸✳✸✳✶✳ ❊str✉❝t✉r❛ ❞❡❧ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦

❊❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦ s❡ ❞❡✜♥❡ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ s✐❣✉✐❡♥❞♦ ❧❛ ♠❡t♦❞♦❧♦❣í❛

❞❡ ❉❡❜ ❬✶✸✻❪ ✭✈❡r ❋✐❣✉r❛ ✸✳✷✮✿

P❛s♦ ✶✿ P❧❛♥ ❞❡ ❙❡❧❡❝❝✐ó♥

❙❡❧❡❝❝✐♦♥❛♠♦s ❡❧ r ♣♦r ❝✐❡♥t♦ ✭r ❂ ✾✵✪✮ ❞❡ ✐♥❞✐✈✐❞✉♦s ❝♦♥ ♠❡❥♦r ❛♣t✐t✉❞ ❞❡

❧❛ ♣♦❜❧❛❝✐ó♥ B∗ = B−{mejor individuo de B} ❞❡ ❝❛r❞✐♥❛❧ N∗R = NR− 1 ②

❢♦r♠❛♠♦s ✉♥❛ ♣♦❜❧❛❝✐ó♥ P ❞❡ t❛♠❛ñ♦ r×N∗R/100✳ P♦st❡r✐♦r♠❡♥t❡ ❝♦♣✐❛♠♦s ❧♦s

✐♥❞✐✈✐❞✉♦s ❞❡ B q✉❡ ♥♦ ❢✉❡r♦♥ ✐♥❝❧✉✐❞♦s ❡♥ P s♦❜r❡ ❧♦s ♣❡♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ P ✳

P❛s♦ ✷✿ P❧❛♥ ❞❡ ●❡♥❡r❛❝✐ó♥✮

❆♣❧✐❝❛♠♦s ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ P ② ♠✉t❛❝✐ó♥

♣❛r❛♠étr✐❝❛ s♦❧♦ ❛ ❧♦s (100− r)∗N∗R ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ P ✭❧♦s ✐♥❞✐✈✐❞✉♦s ❛

❧♦s q✉❡ s❡ ❧❡s ❛♣❧✐❝❛ ❧❛ ♠✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ s❡ ❝♦rr❡s♣♦♥❞❡♥ ❡♥ r❡❛❧✐❞❛❞ ❝♦♥

❡❧ (100−r) ♣♦r ❝✐❡♥t♦ ❞❡ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ B∗ ✮✳ ▲❛ ♣♦❜❧❛❝✐ó♥

♦❜t❡♥✐❞❛ ❞❡s♣✉és ❞❡❧ ♣❧❛♥ ❞❡ ❣❡♥❡r❛❝✐ó♥ ❧❛ ❞❡♥♦♠✐♥❛r❡♠♦s ❈ ✳ ❊s ❢á❝✐❧ ✈❡r q✉❡

❡❧ ❝❛r❞✐♥❛❧ ❞❡ ❈ ❡s ✐❣✉❛❧ ❛ N∗R = NR − 1✳

❚❡s✐s ❉♦❝t♦r❛❧ ✺✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

P❛s♦ ✸✿ P❧❛♥ ❞❡ ❘❡❡♠♣❧❛③❛♠✐❡♥t♦

❊❧ ❝♦♥❥✉♥t♦ R(t) ❡stá ❝♦♠♣✉❡st♦ ♣♦r ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡ B∗ q✉❡

s❡rá♥ r❡❡♠♣❧❛③❛❞♦s✳

P❛s♦ ✹✿ P❧❛♥ ❞❡ ❙✉st✐t✉❝✐ó♥

▲♦s ❡❧❡♠❡♥t♦s ❞❡ B∗ s♦♥ r❡❡♠♣❧❛③❛❞♦s ♣♦r ❧♦s ❡❧❡♠❡♥t♦s ❞❡ C✳ P♦r t❛♥t♦✱ ❧❛

♥✉❡✈❛ ♣♦❜❧❛❝✐ó♥ ❡s ❇ ❂ { ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ❞❡ ❇ } ∪ ❈ ✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❡❧

t❛♠❛ñ♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ s❡ ♠❛♥t✐❡♥❡ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ ❧❛ ❡✈♦❧✉❝✐ó♥✳ ❙❡ ♣✉❡❞❡

♦❜s❡r✈❛r✱ ♣♦r ú❧t✐♠♦✱ q✉❡ s❡ tr❛t❛ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❡❧✐t✐st❛ ②❛ q✉❡ ❡❧ ♠❡❥♦r ✐♥✲

❞✐✈✐❞✉♦ ❞❡ ❇ s❡ ♠❛♥t✐❡♥❡ ♣❛r❛ ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❝✐ó♥✳

1 - Plan de Selección 2 - Plan de Generación

3 - Plan de Reemplazamiento

P(t)B(t) C(t)

B(t) C(t)

R*(t)

3 - Plan de Sustitución

N

B(t+1)

r

Seleccionar

seleccionar todos excepto el más apto

R

N
R

N
R

P(t)

mutación estructural

mutacion paramétrica

r*(N-1)/100R

(1-r/100)*(N-1)

Individuo más apto

R(t)

seleccionar todos excepto el más apto

P(t)

N
R

❋✐❣✉r❛ ✸✳✷✿ ❊sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦ ◆◆❊P✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✺✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ② ❉✐s❡ñ♦ ❞❡ ❘❡❞❡s
◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

✸✳✸✳✷✳ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧♦s ■♥❞✐✈✐❞✉♦s

❱❛r✐❛❞❛s s♦♥ ❧❛s ❢♦r♠❛s ❞❡ r❡♣r❡s❡♥t❛r ❧♦s ✐♥❞✐✈✐❞✉♦s ✭❘◆❆s✮✱ ✉♥❛ ❞❡

❧❛s ♠ás ❜ás✐❝❛s ❡s ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❜✐♥❛r✐❛ ❞♦♥❞❡ ❝❛❞❛ ♣❛rá♠❡tr♦ ❞❡ ❝❛❞❛

✐♥❞✐✈✐❞✉♦ ❛ ❛❥✉st❛r ❡s ♠♦❞❡❧❛❞♦ ❝♦♠♦ ✉♥❛ s❡❝✉❡♥❝✐❛ ❞❡ ✈❛❧♦r❡s ❜✐♥❛r✐♦s ❝✉②❛

✉♥✐ó♥ ❝♦♥st✐t✉②❡ ✉♥ ú♥✐❝♦ ✐♥❞✐✈✐❞✉♦✳ ❊①✐st❡♥ ♥✉♠❡r♦s♦s tr❛❜❛❥♦s q✉❡ ❡st✐♠❛♥

❧♦s ♣❡s♦s ❞❡ ❧❛s ❝♦♥❡①✐♦♥❡s ❞❡ ❧❛s r❡❞❡s ✉t✐❧✐③❛♥❞♦ ❡st❡ t✐♣♦ ❞❡ r❡♣r❡s❡♥t❛❝✐ó♥

❬✶✺✵✱ ✶✺✶❪ q✉❡ ❝♦❞✐✜❝❛ ❝❛❞❛ ♣❡s♦ ♠❡❞✐❛♥t❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ ❜✐ts✳ P♦r ♦tr❛ ♣❛rt❡✱

♦tr❛ ♣♦s✐❜✐❧✐❞❛❞ ❝♦♥s✐st❡ ❡♥ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s ❞❡ ❧❛s ❝♦♥❡①✐♦♥❡s ❞❡

❧❛ r❡❞ ❞✐r❡❝t❛♠❡♥t❡ ♠❡❞✐❛♥t❡ ♥ú♠❡r♦s r❡❛❧❡s ❬✸✱ ✶✺✷✱ ✶✺✸❪✳ ❊st❛ ❝♦❞✐✜❝❛❝✐ó♥ s❡

❞❡♥♦♠✐♥❛ ❝♦❞✐✜❝❛❝✐ó♥ r❡❛❧✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❧❛ r❡❞ s❡ s✉❡❧❡ r❡♣r❡s❡♥t❛r ♠❡❞✐❛♥t❡

✉♥ ✈❡❝t♦r ❞❡ ♥ú♠❡r♦s r❡❛❧❡s✳

❈❛❞❛ ❘◆❆ ❛ r❡♣r❡s❡♥t❛r ♣♦s❡❡ ✸ ❝❛♣❛s✿ ✉♥❛ ♣r✐♠❡r❛ ❝❛♣❛ ❞❡ ❡♥tr❛❞❛✱

✉♥❛ s✐❣✉✐❡♥t❡ ❝❛♣❛ ♦❝✉❧t❛ ② ♣♦r ú❧t✐♠♦ ✉♥❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛✳ ❊❧ ❛❧❣♦r✐t♠♦ tr❛✲

t❛rá ❞✐r❡❝t❛♠❡♥t❡ ❧❛s s♦❧✉❝✐♦♥❡s ❛❧ ♣r♦❜❧❡♠❛ ② ♥♦ ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❧❛s

♠✐s♠❛s✱ ❡s ❞❡❝✐r✱ ✉t✐❧✐③❛rá ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❡♥ sí ② ♥♦ ✉♥❛ ❝♦❞✐✜❝❛❝✐ó♥

❞❡ s✉s ♣❡s♦s ②✴♦ ❡str✉❝t✉r❛✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐✲

❞✉♦ ❞❡t❡r♠✐♥❛ t❛♥t♦ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛ r❡❞ q✉❡ r❡♣r❡s❡♥t❛✱ ❝♦♠♦ s✉s ♣❡s♦s ♦

❝♦❡✜❝✐❡♥t❡s✳ ❯t✐❧✐③❛♥❞♦ ❡st❛ r❡♣r❡s❡♥t❛❝✐ó♥✱ ❧♦s ✐♥❞✐✈✐❞✉♦s s♦♥ s♦♠❡t✐❞♦s ❛ ❧❛s

♦♣❡r❛❝✐♦♥❡s ❞❡ r❡♣❧✐❝❛❝✐ó♥ ② ♠✉t❛❝✐ó♥✱ ♥♦ ✉t✐❧✐③á♥❞♦s❡ ❡❧ ♦♣❡r❛❞♦r ❞❡ ❝r✉❝❡✱

❞❡❜✐❞♦ ❛ ❧❛s ❞❡s✈❡♥t❛❥❛s ♣♦t❡♥❝✐❛❧❡s q✉❡ ❤❛ ❞❡♠♦str❛❞♦ t❡♥❡r ❡♥ ❧❛ ❡✈♦❧✉❝✐ó♥

❞❡ ❘◆❆s✳ ❈♦♥ ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❡❧ ❛❧❣♦r✐t♠♦ s❡ ♣✉❡❞❡ s✐t✉❛r ❡♥ ❧❛ ❝❛t❡❣♦rí❛

❞❡ Pr♦❣r❛♠❛❝✐ó♥ ❊✈♦❧✉t✐✈❛✭P❊✮✳

P❛r❛ ❞❡✜♥✐r ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧❛s ❘◆❆s s❡ ❝♦♥s✐❞❡r❛♥ tr❡s ♣❛rá♠❡tr♦s✿ ♠✱

ME ② MI ✳ ❊st♦s ♣❛rá♠❡tr♦s s❡ ❝♦rr❡s♣♦♥❞❡♥ ❝♦♥ ❡❧ ♥ú♠❡r♦ ♠í♥✐♠♦ ✭♠✮ ②

♠á①✐♠♦ ✭ME✮ ❞❡ ♥♦❞♦s ♦❝✉❧t♦s q✉❡ ♣✉❡❞❡♥ t❡♥❡r ❧♦s ♠♦❞❡❧♦s ❞✉r❛♥t❡ t♦❞♦

❡❧ ♣r♦❝❡s♦ ❡✈♦❧✉t✐✈♦ ② ❛❧ ♥ú♠❡r♦ ♠á①✐♠♦ ✭MI✮ ❞❡ ♥♦❞♦s ♦❝✉❧t♦s q✉❡ ♣♦❞rá♥

t❡♥❡r ❡♥ ❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✳

✸✳✸✳✸✳ ❋✉♥❝✐ó♥ ❞❡ ❊✈❛❧✉❛❝✐ó♥

❊❧ ❛❧❣♦r✐t♠♦✱ ❛❧ ❛♣❧✐❝❛rs❡ ❛ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ✭❜✐♥❛r✐❛ ♦ ♠✉❧t✐✲

❝❧❛s❡✮ ✉t✐❧✐③❛ ❝♦♠♦ ❢✉♥❝✐ó♥ ❞❡ ❛♣t✐t✉❞ ✉♥❛ tr❛♥s❢♦r♠❛❝✐ó♥ ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡✲

❚❡s✐s ❉♦❝t♦r❛❧ ✺✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❝✐❡♥t❡ ❞❡❧ ❡rr♦r ❞❡ ❡♥tr♦♣í❛ ❝r✉③❛❞❛ l(θ̂)✱ ❞❛❞❛ ♣♦r ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥✿

A(θ̂) =
1

1 + l(θ̂)
✭✸✳✶✮

❞❡ t❛❧ ❢♦r♠❛ q✉❡ 0 ≤ A(θ̂) ≤ 1✳

✸✳✸✳✹✳ ■♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ P♦❜❧❛❝✐ó♥

❙❡ ❣❡♥❡r❛rá♥ ✐♥✐❝✐❛❧♠❡♥t❡ ✶✵◆P ♠♦❞❡❧♦s ❞❡ r❡❞❡s✱ s✐❡♥❞♦ NP ❡❧ ♥ú♠❡✲

r♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ❞✉r❛♥t❡ ❡❧ ♣r♦❝❡s♦ ❡✈♦❧✉t✐✈♦✳ ▲❛ ❣❡♥❡r❛❝✐ó♥

❛❧❡❛t♦r✐❛ ❞❡ ❝❛❞❛ r❡❞ s❡ r❡❛❧✐③❛rá ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

✶✳ ❙❡ ❝♦♠✐❡♥③❛ ❡❧✐❣✐❡♥❞♦ ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❛ ♣❛rt✐r ❞❡

✉♥❛ ❞✐str✐❜✉❝✐ó♥ ✉♥✐❢♦r♠❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ (0,MI ]✱ ❞♦♥❞❡ MI s❡ ❝♦rr❡s✲

♣♦♥❞❡ ❝♦♥ ❡❧ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ♥♦❞♦s ♣❛r❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❡♥ ❧❛ ❡t❛♣❛

❞❡ ✐♥✐❝✐❛❧✐③❛❝✐ó♥✳ ❊❧ ♥ú♠❡r♦ ❞❡ ❡♥❧❛❝❡s ❡♥tr❡ ❝❛❞❛ ♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛

② ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ ❡♥tr❛❞❛ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❞✐s✲

tr✐❜✉❝✐ó♥ ✉♥✐❢♦r♠❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ✭✵✱ ♥❪✱ s✐❡♥❞♦ ♥ ❡❧ ♥ú♠❡r♦ ❞❡ ✈❛r✐❛❜❧❡s

❞❡ ❡♥tr❛❞❛✳ ❊❧ ♥ú♠❡r♦ ❞❡ ❡♥❧❛❝❡s ❡♥tr❡ ❝❛❞❛ ♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛

② ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ q✉❡❞❛ ❞❡t❡r♠✐♥❛❞♦ ❛ ♣❛rt✐r ❞❡ ✉♥❛ ❞✐s✲

tr✐❜✉❝✐ó♥ ✉♥✐❢♦r♠❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ (0,M ]✱ s✐❡♥❞♦ M ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s

❡♥ ❝❛♣❛ ♦❝✉❧t❛ ♣r❡✈✐❛♠❡♥t❡ ♦❜t❡♥✐❞♦✳ ❙✐ ❛❧❣ú♥ ♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛

q✉❡❞❛ s✐♥ ❝♦♥❡①✐ó♥✱ ❡st❡ s❡rá ❝♦♥❡❝t❛❞♦ ❝♦♥ ✉♥ ♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛

❡❧❡❣✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ▲❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ t✐❡♥❡ s✐❡♠♣r❡ ✉♥ ♥ú♠❡r♦ ❞❡

♥♦❞♦s ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s❡s ❞❡❧ ♣r♦❜❧❡♠❛ ♠❡♥♦s ✉♥♦✱ ❡s ❞❡❝✐r✱ L− 1✳

✷✳ ❉❡✜♥✐❞❛ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧❛ r❡❞✱ s❡ ❛s✐❣♥❛ ❛ ❝❛❞❛ ❝♦♥❡①✐ó♥ ✉♥ ✈❛❧♦r s✐✲

♥á♣t✐❝♦ ♦ ♣❡s♦ ❡♥ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ t✐♣♦ ❞❡ ♥♦❞♦ ② ❞❡ ❧❛ ❝❛♣❛ ❛ ❧❛ ❝✉❛❧

♣❡rt❡♥❡❝❡✳ P❛r❛ ❧❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ♣r✐♠❡✲

r❛♠❡♥t❡ s❡ ♣r♦❝❡❞❡ ❛ ✐♥✐❝✐❛❧✐③❛r ❧♦s ♣❡s♦s ❞❡ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛

❝♦♥ ✈❛❧♦r❡s ❛❧❡❛t♦r✐♦s ❣❡♥❡r❛❧♠❡♥t❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [−5, 5]✳ P♦st❡r✐♦r♠❡♥t❡

❧❛s ❙❘❇❋ ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ s❡ ✐♥✐❝✐❛❧✐③❛♥ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧

❛❧❣♦r✐t♠♦ ❑✲▼❡❞✐❛s ❬✶✷✻✱ ✶✺✹❪ ♣❛r❛ ❛s✐❣♥❛r❧❡ ✉♥ ♣❡s♦ ✐♥✐❝✐❛❧ ❛ ❧♦s ❛r❝♦s

✭❧✐♥❦s✮ ❞❡ ❝❛❞❛ ❙❘❇❋✳ ❊❧ r❛❞✐♦ ❞❡ ❝❛❞❛ ♥♦❞♦ s❡ ✐♥✐❝✐❛❧✐③❛ ❝♦♥ ❧❛ ♠❡❞✐❛

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✺✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ② ❉✐s❡ñ♦ ❞❡ ❘❡❞❡s
◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

❝✉❛❞rát✐❝❛ ❞❡ ❧❛s ❞♦s ❞✐st❛♥❝✐❛s ❡✉❝❧í❞❡❛s r❡❧❛t✐✈❛s ❛ ❧♦s ❞♦s ♥♦❞♦s ♠ás

❝❡r❝❛♥♦s✳

P♦r ú❧t✐♠♦✱ ❧❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧ s❡ ❢♦r♠❛ ❝♦♥ ❧❛s ◆P r❡❞❡s ♠❡❥♦r❡s✱ ❛s❡✲

❣✉rá♥❞♦♥♦s ❛sí ✉♥❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧ ❝♦♥ ✉♥❛ ❜✉❡♥❛ ❛♣t✐t✉❞✳

✸✳✸✳✺✳ ▼ét♦❞♦s ❞❡ ❙❡❧❡❝❝✐ó♥

❊❧ ❛❧❣♦r✐t♠♦ r❡❛❧✐③❛ ✉♥❛ s❡❧❡❝❝✐ó♥ ♣♦r ❡❧✐t✐s♠♦ ❡♥ ❝❛❞❛ ❣❡♥❡r❛❝✐ó♥✱ q✉❡

❝♦♥s✐st❡ ❡♥ t♦♠❛r ❡❧ ✶✵✪ ❞❡ ❧❛s ♠❡❥♦r❡s r❡❞❡s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ② s✉st✐t✉✐r❧❛s

♣♦r ❡❧ ✶✵✪ ❞❡ ❧❛s ♣❡♦r❡s r❡❞❡s ❞❡ ❧❛ ♠✐s♠❛✳ ❉❡ ❡st❡ ♠♦❞♦✱ ❡❧ ♥ú♠❡r♦ ❞❡ r❡❞❡s

✭◆P✮ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ♣❡r♠❛♥❡❝❡ ❝♦♥st❛♥t❡ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ② ❧❛ ♣r❡s✐ó♥

s❡❧❡❝t✐✈❛ ❡s ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡ ❛❧t❛✳

❊❧ ❛❧❣♦r✐t♠♦ ◆◆❊P ❡s ✉♥ ❛❧❣♦r✐t♠♦ ❡❧✐t✐st❛✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❡❧ ✐♥❞✐✈✐❞✉♦

❝♦♥ ♠❡❥♦r ❛♣t✐t✉❞ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ✭② ♣♦r t❛♥t♦ ❝♦♥ ♠❡♥♦r ❡rr♦r ❞❡ ❡♥tr♦♣í❛

❝r✉③❛❞❛✮ ♣❛s❛ s✐♥ ❝❛♠❜✐♦s ❛ ❧❛ s✐❣✉✐❡♥t❡ ❣❡♥❡r❛❝✐ó♥✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❣❡♥❡r❛❧✱

❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡❧ ❈❈❘ ② ❧❛ ❡♥tr♦♣í❛ ❝r✉③❛❞❛ ❞❡♣❡♥❞❡ ❡♥ ❣r❛♥ ♣❛rt❡ ❞❡ ❧❛

❡str✉❝t✉r❛ ❞❡ ❧❛ ❇❛s❡ ❞❡ ❉❛t♦s ✭❇❉✮✳ P♦r ❧♦ t❛♥t♦✱ ②✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ q✉❡

❡❧ ♦❜❥❡t✐✈♦ ✜♥❛❧ ❡s ❡❧ ❞❡ ♦❜t❡♥❡r ✉♥ ❛❧t♦ ✈❛❧♦r ❞❡ ♣r❡❝✐s✐ó♥ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡

❣❡♥❡r❛❧✐③❛❝✐ó♥✱ ❡❧ ❤❡❝❤♦ ❞❡ ✉t✐❧✐③❛r ❡❧✐t✐s♠♦ ♠❡❞✐❛♥t❡ ❡♥tr♦♣í❛ ❝r✉③❛❞❛ ❡s ♠ás

❛♣r♦♣✐❛❞♦ ❡♥ ❛❧❣✉♥❛s ❇❉s✱ ♠✐❡♥tr❛s q✉❡ ❡♥ ♦tr❛s✱ ♣✉❡❞❡ s❡r ♠ás ❛❞❡❝✉❛❞♦ ❡❧

✉s♦ ❞❡ ❡❧✐t✐s♠♦ ❡♥ ❈❈❘✳ P♦r ❡❧❧♦ ❍❡r✈ás ❬✶✺✺❪ ♣r♦♣♦♥❡ ♠❛♥t❡♥❡r ❡❧ ❡❧✐t✐s♠♦ ❡♥

❛♠❜♦s ❝r✐t❡r✐♦s ② ❞❡✈♦❧✈❡r ✜♥❛❧♠❡♥t❡ ❛♠❜♦s ✏♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s✑✱ ②❛ q✉❡ ❡s

❞✐❢í❝✐❧ ♣r❡❞❡❝✐r ❛ ♣r✐♦r✐ ❝✉á❧ ♣✉❡❞❡ s❡r ❡❧ ♠❡❥♦r ❝r✐t❡r✐♦ ❡♥ ✉♥❛ ❇❉ ❞❡t❡r♠✐♥❛❞❛✳

✸✳✸✳✻✳ ❖♣❡r❛❞♦r❡s ❞❡ ▼✉t❛❝✐ó♥

▲❛s ♠✉t❛❝✐♦♥❡s r❡❛❧✐③❛❞❛s ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P s❡rá♥ ❞❡ ❞♦s t✐♣♦s✿

♣❛r❛♠étr✐❝❛s ② ❡str✉❝t✉r❛❧❡s✳ ▲❛s ♠✉t❛❝✐♦♥❡s ♣❛r❛♠étr✐❝❛s ❛❢❡❝t❛♥ ❛ ❧♦s ♣❡s♦s

❞❡ ❧❛ r❡❞✱ ♠✐❡♥tr❛s q✉❡ ❧❛s ♠✉t❛❝✐♦♥❡s ❡str✉❝t✉r❛❧❡s ❛❢❡❝t❛♥ ❛ s✉ t♦♣♦❧♦❣í❛

✭♥♦❞♦s ♦❝✉❧t♦s ② ❡♥❧❛❝❡s✮✳ P❛r❛ t❡♥❡r ✉♥ ♠❡❥♦r ❝♦♥tr♦❧ s♦❜r❡ ❧❛ s❡✈❡r✐❞❛❞ ❞❡

❧❛s ♠✉t❛❝✐♦♥❡s s❡ ✐♥tr♦❞✉❝❡ ✉♥ ♣❛rá♠❡tr♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❡♥ ❝❛❞❛ r❡❞✱ q✉❡ s❡

❞❡✜♥❡ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

❚❡s✐s ❉♦❝t♦r❛❧ ✻✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

T (θ̂) = 1−A(θ̂), 0 ≤ T (θ̂) ≤ 1 ✭✸✳✷✮

❉❡ ❡st❛ ❢♦r♠❛✱ ❝✉❛♥❞♦ ❡❧ ♣r♦❝❡s♦ ❞❡ ❜úsq✉❡❞❛ s❡ ❡stá ✐♥✐❝✐❛♥❞♦✱ ❧❛ ❛♣t✐t✉❞

❞❡ ✉♥❛ r❡❞ ❡s ♠ás ❝❡r❝❛♥❛ ❛ ❝❡r♦ ② ♣♦r t❛♥t♦ ❧❛ t❡♠♣❡r❛t✉r❛ ❡s ❛❧t❛✱ ♣♦r ❧♦

q✉❡ ❧❛s ♠✉t❛❝✐♦♥❡s s♦♥ ♠ás ❢✉❡rt❡s✳ ❆ ♠❡❞✐❞❛ q✉❡ ♥♦s ❛❝❡r❝❛♠♦s ❛ ❧❛ s♦❧✉❝✐ó♥✱

❞✐s♠✐♥✉②❡ ❧❛ t❡♠♣❡r❛t✉r❛✱ ♣♦r ❧♦ q✉❡ ❧♦s ❝❛♠❜✐♦s q✉❡ s❡ r❡❛❧✐③❛♥ t❛♥t♦ ❡♥ ❧♦s

♣❡s♦s ❝♦♠♦ ❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s r❡❞❡s ✈❛♥ s✐❡♥❞♦ ♠ás ♣❡q✉❡ñ♦s✱ ❛✜♥❛♥❞♦

❛sí ♠ás ❧❛ ❜úsq✉❡❞❛✳

✸✳✸✳✻✳✶✳ ▼✉t❛❝✐♦♥❡s P❛r❛♠étr✐❝❛s

▲❛s ♠✉t❛❝✐♦♥❡s ♣❛r❛♠étr✐❝❛s ❝♦♥s✐st❡♥ ❡♥ ❛ñ❛❞✐r ❛ ❝❛❞❛ ♣❡s♦ wji ② βij

✉♥ r✉✐❞♦ ❣❛✉ss✐❛♥♦✱ ❞♦♥❞❡ ❧❛ ✈❛r✐❛♥③❛ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ●❛✉ss ❞❡♣❡♥❞❡ ❞❡

❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❧❛ r❡❞✳ ❈♦♥❝r❡t❛♠❡♥t❡✱ ❧♦s ♣❡s♦s wji ❞❡ ❧❛ ❝❛♣❛ ✐♥t❡r♠❡❞✐❛

q✉❡❞❛♥ ❛❝t✉❛❧✐③❛❞♦s ❞❡ ❧❛ ❢♦r♠❛✿

wji(t+ 1) = wji(t) + ξ1(t) ✭✸✳✸✮

❞♦♥❞❡ i ∈ [0, . . . , n], j ∈ [1, . . . ,M ]✱ ② ξ1(t) ❡s ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ❝♦♥ ❞✐str✐✲

❜✉❝✐ó♥ ♥♦r♠❛❧ N(0, α1(t)T (θ̂))✳ ❊♥ ❝✉❛♥t♦ ❛ ❧♦s ♣❡s♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ s❡

❛❝t✉❛❧✐③❛rá♥ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✿

βij(t+ 1) = βij(t) + ξ2(t) ✭✸✳✹✮

❞♦♥❞❡ i ∈ [1, ..., L − 1], j ∈ [0, ....,M ] ② s✐❡♥❞♦ ξ2(t) ❡s ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛

❝♦♥ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ N(0, α2(t)T (θ̂))✳

▲♦s ❝❛♠❜✐♦s ❡♥ ❧♦s ♣❡s♦s s❡ r❡❛❧✐③❛♥ ❞❡ ❢♦r♠❛ s❡❝✉❡♥❝✐❛❧ ❡♥ ❧♦s ♥♦❞♦s ❞❡

❧❛ ❝❛♣❛ ♦❝✉❧t❛✱ ❞❡ ♠❛♥❡r❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ ♥♦❞♦ j ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✱ s❡ ♠♦❞✐✜❝❛♥

❧♦s ♣❡s♦s wji ② βij ✱ 1 ≤ i ≤ L− 1 ②✱ ✉♥❛ ✈❡③ r❡❛❧✐③❛❞♦ ❡❧ ❝❛♠❜✐♦ ❡♥ ❧♦s ♣❡s♦s✱

❧❛ ❛♣t✐t✉❞ ❞❡❧ ✐♥❞✐✈✐❞✉♦ ❡s r❡❝❛❧❝✉❧❛❞❛ ♣❛r❛ ❛♣❧✐❝❛r ✉♥ ❛❧❣♦r✐t♠♦ ❡stá♥❞❛r ❞❡

❡♥❢r✐❛♠✐❡♥t♦ s✐♠✉❧❛❞♦✳ ❙✐ ❧❧❛♠❛♠♦s ∆A ❛ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❛♣t✐t✉❞ ❛♥t❡s ②

❞❡s♣✉és ❞❡❧ ❝❛♠❜✐♦ ❡♥ ❧♦s ♣❡s♦s✱ r❡s✉❧t❛ q✉❡✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✻✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ② ❉✐s❡ñ♦ ❞❡ ❘❡❞❡s
◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

R(∆A) =

{

Si ∆A ≥ 0, s❡ ❛❝❡♣t❛ ❡❧ ❝❛♠❜✐♦

Si ∆A ≤ 0, s❡ ❛❝❡♣t❛ ❡❧ ❝❛♠❜✐♦ s✐ e
∆A
T < γ✱ ❞♦♥❞❡ γ ∈ U(0, 1)

✭✸✳✺✮

❊st❡ ♣r♦❝❡s♦ ❞❡ ❡♥❢r✐❛♠✐❡♥t♦ s✐♠✉❧❛❞♦ s❡ r❡♣✐t❡ ♣❛r❛ ❝❛❞❛ ♥♦❞♦ ❞❡ ❧❛ r❡❞

♠✉t❛❞❛✳ ▲♦s ♣❛rá♠❡tr♦s α1 ② α2 q✉❡✱ ❥✉♥t♦ ❝♦♥ ❧❛ t❡♠♣❡r❛t✉r❛✱ ❞❡t❡r♠✐♥❛♥

❧❛s ✈❛r✐❛♥③❛s ❞❡ ❧❛s ❞✐str✐❜✉❝✐♦♥❡s ♥♦r♠❛❧❡s✱ ✈❛♥ ❝❛♠❜✐❛♥❞♦ ❞✉r❛♥t❡ ❡❧ ♣r♦❝❡s♦

❞❡ ❡✈♦❧✉❝✐ó♥ ✭❛❧ ❝♦♥tr❛r✐♦ q✉❡ ❧❛ ✈❡rs✐ó♥ ❡stát✐❝❛ ❞❡ ❬✸❪✮✱ r❡❛❧✐③❛♥❞♦ ❡♥ ❡st❡

s❡♥t✐❞♦ ✉♥ ❛♣r❡♥❞✐③❛❥❡ ❛❞❛♣t❛t✐✈♦✳ ❉❡ ❡st❛ ❢♦r♠❛ ❡✈✐t❛♠♦s q✉❡❞❛r ❛tr❛♣❛❞♦s

❡♥ ♠í♥✐♠♦s ❧♦❝❛❧❡s ② ❛❝❡❧❡r❛♠♦s ❡❧ ♣r♦❝❡s♦ ❞❡ ❡✈♦❧✉❝✐ó♥ ❝✉❛♥❞♦ ❧❛s ❝♦♥❞✐❝✐♦♥❡s

❞❡❧ ♠✐s♠♦ ❧♦ ♣❡r♠✐t❛♥✳ ❊❧ ♠❡❝❛♥✐s♠♦ ❞❡ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s α1 ② α2

❡s ❧❛ r❡❣❧❛ ❞❡ r❛③ó♥ ❞❡ é①✐t♦ ✶✴✺ ❞❡ ❘❡❝❤❡♥❜❡r❣ ❬✶✺✻❪✱ ✉♥♦ ❞❡ ❧♦s ♠ét♦❞♦s ♠ás

s✐♠♣❧❡s✳ ❙❡❣ú♥ ❡st❛ r❡❣❧❛✱ ❧❛ r❛③ó♥ ❞❡ ♠✉t❛❝✐♦♥❡s s❛t✐s❢❛❝t♦r✐❛s ❞❡❜❡rí❛ s❡r

s✐❡♠♣r❡ ✶✴✺✳ ❉❡ ❡st❛ ❢♦r♠❛✱ s✐ ❧❛ r❛③ó♥ ❡s ♠❛②♦r q✉❡ ✶✴✺✱ ❧❛ ✈❛r✐❛♥③❛ ❞❡❜❡rí❛

✐♥❝r❡♠❡♥t❛rs❡❀ ❡♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ ❞❡❜❡rí❛ ❞✐s♠✐♥✉✐rs❡✳ ❊st♦ ❡s✿

αi(t+ s) =







(1 + λ)α1(t), s✐ sg > 1/5
(1− λ)α1(t), s✐ sg < 1/5
α1(t), s✐ sg = 1/5

✭✸✳✻✮

s✐❡♥❞♦ i = 1, 2✱ sg ❧❛ r❛③ó♥ ❞❡ ♠✉t❛❝✐♦♥❡s s❛t✐s❢❛❝t♦r✐❛s ❞✉r❛♥t❡ s ❣❡♥❡r❛❝✐♦♥❡s✳

❊♥ t♦❞♦s ♥✉❡str♦s ❡①♣❡r✐♠❡♥t♦s ❤❡♠♦s t♦♠❛❞♦ λ = 0.1 ② s = 5✳

P♦r ú❧t✐♠♦ s❡ ♠✉t❛ ❡❧ r❛❞✐♦ ❞❡ ❧❛s ❙❘❇❋ ❞❡ ✐❣✉❛❧ ♠❛♥❡r❛ q✉❡ ❧♦s ♣❡s♦s

wij ❛❞✐❝✐♦♥❛♥❞♦ ❧❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ξ2(t) ✳

✸✳✸✳✻✳✷✳ ▼✉t❛❝✐♦♥❡s ❊str✉❝t✉r❛❧❡s

▲❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ♠♦❞✐✜❝❛ ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ♦❝✉❧t♦s ② ❡❧ ♥ú✲

♠❡r♦ ❞❡ ❝♦♥❡①✐♦♥❡s ❡♥tr❡ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ❧♦s ♥♦❞♦s ❞❡ ❧❛s ❝❛♣❛s

❞❡ ❡♥tr❛❞❛ ② s❛❧✐❞❛✱ ❛❢❡❝t❛♥❞♦ ❞❡ ❡st❛ ❢♦r♠❛ ❛ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧❛ r❡❞ ② ♣❡r✲

♠✐t✐❡♥❞♦ ❡①♣❧♦r❛r ♥✉❡✈❛s r❡❣✐♦♥❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛✳ ❙❡ ❞❡✜♥❡♥ ❝✐♥❝♦

♠✉t❛❝✐♦♥❡s ❡str✉❝t✉r❛❧❡s ❞✐st✐♥t❛s✿ ❆ñ❛❞✐r ◆♦❞♦s ✭❆◆✮✱ ❊❧✐♠✐♥❛r ◆♦❞♦s ✭❊◆✮✱

❆ñ❛❞✐r ❈♦♥❡①✐♦♥❡s ✭❆❈✮✱ ❊❧✐♠✐♥❛r ❈♦♥❡①✐♦♥❡s ✭❊❈✮ ② ❯♥✐r ◆♦❞♦s ✭❯◆✮✳

❚❡s✐s ❉♦❝t♦r❛❧ ✻✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❆ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ q✉❡ s❡ ❧❡ r❡❛❧✐③❛ ❧❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ s❡ ❧❡ ❛♣❧✐❝❛rá

s❡❝✉❡♥❝✐❛❧♠❡♥t❡ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♠♦❞✐✜❝❛❝✐ó♥ ❛❧ ✐❣✉❛❧ q✉❡

❡♥ ❬✸❪✱ t❡♥✐❡♥❞♦ ❝❛❞❛ ♠✉t❛❝✐ó♥ ✉♥❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ s❡r ❛♣❧✐❝❛❞❛ ✐❣✉❛❧ ❛ T (θ̂)✳

❙✐ ♥♦ s❡ ❛♣❧✐❝❛ ♥✐♥❣✉♥❛ ♠✉t❛❝✐ó♥✱ s❡ ❡❧✐❣❡ ✉♥❛ ❛❧ ❛③❛r✳ ❈♦♥ ❡❧ ✜♥ ❞❡ ❧✐♠✐t❛r

❧❛ ❝❛r❣❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ s❡ ✜❥❛ ✉♥ ✐♥t❡r✈❛❧♦ [∆min,∆max] ♣❛r❛

❡❧ ♥ú♠❡r♦ ❞❡ ♠♦❞✐✜❝❛❝✐♦♥❡s ❞❡ ❧❛s ♠✉t❛❝✐♦♥❡s ❆◆ ② ❊◆✱ s✐❡♥❞♦ ❡❧ ♥ú♠❡r♦ ❞❡

♠♦❞✐✜❝❛❝✐♦♥❡s✿

eN = ∆min + [(U(0, 1)T (θ̂)(∆max −∆min)] ✭✸✳✼✮

s✐❡♥❞♦ eN ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ✜♥❛❧♠❡♥t❡ ❛ñ❛❞✐❞♦s ♦ ❡❧✐♠✐♥❛❞♦s✳

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ ❧❛ ❛❞✐❝✐ó♥ ② ❡❧✐♠✐♥❛❝✐ó♥ ❞❡ ❝♦♥❡①✐♦♥❡s s❡ ❡s♣❡❝✐✜❝❛rá♥

❧♦s ✈❛❧♦r❡s p1 ② p2 q✉❡ ❞❡t❡r♠✐♥❛♥ ❡❧ ♣♦r❝❡♥t❛❥❡ ❛❝t✉❛❧ ❞❡❧ ♥ú♠❡r♦ ❞❡ ❡♥❧❛❝❡s

❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ❞❡ s❛❧✐❞❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡ s❡ t♦♠❛rá ❝♦♠♦ ♠á①✐♠♦✳

❉❡ ❡st❛ ❢♦r♠❛✱ ❡❧ ♥ú♠❡r♦ ❞❡ ♠♦❞✐✜❝❛❝✐♦♥❡s ♣❛r❛ ❧❛ ❛❞✐❝✐ó♥ ② ❡❧✐♠✐♥❛❝✐ó♥ ❞❡

❝♦♥❡①✐♦♥❡s s❡rí❛✿

eEi = 1 + [(U(0, 1)T (θ̂)(pi/100 ∗ ni)], con i = 1, 2 ✭✸✳✽✮

s✐❡♥❞♦ p1 ② p2 ❡❧ ♣♦r❝❡♥t❛❥❡ ❞❡ ❡♥❧❛❝❡s ❛ ♠♦❞✐✜❝❛r ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ❞❡ s❛❧✐❞❛

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ n1 ② n2 ❡❧ ♥ú♠❡r♦ ❞❡ ❡♥❧❛❝❡s ❛❝t✉❛❧ ❞❡ ❞✐❝❤❛s ❝❛♣❛s❀ ② eE1 ②

eE2 ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ❝♦♥❡①✐♦♥❡s ❛ñ❛❞✐❞❛s ♦ ❡❧✐♠✐♥❛❞❛s ❡♥tr❡ ❧❛ ❝❛♣❛ ❞❡ ❡♥tr❛❞❛

② ❧❛ ♦❝✉❧t❛ ② ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ② ❧❛ ♦❝✉❧t❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❛ ♠✉t❛❝✐ó♥ ❯◆ ❝♦♥s✐st❡ ❡♥ ❡❧❡❣✐r ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞♦s ♥♦❞♦s ❛ ② ❜✱ ②

s✉st✐t✉✐r❧♦s ♣♦r ♦tr♦ ♥✉❡✈♦ ♥♦❞♦ ❝✳ ❙✐ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ②❛ ♣♦s❡❡ ❡❧ ♥ú♠❡r♦ ♠í♥✐♠♦

❞❡ ♥♦❞♦s ♣r❡❡st❛❜❧❡❝✐❞♦✱ ❧❛ ♠✉t❛❝✐ó♥ ♥♦ t✐❡♥❡ é①✐t♦ ✭s❡ ♣❛s❛rí❛ ❛❧ s✐❣✉✐❡♥t❡

t✐♣♦ ❞❡ ♠✉t❛❝✐ó♥✮✳ ❙✐ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❡s ❤í❜r✐❞❛✱ ❧♦s ♥♦❞♦s ❡❧❡❣✐❞❛s ❞❡❜❡♥ s❡r

❞❡❧ ♠✐s♠♦ t✐♣♦✳ ❙✐ ♥♦ ❤❛② ❞♦s ♥♦❞♦s ❞❡❧ ♠✐s♠♦ t✐♣♦✱ ❧❛ ♠✉t❛❝✐ó♥ ♥♦ t✐❡♥❡

é①✐t♦ ✭s❡ ♣❛s❛rí❛ ❛❧ s✐❣✉✐❡♥t❡ t✐♣♦ ❞❡ ♠✉t❛❝✐ó♥✮✳ ❙❡ ❝♦♥s❡r✈❛rá♥ ❧♦s ❡♥❧❛❝❡s ❡♥

❡❧ ♥♦❞♦ ❝ ❝♦♥ ❧♦s ♥♦❞♦s ❝♦♠✉♥❡s ❛ ❧♦s ♥♦❞♦s ❛ ② ❜✱ ② t❛♠❜✐é♥ s❡ ❝♦♥s❡r✈❛♥ ❝♦♥

✉♥❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ 0.5 ❧♦s q✉❡ ♥♦ s❡❛♥ ❝♦♠✉♥❡s✳ ❊❧ r❡s✉❧t❛❞♦ ❞❡ ❧❛ ❢✉s✐ó♥ s❡

❛♣r❡❝✐❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✸✳✸✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✻✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ② ❉✐s❡ñ♦ ❞❡ ❘❡❞❡s
◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

❊♥❧❛❝❡s ❞❡ ❡♥tr❛❞❛ ❞❡❧ ♥✉❡✈♦ ♥♦❞♦ r❡s✉❧t❛❞♦ ❞❡ ❧❛ ✉♥✐ó♥✿ P♦r ❝❛❞❛ ❡♥✲

tr❛❞❛✱ s✐ ❛♠❜♦s ♥♦❞♦s ♦r✐❣✐♥❛❧❡s ♣♦s❡í❛♥ ❡s❡ ❡♥❧❛❝❡ ❞❡ ❡♥tr❛❞❛✱ ❡❧ ❡♥❧❛❝❡

s❡ ❝♦♥s❡r✈❛ ❝♦♥ ✉♥ ♣❡s♦ ✐❣✉❛❧ ❛ ❧❛ ♠❡❞✐❛ ❞❡ ❛♠❜♦s ♣❡s♦s✳ ❙✐ s♦❧♦ ✉♥ ♥♦❞♦

♣♦s❡í❛ ❡s❡ ❡♥❧❛❝❡ ❞❡ ❡♥tr❛❞❛✱ ❡❧ ❡♥❧❛❝❡ s❡ ❝♦♥s❡r✈❛ ❝♦♥ ✉♥❛ ♣r♦❜❛❜✐❧✐❞❛❞

❞❡ 0.5 ② ❝♦♥ ❡❧ ♠✐s♠♦ ♣❡s♦✳ ❙✐ ♥✐♥❣ú♥ ♥♦❞♦ ♣♦s❡í❛ ❡s❡ ❡♥❧❛❝❡ ❞❡ ❡♥tr❛❞❛✱

❡❧ ♥♦❞♦ r❡s✉❧t❛♥t❡ t❛♠♣♦❝♦ ❧♦ ♣♦s❡❡rá✳

❊♥❧❛❝❡s ❞❡ s❛❧✐❞❛ ❞❡❧ ♥✉❡✈♦ ♥♦❞♦ r❡s✉❧t❛❞♦ ❞❡ ❧❛ ✉♥✐ó♥✿ P♦r ❝❛❞❛ ♥♦❞♦ ❞❡

s❛❧✐❞❛✱ s✐ ❛♠❜♦s ♥♦❞♦s ♦r✐❣✐♥❛❧❡s ♣♦s❡í❛♥ ❡s❡ ❡♥❧❛❝❡ ❞❡ s❛❧✐❞❛✱ ❡❧ ❡♥❧❛❝❡

s❡ ❝♦♥s❡r✈❛ ❝♦♥ ✉♥ ♣❡s♦ ✐❣✉❛❧ ❛ ❧❛ s✉♠❛ ❞❡ ❛♠❜♦s ♣❡s♦s✳ ❙✐ s♦❧♦ ✉♥ ♥♦❞♦

♣♦s❡í❛ ❡s❡ ❡♥❧❛❝❡ ❞❡ s❛❧✐❞❛✱ ❡❧ ❡♥❧❛❝❡ s❡ ❝♦♥s❡r✈❛ ❝♦♥ ✉♥❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡

0.5 ② ❝♦♥ ❡❧ ♠✐s♠♦ ♣❡s♦✳ ❙✐ ♥✐♥❣ú♥ ♥♦❞♦ ♣♦s❡í❛ ❡s❡ ❡♥❧❛❝❡ ❞❡ s❛❧✐❞❛✱ ❡❧

♥♦❞♦ r❡s✉❧t❛❞♦ t❛♠♣♦❝♦ ❧♦ ♣♦s❡❡rá✳

uci =
uai + ubi

2
; wc

i =
wa
i + wb

i

2
; αc

j = αa
j + αb

j ; βc
j = βa

j + βb
j

♣❛r❛ i ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ❡♥ ❝❛♣❛ ♦❝✉❧t❛ ② j ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡

♥♦❞♦s ❡♥ ❝❛♣❛ ❞❡ s❛❧✐❞❛✳

❋✐❣✉r❛ ✸✳✸✿ ❊❥❡♠♣❧♦ ❞❡ ❢✉s✐ó♥ ❞❡ ❞♦s ♥♦❞♦s ❝♦♥ ❧❛ ♠✉t❛❝✐ó♥ ❯◆✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ♥♦❞♦s ❙❘❇❋✱ ❧❛ ✉♥✐ó♥ ❞❡❜❡ ❤❛❝❡rs❡ ❞❡ ♦tr♦ ♠♦❞♦✱

②❛ q✉❡ ❡❧ s✐❣♥✐✜❝❛❞♦ ❞❡ ❞✐❝❤♦s ♥♦❞♦s ❡s ❞✐❢❡r❡♥t❡✱ ❡♥❝❛r❣á♥❞♦s❡ ❝❛❞❛ ✉♥❛ ❞❡

♠♦❞❡❧❛r ✉♥❛ ③♦♥❛ ❞❡❧ ❡s♣❛❝✐♦ ❝❡r❝❛♥❛ ❛ s✉ ❝❡♥tr♦✳ ❊❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛s ❢✉♥❝✐♦✲

♥❡s ❝♦♠❜✐♥❛❞❛s ♣✉❡❞❛♥ ✐♥t❡r♣r❡t❛rs❡ ❝♦♠♦ ❝✐r❝✉♥❢❡r❡♥❝✐❛s ❞❡ ❝❡♥tr♦ ② r❛❞✐♦

♣❡r❢❡❝t❛♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦s ♦❜❧✐❣❛ ❛ q✉❡✱ ❛❧ ❝♦♠❜✐♥❛r ❛♠❜♦s ♥♦❞♦s✱ s❡ t❡♥❣❛

❚❡s✐s ❉♦❝t♦r❛❧ ✻✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❡♥ ❝✉❡♥t❛ ❡st❡ ❝♦♥♦❝✐♠✐❡♥t♦ t♦♣♦❧ó❣✐❝♦✳ ▲❧❛♠❡♠♦s cj ❛❧ ❝❡♥tr♦ ❞❡✜♥✐❞♦ ♣♦r ❡❧

♥♦❞♦ j✱ ❡s ❞❡❝✐r✱ (w1j , w2j , ..., wkj) ② rj ❛ s✉ r❛❞✐♦✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ♠✉t❛❝✐ó♥

❯◆ ❞❡ ❞♦s ❙❘❇❋✱ a ② b✱ ❝♦♥s✐st✐rá ❡♥ ❝❛❧❝✉❧❛r ❡❧ ❝❡♥tr♦ ② r❛❞✐♦ ❞❡❧ ♥♦❞♦ c

❝♦♠♦✿

cc =
ra

ra+rb
·ca+ rb

ra+rb
·cb rc =

ra+rb
2

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ ♠✉t❛❝✐ó♥ ❆◆✱ ✉♥♦ ♦ ♠ás ♥♦❞♦s s♦♥ ❛ñ❛❞✐❞♦s ❛ ❧❛ ❝❛♣❛

♦❝✉❧t❛✳ ▲❛s ❝♦♥❡①✐♦♥❡s ❝♦♥ ❧♦s ♥♦❞♦s ❞❡ s❛❧✐❞❛ s♦♥ ❡❧❡❣✐❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ ②

t✐❡♥❡♥ ✉♥ ♣❡s♦ ❛❧❡❛t♦r✐♦ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [−O,O]✳ ▲❛s ❝♦♥❡①✐♦♥❡s ❞❡s❞❡ ❧❛ ❝❛♣❛

❞❡ ❡♥tr❛❞❛ t❛♠❜✐é♥ s♦♥ ❡❧❡❣✐❞❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ ② t✐❡♥❡♥ ✉♥ ♣❡s♦ ❛❧❡❛t♦r✐♦ ❡♥

❡❧ ✐♥t❡r✈❛❧♦ ❬✲■✱ ■❪✳ ▲❛ ❛❞✐❝✐ó♥ ❞❡ ❝♦♥❡①✐ó♥ s❡ r❡❛❧✐③❛rá ♣r✐♠❡r♦ ❡♥tr❡ ❝❛♣❛ ♦❝✉❧t❛

② ❝❛♣❛ ❞❡ ❡♥tr❛❞❛ ✭❛ñ❛❞✐❡♥❞♦ eE1 ❡❧❡♠❡♥t♦s✱ ✈❡r ❢ór♠✉❧❛ ✸✳✼ ✮ ② ❞❡s♣✉és ❡♥tr❡

❝❛♣❛ ❞❡ s❛❧✐❞❛ ② ❝❛♣❛ ♦❝✉❧t❛ ✭❛ñ❛❞✐❡♥❞♦ eE2 ❡❧❡♠❡♥t♦s✱ ✈❡r ❢ór♠✉❧❛ ✸✳✽✮✳ ▲♦s

♥♦❞♦s ♦r✐❣❡♥ ② ❞❡st✐♥♦ ❞❡ ❝❛❞❛ ❝♦♥❡①✐ó♥ s♦♥ ❡❧❡❣✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡♥ ❧❛s

❝❛♣❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ❊♥ ❧❛ ♠✉t❛❝✐ó♥ ❊◆ ✉♥♦ ♦ ♠ás ♥♦❞♦s s❡ s❡❧❡❝❝✐♦♥❛♥

❛❧❡❛t♦r✐❛♠❡♥t❡ ② s♦♥ ❡❧✐♠✐♥❛❞♦s ❥✉♥t♦ ❝♦♥ s✉s ❝♦♥❡①✐♦♥❡s✳ ▲❛ ♠✉t❛❝✐ó♥ ❊❈ s❡

r❡❛❧✐③❛ ❞❡ ❧❛ ♠✐s♠❛ ❢♦r♠❛ q✉❡ ❆❈✱ ❡❧✐❣✐❡♥❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❧♦s ♥♦❞♦s ♦r✐❣❡♥ ②

❞❡st✐♥♦✳

✸✳✸✳✼✳ ❈♦♥❞✐❝✐ó♥ ❞❡ P❛r❛❞❛

❊❧ ❛❧❣♦r✐t♠♦ s❡ ❞❡t❡♥❞rá ❝✉❛♥❞♦ s❡ ❝✉♠♣❧❛ ✉♥❛ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐✲

❝✐♦♥❡s✿

❚r❛♥s❝✉rr❡ ✉♥ ♥ú♠❡r♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s s✐♥ ♠❡❥♦r❛r ❧❛ ♠❡❞✐❛ ❞❡ ❛♣t✐t✉❞

❞❡❧ ✶✵✪ ❞❡ ❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ② ❧❛ ❛♣t✐t✉❞ ❞❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦✳

❙❡ ❛❧❝❛♥③❛ ✉♥ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s ❡st❛❜❧❡❝✐❞♦✱ G✳

✸✳✸✳✽✳ ❊sq✉❡♠❛ ❞❡❧ ❆❧❣♦r✐t♠♦

❈♦♥ t♦❞❛s ❡st❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❡❧ ❡sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P

♣❛r❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❡s ❡❧ s✐❣✉✐❡♥t❡✿

❆❧❣♦r✐t♠♦ ◆◆❊P

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✻✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✸✳✸✳ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❊♥tr❡♥❛♠✐❡♥t♦ ② ❉✐s❡ñ♦ ❞❡ ❘❡❞❡s
◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧

✶✳ ●❡♥❡r❛r ✉♥❛ ♣♦❜❧❛❝✐ó♥ ❛❧❡❛t♦r✐❛ ❞❡ t❛♠❛ñ♦ 10NP ② s❡❧❡❝❝✐♦♥❛r ❧❛s NP

♠❡❥♦r❡s r❡❞❡s ♣❛r❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧✳
✷✳ ❘❡♣❡t✐r ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥❝❡ ✉♥ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s ● ♦ s❡
❝✉♠♣❧❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♣❛r❛❞❛✳

❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❛❧ ✶✵✪ ❞❡ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛
♣♦❜❧❛❝✐ó♥✳

❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❛❧ r❡st❛♥t❡ ✾✵✪ ❞❡ ✐♥❞✐✈✐❞✉♦s✳
❈❛❧❝✉❧❛r ❧❛ ❛♣t✐t✉❞ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✳
❖r❞❡♥❛r ❧♦s ✐♥❞✐✈✐❞✉♦s s❡❣ú♥ s✉ ❛♣t✐t✉❞✳
❊❧ ✶✵✪ ❞❡ ❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s s♦♥ r❡♣❧✐❝❛❞♦s ② s✉s ré♣❧✐❝❛s s✉st✐✲

t✉②❡♥ ❛❧ ✶✵✪ ❞❡ ❧♦s ♣❡♦r❡s ✐♥❞✐✈✐❞✉♦s ✭❢✉❡rt❡ ♣r❡s✐ó♥ s❡❧❡❝t✐✈❛✮✳
✺✳ ❙❡❧❡❝❝✐♦♥❛r ❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ❡♥ ❛♣t✐t✉❞✱ ❞❡✈♦❧✈✐é♥❞♦❧♦ ❝♦♠♦ s♦❧✉❝✐ó♥
❢❛❝t✐❜❧❡ ❛❧ ♣r♦❜❧❡♠❛✳

✸✳✸✳✾✳ ▼❡❥♦r❛s ② ✈❛r✐❛❝✐♦♥❡s ❞❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ◆◆❊P

❊❧ ❛❧❣♦r✐t♠♦ ❢✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡s❛rr♦❧❧❛❞♦ ♣❛r❛ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❞❡ ♠♦✲

❞❡❧♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❯P ❡♥ r❡❣r❡s✐ó♥ ❬✶✺✼❪✳ ❊♥ ❞✐❝❤♦ tr❛❜❛❥♦✱ ❧❛s

❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❡✈♦❧✉t✐✈❛s ❞❡ ❯P ❛♣❛r❡❝í❛♥ ❝♦♠♦ ✉♥❛ ❛❧t❡r♥❛t✐✈❛ ❛❧ ❝❧ás✐❝♦

▼▲P✱ ❞❡♠♦str❛♥❞♦ ❣r❛♥ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛♣r♦①✐♠❛❝✐ó♥ ❡♥ ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡s✐ó♥

s✐♥tét✐❝♦s ② r❡❛❧❡s✳

❉❡❜✐❞♦ ❛ ❧❛ ❞✐✜❝✉❧t❛❞ q✉❡ t✐❡♥❡ ❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P ♣❛r❛ ❝♦♥✈❡r❣❡r ❛

❧❛ ♠❡❥♦r s♦❧✉❝✐ó♥ ♣♦s✐❜❧❡✱ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❜úsq✉❡❞❛ ❣❧♦❜❛❧ ❢✉❡ ❤✐❜r✐❞❛❞♦

❝♦♥ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❧♦❝❛❧ ✭❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t✱

❬✽✵❪✮ ② ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❛❣r✉♣❛♠✐❡♥t♦ ♦ ❝❧✉st❡r✐♥❣✱ ❞❡ ♥✉❡✈♦ ❡♥ ♣r♦❜❧❡♠❛s

❞❡ r❡❣r❡s✐ó♥ ② ❝♦♥ r❡❞❡s ❞❡ ❯P ❬✶✺✽❪✳ ❋r❡♥t❡ ❛ ❧♦s ❆▼s ❝❧ás✐❝♦s✱ ❡❧ ❛❧❣♦r✐t♠♦

❤í❜r✐❞♦ ♣r♦♣✉❡st♦ ❛♣❧✐❝❛ ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❜úsq✉❡❞❛ ❧♦❝❛❧ s♦❧♦ ❡♥ ❝✐❡rt❛s

❣❡♥❡r❛❝✐♦♥❡s ❞❡ ❧❛ ❡✈♦❧✉❝✐ó♥ ② ❧♦s ✐♥❞✐✈✐❞✉♦s ♦♣t✐♠✐③❛❞♦s ♥♦ ✈✉❡❧✈❡♥ ❛ ❧❛ ♣♦✲

❜❧❛❝✐ó♥✱ s✐❡♥❞♦ ❛❧♠❛❝❡♥❛❞♦s ❡♥ ✉♥❛ ♣✐s❝✐♥❛ ❞❡ s♦❧✉❝✐♦♥❡s✳ ❆❞❡♠ás✱ s❡ ✉t✐❧✐③❛

❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❧❛s K − Medias ❬✶✷✻✱ ✶✺✹❪ ♣❛r❛ ❧♦❣r❛r ♦❜t❡♥❡r ❣r✉♣♦s ❞❡ ✐♥✲

❞✐✈✐❞✉♦s ❝♦♥ ❛♣t✐t✉❞❡s ❝❡r❝❛♥❛s✱ q✉❡ s❡ ❡s♣❡r❛ s❡ ❝♦rr❡s♣♦♥❞❛♥ ❝♦♥ r❡❣✐♦♥❡s

r❡❧❡✈❛♥t❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❧❛ ♦♣t✐♠✐③❛❝✐ó♥ ❧♦❝❛❧ ❡s

s♦❧♦ ❛♣❧✐❝❛❞❛ ❛ ❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ❝❛❞❛ ❣r✉♣♦✱ r❡❞✉❝✐❡♥❞♦ ❛sí ❡❧ ❝♦st❡

❝♦♠♣✉t❛❝✐♦♥❛❧✳

❚❡s✐s ❉♦❝t♦r❛❧ ✻✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✸✳ ❆▲●❖❘■❚▼❖ ❊❱❖▲❯❚■❱❖ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❘❇❋

❊❧ s✐❣✉✐❡♥t❡ ♣❛s♦ s✉♣✉s♦ ❧❛ ❛❞❛♣t❛❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡❞❡s ❞❡ ❯P

② ❞❡❧ ❛❧❣♦r✐t♠♦ ❛ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❬✶✺✺✱ ✶✺✾✱ ✶✻✵❪ ❛❧❝❛♥③á♥❞♦s❡ ❜✉❡✲

♥♦s r❡s✉❧t❛❞♦s✳ ❊❧ ❛❧❣♦r✐t♠♦ ◆◆❊P ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ t❛♠❜✐é♥ ❤❛ s✐❞♦ ❤✐❜r✐❞❛❞♦

❝♦♥ ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ ❜úsq✉❡❞❛ ❧♦❝❛❧✳ ❊♥ ✉♥❛ ♣r✐♠❡r❛ ❛♣r♦①✐♠❛❝✐ó♥✱ s❡ r❡✲

♣r♦❞✉❥♦ ❡❧ ❡sq✉❡♠❛ ❞❡ r❡❣r❡s✐ó♥✱ ❝♦♠❜✐♥❛♥❞♦ ❡❧ ❆❊ ❝♦♥ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ▲▼

② ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❛❣r✉♣❛♠✐❡♥t♦ ❬✶✻✶❪✱ ❛❞❛♣t❛❞♦s ❛♠❜♦s ❛❧ ♣r♦❜❧❡♠❛ ❞❡

❝❧❛s✐✜❝❛❝✐ó♥✳

❙✐♥ ❡♠❜❛r❣♦✱ ♦tr❛ ❡str❛t❡❣✐❛ ❝♦♥ ❧❛ ❝✉❛❧ s❡ ❤❛♥ ♦❜t❡♥✐❞♦ ♠❡❥♦r❡s r❡s✉❧✲

t❛❞♦s ♣❛r❛ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✱ ❤❛ s✐❞♦ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ✉♥ ♣r♦❝❡❞✐✲

♠✐❡♥t♦ ❤í❜r✐❞♦ ❡♥tr❡ ❧❛ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ② ❡❧ ❆❊✱ ✉t✐❧✐③❛♥❞♦ ❧♦s ♥♦❞♦s ❞❡

❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡❧ ❆❊ ❝♦♠♦ ♥✉❡✈❛s ❝♦✈❛r✐❛❜❧❡s ♣❛r❛ ❡❧ ♠♦❞❡❧♦ ❞❡ ❘❡✲

❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ❬✶✻✷✱ ✶✻✸❪✳ ❊❧ ❆❊ ❡s ✉t✐❧✐③❛❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ ❡str✉❝t✉r❛

❜ás✐❝❛ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❯Ps✱ ②✱ ♣♦st❡r✐♦r♠❡♥t❡✱ s❡ ❛♣❧✐❝❛ ❧❛ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

❡♥ ❡❧ ♥✉❡✈♦ ❡s♣❛❝✐♦ ❛✉♠❡♥t❛❞♦ ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❞❡❧ ♠❡❥♦r ♠♦❞❡❧♦✳

❊st❡ ♠♦❞❡❧♦ ❤í❜r✐❞♦ s✉♣❡r❛ ❡❧ r❡♥❞✐♠✐❡♥t♦ t❛♥t♦ ❞❡ ❧❛ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ♣❛rt❡

❧✐♥❡❛❧ ❝♦♠♦ ❞❡ ❧❛ ♥♦ ❧✐♥❡❛❧ ② ♦❜t✐❡♥❡ ✉♥♦s ❜✉❡♥♦s r❡s✉❧t❛❞♦s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❡♥

❝♦♠♣❛r❛❝✐ó♥ ❝♦♥ ♦tr❛s té❝♥✐❝❛s ❞❡ ❛♣r❡♥❞✐③❛❥❡✳

P♦r ♦tr♦ ❧❛❞♦✱ ◆◆❊P t❛♠❜✐é♥ ❤❛ s✐❞♦ ❛❞❛♣t❛❞♦ ② ❛♣❧✐❝❛❞♦ ❡♥ ❡❧ ❡♥tr❡♥❛✲

♠✐❡♥t♦ ❞❡ ♠♦❞❡❧♦s ❤í❜r✐❞♦s ❞❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s✱ ❡s ❞❡❝✐r✱ ♠♦❞❡❧♦s ❢♦r♠❛❞♦s

♣♦r ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♥♦❞♦s ❡♥ ❝❛♣❛ ♦❝✉❧t❛✳ ❊♥ ❡❧ á♠❜✐t♦ ❞❡ r❡❣r❡s✐ó♥✱ s❡

❡♠♣❧❡❛r♦♥ ♠♦❞❡❧♦s ❝♦♥ ❯P ② ❝♦♥ ❯❙ q✉❡ s❡ ♠♦str❛r♦♥ ❡✜❝❛❝❡s ♣❛r❛ ❧❛ r❡s♦❧✉✲

❝✐ó♥ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ r❡❣r❡s✐ó♥ ❡♥ ❧♦s q✉❡ ❧❛ t✐♣♦❧♦❣í❛ ❡s♣❡❝✐❛❧ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s

♦❜❥❡t✐✈♦ ♣✉❡❞❛ ♣r❡s❡♥t❛r ❞✐❢❡r❡♥t❡s ❝♦♠♣♦rt❛♠✐❡♥t♦s ❡♥ ❞✐✈❡rs❛s r❡❣✐♦♥❡s ❞❡❧

❞♦♠✐♥✐♦ ❞❡ ❞❡✜♥✐❝✐ó♥ ❬✶✻✹❪✳ ❊♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥✱ t❛♠❜✐é♥ s❡ ❤❛

❛❞❛♣t❛❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❧❛ ❤✐❜r✐❞❛❝✐ó♥ ❞❡ ❞✐st✐♥t♦s t✐♣♦s ❞❡ ♥♦❞♦s✱ ❯P ❝♦♥

❯❙ ❬✶✻✺❪ ② ❢✉♥❝✐♦♥❡s ❞❡ t✐♣♦ ❦❡r♥❡❧ ✭❘❇❋✮ ❝♦♥ ❢✉♥❝✐♦♥❡s ❞❡ t✐♣♦ ♣r♦②❡❝❝✐ó♥

✭❯P ② ❯❙✮ ❬✶✻✻❪✱ s✉♣❡r❛♥❞♦ ❞❡ ♥✉❡✈♦ ❧♦s ♠♦❞❡❧♦s ❤í❜r✐❞♦s ❛ ❧♦s ♣✉r♦s ❡♥ ❝✉❛♥✲

t♦ ❛ ♣r❡❝✐s✐ó♥ ❡♥ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥✳ ❊st❛ ❧í♥❡❛ ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥ ♥♦s ❤❛ ❧❧❡✈❛❞♦ ❛

❧❛ ❝♦♥❝❧✉s✐ó♥ ❞❡ q✉❡ ♣❛r❛ ❛❧❣✉♥❛s ❇❉s✱ ❝✐❡rt♦s ♠♦❞❡❧♦s s❡ ❝♦♠♣♦rt❛♥ ♠❡❥♦r✱

♠✐❡♥tr❛s q✉❡ ♥♦ ❛♣♦rt❛♥ ❜✉❡♥♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦tr❛s✳ P♦r ❧♦ t❛♥t♦✱ ❡s ✉♥❛

❛❧t❡r♥❛t✐✈❛ ♠✉② r❡❝♦♠❡♥❞❛❜❧❡ ❡❧ ✉s♦ ❞❡ ♠♦❞❡❧♦s ❤í❜r✐❞♦s q✉❡ ♣✉❡❞❛♥ ✉♥✐✜❝❛r

❧❛s ♠❡❥♦r❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❝❛❞❛ t✐♣♦ ❞❡ ♥♦❞♦✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✻✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



❈❛♣ít✉❧♦ ✹

❆▲●❖❘■❚▼❖❙ ❍❮❇❘■❉❖❙
P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖
❨ ❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙
◆❊❯❘❖◆❆▲❊❙

✹✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

❊❧ ✉s♦ ❞❡ ❆❊ ♣❛r❛ ✈❛r✐♦s ❞❡ ♣r♦❜❧❡♠❛s ♦♣t✐♠✐③❛❝✐ó♥ ♣♦❞rí❛ s❡r s✉✜❝✐❡♥✲

t❡ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♥❛ s♦❧✉❝✐ó♥ ❞❡s❡❛❞❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝♦♠♦ s❡ ✐♥❢♦r♠❛ ❡♥ ❧❛

❧✐t❡r❛t✉r❛✱ ❡①✐st❡♥ ✈❛r✐♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ❡♥ q✉❡ ✉♥ ❆❊ ♥♦ ♣❡r♠✐t❡ ♦❜t❡♥❡r

✉♥❛ s♦❧✉❝✐ó♥ ❝♦♥✈❡♥✐❡♥t❡ ✭ó♣t✐♠❛✮ ❬✶✻✼❪ ♣♦r ❧♦ q✉❡ s❡ ❤❛❝❡ ♥❡❝❡s❛r✐♦ ❤✐❜r✐❞❛r❧♦

❝♦♥ ♦tr❛s té❝♥✐❝❛s✳ ❊❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ❞❡s❝r✐❜❡ ❧❛s ♣r✐♥❝✐♣❛❧❡s té❝♥✐❝❛s ❞❡ ❤✐✲

❜r✐❞❛❝✐ó♥ ♣❛r❛ ❛✉♠❡♥t❛r s✉ ❡✜❝❛❝✐❛✳ ❆❞❡♠ás s❡ ❞❡s❝r✐❜❡♥ ❧♦s tr❛❜❛❥♦s ♣r❡✈✐♦s

❞❡s❛rr♦❧❧❛❞♦s ♣♦r ❡❧ ❣r✉♣♦ ❆❨❘◆❆ ♣❛r❛ ❛✉♠❡♥t❛r ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛

❞❡ ❧♦s ❆❊✳

✹✳✷✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❍í❜r✐❞♦s

❯♥ ❆❧❣♦r✐t♠♦ ❍í❜r✐❞♦ ❡s ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❞♦s ♦ ♠ás ❛❧❣♦r✐t♠♦s q✉❡

❢✉♥❝✐♦♥❛♥ ❞❡ ❢♦r♠❛ ❝♦♥❥✉♥t❛ ♣❛r❛ ❛✉♠❡♥t❛r s✉ ❡✜❝❛❝✐❛✳ ❆❧❣✉♥❛s ❞❡ ❧❛s ♣♦s✐❜❧❡s

r❛③♦♥❡s ♣❛r❛ ❧❛ ❤✐❜r✐❞❛❝✐ó♥ s♦♥ ❬✶✻✽❪✿

✻✽



❈❛♣ít✉❧♦ ✹✳ ❆▲●❖❘■❚▼❖❙ ❍❮❇❘■❉❖❙ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

✶✳ P❛r❛ ♠❡❥♦r❛r ❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s q✉❡ ❝♦♠♣♦♥❡♥ ❡❧ ❆❍ ✭♣♦r

❡❥❡♠♣❧♦✿ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✮✳

✷✳ P❛r❛ ♠❡❥♦r❛r ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ♦❜t❡♥✐❞❛s✳

✸✳ P❛r❛ ✐♥❝♦r♣♦r❛r ✈❛r✐♦s ❛❧❣♦r✐t♠♦s ❝♦♠♦ ♣❛rt❡ ❞❡ ✉♥ s✐st❡♠❛ ♠❛②♦r✳

❉❡❜✐❞♦ ❛ ❧❛s r❛③♦♥❡s ❛♥t❡s ♠❡♥❝✐♦♥❛❞❛s s✉r❣❡ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ ❤✐❜r✐❞❛r

❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ❝♦♥ ♦tr♦s ❛❧❣♦r✐t♠♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✱ té❝♥✐❝❛s ❞❡

❛♣r❡♥❞✐③❛❥❡ ❛✉t♦♠át✐❝♦✱ ❤❡✉ríst✐❝❛✱ ❡t❝✳

❊♥ ✶✾✾✺✱ ❲♦❧♣❡rt ② ▼❛❝r❡❛❞② ❬✶✻✾❪ ♠✉❡str❛♥ q✉❡ t♦❞♦s ❧♦s ❛❧❣♦r✐t♠♦s

q✉❡ ❜✉s❝❛♥ ✉♥ ❡①tr❡♠♦ ❞❡ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝♦st♦ ♦❜t✐❡♥❡♥ r❡s✉❧t❛❞♦s ✧✐❣✉❛❧❡s✧

❡♥ ♣r♦♠❡❞✐♦ s♦❜r❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❝♦st♦ ♣♦s✐❜❧❡s✳ ❙❡❣ú♥ ❧♦s ❛✉t♦r❡s✱ s✐

✉♥ ❛❧❣♦r✐t♠♦ ❆ s✉♣❡r❛ ✉♥ ❛❧❣♦r✐t♠♦ ❇ s♦❜r❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❝♦st♦s✱

❡♥ tér♠✐♥♦s ❣❡♥❡r❛❧❡s ❞❡❜❡♥ ❡①✐st✐r ♦tr❛s t❛♥t❛s ❢✉♥❝✐♦♥❡s ❞❡ ❝♦st♦ ❞♦♥❞❡ ❇

s✉♣❡r❛ ❛ ❆✳ P♦r ❧♦ t❛♥t♦✱ ❞❡s❞❡ ✉♥❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ s♦❧✉❝✐ó♥ ❞❡ ♣r♦❜❧❡♠❛s ❡s

❞✐❢í❝✐❧ ❢♦r♠✉❧❛r ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ✉♥✐✈❡rs❛❧ q✉❡ ♣✉❡❞❡ r❡s♦❧✈❡r t♦❞♦s

❧♦s ♣r♦❜❧❡♠❛s✱ ♣♦r t❛♥t♦✱ ❧❛ ❤✐❜r✐❞❛❝✐ó♥ ♣✉❡❞❡ s❡r ❧❛ ❝❧❛✈❡ ♣❛r❛ r❡s♦❧✈❡r ❝✐❡rt♦

t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛s ♣rá❝t✐❝♦s✳

✹✳✸✳ ❆rq✉✐t❡❝t✉r❛s ❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❍í❜r✐✲

❞♦s

❱❛r✐❛❞❛s s♦♥ ❧❛s té❝♥✐❝❛s ② ❤❡✉ríst✐❝❛s✴♠❡t❛❤❡✉ríst✐❝❛s ✉t✐❧✐③❛❞❛s ♣❛r❛

♠❡❥♦r❛r ❧❛ ❡✜❝✐❡♥❝✐❛ ❣❡♥❡r❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✳ ❆❧❣✉♥❛s ❞❡ ❧❛s ❛rq✉✐t❡❝✲

t✉r❛s ❤í❜r✐❞❛s ♠ás ✉t✐❧✐③❛❞❛s s❡ r❡s✉♠❡♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

✶✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ♦tr♦s ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s✳

✷✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s✳

✸✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ▲ó❣✐❝❛ ❉✐❢✉s❛✳

✹✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ❖♣t✐♠✐③❛❝✐ó♥ ❝♦♥ ❙✐st❡♠❛s ❞❡ P❛r✲

tí❝✉❧❛s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✻✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✹✳✸✳ ❆rq✉✐t❡❝t✉r❛s ❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❍í❜r✐❞♦s

✺✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ❖♣t✐♠✐③❛❝✐ó♥ ❝♦♥ ❈♦❧♦♥✐❛ ❞❡ ❍♦r✲

♠✐❣❛s✳

✻✳ ❍✐❜r✐❞❛❝✐ó♥ ❡♥tr❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ② ♦tr♦s ❛❧❣♦r✐t♠♦s ② ❤❡✉ríst✐❝❛s

✭❡❥✳ ❇úsq✉❡❞❛ ▲♦❝❛❧✱ ❇úsq✉❡❞❛ ❚❛❜ú✱ ❘❡❝♦❝✐❞♦ ❙✐♠✉❧❛❞♦✱ ❊s❝❛❧❛❞♦r ❞❡

❈♦❧✐♥❛s✱ Pr♦❣r❛♠❛❝✐ó♥ ❉✐♥á♠✐❝❛✱ ❇úsq✉❡❞❛ ❱♦r❛③ ❆❧❡❛t♦r✐❛✱ ❡t❝✮✳

✹✳✸✳✶✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ♦tr♦s ❆❧❣♦r✐t♠♦s
❊✈♦❧✉t✐✈♦s

❱❛r✐❛❞♦s ❤❛♥ s✐❞♦ ❧♦s ❛❝❡r❝❛♠✐❡♥t♦s ❛ ❡st❛ ❛rq✉✐t❡❝t✉r❛ ❞❡ ❤✐❜r✐❞❛❝✐ó♥✳

❚❛♥ ❡t ❛❧✳ ❬✶✼✵❪ ♣r♦♣✉s✐❡r♦♥ ✉♥❛ té❝♥✐❝❛ ❤í❜r✐❞❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❡✈♦❧✉t✐✈❛ ❝♦♠✲

♣✉❡st❛ ♣♦r ❞♦s ❢❛s❡s ♣❛r❛ ❡①tr❛❡r r❡❣❧❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ q✉❡ s❡ ♣✉❡❞❡♥ ✉t✐❧✐③❛r

❡♥ ❧❛ ♣rá❝t✐❝❛ ❝❧í♥✐❝❛ ♣❛r❛ ♠❡❥♦r❛r ❧❛ ❝♦♠♣r❡♥s✐ó♥ ② ❧❛ ♣r❡✈❡♥❝✐ó♥ ❞❡ ❡♠❜❛✲

r❛③♦s ♥♦ ❞❡s❡❛❞♦s ② ♦tr♦s ❡✈❡♥t♦s ♠é❞✐❝♦s✳ ❊♥ ❧❛ ♣r✐♠❡r❛ ❢❛s❡✱ ✉♥ ❛❧❣♦r✐t♠♦

❡✈♦❧✉t✐✈♦ s❡ ✉t✐❧✐③❛ ♣❛r❛ ❧✐♠✐t❛r ❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛ ♣❛r❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡

✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❜✉❡♥❛s r❡❣❧❛s ❝❛♥❞✐❞❛t❛s✳ ▲✉❡❣♦ s❡ ❛♣❧✐❝❛ P● ❬✶✼✶❪ ♣❛r❛ ❡✈♦✲

❧✉❝✐♦♥❛r ❧♦s ❛tr✐❜✉t♦s ♥♦♠✐♥❛❧❡s ❞❡ ❞✐❝❤❛s r❡❣❧❛s❀ ② ✉♥ ❆● ♣❛r❛ ♦♣t✐♠✐③❛r ❧♦s

❛tr✐❜✉t♦s ♥✉♠ér✐❝♦s ❞❡ ❧❛s r❡❣❧❛s ❝♦♥❝✐s❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✱ s✐♥ ♥❡❝❡s✐❞❛❞ ❞❡

❞✐s❝r❡t✐③❛❝✐ó♥✳ ❊st❛s r❡❣❧❛s ❝❛♥❞✐❞❛t❛s s❡ ✉t✐❧✐③❛♥ ❡♥ ❧❛ s❡❣✉♥❞❛ ❢❛s❡ ♣❛r❛ ♦♣✲

t✐♠✐③❛r ❡❧ ♦r❞❡♥ ② ♥ú♠❡r♦ ❞❡ r❡❣❧❛s ❡♥ ❧❛ ❡✈♦❧✉❝✐ó♥ ♣❛r❛ ❢♦r♠❛r ❝♦♥❥✉♥t♦s ❞❡

r❡❣❧❛s ♣r❡❝✐s❛s ② ❝♦♠♣r❡♥s✐❜❧❡s✳

❩♠✉❞❛ ❡t ❛❧✳ ❬✶✼✷❪ ♣r♦♣✉s✐❡r♦♥ ✉♥ ❡sq✉❡♠❛ ❤í❜r✐❞♦ ❡✈♦❧✉t✐✈♦ ❞❡ ❛♣r❡♥✲

❞✐③❛❥❡ ♣❛r❛ ❝r❡❛r s✐st❡♠❛s ♣❛r❛ ❡❧ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♣❛tr♦♥❡s ♠✉❧t✐❝❧❛s❡s✳ ❊❧

❛❧❣♦r✐t♠♦ ❞❡❞✐❝❛ ✉♥ ❣r❛♥ ❡s❢✉❡r③♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ ♥✉❡✲

✈❛s ✈❛r✐❛❜❧❡s q✉❡ s❡r✈✐rí❛♥ ❝♦♠♦ ❡♥tr❛❞❛s ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ t✐♣♦ ❇❛❝❦✲❊♥❞✳

▲❛s ♥✉❡✈❛s ✈❛r✐❛❜❧❡s s♦♥ ❣❡♥❡r❛❞❛s ♠❡❞✐❛♥t❡ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ Pr♦❣r❛♠❛✲

❝✐ó♥ ●❡♥ét✐❝❛ ❬✶✼✶✱ ✶✼✸❪ ♣❛r❛ s✐♥t❡t✐③❛r ❡①♣r❡s✐♦♥❡s ❛r✐t♠ét✐❝❛s✱ ❛❧❣♦r✐t♠♦s

❣❡♥ét✐❝♦s ❬✶✸✽❪ ♣❛r❛ s❡❧❡❝❝✐♦♥❛r ✉♥ ❝♦♥❥✉♥t♦ ✈✐❛❜❧❡ ❞❡ ❧❛s ❡①♣r❡s✐♦♥❡s✱ ② ❧❛

♣r♦❣r❛♠❛❝✐ó♥ ❡✈♦❧✉t✐✈❛ ❬✶✼✹✱ ✶✼✺❪ ♣❛r❛ ♦♣t✐♠✐③❛r ❧♦s ♣❛rá♠❡tr♦s ❞❡♥tr♦ ❞❡ ❧❛s

❡①♣r❡s✐♦♥❡s✳ ❊❧ ♦❜❥❡t✐✈♦ ❢✉❡ ❝r❡❛r ✉♥ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♥♦

❧✐♥❡❛❧❡s q✉❡ ❝♦♦♣❡r❛♥ ♣❛r❛ r❡s♦❧✈❡r ✉♥ ♣r♦❜❧❡♠❛ ❞❡ r❡❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ♣❛tr♦♥❡s

♠✉❧t✐❝❧❛s❡✳

❚❡s✐s ❉♦❝t♦r❛❧ ✼✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✹✳ ❆▲●❖❘■❚▼❖❙ ❍❮❇❘■❉❖❙ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

✹✳✸✳✷✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦ ❤✐❜r✐❞❛❞♦s ❝♦♥ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

▲❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❧♦s ❆❊s ② ❧❛s ❘◆❆s ❡s ♣r♦♣✉❡st❛ ♣♦r ❲❛♥❣ ❬✶✼✻❪

♠❡❞✐❛♥t❡ ✉♥ ❡♥❢♦q✉❡ ❤í❜r✐❞♦ ♣❛r❛ ♠❡❥♦r❛r ❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ❧♦s ❆❊s ♣❛r❛ ✉♥

♣r♦❜❧❡♠❛ ❞❡ ♦♣t✐♠✐③❛❝✐ó♥✳ ❊♥ ❧❛ ♣r✐♠❡r❛ ❢❛s❡✱ ❧❛s ❘◆❆ s❡ ❝♦♥str✉②❡♥ s♦❜r❡ ❧❛

❜❛s❡ ❞❡ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♠✉❡str❛s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ✉t✐❧✐③❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ❇P

❝♦♥ ✉♥ ♣❛rá♠❡tr♦ ❞❡ ♠♦♠❡♥t♦✳ ❙❡❣✉✐❞❛♠❡♥t❡✱ ❡❧ ❆❊ r❡❛❧✐③❛ ❧❛ ❜úsq✉❡❞❛ ❞❡

❧❛s s♦❧✉❝✐♦♥❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s✳ ❯♥❛ ✈❡③ q✉❡ ❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦

❣❡♥❡r❛ ✉♥❛ ♥✉❡✈❛ s♦❧✉❝✐ó♥✱ ❧❛ ❘◆❆ s❡ ✉t✐❧✐③❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r s✉ ✈❛❧♦r ❞❡

❛♣t✐t✉❞ ♠❡❞✐❛♥t❡ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ✉♥❛ ✧❢✉♥❝✐ó♥ ♦❜❥❡t✐✈♦ ❛♠♣❧✐❛❞❛✧ ❞♦♥❞❡ ❧❛

❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ ❘◆❆ s♦❜r❡ ❧❛ ♥✉❡✈❛ s♦❧✉❝✐ó♥ ❣❡♥❡r❛❞❛ ♣♦r ❡❧ ❆❊✱ ❡s ♣❛rt❡ ❞❡

s✉ ❢♦r♠✉❧❛❝✐ó♥✳

P❛r❛ ♠❡❥♦r❛r ❧❛ ❝♦❤❡r❡♥❝✐❛ ② ❧❛ s♦❧✐❞❡③ ❞❡ ❧♦s r❡s✉❧t❛❞♦s✱ s❡ s✉❣✐❡r❡ ❡❧

✉s♦ ❞❡ ♠ú❧t✐♣❧❡s ❞❡ ❘◆❆s ♣❛r❛ ♣r♦♣♦r❝✐♦♥❛r ✉♥ r❡♥❞✐♠✐❡♥t♦ ❡st❛❞íst✐❝❛♠❡♥t❡

✈❛❧✐❞❛❞♦ ♣❛r❛ ❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✳ P❛r❛ ❛q✉❡❧❧♦s ♣r♦❜❧❡♠❛s ❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥

♦❜❥❡t✐✈♦ ❡s ❜✐❡♥ ❝♦♥♦❝✐❞❛✱ ♣❡r♦ ✏❞✐❢í❝✐❧✑ ❞❡ ❡✈❛❧✉❛r✱ ❧❛s ❘◆❆ ❛ú♥ s❡ ♣✉❡❞❡♥

✉t✐❧✐③❛r ♣❛r❛ ♣r♦♣♦r❝✐♦♥❛r rá♣✐❞❛♠❡♥t❡ ✉♥❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡❧ ❞❡s❡♠♣❡ñ♦ ❝♦♥ ❡❧

♦❜❥❡t✐✈♦ ❞❡ ♠❡❥♦r❛r ❧❛ ❡✜❝✐❡♥❝✐❛ ❞❡ ❧❛ ❜úsq✉❡❞❛ ❞❡❧ ❆❊✳

✹✳✸✳✸✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ▲ó❣✐❝❛ ❉✐❢✉s❛

▲♦s ❝♦♥tr♦❧❛❞♦r❡s ❞❡ ❧ó❣✐❝❛ ❞✐❢✉s❛ ✭❋▲❈✮ ❡stá♥ ❝♦♠♣✉❡st♦s ♣♦r ✉♥❛ ❜❛s❡

❞❡ ❝♦♥♦❝✐♠✐❡♥t♦s q✉❡ ✐♥❝❧✉②❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❢❛❝✐❧✐t❛❞❛ ♣♦r ✉♥ ❡①♣❡rt♦ ❡♥ ❧❛

❢♦r♠❛ ❞❡ ❧❛s ♥♦r♠❛s ❞❡ ❝♦♥tr♦❧ ❧✐♥❣üíst✐❝♦✱ ✉♥❛ ✐♥t❡r❢❛③ ❞❡ ❢✉③③✐✜❝❛❝✐ó♥ q✉❡

t✐❡♥❡ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❝r❡❛r ❝♦♥❥✉♥t♦s ❞✐❢✉s♦s✱ ✉♥ s✐st❡♠❛ ❞❡ ✐♥❢❡r❡♥❝✐❛ q✉❡

✉t✐❧✐③❛ ❧❛ ❜❛s❡ ❞❡ ❝♦♥♦❝✐♠✐❡♥t♦s ② r❡❣❧❛s ♣❛r❛ r❡❛❧✐③❛r ❧❛ ✐♥❢❡r❡♥❝✐❛ ❛ tr❛✈és

❞❡ ✉♥ ♠ét♦❞♦ ❞❡ r❛③♦♥❛♠✐❡♥t♦ ② ♣♦r ú❧t✐♠♦ ✉♥❛ ✐♥t❡r❢❛③ ❞❡ ❞❡❢✉③③✐✜❝❛❝✐ó♥

q✉❡ tr❛❞✉❝❡ ❧❛ ❛❝❝✐ó♥ ❞❡ ❝♦♥tr♦❧ ❞✐❢✉s♦ ♦❜t❡♥✐❞♦ ❞❡ ❡st❡ ♠♦❞♦ ❛ ✉♥❛ ❛❝❝✐ó♥ ❞❡

❝♦♥tr♦❧ r❡❛❧ ✉t✐❧✐③❛♥❞♦ ✉♥ ♠ét♦❞♦ ❞❡ ❞❡❢✉③③✐✜❝❛❝✐ó♥✳ ▲♦s ❋▲❈ s❡ ❤❛♥ ✉t✐❧✐③❛❞♦

♣❛r❛ ❞✐s❡ñ❛r ❧❛ ❛❞❛♣t❛❝✐ó♥ ❞❡ ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s✳ ▲❛ ✐❞❡❛ ♣r✐♥❝✐♣❛❧ ❡s ✉t✐❧✐③❛r

✉♥ ❋▲❈ ❝✉②❛s ❡♥tr❛❞❛s s♦♥ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♠❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡ñ♦ ❞❡ ✉♥

❆❊ ② q✉❡ s✉s s❛❧✐❞❛s s♦♥ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❝♦♥tr♦❧ ❞❡ ❞✐❝❤♦ ❛❧❣♦r✐t♠♦✳ ▲❡❡ ②

❚❛❦❛❣✐ ❬✶✼✼❪ ♣r♦♣✉s✐❡r♦♥ ❡❧ ❛❧❣♦r✐t♠♦ ✏❉✐♥❛♠✐❝ P❛r❛♠❡tr✐❝ ●❡♥❡t✐❝ ❆❧❣♦r✐t❤♠✑

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✼✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✹✳✸✳ ❆rq✉✐t❡❝t✉r❛s ❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❍í❜r✐❞♦s

q✉❡ ✉t✐❧✐③❛ ✉♥ ❋▲❈ ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ✉♥ ❆●✳ ▲❛s ❡♥tr❛❞❛s

❞❡❧ ❋▲❈ s♦♥ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♠❡❞✐❞❛s ❞❡ ❞❡s❡♠♣❡ñ♦ ❞❡❧ ❆● ② ❧♦s r❡s✉❧t❛❞♦s

s♦♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rá♠❡tr♦s ❞❡ ❝♦♥tr♦❧ ❞❡❧ ❆●✳

✹✳✸✳✹✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ❖♣t✐♠✐③❛❝✐ó♥ ❝♦♥
❙✐st❡♠❛s ❞❡ P❛rtí❝✉❧❛s

P❙❖ ✐♥❝♦r♣♦r❛ ❝♦♠♣♦rt❛♠✐❡♥t♦s ♦❜s❡r✈❛❞♦s ❡♥ ❧❛s ❜❛♥❞❛❞❛s ❞❡ ❛✈❡s✱ ❞❡

♣❡❝❡s✱ ♦ ❧♦s ❡♥❥❛♠❜r❡s ❞❡ ❛❜❡❥❛s✱ ❡ ✐♥❝❧✉s♦ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ s♦❝✐❛❧ ❤✉♠❛♥♦✱

❞❡❧ ❝✉❛❧ s✉r❣✐ó ❧❛ ✐❞❡❛ ❬✶✼✽✱ ✶✼✾✱ ✶✽✵❪✳ ❯♥ ♠ét♦❞♦ ❤í❜r✐❞♦ ♣r♦♣✉❡st♦ ♣♦r ❙❤✐

❡t ❛❧✳ ❬✶✽✶❪ r❡❛❧✐③❛ ✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ✉♥ ❆❊ ② ✉♥ P❙❖✳ ❊st❡ ❡♥❢♦q✉❡ ❤í❜r✐❞♦

❡❥❡❝✉t❛ ❧♦s ❞♦s s✐st❡♠❛s ✭✉♥ ❆❊ ② ✉♥ P❙❖✮ ❛❧ ♠✐s♠♦ t✐❡♠♣♦ ② s❡❧❡❝❝✐♦♥❛

P ✐♥❞✐✈✐❞✉♦s ❞❡ ❝❛❞❛ s✐st❡♠❛ ♣❛r❛ s❡r ✐♥t❡r❝❛♠❜✐❛❞♦s tr❛s ◆ ✐t❡r❛❝✐♦♥❡s✳ ❊❧

✐♥❞✐✈✐❞✉♦ ❝♦♥ ♠❛②♦r ❛♣t✐t✉❞ t✐❡♥❡ ♠ás ♦♣♦rt✉♥✐❞❛❞❡s ❞❡ s❡r s❡❧❡❝❝✐♦♥❛❞♦✳ ▲♦s

♣r✐♥❝✐♣❛❧❡s ♣❛s♦s ❞❡❧ ♠ét♦❞♦ ❤í❜r✐❞♦ s❡ ♠✉❡str❛♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ✿✳

✶✳ ■♥✐❝✐❛❧✐③❛r ❡❧ ❆❊ ② ❡❧ P❙❖✳

✷✳ ❊❥❡❝✉t❛r ❡❧ ❆❊ ② ❡❧ P❙❖ ❞❡ ❢♦r♠❛ s✐♠✉❧tá♥❡❛✳

✸✳ ❘❡t♦r♥❛r ❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ s✐ ❛❧❣✉♥❛ ❞❡ ❧❛s ❞♦s ❡str❛t❡❣✐❛s ❛❧❝❛♥③❛ s✉

❝♦♥❞✐❝✐ó♥ ❞❡ ♣❛r❛❞❛✳

✹✳ ❈❛❞❛ ◆ ✐t❡r❛❝✐♦♥❡s s❡❧❡❝❝✐♦♥❛r P ✐♥❞✐✈✐❞✉♦s ❞❡ ❢♦r♠❛ ❛❧❡❛t♦r✐❛ ❞❡ ❛♠❜♦s

s✉❜s✐st❡♠❛s ❡ ✐♥t❡r❝❛♠❜✐❛r❧♦s✳ ■r ❛❧ ♣❛s♦ ✶✳

✹✳✸✳✺✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❤✐❜r✐❞❛❞♦s ❝♦♥ ❖♣t✐♠✐③❛❝✐ó♥ ❝♦♥
❈♦❧♦♥✐❛ ❞❡ ❍♦r♠✐❣❛s

▲❛ ❖♣t✐♠✐③❛❝✐ó♥ ❝♦♥ ❈♦❧♦♥✐❛ ❞❡ ❍♦r♠✐❣❛s ❆❈❖ ❡s ✉♥ s✐st❡♠❛ ✐♥s♣✐r❛❞♦

❡♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ❤♦r♠✐❣❛s r❡❛❧❡s✳ ❉✐❝❤♦s ❛❧❣♦r✐t♠♦s s♦♥ ❛♠♣❧✐❛✲

♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❞✐s❝r❡t❛ ❬✶✽✷❪✳

❚s❡♥❣ ② ▲✐❛♥❣ ❬✶✽✸❪ ♣r♦♣♦♥❡♥ ✉♥ ❡♥❢♦q✉❡ ❤í❜r✐❞♦ q✉❡ ❝♦♠❜✐♥❛ ❆❈❖✱ ✉♥

❆❧❣♦r✐t♠♦ ●❡♥ét✐❝♦ ② ✉♥ ♠ét♦❞♦ ❞❡ ❇úsq✉❡❞❛ ▲♦❝❛❧✳ ❊❧ ❛❧❣♦r✐t♠♦ s❡ ❛♣❧✐❝❛

♣❛r❛ r❡s♦❧✈❡r ❡❧ Pr♦❜❧❡♠❛ ❞❡ ❆s✐❣♥❛❝✐ó♥ ❈✉❛❞rát✐❝❛✳ ❊❧ ❆● ❡♥ ❧✉❣❛r ❞❡ ♣❛rt✐r

❚❡s✐s ❉♦❝t♦r❛❧ ✼✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✹✳ ❆▲●❖❘■❚▼❖❙ ❍❮❇❘■❉❖❙ P❆❘❆ ❊▲ ❊◆❚❘❊◆❆▼■❊◆❚❖ ❨
❉■❙❊Ñ❖ ❉❊ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙

❞❡ ✉♥❛ ♣♦❜❧❛❝✐ó♥ q✉❡ s❡ ❝♦♠♣♦♥❡ ❞❡ ❧♦s ❝r♦♠♦s♦♠❛s ❣❡♥❡r❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✱

♣❛rt❡ ❞❡ ✉♥❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧ ❝♦♥str✉í❞❛ ♣♦r ✉♥ ❆❈❖ ❝♦♥ ❡❧ ✜♥ ❞❡ ♦❢r❡❝❡r ✉♥

❜✉❡♥ ❝♦♠✐❡♥③♦✳ ▲❛ ❢❡r♦♠♦♥❛ ❛❝tú❛ ❝♦♠♦ ✉♥ ♠❡❝❛♥✐s♠♦ ❞❡ r❡tr♦❛❧✐♠❡♥t❛❝✐ó♥

❞❡s❞❡ ❧❛ ❢❛s❡ ❆● ❛ ❧❛ ❢❛s❡ ❆❈❖✳ ❈✉❛♥❞♦ ❡❧ ❆● ❛❧❝❛♥③❛ ❡❧ ❝r✐t❡r✐♦ ❞❡ t❡r♠✐♥❛✲

❝✐ó♥✱ ❡❧ ❝♦♥tr♦❧ s❡ tr❛♥s✜❡r❡ ❞❡ ♥✉❡✈♦ ❛ ❧❛ ❢❛s❡ ❞❡ ❆❈❖✳ ▲✉❡❣♦ ❧❛ ❆❈❖ ✉t✐❧✐③❛

❧❛s ❢❡r♦♠♦♥❛s ❛❝t✉❛❧✐③❛❞❛s ♣♦r ❡❧ ❆● ♣❛r❛ ❡①♣❧♦r❛r ❡❧ ❡s♣❛❝✐♦ ❞❡ s♦❧✉❝✐♦♥❡s ②

♣r♦❞✉❝✐r ✉♥❛ ♣♦❜❧❛❝✐ó♥ ♣r♦♠❡t❡❞♦r❛ ♣❛r❛ ❧❛ ♣ró①✐♠❛ ❡❥❡❝✉❝✐ó♥ ❞❡ ❧❛ ❢❛s❡ ❆●✳

❋✐♥❛❧♠❡♥t❡ ✉♥ ♠ét♦❞♦ ❞❡ ❜úsq✉❡❞❛ ❧♦❝❛❧ s❡ ❛♣❧✐❝❛ ♣❛r❛ ♠❡❥♦r❛r ❧❛s s♦❧✉❝✐♦♥❡s

♦❜t❡♥✐❞❛s ♣♦r ❡❧ ❆❈❖ ② ❡❧ ❆●✳ ❖tr♦ ❡♥❢♦q✉❡ ❤í❜r✐❞♦ ♣❛r❛ ❡❧ ♠✐s♠♦ ♣r♦❜❧❡♠❛

❤❛ s✐❞♦ ♣r♦♣✉❡st♦ ♣♦r ❱á③q✉❡③ ② ❲❤✐t❧❡② ❬✶✽✹❪ ❞♦♥❞❡ ❡❧ ❆● s❡ ❝♦♠❜✐♥❛ ❝♦♥

❇úsq✉❡❞❛ ❚❛❜ú ❬✶✽✺❪✳

✹✳✸✳✻✳ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❝♦♥ ❝♦♥♦❝✐♠✐❡♥t♦ ✏❛ ♣r✐♦r✐✑

❊①✐st❡♥ ✈❛r✐❛❞♦s ❡♥❢♦q✉❡s q✉❡ ♥♦ ✉t✐❧✐③❛♥ ✉♥❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧ ❣❡♥❡r❛❞❛

❛❧❡❛t♦r✐❛♠❡♥t❡ ♣❛r❛ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s✳ ❙✐ ❡①✐st❡ ✉♥ ❝♦♥♦❝✐♠✐❡♥t♦ ♣r❡✈✐♦

♦ ♣✉❡❞❡ s❡r ♦❜t❡♥✐❞♦ ❛ ✉♥ ❜❛❥♦ ❝♦st❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❝♦♥ ❜✉❡♥❛s ❡st✐♠❛❝✐♦♥❡s

✐♥✐❝✐❛❧❡s s❡ ♣✉❡❞❡♥ ❣❡♥❡r❛r ♠❡❥♦r❡s s♦❧✉❝✐♦♥❡s ❝♦♥ ✉♥❛ ❝♦♥✈❡r❣❡♥❝✐❛ ♠ás rá♣✐❞❛

❬✶✽✻✱ ✶✽✼❪ ✳

❑❡❡❞✇❡❧❧ ② ❑❤✉ ❬✶✽✽❪ ♠❡♥❝✐♦♥❛♥ q✉❡ ✉♥ ❡♥❢♦q✉❡ ❤❡✉ríst✐❝♦ q✉❡ ♣r♦✈❡❛

❞❡ ✉♥❛ ❝♦♥✜❣✉r❛❝✐ó♥ ✐♥✐❝✐❛❧ ❛ ✉♥ ❆● ♣r♦❞✉❝❡ ♠❡❥♦r❛s ❡♥ ❡❧ r❡♥❞✐♠✐❡♥t♦ s♦❜r❡

♣r♦❜❧❡♠❛s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❝♦♠♣❧❡❥♦s✳ ❆❧❣✉♥♦s ❛✉t♦r❡s ❬✶✽✽❪ ❤❛♥ ♣r♦♣✉❡st♦ ❧❛

❝♦♥❢❡❝❝✐ó♥ ❞❡ ✉♥ ❛✉tó♠❛t❛ ❝❡❧✉❧❛r ❜❛s❛❞♦ ❡♥ ❤❡✉ríst✐❝❛s ❬✶✽✾❪✱ ❡st❡ ❡s ✉♥ ❡♥❢♦✲

q✉❡ q✉❡ ♣r♦♣♦r❝✐♦♥❛ ✉♥❛ ❜✉❡♥❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧ ♣❛r❛ ✉♥ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✳

✹✳✸✳✼✳ ❊♥❢♦q✉❡s ❍í❜r✐❞♦s ■♥❝♦r♣♦r❛♥❞♦ ❇úsq✉❡❞❛ ▲♦❝❛❧

▲❛s ❤✐❜r✐❞❛❝✐♦♥❡s ❡♥tr❡ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ② ❧❛ ❜úsq✉❡❞❛ ❧♦❝❛❧ s❡

❝♦♥♦❝❡♥ ❝♦♠♦ ❛❧❣♦r✐t♠♦s ♠❡♠ét✐❝♦s ❆▼ ② ❆❧❣♦r✐t♠♦s ❍í❜r✐❞♦s ✭❧❛ ❞✐❢❡r❡♥❝✐❛

❡♥tr❡ ❛♠❜♦s r❛❞✐❝❛ ❡♥ q✉❡ ❡♥ ❧♦s ❆▼s ❧♦s ✐♥❞✐✈✐❞✉♦s ♦♣t✐♠✐③❛❞♦s s❡ ✐♥❝❧✉②❡♥

❡♥ ❧❛ ♣♦❜❧❛❝✐ó♥ ② ❡♥ ❧♦s ❆❍s ♥♦ s❡ ✐♥❝❧✉②❡♥✮✳ ❆♠❜♦s t✐♣♦s ❞❡ ❛❧❣♦r✐t♠♦s ❤❛♥

❞❡♠♦str❛❞♦ s❡r ♠ás rá♣✐❞♦s ② ♠ás ♣r❡❝✐s♦s q✉❡ ❧♦s ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ♣❛r❛

❞✐❢❡r❡♥t❡s ❝❧❛s❡s ❞❡ ♣r♦❜❧❡♠❛s✳ ❈♦♠♦ s❡ ✐♥❢♦r♠❛ ❡♥ ❧❛ ❧✐t❡r❛t✉r❛✱ ❧♦s ♠ét♦❞♦s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✼✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✹✳✸✳ ❆rq✉✐t❡❝t✉r❛s ❞❡ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s ❍í❜r✐❞♦s

❤í❜r✐❞♦s q✉❡ ❝♦♠❜✐♥❛♥ ❧♦s ♠ét♦❞♦s ♣r♦❜❛❜✐❧íst✐❝♦s ② ❧♦s ♠ét♦❞♦s ❞❡t❡r♠✐♥✐s✲

t❛s ❤❛♥ t❡♥✐❞♦ é①✐t♦ ❡♥ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠♣❧❡❥♦s ❞❡ ♦♣t✐♠✐③❛❝✐ó♥

❬✶✾✵❪✳ ▲❛ Pr♦❣r❛♠❛❝✐ó♥ ❊✈♦❧✉t✐✈❛ ✭P❊✮ ❤✐❜r✐❞❛❞❛ ❝♦♥ ♣r♦❝❡❞✐♠✐❡♥t♦s ❞❡ ♦♣t✐✲

♠✐③❛❝✐ó♥ ❞❡t❡r♠✐♥✐st❛ ❢✉❡ ✉t✐❧✐③❛❞❛ ♣♦r ▼②✉♥❣ ② ❑✐♠ ❬✶✾✶❪ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡

♦♣t✐♠✐③❛❝✐ó♥ ♥♦ ❧✐♥❡❛❧ ② ❝✉❛❞rát✐❝❛✳

▲♦s ❛❧❣♦r✐t♠♦s ❞❡ ♣r♦❣r❛♠❛❝✐ó♥ ❡✈♦❧✉t✐✈❛ ❞❡♠✉❡str❛♥ s✉ ❝❛♣❛❝✐❞❛❞ ❡♥ ❡❧

♠♦❞❡❧❛❞♦ ❞❡ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧❛s r❡❞❡s ♥❡✉r♦♥❛❧❡s ❛sí ❝♦♠♦ ❡♥ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡

❧♦s ♣❛rá♠❡tr♦s ❞❡ ❞✐❝❤♦s ♠♦❞❡❧♦s✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❞❡❜✐❞♦ ❛ r❛③♦♥❡s ❢✉♥❞❛♠❡♥t❛❧✲

♠❡♥t❡ ❛s♦❝✐❛❞❛s ❛ ❧❛ r❛♣✐❞❡③ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛✱ s❡ ✈❡♥ ♦❜❧✐❣❛❞♦s ❛ s❡r ❤✐❜r✐❞❛❞♦s

❝♦♥ ♦tr❛s té❝♥✐❝❛s✳ ❈♦♥ ❧❛ ✜♥❛❧✐❞❛❞ ❞❡ ❝r❡❛r ❛❧❣♦r✐t♠♦s ♠ás ❡✜❝✐❡♥t❡s✱ ❧❛ ❝♦♠✉✲

♥✐❞❛❞ ❝✐❡♥tí✜❝❛ ❡♥ ❣❡♥❡r❛❧ ② ❡❧ ❣r✉♣♦ ❆❨❘◆❆ ❞❡ ❧❛ ❯❈❖ ❡♥ ♣❛rt✐❝✉❧❛r✱ s❡ ❤❛♥

❞❛❞♦ ❛ ❧❛ t❛r❡❛ ❞❡ ♣♦t❡♥❝✐❛r ❧❛ ❤✐❜r✐❞❛❝✐ó♥ ❞❡ ♠♦❞❡❧♦s ② ❛❧❣♦r✐t♠♦s✳ ❍❡r✈ás

❡t ❛❧✳ ♣r♦♣✉s✐❡r♦♥ ❞♦s ❆❍✿ ❍②❜r✐❞ ❊✈♦❧✉t✐♦♥❛r② Pr♦❣r❛♠♠✐♥❣ ✭❍❊P✮ ❬✶✾✷❪ ②

❍②❜r✐❞ ❊✈♦❧✉t✐♦♥❛r② Pr♦❣r❛♠♠✐♥❣ ✇✐t❤ ❈❧✉st❡r✐♥❣ ✭❍❊P❈✮ ❬✶✾✷❪ ❝♦♠❜✐♥❛♥❞♦

✉♥ ❆❍ ❝♦♥ ❡❧ ❛❧❣♦r✐t♠♦ ▲▼ ❬✾✹❪✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞❡s❝r✐❜❡ ❡❧ ❡sq✉❡♠❛ ❣❡♥❡r❛❧

❞❡ ❛♠❜♦s ❛❧❣♦r✐t♠♦s ✳

❆❧❣♦r✐t♠♦ ❞❡ Pr♦❣r❛♠❛❝✐ó♥ ❊✈♦❧✉t✐✈❛ ❍í❜r✐❞❛ ✭❍❊P✮ ❬✶✾✷❪
✶✳ ❙❡ ✐♥✐❝✐❛❧✐③❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ❝♦♥ ❧♦s ◆ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡
✶✵◆ ❘◆❆s✳
✷✳ ❆♣❧✐❝❛r ◆◆❊P ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ♣❛r❛❞❛✳
✸✳ ❆♣❧✐❝❛r ▲▼ ❬✾✹❪ ❛❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ♦❜t❡♥✐❞♦ ♣♦r ❡❧ ◆◆❊P✳

❆❧❣♦r✐t♠♦ ❞❡ Pr♦❣r❛♠❛❝✐ó♥ ❊✈♦❧✉t✐✈❛ ❍í❜r✐❞❛ ❈❧✉st❡r✐③❛❞❛
✭❍❊P❈✮ ❬✶✾✷❪
✶✳ ❙❡ ✐♥✐❝✐❛❧✐③❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ❝♦♥ ❧♦s ◆ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡
✶✵◆ ❘◆❆s✳
✷✳ ❆♣❧✐❝❛r ◆◆❊P ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥❝❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ♣❛r❛❞❛✳
✸✳ ❑✲▼❡❞✐❛s ❬✶✷✻❪ s♦❜r❡ ❧❛ s❡♥t✐t✐✈✐❞❛❞ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ❛♥t❡ ❧♦s ❞❛t♦s ❞❡
❡♥tr❡♥❛♠✐❡♥t♦✳
✹✳ ❆♣❧✐❝❛r ▲▼ ❬✾✹❪ ❛❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ❞❡ ❝❛❞❛ ❝❧úst❡r ✳
✺✳ ❙❡❧❡❝❝✐♦♥❛r ❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ❞❡♥tr♦ ❞❡ ❧♦s ♦♣t✐♠✐③❛❞♦s ❡♥ ❡❧ ♣❛s♦ ❛♥t❡r✐♦r✳

❚❡s✐s ❉♦❝t♦r❛❧ ✼✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✺

▼❖❉❊▲❖❙
◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙

✺✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

▲❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ❧❛s ❘◆❆s ② ❧❛ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ❞❛ ♦r✐❣❡♥ ❛ ✉♥

♥✉❡✈♦ t✐♣♦ ❞❡ ♠♦❞❡❧♦✱ ❡❧ ♠♦❞❡❧♦ ♥❡✉r♦✲❧♦❣íst✐❝♦✱ ❡❧ ❝✉❛❧ ❛♣r♦✈❡❝❤❛ ❧❛ ♣r❡❝✐s✐ó♥

② r♦❜✉st❡③ ❞❡ ❧♦s ♠♦❞❡❧♦s ❧♦❣íst✐❝♦s ❡♥tr❡♥❛❞♦s ❣❡♥❡r❛❧♠❡♥t❡ ❝♦♥ ♠ét♦❞♦s ♥✉✲

♠ér✐❝♦s✱ ② ❧❛ ❝❛♣❛❝✐❞❛❞ q✉❡ ♣r❡s❡♥t❛♥ ❧❛s ❘◆❆s ❞❡ ♠♦❞❡❧❛r ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s

❡♥tr❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

❊♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❞❡s❝r✐❜❡ ❧❛ té❝♥✐❝❛ ❞❡ ❘▲ ✭s❡❝❝✐ó♥ ✺✳✷✮✱ ❧❛s

❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ♠♦❞❡❧♦s ❧♦❣íst✐❝♦s ✭s✉❜s❡❝❝✐ó♥ ✺✳✷✳✶✮ ② ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡

❧♦s ❝♦❡✜❝✐❡♥t❡s ♠❡❞✐❛♥t❡ ❧❛ ❡st✐♠❛❝✐ó♥ ♠á①✐♠♦ ✈❡r♦sí♠✐❧ ✭s✉❜s❡❝❝✐ó♥ ✺✳✷✳✶✳✶✮✳

P♦st❡r✐♦r♠❡♥t❡ s❡ ❞❡s❝r✐❜❡♥ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s

✉t✐❧✐③❛♥❞♦ ❝♦✈❛r✐❛❜❧❡s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ ❘◆❆s ② ❝ó♠♦ ♣✉❡❞❡♥ s❡r ❡♥tr❡♥❛❞♦s✳

P♦r ú❧t✐♠♦ s❡ ❞❡s❝r✐❜❡ ❜r❡✈❡♠❡♥t❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ✭s❡❝❝✐ó♥

✺✳✹✮ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ② ❝ó♠♦ ❡st❛ ❛❢❡❝t❛ ❛ ❧❛ ❡st✐♠❛❝✐ó♥ ❡♥ ❧♦s

♠♦❞❡❧♦s ❞❡ ❘▲ ② ❡♥ ❡s♣❡❝✐❛❧ ❛ ❧♦s ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s✳

✺✳✷✳ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

▲❛ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛ ❡s ✉♥❛ té❝♥✐❝❛ ♠❛t❡♠át✐❝❛ ❛♠♣❧✐❛♠❡♥t❡ ✉t✐❧✐③❛❞❛

❡♥ ❡st❛❞íst✐❝❛ ♣❛r❛ ♣r❡❞❡❝✐r ❡❧ ✈❛❧♦r ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❜✐♥❛r✐❛ ♦❜❥❡t✐✈♦ q✉❡ r❡✲

✼✺



✺✳✷✳ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

♣r❡s❡♥t❛ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ❡✈❡♥t♦ ♦❝✉rr❛✱ ❞❡♣❡♥❞✐❡♥❞♦

❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ é❧✳

▲❛ ✉t✐❧✐❞❛❞ ❞❡ ❧❛ ❘▲ ❡s ❛♠♣❧✐❛♠❡♥t❡ ❝♦♥♦❝✐❞❛ ♣♦r s✉ ❛♣❧✐❝❛❝✐ó♥ ❛ ❞✐✈❡rs♦s

❝❛♠♣♦s ❞❡ ❡st✉❞✐♦✱ ❝♦♠♦ ❧❛ ♠❡❞✐❝✐♥❛ ♦ ❧❛ ♠✐❝r♦❜✐♦❧♦❣í❛✱ ❞♦♥❞❡ ❧❛ ♥❛t✉r❛❧❡③❛

♣r♦❜❛❜✐❧íst✐❝❛ ❧♦s ♠✉❝❤♦s ❞❡ s✉s ❢❡♥ó♠❡♥♦s ♣❡r♠✐t❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ♠♦❞❡❧♦s

❧♦❣íst✐❝♦s ♣❛r❛ ♠♦❞❡❧❛r ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❝♦♥ q✉❡ ❡st♦s ♦❝✉rr❡♥✳

✺✳✷✳✶✳ ▼♦❞❡❧♦ ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

❙❡❛ (x, y) ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣❛tr♦♥❡s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❝✉②❛s ✈❛r✐❛❜❧❡s

♦❜❥❡t✐✈♦ y s♦♥ ❜✐♥❛r✐❛s✳ P❛r❛ ❝❛❞❛ ✈❡❝t♦r ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛ x ∈ RK ✱ ❧❛

s❛❧✐❞❛ ❡s ♦ yi = 1✱ ❧♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❡❧ ♣❛tró♥ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛

✭❡❧ ❡✈❡♥t♦ ♦❝✉rr❡✮✱ ♦ yi = 0✱ ❧♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❡❧ ♣❛tró♥ ♣❡rt❡♥❡❝❡ ❛ ❧❛ ❝❧❛s❡

♥❡❣❛t✐✈❛ ✭❡❧ ❡✈❡♥t♦ ♥♦ ♦❝✉rr❡✮✳ P❛r❛ ♠♦❞❡❧❛r ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❝❛❞❛ ♣❛tró♥ x ②

❡❧ ✈❛❧♦r ❡s♣❡r❛❞♦ ♣❛r❛ s✉ s❛❧✐❞❛✱ s❡ ❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ ❧♦❣íst✐❝❛✳ ❉✐❝❤❛ ❢✉♥❝✐ó♥

s❡ ❢♦r♠✉❧❛ ❝♦♠♦✿

µ(x, β) =
exp(βT · x)

1 + exp(βT · x) ✭✺✳✶✮

❞♦♥❞❡ β ❡s ❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦✳ ❊st♦s ❝♦❡✜❝✐❡♥t❡s s♦♥ ✐♥✐❝✐❛❧✲

♠❡♥t❡ ❞❡s❝♦♥♦❝✐❞♦s✱ s✐❡♥❞♦ ♥❡❝❡s❛r✐♦ ❡st✐♠❛r❧♦s ❛ ♣❛rt✐r ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s

❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✳ ❆❞❡♠ás✱ ❛s✉♠✐♠♦s q✉❡ x0 = 1 ❬✶✾✸❪✱ ❞❡ ❢♦r♠❛ q✉❡ β0 s❡❛

✉♥ tér♠✐♥♦ ❝♦♥st❛♥t❡✳ ❆sí✱ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❡s y = µ(x, β) + ǫ✱ ❞♦♥❞❡ ǫ

❡s ❡❧ tér♠✐♥♦ ❞❡ ❡rr♦r ❞❡❧ ♠♦❞❡❧♦✳

❊❧ ♠♦❞❡❧♦ ♣❛r❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❜✐♥❛r✐❛ ❡s ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ❏ ❝❧❛s❡s ♠❡✲

❞✐❛♥t❡ ❧❛ ❡①♣r❡s✐ó♥✿

µl(x,β) =
exp(βT

l · x)
1 +

∑J−1
i=1 exp(βT

i · x)
✭✺✳✷✮

❞♦♥❞❡ µl(x, β) ❡s ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ✉♥ ♣❛tró♥ ♣❡rt❡♥❡③❝❛ ❛ ❧❛ ❝❧❛s❡ ❥✳

❊①♣r❡s❛❞♦ ❞❡ ❡st❛ ❢♦r♠❛✱ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛ ❡s ✉♥ ❝❧❛s✐✲

✜❝❛❞♦r ❧✐♥❡❛❧✱ r❡s✉❧t❛❞♦ ❞❡ ❧❛ r❡❧❛❝✐ó♥ ❧✐♥❡❛❧ ❡①✐st❡♥t❡ ❡♥tr❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ②

❚❡s✐s ❉♦❝t♦r❛❧ ✼✻ ❆✳❈✳ ▼é♥❞❡③
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❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❝❛❞❛ ♣❛tró♥ ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s✳

❊st♦ ✐♥❞✐❝❛ q✉❡ ❧❛ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛ ♣✉❡❞❡ ❛s❡♠❡❥❛rs❡ ❛ ❧❛ ❜úsq✉❡❞❛ ❞❡ ✉♥

❤✐♣❡r♣❧❛♥♦ q✉❡ s❡❛ ❝❛♣❛③ ❞❡ s❡♣❛r❛r ❧♦s ❞❛t♦s ❞❡ ❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛ ❞❡ ❧♦s ❞❡ ❧❛

❝❧❛s❡ ♥❡❣❛t✐✈❛ ❬✶✾✹❪ ✳

✺✳✷✳✶✳✶✳ ❊st✐♠❛❝✐ó♥ ▼á①✐♠♦ ❱❡r♦sí♠✐❧

❊♥ ❡❧ ♠♦❞❡❧♦ ❞❡ ❘▲✱ ❧❛ ✈❛r✐❛❜❧❡ ❞❡♣❡♥❞✐❡♥t❡ y s✐❣✉❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥

❜✐♥❛r✐❛ ❝♦♥ ♠❡❞✐❛ µ(x, β)✳ P♦r ❧♦ t❛♥t♦✱ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❧❛ ❢✉♥❝✐ó♥ ❧♦❣íst✐❝❛

❝♦♠♦ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ yi = 1✱ ♦ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡

x ♣❡rt❡♥❡③❝❛ ❛ ❧❛ ❝❧❛s❡ ♣♦s✐t✐✈❛✳ ❊♥t♦♥❝❡s✱ ♣♦❞rí❛♠♦s ❝♦♠♣✉t❛r ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞

♣❛r❛ ❡❧ ✐✲és✐♠♦ ♣❛tró♥ ❞❡ q✉❡ s✉ s❛❧✐❞❛ ❡♥ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s X s❡❛ yi ❝♦♠♦✿

P (xi, yi|β) =

{

µ(xi,β) si yi = 1
1− µ(xi,β) si yi = 0

✭✺✳✸✮

= (µ(xi,β))
yi · (1− µ(xi,β))

1−yi

❆ ♣❛rt✐r ❞❡ ❡st❛ ❡①♣r❡s✐ó♥ s❡ ♦❜t✐❡♥❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❝♦♥❥✉♥t❛

❞❡ ❧❛s ❦ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ ♣❛tró♥ x✱ ❝♦♠♦✿

L(x, y,β) =
K
∏

i=1

(µ(xi,β))
yi · (1− µ(xi,β))

1−yi ✭✺✳✹✮

❞♦♥❞❡ K ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s q✉❡ ❝♦♥t✐❡♥❡ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s✳ ▼❛✲

①✐♠✐③❛♥❞♦ ❡st❛ ❡❝✉❛❝✐ó♥ s❡ ♦❜t✐❡♥❡ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s β

q✉❡ ♠❡❥♦r s❡ ❛❞❛♣t❡ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✳ P❛r❛ ❡❧❧♦✱

❞❡❜✐❞♦ ❛ q✉❡ ❡st❛ ❡❝✉❛❝✐ó♥ ♥♦ ❡s ❧✐♥❡❛❧✱ s❡ ✉t✐❧✐③❛ ❛❧❣ú♥ ♠ét♦❞♦ ♥✉♠ér✐❝♦✳

✺✳✷✳✷✳ ■❘▲❙

❯♥❛ ❛❧t❡r♥❛t✐✈❛ ❛ ❧❛ ♠❛①✐♠✐③❛❝✐ó♥ ♥✉♠ér✐❝❛ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♣r♦❜❛❜✐❧✐✲

❞❛❞ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❘▲ ❡s ❧❛ té❝♥✐❝❛ ■❘▲❙ ✭■t❡r❛t✐✈❡ ❘❡✲✇❡✐❣t❤❡❞ ▲❡❛st ❙q✉❛r❡❞✮✳

❊st❛ té❝♥✐❝❛ ✉s❛ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥ ✲ ❘❛♣❤s♦♥ ♣❛r❛ ❡st✐♠❛r ❧♦s ❝♦❡✜❝✐❡♥t❡s

❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛✳ ❊❧ ♣r♦❝❡s♦ ❡s ❡❧ s✐❣✉✐❡♥t❡✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✼✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✺✳✷✳ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

❊♥ ♣r✐♠❡r ❧✉❣❛r s❡ ❝❛❧❝✉❧❛ ❧❛ ❞❡r✐✈❛❞❛ ❞❡❧ ❧♦❣❛r✐t♠♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡

♣r♦❜❛❜✐❧✐❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ❝♦♠♣♦♥❡♥ ❡❧ ✈❡❝t♦r

β✿

∂

∂βj
lnL(x, y,β) =

R
∑

i=1

(yi ·
∂

∂βj
µ(xi,β)

µ(xi,β)
− (1− yi) ·

∂
∂βj

µ(xi,β)

1− µ(xi,β)
)

=

R
∑

i=1

yi ·
xij · µ(xi,β) · (1− µ(xi,β))

µ(xi,β)

−
R
∑

i=1

(1− yi) ·
xij · µ(xi,β) · (1− µ(xi,β))

1− µ(xi,β)

=
R
∑

i=1

xij · (yi − µ(xi, β)) ✭✺✳✺✮

❞♦♥❞❡ j = 1 . . .M ② M ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s q✉❡ ❝♦♠♣♦♥❡♥ ❡❧

✈❡❝t♦r β✳

❉❡s♣✉és✱ s❡ ✐❣✉❛❧❛ ❛ ❝❡r♦ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳ ❙✐ ❡①t❡♥✲

❞❡♠♦s ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ µ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ µ(x,β) = (µ(x1,β), . . . , µ(xR,β))
T ✱

s❡ ❞❡✜♥❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❝♦♠♦✿

xT · (y − µ(x, β)) = 0 ✭✺✳✻✮

❉❡✜♥✐❡♥❞♦ h(β) ❝♦♠♦ ❡❧ ✈❡❝t♦r ❞❡ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s ♦❜t❡♥✐❞♦ ❛♥t❡r✐♦r✲

♠❡♥t❡ ❛❧ ❞❡r✐✈❛r ❡❧ ❧♦❣❛r✐t♠♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛

❝❛❞❛ βj ✱ ❡♥❝♦♥tr❛r ✉♥❛ s♦❧✉❝✐ó♥ ♣❛r❛ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❡q✉✐✈❛❧❡

❛ ❡♥❝♦♥tr❛r ❧♦s ❝❡r♦s ❞❡ h(β)✳ ❊❧ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥ ✲ ❘❛♣❤s♦♥ ❡♥❝✉❡♥tr❛

❡st❡ ó♣t✐♠♦ ❛ tr❛✈és ❞❡ ❛♣r♦①✐♠❛❝✐♦♥❡s ❧✐♥❡❛❧❡s s✉❝❡s✐✈❛s✳ ❉❡s♣✉és ❞❡ ❡❧❡❣✐r

✉♥ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ β̂0✱ ❝❛❞❛ ✐t❡r❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ❛❝t✉❛❧✐③❛ ❡❧ ✈❛❧♦r ❞❡ β̂ ❛

tr❛✈és ❞❡ ❛♣r♦①✐♠❛❝✐♦♥❡s ❞❡ ♣r✐♠❡r ♦r❞❡♥✿

β̂i+1 = β̂i + Jh(β̂i)
−1 · h(β̂i) ✭✺✳✼✮

❞♦♥❞❡ Jh(β̂i) ❡s ❡❧ ❏❛❝♦❜✐❛♥♦ ❞❡ h ❡✈❛❧✉❛❞♦ ♣❛r❛ β̂i✳

❚❡s✐s ❉♦❝t♦r❛❧ ✼✽ ❆✳❈✳ ▼é♥❞❡③
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❊❧ ❏❛❝♦❜✐❛♥♦ ❡s ✉♥❛ ♠❛tr✐③ ❞♦♥❞❡ ❝❛❞❛ ✜❧❛ ❡s s✐♠♣❧❡♠❡♥t❡ ❡❧ ❣r❛❞✐❡♥t❡

tr❛s♣✉❡st♦ ❞❡ ✉♥♦ ❞❡ ❧♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ h ❡✈❛❧✉❛❞♦ ♣❛r❛ β̂i✱ ♣♦r ❧♦ q✉❡ ❡❧

✐❥✲és✐♠♦ ❡❧❡♠❡♥t♦ ❞❡ Jh(β̂i) ❡s −
∑R

i=1 xij · xji · µ(xi, β) · (1− µ(xi, β))✳

❙✐ ❞❡✜♥✐♠♦s wi = µ(xi, β)·(1−µ(xi, β)) ② W = diag(w1, . . . , wR)✱ ❡♥t♦♥✲

❝❡s s❡ r❡❡s❝r✐❜❡ ❡❧ ❏❛❝♦❜✐❛♥♦ ❡♥ ♥♦t❛❝✐ó♥ ♠❛tr✐❝✐❛❧ ❝♦♠♦ −xTWx✳ ❯s❛♥❞♦ ❡st❡

❤❡❝❤♦✱ ② r❡❛❧✐③❛♥❞♦ ✉♥❛ s❡r✐❡ ❞❡ s✐♠♣❧✐✜❝❛❝✐♦♥❡s✱ ❧❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛❝t✉❛❧✐③❛❝✐ó♥

❞❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ◆❡✇t♦♥ ✲ ❘❛♣❤s♦♥ s❡ ♣✉❡❞❡ r❡❡s❝r✐❜✐r ❝♦♠♦✿

β̂i+1 = β̂i + (xTWx)−1 · xT · (y − µ(x, β̂i)) ✭✺✳✽✮

= (xTWx)−1 · xT · (Wxβ̂i + (y − µ(x, β̂i)))

= (xTWx)−1 · xTWz

❞♦♥❞❡ z = xβ̂i +W−1 · (y − µ(x, β̂i))✳

❆♣❧✐❝❛♥❞♦ s✉❝❡s✐✈❛♠❡♥t❡ ❡st❛ ❡❝✉❛❝✐ó♥ ❞❡ ❛❝t✉❛❧✐③❛❝✐ó♥ ❡♥ ✉♥ ❛❧❣♦r✐t♠♦

✐t❡r❛t✐✈♦✱ s❡ ❡♥tr❡♥❛ ❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛✱ ♦❜t❡♥✐❡♥❞♦ ❧♦s ✈❛❧♦r❡s

ó♣t✐♠♦s ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦✳ ❙✐♥ ❡♠❜❛r❣♦✱ ♣❛r❛ ♣♦❞❡r

✉t✐❧✐③❛r ❡st❡ ❛❧❣♦r✐t♠♦✱ ❡s ♥❡❝❡s❛r✐♦ ❝♦♥s✐❞❡r❛r ✈❛r✐♦s ❛s♣❡❝t♦s q✉❡ ❛s❡❣✉r❡♥ s✉

❝♦♥✈❡r❣❡♥❝✐❛✱ s✉ ❡✜❝✐❡♥❝✐❛ ② s✉ ❡✜❝❛❝✐❛✳

✺✳✷✳✷✳✶✳ ❈r✐t❡r✐♦s ❞❡ P❛r❛❞❛

❈♦♠♦ ❡♥ t♦❞♦s ❧♦s ❛❧❣♦r✐t♠♦s ♥✉♠ér✐❝♦s ✐t❡r❛t✐✈♦s✱ ♣❛r❛ ♣♦❞❡r ❞❡s❛rr♦✲

❧❧❛r ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛✱ ❡s

♥❡❝❡s❛r✐♦ ✉t✐❧✐③❛r ❛❧❣ú♥ ♠❡❝❛♥✐s♠♦ q✉❡ ❛s❡❣✉r❡ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡❧ ❛❧❣♦r✐t♠♦

② ❞❡t❡r♠✐♥❡ ❝✉á♥❞♦ s❡ ❤❛♥ ❛❧❝❛♥③❛❞♦ ❧♦s ✈❛❧♦r❡s ó♣t✐♠♦s ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s✱ ②

♣✉❡❞❡✱ ♣♦r t❛♥t♦✱ ✜♥❛❧✐③❛rs❡ ❧❛ ❡❥❡❝✉❝✐ó♥ ❞❡❧ ♠✐s♠♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡❧ ■❘▲❙✱ ❞✉r❛♥t❡ ❧❛s ❞✐❢❡r❡♥t❡s ✐t❡r❛❝✐♦♥❡s✱ ❧❛ ❝♦♥✈❡r❣❡♥❝✐❛

❞❡❧ ❛❧❣♦r✐t♠♦ ♣✉❡❞❡ s❡r ❝♦♥tr♦❧❛❞❛ ♠❡❞✐❛♥t❡ ❞♦s ♣♦s✐❜❧❡s ❝r✐t❡r✐♦s ❞❡ ♣❛r❛❞❛✿

✶✳ ❊❧ ❝❛♠❜✐♦ r❡❧❛t✐✈♦ ❡♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✼✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✺✳✷✳ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛

√

(β̂i+1 − β̂i)T · (β̂i+1 − β̂i)

β̂T
i · β̂i

< ǫ ✭✺✳✾✮

✷✳ ❊❧ ❝❛♠❜✐♦ r❡❧❛t✐✈♦ ❡♥ ❧❛ ✈❛r✐❛♥③❛ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ✿

∣

∣

∣

∣

D(y, µi+1)−D(y, µi)

D(y, µi)

∣

∣

∣

∣

< ǫ ✭✺✳✶✵✮

❞♦♥❞❡ D(y, µ) = −2 ·∑R
i=1 yi · ln(µ(xi, β)) + (1− yi) · ln(1− µ(xi, β))✳

❊♥ ❛♠❜♦s ❝❛s♦s✱ ❡❧ ♣❛rá♠❡tr♦ ǫ r❡♣r❡s❡♥t❛ ❧❛ t♦❧❡r❛♥❝✐❛ ♦ ❡rr♦r ♣❡r♠✐t✐✲

❞♦ ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ ❛ ❧❛ ❤♦r❛ ❞❡ ❡st✐♠❛r ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦✳ ❊st❡ ✈❛❧♦r

❡s ♣✉r❛♠❡♥t❡ ❡①♣❡r✐♠❡♥t❛❧ ② ❞❡♣❡♥❞❡ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ q✉❡ ♥❡❝❡s✐t❛ ❡❧ ❝á❧❝✉❧♦

❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ② ❞❡ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❝♦♠♣✉t❛❝✐ó♥ r❡q✉❡r✐❞❛ ✭❛ ♠❛②♦r ♣r❡❝✐✲

s✐ó♥✱ ♠❛②♦r ♥ú♠❡r♦ ❞❡ ✐t❡r❛❝✐♦♥❡s ❞❡❧ ❛❧❣♦r✐t♠♦ ♥❡❝❡s❛r✐❛s✱ ② ♣♦r t❛♥t♦✱ ♠❛②♦r

t✐❡♠♣♦ ❞❡ ❝ó♠♣✉t♦ ❝♦♥s✉♠✐❞♦✮✳

✺✳✷✳✸✳ ❘❡❣✉❧❛r✐③❛❝✐ó♥

❙❡❣ú♥ ❉✉✛② ② ❙❛t♥❡r ❬✶✾✺❪ ❧❛ ♣❡♥❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♥♦r♠❛ ❞❡❧ ✈❡❝t♦r ❞❡

❝♦❡✜❝✐❡♥t❡s ♣r❡s❡♥t❡s ❡♥ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♠á①✐♠❛ ✈❡r♦s✐♠✐❧✐t✉❞ ❋❱ ♣r♦✈♦❝❛ ✉♥

❛✉♠❡♥t♦ ❡♥ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛✳ ❉✐❝❤❛ ♣❡♥❛❧✐③❛✲

❝✐ó♥ s❡ ❡st❛❜❧❡❝❡ r❡❞❡✜♥✐❡♥❞♦ ❧❛ ❋❱ ❝♦♠♦✿

Lλ(β) = L(β)− λ ‖ β ‖2 ✭✺✳✶✶✮

❉♦♥❞❡ l(β) ❡s ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♠á①✐♠❛ ✈❡r♦s✐♠✐❧✐t✉❞✱ ‖ β ‖2= (
∑P

i=1 βi)
1/2

❡s ❧❛ ♥♦r♠❛ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s ② λ ❡s ❡❧ ♣❛rá♠❡tr♦ q✉❡ ✐♥❞✐❝❛ ❡❧ ♣❡s♦ ❞❡

❧❛ ♣❡♥❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ♥♦r♠❛ ❞❡❧ ✈❡❝t♦r ❞❡ ❝♦❡✜❝✐❡♥t❡s✳

❚❡s✐s ❉♦❝t♦r❛❧ ✽✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✺✳ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙

✺✳✸✳ ▼♦❞❡❧♦s ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ✉t✐❧✐③❛♥❞♦ ❝♦✲

✈❛r✐❛❜❧❡s ♦❜t❡♥✐❞❛s ♠❡❞✐❛♥t❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

▲♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡s✐ó♥ ❧♦❣íst✐❝❛ ✉t✐❧✐③❛♥❞♦ ❝♦✈❛r✐❛❜❧❡s ♦❜t❡♥✐❞❛s ♠❡✲

❞✐❛♥t❡ ❘◆❆s ✐♥❝♦r♣♦r❛♥ ❡♥ s✉ ❢♦r♠✉❧❛❝✐ó♥ ❡❧ ✈❛❧♦r ❞❡ ❧❛s s❛❧✐❞❛s ❞❡ ❧❛s ❢✉♥✲

❝✐♦♥❡s ❞❡ ❜❛s❡ ♣r❡s❡♥t❡s ❡♥ ✉♥❛ ♦ ✈❛r✐❛s ❘◆❆s ♣r❡✈✐❛♠❡♥t❡ ❡♥tr❡♥❛❞❛s✱ ❝♦♥ ❡❧

✜♥ ❞❡ ❛♠♣❧✐❛r ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s ✭❋✐❣✉r❛ ✺✳✶✮✳

P❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❡st♦s ♠♦❞❡❧♦s r❡❝✐❡♥t❡♠❡♥t❡ ❍❡r✈ás✲❊st✉❞✐❧❧♦

❬✶✾✻❪ ♣r♦♣✉s✐❡r♦♥ ✉♥ ❛❧❣♦r✐t♠♦ ✭◆◆❊P✲❘❡❣▲♦❣✮ q✉❡ ❤✐❜r✐❞❛ ✉♥ ♠♦❞❡❧♦ ❧✐♥❡❛❧

② ❧❛s ❘◆❆s ❡✈♦❧✉t✐✈❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✳ ▲❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s

❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ s❡ r❡❛❧✐③❛ ❡♥ tr❡s ❢❛s❡s✿

✶✳ ❊♥ ❡st❛ ❢❛s❡ s❡ ❞❡t❡r♠✐♥❛ ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ② s✉s ♣❡s♦s ♠❡❞✐❛♥t❡ ❈❊✳ ❊❧

❛❧❣♦r✐t♠♦ s❡ ❡❥❡❝✉t❛ ❡♥ s✉ ❢♦r♠❛ ❤❛❜✐t✉❛❧ ② ✉♥❛ ✈❡③ s❡ ❛❧❝❛♥③❛ ❧❛ ú❧t✐♠❛

❣❡♥❡r❛❝✐ó♥✱ s❡ s❡❧❡❝❝✐♦♥❛ ❛❧ ♠❡❥♦r ♠♦❞❡❧♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✱ s❡ ❡①tr❛❡♥ s✉s

❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ✭❯❙✱ ❯P ♦ ❙❘❇❋✮ ❛s♦❝✐❛❞♦s ❛ ❧♦s ♥♦❞♦s ❞❡ ❝❛♣❛ ♦❝✉❧t❛

② s❡ ♣r♦❝❡❞❡ ❛ r❡❛❧✐③❛r ❧❛ s❡❣✉♥❞❛ ❢❛s❡✳

✷✳ ▲❛ s❡❣✉♥❞❛ ❢❛s❡ ❡s ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❡stá♥❞❛r ❞❡ ♦♣t✐♠✐③❛❝✐ó♥ ❜❛s❛❞❛

❡♥ ❡❧ ♠ét♦❞♦ ❞❡ ♠á①✐♠❛ ✈❡r♦s✐♠✐❧✐t✉❞ ✭❡♥ ❝♦♥❝r❡t♦✱ ❡❧ ❛❧❣♦r✐t♠♦ ■❘▲❙✮✱

❞♦♥❞❡ s❡ ❞❡t❡r♠✐♥❛ ❡❧ r❡st♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ ❧✐♥❡❛❧ ❡♥ ❡❧ ♥✉❡✈♦

❡s♣❛❝✐♦ q✉❡ s❡ ♦❜t✐❡♥❡ ❛❧ ✉♥✐r ❧❛s ❝♦✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s

❞❡ ❜❛s❡ ❡st✐♠❛❞❛s ♣r❡✈✐❛♠❡♥t❡✳

✸✳ ▲❛ ú❧t✐♠❛ ❢❛s❡ ❡s ✉♥ s❡♥❝✐❧❧♦ ♠❡❝❛♥✐s♠♦ q✉❡ s❡ ✐♥❝♦r♣♦r❛ ♣❛r❛ ❧❛ s✐♠♣❧✐✲

✜❝❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ❜❛s❛❞♦ ❡♥ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❙❡❧❡❝❝✐ó♥

❞❡ ❱❛r✐❛❜❧❡s✱ q✉❡ ✈❛ ❡❧✐♠✐♥❛♥❞♦ ✉♥❛ ✈❛r✐❛❜❧❡ ❡♥ ❝❛❞❛ ♣❛s♦✱ ❤❛st❛ q✉❡ ❧❛

❡❧✐♠✐♥❛❝✐ó♥ ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ♥♦ ♠❡❥♦r❛ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✽✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✺✳✸✳ ▼♦❞❡❧♦s ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ✉t✐❧✐③❛♥❞♦ ❝♦✈❛r✐❛❜❧❡s ♦❜t❡♥✐❞❛s
♠❡❞✐❛♥t❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

UP
US
RBF
GRBF

❋✐❣✉r❛ ✺✳✶✿ ▼♦❞❡❧♦ ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ✉t✐❧✐③❛♥❞♦ ❝♦✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ②
✉♥✐❞❛❞❡s ❞❡ ❞✐❢❡r❡♥t❡ t✐♣♦✳

❚❡s✐s ❉♦❝t♦r❛❧ ✽✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✺✳ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙

❊st❡ ♠♦❞❡❧♦ ♣❡r♠✐t❡ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡ s✉♣❡r✜❝✐❡s ♥♦ ❧✐♥❡❛❧❡s ❞❡ ❝❧❛s✐✜✲

❝❛❝✐ó♥ ② ❧❛ ✐❞❡♥t✐✜❝❛❝✐ó♥ ❞❡ ❧❛s ♣♦s✐❜❧❡s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡ ♦r❞❡♥ s✉♣❡r✐♦r q✉❡

♣✉❡❞❛♥ ❡①✐st✐r ❡♥tr❡ ❧❛s ❝♦✈❛r✐❛❜❧❡s q✉❡ ❞❡✜♥❡♥ ❡❧ ♣r♦❜❧❡♠❛✳ ❆❞❡♠ás✱ ❡st♦s

♠♦❞❡❧♦s s♦♥ ♠❡♥♦s ❝♦♠♣❧❡❥♦s ✭❡♥ ❝✉❛♥t♦ ❛ ♥ú♠❡r♦ ❞❡ ❝♦✈❛r✐❛❜❧❡s ② ♥ú♠❡r♦ ❞❡

❡①♣♦♥❡♥t❡s✮ q✉❡ ❧♦s ♠♦❞❡❧♦s ♣♦❧✐♥♦♠✐❛❧❡s ❛❧t❡r♥❛t✐✈♦s ❞❡ ❛❧t♦ ♦r❞❡♥✳

❉❡ ❡st❛ ❢♦r♠❛✱ ❡❧ ♠♦❞❡❧♦ ♦❜t❡♥✐❞♦ ❡s ✉♥ ♠♦❞❡❧♦ ❤í❜r✐❞♦ q✉❡ ✉t✐❧✐③❛ ❈❊

♣❛r❛ ♦❜t❡♥❡r ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ q✉❡ ❧❧❡✈❡♥ ❛ r❡s✉❧t❛❞♦s ❧♦ s✉✜✲

❝✐❡♥t❡♠❡♥t❡ ♣r❡❝✐s♦s✳ ❯♥❛ ✈❡③ ♦❜t❡♥✐❞♦s✱ s❡ ❛♣❧✐❝❛ ❡❧ ❛❧❣♦r✐t♠♦ ■❘▲❙ s♦❜r❡ ❧♦s

♥♦❞♦s ✭♥✉❡✈❛s ❝♦✈❛r✐❛❜❧❡s✮ ② ❧❛s ❝♦✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ❞❡❧ ♣r♦❜❧❡♠❛✳ ❙✐ J ❡s ❡❧

♥ú♠❡r♦ ❞❡ ❝❧❛s❡s✱ θ = {θ1, ...,θJ−1} ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❛s♦❝✐❛❞♦s

❛❧ ♠♦❞❡❧♦ ② θj = {αj ,W } ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❛s♦❝✐❛❞♦s ❛❧ ♥♦❞♦ ♦

✈❛r✐❛❜❧❡ ❞❡ s❛❧✐❞❛ j✱ ❡❧ ♠♦❞❡❧♦ ❢✉♥❝✐♦♥❛❧ ❡s ❡❧ s✐❣✉✐❡♥t❡✿

fi(x,α
i,W ) = αi

0 +
k
∑

j=1

αi
jxj +

M
∑

j=1

αi
(k+j)Bj(x,wj) ✭✺✳✶✷✮

❞♦♥❞❡ Bj r❡♣r❡s❡♥t❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❜❛s❡ ❞❡❧ ♠❡❥♦r ♠♦❞❡❧♦

❞❡ r❡❞ ♦❜t❡♥✐❞♦ ♣♦r ❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✱ αi = (αi
0, α

i
1, . . . , α

i
k, α

i
k+1, ..., α

i
k+M )

s♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❛s♦❝✐❛❞♦s ❛ ❧❛ ♣❛rt❡ ❧✐♥❡❛❧ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣ís✲

t✐❝❛ ② W = (w1,w2, ..., wM ) s♦♥ ❧♦s ❝♦❡✜❝✐❡♥t❡s ♥♦ ❧✐♥❡❛❧❡s ❛s♦❝✐❛❞♦s ❛ ❧❛

❘◆❆✳ ▲♦s ✈❛❧♦r❡s ❛❥✉st❛❞♦s ♣♦r ❡❧ ❛❧❣♦r✐t♠♦ ■❘▲❙ s♦♥ ❧♦s q✉❡ ❝♦rr❡s♣♦♥❞❡♥

❛ ❧♦s ✈❡❝t♦r❡s αi✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❧♦s ♣❡s♦s W s♦♥ ♦❜t❡♥✐❞♦s ♣♦r ❡❧ ❛❧❣♦r✐t♠♦

❡✈♦❧✉t✐✈♦✳ ▲❛ ❛rq✉✐t❡❝t✉r❛ ❞❡ ❡st♦s ♠♦❞❡❧♦s ♣✉❡❞❡ r❡♣r❡s❡♥t❛rs❡ ♠❡❞✐❛♥t❡ ✉♥

❣r❛❢♦ ❞❡ r❡❞ ❝♦♠♦ ❡❧ ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✶✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞❡s❝r✐❜❡ ❞❡ ❢♦r♠❛ ❣❡♥❡r❛❧ ❧♦s ♣r✐♥❝✐♣❛❧❡s ♣❛s♦s ❞❡❧

❛❧❣♦r✐t♠♦ ◆◆❊P✲❘❡❣▲♦❣✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✽✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✺✳✸✳ ▼♦❞❡❧♦s ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ✉t✐❧✐③❛♥❞♦ ❝♦✈❛r✐❛❜❧❡s ♦❜t❡♥✐❞❛s
♠❡❞✐❛♥t❡ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s

❆❧❣♦r✐t♠♦ ◆◆❊P✲❘❡❣▲♦❣
✶✳ ●❡♥❡r❛r ✉♥❛ ♣♦❜❧❛❝✐ó♥ ❛❧❡❛t♦r✐❛ ❞❡ t❛♠❛ñ♦ 10NP ② s❡❧❡❝❝✐♦♥❛r ❧❛s NP

♠❡❥♦r❡s r❡❞❡s ♣❛r❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧✳
✷✳ ❘❡♣❡t✐r ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥❝❡ ✉♥ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s ● ♦ s❡
❝✉♠♣❧❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♣❛r❛❞❛✳

✷✳✶ ❊❧ ✶✵✪ ❞❡ ❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s s♦♥ r❡♣❧✐❝❛❞♦s ② s✉s ré♣❧✐❝❛s
s✉st✐t✉②❡♥ ❛❧ ✶✵✪ ❞❡ ❧♦s ♣❡♦r❡s ✐♥❞✐✈✐❞✉♦s ✭❢✉❡rt❡ ♣r❡s✐ó♥ s❡❧❡❝t✐✈❛✮✳

✷✳✷ ❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❛❧ ✶✵✪ ❞❡ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛
♣♦❜❧❛❝✐ó♥✳ ❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❛❧ r❡st❛♥t❡ ✾✵✪ ❞❡ ✐♥❞✐✈✐❞✉♦s✳

✷✳✸ ❈❛❧❝✉❧❛r ❧❛ ❛♣t✐t✉❞ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✳
✷✳✹ ❖r❞❡♥❛r ❧♦s ✐♥❞✐✈✐❞✉♦s s❡❣ú♥ s✉ ❛♣t✐t✉❞✳

✸✳ ❙❡❧❡❝❝✐♦♥❛r ❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ✭I✮ ❡♥ ❛♣t✐t✉❞ ✳
✹✳ ❖❜t❡♥❡r ✉♥ ♥✉❡✈♦ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ✭D✮ ❛ ♣❛rt✐r ❞❡ ❧❛s s❛❧✐❞❛s ❞❡ ❧♦s
♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❞❡ I✳
✺✳ ❆ñ❛❞✐r ❞❡ ❢♦r♠❛ ♦♣❝✐♦♥❛❧ ❧❛s ✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ✭X✮ ❛ ❧❛s ✈❛r✐❛❜❧❡s ♦❜t❡✲
♥✐❞❛s ❡♥ ❡❧ ♣❛s♦ ❛♥t❡r✐♦r ✭D = D +X ✮✳
✻✳ ❆♣❧✐❝❛r ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s D✳

❚r❛❜❛❥♦s r❡❛❧✐③❛❞♦s ❬✶✾✻❪ ❤❛♥ ✈❛❧✐❞❛❞♦ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❧❛ r❡❣r❡s✐ó♥ ❧♦✲

❣íst✐❝❛ s♦❜r❡ tr❛♥s❢♦r♠❛❝✐♦♥❡s ♣r❡✈✐❛s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✱

❝♦♥st✐t✉②❡♥❞♦ ✉♥ ❝❛♠♣♦ ♣r♦♠❡t❡❞♦r ♣❛r❛ tr❛❜❛❥♦s ❢✉t✉r♦s q✉❡ ❤✐❜r✐❞❡♥ ♠♦✲

❞❡❧♦s ❧♦❣íst✐❝♦s ❝♦♥ tr❛♥s❢♦r♠❛❝✐♦♥❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s

♦❜t❡♥✐❞❛s ♣♦r ♦tr♦ ❛❧❣♦r✐t♠♦✳

❊♥ ❡st❛ t❡s✐s s❡ ❡①t❡♥❞❡rá ✭❝❛♣ít✉❧♦ ✽✮ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ ❡♥ ❬✶✾✻❪

❛❧ ❝♦♥s✐❞❡r❛r ❝♦♠♦ ♥✉❡✈❛s ❝♦✈❛r✐❛❜❧❡s ❛ ❧❛s ✈❛r✐❛❜❧❡s ❣❡♥❡r❛❞❛s ♣♦r ❧♦s ♥♦❞♦s

●❘❇❋✳ ▲♦s ♥♦❞♦s ❞❡ t✐♣♦ r❛❞✐❛❧ ❧❧❡✈❛rí❛♥ ❛ ✉♥❛ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ❝♦♥ ✉♥❛

❢✉♥❝✐ó♥ ❞❡ ♣r❡❞✐❝❝✐ó♥ ❝♦♥ ❞♦s ❡str✉❝t✉r❛s✿ ✉♥❛ ❧✐♥❡❛❧ ② ❧❛ ♦tr❛ ♥♦ ❧✐♥❡❛❧ ❢♦r♠❛❞❛

♣♦r ❢✉♥❝✐♦♥❡s ❧♦❝❛❧❡s ❞❡ t✐♣♦ ●❛✉ss✐❛♥♦ ●❡♥❡r❛❧✐③❛❞♦✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❧❛ ✐❞❡❛

s❡rí❛ ❡①tr❛❡r ❧♦❝❛❧✐③❛❝✐♦♥❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛✱ q✉❡ ❛②✉❞❛s❡♥ ❛ ♠❡❥♦r❛r ❧❛

t❛r❡❛ ❞❡ ❞✐s❝r✐♠✐♥❛❝✐ó♥✳

❚❡s✐s ❉♦❝t♦r❛❧ ✽✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✺✳ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙

✺✳✹✳ ▼✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞

✺✳✹✳✶✳ ▼✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ❡♥ ❧♦s ▼♦❞❡❧♦s ▲♦❣íst✐❝♦s

❊❧ tér♠✐♥♦ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ✭♦ ❝♦❧✐♥❡❛❧✐❞❛❞✮ ❡♥ r❡❣r❡s✐ó♥ s❡ r❡✜❡r❡ ❛ ✉♥❛

s✐t✉❛❝✐ó♥ ❡♥ ❧❛ q✉❡ ❞♦s ♦ ♠ás ✈❛r✐❛❜❧❡s ❡①♣❧✐❝❛t✐✈❛s ❡stá♥ ❢✉❡rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛✲

❞❛s ❧✐♥❡❛❧♠❡♥t❡ ②✱ ♣♦r t❛♥t♦✱ r❡s✉❧t❛ ❞✐❢í❝✐❧ ❝✉❛♥t✐✜❝❛r s✉s ❡❢❡❝t♦s ✐♥❞✐✈✐❞✉❛❧❡s

s♦❜r❡ ❧❛ ✈❛r✐❛❜❧❡ ❡①♣❧✐❝❛❞❛✳ ❊st❡ ♣r♦❜❧❡♠❛ r❡s✐❞❡✱ ♣♦r t❛♥t♦✱ ❡♥ ❧❛ ♠✉❡str❛ ✉t✐✲

❧✐③❛❞❛ ②✴♦ ❞❡ ❧❛ ❡s♣❡❝✐✜❝❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦✱ ② ♥♦ t✐❡♥❡ ❝❛✉s❛s ✐♥t❡r♣r❡t❛❜❧❡s✳ ❙í

❡①✐st❡♥✱ ❡♥ ❝❛♠❜✐♦✱ ✉♥❛ s❡r✐❡ ❞❡ s✐t✉❛❝✐♦♥❡s ❡♥ q✉❡ ❧❛ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ r❡s✉❧t❛

❤❛❜✐t✉❛❧✳ ❊♥tr❡ ❧♦s ❡❢❡❝t♦s q✉❡ ♣r♦❞✉❝❡ ❧❛ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ s❡ ❡♥❝✉❡♥tr❛♥✿

▲❛s ❡st✐♠❛❝✐♦♥❡s ✐♥❞✐✈✐❞✉❛❧❡s ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❡stá♥ ♠❛❧ ✐❞❡♥t✐✜❝❛❞❛s✱

♣✉❡s ❡❧ ✈❛❧♦r ❡st✐♠❛❞♦ ❞❡ ✉♥ ❝♦❡✜❝✐❡♥t❡ ♣✉❡❞❡ ❞❡♣❡♥❞❡r ❝r✉❝✐❛❧♠❡♥t❡ ❞❡❧

✭❧♦s✮ ✈❛❧♦r✭❡s✮ ❡st✐♠❛❞♦✭s✮ ❞❡ ♦tr♦✭s✮✳

❙❡ ❣❡♥❡r❛ ✉♥ ✐♥❝r❡♠❡♥t♦ ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ✈❛r✐❛♥③❛ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s

❡st✐♠❛❞♦s✳

▲❛s ❡st✐♠❛❝✐♦♥❡s r❡s✉❧t❛♥ s❡♥s✐❜❧❡s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ♠✉❡str❛ ✉t✐❧✐③❛❞❛✱

❧♦ q✉❡ s✉♣♦♥❡ q✉❡ s✐✱ ♣♦r ❡❥❡♠♣❧♦✱ s❡ ❛♠♣❧í❛ ❧❛ ♠✉❡str❛ ❝♦♥ ✉♥❛ ♥✉❡✈❛

♦❜s❡r✈❛❝✐ó♥✱ ❧❛s ❡st✐♠❛❝✐♦♥❡s ♦❜t❡♥✐❞❛s ♣✉❡❞❡♥ ✈❛r✐❛r s✉st❛♥❝✐❛❧♠❡♥t❡✳

P❡q✉❡ñ♦s ❝❛♠❜✐♦s ❡♥ ❧♦s ❞❛t♦s ♣r♦❞✉❝❡♥ ❣r❛♥❞❡s ❝❛♠❜✐♦s ❡rrát✐❝♦s ❡♥

❧❛s ❡st✐♠❛❝✐♦♥❡s✳

▲♦s ❝♦❡✜❝✐❡♥t❡s ♣✉❡❞❡♥ t❡♥❡r ❡rr♦r❡s ❡stá♥❞❛r ❣r❛♥❞❡s ② ❜❛❥♦s ♥✐✈❡❧❡s ❞❡

s✐❣♥✐✜❝❛❝✐ó♥ ❛ú♥ ❝✉❛♥❞♦ s❡❛♥ s✐❣♥✐✜❝❛t✐✈♦s ❝♦♠♦ ❣r✉♣♦ ② ❡❧ ❝♦❡✜❝✐❡♥t❡

R2 s❡❛ ❣r❛♥❞❡✳

▲♦s ❝♦❡✜❝✐❡♥t❡s ♣✉❡❞❡♥ t❡♥❡r ❡❧ s✐❣♥♦ ❡q✉✐✈♦❝❛❞♦ ♦ ❞❡ ♠❛❣♥✐t✉❞ ❡①❝❡✲

s✐✈❛♠❡♥t❡ ❣r❛♥❞❡✳ P❛rt✐❝✉❧❛r♠❡♥t❡ ❝✉❛♥❞♦ ❡❧ r❛♥❣♦ ❡♥ q✉❡ ♦s❝✐❧❛♥ ❧♦s

✈❛❧♦r❡s ❞❡ ✉♥❛ ✈❛r✐❛❜❧❡ ❡s ♠✉② ♣❡q✉❡ñ♦ ♦ ❡stá ❝♦♠♣✉❡st♦ ♣♦r s♦❧♦ ✈❛❧♦r

✭♣❡r❢❡❝t❛ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞✮✱ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦

♣r♦❞✉❝❡ ✈❛❧♦r❡s ♠✉② ❣r❛♥❞❡s ♣❛r❛ ❞❛r ♣♦❞❡r ❞✐s❝r✐♠✐♥❛♥t❡ ❛ ❧❛ ✈❛r✐❛✲

❜❧❡ ❞❡♥tr♦ ❞❡ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ♣r♦♣✉❡st❛ ♣♦r ❧♦s ♠♦❞❡❧♦s ❧♦❣íst✐❝♦s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✽✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✺✳✹✳ ▼✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞

❊st❛ ❞❡s♣r♦♣♦r❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ♣r♦✈♦❝❛ ❡❧ ❛✉♠❡♥t♦ ❞❡❧ ❡rr♦r ❡♥

❣❡♥❡r❛❧✐③❛❝✐ó♥✳

❯♥ ❛♥á❧✐s✐s ❞❡❧ ♣r♦❝❡s♦ ❞❡ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s ♠♦❞❡❧♦s

❧ó❣✐st✐❝♦s ♥♦s ❧❧❡✈❛ ❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❧❛ ❢♦r♠❛ ❡♥ q✉❡ ❡❧ ❛❧❣♦r✐t♠♦ ■❘▲❙ ❡st✐♠❛

❧♦s ✈❛❧♦r❡s ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ ❧♦❣➧t✐❝♦ ♠❡❞✐❛♥t❡ ❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛

✐♥✈❡rs❛ (xTWx)−1 ✭✈❡r ❢ór♠✉❧❛ ✺✳✽✮✳ ❊♥ ❡st❡ ♣❛s♦✱ s❡ ♣r❡s❡♥t❛♥ ❧♦s ♣r✐♥❝✐♣❛❧❡s

♣r♦❜❧❡♠❛s ✐♥tr♦❞✉❝✐❞♦s ♣♦r ❧❛ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ s✉❜②❛❝❡♥t❡ ❡♥ ❧❛s ✈❛r✐❛❜❧❡s

✐♥❞❡♣❡♥❞✐❡♥t❡s✳ ❈✉❛♥❞♦ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡s ❝♦♥st❛♥t❡ ❡

✐❣✉❛❧ ❛ ❝❡r♦ ❧❛ ♠❛tr✐③ xTWx ❡s s✐♥❣✉❧❛r ② ♣♦r t❛♥t♦ ♥♦ ✐♥✈❡rs✐❜❧❡✱ ♣♦r ❡❧❧♦ ❧♦s

❝♦❡✜❝✐❡♥t❡s ♦❜t❡♥✐❞♦s s♦♥ ❞❡s♣r♦♣♦r❝✐♦♥❛❞❛♠❡♥t❡ ❣r❛♥❞❡s✳

❊st❛ ❝❛r❛❝t❡ríst✐❝❛ s❡rá t❡♥✐❞❛ ❡♥ ❝✉❡♥t❛ ❡♥ ❧❛ ♣r❡s❡♥t❡ t❡s✐s ❡♥ ❡❧ ❝❛♣ít✉❧♦

✽ ❞♦♥❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ♣♦s❡❡♥ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ❛❢❡❝t❛♥❞♦ ❛ ❧❛

❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ ❘▲✳

✺✳✹✳✷✳ ▼✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ❡♥ ❧♦s ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s

▲♦s ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s ♣r❡s❡♥t❛♥ ❧❛ ❞✐✜❝✉❧t❛❞ ❞❡ q✉❡ ❧❛s ❝♦✈❛r✐❛❜❧❡s

❣❡♥❡r❛❞❛s ♣♦r ❧♦s ♥♦❞♦s ✐♥tr♦❞✉❝✐❞♦s ❡♥ ❡❧ ♠♦❞❡❧♦✱ ♣✉❡❞❡♥ ♣r❡s❡♥t❛r ♠✉❧t✐❝♦❧✐✲

♥❡❛❧✐❞❛❞ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ❞✉r❛♥t❡ s✉ ❡♥tr❡♥❛♠✐❡♥t♦ ❝♦♥ ❛❧❣♦r✐t♠♦s ❡st♦❝ás✲

t✐❝♦s✳ ❉✉r❛♥t❡ ❡❧ ❛❥✉st❡ ❞❡ ❧♦s ♣❡s♦s ❞❡ ❧♦s ♥♦❞♦s ❞❡ ❢♦r♠❛ ♣s❡✉❞♦✲❛❧❡❛t♦r✐❛

s❡ ♣r♦❞✉❝❡ ❡♥ ❣❡♥❡r❛❧ q✉❡ ❛❧❣✉♥❛s ❞❡ ❧❛s ❝♦✈❛r✐❛❜❧❡s ✐♥tr♦❞✉❝✐❞❛s t♦♠❛♥ ✈❛❧♦r

❝❡r♦✳

▲❛ ❝❛✉s❛ ❞❡ q✉❡ ✉♥ ♥♦❞♦ ♣r♦❞✉③❝❛ ✉♥❛ ❝♦✈❛r✐❛❜❧❡ ✧♥✉❧❛✧ ✭t♦❞♦s ✈❛❧♦r❡s

✐❣✉❛❧❡s ❛ ❝❡r♦✮ ❞❡♣❡♥❞❡ ❞❡ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡❧ ♠✐s♠♦✳ ❯♥ ♥♦❞♦ ❞❡ t✐♣♦ ❯P ❞❡❜✐❞♦

❛ s✉ ❡str✉❝t✉r❛ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ✭✈❡r ✷✳✹✮ ♣✉❡❞❡ ❞❛r ❧✉❣❛r ❛ q✉❡ ❧❛ ♣♦t❡♥❝✐❛❝✐ó♥

❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ② s✉ ♣♦st❡r✐♦r ♠✉❧t✐♣❧✐❝❛❝✐ó♥ ♣r♦❞✉③❝❛ ✈❛❧♦r❡s

♣♦s✐t✐✈♦s ♠✉② ❝❡r❝❛♥♦s ❛ ❝❡r♦ ② ♠❡♥♦r❡s q✉❡ ❡❧ ❧í♠✐t❡ ❞❡ ♣r❡❝✐s✐ó♥ ♣❛r❛ ❞❛t♦s

♥✉♠ér✐❝♦s ❡♥ ✉♥ ❛❧❣♦r✐t♠♦ ♥✉♠ér✐❝♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧♦s ♥♦❞♦s ❞❡ t✐♣♦ ❯❙ ❝✉❛♥❞♦ ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ ✭❢✉♥❝✐ó♥

❞❡ ❛❝t✐✈❛❝✐ó♥✮ ♣r♦❞✉❝❡ ✈❛❧♦r❡s ✭❢✮ ♥❡❣❛t✐✈♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡ñ♦s ♦❝✉rr❡

❚❡s✐s ❉♦❝t♦r❛❧ ✽✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✺✳ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙

q✉❡✿

ĺım
f→−∞

1

1 + e−f
= 0 ✭✺✳✶✸✮

♣♦r ❧♦ q✉❡ ❡❧ ♥♦❞♦ ❞❡ t✐♣♦ ❯❙ ♣r♦❞✉❝❡ ✉♥❛ ❝♦✈❛r✐❛❜❧❡ ❝♦♠♣✉❡st❛ ♣♦r ❝❡r♦s✳

P♦r ❧❛ ✐♠♣♦rt❛♥❝✐❛ q✉❡ ♣r❡s❡♥t❛♥ ❧♦s ♥♦❞♦s ❞❡ t✐♣♦ ❘❇❋ ♣❛r❛ ❧❛ ♣r❡s❡♥t❡

t❡s✐s ❡s ♥❡❝❡s❛r✐♦ t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ ❝✉❛♥❞♦ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❛✉♠❡♥t❛✱ ❧♦s

♣❛tr♦♥❡s t✐❡♥❞❡♥ ❛ ❞✐s♣❡rs❛rs❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✱

❛✉♠❡♥t❛♥❞♦ ❧❛ ♠❛❣♥✐t✉❞ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❡✉❝❧í❞❡❛ ✭❞✮✳ ❈✉❛♥❞♦ ✉♥❛ ✉♥✐❞❛❞ s❡

❡♥❝✉❡♥tr❛ ❡♥ ✉♥ ♣✉♥t♦ ❛❧❡❥❛❞♦ ❞❡ ❧♦s ♣❛tr♦♥❡s ❞❡ ❡♥tr❛❞❛ ♦❝✉rr❡ q✉❡✿

ĺım
d→∞

e−(
d
r
)2 = 0 ✭✺✳✶✹✮

♣♦r ❧♦ q✉❡ ❧♦s ♥♦❞♦s ❞❡ t✐♣♦ ❘❇❋ ♣✉❡❞❡ ♣r♦❞✉❝✐r ✉♥❛ ❝♦✈❛r✐❛❜❧❡ ❝♦♠♣✉❡st❛

♣♦r ❝❡r♦s✳

❆t❡♥❞✐❡♥❞♦ ❛ ❡st❛ ❝❛r❛❝t❡ríst✐❝❛ q✉❡ ♣✉❡❞❡ ♣r❡s❡♥t❛rs❡ ❡♥ ❧♦s ♥♦❞♦s ❘❇❋✱

❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s ♠❡❞✐❛♥t❡ ❛❧❣♦r✐t♠♦s ❡st♦❝ást✐❝♦s

❞❡❜❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ✐♥tr♦❞✉❝✐❞♦s✳ ❊❧ tr❛✲

t❛♠✐❡♥t♦ ❞❡ ❡st❡ ❡❢❡❝t♦ ♥♦ ❞❡s❡❛❞♦ s❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✽✱ ❞♦♥❞❡

s❡ ❡♥tr❡♥❛♥ ♣❛r❝✐❛❧♠❡♥t❡ ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s ❝♦♥ ❆❧❣♦r✐t♠♦s ❊✈♦❧✉t✐✈♦s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✽✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



❈❛♣ít✉❧♦ ✻

❈▲❆❙■❋■❈❆❈■Ó◆ ❉❊ ❉❆❚❖❙
❉❊ ❆▲❚❆
❉■▼❊◆❙■❖◆❆▲■❉❆❉

❚r❛❜❛❥❛r ❝♦♥ ❞❛t♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ s✐❣♥✐✜❝❛ tr❛❜❛❥❛r ❝♦♥ ✉♥❛

♠✉❡str❛ ❞❡ ♣❛tr♦♥❡s {(xi, yi)}, i = 1, . . . , N ❞♦♥❞❡ xi ∈ Rk✱ s✐❡♥❞♦ k ✉♥ ♥ú♠❡r♦

s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❧t♦✳ ❊st♦ s✐❣♥✐✜❝❛ q✉❡ ❝❛❞❛ ♣❛tró♥ ❝♦♥t✐❡♥❡ ♠✉❝❤♦s ❛tr✐❜✉t♦s

♦ ❝❛r❛❝t❡ríst✐❝❛s✳ ▲♦s ❞❛t♦s ❡s♣❡❝tr❛❧❡s s♦♥ ❡❥❡♠♣❧♦s tí♣✐❝♦s ❞❡ ❞❛t♦s ❝♦♥ ❛❧t❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✿ ❞❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ r❡s♦❧✉❝✐ó♥ ❞❡❧ ❡s♣❡❝tró♠❡tr♦✱ ❧♦s ❞❛t♦s

❡s♣❡❝tr❛❧❡s ❝♦♥t✐❡♥❡♥ ✈❛r✐♦s ❝✐❡♥t♦s ❞❡ ♠❡❞✐❝✐♦♥❡s✳

❆❢♦rt✉♥❛❞❛♠❡♥t❡ ❡♥ ❡❧ ❛♥á❧✐s✐s ❞❡ ❞❛t♦s ❡s♣❡❝tr❛❧❡s ♥♦ t♦❞❛s ❧❛s ❝♦♦r❞❡✲

♥❛❞❛s s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s✿ ❡♥ ❡s❡ ❝❛s♦✱ ❛♥❛❧✐③❛♥❞♦ s✉s ❞❡♣❡♥❞❡♥❝✐❛s✱ ♣♦❞❡♠♦s

❡①tr❛❡r ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ✈❡r❞❛❞❡r❛♠❡♥t❡ r❡❧❡✈❛♥t❡ r❡❞✉❝✐❡♥❞♦ ❞❡ ❡s❛ ♠❛♥❡r❛ ❧❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳ ❊♥ tér♠✐♥♦s ♠ás ❣❡♥❡r❛❧❡s✱ ❧❛ r❡❞✉♥❞❛♥❝✐❛ ❡♥ ❧♦s ❛tr✐❜✉t♦s ❡s

✉♥❛ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ♣❛r❛ ♣♦❞❡r r❡❞✉❝✐r ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❞❡❧ ❡s♣❛❝✐♦ ❞❡

❡♥tr❛❞❛✳ ❉❡ ❤❡❝❤♦✱ ❡♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ t♦❞❛s ❧♦s ❛tr✐❜✉t♦s s❡❛♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s✱

❡❧ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✐ó♥ ❧✐♥❡❛❧ s✐♠♣❧❡ ❝♦♥t❡♥❞rí❛ ❡♥ ❡st❡ ❝❛s♦ t❛♥t♦s ♣❛rá♠❡tr♦s

❝♦♠♦ ❛tr✐❜✉t♦s t❡♥❣❛ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛ ✭s❡❧❡❝❝✐♦♥❛rí❛ t♦❞❛s ❧❛s ✈❛r✐❛❜❧❡s

❝♦♠♦ s✐❣♥✐✜❝❛t✐✈❛s✮✳

❙✐ ❡❧ ♥ú♠❡r♦ ❞❡ ♠✉❡str❛s ❞✐s♣♦♥✐❜❧❡s✱ n✱ ♣❛r❛ ❡❧ ❛♣r❡♥❞✐③❛❥❡ ❡s ♠❡♥♦r

q✉❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛✱ k✱ ❡❧ ♣r♦❜❧❡♠❛ ♥♦ ❡stá ❞❡✜♥✐❞♦ ✭❡s

❞❡❝✐r✱ ❡❧ ♠♦❞❡❧♦ ♥♦ ❡s ✐❞❡♥t✐✜❝❛❜❧❡✮✳ ❯♥❛ s♦❧✉❝✐ó♥ ❡s ❧❛ ❞❡ ❞❡t❡r♠✐♥❛r ♣♦s✐❜❧❡s

✽✽
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❞❡♣❡♥❞❡♥❝✐❛s ❡♥tr❡ ❧♦s ❛tr✐❜✉t♦s ❝♦♥ ❡❧ ✜♥ ❞❡ r❡❞✉❝✐r ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛rá♠❡tr♦s

❞❡❧ ♠♦❞❡❧♦ ✭② ❛sí✱ ❡❧ ♥ú♠❡r♦ ❞❡ ❛tr✐❜✉t♦s ❞❡ ❧♦s ♣❛tr♦♥❡s✮✳

▲❛s ♣♦s✐❜❧❡s s♦❧✉❝✐♦♥❡s ♣❛r❛ ❛t❛❝❛r ❧♦s ♣r♦❜❧❡♠❛s q✉❡ s✉r❣❡♥ ❡♥ ❡♥t♦r♥♦s

❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ♣❛tr♦♥❡s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ♣❛s❛♥ ♣♦r✿

❚❡♥❡r ❡♥ ❝✉❡♥t❛ ❡♥ ❡❧ ♠♦❞❡❧♦ ❧❛s ❞❡♣❡♥❞❡♥❝✐❛s ❡♥tr❡ ❧♦s ❛tr✐❜✉t♦s✱ ♣❛r❛

❡✈✐t❛r q✉❡ ❡❧ ♠♦❞❡❧♦ t❡♥❣❛ ❞❡♠❛s✐❛❞♦s ♣❛rá♠❡tr♦s q✉❡ r❡❛❧♠❡♥t❡ ♥♦ s♦♥

♥❡❝❡s❛r✐♦s✳

❘❡❞✉❝✐r✱ ❝✉❛♥❞♦ s❡❛ ♣♦s✐❜❧❡✱ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❞❡ ❧♦s ❞❛t♦s ❛ tr❛✈és ❞❡

té❝♥✐❝❛s ❞❡ s❡❧❡❝❝✐ó♥ ② ♣r♦②❡❝❝✐ó♥✳

❆❞❛♣t❛r ❡❧ ♠♦❞❡❧♦ ❛ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝í✜❝❛s ❞❡ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❛❧t❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳

✻✳✶✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❆❧t❛ ❉✐♠❡♥✲

s✐♦♥❛❧✐❞❛❞

❯♥♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❧♦s ❞❛t♦s ❡♥ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❡s q✉❡ ❡s❝❛♣❛♥

❛ ❧❛s r❡♣r❡s❡♥t❛❝✐♦♥❡s ♠❡♥t❛❧❡s ❤✉♠❛♥❛s✱ q✉❡ ❧❧❡❣❛♥ ❤❛st❛ ❧❛ t❡r❝❡r❛ ❞✐♠❡♥s✐ó♥✳

❆s♣❡❝t♦s q✉❡ ❞❛♠♦s ♣♦r s❡♥t❛❞♦ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✉♥♦✱ ❞♦s ♦ tr❡s✱ ♣✉❡✲

❞❡♥ ♥♦ ♦❝✉rr✐r ❡♥ ❡s♣❛❝✐♦s ❞❡ ♠❛②♦r ❞✐♠❡♥s✐ó♥✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❞❡st❛❝❛r❡♠♦s

❛❧❣✉♥♦s ❤❡❝❤♦s ❡①tr❛ñ♦s q✉❡ ♦❝✉rr❡♥ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳

✻✳✶✳✶✳ ❊❧ ❢❡♥ó♠❡♥♦ ❞❡❧ ❡s♣❛❝✐♦ ✈❛❝í♦

❙❝♦tt ② ❚❤♦♠♣s♦♥ ❬✶✾✼❪ ❢✉❡r♦♥ ❧♦s ♣r✐♠❡r♦s ❡♥ s❡ñ❛❧❛r ❛❧❣✉♥♦s ❤❡❝❤♦s q✉❡

s♦♥ ❝♦♥tr❛r✐♦s ❛ ❧❛ ✐♥t✉✐❝✐ó♥ ❞❡ ❧❛ ♠❡♥t❡ ❤✉♠❛♥❛ r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❡s♣❛❝✐♦s ❞❡

❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❡✉❝❧í❞❡♦s✱ ② ❞❡s❝r✐❜✐❡r♦♥ ❧♦ q✉❡ ❡❧❧♦s ❞❡♥♦♠✐♥❛r♦♥ ❝♦♠♦

✏❡❧ ❢❡♥ó♠❡♥♦ ❞❡❧ ❡s♣❛❝✐♦ ✈❛❝í♦✑✳

❊❧ ✈♦❧✉♠❡♥ ❞❡ ❧❛ ❤✐♣❡r✲❡s❢❡r❛ ❞❡ r❛❞✐♦ ✉♥♦ t✐❡♥❞❡ ❛ ❝❡r♦ ❝♦♥❢♦r♠❡ ❧❛

❞✐♠❡♥s✐ó♥ ❛✉♠❡♥t❛✳ ❊❧ ✈♦❧✉♠❡♥ ❞❡ ✉♥❛ ❡s❢❡r❛ ❞❡ r❛❞✐♦ r ❡♥ d ❞✐♠❡♥s✐♦♥❡s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✽✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✻✳✶✳ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❆❧t❛ ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞

s❡ ❞❡✜♥❡ ❝♦♠♦✿

V (d) =
πd/2

γ(d/2 + 1)
rd ✭✻✳✶✮

▲❛ ❋✐❣✉r❛ ✻✳✶❛ ♠✉❡str❛ ❡❧ ✈♦❧✉♠❡♥ ♣❛r❛ r = 1✳ ❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r

❡❧ ✈♦❧✉♠❡♥ ❞❡❝r❡❝❡ rá♣✐❞❛♠❡♥t❡ ❝♦♥ ❧❛ ❞✐♠❡♥s✐ó♥ d✳ P♦r ❧♦ t❛♥t♦✱ ❡♥ ❛❧t❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✱ ❧❛ ❊s❢❡r❛ ❯♥✐❞❛❞ ❡st❛ ❝❛s✐ ✈❛❝í❛✳

❊❧ r❛t✐♦ ❡♥tr❡ ❡❧ ✈♦❧✉♠❡♥ ❞❡ ✉♥❛ ❡s❢❡r❛ ❞❡ r❛❞✐♦ ✉♥♦ ② ✉♥ ❝✉❜♦ ❞❡❧ ♠✐s♠♦

r❛❞✐♦ t✐❡♥❡ ❛ ❝❡r♦ ❝♦♥❢♦r♠❡ ❧❛ ❞✐♠❡♥s✐ó♥ ❝r❡❝❡✱ t❛❧ ② ❝♦♠♦ ♣✉❡❞❡ ♦❜s❡r✲

✈❛rs❡ ❡♥ ❧❛ ❋✐❣✉r❛ ✻✳✶❜✳ ❊♥ ✉♥❛ ❞✐♠❡♥s✐ó♥✱ ❧♦s ✈♦❧ú♠❡♥❡s s♦♥ ✐❣✉❛❧❡s✱

♠✐❡♥tr❛s q✉❡ ❡♥ ❞♦s ❞✐♠❡♥s✐♦♥❡s ❡❧ r❛t✐♦ ❡s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 0.8❀ s✐♥

❡♠❜❛r❣♦ ❡♥ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ❡❧ ✈♦❧✉♠❡♥ ❞❡❧

❤✐♣❡r✲❝✉❜♦ s❡ ❝♦♥❝❡♥tr❛ ❡♥ ❧❛ ❡sq✉✐♥❛ ✭❡❧ ✈♦❧✉♠❡♥ q✉❡ ♥♦ ♦❝✉♣❛ ❧❛ ❡s❢❡✲

r❛✮✳ ❊st❛s ♦❜s❡r✈❛❝✐♦♥❡s ✐♠♣❧✐❝❛♥ q✉❡ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞

❧♦s ♣❛tr♦♥❡s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❧♦s ❜♦r❞❡s ❞❡❧ ❞♦♠✐♥✐♦✳

✭❛✮ ❱♦❧✉♠❡♥ ❞❡ ❧❛ ❊s❢❡r❛ ❯♥✐❞❛❞ ✭❜✮ ❘❛t✐♦ ❡♥tr❡ ❡❧ ✈♦❧✉♠❡♥ ❞❡ ❧❛ ❊s❢❡r❛ ❯♥✐❞❛❞
② ❡❧ ❈✉❜♦ ❯♥✐❞❛❞

❋✐❣✉r❛ ✻✳✶✿ ■❧✉str❛❝✐ó♥ ❞❡❧ ❡❢❡❝t♦ ❞❡ ❡s♣❛❝✐♦ ✈❛❝í♦ ❡♥ ❆❧t❛ ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞✳

✻✳✶✳✷✳ ❊❧ ❢❡♥ó♠❡♥♦ ❞❡ ❧❛ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛ ♠❡❞✐❞❛

❊♥ ❡st❛ s❡❝❝✐ó♥ ❛♥❛❧✐③❛r❡♠♦s ❞❡ ✉♥❛ ♠❛♥❡r❛ ♠ás ❞❡t❛❧❧❛❞❛ ❡❧ ❝♦♠♣♦r✲

t❛♠✐❡♥t♦ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❊✉❝❧í❞❡❛ ✭❡s ❞❡❝✐r✱ ❧❛ ♥♦r♠❛ L2✮ ❝✉❛♥❞♦ s❡ ❛♣❧✐❝❛ ❛

❚❡s✐s ❉♦❝t♦r❛❧ ✾✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✻✳ ❈▲❆❙■❋■❈❆❈■Ó◆ ❉❊ ❉❆❚❖❙ ❉❊ ❆▲❚❆ ❉■▼❊◆❙■❖◆❆▲■❉❆❉

✈❡❝t♦r❡s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳

▲❛ ❞❡s✈✐❛❝✐ó♥ tí♣✐❝❛ ❞❡ ❧❛ ♥♦r♠❛ ❞❡ ✈❡❝t♦r❡s ❛❧❡❛t♦r✐♦s ❝♦♥✈❡r❣❡ ❛ ✉♥

✈❛❧♦r ❝♦♥st❛♥t❡ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✱ ♠✐❡♥tr❛s q✉❡ ❧❛

♠❡❞✐❛ ❞❡ s✉ ♥♦r♠❛ ❝r❡❝❡ ❝♦♥❢♦r♠❡ ❛ ❧❛ r❛í③ ❝✉❛❞r❛❞❛ ❞❡ ❧❛ ❞✐♠❡♥s✐ó♥✳ ❉❡

❢♦r♠❛ ♠ás ♣r❡❝✐s❛✱ s❡ ❞❡♠♦stró q✉❡ ❜❛❥♦ ❡❧ s✉♣✉❡st♦ ❞❡ t❡♥❡r ✈❛r✐❛❜❧❡s

❛❧❡❛t♦r✐❛s xi q✉❡ s♦♥ ✐♥❞❡♣❡♥❞✐❡♥t❡s ❡ ✐❞é♥t✐❝❛♠❡♥t❡ ❞✐str✐❜✉✐❞❛s ✭✐✳✐✳❞✮✿

µ‖x‖ = E(‖x‖) =
√
an− b+O(1/n) ✭✻✳✷✮

σ‖x‖ = V ar(‖x‖) = b+O(1/
√
1) ✭✻✳✸✮

❞♦♥❞❡ a ② b s♦♥ ❝♦♥st❛♥t❡s q✉❡ ❞❡♣❡♥❞❡♥ s♦❧♦ ❞❡ ❧♦s ❝✉❛tr♦ ♣r✐♠❡r♦s

♠♦♠❡♥t♦s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s xi✳

❍❛② q✉❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ ❡st❛s ♦❜s❡r✈❛❝✐♦♥❡s t❛♠❜✐é♥ ♣♦❞rí❛♥ ❛♣❧✐❝❛r✲

s❡ ❛ ❧❛ ❞✐st❛♥❝✐❛ ❊✉❝❧í❞❡❛ ❞❡ ❞♦s ♣❛tr♦♥❡s ②❛ q✉❡ ést❛ ♣♦❞rí❛ ❝♦♥s✐❞❡r❛rs❡

t❛♠❜✐é♥ ❝♦♠♦ ✉♥ ✈❡❝t♦r ❛❧❡❛t♦r✐♦✳

▲❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❞✐st❛♥❝✐❛s ❞❡ ♣✉♥t♦s ❡❧❡❣✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❛

s✉s ✈❡❝✐♥♦s ♠ás ❧❡❥❛♥♦s ② ❝❡r❝❛♥♦s ❞❡❝r❡❝❡ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛ ❧❛ ❞✐♠❡♥✲

s✐♦♥❛❧✐❞❛❞✳ ❊st♦ s❡ ♣✉❡❞❡ ✐❧✉str❛r ♣♦r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡❧

❝♦♥tr❛st❡ r❡❧❛t✐✈♦ ❬✶✾✽❪✿

s✐ limd←∞V ar

( ‖x‖k
E(‖x‖k)

)

= 0 ❡♥t♦♥❝❡s
Dk

max −Dk
min

Dk
min

→ 0 ✭✻✳✹✮

❞♦♥❞❡ Dmin ② Dmax s♦♥ ❧❛s ❞✐st❛♥❝✐❛s r❡s♣❡❝t✐✈❛s ❛ ❧♦s ✈❡❝✐♥♦s ♠ás

❧❡❥❛♥♦s ② ❝❡r❝❛♥♦s ❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣❛tró♥✳ ❍❛② q✉❡ t❡♥❡r ❡♥ ❝✉❡♥t❛

q✉❡ ❧❛ ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ s❡ ❤❛ ❞❡❞✉❝✐❞♦ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❛♥t❡r✐♦r✳ ❊♥

❡❧ ❛rtí❝✉❧♦ ❞❡ ❇❡②❡r ❬✶✾✾❪ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♥❛ ❞❡♠♦str❛❝✐ó♥ ❣❡♥❡r❛❧

❞❡❧ t❡♦r❡♠❛✳

▲❛ ❝♦♥❝❧✉s✐ó♥ q✉❡ ♣♦❞❡♠♦s ♦❜t❡♥❡r ❞❡ ❡s❛s ♦❜s❡r✈❛❝✐♦♥❡s ❡s q✉❡ ❡♥ ❡s♣❛✲

❝✐♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ t♦❞♦s ❧♦s ♣✉♥t♦s t✐❡♥❞❡♥ ❛ ❡st❛r ❛ ✐❣✉❛❧ ❞✐st❛♥❝✐❛

❡♥tr❡ ❡❧❧♦s ✭t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ ❞✐st❛♥❝✐❛ ❊✉❝❧í❞❡❛✮✳ ❈♦♥❢♦r♠❡ ❧❛ ❞✐♠❡♥s✐ó♥

❛✉♠❡♥t❛✱ ❧❛ ❞✐st❛♥❝✐❛ ♦❜s❡r✈❛❞❛ ❡♥tr❡ ❞♦s ♣❛tr♦♥❡s t✐❡♥❞❡ ❛ s❡r ❝♦♥st❛♥t❡✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✾✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✻✳✷✳ ❈♦♥s❡❝✉❡♥❝✐❛s ❡♥ ❡❧ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❘◆❆

✻✳✶✳✸✳ ▲❛ ♠❛❧❞✐❝✐ó♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞

▲❛ ✏♠❛❧❞✐❝✐ó♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✑ ❡s ❡❧ ♣r♦❜❧❡♠❛ ❝❛✉s❛❞♦ ♣♦r ❡❧ ❝r❡✲

❝✐♠✐❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡❧ ✈♦❧✉♠❡♥ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ❛s♦❝✐❛❞♦ ❛❧ ✐♥❝r❡♠❡♥t♦ ❞❡❧

♥ú♠❡r♦ ❞❡ ❞✐♠❡♥s✐♦♥❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❊❧ tér♠✐♥♦ ❢✉❡ ❛❝✉ñ❛❞♦

♣♦r ❇❡❧❧♠❛♥ ❬✷✵✵❪✳ ❊st❡ ♣r♦❜❧❡♠❛ ❡s ♠ás ✐♥t✉✐t✐✈♦ q✉❡ ❧♦s ❞♦s ❛♥t❡r✐♦r❡s ♣❡r♦ ❛

♠❡♥✉❞♦ ❤❛ s✐❞♦ ♦❜✈✐❛❞♦ ❡♥ ❧♦s tr❛❜❛❥♦s ❞❡ ✐♥✈❡st✐❣❛❝✐ó♥✳ ❍❛❝❡ r❡❢❡r❡♥❝✐❛ ❛ q✉❡

❡♥ ❡s♣❛❝✐♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❡s ♥❡❝❡s❛r✐♦ ✉♥❛ ❣r❛♥ ❝❛♥t✐❞❛❞ ❞❡ ♣❛tr♦✲

♥❡s r❡♣r❡s❡♥t❛❞♦s ♣♦r ♣✉♥t♦s ♣❛r❛ ❝✉❜r✐r ✉♥ ❞❡t❡r♠✐♥❛❞♦ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛✱

✉t✐❧✐③❛♥❞♦ ♣♦r ❡❥❡♠♣❧♦ ✉♥❛ ♠❛❧❧❛ ❞❡ ♣❛tr♦♥❡s ❡q✉✐❞✐st❛♥t❡s ♣❛r❛ ❛❜❛r❝❛r ❡s❡

❞❡t❡r♠✐♥❛❞♦ ❡s♣❛❝✐♦✳ ❆ ♠♦❞♦ ❞❡ ❡❥❡♠♣❧♦✱ ♣❛r❛ ❝✉❜r✐r ✉♥ ❤✐♣❡r✲❝✉❜♦ ❡♥ ❝✐♥❝♦

❞✐♠❡♥s✐♦♥❡s ✭[0−1]5✮ ❝♦♥ ✉♥❛ ♠❛❧❧❛ ❞❡ ♣❛tr♦♥❡s ❞✐st❛♥❝✐❛❞♦s ❛ ✵✳✶✱ s❡ ♥❡❝❡s✐t❛♥

♠ás ❞❡ ✶✵✵✳✵✵✵ ♣✉♥t♦s✳

✻✳✷✳ ❈♦♥s❡❝✉❡♥❝✐❛s ❡♥ ❡❧ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❘◆❆

▲❛s ❝♦♥s✐❞❡r❛❝✐♦♥❡s q✉❡ s❡ ❤❛♥ ❛♥❛❧✐③❛❞♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r t✐❡♥❡♥

✐♠♣♦rt❛♥t❡s ❝♦♥s❡❝✉❡♥❝✐❛s ❡♥ ❡❧ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❧❛s ❘◆❆s✳ ▲❛s s✐❣✉✐❡♥t❡s s✉❜✲

s❡❝❝✐♦♥❡s ❞❡t❛❧❧❛rá♥ ❡❥❡♠♣❧♦s ❞❡ t❛❧❡s ❝♦♥s❡❝✉❡♥❝✐❛s ❡♥ ❝♦♥t❡①t♦s ❡s♣❡❝í✜❝♦s✳

✻✳✷✳✶✳ ❆♣r❡♥❞✐③❛❥❡ s✉♣❡r✈✐s❛❞♦

❈✉❛♥❞♦ ♠♦❞❡❧❛♠♦s ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣r♦❝❡s♦ ♣r♦❞✉❝✐❡♥❞♦ ✉♥❛ s❛❧✐❞❛ ❡♥

❢✉♥❝✐ó♥ ❞❡ ✉♥❛s ❡♥tr❛❞❛s✱ t❡♥❡♠♦s q✉❡ ❡♥tr❡♥❛r ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♠♦❞❡❧♦ ✭❡♥

♥✉❡str♦ ❝❛s♦ ❘◆❆s✮ ♣❛r❛ ✉♥♦s ❞❛t♦s✳ ❈✉❛♥t♦ ♠❛②♦r s❡❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s✱

♠❛②♦r s❡rá ❧❛ ♣r❡❝✐s✐ó♥ ❞❡❧ ♠♦❞❡❧♦✳ ▲♦ ✐❞❡❛❧ s❡rí❛ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s

♣✉❞✐❡r❛ ❝✉❜r✐r t♦❞♦ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ♣♦❞❡r ❛s❡❣✉r❛r♥♦s ❞❡ q✉❡ ❝✉❛❧✲

q✉✐❡r ✈❛❧♦r ♣r❡❞✐❝❤♦ ✭❡s ❞❡❝✐r✱ ✉♥ ✈❛❧♦r ❞❡ ❧❛ s❛❧✐❞❛ ❞❡❧ ♠♦❞❡❧♦✮ s❡❛ ❡❧ r❡s✉❧t❛❞♦

❞❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥t❡r♣♦❧❛❝✐ó♥ ② q✉❡ s❡ ♣r♦❞✉③❝❛♥ ❡①tr❛♣♦❧❛❝✐♦♥❡s ❡①tr❡♠❛s✳

❇✳ ❲✳ ❙✐❧✈❡r♠❛♥ ❬✷✵✶❪ ❛❜♦r❞ó ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛✲

tr♦♥❡s ♥❡❝❡s❛r✐♦s ♣❛r❛ ❛♣r♦①✐♠❛r ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ●❛✉ss✐❛♥❛ ♠❡❞✐❛♥t❡ ❦❡r♥❡❧s

●❛✉ss✐❛♥♦s✳ ❙✉s r❡s✉❧t❛❞♦s ♠♦str❛r♦♥ q✉❡ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ♥❡❝❡s❛r✐♦s

❝r❡❝❡ ❞❡ ❢♦r♠❛ ❡①♣♦♥❡♥❝✐❛❧ ❝♦♥ ❧❛ ❞✐♠❡♥s✐ó♥✳ ❋✉❦✉♥❛❣❛ ❬✷✵✷❪ ♦❜t✉✈♦ ✈❛❧♦r❡s

❚❡s✐s ❉♦❝t♦r❛❧ ✾✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✻✳ ❈▲❆❙■❋■❈❆❈■Ó◆ ❉❊ ❉❆❚❖❙ ❉❊ ❆▲❚❆ ❉■▼❊◆❙■❖◆❆▲■❉❆❉

s✐♠✐❧❛r❡s ❝♦♥ ❡❧ ❝❧❛s✐✜❝❛❞♦r k✲◆◆✳ ❊♥ s✉ ❡st✉❞✐♦ ❞❡♠♦stró q✉❡ ♣❛r❛ ✉♥❛ ❞✐✲

♠❡♥s✐ó♥ ✹ ❡r❛♥ ♥❡❝❡s❛r✐♦s s♦❧♦ ✹✹ ♣❛tr♦♥❡s✱ s✐♥ ❡♠❜❛r❣♦ ❝♦♥ ✉♥❛ ❞✐♠❡♥s✐ó♥ ❞❡

✶✷✽✱ ❡❧ ♥ú♠❡r♦ ❞❡ ♣❛tr♦♥❡s ♥❡❝❡s❛r✐♦s ❡r❛ ❞❡ 3.8e57✳

✻✳✷✳✷✳ ▼♦❞❡❧♦s ▲♦❝❛❧❡s

❊♥ ❣❡♥❡r❛❧✱ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆s ❧♦❝❛❧❡s ✭r❡❞❡s ❘❇❋✮ s✉❢r❡♥ ♠ás ❧♦s

❡❢❡❝t♦s ❞❡ ❧❛ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ q✉❡ ❧♦s ♠♦❞❡❧♦s ❞❡ t✐♣♦ ♣r♦②❡❝❝✐ó♥ ✭r❡❞❡s

▼▲P ♦ r❡❞❡s ❯P✮✳ ❈✉❛♥❞♦ s❡ ❛s✉♠❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ❞❡ ❞❡s✈✐❛❝✐ó♥

tí♣✐❝❛ σ = 1✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥ ♣✉♥t♦ ❛

✉♥❛ ❞✐st❛♥❝✐❛ q ❞❡❧ ❝❡♥tr♦ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❡s ❧❛ s✐❣✉✐❡♥t❡✿

f(q, d) =
qd−1

2d/2−1
e−q

2/2

Γ(d/2)
✭✻✳✺✮

❞♦♥❞❡ d ❡s ❧❛ ❞✐♠❡♥s✐ó♥✳ ❊♥ ✉♥❛ ❞✐♠❡♥s✐ó♥✱ ❡s❛ ❢✉♥❝✐ó♥ ❡s ♠á①✐♠❛ ❡♥ ❡❧ ❝❡♥tr♦

❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥✱ s✉ ♠❡❞✐❛✱ ✭t❛❧ ② ❝♦♠♦ ❝❛❜í❛ ❡s♣❡r❛r✮✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❝✉❛♥❞♦

❧❛ ❞✐♠❡♥s✐ó♥ ❝r❡❝❡✱ ❡❧ ♠á①✐♠♦ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ❞✐✈❡r❣❡ ❞❡❧ ❝❡♥tr♦ ✭❋✐❣✉r❛ ✻✳✷✮✳

❊st♦ ♠✉❡str❛ q✉❡ ❧♦s ❦❡r♥❡❧s ●❛✉ss✐❛♥♦s ♥♦ s♦♥ ❧♦❝❛❧❡s ❡♥ ❛❧t❛ ❞✐♠❡♥s✐ó♥ ② q✉❡

❧♦s ♠♦❞❡❧♦s q✉❡ s♦♥ s✉♠❛ ❞❡ ❦❡r♥❡❧s ❧♦❝❛❧❡s ✭❝♦♠♦ ❧❛s r❡❞❡s ❘❇❋✮ ♥♦ t✐❡♥❡♥

✉♥ ❜✉❡♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❡♥ ♣r♦❜❧❡♠❛s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐ó♥❛❧✐❞❛❞✳

❊st❛ ❧✐♠✐t❛❝✐ó♥ s❡ ✈❡r✐✜❝❛ ❡♥ ♣❛rt✐❝✉❧❛r ❡♥ ❡❧ ❝❛s♦ ❞❡ ❦❡r♥❡❧s ●❛✉ss✐❛♥♦s✳

❙✐♥ ❡♠❜❛r❣♦✱ ❞❡❜❡rí❛♠♦s ❡♥❢❛t✐③❛r ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧♦s ♠♦❞❡❧♦s ❣❧♦❜❛❧❡s✱ ❝♦♠♦

♣♦r ❡❥❡♠♣❧♦ r❡❞❡s ▼▲P✱ s✉❢r❡♥ ♣r♦❜❛❜❧❡♠❡♥t❡ ✉♥❛ ❧✐♠✐t❛❝✐ó♥ s✐♠✐❧❛r✳ ❉❡ ❤❡✲

❝❤♦✱ ❡♥ ♠✉❝❤♦s ❝❛s♦s✱ ❧❛ s✉♠❛ ❞❡ s✐❣♠♦✐❞❡s✱ ❝♦♠♦ ♦❝✉rr❡ ❡♥ ❧❛s r❡❞❡s ▼▲P✱

❝♦♥str✉②❡♥ ❢✉♥❝✐♦♥❡s q✉❡ t♦♠❛♥ ✈❛❧♦r❡s s✐❣♥✐✜❝❛t✐✈♦s ❡♥ ❞❡t❡r♠✐♥❛❞❛s r❡❣✐♦♥❡s

❧✐♠✐t❛❞❛s ❞❡❧ ❡s♣❛❝✐♦✳ ▼✐❡♥tr❛s q✉❡ ♠❛t❡♠át✐❝❛♠❡♥t❡ s♦♥ ❞✐❢❡r❡♥t❡s✱ ❡♥ ♠✉❝❤❛s

♦❝❛s✐♦♥❡s ♠♦❞❡❧♦s ❝♦♠♦ r❡❞❡s ▼▲P ② r❡❞❡s ❘❇❋ ♦❢r❡❝❡♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦

s✐♠✐❧❛r✳ ❊st♦ r❡❢✉❡r③❛ ❧❛ ❝♦♥✈✐❝❝✐ó♥ ❞❡ q✉❡ ❧♦s ♠♦❞❡❧♦s ❧♦❝❛❧❡s ② ❣❧♦❜❛❧❡s s✉❢r❡♥

❞❡ ✐❣✉❛❧ ❢♦r♠❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ♠❛❧❞✐❝✐ó♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✱ ❛✉♥q✉❡ ❡st❛

❝♦♥✈✐❝❝✐ó♥ ❡s ♠ás ❞✐❢í❝✐❧ ❞❡ ❞❡♠♦str❛r ❡♥ ♠♦❞❡❧♦s ❣❧♦❜❛❧❡s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✾✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✻✳✷✳ ❈♦♥s❡❝✉❡♥❝✐❛s ❡♥ ❡❧ ❛♣r❡♥❞✐③❛❥❡ ❞❡ ❘◆❆
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❋✐❣✉r❛ ✻✳✷✿ ❋✉♥❝✐ó♥ ❞❡ ❞❡♥s✐❞❛❞ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ✉♥ ♣✉♥t♦ ❞❡ ✉♥❛
❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ ❡sté ❛ ✉♥❛ ❞✐st❛♥❝✐❛ q ❞❡ ❧❛ ♠❡❞✐❛ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s
❞❡ d✳

✻✳✷✳✸✳ ❇úsq✉❡❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞ ② ❞✐st❛♥❝✐❛ ❊✉❝❧í❞❡❛

❚❛♥t♦ ❧❛ ♠❛②♦rí❛ ❞❡ ❧❛s ❘◆❆s ❝♦♠♦ ❧❛s té❝♥✐❝❛s ❞❡ ❛❣r✉♣❛♠✐❡♥t♦ ♦

❝❧✉st❡r✐♥❣ r❡q✉✐❡r❡♥ ❞❡❧ ❝á❧❝✉❧♦ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❡♥tr❡ ✈❡❝t♦r❡s✳ ❊♥ ❡❧ ❝❛s♦ ❞❡

r❡❞❡s ❘❇❋✱ s❡ r❡q✉✐❡r❡ ❞❡❧ ❝ó♠♣✉t♦ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❞❡ ❝❛❞❛ ♣❛tró♥ ❛❧ ❝❡♥tr♦✳

❊♥ ❡❧ ❝❛s♦ ❞❡ r❡❞❡s ▼▲P✱ s❡ ♥❡❝❡s✐t❛ ❡❧ ❝á❧❝✉❧♦ ❞❡❧ ♣r♦❞✉❝t♦ ❡s❝❛❧❛r ❡♥tr❡ ❡❧

♣❛tró♥ ② ❧♦s ♣❡s♦s ❞❡ ❝❛♣❛ ❞❡ ❡♥tr❛❞❛ ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✳ ❆♠❜❛s ❞✐st❛♥❝✐❛s ❡stá♥

í♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥ ❧❛ ❜úsq✉❡❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞ ❡♥ ❧❛s té❝♥✐❝❛s ❞❡

❝❧✉st❡r✐♥❣✱ t❛♠❜✐é♥ ✉t✐❧✐③❛❞❛ ❡♥ ❧♦s ♠❛♣❛s ❞❡ ❑♦❤♦♥❡♥✱ ❡❧ ❛❧❣♦r✐t♠♦ k✲♠❡❞✐❛s✱

❡t❝✳ ▲❛ ❜úsq✉❡❞❛ ❞❡ s✐♠✐❧❛r✐❞❛❞ ❝♦♥s✐st❡ ❡♥ ❡♥❝♦♥tr❛r ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s

❡❧ ♣❛tró♥ ♠ás ❝❡r❝❛♥♦ ❛ ✉♥ ❞❡t❡r♠✐♥❛❞♦ ♣❛tró♥✳

❊♥ ❡❧ ❝♦♥t❡①t♦ ❞❡ ❧❛s té❝♥✐❝❛s ❞❡ ❝❧✉st❡r✐♥❣ ♣♦r ❡❥❡♠♣❧♦✱ s❡ ♦❜t✐❡♥❡ ✉♥

❛♥á❧✐s✐s ❝❧✉st❡r ❡✜❝✐❡♥t❡ ❝✉❛♥❞♦ ❧♦s ♣❛tr♦♥❡s ❡♥ ✉♥ ❝❧✉st❡r s♦♥ ♠✉② s✐♠✐❧❛r❡s

✭❡s ❞❡❝✐r✱ ❝❡r❝❛♥♦s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛ ❞✐st❛♥❝✐❛ ❝♦♥s✐❞❡r❛❞❛✮ ② ❝✉❛♥❞♦ ❧♦s ♣❛tr♦✲

♥❡s ❡♥ ❞✐❢❡r❡♥t❡s ❝❧✉st❡r ❡stá♥ ❛❧❡❥❛❞♦s ✉♥♦s ❞❡ ♦tr♦s✳ ❉❡ ❡st❛ ❢♦r♠❛✱ ❝✉❛♥❞♦

❧♦s ❞❛t♦s ❡stá♥ ♦r❣❛♥✐③❛❞♦s ❡♥ ❝❧✉st❡rs✱ ❡❧ ❤✐st♦❣r❛♠❛ ❞❡ ❞✐st❛♥❝✐❛ ❞❡❜❡rí❛♥

✐❞❡❛❧♠❡♥t❡ ♠♦str❛r ❞♦s ♣✐❝♦s✿ ✉♥♦ ♣❛r❛ ❧❛ ❞✐st❛♥❝✐❛ ✏✐♥tr❛✲❝❧✉st❡rs✑ ② ♦tr♦ ♣❛r❛

❚❡s✐s ❉♦❝t♦r❛❧ ✾✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✻✳ ❈▲❆❙■❋■❈❆❈■Ó◆ ❉❊ ❉❆❚❖❙ ❉❊ ❆▲❚❆ ❉■▼❊◆❙■❖◆❆▲■❉❆❉

❧❛ ❞✐st❛♥❝✐❛ ✏✐♥t❡r✲❝❧✉st❡rs✑✳

❙✐♥ ❡♠❜❛r❣♦✱ s✐ ❡❧ ❤✐st♦❣r❛♠❛ ❞❡ ❞✐st❛♥❝✐❛s s♦❧♦ ❝♦♥t✐❡♥❡ ✉♥ ♣✐❝♦ ♦ s✐ ❧♦s

❞♦s ♣✐❝♦s ❡stá♥ ♠✉② ♣ró①✐♠♦s✱ ❧❛s té❝♥✐❝❛s ❞❡ ❝❧✉st❡r✐♥❣ ❜❛s❛❞❛s ❡♥ ❞✐st❛♥❝✐❛s

s❡ ❝♦♠♣❧✐❝❛♥✳ ❉❡s❛❢♦rt✉♥❛❞❛♠❡♥t❡✱ t❛❧ ② ❝♦♠♦ ❤❛ ❛♣✉♥t❛❞♦ ●✉♦ ❬✷✵✸❪✱ ❡❧ ❤❡✲

❝❤♦ ❞❡ q✉❡ ❡♥ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❝✉❛❧q✉✐❡r ❤✐st♦❣r❛♠❛ ❞❡ ❞✐st❛♥❝✐❛s t✐❡♥❞❡

❛ t❡♥❡r ✉♥ ú♥✐❝♦ ♣✐❝♦ ❝❛❞❛ ✈❡③ ♠ás ❝♦♥❝❡♥tr❛❞♦✱ ♣r♦✈♦❝❛ q✉❡ ❧❛ t❛r❡❛ ❞❡ ❞❡✲

t❡r♠✐♥❛r ❝❧✉st❡rs ❡♥ ❧♦s ♣❛tr♦♥❡s s❡❛ ❜❛st❛♥t❡ ❝♦♠♣❧❡❥♦✳ ❊st❡ ♣r♦❜❧❡♠❛ ❡s ✉♥❛

❝♦♥s❡❝✉❡♥❝✐❛ ❞✐r❡❝t❛ ❞❡❧ ❢❡♥ó♠❡♥♦ ❞❡ ❝♦♥❝❡♥tr❛❝✐ó♥ ❞❡ ❧❛s ❞✐st❛♥❝✐❛s ❛♥❛❧✐③❛❞♦

❡♥ s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳

✻✳✸✳ P♦s✐❜❧❡s ❙♦❧✉❝✐♦♥❡s ❛❧ Pr♦❜❧❡♠❛ ❞❡ ❧❛ ❆❧t❛ ❉✐✲

♠❡♥s✐♦♥❛❧✐❞❛❞

✻✳✸✳✶✳ ❘❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ♠❡❞✐❛♥t❡ ♣r♦②❡❝❝✐♦♥❡s
♥♦ ❧✐♥❡❛❧❡s

❯♥❛ ❢♦r♠❛ ❞❡ ❧✐♠✐t❛r ❧♦s ❡❢❡❝t♦s ❞❡ ❧❛ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❡s r❡❞✉❝✐r ❧❛

❞✐♠❡♥s✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ▲♦s ♣❛tr♦♥❡s ❡♥ ♣r♦❜❧❡♠❛s r❡❛❧❡s ❛

♠❡♥✉❞♦ s❡ ❡♥❝✉❡♥tr❛♥ ❞❡♥tr♦ ♦ ❝❡r❝❛ ❞❡ s✉❜❡s♣❛❝✐♦s ✭s✉❜♠❛♥✐❢♦❧❞s✮ ❞❡❧ ❡s♣❛✲

❝✐♦ ❞❡ ❡♥tr❛❞❛ ❞❡❜✐❞♦ ❛ ❧❛ r❡❞✉♥❞❛♥❝✐❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s✳ ❯♥❛ ♣♦s✐❜❧❡ s♦❧✉❝✐ó♥

❡s ♣r♦②❡❝t❛r ❧♦s ❞❛t♦s ❡♥ s✉❜♠❛♥✐❢♦❧❞s✳ ❯♥❛ ❢♦r♠❛ ❞❡ ♣r♦②❡❝t❛r ❧♦s ❞❛t♦s ❡s

✉t✐❧✐③❛r ❧❛ té❝♥✐❝❛ ❞❡ P❈❆✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ té❝♥✐❝❛ P❈❆ ❡s q✉❡ ❡s ❧✐♥❡❛❧ ②

❡♥ ♠✉❝❤♦s ❝❛s♦s✱ ❧♦s s✉❜♠❛♥✐❢♦❧❞s ♥♦ s♦♥ ❧✐♥❡❛❧❡s ❤❛❝✐❡♥❞♦ q✉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥

❞❡ ❞✐❝❤❛ té❝♥✐❝❛ ♥♦ s❡❛ ❡✜❝✐❡♥t❡✳

❊♥ ❧❛ ❛❝t✉❛❧✐❞❛❞ ❡①✐st❡♥ ♠ét♦❞♦s ❛❧t❡r♥❛t✐✈♦s ♣❛r❛ ♣r♦②❡❝t❛r ❧♦s ♣❛tr♦♥❡s

❞❡ ✉♥❛ ❢♦r♠❛ ♥♦ ❧✐♥❡❛❧✳ ❆❧❣✉♥♦s ❡❥❡♠♣❧♦s ❞❡ ❡❧❧♦ ♣♦❞rí❛♥ s❡r ❧♦s ♠❛♣❛s ❛✉t♦✲

♦r❣❛♥✐③❛❞♦s ❞❡ ❑♦❤♦♥❡♥ ✭✉t✐❧✐③❛❞♦s ❣❡♥❡r❛❧♠❡♥t❡ ♣❛r❛ ♣r♦②❡❝t❛r ❧♦s ❞❛t♦s ❡♥

✉♥❛ ♦ ❞♦s ❞✐♠❡♥s✐♦♥❡s✮✱ ② ♠ét♦❞♦s ❜❛s❛❞♦s ❡♥ ♣r❡s❡r✈❛r ❧❛s ❞✐st❛♥❝✐❛s✳ ➱st♦s

ú❧t✐♠♦s ✐♥❝❧✉②❡♥ ❧❛s té❝♥✐❝❛s ❞❡ ❡s❝❛❧❛❞♦ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❬✷✵✹✱ ✷✵✺❪✱ ♠❛♣❛s

❞❡ ❙❛♠♠♦♥ ❬✷✵✻❪✱ ❛♥á❧✐s✐s ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝✉r✈✐❧í♥❡♦s ❬✷✵✼❪✱ ② ❡①t❡♥s✐♦♥❡s ❞❡

❞✐❝❤❛s té❝♥✐❝❛s✳ ❚♦❞❛s ❡s❛s té❝♥✐❝❛s ❡stá♥ ❜❛s❛❞❛s ❡♥ ❡❧ ♠✐s♠♦ ♣r✐♥❝✐♣✐♦✿ s✐

t❡♥❡♠♦s n ♣❛tr♦♥❡s ❡♥ ✉♥ ❡s♣❛❝✐♦ d✲❞✐♠❡♥s✐♦♥❛❧✱ ❡st❛s té❝♥✐❝❛s ✐♥t❡♥t❛♥ s✐t✉❛r

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✾✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✻✳✸✳ P♦s✐❜❧❡s ❙♦❧✉❝✐♦♥❡s ❛❧ Pr♦❜❧❡♠❛ ❞❡ ❧❛ ❆❧t❛ ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞

❧♦s n ♣❛tr♦♥❡s ❡♥ ✉♥ ❡s♣❛❝✐♦ ♣r♦②❡❝t❛❞♦ m✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥t❡♥✐♠✐❡♥t♦ ✐❣✉❛❧❡s

❧❛s ❞✐st❛♥❝✐❛s ❡♥tr❡ ❝✉❛❧q✉✐❡r ♣❛r ❞❡ ♣❛tr♦♥❡s ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛ ② ❡❧ ♣❛r

❝♦rr❡s♣♦♥❞✐❡♥t❡ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦②❡❝❝✐ó♥✳

✻✳✸✳✷✳ ❙❡❧❡❝❝✐ó♥ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

▲❛ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❡s ✉♥ ♣r♦❝❡s♦ q✉❡ ❝♦♥s✐st❡ ❡♥ s❡❧❡❝❝✐♦♥❛r

✉♥ s✉❜❝♦♥❥✉♥t♦ ó♣t✐♠♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♥❛ ❜❛s❡ ❞❡ ❞❛t♦s ♣❛r❛ r❡❞✉❝✐r

s✉ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✱ ❡❧✐♠✐♥❛r r✉✐❞♦ ② ♠❡❥♦r❛r ❡❧ ❞❡s❡♠♣❡ñ♦ ❞❡ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡

❛♣r❡♥❞✐③❛❥❡✿ ✈❡❧♦❝✐❞❛❞ ❞❡ ❛♣r❡♥❞✐③❛❥❡✱ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ♣r❡❞✐❝❝✐ó♥ ✭♠❡❞✐❞♦ ❝♦♥

❧❛ t❛s❛ ❞❡ ❡rr♦r✮ ② ❝♦♠♣r❡♥s✐❜✐❧✐❞❛❞ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣r♦❞✉❝✐❞♦s✳

▲❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♥❛ ❜❛s❡ ❞❡ ❞❛t♦s ♣✉❡❞❡♥ s❡r✿ ❢✉❡rt❡♠❡♥t❡ r❡❧❡✈❛♥✲

t❡s✱ ❞é❜✐❧♠❡♥t❡ r❡❧❡✈❛♥t❡s✱ ✐rr❡❧❡✈❛♥t❡s ② r❡❞✉♥❞❛♥t❡s✳ ❊❧ s✉❜❝♦♥❥✉♥t♦ ó♣t✐♠♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❡stá ❝♦♠♣✉❡st♦ ❡♥t♦♥❝❡s ♣♦r ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❢✉❡rt❡♠❡♥✲

t❡ r❡❧❡✈❛♥t❡s ② ❧❛s ❞é❜✐❧♠❡♥t❡ r❡❧❡✈❛♥t❡s✱ ♣❡r♦ ♥♦ r❡❞✉♥❞❛♥t❡s✳ ❊♥❝♦♥tr❛r ❡❧

s✉❜❝♦♥❥✉♥t♦ ó♣t✐♠♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s r❡q✉✐❡r❡ ✉♥❛ ❜úsq✉❡❞❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡

s✉❜❝♦♥❥✉♥t♦s ♣♦s✐❜❧❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s✱ q✉❡ ❡s ✉♥ ♣r♦❜❧❡✲

♠❛ ♥♦ ❞❡t❡r♠✐♥íst✐❝♦ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠♣❧❡❥♦ ❬✷✵✽❪✳ ❉❛s❤ ② ▲✐✉ ❬✷✵✾❪ ❛♣✉♥t❛r♦♥

q✉❡ ✉♥ ♣r♦❝❡s♦ tí♣✐❝♦ ❞❡ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s s❡ ❡❥❡❝✉t❛ ❡♥ ✹ ♣❛s♦s✿

●❡♥❡r❛❝✐ó♥ ❞❡❧ s✉❜❝♦♥❥✉♥t♦✱ ❝♦♥s✐st❡ ❡♥ ❡❧ ♠❡❝❛♥✐s♠♦ ❞❡ ❜úsq✉❡❞❛ q✉❡

♣r♦❞✉❝❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❝❛♥❞✐❞❛t♦s ❛ s❡r ❡✈❛❧✉❛❞♦s✳ ▲❛

❜úsq✉❡❞❛ ❝♦♠♣❧❡t❛ ❣❛r❛♥t✐③❛ ❡❧ ❤❛❧❧❛③❣♦ ❞❡❧ s✉❜❝♦♥❥✉♥t♦ ó♣t✐♠♦✱ s✐♥

t❡♥❡r ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ r❡❛❧✐③❛r ✉♥❛ ❜úsq✉❡❞❛ ❞❡ t♦❞♦s ❧♦s ♣♦s✐❜❧❡s s✉❜✲

❝♦♥❥✉♥t♦s ✭2n✮ ❞❡❧ t♦t❛❧ ❞❡ n ❝❛r❛❝t❡ríst✐❝❛s✱ q✉❡ ❡s ✉♥❛ ❜úsq✉❡❞❛ ❡①✲

❤❛✉st✐✈❛ ❬✷✶✵❪✳ ▲❛ ❜úsq✉❡❞❛ s❡❝✉❡♥❝✐❛❧ ❣❡♥❡r❛ s✉❜❝♦♥❥✉♥t♦s ❞❡ ♠❛♥❡r❛

❞✐r❡❝t❛✱ ❝♦♠✐❡♥③❛ ❝♦♥ ✉♥ s✉❜❝♦♥❥✉♥t♦ ✈❛❝í♦✱ ♣❛r❛ ❧✉❡❣♦ ❛❣r❡❣❛r❧❡ ❝❛✲

r❛❝t❡ríst✐❝❛s r❡❧❡✈❛♥t❡s ❞❡ ♠❛♥❡r❛ ♣r♦❣r❡s✐✈❛ ✭s❡❧❡❝❝✐ó♥ s❡❝✉❡♥❝✐❛❧ ❤❛❝✐❛

❛❞❡❧❛♥t❡✮✱ ♦ ✈✐❝❡✈❡rs❛✿ ❝♦♠❡♥③❛r ❝♦♥ t♦❞♦ ❡❧ ❝♦♥❥✉♥t♦ ② ❡❧✐♠✐♥❛r ❝❛r❛❝✲

t❡ríst✐❝❛s ✐rr❡❧❡✈❛♥t❡s ❞❡ ♠❛♥❡r❛ ♣r♦❣r❡s✐✈❛ ✭s❡❧❡❝❝✐ó♥ s❡❝✉❡♥❝✐❛❧ ❤❛❝✐❛

❛trás✮✳ ▲❛ ❜úsq✉❡❞❛ ❛❧❡❛t♦r✐❛ ❣❡♥❡r❛ s✉❜❝♦♥❥✉♥t♦s ❞❡ ♠❛♥❡r❛ ❛❧❡❛t♦r✐❛✱

❧✉❡❣♦ ❛✉♠❡♥t❛ ♦ ❞✐s♠✐♥✉②❡ ❝❛r❛❝t❡ríst✐❝❛s t❛♠❜✐é♥ ❛❧❡❛t♦r✐❛♠❡♥t❡ ♣❛r❛

❣❡♥❡r❛r ❡❧ s✐❣✉✐❡♥t❡ s✉❜❝♦♥❥✉♥t♦ q✉❡ s❡rá ❡✈❛❧✉❛❞♦✳

❚❡s✐s ❉♦❝t♦r❛❧ ✾✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✻✳ ❈▲❆❙■❋■❈❆❈■Ó◆ ❉❊ ❉❆❚❖❙ ❉❊ ❆▲❚❆ ❉■▼❊◆❙■❖◆❆▲■❉❆❉

❊✈❛❧✉❛❝✐ó♥ ❞❡❧ s✉❜❝♦♥❥✉♥t♦✱ ❝♦♥s✐st❡ ❡♥ ♠❡❞✐r ❧❛ ♦♣t✐♠❛❧✐❞❛❞ ❞❡❧ s✉❜✲

❝♦♥❥✉♥t♦ ❣❡♥❡r❛❞♦ ❡♥ ❡❧ ♣❛s♦ ❛♥t❡r✐♦r ♣❛r❛ ❧♦s ✜♥❡s ❞❡ ✉♥ ♣r♦❜❧❡♠❛ ❞❡

❛♣r❡♥❞✐③❛❥❡✱ q✉❡ ❡♥ ❡st❡ tr❛❜❛❥♦ ❡s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✳ ❊❧ ❝r✐t❡r✐♦ ❞❡ ❡✈❛❧✉❛✲

❝✐ó♥ ❋✐❧tr♦ ❡s ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❛♣r❡♥❞✐③❛❥❡ ✭♣♦r ❡❥❡♠♣❧♦

❘◆❆s✱ ❙❱▼s✱ ❡t❝✳✮✳ ▲❛ ❡✈❛❧✉❛❝✐ó♥ t✐♣♦ ❡♥✈♦❧✈❡♥t❡✱ ❞❡♣❡♥❞❡ ❞❡❧ ❛❧❣♦r✐t✲

♠♦ ❞❡ ❛♣r❡♥❞✐③❛❥❡ q✉❡ s❡ ✉s❡✳ ❊st❡ ú❧t✐♠♦ ❣❡♥❡r❛ ✉♥ ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

♠❛②♦r ❛❧ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ▼♦❞❡❧♦ ❞❡ ❋✐❧tr♦✳

❈r✐t❡r✐♦ ❞❡ ♣❛r❛❞❛✱ ❞❡t❡r♠✐♥❛ ❝✉á♥❞♦ ✉♥ ♣r♦❝❡s♦ ❞❡ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡✲

ríst✐❝❛s ❞❡❜❡rá ♣❛r❛r✳ ●❡♥❡r❛❧♠❡♥t❡ ❡❧ ♣r♦❝❡s♦ ❞❡ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡rís✲

t✐❝❛s s❡ ❞❡t✐❡♥❡ ❝✉❛♥❞♦ s❡ ❛❧❝❛♥③❛ ❡❧ ✈❛❧♦r ❞❡ ❛❧❣ú♥ ♣❛rá♠❡tr♦ ♦ ✉♠❜r❛❧

q✉❡ s❡ ❡st❛❜❧❡❝✐ó ✏❛ ♣r✐♦r✐✑❀ s❡ t❡r♠✐♥ó ❞❡ r❡❛❧✐③❛r ❧❛ ❜úsq✉❡❞❛ ❝♦♠♣❧❡t❛❀

♦ s❡ ❡♥❝♦♥tró ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ó♣t✐♠♦✳

❱❛❧✐❞❛❝✐ó♥ ❞❡ r❡s✉❧t❛❞♦s✱ ❡s ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ❞❡ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛✲

r❛❝t❡ríst✐❝❛s ❝♦♥ ❞❛t♦s r❡❛❧❡s ② ✈❡r s✐ s✉ ❞❡s❡♠♣❡ñ♦ ❧♦ r❡✢❡❥❛ ❡❧ r❡s✉❧t❛❞♦

❞❡ ❧♦s ❡①♣❡r✐♠❡♥t♦s✳

▲♦s ❛❧❣♦r✐t♠♦s ❞❡ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ t✐♣♦ ❡♥✈♦❧✈❡♥t❡ s❡ ❞✐✲

❢❡r❡♥❝✐❛♥ ❡♥ ❡❧ ♠ét♦❞♦ ❞❡ ❜úsq✉❡❞❛ ❞❡ ❧❛ ❣❡♥❡r❛❝✐ó♥ ❞❡❧ s✉❜❝♦♥❥✉♥t♦✳ ▲♦s

♣r✐♥❝✐♣❛❧❡s ♠ét♦❞♦s ❞❡ ❜úsq✉❡❞❛ s♦♥✿

❇úsq✉❡❞❛ ●❡♥ét✐❝❛✱ r❡❛❧✐③❛ ❧❛ ❜úsq✉❡❞❛ ✉s❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ❣❡♥ét✐❝♦

s✐♠♣❧❡ ❞❡s❝r✐t♦ ♣♦r ●♦❧❞❜❡r❣ ❬✷✶✶❪✳

▼❡❥♦r Pr✐♠❡r♦✱ r❡❛❧✐③❛ ❧❛ ❜úsq✉❡❞❛ ❡♥ ❡❧ ❡s♣❛❝✐♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ❝❛✲

r❛❝t❡ríst✐❝❛s ♣❛s❛♥❞♦ ♣♦r ❞✐❢❡r❡♥t❡s ❝❛♣❛s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛ ❬✷✶✷❪✳

❇úsq✉❡❞❛ ❆❧❡❛t♦r✐❛✱ r❡❛❧✐③❛ ❧❛ ❜úsq✉❡❞❛ ❝♦♠❡♥③❛♥❞♦ ❝♦♥ ✉♥ s✉❜❝♦♥❥✉♥✲

t♦ ❛❧❡❛t♦r✐♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❜✉s❝❛♥❞♦ s✉❜❝♦♥❥✉♥t♦s q✉❡ t❡♥❣❛♥ ♠❡♥♦r

♥ú♠❡r♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ② q✉❡ ❣❡♥❡r❡♥ ❧♦s ♠❡♥♦r❡s ❡rr♦r❡s ❞❡ ❛♣r❡♥❞✐✲

③❛❥❡✳

❇úsq✉❡❞❛ ❆❧❡❛t♦r✐❛ ❖♣t✐♠✐③❛❞❛✱ ❡s ✉♥❛ ♠♦❞✐✜❝❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ♣r❡✲

s❡♥t❛❞♦ ♣♦r ❙tr❛❝✉③③✐ ❬✷✶✸❪✳ ❊♠♣✐❡③❛ ❝♦♥ ❡❧ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛s ② ❡❧✐♠✐♥❛ ❝❛r❛❝t❡ríst✐❝❛s ✐rr❡❧❡✈❛♥t❡s ❛❧❡❛t♦r✐❛♠❡♥t❡✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✾✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✻✳✸✳ P♦s✐❜❧❡s ❙♦❧✉❝✐♦♥❡s ❛❧ Pr♦❜❧❡♠❛ ❞❡ ❧❛ ❆❧t❛ ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞

✻✳✸✳✸✳ ▼❡❞✐❞❛s ❞❡ ❉✐st❛♥❝✐❛ ❆❧t❡r♥❛t✐✈❛s

▲❛ ❞✐st❛♥❝✐❛ ❊✉❝❧í❞❡❛ ❡s ❧❛ ❞✐st❛♥❝✐❛ ❝♦♥✈❡♥❝✐♦♥❛❧ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛

❞✐st❛♥❝✐❛ ❡♥tr❡ ❞♦s ♣❛tr♦♥❡s ②✱ ❡♥ ❣❡♥❡r❛❧✱ ♥♦ ❤❛ s✐❞♦ ❝✉❡st✐♦♥❛❞❛ ♣♦r ❧❛ ❝♦✲

♠✉♥✐❞❛❞ ❝✐❡♥tí✜❝❛✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡♥ ❛❧❣✉♥❛s ❝✐r❝✉♥st❛♥❝✐❛s✱ ❝♦♠♦ ❡♥ ❡❧ ❝❛s♦

❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✱ s❡rí❛ ♥❡❝❡s❛r✐♦ ❞❡✜♥✐r ✉♥❛ ♥✉❡✈❛ ❢✉♥✲

❝✐ó♥ ❞❡ ❞✐st❛♥❝✐❛ ♣❛r❛ ❝✉❛♥t✐✜❝❛r s✐♠✐❧❛r✐❞❛❞❡s ❡♥ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳ ❊♥ ❧❛

♣rá❝t✐❝❛✱ ♣♦❞rí❛♠♦s ❝♦♥s✐❞❡r❛r ❧❛ r✲❞✐st❛♥❝✐❛ ❝♦♠♦ ✉♥❛ ♠❡❞✐❞❛ ❞❡ ❞✐st❛♥❝✐❛

❡♥tr❡ ❞♦s ♣❛tr♦♥❡s x ❡ y ✭❝♦♥ ❝♦♠♣♦♥❡♥t❡s xi ❡ yi✮ ❝♦♥ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

‖x− y‖r = r

√

√

√

√

d
∑

i=1

| xi − yi |r ✭✻✳✻✮

❈♦♠♦ ②❛ s❡ ❛♥❛❧✐③ó ❡♥ s❡❝❝✐♦♥❡s ❛♥t❡r✐♦r❡s✱ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❧❛s ❞✐st❛♥✲

❝✐❛s ❞❡ ♣❛tr♦♥❡s ❡❧❡❣✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❛ s✉s ✈❡❝✐♥♦s ♠ás ❧❡❥❛♥♦s ② ❝❡r❝❛♥♦s

❞❡❝r❡❝❡ ❝♦♥❢♦r♠❡ ❛✉♠❡♥t❛ ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳ ❊st❛ ❛✜r♠❛❝✐ó♥ t❛♠❜✐é♥ ❡s ❛♣❧✐✲

❝❛❜❧❡ ♣❛r❛ ❧❛ ❞✐st❛♥❝✐❛ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ✈❛❧♦r ♣♦s✐t✐✈♦ ❞❡

r✳ ❙✐♥ ❡♠❜❛r❣♦✱ ❡❧ r❛t✐♦ ❞❡ ❝♦♥✈❡r❣❡♥❝✐❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✻✳✹ ❞✐✜❡r❡ ♣❛r❛ ❞✐❢❡✲

r❡♥t❡s ✈❛❧♦r❡s ❞❡ r✳ ▲❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ ♥♦s ❞✐❝❡ q✉❡ ✉t✐❧✐③❛♥❞♦ ✈❛❧♦r❡s ❛❧t♦s

❞❡ r ♣♦❞❡♠♦s ♠✐t✐❣❛r ❡❧ ❡❢❡❝t♦ ❞❡ ❧❛ ♣❡r❞✐❞❛ ❞❡ ❧♦❝❛❧✐❞❛❞ ♣❛r❛ ❧♦s ❦❡r♥❡❧s

●❛✉ss✐❛♥♦s✳

❉❡❜❡♠♦s r❡❝♦r❞❛r q✉❡ ❧❛ ❢✉♥❝✐ó♥ ●❘❇❋ ♣❛r❛♠❡tr✐③❛ ❛ ❧❛ ❢✉♥❝✐ó♥ ❙❘❇❋

❞❡ ✉♥❛ ♠❛♥❡r❛ s✐♠✐❧❛r ❛ ❝♦♠♦ ❧❛ r✲❞✐st❛♥❝✐❛ ♣❛r❛♠❡tr✐③❛ ❛ ❧❛ ❞✐st❛♥❝✐❛ ❊✉✲

❝❧í❞❡❛✳ P♦r ❧♦ t❛♥t♦✱ t✐❡♥❡ s❡♥t✐❞♦ q✉❡ ✉t✐❧✐③❛♥❞♦ ✈❛❧♦r❡s ❛❧t♦s ❞❡ τ ♣♦❞❛♠♦s

♠✐t✐❣❛r ❡♥ ❝✐❡rt♦ s❡♥t✐❞♦ ❧❛ ♣❡r❞✐❞❛ ❞❡ ❧♦❝❛❧✐❞❛❞ ❞❡ ❧♦s ❦❡r♥❡❧s ❧♦❝❛❧❡s✳

▲❛ ❋✐❣✉r❛ ✻✳✸ ♠✉❡str❛ ✉♥❛ ✐❧✉str❛❝✐ó♥ ❣rá✜❝❛ ❞❡ ♣♦rq✉é ❧❛ ❢✉♥❝✐ó♥ ❞❡

❜❛s❡ ●❘❇❋ ❝✉❛♥t✐✜❝❛ ♠❡❥♦r s✐♠✐❧❛r✐❞❛❞❡s q✉❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❜❛s❡ ❙❘❇❋ ❡♥

❡s♣❛❝✐♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✿ ❧❛s ❧í♥❡❛s r♦❥♦ ② ❝✐❛♥ r❡♣r❡s❡♥t❛♥ ❛ ❢✉♥❝✐♦♥❡s

❙❘❇❋s ❝❡♥tr❛❞❛s ❡♥ ❡❧ ♦r✐❣❡♥ ② ❝♦♥ r❛❞✐♦s r = 1.6 ② r = 10.6 r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❧❛ ❧í♥❡❛ ♠❛❣❡♥t❛ r❡♣r❡s❡♥t❛ ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❜❛s❡ ●❘❇❋ ❝❡♥tr❛❞❛ ❡♥ ❡❧ ♦r✐❣❡♥

❝♦♥ τ = 13 ② r = 10.6 ② ❧❛s ❧í♥❡❛s ❛③✉❧ ② ✈❡r❞❡ r❡♣r❡s❡♥t❛♥ ❛ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡

❞❡♥s✐❞❛❞ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥ ♣❛tró♥ ❞❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧

❛ ✉♥❛ ❞✐st❛♥❝✐❛ q ♣❛r❛ d = 2 ② d = 100✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡s✐s ❉♦❝t♦r❛❧ ✾✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✻✳ ❈▲❆❙■❋■❈❆❈■Ó◆ ❉❊ ❉❆❚❖❙ ❉❊ ❆▲❚❆ ❉■▼❊◆❙■❖◆❆▲■❉❆❉
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❋✐❣✉r❛ ✻✳✸✿ ❙❛❧✐❞❛s ❞❡ ❢✉♥❝✐♦♥❡s ❘❇❋ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❛ s✉s ❝❡♥✲
tr♦s ♣❛r❛ ❞♦s ♣♦s✐❜❧❡s ❡s♣❛❝✐♦s ❞❡ ❞✐♠❡♥s✐ó♥ ✭d = 2 ② d = 100✮✱ ❥✉♥t♦ ❛ ❧❛
❞✐str✐❜✉❝✐ó♥ ❞❡ ❧❛s ❞✐st❛♥❝✐❛s ♣❛r❛ ❞❛t♦s ❞✐str✐❜✉✐❞♦s ♥♦r♠❛❧♠❡♥t❡ ✭f(q, d)✮✳

❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❡♥ ❧❛ ❋✐❣✉r❛ ✻✳✸ ❝✉❛♥❞♦ d = 2✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❜❛s❡

❙❘❇❋ ❞❡♠✉❡str❛ s✉ ❝❛♣❛❝✐❞❛❞ ♣❛r❛ ❝✉❛♥t✐✜❝❛r s✐♠✐❧❛r✐❞❛❞❡s ❡♥ ❡s❛ ❞✐♠❡♥s✐ó♥✱

❛s✐❣♥❛♥❞♦ ✈❛❧♦r❡s ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❛ ❧♦s ♣❛tr♦♥❡s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1] ✭✈❡r ❧í♥❡❛

r♦❥❛✮❀ s✐♥ ❡♠❜❛r❣♦ ❝✉❛♥❞♦ d = 100✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❜❛s❡ ❙❘❇❋ ❛s✐❣♥❛ ✈❛❧♦r❡s ❞❡

♣❡rt❡♥❡♥❝✐❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0.27, 0.57] ✭✈❡r ❧í♥❡❛ ❝✐❛♥✮ ②❛ q✉❡ ♣❛r❛ ♠♦❞❡❧❛r ❧♦s

♣❛tr♦♥❡s ❡♥ ❡s❛ ❞✐♠❡♥s✐ó♥ ❧❛ ❢✉♥❝✐ó♥ ❙❘❇❋ ♥❡❝❡s✐t❛ ✉♥ ❛❧t♦ ✈❛❧♦r ❞❡❧ r❛❞✐♦✳ ❊❧

♣r♦❜❧❡♠❛ ❡s q✉❡ ❧❛ ❙❘❇❋ t✐❡♥❡ ✉♥❛ ❝✉r✈❛t✉r❛ ♣♦❝♦ ♣r♦♥✉♥❝✐❛❞❛ ❝✉❛♥❞♦ t✐❡♥❡

✉♥ ❛❧t♦ ✈❛❧♦r ❞❡❧ r❛❞✐♦✳ P♦r ♦tr❛ ♣❛rt❡✱ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❜❛s❡ ●❘❇❋ ❛s✐❣♥❛ ✈❛❧♦r❡s

❞❡ ♣❡rt❡♥❡♥❝✐❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1] ✐♥❝❧✉s♦ ❡♥ ❡s♣❛❝✐♦s ❞❡ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞

✭✈❡r ❧í♥❡❛ ♠❛❣❡♥t❛✮✳

❊♥ ♥✉❡str❛ ♦♣✐♥✐ó♥✱ ❡st♦ ❥✉st✐✜❝❛ q✉❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❜❛✲

s❡ ●❘❇❋ ✉♥ ❦❡r♥❡❧ ✈á❧✐❞♦ ♣❛r❛ ❝✉❛♥t✐✜❝❛r s✐♠✐❧❛r✐❞❛❞❡s ❡♥ ❡s♣❛❝✐♦s ❞❡ ❛❧t❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳

▲❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ♥♦❞♦s ●❘❇❋ ♣❡r♠✐t❡ ❛s✐❣♥❛r ❛❧t♦s ❣r❛❞♦s ❞❡ ❛❝t✐✈❛❝✐ó♥

❛ ♣❛tr♦♥❡s ❛❧❡❥❛❞♦s ❞❡❧ ♥♦❞♦✱ ♣❡r♠✐t✐❡♥❞♦ t❛♥t♦ ✏❧♦❝❛❧✐❞❛❞✑ ❝♦♠♦ ❝♦❜❡rt✉r❛✳

❊♥ ❧❛ ❋✐❣✉r❛ ✻✳✹ s❡ r❡♣r❡s❡♥t❛ ❝♦♥ ✉♥❛ ❝✉r✈❛ ❞❡ ❝♦❧♦r ♥❡❣r♦ ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡

❡♥❝♦♥tr❛r ❡♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s q✉❡ s✐❣✉❡♥ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ♠✉❧t✐✈❛r✐❛♥t❡ ✉♥

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✾✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✻✳✸✳ P♦s✐❜❧❡s ❙♦❧✉❝✐♦♥❡s ❛❧ Pr♦❜❧❡♠❛ ❞❡ ❧❛ ❆❧t❛ ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞

♣❛tró♥ ❛ ✉♥❛ ❞✐st❛♥❝✐❛ ① ❀ ❛❞❡♠ás s❡ ♦❜s❡r✈❛ ❝ó♠♦ ❧❛ ❙❘❇❋ ❛s✐❣♥❛ ✈❛❧♦r❡s ❞❡

❛❝t✐✈❛❝✐ó♥ ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ r❡❞✉❝✐❞♦ ② ❛❝♦t❛❞♦ ♣♦r ❧❛s ♦r❞❡♥❛❞❛s ❞❡ ❧♦s ♣✉♥t♦s

❈ ② ❉ ♠✐❡♥tr❛s q✉❡ ❧❛ ●❘❇❋ ❡s ❝❛♣❛③ ❞❡ ❛s✐❣♥❛r ✈❛❧♦r❡s ❞❡ ❛❝t✐✈❛❝✐ó♥ ❡♥ ✉♥

✐♥t❡r✈❛❧♦ ♠✉❝❤♦ ♠ás ❛♠♣❧✐♦ ❛❝♦t❛❞♦ ♣♦r ❧❛s ♦r❞❡♥❛❞❛s ❞❡ ❧♦s ♣✉♥t♦s ❆ ② ❇ ✿

❋✐❣✉r❛ ✻✳✹✿ ❈♦♠♣❛r❛❝✐ó♥ ❡♥tr❡ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❥✉st❡ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ●❛✉ss✐❛♥❛
② ❧❛ ❢✉♥❝✐ó♥ ●❛✉ss✐❛♥❛ ●❡♥❡r❛❧✐③❛❞❛✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✵✵ ❆✳❈✳ ▼é♥❞❡③
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✼✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

▲❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ♠♦❞❡❧♦s ❧♦❝❛❧❡s ② ❡♥ ❡s♣❡❝✐❛❧ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ❤❛ ✐❞♦

❡♥ ❛✉♠❡♥t♦ ❡♥ ❧❛ ú❧t✐♠❛ ❞é❝❛❞❛ s✐❡♥❞♦ ✉t✐❧✐③❛❞♦s ❝♦♥ ♠ú❧t✐♣❧❡s ✜♥❡s ❬✷✶✹✱ ✶✵✻✱

✶✵✼✱ ✷✶✺✱ ✶✵✾✱ ✷✶✻✱ ✷✶✼❪ ♣r♦✈♦❝❛♥❞♦ ❡❧ ✐♥t❡rés ❝r❡❝✐❡♥t❡ ❞❡ ❧♦s ✐♥✈❡st✐❣❛❞♦r❡s

❬✷✶✽✱ ✷✶✾✱ ✷✷✵✱ ✷✷✶✱ ✷✷✷✱ ✶✵✽✱ ✷✷✸✱ ✷✷✹✱ ✷✷✺✱ ✷✷✻❪✳ P♦r ❧♦ q✉❡ ❡❧ ❡♠♣❧❡♦ ❞❡ ♥♦❞♦s

●❘❇❋ ② s✉ ♠♦❞❡❧❛❞♦ ❝♦♥ ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ❝♦♥st✐t✉②❡ ✉♥ ❝❛♠✐♥♦ ✧♥✉❡✈♦✧

② s✉❣❡r❡♥t❡✳

❊♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❞❡s❝r✐❜❡ ❧❛ ♣r♦♣✉❡st❛ ❞❡ ✉♥ ❆❍ ♣❛r❛ ❡♥tr❡✲

♥❛r ♠♦❞❡❧♦s ❞❡ ❘◆❆s ❝♦♥ ♥♦❞♦s ●❘❇❋ ❬✷✷✼✱ ✷✷✽❪✳ Pr✐♠❡r❛♠❡♥t❡ s❡ ❞❡s❝r✐❜❡♥

❜r❡✈❡♠❡♥t❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡❧ ♠♦❞❡❧♦ ❛ ❡♥tr❡♥❛r ② s❡ ♣r♦♣♦♥❡ ✉♥❛ r❡✲

❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ✭s❡❝❝✐ó♥ ✼✳✷✮✳ P♦st❡r✐♦r♠❡♥t❡ s❡ ♣r❡s❡♥t❛ ❡❧

❛❧❣♦r✐t♠♦ ♣r♦♣✉❡st♦ ✭s❡❝❝✐ó♥ ✼✳✸✮ ② s❡ ♠✉❡str❛♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡

❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ r❡s♣❡❝t♦ ❛ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡❧ ♠✐s♠♦ ♣❡r♦ s♦❜r❡

♠♦❞❡❧♦s ❞❡ ❘◆❆s ❝♦♥ ♥♦❞♦s ❙❘❇❋s✱ ❯Ps✱ ❯❙s ♦❜r❡ ❞❛t♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛

❯❈■ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ❘❡♣♦s✐t♦r② ✭s❡❝❝✐ó♥ ✼✳✹✮ ✳

✶✵✶



✼✳✷✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❝♦♥ ◆♦❞♦s ●❘❇❋

✼✳✷✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❝♦♥ ◆♦❞♦s ●❘❇❋

▲❛s ❘◆❆s ❝♦♥ ♥♦❞♦s ●❘❇❋ s♦♥ ♠♦❞❡❧♦s ❧♦❝❛❧❡s q✉❡ ♣❡r♠✐t❡♥ ✉♥❛ ❡✜❝❛③

❛♣r♦①✐♠❛❝✐ó♥ ❞❡ ❢✉♥❝✐♦♥❡s s♦❜r❡ ✉♥ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❞❡ ❛❧t❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❣r❛❝✐❛s ❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❛❥✉st❛r s✉ ❝✉r✈❛t✉r❛ ❞❡❜✐❞♦ ❛ ❧❛

✐♥tr♦❞✉❝❝✐ó♥ ❞❡❧ ♣❛rá♠❡tr♦ τ ❛❧ ♠♦❞❡❧♦✳ ◆♦ ♦❜st❛♥t❡✱ s✉ ❛❥✉st❡ s❡ ❞✐✜❝✉❧t❛

♣✉❡s ♣r♦❞✉❝❡ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞✐❢❡r❡♥t❡ s♦❜r❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●● ♣❛r❛

❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡❧ r❛❞✐♦ ② ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡ ♣♦r ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ q✉❡

✐❣✉❛❧❡s ♠♦❞✐✜❝❛❝✐♦♥❡s ❡♥ ❡❧ ✈❛❧♦r ❞❡ τ ♥♦ ♣r♦✈♦❝❛ ✐❣✉❛❧❡s ❡❢❡❝t♦s ❡♥ ❧❛ ❝✉r✈❛t✉r❛

❞❡ ❧❛ ●●✳ ❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❡❧✐♠✐♥❛r ❡st❛ ❞✐✜❝✉❧t❛❞ s❡ r❡❢♦r♠✉❧ó ❧❛ ❢✉♥❝✐ó♥ ❞❡

❧❛ ●● ❡♥ tér♠✐♥♦s ❞❡❧ á♥❣✉❧♦ q✉❡ ❢♦r♠❛ ❧❛ r❡❝t❛ t❛♥❣❡♥t❡ ❛ ❧❛ ●❛✉ss✐❛♥❛ ❡♥

❡❧ ♣✉♥t♦ ❞❡ ✐♥✢❡①✐ó♥ ✭ ❝✉❛♥❞♦ ① ❂ r✮ ② ❡❧ ❡❥❡ ❞❡ ❧❛s ❛❜s❝✐s❛s✱ ❝♦♠♦ s❡ ♠✉❡str❛

❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✶ ❧✉❡❣♦ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❛❝t✐✈❛❝✐ó♥ s❡ r❡❢♦r♠✉❧❛ ❝♦♠♦✿

f(x, r, τ) = e−(
x
r
)τ ✭✼✳✶✮

f(x, r, δ) = e−(
x
r
)e×r×tgδ

✭✼✳✷✮

f(x, r, γ) = e−(
x
r
)−e×r×tgβ

✭✼✳✸✮
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X

GRBF1: r = 1, τ = 2.5

GRBF1: r = 1, τ = 2.0

Recta Tangente a GRBF1 en (x = r)

Recta Tangente a GRBF2 en (x = r)

δ β

❋✐❣✉r❛ ✼✳✶✿ ❉❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●❛✉ss✐❛♥❛ r❡s♣❡❝t♦ ❛❧ á♥❣✉❧♦
q✉❡ ❢♦r♠❛ ❧❛ t❛♥❣❡♥t❡ ❝♦♥ ❡❧ ❡❥❡ ❞❡ ❛❜s❝✐s❛s✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✵✷ ❆✳❈✳ ▼é♥❞❡③
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❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♠✉❡str❛ ❝ó♠♦ s❡ ♦❜t✉✈♦ ❧❛ ❡①♣r❡s✐ó♥ τ = e× r× tg(δ)

❛✉①✐❧✐á♥❞♦♥♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✼✳✶ ✿

✶✳ ❙❡ ❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ●❘❇❋

f(x) = e−(
x
r
)τ ❞♦♥❞❡ −∞ < x < ∞

✷✳ ❙❡ ❞❡r✐✈❛ ❧❛ ❢✉♥❝✐ó♥ ●❘❇❋ r❡s♣❡❝t♦ ①

f ′(x) = − e−(xr )τ τ(x
r
)τ−1

r

✸✳ ❙❡ ❡✈❛❧ú❛ f ′(x) ❡♥ ❡❧ ♣✉♥t♦ ❞♦♥❞❡ x = r

f ′(r) = − τ
e∗r

✹✳ ❙❡ ❞❡✜♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛ t❛♥❣❡♥t❡ ❛ ✉♥❛ ❝✉r✈❛ ❡♥ ✉♥ ♣✉♥t♦

f ′(r) = tg(β)

✺✳ ❙❡ ✐❣✉❛❧❛♥ ❧❛s ❞♦s ❡①♣r❡s✐♦♥❡s ❞❡ f ′(r)

− τ
e×r = tg(β)

✻✳ ❙❡ ❞❡s♣❡❥❛ τ ❡♥ ❧❛ ❢ór♠✉❧❛ ❛♥t❡r✐♦r

τ = −e× r × tg(β)

✼✳ ❙❡ ❡st❛❜❧❡❝❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❝♦♠♣❧❡♠❡♥t❛r✐❡❞❛❞ ❞❡ t❛♥❣❡♥t❡s ✭✈❡r ❋✐❣✉r❛

✼✳✶✮

−tg(β) = tg(δ)

✽✳ ❙❡ s✉st✐t✉②❡ ❢ór♠✉❧❛ ✼ ❡♥ ❧❛ ❢ór♠✉❧❛ ✻

τ = −e ∗ r ∗ tg(β) = e ∗ r ∗ tg(δ)

▲❛ ♥✉❡✈❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ♣❡r♠✐t❡ s❡♣❛r❛r ❡❧ ❛❥✉st❡ ❞❡

❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●❛✉ss✐❛♥❛✱ ❞❡❧ ❛❥✉st❡ ❞❡❧ ✧r❛❞✐♦✧ ❞❡ ✐♥✢✉❡♥❝✐❛ ❞❡❧ ♥♦❞♦✳ ❯♥

❡❥❡♠♣❧♦ ❞❡♠♦str❛t✐✈♦ s❡ ♦❜s❡r✈❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✼✳✷ ❞♦♥❞❡ ❧❛s ●●s r❡♣r❡s❡♥t❛❞❛s

❞❡ ❝♦❧♦r r♦❥♦ ② ✈❡r❞❡ ♣♦s❡❡♥ ❧❛ ♠✐s♠❛ ❝✉r✈❛t✉r❛ ② ❝♦♠♣❛rt❡♥ ❡❧ ♠✐s♠♦ ✈❛❧♦r

❞❡❧ ♣❛rá♠❡tr♦ δ ✭✵✳✾✼✮ ♠✐❡♥tr❛s q✉❡ ❧❛s ●● ❞❡ ❝♦❧♦r r♦❥♦ ② ❛③✉❧ ♥♦ ♣r❡s❡♥t❛♥

❧❛ ♠✐s♠❛ ❝✉r✈❛t✉r❛ ❛ ♣❡s❛r ❞❡ q✉❡ ♣♦s❡❡♥ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡❧ τ ✭✸✮✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✵✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✼✳✷✳ ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❝♦♥ ◆♦❞♦s ●❘❇❋
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r = 3, τ = 2, δ = 0.24

r = 3, τ = 12, δ = 0.97

r = 3, τ = 2, δ = 0.97

❋✐❣✉r❛ ✼✳✷✿ ●❛✉ss✐❛♥❛s ●❡♥❡r❛❧✐③❛❞❛s ✭❝♦❧♦r r♦❥♦ ② ✈❡r❞❡✮ ❝♦♥ ✐❣✉❛❧ ❝✉r✈❛t✉r❛
❝♦♠♣❛r❛❞❛s r❡s♣❡❝t♦ ❛ ✉♥❛ ●❛✉ss✐❛♥❛ ❡stá♥❞❛r✳

P♦r ♦tr❛ ♣❛rt❡ ♣❛r❛ ✉♥ ♠✐s♠♦ ✈❛❧♦r ❞❡❧ r❛❞✐♦✱ ❧♦s ♥♦❞♦s ●❘❇❋s ❞❡✜♥✐❞♦s

❡♥ tér♠✐♥♦s ❞❡ δ ♣❡r♠✐t❡♥ ✉♥ ❛❥✉st❡ ♠ás ✧rá♣✐❞♦✧ ❞❡ ❧❛ ❝✉r✈❛t✉r❛✳ ❯♥ ❛s♣❡❝t♦

❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ❡s q✉❡ ❡❧ ♣❛rá♠❡tr♦ τ t♦♠❛ ✈❛❧♦r❡s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❛❜✐❡rt♦

[0,∞) ② ❡❧ ♣❛rá♠❡tr♦ δ ♦s❝✐❧❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❝❡rr❛❞♦ [0,Π/2]✳ ❆❞❡♠ás✱ ❛ ❞✐❢❡✲

r❡♥❝✐❛ ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❡♥ tér♠✐♥♦s ❞❡ τ ✭✈❡r ❋✐❣✉r❛ ✷✳✹✮ ❧❛ ●● ❡♥ tér♠✐♥♦s ❞❡

δ ♣❡r♠✐t❡ r❡❛❧✐③❛r ❝❛♠❜✐♦s ❡♥ ✐❣✉❛❧ ♠❛❣♥✐t✉❞ s♦❜r❡ ❧❛ ❝✉r✈❛t✉r❛ ❞❡ ❧❛ ●❛✉ss✐❛✲

♥❛✳ ❊♥ ❧❛ ❋✐❣✉r❛ ✼✳✸ s❡ ♦❜s❡r✈❛♥ ❞♦s ♣❛r❡s ❞❡ ●●s ❝♦♥ δ1 = 0.634 ② δ2 = 0.834

♣❛r❛ ❞♦s ✈❛❧♦r❡s ❞✐st✐♥t♦s ❞❡❧ r❛❞✐♦ ✭✵✳✺ ② ✻✳✵✮❀ ❛♠❜♦s ♣❛r❡s ❞❡ ●●s ♣r❡s❡♥✲

t❛♥ ✧❣rá✜❝❛♠❡♥t❡✧ ✐❣✉❛❧❡s ✈❛r✐❛❝✐♦♥❡s ❡♥ ❧❛ ❝✉r✈❛t✉r❛ ✐♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡ ❞❡❧

✈❛❧♦r ❞❡❧ r❛❞✐♦ ✳
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GRBF δ= 0.834, r = 0.5

GRBF δ= 0.634, r = 6.0

❋✐❣✉r❛ ✼✳✸✿ ❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❞♦s ♣❛r❡s ❞❡ ●●s ❝♦♥ ✐❣✉❛❧ r❛❞✐♦ ✭❝❛❞❛ ♣❛r✿ 0.5
② 6.0✮ ❡ ✐❣✉❛❧ ❝✉r✈❛t✉r❛✳

❯♥❛ ✈❡③ r❡❢♦r♠✉❧❛❞❛ ❧❛ ●● s❡ ❡❧❛❜♦ró ✉♥ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥✲

t♦ ❞❡ ●❘❇❋◆◆ ❡❧ ❝✉❛❧ s❡ ❞❡s❝r✐❜❡ ❡♥ ❧❛ s✐❣✉✐❡♥t❡ s❡❝❝✐ó♥ ✼✳✸✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✵✹ ❆✳❈✳ ▼é♥❞❡③
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✼✳✸✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡

❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛

❈♦♠♦ s❡ ♣❧❛♥t❡ó ❝♦♥ ❛♥t❡r✐♦r✐❞❛❞ ❧❛ ♣r❡s❡♥t❡ t❡s✐s ♣r♦♣♦♥❡ ✉♥❛ ❡①t❡♥s✐ó♥

❞❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘◆❆ ❝♦♥ ♥♦❞♦s ●❘❇❋✳ ❆ ❝♦♥✲

t✐♥✉❛❝✐ó♥ s❡ r❡♣r❡s❡♥t❛ ❡❧ ❡sq✉❡♠❛ ❣❡♥❡r❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦ ❞❡st❛❝❛♥❞♦ ❝♦♥ ❝♦❧♦r

✈❡r❞❡ ❧❛s s❡❝❝✐♦♥❡s q✉❡ ❤❛♥ s✐❞♦ s✉❥❡t❛s ❛ ❝❛♠❜✐♦s ♣❛r❛ ♣❡r♠✐t✐r ❧❛ ♠♦❞❡❧❛❝✐ó♥

❞❡ ❧♦s ♥♦❞♦s ●❘❇❋✿

❆❧❣♦r✐t♠♦ ◆◆❊P✲●❘❇❋
✶✳ ●❡♥❡r❛r ✉♥❛ ♣♦❜❧❛❝✐ó♥ ❛❧❡❛t♦r✐❛ ❞❡ t❛♠❛ñ♦ 10NP ② s❡❧❡❝❝✐♦♥❛r ❧❛s NP

♠❡❥♦r❡s r❡❞❡s ♣❛r❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧✳
✷✳ ❘❡♣❡t✐r ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥❝❡ ✉♥ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s ● ♦ s❡
❝✉♠♣❧❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♣❛r❛❞❛✳

✷✳✶ ❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❛❧ ✶✵✪ ❞❡ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ✳
❧❛ ♣♦❜❧❛❝✐ó♥

✷✳✷ ❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❛❧ r❡st❛♥t❡ ✾✵✪ ❞❡ ✐♥❞✐✈✐❞✉♦s✳
✷✳✸ ❈❛❧❝✉❧❛r ❧❛ ❛♣t✐t✉❞ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✳
✷✳✹ ❖r❞❡♥❛r ❧♦s ✐♥❞✐✈✐❞✉♦s s❡❣ú♥ s✉ ❛♣t✐t✉❞✳
✷✳✺ ❊❧ ✶✵✪ ❞❡ ❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s s♦♥ r❡♣❧✐❝❛❞♦s ② s✉s ré♣❧✐❝❛s

s✉st✐t✉②❡♥ ❛❧ ✶✵✪ ❞❡ ❧♦s ♣❡♦r❡s ✐♥❞✐✈✐❞✉♦s ✭❢✉❡rt❡ ♣r❡s✐ó♥ s❡❧❡❝t✐✈❛✮✳
✺✳ ❙❡❧❡❝❝✐♦♥❛r ❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ❡♥ ❛♣t✐t✉❞✱ ❞❡✈♦❧✈✐é♥❞♦❧♦ ❝♦♠♦ s♦❧✉❝✐ó♥
❢❛❝t✐❜❧❡ ❛❧ ♣r♦❜❧❡♠❛✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✵✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✼✳✸✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛

▲❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ s✉♣♦♥❡ ❧❛ ♠♦❞✐✜❝❛✲

❝✐ó♥ ❞❡ s✉ ♣r♦❝❡s♦ ❞❡ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ✭s❡❝❝✐ó♥ ✼✳✸✳✵✳✶✮✱ ❧❛ ❢♦r♠❛ ❡♥ q✉❡ s❡ r❡❛❧✐③❛

❧❛ ♠✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❞❡ ❧♦s ♥♦❞♦s ❡♥ ❝❛❞❛ ✐t❡r❛❝✐ó♥ ❞❡❜✐❞♦ ❛ ❧❛ ✐♥tr♦❞✉❝✲

❝✐ó♥ ❞❡❧ ♥✉❡✈♦ ♣❛rá♠❡tr♦ δ ② ♣♦r ú❧t✐♠♦ ❧❛ ❢♦r♠❛ ❡♥ q✉❡ s❡ ❛❞✐❝✐♦♥❛ ✉♥ ♥✉❡✈♦

♥♦❞♦ ●❘❇❋ ♦ ❝✉❛♥❞♦ s❡ ✉♥❡♥ ❞♦s ♥♦❞♦s ❞✉r❛♥t❡ ❧❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧✳ ❆

❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❞❡t❛❧❧❛♥ ❧❛s ♠♦❞✐✜❝❛❝✐♦♥❡s ✐♥❝♦r♣♦r❛❞❛s ❛❧ ❛❧❣♦r✐t♠♦ ♦r✐❣✐♥❛❧✳

✼✳✸✳✵✳✶✳ ■♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ■♥❞✐✈✐❞✉♦s

▲❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ② ❡♥ ♣❛rt✐❝✉❧❛r ❞❡ ❧❛s

●❘❇❋s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ s❡ r❡❛❧✐③❛ ❤❛❝✐❡♥❞♦ ✉s♦ ❞❡❧ ❛❧❣♦r✐t♠♦

❑✲▼❡❞✐❛s ❬✶✷✻✱ ✶✺✹❪ ♣❛r❛ ❛s✐❣♥❛r❧❡ ✉♥ ♣❡s♦ ✐♥✐❝✐❛❧ ❛ ❧♦s ❛r❝♦s ✭❧✐♥❦s✮ ❞❡ ❝❛❞❛

●❘❇❋✱ q✉❡❞❛♥❞♦ s♦❧♦ ♣♦r ❡st✐♠❛r ❧♦s ♣❛rá♠❡tr♦s r ② δ ❞❡ ❝❛❞❛ ♥♦❞♦✳ ❊st♦s

♥✉❡✈♦s ♣❛rá♠❡tr♦s ❞❡♣❡♥❞❡♥ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧❛ ❞✐st❛♥❝✐❛ ❞❡ ❧♦s ♣✉♥t♦s

❞❡ ❝❛❞❛ ❝❧✉st❡r ❛ s✉ ❝❡♥tr♦✐❞❡ r❡❧❛t✐✈♦✳ ❇❛❥♦ ❡❧ s✉♣✉❡st♦ ❞❡ ♥♦r♠❛❧✐❞❛❞ ❡♥ ❧❛

❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ❞❛t♦s ❞❡ ❡♥tr❛❞❛✱ ❧♦s ✈❛❧♦r❡s ❞❡ ❞✐st❛♥❝✐❛ ❛♥t❡s ♠❡♥❝✐♦♥❛❞♦s

♣r❡s❡♥t❛♥ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ q✉❡ s✉ ♠❡❞✐❛ s❡ ✧s❡♣❛r❛✧ ❞❡ ❝❡r♦ ❝✉❛♥❞♦ ❧❛

❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❛✉♠❡♥t❛ ♦ ❝✉❛♥❞♦ ❧♦s ❞❛t♦s s❡ ❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❜♦r❞❡ ❞❡❧

❡s♣❛❝✐♦ ❞❡ ❞✐♠❡♥s✐ó♥ ❉ ❡♥ ❡❧ q✉❡ s❡ ❡♥❝✉❡♥tr❛♥ ❧♦s ♣❛tr♦♥❡s ❝♦♠♦ s❡ ❞❡s❝r✐❜❡

❡♥ ❧❛ ❋✐❣✉r❛ ✻✳✷✳

❉❛❞❛ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❛❥✉st❡ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ❛♥t❡ ❞❛t♦s ❞❡ ❛❧t❛ ❞✐✲

♠❡♥s✐♦♥❛❧✐❞❛❞ ✭✈❡r s❡❝❝✐ó♥ ✻✳✷✳✷✮ s❡ ❤❛♥ ♣r♦❞✉❝✐❞♦ ✈❛r✐♦s ❛❝❡r❝❛♠✐❡♥t♦s ❛ ❧❛

❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ♣❛rá♠❡tr♦s θ y τ ✳ ❋r❛♥❝♦✐s ❬✷✷✾❪ ❛s✉♠✐❡♥❞♦ ♥♦r♠❛❧✐❞❛❞ ❡♥

❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ✜❥❛ ❧❛s ❝♦t❛s dn ② df ✱ ❧❛s ❝✉❛❧❡s

r❡♣r❡s❡♥t❛♥ ❧❛s ❞✐st❛♥❝✐❛s ❤❛st❛ ❧❛s q✉❡ s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡❧ 5 ② 95% ❞❡ ❧♦s

♣❛tr♦♥❡s ❛❧r❡❞❡❞♦r ❞❡❧ ❝❡♥tr♦✐❞❡✳ P❧❛♥t❡❛♥❞♦ ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛✿

e−(
dn
r
)τ = 0.95 ✭✼✳✹✮

e−(
df
r
)τ = 0.05 ✭✼✳✺✮

❚❡s✐s ❉♦❝t♦r❛❧ ✶✵✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✼✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❉❊ ◆❖❉❖❙ ❉❊ ❚■P❖ ❘❆❉■❆▲
●❊◆❊❘❆▲■❩❆❉❖❙

❊st❡ ♣❧❛♥t❡❛♠✐❡♥t♦ t✐❡♥❡ ❧❛ ❞✐✜❝✉❧t❛❞ ❞❡ q✉❡ dn ♣✉❡❞❡ t♦♠❛r ✈❛❧♦r❡s

♠❡♥♦r❡s q✉❡ ❝❡r♦ ♣♦r ❧♦ q✉❡ r❡❞❡✜♥✐♠♦s ❡❧ s✐st❡♠❛ ❝♦♠♦✿

e−(
µ
r
)τ = 0.5 ✭✼✳✻✮

e−(
df
r
)τ = 0.05 ✭✼✳✼✮

❉♦♥❞❡ µ ❡s ❧❛ ♠❡❞✐❛ ❞❡ ❧❛s ❞✐st❛♥❝✐❛s ❛❧ ❝❡♥tr♦ ❞❡❧ ❝❧✉st❡r ✭r❡❝♦r❞❡♠♦s

q✉❡ τ = e× r × tg(δ)✮✱ ♣❡r♠✐t✐❡♥❞♦ q✉❡ ♥✉♥❝❛ s❡ ✐♥❞❡✜♥❛✳ ❘❡s♦❧✈✐❡♥❞♦ ❡❧ s✐s✲

t❡♠❛ s❡ ♦❜t✐❡♥❡ ❝♦♠♦ r❡s✉❧t❛❞♦✿

τ =
ln ln 0.05

ln 0,5

ln µ
df

==> e× r × tgδ ✭✼✳✽✮

r =
df

(− ln 0.05)1/τ
✭✼✳✾✮

❊❧ ✈❛❧♦r ✵✳✺ ♣❛r❛ ❡❧ ✈❛❧♦r ❞❡ ❛❝t✐✈❛❝✐ó♥ ❞❡ ❧❛ ✭●●✮ ❡s ✜❥❛❞♦ ❡♥ ❧❛ ❢ór♠✉❧❛

✼✳✻ ♣❛r❛ s✐♠✉❧❛r ❧❛ ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ q✉❡ ✉♥ ♣✉♥t♦ ✭✉♥❛ ❞✐st❛♥❝✐❛✮ s❡ ❡♥❝✉❡♥tr❡

❛♥t❡s ❞❡ ❧❛ ♠❡❞✐❛✳ ❖tr♦s ❡♥❢♦q✉❡s ♣✉❡❞❡♥ ✜❥❛r ✈❛❧♦r❡s ❝❡r❝❛♥♦s ❛ ✶ ✭❡❥✳ ✵✳✾✺✮

❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❞❛r❧❡ ♠ás ❣r❛❞♦ ❞❡ ♣❡rt❡♥❡♥❝✐❛ ❛❧ ♣❛tró♥ r❡s♣❡❝t♦ ❛❧ ❝❧✉st❡r

q✉❡ ♣❡rt❡♥❡❝❡ ♣✉❡s ❧❛ ♠❛②♦r ♣r♦❜❛❜✐❧✐❞❛❞ ❞❡ ❡♥❝♦♥tr❛r ✉♥ ♣❛tró♥ s❡ ❡♥❝✉❡♥tr❛

❛❧r❡❞❡❞♦r ❞❡ ❧❛ ♠❡❞✐❛✳ ❆♠❜♦s ❡♥❢♦q✉❡s s♦♥ ✈á❧✐❞♦s ② ❛♣❧✐❝❛❜❧❡s✱ ♥♦ ♦❜st❛♥t❡✱

❡s ♥❡❝❡s❛r✐♦ ♣✉♥t✉❛❧✐③❛r q✉❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛ ✐♠❛❣❡♥ ❞❡ ❧❛ ●● ♣❛r❛ ❝✉❛❧q✉✐❡r ①

6= ✵ ♥♦ ♣✉❡❞❡ ❛❧❝❛♥③❛r ❡❧ ✈❛❧♦r ✶ ♣✉❡s s❡ ✐♥❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ ✼✳✽✳

❖tr❛ ❢♦r♠❛ ❞❡ ✐♥✐❝✐❛❧✐③❛r ❡❧ ✈❛❧♦r ❞❡ δ = arctg( 2
e×r ) ❡q✉✐✈❛❧❡♥t❡ ❛ τ = 2

♣❛r❛ s✐♠✉❧❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛s ❙❘❇❋✱ s❡❣✉✐❞❛♠❡♥t❡ ❡❧ r❛❞✐♦ s❡ ✐♥✐❝✐❛❧✐✲

③❛ ❝♦♥ ❧❛ ♠❡❞✐❛ ❝✉❛❞rát✐❝❛ ❞❡ ❧❛s ❞✐st❛♥❝✐❛s ❛ ❧❛s ❞♦s ♥♦❞♦s ♠ás ❝❡r❝❛♥♦s✳ ❊st❛

s❡❣✉♥❞❛ ✈❛r✐❛♥t❡ s❡ ❛❥✉st❛rí❛ ♠❡♥♦s ❛ ❧♦s ❞❛t♦s ✐♥✐❝✐❛❧❡s ② ❞❡❥❛rí❛ ❡❧ ❛❥✉st❡ ❞❡

❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ ❛ ❧❛s s✐❣✉✐❡♥t❡s ❢❛s❡s ❞❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦✳ ❉❡

❢♦r♠❛ r❡s✉♠✐❞❛ ❧❛ s❡❣✉♥❞❛ ✈❛r✐❛♥t❡ ❞❡ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ s❡ ♣✉❡❞❡ ❡①♣r❡s❛r ❝♦♠♦✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✵✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✼✳✸✳ ❊♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❧❛s ❘❡❞❡s ◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛

τ = 2 ==> e× r × tgδ ✭✼✳✶✵✮

r =
√

d1 × d2 ✭✼✳✶✶✮

❞♦♥❞❡ d1 ② d2 s♦♥ ❧❛s ❞✐st❛♥❝✐❛s ❛ ❧❛s ❞♦s ♥♦❞♦s ♠ás ❝❡r❝❛♥♦s✳

✼✳✸✳✵✳✷✳ ▼✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋

▲❛s ♠✉t❛❝✐♦♥❡s ♣❛r❛♠étr✐❝❛s r❡❛❧✐③❛❞❛s ♣♦r ❡❧ ❛❧❣♦r✐t♠♦ ❞❡s❝r✐t♦ s❡ s❡✲

♠❡❥❛♥ ❛ ❧❛s ❞❡s❝r✐t❛s ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✸✳✻✳✶ ❛ ❧❛ ❝✉❛❧ s❡ ❧❡ ✐♥❝♦r♣♦r❛ ❧❛ ♠✉t❛❝✐ó♥

❞❡❧ ♣❛rá♠❡tr♦ δ ✐♥tr♦❞✉❝✐❞♦ ❡♥ ❧♦s ♠♦❞❡❧♦s ●❘❇❋◆◆✳ ▲❛ ♠✉t❛❝✐ó♥ ❞❡ ❧♦s

♣❛rá♠❡tr♦s ❞❡❧ ♠♦❞❡❧♦ ❝♦♥s✐st❡ ❡♥ ❛ñ❛❞✐r ❛ ❝❛❞❛ ♣❡s♦ wji ✭❝❛♣❛ ♦❝✉❧t❛✮ ② βij

✭❝❛♣❛ ❞❡ s❛❧✐❞❛✮ ✉♥ r✉✐❞♦ ❣❛✉ss✐❛♥♦✱ ❞♦♥❞❡ ❧❛ ✈❛r✐❛♥③❛ ❞❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡

●❛✉ss ❞❡♣❡♥❞❡ ❞❡ ❧❛ t❡♠♣❡r❛t✉r❛ ❞❡ ❧❛ r❡❞✳ ❈♦♥❝r❡t❛♠❡♥t❡✱ ❧♦s ♣❡s♦s wji ❞❡

❧❛ ❝❛♣❛ ✐♥t❡r♠❡❞✐❛ q✉❡❞❛♥ ❛❝t✉❛❧✐③❛❞♦s ❞❡ ❧❛ ❢♦r♠❛✿

wij(t+ 1) = wij(t) + ξ1(t) ✭✼✳✶✷✮

i ∈ [0, ..., n], j ∈ [1, ....,M ]

s✐❡♥❞♦ ξ1(t) ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ❝♦♥ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ N(0, α1(t)T (θ̂))✳

❊♥ ❝✉❛♥t♦ ❛ ❧♦s ♣❡s♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ s❡ ❛❝t✉❛❧✐③❛rá♥ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✿

βij(t+ 1) = βij(t) + ξ2(t) ✭✼✳✶✸✮

i ∈ [1, ..., L− 1], j ∈ [0, ....,M ]

s✐❡♥❞♦ ξ2(t) ✉♥❛ ✈❛r✐❛❜❧❡ ❛❧❡❛t♦r✐❛ ❝♦♥ ❞✐str✐❜✉❝✐ó♥ ♥♦r♠❛❧ N(0, α2(t)T (θ̂))✳

▲♦s ❝❛♠❜✐♦s ❡♥ ❧♦s ♣❡s♦s s❡ r❡❛❧✐③❛♥ ❞❡ ❢♦r♠❛ s❡❝✉❡♥❝✐❛❧ ❡♥ ❧♦s ♥♦❞♦s

❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✱ ❞❡ ♠❛♥❡r❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ ♥♦❞♦ ❥ ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✱ s❡

♠♦❞✐✜❝❛♥ ❧♦s ♣❡s♦s wj ✱ ② s❡❣✉✐❞❛♠❡♥t❡ s❡ ❛❝t✉❛❧✐③❛♥ ❧♦s ♣❡s♦s ❞❡ ❧❛ ❝❛♣❛ ❞❡

❚❡s✐s ❉♦❝t♦r❛❧ ✶✵✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✼✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❉❊ ◆❖❉❖❙ ❉❊ ❚■P❖ ❘❆❉■❆▲
●❊◆❊❘❆▲■❩❆❉❖❙

s❛❧✐❞❛ βij ❞♦♥❞❡ 1 ≤ i ≤ L − 1 ✳ ❯♥❛ ✈❡③ r❡❛❧✐③❛❞♦s ❧♦s ❝❛♠❜✐♦s ❡♥ ❧♦s ♣❡s♦s✱

❧❛ ❛♣t✐t✉❞ ❞❡❧ ✐♥❞✐✈✐❞✉♦ ❡s r❡❝❛❧❝✉❧❛❞❛ ♣❛r❛ ❛♣❧✐❝❛r ✉♥ ❛❧❣♦r✐t♠♦ ❡stá♥❞❛r ❞❡

❡♥❢r✐❛♠✐❡♥t♦ s✐♠✉❧❛❞♦✳ ❙✐ ❧❧❛♠❛♠♦s ∆A ❛ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❛♣t✐t✉❞ ❛♥t❡s ②

❞❡s♣✉és ❞❡❧ ❝❛♠❜✐♦ ❡♥ ❧♦s ♣❡s♦s✱ r❡s✉❧t❛ q✉❡✿

R(∆A) =

{

Si ∆A ≥ 0, s❡ ❛❝❡♣t❛ ❡❧ ❝❛♠❜✐♦

Si ∆A ≤ 0, s❡ ❛❝❡♣t❛ ❡❧ ❝❛♠❜✐♦ s✐ e
∆A
T < γ✱ ❞♦♥❞❡ γ ∈ U(0, 1)

✭✼✳✶✹✮

❊st❡ ♣r♦❝❡s♦ ❞❡ ❡♥❢r✐❛♠✐❡♥t♦ s✐♠✉❧❛❞♦ s❡ r❡♣✐t❡ ♣❛r❛ ❝❛❞❛ r❡❞ ♠✉t❛❞❛✳

❊❧ ❛❥✉st❡ ❞❡ ❧♦s ♣❛rá♠❡tr♦s q✉❡ ✐♥t❡r✈✐❡♥❡♥ ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ s❡ ❞❡s❝r✐❜❡♥ ❡♥ ❧❛

s❡❝❝✐ó♥ ✸✳✸✳✻✳✶✳

P♦r ú❧t✐♠♦ s❡ ❛❥✉st❛ ❡❧ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ δ r❡s✉♠✐❞♦ ❡♥ ❧❛ ❡①♣r❡s✐ó♥✿

δ = δ + signo(z − 0.5) ∗ π

90
∗ z ✭✼✳✶✺✮

❞♦♥❞❡ ③ ❡s ✉♥ ♥ú♠❡r♦ ❣❡♥❡r❛❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ s✐❣✉✐❡♥❞♦ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ✉♥✐✲

❢♦r♠❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [0, 1]✳

✼✳✸✳✵✳✸✳ ▼✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋

▲❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ♠♦❞✐✜❝❛ ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ♦❝✉❧t♦s ② ❡❧ ♥ú♠❡✲

r♦ ❞❡ ❝♦♥❡①✐♦♥❡s ❡♥tr❡ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❛❢❡❝t❛♥❞♦ ❞❡ ❡st❛ ❢♦r♠❛ ❛ ❧❛

t♦♣♦❧♦❣í❛ ❞❡ ❧❛ r❡❞ ② ♣❡r♠✐t✐❡♥❞♦ ❡①♣❧♦r❛r ♥✉❡✈❛s r❡❣✐♦♥❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜ús✲

q✉❡❞❛✳ ❈♦♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✸✳✻✳✷✱ ❝✐♥❝♦ ♠✉t❛❝✐♦♥❡s ❡str✉❝t✉r❛❧❡s

❞✐st✐♥t❛s s❡ ❛♣❧✐❝❛♥ s♦❜r❡ ❧♦s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ✿ ❆ñ❛❞✐r ◆♦❞♦s ✭❆◆✮✱

❊❧✐♠✐♥❛r ◆♦❞♦s ✭❊◆✮✱ ❆ñ❛❞✐r ❈♦♥❡①✐♦♥❡s ✭❆❈✮✱ ❊❧✐♠✐♥❛r ❈♦♥❡①✐♦♥❡s ✭❊❈✮ ②

❯♥✐r ◆♦❞♦s ✭❯◆✮✳ ❊♥tr❡ ❧❛s ♣♦s✐❜❧❡s ♠✉t❛❝✐♦♥❡s s♦❧♦ ❆◆ ② ❯◆ ♥❡❝❡s✐t❛♥ ✉♥❛

❡str❛t❡❣✐❛ ♣❛r❛ ❡st❛❜❧❡❝❡r ❡❧ ✈❛❧♦r ❞❡❧ ♥✉❡✈♦ ♣❛rá♠❡tr♦ δ✳

❈✉❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ s❡ ❞✐s♣♦♥❡ r❡❛❧✐③❛r ❧❛ ❛❞✐❝✐ó♥ ❞❡ ✉♥ ♥✉❡✈♦ ♥♦❞♦

❡❥❡❝✉t❛ ❧♦s ♣❛s♦s ❞❡s❝r✐t♦s ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✸✳✻✳✷ ✐♥❝♦r♣♦r❛♥❞♦ ❧❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡❧

♣❛rá♠❡tr♦ δ = arctg( 2
e×r ) ♣❛r❛ s✐♠✉❧❛r ✉♥ ♥♦❞♦ ❙❘❇❋✳ ▲❛ ❝❛✉s❛ ❢✉♥❞❛♠❡♥t❛❧

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✵✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✼✳✹✳ ❊①♣❡r✐♠❡♥t❛❝✐ó♥

❞❡ ❡st❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❡s q✉❡ ❡♥ ❡❧ ♠♦♠❡♥t♦ ❞❡ ❛❞✐❝✐♦♥❛r ✉♥ ♥✉❡✈♦ ♥♦❞♦✱ ♥♦ s❡

❝♦♥♦❝❡ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ♣❛tr♦♥❡s ❛ s✉ ❛❧r❡❞❡❞♦r✳

❙✐ ❜✐❡♥ ❧❛ ❝r❡❛❝✐ó♥ ❞❡ ♥✉❡✈♦s ♥♦❞♦s ●❘❇❋ ♣❡r♠✐t❡ ❝♦❧♦❝❛r ♥♦❞♦s ❡♥

③♦♥❛s ✧♥♦ ❡①♣❧♦r❛❞❛s✧ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❜úsq✉❡❞❛✱ ❧❛ ✉♥✐ó♥ ❞❡ ❞♦s ♥♦❞♦s ♣❡r✲

♠✐t❡ ♦❜t❡♥❡r ♠♦❞❡❧♦s ❞❡ ❘◆❆s ♠ás s✐♠♣❧❡s✳ P❛r❛ ❞❡✜♥✐r ❡❧ ♣r♦❝❡❞✐♠✐❡♥t♦

♣❛r❛ ❯♥✐r ❞♦s ◆♦❞♦s ❧❧❛♠❡♠♦s cj ❛❧ ❝❡♥tr♦ ❞❡✜♥✐❞♦ ♣♦r ❡❧ ♥♦❞♦ j✱ ❡s ❞❡❝✐r✱

(w1j , w2j , ..., wkj) ② rj ❛ s✉ r❛❞✐♦✳ ❊♥ ❡st❡ ❝❛s♦✱ ❧❛ ♠✉t❛❝✐ó♥ ❋◆ ❞❡ ❞♦s ●❘❇❋✱

a ② b✱ ❝♦♥s✐st✐rá ❡♥ ❝❛❧❝✉❧❛r ❡❧ ❝❡♥tr♦ ② r❛❞✐♦ ❞❡❧ ♥♦❞♦ c ❝♦♠♦✿

cc =
ra

ra+rb
·ca+ rb

ra+rb
·cb rc =

ra+rb
2

❉❡ ✐❣✉❛❧ ❢♦r♠❛ s❡ ❝❛❧❝✉❧❛ ❡❧ ♥✉❡✈♦ ✈❛❧♦r ❞❡❧ ♣❛rá♠❡tr♦ δ ❝♦♠♦ ❧❛ ♠❡❞✐❛

❞❡ ❧♦s ♣❛rá♠❡tr♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧♦s ♥♦❞♦s ❛ ✉♥✐r✿

δc =
δa+δb

2

✼✳✹✳ ❊①♣❡r✐♠❡♥t❛❝✐ó♥

❚r❛s ❧❛ ❡❧❛❜♦r❛❝✐ó♥ ❞❡❧ ♥✉❡✈♦ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦ s❡ ♣r♦❝❡❞✐ó ❛ ♣❛s❛r ❛

❧❛ ❢❛s❡ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ ❞❡s❝r✐t❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ♠❡❞✐❛♥t❡ ✉♥ ❛♥á❧✐s✐s ❞❡ ❧❛s

❜❛s❡s ❞❡ ❞❛t♦s ✉t✐❧✐③❛❞❛s ② ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❧❛s ●❘❇❋◆◆s s♦❜r❡

❞❛t♦s ❞❡ ❧❛ ❯❈■✳

✼✳✹✳✶✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s ② ❞❡❧ ❞✐s❡ñ♦ ❡①♣❡r✐✲
♠❡♥t❛❧

▲❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ ❡s ❛♣❧✐❝❛❞❛ s♦❜r❡ ✶✸ ❜❛s❡s ❞❡ ❞❛t♦s ♣❡rt❡♥❡✲

❝✐❡♥t❡s ❛ ❧❛ ❯❈■ ❬✹❪✳ P❛r❛ r❡❛❧✐③❛r ❧❛ ❝♦♠♣❛r❛❝✐ó♥ s❡ ❡st❛❜❧❡❝❡ ✉♥ ♠❛r❝♦ ❞❡

❡①♣❡r✐♠❡♥t❛❝✐ó♥ ❞♦♥❞❡ s❡ ✉t✐❧✐③❛ ✉♥ ú♥✐❝♦ ❆❊ ✭ ❡❧ ◆◆❊P✮ ♣❛r❛ ❡♥tr❡♥❛r ♠♦✲

❞❡❧♦s ❞❡ ❘◆❆s ❝♦♥ ❧❛ ❡str✉❝t✉r❛ ❞❡s❝r✐t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✷✳✷✳ ❆❧ ♠✐s♠♦ t✐❡♠♣♦

❝❛❞❛ ❛❧❣♦r✐t♠♦ ◆◆❊P ❞❛ ♦r✐❣❡♥ ❛ ✹ ❞✐❢❡r❡♥t❡s ✈❡rs✐♦♥❡s ❞❡ ❛❝✉❡r❞♦ ❛❧ t✐♣♦ ❞❡

♥♦❞♦ q✉❡ ❝♦♠♣♦♥❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ❞❡ ❝❛❞❛ ❘◆❆✱ s✐❡♥❞♦ ❧♦s ♥♦❞♦s ❛ ❛❥✉st❛r

❞❡ t✐♣♦ ❙❘❇❋✱ ❯P✱ ❯❙ ② ●❘❇❋✱ ❞♦♥❞❡ ❡st❡ ú❧t✐♠♦ ❝♦♥st✐t✉②❡ ❧❛ ♣r♦♣✉❡st❛

r❡❛❧✐③❛❞❛ ❡♥ ❡st❡ ❝❛♣ít✉❧♦✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✶✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✼✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❉❊ ◆❖❉❖❙ ❉❊ ❚■P❖ ❘❆❉■❆▲
●❊◆❊❘❆▲■❩❆❉❖❙

▲❛s ❜❛s❡s ❞❡ ❞❛t♦s s❡❧❡❝❝✐♦♥❛❞❛s ✐♥❝❧✉②❡♥ s✐❡t❡ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥

❜✐♥❛r✐❛ ② ✺ ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ♠✉❧t✐❝❧❛s❡✳ ❈❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ♣r❡s❡♥t❛

✉♥ ♥ú♠❡r♦ ❞✐❢❡r❡♥t❡ ❞❡ ❝❧❛s❡s✱ ❝❛r❛❝t❡ríst✐❝❛s ❡ ✐♥st❛♥❝✐❛s ✭ ✈❡r ❚❛❜❧❛ ✼✳✷✮✳ ❊❧

♠í♥✐♠♦ ② ♠á①✐♠♦ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ♦❝✉❧t♦s ❢✉❡r♦♥ ♦❜t❡♥✐❞♦s ❛ ♣❛rt✐r ❞❡❧ ♠❡✲

❥♦r r❡s✉❧t❛❞♦ ❞❡ ✉♥ ❞✐s❡ñ♦ ❡①♣❡r✐♠❡♥t❛❧ ♣r❡✈✐♦ ❆♥♦✈❛ ■✱ ❝♦♥s✐❞❡r❛♥❞♦ ✈❛❧♦r❡s

♣❡q✉❡ñ♦s✱ ♠❡❞✐♦s ② ❣r❛♥❞❡s ❬✷✸✵❪ ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s ♠✱ MI ✱ ME ✳ ❊♥ ❝❛❞❛

❜❛s❡ ❞❡ ❞❛t♦s✱ s❡ r❡❛❧✐③❛r♦♥ ✶✵ ❞✐❢❡r❡♥t❡s s✐♠✉❧❛❝✐♦♥❡s ✭ ♥♦ ❛❜❛r❝❛❞♦ t♦❞♦ ❡❧

❡s♣❛❝✐♦ ❞❡ ❝♦♠❜✐♥❛❝✐♦♥❡s ✭✷✼✮✮✱ r❡❛❧✐③❛♥❞♦ ❡❧ ♣♦st❡r✐♦r ❛♥á❧✐s✐s ❞❡ ❧♦s r❡s✉❧t❛✲

❞♦s ♠❡❞✐❛♥t❡ ✉♥❛ ♣r✉❡❜❛ ❞❡ ✧❚✉❦❡②✲♣♦st❤♦❝✧ ❬✷✸✶❪✳ ❙✐ ❧❛ ♣r✉❡❜❛ ✐♥❞✐❝❛ q✉❡

♥♦ ❡①✐st❡♥ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s ❡♥tr❡ ❧♦s r❡s✉❧t❛❞♦s ✭ ❈❈❘ ❡♥ ❡❧ ❝♦♥❥✉♥t♦

❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✮ ❞❡ ❧❛s ✸✵ ❡❥❡❝✉❝✐♦♥❡s ❞❡❧ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ✶✵

❝♦♠❜✐♥❛❝✐♦♥❡s✱ s❡ s❡❧❡❝❝✐♦♥❛♥ ❧♦s ♠❡♥♦r❡s ✈❛❧♦r❡s ♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s ♠✱ MI

❛♥❞ ME ✳ ❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦✱ s✐ s❡ ♦❜t✐❡♥❡♥ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s✱ s❡ s❡❧❡❝❝✐♦✲

♥❛♥ ❧♦s ✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ❝♦♥✜❣✉r❛❝✐ó♥ ♣❛r❛ ❧❛ ❝✉❛❧ s❡ ♦❜t✉✈✐❡r♦♥

❧♦s ♠❡❥♦r❡s r❡s✉❧t❛❞♦s✳ ▲❛ ❝♦♥✜❣✉r❛❝✐ó♥ ❞❡✜♥✐❞❛ ♣❛r❛ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s s❡

❞❡s❝r✐❜❡ ❡♥ ❧❛ ❚❛❜❧❛ ✼✳✷✳

❉❛t❛s❡t ❙✐③❡ ❘ ❇ ◆ ♯
■♥✳

♯
❖✉t✳

❉✐str✐❜✉t✐♦♥ [m,MI ,ME ]♯
●❡♥✳

▲❛❜♦r ✺✼ ✽ ✸ ✺ ✷✾ ✷ ✭✸✵✱ ✷✼✮ ❬✶✱ ✷✱ ✸❪ ✷✺
❍❡♣❛t✐t✐s ✶✺✺ ✻ ✶✸ ✲ ✶✾ ✷ ✭✸✷✱ ✶✷✸✮ ❬✶✱ ✷✱ ✸❪ ✷✺
❙♦♥❛r ✷✵✽ ✻✵ ✲ ✲ ✻✵ ✷ ✭✾✽✱ ✶✶✵✮ ❬✶✱ ✷✱ ✸❪ ✸✵✵
❇r❡❛st❈ ✷✽✻ ✹ ✸ ✷ ✶✺ ✷ ✭✷✵✶✱ ✽✺✮ ❬✶✱ ✷✱ ✸❪ ✺✵
■♦♥♦s ✸✺✶ ✸✸ ✶ ✲ ✸✹ ✷ ✭✶✷✻✱ ✷✷✺✮ ❬✸✱ ✹✱ ✺❪ ✸✵✵
❈❛r❞ ✻✾✵ ✻ ✹ ✺ ✺✶ ✷ ✭✸✵✼✱ ✸✵✽✮ ❬✶✱ ✷✱ ✸❪ ✺✵
●❡r♠❛♥ ✶✵✵✵ ✻ ✸ ✶✶ ✻✶ ✷ ✭✼✵✵✱ ✸✵✵✮ ❬✷✱ ✸✱ ✹❪ ✸✵✵
◆❡✇t❤②r♦✐❞✷✶✺ ✺ ✲ ✲ ✺ ✸ ✭✶✺✵✱ ✸✺✱ ✸✵✮ ❬✶✱ ✶✱ ✹❪ ✶✵✵
P♦st❖♣ ✾✵ ✶ ✲ ✼ ✷✵ ✸ ✭✷✱ ✷✹✱ ✻✹✮ ❬✶✱ ✷✱ ✸❪ ✶✵✵
●❧❛ss ✷✶✹ ✾ ✲ ✲ ✾ ✻ ✭✼✵✱ ✼✻✱ ✶✼✱ ✶✸✱

✾✱ ✷✾✮
❬✼✱ ✽✱ ✾❪ ✺✵✵

❩♦♦ ✶✵✶ ✶ ✶✺ ✲ ✶✻ ✼ ✭✹✶✱ ✷✵✱ ✺✱ ✶✸✱
✹✱ ✽✱ ✶✵✱✹✱ ✽✱
✶✵✮

❬✹✱ ✼✱ ✾❪ ✸✵✵

❊❝♦❧✐ ✸✸✻ ✼ ✲ ✲ ✼ ✽ ✭✶✹✸✱ ✼✼✱ ✺✷✱
✸✺✱ ✷✵✱ ✺✱ ✷✱ ✷✮

❬✹✱ ✼✱ ✾❪ ✸✵✵

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✶✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✼✳✹✳ ❊①♣❡r✐♠❡♥t❛❝✐ó♥

❚❛❜❧❛ ✼✳✷✿ ❈♦♥✜❣✉r❛❝✐ó♥ ❞❡✜♥✐❞❛ ♣❛r❛ ❧❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ s♦❜r❡ ❝❛❞❛ ✧❞❛t❛✲
s❡t✧✳

❊❧ ❞✐s❡➠♦ ❡①♣❡r✐♠❡♥t❛❧ s❡ r❡❛❧✐③ó ♠❡❞✐❛♥t❡ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❝r♦ss✈❛✲

❧✐❞❛❝✐ó♥ ✉t✐❧✐③❛♥❞♦ 3/4ṅ ❞❡ ❧♦s ♣❛tr♦♥❡s ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s ♣❛r❛ ❡♥tr❡♥❛♠✐❡♥t♦

② n/4 ♣❛tr♦♥❡s ♣❛r❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥✳ P❛r❛ ❡✈❛❧✉❛r ❧❛ ❡st❛❜✐❧✐❞❛❞

❞❡ ❧♦s ♠ét♦❞♦s✱ ❡❧ ❆❊ ❢✉❡ ❡❥❡❝✉t❛❞♦ ✸✵ ✈❡❝❡s ✉t✐❧✐③❛♥❞♦ ❛❧ ❈❈❘ ❝♦♠♦ ♠❡❞✐❞❛

❞❡ ❞❡s❡♠♣❡ñ♦✳

❚♦❞♦s ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ❛❧❣♦r✐t♠♦ ♣r♦♣✉❡st♦ ❢✉❡r♦♥ ❧♦s ♠✐s♠♦s ❛ ❡①✲

❝❡♣❝✐ó♥ ❞❡ ♠✱ MI ✱ ME ② ❡❧ ♥ú♠❡r♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s ✭✈❡r ❚❛❜❧❛ ✼✳✸✮✳ ❈♦♥ ❡❧

♦❜❥❡t✐✈♦ ❞❡ ♥♦ t❡♥❡r ❝♦♥❥✉♥t♦s ❞❡ ❞❛t♦s ❝♦♥ ❛tr✐❜✉t♦s ❞❡s♣r♦♣♦r❝✐♦♥❛❞♦s q✉❡

❛❢❡❝t❛s❡♥ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆ s❡ r❡❛❧✐③ó ✉♥ ❡s✲

❝❛❧❛❞♦ ❞❡ ❧♦s ✈❛❧♦r❡s ❞❡ ❝❛❞❛ ❛tr✐❜✉t♦ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [−2, 2] ✭X∗i r❡♣r❡s❡♥t❛

❧❛s ✈❛r✐❛❜❧❡s tr❛♥s❢♦r♠❛❞❛s✮✳ ▲❛s ❝♦♥❡①✐♦♥❡s ❡♥tr❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ❧❛ ❝❛♣❛ ❞❡

s❛❧✐❞❛ s❡ ✐♥✐❝✐❛❧✐③❛♥ ❝♦♥ ✈❛❧♦r❡s ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ✐♥t❡r✈❛❧♦ [−5, 5]✳

❊❧ t❛♠❛ñ♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ❛ ❡✈♦❧✉❝✐♦♥❛r ♣♦r ❡❧ ❆❊ ❢✉❡ ❡st❛❜❧❡❝✐❞❛ ❡♥ ◆

❂ ✷✵✵✳ P❛r❛ ❧❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧✱ ❡❧ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ♣♦s✐❜❧❡s ❛ ❛❞✐❝✐♦♥❛r

♦ ❡❧✐♠✐♥❛r s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [1, 2]✱ ② ❡❧ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①✐♦♥❡s ❛

❛❞✐❝✐♦♥❛r ♦ ❡❧✐♠✐♥❛r ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ ❞✉r❛♥t❡ ❧❛ ♠✉t❛❝✐ó♥

❡str✉❝t✉r❛❧ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❬✶✱ ✼❪✳

✼✳✹✳✷✳ ❘❡s✉❧t❛❞♦s ❞❡ ❧❛s ●❘❇❋◆◆

❚r❛s ❡st❛r ❡st❛❜❧❡❝✐❞♦ ❡❧ ❞✐s❡ñ♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ s❡ ♦❜t✉✈✐❡r♦♥ ❧♦s r❡✲

s✉❧t❛❞♦s ❡①♣✉❡st♦s ❡♥ ❧❛ ❚❛❜❧❛ ✼✳✸ ❞♦♥❞❡ s❡ ♦❜s❡r✈❛ ❧❛ ♠❡❞✐❛ ② ❧❛ ❞❡s✈✐❛❝✐ó♥

❡stá♥❞❛r ❞❡❧ ❈❈❘ ❡♥ ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ (CG) ♣❛r❛ ❝❛❞❛ ❜❛s❡ ❞❡

❞❛t♦s ② ❝❛❞❛ ♠♦❞❡❧♦ q✉❡ ✉t✐❧✐③❛ ♥♦❞♦s ❞❡ t✐♣♦ ●❘❇❋✱ ❙❘❇❋✱ ❯❙ ② ❯P✳ ❈❛❞❛

❛❧❣♦r✐t♠♦ ❡s ❡❥❡❝✉t❛❞♦ ✸✵ ✈❡❝❡s✱ s♦❜r❡ ❝✉②❛s ♠❡❞✐❛s CG s❡ ♦❜t✉✈♦ ❡❧ ✧r❛♥❦✐♥❣✧

❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❡♥ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ✭❘ ❂ ✶ ♣❛r❛ ❡❧ ♠❡❥♦r ♠♦❞❡❧♦ ② ❘ ❂ ✹

♣❛r❛ ❡❧ ♣❡♦r✮✳ ❧❛ ❚❛❜❧❛ ✼✳✸ ✐♥❝❧✉②❡ ❛❞❡♠ás ❧❛ ♠❡❞✐❛ ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s (CG) ② ❧❛

♠❡❞✐❛ ❞❡ ❧♦s ✧r❛♥❦✐♥❣s✧ ♦ ✧r❛♥❦✐♥❣✧ ♠❡❞✐♦ (RCG
) s♦❜r❡ ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❣❡♥❡✲

❚❡s✐s ❉♦❝t♦r❛❧ ✶✶✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✼✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❉❊ ◆❖❉❖❙ ❉❊ ❚■P❖ ❘❆❉■❆▲
●❊◆❊❘❆▲■❩❆❉❖❙

r❛❧✐③❛❝ó♥ ♣❛r❛ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s✳ ❉❡ ❡st♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠♦s ✐♥❢❡r✐r ❞❡s❞❡

✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ ♣✉r❛♠❡♥t❡ ❞❡s❝r✐♣t✐✈♦✱ q✉❡ ❧♦s ♠♦❞❡❧♦s ●❘❇❋ ♦❜t✐❡♥❡♥ ❧♦s

♠❡❥♦r❡s r❡s✉❧t❛❞♦s ❡♥ CG ♣❛r❛ ✾ ❜❛s❡s ❞❡ ❞❛t♦s ② ❧♦s ♠♦❞❡❧♦s ❙❘❇❋ ❛❧❝❛♥③❛r♦♥

❡❧ ♠❡❥♦r ❞❡s❡♠♣❡ñ♦ ❡♥ ✷ ❜❛s❡s ❞❡ ❞❛t♦s✳ P♦r ❡❧❧♦ ❧♦s ♠♦❞❡❧♦s ●❘❇❋ ❛❧❝❛♥③❛♥

❧❛ ♠❡❥♦r ♠❡❞✐❛ (CG = 83.26%) ② ✧r❛♥❦✐♥❣✧ (RCG
= 1.33) ❡♥ CG✳ ❈♦♠♦ s❡

♣✉❡❞❡ ♦❜s❡r✈❛r✱ ❧♦s ♠♦❞❡❧♦s ●❘❇❋ s♦♥ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣r❡❝✐s♦s ❝✉❛♥❞♦ s❡ tr❛✲

t❛♥ ♣r♦❜❧❡♠❛s ❝♦♥ ✧❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✧ ✭❡✳❣✳✱ ✈❡r ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s ●❡r♠❛♥✱

❈❛r❞✱ ■♦♥♦s ❛♥❞ ▲❛❜♦r✮✱ ♣✉❡s ❧❛ ♣r❡s❡♥❝✐❛ ❞❡❧ ♣❛rá♠❡tr♦ δ ♦ s✉ ✧❡q✉✐✈❛❧❡♥t❡✧

τ ♣❡r♠✐t❡♥ ❛ ❧❛ ●● ❛❞❛♣t❛rs❡ ❛ ❧❛ ❞✐str✐❜✉❝✐ó♥ ❞❡ ❧♦s ♣❛tr♦♥❡s ❡♥ ❡❧ ❡s♣❛❝✐♦✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ s✐❣♥✐✜❝❛❝✐ó♥ ❡st❛❞íst✐❝❛ ❞❡ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❧♦s

✧r❛♥❦✐♥❣s✧ ♦❜s❡r✈❛❞♦s ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♠ét♦❞♦s s♦❜r❡ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s

♣r♦♣✉❡st❛s s❡ ❡❢❡❝t✉ó ✉♥❛ ♣r✉❡❜❛ ♥♦ ♣❛r❛♠étr✐❝❛ ❞❡ ❋r✐❡❞♠❛♥ ❬✺✾❪ s♦❜r❡ ❧♦s

r❛♥❦✐♥❣s ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s ✭CG✮ ❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ s♦❜r❡ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s

❡st❛❜❧❡❝✐❞❛s✳ ❚❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ✉♥❛ ❡✈❛❧✉❛❝✐ó♥ ♣r❡✈✐❛ q✉❡

✈❡r✐✜❝ó ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ♥♦r♠❛❧✐❞❛❞ ② ❧❛ ♥♦ ✐❣✉❛❧❞❛❞ ❞❡ ❧❛ ❤✐♣ót❡s✐s ❞❡ ✈❛r✐❛♥③❛✳

▲❛ ❡❥❡❝✉❝✐ó♥ ❞❡ ❧❛ ♣r✉❡❜❛ ✭❝♦♥ ✉♥ ♥✐✈❡❧ ❞❡ s✐❣♥✐✜❝❛❝✐ó♥ ❞❡ ✉♥ 5%✮ ❛rr♦❥ó

❝♦♠♦ r❡s✉❧t❛❞♦ q✉❡ ❧❛s ♠❡❞✐❛s ❞❡ ❧♦s r❛♥❦✐♥❣s ❞❡ ❧♦s CG ♣♦s❡❡♥ ❞✐❢❡r❡♥❝✐❛s

s✐❣♥✐✜❝❛t✐✈❛s✳ ❙✐❡♥❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥③❛ C0 = (0, F0.05 = 2.89) ② ❧♦s

✈❛❧♦r❡s ❡st❛❞íst✐❝♦s ❞❡ ❧❛ ❋✲❞✐str✐❜✉❝✐ó♥ F 0 ♣❛r❛ CG ② F ∗ ❂ 6.50 ∈ C0✳ ❉❡

❡st❡ ♠♦❞♦ s❡ r❡❝❤❛③❛ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ ❞❡ ❧♦ ❝✉❛❧ s❡ ✐♥✜❡r❡ q✉❡ ❧♦s ❛❧❣♦r✐t♠♦s

t✐❡♥❡♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ✐❣✉❛❧ ❡♥ ❝✉❛♥t♦ ❛ ❧❛ ♠❡❞✐❛ ❞❡ ❧♦s r❛♥❦✐♥✐❣s ❞❡ ❧❛s

♣r❡❝✐s✐♦♥❡s✳

❇❛sá♥❞♦♥♦s ❡♥ ❡♥ ❡❧ r❡❝❤❛③♦ ♦❜t❡♥✐❞♦ s❡ r❡❛❧✐③❛ ✉♥❛ ♣r✉❡❜❛ ❞❡ ◆❡♠❡♥②✐

✧♣♦st✲❤♦❝✧ ❬✻✵❪ ♣❛r❛ ❝♦♠♣❛r❛r ❝❛❞❛ ❝❧❛s✐✜❝❛❞♦r ❝♦♥tr❛ ❧♦s ❞❡♠ás✳ ❊st❛ ♣r✉❡❜❛

❝♦♥s✐❞❡r❛ q✉❡ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❞♦s ❛❧❣♦r✐t♠♦s s♦♥ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s

s✐ ❧❛ ♠❡❞✐❛ ❞❡ s✉s r❛♥❦✐♥❣s ❞✐✜❡r❡ ❛❧ ♠❡♥♦s ❡♥ ✉♥ ✈❛❧♦r ❝rít✐❝♦ ✭❈❉✮ q✉❡ s❡

❝❛❧❝✉❧❛ ❝♦♠♦✿

CD = q

√

K(K + 1)

6D
✭✼✳✶✻✮

❞♦♥❞❡ ❑ ② ❉ s♦♥ ❡❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s✐✜❝❛❞♦r❡s ② ❞❡ ❜❛s❡s ❞❡ ❞❛t♦s✳ ❙✐❡♥❞♦ q

♦❜t❡♥✐❞♦s ❛ ♣❛rt✐r ❞❡❧ ❡st❛❞íst✐❝♦ ❞❡ r❛♥❣♦ t✐♣✐✜❝❛❞♦ ❞✐✈✐❞✐❞♦ ♣♦r
√
2 ❬✷✸✷✱ ✷✸✸❪✳

❙✐♥ ❡♠❜❛r❣♦✱ ❡s ❞❡ ♥♦t❛r q✉❡ ❧❛ ✐❞❡❛ ❞❡ ❝♦♠♣❛r❛r ❝❛❞❛ ♣❛r ❞❡ ❝❧❛s✐✜❝❛❞♦r❡s

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✶✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✼✳✹✳ ❊①♣❡r✐♠❡♥t❛❝✐ó♥

✉♥♦ ❝♦♥tr❛ ✉♥♦ ❝♦♥ ✉♥❛ ♣r✉❡❜❛ ✧♣♦st✲❤♦❝✧ ♥♦ ❡s t❛♥ s❡♥s✐❜❧❡ ❝♦♠♦ ❝♦♠♣❛r❛r

t♦❞♦s ❧♦s ❝❧❛s✐✜❝❛❞♦r❡s ❝♦♥tr❛ ✉♥ s♦❧♦ ❝❧❛s✐✜❝❛❞♦r ✭♠ét♦❞♦ ❞❡ ❝♦♥tr♦❧✮✳ ❯♥❛

❢♦r♠❛ ❞❡ r❡❛❧✐③❛r ❡st❡ ❛♥á❧✐s✐s ❡s r❡❛❧✐③❛♥❞♦ ✉♥❛ ♣r✉❡❜❛ ❞❡ ❝♦♠♣❛r❛❝✐ó♥ ❞❡

❇♦♥❢❡rr♦♥✐✲❉✉♥♥✳ ❊st❛ ♣r✉❡❜❛ ♣✉❡❞❡ ❝♦♠♣✉t❛rs❡ ✉t✐❧✐③❛♥❞♦ ❧❛ ❋ór♠✉❧❛ ✼✳✶✻

❝♦♥ ✈❛❧♦r❡s ❞❡ q ❛♣r♦♣✐❛❞❛♠❡♥t❡ ❛❥✉st❛❞♦s ❬✷✸✸❪✳

▲♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ♣r✉❡❜❛s ❞❡ ❇♦♥❢❡rr♦♥✐✲❉✉♥♥ ② ◆❡♠❡♥②✐ ❬✻✵❪ ♣❛r❛

α ❂ ✵✳✶✵ ② α ❂ ✵✳✵✺ s❡ ♦❜s❡r✈❛♥ ❧❛ ❚❛❜❧❛ ✼✳✹✱ ✉t✐❧✐③❛♥❞♦ ❧♦s ✈❛❧♦r❡s ❝rít✐❝♦s

❝♦rr❡s♣♦♥❞✐❡♥t❡s✳ ❉❡❧ r❡s✉❧t❛❞♦ ❞❡ ❡st❛s ♣r✉❡❜❛s s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r ❞✐❝✐❡♥❞♦

q✉❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆ ❝♦♥ ♥♦❞♦s ●❘❇❋ ♦❜t✐❡♥❡♥ ✉♥ ✧r❛♥❦✐♥❣✧ ❞❡ CG s✐❣♥✐✲

✜❝❛t✐✈❛♠❡♥t❡ ♠❡❥♦r ❝✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ❝♦♥ ❧♦s ❞❡♠ás ♠♦❞❡❧♦s ❛♥❛❧✐③❛❞♦s ❡♥

❧❛ ❝♦♠♣❛r❛❝✐ó♥✳

❚❛❜❧❛ ✼✳✸✿ ❘❡s✉❧t❛❞♦s ❡st❛❞íst✐❝♦s ❞❡❧ ❆❊ ✉t✐❧✐③❛♥❞♦ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♥♦❞♦s✿
▼❡❞✐❛ ② ❉❡s✈✐❛❝✐ó♥ ❊stá♥❞❛r ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥
(CG(%))✱ ♣r❡❝✐s✐ó♥ ♠❡❞✐❛ ✭CG(%)✮ ② ✧r❛♥❦✐♥❣✧ ♠❡❞✐♦ ✭❘✮✳

▼❡t❤♦❞ (CG(%))
❇✳ ❞❛t♦s ●❘❇❋ ❘❇❋ P❯ ❙❯

▲❛❜♦r ✾✶✳✶✾±✽✳✸✷ ✾✵✳✼✶±✻✳✷✻ ✽✸✳✸✸±✶✵✳✶✺ ✽✺✳✼✶±✾✳✺✻
❍❡♣❛t✐t✐s ✽✺✳✾✻ ± ✸✳✷✶ ✽✻✳✽✹ ± ✸✳✶✻ ✽✺✳✵✽ ± ✺✳✵✹ ✽✺✳✺✷ ± ✺✳✵✶
❙♦♥❛r ✼✹✳✶✵ ± ✸✳✻✵ ✼✸✳✻✽ ± ✸✳✺✸ ✼✺✳✷✺ ± ✹✳✽✼ ✻✽✳✼✶ ± ✹✳✵✽
❇r❡❛st❈ ✻✽✳✽✼ ± ✷✳✶✵ ✻✽✳✹✺ ± ✶✳✽✼ ✻✼✳✻✺ ± ✷✳✹✾ ✻✽✳✻✽ ± ✷✳✶✹
■♦♥♦s ✾✸✳✼✺ ± ✶✳✼✻ ✾✵✳✹✷ ± ✷✳✻✵ ✾✶✳✶✺ ± ✷✳✷✵ ✾✷✳✻✶ ± ✷✳✼✺
❈❛r❞ ✽✼✳✾✹ ± ✶✳✸✽ ✼✻✳✻✾ ± ✸✳✸✸ ✽✼✳✺✵ ± ✷✳✼✺ ✽✼✳✼✶ ± ✶✳✹✷

●❡r♠❛♥ ✼✹✳✸✸ ± ✷✳✼✼ ✼✶✳✻✾ ± ✶✳✸✷ ✼✶✳✷✹ ± ✶✳✷✹ ✼✸✳✵✼ ± ✶✳✻✹
◆❡✇t❤②r♦✐❞ ✾✼✳✶✵ ± ✶✳✾✸ ✾✺✳✵✵ ± ✷✳✵✶ ✾✻✳✽✺ ± ✷✳✼✶ ✾✹✳✽✽ ± ✷✳✷✻
P♦st✲❖♣ ✼✾✳✵✾ ± ✽✳✵✻ ✼✽✳✾✸ ± ✼✳✷✶ ✼✽✳✾✸ ± ✽✳✸✾ ✼✻✳✺✶ ± ✼✳✶✼
●❧❛ss ✻✽✳✾✸ ± ✺✳✶✾ ✻✹✳✾✶ ± ✹✳✼✹ ✻✺✳✶✻ ± ✹✳✶✼ ✻✼✳✻✼ ± ✸✳✹✾
❩♦♦ ✾✹✳✾✸ ± ✷✳✼✼ ✼✺✳✵✼ ± ✺✳✵✵ ✾✹✳✽✵ ± ✹✳✹✽ ✾✷✳✻✼ ± ✹✳✸✹
❊❝♦❧✐ ✽✷✳✾✽ ± ✸✳✽✷ ✽✹✳✹✹ ± ✷✳✾✷ ✽✵✳✸✵ ± ✺✳✷✵ ✽✸✳✼✸ ±✷✳✹✺

CG(✪) ✽✸✳✷✻ ✼✾✳✼✸ ✽✶✳✹✸ ✽✶✳✹✺

❘ ✶✳✸✸ ✷✳✽✼ ✸✳✵✹ ✷✳✼✺

❊❧ ♠❡❥♦r r❡s✉❧t❛❞♦ ❡stá r❡s❛❧t❛❞♦ ❡♥ ♥❡❣r✐t❛s
② ❡❧ s❡❣✉♥❞♦ ♠❡❥♦r r❡s✉❧t❛❞♦ ❡st❛ r❡s❛❧t❛❞♦ ❡♥ ❝✉rs✐✈❛✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✶✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✼✳ ❘❊❉❊❙ ◆❊❯❘❖◆❆▲❊❙ ❉❊ ◆❖❉❖❙ ❉❊ ❚■P❖ ❘❆❉■❆▲
●❊◆❊❘❆▲■❩❆❉❖❙

❚❛❜❧❛ ✼✳✹✿ ❚❡st ❞❡ ❇♦♥❢❡rr♦♥✐✲❉✉♥♥✳

❚❡st ❞❡ ◆❡♠❡♥②✐ (CG(%))

▼ét♦❞♦ ✭❥✮
▼ét♦❞♦ ✭✐✮ ❘❇❋ P❯ ❙❯ ●❘❇❋

❘❇❋ ✲ ✵✳✶✻ ✵✳✶✷ 1.54+•
P❯ ✲ ✲ ✵✳✷✺ 1.70+•
❙❯ ✲ ✲ ✲ 1.41+•

❚❡st ❞❡ ❇♦♥❢❡rr♦♥✐❉✉♥♥ (CG(%))
▼ét♦❞♦ ❈♦♠♣❛r❛❞♦

▼ét♦❞♦ ❞❡ ❈♦♥tr♦❧ ❘❇❋ P❯ ❙❯ ●❘❇❋
●❘❇❋ 1.54+• 1.70+• 1.41+• ✲
❚❡st ❞❡ ◆❡♠❡♥②✐✿ CD(α = 0.1) ❂ ✶✳✷✵✱ CD(α = 0.05) ❂ ✶✳✸✺❀

❚ ❚❡st ❞❡ ❇♦♥❢❡rr♦♥✐✲❉✉♥♥✿ CD(α = 0.1) ❂ ✶✳✶✷✱ CD(α = 0.05) ❂ ✶✳✷✻❀
•✱ ◦✿ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s ❝♦♥ α = 0.05 (•)

② α ❂ ✵✳✶ (◦)❀ ✰✿ ▲❛ ❞✐❢❡r❡♥❝✐❛ ❡s ❛ ❢❛✈♦r ❞❡❧ ♠ét♦❞♦ ❞❡ ❝♦♥tr♦❧ ♦ ♠ét♦❞♦ ✭❥✮✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✶✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



❈❛♣ít✉❧♦ ✽

▼❖❉❊▲❖❙
◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙ ❈❖◆
◆❖❉❖❙ ❉❊ ❚■P❖ ❘❆❉■❆▲
●❊◆❊❘❆▲■❩❆❉❖❙

✽✳✶✳ ■♥tr♦❞✉❝❝✐ó♥

▲❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ❧♦❣íst✐❝♦s ❝♦♥ tr❛♥s❢♦r♠❛❝✐♦♥❡s ♥♦ ❧✐♥❡❛✲

❧❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ♣❡r♠✐t❡ ❝r❡❛r ♠♦❞❡❧♦s ♠ás ♣r❡❝✐s♦s ♣❡r♦ ❛

s✉ ✈❡③ ♠ás ❞✐❢í❝✐❧❡s ❞❡ ❡♥tr❡♥❛r ❝♦♥ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳ ◆♦ ♦❜st❛♥t❡✱ ▼❛rtí♥❡③

❊st✉❞✐❧❧♦ ❬✶✸✼✱ ✷✸✹❪ ♣r♦♣♦♥❡ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ✉♥ ❆❍ q✉❡ ♣♦r s✉ ❝❛rá❝t❡r ❡st♦✲

❝ást✐❝♦ ② ❣✉✐❛❞♦ ♣♦r ♣♦❜❧❛❝✐♦♥❡s✱ ♣❡r♠✐t❡ ❡❧ ❛❥✉st❡ ❞❡ ❧♦s ♠♦❞❡❧♦s✱ ❧♦❣r❛♥❞♦

❛sí ✉♥✐✜❝❛r ❡❧ ♣♦❞❡r ❞❡ ❧❛ ❘▲ ② ❧❛ ❈❊ ♣❛r❛ ♦❜t❡♥❡r ♠♦❞❡❧♦s ♠ás r♦❜✉st♦s✳

❊♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ s❡ ❞❡s❝r✐❜❡ ❧❛ ♣r♦♣✉❡st❛ ❞❡ ✉♥ ❆❍ ♣❛r❛ ❝♦♥str✉✐r

♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s ❬✷✸✺✱ ✷✸✻✱ ✷✸✼❪ ♠❡❞✐❛♥t❡ ✉♥ ❛❧❣♦r✐t♠♦ ❝♦♠♣✉❡st♦ ♣♦r

❞♦s tr❡s ❡t❛♣❛s✿ ✉♥❛ ♣r✐♠❡r❛ ❡t❛♣❛ ❞♦♥❞❡ s❡ ❡❥❡❝✉t❛ ✉♥ ❆❊ s❡❣✉✐❞♦ ❞❡ ✉♥❛

s❡❣✉♥❞❛ ❡t❛♣❛ ❞♦♥❞❡ s❡ ❛♠♣❧í❛ ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ♠❡❞✐❛♥t❡ ✉♥ ❆❊ ② ✉♥❛

t❡r❝❡r❛ ❡t❛♣❛ ❞♦♥❞❡ s❡ ❞❡✜♥❡ ✉♥ ♠♦❞❡❧♦ ❧♦❣íst✐❝♦ s♦❜r❡ ❡❧ ♥✉❡✈♦ ❝♦♥❥✉♥t♦

❛♠♣❧✐❛❞♦ ❞❡ ✈❛r✐❛❜❧❡s✳

✶✶✻



❈❛♣ít✉❧♦ ✽✳ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙ ❈❖◆ ◆❖❉❖❙ ❉❊ ❚■P❖
❘❆❉■❆▲ ●❊◆❊❘❆▲■❩❆❉❖❙

✽✳✷✳ ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❝♦♥ ◆♦❞♦s ❞❡ ❚✐♣♦

❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞♦s

▲♦s ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s ❝♦♥ ♥♦❞♦s ●❘❇❋ s❡ ❞❡✜♥❡♥ ❝♦♠♦ ❧❛ s✉✲

♠❛ ❞❡ ✷ ❝♦♠❜✐♥❛❝✐♦♥❡s ❧✐♥❡❛❧❡s ✭✈❡r ❢ór♠✉❧❛ ✺✳✶✷✮✿ ✉♥❛ ♣r✐♠❡r❛ ❝♦♠❜✐♥❛❝✐ó♥

❞❡✜♥✐❞❛ s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ② ♦tr❛ ❞❡✜♥✐❞❛ s♦❜r❡ tr❛♥s❢♦r♠❛✲

❝✐♦♥❡s ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ❛ tr❛✈és ❞❡ ♥♦❞♦s ●❘❇❋ ❝♦♠♦

s❡ r❡♣r❡s❡♥t❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶ ❞♦♥❞❡ ❝❛❞❛ ♥♦❞♦ Bj ❡s ✉♥ ♥♦❞♦ ●❘❇❋✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ♠✉❡str❛ ❡❧ ♣s❡✉❞♦❝ó❞✐❣♦ ❞❡❧ ❛❧❣♦r✐t♠♦ ●❘❇❋◆◆❊P✲

❘❡❣▲♦❣ ❡❧ ❝✉❛❧ ❝♦♥st✐t✉②❡ ❧❛ s❡❣✉♥❞❛ ♣r♦♣✉❡st❛ ❞❡ ❧❛ ♣r❡s❡♥t❡ t❡s✐s✳ ❊♥ ❡❧

❛❧❣♦r✐t♠♦ s❡ ❤❛♥ r❡s❛❧t❛❞♦ ❞❡ ❝♦❧♦r ✈❡r❞❡ ❧♦s ♣❛s♦s ♠♦❞✐✜❝❛❞♦s ❛❧ ❛❧❣♦r✐t♠♦

♣r♦♣✉❡st♦ ♣♦r ▼❛rtí♥❡③ ❊st✉❞✐❧❧♦ ❬✶✸✼✱ ✷✸✹❪✳

❆❧❣♦r✐t♠♦ ●❘❇❋◆◆❊P✲❘❡❣▲♦❣
✶✳ ●❡♥❡r❛r ✉♥❛ ♣♦❜❧❛❝✐ó♥ ❛❧❡❛t♦r✐❛ ❞❡ t❛♠❛ñ♦ 10NP ② s❡❧❡❝❝✐♦♥❛r ❧❛s NP

♠❡❥♦r❡s r❡❞❡s ♣❛r❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ✐♥✐❝✐❛❧✳
✷✳ ❘❡♣❡t✐r ❤❛st❛ q✉❡ s❡ ❛❧❝❛♥❝❡ ✉♥ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s ● ♦ s❡

❝✉♠♣❧❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ♣❛r❛❞❛✳
✷✳✶ ❊❧ ✶✵✪ ❞❡ ❧♦s ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s s♦♥ r❡♣❧✐❝❛❞♦s ② s✉s ré♣❧✐❝❛s
✷✳✷ ❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❛❧ ✶✵✪ ❞❡ ♠❡❥♦r❡s ✐♥❞✐✈✐❞✉♦s ❞❡ ❧❛

♣♦❜❧❛❝✐ó♥✳
✷✳✸ ❆♣❧✐❝❛r ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❛❧ r❡st❛♥t❡ ✾✵✪ ❞❡ ✐♥❞✐✈✐❞✉♦s✳
✷✳✹ ❈❛❧❝✉❧❛r ❧❛ ❛♣t✐t✉❞ ❞❡ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥✳
✷✳✺ ❖r❞❡♥❛r ❧♦s ✐♥❞✐✈✐❞✉♦s s❡❣ú♥ s✉ ❛♣t✐t✉❞✳
✷✳✻ ❊✈✐t❛r ❝♦❧✐♥❡❛❧✐❞❛❞✳

s✉st✐t✉②❡♥ ❛❧ ✶✵✪ ❞❡ ❧♦s ♣❡♦r❡s ✐♥❞✐✈✐❞✉♦s ✭❢✉❡rt❡ ♣r❡s✐ó♥
s❡❧❡❝t✐✈❛✮✳

✸✳ ❙❡❧❡❝❝✐♦♥❛r ❡❧ ♠❡❥♦r ✐♥❞✐✈✐❞✉♦ ✭I✮ ❡♥ ❛♣t✐t✉❞ ✳
✹✳ ❖❜t❡♥❡r ✉♥ ♥✉❡✈♦ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s ✭D✮ ❛ ♣❛rt✐r ❞❡ ❧❛s s❛❧✐❞❛s ❞❡ ❧♦s

♥♦❞♦s ❞❡ ❝❛♣❛ ♦❝✉❧t❛ ❞❡ I✳
✺✳ ❆ñ❛❞✐r ❞❡ ❢♦r♠❛ ♦♣❝✐♦♥❛❧ ❧❛s ✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ✭X✮ ❛ ❧❛s ✈❛r✐❛❜❧❡s

♦❜t❡♥✐❞❛s ❡♥ ❡❧ ♣❛s♦ ❛♥t❡r✐♦r ✭D = D +X ✮✳
✻✳ ❆♣❧✐❝❛r ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ s♦❜r❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛r✐❛❜❧❡s D✳

P❛r❛ ✉♥❛ ♠❛②♦r ❝♦♠♣r❡♥s✐ó♥ ❞❡ ❧♦s ❛s♣❡❝t♦s ♥♦✈❡❞♦s♦s ❞❡❧ ❛❧❣♦r✐t♠♦ ②

❞❡ s✉ ❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❡♥ ❣❡♥❡r❛❧✱ s❡ ❞❡✜♥❡♥ ❛ ❝♦♥t✐♥✉❛❝✐ó♥ ❧❛s ✸ ❡t❛♣❛s ❢✉♥❞❛✲

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✶✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✽✳✷✳ ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❝♦♥ ◆♦❞♦s ❞❡ ❚✐♣♦ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞♦s

♠❡♥t❛❧❡s q✉❡ ❢♦r♠❛♥ ❧❛ ♣r♦♣✉❡st❛✿

❊t❛♣❛ ✶✳ ❙❡ ❛♣❧✐❝❛ ❡❧ ❛❧❣♦r✐t♠♦ ◆◆❊P ❛ ✉♥❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ●❘❇❋◆◆s

q✉❡ s❡r✈✐rá♥ ❞❡ ❜❛s❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ ❡str✉❝t✉r❛ ❡♥ ♥ú♠❡r♦ ❞❡ ❢✉♥❝✐♦♥❡s ❞❡

❜❛s❡ ② ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋✱ ✈❡❝t♦r❡s wi q✉❡ s❡rá♥ ✐♥❝❧✉✐❞♦s ❡♥

❡❧ ♠♦❞❡❧♦ ♥❡✉r♦✲❧♦❣íst✐❝♦✿

B(x,W ) = {B1(x,w1), B2(x,w2), ..., Bm(x,wm)} ,

❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧❛ ♣❛rt❡ ♥♦ ❧✐♥❡❛❧ ❞❡❧ ♠♦❞❡❧♦ ♥❡✉r♦✲❧♦❣íst✐❝♦✳ ❉✉r❛♥t❡ ❡st❛

❡t❛♣❛ ② s✐❣✉✐❡♥❞♦ ✉♥ ❡sq✉❡♠❛ ❞❡ ❡✈♦❧✉❝✐ó♥ s✐♠✐❧❛r ❛❧ ❞❡s❝r✐t♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦✼✱

s❡ ❞❡t❡r♠✐♥❛ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♥♦❞♦s ✭m✮ q✉❡ s❡rá♥ ✐♥❝❧✉✐❞♦s ❡♥ ❡❧ ♠♦❞❡❧♦ ♥❡✉r♦✲

❧♦❣íst✐❝♦ ② ❧❛ ♠❛tr✐③ ❞❡ ♣❡s♦s W = (w1,w2, ...,wm) ❛s♦❝✐❛❞♦s ❛ ❧♦s ♥♦❞♦s

❞❡ ❝❛♣❛ ♦❝✉❧t❛ ❞❡❧ ♠ás ❛♣t♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ r❡s✉❧t❛♥t❡ ❞❡❧ ❆❊✳ P❛r❛ ❣✉✐❛r ❧❛

❡✈♦❧✉❝✐ó♥ s❡ ❞❡✜♥❡ ❧❛ ❢✉♥❝✐ó♥ ❞❡ ♠á①✐♠❛ ✈❡r♦s✐♠✐❧✐t✉❞ ✭ ✈❡r s❡❝❝✐ó♥ ✺✳✷✳✶✳✶✮

s♦❜r❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ N ♦❜s❡r✈❛❝✐♦♥❡s✳

▲❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ✐♠♣❧✐❝❛ ❛❥✉st❛r ❡❧

♥✉❡✈♦ ♣❛rá♠❡tr♦ δ✳ ❉✉r❛♥t❡ ❡❧ ♣r♦❝❡s♦ ❞❡ ✐♥✐❝✐❛❧✐③❛❝✐ó♥✱ ❡❧ ✈❛❧♦r ❞❡ δ ♣✉❡❞❡

s❡r ✐♥✐❝✐❛❧✐③❛❞♦ ❝♦♠♦ arctg
(

τ=2
e×r

)

♣❛r❛ ❡♠✉❧❛r ✉♥ ♥♦❞♦ ❙❘❇❋ ♦ ♠❡❞✐❛♥t❡ ❧❛

♠❡t♦❞♦❧♦❣í❛ ❞❡s❝r✐t❛ ❡♥ ❧❛ s❡❝❝✐ó♥ ✸✳✸✳✻✳ P♦r ♦tr❛ ♣❛rt❡✱ ❛❧ r❡❛❧✐③❛rs❡ ❧❛ ♠✉✲

t❛❝✐ó♥ ♣❛r❛♠étr✐❝❛ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋✱ s❡ ❛ñ❛❞❡ ❛ δ ✉♥ ♥ú♠❡r♦ ❛❧❡❛t♦r✐♦ ❡❧

❝✉❛❧ s✐❣✉❡ ✉♥❛ ❞✐str✐❜✉❝✐ó♥ ✉♥✐❢♦r♠❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❬✲✶✱✶❪ r❛❞✐❛♥❡s✳ P♦r ú❧t✐♠♦

❝✉❛♥❞♦ s❡ r❡❛❧✐③❛ ❧❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ ❞❡ ❧♦s ♥♦❞♦s ❡♥ ❝✉❡st✐ó♥✱ s❡ r❡❛❧✐③❛♥

❛❞✐❝✐♦♥❡s ❞❡ ♥♦❞♦s ●❘❇❋ ❞♦♥❞❡ δ = arctg
(

τ=2
e×r

)

②✴♦ ✉♥✐♦♥❡s ❞❡ ♥♦❞♦s ❞♦♥❞❡

❡❧ ✈❛❧♦r ❞❡❧ δ r❡s✉❧t❛♥t❡ s❡ ❝❛❧❝✉❧❛ ❝♦♠♦ ❡❧ ♣r♦♠❡❞✐♦ ❞❡ ❧♦s ❞❡❧t❛s ❞❡ ❧♦s ♥♦❞♦s

❛ ✉♥✐r✳

❉✉r❛♥t❡ ❡❧ ♣r♦❝❡s♦ ❞❡ ❡✈♦❧✉❝✐ó♥ s❡ ❛❥✉st❛♥ ❧♦s ♣❡s♦s ❞❡ ❧♦s ♥♦❞♦s ♣❡r✲

t❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛ β ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡ ❘◆❆s ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦

❞❡ ❣✉✐❛r ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋s ② ♦❜t❡♥❡r s✉ ❝♦♥✜❣✉r❛❝✐ó♥ ✜♥❛❧✿

Ŵ = (ŵ1, ŵ2, ..., ŵm)✱ ♥♦ ♦❜st❛♥t❡✱ ❧♦s ✈❛❧♦r❡s ♦❜t❡♥✐❞♦s tr❛s ❧❛ ❡✈♦❧✉❝✐ó♥✱ ♣❛✲

r❛ ❡❧ ✈❡❝t♦r β✱ ♥♦ s♦♥ ✐♥❝❧✉✐❞♦s ❡♥ ❡❧ ♠♦❞❡❧♦ ♥❡✉r♦✲❧♦❣íst✐❝♦ ✜♥❛❧ ❞♦♥❞❡ s♦❧♦ ❧❛s

tr❛♥s❢♦r♠❛❝✐♦♥❡s ✐♥❞✉❝✐❞❛s ♣♦r ❧♦s ♥♦❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ✭♥♦✲

❞♦s ●❘❇❋✮ s♦♥ ✐♥❝♦r♣♦r❛❞♦s ❛❧ ♠♦❞❡❧♦ ✜♥❛❧ ❝♦♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❧❛ s✐❣✉✐❡♥t❡

❡t❛♣❛ ❞♦♥❞❡ s❡ ❡st✐♠❛♥ ❧♦s ✈❛❧♦r❡s ✜♥❛❧❡s t❛♥t♦ ❞❡ β ❝♦♠♦ ❞❡ α✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✶✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✽✳ ▼❖❉❊▲❖❙ ◆❊❯❘❖✲▲❖●❮❙❚■❈❖❙ ❈❖◆ ◆❖❉❖❙ ❉❊ ❚■P❖
❘❆❉■❆▲ ●❊◆❊❘❆▲■❩❆❉❖❙

P♦r ú❧t✐♠♦ s❡ ✐♥❝♦r♣♦r❛ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❡✈✐t❛r ❧❛

♣ér❞✐❞❛ ❞❡ ♣r❡❝✐s✐ó♥ q✉❡ ♣r♦❞✉❝❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ♠✉❧t✐❝♦❧✐♥❡❛❧✐❞❛❞ ✭✈❡r s❡❝❝✐ó♥

✺✳✹✮ s♦❜r❡ ❧❛ ❝❛❧✐❞❛❞ ❞❡ ❧❛ ❡st✐♠❛❝✐ó♥ ❞❡ ❧❛ ❘▲✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ s❡ ♠❛♥✐✜❡st❛

❝✉❛♥❞♦ ✉♥❛ ✈❛r✐❛❜❧❡ ♣r❡s❡♥t❛ ✉♥ ✈❛❧♦r ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞❛s ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s❀

s✐❡♥❞♦ ♠✉② ❝♦♠ú♥ ❡♥ ❧❛s ❝♦✈❛r✐❛❜❧❡s ✐♥tr♦❞✉❝✐❞❛s ♣♦r ♥♦❞♦s ●❘❇❋s✱ ❧❛s ❝✉❛❧❡s

❞❡❜✐❞♦ ❛❧ ♣r♦❝❡s♦ ❞❡ ❡✈♦❧✉❝✐ó♥ ♣✉❡❞❡♥ ♣❡r❞❡r ❝♦❜❡rt✉r❛ s♦❜r❡ ❧♦s ♣❛tr♦♥❡s q✉❡

❛❣r✉♣❛✳ ❊st❡ ❡❢❡❝t♦ s❡ ♣✉❡❞❡ ♣r♦❞✉❝✐r ♣♦r ✉♥ ✧❛❧❡❥❛♠✐❡♥t♦✧ ❞❡❧ ♥♦❞♦ r❡s♣❡❝t♦

❛ ❧♦s ♣❛tr♦♥❡s✱ ❡ ✐♥❝r❡♠❡♥t❛❞♦ ♣♦r ❧❛ ♣r❡s❡♥❝✐❛ ❞❡ ✉♥❛ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞✳

❊❧ ♣r♦❝❡❞✐♠✐❡♥t♦ ❝♦♥s✐st❡ ❡♥ ❡❥❡❝✉t❛r ✉♥❛ s✐♠♣❧✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ♠♦❞❡❧♦s ❞❡

❘◆❆s q✉❡ ♣❡rt❡♥❡❝❡♥ ❛ ❧❛ ♣♦❜❧❛❝✐ó♥ s✉❥❡t❛ ❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ s❡

❡❧✐♠✐♥❡♥ t♦❞♦s ❧♦s ♥♦❞♦s ❞❡ ❝❛♣❛ ♦❝✉❧t❛ ✭r❡❝♦r❞❡♠♦s q✉❡ t♦❞♦s s♦♥ ●❘❇❋✮

q✉❡ ♣r❡s❡♥t❡♥ ❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ q✉❡✿ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡ ❡❧ ♠❛②♦r ② ❡❧ ♠❡♥♦r

✈❛❧♦r ❞❡ ❛❝t✐✈❛❝✐ó♥ ♥♦ s✉♣❡r❡ ✉♥ ✉♠❜r❛❧ ❡st❛❜❧❡❝✐❞♦ U ✱ ❞♦♥❞❡ U = 0.05 ✭❡❧ ✈❛❧♦r

❢✉❡ ♦❜t❡♥✐❞♦ ♣♦r ❝r♦ss✲✈❛❧✐❞❛❝✐ó♥✮✳ P❛r❛ ❝♦♠♣❡♥s❛r ❡❧ ❡❢❡❝t♦ ❞❡ ❧❛ ❡❧✐♠✐♥❛❝✐ó♥

❞❡❧ ♥♦❞♦✱ s❡ ❧❡ ❛ñ❛❞❡ ❛❧ s❡s❣♦ ❞❡ ❝❛❞❛ ♥♦❞♦ ❞❡ ❧❛ ❝❛♣❛ ❞❡ s❛❧✐❞❛✱ ❛❧ ❝✉❛❧ ❡❧ ♥♦❞♦

❡❧✐♠✐♥❛❞♦ ❡st❛❜❛ ❝♦♥❡❝t❛❞♦✱ ✉♥ ✈❛❧♦r ❝❛❧❝✉❧❛❞♦ ♠❡❞✐❛♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ❡①♣r❡s✐ó♥✿

υj0 =
máx (Bh(x,wh)) + mı́n (Bh(x,wh))

2
× βj

h ✭✽✳✶✮

❞♦♥❞❡ j ❡s ❡❧ í♥❞✐❝❡ ❞❡ ❧❛ ♥❡✉r♦♥❛ ❞❡ s❛❧✐❞❛ ❛ ❧❛ ❝✉❛❧ ❡st❛❜❛ ❝♦♥❡❝t❛❞♦ ❡❧ h✲

és✐♠♦ ♥♦❞♦ ●❘❇❋ ❞❡ ❧❛ ❝❛♣❛ ♦❝✉❧t❛✱ υj0 ❡s ❡❧ ✐♥❝r❡♠❡♥t♦ ❛ ❛ñ❛❞✐r ❛❧ s❡s❣♦ ❞❡❧

j✲és✐♠♦ ♥♦❞♦ ❞❡ s❛❧✐❞❛✱ máx (Bh(x,wh)) ② mı́n (Bh(x,wh)) s♦♥ ❡❧ ♠á①✐♠♦ ②

❡❧ ♠í♥✐♠♦ ✈❛❧♦r ❞❡ ❛❝t✐✈❛❝✐ó♥ ❞❡❧ h✲és✐♠♦ ♥♦❞♦ ●❘❇❋ ② βj
h ❡s ❡❧ ♣❡s♦ q✉❡ ❡stá

✉♥✐❞♦ ❛❧ ♥♦❞♦ s❡❧❡❝❝✐♦♥❛❞♦ ♣❛r❛ s❡r ❡❧✐♠✐♥❛❞♦✱ ❝♦♥ ❡❧ j✲és✐♠♦ ♥♦❞♦ ❞❡ s❛❧✐❞❛✳

▲❛ ❡❧✐♠✐♥❛❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s r❡❞✉❝❡ ❡❧ ❝ó♠♣✉t♦ ❞❡ ❧❛s s❛❧✐❞❛s ❞❡ ❧♦s ♥♦❞♦s ②

♣♦r ❡♥❞❡ r❡❞✉❝❡ ❡❧ ❝♦st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡❧ ❛❧❣♦r✐t♠♦✳

❊t❛♣❛ ✷✳ ❙❡ ♣r♦❝❡❞❡ ❛ ✉♥✐✜❝❛r ❡♥ ✉♥ ♥✉❡✈♦ ❡s♣❛❝✐♦ ♠ás ❛♠♣❧✐♦✱ ❧❛s

✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ✐♥✐❝✐❛❧❡s ❞❡❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❧❛s ❝♦✈❛r✐❛❜❧❡s ✐♥❞✉❝✐❞❛s

♣♦r ❧♦s ♥♦❞♦s ●❘❇❋ ♦❜t❡♥✐❞❛s ❡♥ ❡❧ ♣❛s♦ ✶✿

H : Rk → R
k+m, (x1, x2, ..., xk) → (x1, x2, ..., xk, z1, ..., zm),

❞♦♥❞❡ z1 = B1(x, ŵ1), ..., zm = Bm(x, ŵm)✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✶✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✽✳✷✳ ▼♦❞❡❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❝♦♥ ◆♦❞♦s ❞❡ ❚✐♣♦ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞♦s

❊t❛♣❛ ✸✳ ❊♥ ❧❛ t❡r❝❡r❛ ❡t❛♣❛ s❡ ♠❛①✐♠✐③❛ ❧❛ ❋❱ s♦❜r❡ ❧❛s N ♦❜s❡r✈❛✲

❝✐♦♥❡s ♠✐♥✐♠✐③❛♥❞♦ ❡❧ ✈❛❧♦r ♥❡❣❛t✐✈♦ ❞❡❧ ❧♦❣❛r✐t♠♦ ❞❡ ❧❛ ❋❱✿

L(α,β) = 1
N

∑N
n=1

[

−∑J
l=1 y

(l)
n (αlxn + βlzn)+ log

∑J
l=1 exp(α

lxn + βlzn)
]

,

❞♦♥❞❡ xn = (1, x1n, ..., xkn) ② zn = (z1n, ..., zmn)✳ ❙✐❡♥❞♦ ❡❧ ❍❡ss✐❛♥♦ ❞❡ ❧❛

❢✉♥❝✐ó♥ ❛ ♠✐♥✐♠✐③❛r✱ s❡♠✐❞❡✜♥✐❞♦ ♣♦s✐t✐✈❛♠❡♥t❡ s♦❜r❡ ❧❛s ♥✉❡✈❛s ❝♦✈❛r✐❛❜❧❡s

x1, x2, ..., xk, z1, ..., zm✳ ▲♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ✈❡❝t♦r θ̂ = (α̂, β̂, Ŵ ) ❞❡t❡r♠✐♥❛♥

❡❧ ♠♦❞❡❧♦ ❞❡✜♥✐❞♦ ❡♥ ✭✺✳✶✷✮ ❝♦♥ Bj(x,wj) ❞❡✜♥✐❞♦ ❝♦♠♦ s❡ ❞❡s❝r✐❜❡ ❡♥ ❧❛

❢ór♠✉❧❛ ✭✼✳✷✮✳

❊♥ ❡st❛ ❡t❛♣❛ ✜♥❛❧✱ s❡ ✉t✐❧✐③❛ ❧❛ ❘▲ ♣❛r❛ ♦❜t❡♥❡r ❧♦s ♣❛rá♠❡tr♦s ♣❡r✲

t❡♥❡❝✐❡♥t❡s ❛❧ ✈❡❝t♦r θ✳ ◆♦ ♦❜st❛♥t❡ ❞❡❜✐❞♦ ❛ q✉❡ s❡ ♣♦s❡❡♥ ❧❛s ♦♣❝✐♦♥❡s ❞❡✿

✉t✐❧✐③❛r ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❘▲ ✭❙▲♦❣✐st✐❝ ② ▼▲♦❣✐st✐❝✮ ❛sí ❝♦♠♦ ❧❛s ❛❧t❡r♥❛t✐✈❛s

❞❡ ✐♥❝❧✉✐r ♦ ♥♦ ❧❛s ✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s✱ ❡❧ ❆❍ ♣r♦♣✉❡st♦ ❞❛ ♦r✐❣❡♥ ❛ ✹ ✈❡rs✐♦♥❡s

❞✐st✐♥t❛s ❡♥ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❧❛s ♦♣❝✐♦♥❡s s❡❧❡❝❝✐♦♥❛❞❛s✳

▲❛ ✈❛❧✐❞❛❝✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ ♣r♦♣✉❡st♦ s❡ ❞❡t❛❧❧❛ ❡♥ ❡❧ ♣ró①✐♠♦ ❝❛♣ít✉❧♦

✾✳✶ ❡❧ ❝✉❛❧ s❡ ❞❡❞✐❝❛ ❛ ❡①♣♦♥❡r ❧♦s ♣r✐♥❝✐♣❛❧❡s r❡s✉❧t❛❞♦s ❞❡ ❧❛ t❡s✐s✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✷✵ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✾

❆P▲■❈❆❈■❖◆❊❙
✭❘❊❙❯▲❚❆❉❖❙✮

❚r❛s ❞❡t❛❧❧❛r ❧❛s ♣r♦♣✉❡st❛s ❞❡ ❛❧❣♦r✐t♠♦s ❡♥ ❧♦s ❞♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱

s❡ ❞❡❞✐❝❛ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ❛ ❞❡s❝r✐❜✐r ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❞❡ ❧❛ ❛♣❧✐❝❛✲

❝✐ó♥ ❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦✳ Pr✐♠❡r❛♠❡♥t❡ s❡ ❛❜♦r❞❛ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥

❞❡ ♠✐❝r♦❛rr❛②s ✭s❡❝❝✐ó♥ ✾✳✶✮ ♠❡❞✐❛♥t❡ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❢✉♥✲

❞❛♠❡♥t❛❧❡s ❞❡ ❧♦s ♠✐s♠♦s ✭s✉❜s❡❝❝✐ó♥ ✾✳✶✳✶✮✱ ❞❡ ❧♦s ❞❛t♦s ✉t✐❧✐③❛❞♦s ❡♥ ❧❛ ❡①♣❡✲

r✐♠❡♥t❛❝✐ó♥ ② ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ✭s✉❜s❡❝❝✐ó♥ ✾✳✶✳✷✮✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ s❡

♣r♦❝❡❞❡ ❛ ❞❡s❝r✐❜✐r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧ ✭s❡❝❝✐ó♥

✾✳✷✮✳

✾✳✶✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ▼✐❝r♦❛rr❛②s

❯♥ ❝❤✐♣ ❞❡ ❆❉◆ ✭❞❡❧ ✐♥❣❧és ❉◆❆ ♠✐❝r♦❛rr❛②✮ ❡s ✉♥❛ s✉♣❡r✜❝✐❡ só❧✐❞❛ ❛

❧❛ ❝✉❛❧ s❡ ✉♥❡ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ❢r❛❣♠❡♥t♦s ❞❡ ❆❉◆✳ ▲❛s s✉♣❡r✜❝✐❡s ❡♠♣❧❡❛❞❛s

♣❛r❛ ✜❥❛r ❡❧ ❆❉◆ s♦♥ ♠✉② ✈❛r✐❛❜❧❡s ② ♣✉❡❞❡♥ s❡r ❞❡ ✈✐❞r✐♦✱ ♣❧ást✐❝♦ ❡ ✐♥❝❧✉s♦

❞❡ s✐❧✐❝✐♦✳ ▲♦s ❝❤✐♣s ❞❡ ❆❉◆ s❡ ✉s❛♥ ♣❛r❛ ❛♥❛❧✐③❛r ❧❛ ❡①♣r❡s✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❞❡

❣❡♥❡s✱ ♠♦♥✐t♦r✐③á♥❞♦s❡ ❧♦s ♥✐✈❡❧❡s ❞❡ ♠✐❧❡s ❞❡ ❡❧❧♦s ❞❡ ❢♦r♠❛ s✐♠✉❧tá♥❡❛✳ ❙✉

❢✉♥❝✐♦♥❛♠✐❡♥t♦ ❝♦♥s✐st❡✱ ❜ás✐❝❛♠❡♥t❡✱ ❡♥ ♠❡❞✐r ❡❧ ♥✐✈❡❧ ❞❡ ❤✐❜r✐❞❛❝✐ó♥ ❡♥tr❡

❧❛ s♦♥❞❛ ❡s♣❡❝í✜❝❛ ✭♣r♦❜❡✱ ❡♥ ✐♥❣❧és✮✱ ② ❧❛ ♠♦❧é❝✉❧❛ ❞✐❛♥❛ ✭t❛r❣❡t✮✱ ✐♥❞✐❝á♥✲

❞♦s❡ ❣❡♥❡r❛❧♠❡♥t❡ ♠❡❞✐❛♥t❡ ✢✉♦r❡s❝❡♥❝✐❛ ② ❡st✉❞✐á♥❞♦s❡ ♠❡❞✐❛♥t❡ ❛♥á❧✐s✐s ❞❡

✐♠á❣❡♥❡s✱ ❧♦ ❝✉❛❧ ✐♥❞✐❝❛ ❡❧ ♥✐✈❡❧ ❞❡ ❡①♣r❡s✐ó♥ ❞❡❧ ❣❡♥✳

✶✷✶



✾✳✶✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ▼✐❝r♦❛rr❛②s

❙✉❡❧❡♥ ✉t✐❧✐③❛rs❡ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❣❡♥❡s ❝♦♥ ✉♥❛ ❡①♣r❡s✐ó♥ ❞✐❢❡r❡♥t❡ ❜❛❥♦

❝♦♥❞✐❝✐♦♥❡s ❞✐st✐♥t❛s✳ P♦r ❡❥❡♠♣❧♦✱ ♣❛r❛ ❞❡t❡❝t❛r ❣❡♥❡s q✉❡ ♣r♦❞✉❝❡♥ ❝✐❡rt❛s

❡♥❢❡r♠❡❞❛❞❡s ♠❡❞✐❛♥t❡ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s ♥✐✈❡❧❡s ❞❡ ❡①♣r❡s✐ó♥ ❡♥tr❡ ❝é❧✉❧❛s

s❛♥❛s ② ❝é❧✉❧❛s q✉❡ ❡stá♥ ❞❡s❛rr♦❧❧❛♥❞♦ ❝✐❡rt♦s t✐♣♦s ❞❡ ❡♥❢❡r♠❡❞❛❞❡s✳

▲❛ t❡❝♥♦❧♦❣í❛ ❞❡❧ ❝❤✐♣ ❞❡ ❆❉◆ t✐❡♥❡ s✉ ♦r✐❣❡♥ ❡♥ ✉♥❛ té❝♥✐❝❛ ♠✉② ✉s❛❞❛

❡♥ ❜✐♦❧♦❣í❛ ♠♦❧❡❝✉❧❛r✱ ❡❧ ✧❙♦✉t❤❡r♥ ❜❧♦t✧✳ ❊♥ ❧❛ ❡r❛ ♣r❡✲❣❡♥ó♠✐❝❛ ❧❛ ❜✐♦❧♦❣í❛

❡st✉❞✐❛❜❛ ❧♦s ❣❡♥❡s ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✱ ✉♥♦ ❛ ✉♥♦✱ ♣♦r ❧♦ q✉❡ ❧♦s ♣♦❞í❛ ❡st✉❞✐❛r ❛

❢♦♥❞♦✳ ▲♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ❧❛ ❡r❛ ♣♦st✲❣❡♥ó♠✐❝❛ ♥♦ ❡s ❧♦ q✉❡ s❡ ♣✉❡❞❡ ♠❡❞✐r s✐♥♦

❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♠❡❞✐❝✐♦♥❡s s✐♠✉❧tá♥❡❛s q✉❡ s❡ ♣✉❡❞❡♥ r❡❛❧✐③❛r✳ P❛r❛ ❝✉♠♣❧✐r ❡st❡

♦❜❥❡t✐✈♦ ② ♣♦❞❡r ❡st✉❞✐❛r ♠✉❝❤♦s ❣❡♥❡s ❛ ❧❛ ✈❡③ ❢✉❡ ♥❡❝❡s❛r✐♦ ✉♥ ❝❛♠❜✐♦ ❞❡

♣❛r❛❞✐❣♠❛✿ ❝♦♥ ❧♦s ♠✐s♠♦s r❡❝✉rs♦s✱ ♦❜t❡♥❡r ✉♥❛ ✐♠❛❣❡♥ ❞❡ ♠❡♥♦r r❡s♦❧✉❝✐ó♥

♣❡r♦ ❝♦♥ ✉♥❛ ♣❡rs♣❡❝t✐✈❛ ♠ás ❣❡♥❡r❛❧✳

▲♦s ❝❤✐♣s ❞❡ ❆❉◆ s❡ ❢❛❜r✐❝❛♥ ✉s❛♥❞♦ ✉♥❛ ❣r❛♥ ✈❛r✐❡❞❛❞ ❞❡ t❡❝♥♦❧♦❣í❛s✳ ❊❧

❣r❛♥ ❞❡s❛rr♦❧❧♦ ❞❡ ❡st❛ té❝♥✐❝❛ ❤❛ ❧❧❡❣❛❞♦ ❛❧ ♥♦r♠❛❧✐③❛rs❡ ❡❧ ✉s♦ ❞❡ r♦❜♦ts q✉❡ s❡

❡♥❝❛r❣❛♥ ❞❡ ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡❧ ♣r♦❝❡s♦ ❞❡ ♠❛♥✐♣✉❧❛❝✐ó♥ ❞❡ ❧♦s ❝❤✐♣s ✭s✐♥t❡t✐③❛r

❡❧ ❆❉◆ ♠♦❧❞❡ q✉❡ s❡ ✉♥❡ ❛❧ ❝❤✐♣✱ ✉♥✐r❧♦✱ ❛ñ❛❞✐r ❧♦s r❡❛❝t✐✈♦s ♥❡❝❡s❛r✐♦s✱ ❡t❝✳✮✳

▲♦s ❝❤✐♣s ❞❡ ❆❉◆ s❡ ♣✉❡❞❡♥ ✉t✐❧✐③❛r ♣❛r❛ ❞❡t❡❝t❛r ❆❘◆✱ q✉❡ ♣✉❡❞❡ ♦ ♥♦

s❡r tr❛❞✉❝✐❞♦ ❛ ♣r♦t❡í♥❛s✳ ▲♦s ❝✐❡♥tí✜❝♦s s❡ r❡✜❡r❡♥ ❛ ❡st❛ ❝❧❛s❡ ❞❡ ❛♥á❧✐s✐s ❝♦♠♦

✧❛♥á❧✐s✐s ❞❡ ❡①♣r❡s✐ó♥✧ ♦ ✧❛♥á❧✐s✐s ❞❡❧ tr❛♥s❝r✐♣t♦♠❛✧✳ ❙❡ s✉❡❧❡ r❡tr♦tr❛♥s❝r✐❜✐r

❡❧ ❆❘◆ ❛ ❆❉◆ ♣❛r❛ ❡st♦s ❝❛s♦s✱ ❞❡ ♠❛♥❡r❛ q✉❡ ❧♦ q✉❡ ✉s❛♠♦s ❝♦♠♦ ♠✉❡str❛

❡s ❆❉◆❝✳

❊❧ ✉s♦ ❞❡ ❝❤✐♣s ❞❡ ❆❉◆ ♣❛r❛ ❡st✉❞✐❛r ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❞✐✈❡rs♦s ❣❡♥❡s

❢✉❡ ♣✉❜❧✐❝❛❞♦ ❡♥ ✶✾✾✺✱ ❡♥ ❧❛ ♣r❡st✐❣✐♦s❛ r❡✈✐st❛ ❝✐❡♥tí✜❝❛ ❙❝✐❡♥❝❡ ② ❡❧ ♣r✐♠❡r

♦r❣❛♥✐s♠♦ ❡✉❝❛r✐♦t❛ ❝♦♥ t♦❞♦ ❡❧ ❣❡♥♦♠❛ ✭❙❛❝❝❤❛r♦♠②❝❡s ❝❡r❡✈✐s✐❛❡✮ ❞✐s♣✉❡st♦

❡♥ ✉♥ ❝❤✐♣ ❞❡ ❆❉◆ ❢✉❡ ♣✉❜❧✐❝❛❞♦ ❡♥ ✶✾✾✼ ❡♥ ❧❛ ♠✐s♠❛ r❡✈✐st❛✳

▲♦s ❝❤✐♣s ❞❡ ❆❉◆ s❡ ❤❛♥ ❛♣❧✐❝❛❞♦ ❛❧ ❡st✉❞✐♦ ❞❡ ❝❛s✐ ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡

♣r♦❜❧❡♠❛ ❜✐♦❧ó❣✐❝♦✳ ❊❧ ♥ú♠❡r♦ ❞❡ ♣✉❜❧✐❝❛❝✐♦♥❡s ❛♥✉❛❧❡s ❡s ♠✉② ❛❧t♦ ② ❝♦♥t✐♥ú❛

❝r❡❝✐❡♥❞♦✳ ❆❧❣✉♥❛s ❞❡ s✉s ❛♣❧✐❝❛❝✐♦♥❡s ♠ás ❢r❡❝✉❡♥t❡s s♦♥✿

❊st✉❞✐♦ ❞❡ ❣❡♥❡s q✉❡ s❡ ❡①♣r❡s❛♥ ❞✐❢❡r❡♥❝✐❛❧♠❡♥t❡ ❛♥t❡ ✈❛r✐❛s ❝♦♥❞✐❝✐♦♥❡s

✭s❛♥♦s✴❡♥❢❡r♠♦s✱ ♠✉t❛♥t❡s✴s❛❧✈❛❥❡s✱ tr❛t❛❞♦s✴♥♦ tr❛t❛❞♦s✮✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✷✷ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✾✳ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮

❈❧❛s✐✜❝❛❝✐ó♥ ♠♦❧❡❝✉❧❛r ❡♥ ❡♥❢❡r♠❡❞❛❞❡s ❝♦♠♣❧❡❥❛s✳ ■❞❡♥t✐✜❝❛❝✐ó♥ ❞❡ ❣❡✲

♥❡s ❝❛r❛❝t❡ríst✐❝♦s ❞❡ ✉♥❛ ♣❛t♦❧♦❣í❛ ✭✜r♠❛ ♦ ✏s✐❣♥❛t✉r❡✑✮✳

Pr❡❞✐❝❝✐ó♥ ❞❡ r❡s♣✉❡st❛ ❛ ✉♥ tr❛t❛♠✐❡♥t♦✳

❉❡t❡❝❝✐ó♥ ❞❡ ♠✉t❛❝✐♦♥❡s ② ♣♦❧✐♠♦r✜s♠♦s ❞❡ ✉♥ ú♥✐❝♦ ❣❡♥ ✭❙◆P✮✳

❉❛❞❛ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❧♦s ♠✐❝r♦❛rr❛②s✱ ❡♥ ❧❛ ♣r❡s❡♥t❡ ✐♥✈❡st✐❣❛❝✐ó♥ s❡

❛❜♦r❞ó s✉ ❡st✉❞✐♦ ❞❡s❞❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ P❛tr♦♥❡s ❝♦♠♦ s❡

❞❡s❝r✐❜❡ ❡♥ ❧❛s s✐❣✉✐❡♥t❡s s✉❜s❡❝❝✐♦♥❡s✳

✾✳✶✳✶✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧❛s ❇❛s❡s ❞❡ ❉❛t♦s

❈♦♥ ❡❧ ♣r♦♣ós✐t♦ ❞❡ ✈❛❧✐❞❛r ❡❧ ❆❍ ♣r♦♣✉❡st♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✽ s❡ r❡❛❧✐③❛r♦♥

✉♥❛ s❡r✐❡ ❞❡ ❡①♣❡r✐♠❡♥t♦s s♦❜r❡ ✻ ❜❛s❡s ❞❡ ❞❛t♦s ♣ú❜❧✐❝❛s q✉❡ ❝♦♥t✐❡♥❡♥ ❞❛t♦s

♣r♦✈❡♥✐❡♥t❡s ❞❡ ♠✐❝r♦❛rr❛②s✳ ▲❛ ❚❛❜❧❛ ✾✳✶ ♠✉❡str❛ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛s ✻

❜❛s❡s ❞❡ ❞❛t♦s ✉t✐❧✐③❛❞❛s ❡♥ ❧❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ ❞♦♥❞❡✿ ✭FS✮ ❞❡s❝r✐❜❡ ❡❧ t✐♣♦

❞❡ s❡❧❡❝t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✉t✐❧✐③❛❞♦✱ ♣r❡✈✐❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❞❡

❝❧❛s✐✜❝❛❝✐ó♥ ♣❛r❛ r❡❞✉❝✐r ❧❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❞❡ ❧♦s ❞❛t♦s✱ ✭Tam.✮ ❡s ❡❧ ♥ú♠❡r♦

❞❡ ✐♥st❛♥❝✐❛s ❞❡ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s✱ ✭❘✮✱ ✭❇✮ ② ✭◆✮ s♦♥ ❡❧ ♥ú♠❡r♦ ❞❡ ❝❛r❛❝t❡✲

ríst✐❝❛s ❞❡ t✐♣♦ r❡❛❧✱ ❜✐♥❛r✐❛ ② ♥♦♠✐♥❛❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✭Ent.✮ ❡s ❡❧ ♥ú♠❡r♦

t♦t❛❧ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ❡♥tr❛❞❛✱ ✭Sal.✮ ❡s ❡❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s❡s✱ ✭NPC✮ ♥ú♠❡r♦ ❞❡

♣❛tr♦♥❡s ♣♦r ❝❧❛s❡✱ ✭[Mmin,Mmax]✮ ♠í♥✐♠♦ ② ♠á①✐♠♦ ♥ú♠❡r♦ ❞❡ ♥♦❞♦s ✉t✐✲

❧✐③❛❞♦s ❡♥ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ ② ✭#Gen.✮ ❡❧ ♥ú♠❡r♦ ❞❡ ❣❡♥❡r❛❝✐♦♥❡s✳ ❊st❛s ❜❛s❡s

❞❡ ❞❛t♦s ❢✉❡r♦♥ t♦♠❛❞❛s ❞❡❧ ❝❛♠♣♦ ❞❡ ❡st✉❞✐♦ ❞❡ ❧❛ ❇✐♦✲■♥❢♦r♠át✐❝❛ s✐❡♥❞♦

❝♦♠ú♥♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ ✈❛❧✐❞❛r ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧♦s ❝❧❛s✐✜❝❛❞♦r❡s ② ❞❡ ❧♦s

s❡❧❡❝t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❉❡❜✐❞♦ ❛ ❧❛ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ② ♣❡q✉❡ñ♦ ♥ú✲

♠❡r♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ♣r❡s❡♥t❡s ❡♥ ❧♦s ❞❛t♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧♦s ♠✐❝r♦❛rr❛②s

s❡ ❤❛❝❡ ♥❡❝❡s❛r✐❛ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s s♦❜r❡ ❧❛s ❝✉❛❧❡s s❡ ♣r♦❝❡✲

❞❡rá ❛ ❛♣❧✐❝❛r ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✳ ❯♥❛ ❜r❡✈❡ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ❞❛t♦s

✉t✐❧✐③❛❞♦s s❡ ♣r❡s❡♥t❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥✿

❇r❡❛st✿ ❝♦♥st❛ ❞❡ ✾✼ ♠✉❡str❛s t♦♠❛❞❛s ❞❡ ♣❛❝✐❡♥t❡s ❝♦♥ ❝á♥❝❡r ❞❡ ♠❛✲

♠❛✳ ✹✻ ❞❡ ❡❧❧♦s s♦♥ ❞❡ ♣❛❝✐❡♥t❡s ❡t✐q✉❡t❛❞♦s ❝♦♠♦ ❡♥❢❡r♠♦s✱ ❡❧ r❡st♦ ❞❡ ❧❛ ✺✶

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✷✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✶✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ▼✐❝r♦❛rr❛②s

❧❛s ♠✉❡str❛s s♦♥ ❞❡ ♣❛❝✐❡♥t❡s q✉❡ ♠❛♥t✐❡♥❡♥ ❧❛ s❛❧✉❞ ❞❡ ❧❛ ❡♥❢❡r♠❡❞❛❞ ② q✉❡

s♦♥ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ♥♦ ❡♥❢❡r♠♦s✳ ❈❛❞❛ ♠✉❡str❛ s❡ ❞❡s❝r✐❜❡ ♣♦r ✷✹✹✽✶ ❣❡♥❡s✳

❈◆❙ ✭❈❡♥tr❛❧ ◆❡r✈♦✉s ❙②st❡♠✮✿ ❝♦♠♣✉❡st♦ ♣♦r ✻✵ ♣❛tr♦♥❡s ② ✼✶✷✾

❝❛r❛❝t❡ríst✐❝❛s✳ ▲❛ ❜❛s❡ ❞❡ ❞❛t♦s s❡ ♦❜t✉✈♦ ❞❡ ♣❛❝✐❡♥t❡s q✉❡ ♣❛❞❡❝❡♥ ❞❡ t✉♠♦r❡s

❡♠❜r✐♦♥❛r✐♦s ❡♥ ❡❧ s✐st❡♠❛ ♥❡r✈✐♦s♦ ❝❡♥tr❛❧✳ ▲♦s ♣❛tr♦♥❡s s♦♥ ❡t✐q✉❡t❛❞♦s ❡♥

❞♦s ❝❧❛s❡s✿ s♦❜r❡✈✐✈✐❡♥t❡s ② ♥♦ s♦❜r❡✈✐✈✐❡♥t❡s✳ ▲❛s ❝❛♥t✐❞❛❞❡s s❡❧❡❝❝✐♦♥❛❞❛s ♣♦r

❝❛❞❛ ❝❧❛s❡ ❢✉❡r♦♥ ✷✶ ♣❛tr♦♥❡s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ♣❛❝✐❡♥t❡s q✉❡ s♦❜r❡✈✐✈✐❡r♦♥ ②

✸✾ ♣❛tr♦♥❡s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ♣❛❝✐❡♥t❡s q✉❡ ❢❛❧❧❡❝✐❡r♦♥ ♣♦r ❧❛ ❡♥❢❡r♠❡❞❛❞✳

❈♦❧♦♥✿ ✉t✐❧✐③❛ ♠✐❝r♦❛rr❛②s ❞❡ ♦❧✐❣♦♥✉❝❧❡ót✐❞♦s ✭❝r❡❛❞♦s ♣♦r ❆✛②♠❡tr✐①✮

♣❛r❛ ♣r❡❞❡❝✐r ❧♦s ♥✐✈❡❧❡s ❞❡ ❡①♣r❡s✐ó♥ ❞❡ ♠ás ❞❡ ✻✺✵✵ ❣❡♥❡s ❤✉♠❛♥♦s✳ ▲❛s ♦❜✲

s❡r✈❛❝✐♦♥❡s ❡stá♥ ❝♦♠♣✉❡st❛s ♣♦r ✹✵ t❡❥✐❞♦s ❝♦♥ t✉♠♦r ❞❡ ❝♦❧♦♥ ② ✷✷ ♠✉❡str❛s

❞❡ t❡❥✐❞♦ ♥♦r♠❛❧✳ ▲♦s ✷✵✵✵ ❣❡♥❡s ❝♦♥ ❧❛ ♠❛②♦r ✐♥t❡♥s✐❞❛❞ ♠í♥✐♠❛ ❞❡ ❧♦s ✻✷

t❡❥✐❞♦s✱ ❢✉❡r♦♥ ✉t✐❧✐③❛❞♦s ❡♥ ❡st❡ ❛♥á❧✐s✐s✳

▲❡✉❦❡♠✐❛✿ s❡ r❡✜❡r❡ ❛ ❞❡sór❞❡♥❡s ♣r✐♠❛r✐♦s ❡♥ ❧❛ ♠é❞✉❧❛ ❡s♣✐♥❛❧✳ ❊st❛

❜❛s❡ ❞❡ ❞❛t♦s ❝♦♥t✐❡♥❡ ✼✷ ♣❛tr♦♥❡s ❞❡ ♣❡rs♦♥❛s q✉❡ ♣♦s❡❡♥ ♥❡♦♣❧❛s♠❛s ♠❛❧✐❣✲

♥♦s ❡♥ ❧❛s ❝é❧✉❧❛s ❞❡❧ t❡❥✐❞♦ ❤❡♠❛t♦♣♦✐ét✐❝♦✱ ❞❡ ❡❧❧♦s ✹✼ ❝♦♥ ❧❡✉❝❡♠✐❛ ❧✐♠❢♦❜ás✲

t✐❝❛ ❛❣✉❞❛ ✭❆▲▲✮ ② ✷✺ ❧❡✉❝❡♠✐❛ ♠✐❡❧♦✐❞❡ ❛❣✉❞❛ ✳ ❊❧ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❣❡♥❡s

❛♥❛❧✐③❛❞♦s ❢✉❡ ✼✶✷✾✳

▲✉♥❣✿ t✐❡♥❡ ✶✷✻✵✵ ❣❡♥❡s ❡♥ ✷✵✸ ♠✉❡str❛s✳ ▲❛s ✷✵✸ ♠✉❡str❛s ❝♦♥s✐st❡♥ ❡♥

✶✸✾ ❛❞❡♥♦❝❛r❝✐♥♦♠❛s ❞❡ ♣✉❧♠ó♥✱ ✷✶ ❝❛s♦s ❞❡ ❝❛r❝✐♥♦♠❛ ❞❡ ❝é❧✉❧❛s ❡s❝❛♠♦s❛s✱

✷✵ t✉♠♦r❡s ❝❛r❝✐♥♦✐❞❡s ♣✉❧♠♦♥❛r❡s ② ✻ ❝❛s♦s ❞❡ ❝á♥❝❡r ❞❡ ♣✉❧♠ó♥ ❡♥ ❝é❧✉❧❛s

♣❡q✉❡ñ❛s✱ ❛sí ❝♦♠♦ ✶✼ ♠✉❡str❛s ♣✉❧♠♦♥❛r❡s ♥♦r♠❛❧❡s✳

●❈▼✿ ❝♦♥t✐❡♥❡ ✶✾✵ ♠✉❡str❛s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ✶✹ ✈❛r✐❡❞❛❞❡s ❞❡ t✉♠♦r

❞❡ ❧❛s ❝✉❛❧❡s s❡ ♠✉❡str❡❛r♦♥ ❧♦s ♥✐✈❡❧❡s ❞❡ ❡①♣r❡s✐ó♥ ❞❡ ✶✻✵✻✸ ❣❡♥❡s✳

❊♥ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s ❞❡s❝r✐t❛s✱ ❝♦♠♦ ❡♥ ❝✉❛❧q✉✐❡r ❜❛s❡ ❞❡ ❞❛t♦s tí♣✐❝❛

❞❡ ♠✐❝r♦❛rr❛②✱ s❡ ♣r❡s❡♥t❛ ❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ ❞❡ q✉❡ ♣♦s❡❡♥ ♠✐❧❡s ❞❡ ❝❛r❛❝t❡✲

ríst✐❝❛s✳ P❛r❛ ❡✈✐t❛r ❧♦s ♣r♦❜❧❡♠❛s q✉❡ ✐♠♣❧✐❝❛ ❧❛ ❛❧t❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞ ❞❡ ❧♦s

❞❛t♦s s❡ ✉t✐❧✐③❛r♦♥ ❞♦s ❛❧❣♦r✐t♠♦s ♣❛r❛ s❡❧❡❝❝✐♦♥❛r ✉♥ ♥ú♠❡r♦ ♠ás r❡❞✉❝✐❞♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛s s♦❜r❡ ❧❛s ❝✉❛❧❡s ❛♣❧✐❝❛r ♥✉❡str❛ ♣r♦♣✉❡st❛ ❞❡ ❛❧❣♦r✐t♠♦✳ ▲♦s

❛❧❣♦r✐t♠♦s ✉t✐❧✐③❛❞♦s ❢✉❡r♦♥✿ ❋❛st ❈♦rr❡❧❛t✐♦♥✲❇❛s❡❞ ❋✐❧t❡r ❬✷✸✽❪ ✭❋❈❇❋✮ ② ❡❧

❇❡st ❆❣❣❧♦♠❡r❛t✐✈❡ ❘❛♥❦❡❞ ❙✉❜s❡t ❬✷✸✾❪ ✭❇❆❘❙✮✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✷✹ ❆✳❈✳ ▼é♥❞❡③
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❊♥ ❧❛s ✻ ❜❛s❡s ❞❡ ❞❛t♦s ❞❡ ♠✐❝r♦❛rr❛②s✱ t♦❞♦s ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ❝❛r❛❝t❡✲

ríst✐❝❛s r❡❢❡r❡♥t❡s ❛ ❧❛ ❡①♣r❡s✐ó♥ ❞❡ ❧♦s ❣❡♥❡s s♦♥ ♥✉♠ér✐❝❛s✳ ❆❞❡♠ás ♣r❡s❡♥t❛♥

❧❛ ♣❛rt✐❝✉❧❛r✐❞❛❞ ❞❡ q✉❡ t♦♠❛♥ ✈❛❧♦r❡s ❡♥ ✐♥t❡r✈❛❧♦s ❞❡ ❞✐✈❡rs❛ ❛♠♣❧✐t✉❞ ♣♦r

❧♦ q✉❡ ❡s ❝♦♥✈❡♥✐❡♥t❡ r❡❛❧✐③❛r ✉♥ r❡❡s❝❛❧❛❞♦ ❧✐♥❡❛❧ ❞❡ ❧♦s ✈❛❧♦r❡s ❡♥ ❡❧ ✐♥t❡r✈❛❧♦

[−2, 2]✱ s✐❡♥❞♦ X∗i ❧❛s ✈❛r✐❛❜❧❡s tr❛♥s❢♦r♠❛❞❛s tr❛s ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❝❛r❛❝t❡ríst✐✲

❝❛s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✷✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✶✳
❈
❧❛s✐✜❝❛❝✐ó♥

❞❡
▼
✐❝r♦❛rr❛②s

❚❛❜❧❛ ✾✳✶✿ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛s ✻ ❜❛s❡s ❞❡ ❞❛t♦s ✉t✐❧✐③❛❞❛s ❡♥ ❧❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✳

❉❛t♦s ❋✉❡♥t❡ ❋❙ ❚❛♠✳ ❘ ❇ ◆ Ent. Sal. NPC [Mmin,Mmax] Gen

❇❆❘❙ ✶✽✸ ✲ ✲ ✶✽✸❇r❡❛st ❬✷✹✵❪
❋❈❇❋

✾✼
✹✾✸ ✲ ✲ ✹✾✸

✷ (46, 51) [1, 3] ✶✵✵

❇❆❘❙ ✶✽✼ ✲ ✲ ✶✽✼❈◆❙ ❬✷✹✶❪
❋❈❇❋

✻✵
✶✼✵ ✲ ✲ ✶✼✵

✷ (21, 39) [1, 3] ✶✵

❇❆❘❙ ✺✽ ✲ ✲ ✺✽❈♦❧♦♥ ❬✷✹✷❪
❋❈❇❋

✻✷
✺✾ ✲ ✲ ✺✾

✷ (40, 22) [1, 3] ✶✵

❇❆❘❙ ✷✷✺ ✲ ✲ ✷✷✺▲❡✉❦❡♠✐❛ ❬✷✹✸❪
❋❈❇❋

✼✷
✷✵✸ ✲ ✲ ✷✵✸

✷ (42, 25) [1, 3] ✺✵

❇❆❘❙ ✷✸✼ ✲ ✲ ✷✸✼▲✉♥❣ ❬✷✹✹❪
❋❈❇❋

✷✵✸
✷✺✵ ✲ ✲ ✷✺✵

✺ (139, 17, 6, 21, 20) [5, 8] ✶✵✵

❇❆❘❙ ✸✶✶ ✲ ✲ ✸✶✶ (11, 10, 11, 11, )●❝♠ ❬✷✹✺❪
❋❈❇❋

✷✺✸
✷✻✹ ✲ ✲ ✷✻✹

✶✹
(22, 11, 11, 11, 20)

[25, 28] ✹✵✵

❚
❡
s
✐s

❉
♦
❝
t♦
r❛
❧

✶✷✻
❆
✳❈
✳
▼
é
♥
❞
❡
③



❈❛♣ít✉❧♦ ✾✳ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮

✾✳✶✳✷✳ ▼❛r❝♦ ❞❡ ❊①♣❡r✐♠❡♥t❛❝✐ó♥

❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ✈❛❧✐❞❛r ❡❧ ❛❧❣♦r✐t♠♦ ♣r♦♣✉❡st♦ s❡ ❡st❛❜❧❡❝❡ ✉♥ ♠❛r❝♦

❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ ❝♦♠♣✉❡st♦ ♣♦r ✺ ❛❧❣♦r✐t♠♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ❡st❛❞♦ ❞❡❧

❛rt❡ ❞❡♥tr♦ ❞❡❧ ❝❛♠♣♦ ❞❡ ✧▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣✧✳ ▲♦s ❛❧❣♦r✐t♠♦s ✉t✐❧✐③❛❞♦s ♣❛r❛

❝♦♠♣❛r❛r ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ♥✉❡str❛ ♣r♦♣✉❡st❛ s♦♥✿

✶✳ ❘❡❞ ❘❇❋ ❬✷✹✻❪ ❝♦♠♣✉❡st❛ ♣♦r ✉♥❛ ❝❛♣❛ ❞❡ ♥♦❞♦s ❙❘❇❋ ❞❡✜♥✐❞❛ ❡♥

❢✉♥❝✐ó♥ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ② ❡♥tr❡♥❛❞❛ ❡♥ ❞♦s ❡t❛♣❛s ✉t✐❧✐✲

③❛♥❞♦ ❡♥ ❧❛ ♣r✐♠❡r❛ ❡t❛♣❛ ❡❧ ❛❧❣♦r✐t♠♦K−Medias ❬✷✹✼❪✳ P♦st❡r✐♦r♠❡♥t❡

s❡ ❛♣❧✐❝❛ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ s♦❜r❡ ❧❛s ♥✉❡✈❛s ✈❛r✐❛❜❧❡s

❣❡♥❡r❛❞❛s ♣♦r ❧❛s ❙❘❇❋✳

✷✳ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ▼✉❧t✐♥♦♠✐❛❧ ✭▼▲♦❣✐st✐❝✮✱ ❛❧❣♦r✐t♠♦ q✉❡ ❡st❛❜❧❡❝❡ ✉♥

♠♦❞❡❧♦ ❞❡ ❘▲ ✐♥❝♦r♣♦r❛♥❞♦ ✉♥❛ ♣❡♥❛❧✐③❛❝✐ó♥ s♦❜r❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❛ ❡s✲

t✐♠❛r✱ ❝♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ♣r❡✈❡♥✐r ❡❧ s♦❜r❡❛❥✉st❡ ❛ ❧♦s ❞❛t♦s ❞❡ ❡♥tr❡✲

♥❛♠✐❡♥t♦ ❬✷✹✽❪✳ ▲♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦ s♦♥ ❡st✐♠❛❞♦s ♠❡❞✐❛♥t❡ ❡❧

❛❧❣♦r✐t♠♦ ■❘▲❙ ✭✈❡r s❡❝❝✐ó♥ ✺✳✷✳✷✮✳

✸✳ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ❙✐♠♣❧❡ ✭❙▲♦❣✐st✐❝✮✿ ❛♣❧✐❝❛ ✉♥ ❛❧❣♦r✐t♠♦ ▲♦❣✐t❇♦♦st

♣❛r❛ ❡st✐♠❛r ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♠♦❞❡❧♦✳ ❊st❡ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦ ❞❡t❡r✲

♠✐♥❛ ❡❧ ♥ú♠❡r♦ ❞❡ ✐t❡r❛❝✐♦♥❡s ♠❡❞✐❛♥t❡ ✉♥ ✧✺ ❢♦❧❞ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✧ s♦❜r❡

❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❬✷✹✾❪✳

✹✳ ▼♦❞❡❧♦ ▲♦❣íst✐❝♦ ❞❡ ➪r❜♦❧❡s ❞❡ ❉❡❝✐s✐ó♥ ✭▲♦❣✐st✐❝ ▼♦❞❡❧ ❚r❡❡✱ ▲▼❚✮

❬✷✹✾❪✳

✺✳ ▼áq✉✐♥❛ ❞❡ ❙♦♣♦rt❡ ❱❡❝t♦r✐❛❧ ✭❙❱▼✮ ❬✷✺✵❪ ❝♦♥ ❦❡r♥❡❧s ❙❘❇❋✳

❊st♦s ❛❧❣♦r✐t♠♦s ❢✉❡r♦♥ s❡❧❡❝❝✐♦♥❛❞♦s ♣✉❡s s❡ ❡♥❝✉❡♥tr❛♥ ❡str❡❝❤❛♠❡♥t❡

r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ♥✉❡str❛ ♣r♦♣✉❡st❛✳ ▲♦s tr❡s ♣r✐♠❡r♦s ♠ét♦❞♦s ❝♦♥str✉②❡♥ ♠♦✲

❞❡❧♦s ❧♦❣íst✐❝♦s✱ ❡❧ ❝✉❛rt♦ ✉t✐❧✐③❛ ❡❧ ❛❧❣♦r✐t♠♦ ❞❡ ❘▲ ✭▲▼❚✮ ② ❡❧ ú❧t✐♠♦ ❞❡✜♥❡

✉♥❛ ❝♦♠❜✐♥❛❝✐ó♥ ❧✐♥❡❛❧ s♦❜r❡ ❧❛s s❛❧✐❞❛s ❞❡ ♥♦❞♦s ❙❘❇❋✳

❱❛r✐❛❞❛ ❤❛ s✐❞♦ ❧❛ ✉t✐❧✐③❛❝✐ó♥ ❞❡ ❡st❛s té❝♥✐❝❛s ♣❛r❛ ❛❜♦r❞❛r ❡❧ ♣r♦❜❧❡♠❛

❞❡ ❡①♣r❡s✐ó♥ ❞❡ ❣❡♥❡s ❡♥ ❞❛t♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ♠✉❡str❛s ❞❡ ▼✐❝r♦❛rr❛②s✳ ❯♥❛

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✷✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✶✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ▼✐❝r♦❛rr❛②s

❞❡s❝r✐♣❝✐ó♥ ♠ás ❞❡t❛❧❧❛❞❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♥ ❧❛s té❝♥✐❝❛s ❛♥t❡s

♠❡♥❝✐♦♥❛❞❛s ♣✉❡❞❡ s❡r ❝♦♥s✉❧t❛❞❛ ❡♥ ❬✷✺✶✱ ✷✹✻✱ ✷✹✾❪✳

P❛r❛ ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ ❧♦s ❞✐st✐♥t♦s ♠♦❞❡❧♦s s❡ ❤❛ t♦♠❛❞♦ ❧❛ ♣r❡❝✐s✐ó♥

❝♦♠♦ ♠❡❞✐❞❛ ❞❡ ❞❡s❡♠♣❡ñ♦✱ s✐❡♥❞♦ ❝♦♥♦❝✐❞❛ t❛♠❜✐é♥ ❝♦♠♦ P♦r❝❡♥t❛❥❡ ❞❡

❈❧❛s✐✜❝❛❝✐ó♥ ❈♦rr❡❝t❛ ♦ ✭❈❈❘✮✳ P❛r❛ ❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ ♥✉❡str❛ ♣r♦♣✉❡st❛ s❡

✜❥❛♥ ❧♦s ✐♥t❡r✈❛❧♦s ♣❛r❛ ❧❛ ✐♥✐❝✐❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ♣❡s♦s ❞❡ ❧♦s ♥♦❞♦s ❞❡ ❧❛ ❝❛♣❛

❞❡ s❛❧✐❞❛ ❞❡ ❧❛s r❡❞❡s ❡♥ [−I, I] = [−5, 5] ② s❡ ❝r❡❛♥ ♣♦❜❧❛❝✐♦♥❡s ❝♦♥ N = 500

✐♥❞✐✈✐❞✉♦s✳ P❛r❛ r❡❛❧✐③❛r ❧❛ ♠✉t❛❝✐ó♥ ❡str✉❝t✉r❛❧ s❡ ❡st❛❜❧❡❝❡ ❡❧ ✐♥t❡r✈❛❧♦ [1, 2]

❞❡s❝r✐❜✐❡♥❞♦ ❡❧ ♥ú♠❡r♦ ♠í♥✐♠♦ ② ♠á①✐♠♦ ❞❡ ♥♦❞♦s q✉❡ s❡ ♣✉❡❞❡♥ ❡❧✐♠✐♥❛r ♦

❛ñ❛❞✐r❀ ② s❡ ❡♥♠❛r❝❛ ❡❧ ♥ú♠❡r♦ ❞❡ ❝♦♥❡①✐♦♥❡s ❛ ❡❧✐♠✐♥❛r ♦ ❡st❛❜❧❡❝❡r ❞❡♥tr♦

❞❡❧ ✐♥t❡r✈❛❧♦ [1, 7]✳

P❛r❛ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡ ❧♦s ❤✐♣❡r♣❛rá♠❡tr♦s ❞❡ ❧❛s ❙❱▼ ✭♣❛rá♠❡tr♦ ❞❡ r❡✲

❣✉❧❛r✐③❛❝✐ó♥✱ C✱ ② ❡❧ r❛❞✐♦ ❞❡ ❧❛s ❙❘❇❋ γ✮✱ s❡ ❤❛ ❛♣❧✐❝❛❞♦ ✉♥❛ ❜úsq✉❡❞❛ ❞❡

t✐♣♦ ♠❛❧❧❛ ♠❡❞✐❛♥t❡ ✉♥ ✧✶✵✲❢♦❧❞ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✧ s♦❜r❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡✲

♥❛♠✐❡♥t♦ ✉t✐❧✐③❛♥❞♦ ❧♦s s✐❣✉✐❡♥t❡s r❛♥❣♦s✿

C ∈ ④2−5 ✱ 2−3 ✱ ✳ ✳ ✳ ✱ 215⑥ ② γ ∈ ④2−15 ✱ 2−13 ✱ ✳ ✳ ✳ ✱ 23⑥✳

❊❧ ❞✐s❡ñ♦ ❡①♣❡r✐♠❡♥t❛❧ ❢✉❡ r❡❛❧✐③❛❞♦ ♠❡❞✐❛♥t❡ ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ✧❤♦❧❞♦✉t

❝r♦ss ✈❛❧✐❞❛t✐♦♥✧ ❝♦♥ 3n/4 ❞❡ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦s ♣❛tr♦♥❡s ♣❛r❛ r❡❛❧✐③❛r ❡❧

❡♥tr❡♥❛♠✐❡♥t♦ ② ❡❧ r❡st❛♥t❡ n/4 ❝♦♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛t♦s ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥✳

❈♦♥ ❡❧ ✜♥ ❞❡ ❡✈❛❧✉❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ❡①♣❡r✐♠❡♥t♦✱ ❡❧ ❆❊ s❡ ❡❥❡❝✉t❛ ✸✵ ✈❡❝❡s

♣❡r♠✐t✐❡♥❞♦ s✉ ✈❛❧✐❞❛❝✐ó♥ ♠❡❞✐❛♥t❡ ♠ét♦❞♦s ❡st❛❞íst✐❝♦s✳

P♦r ú❧t✐♠♦✱ ❡❧ ❆❊ ② ❧♦s ❛❧❣♦r✐t♠♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥✲

t❛❝✐ó♥ ❢✉❡r♦♥ ✐♠♣❧❡♠❡♥t❛❞♦s ❡♥ ❏❆❱❆✳ ❆❞❡♠ás s❡ ✉t✐❧✐③ó ❧❛ ❧✐❜r❡rí❛ ❵❧✐❜s✈♠✑

❬✷✺✷❪ ♣❛r❛ ♦❜t❡♥❡r ❧♦s r❡s✉❧t❛❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛s ❙❱▼ ② ❲❊❑❆✶ ♣❛r❛

♦❜t❡♥❡r ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❝♦♥tr❛ ❧♦s q✉❡ s❡ ❝♦♠♣❛ró ♥✉❡str❛

♣r♦♣✉❡st❛✳

❊♥ ❧❛ ♣r❡s❡♥t❡ s❡❝❝✐ó♥ s❡ ❛♥❛❧✐③❛♥ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♠♣❛r❛♥❞♦ ❡❧

❈❈❘✭ ❧❛ ♠❡❞✐❛ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛s ✸✵ ❡❥❡❝✉❝✐♦♥❡s s♦❜r❡ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s✮ ❞❡

♥✉❡str♦ ❛❧❣♦r✐t♠♦ ♥❡✉r♦✲❧♦❣íst✐❝♦ ② ❞❡ ❧♦s r❡st❛♥t❡s ❛❧❣♦r✐t♠♦s ♣❡rt❡♥❡❝✐❡♥t❡s

❛❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✳

✶❤tt♣✿✴✴✇✇✇✳❝s✳✇❛✐❦❛t♦✳❛❝✳♥③✴♠❧✴✇❡❦❛✴

❚❡s✐s ❉♦❝t♦r❛❧ ✶✷✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✾✳ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮

❊♥ ❧❛ ❚❛❜❧❛ ✾✳✷ s❡ r❡♣r❡s❡♥t❛ ❧❛ ♠❡❞✐❛ ② ❧❛ ❞❡s✈✐❛❝✐ó♥ ❡stá♥❞❛r ❞❡ ❧❛

♣r❡❝✐s✐ó♥ ✭CG✮ ❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ s♦❜r❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❡♥ ❧❛s ✸✵

❡❥❡❝✉❝✐♦♥❡s ❡❢❡❝t✉❛❞❛s✳ ❉❡❧ ❛♥á❧✐s✐s ❞❡ ❧♦s r❡s✉❧t❛❞♦s s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r ❞❡s❞❡

✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ ♣✉r❛♠❡♥t❡ ❞❡s❝r✐♣t✐✈♦ q✉❡ ♥✉❡str❛ ♣r♦♣✉❡st❛ ♣r❡s❡♥t❛ ✉♥❛

♣r❡❝✐s✐ó♥ ♠❡❥♦r ❡♥ ♠❡❞✐❛ ✭CG = 91.08%✮ ② ❡♥ r❛♥❣♦ ✭RCG
= 1.62✮ s♦❜r❡ CG

q✉❡ ❧♦s ❞❡♠ás ❛❧❣♦r✐t♠♦s ❞❡❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✷✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✶✳
❈
❧❛s✐✜❝❛❝✐ó♥

❞❡
▼
✐❝r♦❛rr❛②s

❚❛❜❧❛ ✾✳✷✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡❧ ♠ét♦❞♦ ♣r♦♣✉❡st♦ r❡s♣❡❝t♦ ❛ ❧♦s ❞❡♠ás ❛❧❣♦r✐t♠♦s q✉❡ ❝♦♠♣♦♥❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐✲
♠❡♥t❛❝✐ó♥✿ CG(%) ♠❡❞✐❛ ② ❞❡s✈✐❛❝✐ó♥ ❡stá♥❞❛r ✭❙❉✮ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ♣❡rt❡♥❡❝✐❡♥t❡ ❛ ❧❛s ✸✵ ❡❥❡❝✉❝✐♦♥❡s ❡❢❡❝t✉❛❞❛s
s♦❜r❡ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ❡♥ ♣❛rt✐❝✉❧❛r✱ CG(%) ♠❡❞✐❛ ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s ♦❜t❡♥✐❞❛s ♣♦r ✉♥ ❝❧❛s✐✜❝❛❞♦r ❛♥t❡ ❧❛s ❜❛s❡s
❞❡ ❞❛t♦s ♣r♦♣✉❡st❛s✱ R r❛♥❣♦ ♠❡❞✐♦✱ p✲❱❛❧✉❡ ② α

′

♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ t❡st ❞❡ ❍♦❧♠ ❬✶❪✭♥♦ ♣❛r❛♠étr✐❝♦✮ r❡❛❧✐③❛❞♦
s♦❜r❡ CG ❝♦♥ α = 0.05 ② ✉t✐❧✐③❛♥❞♦ ❡❧ ❛❧❣♦r✐t♠♦ ♣r♦♣✉❡st♦ ❝♦♠♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦♥tr♦❧✳

▼❡t❤♦❞✭CG(%)✮

❘❇❋◆ ▼▲♦❣✐st✐❝ ❙▲♦❣✐st✐❝ ▲▼❚ ❙❱▼ ❊●❘❇❋ ▼▲❊●❘❇❋ ▼▲■❊●❘❇❋

❉❛t♦s ❋❙ ❘❡s✉❧t ❘❡s✉❧t ❘❡s✉❧t ❘❡s✉❧t ❘❡s✉❧t MeanSD MeanSD MeanSD

✭✶✮ ✽✵✳✵✵ ✽✵✳✵✵ ✼✷✳✵✵ ✼✷✳✵✵ ✽✵✳✵✵ 73.604.88 77.875.53 80.933.59
❇r❡❛st

✭✷✮ ✽✵✳✵✵ ✽✹✳✵✵ ✽✹✳✵✵ ✽✹✳✵✵ ✼✻✳✵✵ 74.807.50 74.937.71 87.731.01

✭✶✮ ✽✵✳✵✵ ✼✸✳✸✸ ✻✻✳✻✻ ✻✻✳✻✻ ✻✻✳✻✼ 70.229.22 70.0010.47 77 .563 .27
❈◆❙

✭✷✮ ✽✻✳✻✻ ✶✵✵✳✵✵ ✽✵✳✵✵ ✽✵✳✵✵ ✻✻✳✻✼ 84.898.01 84.007.95 99 .781 .22

✭✶✮ ✾✸✳✼✺ ✾✸✳✼✺ ✶✵✵✳✵✵ ✶✵✵✳✵✵ ✻✷✳✺✵ 99.172.16 99.172.16 100.000.00
❈♦❧♦♥

✭✷✮ ✽✼✳✺✵ ✼✺✳✵✵ ✽✶✳✷✺ ✼✺✳✵✵ ✻✷✳✺✵ 77.928.16 78.337.83 87.081.59

✭✶✮ ✾✹✳✹✹ ✶✵✵✳✵✵ ✽✽✳✽✾ ✽✽✳✽✾ ✻✻✳✻✼ 97.223.79 97.593.77 100.000.00
▲❡✉❦❡♠✐❛

✭✷✮ ✾✹✳✹✹ ✾✹✳✹✹ ✽✸✳✸✸ ✽✸✳✸✸ ✻✻✳✻✼ 95.934.36 98.153.04 100.000.00

✭✶✮ ✾✻✳✵✼ ✾✻✳✵✼ ✾✽✳✵✸ ✾✽✳✵✸ ✾✽✳✵✸ 93.531.94 97.593.77 97 .910 .50
▲✉♥❣

✭✷✮ ✾✹✳✶✶ ✾✹✳✶✶ ✾✽✳✵✸ ✾✽✳✵✸ ✾✹✳✶✶ 87.585.00 98.143.04 100.000.00

✭✶✮ ✼✺✳✵✵ ✼✸✳✵✼ ✻✸✳✹✾ ✼✶✳✶✺ ✼✺✳✵✵ 24.046.50 54.814.84 77.560.93
●❝♠

✭✷✮ ✽✷✳✵✵ ✽✵✳✼✻ ✼✶✳✶✺ ✻✼✳✸✵ ✽✵✳✼✻ 26.246.68 54.097.39 84.352.71

CG(%) ✽✻✳✾✾ 87 .04 ✽✷✳✷✸ ✽✷✳✵✸ ✼✹✳✻✸ ✼✺✳✹✷ ✽✷✳✵✺ 91.08

RCG
3 .83 ✹✳✵✽ ✹✳✾✶ ✺✳✷✵ ✺✳✼✺ ✺✳✽✼ ✹✳✼✶ 1.62

p✲❱❛❧✉❡ ✵✳✵✷✼ ✵✳✵✶✸ ✵✳✵✵✶ ✸✳✹❊✲✹ ✹✳✵❊✲✺ ✷✳✺❊✲✺ ✵✳✵✵✷ ✲

α
′

Holm ✵✳✵✺✵ ✵✳✵✷✺ ✵✳✵✶✷ ✵✳✵✶✵ ✵✳✵✵✽ ✵✳✵✵✼ ✵✳✵✶✻ ✲

❊❧ ♠❡❥♦r r❡s✉❧t❛❞♦ s❡ ❡♥❝✉❡♥tr❛ r❡s❛❧t❛❞♦ ❡♥ ♥❡❣r✐t❛ ② ❡❧ s❡❣✉♥❞♦ ♠❡❥♦r ❡♥ ✐tá❧✐❝❛

✭✶✮✿ ❇❆❘❙❀ ✭✷✮✿ ❋❈❇❋
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❊♥ ❧♦s ❣rá✜❝♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✾✳✶✱ ❝❛❞❛ ♣✉♥t♦ ❝♦♠♣❛r❛ ♥✉❡str❛ ♣r♦♣✉❡st❛

r❡s♣❡❝t♦ ❛ ❧♦s ❞❡♠ás ❛❧❣♦r✐t♠♦s ♣r❡s❡♥t❡s ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✱

s♦❜r❡ ❝❛❞❛ ❜❛s❡ ❞❡ ❞❛t♦s ❡s♣❡❝í✜❝❛ r❡♣r❡s❡♥t❛❞❛ ❝❛❞❛ ✉♥❛ ♣♦r ✉♥❛ ❝♦❧✉♠♥❛

❞✐st✐♥t❛ ❞❡♥tr♦ ❞❡❧ ❣rá✜❝♦✳ ❈❛❞❛ ♣✉♥t♦ r❡♣r❡s❡♥t❛❞♦ ♠✉❡str❛ ❡♥ ✉♥ ♣❛r ❞❡

✈❛❧♦r❡s ♦r❞❡♥❛❞♦s ✭①✱②✮ ❞♦♥❞❡ ❡❧ ✈❛❧♦r ❞❡ ❧❛s ① r❡♣r❡s❡♥t❛ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ♥✉❡str❛

♣r♦♣✉❡st❛ ② ❡❧ ✈❛❧♦r ❞❡ ② r❡♣r❡s❡♥t❛ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡❧ ❛❧❣♦r✐t♠♦ r❡♣r❡s❡♥t❛❞♦

s❡❣ú♥ ❧❛ s✐♠❜♦❧♦❣í❛ ❡♥ ❧❛ ❧❡②❡♥❞❛✳ P♦r t❛♥t♦ s✐ ✉♥ ♣✉♥t♦ s❡ ❡♥❝✉❡♥tr❛ ♣♦r

❞❡❜❛❥♦ ❞❡ ❧❛ ❧í♥❡❛ ❞✐✈✐s♦r✐❛ r♦❥❛ s✐❣♥✐✜❝❛ q✉❡ ❡❧ ❛❧❣♦r✐t♠♦ r❡♣r❡s❡♥t❛❞♦ ♣r❡s❡♥t❛

✉♥❛ ♣r❡❝✐s✐ó♥ ♠❡♥♦r q✉❡ ♥✉❡str❛ ♣r♦♣✉❡st❛ ♣❛r❛ ❧❛ ❜❛s❡ ❞❡ ❞❛t♦s r❡♣r❡s❡♥t❛❞❛

♣♦r ❧❛ ❝♦❧✉♠♥❛ ❛ ❧❛ ❝✉❛❧ ♣❡rt❡♥❡❝❡ ❞✐❝❤♦ ♣✉♥t♦✳

P❛r❛ ❞❡t❡r♠✐♥❛r ❧❛ s✐❣♥✐✜❝❛❝✐ó♥ ❡st❛❞íst✐❝❛ ❞❡ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❧♦s

✧r❛♥❦✐♥❣s✧ ♦❜s❡r✈❛❞♦s ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♠ét♦❞♦s s♦❜r❡ ❧❛s ❜❛s❡s ❞❡ ❞❛t♦s

♣r♦♣✉❡st❛s s❡ ❡❢❡❝t✉ó ✉♥❛ ♣r✉❡❜❛ ♥♦ ♣❛r❛♠étr✐❝❛ ❞❡ ❋r✐❡❞♠❛♥ ❬✺✾❪ s♦❜r❡ ❧♦s

r❛♥❣♦s ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s ✭CG✮ ❞❡ ❝❛❞❛ ❛❧❣♦r✐t♠♦ ❡♥ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❜❛s❡s ❞❡

❞❛t♦s ❡st❛❜❧❡❝✐❞❛s✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ✉♥❛ ❡✈❛❧✉❛❝✐ó♥ ♣r❡✈✐❛

q✉❡ ✈❡r✐✜❝ó ❧❛ ❛✉s❡♥❝✐❛ ❞❡ ♥♦r♠❛❧✐❞❛❞ ② ❧❛ ♥♦ ✐❣✉❛❧❞❛❞ ❞❡ ❧❛ ❤✐♣ót❡s✐s ❞❡

✈❛r✐❛♥③❛ ❞❡ ❧❛s ♣♦❜❧❛❝✐♦♥❡s ❛s♦❝✐❛❞❛s ❛ ❧♦s r❡s✉❧t❛❞♦s✳ ▲❛ ❡❥❡❝✉❝✐ó♥ ❞❡ ❧❛ ♣r✉❡❜❛

✭❝♦♥ ✉♥ ♥✐✈❡❧ ❞❡ s✐❣♥✐✜❝❛❝✐ó♥ ❞❡ ✉♥ 10%✮ ❛rr♦❥ó ❝♦♠♦ r❡s✉❧t❛❞♦ q✉❡ ❧❛s ♠❡❞✐❛s

❞❡ ❧♦s r❛♥❦✐♥❣s ❞❡ ❧♦s CG ♣♦s❡❡♥ ❞✐❢❡r❡♥❝✐❛s s✐❣♥✐✜❝❛t✐✈❛s✳ ❙✐❡♥❞♦ ❡❧ ✐♥t❡r✈❛❧♦

❞❡ ❝♦♥✜❛♥③❛ C0 = (0, F0.05 = 2.13) ② ❡❧ ✈❛❧♦r ❡st❛❞íst✐❝♦ ❞❡ ❧❛ ❋✲❞✐str✐❜✉❝✐ó♥

❡s F ∗ = 4.96 /∈ C0 ♣❛r❛ CG✳ ❉❡ ❡st❡ ♠♦❞♦ s❡ r❡❝❤❛③❛ ❧❛ ❤✐♣ót❡s✐s ♥✉❧❛ ② s❡

✐♥✜❡r❡ q✉❡ ❧♦s ❛❧❣♦r✐t♠♦s t✐❡♥❡♥ ✉♥ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡s✐❣✉❛❧ ❡♥ ❝✉❛♥t♦ ❛ ❧❛

♠❡❞✐❛ ❞❡ ❧♦s r❛♥❣♦s ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s✳

❚r❛s ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ❝♦♥ ❧❛ ♣r✉❡❜❛ ❞❡ ❋r✐❡❞♠❛♥ ❬✺✾❪ s❡ r❡❛❧✐✲

③ó ✉♥❛ ♣r✉❡❜❛ ❞❡ ❍♦❧♠ ✧♣♦st✲❤♦❝✧ ❬✶❪ ♣❛r❛ ❝♦♠♣❛r❛r ❡❧ r❡♥❞✐♠✐❡♥t♦ ❞❡ ❝❛❞❛

❝❧❛s✐✜❝❛❞♦r r❡♣❡❝t♦ ❛ ❧♦s ❞❡♠ás✳ ❊st❛ ♣r✉❡❜❛ ❡s ✉♥ ♣r♦❝❡❞✐♠✐❡♥t♦ ❞❡ ❝♦♠♣❛✲

r❛❝✐ó♥ ♠ú❧t✐♣❧❡ q✉❡ ❢✉♥❝✐♦♥❛ ❡st❛❜❧❡❝✐❡♥❞♦ ✉♥ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦♥tr♦❧ ② ❝♦♠♣❛✲

rá♥❞♦❧♦ ❝♦♥ ❧♦s r❡st❛♥t❡s ♠ét♦❞♦s ❬✷✺✸❪✳ ❯♥ ❛♥á❧✐s✐s ♣♦r♠❡♥♦r✐③❛❞♦ ❞❡ ❧♦s ♣✲

✈❛❧♦r❡s ✭❝❛❧❝✉❧❛❞♦s ♣♦r ❡❧ t❡st✮ ♦r❞❡♥❛❞♦s ❛s❝❡♥❞❡♥t❡✱ ✐♥❞✐❝❛ q✉❡ ❧♦s ✧♣✲✈❛❧♦r❡s✧

s✐❡♠♣r❡ s♦♥ ♠❡♥♦r❡s q✉❡ s✉ α
′

Holm ❝♦rr❡s♣♦♥❞✐❡♥t❡✿ pEGRBF ≤ pSVM ≤
pLMT ≤ pSLogistic ≤ pMLEGRBF ≤ pMLogistic ≤ pRBFN ≤ pMLIEGRBF s✐❡♥❞♦

pEGRBF = 2.5E − 5 ≤ 0.007, pSVM = 4.0E − 5 ≤ 0.008, pLMT = 3.4E − 4 ≤

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✸✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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❘❡s✉❧t❛❞♦s ✭❋❈❇❋✮✿
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❋✐❣✉r❛ ✾✳✶✿ ❈♦♠♣❛r❛❝✐ó♥ ❞❡ ❧❛ ♣r❡❝✐s✐ó♥ ❞❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♣r♦♣✉❡st❛ r❡s♣❡❝t♦
❛ ❧♦s ❞❡♠ás ❛❧❣♦r✐t♠♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ s♦❜r❡ ❧❛s
✶✷ ❜❛s❡s ❞❡ ❞❛t♦s tr❛s ❛♣❧✐❝❛r ❧♦s ❛❧❣♦r✐t♠♦s ❋❈❇❋ ② ❇❆❘❙ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✸✷ ❆✳❈✳ ▼é♥❞❡③
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0.010, pSLogistic = 0.001 ≤ 0.012, pMLEGRBF = 0.002 ≤ 0.016, pMLogistic =

0.013 ≤ 0.025, pRBFN = 0.027 ≤ 0.050 ✭✈❡r ❡❧ ✜♥❛❧ ❞❡ ❧❛ ❚❛❜❧❛ ✾✳✷ ✮✳

▲♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛ ♣r✉❡❜❛ ❞❡ ❍♦❧♠ ♣❛r❛ ✉♥ α = 0.05 ♣✉❡❞❡♥ s❡r ♦❜✲

s❡r✈❛❞♦s ❡♥ ❧❛ ❚❛❜❧❛ ✾✳✷✱ ✉t✐❧✐③❛♥❞♦ ❧♦s p− valores ② α
′

Holms ❝♦rr❡s♣♦♥❞✐❡♥t❡s✳

❉❡❧ ❛♥á❧✐s✐s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ♣r✉❡❜❛s s❡ ♣✉❡❞❡ ❝♦♥❝❧✉✐r q✉❡ ❧❛ ♠❡t♦❞♦✲

❧♦❣í❛ ♣r♦♣✉❡st❛ ♦❜t✐❡♥❡ ✉♥ ✧r❛♥❦✐♥❣✧ ❞❡ CG s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♠ás ❛❧t♦ q✉❡

❧♦s r❡st❛♥t❡s ❛❧❣♦r✐t♠♦s ♣r❡s❡♥t❡s ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✳

✾✳✷✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ■♥❝❛♣❛❝✐❞❛❞ ▲❛❜♦r❛❧

▲❛ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧ ❡s ✉♥❛ ❝♦♥❞✐❝✐ó♥ q✉❡ ♣r❡s❡♥t❛♥ ❛❧❣✉♥❛s ♣❡rs♦✲

♥❛s ❡♥ ❡❞❛❞ ❧❛❜♦r❛❧ ❞❡❜✐❞♦ ❛ ❛❢❡❝❝✐♦♥❡s ❡♥ s✉ ❡st❛❞♦ ❞❡ s❛❧✉❞✳ ❊st❛ s✐t✉❛❝✐ó♥

♠é❞✐❝❛ ✐♥❝✐❞❡ ❞✐r❡❝t❛♠❡♥t❡ ❡♥ s✉ s✐t✉❛❝✐ó♥ ♦❝✉♣❛❝✐♦♥❛❧✳ ❊❧ ❛♥á❧✐s✐s ❞❡ ❡st❛

❝♦♥❞✐❝✐ó♥ ❞❡❜❡ ♣♦s❡❡r ✉♥ ❛❧t♦ r✐❣♦r ♣r♦❢❡s✐♦♥❛❧❀ ❡✈✐t❛♥❞♦ t❡♥❡r ❡♥ ❝✉❡♥t❛ ♦tr❛s

❝✐r❝✉♥st❛♥❝✐❛s ❝♦♠♦ ❢❛♠✐❧✐❛✱ ❡❞❛❞✱ ❡t❝✳

✾✳✷✳✶✳ ❉❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s ❉❛t♦s

▲❛s s✐t✉❛❝✐♦♥❡s ♦❝✉♣❛❝✐♦♥❛❧❡s ❛ t❡♥❡r ❡♥ ❝✉❡♥t❛ ♣❛r❛ q✉❡ ✉♥❛ ♣❡rs♦♥❛

s❡❛ ♣r♦t❡❣✐❞❛ ♣♦r ❡❧ ❡st❛❞♦ ❞❡ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧ s❡ ♣✉❡❞❡♥ r❡s✉♠✐r ❝♦♠♦✿

■♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧ ❧❛ ❝✉❛❧ s❡ ❡♥t✐❡♥❞❡ ❝♦♠♦ ❧❛ ♣ér❞✐❞❛ ❡♥ ❡❧ ♠♦♥t♦ ❞❡

❧♦s ✐♥❣r❡s♦s ❞❡ ❧❛s ♣❡rs♦♥❛s ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ✉♥❛ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧

♣❡r♠❛♥❡♥t❡ ♦ t❡♠♣♦r❛❧✳

◆❡❝❡s✐❞❛❞ ❞❡ r❡❝♦❜r❛r ❡❧ ❜✐❡♥❡st❛r ♣síq✉✐❝♦✲❢ís✐❝♦✳

◆❡❝❡s✐❞❛❞ ❞❡ r❡❝✐❜✐r ❛②✉❞❛ ✜♥❛♥❝✐❡r❛ ❞✉r❛♥t❡ ❡❧ ♣❡r✐♦❞♦ ❞❡ r❡st❛❜❧❡❝✐✲

♠✐❡♥t♦✳

Pr♦❝❡s♦ ❞❡ r❡✐♥t❡❣r❛r ✉♥❛ ♣❡rs♦♥❛ ✐♥❝❛♣❛❝✐t❛❞❛ ❛❧ ❛♠❜✐❡♥t❡ ❧❛❜♦r❛❧✱ ❝♦♥✲

s✐❞❡r❛♥❞♦ q✉❡ ❞✐❝❤❛ ♣❡rs♦♥❛ ❞❡❜❡ s❡r ♣r♦t❡❣✐❞❛ ♠❡❞✐❛♥t❡ ❧❛ s❡❧❡❝❝✐ó♥ ❞❡❧

❡♠♣❧❡♦ ❛ ❞❡s❡♠♣❡ñ❛r✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✸✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✷✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ■♥❝❛♣❛❝✐❞❛❞ ▲❛❜♦r❛❧

❉❡♣❡♥❞✐❡♥❞♦ ❞❡ ❧❛ ❝❛✉s❛ q✉❡ ❞❡t❡r♠✐♥❛ ❧❛s ✐♥❝❛♣❛❝✐❞❛❞❡s ❧❛❜♦r❛❧❡s s❡

♣✉❡❞❡♥ ❝❧❛s✐✜❝❛r ❡♥ ❧♦s s✐❣✉✐❡♥t❡s ❣r❛❞♦s ♦ ♥✐✈❡❧❡s ❞❡ ❛❢❡❝❝✐ó♥✿

P❛r❝✐❛❧ ✿ ❝✉❛♥❞♦ ✉♥❛ ♣❡rs♦♥❛ s❡ ✈❡ ❞✐s♠✐♥✉✐❞❛ ❡♥ ✉♥ 33% ❞❡ s✉ ❝❛♣❛❝✐❞❛❞

❧❛❜♦r❛❧✳ ❙✐♥ ❡♠❜❛r❣♦ ❧❛ ❛❢❡❝❝✐ó♥ ♥♦ ❧♦ ✐♥❝❛♣❛❝✐t❛ ♣❛r❛ ❞❡s❛rr♦❧❧❛r ❧❛ ❧❛❜♦r

❢✉♥❞❛♠❡♥t❛❧ ❞❡ s✉ ♦❝✉♣❛❝✐ó♥✳

❚♦t❛❧ ✿ ❝✉❛♥❞♦ ✉♥ tr❛❜❛❥❛❞♦r ♥♦ ♣✉❡❞❡ ❞❡s❛rr♦❧❧❛r ❧❛ ❧❛❜♦r ❢✉♥❞❛♠❡♥t❛❧

❞❡ s✉ ♦❝✉♣❛❝✐ó♥ ♣❡r♦ ♣✉❡❞❡ r❡❛❧✐③❛r ♦tr❛s ❧❛❜♦r❡s✳

❆❜s♦❧✉t❛✿ ❝✉❛♥❞♦ ❡❧ tr❛❜❛❥❛❞♦r ♥♦ ❡s ❝❛♣❛③ ❞❡ r❡❛❧✐③❛r ♥✐♥❣✉♥❛ ♣r♦❢❡s✐ó♥✳

❆❣✉❞❛✿ ❝✉❛♥❞♦ ✉♥ tr❛❜❛❥❛❞♦r ♣♦s❡❡ ❞✐✜❝✉❧t❛❞❡s q✉❡ ❛❢❡❝t❛♥ ❛ s✉ ❝❛♣❛✲

❝✐❞❛❞ ♣❛r❛ r❡❛❧✐③❛r ❧❛s ❢✉♥❝✐♦♥❡s ❜ás✐❝❛s ❞❡ ❧❛ ✈✐❞❛ ❞✐❛r✐❛ ✭❝♦♠❡r✱ tr❛s❧❛✲

❞❛rs❡✱ ✈❡st✐rs❡✱ ❡t❝✮✳

◆✐♥❣✉♥❛✿ ❝✉❛♥❞♦ ❧❛ ♣❡rs♦♥❛ ♥♦ ♣♦s❡❡ ♥✐♥❣✉♥❛ ❛❢❡❝❝✐ó♥ q✉❡ ✐♠♣❛❝t❡ s♦❜r❡

s✉ ❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧ ♣❡r♦ s✉ ✐♥t❡❣r✐❞❛❞ ❢ís✐❝❛ s❡ ✈❡ ❞✐s♠✐♥✉✐❞❛✳

▲❛ r❡❧❛❝✐ó♥ ❞❡ ❛❢❡❝❝✐♦♥❡s ♥♦ ✐♥❝❛♣❛❝✐t❛♥t❡s s❡ r❡❧❛❝✐♦♥❛♥ ❡♥ ❧❛ ✧▲❡② ●❡♥❡r❛❧

❞❡ ❧❛ ❙❡❣✉r✐❞❛❞ ❙♦❝✐❛❧✧ ❬✷✺✹❪✳

❊♥ ❝❛s♦ ❞❡ ❛❝❝✐❞❡♥t❡ ②❛ s❡❛ ❞❡ tr❛❜❛❥♦ ♦ ♥♦✱ ❧❛ ✉♥✐❞❛❞ ♠é❞✐❝❛ q✉❡ ❛s✐st❡

❛❧ ❛❝❝✐❞❡♥t❛❞♦ ❡♥ ❝✉❛♥t♦ ❛ s✉ ✐♥❝❛♣❛❝✐❞❛❞ ❡♠✐t❡ ✉♥❛ sí♥t❡s✐s ♠é❞✐❝❛ ❡♥ ❢♦r♠❛

❞❡ ✐♥❢♦r♠❡ ♣❛r❛ ❡✈❛❧✉❛r s✉ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧✳ ❊st♦s ✐♥❢♦r♠❡s s♦♥ ✉t✐❧✐③❛❞♦s

❝♦♠♦ ❢✉❡♥t❡ ❞❡ ✐♥❢♦r♠❛❝✐ó♥ ♣❛r❛ ♥✉❡str❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✳ ▲❛s sí♥t❡s✐s ♠é❞✐❝❛s

❝♦♠♣r❡♥❞❡♥ ❞✐❢❡r❡♥t❡s ❛s♣❡❝t♦s ❝♦♠♦✿

✶✳ ❊①❛♠❡♥ ❝❧í♥✐❝♦ ❡♠✐t✐❞♦ ♣♦r ❡❧ ♠é❞✐❝♦ ❡✈❛❧✉❛❞♦r✳

✷✳ ■♥❢♦r♠❡s ♠é❞✐❝♦s ♣r♦♣♦r❝✐♦♥❛❞♦s ♣♦r ❡❧ ❡♥❢❡r♠♦✳

✸✳ ❊①á♠❡♥❡s ❝♦♠♣❧❡♠❡♥t❛r✐♦s ♦r✐❡♥t❛❞♦s ♣♦r ❡❧ ♠é❞✐❝♦ ❡✈❛❧✉❛❞♦r✳

▲♦s ❞❛t♦s ✉t✐❧✐③❛❞♦s ❡♥ ❡st❛ ✐♥✈❡st✐❣❛❝✐ó♥ s❡ ❤❛♥ ♦❜t❡♥✐❞♦ ❞❡ ✐♥❢♦r♠❡s

♠é❞✐❝♦s ② s❡s✐♦♥❡s ❞❡ tr❛❜❛❥♦ ❞❡❧ ❡q✉✐♣♦ ❡♥❝❛r❣❛❞♦ ❞❡ ❡♠✐t✐r ❧♦s ✐♥❢♦r♠❡s

❞❡ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧✱ ❧♦s ❝✉❛❧❡s ❢✉❡r♦♥ r❡❝♦♣✐❧❛❞♦s ② ❛r❝❤✐✈❛❞♦s ❡♥ ✜❝❤❡r♦s

❚❡s✐s ❉♦❝t♦r❛❧ ✶✸✹ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✾✳ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮

❞✐❣✐t❛❧❡s ♣❛r❛ s✉ ❛♥á❧✐s✐s✳ ❆❧❣✉♥♦s ❞❛t♦s ❝♦♠♦ ❡❞❛❞ ♦ s❡①♦ ❤❛♥ s✐❞♦ ❡①tr❛í❞♦s

❞✐r❡❝t❛♠❡♥t❡ ❞❡ ❧♦s ❞♦❝✉♠❡♥t♦s ♠✐❡♥tr❛s ♦tr♦s ❝♦♠♦ ❧❛ r❡♣❡r❝✉s✐ó♥ ❧❛❜♦r❛❧✱

❤❛♥ s✐❞♦ r❡❝♦♣✐❧❛❞♦s ♣♦r ♣❡rs♦♥❛❧ ❝❛❧✐✜❝❛❞♦✳

P♦r ❝❛❞❛ ✜❝❤❡r♦ s❡ t✉✈✐❡r♦♥ ❡♥ ❝♦♥s✐❞❡r❛❝✐ó♥ ❧♦s s✐❣✉✐❡♥t❡s ❛tr✐❜✉t♦s✿

❆ ♣❛rt✐r ❞❡ ❧❛ sí♥t❡s✐s ♠é❞✐❝❛✿ ❡❞❛❞✱ s❡①♦✱ ♦❝✉♣❛❝✐ó♥✱ ♣❡rí♦❞♦ ❞❡ r❡❝✉♣❡✲

r❛❝✐ó♥✳

❆ ♣❛rt✐r ❞❡ ❧❛s s❡s✐♦♥❡s ❞❡ tr❛❜❛❥♦ ❞❡❧ ❡q✉✐♣♦ ❞❡ ❛s❡s♦r❛♠✐❡♥t♦✿ ❈❧❛s❡

✭❣r❛❞♦ ❞❡ ✐♥❝❛♣❛❝✐❞❛❞✮✱ ❝♦♥t✐♥❣❡♥❝✐❛✱ ♣❡rí♦❞♦ ❡♥tr❡ ❡①á♠❡♥❡s✳

❘❡♣❡r❝✉s✐ó♥ ♦❝✉♣❛❝✐♦♥❛❧ ✿ ❡✈❛❧✉❛❞♦s ❡♥ ✸ ♥✐✈❡❧❡s ❞❡ ✐♥t❡♥s✐❞❛❞ ✭❜❛❥♦✱ ♠❡✲

❞✐♦✱ ❛❧t♦✮✱ t❡♥✐❡♥❞♦ ❡♥ ❝✉❡♥t❛ ❧❛ r❡♣❡r❝✉s✐ó♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ❞✐❢❡r❡♥t❡s ❡♥✲

❢❡r♠❡❞❛❞❡s ② ❧❛ ♦❝✉♣❛❝✐ó♥ ❞❡❧ tr❛❜❛❥❛❞♦r✳

▲❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧ s❡ ❛❣r✉♣❛ ❡♥✿ ◆✐♥❣✉♥❛ ✭◆❉✮✱

■♥❝❛♣❛❝✐t❛❞♦ ♦ P❛❣♦✳

▲❛s ❝♦♥t✐♥❣❡♥❝✐❛s ♣✉❡❞❡♥ s❡r ❝❧❛s✐✜❝❛❞❛s ❡♥ ❞♦s t✐♣♦s✿ ❈♦♠ú♥ ✭ ❊♥❢❡r✲

♠❡❞❛❞ ❈♦♠ú♥ ✭❈❉✮✱ ❆❝❝✐❞❡♥t❡ ❊①tr❛❧❛❜♦r❛❧ ✭◆❲❆✮ ✮② Pr♦❢❡s✐♦♥❛❧ ✭

❊♥❢❡r♠❡❞❛❞ ❖❝✉♣❛❝✐♦♥❛❧ ✭❖❉✮ ♦ ❆❝❝✐❞❡♥t❡ ▲❛❜♦r❛❧ ✭❲❆✮✳

P❛r❛ ❧❛ ♥♦♠❡♥❝❧❛t✉r❛ s❡ ❤❛ ✉t✐❧✐③❛❞♦ ❡❧ ❈ó❞✐❣♦ ❊s♣❛ñ♦❧ ❞❡ ❈❧❛s✐✜❝❛❝✐ó♥ ❖❝✉✲

♣❛❝✐♦♥❛❧ ✭❈◆❖✲✾✹✮ ❬✷✺✺❪ ♣❛r❛ r❡❝♦❧❡❝t❛r ❧♦s ❞❛t♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛s ❞✐✈❡rs❛s

♣r♦❢❡s✐♦♥❡s✳ ❆❞❡♠ás✱ ♣❛r❛ ✈✐♥❝✉❧❛r ❧❛s ❡♥❢❡r♠❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❤❡♠♦s ✉t✐❧✐✲

③❛❞♦ ❡❧ ❞♦❝✉♠❡♥t♦ ✧■♥t❡r♥❛t✐♦♥❛❧ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❉✐s❡❛s❡s✧ ✭■❈❉✾✲❈▼✮✳ ▲❛s

✈❛r✐❛❜❧❡s ✜♥❛❧❡s ✉t✐❧✐③❛❞❛s ❡♥ ♥✉❡str❛ ♣r♦♣✉❡st❛ ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥ s❡ ♠✉❡str❛♥ ❡♥

❧❛ ❚❛❜❧❛ ✾✳✸✳ ●r❛❝✐❛s ❛ t♦❞♦ ❡❧ ♣r♦❝❡s♦ ❞❡ r❡❝ó♣✐❧❛❝✐ó♥ ❞❡ ❞❛t♦s s❡ ❤❛ ♣♦❞✐❞♦

t❡♥❡r ❡♥ ❝✉❡♥t❛ ✉♥ t♦t❛❧ ❞❡ ✾✼✽ r❡❣✐str♦s r❡❝♦❧❡❝t❛❞♦s ❡♥tr❡ ✷✵✵✷ ② ✷✵✵✸✳

✾✳✷✳✷✳ ▼❛r❝♦ ❞❡ ❊①♣❡r✐♠❡♥t❛❝✐ó♥

P❛r❛ ❡❧ ❝♦♥tr❛st❡ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ♥✉❡str❛ ♣r♦♣✉❡st❛ s❡

❛♣❧✐❝❛r♦♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ♣r♦❜❛❞❛ ❡✜❝❛❝✐❛ ② q✉❡ ♣❡rt❡♥❡❝❡♥ ❛❧

❡st❛❞♦ ❞❡❧ ❛rt❡ ❡♥ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ❝❧❛s✐✜❝❛❝✐ó♥✿

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✸✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✷✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ■♥❝❛♣❛❝✐❞❛❞ ▲❛❜♦r❛❧

❚❛❜❧❛ ✾✳✸✿ ❱❛r✐❛❜❧❡s ❞❡✜♥✐❞❛s s♦❜r❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧✳

❱❛r✐❛❜❧❡s
x1 ❊❞❛❞
x2 ❙❡①♦

x3−21 ❈◆❖✲✾✹
x22 ❚✐❡♠♣♦ ❞❡ r❡❝✉♣❡r❛❝✐ó♥

x23−42 Pr✐♥❝✐♣❛❧❡s ❈❛t❡❣♦rí❛s ❞❡ ■❈❉✾✲❈▼
x43 ❘❡♣❡r❝✉s✐ó♥ ♦❝✉♣❛❝✐♦♥❛❧ ❜❛❥❛
x44 ❘❡♣❡r❝✉s✐ó♥ ♦❝✉♣❛❝✐♦♥❛❧ ♠❡❞✐❛
x45 ❘❡♣❡r❝✉s✐ó♥ ♦❝✉♣❛❝✐♦♥❛❧ ❛❧t❛
x46 ◆ú♠❡r♦ t♦t❛❧ ❞❡ ❡♥❢❡r♠❡❞❛❞❡s
x47 ❈❉ ❝♦♥t✐♥❣❡♥❝✐❛
x48 ◆❲❆ ❝♦♥t✐♥❣❡♥❝✐❛
x49 ❖❉ ❝♦♥t✐♥❣❡♥❝✐❛
x50 ❲❆ ❝♦♥t✐♥❣❡♥❝✐❛
x51 P❡rí♦❞♦ ❞❡ t✐❡♠♣♦ ❡♥tr❡ ❡①á♠❡♥❡s

❈❧❛s❡s
◆❉ ❙✐♥ ■♥❝❛♣❛❝✐❞❛❞
P❉ ■♥❝❛♣❛❝✐t❛❞♦
❋ ♣❛❣♦

❦ ❱❡❝✐♥♦s ▼ás ❈❡r❝❛♥♦s ✭❦✲◆◆✮ ❛❥✉st❛♥❞♦ ❡❧ ✈❛❧♦r ❞❡ ❦ ♠❡❞✐❛♥t❡ ✉♥ ✧✶✵

❢♦❧❞ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✧ s♦❜r❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦✳

❘❡❞ ❘❇❋ ✭❘❇❋◆❡t✇♦r❦✮ ❛❝❝❡s✐❜❧❡ ❡♥ ❲❊❑❆ ❬✷✹✻❪✳

❉♦s ❛❧❣♦r✐t♠♦s ❞❡ ❘❡❣r❡s✐ó♥ ▲♦❣íst✐❝❛ ❛❝❝❡s✐❜❧❡s t❛♠❜✐é♥ ❡♥ ❲❊❑❆✿

❙✐♠♣❧❡▲♦❣✐st✐❝ ✭❙▲♦❣✐st✐❝✮ ② ▼✉❧t✐▲♦❣✐st✐❝ ✭▼▲♦❣✐st✐❝✮✳

◆❛✐✈❡ ❇❛②❡s ❡♥ s✉ ✈❡rs✐ó♥ ❡stá♥❞❛r ❬✷✹✻❪✳

P❛r❛ ❧❛ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ s❡ r❡❛❧✐③ó ✉♥ ✧✶✵✲❢♦❧❞ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✧ ♠✐❞✐❡♥❞♦

❧❛ ♣r❡❝✐s✐ó♥ s♦❜r❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♥❡r❛❧✐③❛❝✐ó♥✳ P❛r❛ ♣r♦♣♦r❝✐♦♥❛r r♦❜✉st❡③

❡st❛❞íst✐❝❛ ❛❧ ♣r♦❝❡s♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥ s❡ r❡❛❧✐③❛r♦♥ ✶✵ ❡❥❡❝✉❝✐♦♥❡s ❞❡ ❧♦s

❛❧❣♦r✐t♠♦s ❡st♦❝ást✐❝♦s ✭♠ét♦❞♦s ♣r♦♣✉❡st♦s ❝♦♥ ♥♦❞♦s ●❘❇❋ ② ❘❇❋ ❬✷✺✻❪✮

♣♦r ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ✶✵ ✧❢♦❧❞s✧ ❝r❡❛❞♦s✳ ❉❡ ❡st❛ ❢♦r♠❛ s❡ ♦❜t✐❡♥❡♥ ❧❛s ♠❡❞✐❛s

② ❞❡s✈✐❛❝✐♦♥❡s ❡stá♥❞❛r ❞❡ ❧❛s ♣r❡❝✐s✐♦♥❡s ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❡♥ ❣❡♥❡r❛❧✐③❛❝✐ó♥

❚❡s✐s ❉♦❝t♦r❛❧ ✶✸✻ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✾✳ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮

♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ✶✵✵ ♠♦❞❡❧♦s✳ ❆❞❡♠ás s❡ ❤❛ r❡❛❧✐③❛❞♦ ✉♥

r❡❡s❝❛❧❛❞♦ ❞❡ ❧♦s ❞❛t♦s ❞❡ ❡♥tr❛❞❛ ❛❧ ✐♥t❡r✈❛❧♦ [−2; 2] s✐❡♥❞♦ X∗i ❡❧ ❝♦♥❥✉♥t♦

❞❡ ✈❛r✐❛❜❧❡s tr❛♥s❢♦r♠❛❞❛s ♣❛r❛ ❧❛s ♠❡t♦❞♦❧♦❣í❛s q✉❡ ✉t✐❧✐③❛♥ ❧♦s ♥♦❞♦s ❘❇❋

② ●❘❇❋ ❬✷✷✽✱ ✷✷✼❪✳

✾✳✷✳✸✳ ❆♥á❧✐s✐s ❞❡ ❧♦s ❘❡s✉❧t❛❞♦s

❈♦♥ ❡❧ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♠♣r♦❜❛r ❧❛ s✐❣♥✐✜❝❛❝✐ó♥ ❡st❛❞íst✐❝❛ ❞❡ ❧❛s ❞✐❢❡r❡♥✲

❝✐❛s ♦❜s❡r✈❛❞❛s ❡♥tr❡ ❧❛s ♣r❡❝✐s✐♦♥❡s ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ❛♥❛❧✐③❛❞♦s s❡ ❤❛ r❡❛❧✐③❛❞♦

✉♥ t❡st ❞❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ tr❛s ❡❧ ❝✉❛❧ s❡ ❛s✉♠❡ ❧❛ ♥♦ ♥♦r♠❛❧✐❞❛❞ ❞❡ ❧♦s

r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s ♣♦r ❧♦s ❛❧❣♦r✐t♠♦s ❛ ❝♦♠♣❛r❛r✳ ❙❡❣✉✐❞❛♠❡♥t❡ s❡ r❡❛❧✐③❛

✉♥❛ ♣r✉❡❜❛ ❞❡ ✧▼❛♥♥✲❲❤✐t♥❡② ❯ r❛♥❦ s✉♠✧ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ❛❧❣♦r✐t♠♦s✳ ❆❞❡✲

♠ás s❡ ❛♣❧✐❝ó ✉♥ ✧t❡st✧ ❞❡ ❑r✉s❦❛❧✲❲❛❧❧✐s ❝♦♥❝❧✉②❡♥❞♦ q✉❡ ❡①✐st❡♥ ❞✐❢❡r❡♥❝✐❛s

s✐❣♥✐✜❝❛t✐✈❛s ❡♥tr❡ ❧♦s ❛❧❣♦r✐t♠♦s ♣r❡s❡♥t❡s ❡♥ ❡❧ ♠❛r❝♦ ❞❡ ❡①♣❡r✐♠❡♥t❛❝✐ó♥✳

❉❡ ❧❛ ❛♣❧✐❝❛❝✐ó♥ ❞❡ ❧❛ ♣r✉❡❜❛ ✧▼❛♥♥✲❲❤✐t♥❡② ❯ r❛♥❦ s✉♠✧ ✭ ✈❡r ❚❛❜❧❛

✾✳✹✮ s❡ ❝♦♥❝❧✉②❡ q✉❡ ❧❛ ♠❡t♦❞♦❧♦❣í❛ ♠ás ❝♦♠♣❡t✐t✐✈❛ ❡s ❧❛ ❙▲■●❘❇❋ ✭ ❝♦♥

✉♥❛ s♦❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❛❞✈❡rs❛✮ s❡❣✉✐❞❛ ♣♦r ❧❛ ❙▲■❘❇❋✳ P♦r ❝♦♥s✐❣✉✐❡♥t❡ ❧❛s

✉♥✐❞❛❞❡s ●❘❇❋s s♦♥ ♠ás ❛❝♦♥s❡❥❛❜❧❡s ♣❛r❛ s❡r ❛♣❧✐❝❛❞❛s s♦❜r❡ ❡❧ ♣r♦❜❧❡♠❛

❞❡ ❉✐s❝❛♣❛❝✐❞❛❞ ▲❛❜♦r❛❧✳ ❯♥❛ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ✐♥✢✉②❡♥ ❡♥ ❧❛ s❡❧❡❝✲

❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋s ❡s ❧❛ s✐♠♣❧✐❝✐❞❛❞ ❞❡ ❧♦s ♠♦❞❡❧♦s ❝r❡❛❞♦s ❞♦♥❞❡ s♦❧♦

✐♥t❡r✈✐❡♥❡♥ ✶✵ ✈❛r✐❛❜❧❡s ✐♥✐❝✐❛❧❡s ♦ ✐♥❞❡♣❡♥❞✐❡♥t❡s✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✸✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



✾✳✷✳ ❈❧❛s✐✜❝❛❝✐ó♥ ❞❡ ■♥❝❛♣❛❝✐❞❛❞ ▲❛❜♦r❛❧

❚❛❜❧❛ ✾✳✹✿ ▼❡❞✐❛✱ ❞❡s✈✐❛❝✐ó♥ tí♣✐❝❛✱ ♠í♥✐♠♦ ② ♠á①✐♠♦ ✈❛❧♦r ❞❡ ♣r❡❝✐s✐ó♥ CG ❞❡
❧❛s ✶✵✵ ❡❥❡❝✉❝✐♦♥❡s ❞❡❧ ✧✶✵✲❢♦❧❞ ❝r♦ss ✈❛❧✐❞❛t✐♦♥✧✳ ◆ú♠❡r♦ ❞❡ ✈✐❝t♦r✐❛s✱ ❡♠♣❛t❡s
② ❞❡rr♦t❛s ❝✉❛♥❞♦ s♦♥ ❝♦♠♣❛r❛❞♦s r❡s♣❡❝t♦ ❛ ❧♦s ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ✉t✐❧✐③❛♥❞♦
❡❧ ✧▼❛♥♥ ❲❤✐t♥❡② ❯ r❛♥❦ s✉♠ t❡st✧ ❝♦♥ α ❂ ✵✳✵✺✳

CG(%) ✧▼❛♥♥ ❲❤✐t♥❡② ❯ r❛♥❦ s✉♠ t❡st✧
Mean± SD ✈✐❝t♦r✐❛s ❡♠♣❛t❡s ❞❡rr♦t❛s

❊●❘❇❋ ✽✺✳✷✻ ± ✺✳✵✽ ✺ ✹ ✺
▼▲●❘❇❋ ✽✺✳✼✻ ± ✺✳✹✷ ✺ ✺ ✹
❙▲●❘❇❋ ✽✺✳✸✵ ± ✹✳✾✵ ✺ ✺ ✹
▼▲■●❘❇❋ ✽✾✳✵✸ ± ✸✳✸✹ ✶✶ ✶ ✷
❙▲■●❘❇❋ ✾✵✳✼✵ ± ✸✳✵✷ ✶✸ ✶ ✵

❊❘❇❋ ✼✾✳✼✻ ± ✶✶✳✸✻ ✶ ✷ ✶✶
▼▲❘❇❋ ✼✾✳✽✽ ± ✶✶✳✷✵ ✶ ✷ ✶✶
❙▲❘❇❋ ✼✾✳✺✻ ± ✶✸✳✺✹ ✶ ✷ ✶✶
▼▲■❘❇❋ ✽✻✳✸✾ ± ✽✳✾✻ ✺ ✺ ✹
❙▲■❘❇❋ ✽✾✳✽✻ ± ✾✳✹✵ ✶✷ ✷ ✵

❦✲◆◆ ✻✻✳✵✹ ± ✽✳✶✷ ✵ ✵ ✶✹
❘❇❋◆❡t✇♦r❦ ✽✻✳✼✺ ± ✾✳✸✵ ✻ ✹ ✹
❙▲♦❣✐st✐❝ ✽✾✳✼✼ ± ✾✳✸✾ ✶✶ ✷ ✶
▼▲♦❣✐st✐❝ ✽✻✳✺✹ ± ✾✳✸✶ ✺ ✺ ✹
◆❛✐✈❡ ❇❛②❡s ✽✹✳✶✼ ± ✾✳✶✺ ✹ ✵ ✶✵

✾✳✷✳✹✳ ❈♦♥❝❧✉s✐♦♥❡s

❈♦♥ ❡st❡ ❡♥❢♦q✉❡ ♣rá❝t✐❝♦ ❤❡♠♦s ❝♦♠♣❛r❛❞♦ ❧❛s ●❘❇❋◆◆s ❊✈♦❧✉t✐✈❛s

② ❧❛s ❘❇❋◆◆s ❊✈♦❧✉t✐✈❛s ❝✉❛♥❞♦ ❧❛ ❞✐♠❡♥s✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡♥tr❛❞❛

❡s ❛❧t❛✱ ❝♦♥❞✐❝✐ó♥ s♦❜r❡ ❧❛ ❝✉❛❧✱ ❧❛s ●❘❇❋s ❡❧✐♠✐♥❛♥ ✉♥ ❝♦♥❥✉♥t♦ ❞❡

♣r♦❜❧❡♠❛s q✉❡ ✐♥✢✉②❡♥ ♥❡❣❛t✐✈❛♠❡♥t❡ s♦❜r❡ ❧♦s ♥♦❞♦s ❘❇❋✳

❙❡ ❞❡♠♦stró ❧❛ ❜✉❡♥❛ s✐♥❡r❣✐❛ ❡♥tr❡ ❧❛s ❘◆❆s ❊✈♦❧✉t✐✈❛s ② ❧❛ ❘❡❣r❡s✐ó♥

▲♦❣íst✐❝❛✳

▲♦s ♠♦❞❡❧♦s ♥❡✉r♦✲❧♦❣íst✐❝♦s ❤í❜r✐❞♦s ❤❛♥ ❞❡♠♦str❛❞♦ s❡r ✉♥❛ ❤❡rr❛♠✐❡♥✲

t❛ ♣r❡❝✐s❛ ❡♥ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❞✐s❝❛♣❛❝✐❞❛❞❡s ❧❛❜♦r❛❧❡s✳

◆♦ s❡ ♣r❡t❡♥❞❡ ♣♦r ♥✉❡str❛ ♣❛rt❡ q✉❡ ❡❧ ♠♦❞❡❧♦ ♦❜t❡♥✐❞♦ s❡❛ ✉♥❛ ❤❡✲

rr❛♠✐❡♥t❛ ❛♠♣❧✐❛♠❡♥t❡ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ✐♥❝❛♣❛❝✐❞❛❞

❚❡s✐s ❉♦❝t♦r❛❧ ✶✸✽ ❆✳❈✳ ▼é♥❞❡③



❈❛♣ít✉❧♦ ✾✳ ❆P▲■❈❆❈■❖◆❊❙ ✭❘❊❙❯▲❚❆❉❖❙✮

❧❛❜♦r❛❧✳ Pr✐♠❡r❛♠❡♥t❡ s❡rí❛ ♥❡❝❡s❛r✐♦ ❡①❛♠✐♥❛r ♠ás ❞❛t♦s r❡❢❡r❡♥t❡s ❛❧

t❡♠❛ ❡♥ ❝✉❡st✐ó♥✳ ❙✐♥ ❡♠❜❛r❣♦ ♥✉❡str❛ ✐♥✈❡st✐❣❛❝✐ó♥ ♣✉❡❞❡ s❡r ✉t✐❧✐③❛✲

❞❛ ♣❛r❛ ❞❡s❛rr♦❧❧❛r ♠❡❥♦r❡s s✐st❡♠❛s q✉❡ ❜r✐♥❞❡♥ ❛s❡s♦r❛♠✐❡♥t♦ s♦❜r❡ ❧❛

✐♥❝❛♣❛❝✐❞❛❞ ❧❛❜♦r❛❧✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✸✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆



❈❛♣ít✉❧♦ ✶✵

❈❖◆❈▲❯❙■❖◆❊❙ ❨
❚❘❆❇❆❏❖❙ ❋❯❚❯❘❖❙

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❡①♣♦♥❡♠♦s ❧❛s ❝♦♥❝❧✉s✐♦♥❡s ♦❜t❡♥✐❞❛s ❡♥ ❡st❡ tr❛❜❛❥♦ ❞❡ t❡s✐s✱

❧❛s ♣✉❜❧✐❝❛❝✐♦♥❡s ❛s♦❝✐❛❞❛s ❛ ❧❛ ♠✐s♠❛✱ ② ❧❛s ❧í♥❡❛s ❢✉t✉r❛s ❡♥ ❧❛s q✉❡ ✈❛♠♦s ❛

tr❛❜❛❥❛r ❛ ❝♦rt♦ ♦ ♠❡❞✐♦ ♣❧❛③♦✳

✶✵✳✶✳ ❈♦♥❝❧✉s✐♦♥❡s

❈♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ❧❛ ♣r❡s❡♥t❡ t❡s✐s s❡ ❧❧❡❣ó ❛ ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s✿

❍❡♠♦s r❡❛❧✐③❛❞♦ ✉♥ ❡st✉❞✐♦ ❞❡ ❧❛s té❝♥✐❝❛s ❞❡ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ♠♦❞❡❧♦s

❞❡ ❘◆❆s ❝♦♥ ❛❧❣♦r✐t♠♦s ❝❧ás✐❝♦s s❡❝❝✐ó♥ ✷✳✹✳✶ ② ❜✐♦✐♥s♣✐r❛❞♦s ✭❝❛♣ít✉❧♦

✹✮✳ ❉✉r❛♥t❡ ❡❧ ❡st✉❞✐♦ s❡ ❛♥❛❧✐③❛r♦♥ ❧♦s ❛♥t❡❝❡❞❡♥t❡s r❡❢❡r❡♥t❡s ❛ ❛❧❣♦r✐t✲

♠♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥t❡✱ ❤❛❝✐❡♥❞♦ ❤✐♥❝❛♣✐é ❡♥ ❡❧ ❛❧❣♦r✐t♠♦ iRProp+ ❀

❡❧ ❝✉❛❧ ❢✉❡ ✉t✐❧✐③❛❞♦ ♠❡❞✐❛♥t❡ ❤✐❜r✐❞❛❝✐ó♥ ❝♦♥ ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s✳ ❆❞❡✲

♠ás ❡❧ ❡st✉❞✐♦ ❛❜❛r❝ó ❧❛s ❞✐st✐♥t❛s ♠étr✐❝❛s ♣❛r❛ ❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❛❧❣♦✲

r✐t♠♦s ✭✈❡r s❡❝❝✐ó♥ ✷✳✸✳✶✮ ② ✉♥❛ ❞❡s❝r✐♣❝✐ó♥ ❞❡ ❧♦s t❡sts ❡st❛❞íst✐❝♦s ♣❛r❛

❧❛ ❝♦♠♣❛r❛❝✐ó♥ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ♠étr✐❝❛s ✉t✐❧✐③❛❞❛s ✭✈❡r s❡❝❝✐ó♥

✷✳✸✳✷✮✳

❍❡♠♦s ♣r♦♣✉❡st♦ ✉♥❛ r❡❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧♦s ♥♦❞♦s ●❘❇❋ ♣❛r❛ ❢❛❝✐❧✐t❛r s✉

❡♥tr❡♥❛♠✐❡♥t♦ ❝♦♥ ❛❧❣♦r✐t♠♦s ❡✈♦❧✉t✐✈♦s ② ❛❧❣♦r✐t♠♦s ❜❛s❛❞♦s ❡♥ ❣r❛❞✐❡♥✲

t❡✳ ❊♥ ❡❧ ❝❛♣ít✉❧♦ ✼ s❡ ❡①♣♦♥❡♥ ❧❛s ♣r✐♥❝✐♣❛❧❡s ❞✐✜❝✉❧t❛❞❡s q✉❡ ♣r❡s❡♥t❛

✶✹✵



❈❛♣ít✉❧♦ ✶✵✳ ❈❖◆❈▲❯❙■❖◆❊❙ ❨ ❚❘❆❇❆❏❖❙ ❋❯❚❯❘❖❙

❧❛ ❢♦r♠✉❧❛❝✐ó♥ ✐♥✐❝✐❛❧ ❞❡ ❧❛s ●❘❇❋ ② ❝ó♠♦ s❡ ❡rr❛❞✐❝❛♥ ❝♦♥ ❧❛ ♥✉❡✈❛

r❡❢♦r♠✉❧❛❝✐ó♥✳

❍❡♠♦s ❝r❡❛❞♦ ✉♥ ❆❧❣♦r✐t♠♦ ❍í❜r✐❞♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ❘❡❞❡s

◆❡✉r♦♥❛❧❡s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳ ❊st❡ ❛❧❣♦r✐t♠♦ ❡♥tr❡♥❛ ♠♦❞❡✲

❧♦s ❞❡ ❘◆❆s ❝♦♥ ✉♥❛ t♦♣♦❧♦❣í❛ ❢❡❡❞❢♦r✇❛r❞ ❝♦♠♦ ♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✷✳✶

❞♦♥❞❡ ❧♦s ♥♦❞♦s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❧❛ ❝❛♣❛ ♦❝✉❧t❛ s♦♥ ❞❡ t✐♣♦ ●❘❇❋ r❡❢♦r✲

♠✉❧❛❞♦s ✭ ✈❡r ❝❛♣ít✉❧♦ ✼✮✳ ❊❧ ❛❧❣♦r✐t♠♦ ❤✐❜r✐❞❛ ✉♥ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦

❜❛s❡ ✭❝♦♥ ♥♦❞♦s ●❘❇❋✮ ❝♦♥ ❝❛r❛❝t❡ríst✐❝❛s ❡①♣❧♦r❛t♦r✐❛s ❝♦♥ ❡❧ ❛❧❣♦r✐t♠♦

iRProp+ ❝♦♠♦ ❛❧❣♦r✐t♠♦ ❞❡ ❇úsq✉❡❞❛ ▲♦❝❛❧ ♣❛r❛ ♣r♦✈❡❡r ❝♦♥✈❡r❣❡♥❝✐❛

❛❧ ❆❊✳

❍❡♠♦s ❝r❡❛❞♦ ✉♥ ❆❧❣♦r✐t♠♦ ❊✈♦❧✉t✐✈♦ ♣❛r❛ ❡❧ ❡♥tr❡♥❛♠✐❡♥t♦ ❞❡ ♠♦❞❡✲

❧♦s ◆❡✉r♦✲▲♦❣íst✐❝♦s ❞❡ ❇❛s❡ ❘❛❞✐❛❧ ●❡♥❡r❛❧✐③❛❞❛✳ ❊st❡ ❛❧❣♦r✐t♠♦ ❝r❡❛

✉♥ ♠♦❞❡❧♦ ♥❡✉r♦✲❧♦❣íst✐❝♦ s♦❜r❡ ❧❛s ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s ✐♥✐❝✐❛❧❡s ②

❧❛s ❝♦✈❛r✐❛❜❧❡s r❡s✉❧t❛♥t❡s ❞❡❧ ✐♥❞✐✈✐❞✉♦ ♠ás ❛♣t♦ ❞❡❧ ❛❧❣♦r✐t♠♦ ❡✈♦❧✉t✐✈♦

❜❛s❡❀ ❡❧ ❝✉❛❧ ❢✉❡ ❝♦rr❡❣✐❞♦ ✭✈❡r ❝❛♣ít✉❧♦ ✽✮ ♣❛r❛ ❡✈✐t❛r ❧♦s ❡❢❡❝t♦s ✐♥❞❡s❡❛✲
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P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱ ✹✵✭✶✮✿✺✷✕✻✹✱ ✷✵✵✼✳

❬✷✻❪ ❈és❛r ❍❡r✈ás✲▼❛rtí♥❡③✱ ❋r❛♥❝✐s❝♦ ❏✳ ▼❛rtí♥❡③✲❊st✉❞✐❧❧♦✱ ② P❡❞r♦ ❆♥t♦♥✐♦

●✉t✐érr❡③✳ ❈❧❛ss✐✜❝❛t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❞✉❝t✲✉♥✐t ♥❡✉r❛❧

♥❡t✇♦r❦s✳ ❊♥ ■❏❈◆◆✱ ♣á❣✐♥❛s ✶✺✷✺✕✶✺✸✷✳ ■❊❊❊✱ ✷✵✵✻✳

❬✷✼❪ ❱✳◆✳ ❱❛♣♥✐❦ ② ❆✳❨✳ ❈❤❡r✈♦♥❡♥❦✐s✳ ❖♥ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ r❡✲

❧❛t✐✈❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ❡✈❡♥ts t♦ t❤❡✐r ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡♦r② ♦❢ Pr♦❜❛❜✐❧✐t②

❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✻✿✷✻✹✕✷✽✵✱ ✶✾✼✶✳

❬✷✽❪ ❈✳▼✳ ❇✐s❤♦♣✳ ❖♥ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❝♦♠♣✉t✐♥❣ ❛♥❞ ❧❡❛r♥✐♥❣ ✇✐t❤ ♠✉❧t✐✲

♣❧✐❝❛t✐✈❡ ♥❡✉r❛❧ ♥❡t✇♦r❦s✳ ◆❡✉r❛❧ ❈♦♠♣✉t❛t✐♦♥✱ ✶✹✭✷✮✿✷✹✶✕✸✵✶✱ ✷✵✵✷✳

❬✷✾❪ ❆✳ ❊♥❣❡❧❜r❡❝❤t ② ❆✳ ■s♠❛✐❧✳ ❚r❛✐♥✐♥❣ ♣r♦❞✉❝t ✉♥✐t ♥❡✉r❛❧ ♥❡t✇♦r❦s✳ ❙t❛✲

❜✐❧✐t② ❛♥❞ ❈♦♥tr♦❧✿ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✭✶✕✷✮✿✺✾✕✼✹✱ ✶✾✾✾✳

❬✸✵❪ ❉✳❏ ❏❛♥s♦♥ ② ❏✳❋✳ ❋r❡♥③❡❧✳ ❚r❛✐♥✐♥❣ ♣r♦❞✉❝t ✉♥✐t ♥❡✉r❛❧ ♥❡t✇♦r❦s ✇✐t❤

❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠s✳ ■❊❊❊ ❊①♣❡rt✿ ■♥t❡❧❧✐❣❡♥t ❙②st❡♠s ❛♥❞ ❚❤❡✐r ❆♣♣❧✐✲

❝❛t✐♦♥s✱ ✽✭✺✮✿✷✻✕✸✸✱ ✶✾✾✸✳

❬✸✶❪ ❘✳P✳ ▲✐♣♣♠❛♥♥✳ P❛tt❡r♥ ❝❧❛ss✐✜❝❛t✐♦♥ ✉s✐♥❣ ♥❡✉r❛❧ ♥❡t✇♦r❦s✳ ■❊❊❊ ❈♦♠✲

♠✉♥✐❝❛t✐♦♥s ▼❛❣❛③✐♥❡✱ ✷✼✭✶✶✮✿✹✼✕✻✹✱ ✶✾✽✾✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✹✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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❬✸✷❪ ❈✳▼✳ ❇✐s❤♦♣✳ ■♠♣r♦✈✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♣r♦♣❡rt✐❡s ♦❢ r❛❞✐❛❧ ❜❛s✐s

❢✉♥❝t✐♦♥ ♥❡✉r❛❧ ♥❡t✇♦r❦s✳ ◆❡✉r❛❧ ❈♦♠♣✉t❛t✐♦♥✱ ✸✭✹✮✿✺✼✾✕✺✽✶✱ ✶✾✾✶✳

❬✸✸❪ ❉✳▲✳ ❉♦♥♦❤♦ ② ■✳▼✳ ❏♦❤♥st♦♥❡✳ Pr♦❥❡❝t✐♦♥✲❜❛s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ ❛

❞✉❛❧✐t② ✇✐t❤ ❦❡r♥❡❧ ♠❡t❤♦❞s✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✶✼✭✶✮✿✺✽✕✶✵✻✱

✶✾✽✾✳

❬✸✹❪ ❊✳ ❍❛rt♠❛♥✱ ❏✳ ❉✳ ❑❡❡❧❡r✱ ② ❏✳ ▼✳ ❑♦✇❛❧s❦✐✳ ▲❛②❡r❡❞ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✇✐t❤

●❛✉ss✐❛♥ ❤✐❞❞❡♥ ✉♥✐ts ❛s ✉♥✐✈❡rs❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s✳ ◆❡✉r❛❧ ❈♦♠♣✉t❛t✐♦♥✱

✷✭✷✮✿✷✶✵✕✷✶✺✱ ✶✾✾✵✳

❬✸✺❪ ❏✳ P❛r❦ ② ■✳ ❲✳ ❙❛♥❞❜❡r❣✳ ❯♥✐✈❡rs❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✉s✐♥❣ r❛❞✐❛❧✲❜❛s✐s✲

❢✉♥❝t✐♦♥ ♥❡t✇♦r❦s✳ ◆❡✉r❛❧ ❈♦♠♣✉t❛t✐♦♥✱ ✸✭✷✮✿✷✹✻✕✷✺✼✱ ✶✾✾✶✳

❬✸✻❪ ❈✳ ❙t❛♥✜❧❧ ② ❉✳ ❲❛❧t③✳ ❚♦✇❛r❞ ♠❡♠♦r② ❜❛s❡❞ r❡❛s♦♥✐♥❣✳ ❈♦♠♠✉♥✐❝❛✲

t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✷✾✭✶✷✮✿✶✷✶✸✕✶✷✷✽✱ ✶✾✽✻✳

❬✸✼❪ ❉✳ ❘❛♥❞❛❧❧ ❲✐❧s♦♥ ② ❚♦♥② ❘✳ ▼❛rtí♥❡③✳ ■♠♣r♦✈❡❞ ❤❡t❡r♦❣❡♥❡♦✉s ❞✐st❛♥❝❡

❢✉♥❝t✐♦♥s✳ ❏✳ ❆rt✐❢✳ ■♥t❡❧❧✳ ❘❡s✳ ✭❏❆■❘✮✱ ✻✿✶✕✸✹✱ ✶✾✾✼✳

❬✸✽❪ ❇✳ ●✳ ❇❛t❝❤❡❧♦r✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✿ ■❞❡❛s ✐♥ Pr❛❝t✐❝❡✳ P❧❡♥✉♠✱ ✶✾✼✽✳

❬✸✾❪ ▼❛♥❛❜✉ ■❝❤✐♥♦ ② ❍✐r♦②✉❦✐ ❨❛❣✉❝❤✐✳ ●❡♥❡r❛❧✐③❡❞ ♠✐♥❦♦✇s❦✐ ♠❡tr✐❝s ❢♦r

♠✐①❡❞ ❢❡❛t✉r❡✲t②♣❡ ❞❛t❛ ❛♥❛❧②s✐s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙②st❡♠s✱ ▼❛♥✱

❛♥❞ ❈②❜❡r♥❡t✐❝s✱ ✷✹✭✹✮✿✻✾✽✕✼✵✽✱ ✶✾✾✹✳

❬✹✵❪ ❈✳▼✳ ❇✐s❤♦♣✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ❛♥❞ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣✳ ❙♣r✐♥❣❡r✱

❆✉❣✉st ✷✵✵✻✳

❬✹✶❪ ❘✳❖✳ ❉✉❞❛✱ P✳❊✳ ❍❛rt✱ ② ❉✳●✳ ❙t♦r❦✳ P❛tt❡r♥ ❈❧❛ss✐✜❝❛t✐♦♥✱ ✷♥❞ ❊❞✐t✐♦♥✳

❲✐❧❡② ■♥t❡rs❝✐❡♥❝❡✱ ✷✵✵✵✳

❬✹✷❪ ❘✳ ❈❛r✉❛♥❛ ② ❆✳ ◆✐❝✉❧❡s❝✉✲▼✐③✐❧✳ ❉❛t❛ ♠✐♥✐♥❣ ✐♥ ♠❡tr✐❝ s♣❛❝❡✿ ❆♥ ❡♠♣✐✲

r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐❛✳ ❊♥ Pr♦❝❡❡❞✐♥❣s

♦❢ t❤❡ ✶✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ✐♥ ❑♥♦✇❧❡❞❣❡ ❉✐s❝♦✈❡r② ❛♥❞ ❉❛t❛

▼✐♥✐♥❣✱ ♣á❣✐♥❛s ✻✾✕✼✽✱ ❙❡❛tt❧❡✱ ❯❙❆✱ ❆✉❣✉st ✷✵✵✹✳

❬✹✸❪ ▼✳ ❙♦❦♦❧♦✈❛ ② ●✳ ▲❛♣❛❧♠❡✳ ❆ s②st❡♠❛t✐❝ ❛♥❛❧②s✐s ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛✲

s✉r❡s ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥ t❛s❦s✳ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ❛♥❞ ▼❛♥❛❣❡♠❡♥t✱

✹✺✿✹✷✼✕✹✸✼✱ ✷✵✵✾✳

❬✹✹❪ ❚✳ ❋❛✇❝❡tt✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ r♦❝ ❛♥❛❧②s✐s✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ▲❡tt❡rs✱

✷✼✿✽✻✶✕✽✼✹✱ ✷✵✵✻✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✹✽ ❆✳❈✳ ▼é♥❞❡③
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❬✹✺❪ ❋✳ Pr♦✈♦st ② ❚✳ ❋❛✇❝❡tt✳ ❆♥❛❧②s✐s ❛♥❞ ✈✐s✉❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐✜❡r ♣❡r✲

❢♦r♠❛♥❝❡✿ ❝♦♠♣❛r✐s♦♥ ✉♥❞❡r ✐♠♣r❡❝✐s❡ ❝❧❛ss ❛♥❞ ❝♦st ❞✐str✐❜✉t✐♦♥✳ ❊♥

Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❚❤✐r❞ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❑♥♦✇❧❡❞❣❡ ❉✐s❝♦✲

✈❡r② ✭❑❉❉✾✼✮ ❛♥❞ ❉❛t❛ ▼✐♥✐♥❣✱ ♣á❣✐♥❛s ✹✸✕✹✽✱ ❈❛❧✐❢♦r♥✐❛✱ ❯❙❆✱ ❆✉❣✉st

✶✾✾✼✳

❬✹✻❪ ❋✳ Pr♦✈♦st ② ❚✳ ❋❛✇❝❡tt✳ ❘♦❜✉st ❝❧❛ss✐✜❝❛t✐♦♥ s②st❡♠ ❢♦r ✐♠♣r❡❝✐s❡ ❡♥✲

✈✐r♦♥♠❡♥ts✳ ❊♥ Pr♦❝❝❡❞✐♥❣s ♦❢ t❤❡ ❋✐t❤t❡❡♥t❤ ◆❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥

❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ♣á❣✐♥❛s ✼✵✻✕✼✶✸✱ ❈❤✐❝❛❣♦✱ ❯❙❆✱ ❏✉❧② ✶✾✾✽✳

❬✹✼❪ ◆✳ ▲❛❝❤✐❝❤❡ ② P✳❆✳ ❋❧❛❝❤✳ ■♠♣r♦✈✐♥❣ ❛❝❝✉r❛❝② ❛♥❞ ❝♦st ♦❢ t✇♦✲❝❧❛ss ❛♥❞

♠✉❧t✐✲❝❧❛ss ♣r♦❜❛❜✐❧✐st✐❝ ❝❧❛ss✐✜❡rs ✉s✐♥❣ r♦❝ ❝✉r✈❡s✳ ❊♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡

✷✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ✱ ■❈▼▲✬✵✸✱ ♣á❣✐♥❛s

✹✶✻✕✹✷✸✱ ❲❛s❤✐♥❣t♦♥✱ ❯❙❆✱ ❆✉❣✉st ✷✵✵✸✳

❬✹✽❪ ❘✳▼✳ ❊✈❡rs♦♥ ② ❏✳❊✳ ❋✐❡❧❞s❡♥❞✳ ▼✉❧t✐✲❝❧❛ss r♦❝ ❛♥❛❧②s✐s ❢r♦♠ ❛ ♠✉❧t✐✲

♦❜❥❡t✐✈❡ ♦♣t✐♠✐s❛t✐♦♥ ♣❡rs♣❡❝t✐✈❡✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ▲❡tt❡rs✱ ✷✼✿✾✶✽✕

✾✷✼✱ ✷✵✵✻✳

❬✹✾❪ ❚✳❈✳❲✳ ▲❛♥❣r❡❜❡ ② ❘✳P✳❲✳ ❉✉✐♥✳ ❊✣❝✐❡♥t ♠✉❧t✐❝❧❛ss r♦❝ ❛♣♣r♦①✐♠❛✲

t✐♦♥ ❜② ❞❡❝♦♠♣♦s✐t✐♦♥ ✈✐❛ ❝♦♥❢✉s✐♦♥ ♠❛tr✐① ♣❡rt✉r❜❛t✐♦♥ ❛♥❛❧②s✐s✳ ■❊❊❊

❚r❛♥s❛❝t✐♦♥s ♦♥ P❛tt❡r♥ ❆♥❛❧②s✐s ❛♥❞ ▼❛❝❤✐♥❡ ■♥t❡❧❧✐❣❡♥❝❡✱ ✸✵✭✺✮✿✽✶✵✕

✽✷✷✱ ✷✵✵✽✳

❬✺✵❪ ❉✳ ❊❞✇❛r❞s✱ ❈✳ ▼❡t③✱ ② ▼✳ ❑✉♣✐♥s❦✐✳ ■❞❡❛❧ ♦❜s❡r✈❡rs ❛♥❞ ♦♣t✐♠❛❧ r♦❝

❤②♣❡rs✉r❢❛❝❡s ✐♥ ♥✲❝❧❛ss ❝❧❛ss✐✜❝❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❡❞✐❝❛❧

■♠❛❣✐♥❣✱ ✷✸✭✼✮✿✽✾✶✕✽✾✺✱ ✷✵✵✹✳

❬✺✶❪ ❙✳ ❉r❡✐s❡✐t❧✳ ❚r❛✐♥✐♥❣ ♠✉❧t✐❝❧❛ss ❝❧❛ss✐✜❡rs ❜② ♠❛①✐♠✐③✐♥❣ t❤❡ ✈♦❧✉♠❡ ✉♥✲

❞❡r t❤❡ r♦❝ s✉r❢❛❝❡✳ ❊♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✶t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡

♦♥ ❈♦♠♣✉t❡r ❆✐❞❡❞ ❙②st❡♠s ❚❤❡♦r②✱ ❊❯❘❖❈❆❙❚ ✷✵✵✼✱ ✈♦❧✉♠❡♥ ✹✼✸✾✱

♣á❣✐♥❛s ✽✼✽✕✽✽✺✱ ▲❛s P❛❧♠❛s ❞❡ ●r❛♥ ❈❛♥❛r✐❛✱ ❊s♣❛ñ❛✱ ❋❡❜r✉❛r② ✷✵✵✼✳

❬✺✷❪ ❇✳ ❙❛❤✐♥❡r✱ ❍✳P✳ ❈❤❛♥✱ ② ▲✳▼✳ ❍❛❞❥✐✐s❦✐✳ P❡r❢♦r♠❛♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤r❡❡✲

❝❧❛ss ❝❧❛ss✐✜❡rs✿ Pr♦♣❡rt✐❡s ♦❢ ❛ ✸✲❞ r♦❝ s✉r❢❛❝❡ ❛♥❞ t❤❡ ♥♦r♠❛❧✐③❡❞ ✈♦❧✉♠❡

✉♥❞❡r t❤❡ s✉r❢❛❝❡ ❢♦r t❤❡ ✐❞❡❛❧ ♦❜s❡r✈❡r✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❡❞✐❝❛❧

■♠❛❣✐♥❣✱ ✷✼✭✷✮✿✷✶✺✕✷✷✼✱ ✷✵✵✽✳

❬✺✸❪ ❳✳ ❍❡ ② ❊✳❈✳ ❋r❡②✳ ❚❤❡ ♠❡❛♥✐♥❣ ❛♥❞ ✉s❡ ♦❢ t❤❡ ✈♦❧✉♠❡ ✉♥❞❡r ❛ t❤r❡❡✲❝❧❛ss

r♦❝ s✉r❢❛❝❡ ✭✈✉s✮✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❡❞✐❝❛❧ ■♠❛❣✐♥❣✱ ✷✼✿✺✼✼✕✺✽✽✱

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✹✾ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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❬✺✹❪ ❉✳ ▼♦ss♠❛♥✳ ❚❤r❡❡✲✇❛② r♦❝s✳ ▼❡❞✐❝❛❧ ❉❡❝✐s✐♦♥ ▼❛❦✐♥❣✱ ✶✾✭✶✮✿✼✽✕✽✾✱

✶✾✾✾✳

❬✺✺❪ ❲✳❏✳ ❨♦✉❞❡♥✳ ■♥❞❡① ❢♦r r❛t✐♥❣ ❞✐❛❣♥♦st✐❝ t❡sts✳ ❈❛♥❝❡r✱ ✸✭✶✮✿✸✷✕✸✺✱ ✶✾✺✵✳

❬✺✻❪ ❍✳❆✳ ❆❜❜❛ss✳ ❆ ♠❡♠❡t✐❝ ♣❛r❡t♦ ❡✈♦❧✉t✐♦♥❛r② ❛♣♣r♦❛❝❤ t♦ ❛rt✐✜❝✐❛❧ ♥❡✉r❛❧

♥❡t✇♦r❦s✳ ❊♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✶✹t❤ ❆✉str❛❧✐❛♥ ❏♦✐♥t ❈♦♥❢❡r❡♥❝❡ ♦♥

❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✿ ❆❞✈❛♥❝❡s ✐♥ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ✐♥ ▲❡❝t✉r❡ ◆♦t❡s

■♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ♣á❣✐♥❛s ✶✕✶✷✱ ❆❞❡❧❛✐❞❡✱ ❆✉str❛❧✐❛✱ ❉❡❝❡♠❜❡r ✷✵✵✶✳

❬✺✼❪ ❍✳❆✳ ❆❜❜❛ss✳ ❆♥ ❡✈♦❧✉t✐♦♥❛r② ❛rt✐✜❝✐❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❛♣♣r♦❛❝❤ ❢♦r

❜r❡❛st ❝❛♥❝❡r ❞✐❛❣♥♦s✐s✳ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡ ✐♥ ▼❡❞✐❝✐♥❡✱ ✷✺✿✷✻✺✕✷✽✶✱

✷✵✵✷✳

❬✺✽❪ ❇✳❲✳ ▼❛tt❤❡✇s✳ ❈♦♠♣❛r✐s♦♥ t♦ ♣r❡❞✐❝t❡❞ ❛♥❞ ♦❜s❡r✈❡❞ s❡❝♦♥❞❛r② str✉❝✲

t✉r❡ ♦❢ t✹ ♣❤❛❣❡ ❧②s♦③②♠❡✳ ❇✐♦❝❤✐♠ ❇✐♦♣❤②s ❆❝t❛✱ ✹✵✺✭✷✮✿✹✹✷✕✹✺✶✱ ✶✾✼✺✳

❬✺✾❪ ▼✳ ❋r✐❡❞♠❛♥✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ❛❧t❡r♥❛t✐✈❡ t❡sts ♦❢ s✐❣♥✐✜❝❛♥❝❡ ❢♦r t❤❡

♣r♦❜❧❡♠ ♦❢ ♠ r❛♥❦✐♥❣s✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ✶✶✭✶✮✿✽✻✕✾✷✱

✶✾✹✵✳

❬✻✵❪ ❏✳❍✳ ❩❛r✳ ❇✐♦st❛t✐st✐❝❛❧ ❆♥❛❧②s✐s✳ Pr❡♥t✐❝❡ ❍❛❧❧✱ ✶✾✾✻✳

❬✻✶❪ ❋r❛♥❦ ❲✐❧❝♦①♦♥✳ ■♥❞✐✈✐❞✉❛❧ ❈♦♠♣❛r✐s♦♥s ❜② ❘❛♥❦✐♥❣ ▼❡t❤♦❞s✳ ■♥t❡r♥❛✲

t✐♦♥❛❧ ❇✐♦♠❡tr✐❝ ❙♦❝✐❡t②✱ ✶✾✹✺✳

❬✻✷❪ P✳ ❑♦r❞í❦✱ ❏✳ ❑♦✉t♥í❦✱ ❏✳ ❉r❝❤❛❧✱ ❖✳ ❑♦✈ár✐❦✱ ▼✳ ❈❡♣❡❦✱ ② ▼✳ ❙♥♦r❡❦✳

▼❡t❛✲❧❡❛r♥✐♥❣ ❛♣♣r♦❛❝❤ t♦ ♥❡✉r❛❧ ♥❡t✇♦r❦ ♦♣t✐♠✐③❛t✐♦♥✳ ◆❡✉r❛❧ ◆❡t✲

✇♦r❦s✱ ✷✸✿✺✻✽✕✺✽✷✱ ✷✵✶✵✳

❬✻✸❪ ◆✳ ❇✉r❣❡ss✳ ❆ ❝♦♥str✉❝t✐✈❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♥✈❡r❣❡s ❢♦r r❡❛❧✲✈❛❧✉❡❞ ✐♥♣✉t

♣❛tt❡r♥s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦♥ ◆❡✉r❛❧ ❙②st❡♠s✱ ✺✭✶✮✿✺✾✕✻✻✱ ✶✾✾✹✳

❬✻✹❪ ❘✳ ❙❡t✐♦♥♦✳ ❯s❡ ♦❢ ❛ q✉❛s✐♥❡✇t♦♥ ♠❡t❤♦❞ ✐♥ ❢❡❡❞❢♦r✇❛r❞ ♥❡✉r❛❧✲♥❡t✇♦r❦

❝♦♥str✉❝t✐♦♥ ❛❧❣♦r✐t❤♠✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✺✿✺✹✕✻✺✱

✶✾✾✺✳

❬✻✺❪ ❘✳ ❘❡❡❞✳ Pr✉♥✐♥❣ ❛❧❣♦r✐t❤♠s ✲ ❛ s✉r✈❡②✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧

◆❡t✇♦r❦s✱ ✹✿✼✹✵✕✼✹✼✱ ✶✾✾✸✳

❬✻✻❪ ❘✳ ❘❡❡❞ ② ❘✳ ▼❛r❦s✳ ◆❡✉r❛❧ ❙♠✐t❤✐♥❣✳ ❚❤❡ ▼■❚ Pr❡ss✱ ✶✾✾✾✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✺✵ ❆✳❈✳ ▼é♥❞❡③



❇■❇▲■❖●❘❆❋❮❆
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❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳ ▲❛✇r❡♥❝❡ ❊r❧❜❛✉♠ ❆ss♦❝✐❛t❡s ■♥❝✱ ✶✾✾✺✳

❬✻✽❪ ❉✳❘✳ ❍✉s❤ ② ❇✳●✳ ❍♦r♥❡✳ Pr♦❣r❡ss ✐♥ s✉♣❡r✈✐s❡❞ ♥❡✉r❛❧ ♥❡t✇♦r❦s✳ ■❊❊❊

❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ▼❛❣❛③✐♥❡✱ ✶✵✿✽✕✸✾✱ ✶✾✾✸✳

❬✻✾❪ ▼✳❋✳ ▼♦❧❧❡r✳ ❆ s❝❛❧❡❞ ❝♦♥❥✉❣❛t❡ ❣r❛❞✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ❢❛st s✉♣❡r✈✐s❡❞

❧❡❛r♥✐♥❣✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✻✭✹✮✿✺✷✺✕✺✸✸✱ ✶✾✾✸✳

❬✼✵❪ P✳❏✳ ❲❡r❜♦s✳ ❇❡②♦♥❞ ❘❡❣r❡ss✐♦♥✿ ◆❡✇ ❚♦♦❧s ❢♦r Pr❡❞✐❝t✐♦♥ ❛♥❞ ❆♥❛❧②s✐s

✐♥ t❤❡ ❇❡❤❛✈✐♦r❛❧ ❙❝✐❡♥❝❡s✳ P❤❉ t❤❡s✐s✱ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t②✱ ❉❡♣❛rt♠❡♥t

♦❢ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✾✼✹✳

❬✼✶❪ ❆✳❍✳ ❑r❛♠❡r ② ❆✳ ❙❛♥❣✐♦✈❛♥♥✐✲❱✐♥❝❡♥t❡❧❧✐✳ ❝❤❛♣t❡r ❊✣❝✐❡♥t ♣❛r❛❧❧❡❧ ❧❡❛r✲

♥✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ♥❡✉r❛❧ ♥❡t✇♦r❦s✱ ♣á❣✐♥❛s ✹✵✕✹✽✳ ▼♦r❣❛♥ ❑❛✉❢♠❛♥♥
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▼❡r❣✐♥❣ s✉♣❡r✈✐s❡❞ ❛♥❞ ✉♥s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣ ✇✐t❤ ♥❡t✇♦r❦ ❣r♦✇t❤ t❡✲

❝❤♥✐q✉❡s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✽✭✻✮✿✶✹✾✷✕✶✺✵✻✱ ◆♦✲

✈✐❡♠❜r❡ ✶✾✾✼✳

❬✶✶✺❪ ❊r P✳ ❚♦♣❝❤②✱ ❖❧❡❣ ❆✳ ▲❡❜❡❞❦♦✱ ❱✐❝t♦r ❱✳ ▼✐❛❣❦✐❦❤✱ ② ◆✐❦♦❧❛ ❑✳ ❑❛✲

s❛❜♦✈✳ ❆❞❛♣t✐✈❡ tr❛✐♥✐♥❣ ♦❢ r❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥ ♥❡t✇♦r❦s ❜❛s❡❞ ♦♥

❝♦♦♣❡r❛t✐✈❡ ❡✈♦❧✉t✐♦♥ ❛♥❞ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❣r❛♠♠✐♥❣✱ ✶✾✾✽✳

❬✶✶✻❪ ❉✳❍✳ ❲♦❧♣❡rt ② ❲✳●✳ ▼❛❝r❡❛❞②✳ ◆♦ ❢r❡❡ ❧✉♥❝❤ t❤❡♦r❡♠s ❢♦r ♦♣t✐♠✐③❛t✐♦♥✳

■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❊✈♦❧✉t✐♦♥❛r② ❈♦♠♣✉t❛t✐♦♥✱ ✶✭✶✮✿✻✼✕✽✷✱ ✶✾✾✼✳

❬✶✶✼❪ ❉✳ ▼♦♥t❛♥❛ ② ▲✳ ❉❛✈✐s✳ ❚r❛✐♥✐♥❣ ❢❡❡❞❢♦r✇❛r❞ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✉s✐♥❣

❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠s✳ ❊♥ Pr♦❝s✳ ♦❢ t❤❡ ✶✶t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✐♥t ❈♦♥❢❡r❡♥❝❡

♦♥ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ♣á❣✐♥❛s ✼✻✷✕✼✻✼✱ ✶✾✽✾✳

❬✶✶✽❪ ❘✳ ❙❡①t♦♥✱ ❘✳ ❉♦rs❡②✱ ② ❏✳ ❏♦❤♥s♦♥✳ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ ♥❡✉r❛❧ ♥❡t✇♦r❦s✿ ❆

❝♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❛♥❞ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣✳

❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✶✶✹✭✸✮✿✺✽✾✕✻✵✶✱ ✶✾✾✾✳

❬✶✶✾❪ ❘✳ ❙❡①t♦♥✱ ❇✳ ❆❧❧✐❞❛❡✱ ❘✳ ❉♦rs❡②✱ ② ❏✳ ❏♦❤♥s♦♥✳ ●❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❢♦r

❛rt✐✜❝✐❛❧ ♥❡✉r❛❧ ♥❡t✇♦r❦s✿ ❆ t❛❜✉ s❡❛r❝❤ ❛♣♣❧✐❝❛t✐♦♥✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧

♦❢ ❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✶✵✻✭✷✕✸✮✿✺✼✵✕✺✽✹✱ ✶✾✾✽✳

❬✶✷✵❪ ❏✳ ❑❡♥♥❡❞② ② ❘✳ ❊❜❡r❤❛rt✳ P❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐♠✐③❛t✐♦♥✳ ❊♥ ❉✳❙✳ ❚♦✉✲

r❡t③❦②✱ ❡❞✐t♦r✱ Pr♦❝s✳ ♦❢ t❤❡ ■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ◆❡✉r❛❧

◆❡t✇♦r❦s✱ ✈♦❧✉♠❡♥ ✹✱ ♣á❣✐♥❛s ✶✾✹✷✕✶✾✹✽✱ P❡rt❤✱ ❲❆✱ ❆✉str❛❧✐❛✱ ✶✾✾✺✳

❬✶✷✶❪ ❆✳ ❈✐❝❤♦❝❦✐ ② ❘✳ ❯♥❜❡❤❛✉❡♥✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s ❢♦r ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞

❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✳ ❏♦❤♥ ❲✐❧❡②✱ ✶✾✾✸✳

❬✶✷✷❪ ❊✳▼✳ ❏♦❤❛♥ss♦♥✱ ❋✳❯✳ ❉♦✇❧❛✱ ② ❉✳▼✳ ●♦♦❞♠❛♥✳ ❇❛❝❦♣r♦♣❛❣❛t✐♦♥ ❧❡❛r✲

♥✐♥❣ ❢♦r ♠✉❧t✐❧❛②❡r ❢❡❡❞❢♦r✇❛r❞ ♥❡✉r❛❧ ♥❡t✇♦r❦s ✉s✐♥❣ t❤❡ ❝♦♥❥✉❣❛t❡ ❣r❛✲

❞✐❡♥t ♠❡t❤♦❞✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ◆❡✉r❛❧ ❙②st❡♠s✱ ✷✭✹✮✿✷✾✶✕✸✵✶✱

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✺✺ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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✶✾✾✷✳

❬✶✷✸❪ ❍✳ ❇r❛✉♥✳ ◆❡✉r♦♥❛❧❡ ◆❡t③❡✿ ❖♣t✐♠✐❡r✉♥❣ ❞✉r❝❤ ▲❡r♥❡♥ ✉♥❞ ❊✈♦❧✉t✐♦♥✳

❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✼✳

❬✶✷✹❪ ❚✳ ❇❛tt✐t✐✳ ❋✐rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ♠❡t❤♦❞s ❢♦r ❧❡❛r♥✐♥❣✿ ❇❡t✇❡❡♥ st❡❡♣❡st

❞❡s❝❡♥t ❛♥❞ ◆❡✇t♦♥✬s ♠❡t❤♦❞✳ ◆❡✉r❛❧ ❈♦♠♣✉t❛t✐♦♥✱ ✹✭✷✮✿✶✹✶✕✶✻✻✱ ✶✾✾✷✳

❬✶✷✺❪ ❙✳❊✳ ❋❛❤❧♠❛♥ ② ❈✳ ▲❡❜✐❡r❡✳ ❚❤❡ ❝❛s❝❛❞❡✲❝♦rr❡❧❛t✐♦♥ ❧❡❛r♥✐♥❣ ❛r❝❤✐t❡❝t✉r❡✳

❊♥ ❉✳❙✳ ❚♦✉r❡t③❦②✱ ❡❞✐t♦r✱ ❆❞✈❛♥❝❡s ✐♥ ◆❡✉r❛❧ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣

❙②st❡♠s✱ ✈♦❧✉♠❡♥ ✷✱ ♣á❣✐♥❛s ✺✷✹✕✺✸✷✱ ❙❛♥ ❋r❛♥❝✐s❝♦✱ ❈❆✱ ✶✾✾✵✳ ▼♦r❣❛♥

❑❛✉❢♠❛♥♥✱ ❙❛♥ ▼❛t❡♦ ■♥❝✳

❬✶✷✻❪ ❙✳ P✳ ▲❧♦②❞✳ ▲❡❛st sq✉❛r❡s q✉❛♥t✐③❛t✐♦♥ ✐♥ P❈▼✬❙✳ ❇❡❧❧ ❚❡❧❡♣❤♦♥❡ ▲❛❜s

▼❡♠♦✱ ✶✾✺✼✳

❬✶✷✼❪ ▼❛s❛ ❛❦✐ ❙❛t♦ ② ❙❤✐♥ ■s❤✐✐✳ ❖♥✲❧✐♥❡ ❊▼ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♥♦r♠❛❧✐③❡❞

❣❛✉ss✐❛♥ ♥❡t✇♦r❦✳ ◆❡✉r❛❧ ❈♦♠♣✉t❛t✐♦♥✱ ✶✷✭✷✮✿✹✵✼✕✹✸✷✱ ✷✵✵✵✳

❬✶✷✽❪ P❛✉❧ ❙✳ ❇r❛❞❧❡②✱ ❯s❛♠❛ ▼✳ ❋❛②②❛❞✱ ② ❈♦r② ❘❡✐♥❛✳ ❙❝❛❧✐♥❣ ❝❧✉st❡r✐♥❣

❛❧❣♦r✐t❤♠s t♦ ❧❛r❣❡ ❞❛t❛❜❛s❡s✳ ❊♥ ❑❉❉✱ ♣á❣✐♥❛s ✾✕✶✺✱ ✶✾✾✽✳

❬✶✷✾❪ ●✳❍✳ ❇❛❧❧ ② ❉✳■✳ ❍❛❧❧✳ ❙♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥❝❡♣ts ❛♥❞ s②♥t❤❡s✐s ♣r♦❝❡✲

❞✉r❡s ❢♦r ♣❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥ ♣r❡♣r♦❝❡ss♦rs✳ ❊♥ ■♥t✬❧ ❈♦♥❢✳ ▼✐❝r♦✇❛✈❡s✱

❈✐r❝✉✐t ❚❤❡♦r②✱ ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②✱ ♣á❣✐♥❛s ✷✽✶✕✷✾✼✱ ✶✾✻✹✳

❬✶✸✵❪ ❏✳ ❈✳ ❇❡③❞❡❦✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥ ✇✐t❤ ❋✉③③② ❖❜❥❡❝t✐✈❡ ❋✉♥❝t✐♦♥ ❆❧❣♦✲

r✐t❤♠s✳ P❧❡♥✉♠ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✶✳

❬✶✸✶❪ P❛✉❧ ❉ ❋♦① ② ❊❧♠❛✇❛t✐ ▲ ❙✉t❛♥t♦✳ ❖♥ ♠❡r❣✐♥❣ ❣r❛❞✐❡♥t ❡st✐♠❛t✐♦♥ ✇✐t❤

♠❡❛♥✲tr❛❝❦✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ❝❧✉st❡r ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❖❝t✉❜r❡ ✷✾ ✶✾✾✼✳

❬✶✸✷❪ ❍é❝t♦r P♦♠❛r❡s✱ ■❣♥❛❝✐♦ ❘♦❥❛s✱ ❏✉❧✐♦ ❖rt❡❣❛✱ ❏❡sús ●♦♥③á❧❡③✱ ② ❆❧❜❡r✲

t♦ Pr✐❡t♦✳ ❆ s②st❡♠❛t✐❝ ❛♣♣r♦❛❝❤ t♦ ❛ s❡❧❢✲❣❡♥❡r❛t✐♥❣ ❢✉③③② r✉❧❡✲t❛❜❧❡

❢♦r ❢✉♥❝t✐♦♥ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙②st❡♠s✱ ▼❛♥✱ ❛♥❞

❈②❜❡r♥❡t✐❝s✱ P❛rt ❇✱ ✸✵✭✸✮✿✹✸✶✕✹✹✼✱ ✷✵✵✵✳

❬✶✸✸❪ P❛rt❤❛ Pr❛t✐♠ ❑❛♥❥✐❧❛❧ ② ❉❡❜❛r❛❣ ◆❛r❛②❛♥ ❇❛♥❡r❥❡❡✳ ❖♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

♦❢ ♦rt❤♦❣♦♥❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r t❤❡ ❞❡s✐❣♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❢❡❡❞❢♦r✇❛r❞

♥❡t✇♦r❦s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✻✭✺✮✿✶✵✻✶✕✶✵✼✵✱ ❙❡♣✲

t✐❡♠❜r❡ ✶✾✾✺✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✺✻ ❆✳❈✳ ▼é♥❞❡③
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❬✶✸✹❪ ❙✳ ❈❤❡♥✱ ❈✳ ❋✳ ◆✳ ❈♦✇❛♥✱ ② P✳ ▼✳ ●r❛♥t✳ ❖rt❤♦❣♦♥❛❧ ❧❡❛st sq✉❛r❡s

❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r r❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥ ♥❡t✇♦r❦s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s
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❚❡s✐s ❉♦❝t♦r❛❧ ✶✺✽ ❆✳❈✳ ▼é♥❞❡③
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♥❛❝❤ Pr✐♥③✐♣✐❡♥ ❞❡r ❜✐♦❧♦❣✐s❝❤❡♥ ❊✈♦❧✉t✐♦♥✳ ❋r♦♠♠❛♥♥✲❍♦❧③❜♦♦❣✱ ❱❡r✲

❧❛❣✱ ❙t✉tt❣❛rt✱ ✶✾✼✸✳

❬✶✺✼❪ ❆✳❈✳ ▼❛rtí♥❡③✲❊st✉❞✐❧❧♦✱ ❋✳❏✳ ▼❛rtí♥❡③✲❊st✉❞✐❧❧♦✱ ❈✳ ❍❡r✈ás✱ ② ◆✳ ●❛r❝í❛✳

❊✈♦❧✉t✐♦♥❛r② ♣r♦❞✉❝t ✉♥✐t ❜❛s❡❞ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❢♦r r❡❣r❡ss✐♦♥✳ ◆❡✉r❛❧
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❝í❛✳ ❍②❜r✐❞✐③❛t✐♦♥ ♦❢ ❡✈♦❧✉t✐♦♥❛r② ❛❧❣♦r✐t❤♠s ❛♥❞ ❧♦❝❛❧ s❡❛r❝❤ ❜② ♠❡❛♥s
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② P✳❆✳ ●✉t✐érr❡③✳ ❊✈♦❧✉t✐♦♥❛r② ♣r♦❞✉❝t✲✉♥✐t ♥❡✉r❛❧ ♥❡t✇♦r❦s ❢♦r ❝❧❛s✲
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t✐♦♥✳ ❊♥ Pr♦❝s✳ ♦❢ t❤❡ ✶✵t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦✲❈♦♥❢❡r❡♥❝❡ ♦♥ ❆rt✐✜❝✐❛❧
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♦❜t❛✐♥❡❞ ❜② ♣r♦❞✉❝t ✉♥✐t ♥❡✉r❛❧ ♥❡t✇♦r❦s ♠♦❞❡❧s✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱
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❜② ▼❡❛♥s ♦❢ ◆❛t✉r❛❧ ❙❡❧❡❝t✐♦♥✳ ▼■❚ Pr❡ss✱ ✶✾✾✷✳

❬✶✼✷❪ ❉✳ ❲✐❝❦❡r✱ ▼✳ ▼✳ ❘✐③❦✐✱ ② ▲✳ ❆✳ ❚❛♠❜✉r✐♥♦✳ ❆ ❤②❜r✐❞ ❡✈♦❧✉t✐♦♥❛r② ❧❡❛r✲

♥✐♥❣ s②st❡♠ ❢♦r s②♥t❤❡s✐③✐♥❣ ♥❡✉r❛❧ ♥❡t✇♦r❦ ♣❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥ s②st❡♠s✳

▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✶✹✹✼✿✻✶✾✕✻✷✽✱ ✶✾✾✽✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✻✵ ❆✳❈✳ ▼é♥❞❡③
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❬✶✼✸❪ ❏♦❤♥ ❘✳ ❑♦③❛✳ ●❡♥❡t✐❝ Pr♦❣r❛♠♠✐♥❣ ■■✿ ❆✉t♦♠❛t✐❝ ❉✐s❝♦✈❡r② ♦❢ ❘❡✉s❛❜❧❡
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❬✶✼✹❪ ❉✳ ❇✳ ❋♦❣❡❧✳ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥ ❚❤r♦✉❣❤ ❙✐♠✉❧❛t❡❞ ❊✈♦❧✉t✐♦♥✿ ❆ ♠❛✲

❝❤✐♥❡ ▲❡❛r♥✐♥❣ ❆♣♣r♦❛❝❤ t♦ ♠♦❞❡❧✐♥❣✳ ●✐♥♥ Pr❡ss✱ ✶✻✵ ●♦✉❧❞ ❙tr❡❡t✱

◆❡❡❞❤❛♠ ❍❡✐❣❤ts✱ ▼❆ ✵✶✷✾✹✱ ✶✾✾✶✳

❬✶✼✺❪ ❉✳ ❇✳ ❋♦❣❡❧✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ s✐♠✉❧❛t❡❞ ❡✈♦❧✉t✐♦♥❛r② ♦♣t✐♠✐③❛t✐♦♥✳

■❊❊❊ ❚r❛♥s✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✺✭✶✮✿✸✕✶✹✱ ✶✾✾✹✳

❬✶✼✻❪ ▲✐♥❣ ❲❛♥❣✳ ❆ ❤②❜r✐❞ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠✲♥❡✉r❛❧ ♥❡t✇♦r❦ str❛t❡❣②

❢♦r s✐♠✉❧❛t✐♦♥ ♦♣t✐♠✐③❛t✐♦♥✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱

✶✼✵✭✷✮✿✶✸✷✾✕✶✸✹✸✱ ✷✵✵✺✳

❬✶✼✼❪ ▼✐❝❤❛❡❧ ▲❡❡✳ ❉②♥❛♠✐❝ ❝♦♥tr♦❧ ♦❢ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠s ✉s✐♥❣ ❢✉③③② ❧♦❣✐❝

t❡❝❤♥✐q✉❡s✳ ❊♥ ❙t❡♣❤❛♥✐❡ ❋♦rr❡st✱ ❡❞✐t♦r✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❋✐❢t❤ ■♥✲

t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ●❡♥❡t✐❝ ❆❧❣♦r✐t❤♠s✱ ❙❛♥ ▼❛t❡♦✱ ❈❆✱ ✶✾✾✸✳

▼♦r❣❛♥ ❑❛✉❢♠❛♥✳

❬✶✼✽❪ ▼✳ ❈❧❡r❝ ② ❏✳ ❑❡♥♥❡❞②✳ ❚❤❡ ♣❛rt✐❝❧❡ s✇❛r♠ ✲ ❡①♣❧♦s✐♦♥✱ st❛❜✐❧✐t②✱ ❛♥❞

❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① s♣❛❝❡✳ ■❊❊❊✲❊❈✱ ✻✿✺✽✕✼✸✱

❋❡❜r❡r♦ ✷✵✵✷✳

❬✶✼✾❪ ❏❛♠❡s ❑❡♥♥❡❞② ② ❘✉ss❡❧❧ ❊❜❡r❤❛rt✳ P❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐♠✐③❛t✐♦♥✳ ❊♥

■❊❊❊ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭■❈◆◆✬✾✺✮✱ ✈♦✲

❧✉♠❡♥ ✹✱ ♣á❣✐♥❛s ✶✾✹✷✕✶✾✹✼✱ P❡rt❤✱ ❲❡st❡r♥ ❆✉str❛❧✐❛✱ ◆♦✈✐❡♠❜r❡✲

❉❡❝✐❡♠❜r❡ ✶✾✾✺✳ ■❊❊❊✳

❬✶✽✵❪ ❙②❧✈❡r✐♥ ❑❡♠♠♦é ❚❝❤♦♠té ② ▼✐❝❤❡❧ ●♦✉r❣❛♥❞✳ P❛rt✐❝❧❡ s✇❛r♠ ♦♣t✐✲

♠✐③❛t✐♦♥✿ ❆ st✉❞② ♦❢ ♣❛rt✐❝❧❡ ❞✐s♣❧❛❝❡♠❡♥t ❢♦r s♦❧✈✐♥❣ ❝♦♥t✐♥✉♦✉s ❛♥❞

❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳ ✷✵✵✾✳

❬✶✽✶❪ ❙❤✐✱ ▲✐❛♥❣✱ ▲❡❡✱ ▲✉✱ ② ❲❛♥❣✳ ❆♥ ✐♠♣r♦✈❡❞ ●❆ ❛♥❞ ❛ ♥♦✈❡❧ P❙❖✲●❆✲

❜❛s❡❞ ❤②❜r✐❞ ❛❧❣♦r✐t❤♠✳ ■P▲✿ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ▲❡tt❡rs✱ ✾✸✱ ✷✵✵✺✳

❬✶✽✷❪ ●❡rr② ❉♦③✐❡r✱ ❏❛♠❡s ❇♦✇❡♥✱ ② ❆❜❞♦❧❧❛❤ ❍♦♠❛✐❢❛r✳ ❙♦❧✈✐♥❣ ❝♦♥str❛✐♥t s❛✲

t✐s❢❛❝t✐♦♥ ♣r♦❜❧❡♠s ✉s✐♥❣ ❤②❜r✐❞ ❡✈♦❧✉t✐♦♥❛r② s❡❛r❝❤✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s

♦♥ ❊✈♦❧✉t✐♦♥❛r② ❈♦♠♣✉t❛t✐♦♥✱ ✷✭✶✮✿✷✸✕✸✸✱ ❆❜r✐❧ ✶✾✾✽✳

❬✶✽✸❪ ▲✐♥ ❨✉ ❚s❡♥❣ ② ❙❤✐❤✲❈❤✐❡❤ ❈❤❡♥✳ ❆ ❤②❜r✐❞ ♠❡t❛❤❡✉r✐st✐❝ ❢♦r t❤❡

r❡s♦✉r❝❡✲❝♦♥str❛✐♥❡❞ ♣r♦❥❡❝t s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✻✶ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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❖♣❡r❛t✐♦♥❛❧ ❘❡s❡❛r❝❤✱ ✶✼✺✭✷✮✿✼✵✼✕✼✷✶✱ ✷✵✵✻✳

❬✶✽✹❪ ▼❛♥✉❡❧ ❱á③q✉❡③ ② ▲✳ ❉❛rr❡❧❧ ❲❤✐t❧❡②✳ ❆ ❤②❜r✐❞ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❢♦r

t❤❡ q✉❛❞r❛t✐❝ ❛ss✐❣♥♠❡♥t ♣r♦❜❧❡♠✳ ❊♥ ▲✳ ❉❛rr❡❧❧ ❲❤✐t❧❡②✱ ❉❛✈✐❞ ❊✳

●♦❧❞❜❡r❣✱ ❊r✐❝❦ ❈❛♥tú✲P❛③✱ ▲❡❡ ❙♣❡❝t♦r✱ ■❛♥ ❈✳ P❛r♠❡❡✱ ② ❍❛♥s✲●❡♦r❣

❇❡②❡r✱ ❡❞✐t♦rs✱ ●❊❈❈❖✱ ♣á❣✐♥❛s ✶✸✺✕✶✹✷✳ ▼♦r❣❛♥ ❑❛✉❢♠❛♥♥✱ ✷✵✵✵✳

❬✶✽✺❪ ❋r❡❞ ●❧♦✈❡r✳ ❚❛❜✉ s❡❛r❝❤✕♣❛rt ✐✳ ■◆❋❖❘▼❙ ❏❖❯❘◆❆▲ ❖◆ ❈❖▼P❯✲
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❬✶✽✻❪ ❇✳ ❈✳ ❍✳ ❚✉rt♦♥✳ ❆♥ ❡♠♣✐r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ♠❡t❛✲❤❡✉r✐st✐❝ ❛♥❞ ❤❡✉✲

r✐st✐❝ ❛❧❣♦r✐t❤♠s ❢♦r ❛ ✷❉ ♣❛❝❦✐♥❣ ♣r♦❜❧❡♠✱ ❊♥❡r♦ ✷✽ ✷✵✵✵✳

❬✶✽✼❪ ❈✳ ❋✳ ▲✐❛✇✳ ❆ ❤②❜r✐❞ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ♦♣❡♥ s❤♦♣ s❝❤❡❞✉❧✐♥❣
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❬✶✽✽❪ ❊❞✇❛r❞ ❑❡❡❞✇❡❧❧ ② ❙♦♦♥✲❚❤✐❛♠ ❑❤✉✳ ❆ ❤②❜r✐❞ ❣❡♥❡t✐❝ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡

❞❡s✐❣♥ ♦❢ ✇❛t❡r ❞✐str✐❜✉t✐♦♥ ♥❡t✇♦r❦s✳ ❊♥❣✳ ❆♣♣❧✳ ♦❢ ❆■✱ ✶✽✭✹✮✿✹✻✶✕✹✼✷✱
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♦❢ ■❧❧✐♥♦✐s Pr❡ss✱ ❯r❜❛♥❛✱ ■❧❧✐♥♦✐s✱ ✶✾✻✻✳ ❊❞✐t❡❞ ❛♥❞ ❝♦♠♣❧❡t❡❞ ❜② ❆rt❤✉r

❲✳ ❇✉r❦s✳

❬✶✾✵❪ ❊✳ ❑✳ ❇✉r❦❡ ② ❆✳ ❏✳ ❙♠✐t❤✳ ❍②❜r✐❞ ❡✈♦❧✉t✐♦♥❛r② t❡❝❤♥✐q✉❡s ❢♦r t❤❡ ♠❛✐♥✲

t❡♥❛♥❝❡ s❝❤❡❞✉❧✐♥❣ ♣r♦❜❧❡♠✳ ■❊❊❊ P♦✇❡r ❊♥❣✐♥❡❡r✐♥❣ ❙♦❝✐❡t② ❚r❛♥s❛❝✲

t✐♦♥s✱ ✶✾✾✾✳

❬✶✾✶❪ ▼②✉♥❣ ❍ ② ❑✐♠ ❏❍✳ ❍②❜r✐❞ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❣r❛♠♠✐♥❣ ❢♦r ❤❡❛✈✐❧② ❝♦♥s✲
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❬✶✾✸❪ ❙✳ ❧❡ ❈❡ss✐❡ ② ❏✳ ❈✳ ✈❛♥ ❍♦✉✇❡❧✐♥❣❡♥✳ ❘✐❞❣❡ ❡st✐♠❛t♦rs ✐♥ ❧♦❣✐st✐❝ r❡❣r❡s✲

s✐♦♥✳ ❆♣♣❧✐❡❞ ❙t❛t✐st✐❝s✱ ✹✶✭✶✮✿✶✾✶✕✷✵✶✱ ✶✾✾✷✳

❬✶✾✹❪ P❛✉❧ ❘✳ ❑♦♠❛r❡❦ ② ❆♥❞r❡✇ ❲✳ ▼♦♦r❡✳ ❋❛st r♦❜✉st ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥

❢♦r ❧❛r❣❡ s♣❛rs❡ ❞❛t❛s❡ts ✇✐t❤ ❜✐♥❛r② ♦✉t♣✉ts✱ ◆♦✈✐❡♠❜r❡ ✶✺ ✷✵✵✸✳

❬✶✾✺❪ ❚✳ ❏✳ ❙❛♥t♥❡r ② ❉✳ ❊✳ ❉✉✛②✳ ❚❤❡ ❙t❛t✐st✐❝❛❧ ❆♥❛❧②s✐s ♦❢ ❉✐s❝r❡t❡ ❉❛t❛✳

❙♣r✐♥❣❡r✲❱❡r❧❛❣ ◆❡✇ ❨♦r❦✱ ■♥❝✳✱ ✶✾✽✾✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✻✷ ❆✳❈✳ ▼é♥❞❡③
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❬✶✾✻❪ ❈✳ ❍❡r✈ás✲▼❛rtí♥❡③✱ ❋✳ ❏✳ ▼❛rtí♥❡③✲❊st✉❞✐❧❧♦✱ ② ▼✳ ❈❛r❜♦♥❡r♦✲❘✉③✳ ▼✉❧✲

t✐❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ❜② ♠❡❛♥s ♦❢ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❞✉❝t✲✉♥✐t ♥❡✉r❛❧ ♥❡t✲

✇♦r❦s✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✷✶✭✼✮✿✾✺✶✕✾✻✶✱ ✷✵✵✽✳

❬✶✾✼❪ ▼✳ ❲✳ ❙❝♦tt ② ❏✳ ❘✳ ❚❤♦♠♣s♦♥✳ Pr♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ✐♥ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥✳ ❊♥ Pr♦❝✳ ✶✺t❤ ❙②♠♣♦s✐✉♠ ♦♥ t❤❡ ■♥t❡r❢❛❝❡✱ ◆♦rt❤ ❍♦❧❧❛♥❞✲

❊❧s❡✈✐❡r✱ ♣á❣✐♥❛s ✶✼✸✕✶✼✾✳ ❉♦✉❣❧❛s✱ ❙✳❘✳ ✭❡❞✮✿ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❛♥❞

❙t❛t✐st✐❝s✱ ✶✾✽✸✳

❬✶✾✽❪ ❈❤❛r✉ ❆❣❣❛r✇❛❧✱ ❆❧❡①❛♥❞❡r ❍✐♥♥❡❜✉r❣✱ ② ❉❛♥✐❡❧ ❑❡✐♠✳ ❖♥ t❤❡ s✉r♣r✐s✐♥❣

❜❡❤❛✈✐♦r ♦❢ ❞✐st❛♥❝❡ ♠❡tr✐❝s ✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❊♥ ❉❛t❛❜❛s❡

❚❤❡♦r② ■❈❉❚ ✷✵✵✶✱ ✈♦❧✉♠❡♥ ✶✾✼✸ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱

♣á❣✐♥❛s ✹✷✵✕✹✸✹✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ✴ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✶✳

❬✶✾✾❪ ❑❡✈✐♥ ❙✳ ❇❡②❡r✱ ❏♦♥❛t❤❛♥ ●♦❧❞st❡✐♥✱ ❘❛❣❤✉ ❘❛♠❛❦r✐s❤♥❛♥✱ ② ❯r✐ ❙❤❛❢t✳

❲❤❡♥ ✐s ✑♥❡❛r❡st ♥❡✐❣❤❜♦r✑ ♠❡❛♥✐♥❣❢✉❧❄ ❊♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✼t❤ ■♥✲

t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❉❛t❛❜❛s❡ ❚❤❡♦r②✱ ■❈❉❚ ✬✾✾✱ ♣á❣✐♥❛s ✷✶✼✕✷✸✺✱

▲♦♥❞♦♥✱ ❯❑✱ ✶✾✾✾✳

❬✷✵✵❪ ▲✳ ❇❡❧❧♠❛♥✳ ❆❞❛♣t❛t✐✈❡ ❈♦♥tr♦❧ Pr♦❝❡ss❡s✿ ❆ ❣✉✐❞❡❞ t♦✉r✳ Pr✐❝❡t♦♥ ❯♥✐✲

✈❡rs✐t② Pr❡ss✱ ✶st ❡❞✐t✐♦♥✱ ✶✾✻✶✳

❬✷✵✶❪ ❇✳ ❲✳ ❙✐❧✈❡r♠❛♥✳ ❉❡♥s✐t② ❡st✐♠❛t✐♦♥ ❢♦r st❛t✐st✐❝s ❛♥❞ ❞❛t❛ ❛♥❛❧②s✐s✳

❈❤❛♣♠❛♥ ✫ ❍❛❧❧✱ ✶st ❡❞✐t✐♦♥✱ ✶✾✽✻✳

❬✷✵✷❪ ❑✳ ❋✉❦✉♥❛❣❛✳ ■♥tr♦❞✉❝t✐♦♥ t♦ st❛t✐st✐❝❛❧ ♣❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥✳ ❆❝❛❞❡♠✐❝

Pr❡ss✱ ❇♦st♦♥✱ ▼❆✱ ✶st ❡❞✐t✐♦♥✱ ✶✾✾✵✳

❬✷✵✸❪ ❏✳ ●✉♦✱ ❊✳ ▲❡✈✐♥❛✱ ●✳ ▼✐❝❤❛✐❧✐❞✐s✱ ② ❏✳ ❩❤✉✳ P❛✐r✇✐s❡ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥

❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✲❜❛s❡❞ ❝❧✉st❡r✐♥❣✳ ❇✐♦♠❡tr✐❝s✱ ✻✻✭✸✮✿✼✾✸✕✽✵✹✱

✷✵✶✵✳

❬✷✵✹❪ ❘✳ ◆✳ ❙❤❡♣❛r❞✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ♣r♦①✐♠✐t✐❡s✿ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❝❛❧✐♥❣

✇✐t❤ ❛♥ ✉♥❦♥♦✇♥ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥✳ ✐✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✷✼✭✷✮✿✶✷✺✕✶✹✵✱

✶✾✻✷✳

❬✷✵✺❪ ❘✳ ◆✳ ❙❤❡♣❛r❞✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ ♣r♦①✐♠✐t✐❡s✿ ▼✉❧t✐❞✐♠❡♥s✐♦♥❛❧ s❝❛❧✐♥❣

✇✐t❤ ❛♥ ✉♥❦♥♦✇♥ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥✳ ✐✐✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✷✼✭✸✮✿✷✶✾✕✷✹✻✱

✶✾✻✷✳

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✻✸ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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❬✷✵✻❪ ❲✳ ❉③✇✐♥❡❧✳ ❍♦✇ t♦ ♠❛❦❡ s❛♠♠♦♥✬s ♠❛♣♣✐♥❣ ✉s❡❢✉❧ ❢♦r ♠✉❧t✐❞✐♠❡♥s✐♦✲

♥❛❧ ❞❛t❛ str✉❝t✉r❡s ❛♥❛❧②s✐s✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱ ✷✼✭✼✮✿✾✹✾✕✾✺✾✱ ✶✾✾✹✳

❬✷✵✼❪ P✳ ❉❡♠❛rt✐♥❡s ② ❏✳ ❍ér❛✉❧t✳ ❈✉r✈✐❧✐♥❡❛r ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s✿ ❆ s❡❧❢✲

♦r❣❛♥✐③✐♥❣ ♥❡✉r❛❧ ♥❡t✇♦r❦ ❢♦r ♥♦♥❧✐♥❡❛r ♠❛♣♣✐♥❣ ♦❢ ❞❛t❛ s❡ts✳ ■❊❊❊

❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✽✭✶✮✿✶✹✽✕✶✺✹✱ ✶✾✾✼✳

❬✷✵✽❪ ❆✈r✐♠ ▲✳ ❇❧✉♠ ② ❘♦♥❛❧❞ ▲✳ ❘✐✈❡st✳ ❚r❛✐♥✐♥❣ ❛ ✸✲♥♦❞❡ ♥❡✉r❛❧ ♥❡t✇♦r❦ ✐s

♥♣✲❝♦♠♣❧❡t❡✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✺✭✶✮✿✶✶✼ ✕ ✶✷✼✱ ✶✾✾✷✳

❬✷✵✾❪ ▼✳ ❉❛s❤ ② ❍✳ ▲✐✉✳ ❋❡❛t✉r❡ s❡❧❡❝t✐♦♥ ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥✳ ■♥t❡❧❧✐❣❡♥t ❉❛t❛

❆♥❛❧②s✐s✱ ✶✭✶✲✹✮✿✶✸✶ ✕ ✶✺✻✱ ✶✾✾✼✳

❬✷✶✵❪ ❍✉❛♥ ▲✐✉ ② ▲❡✐ ❨✉✳ ❚♦✇❛r❞ ✐♥t❡❣r❛t✐♥❣ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r

❝❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ ❝❧✉st❡r✐♥❣✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥ ♦♥ ❑♥♦✇❧❡❞❣❡ ❛♥❞ ❉❛t❛

❊♥❣❡♥❡❡r✐♥❣✱ ✶✼✿✹✾✶✕✺✵✷✱ ✷✵✵✺✳

❬✷✶✶❪ ❉✳❊✳ ●♦❧❞❜❡r❣✳ ❙✐③✐♥❣ ♣♦♣✉❧❛t✐♦♥s ❢♦r s❡r✐❛❧ ❛♥❞ ♣❛r❛❧❧❡❧ ❣❡♥❡t✐❝ ❛❧❣♦✲

r✐t❤♠s✳ ❊♥ Pr♦❝s✳ ♦❢ t❤❡ ✸r❞ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ●❡♥❡t✐❝ ❆❧❣♦✲

r✐t❤♠s✱ ♣á❣✐♥❛s ✼✵✕✼✾✱ ✶✾✽✾✳

❬✷✶✷❪ ❘♦♥ ❑♦❤❛✈✐ ② ●❡♦r❣❡ ❍✳ ❏♦❤♥✳ ❲r❛♣♣❡rs ❢♦r ❢❡❛t✉r❡ s✉❜s❡t s❡❧❡❝t✐♦♥✳

❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ✾✼✿✷✼✸✕✸✷✹✱ ✶✾✾✼✳

❬✷✶✸❪ ❉❛✈✐❞ ❏✳ ❙tr❛❝✉③③✐ ② P❛✉❧ ❊✳ ❯t❣♦✛✳ ❘❛♥❞♦♠✐③❡❞ ✈❛r✐❛❜❧❡ ❡❧✐♠✐♥❛t✐♦♥✳

❏♦✉r♥❛❧ ♦❢ ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣ ❘❡s❡❛r❝❤✳✱ ✺✿✶✸✸✶✕✶✸✻✷✱ ✷✵✵✹✳

❬✷✶✹❪ ❍❛❞✐ ❙❛❞♦❣❤✐ ❨❛③❞✐✱ ❏❛✈❛❞ ❍❛❞❞❛❞♥✐❛✱ ② ▼♦❥t❛❜❛ ▲♦t✜③❛❞✳ ❉✉❝t ♠♦✲

❞❡❧✐♥❣ ✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❘❇❋ ♥❡✉r❛❧ ♥❡t✇♦r❦ ❢♦r ❛❝t✐✈❡ ❝❛♥❝❡❧❧❛t✐♦♥

♦❢ ✈❛r✐❛❜❧❡ ❢r❡q✉❡♥❝② ♥❛rr♦✇ ❜❛♥❞ ♥♦✐s❡✳ ✷✵✵✼✳

❬✷✶✺❪ ◗✐♥❣ ❈❤❡♥✱ ❙❤❛♦②✉❛♥ ▲✐✱ ❨✉❣❡♥❣ ❳✐✱ ② ●✉❛♥❣✲❇✐♥ ❍✉❛♥❣✳ ❋✉r♥❛❝❡ t❡♠✲
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❨♦r❦✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✷♥❞ ❡❞✐t✐♦♥✱ ✶✾✽✶✳

❬✷✸✷❪ ❖✳❏✳ ❉✉♥♥✳ ▼✉❧t✐♣❧❡ ❝♦♠♣❛r✐s♦♥s ❛♠♦♥❣ ♠❡❛♥s✳ ❥♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥

❙t❛t✐st✐❝❛❧ ❆ss♦❝✐❛t✐♦♥✱ ✭✺✻✮✿✺✷✕✻✹✱ ✶✾✻✶✳

❬✷✸✸❪ ❨✳ ❍♦❝❤❜❡r❣ ② ❆✳ ❚❛♠❤❛♥❡✳ ▼✉❧t✐♣❧❡ ❈♦♠♣❛r✐s♦♥ Pr♦❝❡❞✉r❡s✳ ❏♦❤♥

❲✐❧❡② ❛♥❞ ❙♦♥s✳

❬✷✸✹❪ P✳ ❆✳ ●✉t✐érr❡③✱ ❈✳ ❍❡r✈ás✲▼❛rtí♥❡③✱ ② ▼✳ ▲♦③❛♥♦✳ ❉❡s✐❣♥✐♥❣ ♠✉❧t✐✲

❧❛②❡r ♣❡r❝❡♣tr♦♥s ✉s✐♥❣ ❛ ❣✉✐❞❡❞ s❛✇✲t♦♦t❤ ❡✈♦❧✉t✐♦♥❛r② ♣r♦❣r❛♠♠✐♥❣

❛❧❣♦r✐t❤♠✳ ❙♦❢t ❈♦♠♣✉t✐♥❣✱ ✶✹✭✹✮✿✺✾✾✕✻✶✸✱ ✷✵✶✵✳

❬✷✸✺❪ ❆✳ ❈❛st❛ñ♦✱ ❋✳ ❋❡r♥á♥❞❡③✲◆❛✈❛rr♦✱ ❈✳ ❍❡r✈ás✲▼❛rtí♥❡③✱ ② P✳ ●✉t✐❡rr❡③✳

◆❡✉r♦✲❧♦❣✐st✐❝ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❡✈♦❧✉t✐♦♥❛r② ❣❡♥❡r❛❧✐③❡❞ r❛❞✐❛❧ ❜❛s✐s ❢✉♥✲

❝t✐♦♥ ❢♦r t❤❡ ♠✐❝r♦❛rr❛② ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❝❧❛ss✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠✳ ◆❡✉r❛❧

Pr♦❝❡ss✐♥❣ ▲❡tt❡rs✱ ♣á❣✐♥❛s ✶✕✶✺✳ ✶✵✳✶✵✵✼✴s✶✶✵✻✸✲✵✶✶✲✾✶✽✼✲✽✳

❚❡s✐s ❉♦❝t♦r❛❧ ✶✻✻ ❆✳❈✳ ▼é♥❞❡③
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❬✷✸✻❪ ❆❞✐❡❧ ❈❛st❛ñ♦ ▼é♥❞❡③✱ ❋r❛♥❝✐s❝♦ ❋❡r♥á♥❞❡③✲◆❛✈❛rr♦✱ P❡❞r♦ ●✉t✐érr❡③✱

▼❛♥✉❡❧ ❇❛❡♥❛✲●❛r❝í❛✱ ② ❈és❛r ❍❡r✈ás✲▼❛rtí♥❡③✳ ❈♦♠❜✐♥✐♥❣ ❡✈♦❧✉t✐♦♥❛r②

❣❡♥❡r❛❧✐③❡❞ r❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥ ❛♥❞ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ♠❡t❤♦❞s ❢♦r ❝❧❛s✲

s✐✜❝❛t✐♦♥✳ ❊♥ ❊♠✐❧✐♦ ❈♦r❝❤❛❞♦✱ ❱á❝❧❛✈ ❙♥á✐❞❡❧✱ ❏❛✈✐❡r ❙❡❞❛♥♦✱ ❆❜♦✉❧

❍❛ss❛♥✐❡♥✱ ② ❈❛❧✈♦✱ ❡❞✐t♦rs✱ ❙♦❢t ❈♦♠♣✉t✐♥❣ ▼♦❞❡❧s ✐♥ ■♥❞✉str✐❛❧ ❛♥❞

❊♥✈✐r♦♥♠❡♥t❛❧ ❆♣♣❧✐❝❛t✐♦♥s✱ ✻t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ❙❖❈❖ ✷✵✶✶✱

❆❞✈❛♥❝❡s ✐♥ ■♥t❡❧❧✐❣❡♥t ❛♥❞ ❙♦❢t ❈♦♠♣✉t✐♥❣✳

❬✷✸✼❪ ❆❞✐❡❧ ❈❛st❛ñ♦✱ ❋r❛♥❝✐s❝♦ ❋❡r♥á♥❞❡③✲◆❛✈❛rr♦✱ P❡❞r♦ ❆♥t♦♥✐♦ ●✉t✐érr❡③✱

② ❈és❛r ❍❡r✈ás✲▼❛rtí♥❡③✳ P❡r♠❛♥❡♥t ❞✐s❛❜✐❧✐t② ❝❧❛ss✐✜❝❛t✐♦♥ ❜② ❝♦♠❜✐✲

♥✐♥❣ ❡✈♦❧✉t✐♦♥❛r② ❣❡♥❡r❛❧✐③❡❞ r❛❞✐❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥ ❛♥❞ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥

♠❡t❤♦❞s✳ ❊①♣❡rt ❙②st✳ ❆♣♣❧✳✱ ✸✾✭✾✮✿✽✸✺✵✕✽✸✺✺✱ ✷✵✶✷✳

❬✷✸✽❪ ▲❡✐ ❨✉ ② ❍✉❛♥ ▲✐✉✳ ❋❡❛t✉r❡ s❡❧❡❝t✐♦♥ ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛✿ ❆ ❢❛st

❝♦rr❡❧❛t✐♦♥✲❜❛s❡❞ ✜❧t❡r s♦❧✉t✐♦♥✳ ❊♥ ❚♦♠ ❋❛✇❝❡tt ② ◆✐♥❛ ▼✐s❤r❛✱ ❡❞✐t♦rs✱

■❈▼▲✱ ♣á❣✐♥❛s ✽✺✻✕✽✻✸✳ ❆❆❆■ Pr❡ss✱ ✷✵✵✸✳

❬✷✸✾❪ ❘✳ ❘✉✐③✱ ❏✳❙✳ ❆❣✉✐❧❛r✲❘✉✐③✱ ② ❏✳❈✳ ❘✐q✉❡❧♠❡✳ ❇❡st ❛❣❣❧♦♠❡r❛t✐✈❡ r❛♥❦❡❞

s✉❜s❡t ❢♦r ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥✳ ❏▼▲❘ ❲♦r❦s❤♦♣ ❛♥❞ ❈♦♥❢❡r❡♥❝❡ Pr♦❝❡❡✲

❞✐♥❣s✱ ✹✿✶✹✻✕✶✻✵✱ ✷✵✵✽✳

❬✷✹✵❪ ▲✳ ❏✳ ❱❛♥✬t ❱❡❡r✱ ❍✳ ❉❛✐✱ ▼✳ ❏✳ ❱❛♥ ❞❡ ❱✐❥✈❡r✱ ❨✳ ❉✳ ❍❡✱ ❆✳ ❆✳ ▼✳

❍❛rt✱ ▼✳ ▼❛♦✱ ❍✳ ▲✳ P❡t❡rs❡✱ ❑✳ ❱❛♥ ❉❡r ❑♦♦②✱ ▼✳ ❏✳ ▼❛rt♦♥✱ ❆✳ ❚✳

❲✐tt❡✈❡❡♥✱ ●✳ ❏✳ ❙❝❤r❡✐❜❡r✱ ❘✳ ▼✳ ❑❡r❦❤♦✈❡♥✱ ❈✳ ❘♦❜❡rts✱ P✳ ❙✳ ▲✐♥s❧❡②✱

❘✳ ❇❡r♥❛r❞s✱ ② ❙✳ ❍✳ ❋r✐❡♥❞✳ ●❡♥❡ ❡①♣r❡ss✐♦♥ ♣r♦✜❧✐♥❣ ♣r❡❞✐❝ts ❝❧✐♥✐❝❛❧

♦✉t❝♦♠❡ ♦❢ ❜r❡❛st ❝❛♥❝❡r✳ ◆❛t✉r❡✱ ✹✶✺✭✻✽✼✶✮✿✺✸✵✕✺✸✻✱ ✷✵✵✷✳

❬✷✹✶❪ ❙✳ ▲✳ P♦♠❡r♦②✱ P✳ ❚❛♠❛②♦✱ ▼✳ ●❛❛s❡♥❜❡❡❦✱ ▲✳ ▼✳ ❙t✉r❧❛✱ ▼✳ ❆♥❣❡❧♦✱

▼✳ ❊✳ ▼❝▲❛✉❣❤❧✐♥✱ ❏✳ ❨✳ ❍✳ ❑✐♠✱ ▲✳ ❈✳ ●♦✉♠♥❡r♦✈❛✱ P✳ ▼✳ ❇❧❛❝❦✱ ❈✳ ▲❛✉✱

❏✳ ❈✳ ❆❧❧❡♥✱ ❉✳ ❩❛❣③❛❣✱ ❏✳ ▼✳ ❖❧s♦♥✱ ❚✳ ❈✉rr❛♥✱ ❈✳ ❲❡t♠♦r❡✱ ❏✳ ❆✳ ❇✐❡❣❡❧✱

❚✳ P♦❣❣✐♦✱ ❙✳ ▼✉❦❤❡r❥❡❡✱ ❘✳ ❘✐❢❦✐♥✱ ❆✳ ❈❛❧✐❢❛♥♦✱ ●✳ ❙t♦❧♦✈✐t③❦②✱ ❉✳ ◆✳

▲♦✉✐s✱ ❏✳ P✳ ▼❡s✐r♦✈✱ ❊✳ ❙✳ ▲❛♥❞❡r✱ ② ❚✳ ❘✳ ●♦❧✉❜✳ Pr❡❞✐❝t✐♦♥ ♦❢ ❝❡♥tr❛❧

♥❡r✈♦✉s s②st❡♠ ❡♠❜r②♦♥❛❧ t✉♠♦✉r ♦✉t❝♦♠❡ ❜❛s❡❞ ♦♥ ❣❡♥❡ ❡①♣r❡ss✐♦♥✳

◆❛t✉r❡✱ ✹✶✺✭✻✽✼✵✮✿✹✸✻✕✹✹✷✱ ✷✵✵✷✳

❬✷✹✷❪ ❯✳ ❆❧♦♥✱ ◆✳ ❇❛r❦❛✱ ❉✳ ❆✳ ◆♦tt❡r♠❛♥✱ ❑✳ ●✐s❤✱ ❙✳ ❨❜❛rr❛✱ ❉✳ ▼❛❝❦✱ ②

❆✳ ❏✳ ▲❡✈✐♥❡✳ ❇r♦❛❞ ♣❛tt❡r♥s ♦❢ ❣❡♥❡ ❡①♣r❡ss✐♦♥ r❡✈❡❛❧❡❞ ❜② ❝❧✉st❡r✐♥❣

❛♥❛❧②s✐s ♦❢ t✉♠♦r ❛♥❞ ♥♦r♠❛❧ ❝♦❧♦♥ t✐ss✉❡s ♣r♦❜❡❞ ❜② ♦❧✐❣♦♥✉❝❧❡♦t✐❞❡

❯♥✐✈❡rs✐❞❛❞ ❞❡ ●r❛♥❛❞❛ ✶✻✼ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❈❈■❆
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❛rr❛②s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s ♦❢ t❤❡ ❯♥✐t❡❞

❙t❛t❡s ♦❢ ❆♠❡r✐❝❛✱ ✾✻✭✶✷✮✿✻✼✹✺✕✻✼✺✵✱ ✶✾✾✾✳

❬✷✹✸❪ ❚✳ ❘✳ ●♦❧✉❜✱ ❉✳ ❑✳ ❙❧♦♥✐♠✱ P✳ ❚❛♠❛②♦✱ ❈✳ ❍✉❛r❞✱ ▼✳ ●❛❛s❡♥❜❡❡❦✱ ❏✳ P✳

▼❡s✐r♦✈✱ ❍✳ ❈♦❧❧❡r✱ ▼✳ ▲✳ ▲♦❤✱ ❏✳ ❘✳ ❉♦✇♥✐♥❣✱ ▼✳ ❆✳ ❈❛❧✐❣✐✉r✐✱ ❈✳ ❉✳

❇❧♦♦♠✜❡❧❞✱ ② ❊✳ ❙✳ ▲❛♥❞❡r✳ ▼♦❧❡❝✉❧❛r ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❝❛♥❝❡r✿ ❈❧❛ss

❞✐s❝♦✈❡r② ❛♥❞ ❝❧❛ss ♣r❡❞✐❝t✐♦♥ ❜② ❣❡♥❡ ❡①♣r❡ss✐♦♥ ♠♦♥✐t♦r✐♥❣✳ ❙❝✐❡♥❝❡✱

✷✽✻✭✺✹✸✾✮✿✺✸✶✕✺✷✼✱ ✶✾✾✾✳

❬✷✹✹❪ ❆✳ ❇❤❛tt❛❝❤❛r❥❡❡✱ ❲●✳ ❘✐❝❤❛r❞s✱ ❏✳ ❙t❛✉♥t♦♥✱ ❈✳ ▲✐✱ ❙✳ ▼♦♥t✐✱ P✳ ❱❛s❛✱

❈✳ ▲❛❞❞✱ ❏✳ ❇❡❤❡s❤t✐✱ ❘✳ ❇✉❡♥♦✱ ▼✳ ●✐❧❧❡tt❡✱ ▼✳ ▲♦❞❛✱ ●✳ ❲❡❜❡r✱ ❊❏✳

▼❛r❦✱ ❊❙✳ ▲❛♥❞❡r✱ ❲✳ ❲♦♥❣✱ ❇❊✳ ❏♦❤♥s♦♥✱ ❚❘✳ ●♦❧✉❜✱ ❉❏✳ ❙✉❣❛r❜❛❦❡r✱

② ▼✳ ▼❡②❡rs♦♥✳ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤✉♠❛♥ ❧✉♥❣ ❝❛r❝✐♥♦♠❛s ❜② ♠r♥❛ ❡①♣r❡s✲

s✐♦♥ ♣r♦✜❧✐♥❣ r❡✈❡❛❧s ❞✐st✐♥❝t ❛❞❡♥♦❝❛r❝✐♥♦♠❛ s✉❜❝❧❛ss❡s✳ Pr♦❝❡❡❞✐♥❣s
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