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Abstract: SQL group by queries allow grouping tuples in relational databases and computing aggregated values from the
obtained sets of tuples, which makes them a particularly useful tool for data analysis. In this paper, we propose a way to solve this
type of queries in a fuzzy environment, using fuzzy partitions of the domain of attributes according to Ruspini. The resolution of
the query is carried out through the use of RL-instances and concepts from the theory of Representations by Levels, particularly
a new method to derive RL-partitions from fuzzy partitions. The approach can be easily used in conventional systems through
well-known SQL patterns.

1 Introduction

Data are the fundamental raw material in many processes that occur in companies. These data are often structured as
collections of interconnected relations under Codd’s Relational data model, a data model whose robustness, derived
from the first-order predicate logic, has made it the data model par excellence in databases. Relational database
management systems (RDBMS) allow us to create this type of stores and to efficiently interact with them through
languages such as SQL, a standard language that any information systems professional knows and handles.

In the area of Flexible Querying, significant efforts have been made to develop advanced SQL-based tools in order
to make it easier for users to ask queries about stored data, and to offer them understandable answers according to
their preferences. Within this context, tools that allow elements of natural language to be incorporated into queries
stand out, many of them developed based on results derived from Zadeh’s Fuzzy Set Theory.

Thanks to this large research work, there is a wide variety of proposals in the literature that allow working reliably
with fuzziness in relational databases (see, for example, [Gal08; KZD15; PS21; PZ14; TZ15]). However, all of these
proposals either require the development from scratch of a system that supports the proposed extended version of
the SQL language, or they require the installation of complex libraries to incorporate the new query capabilities.
Additionally, developers and/or users have to face the choice between a wide variety of operators for solving the
queries affected by graduality, with known limitations in some cases to preserve certain properties derived from
Boolean algebras [CMS22; DP80).

Proposals such as those available in [Now18; Now19] permit the resolution of fuzzy queries with standard SQL,
avoiding the development of new systems and languages. In the same direction and with the additional objective of
allowing the use of conventional SQL patterns in the resolution of fuzzy queries, a new proposal has recently appeared
that follow a different approach to handling fuzzy queries on relational databases [CMS22]. This approach is based
on the use of RL-instances as a complement to the fuzzy instances' that underpin a good part of the aforementioned
fuzzy querying proposals. RL-instances use the ideas of the Representation by Levels theory [S+12] to manage fuzzy
queries, with important advantages: they can be used very simply in a conventional relational database management
system; they allow us to resolve fuzzy queries using standard SQL query patterns similar to those used to resolve the
same queries in the absence of graduality; and they guarantee the fulfillment of the properties derived from Boolean
algebras mentioned in the previous paragraph.

IThe term instance is used here to refer to the set of tuples in a relation at a given moment.



In this work we provide a proposal for resolving queries based on fuzzy grouping, usually known in the literature
as Fuzzy Group By Queries [BP10], using the alternative approach of RL-instances. To do that, as an additional
contribution of this paper, a method is proposed to derive RL-partitions from a fuzzy partition in the Ruspini sense.

As we will see, the results obtained show that this type of queries can be resolved on conventional relational systems
using standard SQL query patterns, managing graduality internally by means of RL-instances, while interacting with
the user thanks to the well known setting of fuzzy sets.

2 Some preliminary knowledge

2.1 Group by queries

The main capability of SQL is querying, that is, searching for data in the database. Its SELECT statement incorporates
an important range of tools to carry out this querying process through different clauses.

Its basic SELECT+FROM+WHERE form allows us to indicate the relations we want to work with in the FROM clause,
to conveniently filter their tuples through conditions expressed in the WHERE clause, and to determine the subset of
columns that we want to be shown through the SELECT clause that opens the sentence.

ID | NAME | POSITION | AGE | SALARY
17 Smith engineer 51 65000
76 Martin engineer 40 45000
26 Jones secretary 24 19000
12 Green technician 39 32000
19 Duncan clerk 28 24000
8 Brown manager 54 57000
31 Harris technician 29 18000
9 Davis janitor 61 15000
44 Howard manager 22 45000
23 Lewis engineer 62 59000

Figure 1. Relation Employees

Let us consider the relation of Figure 1 (taken from [BP10], with minor changes). A basic SQL query to retrieve
the name and position of those employees with a salary over 30000 is the following one, with the result shown in
Figure 2a:

SELECT name, position
FROM employees
WHERE salary > 30000;

Additionally to these basic clauses, the GROUP BY clause allows us to partition the resulting tuples based on
equality in the value of one or more of their attributes. The user can additionally calculate aggregated values relative
to each of the generated sets of tuples thanks to the use of aggregate functions such as COUNT, SUM, or AVG, among
others.

For example, we can easily ask for a listing with the number of employees by position as follows, with result in
Figure 2b:

SELECT position, count(*)
FROM employees
GROUP BY position;

NAME | POSITION POSITION | COUNT(¥)
Smith engineer engineer 3
Martin engineer secretary 1
Green technician technician 2
Brown manager clerk 1

Howard manager manager 2
Lewis engineer janitor 1

a.

b.

Figure 2. Employees with a salary over 30000 (a) and number of employees per position (b)
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5 POSITION | COUNT(¥*)
engineer 2 -
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b.

Figure 3. Number of employees with salary greater than 30000 per position (a) and number of employees per position
where the average salary is greater than 30000 (b)
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Figure 4. Fuzzy partitions for age and salary.

The WHERE clause is still available to filter tuples before grouping, as in the following query that shows the number
of employees with a salary greater than 30000 per position (with result in Figure 3a):

SELECT position, count(*)
FROM employees

WHERE salary > 30000
GROUP BY position;

Finally, the HAVING clause permits filtering the generated sets of tuples according to user preferences. For example,
if we want to obtain the number of employees in those groups where average salary is greater than 30000, we can
use the following sentence (with result in Figure 3b):

SELECT position, count(*)
FROM employees

GROUP BY position

HAVING avg(salary)>30000;

2.2 Fuzzy group by queries

SQL group by queries are a particularly useful operation in data analysis applications to help with decision making
and, thus, they have attracted the attention of the fuzzy relational database community.

To illustrate the question, let us complete the example of Figure 1 with the fuzzy partitions on age and salary
shown in Figure 4 and with a couple of queries also taken from [BP10].

A fuzzy group by query is a query where the partition indicated in the GROUP BY clause is fuzzy. In [BP10] the
following example is provided: Find the number of employees with salary greater than 30000 by fuzzy age.

To resolve this type of query, it is necessary to manage the graduality generated by the fuzzy partitions of the
GROUP BY clause. The problem becomes more complicated if, in addition, we have to manage graduality in the set
of tuples on which the grouping has to be carried out, as in the following example (also taken from [BP10]): Find
the number of employees with medium salary by fuzzy age.

Proposals relative to the resolution of this type of queries can be found, for example, in [BP10; BPS10; Now18;
ZK20]. Additionally, different contributions in relation to the extension of aggregation functions in a fuzzy environ-
ment (with special attention to tuple counting) are available in the literature (see for example [BL01; BL08; BLP03;
BPLO01; Mar+01]).



However, as we said in the introduction, these types of proposals require the use of systems developed from
scratch and/or query patterns that are far from those that are usually employed in SQL when solving this type of
queries.

The use of RL-instances to solve fuzzy queries has recently appeared in the literature to overcome these drawbacks
and additionally provide greater consistency with the mentioned properties derived from Boolean algebras [CMS22].
Within this approach there are already proposals to address fuzzy counting queries [MRS24], although only in the
setting of crisp grouping. The case of queries with a fuzzy grouping criterion via RL-instances has not yet been
addressed in the literature.

2.3 Representation by levels

Representation by Levels (RL) is an alternative proposal to Fuzzy Set Theory for managing graduality [S+12]. This
type of representation makes it possible to handle graduality in any type of object, particularly proposing the notion
of RL-set to handle graduality in sets.

A RL-set is amapping p : A — {0,1}*, where A = {ay, ..., a,,} C (0,1] with1 = a; > ay > > a,, > @, = 0.
The mapping can be extended to the whole (0, 1] interval by considering p(a) = p(o;), Vo > o > a4

Each value in A represents a level of relazation or tolerance in the definition of the concept or property described
by the set, with 1 and 0 standing for the maximum and minimum restrictions, respectively. These values are usually
taken equidistributed and in a number based on the desired precision in the system.

It is important to remark that the definition of RL-set does not impose that a; < a; = p(a;) C p(a;), as it is
the case of a-cuts in fuzzy sets.

Any operation on conventional sets can be extended to operate on RL-sets by performing the operation on the
conventional sets p(a) corresponding to each of the levels independently, considering as levels the union of the
levels of all the RL-sets involved in the operation. Table 1 shows two example RL-sets A and B defined on a set
O = {0y, ..., 05} and some operations on them. A and B correspond to the a-cuts of fuzzy sets 1/0, + 1/05 + 0.5/04
and 1/0;+0.6/05,+0.2/034+0.2/0,, respectively. Note that A, = {1,0.5} and Az = {1,0.6,0.2}, hence the operations
are performed in the set of levels{1,0.6,0.5,0.2}, using the extensions of RL-sets A and B explained in the second
paragraph of this section.

Table 1. Two RL-sets and operations on them.

a | pale) ps(a) pp(@) PanB) (@)
1 {0y, 05} {o1} {0g,05,04,05} | {0505}
0.6 | {0y,03} {o1,05} {o3,04,05} {os}

0.5 | {09,03,04} | {01,0,} {03, 04,05} {o3,04}
0.2 | {0y,03,04} | {01,09,05,04} | {05} 0

Fuzzy sets and RL-sets can complement each other when developing systems. Thus, a fuzzy set can be obtained
from an RL-set, by considering that the degree of membership of a given element to the fuzzy set is the probability
that the element is at a level of the RL-set taken at random. This can be seen as a “summary of membership”
of objects to the RL. As an example, the fuzzy set summarizing membership to the RL (A N B) in Table 1 is
0.4/0y + 0.8/05 + 0.3/0,. In turn, a fuzzy set can be transformed into a RL-set in different ways (for instance by
taking a-cuts, as in the case of A and B in Table 1; we will see examples in Section 3). Note that the same fuzzy set
can be obtained for different RL-sets.

2.4 Queries based on RL-instances

Representation by levels have been brought to the world of flexible querying on relational databases through the
concept of RL-instance [CMS22].

An RL-instance is a pair (A,, p,.), where A, is a set of levels and p, : A, — I is a function that assigns a specific
instance to each level in A,. That is, an RL-instance is nothing more than an assignment of instances to levels.

In [CMS22] an extension of the operations of relational algebra is proposed to operate with RL-instances. In this
work authors show how to solve relational algebra queries that involve fuzzy restrictions by obtaining RL-instances
induced by the restrictions and operating conventionally with these resulting RL-instances. The RL-instance obtained



in this process can be transformed into a fuzzy set of tuples (a fuzzy instance) to present to the user the result of
the query, according to what is indicated in the last paragraph of the previous section.

3 Management of fuzzy partitions

In order to solve fuzzy group by queries through the use of RL-instances we first have to see how to represent the
fuzzy partitioning criterion by levels.

According to Ruspini [Rus69], a fuzzy partition of a crisp set O # 0 is a collection of non-empty fuzzy sets
3={G,,...,G,} with n > 1 such that Vo € O it is 2?21 G,(0) =1.

On its turn, according to the philosophy of Representations by Levels, a RL-partition of O is an assignment of
crisp partitions to levels in (0, 1].

In order to obtain a RL-partition from a fuzzy partition in Ruspini’s sense, let us first introduce two special
RL-sets defined for any fuzzy set.

3.1 Positive and negative RL-set for a fuzzy set

In Section 2.3, we have seen that different RL-sets may yield the same fuzzy set. Among such RL-sets, we can
highlight two of them in which the crisp sets are nested with respect to levels. Let pp be a fuzzy set. Then:

The positive RL-set for p1 5, with assignment function denoted by p%., corresponds to the usual a-cut representation
of fuzzy sets. For every a € (0, 1], the positive version assigns to « the a-cut of pp. That is,

ph(a) = {o € O'st. up(o) = a}. 1)

The negative RL-set for pp, with assignment function denoted by pr, assigns to every a € (0,1] the strong
(1 — a)-cut of pp. That is,
pi(a) = fo€ O st pup(o) > (1—a)}. (2)

It is easy to see that the range of p}. and pg is the same collection of sets, but nested in different order and
assigned to different levels in general. Specifically, for every o, € (0,1] with a > B it is pf(a) C ph(B) whilst

pr(B) € pr(a).

3.2 From fuzzy partitions to RL-partitions

Let us now see how an RL-partition can be obtained from a fuzzy partition. We shall illustrate our idea with the
simplest case: Let § = {G1, Gy} be a fuzzy partition of a set O. We can obtain a RL-partition with assignment
function p§ as follows:

pg(a) = {p&, (@), pg, (@)} (3)

As an example, consider O = {04, ..., 05} and let G; = 1/0,,0.7/04,0.5/04,0.2/0, and G5 = 0.3/0,,0.5/05,0.8/0,,1/05.
Table 2 shows the resulting RL-partition.

However, this is not the only possibility. For the case of two fuzzy sets we can also consider a RL-partition with
the following alternative assignment function p%:

py(a) = {pg, (a), p&, (@)} (4)

Table 2. Example: 2 fuzzy sets

a | pg (@) pG, (@)

1 {o1} {09,035, 04,05}
0.8 | {o,} {05,03,04,05}
0.7 | {01,05} {03, 04,05}
0.5 | {o1,09,03} {o4,05}

0.3 | {01,09,05} {04, 05}
0.2 | {01,05,03,04} | {05}




Table 3. Example: 2 fuzzy sets, negative first

a | pg, (@) pé, ()

1 {o1,09,05,04} | {05}
0.8 | {01,09,03} {og,05}
0.7 | {o1,09,03} {o4,05}
0.5 | {o1,0,} {o3,04,05}
0.3 | {o,} {05,03,04,05}
0.2 | {01} {09,035, 04,05}

In this case, the resulting RL-partition is that in Table 3. Note that objects with membership degree 0.5 are
always assigned to the 0.5-cut of positive versions. It is also easy to see that for negative versions, level 1 corresponds
to the support of the fuzzy set.

Note also that, in order to obtain a RL-partition from a fuzzy partition comprised of two fuzzy sets, we need
to incorporate an additional information in order to determine which of the two possible RL-partitions we want to
consider. We can see this choice indeed as coming from a provided total ordering < of the sets being considered, so
that the first set in the total order is considered to be positive and the second, negative. This way, when we consider
G, < G4 we have the solution in Table 2, and we have that in Table 3 when G, < Gj.

The case of two fuzzy sets we have just illustrated is a particular case of the following more general case:

Theorem 3.1

Let G = {G4, ..., G, } be a fuzzy partition in Ruspini’s sense of a non-empty set of objects O. Let < be a total order
defined among sets of G as G; < G5 < - < G,, satisfying the following condition: if support(G;) N support(G;) # 0
for some G;,G; € G then it isi=j+1 or i =j— 1. Then, the following are two RL-partitions of O:

1. p%(a) contains the sets pg; (a) for odd values of i and the sets pg; (a) for even values of i.

2. p%(a) contains the sets pg, (@) for odd values of i and the sets pa (@) for even values of i.

As an example we can consider the typical fuzzy partitions of a numerical domain using trapezoidal functions
that only have non-empty intersection with the immediate trapezoids at their left and right. Then, a total order can
be defined by considering the trapezoids from left to right with two possible RL-partitions: starting with the positive
version or starting with the negative version. The reader can easily see that taking the total order by considering
the trapezoids from right to left will lead to the same two RL-partitions. In this work, without loss of generality, we
will take the order from left to right starting with the positive version.

4 Patterns for fuzzy group by queries through RL-instances

We have seen in the previous section how we can turn a fuzzy partition in the Ruspini sense into a crisp partition at
each of the levels. Let us now see how we can resolve fuzzy group by queries through standard SQL thanks to this
approach.

To do this, the following has been created in the database:

A relation lambda with a single attribute alpha and as many tuples as levels we want to use (in our case, we have
worked with 10 levels equidistributed in (0,1]).

A fuzzy_trapezoid type to handle labels with trapezoidal membership function, whose objects are capable of
indicating wether they are compatible with a value of the base domain at a given alpha level or not. This is done
by the matches method.

A fuzzy_partition type to handle fuzzy partitions, whose objects are capable of indicating the label that corre-
sponds to a value of the base domain at a given alpha level (using the approach explained in Section 3). They do
this thanks to the segment method.

Both types incorporate constructors to build new objects from a catalog of labels and partitions previously created
by the user in the database. It is not necessary to add anything else to the conventional relational system to be able
to resolve queries like the ones we will see below.



4.1 Fuzzy group by on crisp instances

First, let us focus on a query on a crisp instance with a fuzzy grouping criterion. For example, the query Find the
number of employees with salary greater than 30000 by fuzzy age that we mentioned in Section 2.2.

Following the conventional SQL pattern for this type of queries described in Section 2.1, the query is as follows
(with the result shown in Figure 5a):

SELECT alpha, fuzzy_partition('fuzzy_age').segment(age, alpha) f_age, COUNT(*) cnt
FROM employees, lambda

WHERE salary >30000

GROUP BY alpha, fuzzy_partition('fuzzy_age').segment(age, alpha)

ORDER BY alpha DESC, f_age;

Note that, in order to work with RL-instances, a cartesian product of employees and lambda is carried out. A
fuzzy_partition object with the fuzzy partition for age is responsible for indicating the age label that corresponds
to each tuple at each level.

If, instead of an RL-instance, we want to display a fuzzy instance as result, it is enough to adapt the query in
the following way (with the result shown in Figure 5b), proceeding as indicated in Section 2.3:

WITH base_query AS (
SELECT alpha, fuzzy_partition('fuzzy_age').segment(age, alpha) f_age, COUNT(*) cnt
FROM employees, lambda
WHERE salary >30000
GROUP BY alpha, fuzzy_partition('fuzzy_age').segment(age, alpha))
SELECT COUNT(alpha)/10 mu, f_age, cnt
FROM base_query
GROUP BY f_age, cnt
ORDER BY mu DESC, f_age;

In the fuzzy result shown in Figure 5b, a tuple with cnt equal to 0 is missing for some of the f_age values. The
membership of this missing tuple regarding the 0 value for COUNT is the result of subtracting the sum of the other
degrees for the label from 1. In the example, only a tuple is missing: <0.2, young, 0>. This behavior is similar to
that of conventional count queries, in which tuples corresponding to the values of the group by attribute that do not
appear in the table are missing in the result.

Note that the obtained result, that summarizes the RL result, takes the form of a probability distribution over
the naturals for every fuzzy label. Following the idea of RLs, for every fuzzy label, the values in [0, 1] associated to
each natural number represent the probability that, in a level taken at random, the count of tuples in the level is
precisely that number. In our opinion, this approach improves the interpretability of the result compared to other
approaches that offer a single aggregate as result (usually a real number obtained by aggregating memberships or
their combination with other numerical values). The same idea can be employed when dealing with other aggregate
functions.

For the sake of space, and given that the sentence that obtains the RL-instance is shown as base_query in the
sentence that obtains the fuzzy instance, in the following examples we will only show the code of the latter.

4.2 Fuzzy group by on fuzzy instances

Resolving fuzzy group by queries using RL-instances allows us to easily perform the queries on fuzzy instances instead
of crisp instances, without having to vary the SQL pattern. This is achieved by taking advantage of the previously
mentioned matches method.

For example, let us consider the second query we mentioned in Section 2.2: Find the number of employees with
medium salary by fuzzy age. The SQL query for this example has the same code as the previous example, just
changing the WHERE clause to control the compatibility of the salary with the label medium at each level (the result
is shown in Figure 6):

WITH base_query AS (
SELECT alpha, fuzzy_partition('fuzzy_age').segment(age, alpha) f_age, COUNT(*) cnt
FROM employees, lambda
WHERE Fuzzy_Trapezoid('medium').matches(salary, alpha)='T'
GROUP BY alpha, fuzzy_partition('fuzzy_age').segment(age, alpha))



o F_AGE CNT

1.0 | middle-aged 5

1.0 old 1

0.9 | middle-aged 5

0.9 old 1

0.8 | middle-aged 4

0.8 old 1

0.8 young 1

0.7 | middle-aged 4

0.7 old 1

0.7 young 1 W F_AGE CNT
0.6 | middle-aged 4 0.4 | middle-aged 4
0.6 old 1 0.3 | middle-aged 3
0.6 young 1 0.2 | middle-aged 5
0.5 | middle-aged 4 0.1 | middle-aged 2
0.5 old 1 0.6 old 1
0.5 young 1 0.3 old 2
0.4 | middle-aged 3 0.1 old 3
0.4 old 2 0.8 young 1
0.4 young 1

0.3 | middle-aged 3 b. Fuzzy instance
0.3 old 2

0.3 young 1

0.2 | middle-aged 3

0.2 old 2

0.2 young 1

0.1 middle-aged 2

0.1 old 3

0.1 young 1

a. RL-instance

Figure 5. Number of employees with salary greater than 30000 per fuzzy age.

SELECT COUNT(alpha)/10 mu, f_age, cnt
FROM base_query

GROUP BY f_age, cnt

ORDER BY f_age, mu DESC;

4.3 Filtering groups

Resolving fuzzy group by queries using RL-instances also allows the user to impose HAVING conditions on the generated
groups, regardless of whether these conditions are fuzzy or not.

For example, we can obtain the age labels for which the average salary of engineers is high as follows [BP10](with
the result shown in Figure 7):

WITH base_query AS (
SELECT alpha, fuzzy_partition('fuzzy_age').segment(age, alpha) f_age
FROM employees, lambda
WHERE position = 'engineer'
GROUP BY alpha, fuzzy_partition('fuzzy_age').segment(age, alpha)
HAVING fuzzy_trapezoid('high') .matches(AVG(salary), alpha)='T')
SELECT COUNT(alpha)/10 mu, f_age
FROM base_query
GROUP BY f_age
ORDER BY f_age, mu DESC;

5 Conclusions

In this work we have addressed the resolution of fuzzy group by queries through the use of RL-instances. To do this,
we have provided a method to convert fuzzy partitions in the Ruspini sense into RL-partitions, so that queries can
be resolved with conventional query patterns of SQL. Our results allow this type of capabilities to be incorporated
in a very simple way in any SQL compliant system, smoothing the user’s learning curve.
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Figure 6. Number of employees with medium salary per fuzzy age.

a | F_AGE
0.4 old
F_AGE
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a. RL-instance

Figure 7. Fuzzy ages where engineers have in average a high salary.
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