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Abstract—This paper presents a novel type of characterization
for 3D fully-dielectric unit cell. The unit cell structure is formed
by a block of dielectric with different inserts of air on it. The
performed characterization is carried out up to the frequency
where the electric-size of the unit cell is λ/2. Based on the
results obtained in simulation, design equations for the effective
permittivity can be extracted for the two different dielectric unit
cell designs. Using equivalent circuit, several arrangements of
dielectric unit cells have been modelled. The results obtained with
the circuit models are in good agreement with the simulated S
parameters in a wide frequency range.

Index Terms—Circuit model, design equations, dielectric,
metamaterial, unit cells.

I. INTRODUCTION

Fully-dielectric passive terminals have emerged as a inter-
esting alternative for applications in the millimeter range to
design high-gain antennas. Furthermore, the evolution of 3D
printing technology has enabled a great tool to bring to reality
fully-dielectric antennas that were very costly to manufacture
with conventional methods in the past. Among the different
types of antennas that can be made with only dielectrics, we
can highlight dielectric resonator antennas (DRA) [1], [2],
reflectarrays (RA) [3], [4], transmitarrays (TA) [5], [6] and
lenses [7]–[20].

Depending on the type of antenna to be considered, a single
or a certain range of permittivity values are generally required
for a successful design. For instance, depending on the desired
type of lens antenna, a refractive index map (or permittivity
map if only dielectric material is used) must be considered.
This fact leads to planar (or semi-planar) panels with permit-
tivity gradients (εr varying in space) to be implemented in
the design and manufacturing process [9]. A widely used way
to achieve the range of permittivities needed for a determined
fully-dielectric antenna design is to use a unit cell composed
of dielectric and air. In this manner, the ratio between the
space covered by air versus that occupied by dielectric in
the cell allows for the control of the effective εr of the cell
from 1 (entire space filled with air) to the permittivity of the
dielectric being used (entire space filled with the dielectric).

Many papers in the literature use this technique to synthesize
the εr range needed by the unit cells of their antenna design
[9], [11], [12], [16], [18]. Moreover, based on the effective
medium theory, some of the reported works approximate the
resulting εr of the unit cell as volumetric average of the air and
the remaining dielectric material [21]. However, this is valid
as long as the unit cell analyzed is electrically quite small
with respect to the wavelength in the homogenized εr [20].
Otherwise this approach is not valid.

In this paper, two different dielectric unit cell designs are
analyzed beyond the range of validity of the effective medium
theory (unit cell electrical-sizes up to half of the wavelength
(λ/2) in the homogenized dielectric). For this purpose, the
percentage of dielectric in the unit cells is varied up to a
complete filling. Additionally, thanks to the characterization of
the homogenized εr of the dielectric unit cells, a circuit model
has been developed that allows for an efficient evaluation of
the phase and magnitude of several concatenated dielectric
unit cells. The models are told to be semi-analytical due
to the fact that numerical simulations are needed to extract
valuable information. However, physical arguments are applied
to obtain the value of the parameters.

This work is organized as follows. In Section II, the dielec-
tric unit cell designs and their characterization are presented.
Analytical equations to parameterize circuit-model elements
are deduced from the simulations and explained in the section.
In Section III, some comparison between the derived circuit
models and different arrangements of dielectric unit cells are
performed. Finally, the conclusions are detailed in Section IV.

II. UNIT CELL DEFINITION AND CHARACTERIZATION

The unit cells are formed by a volumetric dielectric material
of permittivity εr inserted in an air square box of periodicity d.
The cross section of the cell is uniform along the propagation
direction (z-axis), whose length is parametrized by l. Fig. 1(a)
shows a perspective view of the T-shaped cell. Periodic
boundary conditions are enforced along the x and y directions,
and a propagation along the z axis is assumed. In this work,
two different unit-cell cross sections are considered: squared-
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Fig. 1. (a) Perspective view of the T-shaped unit cell, d1 is fixed to 1mm in all
cases. Cross section of the unit cell: (a) Square-shaped unit cell (b) T-shaped
unit cell. Blue and green zones correspond to air and dielectric, respectively.

and T-shaped, as shown in Fig. 1(b) and 1(c), respectively.
Both geometries are controlled by a single parameter w.
The cell is illuminated by a plane wave, impinging normally
and having a vertically-polarized electric field (along the y
direction according to the frame of coordinates in Fig. 1(a)).
We will study how these unit cells behave when the proportion
dielectric volume/cell volume (filling factor, χ) is modified.
This is achieved by modifying w while keeping d fixed in
both cases (d = 2.7mm). The length of each unit cell is fixed
to be l = 1mm.

For the sake of performing a comprehensive study, different
permittivity values of the dielectric material are studied, in
particular, εr = [2.6, 5, 8]. For each of these cases, parametric
studies have been carried out, consisting of the evaluation
of the scattering parameters of the unit cell with respect to
the filling factor χ. This allows us to compute the effective
permittivity of the unit cell εr, eff.

The study is realized for different frequencies. The highest
frequency considered in each of the cases is such that the
wavelength approximately takes d = λ/2. In Table I, the
highest frequency value of each permittivity case is displayed.

TABLE I
FREQUENCY SPANS TO STUDY DEPENDING ON THE RELATIVE

PERMITTIVITY

εr Highest frequency (GHz)
2.6 35
5.0 25
8.0 20

A. Extraction of the effective-permittivity value

In order to calculate the effective permittivity for each
filling factor, we compute the propagation constant β of the
fundamental mode inside the unit cell. The frequency values in
Table I ensure the non-excitation of higher order modes. Two
different ways are used to obtain the β. On the one hand, the
unit cell is circuitally interpreted as the equivalent circuit in
Fig 2, where Z0 is the characteristic impedance associated
with the impinging (and outgoing) plane wave, and Z is
the characteristic impedance related to the mode propagating
along the unit cell. The calculation of β is done by configuring
and simulating a particular geometry of the unit cell. After
inspecting the scattering (S) parameters of the unit cell (S11

and S21), the propagation constant is computed just by solving
the equivalent circuit via ABCD matrix formalism [22], where
β is the unknown. On the other hand, a second method
validating the analysis consists of the use CST eigensolver.
It provides the modal solutions supported by the unit cell and
their phase constants. This is a more direct method, where no
additional calculations are needed.

As an example, Fig. 3 shows the evolution of β versus
frequency achieved by both models in a specific geometry. For
this case, a unit cell with square-shaped geometry, χ = 0.8
(80% of filling) and εr = 5 has been chosen. We can appreciate
the excellent agreement between both models. In fact, it is
worth remarking the linearity of the evolution of β along
the whole frequency range. This indicates that the effective
refractive index (nr,eff =

√
εr, eff) is constant in the frequency

range.
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Fig. 2. Circuit model for the dielectric unit cell with length l
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Fig. 3. Comparison between ABCD method and eigensolver for the square-
shaped dielectric unit cell with a filling factor of 80% and a permittivity of
5.

Once β is computed, we can extract the effective permit-
tivity εr,eff for a single frequency point (thanks to the linear



relation) as

εr, eff =

[
βc

2πf

]2
(1)

and the characteristic impedance

Z =
120π
√
εr,eff

. (2)

B. Development of the semi-analytical models
Here, we compute the effective permittivities as explained in

the previous subsection, for all above unit cell configurations.
Since the filling factor will be varied from χ = 0 (only air) to
χ = 1 (only dielectric), a range of effective permittivities will
be calculated for both types of cross-sectional geometries.

Fig. 4 shows the evolution of εr,eff versus the filling factor
χ for the square-cross section case. As expected, χ = 0
gives εr,eff = 1, while εr,eff = εr when χ = 1. The other
points are comprised between both extreme values, following
an exponential trend (best fitting curve numerically obtained
in Matlab, with r2 = 0.991). This allows us to find an semi-
analytical function for this case. After some mathematical
manipulations, it can be demonstrated that the effective per-
mittivity can be expressed as:

εr,eff(εr, χ) = eχ log εr . (3)

Fig. 4 illustrates the curve represented by (3) in dotted lines.
The fitting with the numerical points is quite good. A different
permittivity calculation has been applied in [7], where a linear
proportion between the dielectric constant and the filling factor
is used. However this modelling demands an electrical length
of the unit cell much smaller than the operation wavelength.
Our model has been proven to be efficient up to, at least,
d = λ/2.
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Fig. 4. Representation of the square-shaped unit cell model with the
simulation performed

In the case of the T-shaped unit cell, the evolution of εr,eff
with respect the filling factor is exhibited in Fig. 5. Now, they
seems to follows an evolution typical of potential functions
(fitting curve in Matlab with r2 = 0.998). A proper semi-
analytical formula for this case is the following one:

εr,eff(εr, χ) = (εr − 1) · χ1,289 + 1 (4)

where b represents the growth rate of the function

b = 1, 289 =

log

(
εeff,i − 1

εr − 1

)
log (χi)

. (5)

It can be demonstrated that b = 1.289 is satisfied for each
couple of points (εeff,i, χi) for a given εr. The curves associated
to (4) fit well with the points, as shown in Fig. 5.
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Fig. 5. Representation of the T shape model with the simulation performed

The derivation of these semi-analytical formulas is very
useful, especially to be employed as design equations in fully-
dielectric lenses/reflectarray/transmitarray designs. To validate
them, some applications examples will be exposed in next
section.

III. APPLICATIONS

In order to verify the robustness of the method with arbitrar-
ily chosen filling factors, we arrange together consecutive unit
cells, and calculate the effective permittivity of the cascade.
The simulations were performed using two T-shaped unit cells
with the same dielectric material (εr = 2.6) and filling factors
of 55.5% and 45.13% respectively. The simulation model is
shown in Fig. 6(a) along with its equivalent circuit model in
Fig. 6(b). Several simulations have been performed to study
cross polarization in the case of the T-shaped cell, it has been
demonstrated that the contribution of this component does not
exist, or it is negligible.
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Fig. 6. Simulation setup to test the validity of the model (a) Two T-shape
unit cells together; d = 2.7mm, l = 1mm, w1 = 0.9mm, w2 = 0.7mm
(b) Equivalent circuit of the two unit cells arranged, Z1 = 279.2Ω, Z2 =
293.5Ω.

In Fig. 7(a) - Fig. 7(d), we compute the S parameters of
the two-layer structure under the incidence of a plane wave
with the electric field polarized along y. The figures represent
results obtained by CST and the equivalent circuit. We can
see the excellent agreement between the models in the range
of frequencies studied. These results allow us to willingly
control the phase of the reflected and transmitted wave on
the dielectric unit cell.
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Fig. 7. Scattering parameters for the cascade of two T-shaped unit cells
(a) Magnitude of the reflection coefficient in dB (b) Phase of the reflection
coefficient. (c) Magnitude of the transmission coefficient in dB (d) Phase of
the transmission coefficient. The range of frequency is chosen around λ/2 to
show the most interesting results.

To further test our model, we have studied an arrangement
of three consecutive unit cells. The simulations have been
performed using two square-shaped unit cells and a T-shaped
unit cell. The simulation model and its equivalent circuit
model are displayed in Fig. 8(a). The used permittivities are
εr = 3, 6, 10 for the first square-shaped unit cell, the T-shaped
unit cell and the second square-shaped unit cell, respectively.
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Fig. 8. Simulation setup to test the validity of the model (a) Three cells
together: Square - T-shape - Square; w3 = 1.87mm, w4 = 0.5mm, w5 =
2.53mm. l = 1mm (b) Equivalent circuit of the three unit cells arranged,
Z1 = 289.6Ω, Z2 = 252.7Ω, Z3 = 137.2Ω.

The filling factors associated with each of these unit cells are
48%, 33% and 88%, respectively.
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Fig. 9. Scattering parameters for the cascade of two square cells and T-shaped
unit cells (a) Magnitude of the reflection coefficient in dB (b) Phase of the
reflection coefficient. (c) Magnitude of the transmission coefficient in dB (d)
Phase of the transmission coefficient. The range of frequency is chosen around
λ/2 to show the most interesting results.

In Fig. 9(a) - Fig. 9(d), we compute the S parameters of
the three-layer structure under the incidence of a vertically-
polarized electric field. The circuit parameters have been
obtained by computing the corresponding εr, eff values thanks
to the equations (3) and (4), and introducing them in (1)
and (2) to get the propagation constant and the characteristic
impedances of each transmission line section. We can see
the excellent agreement between the models in the range
of frequencies studied, using the semi-analytic equations to
calculate the effective permittivity.



IV. CONCLUSION

This study is focused on the characterization of 3D fully-
dielectric unit cells. Two dielectric unit cell designs have been
analyzed. The geometries chosen for the dielectric cells have
been a square and a T-shape. The extraction of the main
parameters of the dielectric unit cell has been obtained by
the ABCD matrix method. In addition, the modeling of the
effective permittivity versus filling factor curves have been
obtained for the dielectric unit cells where their electrical sizes
are up to λ/2. Based on this characterization, the unit cells
have been modeled by means of circuit models. These efficient
models have been compared with full-wave simulated models
of dielectric unit cell concatenations with different geometries.
A good agreement is obtained between the simulated results
and those given by the circuit models over the whole frequency
range under study.
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