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Abstract

Group Decision-Making (GDM) aims to integrate the diverse judgments and preferences of multiple
Decision-Makers (DMs) to reach collective agreements, often supported by Multi-Criteria Decision-
Making (MCDM) methods and facilitated through the Consensus-Reaching Process (CRP). Ho-
wever, conventional GDM approaches face significant challenges in handling the complexity and
uncertainty of real-world decision problems. Existing consensus models often overlook the dynamic
nature of opinion reliability in social networks, leading to potentially biased or unstable consen-
sus outcomes. At the same time, traditional MCDM methods typically rely on Two-Way Decision
(2WD) logic, which struggles to capture hesitation and uncertainty in complex decision contexts.
Although the Three-Way Decision (3WD) theory introduces a more flexible framework by adding a
delay option, it is rarely integrated with consensus processes and often ignores subjective preferen-
ces, multi-source information, and psychological factors like regret. Furthermore, the integration of
3WD and consensus models remains underexplored, despite their potential to address the limita-
tions of conventional decision-making frameworks. Additionally, the practical application of these
integrated models to real-world GDM scenarios, such as Energy Internet (EI) project evaluation,
has not been fully developed, limiting their impact on real-world decision-making.

To address these interconnected challenges, this thesis aims to construct a comprehensive frame-
work for integrating consensus processes and multi-criteria 3WD models, with the goal of enhancing
the efficiency and robustness of GDM in uncertain and complex environments. Specifically, this the-
sis is structured around four interconnected research topics:

(1) The group consensus evolution process in social trust networks. Traditional GDM models
often overlook the dynamic nature of opinion reliability and trust evolution in social networks. This
thesis introduces novel methods for evaluating opinion reliability, adjusting trust propagation, and
modeling realistic opinion dynamics, aiming to capture the influence of social trust on the consensus-
reaching process. This forms the foundational layer of the proposed framework, emphasizing the
critical role of trust in consensus dynamics.

(2) The construction of a preference-based regret multi-criteria 3WD model. Recognizing that
DMs often express subjective preferences and experience psychological reactions like regret or he-
sitation, this thesis develops a 3WD model based on regret theory within a Linguistic Z-Number
(LZN) framework. This model accounts for both classification and ranking, addressing the limi-
tations of conventional 3WD approaches in capturing the uncertainty and subjectivity of expert
judgments. This component complements the consensus process by providing a refined approach
for decision evaluation under uncertainty, building on the strengths of traditional MCDM models
while addressing their limitations in handling complex, uncertain information.

(3) The integration of group consensus and multi-criteria 3WD models. Building on Set Pair
Analysis (SPA) theory, this thesis extends the conventional two-state decision framework to a
three-state model, capturing consensus, conflict, and uncertainty. This approach aims to enhance



8 Abstract

the granularity of expert behavior modeling, providing a more realistic representation of complex
decision environments. It acts as the critical link between consensus formation and decision eva-
luation, integrating the benefits of both perspectives and bridging the gap between GDM and
3WD.

(4) The application research on GDM in EI project evaluation. In the context of accelerating
the transformation towards a sustainable circular economy, this objective aims to bridge the gap
between theoretical advancements in GDM and practical applications in EI project evaluation. To
achieve this, a multi-criteria decision-making framework based on Flexible Linguistic Expressions
(FLEs) and Multi-Granularity Cloud-Rough Set (MGCRS) will be developed. This framework
will address several key challenges, including the quantitative transformation of discrete linguistic
terms into continuous cloud information, the integration of probabilistic linguistic modeling, and the
processing of highly uncertain data. Additionally, a comprehensive index system covering technical,
environmental, and economic dimensions of EI projects will be established to enhance decision
accuracy and robustness. The proposed models will be validated using real-world data, such as the
Beijing-Tianjin-Hebei region, to demonstrate their effectiveness in supporting complex decision-
making processes.

Overall, this research presents a comprehensive framework that not only extends the theoretical
foundations of GDM and 3WD but also bridges the gap between abstract decision theory and real-
world applications. By integrating the strengths of consensus modeling, 3WD theory, MCDM, and
practical applications, it provides systematic solutions for enhancing decision accuracy, stability,
and effectiveness in complex decision-making scenarios.



Resumen

La toma de decisiones en grupo (GDM) tiene como objetivo integrar las valoraciones y preferencias
diversas de multiples tomadores de decisiones (DMs) para alcanzar acuerdos colectivos, a menudo
apoyados por métodos de toma de decisiones multicriterio (MCDM) y facilitados a través del
proceso de alcance de consenso (CRP). Sin embargo, los enfoques convencionales de GDM se
enfrentan a desafios significativos al manejar la complejidad e incertidumbre de los problemas de
decision del mundo real. Los modelos de consenso existentes, a menudo pasan por alto la naturaleza
dindmica de la confiabilidad de las opiniones en las redes sociales, lo que puede llevar a resultados
de consenso potencialmente sesgados o inestables. Al mismo tiempo, los métodos tradicionales de
MCDM tipicamente se basan en la légica de decisiones de dos vias (2WD), que tiene dificultades
para capturar la vacilacién e incertidumbre en contextos de decision complejos. Aunque la teoria de
las decisiones de tres vias (3WD) introduce un marco més flexible al agregar una opcién de demora,
rara vez se integra con los procesos de consenso y a menudo ignora las preferencias subjetivas,
la informacién de multiples fuentes y factores psicolégicos como el arrepentimiento. Ademas, la
integraciéon de modelos de 3WD y consenso sigue sin estar suficientemente explorada, a pesar de
su potencial para abordar las limitaciones de los marcos de toma de decisiones convencionales.
Ademas, la aplicacién practica de estos modelos integrados a escenarios reales de GDM, como
la evaluacién de proyectos de Internet de la Energfa (EI), no se ha desarrollado completamente,
limitando su impacto en la toma de decisiones del mundo real.

Para abordar estos desafios interconectados, esta tesis tiene como objetivo construir un marco
integral para integrar los procesos de consenso y modelos de 3WD multicriterio, con el objetivo de
mejorar la eficiencia y robustez del GDM en entornos inciertos y complejos. Especificamente, esta
tesis se estructura en torno a cuatro temas de investigacién interconectados:

(1) El proceso de evolucién del consenso grupal en redes de confianza social. Los modelos
tradicionales de GDM a menudo pasan por alto la naturaleza dindmica de la confiabilidad de
las opiniones y la evoluciéon de la confianza en las redes sociales. Esta tesis introduce métodos
novedosos para evaluar la confiabilidad de las opiniones, ajustar la propagacién de la confianza y
modelar dindamicas de opinién realistas, con el objetivo de capturar la influencia de la confianza
social en el proceso de alcance de consenso. Esto forma la capa fundamental del marco propuesto,
enfatizando el papel critico de la confianza en la dindamica del consenso.

(2) La construccién de un modelo de 3WD multicriterio basado en preferencias y teorfa del
arrepentimiento. Reconociendo que los DMs a menudo expresan preferencias subjetivas y expe-
rimentan reacciones psicoldgicas como el arrepentimiento o la vacilacién, esta tesis desarrolla un
modelo de 3WD basado en la teoria del arrepentimiento dentro de un marco de nimeros Z lingiiisti-
cos (LZN). Este modelo tiene en cuenta tanto la clasificacién como la jerarquizacién, abordando las
limitaciones de los enfoques convencionales de 3WD para capturar la incertidumbre y subjetividad
en los juicios de expertos. Este componente complementa el proceso de consenso al proporcionar



un enfoque refinado para la evaluacién de decisiones bajo incertidumbre, construyendo sobre las
fortalezas de los modelos tradicionales de MCDM mientras aborda sus limitaciones para manejar
informacién compleja e incierta.

(3) La integracién de modelos de consenso grupal y 3WD multicriterio. Basdndose en la teoria
del andlisis de pares conjuntos (SPA), esta tesis extiende el marco convencional de decisiones de dos
estados a un modelo de tres estados, capturando consenso, conflicto e incertidumbre. Este enfoque
busca mejorar la granularidad del modelado del comportamiento de los expertos, proporcionando
una representacién més realista de entornos de decisién complejos. Actia como el vinculo critico
entre la formacién de consenso y la evaluaciéon de decisiones, integrando los beneficios de ambas
perspectivas y cerrando la brecha entre GDM y 3WD.

(4) La investigacién aplicada sobre GDM en la evaluacién de proyectos de EI. En el contexto
de la aceleracién hacia una economia circular sostenible, este objetivo busca cerrar la brecha en-
tre los avances tedricos en GDM y las aplicaciones practicas en la evaluacién de proyectos de EI.
Para lograr esto, se desarrollard un marco de toma de decisiones multicriterio basado en expre-
siones lingtiisticas flexibles (FLE) y conjuntos rugosos de multi-granularidad en nube (MGCRS).
Este marco abordard varios desafios clave, incluyendo la transformacion cuantitativa de términos
lingiiisticos discretos en informacién continua de nube, la integracién de modelos lingiisticos pro-
babilisticos y el procesamiento de datos altamente inciertos. Ademas, se establecerd un sistema de
indices comprensivo que cubra dimensiones técnicas, ambientales y econémicas de los proyectos de
EI para mejorar la precision y robustez de las decisiones. Los modelos propuestos han sido valida-
dos utilizando datos del mundo real, como la region de Beijing-Tianjin-Hebei, para demostrar su
efectividad en el apoyo a procesos de toma de decisiones complejos.

En general, esta investigacién presenta un marco integral que no solo extiende los fundamentos
tedricos de GDM y 3WD, sino que también cierra la brecha entre la teoria abstracta de decisiones
y las aplicaciones del mundo real. Al integrar las fortalezas del modelado de consenso, la teoria
de 3WD, MCDM 1y aplicaciones practicas, proporciona soluciones sistematicas para mejorar la
precision, estabilidad y efectividad de las decisiones en contextos de toma de decisiones complejos.
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Chapter I

PhD dissertation

1 Introduction

The rapid development of digital transformation has significantly increased the complexity
of decision-making problems in the real world [HS24]. With the continuous emergence of emerging
technologies such as artificial intelligence, big data, the Internet of Things and blockchain, various
decision-making problems have evolved into complex, high-dimensional problems characterized by
large-scale, heterogeneous, uncertain, and dynamic information environments. Traditional decision-
making methods, which often rely on simplified models and fixed assumptions, struggle to cope
with these new complexities. In this context, DMs not only need to deal with the sharp increase
in information volume, but also handle the uncertainty, fuzziness and dynamics of the information.
These challenges make traditional decision-making methods often difficult to meet the demands of
the modern decision-making environment [MZG"24]. To overcome these challenges, GDM emerges
as a practical and effective approach [LKP21]. By integrating the professional knowledge and
experience of multiple DMs, GDM helps to reduce cognitive biases and improve the quality of
decision-making outcomes through collective wisdom. Typically, the GDM process consists of
two key stages: (1) the CRP, which promotes mutual understanding and integration of expert
opinions; (2) the selection stage, at which the optimal solution is selected [LKLP22]. In this process,
CRP is particularly crucial because it not only determines the efficiency of decision-making but
also directly affects the quality of decision-making. Especially in complex environments involving
multiple criteria, i.e., MCDM, the advantages of GDM are more significant because it can effectively
integrate the viewpoints and preferences of different experts, reducing information asymmetry and
decision-making biases[Tha21]. Furthermore, Multi-Criteria Group Decision-Making (MCGDM)
extends this framework by aiming to reach the best collective decision that balances the viewpoints
and preferences of all DMs, ensuring that the final choice is both comprehensive and representative
of the group’s collective expertise [BCPBP23].

However, traditional GDM models often treat expert opinions as independent and equally
reliable, assuming that each DM’s input is of similar credibility and influence.This assumption
overlooks the fact that real-world decision-making often occurs in socially interconnected environ-
ments, where individual opinions are influenced by social interactions and trust dynamics. With
the rise of social networks and online platforms like Facebook, WeChat, and Twitter, interper-
sonal communication has become more frequent and complex, fundamentally changing the nature
of decision-making [GWL"24]. In these environments, DMs are no longer isolated but embedded
in trust-based social networks, where their views are shaped through ongoing consultations with
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neighbors, friends, or colleagues. To capture this phenomenon, the field of Social Network Group
Decision-Making (SNGDM) has emerged [GZ21]. SNGDM models often utilize opinion dynamics to
describe how individual opinions evolve over time, considering factors such as trust, credibility, and
social influence [BAPV24]. However, most studies in this field assume that experts are completely
reliable and that the trust value among them is given or fixed. In practice, the credibility of expert
opinions may vary greatly, and subjective biases may affect the way trust is distributed [GMLG24].
Although system reliability has long been studied in the field of engineering, the concept of human
reliability — especially in the context of social decision-making — has still not been fully explored.
This brings new challenges to the modeling of consensus formation in real-world social networks.

Meanwhile, MCDM has long served as the cornerstone of decision-making theory, providing
systematic methods for evaluating and ranking alternatives based on multiple criteria. Traditional
MCDM models typically rely on binary decision logic, often referred to as 2WD, which forces
DMs to either accept or reject an alternative without considering the inherent uncertainties and
ambiguities present in real-world data [PHWM22]. To overcome this limitation, the 3WD theory is
proposed [Yao09], which is rooted in decision-theoretic rough sets and Bayesian theory, introducing
a third option — delay — to provide a buffer for indecision. This method has been proven to be able
to effectively reduce decision-making risks and adapt to uncertainties. Although the 3WD model
has many advantages, most existing models only focus on classification and are specifically designed
for static decision information systems (DIS) [XZZL24]. However, DMs usually not only need to
classify the altenatives but also rank them in practice, especially when dealing with emergency
situations such as multiple data sources or medical triage. Furthermore, decisions in the real world
are rarely made in isolation; Experts may have subjective preferences, historical experiences, and
psychological reactions such as regret or hesitation [PHW24]. These factors are usually expressed
in vague or linguistic terms, but the current 3WD model has limited ability to handle such soft
information, especially when there are differences in the reliability evaluated by experts.

Recent studies have attempted to apply the 3WD theory to the scenario of group consensus
[LFX22, WLL22]. However, most models adopt a two-state perspective on the consensus process
(i.e., consensus or conflict) and use the degree of consensus to evaluate progress. This simplification
ignores a common situation in complex GDM — uncertainty — where DMs often hesitate and may
need further information or careful consideration. To make up for this defect, the Sequential
Three-Way Decision (S3WD) model is introduced as an extension of granular computing [Yaol3].
It operates at multiple granularity levels through three modules (trisecting, acting, and outcome).
With the emergence of new information, the elements in the delay area can be iteratively re-
evaluated. This mechanism is particularly applicable to GDM environments where delays or non-
commitments pose risks but require a more flexible and continuous evaluation process.

Although these theories — GDM, MCDM, 3WD and S3WD — have all made substantial
progress, current research still tends to view them in isolation. At present, there is a lack of an
integrated model that can integrate the consensus reaching process, multi-criteria 3WD decision-
making logic and practical applications into a coherent and practical framework. Against this
backdrop, our research aims to extend the GDM framework from both theoretical and practical
perspectives by focusing on how group consensus evolves and how complex multi-criteria 3WD
models can be better supported and applied. In particular, we center our investigation around
consensus models, multi-criteria 3WD models, and the application in real-world GDM scenarios.
These directions are closely connected and together form a coherent path—from understanding
how individuals reach consensus in social networks, to developing more flexible and psychologically
grounded decision models, and finally to applying these models in practical domains. Our goal is to
provide a systematic response to the limitations of existing GDM approaches while strengthening
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the bridge between theory and practice.

(1)

To this end, the research will proceed along four interrelated lines:

Exploring the evolution of group consensus in social trust networks via opinion reliability. We
will incorporate opinion reliability into opinion dynamics to better reflect how trust, credibil-
ity, and individual influence shape the CRP in social networks. This involves developing new
methods for evaluating reliability, adjusting trust propagation mechanisms, and modeling
realistic opinion evolution paths.

Constructing a preference-based regret multi-criteria 3WD model. Recognizing that expert
evaluations are often subjective and influenced by preferences and psychological reactions,
we propose a 3WD model based on regret theory under the LZNs framework. This model
will enable both classification and ranking of alternatives while accounting for preference
heterogeneity and the uncertainty of expert judgments.

Extending a sequential three-state consensus model for multi-criteria 3WD problems. Draw-
ing on SPA, we aim to build a three-state framework—capturing consensus, conflict, and
uncertainty—that enhances the granularity of expert behavior modeling in the CRP. The
model will include iterative adjustment and feedback strategies to support gradual opinion
alignment in complex group settings.

Applying the proposed models to real-world decision-making problems. To ensure the prac-
ticality of our approach, we will implement and validate the developed models in application
areas such as energy planning, recommendation systems, and environmental evaluation. This
step will translate theoretical contributions into tangible tools that help address complex
decisions involving multiple criteria and stakeholders.

This thesis mainly consists of two parts: the first one illustrates the existing problems, the

basic concepts, and models, and the results obtained from the proposed models. The second part
is a compilation of the main publications that are associated with this thesis. To improve the
readability of subsequent content, we explain the three essential abbreviations that often appear in
this thesis.

(1)

(2)

(3)

(4)

GDM refers to the decision-making activities carried out by more than two people, including
alternative evaluation, CRP, and the selection process.

CRP is a key stage in GDM where DMs negotiate, adjust, or revise their opinions through
iterative interaction to reach an acceptable level of agreement before finalizing the decision.

MCDM refers to a decision-making process in which multiple criteria are considered simulta-
neously when evaluating a set of alternatives, which helps DMs to rank or select alternatives
under complex conditions.

3WD is a decision-making theory based on decision-theoretic rough sets and Bayesian de-
cision rules. It classifies objects into three disjoint regions—acceptance, rejection, and non-
commitment (or delay)—to reduce decision risk and better handle uncertainty.

The rest of the thesis is organized as follows: Section 2 introduces some related preliminaries.

Section 3 justifies the development of the thesis through discussing the basic ideas and challenges
of current researches. Section 4 presents the objectives of the thesis. Section 5 introduces the
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methodologies used in the thesis. Section 6 discusses the summary of the proposals in the thesis.
Section 7 presents a discussion of the results obtained in the thesis. Section 8 gives the conclusions
of the thesis. Finally, some future works are discussed in Section 9.
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2 Preliminaries

In this section, we provide an overview of the basic concepts for the GDM framework and the 3WD
model. Specifically, Section 2.1 recalls the two important components of GDM including the CRP
and selection process. Section 2.2 reviews the traditional 3WD method and decision rules.

2.1 Group decision-making

GDM usually involves handling uncertain and subjective information provided by multiple DMs.
Due to cognitive limitations, subjective judgments, and incomplete knowledge, input information in
real-world settings is often expressed in vague or linguistic terms. Therefore, appropriate methods
are required to represent and process such uncertainty effectively. The GDM process typically
consists of two main stages: the CRP and the selection process. The goal of CRP is to encourage
DMs to adjust their opinions to improve the level of group consensus. During this process, DMs
interact and negotiate with each other to achieve a reliable group solution. Opinion dynamics is a
typical approach used to model CRP, as it simulates how individual opinions evolve and influence
each other within a group, ultimately leading to consensus formation. Once the group consensus
is reached, the selection stage is implemented to help DMs rank all alternatives and identify the
most desirable one.

2.1.1 Several Uncertain Information Representations

This subsection introduces several uncertain information representations including LZNs, SPA,
cloud model, and Pawlak rough set.

Definition 1. [WCZ17] Let X be a universe discourse, A = {Ag, A1,..., Az} and B =
{By, B1, ..., Bag, } be two finite and totally ordered linguistic term sets, where g1 and go are non-
negative integers. A LZN for x € X is defined as Z = (Ay(z), Byx)), where Ay € A is a
restriction of the value that uncertain variables allow to take and By € B is the measure of
reliability of the first component A, ;). p(x) and ¢(x) are the subscripts of linguistic terms A and
B, respectively.

Definition 2. [Zha89] For a problem W with N features, a set pair including two related set
A and B is denoted as H(A, B), in which S features are mutual, P features are opposite and
F(F = N — S — P) features are neither mutual nor opposite between A and B. The Connection
Number (CN) u(A, B) of the set pair H(A, B) is defined as:

S F P

where %, % and % denote the identity degree, discrepancy degree and contrary degree of the set pair

H(A, B), respectively. N is the total number of features. 01 € [—1,1] is the discrepancy coefficient
of the set pair H(A,B). 0y = —1 is the contrary coefficient of the set pair H(A, B). Suppose
% =a, % =10, and % = ¢, then the CN can be rewritten as:

u(A, B) = a + b + cda, (1.2)

where 0 < a,b,c <1 anda+b+c=1.
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Definition 3. [LLG09] Let U be the universe of discourse and A be a qualitative concept in U.
If © € U is a random instantiation of the qualitative concept A that satisfies x ~ N(Ez, En’Z)
and En’ ~ N(En, HeQ), and the certainty degree y of x belonging to concept A is a probability
distribution, which satisfies
(ac—Eac)2

Y= e 2En’2 , (13)
then the distribution of x in the universe U is called a normal cloud, and the cloud drop can be
denoted as (x,y). The overall quantitative properties of concept A can be perfectly depicted in cloud
C with three numerical features: expectation Ex, entropy En, and hyper entropy He. Cloud C' can
be described as C' = (Ex, En, He).

Definition 4. [Paw82] Let U be a non-empty finite universe and R € U x U be a binary equiva-
lence relation over universe U, then (U, R) is Pawlak approzimation space. The lower and upper
approximations for X € U are defined as follows:

R(X) = U{[e]rlla]r C X, X € U},
R(X) = U{[e]rlla]n N X #0,X € U},

where [x]r is the equivalence class of x under the binary equivalence relation R. X(X € U) is
called Pawlak rough set if R(X) # R(X) .

(L4)

2.1.2 Opinion dynamics

Opinion dynamics are a fusion process of individual opinions through interactions among a group
of individuals, in which they continuously update and fuse their opinions through the fusion rules
and reach a consensus, polarization, or fragmentation in the final stage. One of the most represen-
tative models in opinion dynamics is the bounded confidence model, which includes the Deffuant-
Weisbuch (DW) [DNAWO00] and the Hegselmann-Krause (HK) [RK02]. These models simulate how
individuals only interact with others whose opinions are within a certain confidence bound, thereby
capturing the gradual evolution of consensus or polarization in GDM.

In the DW model, two experts whose opinion distance is smaller than a threshold 71 will be
chosen randomly to communicate and update new opinions in each round. The updated rules for

opinions x; 1 and th of a pair of experts v; and v; are defined as follows:

{ ottt = aal + (1 - )z}

1
x;-“L = aac? + (1 — )zt

where « is a predetermined convergence parameter. The bounded confidence threshold 71 shows
that experts will exchange their opinions effectively with other experts who share similar opinions,
and the convergence parameter « reflects the degree to which experts reserve their opinions.

=12, ki A5t =0,1,2 .. (1.5)

In the HK model, the updated opinion of expert v; is obtained by averaging opinions of
neighbors whose opinion distance with expert v; is smaller than a threshold 7. The updated

opinion :Uf“ is denoted as follows:
= R
x; | t| E :v 2, kit=0,1,2,... (1.6)

where Nf =

acf — x?‘ < 79} is the confidence set and HNth is the cardinality of the set Nit.

The main difference between the DW model and the HK model is the ways of opinion fusion.
The former claims that whether a pair of individuals compromise with each other, while the latter
holds that individual opinions move towards the average opinions of their neighbors.
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2.1.3 Selection process

After the CRP in GDM, the selection process is carried out to determine the most suitable alter-
native from a set of feasible options. This stage primarily relies on ranking methods, which help
prioritize alternatives based on aggregated evaluations from multiple DMs. In complex decision
environments involving multiple conflicting criteria, ranking methods offer a clear and systematic
solution for making final decisions.

Most of these ranking techniques are developed within the framework of MCDM, which
focuses on evaluating alternatives across several criteria. Among the widely adopted methods
are the Technique for Order Preference by Similarity to an Ideal Solution (TOPSIS) [BOYI12],
Grey Relational Analysis (GRA) [KYHO0S8], VlseKriterijumska Optimizacija I Kompromisno Re-
senje (VIKOR)[OTO07], and the Linear Programming Technique for Multidimensional Analysis of
Preference (LINMAP) [SS73]. These methods typically construct the ranking process by measuring
how close each alternative is to a predefined ideal solution or by evaluating dominance relationships
among alternatives. For instance, TOPSIS selects the option closest to the ideal and farthest from
the negative-ideal solution. VIKOR emphasizes a compromise solution by balancing collective satis-
faction and individual regret. GRA assesses similarity to a reference alternative and is particularly
effective when dealing with incomplete or uncertain data. LINMAP applies linear programming to
jointly derive ideal points and criteria weights from preference data.

Ranking-based methods are essential to the selection process because they bridge the gap
between consensus and actionable decisions. They convert qualitative judgments and numerical
evaluations into a prioritized list of alternatives, enabling DMs to make rational and justifiable
choices. In this way, ranking techniques serve as the final and critical step in transforming collective
opinion into group decision outcomes.

2.2 Three-way decision theory

The three-way decision (3WD) theory proposed by Yao [Yao09, Yao10] based on the Bayesian theory
aims to divide the universal set into three disjoint regions: the positive region, the boundary region
and the negative region. The three regions correspond to acceptance action, delay action and
rejection action, respectively. Generally, the 3WD model includes two states Q = {X,-X} and
three actions A = {ap,ap,an}. X and =X represent that an object = belongs to X and does not
belong to X. ap, ap and ay stand for acceptance, delay and rejection actions, which are denoted
as ¢ € POS(X), x € BND(X) and x € NEG(X), respectively. R is an equivalence relation on
X and [z]Rg is the equivalence class of R including the object x. Pr(X|[z|r) and Pr(—X|[z]r) are
the conditional probabilities of the object x belonging to and not belonging to X. In particular,
Aeo(® = P,B,N;o = P,N) are used to measure the losses of taking three actions, which are
shown in Table I.1. App, Agp and Ay p represent the losses taking actions ap, ap and ay when
x € X. Similarly, Apy, Agy and Ay, denote the losses taking actions ap, ap and ay when
x € X. A reasonable assumption is considered in the 3WD model: 0 < App < Agp < Ayp and
0<Avn = Apn <Apn-

The expected loss function R(ae|[z]r) of taking three actions can be calculated as follows:
(1) R(aplfe]r) = App Pr(X|[2]a) + Apy Pr(-X][2]);
(2) R(asl[z]r) = Agp Pr(X|[z]r) + Ay Pr(=X|[z]r);
(3) R(anllz]r) = Ayp Pr(X|lz]r) + Ayy Pr(=X|[z]r).

According to the Bayesian theory, the following decision rules of minimum losses can be
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Table I.1: The loss functions in 3WD theory.
Actions X (P) —-X(N)

ap App APN
ap ABP ABN
an ANP ANN

demonstrated as follows:
(P) If R(ap|[z]r) < R(apl|[z]r) and R(ap|[z]r) < R(an|[z]Rr), then x € POS(X);
(B) If R(agl|[z]r) < R(ap|[z]r) and R(ag|[z]r) < R(an|[z]r), then z € BND(X);
(N) If R(an|[z]r) < R(ap|[z]r) and R(an|[z]r) < R(ap|[z]r), then z € NEG(X).

The above rules (P)-(N) relate to the loss function Aeo and the conditional probability
Pr(X|[z]r), then the decision rules can be rewritten as:

(P1) If Pr(X|[z]r) > o and Pr(X|[z]r) > 7, then x € POS(X);
(B1) If Pr(X|[z]r) < a and Pr(X|[z]g) > B, then x € BND(X);
(N1) If Pr(X|[z]g) < v and Pr(X|[z]r) < 3, then z € NEG(X);

)‘PN_)\BN ,Y — APN_)‘NN and /8 — )‘BN_)‘NN .
PNi)‘BN)+()‘BP7)‘PP)’ (APNiANN)+(ANP7)\PP) ()‘BNi)‘NN)+()‘NP7)‘BP)

where oo = o

When the condition (Agp — App)(Agy — Ayn) < (Ayp — Agp)(Apy — Agy) holds, we can
obtain o > (. In this case, the simplified decision rules (P1)-(N1) are listed as follows:

(P2) If Pr(X|[z]gr) > «, then x € POS(X);
(B2) If § < Pr(X|[z]gr) < a, then x € BND(X);
(N2) If Pr(X|[z]r) < S, then x € NEG(X).

Based on the granular computing theory, Yao and Deng [YD11] proposed the S3WD model,
extending the classic 3WD model from coarse granularity to fine granularity and from one step
to multiple steps. In cases of coarse granularity, the precise classification of objects cannot be
obtained when information is insufficient. S3WD is used to gradually classify the delay objects
into the positive and negative regions through granularity refinement until the decision problem
transforms into a 2WD problem, thereby minimizing the additional cost of misclassification. In
the S3WD process, the boundary region gradually shrinks until the definitive decision results are
obtained as information accumulates and granularity refines, which conforms to the basic principles
of human cognition and decision-making.
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3 Justification

GDM plays a vital role in a wide range of real-world settings, including enterprise strategy for-
mulation, environmental policy evaluation, investment analysis, and public project prioritization.
In such contexts, decisions are often made collectively by multiple experts or stakeholders with
diverse preferences, knowledge backgrounds, and evaluation behaviors. To facilitate effective and
coordinated group decisions, two important tools have been developed in the field: group consensus
models, which aim to align conflicting opinions, and 3WD theory, which introduces a more flexible
decision paradigm by allowing a delay option in addition to acceptance and rejection.

On one hand, group consensus is a core step in GDM, ensuring collective agreement through
iterative opinion adjustments. In particular, the social trust networks among experts significantly
influence how consensus is formed. However, traditional consensus models typically ignore opinion
reliability and trust dynamics, resulting in potentially biased or unrealistic consensus results. On
the other hand, 3WD originally developed as an extension to overcome the limitations of tradi-
tional 2WD models in GDM, introduces an intermediate “delay” option. This addition enables
decision-makers to defer judgment when information is insufficient or uncertainty is high, thus bet-
ter reflecting real human decision-making behavior. However, most existing 3WD models fail to
incorporate experts’ preferences, regret psychology, and multi-source decision information, limiting
their applicability in complex decision scenarios. Furthermore, in many practical GDM situations,
consensus and decision-making are intertwined—the decision process depends on achieving consen-
sus, and consensus, in turn, is influenced by how decisions are framed and evaluated. However,
there is a lack of integrated models that combine group consensus mechanisms with SWD models,
especially under multi-criteria and uncertain conditions. Finally, as GDM is increasingly applied to
real-world evaluation problems (e.g., EI project assessments), it faces new challenges: experts often
express evaluations in discrete probabilistic linguistic terms, which are difficult to quantify, com-
pare, and integrate. This complexity calls for new methods that bridge the gap between symbolic
and numerical representations of evaluation information.
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Fig. 1: The logical relationship between several researches.

To address the above issues, this thesis focuses on four interconnected research topics: (1)
The group consensus evolution process in social trust network via opinion reliability. (2) The con-
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struction of a preference-based multi-criteria 3WD model. (3) The combination of group consensus
and multi-criteria 3WD models. (4) The application research on EI project evaluation with FLEs.
The main procedure of our research is shown in Fig.1. The justifications of each topic are described
as follows:

(1) The group consensus evolution process in social trust network via opinion
reliability. Upon conducting the state-of-art review of the relevant studies on the existing group
consensus models and SNGDM studies, we find that:

e Reliability is an important characteristic of experts in SNGDM problems. However, most
previous researchers rarely have considered the reliability of experts, or simply assumed that
all experts are completely reliable. In reality, reliability of experts may significantly affect the
opinion evolution process, which needs to be further explored in SNGDM problems.

e Most SNGDM studies have assumed that trust values between experts in social networks
are provided by experts. However, unreliable experts may not accurately quantify the trust
values due to the impacts of subjective and objective factors, which may lead to unreasonable
predefined trust values given by experts. Therefore, it deserves to explore how to obtain the
trust values and derive the complete trust matrix and weights of experts in social trust
network accurately when considering the opinion reliability.

e In CRP, experts are more willing to accept opinions of the experts they trust, which can be
affected by opinion dynamics. The existing models paid little attention to the evolution of
social networks and ignored the characteristic of experts like opinion reliability, which needs
to be further extended using opinion dynamics.

(2) The construction of a preference-based multi-criteria 3WD model. Through a
literature review regarding the 3WD models with the extant contributions, we realize that:

e Most 3WD models have been applied to classify data of DISs in databases where preference
information has not been involved. However, preference information generated from the
historical data of different DISs may affect the decision results. Meanwhile, different experts
recorded in databases may have the subjective preferences for different DISs. Therefore, the
preference information is necessary to be considered and solved in 3WD model.

e Experts often express evaluation values using natural language in practical decision-making
problems. Some existing MCDM or 3WD methods have used fuzzy information to measure
the uncertainty of evaluation information which might be assumed to be totally reliable.
Besides, experts feel regret or rejoice due to psychological factors when comparing three
actions in 3WD models, which has not been well studied.

o The existing 3WD research has only focused on how to determine the conditional probabilities
or loss functions of single DIS. In complex decision-making scenarios, multi-source DISs may
be collected to make integrated decisions to obtain more reasonable results. Therefore, the
classification and ranking methods for MDISs are worth exploring.

(3) The combination of group consensus and multi-criteria 3WD models. Through
a literature review, we acknowledge that the existing studies greatly contributed to the development
of the MCDM and 3WD theory, but there still exist some research gaps that need to be investigated:
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e In traditional MCDM problems, experts are typically classified as either consensus experts
or conflict experts, the latter of whom adjust their opinions to facilitate the group consensus.
However, experts may encounter a state of uncertainty between consensus and conflict in the
complex decision-making environment, that is, they are unsure about whether they should
revise their opinions and need to make further judgements. For the two types of non-consensus
experts—uncertainty experts and conflict experts, the consensus reaching strategies are worth
studying.

e The 3WD theory extends two actions of 2WD theory to three actions by introducing the
delay action. However, the classic 3WD theory includes only two states of consensus and
conflict in MCGDM problems. By introducing the discrepancy degree, SPA theory provides
a three-state perspective, which opens up a new view to expand the two states of classic WD
theory.

e The idea of SSWD can be leveraged to guide the CRP in MCDM problems. However, the
challenge of granularity being too coarse for further classification in the SSWD process remains
unresolved. Meanwhile, the methods for reclassifying the delay region and adjusting the
opinions of conflict experts need further exploration. Designing the adjustment and feedback

strategies for uncertainty experts and conflict experts based on S3WD theory has a significant
effect on the CRP in MCDM problems.

(4) The application research on EI project evaluation with flexible linguistic
expressions. Upon reviewing relevant studies in multi-criteria evaluation and uncertain linguistic
environments, we identify several limitations in existing GDM applications to EI project evaluation:

e Current EI evaluation methods often rely on discrete linguistic terms to express complex
environmental indicators (e.g., sustainability, policy adaptation, ecological risk). However,
such linguistic expressions, while intuitive, lack continuity and are difficult to compare and
integrate. This limits the effective aggregation and interpretation of evaluation information.

e Most existing research on FLEs focuses on symbolic normalization or qualitative reasoning.
Few studies have addressed how to quantitatively transform discrete FLEs into continuous
information to better support decision-making.

e Although the MGRS theory is widely used for handling uncertainty in evaluation, it is pri-
marily designed for discrete datasets. It lacks the ability to flexibly process continuous or
highly fuzzy information, which is increasingly common in practical EI assessment scenarios.

e The integration between probabilistic linguistic modeling (e.g., cloud models) and rough
sets is still underdeveloped. Without this integration, it is hard to ensure both uncertainty
retention and decision robustness in the evaluation process.

Upon identifying the aforementioned gaps and assumptions, our research addresses four
interrelated topics: (1) the consensus evolution process in social trust networks; (2) the construction
of a preference-based multi-criteria 3WD model; (3) the integration of group consensus and 3WD
models; and (4) the application of GDM models to real-world EI project evaluation. These four
topics together aim to extend GDM theory and bridge it with practical decision-making. From the
perspective of consensus reaching, the first and third topics focus on automatic consensus evolution
in social networks and consensus optimization in the 3WD environment, respectively. The consensus
process is thus studied across a spectrum—from unified opinion dynamics to optimization-based
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position adjustment. From the perspective of 3WD modeling, the second and third topics deal
with multi-criteria 3WD under subjective preferences and regret information, and extend it from
traditional two-state to three-state logic. Moreover, the third topic explores sequential adjustment
mechanisms, thereby expanding the 3WD framework from single-step to process-based decision
modeling. Beyond theoretical expansion, the fourth topic focuses on application-oriented research,
applying the developed models in the evaluation of EI projects. This not only verifies the feasibility
of the proposed methods in real-world decision scenarios but also strengthens the link between
abstract GDM theory and practical sustainability challenges, such as circular economy planning.
Overall, the four topics form a coherent research path—from theoretical advancement in consensus
and 3WD models to integrated modeling and practical application—offering systematic solutions
to existing limitations in GDM.
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4 Objectives

GDM is prevalent in various organizations and fields, such as in enterprises, government, communi-
ties, and families. Consensus reaching in GDM is a necessary process for promoting communication
and understanding among group members. Meanwhile, the 3WD theory addresses the limitations
of binary classification in multi-criteria GDM, providing an effective framework for handling com-
plexity and uncertainty. Therefore, studying consensus and multi-criteria 3WD models in GDM
and their applications is crucial. The specific objectives are summarized as follows:

(1)

To explore the evolution of group consensus in social trust network via opinion
reliability. Distinguished from the traditional consensus models, this research will focus on
the evolution of group consensus in social network GDM by incorporating opinion reliabil-
ity into the opinion dynamics framework. Unlike existing models that often overlook the
reliability of experts’ opinions, this study will define opinion reliability based on social trust
network structure and individual characteristics, establishing a comprehensive trust degree to
reflect the credibility of experts. Key components include trust propagation and aggregation
mechanisms for constructing the social trust matrix, as well as the design of opinion evolution
rules based on extended HK models. The effectiveness and feasibility of this approach will
be validated through numerical experiments such as supplier performance evaluation and the
widely studied Zachary’s karate club network.

To construct a preference-based regret multi-criteria 3WD model. This study aims
to extend the conventional 3WD model by incorporating preference information, which is
often neglected in multi-criteria GDM contexts. Using linguistic Z-numbers, which improve
the precision of expert evaluations by integrating reliability, this model will focus on two core
aspects: criteria weight determination based on preference information and the derivation of
conditional probabilities and loss functions using regret theory. The study will also intro-
duce a Z-LINMAP method adapted for LZN environments to derive preference coefficients,
consistency-order, and inconsistency-order, forming the foundation for defining equivalence
classes. Finally, the proposed model will be validated through real-world applications, such as
image recognition cases involving human-computer interaction, to demonstrate its practical
effectiveness.

To extend a multi-criteria sequential three-state three-way consensus model.
Building on the SPA theory, this study aims to expand the classic two-state 3WD model
to a three-state structure, incorporating an additional uncertainty state. This approach will
introduce a consensus set pair probability space, categorizing objects into consensus, un-
certainty, and conflict states. The model will include the development of decision rules,
simplified decision processes, and feedback mechanisms to adjust conflicting and uncertain
opinions dynamically. The theoretical contributions will be supported by experimental anal-
yses, including case studies on ranking alternatives based on the connection number (CN)
and sequential adjustment strategies for enhanced consensus.

To enhance the application research on GDM in EI project evaluation. This ob-
jective focuses on bridging the gap between theoretical GDM advancements and real-world
EI project evaluation. The study will develop a multi-criteria decision-making framework
based on FLEs and MGCRS, addressing critical challenges such as transforming discrete lin-
guistic terms into continuous cloud information and managing highly uncertain data. This
framework will include comprehensive index systems covering technical, environmental, and
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economic dimensions, validated using real-world cases, such as the Beijing-Tianjin-Hebei re-
gion, to enhance decision accuracy and robustness in EI project selection.
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5 Methodology

This section introduces the methodology used in the doctoral thesis proposal. Considering the
main idea of this study to explore the consensus and multi-criteria 3WD model and applications
within GDM, the related methods are provided as follows:

(1)

Hypothesis formulation. The hypothesis provides a good and useful tool to guide the
decision-making process, which should be reasonable and suitable for the discussed GDM
problems. For instance, the assumption that non-cooperative behavior is absent for all
decision-makers should be satisfied when constructing the consensus reaching process, as
this is a critical condition for effective consensus adjustment and feedback mechanism. In ad-
dition, when exploring the 3WD model, we should reasonably assume that the loss functions
corresponding to the acceptance, delay and rejection actions gradually increase when in the
belonging state, while they gradually decrease in the non-belonging state.

Model construction. To explore the consensus and multi-criteria 3WD model, we will
construct the consensus reaching model and optimization model to guide the measure of
consensus and reach the group consensus for decision-makers. In addition, different multi-
criteria 3WD models will be constructed to characterize the practical GDM problems to
classify all alternatives or experts.

Simulation analysis. The simulation experiment is used to validate the proposal and
demonstrate the effectiveness of the proposed methods, involving the numerical study and
sensitive analysis. With the simulation experiment, the feasibility and validity of the proposed
model for GDM problems are discussed. For example, the case of GDM problems in practical
fields will be conducted to reflect the process of the proposed models, and the sensitive
experiment will be performed by varying different parameters to explore the impact on the
decision-making results.

Comparative study. The comparative analysis is used to reflect and highlight the ad-
vantages of the proposed methods and models by comparing two or more studies with the
proposal. In this study, we will summarize and analyze the existing studies regarding the topic
and compare the decision-making results between those methods, thus further highlighting
the characteristics of the proposed model.
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6 Summary

In this section, we summarize the main proposals in this thesis and explain the main contents and
the obtained results associated with the journal publications. The published, submitted, or ongoing
works are listed as follows:

(1) H. Wang, Y. Ju, E. Herrera-Viedma, P. Dong, Y. Liang, A social network group decision mak-
ing framework with opinion dynamics considering opinion reliability, Computers & Industrial
Engineering 183 (2023) 109523. DOI: https://doi.org/10.1016/j.cie.2023.109523.

— Status: Published.
— Impact Factor (JCR 2023): 6.7
— Subject Category: Computer Science, Interdisciplinary Applications, Ranking 21/170
(Q1).
— Subject Category: Engineering, Industrial, Ranking 11/69 (Q1).
(2) H. Wang, Y. Ju, P. Dong, A. Wang, F. J. Cabrerizo, Preference-based regret three-way deci-

sion method on multiple decision information systems with linguistic z-numbers, Information
Sciences 654 (2024) 119861. DOI: https://doi.org/10.1016/j.ins.2023.119861.

— Status: Published.
— Impact Factor (JCR 2022): 8.1
— Subject Category: Computer Science, Information Systems, Ranking 13/158 (Q1).

(3) H. Wang, Y. Ju, P. Dong, P. Maresova, T. Ju, E. Herrera-Viedma, Multi-criteria sequential
three-state three-way decision consensus model based on set pair analysis theory, Information
Sciences 661 (2024) 120199. DOI: https://doi.org/10.1016/j.1ins.2024.120199.

— Status: Published.
— Impact Factor (JCR 2022): 8.1
— Subject Category: Computer Science, Information Systems, Ranking 13/158 (Q1).

(4) H. Wang, Y. Ju, C. Porcel, Energy internet project evaluation in circular economy practices:
A novel multi-criteria decision-making framework with flexible linguistic expressions based on
multi-granularity cloud-rough set, Computers & Industrial Engineering 201 (2025) 110890.
DOI: https://doi.org/10.1016/j.cie.2025.110890.

— Status: Published.
— Impact Factor (JCR 2023): 6.7

— Subject Category: Computer Science, Interdisciplinary Applications, Ranking 21/170
(Q1).
— Subject Category: Engineering, Industrial, Ranking 11/69 (Q1).

The remainder of this section is organized into the four objectives defined in Section 4.
Subsection 6.1 introduces a social network group consensus model based on opinion reliability.
Subsection 6.2 proposes a preference-based multi-criteria 3WD model for multiple information
systems. Subsection 6.3 deeply combines the consensus model and the 3WD model for MCDM
problems. Finally, Subsection 6.4 presents a multiple-criteria evaluation framework based on multi-
granularity cloud-rough set and extends the applications of GDM methods for energy internet
projects.
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6.1 The research on the group consensus evolution model in social trust net-
work

The research on the group consensus evolution model in social trust network mainly covers the
social network evolution, trust propagation mechanism, and opinion evolution process.

6.1.1 The social network evolution

Social network evolution is influenced primarily by two factors: random connections [GZ06] and
opinion similarity [DZM19]. However, experts are more inclined to interact with those who not
only share similar opinions but are also considered reliable. Therefore, opinion reliability is a
critical factor in shaping social network evolution in GDM. Therefore, we design the social network
evolution rules considering two factors: (i) opinion similarity Sm’;j (1,7 = 1,2,..,k,i # j;t =
0,1,2,...) between opinions of experts v; and v;, and (ii) reliability R; (=12, kt=0,1,2..)
of expert v;. We set the opinion similarity threshold Smx* and the reliability threshold R* as the
judgment rules. Without loss of bias, 0.5 is considered to be the fairest threshold for Smx* and
Rx. Al = (aﬁj)kx i 1s the adjacency matrix at time ¢ for the social network. Given a predefined
probability «;; for establishing a connection from expert v; to v;, the social network evolution rules
are divided into two cases:

Case 1: when af;l < 0.5,

, if Sm’;j > Sm* A R; > R*

¢ Yij if Smfj > Sm* A R; < R* .

Yo g, it Smi; < Sm*ARL > R
0, if Smﬁj < Sm* A R’; < R*

1, if Smf; > Sm* A R > R*

o 1 — v, imefngSm*/\R;<R*‘ (L8)
Y L — i, if Smf; < Sm* AR > R*
0, if Smﬁj < Sm* A R; < R*

6.1.2 The trust propagation mechanism

In a social trust network, the comprehensive trust degree tﬁj of expert v; on expert v; at time ¢
depends on the leadership of v;, the reliability of v; and the opinion similarity between them, which
are represented as the centrality degree C'D! of expert v;, the opinion reliability R;- of expert vj,
and the opinion similarity Smgj between two experts v; and v;, respectively. Notably, the opinion
reliability R! of an expert at time (¢ + 1) in a group is considered as a combination of the stability
similarity and the weighted similarity. The stability similarity is the difference between the experts’
opinions at time (¢t + 1) and at time ¢. Meanwhile, the weighted similarity is the distance between
the expert’s opinion at time (¢ + 1) and opinions of other reliable experts at time .

Definition 5. In a social trust network, the comprehensive trust degree tgj of expert v; on expert
vj at time t depends on the leadership of v;, the reliability of v; and the opinion similarity between
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them, and is defined as
tii = aSmi;+ R+ (1 —a—B)CD},i,j =1,2,....k,i # j,t =0,1,2, ... (1.9)

where a € [0,1], B € [0,1] and (1—a— ) € [0,1] are the similarity coefficient, reliability coefficient
and centrality coefficient, respectively. R; and C’D;- reflect the opinion reliability and centrality
degree of expert v;.

The existing studies only roughly multiply propagation efficiency by Einstein product oper-
ator, which has limited influence on the final trust information and cannot truly reflect the actual
propagation process. Therefore, we define ffj (i,j = 1,2,...,k,i # j,t = 0,1,2,...) as the actual

. L o axSmt
trust value propagated from v; to v; at time ¢ as follows: tﬁj = tgj . s1n(7rX Zm” ). Suppose that

{ (Wi, v51))s (Vo (1)5 Vo (2))s (Vo(2)s Vo(3))s s (Va(ay vj) } is a directed path from v; to v;, then t-norm-
based trust propagation value tt at time t considering the propagation efficiency can be written
as: . - -
tij = Ealisy ooy - foay)
28,01) % ﬂ(d)J IT:- 1fa(z e (L.10)
(2= (1)) = () ) TTEmt T ety ey Hohor (1) Ty 1ot o amyos) |

In a social network, there may be several paths between experts, which means that we can
get several different trust propagation values. Therefore, we need to aggregate these values to
obtain the final trust value from v; to v;. The Order Weighted Averaging (OWA) operator is often
used to compute the trust aggregation value. The larger the trust propagation value obtained by
a path is, the higher the weight assigned to the path is. However, the number of mediators in a
path may impact the trust aggregation process: the smaller the number of mediators is, the more
accurate the obtained trust value is. Therefore, the path with less mediators should be assigned
larger weight. The following optimization model is used to obtain the trust aggregation value:

maxtf-

tt’ Zk . wkt % tkt

Zk 1wkt_ 1 (1.11)
s.t. let > th >0 > wihf , '

ogwg%1w_1gwwm

0,5 =1,2,3, .. ki#jt=012,..
where wff and tkt is the weight and trust aggregation value of the path with the k** least number
of mediators at tlme t. tt/ is the final trust value aggregating all paths from v; to v;. Then we
can get the trust matrix Tt (tt Jixk and the weight matrix W = (wfj) Lxk after normalization
procedure.

6.1.3 The opinion evolution process

In the opinion evolution process, the HK model is preferred over the DW model due to its syn-
chronous updating mechanism. However, the traditional HK model only considers opinion similarity
within a bounded range. To address its limitations, an extended HK model is proposed that incor-
porates both individuals’ own opinions and those of more reliable experts. The opinion evolution
rule is as follows:

ZJQE{NtUl} wwz Jz

41 ngle{NtUz} wljl ]1
=

+(1=p) =12 kt=1,23.  (LI2)

i 7
Zjle{Nfui} Wiy ije{Ngui} W4,
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where p € [0,1] is an adaptive coefficient. For convenience, this paper assumes all adaptive co-
efficients of experts are equal in each round. wfjl and w! ij, 18 the expert vj,’s weight and expert
v;,’s weight assigned by expert v; at time ¢, respectively. N is the similarity set of experts

pairs who meet the condition that the opinion distance with expert v; is less than (1 — Sm*) i.e.,
N{ = {(i, /1) ||t —x A< =8m*) i1 = 1,2, k5t = 1,2,3, ...} N is the reliability set of
expert whose reliability is more than Rx, i.e., Ni = {‘7‘2|R§»2 > Rx,jo = 1,2, ...kt = 1,2,3,...}.
The opinion of expert depends on his/her own opinion and opinions of other experts belonging to

N} or Ni. The extended HK model will be degenerated into the traditional HK model when p = 1
and all wfj , are equal.

The above three parts operate iteratively, beginning with the initialization of opinions,
reliability, and network parameters. At each iteration, the social network evolves based on updated
opinion similarity and expert reliability, followed by trust propagation and aggregation to refine
the trust matrix and expert weights. Then, expert opinions are updated synchronously through
the extended HK model that incorporates both opinion similarity and reliability. These steps
are repeated, with parameters recalculated in each round, until the opinions converge and group
consensus is reached.

The journal paper concerning this part is:

H. Wang, Y. Ju, E. Herrera-Viedma, P. Dong, Y. Liang, A social network group decision
making framework with opinion dynamics considering opinion reliability, Computers & Industrial
Engineering 183 (2023) 109523. DOI: https://doi.org/10.1016/j.cie.2023.109523.

6.2 The research on the construction of a preference-based multi-criteria 3WD
model

The research on the preference-based multi-criteria 3WD model mainly includes the Z-LINMAP
method, the determination of conditional probability, and the loss functions.

Given the LZNs evaluation information and preference set of experts, we construct a Z-
LINMAP method to derive the criteria weights, positive and negative ideal Z-numbers based on
experts’ preferences as follows:

min Y O + (1 - O)iy
(ke
(X (ST-80)=
(kDEQ
Mkz-f—(S —S+) >0 V(k ) eq,
> (5780 =
(k,)eQ
u;d +(Sp = 57) 2 0.9k 1) € Q.

— 5= Zw] (p1(f(A1j) = F(AD))? + p2(9(Byy) — B(b)))*— (1.13)

1<f<Akj> — J(AD)? = palg(Biy) — 9(BI)?), V(K1) € Q,

m

Zw] pr(f(Ay) — F(A7)? + pa(g(Bij) — 9(B;))*—

s.t.

(f(Ak?j)_
wjaf(fﬁ),f(A_) 9(Bf

(A7) = p2(g(Brj) — (B;))Q),V(k:,l) €Q,
9
per = 0, ukZZOV(k 1) € Q.

f
); ( i) € [01]J—12
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where S;7 = wjd(Zij,Zf)2 and S, = ) Ude(Z]-,Z;)2 (¢ = I,k) are the positive weighted
j=1 j=1

distance and negative weighted distance of alternative z;. py = max{0,(S;" — S;")} and pf, =
max{0, (S, — S, )} are the positive and negative preference coefficients.
The consistency-order and inconsistency-order are defined to derive two equivalence classes

( [zk)p.,, and [zg]p,,...) and corresponding conditional probabilities, as follows:

(2] Poon = {T1| (2 Peon1) V (21 Peonxi) V zk, 21 € X)}

, 114
[xk’]Pz’neon = {xl|($kpinconl'l) \ (xlpinconwk) Vg, T € X)} ( )
(ZZCLE[(L' ] Za)/#[zk]Pcon

Pr(X]|[zilp...) = .
(ZT&E[“%]PCO,L Za%/#[xk]}jcon'i_(Zzbé[zk]pmcon Zb) /#[xk}Pincon ] (115)
Zx x Zb /#[mk] incon
Pr(X|[k] Pieon) = e :

(Zz‘ae[zk]Pcon Za) /#[:Ek]Pcon—"_ (Zzbe[mklpincon Zb) /#[zk]P

According to Table 1.2 and regret theory, we derive nine extended loss functions as follows:
Npp = Xfpr (Nt — NEp) +NEip e (V= AR = 03

N = A (A, \BE Y ARk L (N ARk ) — 95, G 1 — e=0nonSE

Xarp = Ak pr Ak, — A ) \RE (K, — Ak ) — 957 1 — e=0nSk 41 — e=0n(1=0m)5y
Xpy = Mkpr(Aik, — Ak Y AR (AR \RE ) — 95, 41 — e=0n(1=0m)Sk 41 — =0k ;
Ny = N+r My — N - NS OV, — M) = 2008 1 — e

—hk
ANN = M+ (AR — M)A+ My — M) = 0.

Table 1.2: The relative loss functions provided by ey,.

Actions X (P) - X(N)
ap Nk, =0 Ak = ji wid(Ziy, Z;)’
ap Mk, = oy, ]i w;d(Zy;, ZJ.*)2 Mk = oy, Jil w;id(Zy;, Z;)z
ay Ak = f;led(zkj, ZH?: My =0
j=

Furthermore, the new regret simplified decision rules are obtained as follows:

(P3) If Pry(X|[xk]p,,,) = & and Pr,(X|[zk]p.,,) > Y, then z;, € POS™(X);
(B3) If Pry,(X|[z]p,, ) < o and Pry(X|[zx]p.,,) > ", then z;, € BND"(X);
(N3) If Prh(Xi[mk] %:") < 4" and Prh(X\[%] P“’"hl < Bh%, then x;, € NEGM(X);

ko~ —hk  ~hk
where /% = RE éiN_AB}% ik 'th = =hk i\zIZN_)\N}]X RE L) /Bhk = —hk t%N_ANhIZ ye
~ ~h ~ ~hk | < < ~h ~hk | = ~ ~ ~<h .
(Apn—ABN)+(ABp—App) ApN—ANN)T(ANP—ApPP) (ABN—ANN)+T(ANP—ABP)

The journal article associated to this part is:

H. Wang, Y. Ju, P. Dong, A. Wang, F. J. Cabrerizo, Preference-based regret three-way
decision method on multiple decision information systems with linguistic z-numbers, Information
Sciences 654 (2024) 119861. DOI: https://doi.org/10.1016/j.ins.2023.119861.
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6.3 The research on the combination of group consensus and multi-criteria
3WD models

The research on the combination of group consensus and multi-criteria SWD models mainly includes
the Three-State 3SWD (TS3WD) model and the consensus feedback mechanism.

The TS3WD model includes three states 2 = {C’, 6, 6} and three actions A = {ap,ap,an}.

C, C and C represent that an object x; is the consensus state, the uncertainty state and the conflict
state, respectively. ap, ap and ay stand for acceptance, delay and rejection actions, which are
denoted as z; € POS(C), z; € BND(C) and z; € NEG(C), respectively. For an alternative-expert
pair (z;, ex,) consisting of alternative z; and expert ey, Pri(C|[zi]), Pri(C|[z;]) and Pry,(C|[z;]) are
the conditional probabilities of the three states of the alternative-expert pair (z;,ex), which can
be obtained that Pry(C|[z;]) = S, Pri(Cl[z]) = F} and Pri(C|[z;]) =1 — Si — F} based on the
consensus set pair probability space. The extended loss functions Aes(® = P,B,N;o = P, B, N)
are denoted to measure the losses of taking three actions. App, Agp and Ay p represent the losses
taking actions ap, ag and ay when x € C. App, Agp and Ay denote the losses taking actions
ap, ap and ay when x € C. Apns Ay and Ay denote the losses taking actions ap, ap and ay
when x € C. A reasonable assumption is considered in the TS3WD model: 0 < App < Agp < ANP
and 0 < Ayny < Apny < Apy. When determining the optimistic extended loss functions, the loss of
taking action ap is less than the loss of taking action ay if x € C~', then 0 < App < App < AnB
is assumed. Similarly, 0 < Agp < Ayp < App is considered when determining the pessimistic
extended loss functions.

The expected extended loss functions Ry (ae|[z;]) of taking three actions for expert e, under
alternative x; can be calculated as:

(1) Ri(ap|lzi]) = AppPri(Cl[zi]) + AppPri(Cllwi]) + ApyPre(Cl[z]);
(2) Ri(aglzi)) = AgpPri(Clla:]) + AppPri(Cllx:]) + A g Prr(Cllx:));
(3) Ri(an|[zi]) = Ay pPri(Clla:]) + Ay gPri(Cllwi]) + Ay yPri(Cllai)).

Table 1.3: The classification results for POS(zf), BND(z!) and NEG(zt).
Cases  Nonempty number POS(z!) BND(z!) NEG(z!)

Case 1 3 nonempty nonempty nonempty
Case 2 2 nonempty nonempty 0
Case 3 2 nonempty 0 nonempty
Case 4 2 0 nonempty nonempty
Case 5 1 nonempty 0 0
Case 6 1 0 0 nonempty
Case 7 1 0 nonempty 0

Given the the identity degreeS¥ € [0, 1], the discrepancy degree FF € [0, 1], and the contrary
degreeP* € [0,1] of expert e, under the alternative z;, the TS3WD decision rules (P4)-(N4) are
listed as follows:

i ()‘ —Asp=ApntApN) i i~ Qpp=AnptANn—Apn) pi ,
;P(jé’(g)s App—Apptipn ABN)F taend 5 > )‘NP*/\PPJF/\PN*)‘NN)F]“ +, then (zi;ex) €

(34) If Sz Apg—2Agp— )\PN+)\BN)FZ + o and S]zf > (ABB*)\NB+)\NN*§BN§F£ + B3, then (l'iyek) c

(/\BP PP+)‘PN_)‘BN) - ANP_)‘BPJ'_)\BN_ NN
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BND(C);

i P A y i Agg—A Av v —A i
(N4) If S} < GRASNERNSREAN L+ 7 and S| < QUM+ B, then (x4 €
NEG(C).

Based on the principle of minimum opinion adjustment, a consensus adjustment model for all
experts belonging to NEG(z!) in the tth iteration is proposed to obtain the opinion modifications
under all criteria. Considering that the minimum opinion modifications, the main idea of the model
is to modify opinions of experts in the conflict state under alternative x; according to the opinions
of experts in the consensus state, in which the experts modifying the opinions would be divided
into the consensus state in the next iteration. The model is as follows:

mmZ 1w]( _mfj)z
1+ 061 + 002, mfj—m?] <7
ujj(er,en) = ¢ 0+ 161 + 052,71 < ‘m’“ i=12,...n
0+ 081 + 189, |mf; — mls| >
1+ 001 + 08y, [mf; —mly| <7
uij(€g,en) =< 0+ 181 + 062,71 < ‘mfj —mh j=12..,n (L16)
s.t. 0+ 06y + 189, |mf; —mly| > 7

&g

)

F

aQ

=
SN—

Il
=

uil(ek, eh), uig(ek, eh), e um(ek, eh)) y
Ui1(€k, €n), Wiz (€, €R), vy Win(Eks 1))

(€ks €o(1)), Uil€hs €o(2)); -+ i€k, Ep(ety) ) 5
uiey) = f ui(é )
er € POS(x! 1)
| Vey € NEG( ) Veo() € POS(z )

—~

ks eo(l))7 ui(ékv 60(2) PREEE ui(ék7 eo(gg)) )

According to the number of nonempty regions, all possible classification results for three
regions POS(zt), BND(z!) and NEG(z!) are listed in Table 1.3. The seven cases are assigned
seven different consensus feedback rules for two regions BN D(z!) and N EG(z!), as shown in Table
I.4.

Table 1.4: The consensus feedback rules for BN D(x!) and NEG(z!).

Cases The adjustment strategy for BND(z!) The adjustment strategy for NEG(z!)
Case 1 Classify again in next iteration Adjust opinions toward POS(x?)

Case 2 Classify again in next iteration No adjustment

Case 3 END Adjust opinions toward POS(x!)

Case J Classify again in next iteration Adjust opinions toward POS (xf_l)
Case 5 END END

Case 6 END Adjust opinions toward POS(z!™1)

Case 7 Update the coefficients and classify No adjustment
again in next iteration

The journal article associated to this part is:

H. Wang, Y. Ju, P. Dong, P. Maresova, T. Ju, E. Herrera-Viedma, Multi-criteria sequen-
tial three-state three-way decision consensus model based on set pair analysis theory, Information
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Sciences 661 (2024) 120199. DOI: https://doi.org/10.1016/j.ins.2024.120199.

6.4 The application of GDM methods in energy internet project evaluation

To study the application of GDM methods, we mainly focus on the energy internet project evalu-
ation with FLEs based on MGCRS.

For the EI project evaluation problem, E = {ej,ea,...,ex} is the set of experts, and V =
{v1,v9, ..., vk } is the set of experts’ weights. B = {by, ba, ..., by, } is the criteria set of EI projects, and
the criteria weight set is W = {Wy, Wa, ..., W,,,}. There are n EI projects X = {1, x9,...,z,} to be
evaluated. Experts express their preference through providing linguistic terms set L = {lo, 11, ..., [}
with symbolic proportions, i.e., FLEs. The evaluation matrix provided by expert e; using FLEs is
Mk = (m ZJ)nxm, where mfj is an FLE provided by expert e over the EI project z; under criterion
b;. The transformation between FLE and cloud model is shown as follows:

- T |-
) D ie Z}nﬂ Z d(cfjv C*) * pgj +>0 Z;ﬁ:1 p I p;fj - ng
min
mn
T -
( D1 pfj =1
0<pj; <1
1 —~t —~t —~t
d(ofy Cij) = \/2((E1‘§] — Bx;;)? + (Enf; — Eng;)? + (Hegj — He;;)?)
Eay, —3Eng—9Efefj >0
En > 3He
3En >yl (L.17)
s.t.

E:n —|—3En <UU
En >0En >0He >0

Zt 1E$ *pz]
— T —~t 2 o
He;; = P (Heij) * Dij
1=1,2,...,n;5=1,2,....om

To determine weights of criteria using Shannon entropy method, we design the following
steps:

Step 1. Normalize the collective interval-cloud matrix by calculating h;; and El-j.

c.. _ C..
Dic Cij >ic Cij

Step 2. Calculate the lower entropy 9; of h;; and the upper entropy g; of E@'j‘

1 n
g, = _mzz Chiinhgj=1,2,.m,
] - (1.19)



24 Chapter I. PhD dissertation

Step 3. Obtain the downward limit W ; and upward limit W ; of criteria weights.

W Sy /B (1.20)
Wi==m 7  vWiT<sm 4, ZvJ) = L4s e m .
Ty (l-g) ’ > a1 (1=g5)

J
Step 4. Calculate the average weight W; of criterion b;.

_ it W -
Wi= == ,J=1,2,...,m. (I.21)
> e W5+ W)

Based on the above methods, the weight set W = {W;, Wa, ..., W,,,} can be obtained by the

Shannon entropy method based on all evaluation matrixes using FLEs. After this, we define the
MCGRS:

Definition 6. Let (X, E, F, R, B) be a multiple decision-making cloud information system over two
universes and R7 € F(X x E)(j = 1,2,...,m) is the binary cloud relation between universe X and
E. Forany A€ F(E), e € E and x € X, the comprehensive multi-granularity lower approximation
EZ;L ri(A)(x;) and upper approzimation RZ;’; ri(A)(x;) of A with respect to (X, E, F,R, B) are
as follows:

Rzm 1R](A)(xi) W; eé\E max(N (R (zi,er)), A(er)), ; € X,

o (1.22)
RZ;’L ri(A)(x;) = W; eg/E min(R’ (z;, ex), Aler)), z; € X.

7=1

Furthermore, the approximation evaluation value Rym (A)(x;) of A for z; using MGCRS
j=1

over two universes is as follows:
RzﬁﬂRAAXm)ZHEngRAAX i) + (1 = 0)Bym gy (A)(zi), (1.23)

where 6 is the preference coefficient and 6 € [0, 1].

Finally, the reference cloud A = (Exa(FE),Ens(E),Hexs(FE)) is obtained by A =
>ty WG9, which is as follows:

Exs(E) = Z:; W, Ex?
Ena(E) = V > WilEn), (1.24)
HeA \/Zj_ H(:’]

where C7 = yC/* + (1 —4)C77,j = 1,2,...,m is the jth reference cloud ¢V = {C{,Cg, ...,C};}
under criterion b;(j = 1,2,...,m).

The journal article associated to this part is:

H. Wang, Y. Ju, C. Porcel, Energy internet project evaluation in circular economy practices:
A novel multi-criteria decision-making framework with flexible linguistic expressions based on multi-
granularity cloud-rough set, Computers & Industrial Engineering 201 (2025) 110890. DOI: https:
//doi.org/10.1016/j.cie.2025.110890.
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7 Discussion of results

This section mainly makes several discussions about the results obtained in all the mentioned stages
of this thesis.

7.1 The research on the group consensus evolution model in social trust net-
work

To describe the steps of our proposal in detail and illustrate the usefulness of our proposal, we have
applied the proposed model to two numerical experiments about supplier performance evaluation
and Zachary’s karate club, as shown in Fig. 2. The two case studies demonstrate the effectiveness
of incorporating opinion reliability into the opinion evolution process. In the supplier evaluation
case, reliable experts influenced the convergence path, helping to avoid blind adjustments and
encouraging selective opinion revisions. Expert reliability showed a consistent upward trend and
eventually stabilized as a consensus was reached. In the Zachary’s karate club case, the group
achieved consensus rapidly, driven by the reinforcement of opinion similarity and trust through
the evolving network. The initially subjective and divergent reliabilities were effectively corrected
by the structure of the social network, which enhanced both opinion alignment and convergence
speed. These results confirm that integrating opinion reliability into social network dynamics not
only improves decision quality but also accelerates the CRP.

e
x
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03

Opinion evolution process
Opinion evolution process
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01y 0.1}

(a) The opinion evolution process about supplier per- (b) The opinion evolution process about Zachary’s
formance evaluation. karate club.

Fig. 2: The numerical experiments.

In addition to the numerical experiments, we have conducted comparative simulations on
Erdos-Renyi (ER) [Gil59] and Watts—Strogatz (WS) [WS98] random networks and parameter sen-
sitivity analyses (including p, Rx, and Sm*) to further verify the applicability and robustness of the
proposed model. The results demonstrate that the proposed model can consistently achieve group
consensus across different network structures, confirming its generalizability. Compared to tradi-
tional HK models, the extended HK model produces compromise solutions that balance opinion
similarity and reliability, avoiding over-reliance on a few experts. Moreover, simulation experi-
ments reveal that while increasing the opinion similarity threshold contributes to convergence, the
impact of the reliability threshold is more significant and consistent. A higher reliability threshold
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restricts excessive opinion modification, improving the stability of the convergence process. These
findings highlight the importance of carefully selecting model parameters to ensure both conver-
gence efficiency and realistic consensus outcomes. The conducted comparative analysis confirms
the advantages and innovation of our model in the context of SNGDM. Unlike previous methods
that overlook opinion reliability, our approach incorporates it alongside similarity and centrality
in trust estimation, while clearly distinguishing between social and trust networks. By integrating
a dynamic feedback mechanism with an extended HK model, our framework enables more realis-
tic and flexible consensus building. These improvements promote robust convergence and reduce
the impact of unreliable or overly dominant experts, addressing key gaps in existing trust-based
consensus models.

7.2 The research on the construction of a preference-based multi-criteria 3WD
model

In this study, we have conducted a comprehensive sensitivity analysis to investigate the impact of
risk avoidance and regret aversion coeflicients on the outcomes of the 3WD model. The results
reveal that both parameters significantly influence the classification outcomes. From Fig. 3, as the
risk avoidance coefficient increases, experts tend to make more decisive judgments, resulting in a
larger number of tasks being assigned to the positive (POS) and negative (NEG) regions, and a
smaller number falling into the boundary (BND) region. This indicates that a higher level of risk
aversion encourages experts to reduce ambiguity. Conversely, when the risk avoidance coefficient is
low, more tasks are classified into the BND region, reflecting a more cautious or uncertain stance.
In terms of regret aversion, we observed that, under the 3WD setting, an increase in the regret
aversion coefficient leads to a higher average & and a lower 3, thereby expanding the BND region.
In the 2WD scenario, however, the regret aversion coefficient primarily affects the single threshold
7, exerting only a limited influence on the classification. These findings highlight the critical role
of parameter tuning in ensuring reasonable and interpretable decision outcomes.

5 = 0.6

‘ wNEG'(X)

mBND'(X)

mPOS (X)
0 0.4 0.6 0.8

LNEG(X)
mBND*(X)
mPOS?(X)

The number of three regions
c - N oW B v oo

The number of three regions

ONEGH(X)
mBND3(X)
mPOS?X)

ONEG!(X)
mBNDY(X)
mPOSHX)

The number of three regions
S - N ow & v oo

The number of three regions

Fig. 3: The results under different risk avoidance coefficients oy,.

In addition, we have also carried out a comparative analysis to assess the influence of expert
preferences on decision results. By keeping the evaluation matrix constant and altering only the
preference matrices, we observed significant differences in classification. For example, expert eq,
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under a revised preference set, categorized all tasks as unsuitable for computer-only recognition,
whereas expert es assigned a greater number of tasks to human-computer collaboration. These
results illustrate the sensitivity of the proposed regret-based 3WD model to preference information,
confirming its ability to effectively capture the subjective tendencies of different experts in multi-
expert decision-making scenarios. To further validate the robustness of our method, we have
compared its performance with five classical MCDM methods, including variants based on TOPSIS,
GRA, VIKOR, and Weighted Averaging Aggregation (WAA) methods. Despite methodological
differences, the ranking outcomes showed a high degree of consistency. Notably, all six methods
identified alternative x4 as the best option. The Spearman’s correlation coefficients between our
model and the others all exceeded 0.82, indicating a strong agreement in ranking results. This
confirms the reliability and stability of the proposed approach.

In summary, the proposed preference-based regret 3SWD model demonstrates several theo-
retical and practical advantages. First, it directly utilizes LZNs to represent expert evaluations,
avoiding information loss caused by conversion to other fuzzy number types. Second, the integration
of the Z-LINMAP method allows for the coherent fusion of preference and evaluation information,
improving the realism of weight and probability calculations. Third, the model incorporates regret
theory to construct regret-based relative loss functions, thus capturing the psychological behaviors
of experts more accurately. Finally, the model supports both classification and ranking under Mul-
tiple Decision Information Systems (MDISs), making it a versatile and effective tool for complex
decision-making problems.

7.3 The research on the combination of group consensus and multi-criteria
3WD models

To validate the effectiveness of the proposed model, extensive numerical experiments have been
conducted using the Ecoli and Iris datasets from the UCI repository. The results demonstrate
the model’s ability to simulate expert opinion adjustments and capture consensus dynamics under
various decision conditions. In the Ecoli dataset, expert opinions were frequently adjusted for all
thirteen alternatives, with a clear distinction between positive and negative directions. This illus-
trates that the model can effectively guide experts toward consensus. For alternatives such as x3, xg,
T10, and x13, more experts adjusted their opinions positively, indicating alignment in evaluation,
while other alternatives showed dominant negative adjustments, reflecting divergence. The Iris
dataset further confirms the model’s flexibility through sensitivity analysis. As the consensus co-
efficient 71 increases, the number of alternatives classified into the positive region increases, while
those in the boundary region decrease, highlighting that a looser consensus condition facilitates
agreement. Meanwhile, the conflict coefficient 79 plays a crucial role in distinguishing experts with
strong disagreements, as it influences the size of the negative region. The interaction between 7|
and 7o offers decision-makers a flexible tool to balance between coarse- and fine-grained consensus,
depending on expert willingness and confidence levels.

A comparative analysis with three existing 3WD methods has been applied to the Breast
Cancer dataset shows that our model achieves superior performance, as shown in Table I.5. Our
method requires fewer iterations to reach consensus and yields a lower deferment rate and higher
comprehensive score, indicating faster convergence and better decision quality. Furthermore, theo-
retical comparison reveals that our approach uniquely integrates MCDM and S3WD theory while
classifying expert—alternative pairs instead of single entities. This finer granularity enhances the
model’s ability to localize disagreement and guide targeted adjustments.

In summary, both the numerical and theoretical results validate the robustness, adaptability,
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Table 1.5: Performance comparisons of our proposal and the existing 3WD methods.

Methods Tterations Averagizizferment comAp‘Jfrzignesive
score
Classic 3WD method [Yao10)] - 0.8558 0.7853
S3WD-HK method 5 0.1547 0 .8928
Wang et al.’s [WLL22] method 5 0.1473 0.8952
Our proposal 3 0.1450 0.8971

and superiority of the proposed model in handling multi-expert decision-making scenarios with
uncertain and dynamic consensus behavior.

7.4 The application of GDM methods in energy internet project evaluation

The proposed MCDM framework provides a substantial theoretical advance in the circular economy
practice. First, a new method for transforming discrete FLEs into continuous cloud information
enhances the management of uncertainty by transforming discrete data into a continuous format,
allowing for a more nuanced and precise integration of assessment criteria. This theoretical advance
contributes to a deeper understanding of how various EI projects impact sustainability, leading to a
more accurate representation of their contribution to circular economy. Secondly, with the support
of the Shannon entropy method, a tailored evaluation index system is developed to expand the
theoretical framework for evaluating the different impacts of EI projects. By using this approach
to assign appropriate weight to assessment criteria, the framework ensures that assessments reflect
the multifaceted nature of green innovation and sustainability in the circular economy. This theo-
retical refinement improves the ability to capture the effectiveness of projects in improving energy
efficiency and achieving sustainable development goals. Finally, the application of MGCRS and
integrated multi-granularity approximations has introduced significant theoretical advances to the
decision-making process. This approach provides a powerful mechanism for ranking and optimiz-
ing EI projects by managing ongoing cloud information. The use of optimistic and pessimistic
MGCRSSs in both areas can improve the accuracy and reliability of project evaluations. In theory,
this innovation provides a more precise and practical basis for optimizing energy grid connections,
thereby supporting the circular economy and advancing energy integration. Totally, these theo-
retical contributions collectively strengthen the understanding and evaluation of green innovation
and circular economy by improving uncertainty management, refining evaluation frameworks, and
advancing decision-making methods.

The proposed MCDM framework highlights several key managerial implications for the
circular economy:

(1) Improved decision-making under uncertainty. The framework transforms fuzzy linguistic eval-
uations into continuous cloud information, helping managers better assess circular economy
projects under uncertain conditions such as market fluctuations or material availability. This
supports scenario-based planning and risk-informed decisions.

(2) Comprehensive evaluation of impacts. By covering grid technology, green energy, and com-
posite benefits, the evaluation system ensures well-rounded project assessment. It allows
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decision-makers to balance technical, environmental, and social factors, improving alignment
with circular economy goals.

Prioritization of high-impact projects: The MGCRS method enables precise ranking based on
energy efficiency, carbon reduction, and resource use. It helps identify projects with strong
sustainability potential, guiding investment toward initiatives with the greatest long-term
impact.

Efficient resource allocation. The framework highlights which EI projects best meet circular
economy objectives, ensuring that funding and support are directed to the most effective
solutions. It also helps reduce investment risk and promotes low-carbon transformation.

Actionable insights for implementation. The framework turns complex data into practical
strategies, helping managers adjust projects based on real-time feedback. This supports
continuous improvement, better resource use, and long-term project sustainability.
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8 Conclusions

In this section, we present the results obtained from the research carried out during this Ph.D.
dissertation. The primary goal of this thesis is to advance the field of GDM by integrating CRP
with multi-criteria SWD models. In addition to the theoretical advancements, the proposed models
have been applied and validated in real-world contexts, thereby enhancing both the methodological
foundation and practical utility of GDM. The research results obtained in this thesis are described
as follows:

The first topic has focused on the evolution of group consensus in social trust networks
by introducing opinion reliability into opinion dynamics. We have developed a novel SNGDM
framework that incorporates expert reliability into both trust propagation and opinion aggregation
processes. Opinion reliability has been quantitatively defined using stability similarity and weighted
similarity, reflecting individual consistency and alignment with others’ views. These reliability
measures have been integrated into an improved trust mechanism and an extended HK model
to better simulate the opinion evolution in real-life networks. This approach has allowed us to
avoid over-reliance on high-weight but potentially biased leadership opinions, and to highlight
the value of grassroots expert contributions. Simulation analyses have confirmed the framework’s
effectiveness and parameter sensitivity, supporting its applicability in practical decision scenarios
such as production planning.

The second topic has addressed MCDM problems with uncertain and preference-driven in-
formation by proposing a preference-based regret 3WD model under LZNs environments. We
have introduced the Z-LINMAP method to determine criteria weights while capturing individual
preference coefficients. Two preference-based equivalence classes have been defined to derive condi-
tional probabilities, allowing the model to reflect preference differences across experts or datasets.
Additionally, regret loss functions based on regret theory have been constructed to capture psy-
chological behaviors such as regret and rejoice. This framework has been applied to classification
and ranking problems in MDISs, especially in image recognition tasks. Sensitivity and comparative
analyses have verified the model’s wider applicability and stronger psychological realism compared
to existing 3WD methods.

The third topic has explored consensus reaching in a multi-criteria sequential three-state
3WD context by proposing a new consensus model based on SPA theory. We have constructed a
consensus set pair probability space to distinguish experts with different levels of consensus, and
proposed a TS3WD model that extends the classic two-state framework. Based on SPA, we have
derived complete and simplified decision rules using extended loss functions, which can reduce to
traditional models when necessary. Furthermore, we have designed a sequential consensus feed-
back mechanism that enables non-consensus experts to adjust their opinions dynamically through
coefficient-based strategies. Seven different adjustment cases have been tested to demonstrate the
model’s effectiveness in supporting adaptive and iterative consensus processes.

The fourth topic has enhanced the practical application of GDM models by proposing a
fuzzy linguistic MCDM framework for the evaluation of EI projects. Using FLEs and MGCRS, we
have built a model to address both discrete and continuous uncertainty in sustainable project eval-
uation. This framework incorporates sustainability and circular economy indicators into a tailored
evaluation index system, helping managers prioritize projects that contribute most effectively to
resource efficiency and sustainable transformation. The proposed model has facilitated the con-
version of complex evaluation data into actionable strategies, supporting informed investment and
policy decisions in industrial sustainability planning.
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In summary, this dissertation has made meaningful theoretical and practical contributions
to GDM by developing integrated models that combine CRP with multi-criteria 3WD approaches.
By incorporating social influence, opinion reliability, psychological factors, preference information,
and sustainability considerations, the proposed methods enhance the realism, flexibility, and ap-
plicability of GDM frameworks. Validated through simulations and real-world applications, these
models provide effective tools for addressing complex and uncertain decision problems across diverse
domains.



32 Chapter I. PhD dissertation

9 Future works

Although we have done some research on the integration of CRP and multi-criteria 3WD in GDM,
there are still promising avenues for future research. In this section, we propose three poten-
tial directions that align with the core concepts of consensus and 3WD theory, focusing on their
combination and diversified applications.

9.1 The consensus models in complex social networks

The first important research direction in the future is to expand the CRP model by integrating more
complex social network structures and multilingual environments. The current consensus models
mainly focus on structured social networks, in which the relationships among experts are stable and
homogeneous. However, social networks in the real world are often dynamic and heterogeneous,
with varying levels of opinion reliability and constantly fluctuating social relationships.

Therefore, it is crucial to develop models that can consider the reliability of opinions in
more diverse network topologies, such as random networks or scale-free networks. Furthermore,
integrating language variables into the consensus model will enhance the model’s adaptability
to the multilingual decision-making environment. Further research can focus on exploring the
dissemination of opinions in random networks, including how the reliability of opinions affects
the evolution of consensus. Another promising direction is to explore the spread of rumors in
a consensus environment, emphasizing the impact of reliable information dissemination. These
advancements will enhance the robustness and applicability of consensus models in the real-world
social decision-making environment.

9.2 The 3WD and TS3WD models for heterogeneous information systems

The second research direction focuses on improving the SWD and TS3WD models for handling
heterogeneous and incomplete decision information systems in MCGDM problems. In practical
applications, especially in large-scale decision-making scenarios, decision-making information is
often inconsistent and incomplete, which poses a challenge to reaching the reliable group consensus.

Future research can be dedicated to developing adaptive multi-criteria 3WD and TS3WD
models, integrating the determination of subjective and objective criterion weights. This involves
exploring methods that combine expert judgment with data-driven criterion weight estimation,
thereby enhancing the flexibility of the model. Furthermore, the integration of heterogeneous in-
formation fusion methods to unify decision-making systems with different information structures
remains a key challenge. Exploring the mechanism of dynamically adjusting the consensus coeffi-
cient based on historical decision-making data will also provide valuable insights for optimizing the
consensus process. Addressing these challenges can significantly expand the practical usability of
the 3WD and TS3WD models in GDM.

9.3 The application of integrated consensus and 3WD Models in real-world
scenarios

The third research direction is to explore and develop the application of integrated consensus models
and 3WD models in various real-world decision-making scenarios. The effectiveness of combining
the consensus process with 3WD has been confirmed in theoretical models. However, there is still
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great potential to transform these models into practical applications, especially in areas where
group consensus is crucial under uncertain and conflicting information.

The assessment of sustainable energy projects is a promising application field. In this field,
the combination of consensus models and multi-criteria 3WD methods can optimize project selec-
tion by balancing environmental, economic, and social factors. Furthermore, in social commerce
and online platforms, analyzing user-generated content and emotions through consensus-based 3WD
models can enhance the accuracy of recommendations, as this approach can take into account both
the diversity of user preferences and the dynamics of viewpoints.

Furthermore, the study of the integration of consensus coefficients and conflict coefficients in
real-time decision support systems will provide practical and feasible solutions for adaptive consen-
sus construction in dynamic environments, such as policy decision-making, collaborative filtering
in e-commerce, and strategic planning under uncertainties. By focusing on these applications, fu-
ture research can bridge the gap between the development of theoretical models and their actual
deployment.
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Abstract

Opinion dynamics play an important role in the consensus reaching process (CRP) when tackling
social network group decision making (SNGDM) problems. Opinion reliability can be regarded as
an important characteristic of expert to indicate the reliability of experts’ opinions in social trust
network. However, it has rarely been considered into the opinion evolution process in SNGDM. To
explore the impact of opinion reliability on group consensus reaching, a SNGDM framework with
opinion dynamics considering opinion reliability is proposed in this paper. Firstly, opinion reliability
of experts in social trust network is defined, and the comprehensive trust degree based on the social
network structure and individual characteristic is proposed. Secondly, trust propagation and aggregation
mechanisms are designed to obtain the social trust matrix. Thirdly, considering opinion similarity and
opinion reliability, social network evolution rules and opinion evolution rules based on the extended
Hegselmann-Krause (HK) model are presented. Finally, the proposal is applied to two numerical
experiments about supplier performance evaluation and Zachary’s karate club, and the simulation and
comparison analyses are provided to demonstrate the convergence and illustrate the feasibility and
effectiveness of the proposed model.

Keywords: Opinion reliability, Group decision making, Opinion dynamics, Social trust network

1. Introduction

The development of digital transformation has increased the complexity of decision-making
problems in the real world, which makes it more difficult for a single decision maker to get a reliable
solution. To overcome this challenge, group decision making (GDM) has attracted widespread attention,
as it can deal with complex decision-making environment effectively [1-4]. Usually, multiple experts
with different backgrounds are involved in decision-making process to provide their opinions for a

set of alternatives, and the best alternative is finally selected based on the wisdom of crowds [1, 5-7].

*Corresponding author.



Generally, GDM process is divided into two steps: the consensus reaching process (CRP) and the
selection process. CRP is necessary to motivate individuals to adjust their opinions for improving
the group consensus, where individuals negotiate with each other to get a reliable group consensus
solution. In the previous literature, a series of CRP models have been proposed [3, 4, 8—10], which can
be divided into two categories from the perspective of the feedback mechanism: (i) With feedback
mechanism: some CRP models incorporate the feedback mechanisms guiding experts to modify
opinions to realize the group consensus [11-14]. (i1) Without feedback mechanism: other CRP models
only apply the designed mechanisms that automatically update opinions without considering human
intervention [ 15—18]. The former pays more attention to the behavior and psychology of experts, while
the latter focuses on automation of feedback mechanisms considering budget constraints. Obviously,
CRP models with feedback mechanism are more appropriate to solve practical GDM problems.
With the increasing complexity of decision-making problems, more and more individuals are
involved in GDM problems. Meanwhile, social media like Facebook, WeChat and Twitter strengthens
the communication between individuals, which leads to more rapid and complex interactions among
individuals, further generating the social network group decision making (SNGDM) problems [19—
23]. In SNGDM, individuals tend to negotiate with their friends or neighbors based on their trust
relationships. Therefore, individual relationships can be regarded as key factors to influence the
final solution. Dong et al. [24] have summarized the CRP paradigm for trust relationships where
trust propagation and trust aggregation are regarded as two critical steps. Most researchers estimated
unknown trust value using t-norm operator [25—27] or product method [22, 28]. Some studies developed
CRP models based on trust relationships with unknown trust values [29, 30]. However, the existing
literature about trust relationships ignored that the opinion reliability is an important source of trust
relationship, which should be considered when estimating the trust values. From the perspective of
social network characteristics [27, 31-34], there are two kinds of CRP models in SNGDM problems:
(i) CRP models in static social networks [27, 28] and (ii) CRP models in dynamic social networks
[35-38]. Actually, the social networks change dynamically so that CRP models in dynamic social
networks have been extensively studied [24]. To conquer the complexity of dynamic social networks,
opinion dynamics are widely developed which is regarded as a common and useful tool to solve
SNGDM problems [39], which are often used to describe the opinion evolution process for a group of
individuals about decision-making problems [40]. Many well-known opinion dynamics models have
been proposed: (i) Continuous models: the French model [41], the DeGroot model [42], the Friedkin
and Johnsen model [43], the Deffuant-Weisbuch (DW) model [44, 45] and Hegselmann-Krause (HK)
model [46]. (ii) Discrete models: the Ising model [47], the Sznajd model [48], the voter model [49-51]

and the majority rule model [52-55].



Most prior studies about SNGDM problems assume that experts are completely reliable, where
the reliability of expert has rarely been considered. Although system reliability has been widely
considered into industry and engineering domains to improve the safety and robustness of system,
human reliability analysis is still a new topic by incorporating human factor into the reliability analysis
to mitigate the human errors [56]. Fu et al. [57] claimed that reliability of experts in GDM problems
is different from that in human reliability analysis and proposed the definition of expert reliability
in multiple attribute group decision analysis. Furthermore, Xue et al. [58] presented a CRP model
based on expert reliability proposed by Fu et al. [57]. Liu et al. [5S9] measured the expert reliability
combining the similarity degree and the hesitate degree based on Dempster—Shafer evidence theory.

Although previous studies have made significant contributions on SNGDM problems, there are
still some research challenges as follows:

(i) Reliability is an important characteristic of experts in SNGDM problems. However, most
previous researchers rarely consider the reliability of experts, or simply assume that all experts are
completely reliable. In reality, reliability of experts may significantly affect the opinion evolution
process, which needs to be further explored in SNGDM problems.

(i1) Most SNGDM studies assume that trust values between experts in social networks are provided
by experts. However, unreliable experts may not accurately quantify the trust values due to the impacts
of subjective and objective factors, which may lead to unreasonable predefined trust values given by
experts. Therefore, it deserves to explore how to obtain the trust values and derive the complete trust
matrix and weights of experts in social network accurately when considering the opinion reliability.

(ii1) In CRP, experts are more willing to accept opinions of the experts they trust, which can be
affected by opinion dynamics. The existing models paid little attention to the evolution of social
networks and ignored the characteristic of experts like opinion reliability, which needs to be further
extended using opinion dynamics.

Motivated by the above research gaps, a GDM framework with opinion dynamics in social trust
network considering opinion reliability is developed. The main contributions of the proposed model
are listed as follows:

(1) Opinion reliability of experts is proposed based on stability similarity and weighted similarity,
which is measured from the perspective of individual and others, respectively. The stability similarity
reflects the stability of experts’ opinions from the perspective of individual, and the weighted similarity
reflects the opinion closeness between the expert and reliable experts from the perspective of others.

(i1) Trust propagation and aggregation in social networks based on opinion reliability is considered
in opinion evolution process. The comprehensive trust degree is derived from the characteristics

of experts and social network structure. Considering the propagation efficiency affected by opinion



similarity, we improve the T-norm aggregation operator, and further propose a trust aggregation
optimization model considering the number of mediators to obtain the complete trust matrix and
weights of experts.

(iii)) A novel GDM framework of trust propagation and opinion dynamics in social networks
is proposed. Opinion reliability is considered as an important factor affecting the social network.
Therefore, the connections of experts in social networks depend not only on opinion similarity but also
on opinion reliability of experts. Meanwhile, the extended HK model is proposed to design the opinion
evolution rules combining opinion similarity with opinion reliability of experts.

The research paradigm of this paper is shown in Fig. 1. The remainder of this paper is structured
as follows. Section 2 introduces the basic knowledge necessary related to graph theory, social network
analysis (SNA) and opinion dynamics. Section 3 proposes the definition and properties of opinion
reliability, and designs the trust propagation mechanism based on opinion reliability. Section 4 presents
a GDM framework of trust propagation and opinion dynamics in social networks. Section 5 provides
two numerical experiments to illustrate the usefulness of the proposed model, and the simulation
and comparison analyses are provided to illustrate the feasibility and effectiveness of the proposal in

Section 6. Finally, Section 7 presents the concluding remarks.
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Fig. 1. The research paradigm of the proposal.

2. Preliminaries

This section briefly introduces some basic knowledge necessary to develop and understand our

proposals, regarding graphs, SNA, the DeGroot model, the DW and HK models.

2.1. Graph theory

In GDM problems, individuals tend to be dependent on each other, and there may exist trust or

distrust relationships between them. Generally, individuals and the trust relationships between them



can be essentially demonstrated by graph theory. The basic definitions and notations regarding graphs
are provided as follows.

Definition 1. [53] A directed graph is denoted by G(V, E), where V = {v{,v,, ..., ¢} is a set of finite
nodes, and E = {(v;,v;)|lv;,v; € V;i # j} denotes the ordered edges connecting two nodes. In this paper,
the sets V and E are assumed to be finite and V is assumed to be nonempty.

Definition 2. [53] The adjacency matrix of G(V, E) is denoted by A = (a;;)ix- ai;j = 1 indicates that

there is an edge from v; to v;, and g;; = 0 indicates that there is no edge from v; to v;, i.e.,

1,(Vl',Vj) e E
a;; = .
0,(vi,v)) ¢ E

Definition 3. [52] The indegree and outdegree of v; are denoted by d; and d;, respectively. The

k

indegree d; is defined as the sum of the incoming edges, i.e., d;; = 217

aj;, and the outdegree dv‘[ is
defined as the sum of the outcoming edges of v;, i.e., d, = Z'j‘.:l aij.

Definition 4. [53] In the directed graph G(V, E), a sequence of edges {(vi, Vi,)s (Vk;» Viy)s (Viys Viig ) +-es
(Vk,»vj)} 1s called a directed path from v; to v;, which is denoted as v; — v;.The length of the path

depends on the number of the edges in the directed graph.

2.2. Social network analysis

SNA [60] contains a series of structural approaches based on ties linking social actors to characterize
relationships between entities using the graphic imagery and mathematical models. SNA studies are
used to analyze the structure and location properties including centrality, prestige, structural balance
and trust relationships [61, 62]. The three main elements in a social network are represented as: set of
individuals, relationships between them and individual attributes. Therefore, we refer to important
network concepts in a unified manner using three representation schemes, which is shown in Table 1
[16].

Table 1
Three representation schemes in social networks [16].

Graph theoretical Sociometric Algebraic

I 1011 ViRv,, viRvy
01101 ViRvVs, V2R3
A=11 011 1 va2Rvs, v3Rv;
01010 3Ry, V3Rvs
00111 VaRV,, vsRv,




(i) Graph theoretical: the social network is viewed as a directed graph G(V, E), which consists
of the set of experts V = {vi,vs,..., v} and the set of edges E = {(vi,v)|vi,v; € Vii # j}. vi = V;
denotes that there is a relationship from v; to v;, which may be trust, distrust, conflict or communicate
relationships.

(i1) Sociometric: the adjacency matrix A = (a;;)ix« 1s used to represent the relationships among
experts V = {vy, v, ..., v¢}, which is called sociometric.

(ii1) Algebraic: this notation distinguishes several distinct relationships and presents the combina-

tions of these relationships.
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Fig. 2. Three types of relationships in social networks [16].

These representations show whether there is a direct relationship between experts. However, the
relationships between experts tend to be actually uncertain. To identify the uncertain relationship,
the indirect relationships between experts are considered in SNA. Considering the transitivity of
information, if expert v; trusts v, and expert v, trusts v;, then there may be an indirect trust from expert
v; to v; even though they do not know each other. Three types of relationships in social networks are
shown in Fig. 2 [33]. Taking the trust relationship for example, three kinds of trust relationships are
interpreted as follows:

(1) Direct relationship. As Fig. 2 (a) shows, there is an edge from expert v; to v;. Therefore, expert
v; has a direct relationship with v;, which means that expert v; trusts v; to some extent and may interact
with v; in the real life.

(11) Indirect relationship. As Fig. 2 (b) shows, there is no edge from expert v; to v; but expert v;
can establish a connection with v; through many mediators {vy,, v, Vk;» ..., W, }. Therefore, expert v;
has an indirect relationship with v;. Even though experts v; and v; may not know each other, a reliable
relationship from expert v; to v; can be established by some direct relationships among these mediators.

(111) Irrelevant. As Fig. 2 (c) shows, there is neither a direct relationship nor an indirect relationship

6



from expert v; to v;. Therefore, experts v; and v; are irrelevant, which means that expert v; does not
trust v; and has no chance to communicate with v;.

Any social network contains at least one of three relationships, in which experts are identified as
nodes and relationships among them are considered as edges. A social network cannot be constructed
when all experts are irrelevant each other. Therefore, this case that all experts are irrelevant will not be
considered into in this paper. In this paper, the edges do not represent the trust relationships but the
communicate relationships between experts. In other words, the edge from expert v; to v; indicates that
there is a communication relationship between them, which does not reflect that expert v; trusts v;.

The reason is that people do not always trust someone with whom they interact in reality, but may
distrust or resist them to a certain extent. However, when individuals trust someone like a celebrity but
cannot communicate with them, the trust relationship does not propagate further in social networks.
Therefore, the communication relationships and trust relationships between experts are two necessary

conditions for trust propagation process in social networks.

2.3. Opinion dynamics

Individual will neither simply agree nor completely refuse others’ opinions in social networks,
but consider these opinions to some extent to update his/her own opinion. Generally, individual
opinions will evolve dynamically when they communicate with each other. Opinion dynamics are a
fusion process of individual opinions through interactions among a group of individuals, in which
continuously update and fuse their opinions through the fusion rules and reach a consensus, polarization,
or fragmentation in the final stage [61]. The general framework of fusion process in opinion dynamics
is shown in Fig. 3. The consensus opinion of a group means that there is a fused opinion remaining
unchanged over time [63]. Different continuous opinion dynamics models have been proposed to
model the opinion evolution process, such as the DeGroot model and the bounded confidence model

which are briefly introduced in the following section.
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Fig. 3. The general framework of fusion process in opinion dynamics.



2.3.1. The DeGroot model

The DeGroot model [42] is one of the classical opinion dynamics models, which refers to the
phenomenon that individual opinions will be influenced by opinions of different individuals with fixed
weights. The DeGroot model is defined as follows.
Definition 6. [42] Suppose that V = {v{,v,, ..., v} is a set of experts, and x; € [0, 1] is expert v;’s
opinion at time 7, where t € N. w;; € [0, 1] is the expert v;’s weight assigned by v;, and Z']‘.zl wi; = 1.

The expert v;’s opinion in the (z + 1)th iteration can be described as:

t+1 t t ro o
X7 = waxy FwpXy o wpx,i= 1,20,k =0,1,2, ... (D)

Eq. (1) can be equally written as:
X'=wxX,r=0,1,2,.. (2)

where the weight matrix is W = (w;;)i and the opinion vector at time 7 is X' = (x}, x5, ..., x})".

When W does not change over time, Eq. (1) or Eq. (2) is called the DeGroot model.

2.3.2. The bounded confidence models

Generally, the weight matrix W in Eq. (2) may change over time or with opinions. Individuals
may not accept other individual opinions completely, but consider these opinions in part and remain
some of their own opinions to form new opinions. The bounded confidence models assume that each
expert only communicates with some experts sharing similar opinions and ignores other experts with
completely different opinions. Therefore, the bounded confidence models including the DW model
[44] and the HK model [46] have been proposed.

In the DW model, two experts whose opinion distance is smaller than a threshold 7; will be chosen
randomly to communicate and update new opinions in each round. The updated rules for opinions x!*!

and x**!

""" of a pair of experts v; and v; are defined as follows:

il =ax+(1-a)x, o
1 P =12, ki# j;t=0,1,2,... 3)
I+

X

— t !
=ax’ + (I —a)x;

where « is a predetermined convergence parameter. The bounded confidence threshold 7, shows that
experts will exchange their opinions effectively with other experts who share similar opinions, and the
convergence parameter « reflects the degree to which experts reserve their opinions.

In the HK model, the updated opinion of expert v; is obtained by averaging opinions of neighbors



whose opinion distance with expert v; is smaller than a threshold 7,. The updated opinion x/*! is

denoted as follows:

t+1 _ 1

i t
;]|

X

Zx;,i =1,2,.,k;t=0,1,2, ... 4)

JEN!
where N! = {| |x§ - x;| < 15} is the confidence set and ||Nl’ || is the cardinality of the set N!.
The main difference between the DW model and the HK model is the ways of opinion fusion. The

former claims that whether a pair of individuals compromise with each other, while the latter holds

that individual opinions move towards the average opinions of their neighbors.

3. Trust propagation mechanism in social networks based on opinion reliability

In this section, a trust propagation mechanism in social networks considering opinion reliability
is proposed. Section 3.1 details the motivation for opinion reliability and proposes the definition and
properties of opinion reliability. The trust propagation and aggregation methods based on opinion

reliability in social networks are presented in Section 3.2.

3.1. Opinion reliability

3.1.1. Motivation for opinion reliability

In GDM problems, opinions of leaders with high status and power have greater impact on the
decision result due to larger weights assigned to them. Meanwhile, opinions of grassroots staff with
smaller weight and more expertise are not well considered. Taking a production planning GDM
problem as an example, four experts including general manager, manufacturing manager, purchasing
manager and workshop manager are invited to determine the optimal production planning for the
production workshop. The four experts belong to three management levels and are defined as vy, v,, v3
and vy, as shown in Fig. 4. Generally, the weights assigned to experts depend on power, status and
other factors. The higher the management level of an expert is, the larger the weight assigned to the
expert is. Therefore, we assume that the weights of four experts meet the condition: w;;wy=w3{wa,
i.e., wy is much higher than w,. Meanwhile, we assume that general manager is trusted by the other
experts, not vice versa. Manufacturing manager and purchasing manager trust each other due to the
same management level.

The general manager makes overall strategy by obtaining information mostly from the changing
market. General manager’s opinion will be affected by the changing market environment or competitors’
strategy, so that his/her opinion changes constantly and varies greatly. Therefore, general manager is
likely to make an unreasonable decision for the production planning due to lack of knowledge about

the actual capacity of the workshop. However, the change of workshop manager’s opinion may be
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Fig. 4. The example for the optimal production planning decision.

small and quite different from that of general manager. The workshop manager knows more about the
characteristics of the workshop due to the rich experience in the product manufacturing. Therefore, the
workshop manager is confident to determine the optimal production planning, such as product types
and quantities, which means that workshop manager’s opinion may be more reliable than those of
other three experts.

In the opinion evolution process, there are two possible situations for the production planning
decision:

(i) When there is a large opinion distance between general manager and workshop director: although
workshop manager trusts general manager, the workshop manager would reserve opinion more in
each round due to the high self-confidence level. Meanwhile, manufacturing manager and purchasing
manager not only trust general manager, but also trust each other. However, their self-confidence
levels are not as high as workshop director, so that their opinions will gradually move closer to general
manager’s opinion. In this case, the final opinions are likely to become polarized and the consensus
cannot be reached.

(i1)) When there is little difference between general manager’s opinion and workshop director’s
opinion: general manager with the larger weight is trusted by other three experts, causing that other
three experts’ opinions will converge towards general manager’s opinion. On the one hand, general
manager’s opinion will change greatly when the market trend or competitors’ strategy changes greatly,
resulting in the slow convergence of opinions or the failure to reach a consensus. On the other hand,
although opinions may evolve at a fast speed, the final stable opinion may be very close to the original

opinion of the general manager, which leads to the generation of unreliable opinions.
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Therefore, most studies have only considered the weights of experts or ignored the impact of
opinion reliability on making decisions, which caused the unreliable solution. Based on the above
mentioned, opinion stability of experts and communication with more reliable grassroots staff should
be taken into account in GDM problems. In this paper, we provide the definition of opinion reliability

and discuss the properties of opinion reliability.

3.1.2. The definition and properties of opinion reliability

Reliability is commonly defined as the probability that a product, system, or service will perform

its intended function adequately for a certain period [56]. In other words, the ability of a system
to operate in a defined environment without failure is called reliability. However, the definition of
reliability in engineering and mathematics is fundamentally different from that in human behavior,
which refers to the stability and validity of human behavior. Expert reliability tends to be mistaken
for the weights of experts in the existing studies. In GDM problems, the weights of experts mean that
the relative importance to other experts and the sum of weights is 1, that is, experts’ weights need
to be normalized. However, opinion reliability mainly depends on the individual themselves, which
should not be normalized. In general, the weight is often related to status, power and reputation of the
expert, while opinion reliability depends on the expertise, intelligence and experience of experts. The
definition of opinion reliability and the relative properties are as follows.
Definition 7. The opinion reliability of an expert at time (¢ + 1) in a group is defined as a combination
of the stability similarity and the weighted similarity. The stability similarity is the difference between
the experts’ opinions at time (¢ + 1) and at time . Meanwhile, the weighted similarity is the distance
between the expert’s opinion at time (z + 1) and opinions of other reliable experts at time 7.

The former indicates the stability of the expert’s opinion in the feedback mechanism, and the latter
similarity reflects the social acceptability of the expert by other experts in a group. Definition 7 shows
that reliability of an expert depends not only on the stability of the expert’s opinion, but also opinions
of other experts in this group. It is worth noting that the rumors may be also reliable for rumormongers.
This paper mainly considers the evolution of non-rumor opinions.

To describe quantitatively the opinion reliability in Definition 7, the two similarities are constructed
as follows.

Definition 8. The stability similarity S*! is denoted by the similarity between the opinion at time

(t + 1) and the opinion at time ¢ for expert v;, which is defined as

SH =1 -t = ¥l,i=1,2,..,kt=0,1,2,... (5)
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where |x/*! — x!| represents the distance representing the difference between x/*! and x'. The larger the
value S l’.“ is, the more similar the opinions of v; at time (¢ + 1) and time ¢ are.
Definition 9. The weighted similarity WS'*! between expert v;’s opinion at time (7 + 1) and opinions

of other reliable experts at time ¢ is denoted as

Wij

Wi
WS§+1:1—¢ > T = 1,2,k =0,1,2, 6)

JEHH={jIRT">r} jcqy

where H is a set of more reliable experts whose opinion reliability are not less than the reliability

threshold rx, i.e., H = { le;‘l > rx}, and ZW_’\L] is the normalized weight of expert v; assigned by experts

jeH
V.

Definition 10. The opinion reliability of x! provided by expert v; at time # is denoted as
Ri=6S!+(1-0WS,,i=1,2,..,kt=1,2,3,.. @)

where the adaptive coefficient 6 € [0, 1] represents the proportion of stability similarity S! to opinion
reliability. The larger the value 6 is, the greater the impact of experts’ opinion changes on opinion
reliability is. The initial reliability R? is determined by self-confidence value &; of v;.
Property 1. When x; € [0, 1], R! satisfies that:

(HO<R <1.

(ii) If expert v; do not modify his/her opinion in the rth iteration and the opinion is exactly the same
as opinions of the reliable experts in the (f — 1)th iteration, then R} = 1.

(ii1) If there’s the largest distance between the opinion of experts v; in tth iteration and opinions of
experts including H and v; in the (¢ — 1)th iteration, then R} = 0.
Proof. (i) When x! € [0, 1], then we can get the two inequalities 0 < |xf - xﬁ‘ll <land0 < S! < 1. For

Vi(i = 1,2, ..., k), the following two inequalities hold: 0 < \/mjn{(x§ — x;—l)Z} < \/Z wij (xlf. — x;—l)z
j j

Z W,’j

cH JjeH

> wij

and |Y =L (x!- )c;‘l)2 < \/max{(x§ - x;‘l)z} < 1, According to Eq. (6), we have 0 < WS'! < 1.
jeH JjeH J

Furthermore, we get the inequality 0 < min{S!, WS!} < 65!+ (1 - O)WS! < max{S!, WS} < 1,1i.e,,
R €0, 1].

(i1) If expert v; remains his/her opinion in the rth iteration, which is exactly the same as opinions
of the reliable experts in the (f — 1)th iteration, the final state is available because they reach a
consensus. In this case, two expressions hold: x! = x;‘l where j € H and x| = xf‘l, which means that
Ri=601-0)+(1-0)(1-0=0+(1-6)=1.

(iii) There are two cases: one is x} = 1 (xﬁ‘1 =0and x’j‘1 = 0 where j € H), and the other is x! = 0
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(x/~''=1and x}‘l = 1). However, neither of them will happen in the real life. When expert v; has the
same opinion as other experts in the (# — 1) th iteration, he/she does not revise the opinion too much in

the ¢ th iteration.

3.2. Trust propagation and aggregation methods in social networks

The trust relationships among experts may not only change the social network structure, but also
affect the final opinion evolved from experts’ opinions. This subsection presents the trust propagation
and aggregation methods considering opinion reliability to obtain the complete social trust network
between experts.

Most SNGDM studies have paid more attention to the trust propagation and aggregation methods
and ignored the composition of the trust value, in which the trust values between experts are predeter-
mined in the initial state. However, the predefined trust may not reasonable because experts do not
accurately quantify the trust degrees. Meanwhile, the trust value may be affected by opinion similarity
between experts, leadership, and reliability of experts. Therefore, we define the comprehensive trust
degree integrating opinion similarity, reliability and centrality degree.

Definition 11. The opinion similarity S m! ; between two experts v; and v; at time 7 is defined as
ro_ AN t s os . .,
Sml.j =1- D(xl.,xj) =1-|x; - le,l,] =1,2,..,ki#j;t=0,1,2,.. (8)
Definition 12. The centrality degree CD: of expert v; at time # is defined as

i:m,i:1,2,...,k;t:0,1,2,... 9
where d! ~+ 18 the indegree and dil__ is the outdegree of expert v; at time ¢, and CD! represents the
proportion of the number of experts who communicate with v; to the total number of experts who has
the direct and indirect relationships with v;.

Definition 13. In a social trust network, the comprehensive trust degree 7} ; of expert v; on expert v; at
time ¢ depends on the leadership of v;, the reliability of v; and the opinion similarity between them, is
defined as

t
tij

= oszfj +BR§- +(1-a-B)CD,i,j=1,2,..,ki+ jt=0,1,2,.. (10)
where a € [0,1],8 € [0,1] and (1 — @ — B) € [0, 1] are the similarity coefficient, reliability coefficient
and centrality coefficient, respectively. R;. and C D;. reflect the opinion reliability and centrality degree

of expert v;.

In a social trust network, trust relationship exists between any two experts v; and v;, even though
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there’s no path from v; and v;. Celebrity effect is a case in point: celebrities have strong public influence
due to higher visibility in society so that other people may trust them in GDM problems, even though
they do not have the opportunity to interact directly with celebrities. However, when there’s a trust
value but not a direct connecting edge between experts, the trust relationship cannot propagate in social
networks. Therefore, the direct connecting edge between two experts is a necessary condition for the
trust propagation. Then we define the updated trust matrix to derive the trust propagation method.
Definition 14. The real comprehensive trust value in the trust propagation process is updated according
to the trust degree 7; and the adjacency matrix A" = (;)ix- The updated trust matrix is denoted by
T'=(f, Dixes and £ = t ;X aﬁj is the real trust value of expert v; on expert v; which is used in the trust
propagation process, where 7, ;= 1;; when a;; = 1, otherwise f ;=0whenaj; =0.

In GDM problems, experts often communicate with several people in the group rather than all of
them. There may be an indirect relationship or irrelevant between two experts. In other words, one
expert may not directly communicate with all experts in a real social network, which means that the
trust matrix 77 = (il’.j)kxk is incomplete. The indirect trust relationship between any two experts can be
established by some mediators. Therefore, we design the trust propagation and aggregation mechanism
to obtain a complete trust matrix.

Triangular norm [64] (briefly t-norm) is one of the most popular aggregation operators, which is
often used in the trust propagation process. A binary function T : [0, 1]*> — [0, 1] is called a t-norm
if neutrality, commutativity, associativity and monotonicity are satisfied. In this paper, we use the
Einstein product ®, as the t-norm to derive the trust propagation process. The Einstein product operator

aggregating elements a and b is as follows:

a-b

Eg(a,b) = a®.b = -0 (-0

Y(a,b) € [0, 1]%. (11)

And a property of Einstein product is that the greatest of all t-norms is the minimum operator, i.e.,

Eg(a,b) < min(a, b). (12)

Eg(a, b) is used to aggregate two elements, and the associativity property is extended to the case of

n elements {a;, a,, ..., a,}:

Mo A+a)—T1% (A —a)
[T (L+a)+ T (1 —a)’

E®(al5a2"“7an) = (13)
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or

Eq ) 2[1% ai (14)
ay, Ay, ..., d,) = :
s L2 —a)+ T a
The monotonicity property of t-norm also holds with n elements:
Eg(ay,as,...,a,) < min(a;, ay, ..., a,). (15)

The above formula about Einstein product is proposed on the assumption that the trust information
is fully propagated to the next node. However, the information may be lost in the propagation process
so that the propagation efficiency of trust information may not be as high as expected, as shown in
Fig. 5. Some researchers claimed that the relationship strength may affect the propagation efficiency
[65, 66]: the stronger the relationship strength between experts is, the higher the propagation efficiency
is. However, the relationship strength is often predefined or presupposed, which is not well quantified.
The opinion similarity represents the relationship strength quantitatively. If experts share the more
similar opinions, the willingness of sharing information and the acceptance for information will be
higher to experts. Meanwhile, Tan et al. [66] argued that the number of mediators between experts
will decrease the propagation efficiency of information. Therefore, we use opinion similarity between
experts to measure the relationship strength and define the propagation efficiency function. The number

of mediators between experts is considered as an important factor affecting the trust aggregation of

S

'
‘ U:l Loy Py Lo tewoe oo bow- 1)5(,1)‘ i\ 2oy Poiary ﬂ

Voq Vo(d) Vi

multiple paths.

Fig. 5. The trust propagation process.

Inspired by Liu et al. [16], we define the propagation efficiency based on opinion similarity using
the sinusoidal function:

Definition 15. The trust propagation efficiency from v; to v; at time ¢ is defined as:

nSmﬁj
5 )i, j=1,2,.. ki# jt=0,1,2,.. (16)

Py (S mj;) = sin(

where § mgj is the opinion similarity between experts v; and v; at time 7.

axSm'. . . . .. .
From §m! ;€ [0, 1], we have 0 < —— < g The function f(x) = sin x is a monotonic increasing
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function with decreasing slope when x € [0, 5]. Therefore, the function Pfj(S mﬁj) keeps the ordinate of
f(x) = sin x unchanged and narrows the abscissa by % times, which is also a monotonic increasing
curve. When S m! = 0, P; J.(O) = 0; and when Sm] = 1, P j(l) = 1. Obviously, we can conclude that
Pﬁj(S m; ) €10,1], as shown in Fig. 6. The function P! (S m; ;) reflects the impact of opinion similarity
on trust propagation efficiency: the marginal growth value of trust propagation efficiency decreases
with the increase of opinion similarity. In addition, the decrease of similarity will make the trust

propagation efficiency decrease rapidly.

. meSml
Pjj(Smij) = sin(—)

I o [
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o
>

The propagation efficiency
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Fig. 6. The trust propagation efficiency function curve.

However, the existing studies only roughly multiply propagation efficiency by Einstein product
operator, which has limited influence on the final trust information and cannot truly reflect the actual
propagation process. Therefore, we define 7! ; as the actual trust value propagated from v; and v; at time

t as follows:

=0 PiASmy), i j=1,2, . ki# jt=012,.. (17)

)

Suppose that {(V,', Va'(l))9 (V(T(l)’ Vo-(2))» (Va'(Z)’ V0-(3)), ceey (Vo-(d), Vj)} 1s a directed path from v; to Vi, then
t-norm-based trust propagation value 7! ; at time 7 considering the propagation efficiency can be written

as:
=
gﬂdﬁ)
e
ur(l) (T(d)] HZ:| t(T(Z’,—|)(T(Z)

E®(t10'(1)’ 0'(1)0'(2)’

2.7

(18)

(z_ﬂa(n)'(z_ﬂr(d)]) szl (r(z—l)a(z)+t_:(r(])'f:r(d) j nfle Fo’(z—l Yo (2) )
Specially, if there is only a mediator from v; to v;, the trust propagation value 7 ; at time 7 18
computed by:

N

t. . .
fo=Eyf .7 e ey =12, ki#jt=0,12, .. 19
N ot fo) = I+ -7,,) (- 0'(1)]) " Y )
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In a social network, there may be several paths between experts, which means that we can get
several different trust propagation values. Therefore, we need to aggregate these values to obtain the
final trust value from v; to v;. The Order Weighted Averaging (OWA) operator is often used to compute
the trust aggregation value. The larger the trust propagation value obtained by a path is, the higher
the weight assigned to the path is. However, the number of mediators in a path may impact the trust
aggregation process: the smaller the number of mediators is, the more accurate the obtained trust
value is. Therefore, the path with less mediators should be assigned larger weight. The following

optimization model is used to obtain the trust aggregation value:

max tl’]

= Sk vl x

py chjt =1

s.t. w};2w5;2~--2w?} ,

0<wi <1(k=1,2,..,h)
i’j: 1»2’3,---,k,i¢j,t=0,1,2,...

(20)

where w! and 7 is the weight and trust aggregation value of the path with the k" least number of
mediators at time . tf] is the final trust value aggregating all paths from v; to v;. Then we can get the
trust matrix 7" = (tf;.)kxk and the weight matrix W' = (w! J.)kxk after normalization procedure.
Definition 16. The weight w! ; assigned to expert v; by expert v; at time 7 is obtained by the trust
matrix 7" = (tf;-)kxk as follows:

.
r L

W= i=1,2, ki jyt=0,1,2,.. Q1)
S !

Furthermore, the weight matrix W' = (w} ik is obtained.

4. A novel group decision making framework of trust propagation and opinion dynamics in

social networks

In this section, a novel GDM framework of trust propagation and opinion dynamics in social
networks is proposed. Firstly, we design the social network evolution rules to illustrate the dynamic
process of social networks in Section 4.1. Section 4.2 extends the traditional HK model based on
opinion reliability to get the opinion evolution rules. Based on the trust propagation mechanism in

Section 3, the general algorithm of the proposed model is presented in Section 4.3.
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4.1. Social network evolution rules

In the CRP, social networks among experts are critical. In most studies, social networks are assumed
to be static or predetermined for convenience to reach the consensus. However, social networks in
the real life are dynamic, which means that the connection between experts may be broken or a new
connection between experts who do not know each other may be established due to opinion changes.

Social network evolution rules mainly depend on two ways: random connection [37] and opinion
distance [36]. Random connection reflects the stochastic characteristic of social networks but ignore
the psychological characteristic of people. People tend to be willing to communicate with others who
share a similar opinion, and that’s the main idea of the latter way about opinion difference. Experts
involved in the GDM usually have rich social experience and knowledge background. When an expert
is unreliable, other experts may be reluctant to communicate with the expert even though they share
similar opinions due to lower reliability of the expert. Experts involved in decision making usually
have a wealth of social experience and knowledge background, and they may pay more attention to
the reliability of other experts than other people. Therefore, the reliability is also the critical factor
affecting the social network evolution.

Therefore, we design the social network evolution rules considering two factors: (i) opinion
similarity S mﬁj between opinions of experts v; and v;, and (ii) reliability R;. of expert v;. We set the
opinion similarity threshold S mx* and the reliability threshold Rx as the judgment rules. Without loss of
bias, 0.5 is considered to be the fairest threshold for S m* and Rx. In real problems, the thresholds can
be determined according to the actual situation or previous experience. The social network evolution
rules are divided into two cases:

(i) When there is no connection from expert v; to v; in the (# — 1)th iteration, that is aﬁj‘.l =0.

(a) If Sm; i < S m= and R;. < Rx hold, then expert v; still will not communicate with the unreliable
expert who has different opinions. In this case, expert v; will keep disconnecting with expert v; in the
tth iteration, i.e., afj =0.

(b) If Sm ;2 Sm* and R;. > R+ hold, then expert v; is willing to communicate with expert v;
because v; not only has a similar opinion but is reliable enough. In this case, there will be an edge
between expert v; and v; in next round, i.e., aﬁj = 1.

(c) If neither (a) nor (b) is satisfied, then expert v; may be willing to communicate with expert v;
due to the similar opinions or the reliability of v;. In this case, the connection from expert v; to v;
will be established with a probability y;; in the rth iteration, i.e., a;; = y;;. The probability ;; will be
provided in the initial state.

(i1) When there is an edge from expert v; to v; in the (z — 1)th iteration, that is afj‘.l =1.

(a) If Sm; ;= Smx and R;. > R+ hold, then expert v; is willing to communicate with expert v;

18



because not only has a similar opinion but is reliable enough. In this case, keep connecting from expert
v; to v; in next round, i.e., af.j =1.

(b)IfS mﬁj < Sm+ and R; < Rx hold, then expert v; will not communicate with the expert who
is unreliable and has the different opinions. In this case, the connection from expert v; to v; will be
broken in the t th iteration, i.e., aﬁj =0.

(c) If neither (a) nor (b) is satisfied, then the robustness of the connection from expert v; to v;
will be questioned. Expert v; may be refuse to communicate with expert v; because the distance of
their opinions is large or v; is not reliable enough. In this case, the connection may be broken with a
probability (1 — ;) in the tth iteration, i.e., aﬁj =1 -y

The initial social network evolution rules are expressed as follows:

1, imeﬁjZSm*/\R;ZR*

Yij, £ Sm; >Sm" AR, <R’
a;; = : when afj_.l 0 (22)
Yijs ime§j<Sm*/\R;.2R*

0, ime§j<Sm*/\R;<R*

1, imeﬁszm*/\Rz.zR*

1—’)/,‘j, lfSWLfJZSWl*/\R3<R*
d;; = ;when a;;l =1 (23)
1 —vij, ime§j<Sm*/\R;.2R*

0, imef.j<Sm*/\R3.<R*

Remarkably, the element a; ; of the updated adjacency matrix might not be 0 or 1 due to y;; € [0, 1].
Therefore, we take 0.5 as the bound and divide the social network evolution rules into two cases:
a'>' > 0.5 and aﬁj‘.‘ < 0.5. The updated social network evolution rules are as follows:

ij

1, imeﬁjZSm*/\R;ZR*

Yijs lme;]ZSI’l’l*/\R;<R*

a; = ;when af;' <0.5 (24)
1 t * t %

Yijs lmel.j<Sm /\RJ.ZR

0, ime§j<Sm*/\R;<R*
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1, imeﬁszm*/\Rz.ZR*
1 -vij, imeEjZSm*/\R’/.<R*
a; = < swhen al;' > 0.5 (25)
1=y, ifSm; <Sm"AR; >R

0, ime§j<Sm*/\R;<R*
4.2. Opinion evolution rules

In the opinion evolution process, expert’s opinions evolved from opinions of other experts in the
group, like the DW model and the HK model. The DW model is an asynchronous updating process
that randomly selects a pair of experts according to the opinion distance for opinion evolution, which
leads to a high number of iterations affecting the efficiency of consensus reaching. In contrast, the HK
model adopts a synchronous approach to evolve opinions, where all experts’ opinions will be updated
in each round. Therefore, we adopt the HK model to design the opinion evolution rules.

However, the traditional HK model assume that each expert only depends on individuals whose
opinions differ at least within a certain boundary. Individuals will also consider their own original
opinions as well as more reliable experts’ opinions when communicating with other individuals.
Therefore, we propose an extended HK model based on opinion reliability to solve the above defects.

The opinion evolution rule is as follows:

t t t 1
Zjle{N; uiy Wij X, ije{N;ui} WinXi,

— + (1 -p)

- t
2 jietvion Wi, 2 jretvyun Wi,

t+1 _
X

i=1,2,.,kt=1,23,.. (26)

where p € [0, 1] is an adaptive coefficient. For convenience, this paper assumes all adaptive
coeflicients of experts are equal in each round. w! ;, and wi j, 1s the expert v;’s weight and ex-
pert v;,’s weight assigned by expert v; at time ¢, respectively. Nj is the similarity set of experts
pairs who meet the condition that the opinion distance with expert v; is less than (1 — Sm") i.e.,
N{ =1{G, j1) ||x§ - xj.ll <(I=8Sm*),i,ji = 1,2,..,k;t = 1,2,3,...}. N} is the reliability set of expert
whose reliability is more than Rx, i.e., N; = {ngR;2 > Rx, j, =1,2,...,k;t =1,2,3,...}. The opinion
of expert depends on his/her own opinion and opinions of other experts belonging to Nj or N;. The
extended HK model will be degenerated into the traditional HK model when p = 1 and all wfjl are
equal.

Compared to the HK model, the extended HK model not only takes the expert’s own opinion
into account, but also pays attention to the impact of the reliability expert on the opinion evolution.

Therefore, the extended HK model is closer to the interaction between individuals in reality.
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4.3. The algorithm of the proposed model

Based on the evolution rules, we propose a novel GDM framework of trust propagation and opinion

dynamics, which is shown in Fig. 7, and the steps of the proposed model are shown in Algorithm 1.
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Fig. 7. Framework of trust propagation and opinion dynamics in social networks.
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Algorithm 1. The algorithm of the proposed model.

Input: The initial individual opinion vector X° = (1%, x), ..., x?)”, the initial weight matrix W?, the
initial adjacency matrix A° = (a;;)is, the reliability factor *, the opinion similarity threshold S mx,
the reliability threshold Rx, the self-confidence vector € = (g1, &3, ..., &), the adaptive coeflicient 6,
the similarity coefficient @, the reliability coefficient 3, the adaptive coeflicient p, the initial iteration
time ¢ = 0 and the maximum iteration 7.

Output: The final opinion vector X* = (x}, x3, ..., xZ)T in a stable state.

Step 1. Initialization. Compute the Si, WS/, R; and S m;; by using Egs. (5)-(8).

Step 2. Social network evolution. Based on the adjacency matrix A’ = (aﬁj)kxk, the opinion similarity
Sm ; and the opinion reliability R! obtained by Step 1, update the social network according to the
social network evolution rules by using Egs. (24) and (25).

Step 3. Trust propagation and aggregation. Compute the centrality degree CD! and the comprehen-
sive trust degree 7;; by using Egs. (9) and (10). According to Definition 16, we obtain the real trust
value 7, ; and the updated trust matrix T'=(f iock- The trust propagation value ! ;1s computed by using
Egs. (16)-(18). Furthermore, solve the optimization model in Eq. (20) to get the trust aggregation
matrix 77 = (tf;-)kxk~ Finally, the weight matrix W' = (W} )i is derived by using Eq. (21).

Step 4. Opinion evolution. According to the opinion similarity threshold S m and the reliability
threshold R+, identify the similarity set N| and reliability set N, and update the opinions by using Eq.
(26). Then we get the opinion vector X' = (x{, x5, ..., xj()T.

Step 5. Update the iteration time. Let 7 =t + 1. If # # T, then return to Step 1. Otherwise, go to the
next step.

Step 6. End.

5. Numerical analysis

This section applies the proposed model to two numerical experiments about supplier performance
evaluation and Zachary’s karate club. The case of supplier performance evaluation is to describe the
steps of our proposal in detail and the real application about Zachary’s karate club in real-world is to

illustrate the usefulness of our proposal.

5.1. The case of supplier performance evaluation

A numerical experiment about supplier performance evaluation is conducted to the application of
the proposed approach. To effectively manage and supervise suppliers effectively, a company invites six
experts V = {vy, vy, v3, V4, vs, Ve} With different professional backgrounds to evaluate the performance
of the current supplier. The relative social trust network is shown in Fig. 8. According to the initial

social trust network, the initial adjacency matrix is:
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The initial opinions X° = (xl, xz, . xO)T are randomly generated within several specified interval
as follows: x? = [0.05,0.10], xJ = [0.10,0.15], xJ = [0.30,0.35], x{ = [0.50,0.55], xJ = [0.70,0.75],
and x6 [0.90, 0.95]. The initial individual opinion vector is X° = (0.07,0.14,0.33,0.51,0.71, 0. 93)7.
The self-confidence vector is &€ = (0.81,0.12,0.17,0.35,0.55,0.91)7, and the relative parameters are
as follows: 6 =05, =y =0.6,6=0.3,r« =R+« =0.8,p =0.9, Sm+x = 0.6 and T = 1000. The

initial weight matrix W is generated randomly in the interval [0, 1], which is as follows:

[ 02865 0.0231 0.1409 0.1823 0.2276 0.1396 |
0.1753 02330 02478 0.1930 0.1078 0.0432
0.1294 0.1973 0.0933 02795 0.2931 0.0074
0.0896 0.2486 0.2832 0.1543 0.0779 0.1464
0.2442 02085 02562 0.0195 02119 0.0598

| 0.0618 0.1133 02305 0.2344 0.1636 0.1963 |

A
\\Q/‘

Fig. 8. The social network among experts.

vV J

The opinion evolution process is shown in Steps 1-5.

Step 1. Initialization.

Since the initial reliabilities and initial opinions are provided, we need to perform initial opinion
evolution before proceeding to formal evolution. Based on the initial reliability R” and the initial

opinion vector X, we get the similarity matrix S m?j and obtain the opinion vector X'. Firstly, we can
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get the following similarity matrix S M = (Sm) )sxe:

[ 1 093 074 056 036 0.14 |
1 081 063 043 021
1 082 062 040

SM° = ,
1 080 0.58
1 078
1

then we identify the similarity set NV = {(1,2),(1,3),(2,3),(2,4),(3,4),(3,5),(4,5), (5,6)} due to
Smx = 0.6. According to the initial reliability R = & = (0.81,0.12,0.17, 0.35,0.55,0.91)7 and the
reliability threshold R+ = 0.8, we can determine the reliability set Ng = {v1, vs}. Therefore, we get the
opinion vector X! = (0.2216,0.1835,0.2158, 0.5609, 0.4603, 0.8247)T by using Eq. (26). The initial
opinion evolution is finished and lett =+ 1,1.e.,t = 1.

Subsequently, the formal opinion evolution begins: we use Egs. (5)-(8) to get the reliability
R' = (0.7121,0.6050, 0.5858, 0.7900, 0.6403,0.8947)" and the following similarity matrix SM' =
(SmlDsss:
[ 109619 09941 0.6607 0.7614 0.3970 |
1 0.9678 0.6226 0.7232 0.3589

1 0.6549 0.7555 0.3911

SM!' =
1 0.8994 0.7363
1 0.6356
1

Step 2. Social network evolution.
Based on the adjacency matrix A" = A°, opinion similarity S m/; and opinion reliability R obtained
by Step 1, we can update the social network according to the social network evolution rules by using

Egs. (24) and (25). The adjacency matrix A” in the 2nd iteration is updated by A', which is as follows:

(11010 0 [ 04 04 06 04 06 0 |

011100 06 04 0.6 04 04 0
Slottoto . | 06 04 04 06 06 0
A: :}A:

000100 06 06 04 04 06 06

100110 04 0.6 06 04 04 06

(00001 1] 06 06 06 0 1 1
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Step 3. Trust propagation and aggregation.
First, we use Egs. (9) and (10) to compute the centrality degree CD? = (0.25,0.50,0.50,0.75, 0.50, 0.50)"

and the following updated trust matrix 72:

[ 03355 0.3263 0.5011 0.2540 0.4173 0
0.4852 0.3326 0.4873 0.2420 0.2662 0
0.4933 0.3226 0.3303 0.3712 0.4074 0
0.4251 0.4113 0.2820 0.3648 0.5110 0.4523
0.2796 0.4056 0.4172 0.3127 0.3368 0.3741

| 0.3340 0.3202 0.3318 0 0.6998 0.9184 |

Then the trust propagation value t?] is computed by using Egs. (16)-(18). Furthermore, we can

solve the optimization model in Eq. (20) to get the following trust aggregation value matrix 72':

[ 0.3355 03263 0.5011 0.2540 0.4173 0.0860 |
0.4852 0.3326 0.4873 0.2420 0.2662 0.0566
0.4933 0.3226 0.3303 0.3712 0.4074 0.0940
0.4251 0.4113 0.2820 0.3648 0.5110 0.4523
0.2796 0.4056 0.4172 0.3127 0.3368 0.3741

| 0.3340 0.3202 0.3318 0.7602 0.6998 0.9184 |

Finally, the following weight matrix W? is derived by using Eq. (21):

[ 03314 0.1171 0.1660 0.0864 0.1264 0.0417 |
0.1608 03589 0.1614 0.0823 0.0806 0.0274
0.1635 0.1158 03312 0.1263 0.1234 0.0456
0.1409 0.1476 0.0934 03401 0.1548 0.2192
0.0927 0.1456 0.1382 0.1064 0.3029 0.1813

[ 0.1107 0.1149 0.1099 0.2585 02119 0.4847

Step 4. Opinion evolution.

According to the opinion similarity threshold S ms and the reliability threshold Rx*, we can identify
the similarity set N 12 ={(1,6),(2,6),(3,6)} and reliability set N22 = {6} and update the opinions by using
Eq. (26). Then we obtain the opinion vector X? =(0.2870, 0.2299, 0.2880, 0.6474,0.5816, O.8146)T.

Step 5. Update the iteration time.

Lett = t + 1 and loop through Steps 1-5 until reaching the consensus. We can get the final
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consensus opinion vector X* = (0.5855,0.5855,0.5855,0.5855,0.5855,0.5855)" when t = 7. The
opinion evolution process from ¢ = 0 to # = 15 is shown in Fig. 9, and the reliability evolution process
from ¢t = 0 to ¢t = 15 is shown in Fig. 10. For the sake of convenience, the evolution process when

t > 15 is omitted.

Expert vl Expert vl

0.6

=2
=

=
L

Opinion evolution process
Reliablity evolution process

=}
i
=}
i

=3
=3

0 L L 0 L L
0 5 10 15 1] 5 10 15
t t

Fig. 9. The opinion evolution process about  Fig. 10. The reliability evolution process about
supplier performance evaluation. supplier performance evaluation.

It can be seen from Fig. 9 that six experts reach the consensus in the 8th iteration and the consensus
opinion is 0.5855. Expert v;3 and vsrevise their opinions in # = 1 in the opposite direction of the
consensus opinion, which do not contribute to reach the consensus in the first iteration. The reason
is that expert v3 is more similar to v; and assigns bigger weight to expert v; than vs so that expert v,
will have a greater influence than vs. Hence, it shows that considering opinion reliability of experts is
reasonable, which not only avoids blindly revising opinions due to herd mentality, but also selectively
modifies opinions according to the relationship between different reliable experts.

In Fig. 10, we find that although the reliability is closely related to the revised opinions of experts
and other reliable experts, the reliability of experts as a whole shows an upward trend with the evolution
of opinions. Moreover, the reliability of experts tends to be 1 in the consensus state along with social

network evolution.

5.2. The real application example of Zachary’s karate club

To illustrate the usefulness of our proposal, we apply the proposed model in the real application
about Zachary’s karate club in real-world [67]. The social network in Zachary’s karate club is as shown
in Fig. 11, which describes 78 social relationships of 34 members in a karate club. The Zachary’s
karate club data set contains only one social network graph, so the variables including initial opinions,
initial weights and initial opinion reliabilities are obtained through multiple random sampling tests in
order to ensure the independence and randomness of the samples. The remaining parameters are the

same as in the numerical experiment of supplier performance evaluation.
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Fig. 11. The social network in Zachary’s karate
club.
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Fig. 12. The opinion evolution process about  Fig. 13. The reliability evolution process about
Zachary’s karate club. Zachary’s karate club.

The opinion evolution process and the reliability evolution process are shown in Fig. 12 and Fig.
13, respectively. It can be seen from Fig. 12 that the karate club members reach the consensus in
Sth iteration and the consensus opinion is a compromise of opinions of all members. The opinion
modifications in first iteration are relatively large, which leads to the change of opinion similarity and
reliability increase. The cumulative increase of opinion similarity and reliability promotes the rise of
trust value and thus improves the convergence speed of opinions. From Fig. 13, we can find that the
opinion reliabilities of experts are effectively corrected. The initial opinion reliabilities vary greatly
due to the different experience backgrounds of experts, which have strong subjectivity. The structure
of social networks and expert opinions can effectively adjust and correct the reliability in the group,

which helps to speed up the reaching of consensus.
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6. Simulation and Comparison analyses

In this section, we apply the proposed model to two random networks to show its effectiveness
and conduct three simulation experiments to explore the impact of different parameters on the results.
In addition, the comparison and discussion between our proposed model and the existing SNGDM

methods are carried out.

6.1. Random simulation

To prove the validity and rationality of the proposed approach, we design two simulation experi-

ments about the complex network

Erdos—Renyi (ER) random network [38] and Watts—Strogatz
(WS) small-world network [68]. The ER random network introduced by Erdos and Renyi provides the
G(n, p) model to create the random graph with n nodes and the link probability of a constant n. The
WS small-world network proposed by Watts and Strogatz in 1998 is a one-dimensional regular network
with certain randomness, which provides the p(0 < p < 1) model. The transition from regular network
to random network can be realized by adjusting random reconnection probability. The main idea is
that n nodes in the network are connected with k neighbors, and other connections are made through
connection probability p(0 < p < 1). This model reflects the characteristics of social relationships in
the real life: people who do not know each other can be connected by a chain of acquaintances, which
is a small-world phenomenon.

For the simulation, the result of ER random network in which n = 100, p = 0.1 and p = 0.9 is
shown in Fig. 14. The result of WS small-world network in which n = 100, k = 2, p = 0.5 and
p = 0.65 is obtained, which is shown in Fig. 15. The remaining parameters are the same as in the
numerical experiment in Section 5. The initial opinions X°, the self-confidence vector £ and the weight
matrix W° are randomly generated from [0, 1] for each experiment as shown in Fig. 7.

Fig. 14 shows the initial ER random social network and the opinion evolution process of ER random
social network, and 15 shows the initial WS random social network and the opinion evolution process
of WS random social network. Experts are represented by blue dots in social network graphs, and
the connections between them are represented by different colored lines. From the opinion evolution
process graphs, we find that the consensus opinions are reached within 5 iterations, which indicates
that the proposed method is effective and universal. The evolution trend of opinions varies in different
value of p. Since the value of p is larger in the ER random network than that in the WS random
network, the opinions in the ER random network change more and converge faster than those in the

WS random network.
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Fig. 14. The social network and opinion evolution process of ER model.
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(a) The initial WS random social network. (b) The opinion evolution process of WS.

Fig. 15. The social network and opinion evolution process of WS model.

6.2. Simulation experiment

6.2.1. Simulation experiment I: The impact of p on reaching the consensus

For the numerical experiment about supplier performance evaluation in Section 5, we obtain 11
opinion evolution results with different values of p € [0, 1] and compare with the opinion evolution
process with the traditional HK model, which are shown in Fig. 16. The opinion evolution process
when p = 0.9 is corresponding to the original supplier performance evaluation using the extended HK
model, and the opinion evolution processes when p = 1 and p = 0 are corresponding to the supplier
performance evaluation only considering the opinion similarity or opinion reliability.

Compared to the results of p = 1 and p = 0, the consensus opinion obtained by the extended HK
model when p = 0.9 is a compromise of the consensus opinion that only considers opinion similarity
or opinion reliability. Although the evaluation using the traditional HK model can quickly reach a

consensus, the consensus opinion is very close to the opinions of a few reliable experts in the group
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like v¢. However, the opinions of equally reliable experts like v; have not been fully considered. The
consensus opinions obtained by the extended HK model are compromises, which demonstrates the
rationality of our proposal. From Fig. 16, we find that the iteration number of reaching consensus
decreases with the increase of p. The larger p means that the greater the proportion of people with
more similar opinions will be, which raises the opinion modifications and accelerates the consensus.
However, the higher consensus opinion may be unrealistic, and it is unreasonable to blindly increase
the value of p to accelerate consensus and obtain higher consensus. In order to balance consensus

opinion and consensus speed, the choice of p in practical problems is very important.

p=0 p=0.1 p=02

5 & 3

Opinion evolution praccss
Opinion evolution process

Opinion evolution process
|

Opinion evolution process

Opinion evolution praccss
Opinion evolution process

The traditional HK model

Opinion evolution process
Opinion evolution process

5

t t t

Fig. 16. The impact of the adaptive coeflicient p.

6.2.2. Simulation experiment I1: The impact of R+ on opinion modification
To quantify the impact of some parameters on opinion modification, we define the maximum

opinion modification (MOM), which is denoted by the average of the maximum opinion modification
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of all experts in the CRP:
£y max [ — x|

MOM = p ) (27)

For convenience, the numerical experiment about supplier performance evaluation in Section 5, the
ER random network experiment and the WS random network experiment are called Case 1, Case 2 and
Case 3, respectively. Fig. 17 shows that the impact of the reliability threshold R* on MOM in three
cases when Sm* = 0.6 and S m* = 0.6, and the remaining parameters are the same as in the numerical

experiment in Section 5.
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(a) Smx = 0.6 (b) Sm* = 0.4
Fig. 17. The impact of the reliability threshold Rx.

From Fig. 17, we can find that the MOM of Case 2 is obviously larger than that of Cases 1 and 3.
The reason is that ER random network in Case 2 is significantly denser than networks in Cases 1 and 3,
so the opinion change of ER random network is larger than that of other two networks at time ¢. In
the three cases, the MOM decreases gently with the increase of R+, which means that the higher the
reliability threshold Rx* is, the smaller the maximum opinion modification is. This can be explained in
another way: a higher reliability threshold means that a more stringent reliability condition, so fewer
experts meet the consensus conditions, and the range of opinions modification is relatively small during
the opinion evolution process. On the contrary, if the reliability threshold R+ is too low, the consensus
conditions will be relaxed. Therefore, an appropriate reliability threshold should be determined in

practical application.

6.2.3. Simulation experiment IlI: The impact of S m* on opinion modification
Similar to simulation experiment II, we investigate the impact of the opinion similarity threshold
Smx* on opinion modification MOM when the reliability threshold Rx* is fixed, and the remaining

parameters are the same as in the numerical experiment in Section 5, which are shown in Fig. 18.
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From Fig. 18, we can find that the MOM decreases as the opinion similarity threshold S mx
increases in Case 1. The result of Case 2 is similar to that of Case 3, that is, the MOM decreases
very little or even stays the same. Compared with Case 1, Cases 2 and 3 are characterized by strong
randomness, which may lead to great fluctuations in the modification value of experts’ opinions in each
iteration, thus resulting the MOM to be affected by extreme values. In general, the opinion similarity
threshold $m=* has a certain impact on consensus reaching, but the impact is not as obvious as the
reliability threshold Rx. The reason is that the stability similarity and the weighted similarity are

included in opinion reliability, whose influences will accumulate and amplify the influence of opinion

reliability.
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Fig. 18. The impact of the opinion similarity threshold S m.

6.3. Comparison and discussion

In this subsection, we compare three SNGDM methods including Zhang et al. [69]’s method, Liu
et al. [32] ’s method and Wu et al. [70]’s method with our proposal and discuss the advantages and
limitations of our proposal.

The comparisons of the four SNGDM methods are shown in Table ??. Zhang et al. [69]’s method
claimed that the trust values would evolve with the time and proposed a CRP model with trust evolution,
where the feedback mechanism included trust adjustment and opinion adjustment. However, the social
network was considered be static.Liu et al. [32] ’s method addressed the defect of not considering
the dynamic nature of social network and proposed a dual-path feedback mechanism by preference
and weight adjustments, in which they did not use the opinion dynamics model but make artificial
adjustments. Wu et al. [70]’s method not only considered dynamic social networks, but also applied
opinion dynamics, which focused primarily on the interaction between trust and consensus networks.
However, the trust value in three methods was derived from the opinion similarity or network centrality,

where the opinion reliability was not taken into account. Meanwhile, the edges in social networks were
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considered as the trust values between experts, which is sometimes unrealistic. The advantages of our
proposal are as follows: (i) We distinguish between social networks and trust networks, where trust
relationship spread through the edges of social networks. (i1) When estimating trust values, we not
only consider opinion similarity and network centrality, but also take into account opinion reliability.
(iii) The feedback mechanism with social network evolution and opinion dynamics is proposed to
reach the group consensus. The limitations of our proposal are as follows: (1) The opinion is real
value in this paper and more opinion types like triangular fuzzy number, trapezoidal fuzzy number or
intuitionistic fuzzy number can be considered further. (ii) The interaction between trust value caused

by social network evolution and consensus is worthy of further exploration.

Table 2
Comparisons of our proposal and the relevant SNGDM methods.
- Dynamic Social network is Source of trust value Feedback mechanism
.. Opinion . Trust .
References  Opinion type d . social Luti equivalent to Opini
YRAMIES  petwork O™ Trust network? SimilarityCentralityReliability| pion Other adjustment
adjustment
.(Zzlzaznzg) sbal Real value Yes No Yes Yes Yes No No Yes Trust adjustment
Liu et al. Intuitionistic fuzzy : .
(2022) value No Yes Yes Yes Yes No No Yes Weight adjustment
Wu et al. Consensus
(2022) Real value Yes Yes Yes Yes No Yes No Yes adjustment
Our proposal Real value Yes Yes Yes No Yes Yes Yes Yes Socngl .
adjustment

7. Conclusions

In SNGDM problems, the reliability is the key characteristic of experts which has rarely been
considered into the opinion dynamics. To fully consider the reliability of experts in social networks,
this paper proposes a novel GDM framework with opinion dynamics in social trust network based
on opinion reliability. Firstly, we define the opinion reliability of experts based on stability similarity
and weighted similarity, which is measured from the perspective of individual and others. Secondly,
by incorporating opinion reliability into the trust propagation and aggregation in social networks, we
propose an improved trust propagation and aggregation mechanism. Furthermore, opinion reliability
based on opinion similarity and opinion reliability of experts affects the social networks. Meanwhile, the
extended HK model is proposed to design the opinion evolution rules combining opinion similarity with
opinion reliability of experts. Finally, a numerical example is presented to illustrate the effectiveness
of the proposed model. The simulation analyses are conducted to show the feasibility of the GDM
framework and the sensitivity of some parameters.

The proposed SNGDM method can not only deal with the defect that ignoring the opinion reliability

in practical problems, but also provide a dynamic decision-making framework based on the social
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trust network evolution and opinion dynamics. The definition of opinion reliability takes into account
the opinions of grassroots employees with low weight but better understanding of practical decision-
making issues, which can avoid unreasonable decisions caused by too high weight of the leadership
in practical problems like the optimal production planning decision. The improved HK model not
only considers the opinions of experts with similar opinions to decision-makers, but also considers
the opinions of reliable experts and retains some opinions of individuals. Compared with previous
studies, it is closer to the psychological behavior of people, so as to obtain more reliable managerial
decision-making results.

For further study, opinion dynamics model in social networks considering opinion reliability could
be extended to different linguistic environments and the impacts of reliability on a variety of stochastic
networks in SNGDM problems could be further explored. Besides, the rumor propagation considering

the reliability is also a focus of our future research.
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Abstract

Three-way decision theory (3WD) provides a reasonable solution to solve multi-criteria decision-
making (MCDM) problems and reduces more decision risks than two-way decision (2WD). However,
the impact of preferences on decision results has not been reasonably considered in 3WD. Thus,
this paper proposes a preference-based regret 3WD model on multiple decision information systems
(MDISs) with linguistic Z-numbers (LZNs) to address the defect. First of all, a Z-LINMAP method
is proposed by extending LINMAP method into the LZNs environment to derive criteria weights,
Z-number ideal solutions and preference coeflicients. On the basis of preference coeflicients, the
consistency-order and inconsistency-order are defined and further the consistency and inconsistency
equivalence classes are presented to derive the conditional probabilities of alternatives. Then, the
regret loss functions based on regret theory are presented and the regret 3WD rules of a single decision
information system is designed. Furthermore, the weighted expected regret loss function and loss score
function are defined to classify and rank all alternatives for MDISs. Finally, the proposed 3WD model
is applied to the image recognition case with human-computer interaction to verify the effectiveness,
and the comparative and sensitivity analyses are carried out to demonstrate the feasibility of our model.
Keywords: Preference-based three-way decision; Multi-criteria decision-making; LINMAP method;

Regret theory; Multiple decision information systems

1. Introduction

With the rapid development of computer vision technology, image recognition technology has
shown a strong value in online shopping, face recognition and other fields. When there are multiple
image recognition tasks, multi-criteria decision-making method (MCDM) can help people determine
the recognition order of tasks according to the features of images. However, the low quality pictures

in real life require the human-computer technology and even the human to be recognized effectively.
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Three-way decision (3WD) theory proposed by Yao [1] divides a problem into three decisions:
acceptance, delay and rejection, which corresponds to three recognition types, namely computer
recognition, human-computer recognition and human recognition. Consequently, based on MCDM
methods, a preference-based regret three-way decision method on multiple decision information
systems (MDISs) with linguistic Z-numbers is proposed to classify and rank image recognition tasks.

In what follows, we will briefly review the related studies of MCDM and 3WD.

1.1. A brief review of MCDM

MCDM plays an important role in decision theories and aims to rank all alternatives and select
the optimal one considering multiple criteria of alternatives. The application of MCDM methods
has been presented in different fields, including supplier selection [2—4], financial market [5-7],
blockchain technology [8—10], artificial intelligence [11-14], and so forth. Up to now, a great number
of approaches have been explored to solve different MCDM problems, such as weighted averaging
aggregation (WAA) method [15], grey relational analysis (GRA) method [16], VlseKriterijumska
Optimizacija I Kompromisno Resenje (VIKOR) method [17], the technique for order preference by
similarity to an ideal solution (TOPSIS) method [18], linear programming techniques (LINMAP)
method [19], etc. Most MCDM methods like TOPSIS, GRA and VIKOR methods have been used to
rank alternatives via introducing positive ideal solution (PIS) and negative ideal solution (NIS), which
are often predetermined or directly determined based on evaluation information. The LINMAP method
has an advantage of scientifically obtaining the PIS and weights under different criteria based on the
evaluation and preference information. However, the traditional LINMAP method ignores the NIS and
its effect on criteria weights.

To measure the uncertainty of evaluation, the above MCDM methods have been extended with
different types of data, such as triangular fuzzy numbers [20, 21], trapezoidal fuzzy numbers [22, 23],
interval fuzzy numbers [24, 25], hesitate fuzzy numbers [26-28], etc. Most studies have assumed
that crisp or fuzzy decision information is completely reliable and ignored the influence of realistic
factors on evaluation values. In fact, the evaluation information given is not always reliable due to
the environmental and psychological factors of decision-makers. Z-numbers proposed by Zadeh [29]
can not only express the decision maker’s assessment information, but also measure the information
reliability. The linguistic Z-numbers (LZNs) proposed by Wang et al. [30], which are considered to be
more in line with people’s expression habits than Z-numbers, apply a series of linguistic term elements
to express the evaluation value and reliability. Liu et al. [31] presented a gained and lost dominance
score (GLDS) method based on LZNs to rank five Internet hospitals and select the best one. Huang et
al. [32] established a new failure mode and effect analysis (FMEA) model with LZNs and TOPSIS



method to obtain the ranking result of ten failure modes. Obviously, the traditional MCDM methods
are two-way decision (2WD) corresponding acceptance and rejection two actions, which can only
rank alternatives but not classify alternatives. However, the practical problems like medical diagnosis
and paper review may exist three possible actions: acceptance, delay and rejection. In light of this

perspective, 3WD theory can effectively deal with the defect of MCDM problem:s.

1.2. A brief review of 3WD

The 3WD theory originates from the decision-theoretic rough sets (DTRSs) and Bayesian theory,
which is initiated by Yao [1] in 2009. The core idea of 3WD theory is to divide the domain of the
universe into three independent regions including the positive region, the boundary region and the
negative region, which correspond acceptance, delay and rejection actions, respectively. Due to the
concept of trisecting-acting-outcome (TAO) in 3WD theory, different 3WD models have been applied
in medical diagnosis [33, 34], engineering investment [35, 36], face recognition [37, 38] and other
fields. The conditional probabilities and loss functions are two key topics of the 3WD theory, so the
existing research are briefly reviewed from the two aspects.

Determining the conditional probabilities of alternatives is one of cores for 3WD theory, which has
been widely explored. Jia and Liu [39] proposed a new 3WD model where the conditional probability
was given subjectively by decision-makers. Liu et al. [40] used the grey relation degree to compute
the conditional probability based on condition attributes. Wang et al. [41] derived the conditional
probability via hesitate fuzzy operators according to the characteristics of hesitate fuzzy information.
Wang et al. [28] applied the TOPSIS and GRA method to estimate the conditional probability. However,
these existing 3WD models ignore the preference information of decision information system, which
may effect the classification result of alternatives. Thus, this paper establishes two equivalence relations
considering the preference to derive the conditional probability.

The loss functions refers to the losses of a object taking three actions in two states in 3WD models,
which is another core of 3WD theory. Yao [1] deemed that all objects have the same losses when
taking the same actions. Furthermore, Yao [42] proposed the relative loss functions where the loss
functions corresponding to three actions in the same state are proportional. Liu et al. [43] proposed a
3WD model in which each object has different losses when taking different actions. The loss functions
under different criteria have been considered in some studies [39, 40]. However, the psychological
behaviors of taking different actions will have more or less influence on the loss functions. The regret
theory (RT) can measure the regret-rejoice value of decision-makers for taking one action instead of
another, which can well simulate the psychological behaviors in real problems. Thus, RT is considered

to derive the loss functions for different objects in this paper.



Most 3WD models can only classify alternatives rather than rank alternatives in a single decision
information system (DIS). However, practical decision-making problems sometimes require not
only the classification result of alternatives but also the ranking result of alternatives. For instance,
the medical team in hospital can determine the treatment area, delayed area and no treatment area
through the 3WD method. The order of treatment in the treatment area and the order of further
examination in the delayed area are very critical to improve the efficiency of treatment and diagnosis.
Furthermore, different medical teams may be invited to classify and rank the same group of patients,
which have different preferences due to different experience and knowledge. Consequently, combining
the perspectives of MCDM and 3WD, a preference-based 3WD method with LZNs based on MDISs is

proposed, which can not only classify but also rank alternatives.

1.3. Motivations, innovations and the structure of the paper

Based on the above descriptions, the motivations of this paper are summarized as follows:

(1) Most 3WD models have been classified data of DIS in databases where preference information
has not been involved. However, preference information generated from the historical data of different
DISs may affect the decision results. Meanwhile, different experts recorded in databases may have
the subjective preferences for different DISs. Therefore, the preference information is necessary to be
considered and solved in 3WD model.

(2) Experts often express evaluation values using natural language in practical decision-making
problems. Some existing MCDM or 3WD methods have used fuzzy information to measure the
uncertainty of evaluation information which might be assumed to be totally reliable. Besides, experts
feel regret or rejoice due to psychological factors when comparing three actions in 3WD models, which
has not been well studied.

(3) The existing 3WD research have only focused on how to determine the conditional probabilities
or loss functions of single DIS. In complex decision-making scenarios, multi-source DISs may be
collected to make integrated decisions to obtain more reasonable results. Therefore, the classification
and ranking method for MDISs are worth exploring.

The innovations and significance of our proposal corresponding to the above motivations are
described as follows:

(1) The consistency-order and inconsistency-order based on the preference information are defined,
and further the consistency and inconsistency equivalence classes are proposed to derive the conditional
probability.

(2) Considering the reliability of decision information, a Z-LINMAP method is proposed and

involved into the proposed 3WD model to derive the criteria weights, positive and negative ideal



Z-numbers based on experts’ preferences. With the support of RT, this paper constructs a group of
regret loss functions based on positive and negative ideal Z-numbers and presents the preference-based
regret 3WD rules.

(3) This paper proposes a 3WD model on MDISs which can not only classify but also rank all
alternatives. The comprehensive decision rules based on the weighted expected regret loss functions
are presented to obtain the final classification results for all experts and the loss score function is
defined to rank all alternatives.

The structure of this paper is shown in Fig. 1 and the remainder of this paper is organized as follows.
Section 2 introduces the basic knowledge necessary related to linguistic scale function (LSF), LZN:ss,
RT and 3WD model. Section 3 proposes a preference-based regret 3WD method on MDISs with LZNs.
Section 4 provides a numerical analysis for image recognition based on human-computer interaction.
The Comparative and sensitivity analyses in Section 5 are used to demonstrate the feasibility and

effectiveness of the proposed regret 3WD model. Finally, Section 6 presents the concluding remarks.

Decision information Preference
systems with LZNs of ¢, information of ¢,
| |
v
Z-LINMAP method
v Y v
Preference PIS and NIS Criteria
coefticients with LZNs weights
| I
v v
Define the consistency-order Obtain the relative loss
. . . < Regret theory
and inconsistency-order functions
v i ¢
Identify two equivalence Obtain the regret loss
classes of alternatives functions
v v
Obtain the conditional
e . Compute three thresholds
probabilities of alternatives

v

Preference-driven RT-TWD
rules of ¢;

v y !

The classification The classification
results of ¢; results of e,
T I I
v

The ranking results

Fig. 1. The flowchart of the proposed model.



2. Preliminaries

This section briefly reviews some basic concepts, regarding LSF [44], LZNs [30], RT [45] and
3WD [42].

2.1. Linguistic scale function (LSF)
Definition 1. [44] Given a linguistic term set L = {ly, [, ..., [5,}, the LSF H mapping from /; to g; is
defined as follows:

H:l,—->¢({=0,1,..,29),

where the symbol ¢; reflects the preference of expert using the linguistic term /; and 0 < ¢y < ¢ <

-++ < g < 1. The possible LSFs H,(l;) (0 = 1,2, 3,4) can be given as follows [30]:

Hi() = i O<i<2g),  Hyl)= (é)g 0<i<2).

ag _ag_i .
as+a=s-2

2a8 — 2

b

Hi(l) = (50 0<i<20), Hil) =
g (g+1<i<2g)

where the value of a can be determined using a subjective method. Assuming the indicator A is far
more important than indicator B and the important ratio is m, then a* = m (k represents the scale level)
and a = +/m. The vast majority of researchers believe that m = 9 is the upper limit of the important

ratio. If the scale level is 7, then a = /9 ~ 1.37 can be obtained.

2.2. Linguistic Z-numbers (LZNs)

To characterize the reliability of evaluation information, Zadeh [29] proposed the concept of Z-
number with two components including a restriction on the values and the reliability of the restriction.
The two components in Z-numbers can be described in natural languages. Wang et al.[30] proposed
the concept of linguistic Z-number (LZNs) as a subclass of Z-numbers, where the fuzziness and
randomness inherent in linguistic terms exactly correspond to the restriction and probability measure
of Z-numbers.

Definition 2. [30] Let X be a universe discourse, A = {Ag, Ay, ..., A2, } and B = {By, By, ..., By,,} be
two finite and totally ordered linguistic term sets, where g, and g, are non-negative integers. A LZN
for x € X is defined as Z = (Ay (v, By(v)), Where Ay, € A is a restriction of the value that uncertain
variables allow to take and By, € B is the measure of reliability of the first component A,,). ¢(x) and
¢(x) are the subscripts of linguistic terms A and B, respectively.

Definition 3. [30] Let Z; = (Ay;), Byi)) and Z; = (Ay(j), By(j)) be two LZNs. f* and g* are possible

LSFs of linguistic term sets A and B from H,(-) (0 = 1,2,3,4). f*! and g*~! are the inverse functions

6



of f* and g*, respectively. The symbols ¢(i) (i =0, 1, ...,2g;) and ¢(j) (j = 0, 1, ..., 2g>) represent the
linguistic term A; and B;. Some operations of LZNs are defined as follows:

(D Zi®Z; = (f7 (f (Agip) + [*(Ag()), g (LR Bu0n e s Gy,

(2)Z:®Z; = (f ' (F (Ag) X [ (Agiy)s 88" Byp) X 8" (Byy)));

(3) AZ; = (f* " (Af*(Ap))s Byy)-where A > 0;

4) Z' = (1 (f*Ai)), &7 (8" (Byp)™h)), where A > 0.

In a Z-number, part B measures the reliability of part A. Generally, A is more important than B.

Based on this view, Chai et al. [25] defined the weighted Euclidean distance of Z-numbers.
Definition 4. [25] The weighted Euclidean distance between Z; = (Ayi), Byi)) and Z; = (Ay(j), By(j)) 15

defined as follows:

d(Z;,Z;) = \/Pl(f*(A¢(i)) — F(Au)))” + pa(g*(Boiy) — 8" (Byj))’ (2)

where p; € [0, 1] and p, € [0, 1] are parameters to reflect the importance of A and B in LZNs and
o1+ p2 = 1. Part A is usually considered more important than part B, then p; > p,. In particular, A and

B are equally important when p; = p, = 0.5.

2.3. Regret theory (RT)

RT proposed by Bell [45] is a critical behavior theory, which takes into account the psychology
of regret when making risky decisions. Expert compares the outcome of the chosen alternative with
other alternatives to select the best choice that expert will not regret. Let y; and y, be the outcomes of

choosing alternative x; and x,, the perceived utility of expert to choose x; is obtained as follows:

Ui, y2) = u(yr) + r(u(yr) — u(y2)), 3)

where u(-) is the utility function and r(-) is the regret-rejoice function. Let the utility difference be
Au = u(y,) — u(y,), then expert prefers to x; than x, when r(Au) > 0. The regret-rejoice function r(Au)

is calculated as follows:

1 — e u(y)) > u(yy)

r(Au)= , “4)
0, u(yr) < u(ys)

where ¢ € [0 + oo] is the regret aversion coefficient. The bigger ¢ is, the higher the regret aversion

degree of expert is.

2.4. Three-way decision (3WD)
Yao [42] proposed the 3WD theory based on the Bayesian theory. Generally, the 3WD model

includes two states Q@ = {X, —X} and three actions A = {ap, ag,ayn}. X and —X represent that an

7



object x belongs to X and do not belong to X. ap, ag and ay stand for acceptance, delay and rejection
actions, which denote x € POS (X), x € BND(X) and x € NEG(X), respectively. R is an equivalence
relation on X and [x] is the equivalence class of R including the object x. Pr(X|[x]z) and Pr(=X]|[x]g)
are the conditional probabilities of the object x belonging to and do not belonging to X. In specific,
Ades(® = P,B,N;o = P,N) are denoted to measure the losses of taking three actions, which are
presented in Table 1. A,,, 45, and A, represent the losses taking actions ap, ag and ay when x € X.
Similarly, A,,, 4, and 4,,,, denote the losses taking actions ap, ag and ay when x € —X. A reasonable
assumption is considered in the 3WD model: 0 < A, < Agp < Ayp, 0 < Ay < Apy < Apye

The expected loss function R(a,|[x]g) of taking three actions can be calculated as:

(1) Rapllxlr) = App PrCXI[xTR) + Ay Pr(=XI[x]e):

(2) Rasllx]r) = Agp Pr(X|[xTx) + Ay Pr(=X|[x]e):

(3) R(anl[x]g) = Ayp Pr(X|[x]r) + Ay (Pr(=X][[x]g).

According to the Bayesian theory, the following decision rules of minimum losses can be demon-
strated as follows:

(P1) If R(apl[x]r) < R(asl|[x]z) and R(apl[x]r) < R(ayl[x]r), then x € POS (X);

(B1) If R(agl[x]r) < R(apl[x]x) and R(agl[x]g) < R(anl[x]g), then x € BND(X);

(N1) If R(ay|[x]r) < R(ap|[x]r) and R(ay|[x]r) < R(ap|[x]r), then x € NEG(X).

The above rules (P1)-(N1) relate to the loss function A,, and the conditional probability Pr(X|[x]g),
then the decision rules can be simplified as:

(P2) If Pr(X|[x]g) = @ and Pr(X|[x]g) = v, then x € POS (X);

(B2) If Pr(X|[x]g) < @ and Pr(X|[x]g) = B, then x € BND(X);

(N2) If Pr(X|[x]g) < v and Pr(X]|[x]z) < B, then x € NEG(X);

— Apy—Apy — Apy—Ayy — Agn—Avy
where o = (Apy=Apy)+(Agp=App)’ Y= Aoy =yt Ay p=App) and 3 = (Agy=An)H(Ayp=App)”
Table 1
The loss functions in 3WD theory.
Actions X(P) -X(N)

ap App Apn
ag Agp AN
ay Anp AN

3. Preference-based regret 3WD model on MDISs with linguistic Z-numbers

This section proposes a preference-based regret 3WD model on MDISs with LZNs. Section 3.1

proposes a Z-LINMAP method to derive PIS vector, NIS vector and criteria weights. The consistency-



order and inconsistency-order are defined to determine two equivalence classes in Section 3.2, and the
conditional probabilities based on LZNs are derived. Section 3.3 presents the regret loss functions and
designs two 3WD decision rules. In Section 3.4, we discuss the 3WD decision rules on MDISs and

define a loss score function to rank all alternatives.

3.1. Z-LINMAP method

Assume X = {xi, xa, ..., x,} 18 the alternative set and C = {ci, ¢a, ..., ¢} 1S the criteria set. The
LZNs evaluation matrix can be expressed as Z = (Z;;)xm, Where Z;; = (A;;, Bij). The preference
relation set Q = {(k,])|xx, x; € X} can be provided by an expert, where (k,[) represents that the
expert prefers to alternative x; rather than x;. A LZN Z;; = (A;j, B;;) can be transformed as a crisp
Z-number Z; i = (f(A;j), g(B;j)), where f(-) and g(-) are possible LSFs of linguistic term sets A and
B. Then we can obtain the crisp Z-number matrix Z =(Z nxm- The PIS vector and NIS vector with
LZNs can be denoted as Z* = (Z{,Z5,....,Z,) and Z~ = (Z,,Z,,...,Z,,), where Z; = (A;T,B;T) and
Z; = (A}, B))(j = 1,2,...,m). Then the positive weighted distance and negative weighted distance of
alternative x; are denoted as S = jfl w;id(Z;j, Z;)2 and §; = jfl w;d(Z;;, Zj‘)2, which are calculated as
follows:

ST =) wilpr(f(Ai) = FIADY + pa(e(By)) - &(B)));

=1

ST = > wilpr(f(Aij) = FA)) + pa(e(By) - &(B))).

=1

(&)

Traditional LINMAP method [19] only considers the PIS with each alternative and ignores the NIS.
We discuss how to obtain the PIS vector firstly. For a preference relation (k, 1), S; < S is regarded as
satisfying the consistency. The positive inconsistency degree (S, — S;)” and the positive consistency
degree (S, — §;)" under PIS are denoted as:

0, ifS;>8;
(S =S = max{0,(S; - S})) = ;
Si=8/,if S/ <8§;
(6)
S-S, if S/ >8]
0, if S/ <S8;

(S =8 =max{0,(S; -S))} =

The total positive inconsistency degree B and the total positive consistency degree G under PIS
can be calculated as B = (k,%:eQ S/ -S8;) and G = (k%‘,eQ S-S ;)J'. Generally, the total positive
consistency degree G is expected to be higher than the total positive inconsistency degree B, then the
condition G — B = ¢ should be satisfied, where & is a real number greater than 0.

To derive the weight vector w = (wy, ws, ...,w,,) under PIS and PIS vector Z*, the minimum



of inconsistency degree under all preference relations is considered as the goal. Let the positive
preference coeflicient uy; = max{0, (S; — S)} and the objective function be min }] uy, then the PIS

(k.DeQ
programming model can be established as follows:

min Y,y
(k,.DeQ

S7 = 2 wion(F(Aw) ~ FADY + pa(g(Br) - 8(B)P)

Z

S = '21 wi(p1(f(A) — f(z‘\;))2 + p2(g(By)) — g(B;))z),
=

SEN g+ (ST =S > 0¥k, D) € O,

2 S/ =8 =¢

(k,heQ

i > 0,V (k1) € Q.

M-1)

Then we discuss how to obtain the NIS vector. Similarly, S, > §; is considered to satisfy

the consistency. The negative inconsistency degree (S; — § )~ and the negative consistency degree

(S, —S§,)" under NIS are denoted as:

o - 0, if Sy <8k
S; =8 =max{0,(S; =S} = ST —S7,ifS >S; ;

[ k’l l > k

(7
Sy =87 ifS;<S;

S; -Sp)" =max{0,(S; —S))} :{
0, ifS;>8;

The total negative inconsistency degree B =}, (§; —§,) and the total negative consistency
(k.heQ
degree G’ = Y, (S; — ;)" under NIS satisfy the condition G’ — B’ = ¢, where & is a real number
(k.DeQ
greater than 0. Let the negative preference coeflicient be y;, = max{0, (S; — §,)} and the objective

function be min )} g, the NIS programming model to obtain weights and NIS vetctor can be

(k,)eQ
established as follows:

min ),
(k.DeQ

S;=iwﬁ«ﬂ&»<qu+m@wm—g&»%

P

S7= X wilpi(f(Ay) = FAD) +pa(s(By) ~ 8(B)))
P

w,+ (S =S7)20,Yk1D) € 0,

S Si-Sp=¢,
(k.heQ

wi€[0,1],j=1,2,..,m,
1y, > 0,9k, 1) € Q.

(M-2)
5.t

10



The f(-) and g(-) by solving models (M-1) and (M-2) may go beyond the boundary [0, 1] of LSFs.
Therefore, the constraint on LSF boundaries is required: f(-), g(-) € [0, 1] . To obtain the comprehensive
weights considering PIS and NIS, we use a parameter 6 to aggregate all preference coefficients 1y, and

Hy,- The objective function is updated as min  »; Ouy + (1 — 6)uy,, and the comprehensive Z-LINMAP
(k.heQ
model is as follows:

min 3, Guy + (1 - Oy,
(k,HeQ

2 S-S =¢
(kDeQ

i+ (ST =S7)20,Y(k,D € Q,
S (Sp-Sp=¢,

(k,he@
Wy + (S =8)=0,YkDeQ,
ST =S{ = wilor(f(Ay) = FIAD) + pa(g(Bij) — BT~ (M-3)

J=1

P1(f(Ary) = FAD) = pa(g(Bry) — gBD (k. D) € Q.

s.L.

Si =7 =) wilpi(f(Ay) - FATN +pa(g(By) — (B~

j=1
P1(f(A) = F(A)? = pa(8(Bij) — 8(B)))), V(k, ) € Q,
wj, f(AD), (A7), 8(B}),8(B;) € [0, 1], j = 1,2,....m,
Mg 2 0, 2 0,Y(k, 1) € Q.

To transform the model (M-3) into a linear programming model, four variables w‘j‘.”, w?‘, wf* and

w4~ are added into model (M-3), where w!* = w; * f(A), w}™ = w; * f(A7), w* = w; * g(B}) and

wf‘ = w; * g(B}). Then the linear programming model (M-4) is as follows:

min 3, Ouy + (1 - Oy,
(kDeQ

Y SF-SH=e
(k,DeQ

Mil + (S;— - S}:) > O,V(k,l) € Q,
S-S =¢,

adoCr 0=
1, +(S; = S7) 2 0,Y(k 1) € Q,
ST =85 = wirpr # (FAR? = F(A)?) + p * ((B1j) = g(Bi)*) = 201

s i (M-4)
St DI FAL) = FAD) = 2p2% D W (2(By) = 8(Bky), Yk, 1) € Q,

j=1 j=1

Sp=S; = Z wik(pr * (f(Ag) = F(A)?) + 2 * (&(Biy)* = g(Bj)*)) = 2p1%

=
m

D WA = FAR) =202 5 ) wh(2(Bij) = &(Bi), Yk, D) € Q.
j=1 j=1

w; € [0, 11, WAt wi= Wi wh™ € [0,w;], ¥ € [1,m],
a2 0,41, 2 0.¥(k.1) € Q.

+ B+ A

A - B— (; _ faod : +) — 4, A+
where w;, wit wit W and w; (j = 1,2,...,m) are decision variables. Due to f(Aj) =W, /wj,

11



f(A7) = wl™wj, g(B}) = wi* /w; and g(B}) = w?" /w;, then PIS Z-number Z; = (f~'(A?),g”'(B}))
and NIS Z-number Zj‘ = (f! (AJ‘.), g! (B]‘.)) can be obtained by solving the model (M-4) using CPLEX
or LINGO. The normalized weight vector w = (wy, wa, ..., w,,) can be calculated using w; = w;/ Z’;’:l wj.
Meanwhile, uy; and p;, for Y(k,1) € Q can be obtained, which are the foundation of the proposed

preference-based 3WD model.

3.2. Consistency-order and inconsistency-order

In this section, we define the consistency-order and inconsistency-order based on Z-LINMAP
method and determine the conditional probabilities of alternatives to explore the impact of expert
preference on classification results.

Definition 5. The quad © = {X, C, Z, O} describes a decision information system. X = {x;, x3, ..., X,,} 1S
a nonempty finite alternative set and C = {cy, ¢, ..., ¢,,} 1S nonempty finite criteria set. Z = (Z;j),xm 18
the evaluation matrix with linguistic Z-numbers. Q = {(k, [)|xt, x; € X} is the preference relation set
provided by an expert. uy and u;, for ® obtained by Z-LINMAP method represent the inconsistency
degrees of preference order, which can be considered as the condition of determining the equivalence

class. The consistency-order P,,, and inconsistency-order P;,.,, are defined as follows:

Peon = {(k,]) € Ol(pi < 0) N (i, < 0)}

; 8)
Pincon = {(k, l) € Ql(:ukl > O) U (:u]ld > O)}

where py; < 0 and y;, < 0 are two necessary conditions of consistency-order. The inconsistency degree
of preference relation (k, /) under PIS or NIS case is the minumum value when the two conditions
are satisfied, then (k, /) is considered to be contained in the consistency-order P,,,. Meanwhile, the
inconsistency degree at least one case (PIS or NIS) does not meet the minimum requirement when
Mg = 0 or py, > 0, then (k, 1) is contained in the inconsistency-order set Piycon.

Definition 6. Based on the definition of consistency-order and inconsistency-order, the consistency

equivalence class [x;]p,,, and inconsistency equivalence class [x;]p, . of alternative x; are defined as

incon

follows:

[xelp,,, = x|k Peonxs) V (XiPeonXi) V Xi, X1 € X))} ©)

[xk]P,-,w,m = {xll(kainconxl) \ (leinconxk) V X, X1 € X)}

where x; P, x; represents the preference relation (k, /) € P,,, and x,P_,,x; shows the preference relation

(l,k) € P.,,. The consistency equivalence class [x;]p_ contains all elements of preference relations

con

about x; that satisfy the consistency-order. For example, alternatives x; and x;, are contained in [x]p

con

when (k,[) € P.,, and (h, k) € P,,,. Similarly, the inconsistency equivalence class [x;]p, . contains

incon

all elements of preference relations about x; that satisfy the inconsistency-order. If (k,l) € Pjcon

12



and (h, k) € Pjycon, then x; and x;, belong to [x;]p Significantly, the two equivalence classes of x;

incon *
contains the alternative x;.

Proposition 3.1. For a non-emepty alternative set X, let [x;]p. and [x;]p, —be the consistency

con incon

equivalence class and inconsistency equivalence class of alternative x, then:

(1) The two equivalence classes [x¢lp,, and [xi]p,.,, satisfy the reflexivity.
(2) The two equivalence classes [xi]p,, and [xi]p,., satisfy the symmetry.
(3) The two equivalence classes [x]p,,, and [xi]p,.,, may not satisfy the transitivity.

Proof.

(1) For any x; € X, we have x; € [x;]p.  and x; € [x]p Therefore, [x;]p. and [x;]p,  satisfy

con incon * con incon

the reflexivity.

(2) For any x;, x; € X, if x; € [x;]p. , then we have x;P.,,x; or x;P.,,X;, and we can further get

con?

X € [x/p,,,. Similarly, if x; € [x]p then we have x; PjuconX; OF X;PinconXi, and we can further get

incon ®

Xk € [x/]p,,,,. Therefore, [x;]p,,, and [xi]p, , satisfy the symmetry.

con incon

(3) For any xi, x;, x;, € X, we have x;P.,,x; or x;P.,,x; if x; € [x¢]p,, , and we have x;P,,x;, or

con?®

XnPeonxi if x5 € [x¢]p,,,. Since the relation of x; and x;, is unknown, [x;]p,.,, and [x;]p, ., may not satisfy
the transitivity, which is consistent with the characteristic of LINMAP method. [ ]
Table 2
The preference coefficients in Q.
O(k, 1) M My Q(k, 1) M My
0(1,2) + + 04,3) -
0(1,3) - - 0@3,5) - -
04, 1) + - 0G6,4) + +
0(1,5) - - 0(6,7) - -
02,3) - - 0(6,2) - -
04,2) + - 0(7,3) + -
02,5) - + 0(5,6) - +

Example 3.1. Assume the preference relation setis Q = {Q(1, 2), O(1, 3), O(1,5), O(2,3), 0(2,5), O3,
5),04,1),04,2),0(4,3),0(5,4), 0(5,6), 0(6,2), 0(6,7), O(7,3)}. Based on Z-LINMAP method,
the preference coefficients uy; and w, can be solved. For convenience, uy; > 0 or u, > 0 are replaced
by symbol ”+”, and symbol ”-” replaces the cases of uy < 0 or uj, < 0, which are shown in Table
2. According to Eq. (8), we can obtain P, = {Q(1,3), O(1,5), 0(2,3), 03,5), Q(6,7), Q(6,2)} and
Picon = {0(1,2),0(4,1),0(4,2),0(2,5), 04,3), O(5,4), O(7,3), O(5, 6)}. For alternative x;, Q(1, 3)

and Q(1, 5) are contained into P,,,, then the consistency equivalence class of x; is [x]p. = {x1, X3, X5}.

con

Similarly, Q(1,2) and Q(4, 1) belong to P;,.., then the inconsistency equivalence class of x; is

13



[x11p,,,, = {X1, X2, X4}. Therefore, we have:

[xl]Pm,, = {x1, X3, Xs}; [Xl]Pm,, = {x1, X2, X4};
[Xz]Pm = {x2, X3, X6}; [xz]P,»,,m,, = {Xxp, X1, X4, X5};

[x3lp,, = {x3, X1, X2, X5};  [X3]p,, = 1X3, X4, X7}

[x4]p,,, = {xa}; [X4]Prcon = X4 X1, X2, X3}
[xs5]p,,, = {xs,x1, x3}; [X5]1Psen = {X55 X2, X4, X6}
[x6]p.,, = {X6, X2, X7}; [X6]1Pieon = (X6 X5}
[x71p.,, = {x7, X6} (%71 Pineon = (X7, X3}

Definition 7. The conditional probability Pr(X|[x;]p._ ) of alternative x; determined by the consistency-

con

order P,,, and the conditional probability Pr(X|[x;]p, ) of alternative x; determined by the inconsistency-

incon

order P;,.,, are denoted as follows:

(D e, Za) I#1xp,,

(Zetany, Za) H#xp,, + (Saperars, . Zo) 1,
(Zerars, Zo) I#15p,.,

(Zsctatn, Za) I#xe,, + (Saeran,  Z6) [#xdp,,

ncon

Pr(X|[x]p,,,) =

con

; (10)

Pr(X|[xclp,,,.) =

: (11)

m m
where Z, = Y w;Z,; and Z, = >, w;Z,; are the aggregated Z-numbers of alternatives x, and x;,
J=1 J=1
respectively. x, is the element in the consistency equivalence class [xi]p,, and x, is the element in
the inconsistency equivalence class [x;]p

. #[xilp,, and #[x;]p, ~ are the numbers of [x;]p, and

incon incon

[xk] Pincon *

Remark 3.1. For the sake of convenience, let Z,,), = X\ vy, Za and Zy,

incon

= bee[xk]P Zy

incon

here. According to operators of Z-numbers, Z,,;, ~and Zj;,  should be Z-numbers. However, the

part f(A) of the two crisp Z-numbers Zj,), —and Z, »,.,, May be beyond the boundary of [0, 1]. In Ex-

ample 3.1, 1f{Z,, Z,,Z3, Z4, Zs} = {(0.4789, 0.2904), (0.3185, 0.8626), (0.7228, 0.4744), (0.6750, 0.3889),
(0.6743,0.6489)}, then we can get Z[mpm = (1.8760,0.4902) and Z[Xl]f’mﬂ = (1.4724,0.4593)

when f(-) = Hy() and g() = H,(). Since 1.4724 > 1 and 1.8760 > 1, Z,  and Zp,
cannot be converted to Z-numbers by f~!(-). Therefore #[x;] p., and #[x.]p, ~in Definition 7

are introduced to average the part f(A). Then Zj,,), = (1% 0.4902) = (0.6253,0.4902) and
Zpy, = (M412,0.4593) = (0.4908,0.4593).

incon

Direct division of Z-numbers may cause information loss, so we introduce a relative close degree

CL(Z) transforming Z-numbers into crisp numbers to calculate these conditional probabilities, which

14



are as follows: o
3 d*(Z,77)
CdNZ,7Y) +dX(Z,7)

CL(Z) (12)

where Z* and Z~ are the crisp Z-numbers corresponding to the best linguistic Z-number Z* =
(Ao, Bag,) and the worst linguistic Z-number Z~ = (A, By), respectively. Moreover, the larger
the relative close degree CL(Z) is, the better the Z-number Z is.

Therefore, the conditional probabilities of alternative x; can be calculated as follows:

CL(Z [xk1Peon )
CL(Ziy,,) + CL(Z1yp, )’

CLZy,,,,)
— incon . (14)
CL(Z,,,) + CL(Zyy,, )

incon

Pr(X|[xclp,,,) =

(13)

Pr(X|[x¢]1p,..n)

= (bee[xk]P Zb) [#[x«1p,,,, are the aggregated

Z-numbers based on the consistency and inconsistency equivalence classes.

where Z,, = (Zxae[xk] . Za) [#xclp,,, and Zpy,,

incon incon

Proposition 3.2. The conditional probabilities determined by consistency-order and inconsistency-

order meet the following conditions:
(1) Pr(X|[xilp,,,) + Pr(X|[xclp,,,,) = 1;

con

(2) Pr(=X|[xclp,,,) + Pr(=X]|[x]p

con incon )

Proof.

1 P X P X CL(ZxHE[Xk]pmn Z“)+CL(2xbe[xk]Pincon Zb) 1
(1) Pr( |[xk]Pcon) + Pr( |[Xk]P,-,,CO,,) - CL(ZXaElX/(JP(,m Z,,)+CL(the[kaPimon Zy)

CL(beE[xijmmn Zb)
(2) Pr(_'Xl[xk]P(-wl) =1- Pr(Xl[-xk]Pwn) = CL(Y, Lol Z)+CL(S, — Zb);
xa€lxlp.,, “4 BEIP on

_ L ety 2 Therefore, Pr(=X| + Pr(=X| =la
neon) = CLE wetlpeyy Z*CU gty Z0)° erefore, Pr(=X|[x]p,,) + Pr(=X|[xp,.,.) = 1.

Example 3.2. Assume gy = 3 and g0 = 2 and let A = {Ay : very poor, Ay : poor, A, :

and Pr(—=X|[xlp,.,) =

1 = Pr(X|[x]p

slightlypoor, As : fair, Ay : slightlygood, As : good, Ag : very good} and B = {By : more unlikely, B :
unlikely, B, : fairly, Bs : likely, B, : more likely}. Then Z* = (A¢, Bs) and Z~ = (A, By) can be
obtained. The possible LSFs of A and B are f(-) = Hy(-) and g(-) = H;(:). The alternative set is
X = {x1, x2, X3, X4, X5} and the criteria set is C = {cy, c,}. The weight of criteria is w = (0.35, 0.65). The
parameters are assumed as p; = 0.8 and p, = 0.2. The LZNs matrix Z is as shown in Table 3. The
equivalence classes of all alternatives are shown in Table 4.

Firstly, the LZNs matrix Z can be transformed into the crisp Z-numbers matrix Z= (Z Inxm> Which
is as shown in Table 5. The best LZN and the worst LZN can be transformed into Z = (1,1) and
Z = (0,0). The aggregated Z-numbers Z = g}l sz- i (i=1,2,3,4,5) can be calculated as follows:

Zi=wy % Zy + Wy Z1p = (035 % 0.22()830.5000) + (0.65 % 0.6179,0.2500) = (0.0773, 0.5000) +
(0.4016,0.2500) = (0.0773 + 0.4016, 20773:03000+04016:0.2300) — (().4789, 0.2904);

0.0773+0.4016
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Zy =Wy * Zo + Wh % Zn = (0.3185,0.8626);
73 =W, % Z31 + Wa % Z3, = (0.7228,0.4744);
Z4 =Wy * Za1 + Wy * Zg = (0.6750,0.3889);
Zs =Wy % Zs; + wa * Zsy = (0.6743,0.6489).

Table 3

The LZNs matrix Z.
X; X1 X3 X3 X4 X5
1 (A1, By) (A3, B3) (A4, By) (A6, B3) (As, By)
&) (A4, By) (A1, By) (As, By) (As, By) (A4, B3)

According to the given equivalence classes in Table 4, we can calculate Z[xk],,m and Z[xk]%w as
follows:

Zislp,,, = (0.6253,0.4902); Z;,), = (0.4908,0.4593);

Zissly,,, = (0.5207,0.5931); Z;,,), = (0.5367,0.5189);

Zixy)y,,, = (0.5486,0.5442); Z;,,, = (0.6989,0.4331);

Zixp,, = (0.6750,0.3889); Z;,,), = (0.5488,0.4643);

Zissly,,, = (0.6253,0.4902); Z;,), = (0.5559,0.5845).

Finally, the conditional probabilities of X are calculated using Eqgs. (13) and (14) as follows:

Pr(X|[xi1p.,) = geassr = 0.5943; Pr(X|[x11p,...) = eammsesy = 0.4057;

Pr(X|[x,]p,,) = 0.5017; Pr(X|[x]p, ) = 0.4983;

Pr(X|[x3]p,,) = 0.4396; Pr(X|[x3]p,. ) = 0.5604;

Pr(X|[x41p,,) = 0.5585; Pr(X|[x4]p, ) = 0.4415;

con incon )
con

Pr(X|[xs]p,, ) = 0.5251; Pr(X|[xs]p, ) = 0.4749.

con

Table 4

The equivalence classes in X.
X; [xi]p.,, [Xi]Prcon
X1 X1, X3, X5 X1, X2, X4
X2 X2, X3 X2, X1, X4, X5
X3 X3, X1, X2, X5 X3, X4
X4 X4 X4, X1, X2, X3
X5 X5, X1, X3 X5, X2, X4

Table 5 _
The crisp Z-numbers matrix Z.

X X1 Xy X3 X4 Xs
C1 (0.2208,0.5000) (0.5000,0.7500) (0.6179,1.0000) (1.0000,0.7500) (0.7792,0.5000)
o) (0.6179,0.2500) (0.2208,1.0000) (0.7792,0.2500) (0.5000, 0) (0.6179,0.7500)
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3.3. The loss functions and individual 3WD decision rules

Yao [42] proposed the relative loss functions, i.e., the loss functions corresponding to three actions
in the same state are proportional, and that of the optimal action is 0. However, the relative loss
functions ignored the experts’ psychology of regret when taking different actions. Therefore, we take
into account the RT when determining the loss functions of different experts. Let the expert set be
E = ey, e, ...,er} and e, represents the hth expert. The relative loss functions A% (e = P, B, N;o = P, N)

provided by e, for alternative x; is shown in Table 6, where o7, is the risk avoidance coefficient of e),.

Table 6
The relative loss functions provided by ey,.
Actions  X(P) -X(N)
ap A% =0 A= Y wid(Z, Z;)
j=1

ap A= o RWdZy, 2D Ay = o X W2, Z5)°
J= i=

ay Ak = ng wid(Zi, 25 A =0

The conditional loss function of taking three actions ap, agp and ay under two states Q =
{X, =X} is denoted as Il(a./o)(¢ = P,B,N;o = P,N), which represents the loss that taking the
action e when the object is under the state o. Then the set of conditional loss function is 1 =
{l(ap|P), l(ap|P), l(an|P), l(ap|N), l(ag|N), l[(ay|N)}, where I(a,|o) can be represented by A% in Table
6. Assume a, and a. (e,* = P, B, N) represent two different actions. Based on the RT, we define a

perceived loss function L(a.|o, a.|o) taking action a, instead of action a, as follows:
L(a.|o, a.l|o) = l(as]o) + r(l(as|o) — l(a.]0)); ¢, « = P,B,N;o = P,N; e # x; (15)

where r(Al) is the regret-rejoice function. Let the loss difference be Al = l(a.|o) — I(a.|o), then the

regret-rejoice function r(Al) is calculated as follows:

1-— —6;,><All .O_l .|o
HAD= e , l(aslo) = l(a.|o) . (16)
0, l(a.]o) < l(a.lo)

. —=hk . . . . .
Then the regret loss function 4, is considered as the total losses of taking action e instead of the

other two actions under the state o, which is denoted as follows:

X = Lo, alo) + L(adlo, aylo); e = P, B,N;o = P,N; a7)

17



where e, x and * represent three different actions. LetS, = Z w;d(Zy j,Z+) and S, = Z wid(Zyj, Z; ),
then we can obtain all regret loss functions shown in Tablé_7 which are as follows:

Af,’,'; S g L L1 W | g 1 R T

Typ = AW (U — AN Ak (U, A1y = 207,541 — 7055

Ty e = = VP (A, — A )4 A 4 (U, — k) = 25 41 — e 05k 4] — g 010wy

/lPN = A (A, — A+ A (A, — A1) = 28, 41 — e 17omSiq ] — e70Sy

Ty = Ak r(A — A ) k(A0 — K = 20,5,}1 — 7S

Ty = Ak r(Ak — ) Ak (A ik —

Table 7
The regret loss functions.
Actions X(P) =X(N)
—hk —hk
ap App Apy
—hk —hk
ap BP BN
—hk —hk
an NP NN

Proposition 3.3. The regret loss function Zﬂ:(o = P, B,N;o = P,N) meets the following conditions:
(1)0 < /IPP = /1310 < /INP’ (2)0 < /lNN < /IBN < Zigjv
Proof.
3 L L Yo —onSy —on(1=on)S} <t ~6hnS1 Y —
(1) For 4,p, we can obtain Ay p — Agp = 25, +1 — e "k +1 — ™77k — (20,85, +1 — €77k ) =
21— )8, + (€St — ¢=5i) 1 | — 91905k Due to o, € [0,1], 5, > 0and 5, > 0, we can
get two inequalities: 2(1 — O'h)g,: >0, e 915k — ¢Sk > 0 and 1 — e*(1-70St > 0. Then we have

—hk  —hk , —hk _ —hk =k —hk
Ayp — Agp 2 0. Meanwhile, we have 0 < App < Agp < Ayp due to App = 0;

(2) For A, We can obtain Ay — day = 28 +1 — e 1 1=005k 4 — =08k — (207§ +1 — ™15 ) =
2(1=04)S , + (e771Sk — 05k 4 1 — ¢=0(1-owSk Duye to o € [0,1], 6, = 0 and S, > 0, we can
get two inequalities: 2(1-0)S, > 0, ¢4« — =Sk > (0 and 1 — ¢ *1~oWS« > (. Then we have
/_l’;l;, - 71};,]; > 0. Meanwhile, we have 0 < /_lljka < 71};’;\, < 71},2’;, due to 717\;{]\, =0. ]

The expected regret loss function Rj(a.|[x:]p.,,) of taking three actions for expert e, can be

calculated as:
Ry(apllxtlp,,,) = ﬂppPrh(X [xklp,,,) + /lPNPrh(X (X1 Pieon)s

Rh(aBl[xk]Pm,,) = ﬂBpPI“h(X | [xk]Pmn) + ABNPI’h(X | [xk]P,,w,m) (18)
Ri(anl[xi]p,,,) = /_lePrh(X I[xcp,,,) + /lNNPrh(X (X1 Pieon)-

According to the Bayesian theory, the following decision rules of minimum regret losses can be

demonstrated as follows:

(P3) If Ry(apllxclp,,,) < Ru(agllxilp,,) and Ry(apl[xclp,,,) < R(an|[x]p,,), then x € POS"(X);

con con con
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(B3) If R (agllxi]p,,) < Ru(apllxi]p,,) and Ry(agllxi]p,,) < Ru(anllxclp,,), then x € BND"(X);

con

(N3) If Ry(ayl[xilp,,) < Ru(apllxilp,,) and Ry(ayl[x]p,,) < Ru(agpllxilp,,), then x € NEG"(X).

con con con con

To simplify the decision rules (P3)-(N3), the following thresholds of e, for alternative x; can be

obtained as follows:

—hk —hk

Apy — A
PN ~ BN
o = —

2(1 = 0p)S, + (e778Sk — 7081y 4 ] — @ 0i1-oWS,
hk

— —hk —hk  —hk _ - — — — — —
Aoy — Agy) + (Agp — App)  2(1=03)S + (e707hSk — 05k + 1 — e=n1=oWSk + 20,8, +1 — e~on7nS«
—hk  —hk

’}/hk _ /IPN - ANN _ 2§]:+1 — e_‘sh(l_a'h)sk +1 _ e—5hsk
T o—hk = —

hk hk  —hk . T Ao <= < =+ <+ — >
Aoy — Ayy) + Ayp — App) 28, +1 — e 00=0mSk 4] — =05k + 28, +1 — ek +1 — e~on1=0nSk
—hk  —hk

qT e
B = Agy — Ayy _ 208 +1 — e7nmk
T —hk

— —hk —hk  —hk _ = <= —+ <+ e —+
(Agy — Ayy) + Ayp — Agp) 2018 +1 — 7075 +2(1 — 07)S + (€705 — e70Sk) + 1 — e=onlI=omSi

Then the simplified decision rules of expert e, related to three thresholds {a/*, B %} and the

conditional probability Pr,(X|[x;]p, ) are as follows:

con

(P4) If Prj,(X|[x¢]p. ) > @™ and Pr,(X|[xc]p. ) > ", then x;, € POS"(X);

con

con

(B4) If Pr,(X|[x:]p.. ) < @ and Pry(X|[x]p. ) > B, then x, € BND"(X);

con

con

(N4) If Pry(X|[x¢]p, ) < ¥"* and Pry(X|[x¢]p, ) < B, then x, € NEG"(X).

con

con

3.4. Preference-based regret 3WD method on MDISs

Based on the above methods, if expert e, gives the preference set Q, and Z-number decision
information system Z”, then we can obtain three regions POS"(X), BND"(X) and NEG"(X) for e,
according to the decision rules (P4)-(N4). For the expert set E = {ey, ey, ..., er} and expert weight set
V = {vi,va,...,vr} where Zr: v, = 1, we design the comprehensive decision rules integrating MDISs
and preferences, which csfrzllbe divided into two scenarios:

e If alternative x; belongs to the same region (POS"(X), BND"(X) or NEG"(X)) for all Z-numbers

DISs, which means that the classification results of x; by all experts are consistent. Then x; is

contained in the region all experts support.

o If alternative x; is divided into different regions under different MDISs, which means that the
classification results of x; for all experts may be inconsistent. Then the weighted expected regret

loss function R(a.|[x]p. ) can be calculated as follows:

con

I
R(@lixde,,) = ) viRi(@llxdp,,); e = P,B,N;k = 1,2, ...n.

con
h=1

(19)

Then the comprehensive decision rules are as follows:
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(PS5) If R(apllxilp,,) < R(asllxlp,,) and R(ap|[x]1p,,) < R(anllxp,,), then x € POS (X);

con con con con

(BS) If R(asllxilp,,) < R(apllxilp,,) and R(ag|[xi]1p,,) < R(anllxp,,), then x € BND(X);

con con con con

(N5) If R(anl[xi]p,,) < R(apllxilp,,) and R(ay|[xi1p,,,) < R(asllxi]p,,), then x € NEG(X).

con con con con

To rank these alternatives, we define a loss score function LS (x;) for alternative x; as follows:

LS (x) = |POS |R(apllxilp,,) + |IBND|R(apl[x]p,,) + INEGiR(al[x:]p,,)
k) — s

20

where |POS | IBNDy| or INEG;]) is the number of x; divided into the region POS"(X) (BND"(X) or
NEG"(X)) for all experts and |POS ;| + |BND;| + INEG,| = T', which means that the smaller the loss

score LS (x;) is, the better the alternative xy is.

3.5. The time complexity analysis of the proposed 3WD model

The preference-based regret 3WD method on MDISs with LZNs is shown in Algorithm 1. Suppose
that n, m and I" are the numbers of alternatives, criteria and experts, respectively. |Q,,| stands for the
number of preference relations (k, /) given by experts. Obviously, the Algorithm 1 is divided into two
parts including lines 2-18 and lines 19-28. For the first part, the lines 3-5 have the time complexity with
O(I'mn). The lines 6-10 have the time complexity with O(I'1Q,,|), and the maximum of complexity

n’=n

is O(@) due to max{|Q,,|} = *5*. The lines 11-14 calculate the probabilities of n alternatives

with a time complexity of O(I'n). The lines 15-17 have the time complexity of O(3I') to obtain the
classification results of I' experts. For the second part, the comprehensive regions for all alternatives can
be obtained in lines 19-27, whose time complexity is O(n). Finally, the line 28 have a time complexity
of O(1). Therefore, the time complexity of the first part is O(I'mn + @ +Tn+30) ~ OTmn +T'n?),
and the second part has the time complexity of O(n + 1) ~ O(n). In short, the overall time complexity

of Algorithm 1 for the proposed 3WD model is O(T'mn + I'n?) = max{O(I'mn), O(I'n?)}.

4. Numerical analysis

4.1. The description of image recognition case based on human-computer interaction

Image recognition is an important field of artificial intelligence and pattern recognition, which
uses computer technology to process and analyze images to identify targets and objects of different
patterns. High-precision image recognition technology often relies on high-quality pictures, which
are difficult to obtain in real life. Therefore, image recognition sometimes needs the aid of human
empirical knowledge, i.e., human-computer recognition. Low quality images sometimes even require

complete human recognition.
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For a image recognition case of human-computer interaction, two states Q = {X, =X} represent
that the task is suitable for machine or human, and three actions ap, ag and ay indicate the computer
recognition, human-computer recognition and human recognition, respectively. The image task set is
X = {x1, x2, ..., x7} and four kinds of image features are used to evaluate the image tasks including color
feature (c), texture feature (c,), shape feature (c3) and spatial relationship feature (c4). Four experts
E = {ey, e, 3, e4} with different preferences Q,, are invited to evaluate the image tasks by providing
LZNs information. The linguistic sets are A = {A( : very poor, Ay : poor, A, : slightlypoor, A; :
fair, Ay : slightlygood, As : good, Ag : very good} and B = {B, : more unlikely, B, : unlikely, B, :
fairly, Bs: likely, B, : more likely}. The possible LSFs of A and B are f(-) = H4(-) and g(-) = H,(-).
The MDISs with LZNs of four experts are as shown in Table 8. For convenience, the preference sets

Q., provided by E are rewritten as as the preference matrixes Q,., which are as follows:

[ —2.1)(1,3)(1.4)(5.1) (6,1) (7. 1) | [ —2.1)(1,3) 4. 1)(5.1)(6,1) (7.1) ]
(3.2) (2,4) (5,2) (2,6) (7.2) - (2,3)(4.2) (5,2) (6,2) (7.2)
(3.4)(3,5) (3,6) (3,7) - (3.4)(3,5) (3,6) 3,7)

O, =|- - - - 4965750, =|- - - - GEHGHTH|;
- - - - - (5,6)(15 - - - - - (696
N () - - - - - - (16
[~ (1,2)3,1) 4, 1) (5,1) (1,6) (1,7)] 2, D3, 1) (1,4)5,1)6,1)1,7)]
- - 2324 (2,5 (2,6)(2,7) - - (3,224 (2,5 6,2)(7,2)
- - - (3.43,53,63,7) - = = (43)(5,3)(6,3)(7,3)

O=|- = - - CHEHTH[.C, =|- - - - @HE6ATD|
- - - - - (565 N ()
- - - - - - (16 - - - - - - 16

For the selection of parameters, p; = 0.6 and p, = 0.4 are assumed which indicates the part A is
more important that part B in Z-numbers. Let € = &’ = 1 and 6 = 0.5 in Z-LINMAP method. Assume
that four expert have equal weights v, = 0.25, and risk avoidance coefficients are o, = 0.45 and regret

aversion coefficients are 6, = 0.8, h = 1,2, 3, 4.
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Algorithm 1: preference-based 3WD method on MDISs with LZNs
Input: Alternative set X = {xy, X2, ..., X}, criteria set C = {c, ¢, ..., Cp,}, €Xpert set
E ={ey, e, ..., er}, expert weight V = {vy,v,, ..., vr}, LZNs evaluation matrix
7 = (Zf})nx,n (h = 1,2,...,T) and preference relation set Q,, = {(k, [)|x;, x; € X} of
expert e,. The possible LSFs f(-) and g(-) and the parameters p1, p», 8, o, and 6,.
Output: The ranking and classification results of alternative set X.

1 begin
2 forh=1,2,....,I'do
3 fori=1ton j=1tomdo
4 Transform Z" = (Zf’j)nx,n into the crisp Z-number matrix Zh = (Z?j)nx,,, using Eq. (1).
5 end
6 for (k,1) € Q,, do
7 Compute B= ), (S;-S/) andG = ) (S;—-S;)" using Egs. (5) and (6);
(k.D)eQ (k.D)eQ
8 Compute B'= > (§;,-S8,) andG' = 3 (§, - S,;)Jr using Eqgs. (5) and (7);
(k.)eQ (k.)eQ
9 Solve the linear programming model (M-4) to obtain the PIS Z-number Zj.”, NIS
Z-numbers Zj" and normalized weight vector " = (W’f, Wg, . Wf;).
10 end
11 fori=1,2,....,ndo
12 Determine the consistency equivalence class [x;]p,, and inconsistency equivalence
class [xi]p,,,, using Eq. (9);
13 Calculate the conditional probabilities Pr,(X|[x;]p,,,) and Pr,(X|[x;]p, ) using Egs.
(13) and (14).
14 end
15 Compute relative loss functions /1’,’0(0 = P,B,N;o = P,N) in Table 6 and regret loss
functions Z]:o using Eq. (17);
16 Calculate the expected regret loss function Rj(a.|[x]p,,,) using Eq. (18);
17 Obtain the three region POS"(X), BND"(X) and NEG"(X) using decision rules
(P3)-(N3) or (P4)-(N4).
18 end
19 fori=1,2,....ndo
2 if x; € POS"(X) (BNDh(X) or NEG”(X)), Vh € [1,T] then
21 | xi € POS(X) (BND(X) or NEG(X));
22 else
23 Calculate the weighted expected regret loss function R(a.|[x;] r.,,) using Eq. (19);
24 Determine the region that x; belongs to according to the decision rules (P5)-(N5).
25 end
26 Calculate the loss score LS (x;) using Eq. (20).
27 end
28 Rank the loss scores of all alternatives in ascending order.
29 return Three region POS (X), BND(X) and NEG(X) and ranking result of all alternatives.

30 end

4.2. Decision analysis of the proposed 3WD model

In this subsection, the proposed MCDM framework is used to classify and rank these image

recognition tasks of human-computer interaction. The decision steps are as follows:
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Table 8
The MDISs with LZNs of four experts.

Experts Criteria x; X X3 X4 X5 Xe X7
e C (A2, By) (Ao, B3) (A4, By) (Az, B3) (As, By) (A3, By) (Asz, By)
() (A4, By) (As, By) (A3, B3) (A3, By) (As, B3) (As, By) (Az, B3)
3 (A1, By) (A4, B3) (A¢, B3) (Ao, By) (A3, By) (As, By) (A1, B3)
C4 (A6, Bs) (A4, By) (Ag, By) (As, By) (As, B3) (As, By) (Ag, Bs)
e C (A3, By) (A1, By) (A1, By) (A¢, B3) (A¢, B2) (Ao, By) (As, By)
() (As, By) (A4, By) (A1, By) (A1, By) (As, Bs) (As, By) (As, B2)
3 (A1, By) (Az, By) (A4, B3) (As, By) (As, B3) (A1, By) (A3, By)
C4 (As, B3) (A2, By) (A2, B3) (As, By) (A4, Bg) (A1, By) (A6, By)
e; ci (A4, By) (A¢, B2) (Ae, B>) (As, By) (A3, By) (A, By) (Ao, By)
&) (As, By) (A4, By) (Ae, Bs) (A1, By) (Ag, By) (A3, B3) (As, By)
3 (A1, By) (Az, By) (A4, B3) (As, By) (As, By) (A1, By) (A4, By)
C4 (As, B3) (Az, By) (A2, B3) (As, By) (A4, Bg) (As, B3) (Ao, By)
ey ci (As, By) (A2, By) (As, By) (A, B3) (A¢, Bs) (A4, By) (As, By)
() (As, Bo) (As, B3) (A1, By) (A1, By) (Az, By) (Ao, B>) (A1, By)
3 (A1, By) (A6, Bs) (As, B3) (A1, By) (A1, Boy) (A2, B3) (A4, By)
C4 (A3, By) (As, B3) (As, By) (As, B3) (Ao, By) (A2, By) (A1, By)
Table 9
The crisp Z-number MDISs of four experts.

E x X X3 X4 X5 X6 X7
(0.3821,1) (0,0.75) (0.6179,1) (0.3821,0.75) (0.7792,0.25) (0.5,1) (0.5,0.25)
(0.6179,0.25) (0.7792,0.5) (0.5,0.75) (0.5,0.25) (0.7792,0.75) (1,0) (0.3821,0.75)

€ (0.2208,0.25) (0.6179,0.75) (1,0.75) (0,0.25) (0.5,0.25) (0.7792,1) (0.2208,0.75)
(L,1) (0.6179,0.5) (L,1) (0.7792,0.5) (1,0.75) (0.7792,1) (1,1
(0.5,0) (0.2208,0.5) (0.2208,0.5) (1,0.75) (1,0.5) (0,0.25) (0.7792,1)
(0.7792,0.25) (0.6179,0.25) (0.2208,0) (0.2208,0.25) (1,1 (0.5,0.25) (1,0.5)

€2 (0.2208,0.5) (0.3821,0.5) (0.6179,0.75) (0.7792,0.25) (1,0.75) (0.2208,0.5) (0.5,1)
(0.7792,0.75)  (0.3821,0.5) (0.3821,0.75) (0.7792,0.5) (0.6179,1) (0.2208,0.25) (1,0.25)
(0.6179,1) (1,0.5) (1,0.5) (0.5,0.25) (0.5,0.5) 0,1 (0,0.5)
(0.7792,0.25) (0.6179,1) (1,1) (0.2208,0.25) (1,0.5) (0.5,0.75) (0.7792,0.5)

€ (0.2208,0.5) (0.3821,1) (0.6179,0.75) (0.7792,0.25) (0.5,0.5) (0.2208,0.5) (0.6179,0.5)
(0.7792,0.75)  (0.3821,0.5) (0.3821,0.75) (0.7792,0.5) (0.6179,1) (0.7792,0.75)  (0,0.25)
(0.7792,0.25) (0.3821,1) (0.7792,0.5) (0.3821,0.75) (1,1) (0.6179,0.25) (0.7792,0.5)
(1,0) (0.5,0.75) (0.2208,0.25) (0.2208,0.25) (0.3821,0.5) (0,0.5) (0.2208,0.25)

€a (0.2208,0) (1,1) (0.7792,0.75)  (0.2208,0.25) (0.2208,0) (0.3821,0.75) (0.6179,0.5)
(0.5,0.25) (0.5.0.75) (0.7792,0.5)  (0.7792,0.75)  (0,0.5) 03821,0)  (0.2208,0)

Step 1. Transformation from LZNs to crisp Z-numbers.

The possible LSFs of A and B are
{0,0.2208,0.3821, 0.5000, 0.6179,0.7792, 1} and {0, 0.2500, 0.5000, 0.7500, 1.0000}, corresponding to

{Ag, A1, Ar, Az, Ay, As, Ag} and {By, By, B,, B3, By}, respectively. The DISs with LZNs in Table 8 can be
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transformed into the crisp Z-number DISs in Table 9.

Step 2. Z-LINMAP method. According to crisp Z-number information and preference set Q,,
provided by expert ej,, the normalized weight vector W= (W’f, W’;, e Wﬁl), PIS Z-number Z;’*, NIS
Z-number Zj" and preference coeflicients including yy; and u;, can be calculated by solving the linear
programming model (M-4).

Step 3. Obtain the conditional probabilities Pr,(X]|[x;]p. ) of x; for e,. For each expert ¢, (h =

con

1,2,3,4), the consistency equivalence class [x;]p,, and inconsistency equivalence class [x;]p, ., can be

incon

obtained using Eq. (9). The conditional probabilities Pr,(X]|[x;]p_ ) can be calculated using Eq. (13),

con

which are shown in Table 10.

Table 10
The conditional probabilities of all alternatives for four experts.

Pr,(X|[xilp,,,) X1 X X3 X4 Xs X6 X7

con

Pri(X|[xi]p,,,) 0.4151 0.4538 0.4801 0.7636 0.7765 0.4036 0.5863

Pro(X|[x:]p,,,) 0.5929 0.6316 0.2968 0.5874 0.4415 0.7745 0.5033
Pr;(X|[x:]p.,,) 0.4958 0.4600 0.4205 0.4889 0.4705 0.5877 0.6566

con

Pry(X|[x]p,) 0.5467 0.4553 0.4544 0.5144 0.4180 0.7010 0.5693

Fig. 2 describes that the conditional probabilities of all alternatives for all experts, where the larger
the green area and the darker the color is, the greater the corresponding conditional probability is.
All conditional probabilities are within the interval of [0.2968, 0.7765] and there’s no extreme value,
which means that the acquisition method of conditional probability is reasonable. The maximum and
minimum conditional probabilities are Pr;(X|[xs]p,_,, ) and Pry(X|[x3]p,,, ) corresponding to alternative
x5 and x3. The conditional probabilities of x5 for all experts are not the minimum, so x; is less likely to
be assigned to the negative region NEG(X). Similarly, the conditional probabilities of x; for all experts
are not the maximum, so x; is less likely to be assigned to the positive region POS (X). However, the
classification result of alternatives depends not only on the conditional probability but also on the loss
functions.

Step 4. Calculate the regret loss functions or three threshold values of x; for e,. According to W,
Z?* and Zj" in Step 2, we can compute relative loss functions A" (e = P, B, N;o = P, N) and regret loss
functions Z]:o using Eq. (17). The expected regret loss function Rj(a.|[x;]p,,,) can be obtained by using
Eq. (18), and three threshold values o, " and g for e, also can be calculated which are as shown in
Table 11.

Fig. 3 reflects that three regions for four experts and conditional probabilities of x; for e;, according
to Tables 10-11. Dark green, green and light green represent the three areas POS"(X), BND"(X) and
NEG"(X). From Fig. 3, the area of BND"(X) is smaller than that of POS"(X) and NEG"(X), and the

areas of POS"(X) and NEG"(X) overlap greatly. Under different alternatives, the three region changes
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Fig. 2. The conditional probabilities of different alternatives for experts.

Table 11
Three thresholds of four experts under different alternatives.
Experts Thresholds x; X X3 X4 X5 Xe X7
el all 0.6423 0.6177 0.7459 04614 0.7896 0.5834  0.3635
yl 0.5476  0.5222 0.6681 0.3669 0.7168 0.4892 0.2787
Bl 0.4495 04251 05809 0.2812 0.6313  0.3957 0.2068
e ¥ 0.2922  0.5228 0.6535 0.6518 0.5963 0.5805 0.5187
Y 0.2193  0.4253 0.5597 0.5577 0.5060 0.4830 0.4263
B 0.1598 0.3330 0.4616 0.4594 0.4154 0.3867 0.3384
3 o’ 0.5872  0.6626  0.6398 0.4931 0.5902 0.5600 0.7236
y3i 0.4914  0.5735 0.5491 03979 0.4944 0.4628 0.6387
B 0.3961 04797 0.4554 03095 0.3989 0.3683  0.5445
ey ¥ 0.1950 0.6782 0.4028 0.6359 0.5337 0.4354 0.4829
yH 0.1410  0.5888 0.3145 0.5422 0.4387 0.3423  0.3868
B 0.0997 0.4936 0.2374 0.4456 03477 0.2597 0.2985

for experts e, and e; are relatively gentle, while the other two experts show great region differences.
According to the yellow point of conditional probability in Fig. 3, the region results assigned to for
alternatives can be obtained. For example, the alternative x4 for expert e; should be classified into the
region POS '(X) since the conditional probability point is within the dark green area.

Step 5. Obtain the three region POS"(X), BND"(X) and NEG"(X) for expert e, using decision
rules (P3)-(N3) or (P4)-(N4). The classification results are shown in Table 12.

In Table 12, the alternative x5 for four experts are all classified into the BND"(X). Although
Pr;(X|[xs]p,, ) = 0.7765 is the maximum conditional probability, the first threshold o' is 0.7896 which

is larger than the conditional probability, so alternative x5 for expert e, is assigned to BND'(X). For

alternative x; with minimum conditional probability, the first three experts assign it to the region
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Fig. 3. Three regions of all alternatives for experts.

NEG"(X) and expert e4 assign it to POS (X). The reason is that the three thresholds for expert e, are
smaller than Pry(X|[x3]p,,,) = 0.4544. Therefore, the classification results are effected by regret loss
functions.

To intuitively demonstrate the classification result, Fig. 4 shows that the classification color
distribution, where dark green, green and light green represent the three areas POS"(X), BND"(X) and
NEG"(X), respectively. The classification results varies for different experts, but some alternatives are
assigned to the same region more than half of experts. For example, alternatives {xs}, {x4, x5} and {x3}

are assigned to POS"(X), BND"(X) and NEG"(X) with three times, respectively.

Table 12
The classification result of four experts.
Region el (%) e3 éy
h
POS™(X) X4, X7 X1, X2, X¢ X6 X1, X3, X6, X7
h
BND"(X) X2, X5, X6 X4, X5, X7 X1, X4, X5, X7 X4, X5
NEGh(X) X1, X3 X3 X2, X3 X2

Step 6. Obtain the comprehensive classification result and ranking result of all alternatives.

Calculate the weighted expected regret loss function E(a.l[xl-] p.,,) using Eq. (19) and determine the
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Fig. 4. The classification of all alternatives for experts.

region result that x; belongs to according to the decision rules (P5)-(N5). Calculate the loss score LS (x;)
using Eq. (20) and rank the loss scores of all alternatives in ascending order to obtain the ranking result.
The final result of four experts is shown in Table 13. Take x; as an example, we can get |[POS | = 2,
IBND; = 1 and INEG| = 1 according to Table 12, then LS (x,) = 2020+D02892+DOAT — (9,3907.
From Table 13, the three regions are POS (X) = {xy, x4, X¢, X7}, BND(X) = {x3, x5} and NEG(X) = {x3},

and the ranking result is x4 > xg > x7 > X1 > X3 > X5 > X3.

Table 13
The final result of four experts.
Alternatives R(ap|[xi]p,,) R(agllx]p,,) R(ayl[xilp,)  Region LS (x;) Rank

x| 0.2360 0.2891 0.4778 POS (X) 0.3097 4
X 0.4454 0.3267 0.3611 BND(X) 0.3736 5
X3 0.5732 0.3828 0.3687 NEG(X) 0.4198 7
x4 0.2592 0.2704 0.4101 POS (X) 0.2676 1
Xs 0.5008 0.3855 0.4470 BND(X) 0.3855 6
X 0.2732 0.2906 0.4455 POS (X) 0.2775 2
X7 0.2887 0.3153 0.4888 POS (X) 0.3020 3

Therefore, tasks set {x;, x4, X6, X7} are recognized by the computer technology, and tasks x, and
x5 should be recognized using human-computer technology and task x; is assigned by the human

recognition. The recognition order is {x4, X¢, X7, X1, X2, X5, X3}.

5. Comparative and sensitivity analyses

In this section, we compare the final result under different preferences in Section 5.1. The impacts
of risk avoidance coefficients and regret aversion coefficients are analyzed in Sections 5.2 and 5.3,
respectively. The comparative analysis in Section 5.4 is used to demonstrate the effectiveness of the

proposed method.
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5.1. Comparative analysis of different preferences

Preference plays an important role in the proposed regret 3WD model, we discuss the classification
results under different preference sets. To explore the impact of preference sets, these parameters
remain the same except for the preference set for the case in Section 4. Four new preference matrixes

@eh (h =1,2,3,4) for expert ¢, are given as follows:

[ (1,2)(1,3) (1.4) (1,5) (1,6) (7. 1) | [—2.1)GB.1)1.4)65.1)(1,6) (7.1) ]
(2.3)(4,2) (5,2) (6,2) (2,7) - (3.2) (4.2) (2,5) (6.2) (2.7)
(3.4)(3,5) (3,6) (3,7) - (4,3)(3,5) (6,3) (3,7)

O,=|- - - = 54(6,49(7,4 ,Q;z =l- - - - @564
- - -~ Z (6,565 - - -~ Z (566G
) - - - - - 6
[ (1,2)(1,3) (1,4) (1,5) (6,1) (7. 1) | [ (1,2)(1,3) (4. 1)(1,5)(1,6) (1,7) |

(3,2) 4,2) (2,5) (2,6) (2,7) -
(3,4)(5,3)3,6)(7,3) - -

(3,2)(4,2)(2,5)(2,6) (7,2)
(3,4)(3,5)(6,3)(7,3)

O,=|- - - - @460, =|- - - - GCHEHED|.
- - - - - (6,5 (5,7 - - - - - (6,5 (,5)
N ) - - - - - - 1

The comparative results under different preference sets for four experts are shown in Fig. 5. All
experts remain the same LZNs evaluation matrixes and change their preference matrix @eh to é;h,
whose classification results have obvious differences. For example, expert e; with ée. classify seven
image recognition tasks into two classes BND'(X) and NEG (X), which means that no task should
be recognized only by using computer technology. The number of tasks using computer technology
increases to 5 from 3 for expert e, with @;2, which means that the preferences provided by experts

have significant impact on the results in the proposed regret 3WD model.

5.2. Sensitivity analysis of risk avoidance coefficients

The risk avoidance coefficient o, of expert e, (h = 1,2, ...,T) is the important parameter affecting
the relative loss functions A% (o = P, N), which has indirect impacts on the regret loss functions
/_1},10(0 = P,B,N;o = P,N). Those parameters remain the same except for the risk avoidance coefficient
o, for the case in Section 4. For each expert, we carry out 101 numerical experiments within o7, € [0, 1]
and obtain 101 groups of classification results, which are shown in Fig. 6. Dark green, green and light

green represent the three areas POS"(X), BND"(X) and NEG"(X).
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From Fig. 6, with the increase of risk avoidance coefficient 0, the number of image tasks assigned

to POS (X) and NEG(X) increases, while the number of image tasks assigned to BND(X) decreases. A

small risk avoidance coefficient o, may lead to all image tasks being recognized by human-computer

recognition technology. The reason is that the smaller the risk avoidance coefficient o7, is, the larger

the " is and the smaller the 8" is. Then the region BND(X) becomes larger, so more tasks will be

assigned to this region. A large risk avoidance coefficient o, may lead to 2WD, in which no image task

will be assigned to human-computer recognition. The larger risk avoidance coefficient o, will lead to
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smaller o and larger 8. Then the region BND(X) becomes smaller, so more tasks will be assigned to
the other two regions. Therefore, determining appropriate risk avoidance coefficients for each expert is

very important according to the characteristics of the actual problems.

5.3. Sensitivity analysis of regret aversion coefficients

The regret aversion coefficient o, of expert e, (h = 1,2,...,I') is another important parameter
affecting the regret loss functions Zlo(o = P,B,N;o = P,N). Those parameters remain the same
except for the regret aversion coeflicients 9, for the case in Section 4. For each expert, we carry out
11 numerical experiments within d;, € [0, 1] and obtain 11*7 groups of threshold results. To explore
the results when 2WD appears, we also carry out 11 numerical experiments within ¢, € [0, 1] when
o, = 0.8 and obtain 11*7 groups of threshold results. For the sake of convenience, three average

thresholds are proposed to demonstrate the trend of results, which are as follows:

n h n <=h n  ph
& = 2is1 @ _ ie17i B = i1 B h

= Y = B = =1,2,..,T. (1)
n n n
o= 0.45
-y
7
3
0.6
E 0.5
= 0.4 1
| 0.6 0.8
0.4
€4 ey 0 0.2 5

(&5
Experts :

&
Experts :

Fig. 7. The results under different regret aversion coefficients 6.

The results under different regret aversion coefficients ¢, are shown in Fig. 7. Fig. 7 reflects
four experts’ three average thresholds including @", %" and " for e;, under different regret aversion

coefficients 6, when o, = 0.45 and o, = 0.8. Dark green, green and light green lines represent a@”,
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y" and B", respectively. From Fig. 7, we have &" > 8" when o, = 0.45 and a" < " when o, = 0.8,
corresponding to the 3WD and 2WD, respectively. Three average thresholds show the similar trend: @
increases and 3" decreases with the increase of 6, and %" changes little with only a slight decrease. For
a 3WD with o, = 0.45, a larger regret aversion coefficients 6, will lead to larger &@" is and smaller 5".
Then the region BN D(X) becomes larger, so more tasks will be assigned to the region. For a 2WD with
o, = 0.8, 7" is the only threshold to determine whether an alternative belongs to POS (X) and NEG(X).
When the conditional probabilities of multiple alternatives are concentrated near the threshold %", more
alternatives will be assigned to region POS (X) and fewer to region NEG(X) with the increase of ¢,.
Otherwise, 0, affects slightly the classification results. Therefore, the regret aversion coefficient in RT

has significant impact on three thresholds and classification results in the proposed regret 3WD model.

5.4. Comparative analysis of different MCDM methods

To verify the effectiveness of the proposed regret 3WD model, five MCDM methods are chosen to
carry out the comparative analysis, including Zou et al’s method [46], Wang et al.’s method [28], Chu
and Xiao’s method [47], Biiyiikozkan and Tiifekci’s method [48] and Yager’s method [15]. Considering
the effect of preferences, we combine the LINMAP method with the five methods which are rewritten
as LINMAP-TOPSIS [46], Wang et al.’s method [28], LINMAP-GRA [47], LINMAP-VIKOR [48]
and LINMAP-WAA [15] in turn. The ranking results of six methods is shown in Table 14. From
Table 14, the ranking results of our proposal are generally consistent with those of the other methods,
that is, x;, x4, X¢ and x7 ranked in the top four, and x,, x3 and x5 ranked in the bottom three, which
demonstrates the effectiveness of our proposal. Alternative x, is the best choice for six methods, which

reflects the reliability of the obtained ranking results.

Table 14

The ranking results of six methods.
Approach Ranking results
The proposed regret 3WD model X4 > Xg > X7 > X1 > X > X5 > X3
LINMAP-TOPSIS [46] X4 > X7 > Xg > X1 > X3 > X5 > Xp
Wang et al.’s method [28] X4 > X] > Xg > X7 > Xo > X3 > X5
LINMAP-GRA [47] X4 > X7 > X1 > Xg > Xp > X5 > X3
LINMAP-VIKOR [48] X4 > X7 > X1 > Xg > X5 > X0 > X3
LINMAP-WAA [15] X4 > Xg > X1 > X7 > Xp > X3 > X5

The Spearman’s correlation coefficient (SCC) [49] is used to characterize the correlations between

the above six methods, and the SCC between two ranking results can be calculated as follows:

63L&
(-1
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Fig. 8. The Spearman’s correlations among six methods.

where ( is the number of alternatives and d; denotes the grade difference corresponding to the ith
position of the two set of ranking results.

Generally speaking, the larger the SCC is, the more similar the ranking results of two methods
are. If the SCC between two methods is greater than 0.8, the correlation degree is significant. The
Spearman’s correlations among six method are shown Fig. 8. It can be seen from Fig. 8 that the
correlation coeflicients of the proposed regret 3WD model and the other five methods are: 0.8214,
0.8571, 0.8929, 0.8571 and 0.9286, which means that the proposed regret 3WD model has high

consistency with the other five methods.

6. Discussion

To demonstrate the advantages of our proposed 3WD model, we compare our proposal with other
3WD methods from four dimensions in theory and summarize the main advantages of our proposal in

this section.

6.1. The theoretical differences between the proposed model and other 3WD models

The theoretical differences between the proposed model with other 3WD models are summarized
from four aspects as follows:
(1) The difference of the decision environment. The evaluation information has been used different

types of fuzzy numbers to measure the uncertainty in different literature. Zhu et al. [34] and Wang et
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al. [35] assumed that experts provided evaluation information with fuzzy numbers. Wang et al. [33]
and Wang et al. [41] used hesitant fuzzy numbers considering the hesitation of expressions. Triangular
fuzzy numbers [20], interval fuzzy numbers [36] and intuitionistic fuzzy numbers [40] have been
applied to 3WD models. However, the reliability of evaluations is ignored which can be solved by
Z-numbers. Wang et al. [28] utilized LZNs to depict the decision information where LZNs can be
transformed triangular fuzzy numbers, which might result in information loss. In this paper, the LZNs
are calculated directly without the conversion of other fuzzy numbers, which can effectively solve the
problem of information loss. Meanwhile, the above studies only focus on the classification and ranking
of single DIS and ignore the influence of preference information on the results. Our method not only
examines the effect of preference information on 3WD results, but also addresses the classification and
ranking of MDISs.

(2) The difference of determining the criteria weights. In previous some literature, the 3WD model
is the research focus so criteria weights are usually given directly [28, 36, 40, 41]. Entropy weighting
method [33], SMAA method [20] and the deviation maximization method [34] have used to obtain the
weights of criteria objectively. Wang et al. [35] derived the criteria wights involved the cumulative
prospect theory. The influence of preference information on criteria weights are ignored in previous
literature. Therefore, we use Z-LINMAP method to synthesize preference information and evaluation
information to determine the weights of criteria from the perspective of consistency and inconsistency.

(3) The difference of obtaining the conditional probability. The conditional probability usually
is obtained by involving the outranking methods like PROMETHEE method [33, 34], ELECTRE
method [35, 41] and stochastic dominance [20]. Jiang and Hu [36] applied the TOPSIS method to
compute the evaluation function which is equal to the conditional probability. Liu et al.[40] used the
GRA method to obtain the conditional probability. Combining TOPSIS with GRA methods, Wang et
al.[28] proposed two MCDM methods with Z-numbers to determine the conditional probability. In this
paper, we construct two equivalences based on consistency and inconsistency to obtain the conditional
probability considering the preference information.

(4) The difference of constructing the loss functions. The loss functions are given directly in Wang
et al.’s [41] method. Most literature have provided the methods constructing the loss functions. The
prospect theory has been applied into the 3WD models by transforming the loss functions to prospect
values in Wang et al.’s [28] method and Wang et al.’s [35] method. Wang et al. [33] and Zhu et al. [34]
obtained the expected utility of alternatives using the utility theory and RT. Meanwhile, the relative loss
functions have been computed in different methods [20, 36, 40]. Based on the RT, our paper considers
three actions of 3WD as three choices and proposes the regret relative loss functions by comparing

the regret and rejoice values of the three choices, where the relative distances based on the LZNs are
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calculated.

6.2. The main advantages of the proposed 3WD model

Based on the above analysis, the main advantages of the proposed 3WD model are summarized as
follows:

(1) In light of the traditional preference method, we extend the LINMAP method into the linguistic
Z-numbers environment, which reflects the uncertainty and reliability of decision information and
involves the 3WD model to measure the effect of preferences.

(2) Based on the preference coeflicients obtained by Z-LINMAP method, we define the consistency-
order and inconsistency-order, and further propose two equivalence classes to derive the conditional
probabilities of alternatives, which shows the impact of experts’ preferences on decision result.

(3) Considering the RT, we construct a group of regret relative loss functions and present the
preference-based regret 3WD rules, which overcomes the weakness of the existing methods ignoring
the regret psychology of experts.

(4) The preference-based regret 3WD model on MDISs with LZNs not only classifies different
alternatives into three regions but also ranks all alternatives by introducing the weighted expected
regret loss function and loss score function, which solves the classification and ranking problems of

MDISs.

7. Conclusions

This paper proposes a preference-based regret 3WD model on MDISs with LZNs to classify
and rank results for MDISs, which is applied into the image recognition based on human-computer
interaction. In the proposed 3WD model, the proposed Z-LINMAP method determining the criteria
weights not only deals with the uncertainty of MDISs with LZNs but also obtains the preference
coefficients to measure the effect of preferences. Two preference-based equivalence classes are defined
to derive the conditional probabilities of alternatives which shows the impact of experts’ preferences
on decision results. The regret loss functions based on RT are constructed and the preference-based
regret 3WD rules are presented which overcome the weakness of the existing methods ignoring the
regret psychology of experts. The feasibility and effectiveness of the proposed 3WD model have been
verified by sensitivity analyses of preference and two parameters and comparative analysis with the
existing methods.

In what follows, we firstly summarize the practical advantages of this paper are listed as follows:

(1) When classifying and ranking the data of real databases, different databases or experts recorded

in different databases may exist different preferences for the same data bars, which is often ignored by
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the existing 3WD research. Considering the differences of preference information among different
databases or experts recorded in different databases, our method can handle MDISs with preference
information which has wider applicability than other methods.

(2) In the actual decision-making scenario, experts tend to express the evaluation information in
natural language, where the evaluation information may be not completely determined and accurate.
Meanwhile, experts are easily affected by psychological factors and may feel regret or rejoice by
comparing different alternatives or actions. Therefore, we extend the 3WD method to the LZNs
environment and apply RT to determine classification rules, which is more practical than other methods
and reflects the actual situation more accurately.

Secondly, we demonstrate some limitations of the proposed 3WD model, which are described as
follows:

(1) The Z-LINMAP method is a subjective method for determining criteria weights based on
preference information. However, when the inconsistency of the preference information given by
experts is much greater than the consistency, or when experts only provide too little preference
information, the criteria wights obtained by our proposal may be unreasonable.

(2) Our proposal assumes that multiple DISs are homogeneous where all evaluation information
can be expressed by LZNs. However, different DISs may be heterogeneous with different types of
evaluation information in complex decision-making problems.

For future research, the preference-based 3WD model for multiple heterogeneous incomplete DISs
is worth studying. Firstly, obtaining reasonable criteria weights combining subjective with objective
methods is a research topic. Secondly, the completion of heterogeneous decision information is also
a focus of future research. Finally, it’s meaningful to explore the unification of multiple complete

heterogeneous information systems.
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Abstract

The three-way decision (3WD) theory involves two states of objects corresponding to consensus and
conflict states in multi-criteria group decision-making (MCGDM) problems. However, the set pair
analysis (SPA) theory provides a three-state perspective by incorporating the uncertainty state. Inspired
of this, we propose a multi-criteria sequential three-state three-way decision (TS3WD) consensus
model to reach the group consensus. Firstly, we propose the concept of consensus set pair probability
space. Drawing upon SPA theory, the set pair consensus rules are designed to obtain the consensus
set pair probability space which is categorized into three states including consensus, uncertainty and
conflict. Secondly, the TS3WD model is presented by extending two states of classic 3WD model
into three states. Related to the consensus set pair probability space and extended loss functions,
the three-state decision rules and simplified decision rules are derived. Furthermore, the consensus
feedback mechanism and rules based on the sequential TS3WD consensus model are proposed to adjust
uncertainty and conflict opinions, in which the consensus adjustment model and coeflicient adjustment
strategy play essential roles. Finally, a connection number (CN) is applied to rank all alternatives
and some experimental analyses are conducted to demonstrate the effectiveness and feasibility of the
proposed model.

Keywords: Sequential three-way decision; three-state three-way decision; multi-criteria group

decision making; consensus reaching process; set pair analysis

1. Introduction

Multi-criteria decision-making (MCDM) [1, 2] is to evaluate different alternatives under multiple
criteria and select the best one from the available alternatives. In recent years, MCDM has been applied

into several practical scenarios, such as supplier selection [3], site selection [4], energy evaluation [5],
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engineering management [6] and medical management [7]. In complex decision-making problems, a
group of decision-makers (DMs) engages in MCDM problems by utilizing their expertise to derive
optimal solutions, which significantly contributes to the development of multi-criteria group decision-
making (MCGDM) [8, 9]. Generally, MCGDM generally consists of the consensus reaching process
(CRP) and the selection process [10]. CRP is to motivate DMs to revise their opinions through the
negotiation and feedback among DMs in order to reach the group consensus [11]. Once the group
consensus is reached, the subsequent selection process is implemented to assist DMs in ranking all
alternatives and identifying the most desirable alternative. Group consensus is a critical prerequisite
for tackling the group decision-making (GDM) problems, so CRP plays a prominent role in MCGDM
problems.

The Three-way decision(3WD) theory, proposed by Yao [12, 13], offers a reasonable solution
for MCDM problems, deriving its foundations from the decision-theoretic rough sets (DTRSs) and
Bayesian theory. The main idea of 3WD theory is to classify all objects into three disjoint regions
corresponding to acceptance, delay and rejection actions [14]. The delay action acts as a buffer for
the Two-way decision (2WD) problems, which only include acceptation and rejection actions. This
buffering effect proves to be more effective in reducing decision risks compared to the 2WD theory [15].
Most scholars have extensively explored the application of the 3WD theory research across different
MCDM problems [16, 17]. For instance, Jia and Liu [18] extended the 3WD theory into the multi-
criteria environment, introducing diverse loss functions for all alternatives. Zhan et al. [15] proposed
a new 3WD model based on outranking relations to address the enterprise project investment target
selection problem. Jiang and Hu [19] formulated a 3WD model in the intuitionistic fuzzy environment
for group investment decision-making. Wang et al. [20] presented a 3WD-MCDM method based on
additive consistency and fuzzy preference relations, aiming to classify and select air training pilots. Li
et al. [21] considered the requirements and targets of DMs, exploring a 3WD model that integrates
both qualitative and quantitative information for the selection of various algorithm engineers.

Simultaneously, 3WD theory has been applied to address the CRP in the existing research. Liu
et al. [22] defined a consensus degree by measuring the similarity of intuitionistic fuzzy sets (IFSs)
and improved the group consensus of loss functions in the 3WD model based on a convex combination
strategy. Liang et al. [23] employed 3WD theory to identify three types of followers in social network
GDM problems and constructed the minimum adjustment model to reach the group consensus. Wang
et al. [24] proposed a CRP model based on 3WD theory to distinguish three types of experts taking
acceptance decision, reject decision and no-commitment decision for opinion adjustment. Zhu et al.
[25] developed a three-way consensus model based on regret theory using probabilistic linguistic term

sets, where 3WD theory was utilized to determine the range of parameter adjustments. Wang et al.



[26] constructed a consensus model minimizing decision loss differences to enhance the quality of
consensus in three-way GDM problems. Guo et al. [27] designed a three-way cluster mechanism based
on the consensus measure for fuzzy large-scale GDM problems. Liang and Duan [28] presented an
optimization CRP model for the evaluation adjustment of large-scale group 3WD problems. However,
most of the existing research followed the two-state principle of classic 3WD model and promoted the
group consensus under the guidance of consensus degree.

Sequential three-way decision (S3WD) [29, 30] is a typical branch of three-way granular computing
to solve the classification problems across multiple levels of granularity. The S3WD theory has evolved
from the foundational concept of trisecting-acting-outcome (TAO) in 3WD model, including trisecting
module, acting module and outcome module [31, 32]. A universal set can be divided into three
regions using the trisecting module. The acting module provides three action strategies corresponding
these regions. The effectiveness of the trisecting and acting modules is assessed through the outcome
module. In MCGDM problems, non-commitment or delay decision of DMs brings great risks for
alternatives. The S3WD theory effectively addresses this issue. For S3SWD theory, elements in delay
region can be further refined by incorporating new information and iterating the process until the
acceptance or reject decision is determined. Nowadays, S3WD model has been applied to solve
uncertain decision-making problems [33-35]. CRP is an iterative process that adjusts opinions of
non-consensus experts in each round until the group consensus is reached, which coincides with
the idea of S3WD theory. Hence, S3WD theory can effectively contribute to enhancing the CRP in
MCGDM problems. Wang et al. [36] proposed an S3WD model incorporating individual attributes
for MCDM problems, employing an opinion dynamics model to adjust opinions. Han and Zhan [37]
introduced the concept of attribute discriminant based on S3WD theory and presented an S3WD group
consensus method under probabilistic linguistic environment.

Set pair analysis (SPA) theory [38] is recognized to be an effective technique to analyze set pairs
of system from identity, discrepancy and contrary perspectives. The connection number (CN) is
employed to quantitatively measure and analyze the same, different and opposite features between two
sets. Different MCDM models have been developed based on SPA theory under multiple evaluation
environments. Kumar and Chen [39] proposed the CN for interval-valued intuitionistic fuzzy sets
(IVIFSs) to determine criteria weights in MCDM problems. Cao et al. [40] developed a stochastic
MCDM method for IVIFVs based on SPA theory. Garg and Kumar [41] presented a MCDM method
using a possibility measure of IVIFSs and SPA theory. Both SPA theory and 3WD theory can deal with
decision-making problems from three perspectives, and exhibit significant commonality and similarity.
As previously mentioned, 3WD theory includes three actions and two states. The operations related to

SPA theory have been used to determine three actions in 3WD models. Zhang et al. [42] proposed a



3WD model based on the space of set pair information granule. Li et al. [43] quantified the uncertainty
of 3WD model using SPA theory and established the decision rules using the set pair connection
entropy. Zhan et al. [44] constructed a 3WD model based on fuzzy set pair dominance degrees and the
behavioral decision theory for incomplete information systems. SPA theory has undergone significant
development with the introduction of uncertainty, where the three aspects—identity, discrepancy, and
contrary—offer a pathway for extending the two-state of the 3WD model from a novel perspective.
Following the aforementioned challenges, the motivations of this paper are summarized as follows.
(1) In traditional MCGDM problems, experts are typically classified as either consensus experts or
conflict experts, the latter of whom adjust their opinions to facilitate the group consensus. However,
experts may encounter a state of uncertainty between consensus and conflict in the complex decision-

making environment, that is, they are unsure about whether they should revise their opinions and need

to make further judgements. For the two types of non-consensus experts uncertainty experts and
conflict experts, the consensus reaching strategies are worth studying.

(2) The 3WD theory extends two actions of 2WD theory to three actions by introducing the
delay action. However, the classic 3WD theory includes only two states of consensus and conflict
in MCGDM problems. By introducing the discrepancy degree, SPA theory provides a three-state
perspective, which opens up a new view to expand the two states of classic 3WD theory.

(3) The idea of S3WD can be leveraged to guide the CRP in MCGDM problems. However, the
challenge of granularity being too coarse for further classification in the S3WD process remains
unresolved. Meanwhile, the methods for reclassifying the delay region and adjusting the opinions
of conflict experts need further exploration. Designing the adjustment and feedback strategies for
uncertainty experts and conflict experts based on S3WD theory has a significant effect on the CRP in
MCGDM problems.

Based on the above motivations, we propose a multi-criteria sequential three-state three-way
decision (TS3WD) consensus model based on SPA theory to address the challenges in the exiting
research. The proposed model is an extended 3WD consensus model combining the TS3WD model
with SPA theory from the perspective of group consensus, which not only enriches the 3WD theory
from two states to three states, but also distinguishes three types of experts with different levels of
consensus and effectively contributes to the group consensus reaching. The innovations and significance
of our proposal corresponding to the above motivations are described as follows.

(1) A construction method for the consensus set pair probability space is proposed, incorporating
three levels of consensus. Drawing upon SPA theory, the set pair consensus rules are designed,
categorizing opinion differences between experts into three levels: consensus, uncertainty and conflict.

The aggregation function is adopted to aggregate three types of consensus CNs to obtain the consensus
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pair probability space, which corresponds to the state set in 3WD theory.

(2) A TS3WD model based on SPA theory is presented. By extending two states of classic
3WD model to three states, the TS3WD model incorporates the identity degree, discrepancy degree,
and contrary degree within the consensus set pair probability space, aligning with the conditional
probabilities of the three states. The extended loss functions are formulated to account for these factors.
The corresponding three-state decision rules, along with the simplified decision rules related to the
identity degree and discrepancy degree, are derived and validated.

(3) A consensus feedback mechanism based on sequential TS3WD consensus model is proposed to
reach the group consensus. For conflict experts, a consensus adjustment model is conducted to modify
their opinions under all criteria in order to reach the consensus. The uncertainty expert set is further
classified through granularity refinement, in which the coefficient adjustment strategy is designed to
solve the coarse-granularity problem. The consensus feedback rules are proposed to provide effective
solutions with respect to different classification results.

The remainder of this paper is organized as follows. Section 2 introduces the basic knowledge
necessary related to SPA theory, 3WD and S3WD theory. Section 3 proposes a multi-criteria set pair
TS3WD consensus model. Section 4 presents a consensus feedback mechanism of the sequential
TS3WD consensus model and summarizes the framework of the proposed model. The experimental
analyses in Section 5 including two illustrative examples, the sensitive and comparative analysis are
conducted to demonstrate the feasibility and effectiveness of the proposed model. Finally, Section 6

presents the concluding remarks.

2. Preliminaries

2.1. Set pair analysis theory

Set pair analysis (SPA) proposed by Zhao [38] is an uncertainty theory to deal with the interaction

between certainty and uncertainty of system. The main idea of the SPA theory is to form a set pair
H = (A, B) of two sets A and B with certain connection for a specific problem W with N features, and
make the opposite and identical analyses for the characteristics of the two sets. The connection number
(CN) is an important tool for characterizing features of two sets in the SPA theory.
Definition 1. [38] For a problem W with N features, a set pair including two related set A and B is
denoted as H(A, B), in which § features are mutual, P features are opposite and F(F = N —=§ — P)
features are neither mutual nor opposite between A and B. The connection number (CN) u(A, B) of the
set pair H(A, B) is defined as:

F P
M(A,B) = + Nél + —(52, (1)
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N N



where %, % and % denote the identity degree, discrepancy degree and contrary degree of the set pair
H(A, B), respectively. N is the total number of features. 6, € [—1, 1] is the discrepancy coefficient of
the set pair H(A, B). 6, = —1 is the contrary coeflicient of the set pair H(A, B). Suppose % =a, % =b

and % = ¢, then the CN can be rewritten as:
u(A,B) = a+ bd, + co,, 2)

where 0 <a,b,c<landa+b+c=1.
Definition 2. [38] Let u(A,, B;) = a; + b16; + ¢10, and u(A,, By) = a, + b,6; + ¢, be two CNs, then
the related operation rules are shown as follows:
(1) u(Ay, By) ® u(Az, By) = (a1 + a2) + (b1 + b2)61 + (¢1 + €2)62;
(2) u(Ay, B))®u(A, By) = ayar+(arby+axb))81 +(aica+axc1)6+(bica+brc1)8,6,+b1b267 +¢16263;
(3) u(Ay, By) ~ u(A,, By) if and only if a; = a,, by = b, and ¢; = ¢;,, which means that u(A;, By)

and u(A,, B,) are non-differential.

2.2. Three-way decision and sequential three-way decision theory

The 3WD theory proposed by Yao [13] based on the Bayesian theory is aim to divide the universal
set into three disjoint regions: the positive region, the boundary region and the negative region. The
three regions correspond to acceptance action, delay action and rejection action, respectively. Generally,
the 3WD model includes two states 2 = {X, =X} and three actions A = {ap, ag, ay}. X and =X represent
that an object x belongs to X and does not belong to X. ap, ag and ay stand for acceptance, delay and
rejection actions, which are denoted as x € POS (X), x € BND(X) and x € NEG(X), respectively. R is
an equivalence relation on X and [x] is the equivalence class of R including the object x. Pr(X]|[x]z)
and Pr(—X][x]g) are the conditional probabilities of the object x belonging to and not belonging to X.
In particular, A,.(e = P, B, N;o = P, N) are used to measure the losses of taking three actions, which
are shown in Table 1. A,,, 4,, and 4, represent the losses taking actions ap, ag and ay when x € X.

Similarly, A,,, 45, and 4, denote the losses taking actions ap, ag and ay when x € -X. A reasonable

PN’

assumption is considered in the 3WD model: 0 < A,, < 4,, < Aypand 0 < A, < Ay < Apy.

Table 1
The loss functions in 3WD theory.
Actions X(P) - X(N)
ap App Apn
ap Agp ApNn
ay Anp ANN




The expected loss function R(a.|[x]g) of taking three actions can be calculated as follows:

(1) Rapllx]r) = App Pr(X|[x]g) + Apy Pr(=X|[x]g);

(2) R(agllx]r) = App Pr(X|[x]g) + Agy Pr(=X|[x]r);

(3) R(anl[x]g) = Ayp Pr(XI[x]r) + Ay Pr(=X|[x]).

According to the Bayesian theory, the following decision rules of minimum losses can be demon-
strated as follows:

(P) If R(apllx]r) < R(apllx]r) and R(apl|[x]r) < R(an|[x]g), then x € POS (X);

(B) If R(asl[x]z) < R(apl|[x]z) and R(ag|[x]r) < R(anl[x]z), then x € BND(X);

(N) If R(anl[x]r) < R(apllx]r) and R(ayl[x]r) < R(agl[x]g), then x € NEG(X).

The above rules (P)-(N) relate to the loss function A,, and the conditional probability Pr(X|[x]g),
then the decision rules can be rewritten as:

(P1) If Pr(X|[x]g) = @ and Pr(X|[x]g) = v, then x € POS (X);

(B1) If Pr(X|[x]g) < @ and Pr(X|[x]g) = B, then x € BND(X);

(N1) If Pr(X|[x]g) < v and Pr(X|[x]g) < B, then x € NEG(X);
Aoy =gy Apy-2 Agy—A

PN_"NN BN_"NN
= n = .
(Apy=Apy)+(Agp=App)’ Y Apy=Ana)+ Ay p=App) a dﬁ Agy=Ann)+(Ayp=Agp)

When the condition (A, — App)(Agy — Ayp) < (Ayp — Agp)(Apy — Agy) holds, we can obtain @ > £.

where a =

In this case, the simplified decision rules (P1)-(N1) are listed as follows:

(P2) If Pr(X|[x]g) > a, then x € POS (X);

(B2) If B < Pr(X|[x]g) < @, then x € BND(X);

(N2) If Pr(X|[x]g) < B, then x € NEG(X).

Based on the granular computing theory, Yao and Deng [29] proposed the S3WD model, extending
the classic 3WD model from coarse granularity to fine granularity and from one step to multiple steps.
In cases of coarse granularity, the precise classification of objects cannot be obtained when information
is insufficient. S3WD is used to gradually classify the delay objects into the positive and negative
regions through granularity refinement until the decision problem transforms into a 2WD problem,
thereby minimizing the additional cost of misclassification. In the S3WD process, the boundary region
gradually shrinks until the definitive decision results are obtained as information accumulates and
granularity refines, which conforms to the basic principles of human cognition and decision-making.

Therefore, this paper applies the S3WD theory to deal with the CRP in MCGDM problems.

3. The multi-criteria set pair three-way decision consensus model

In this section, we design the set pair consensus rules by dividing opinion differences into three

states. Subsequently, we construct the consensus set pair probability space by integrating the evaluation



matrices using SPA theory operations in MCGDM problems. Leveraging the consensus set pair
probability space, the classic 3WD model is extended to the TS3WD model involved SPA theory to

construct the multi-criteria set pair TS3WD consensus model.

3.1. Construct the consensus set pair probability space

For a MCGDM problem, a group of experts give the evaluation information under different criteria
for a series of alternatives. The alternative set is denoted as X = {x, x», ..., X,;}. The expert set and
the expert weight set are denoted as E = {ey, e,,...,ex} and 4 = {1y, Ay, ..., Ax} where Zszl A = 1,
respectively. Assume that each expert assigns weights to all other experts, then the interactive weight
matrix for experts is denoted as V = (v, )kxx, Where v, € [0, 1] is the weight assigned to expert e;, by
expert e, and Zle v,,= 1. The criteria set is denoted as C = {cy, ¢3, ..., ¢}, and the criteria weight set
is denoted as W = {wy, wa, ..., w,}, where w; € [0, 1] and ijl w; = 1. The evaluation matrix given by
expert e, (k=1,2,...,K) is M* = (mfj)mxm where mf.‘j € [0, 1] is the evaluation value of expert e; under
criterion c; for alternative x;. Based on SPA theory, evaluation information of each pair of experts
under the specific criterion for an alternative can be distinguished as identity, discrepancy or contrary,
corresponding to three states of consensus, between consensus and conflict or conflict. To obtain the
CN of a pair of experts, the set pair consensus rules are defined as follows.

Definition 3. For a pair of experts (e, e;,), the evaluation matrices provided by two experts are
Mk = (mi.‘j)mxn and M" = (mf‘j)mxn, then the consensus CN under criteria c; for alternative x; is defined
as u;j(ex, en) = S + F{16) + P{!6, where S, Fi! and P;7 represent the identity degree, discrepancy
degree and contrary degree of expert pair (e, ;) under criteria c; for alternative x;, respectively. S f‘]h,
Fi! and Py} satisfy the condition S + F} + P{7 = 1. The set pair consensus rules are designed as

follows:

1+ 06 + 00, |mf, —ml| < 7,
uij(ex,en) =3 0+ 158, + 065, 1< |me - mm <1 3i=1,2,..,mj=12,..m;Ve,e, € E, (3)

0+ 06 + 16,, |mfj - mlhjl > 1

where 7; and 7, are the consensus coeflicient and the conflict coefficient, respectively. Obviously,
0 <7y <1, < 1is satisfied, and we have u;;(e, ;) = 1 + 00, + 00, for the same expert e;.

Example 3.1. Let the expert set and alternative set be E = {ey, es,e3} and X = {x;, x2, x3}. The
criteria set is C = {cy, ¢3, €3, C4, s} and the weight set of criteria is W = {0.2,0.2,0.2,0.2,0.2}. The
consensus coeflicient and conflict coefficient are assumed as 7, = 0.1 and 7, = 0.3. The evaluation
matrices M* = (mf.‘j)3x5 (k = 1,2,3) given by three experts are shown in Table 2. According to the

set pair consensus rules in Eq. (3), the differences |mf‘/ — mf’J| of evaluation values for each pair of



experts can be computed, which are shown in Table 3. For experts e¢; and e,, the evaluation difference
under criterion ¢, for alternative x; can be computed as: |m}l - mfl| =10.49 — 0.22] = 0.27. Due to
71<|m}, — m3,| < 12, we get uji(er, e2) = 0+ 16, + 06, using Eq. (3). All consensus CNs u;;(ey, €,)
are shown in Table 4.

Table 2
The evaluation matrices M* = (mfj)mxn provided by e;(k = 1,2, 3).

E X ci (653 C3 Cq Cs
el X 0.49 0.29 0.56 0.24 0.35
X 0.56 0.40 0.49 0.37 0.46
X3 0.59 0.49 0.52 0.45 0.36
e X 0.22 0.43 0.48 0.16 0.28
X3 0.25 0.40 0.46 0.44 0.52
X3 0.34 0.45 0.38 0.24 0.35
e3 X 0.54 0.47 0.28 0.33 0.42
X 0.51 0.37 0.35 0.36 0.45
X3 0.40 0.35 0.45 0.33 0.42

Table 3
The differences of evaluation values among experts in Example 3.1.

|mf.‘j - mf?j X C1 CH C3 Ca Cs
ml,—m] | x 0.27 0.14 0.08 0.08 0.07
X 0.31 0 0.03 0.07 0.06
X3 0.25 0.04 0.14 0.21 0.01
‘m}j - mf’, X 0.05 0.18 0.28 0.09 0.07
X 0.05 0.03 0.14 0.01 0.01
X3 0.19 0.14 0.07 0.12 0.06
’mlzj - m?} X 0.32 0.04 0.2 0.17 0.14
X2 0.26 0.03 0.11 0.08 0.07
X3 0.06 0.1 0.07 0.09 0.07

Definition 4. For a pair of experts (e, ¢;,), the weighted consensus CN u;(¢ey, e;,) of alternative x;

aggregating all consensus CNs u;;(ex, e,)(j = 1,2, ...,n) is denoted as follows:

uier,en) = S + F¥'s) + P6y;i = 1,2, ...,m; Ve, e, € E, 4)



Table 4

The consensus CNS u;;(e, e,) in Example 3.1.

ujj(ex, en) X Ci &) c3 Ca Cs
u;ij(er, ez) X 0+16;+05, 0+16;+06, 1+08;+056, 1+006;+055 1+06; + 00,
X 0+06;+10, 1+06;+00, 1+00;,+00, 1+06;+00, 1+06;+ 006,
X3 0+16;+056, 1+06;+056, O0+16;+00, O0+16;+006, 1+ 06+ 06,
u;j(er, e3) X1 1+06;+00, O0+16;+00, O+16;+00, 1+06;+006, 1+06;+ 006,
x, [1+06;4+06, 1+06,+06, 0+16,+006, 1406, +06, 1406+ 00,
X3 0+16;+05, 0+16;+06, 1+08;+06, O0+16;+08 1+06;+ 006,
u;j(er, e3) X 0+06;+15, 1+06;+06, 0+16;+06, O0+16;+08 0+ 16; + 00,
X 0+16;+056, 1+06;+00, O0+16;,+00, 1+06;+00, 1+06;+ 006,
X3 1+06;+06, O0+16;+056, 1+006;+00, 1+06;+06, 1+06;+ 06,

W 0.2 0.2 0.2 0.2 0.2

where S € [0, 1], F* € [0, 1] and P¥" € [0, 1] represent the identity degree, discrepancy degree and
contrary degree of expert pair (e, e;,) for alternative x;, respectively. The condition S + Fi" + P =1
holds.

By introducing an aggregation function f(-), the weighted consensus CN u;(ey, e;,) can be com-
puted as u;(ex,en) = f (ui(ex,en), unlex,en), ..., un(ex, ey)). If the aggregation function f(-) is as-
sumed as the weight averaging (WA) operator, then we have f (u;(ex, e), un(ex, epn), ..., Uin(ex, €x)) =
(w1 ® uji(ex, en)) ® (Wr @ up(ex, en) & - -+ & (w, ® u;,(ex, e,)), where w; is the weight of criterion c;
and w; € [0, 1]. For the convenience of calculation, the real number w; can be rewritten as a CN
w; +06) + 065, then w; ® u;;(ex, ey) = w;S f}’ + ijf;l(Sl + ijf.‘;’éz based on Definition 2. The weighted

consensus CN u;(eg, e;,) can be rewritten as:
" kh " kh " kho .-
ui(ey, e,) = ZFI WS+ ijl w;F6) + ijl w;P;i 620 = 1,2,....m;Yey, e, € E, 5

where Y\, w;Si, 35 wF and };, w;P{" are used to obtain the identity degree S", discrepancy
degree F fh and contrary degree Pi.‘h of expert pair (e, e;,) for alternative x;, respectively. Obviously,
ui(er,e;) =1+ 00; + 05, holds.

Example 3.2. (Continued from Example 3.1). In Example 3.1, we take the criteria weight set as
{wi, wa, wi, wg, ws} = {0.2,0.2,0.2,0.2,0.2}. For the expert pair (e, e,), we can aggregate all consensus
CNs u;j(ex, ey) under five criteria in Table 4 by using Eq. (5) to obtain the weighted consensus CNs
u;(ex, e,) for three alternatives. Taking the expert pair (e, e;) as an example, the weighted consensus

CNs uy (e, ey) for alternative x; can be computed as: u (e, ) = (0.2® (0 + 16, + 05,)) & (0.2 ® (0 +

10



161 +082)® (0.2 (1 +06; +006,)) D (0.2 (1 +06; +062))® (0.2 (1 +00; +005,)) = 0.6 +0.46, + 065,
i.e., the identity degree, discrepancy degree and contrary degree are S {* = 0.6, F|> = 0.4 and P} = 0.

Similarly, other weighted consensus CNs u;(ex, e,) can also be obtained, as shown in Table 5.

Table 5
The weighted consensus CNs u;(ey, e,) in Example 3.2.
(er.en) | X ui(ex, ep) Sk Fh P
(e1,e2) | x 0.6 + 0.40; + 006, 0.6 0.4 0
X 0.8 + 06, + 0.26, 0.8 0 0.2
X3 0.4 + 0.66; + 06 0.4 0.6 0
(e1,e3) | x 0.6 + 0.46; + 06, 0.6 0.4 0
X 0.8 +0.26; + 006, 0.8 0.2 0
X3 0.4 + 0.60; + 06, 0.4 0.6 0
(e2,e3) | x1 | 0.2+0.60; +0.26, 0.2 0.6 0
X 0.6 + 0.49; + 06, 0.6 0.4 0
X3 0.8 + 0.26; + 06, 0.8 0.2 0

Definition 5. For an alternative x;, the individual consensus CN u;(e;) of expert e¢; under the alternative

x; aggregating all weighted consensus CNs u;(e, e,)(h = 1,2, ..., K) is denoted as follows:
uier) =S¥+ Frs) + PX6y;i=1,2,...,m; Ve, € E, (6)

where S¥ € [0, 1], F¥ € [0,1] and Pf € [0, 1] represent the identity degree, discrepancy degree and
contrary degree of expert e, under the alternative x;, respectively. The condition S¥ + F¥ + Pf =1
holds.

Similarly, the individual consensus CN u;(e;) can be obtained as u;(ex) = f(u;(ex, 1), ui(ex, €2), ...,
u;(ey, ex)). When f(-) is assumed as WA operator, then we have f (u;(ex, e1), ui(ex, €2), ..., ui(ex, ex)) =
(Vi1 @ ui(ex, €1)) ® (Vo Q ui(ex, €2)) ® - - - ® (vix @ u;(ex, ex)), where vy, is the weight assigned to expert
e, by expert ¢, and vy, € [0, 1]. The real number vy, can be rewritten as a CN vy, + 06, + 005, then
we have vy, ® ui(er, €;) = vipS ¥ + v F¥61 + vy, P65, based on Definition 2. Thus, the individual

consensus CN u;(e;) can be rewritten as:
K kh K kh K kh s . -
ui(ey) = Zh—l thSi + Zh—l thFi o0 + Zh—l thPl- 02,i=1,2,....m;Ve, € E, @)

where Y0 viaS S8 v FY and 3 vy, PX" are used to represent the identity degree S¥, discrepancy

degree F* and contrary degree P¥ of expert ¢ for alternative x;, respectively.
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The three coefficients S f‘ , F l" and P¥ can be regarded as the probabilities of three states including
‘Consensus’, ‘Between consensus and conflict’ and ‘Conflict’. For convenience, the state ‘Between
consensus and conflict’ is described as ‘Uncertainty’ in what follows. The consensus set pair probability
space is defined based on three basic events corresponding to three states.

Definition 6. We define the five-tuple (Q, A, Pr, X, E) as the consensus set pair probability space,
where QQ = {C, C. , E} is a state sample space corresponding to three states {Consensus, Uncertainty,
Conflict}, respectively. A = {(Z), {C}, {5 }, {6},9} is the state set consisting of subsets of Q. X =
{x1, X2, ..., X;y} 1s the alternative set and E = {ey, e, ..., ex} is the expert set. Pr(-) is the probability
measure of the measurable space {Q, A} when the following conditions are satisfied:

(1) Pr(0) = 0;

(2) Pr(Q) =1;

(3) For any disjointed event Ay, A,, ... € A, Pr(ig1 A) = g]l Pr(A)).

For the consensus set pair probability space (€2, A, Pr, X, E), the three probabilities Pr,(C) = §},
Prf{(g ) = F! and Pri(C) = P. reflect the state likelihood of expert ¢, under alternative x; where
Pri(C) + Pr,i(g) + Pri(C) = 1. For an alternative x;, the probability measure triple of expert e;
is described as {Pr,i(C), Pr,’;(éT ), Pri(f)}} = {S, F}, Pi}. Then the probability measure matrix $ =
({PriC), Pri(©), Pri(O)}}), _ is as follows:

po| SHELP SLRA) sz ©
| Sk Fx, Py} {S% Fg. Py} -+ (SR FR, PR} |

Example 3.3. (Continued from Example 3.2). Let the interactive weight matrix be V = { 0.4, 0.3, 0.3;
0.3,0.4,0.3; 0.3, 0.3, 0.4 }. Based on the weighted consensus CNs u;(ey, e;,) in Table 5, the individual
consensus CN u;(e;) can be obtained by using Eq. (7). Taking the individual consensus CN u;(e;) for
example, we have u;(e;) = (0.4Qu;(e1,€1))®(0.3Qu;(e1,€2))®(0.3Qu; (e, e3)) = 0.76 +0.249; + 00,,
ie., S| =0.76,P] = 0.24, F] = 0. The individual consensus CNs u;(e;) are shown in Table 6. Then

the probability measure matrix P = ({Pr,i(C ), Pr,i(E ), Pr,"{(f)}})gX3 is obtained as follows:

{0.76,0.24,0.00} {0.88,0.06,0.06} {0.64,0.36,0.00}
P =1 {0.64,0.30,0.06} {0.82,0.12,0.06} {0.76,0.24,0.00} |- )
{0.64,0.30,0.06} {0.82,0.18,0.00} {0.76,0.24,0.00}
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Table 6
The individual consensus CNs u;(e;) in Example 3.3.

E X ui(er) Sf.‘ Ff.‘ Pf.c
el X 0.76 + 0.246; + 00, 0.76 0.24 0
X 0.64 + 0.36, + 0.060, 0.64 0.3 0.06
X3 0.64 + 0.36, + 0.060, 0.64 0.3 0.06
e X 0.88 + 0.066; + 0.0665 0.88 0.06 0.06
X3 0.82 + 0.126; + 0.066, 0.82 0.12 0.06
X3 0.82 + 0.180; + 00, 0.82 0.18 0
e; X 0.64 + 0.360; + 06,4 0.64 0.36 0
X 0.76 + 0.240; + 06, 0.76 0.24 0
X3 0.76 + 0.246, + 06, 0.76 0.24 0

3.2. The three-state three-way decision model based on set pair analysis

The classic 3WD theory assumes that an object has two states: belonging or not belonging to state
C, corresponding to the consensus and conflict state among experts in MCGDM problems. However,

the state among experts is not an either-or situation, and the third state may emerge in the decision-

making process uncertainty state, which coincides with the idea of SPA theory. Based on SPA
theory, the classic two-state 3WD model is extended to the TS3WD model involved in uncertainty
state.

The TS3WD model includes three states QQ = {C, 5, 6} and three actions A = {ap, ag,ayn}. C, C
and C represent that an object x; is the consensus state, the uncertainty state and the conflict state,
respectively. ap, apg and ay stand for acceptance, delay and rejection actions, which are denoted as
x; € POS(C), x; € BND(C) and x; € NEG(C), respectively. For an alternative-expert pair (x;, ;)
consisting of alternative x; and expert e;, Pri(C|[x;]), Prk(g‘l[x,-]) and Pry(C|[x;]) are the conditional
probabilities of the three states of the alternative-expert pair (x;, ), which can be obtained that
Pri(Cl[x:]) = Si, Pro(Cllxi]) = Fi and Pri(Cl[x;]) = 1 — Si — F! based on the consensus set pair
probability space. The extended loss functions A..(e = P, B, N;o = P, B, N) are denoted to measure the
losses of taking three actions, as shown in Table 7. A,,, 4,, and 4,,, represent the losses taking actions

ap,agand ay whenx € C. A

A

pp> Agp and A, , denote the losses taking actions ap, ag and ay when x € C.

x> Agy and A, denote the losses taking actions ap, ag and ay when x € C. A reasonable assumption
is considered in the TS3WD model: 0 < App < App < Ayp and 0 < Ayy < Ay < Apy. When
determining the optimistic extended loss functions, the loss of taking action ap is less than the loss of

taking action ay if x € 5, then 0 < App < App < Ayp 1s assumed. Similarly, O < Agg < Ayp < App is
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considered when determining the pessimistic extended loss functions.

Table 7
The extended loss functions in TS3WD model.
Actions C(P) C(B) C(N)
ap App App Apy
ag Agp App Agn
ay Anp N ANN

The expected extended loss functions R (a,.|[x;]) of taking three actions for expert ¢, under alterna-
tive x; can be calculated as:

(1) Re(apllx;]) = A,pPri(Cl[xi]) + ApgPri(ClLx:1) + A,y Pri(ClLx]);

(2) Ru(apllxi]) = Ag,pPri(Cl[xi]) + A Pri(ClLx1) + Ay Prie(CllxiD);

(3) Rlan|[xi]) = AypPre(CILx]) + AysPri(ClLxi]) + Ay Pri(ClLxi)).

According to the Bayesian theory, the decision rules of minimum losses can be demonstrated as
follows:

(P3) If R(apllxi]) < Ri(aspllx:]) and R(apllxi]) < Ri(ayl[x:]), then (x;, ex) € POS(C);

(B3) If Ry(agllxi]) < Ri(apllx;]) and Ri(apllx:]) < Ri(ayllx:]), then (x;, ex) € BND(C);

(N3) If Ri(anl[xi]) < Ri(apllx;]) and Re(anllx:]) < R(apllx:]), then (x;, ex) € NEG(C).
Proposition 3.1. For an alternative-expert pair (x;, e;), the decision rules (P3)-(N3) can be rewritten
as the decision rules (P4)-(N4), where «, 'y and 8 are three thresholds in (P1)-(N1). The decision rules
(P4)-(N4) are listed as follows:

(P4)If S > Sonm— o m) pi o gp §1 > Qe N By then (x;, e0) € POS (C);

- (/IBP_/lPP-'—APN_/lBN) k k= (/lNP_/lPP-'—APN_/lNN)

C = Agy=d A ) R PR R R N S

i « XPB”7BB”“PNT/BN) i i~ BB NBYNN""BN) I . .
(B4)If S, < Map—ﬂpp”mv—ﬂazv)Fk +taandS; > (ﬁNp—ﬂBp”BN—ﬂNMFk + B, then (x;, e;) € BND(C),

PSS S A S S i (gt —dg )
(N4) If S < (ﬂ:i—ﬂZi:ﬂ:,]:—A:z)Fk +vyandS: < (ﬂzi—ﬂx:ﬁ:g—ﬂsz)}?k + B, then (x;,e;) € NEG(C).
Proof. For the condition Ri(apl[x;]) < Ri(apl[x:]) in (P3), we can obtain AppS + AppFi + Apy(1 -8t —
F}) < A3pSt + A Fi+ A (1- S — F}), which can be converted into (Apg— gy —Apy + Ay )F} +(Apy —

Agy) < (/lBP—/1PP+/1PN—/IBN)SjC by merging similar items. Due to Agp > Adpp and Apy > Ay, then Ay, —

(App=App=Apy+Ap) i (Apy=Apyr) ..
> CPB BB TPNTUBNC pri PN_“BN . Similarl
= (gp=Apptdpy—Agy) k (App=ApptApy=dpy) %

. o (A=At A=A, ) (Apy=Ay )
1 < ) i > YpeT NBTINNTAPN) D PN_/ANN
Ri(apl[x;]) < Ri(anl[x;]) in (P3) can be replaced by S' > NI T F + I — and

. N i App—AnptAnn—Apn) i gy —Ann)
Ri(agl[x;]) < Ri(anl[x;]) in (B3) can be converted as S, > (/lNP_/lBP_HlBN_/lNN)Fk-l— T ——r For the

App+ Aoy — Ay, > 0 is satisfied and we can obtain S

other three inequalities including Ri(ap|[x;]) < Ri(ap|[x;]), Ri(an|[x:]) < Ri(apllx;]) and Ri(ay|[x;]) <

Ri(ag|[x;]), we can transform them using the similar way and the relative conversions are omitted

. . . . Apy—A
here for convenience. In Section 2.1, three thresholds in classic 3WD theory are @ = EN__BN ,
Apy=App)+(Agp=2pp)
Aoy~ Ay gy =y H ; )
= and B = which can be replaced by the above inequalities, then
Y Apy=Ay)+(Ayp=App) ﬁ A=Ayt (Ayp=Agp) P Y 1

we can update the decision rules (P3)-(N3) to (P4)-(N4). [
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Proposition 3.2. Let the three thresholds in TS3WD model be a; = Uep= s Aot o) i a B =

(Agp=dpp+dpy=Agy) ™ k
Ejiijﬁ:j:}t’jsz;ﬂ’{ +Bandy, = Eﬁ;i:iii:j’:zj:z;ﬂ’( + y. For an alternative-expert pair (x;, e;), when
(Agp = App)( gy — Ayn) < (Ayp — Agp)(Apy — Agy) is satisfied, the decision rules (P4)-(N4) can be
simplified as the following decision rules (P5)-(N5):
(P5)If St > «, then (x;, ex) € POS(C);
(B5) If B1 < S, < ay, then (x;,e,) € BND(C);

(N5)IfSi <y, then (xi, ex) € NEG(C).

Proof. The condition (Agzp — App)(Agy — Ayy) < (Ayp — App)(Apy — Agy) can be rewritten as L~ Aer o

/lPN_/lBN -
- ) A=) Aan=An) ) . .
NP BP PN BN BN NN
then we can obtain > i.e., @ > f3, then the inequality
/lBN_/lNN ’ (/lBP_’lPP+/lPN_/lBN) (/lNP _/lBP+/lBN_/lNN) ’ ’ ’ q

1 >a >y >pB >0 is satisfied in classic 3WD model. For ay, 5, and y,, we compare the three

thresholds in pairwise as follows:

. (Appy—Ap W(1=F) A=Ay )(1=F1) (App=App)F!
1) For ay and By, we can obtain ay — 1 = —225X b BNV NN k £B BBk _
( ) _1 '81 ! '81 Agp=App+dpy=dgy) (/lNP_/lBP_HlBA{_/INN) (/lBP_/lPP+/lPN_/lBN)
(ABB_/INB)F;( D i (/IPN_ABN)(I_F]D MBN_ANN)(I_FII\»)
.Duetoa>pBand (1 — F') >0, then we have - >0
(Ayp=Agp+agy=dyy) '8 ( k) (/IBP__/lPP-HlPN_/lBN) (/lNP_/_lBP+/lBN_/lNN)
(Apg=Agp)F /l< (App=Ayp)F 2
Due to (Apy — Agp) > 0 and (A, — Ayp) < 0, we have S pes vy o SR 7 s ps pow o & Therefore,
we have ay — 1 > 0.
. (Appy=A gy (1=F1) A=Ay )1=F1) (App=App)F!
2) For a; and y,, we can obtain @y —y| = — B & PNV NNk £8_B6 b
( ) _1 n ! n (Agp=ApptApy=Agy) (/lNP_/lPP_HlPA{_/lNN) (/lBP_/lPP_HlPN__/lBN)
Upp=Anp)Fy D , (Apy=Agy)1=F}) (Apy=Ayy)1=F})
uetoa >7yand (1 —F) >0, then we have - > 0.
Y ( k) Agp=App+dpy=dgy)  (Ayp=Apptdpy=dyy)

Ayp=Apptdpy=dyy)’
Due to (Apy — Agp) = (Apg — Ayp) and 0 < (Agp — App + Apy — Agy) < (Ayp — App + Apy — Ayy) » We

(Apg=pp)F] Ilc Upg=dyp)F ;c
App=ApptApy=dpgy) = (Ayp=dpptdpy=Ayy

have - Therefore, we have a; =y, > 0.

. Apy—Ayy)1=F} Agn—Ayy)1=F} Apg=Ayp)Fl
(3) For vy, and 8, we can obtain y, — ; = (A( pn Ay A7F) gy~ A1 FY) Upp~ )Py

(App=Ayp)F /'<
(Ayp=Agptdgy=dyy)’

NP_/IPP+/1PN_/1NN) (/lNP_/lBP_HlBN__/{NN) (/INP_/lPP-HIPN__/INN)
i (Apy—=Ay)(1-F}) A=Ay (1-F})
Due to a >y and (1 — F) > 0, then we have —2V"MN— k- _ _BN_NN___k > (),
Y ( k) ’ Ayp=Apptdpy=Ayy)  (Ayp=Adgptdgy=dyy)

In this case, the optimistic and pessimistic TS3WD model should be discussed as follows. 1) For

optimistic TS3WD model, 0 < Agp < App < Ayp is satisfied and then (Ay, — App) < (Ayp — Apgp). Due

(Ayp—App)Fi Ay p=App)Fi
to(Ayp—App+ A, — A > Ayp—App + Ay, — A we have NE__PB”_k < NE BBk
(Ayp PP PN ) = (Ayp “BP BN NN)’_ Qo= ppt o=y = Cyp=AgpAgy—An)

} Ay p=App)Fi (A=A )Fi . (App—Ay ) Fi (A=A )Fi
Therefore, we can obtain — Af VB > BB NB ke, i bk > BB NB_ k.
f Ayp=Apptdpy=Ayy) Ayp=AgptAgy=Ayy) Ayp=AppTdpy=Ayy) (Ayp=Agptdgy=Ayy)
2) For pessimistic TS3WD model, 0 < Agp < Ayp < App is satisfied, then (Apg — Ayp) > 0 and

(/IPB_/INB)FIi{ (/lBB_/lNB)FIic

(Agp — Ayp) < 0 can be satisfied. Therefore, we have In short, we

Ayp=dpptdpy=dyy) = (Ayp=App+dgy=dyy)”
have y; — B1 > 0 for both the optimistic and pessimistic TS3WD models.

According to the pairwise discussions, when (Agp — App)(Agy — Ayy) < (Ayp = Agp)(Apy — Agy), We
have 1 > ay > vy, = 1 = 0. Therefore, the decision rules (P4)-(N4) can be simplified as the decision
rules (P5)-(NS). [
Proposition 3.3. When the conditional probability of uncertainty state is Pri(Cl[x;]) = O, the TS3WD

model degenerates into the classic two-state 3WD model.

Proof. When Prk(C~'|[x,-]) = 0, the expected extended loss functions Ri(a.|[x;]) are reduced as follows:
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(1) Riapllx;]) = AppPri(Cl[x:]) + AppPri(Cllxi]);
(2) Ri(agllxi]) = AgpPri(CIIx;]) + Ay Pre(CllxiD);
(3) Ri(ay|lxi]) = AypPre(ClIx1) + Ay Pri(Cllxi]).
In this case, the expected extended loss functions Ri(a.|[x;]) only relate the conditional probabilities

and the extended loss functions under states C and C, which are consistent with classic 3WD model. m

4. The consensus feedback mechanism of the sequential three-state three-way consensus model

In this section, a consensus adjustment model for alternative-expert pairs (x;, €;) in the uncertainty
state is proposed to modify the experts’ evaluation under all criteria. Based on the sequential TS3WD
consensus model, a consensus feedback mechanism with several classification results is designed to

refine the classification of alternative-expert pairs.

4.1. The consensus adjustment model based on the three-state three-way decision consensus model

According to the multi-criteria set pair TS3WD consensus model, all alternative-expert pairs (x;, ex)
can be divided into positive region POS (C), boundary region BND(C) and negative region NEG(C).
All elements in the positive region are regarded to be in the consensus state, while elements in the
other two regions require improvement to reach the consensus. Based on S3WD theory, the boundary
region can be further divided into three new regions as the information increases. In this subsection,
we specifically discuss how to modify the elements in the negative region.

For a sequential TS3WD consensus problem, all alternative-expert pairs (x;, ;) would be constantly
divided into three regions until the boundary region is empty. The consensus adjustment model is
used to locate the alternative-expert pairs (x;, e;) in the conflict state and modify the opinions in these
positions. This ensures that the adjusted opinions can reach the consensus in next iteration, effectively
placing the updated alternative-expert pairs (x;, €;) into the positive region. For convenience, the
three regions can be represented by POS'(C), BND'(C) and NEG'(C) in the tth iteration. POS (x) =
{ed(x;, ex) € POS'(C)}, BND(x)) = {exl(x;,ex) € BND'(C)} and NEG(x}) = {exl(x;,e;) € NEG'(C)}
are used to represent the three types of experts set for alternative x; in the rth iteration, namely the
consensus expert set, uncertainty expert set and conflict expert set, respectively.

Based on the principle of minimum opinion adjustment, a consensus adjustment model (M-1) for
all experts belonging to NEG(x;) in the rth iteration is proposed to obtain the opinion modifications
under all criteria. Considering that the minimum opinion modifications, the main idea of the model
(M-1) is to modify opinions of experts in the conflict state under alternative x; according to the opinions
of experts in the consensus state, in which the experts modifying the opinions would be divided into

the consensus state in next iteration. In model (M-1), ¢, € NEG(x;) defines the conflict experts with
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the conflict state and e, € POS (x!) represents the consensus experts with the consensus state for
alternative x; in the rth iteration, respectively. The number of the consensus expert set for alternative x;
in the rth iteration is &} and o(-) is the index of the consensus experts. The modified experts &; would
reach the consensus in the (¢+ 1)th iteration, which is denoted as e, € POS (xj“). The objective function
is to minimize the total opinion modifications under all criteria, denoted as min ijl w j(mfj - ﬁzfj)z.
ﬁafj is the modified opinion of expert e; under criterion c; for alternative x;. The constraints show the
construction rules of consensus set pair probability space for conflict experts e, € NEG(x;), which
include the set pair consensus rules, aggregation rules of CNs and the decision rules of consensus set
pair probability space.

min Y}, w(my; — ﬁafj)z

1+ 06, + 006,,

k h
m;; = ml.j| <1
uij(e,en) =3 04 18, + 005, 7, < |mf‘j - mf’J| <7 j=1,2,...n
0+ 08, + 10,
1+ 06, + 006,,

k ok
m;; mij| Z T2

~k h

s —mi| < 7

uijr,ep) =3 0+ 16, + 00,2, 1) < |n‘1{‘] - mf’}| <71,j=12,..,n

0+ 06 + 165, |, — mt| > 7, (M-1)

u(er, en) = f (ui(ex, ep), upn(ex, ep), ..., wi(ex, en)),

s.r.

ui(€r, en) = f (it (€, en), uin (@, en), ... Uin(&x, €5)) ,
ui(er) = f (u,-(ek, €o(1))s Ui(€rs €o(2)), ---» i€, ea(a;))) ;
ui(ey) = f(ui(ék, €o(1))s Ui(Crs €o(2))s --.r Ui( €k, eo(s;))) ,
e, € POS (xﬁ“),

Ve, € NEG(x!);Vey.) € POS(x}).

The model (M-1) is a nonlinear programming model including the logical constraints, which can be
transformed into a linear programming model (M-2). The transformation steps are shown as follows.

(1) For the set pair consensus rules, the logical constraints in model (M-1) can be rewritten as
four inequalities in model (M-2), where S f]‘?(g), F l’fj{'(€> and Pf]‘.’(g) denote the consensus CN of expert
pair (e, e,() under criteria c; for alternative x; and M is an infinite constant. Obviously, the four
inequalities involving absolute value operations can be easily linearized by transforming each inequality
into two inequalities without absolute value operations. For convenience, the linearization steps of
the absolute value operation are omitted and only the four inequalities containing the absolute value
operation are retained. Meanwhile, the model (M-2) is referred to as linear programming model in

what follows.
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(2) For the aggregation rules of CNs, the three coefficients S¥, F¥, P¥ of the individual consensus
CN u;(ex) can be calculated based on Definitions 4 and 5. Due to S¥ + F¥ + P¥ = 1, the operations

about Pf.‘ are omitted. In particular, the weights vy, should be normalized as V., when aggregating
all (@, eo(s))’ Le., ‘_}ko(s) = F'\)k&
251:1 Viko(e)

(3) For the decision rules of probability space, ¢, € POS (xﬁ”) can be replaced by the rule P4 in
decision rules (P4)-(N4).

Based on the linear programming model (M-2), the modified opinions /i ; under all criteria can be
obtained for all conflict experts ¢, € NEG(x}) in the rth iteration. The consensus adjustment model not
only allows conflict experts to revise their opinions under all criteria to reach the consensus, but also

guarantees the minimization of total opinion modifications.

. n k _ 12
min ijl wj(ml.j - ml.j)
ml? —mk| <7+ (1= SHHM,
o(e) — k ko(e)
m; " =i 2 T = (1= F;7)M,
m’® — k.

ij ij

<+ (1-PI)M,

o(e) — K ko(g)
m;” =i > 1 — (1= P )M,

§ho® 4 pro® 4 pho® - 1
ij ij ij

= _ Vko(e) (M‘2)
S.t.3 Vkote) = —7 >
2o Vko(e)
t f
k_ ve& 5 n ko(e) pk _ & 5 n ko(e)
S,‘ - Zszl Viko(e) Zj:l WjSl'j ’F,' = Zszl Vio(e) Zj:l WjFij )
(/IPB_/IBB_/IPN-FABN)F{( + (Apy=Agy) < Sk
(Agp=dpptApy=Agy) ™ Agp=dpptdpy=dgy) = 717
App=Ayptdyn=4py) k Apy=Ayy) < Sk
Ayp=Apptpy=dyy) = 1 (Ayp=dpptdpy=dyy) = 717

Jj=12,.,ne=12,.,¢,
S FO, P € {0, 1); Yer € NEG(X), Ve € POS (x).

4.2. The consensus feedback rules with several sequential three-way classification results

The conflict experts e, € NEG(x!) can reach the consensus by modifying opinions towards opinions
of consensus experts e, € POS (x}). However, the consensus adjustment model (M-2) can not be
established in some specific cases like POS (x!) = (. In addition, the boundary regions of two successive
iterations may completely coincide due to the coarser granularity in the sequential TS3WD consensus
classification process, i.e., the case BN D(x;”) = BND(x}) may exist in some cases. Therefore, some
classification results for three regions under alternative x; in the tth iteration are worth exploring to
process the sequential TS3WD consensus classification.

According to the number of nonempty regions, all possible classification results for three regions

POS (x}), BND(x!) and NEG(x!) are listed in Table 8. The discussions about seven classification cases
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under alternative x; in the rth iteration are given as follows.

Table 8

The classification results for POS (x!), BND(x}) and NEG(x’).
Cases N;;’;’Zf Y POSGy)  BND()  NEG()
Case 1 3 nonempty nonempty nonempty
Case 2 2 nonempty nonempty 0
Case 3 2 nonempty 0 nonempty
Case 4 2 0 nonempty nonempty
Case 5 1 nonempty 0 0
Case 6 1 0 0 nonempty
Case 7 1 0 nonempty 0

Case 1. When three region are all nonempty in the rth iteration, experts in the conflict expert set
NEG(x!) can adjust their opinions towards opinions of the consensus expert set POS (x!), which can
be obtained by solving the consensus adjustment model (M-2) directly. The uncertainty expert set
BND(x!) would be divided into three new regions including POS (x!*!), BND(x!*') and NEG(x!*!) in
the (¢ + 1)th iteration.

Case 2. When NEG(x)) is empty and the other two regions are nonempty in the rth iteration, no
opinion should be adjusted in this iteration. The uncertainty expert set BND(x;) would be divided into
three new regions including POS (x/*!), BND(x'*') and NEG(x!*") in the (7 + 1)th iteration.

Case 3. When BND(x!) is empty and the other two regions are nonempty in the rth iteration, the
empty region BN D(x!) would not be divided in next iteration. In this case, experts in the conflict expert
set NEG(x!) can adjust their opinions towards opinions of the consensus expert set POS (x!), which
can be obtained by solving the consensus adjustment model (M-2) directly. In the (¢ + 1)th iteration, all
experts in NEG(x;) would be divided into the consensus expert set POS (x). Therefore, the procedure
of the sequential TS3WD consensus model terminates in the (¢ + 1)th iteration.

Case 4. When POS (x!) is empty and the other two regions are nonempty in the rth iteration, conflict
experts in NEG(x;) can not adjust their opinions towards the empty set POS (x;) due to POS (x}) = 0. In
this case, opinions of consensus experts in the (¢ — 1)th iteration are used as the reference opinions, i.e.,
experts in the conflict expert set NEG(x!) can adjust their opinions towards opinions of the consensus
expert set POS (xﬁ‘l). In this case, Ve, € POS (x!) in the consensus adjustment model (M-2) should
be replaced by Ve, € POS (xi™"). The uncertainty expert set BND(x!) would be divided into three
new regions including POS (x/*"), BND(x!*') and NEG(x'*") in the (¢ + 1)th iteration.

Case 5. When only POS (x}) is nonempty, all uncertainty experts ¢; € BND(x?‘l) in the (r — 1)th

iteration are all divided into the consensus region POS (x}) in tth iteration. Obviously, all experts reach
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the consensus in the tth iteration. The procedure of the sequential TS3WD consensus model terminates
in the rth iteration.

Case 6. When only NEG(x)) is nonempty, all experts in NEG(x!) should adjust their opinions
towards opinions of consensus expert set POS (x!). However, the consensus expert set POS (x!) is
empty. Similar to Case 4, experts in the conflict expert set NEG(x!) can adjust their opinions towards
opinions of the consensus expert set POS (xg‘l). After adjusting opinions for NEG(x}), the procedure
of the sequential TS3WD consensus model terminates in the (¢ + 1)th iteration.

Case 7. When only BN D(x!) is nonempty, all uncertainty experts e, € BND(x!™") in the last iteration
are divided again into the uncertainty region BN D(x!) in this iteration, which means that the granularity
in the rth iteration is too coarse to further refine the classification results. According to the decision rules
(P4)-(N4), the classification results relate to the extended loss functions A,.(e = P, B,N;o = P,B,N)
and two coefficients S} and F}, in which S} and F; depend on the consensus coefficient 7, and
the conflict coefficient 7,. Therefore, a coeflicient adjustment strategy is proposed to refine the

classification results.

Consensus Uncertainty Conflict BND
Coarser Y Y \ r p
| | | | <—> | |
0 T 7, 1 0/ oy
C 011ﬁ115us Uncertainty Conflict NEG BJXD POS
Y N SR
Fier | | | <> | | | |
7 s 1 0 il a 1

Fig. 1. The classification results under different granularities.

Fig. 1 illustrates that the classification results of both coarse granularity and fine granularity. In
the case of coarse granularity, the uncertainty region is more extensive than the other two regions,
potentially yielding a classification outcome similar to Case 7, i.e., BND is the universal set and the
remaining two regions are empty. The classification result of Case 7 implies that the two thresholds «;
and S; in decision rules (P5)-(N5) are set to 1 and 0, respectively. When increasing 7, and decreasing
7,, the uncertainty region becomes smaller and the granularity is finer, which means that the two
regions NEG and POS have larger proportions. Based on the above analysis, the main idea of the
coeflicient adjustment strategy is to increase 7; and decrease 7, in the set pair consensus rules. The
adjusted coefficients 7; and 7, are updated by introducing a penalty factor 6 as follows:

T =11 X (2-0),

(10)
Ty =Ty X 0,
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where 6 is a penalty factor and 6 € (=,

1). The updated coefficient 7, is larger than the original
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coefficient 71, and the updated coefficient 7, is smaller than the original coefficient 7, due to 6 < 1.
The condition 7| < 7, should be satisfied for the two updated coefficients, i.e., 71 X (2 — ) < 7, X 6.
Therefore, the penalty factor 6 satisfies 6 € (%, D).

In summary, BND(x;) would be divided into three new regions in the (¢ + 1)th iteration when
BND(x}) # 0 and BND(x}) # BND(xﬁ‘l) hold. When BND(x!) = BND(xl’.“), the coefficient adjust-
ment strategy is used to update 7; and 75, and BND(x}) would be divided into three new regions in the
( + Dyth iteration after obtaining new coefficients. For NEG(x!}), all experts in NEG(x!) should adjust
their opinions towards opinions of consensus expert set POS (x}) when NEG(x) # 0 and POS (x) # 0.
When POS (x}) # 0, all experts in NEG(x}) should adjust their opinions towards opinions of consensus

expert set POS (xﬁ‘l). The consensus feedback rules for two regions BND(x!) and NEG(x!) under

seven cases are summarized in Table 9.

Table 9

The consensus feedback rules for BND(x!) and NEG(x?).
Cases The adjustment strategy for BND(x}) The adjustment strategy for NEG(x})
Case 1 Classify again in next iteration Adjust opinions toward POS (x})
Case 2 Classify again in next iteration No adjustment
Case 3 END Adjust opinions toward POS (x})
Case 4 Classify again in next iteration Adjust opinions toward POS (x/™")
Case 5 END END
Case 6 END Adjust opinions toward POS (x/™")
Case 7 Update the coefficients and classify again No adjustment

in next iteration

When the procedure of sequential TS3WD consensus model terminates, all experts for each
alternative reach the group consensus. The updated evaluation matrix for expert ¢, is denoted as
Mk = (ﬁf-‘j)m. To rank all alternatives, the alternative consensus CN u;(E) of alternative x; for all
experts is denoted as:

M,(E) =8;,+F6,+Pior;i=1,2,...,m. (11)

The alternative consensus CN u;(E) can be obtained as u;(E) = f (u;(ey), ui(ey), ..., ui(ex)). When

f(-) 1s assumed as WA operator, the alternative consensus CN u;(E) can be rewritten as:

K K K
WE)= Y ASE+ Y AFf6 + ) APloyi=1,2,m, (12)

where ¥/, ASK, Yi, 4F* and Y, 4, P* reflect the identity degree S, discrepancy degree F; and
contrary degree P; of alternative x;. The bigger the identity degree S; is and the smaller the discrepancy

degree F; is, the better the alternative x; is. The ranking rules for two alternatives x; and x; are listed as
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follow:
(1) ui(E) ~ u;(E) when §; = §;, F; = Fjand P; = P; hold,
(2) ui(E) > u;(E) when §; > § ; holds;
(3) ui(E) > u;(E) when S; = §j and F; < F; hold;
4) u;(E) > uj(E) when §; =S, F; = Fjand P; < P; hold.

4.3. The framework of the proposed model

The whole decision-making process is divided into four steps, where the first three steps are used
to reach the consensus, and the last step is to obtain the ranking results of alternatives. Steps 1-4 of the
proposed model are listed as follows.

Step 1. Construct the consensus set pair probability space. Different types of consensus CNs
can be computed based the set pair consensus rules and WA operator by using Eqgs. (3) - (7). The
probability measure matrix P = ({Pr,i(C ), Pr,i(g ), Pr,i(f)}})me is obtained by using Eq. (8).

Step 2. Classify all alternative-expert pairs (x;, ¢;) into three regions. Based on the probability
measure matrix £ = ({Pr,i(C), Prf{(é), Pr,i(f)}})KXm, all alternative-expert pairs (x;, e;) can be divided
into three regions based on decision rules (P5)-(N5), and we can obtain the three types of experts set
POS (x}), BND(x!) and NEG(x).

Step 3. Adjust the two regions BND(x!) and NEG(x}). The consensus feedback rules in Table 9 is
used to adjust two regions BND(x!) and NEG(x!). Conflict experts in the region NEG(x}) can modify
their opinions using the model (M-2). The uncertainty expert set BND(x}) is divided into new regions
in the next iteration where a coeflicient adjustment strategy is adopted to refine the classification results.

Step 4. Rank all alternatives. After reaching the consensus, the alternative consensus CN u;(E)
of alternative x; can be computed by using Eq. (12). The ranking rules are used to obtain the order of
all alternatives.

The multi-criteria sequential TS3WD consensus model based on SPA theory is shown in Algorithm

1. The structure of our proposal is shown in Fig. 2.

5. Experimental analyses

To demonstrate the validity of our algorithm, some numerical experiments are conducted by
adopting the Ecoli data set (http://archive.ics.uci.edu/dataset/39/ecoli) and the Iris
data set (http://archive.ics.uci.edu/dataset/53/iris) in the UCI database to simulate the
expert evaluation systems in our proposal. The sensitive and comparative analyses are presented to

demonstrate the feasibility and effectiveness of the proposed model. All experiments are carried out on
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Algorithm 1: The multi-criteria sequential TS3WD consensus model.

Input: Alternative set X = {xy, X, ..., X}, criteria set C = {cy, ¢a, ..., ¢,;}, Criteria weight set
W = {w,wa,...,w,}, expert set E = {ey, ey, ..., ex}, expert weight A = {1y, Ay, ..., Ak},
interactive weight matrix V = (v, )kxk, €valuation matrix MK = (mf?j)mx,z, consensus
coeflicient 7y, conflict coefficient 7,, penalty factor 6, the extended loss functions
Adeo(® = P, B, N; 0 = P, B, N) and the initial iteration r = 1.

Output: The updated evaluation matrix Mk = (n_ﬁ/-)mx,,, the ranking result of alternative set X

and maximum iterations 7. .

1 begin

2 fori=1tom k=1t Kdo

3 forh =1t K do

4 for j=1tondo

5 ‘ Compute the consensus CN u;;(ex, e,) by using Eq. (3).

6 end

7 Compute the weighted consensus CN u;(ey, e;,) by using Eq. (5).

8 end

9 Compute the individual consensus CN u;(e;) by using Eq. (7) and obtain the

probability measure matrix P = ({Pr,i(C ), Pr,i(g ), Pr,i(f)}})me by using Eq. (8).

10 Classify all alternative-expert pairs (x;, e;) into three regions based on decision rules
(P5)-(N5) and obtain the three types of experts set POS (x!), BND(x!) and NEG(x,).

11 Apply the consensus feedback rules in Table 9 to improve NEG(x!) and BND(x}) and
update the evaluation matrix Mk = (ﬁfj)mx,l.

12 if ‘END’ appears then

13 if NEG(x!) = 0 then

14 ‘ T=t

15 else

16 ‘ T=t+1;

17 end

18 Execute the lines 4-7.

19 Compute the alternative consensus CN u;(E) by using Eq. (12).

20 Apply the ranking rules and obtain the order of alternatives.

21 else

22 Letr=1t+1.

23 Return to line 4.

24 end

25 end

26 return the updated evaluation matrix Mk = (ﬁfj)mxm the ranking result of alternative set X

and maximum iterations 7.
27 end

a PC with Microsoft Windows 10, AMD Ryzen 7 5800HS Creator Edition 3.20 GHz and 16.0 GB of
memory. The programming languages used are MATLAB R2020b and LINGO 18.0 x64.

5.1. Example A: Ecoli data set

We apply the Ecoli data set to construct the first example of our proposal. The Ecoli data set

consists of 336 escherichia coli protein data, which are described by using seven input criteria including
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Fig. 2. The flowchart of the proposed model.

Trisecting Process of TS3WD Model

‘mcg’, ‘gvh’, ‘lip’, ‘chg’, ‘aac’, ‘alm1’ and ‘alm2’. The criteria type of the Ecoli data set is real number
within [0,1]. To process the Ecoli data, we eliminate ‘lip” and ‘chg’ criteria due to their little differences
between values, and eleven pieces of escherichia coli protein data with extreme values to obtain
325 pieces of data. These 325 pieces of data with five criteria are divided into twenty-five data
matrices M* = (mfj) 13x5, corresponding to the initial evaluation matrices of twenty-five experts on
thirteen alternatives. Through the processing of the Ecoli data set, there are twenty-five experts
E = {e;, e, ..., ex5} and thirteen alternatives X = {xi, x», ..., x;3}. For the evaluation information of
experts, five criteria C = {c, ¢, ..., ¢5} are described by escherichia coli protein data and all criteria
weights are assumed to be equal, i.e., W = {0.2,0.2,0.2,0.2,0.2}. The weights of all experts are
assumed to be equal, i.e., 4 = {0.04,0.04, ...,0.04}. The elements in the interactive weight matrix
V = (v,;)25x25 are generated randomly within [0,1], where Zii 1 Vi,= 1. The consensus coeflicient and
conflict coefficient are assumed as 7; = 0.1 and 7, = 0.3. The penalty factor is assumed as 6§ = 0.8.
The extended loss functions are shown in Table 10, where the risk attitude is assumed as be neutral
when x € 5, i.e., App = Ayp = 0.3. The initial iteration is assumed as ¢ = 1. The aggregation function
f(-) is assumed as WA operator.

The decision rules (P4)-(N4) can be updated as (P6)-(N6) as follows:

(PO)If Si > 0.6 — 0.4 % F; and S} > 0.625 — 0.625 = F}, then (x;, e) € POS (C);

(BO)IfS; <0.6-0.4«F, and S} > 0.6667 — F}, then (x;, ¢;) € BND(C);

(N6) If S < 0.625 — 0.625 * F} and S} < 0.6667 — F, then (x;, e,) € NEG(C).
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Table 10
The extended loss functions in the illustrative examples.

Actions C(P) C(B) C(N)
ap 0.1 0.3 0.6
ag 0.3 0.2 0.3
ay 0.4 0.3 0.1

To illustrate the process of the algorithm in detail, we describe the steps of the model using

k k

L. mby, mb,, mh.} represent the evaluation

alternative x, as an example. For alternative x,, {mgl, m
values of expert e; under five criteria including ‘mcg’, ‘gvh’, ‘aac’, ‘alm1’ and ‘alm2’. The evaluation
values of twenty-five expert for alternative x, are shown in Table 11, where ‘Ecoli name’ is the index

of data in the Ecoli data set and has no other meanings.

Table 11
The evaluation values of twenty-five experts under five criteria for alternative x;.
Ecoli Ecoli
¢ am.  MCE gvh aac alml alm2 | ¢ name | MC8 gvh aac alml alm2

e, ACEK 056 04 049 037 046 | e;s LNT 0.6 061 054 0.67 0.71
e; CHEA 025 04 046 044 052 |¢s CYOE 0.67 037 054 0.64 0.68
e; KDSA 051 037 035 036 045 | e PNTA 033 037 046 0.65 0.69
es MURF 035 048 056 04 048 | ez PTOA 035 051 0.61 071 0.74
es PHOH 029 047 041 023 034 |es EMRB 0.71 052 0.64 1 0.99
es DDLA 043 039 047 031 041 | ey MELB 047 046 0.62 0.74 0.77
ez GCVA 04 05 045 039 047 | ey FADL 078 0.68 083 04 0.29
es PTKB 064 0.76 045 035 038 | ey FECA 052 081 072 038 0.38
eo SERC 049 043 049 03 04 | exn MEPA 075 084 035 052 0.33
eip SYK2 0.17 039 053 03 039 | exs ECPD 064 0.72 049 042 0.19
ein UGPQ 026 04 036 026 037 | exs AMYL 0.7 061 056 052 043
e BETT 052 039 0.65 0.71 0.73 | e;s RBSB 0.64 081 037 039 044
e;3 FRDC 033 056 033 078 0.8

Step 1. Construct the consensus set pair probability space. Different types of consensus
CNs including u;;(ex, en), ux(ex, ;) and ur(e) can be computed based on the set pair consensus
rules and WA operator by using Eqgs. (3) - (7). According to Definition 6, the probability mea-
sure triples {Pr,f(C), Pr,%(f), Pr,%(f)}} can be obtained corresponding to the condition probabilities
{Pr(Cllxa)), Pri(ClLxal), Pr(Cllxa]))s dee., {(S3, F2, P2LAS2, F2, P3), ... (S35, F3, P4}). The condi-

tion probabilities of twenty-five experts under three states for alternative x, are shown in Table 12.
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Step 2. Classify all alternative-expert pairs (x,, ¢;) into three regions. Based on the extended
loss functions in Table 10 and conditional probabilities in Table 12, we can calculate the expected
extended loss functions Ry (a.|[x,]) of taking three actions for expert e, under alternative x,, which are
shown in Table 13. According to the decision rules (P3)-(N5), the minimum losses min Ry(a.|[x>])
of expert ¢, are recognized to classify alternative-expert pairs (x,, €x), which are indicated in bold in
Table 13. Therefore, the initial classification results in the first iteration for alternative-expert pairs
(x2, €;) related to x; can be obtained, i.e., {(x2, e1), (X2, €2), (X2, €4), (X2, €6), (X2, €7), (X2, €3), (X2, €9)}
C POS ' (C); {(x2, €3), (x2,€5), (x2, €10), (X2, €11), (X2, €12), (X2, €13), (X2, €14), (X2, €15), (X2, €16), (X2, €17),
(X2, €19), (X2, €20), (X2, €21), (X2, €22), (X2, €23), (X2, €24), (X2, €25)} C BND'(C) and {(x,, e13)} € NEG'(C).
Then three types of expert set POS (x}), BND(x}) and NEG(x}) for alternative x, can be obtained as
follows.

(1) The consensus expert set: POS (x;):{el, e, ey, €, €7, €3, €9};

(2) The uncertainty expert set: BND(x})={e3, es, €10, €11, €12, €13, €14, €15, €16, €17, €19, €20, €21, €22,

€3, €24, €5}

(3) The conflict expert set: NEG(x,)={e;s}.

Table 12
The conditional probabilities of experts under three states for alternative x,.

e PrClixa))  Pr(Cllxa)  Pr(Clix]) | ex  Pr(Clixal)  Pr(Clixa])  Pri(Cllx.])
e 0.5490 0.3347 0.1163 e 0.3538 0.4769 0.1693
e 0.4657 0.3942 0.1401 els 0.3562 0.3890 0.2548
e 0.4025 0.4371 0.1604 els 0.3706 0.4088 0.2206
ey 0.4602 0.4255 0.1143 e 0.3041 0.3731 0.3228
es 0.4270 0.3296 0.2434 el 0.2611 0.3380 0.4010
s 0.5574 0.2726 0.1700 el 0.3477 0.3846 0.2677
ey 0.4722 0.3712 0.1565 e 0.2463 0.4787 0.2750
es 0.5044 0.2597 0.2358 e 0.3694 0.3777 0.2529
€9 0.5284 0.2863 0.1853 € 0.2164 0.4507 0.3330
el 0.4348 0.2933 0.2719 x 0.3081 0.4770 0.2149
el 0.4574 0.3020 0.2407 e 0.3896 0.5127 0.0977
e 0.3614 0.4099 0.2288 €5 0.4751 0.2770 0.2480
e 0.2879 0.3893 0.3228

Step 3. Adjust the two regions BND(x;) and NEG(x;). Obviously, three types of expert set
POS (x;), BN D(x;) and N EG(x;) are nonempty, corresponding to the Case I in Table 8. Therefore, we
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use the consensus feedback rules for Case I in Table 9 to adjust two regions BND(x;) and N EG(x;).
Expert e;3 in NEG(x;) should modify the opinion towards opinions of experts in POS (x}) where the
interactive weights vy, assigned by expert x;3 are shown in Table 14. Since the consensus expert set
POS (xé) contains seven experts, we have 85 =7,e=1,2,..,7 and the index of consensus expert

o(e)=1,2,4,6,7,8,9 corresponding to {ey, e;, €4, €g, €7, €3, €9}.

xS 1 = 1812
min 37, wj(mzf. - mzf.)

o(e) _ 18 180(e)
my; =iyl < 0.1+ (1-8,"")M,
) _ 180(¢)
my? =l > 0.3 - (1 - F,")M,

o(e) — 18 180(e)
my; =yl < 03+ (1- sz M,

o(e) _ 18 180(¢)
my; =y > 01-(1- sz M,

180(¢) 180(¢) 180(e) __
Szj + sz + sz =1,

\_}18 — V18o(e)
o) = BT Visow” (M-3)

SEA S = B Visow Do wiS 5,
P = 51 B iy w1
0.6 -0.4 = F;S < S;S,

0.625 — 0.625 = Fég < S%S,
Sé?o(s),F;?o(e)’Pgo(s) € (0,1},
j=12,...5¢e=12,.,7,

o(e) =1,2,4,6,7,8,9.

By solving model (M-3), the modified evaluation values {%g,%ﬁ,ﬁg,ﬁﬁ,ﬁg} of expert e;g

under five criteria are shown in Table 15, where the modified values n_’zéf * mg( j=12,..,5) are
indicated in bold.

The uncertainty expert set BND(x}) is divided into new regions in the next iteration where a
coefficient adjustment strategy is used to refine the classification results. Meanwhile, the iteration is
updated as = 1 + 1 = 2. The whole decision process of x, is shown in Fig. 3. Due to space limitation,
the decision process for other twenty-four alternatives are omitted. When “END” appears in some
cases like Cases 3, 5 and 6 in Table 9, the procedure of the sequential TS3WD consensus model stops
and the final updated evaluation matrix Mk = (ﬁf,-) 13x5s can be obtained. The opinion adjustments
of twenty-five experts under five criteria for thirteen alternatives can be deduced by computing the
differences between the modified opinion ﬁfj and the initial opinion mf‘] which are shown in Fig. 4.

Fig. 4 reflects that all opinion adjustments of twenty-five experts under thirteen alternatives.

Twenty-five colors in ‘Jet’ colormap array are used to distinguish different experts and each kind
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Table 13
The expected losses of experts taking three actions for alternative x;.

e Ri(apllx2]) Ri(apl[x2]) Ri(anllx2]) | ex  Ri(apllx2]) Ri(apl|[x2]) Ri(an|[x2])
el 0.2251 0.2665 0.3316 el 0.2800 0.2523 0.3015
e 0.2489 0.2606 0.3185 eis 0.3052 0.2611 0.2847
es 0.2676 0.2563 0.3082 €6 0.2920 0.2591 0.2930
ey 0.2423 0.2575 0.3232 er7 0.3360 0.2627 0.2659
es 0.2876 0.2670 0.2940 eis 0.3681 0.2662 0.2459
€6 0.2395 0.2727 0.3217 €19 0.3108 0.2615 0.2812
ey 0.2525 0.2629 0.3159 € 0.3332 0.2521 0.2696
es 0.2699 0.2740 0.3033 €1 0.3020 0.2622 0.2864
€9 0.2499 0.2714 0.3158 en 0.3566 0.2549 0.2550
e 0.2946 0.2707 0.2891 €3 0.3028 0.2523 0.2878
el 0.2807 0.2698 0.2976 € 0.2514 0.2487 0.3194
en 0.2964 0.2590 0.2904 s 0.2794 0.2723 0.2979
e 0.3393 0.2611 0.2642
Table 14
The interactive weights vy, assigned by expert x;g.

€h V18h €n V18h €n Vish €n Vish €n V1i8h

e; 00471 e 00151 | e;;  0.0060| e 0.0037| ey 0.0144

e, 0.0474| e; 00163 | e, 0.0103| e;; 0.0426 | e, 0.0649

e; 0.0143| es 0.0847| e;3 0.0675| ez 0.0119| e 0.0250

es 00363 e9 00549 | ey 0.0886| ej9 0.0485| ey 0.0763

es 0.0885| e 0.0141| e;5 0.0367| ey 0.0145| e5 0.0702

of colored square indicates that the opinion adjustments of an expert. For convenience, the legend

of twenty-five colors in ‘Jet’ colormap array is omitted and all colored squares are labeled by ¢; to

distinguish different experts. The red dashed line indicates the O-scale line. Colored squares above it

represent that experts have modified opinions in the positive direction, while those below it represent

opinions modified in the negative direction. It can be seen that from Fig. 4 that opinions under each

criterion have been modified by some experts for thirteen alternatives, which demonstrates the validity

of the model (M-3). For alternatives x3, x4, X;9 and x;3, more experts have modified their opinions in

the positive direction. For the remaining alternatives, more experts have modified their opinions in the

negative direction.

. . . —k .
Step 4. Rank all alternatives. For the obtained updated evaluation matrix M = (mfj)lgxs, ui(ey)
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Table 15
The modified evaluation values of twenty-five experts under five criteria for alternative x;.

e f;‘:; mcg gvh  aac alml alm2 | e f;‘:; mcg gvh  aac alml alm2
er ACEK 056 04 049 037 046 | ey LNT 06 055 054 067 0.71
e» CHEA 025 04 046 044 052 |es CYOE 067 038 054 064 07
e; KDSA 051 037 035 036 045 | e PNTA 033 037 046 065 07
es MURF 035 048 056 04 048 | ey, PTOA 035 049 055 071 0.76
es PHOH 029 047 041 023 034 |es EMRB 059 05 055 1  0.56
¢s DDLA 043 039 047 031 041 | ey MELB 047 046 0.62 074 0.77
e; GCVA 04 05 045 039 047 | ey FADL 076 068 083 04 0.36
es PTKB 0.64 076 045 035 038 | ey FECA 052 081 072 038 038
es SERC 049 043 049 03 04 |epn MEPA 075 084 037 049 0.34
e SYK2 0.17 039 053 03 039 | exs ECPD 0.64 072 049 042 0.19
enn UGPQ 026 04 036 026 037 | exy AMYI 07 061 056 052 043
e, BETT 052 039 059 071 073 | ess RBSB 0.64 081 037 039 0.44
e;; FRDC 044 052 044 078 0.8

can be calculated again using Eqs. (3)-(7). The alternative consensus CN u;(E) = S; + F;01 + P;6;

of alternative x; can be computed by using Eq. (12). Table 16 reflects the identity degree S, the

discrepancy degree F; and the contrary degree P; for thirteen alternatives. The ranking rules in Section

4.2 are used to derive the priority of all alternatives. For example, we can obtain x, > x; dueto S, > S;.

The ranking result of thirteen alternatives is x; > xjo > X2 > Xp > X3 > X5 > Xg > X151 > X| > X4 > X¢ >

X13 > Xg.

Table 16

The expected losses of experts taking three actions for alternative x;.
X; S, X; S, P;
Xy 0.4081 0.3846 0.2073 X3 0.4164 0.3861 0.1975
X2 0.4320 0.3586 0.2094 X9 0.3735 0.3793 0.2472
X3 0.4231 0.3849 0.1920 X10 0.4777 0.2936 0.2287
X4 0.3967 0.4079 0.1954 X1 0.4097 0.3772 0.2131
Xs 0.4187 0.4061 0.1752 X12 0.4639 0.3224 0.2137
X6 0.3938 0.3735 0.2327 X13 0.3810 0.4109 0.2082
X7 0.4903 0.2832 0.2265
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Fig. 3. The whole decision process of alternative x.

5.2. Example B: Iris data set

The Iris data set is used to construct the second example of our proposal. The Iris data set consists of
150 plant data, which are described by using four input criteria including ‘sepal length’, ‘sepal width’,
‘petal length’ and ‘petal width’. All values in the Iris data set are normalized as the real numbers within
[0,1] for the convenience of calculation. The 150 pieces of data with four criteria are divided into
fifteen data matrices M* = (mf.‘j) 10x4 (K =1,2,...,15), corresponding to the initial evaluation matrices
of fifteen experts on ten alternatives. Through the processing of the data, there are fifteen experts
E ={ey, e, ..., €15} and ten alternatives X = {xy, x,, ..., X1o}. For the evaluation information of experts,
five criteria C = {cy, ¢;, ¢3, ¢4} are described as plant data and all criteria weights are assumed to be
equal, i.e., W = {0.25,0.25,0.25,0.25}. The weights of all experts are assumed to be equal and the
interactive weight matrix V' = (v, )1s5x15 is generated randomly within [0,1], where }’ }lil v,,= 1. The
consensus coefficient and conflict coeflicient are assumed as 7, = 0.1 and 7, = 0.3. The penalty factor

is assumed as 0 = 0.8. The extended loss functions are shown in Table 10, where the risk attitude is

assumed as to be neutral when x € C. ,i.e., Apg = Ayg = 0.3. The initial iteration is assumed as 7 = 1.
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Fig. 4. The opinion adjustments in Ecoli data set.

The aggregation function f(-) is assumed as WA operator.

Due to space limitations, the decision steps of the Iris data set are omitted, which are similar to

those of the Ecoli data set in Section 5.1. The opinion adjustments of fifteen experts under four criteria

for ten alternatives are shown in Fig. 5. From Fig. 5, it can be observed that fewer experts adjust their
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Fig. 5. The opinion adjustments in Iris data set.

opinions for alternatives x, x, and x;, while more experts modify opinions for other alternatives. For
alternatives x; and x7, all opinions under criteria c3 and ¢, remain unchanged. For alternatives x;, x4,
xg and xo, some experts adjust their opinions under each criterion. The above observations can reflect
the flexibility and inclusiveness of our proposal. Based on these opinion adjustments, the ranking

result of thirteen alternatives in Iris data set is x5 > Xxg > X7 > X109 > X2 > X > X4 > Xg > X3 > Xg.

5.3. Sensitivity analysis

In the set pair consensus rules, the consensus coefficient 7 and the conflict coefficient 7, are two
essential parameters for the group consensus process. In this subsection, we conduct the sensitive

analysis of consensus coefficient 7; and the conflict coefficient 7, to explore their effect on the
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classification results.

For the above two examples in subsections 5.1 and 5.2, the consensus coefficient 7, and the conflict
coefficient 7, are assumed as 7; = 0.1 and 7, = 0.3. Based on the given examples, we discuss the
initial classification results POS (x}), BND(x;) and NEG(x/) with different 7; when 7, = 0.3 and those
with different 7, when 7 = 0.1, where 1 > 7, > 7; > 0 holds. For 7, = 0.3, we firstly conduct the
classification process when 7, € [0, 0.3] and obtain the numbers of three regions POS (xl.l), BN D(xl.l)
and NEG(x;}) for thirteen alternatives in Ecoli and Iris data sets, which are shown in Figs. 6 and 7.
For 7; = 0.1, we also conduct the classification process when 7, € [0.15,0.5] and obtain the numbers
of three regions POS (x} ), BND(x}) and N EG(x}) for thirteen alternatives in Ecoli and Iris data sets,
which are shown in Figs. 8 and 9. We adjust the perspective of the 3D figures for viewing in Figs. 6-9.

From Figs. 6 and 7, the number of POS (xl.l) increases and the number of BND(x}) decreases
as the consensus coefficient 7, increases. The larger 7, loosens the consensus condition, so more
experts are assigned to the consensus set POS (x!), and experts who were previously in the conflict or
uncertainty state under strict consensus condition may be regarded in the consensus state under the
relaxed consensus condition. The number of N EG(x}) firstly flats and then decreases with the increase
of 7. This reflects that the increase rate of POS (xl.l) would outpace the decrease rate of BN D(xl.l) as
the consensus coefficient 7 increases, so that the number of NEG(x;) gradually gets smaller later.

From Figs. 8 and 9, the number of POS (x}) increases and the number of N EG(x}) decreases as
the conflict coefficient 7, increases. The larger 7, tightens the conflict condition, so more experts are
assigned to the conflict set NEG(x!), and experts who were previously in the conflict or uncertainty
state under relaxed conflict condition may be regarded in the consensus state under the strict consensus
condition. The number of BND(x}) firstly increases and then decreases with the increase of 7,. This
reflects that the increase rate of POS (xl.l) is firstly inferior to and then exceeds the decrease rate of
N EG(xl.l) as the conflict coefficient 7, increases, so that the number of BN D(xl.l) firstly increases and

then decreases.
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Fig. 6. The classification results with different 7, when 7, = 0.3 in Ecoli dataset.

Based on the above analyses, the consensus coefficient 7, and conflict coefficient 7, have the

significant effect on the classification results. Therefore, determining appropriate consensus and
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Fig. 8. The classification results with different 7, when 7; = 0.1 in Ecoli dataset.
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Fig. 9. The classification results with different 7, when 7; = 0.1 in Iris dataset.

conflict coefficients is crucial for practical problems. Several suggestions to determine the consensus
and conflict coefficients are listed: (1) Given a fixed conflict coeflicient 7,, select a larger consensus
coeflicient 7 if the decision-maker aims to obtain coarse-grained optimal solutions or quickly reach
the consensus. Otherwise, select a smaller consensus coefficient 7;. (2) Given a fixed consensus
coefficient 71, select a larger conflict coefficient 7, when most experts are not willing to cooperate
or have high self-confidence degrees. Otherwise, select a smaller conflict coefficient 7,. (3) Select a
larger consensus coefficient 7, and a larger conflict coefficient 7, when most experts are not willing to
cooperate and the decision-maker aims to quickly reach the consensus. (4) Select a smaller consensus
coeflicient 7, and a smaller conflict coeflicient 7, when most experts are willing to cooperate and the
decision-maker aims to obtain fine-grained optimal solutions. (5) Select a larger consensus coefficient
7, and a smaller conflict coefficient 7, when most experts are willing to cooperate and the decision-
maker aims to quickly reach the consensus. (6) Select a smaller consensus coefficient 7; and a larger
conflict coefficient 7, when most experts are not willing to cooperate and the decision-maker aims to

obtain fine-grained optimal solutions.
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5.4. Comparative analysis and discussion

To demonstrate the advantages of our proposal, we compare it with the existing methods from
the performance aspect and the theoretical aspect. From the perspective of performance, three 3WD
methods are compared with our proposal, including the classic 3WD method, S3WD-HK method
and Wang et al.’s [26] method. From the theoretical perspective, six CRP methods including Wang et
al.’s [36] method, Liang and Duan’s [28] method, Wang et al.’s [26] method, Liu et al.’s [45] method,
Han and Zhan’s [37] method and Guo et al.’s [27] method are analyzed with our proposal from five
dimensions.

Three criteria are introduced to compare the performance of four methods, i.e., iterations 7', average
deferment rate ADR and average comprehensive score ACS . The average deferment rate ADR is used

to measure the average deferment rate for 7 iterations, which can be calculated as:

17 |BND'(O)|
ADR = D — (13)

where m and K reflect the number of alternatives and the number of experts, respectively. |BN D' (C)| is
the number of the region BND'(C) in the rth iteration and 7 is the maximum iterations. To obtain the

average comprehensive score ACS, the accuracy rate AR’ in the rth iteration is calculated as follows:

_|Pos‘ ) - POS'(C)| + |NEG'(C) » NEG'(C)|
- |POS'(C)| + INEG'(C)| ’

R (14)
where |@ — x| denotes the number of the alternative-expert pairs which are actually in the e region but
are judged to be in the * region in the rth iteration, |POS ‘(c )| and |N EG'(C )| are the number of the
region POS'(C) and the number of the region NEG'(C) in the tth iteration, respectively. Furthermore,

the average comprehensive score AS C is denoted as:

|BND'(C)|

1 T 2XAR' %X (1 -
ASC:_Z ( ek )
=1 AR’+(1—| ()I)

T IBND'(O)]
mxK

(15)

For convenience, we apply the three existing 3WD methods and our proposal into the Breast Can-
cer data set (http://archive.ics.uci.edu/dataset/14/breast+cancer) in the UCI database,
which has been used in Wang et al.’s [26] method. By calculating the above three criteria, the perfor-
mance comparisons of these four methods are shown in Table 17. Table 17 indicates that our proposal
requires fewer iterations compared to the other three 3WD methods, demonstrating the ability to
quickly reach the consensus. Additionally, our proposal exhibits a smaller average deferment rate

and a larger average comprehensive score than the other methods, highlighting its effectiveness and
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comprehensiveness in addressing decision-making problems.

Table 17

Performance comparisons of our proposal and the existing 3WD methods.

Methods Iterations  Average deferment rate ~ Average comprehensive score
Classic 3WD [13] method - 0.8558 0.7853
S3WD-HK method 5 0.1547 0.8928
Wang et al.’s [26] method 5 0.1473 0.8952
Our proposal 3 0.1450 0.8971

In theory, we compare our proposal with six based-3WD CRP methods and summarize the main

advantages of our proposal, as shown in Table 18. From Table 18, it can be seen that our proposal

not only deals with the CRP in MCDM problems based on S3WD theory, but also extends the classic

3WD theory from two states to three states. In addition, most existing methods use the 3WD theory to

classify alternatives, criteria or experts. The classification objects of our proposal are all pairs including

experts and alternatives, which can recognize more precisely the positions of non-consensus experts

and alternatives than other methods. Furthermore, compared to the other methods using consensus

degree or competition degree to measure the group consensus, we integrate 3WD theory into the CRP

and use the classification results to judge the group consensus.

Table 18
Theoretical comparisons of our proposal and the existing methods.
. . The
Methods MCDM S3WD The cla§s1ﬁcat10n number Consensus
objects judgement
of states
Wang et al.’s [36] method v v Alternatives 2 Consensus degree
Liang and Duan’s [28] v X Experts 2 Consensus level
method
Wang et al.’s [26] method V X Alternatives 2 Consensus level
Liu et al.’s [45] method X X Alternatives 2 Consensus index
Han and - Zhan's ~[37] v v Criteria 2 Consensus level
method
Guo et al.’s [27] method X X Alternatives 2 Competition degree
Our proposal v v Experts'and 3 Positive region
alternatives
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6. Conclusions

In this paper, a multi-criteria sequential TS3WD consensus model based on SPA theory has been
proposed. The feasibility and effectiveness of the proposal have been verified by sensitivity and

comparative analyses with existing methods. The main contributions of this paper are listed as follows.

(1) Based on the set pair consensus rules, we have proposed and constructed the consensus set pair
probability space, which can effectively distinguish three types of experts with different levels of

consensus.

(2) Based on SPA theory, we have presented the TS3WD model and derived the decision rules and
simplified decision rules by constructing the extended loss functions, which extends the classic
two-state 3WD theory. The TS3WD model can be reduced to the classic two-state 3WD model,

which proves the rationality of the proposal.

(3) The consensus feedback mechanism based on the sequential TS3WD consensus model has been
designed to indicate the CRP, where two non-consensus experts can adjust opinions by using the
consensus adjustment model and the coefficient adjustment strategy. The consensus feedback
rules for different classification results are presented, which provides effective solutions under

se€ven cases.

For the future research, the adaptive multi-criteria sequential TS3WD consensus model under
different linguistic expression environments is worth studying. Firstly, normalization of different
linguistic expressions is emerging as a research topic. Secondly, how to learn the consensus and
conflict coefficients from the historical data to reach the group consensus effectively is also desired for

further exploring. Finally, it’s also meaningful to design the adaptive consensus adjustment rules.
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Abstract

Energy internet (EI) serves as a practical platform for implementing the principles of the circular economy. As
the process of realizing the transformation of industrial systems to a sustainable circular economy accelerates,
the importance of evaluating and selecting the most effective EI projects becomes increasingly apparent. This
paper proposes a new multi-criteria decision-making (MCDM) framework based on the multi-granularity cloud-
rough set (MGCRS) and flexible linguistic expressions (FLEs) to evaluate and select different EI projects.
Firstly, a comprehensive index system is established from three aspects including grid technology, green energy,
and composite benefits. Secondly, FLE is used to express experts’ preferences and a transformation method
converting discrete FLEs into continuous cloud information is proposed. To select the best EI project, the
optimistic MGCRS and pessimistic MGCRS over two universes are presented to deal with the continuous
cloud information in the decision-making process. Furthermore, the comprehensive multi-granularity lower
approximation and upper approximation based on the cloud model are proposed to rank different EI projects.
Finally, a case study of China’s Beijing-Tianjin-Hebei region is analyzed to illustrate the proposed model,
and the simulation and comparative analyses are provided to demonstrate the effectiveness of the proposed

framework.

Keywords: Circular economy, Energy internet, Flexible linguistic expression, Multi-granularity could-rough

set, Cloud model, Multi-criteria decision-making

1. Introduction

Facing the dual challenges of decarbonization and sustainable development, industrial systems are evolving
towards a sustainable circular economy [1, 2]. The core of circular economy lies in optimizing resource utiliza-
tion, reducing waste generation, and improving material re-utilization to achieve sustainable development [3].
Therefore, industrial systems must shift from a traditional linear economy to a resource-efficient and waste-
minimizing circular system to meet modern sustainability needs by reducing raw material consumption and
focusing on material reuse and energy recycling. Energy plays an important role in industrial production, di-

rectly impacting the efficiency of resource utilization and waste generation. To achieve circular economy goals,
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energy flow management is crucial for industrial systems, which involves improving every stage of the energy
supply chain to maximize energy use and reduce waste from generation and transmission to consumption and
recycling. As a cutting-edge concept in energy research, the energy internet (EI) occupies an important position
in the transformation process [4]. EI connects each generator set through multiple communication platforms
and builds an interconnected energy ecosystem with the power system as the core, which is not only a crucial
tool for driving the transformation of industrial systems to a circular economy but also a concrete implemen-
tation of circular economy concepts at both technical and operational levels. By integrating technologies such
as smart grids, real-time data analysis, and distributed energy resources, the EI provides comprehensive energy
optimization solutions for industrial systems [5]. These technologies enhance energy efficiency and support re-
source recycling and waste reduction, helping industrial systems achieve the core goals of a circular economy.

The GEIDCO (Global Energy Interconnection Development and Cooperation Organization) highlights the
active promotion of strategic and technological innovations to expedite the development of a global EI, aiming
to achieve intra-continental interconnection by 2030 and intercontinental interconnection by 2050 [6]. The
blueprint of the global EI in 2050 is shown in Fig. 1. With the rapid development of EI, more and more countries
and regions have begun to pay attention to the theoretical research and practical application in this field. IEEE
(Institute of Electrical and Electronics Engineers) promotes standardization research in the field of EI. The
technical council of the IEEE Power and Energy Society approved the establishment of the IEEE-EICC (Energy
Internet Coordinating Committee) in July 2020 [7]. The NIST (National Institute of Standards and Technology)
has released version 4.0 of NIST Framework and Roadmap for Smart Grid Interoperability Standards in 2021.
Europe countries and Japan have also developed relevant standards and technical frameworks [8]. To advance
the transition of industrial systems towards a circular economy, the NEA (National Energy Administration)
in China has approved 55 green energy demonstration projects, covering urban energy, energy, electric cars,
flexible energy, and other types of energy [9]. These efforts have promoted the implementation of circular
economy policies and deepened the exploration of technological innovation and operational models of industrial
systems.

However, current research about EI has focused on concepts, standards, and technology systems of EI
[10, 11]. Evaluating different EI projects is essential to understanding the practical effects of driving the trans-
formation of industrial systems to a circular economy, which not only contributes to an in-depth understanding
of the actual effect of EI in promoting the transformation of industrial systems to a sustainable circular econ-
omy, but also provides data support and decision-making basis for further technology optimization and policy-
making. Employing a comprehensive and strategic approach to evaluate EI projects will provide a clear insight
into how the EI specifically supports circular economy objectives, thereby more effectively driving industrial
systems towards a greener and more sustainable future [12]. To guarantee the accuracy and comprehensiveness
of the evaluation, adopting a scientific and systematic approach is essential. Evaluating EI projects involves
a multi-criteria decision-making (MCDM) problem, encompassing the comprehensive analysis of various di-

mensions including technological, environmental, social, and economic factors. By applying comprehensive
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Fig. 1. The blueprint for global EI in 2050.

criteria and MCDM methods [13, 14], companies and technology developers can identify and prioritize EI
projects with technological innovation and positive environmental and social impact, thereby driving the trans-
formation of industrial systems to a more sustainable and circular economy [15]. The evaluation of EI projects
promotes green innovation and low-carbon development of industrial systems and ensures that these projects
play a key role in the sustainable circular transformation of industrial systems, laying a solid foundation for
achieving long-term environmental and social benefits [16].

For multiple EI projects, providing evaluation information in an easily understandable format is essential.
The linguistic term is commonly used to convey complex information, particularly when dealing with intricate
EI systems or multidimensional environmental factors. In the face of complex systems or multi-dimensional
factors, EI project evaluation often relies on multiple discrete linguistic terms to accurately convey evaluation
information. These linguistic terms typically describe various levels of evaluation and are accompanied by
probabilities. For example, the sustainable influence of an EI project might be characterized with a 70% prob-
ability as ‘high’ or ‘medium’ and a 30% probability as ‘low’, i.e., {({high, mediumy}, 0.7), ({low},0.3)}. This
expression, referred to as flexible linguistic expressions (FLEs) [17], integrates the intuitive nature of linguistic
terms with the quantitative precision of probabilities, which effectively addresses the ambiguity and uncertainty
inherent in evaluations and provides a consistent framework for experts and stakeholders, thereby facilitating
robust decision-making. However, due to the subjectivity and fuzziness of discrete linguistic terms, the evalu-
ation results are often uncertain and difficult to support accurate decision-making and analysis. Additionally,
discrete evaluation information is difficult to compare and integrate, which limits the effective interaction and
integration between different evaluation indicators and information. Previous research on FLEs has focused
on the normalization method of symbolic proportion and qualitative analysis of linguistic terms, ignoring the
quantitative analysis of linguistic terms. To minimize the loss of information while preserving the fuzziness

and uncertainty of the original evaluation, how to convert discrete FLEs into continuous information is still



a research gap. Aiming at this problem, this paper proposes an optimization method that transforms discrete
FLEs into continuous cloud model information, which provides a more precise representation of evaluation
continuity while retaining the inherent fuzziness and uncertainty of the original evaluation.

The multi-granularity rough set (MGRS) theory provides an efficient and flexible tool for handling and
analyzing complex and uncertain evaluation information within the context of EI project evaluation [18]. Eval-
uating EI systems requires a comprehensive consideration of various factors, including diverse technological
and environmental variables, as well as dynamic influences such as policy changes, market demands, and op-
erational conditions. Consequently, these evaluations often encounter significant uncertainty and vagueness.
The core advantage of MGRS lies in its ability to process information at different levels of granularity, ef-
fectively accommodating the diversity of factors involved. By constructing upper and lower approximation
sets, this method captures the inherent vagueness in the data and provides classification and ranking of sys-
tems or projects [19]. This structured analytical framework for handling uncertain and fuzzy data supports
comprehensive evaluation and comparative analysis of EI projects. However, traditional MGRS methods are
primarily designed for handling discrete information, which poses limitations when dealing with continuous
data or highly fuzzy situations. These constraints may impede the effectiveness of conventional methods in
addressing the diverse and continuous information often encountered in EI evaluations. To overcome these
challenges, this paper integrates MGRS with the cloud model and proposes a novel multi-granularity cloud-
rough set (MGCRS). This approach not only retains the inherent vagueness and uncertainty of the original data
but also allows the final evaluation results to be presented in a continuous format and ranked accordingly. This
innovative method significantly enhances the accuracy and practicality of the evaluation process, providing
more comprehensive and precise support for the selection and optimization of EI projects.

To solve the above research gaps in the evaluation of EI projects and advance the goal of circular economy
effectively, we propose an MCDM framework based on FLEs and MGCRS. The contributions of this paper are
as follows:

(1) A novel method to convert discrete FLEs into continuous cloud information is proposed. FLEs are
first aggregated into floating clouds using a series of basic clouds. Then an programming model is constructed
to minimize the difference to derive a comprehensive cloud to obtain continuous cloud information for each
discrete FLE, effectively achieving the conversion from discrete to continuous representation. This approach
preserves the uncertainty of evaluation information while making it easier to integrate to support accurate
decision-making and analysis for EI projects.

(2) Based on the relevant literature and analyses, we develop an evaluation index system tailored to evaluate
various EI projects, which is designed to capture the multifaceted impacts of these projects on sustainable
development. To assign appropriate weights to the evaluation criteria, we utilize the Shannon entropy method,
leveraging the cloud information derived from our novel transformation technique. This approach ensures that
the evaluation framework accurately reflects the EI projects’ effectiveness in advancing energy efficiency and

circular economy goals.



(3) To select the best EI project, we define the MGCRS and present the optimistic and pessimistic MGCRSs
over two universes to deal with the continuous cloud information in the decision-making process. Sequentially,
the comprehensive multi-granularity lower approximation and upper approximation based on the cloud model
are proposed to rank different EI projects. This approach allows the final evaluation results to be presented
in a continuous format and ranked accordingly and significantly enhances the accuracy and practicality of the
evaluation process, offering a more precise and reliable basis for optimizing EI projects in the context of the
circular economy.

The remainder of this paper is structured as follows. Section 2 reviews the literature on the research of
EI evaluation. Section 3 introduces the basic knowledge necessary related to FLE, cloud model, and rough
sets. Section 4 proposes an MCDM framework for EI project evaluation in the FLE environment based on the
Shannon entropy method and MGCRS. Section 5 provides a numerical analysis of the EI project evaluation in
China’s Beijing-Tianjin-Hebei region and the relevant analyses including the simulation analysis and compar-
ative analysis to demonstrate the feasibility and effectiveness of the proposal. Section 6 discusses the results.

The final section presents the conclusions.

2. Literature review

This section reviews the existing literature on the MCDM methods and evaluation index system for energy

systems. The evaluation index system for EI projects is established based on the literature review and analyses.

2.1. Energy internet evaluation approaches

To better characterize the influence of various energy sources in advancing circular economy and sustain-
able development, numerous MCDM approaches have been applied to the evaluation and selection of different
integrated energy systems, including AHP (Analytic hierarchy process) [20-22], ANP (Analytic network pro-
cess) [23], TOPSIS (The technique for order preference by similarity to an ideal solution) [24-27], VIKOR
(VlseKriterijumska Optimizacija I Kompromisno Resenje) [28, 29], DEMATEL (Decision Making Trail and
Evaluation Laboratory) [26, 30, 31], ELECTRE(ELimination and Choice Expressing REality) [23], etc. The
summary of evaluation approaches for energy systems is shown in Table 1, in which the research goal, evalua-
tion approaches, and criteria dimensions are listed. The relevant approaches can be divided into two categories:
single MCDM method and hybrid MCDM methods.

1) Single MCDM method: Kong et al. [20] analyzed the internationalization implementation effect of tech-
nical standards using the fuzzy AHP method. Jiang et al. [24] used the TOPSIS method to evaluate the opera-
tional performance of community-integrated energy systems. Wang et al. [25] established an evaluation model
based on the improved TOPSIS method to select an urban integrated energy station. Shang [28] proposed the
fuzzy VIKOR method to select a distributed energy storage system. To explore the difference between these
single MCDM methods, Dagtekin et al. [23] compared the ranking results of different methods including AHP,
ANP, TOPSIS, ELECTRE, PROMETHEE and VIKOR for distributed energy systems selection.



2) Hybrid MCDM methods: Otay et al. [27] combined the BWM (Best Worst Method) and TOPSIS for
multiple experts to evaluate sustainable energy systems in smart cities. Ke et al. [32] proposed a hybrid method
integrating BWM and CRITIC (Criteria importance though inter-criteria correlation) to determine the urban
integrated energy systems site. Esangbedo et al. [33] employed a hybrid method in subjective and objective
aspects to determine the weight of criteria in the subcontractor selection of the photothermal power station
problem. Zhao et al. [26] proposed multiple decision-making methods including TOPSIS, anti-entropy weight
method, grey-DEMATEL, and quotient grey relation analysis to select the best one from eight building-typed
microgrid systems. Bagherian et al. [30] adopted the ISM-MICMAC and DEMATEL method to analyze the
energy sustainability and digitalization. Bac et al. [34] developed a hybrid framework integrating modified
SWARA (Stepwise Weight evaluation Ratio Analysis) and WASPAS (Weighted Additive Sum Product evalua-
tion) methods to evaluate air-conditioning systems.

Since experts may be irrational, the preferences of experts are characterized by uncertainty and fuzziness.
To deal with the judgment uncertainty, many fuzzy discrete expressions like HFS (Hesitant fuzzy set), TFN
(Triangular fuzzy number), and TrEN (Trapezoid fuzzy number) have been used to characterize the preference
information of experts. Liu et al. [21] proposed a new decision-making method under interval type-2 fuzzy
numbers to evaluate the multi-energy transaction performance, and presented a novel integrated performance
evaluation method with flexible fuzzy boundaries to deal with linguistic imprecision and ambiguity of expert
judgments. Qin et al. [35] extended a fuzzy AHP method based on the cloud model and TEN to evaluate the
performance of regional EI, where fuzzy linguistic terms are converted into the cloud model by the aggregated
weight method. Tan et al. [36] proposed a probabilistic hesitant fuzzy MCDM method considering prospect
theory to evaluate different rural EI scenarios without the information transformation. Wu et al. [37] constructed
a fuzzy evaluation framework based on interval type-2 TrFN and applied the Choquet integral fuzzy synthetic
model to fuse the evaluation information. Zhou et al. [38] proposed a probabilistic evaluation approach based
on the Dirichlet mixture model to evaluate an integrated energy supply system, where expectation and vari-
ance values are used to process probability evaluation information. Xu et al. [31] applied the DEMATEL HFS
method to evaluate the risk of integrated energy systems, where a hesitant fuzzy entropy is used to aggregate the
HES information. Otay et al. [27] developed a novel interval-valued Pythagorean fuzzy method where multi-
expert fuzzy BWM and TOPSIS methodology to better handle uncertainty and vagueness in experts’ linguistic
assessments. Although the existing literature has developed different evaluation approaches for integrated en-
ergy systems, few studies have focused on the EI project evaluation considering the transformation between
discrete information and continuous information to integrate the information smoothly and prevent information
loss. Therefore, this paper proposes an MCDM approach with FLEs based on MGCRS to evaluate and select
the best EI project.



Table 1. Summary of evaluation approaches for energy systems.

References

Research goal

Evaluation approaches

Criteria dimensions

Kong et al. [20]

Evaluation of the interna-
tionalization implementa-
tion effect

Fuzzy AHP

Standard adoption,
activities, benefit,
compilation, and text
internationalization

Dagtekin et al.
[23]

Evaluation of distributed
energy storage system

AHP, ANP, TOPSIS,
ELECTRE, PROMETHEE
and VIKOR

Energy, cost, emissions,
and investment

Performance evaluation

System efliciency,
renewable energy

Jiang et al. [24] of community integrated TOPSIS . .
penetration and operation
energy systems
cost
Shang [28] Evaluation of distributed Fuzzy measure and VIKOR Environment, society and

energy storage systems

business

Wang et al. [25]

Site selection for urban
integrated energy station

GIS and improved TOPSIS

Nature, economy and
society

Ke et al. [32]

Site selection for urban
integrated energy systems

BWM and CRITIC

Economy, energy,
environment and society

Wang et al. [29]

Evaluation of distributed
energy systems

DEMATEL and VIKOR

Technique, economy,
environment and society

Zhou et al. [38]

Evaluation of integrated
energy supply system

Probabilistic approach and
Dirichlet mixture model

Resource, economy, and
environment

Zhao et al. [26]

Evaluation of building-
typed microgrid systems

TOPSIS, anti-entropy
weight method,  grey-
DEMATEL and quotient
grey relation analysis

Economy, environment
and energy

Bac et al. [34]

Evaluation of HVAC sys-
tem

SWARA and WASPAS

Ergonomics,
environment, reliability,
technique and economy

Liu et al. [21]

Performance evaluation
of multi-energy transac-
tion

Fuzzy comprehensive eval-
uation and AHP

Suppliers, transaction
attributes, consumers and
distributors

Qin et al. [35]

Performance evaluation

of regional EI

Fuzzy AHP and cloud

model

Technique, economy,
society and engineering

Tan et al. [36]

Feasibility evaluation of
rural EI

Probability hesitation fuzzy
method and prospect theory

Economy

Wu et al. [37]

Investment evaluation of
regional EI

Interval type-2 trapezoid
fuzzy number and Choquet
integral

Internal and external
attributes

Zhou et al. [39]

Evaluation of park-level

DEMATEL and the ex-

Economy, environment,
energy utilization,

integrated energy systems tended TODIM reliability and
sustainability
. . . Economy, technology,
Xuetal. [31] Risk- evaluation of inte- DEMATEL and HFS politics, society and

grated energy systems

management




2.2. Evaluation index system for EI project

The evaluation criteria of the integrated energy system have been investigated in some previous works,
including but not limited to aspects of economy, society, environment, resources, reliability, etc. Economy,
society and environment are the most commonly used dimensions when determining evaluation index systems.
Otay et al. [27] considered six criteria to evaluate the energy system in a smart city involving environmental,
economic, social, and technical factors. Pamucar et al. [40] claimed that environmental factors were more
essential than social and economic factors from the perspective of green energy. Zhao et al. [26] constructed
a performance evaluation index system for the microgrid system from the economy, environment, and energy
dimensions. Wang et al. [25] established a comprehensive index system for nature, economy, and society to
select the final optimal urban integrated energy station. Ke et al. [32] proposed a comprehensive evaluation in-
dex system from the economy, energy, environment, and society for urban integrated energy systems selection.
Bac et al. [34] prioritized transformation of the energy market and smart manufacturing technologies based on
the critical measurements in Europe’s energy domain. To select the subcontractor for the photothermal power
station, Esangbedo et al. [33] included enterprise reputation as a criterion in addition to the commonly used
evaluation system mentioned above.

In addition, security, technique, and politics are also used to measure the performance of energy systems.
Qin et al. [35] selected sixteen criteria of region EI about technical, economic, social, and engineering dimen-
sions. Zhou et al. [38] proposed an evaluation system from the economy, efficiency, environment, and security.
Xu et al. [31] summarized sixteen risk factors from the economy, technology, politics, society, and management
to evaluate the risk of integrated energy systems. Bac et al. [34] selected twenty-seven criteria under several
categories including ergonomic, environmental, reliability, technical, and economical aspects to evaluate seven
air-conditioning systems. Lu and Liu [41] constructed an MCDM framework using cost, reliability, energy
consumption, and environmental factors.

The idea of systems engineering is gradually applied in the establishment of index systems. Wu et al. [37]
constructed a criteria system from internal and external attributes to evaluate the regional EI investment. Ber-
jawi et al. [42] summarized six characteristics for evaluating the integrated energy systems multidimensional,
multivectorial, systemic, applicability, futuristic, and systematic. Liu et al. [21] established a multi-energy
transaction index system about suppliers, transaction attributes, consumers, and distributors. Dagtekin et al.
[23] determined five criteria primary energy utilization rate, operating cost, primary energy consumption, car-
bon emissions, and investment cost for distributed energy systems. Despite the above research, the existing
index system often only focuses on a few dimensions, which is a lack of comprehensiveness and objectivity. As
the foundation for the evaluation and selection of EI, a comprehensive and reasonable index system is urgently
needed to extract objectively and thoroughly.

Considering the power interoperability, environmental protection, and efficiency of the EI, we propose a
new evaluation index system according to existing literature and analyses, which is shown in Fig. 2. The evalu-

ation index system includes 10 criteria from grid technology, green energy, and composite benefits aspects. The



grid technology mainly indicates the internal and external technical level of power grids in the EI, including

grid interconnection, reliability of grid structure, grid informatization, and power transmission capacity 4 sub-

criteria. Corresponding to the core part of the EIL

energy, green energy measures the clean energy usage,

waste utilization, and waste emissions of the EI, which are indicated by the proportion of clean energy, the uti-

lization rate of waste, and the emission of waste gas, respectively. To explore the benefits of EI projects, social,

economic, and environmental benefits are used to measure the composite benefits. Details of the evaluation

index system are specifically summarized and explained in Table 2.

Energy internet project assessment

:

B; Grids technology ""%

i

B;; Grids interconnection
B, Reliability of grids structure
Bj; Grids informatization
B, Power transmission capacity

B; Green energy

B;; Emission of waste gas
B,, Utilization rate of waste
B3; Proportion of clean energy

.

O; B; Composite benefits /Y\
N

®
l

B;; Social benefit
B;; Economic benefit
Bj;; Environmental benifit

Fig. 2. The evaluation index system for EI project.

Table 2. A detailed description of the evaluation index system.

Dimensions Criteria Criteria description
. S . It indicates the degree of interconnection between
Grid technology (By) Grids interconnection(B11) } & C . .
internal and external power grids in a region.
Reliability of grids It measures the resilience and reliability of power
structure(Bj3) grids structure.

Grids informatization(B13)

Power transmission

capacity(B14)

It refers to the application of smart technologies
such as modern information, communication, and
control to the power grids.

It indicates the transmission capacity of the grid,
the length of the line, and the amount of power.

Green energy (B>)

Utilization rate of waste(By>)

Proportion of clean energy(B>3)

Emission of waste gas(B3;)

It is the reciprocal of the level of waste emissions
per unit of electricity generated.

It measures the utilization rate of waste generated
per unit of electricity generation.

It is the ratio of clean energy to the total energy.

Composite benefits (B3)

Economic benefit(B3,)

Environmental benefit(B33)

Social benefit(B3z1)

It indicates the benefit that the EI brings to society.
It refers to the benefit of the EI to the macroecon-
omy.

It measures the environmental benefit of an EI.

3. Preliminaries

This section briefly introduces some basic definitions, regarding linguistic scale function [43], FLEs [17],

cloud model [44—46]), Pawlak rough set [47], and MGRS [18, 19].



3.1. Linguistic scale function and flexible linguistic expression

Definition 1. [43] Given a linguistic term set L = {ly, [1, ..., [y}, the linguistic scale function H mapping from /;
to ¢; is defined as follows:

H:l;—-60=0,1,..9),

where 0 < 69 < 92 <--- <, < 1. The symbol ¢; reflects the preference of experts using the linguistic term /;.

The function H is a strictly monotonically increasing function with respect to /;, which is denoted as follows:

_ S
2 Eaz (l=0,1, ’g)
HUy=6=1 572 , (1)
2+ 2 —
-2 i=2+1,842 .9
2a2 —2

the value of a can be determined using a subjective method. Assuming the indicator A is far more important
than indicator B and the important ratio is m, then a* = m (k represents the scale level) and a = {/m. The vast
majority of researchers believe that m = 9 is the upper limit of the important ratio. If the scale level is 7, then
a = V9 ~ 1.37 can be obtained.

Definition 2. [17] Let L = {ly, /1, ..., ,} be a fixed linguistic term set with odd cardinality. S, isaset composed
of the subsets sy of L and individuals express preferences by providing the distribution information of s;. Then,

the individual’s preference is FLE, denoted as

my, = {sr, p(sp)lst € S, p(sy) € [0, 11}, ()

where p(sz) is the symbolic proportion assigned to the subset s;. The negation operator of an FLE my is
Neg({sp, p(sp)ls, € S 1)) = {Neg(sp), p(sp)lsp, € S}, where Neg(sp) = {ly—ill; € s,t €{0, 1, ..., g}}.

The set L is not fixed because individuals may use different subsets to express preferences for special
decision-making problems. Wu et al. [17] argued that the sum of symbolic proportions shouldn’t be restricted

to be one or less than one because the constraint is hard to satisfy.

3.2. Cloud model
Definition 3. [44] Let U be the universe of discourse and A be a qualitative concept in U. If x € U is a
random instantiation of the qualitative concept A that satisfies x ~ N(Ex, En’2) and En’ ~ N(En, He?), and the

certainty degree y of x belonging to concept A is a probability distribution, which satisfies

_ ()(*E)c)2

y=e 2En’2 . (3)

then the distribution of x in the universe U is called a normal cloud, and the cloud drop can be denoted as (x, y).
The overall quantitative properties of concept A can be perfectly depicted in cloud C with three numerical

features: expectation Ex, entropy En, and hyper entropy He. Cloud C can be described as C = (Ex, En, He).
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For a cloud C = (Ex, En, He), Ex is the mathematical expectation that the cloud drops belong to a concept
in the universe, which can be regarded as the most typical sample of the qualitative concept. En represents the
numerical range of qualitative concepts which reflects the uncertainty measurement of the concept. The larger
En is, the fuzzier the concept is. He is the second-entropy of entropy En, which represents the uncertainty
degree of En. The larger He reflects that cloud drops are more random which means the cloud is thicker. For

example, a normal cloud generated by C(5, 0.38,0.03) with 3000 cloud drops is shown in Fig. 3.

C(5,0.38.0.03)

0.8 1

e
)

=
'S

Certainty degree ()
=]

e
(W8]
T

0.2

0.1 f

6 6.5

Evaluation value (x)

Fig. 3. The normal cloud generated by C(5,0.38, 0.03) with 3000 cloud drops.

To measure the difference between clouds, the definition of distance between two clouds is proposed, which
is essential for decision-making problems.
Definition 4. [45] If C; = (Ex), Eny, Hey) and C, = (Ex2, Eny, Hey) are two arbitrary normal clouds, then the

Euclid distance d(C1, C») between C; and C» is denoted as follows:

d(Cy,Cy) = \/ %«Exl — Ex2)* + (Eny — Enp)* + (He — Hep)?). (4)

Definition 5. [46] If Cy = (Ex1, En;, Hey) and Cy = (Exy, Eny, Hey) are two arbitrary basic normal clouds,

then the floating cloud C = (Ex, En, He) between C; and C, is calculated as follows:

Ex=aExi+(1 -a)Ex;

aEx Eny + (1 — a)ExyEny

En =
" aEx; +(1 —a)Ex; ’ )

He = ,/He% + He%

where a € [0, 1] is the adjustment coefficient affecting three numerical features of the floating cloud C.

11



3.3. Pawlak rough set and multi-granularity rough set

Definition 6. [47] Let U be a non-empty finite universe and R € U x U be a binary equivalence relation over
universe U, then (U, R) is Pawlak approximation space. The lower and upper approximations for X € U are

defined as follows:

R(X) = U{[x]rl[x]lr € X, X € U}, ©
R(X) = U{[x]rllx]Ir N X £ 0, X € U},

where [x]g is the equivalence class of x under the binary equivalence relation R. X(X € U) is called Pawlak
rough set if R(X) # R(X) .

The Pawlak rough set only contains a binary relation over the universe, which is regarded as a single
granularity rough set. Qian et al. [18, 19] extended the Pawlak rough set concerning multiple binary relations
over two universes, which is called multi-granularity rough sets (MGRSs). The MGRSs contain the optimistic
MGRS and the pessimistic MGRS corresponding to risk preference decision-making and risk-averse decision-
making, respectively.

Definition 7. [19] Let U and V be two non-empty finite universes and {Ry, R», ..., R;;} € U XV be m generalized
binary equivalence relations over universe U X V, then (U, V,{R;}i=12....») is multi-granularity approximation
space over two universes. The optimistic multi-granularity lower approximation 1_30;,1 R (X) and upper approxi-

mation I_Qgr_i 1 r.(X) for X C V are defined as follows:

Yy o(X) = (x € UIR/(X) C X VRy(x) CX V- (x) C X},

171 (7)
RzﬁlRi(X) = (x€URMNX#OAR(X)NX#OA--- AR, (X) N X # 0},

where R.(x) = {y € V|x € U,(x,y) € R;}. The interval set (BO:_,i 1 R,.(X)’]_eg?’; 1 RI-(X)) is called optimistic MGRS
over two universes if R (X) # Rzm R, (X). )

Definition 8. [18] Let U and V be two non-empty finite universes and {R1, Ry, ..., R,,} € U XV be m generalized
binary equivalence relations over universe U X V, then (U, V, {R;};=12...») 1s multi-granularity approximation
space over two universes. The pessimistic multi-granularity lower approximation R, " R, (X) and upper approx-

imation Fgri | r.(X) for X € V are defined as follows:

Zm R(X) {xeUR;(x) SXAR,(x) SXA---AR,(x) C X},
(8)
RZ?;R[(X) ={xeURX)NX#OVR,(X)NX#OV---VR (x)NX # 0},

where R,(x) = {y € V|x € U,(x,y) € R;}. The interval set (BP n Rl_(X),E;;_»; 1 R,-(X)) is called pessimistic MGRS

=P
over two universes if RY R, (X) # Rym g (X).

m
s
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4. The MCDM framework with FLEs based on MGCRS for EI project evaluation

4.1. Problem description for EI project evaluation

For the EI project evaluation problem, E = {ey, ey, ..., ex} is the set of experts, and V = {v, v, ..., vk} is
the set of experts’ weights. B = {by, by, ...,b,} is the criteria set of EI projects, and the criteria weight set
is W = {W, Wy, ..., W,}. There are n EI projects X = {xi, x2, ..., X,} to be evaluated. Experts express their
preference through providing linguistic terms set L = {lo, 1, ..., [} with symbolic proportions, i.e., FLEs. The
evaluation matrix provided by expert e using FLEs is M* = (mf.‘j)nxm, where mffj is an FLE provided by expert
ex over the EI project x; under criterion b;.

The proposed MCDM framework for EI project evaluation contains three parts: (1) The transformation
between FLE and cloud model. To quantify linguistic in FLEs and obtain a normalized FLE, the FLEs in
M* = (mfj)nxm are converted into corresponding clouds according to the cloud model. Therefore, the cloud
matrix RF = (C‘f.‘j)nx,n can be obtained. (2) Determine weights of criteria using the Shannon entropy method.
Based on the cloud matrix, using the Shannon entropy method to obtain the criteria weights. (3) The ranking
method is based on MGCRS over two universes. The multiple decision-making cloud information system
over two universes is presented, and the optimistic and pessimistic MGCRSs over two universes are proposed.
Furthermore, the comprehensive MGCRS is proposed to rank these EI projects. The MCDM framework for EI

project evaluation is shown in Fig. 4.

4.2. Transformation between FLE and cloud model

An FLE is composed of a series of linguistic terms and symbolic proportions. To obtain the corresponding
cloud model, the first step is to convert these linguistic terms into the basic clouds. Inspired by Wang et al. [43],
the method transforming linguistic terms into the basic clouds is as follows:

(1) Calculate 6;. Experts tend to be risk-sensitive when evaluating different EI projects. Therefore, §; =
H(l;) can be obtained using Eq. (1). The absolute deviation between adjacent linguistic terms also increases
with the extension from the middle of the linguistic term to both ends.

(2) Calculate Ex;. According to the effective domain U = [UL, UY], Ex; = UY + 6;(UY — U%) can be
calculated. Therefore, we can obtain Exo = U and Ex, = UV.

(3) Calculate En;. For a cloud drop (x,y), x ~ N(Ex, En'?) means that the ‘30 principle’ of the normal
distribution curve should be satisfied, i.e., 3En; = max{UY — Ex;, Ex; — U"}. Since En’ ~ N(En, He?), En; can
be regarded as the expectation of En’ corresponding to the ith cloud and its adjacent clouds. Then En; and En,

can be determined by the following two equations:

M (i=0)
(1-6)UY - U (=01 g) 2
TV by En! +En'+En
El’l{ — 3 2 , and En‘ — nl—l+ nl+ nl+1 (0 < l < )
CewY -ub 8.1 8., l 3 &
-3 (=5+15+2,...8 En|_ +En/ .
7 (i=g)

13



v

Transform the FLE into a cloud-FLE

v

Obtain the floating cloud-FLEs by aggregating
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— Obtain the comprehensive cloud using Eq. (12)
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Fig. 4. Flowchart of the proposed MCDM framework for EI project evaluation.

(4) Calculate He;. Due to En’ ~ N(En, He?), He; should obey the ‘30 principle’ of the normal distribution
max{m]sax{En,’(}—En,»,En,-—mkin{En;(}}

curve, then He; = 3 i=0,1,..9).

(5) Obtain the basic clouds C; = (Ex;, En;, He;). The basic cloud C; corresponding to the linguistic term /;
can be obtained, which is composed of the three numerical features Ex;, En;, and He;.

Based on the above method, all linguistic terms in s; can be transformed into the corresponding basic
clouds. In other words, an FLE m; = {(si, pl), (si, pz), - (s{, pT)} can be transformed into a cloud-FLE
m, = {(C},p"H,(C2, p*),...(CL, pT)}, where Ci(t = 1,2,..,T) is the set of basic clouds corresponding to
linguistic term set s .

Example 1. Given the domain U = [0, 10] and the linguistic evaluation set L = {ly : very poor,1; : poor,1; :
fair, Iz : good,ly : very good}, then 6 = (d¢,01,02,03,04) = (0,0.2890,0.5,0.71097,1). These linguistic
variables can be converted into asymmetric normal clouds, which are as follows: Cy = (0,2.8518,0.3950), C; =
(2.8892,2.4568,0.2922), C, = (5,2.1357,0.3992), C3 = (7.1108,2.4568,0.2922), C4 = (10,2.8518,0.3950).
Therefore, an FLE my = {({s0, s1},0.3), ({52, 53}, 0.2), ({54}, 0.2)} can be transformed into a cloud-FLE m) =

14
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{(C},0.3),(C%,0.2),(C3,0.2)}, i.e., m) = {({Co, C1},0.3), ({C2, C3},0.2), ({C4},0.2)}.

After obtaining the basic clouds, the approximate cloud between these basic clouds can be obtained through
the definition of floating cloud using Eq. (5), in which the calculation of float hyper entropy ignored the
effect of @ on He. In this way, the floating cloud may be thicker than two basic clouds because the float
hyper entropy may be larger than the hyper entropies of two clouds. For example, the floating cloud between
Co = (0,2.8518,0.3950) and C; = (2.8892,2.4568,0.2922) is C = (1.4446,2.4568,0.4913) when @ = 0.5. In
this case, the uncertainty of the floating cloud will increase as the number of basic clouds. To obtain the float
hyper entropy He closer to the basic normal clouds, the adjustment coefficient @ is considered in the process
of fusing two hyper entropies. Furthermore, to aggregate more than two basic clouds, the floating cloud is
extended into the case of n clouds C;(i = 1, 2, ..., n), which is shown in Definition 9.

Definition 9.  If there are n basic clouds C;(i = 1,2,...,n) in the universe, then the floating cloud C =

(Ex, En, He) between n clouds is calculated as follows:

Ex = Zn la,-Exi
=
Z?:] G’[EX,'EI’!,'
Y aEx )]

He = Zn a/,-Hel.2

i=1

En =

where ; € [0, 1] is the adjustment coefficient corresponding to the basic cloud C;, and 3} | a; = 1.

Based on the concept of floating cloud, all basic clouds in C (¢ = 1,2,...,T) can be formed as a floating

cloud which can be regarded as an approximate cloud between these basic clouds. Therefore, a cloud-FLE m) =
{(CL, P, (C2, p?), ... (CT, pT)} can be converted into a floating-cloud-FLE m/ = {(C', p!), (C?, p?), ..., (CT, pT)},
where C'(t = 1,2, ..., T) is a floating cloud element between these clouds in C} .
Example 2. For the cloud-FLE m) = {({Co,C1},0.3),({C2,C3},0.2),({C4},0.2)} in Example 1, the clouds
in s; can be transformed into the floating clouds using Eq. (9). If clouds have the same adjustment co-
efficients, i.e., @1 = ap = ... = a, = % then the first floating cloud C ! between two clouds Cy and
C, is C' = (1.4446,2.4568,0.3474) and the second floating cloud C? between two clouds C, and Cj is
C? = (6.0554,2.3242,0.3498). Since the third element ({C4},0.2) in m) contains only one cloud Cy, the
third floating cloud is C3 = C4 = (10,2.8518,0.3950). Therefore, the cloud-FLE m; can be transformed into a
floating-cloud-FLE, i.e., m/ = {(C!,0.3),(C?,0.2),(C3,0.2)}.

The floating cloud-FLE can be regarded as the approximate cloud set with symbolic proportions between
these basic clouds. However, the sum of these symbolic proportions may not be 1, which should be reassigned
to each floating-cloud-FLE element. To obtain a normalized cloud-FLE according to the floating cloud-FLE,
a programming model is established to convert linguistic variables in a cloud-FLE into several clouds with a
normalized probability distribution.

Since the sum of symbolic proportions p’(t = 1,2, ..., T) in a floating-cloud-FLE m! ={(C", p"), (C?, pP), ...,

(CT, pT)} might not be 1, the programming model in Eq. (10) is proposed to obtain a normalized cloud-FLE
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! = {(C, p1), (C?, p?), ..., (CT, pT)}, where Zthl p' = 1. The main idea of the programming model is to ob-
tain the normalized cloud-FLE 7/ that is as close to the floating-cloud-FLE m/ as possible. Therefore, the
minimum objective function includes two parts: (1) The weighted distance between the floating-cloud-FLE m/
and the normalized cloud-FLE 7/, denoted as Zthl d(C',C" % p'. (2) The sum of distances between symbolic

proportions, denoted as Z;T: 1 | pr-p | Then the programming model is as follows:

min 37, d(C',C) * ' + XL, |5 - P

szlf’ =1
0<p' <1
d(C!,C" = \/ L(Ex' — Ex)? + (En' — En'}? + (He' — He' )
Ex —3En —9He >0 : (10)
s.l. eq g 31_7;t

Ex —3En > UL
Ex +3En <UV

En >0,En >0,He >0

where the tth cloud in the floating-cloud-FLE m/ is C' = (Ex', En’, He"), and the tth cloud in the normalized
cloud-FLE is €' = (E’jct, E@t,ﬁét).

In the programming model in Eq. (10), the objective function is to obtain the normalized cloud-FLE
! = {(C, pY), (C?, p?), ..., (CT, pT)}. Some extra constraints should be considered: (1) p'(r = 1,2,...,T) is
the rth normalized symbolic proportion, then Zthl pr=1.(Q) Z?jct, En' and He' are non-negative numbers. (3)
Based on the ‘3¢ principle’, it also satisfies that 3En ; = max{UV — E;c,-, E;c,- — ULy}, which can be rewritten
as (E;ct + 3227;) € [U%, UY] since En; can be regarded as an approximate value of En;. (4) Based on the ‘3En
principle’, En' > 3He' should also be satisfied.

Remark 1. The above programming model in Eq. (10) is guaranteed to have at least one optimal solution
under the following conditions: (1) the objective function is continuous, and (2) the feasible region is non-
empty, closed, and bounded. Firstly, the objective function consists of terms involving Euclidean distances,
absolute values, and linear combinations, which are well-known to be continuous functions. Since continuity
is preserved under summation and scalar multiplication, the entire objective function is continuous. Secondly,
the constraint Z,TZI p'=1and 0 < p' < 1 define a standard simplex due to 7 > 0, and the constraints related
to Ect, Ezt, He' are compatible, then the feasible region satisfies the non-emptiness. Thirdly, all constraints
are continuous functions of the decision variables. The feasible region is defined by these constraints as the
preimage of closed intervals under continuous functions, which ensures it is closed. Finally, boundedness is
guaranteed by the simplex constraint ZtT: ,P'=1and 0 < p' < 1, as this restricts all 5’ to lie within a finite
region, and the remaining constraints involving E;ct, E;zt, He' further confine the feasible region to a bounded
subset of the decision space. The Weierstrass Theorem states that a continuous function achieves its minimum

on a non-empty, closed, and bounded set. Given that the objective function is continuous and the feasible
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region is non-empty, closed, and bounded, the optimization problem satisfies the conditions of the Weierstrass
Theorem. Therefore, the model is guaranteed to have at least one optimal solution.

Furthermore, a cloud gathering the normalized cloud-FLE element can be obtained by Definition 10.
Definition 10. If there are n elements in a normalized cloud-FLE i/ = {(C!, p"), (C?, p?), ..., (CT, pT)}, then a
comprehensive cloud C = (Ec, 27,71, I-Flve) is calculated as follows:

— T —
Ex = Z Ext*[)fj

t=1
Bum Y By (an
— T ~t2
\/Z:1 (He) » p'

Based on the above methods, an FLE m; can be converted into a comprehensive cloud C = (ch, E;z, ﬁé)

T
Q
[

using the transformation model which is shown in Algorithm 1. Furthermore, each FLE matrix M = (m;;),xm
can be converted into a comprehensive cloud matrixes R = (C; Dnxm using the programming model in Eq. (12),
where C; ;= (Ex; s En; s He; 7). Obviously, the programming model in Eq. (12), which incorporates the aggre-
gation formula Eq. (11), is guaranteed to have at least one optimal solution because the original programming
model in Eq. (10) already satisfies the conditions for the existence of an optimal solution. The inclusion of
the aggregation formula does not alter the continuity of the objective function or the compactness, i.e., non-
emptiness, closedness, and boundedness of the feasible region, as it is formulated in a manner consistent with
the original constraints. Thus, the programming model in Eq. (12) inherits the existence of an optimal solution

from the original model.

min i1 2 S d(éfj’ Ch iy + Xy 2L S pi; - pf‘j|
mn
tT=1 ﬁ?j =1

0<p;<1

d(Cl.CLy = \/ %((Ex;j — Ex;j? + (Enl, - En;))? + (He!; - Hey )

Ex;; — 3En;; — 9He;; > 0

En;; > 3He;;

Ex;; = 3Eny; > U" (12)
") B s < v

En;; > 0,En;; > 0,Hej; > 0

—_— —t -
Ex;; = Zthl Ex;; PE‘/

—~ —1 -
En; = \EL, Eni? «
— ot 2
He;; = |2 (Hej)) *Dij

i=1,2,.,nj=1,2,..,m.
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Algorithm 1. The algorithm of transformation between FLE and cloud model

Input: A fixed linguistic term set L = {ly, 1, ..., [g} and the FLE m; = {(si,pl), (s%,p2), - (s{,pT)}.

Output: The comprehensive cloud C = (Ex, En, He).

Step 1. Transform the linguistic terms into the basic clouds. Compute 6; = H(/;)(i = 0,1, ..., g) using
Eq. (1), and then compute expectation Ex;, entropy En; and hyper entropy He; to obtain g asymmetric basic
clouds Cl‘ = (Ex;, En,’, He,-).

Step 2. Transform the FLE into a cloud-FLE. For the FLE m; = {(s}, p"), (s2, p%), ..., (sT, pT)}, linguistic
variables in s} (t = 1,2,...,T) can be replaced by their corresponding basic clouds. Therefore, a cloud-FLE
m, ={(C},p",(C2, p*),...(CI, pT)} can be obtained, where C’ is the set of basic clouds corresponding to
linguistic term set s .

Step 3. Obtain the floating cloud-FLEs by aggregating clouds in the cloud-FLE. The cloud-
FLE m'L = {(Cl,pl), (Cz,pz), ey (CZ,pT)} can be converted into a floating-cloud-FLE mf =
(€', p"), (€2 pP), ..., (CT, pT)) using Eg. (9).

Step 4. Compute the normalized cloud-FLE. Based on the floating cloud-FLEs, solve the programming
model in Eq. (10) to obtain the normalized cloud-FLE i/ = {(C", pY), (C?, p?), ..., (CT, p1)}.

Step 5. Aggregate all elements in the normalized cloud-FLE. For a normalized cloud-FLE m/ =
{(C, pNH,(C%, p?), ..., (CT, pT)}, aggregate T elements using the weighted average (WA) operators in Eq. (11)
or (12) to obtain a comprehensive cloud C = (E;c, En, I?e).

4.3. Determine weights of criteria using Shannon entropy method

For the sake of calculation, clouds can be converted into other forms like interval numbers. Zhou et al. [48]
proposed a transformation method between cloud model and interval number [C, C]. Therefore, a comprehen-

sive cloud C = (Ec, E‘?z, ﬁé) can be converted into interval number [C, E], which is calculated as follows:

= Ex + 3(En + 3He)
. (13)
=Ex—3(En+3He)

The evaluation matrix provided by expert ¢; using FLEs is Mk = (mf.‘j)nXm , and the comprehensive cloud

~ ~ ~k —k —k
matrix RF = (Cf.‘j)nxm where Cf.‘j = (Exl»j,En,-j, Heij) can be obtained by Algorithm 1. The comprehensive

cloud matrix R¥(k = 1,2, ...,K) can be transformed into interval-cloud matrix RI* = (rf.‘j)nxm, where rf.‘j =
[C f.‘j, d‘(j] using Eq. (13). Based on the weighted average (WA) operator, the collective interval-cloud matrix is
RI¢ = (rl.j),,xm, where = [Qij,a- ne Qij = ZkK: 1 vkg.‘j and a ;= Z,le vka{j. The weights of criteria can be
determined by the Shannon entropy method [49, 50] which are as follows:
Step 1. Normalize the collective interval-cloud matrix by calculating A, i and Ei -
__ S B = C—L i=1,2, s j=1,2, . m (14)

h.. =
—ij n >y n

Step 2. Calculate the lower entropy 8; of h; ; and the upper entropy g; of Ei -

n .
8= i et By 0y = 1.2 5
_ 1 no— =
gj = —m i=1 hl/h’lhu,] = ],2,...,m.
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Step 3. Obtain the downward limit W, and upward limit W ; of criteria weights.

1-g. 1-
=3 — gj
W=ot W.= —’1—12 m. (16)
- ZT:I (1 _gj) a Z’Jnl(l g])
Step 4. Calculate the average weight W; of criterion b;.
Wj +Ej
Wi= ——,j=12,..,m. a7

23‘1:1 (W/ + E])

Based on the above methods, the weight set W = {W|, W, ..., W,,,} can be obtained by the Shannon entropy

method based on all evaluation matrixes using FLEs.

4.4. The ranking method based on multi-granularity cloud-rough set over two universes for EI project evalua-
tion

We call five-tuple (X, E, F, R, B) a multiple decision-making cloud information system over two universes,
where X = {x1, x2, ..., x,} is the set of EI projects, E = {ey, e2, ..., ek} is the expert set and B = {by, b», ..., b} is
the criteria set. F = {f!, f2,..., f™} is a family of mapping set between X and E. For the criterion b j € B, the
comprehensive cloud evaluation value provided by expert e; € E over the EI project x; can be mapped as f:
X x E — T/, where I'V is the range of cloud evaluation value. R = {R',R2,...,R™} is the comprehensive cloud
evaluation matrix set provided by expert set E = {ey, €3, ..., ex}, and R/ = (C )nxK is the comprehensive cloud
evaluation matrix over the EI project x; under criterion b;, which can be obtained using Algorithm 1. Based
on the definition of multiple decision-making cloud information systems over two universes, the optimistic
MGCRS over two universes and pessimistic MGCRS over two universes are defined as follows, respectively.
Definition 11. Let (X, E, F, R, B) be a multiple decision-making cloud information system over two universes
and R/ € F(X x E)(j = 1,2,...,m) is the binary cloud relation between universe X and E. For any A € F(E),

e € E and x € X, the optimistic multi-granularity lower approximation R?,,  (A)(x) and upper approximation

=X R
I_i’zm 1 ri(A)(x) of A with respect to (X, E, F, R, B) are as follows:
"

Z’" ri(AX) = v /\ max(N(R/(x, e)), A(e)), x € X,
(18)
Ezm W(A)X® = AV min(Ri(x, e), A(e)), x € X,
J=1 j=1ecE

where V and A are the maximum operator and minimum operator, respectively. The binary cloud relation
under criterion b; is R/(x,e) = (Exg,(x,e), En (x, e), He,,(x, e)) and N(R/(x, e)) is the negation operator of
; . =0 . o . .
R’/(x,e). The interval set (RO," R ;(A)(x), Rgm | ri(A)(x)) is called optimistic MGCRS over two universes if
. a
Zm ri(AX) # Rzm rI(A)X).
Remark 2. Let Ex,;(x, e) and N(Ex,;(x, ¢)) be symmetric about the middle point in the effective domain U =

[UE, UY], then N (Exp;(x,0)) =U U+ UL-Ex (X, €). Since entropy En and hyper entropy He reflect the uncer-

19



tainty degree, let the negations of entropy and hyper entropy be N (EnR i(x,e)) = EnR ;(x,e) and N(H €p J(x,e)) =
He .(x e). For a cloud C = (Ex, En, He), large Ex, small En, and small He are expected numerical fea-

tures. Therefore, the negation of v1 A max(N(En ;(x,e)), Ena(e)) is /n< v min(En i(x,e), Eny(e)), and the
]_

negation of v /\ max(N(Hegj(x, e)), Hea(e)) is /\ v min(Heg;(x, e) Hex(e)). The upper approximation
=1
Rz'tl R (A)(x) can be calculated in the same way.
i

Therefore, Eq. (18) can be rewritten as follows:

RS p(A)) = {xlx € X, (x, Ex (), End(x), He{ (1)), o
RYn (A)00) = by € X, (. E¥ (), B (0, Fle (0 ),

where Ex{(x) = vl /\Emax((UU + UL - Exp;(x,e)), Exa(e)), Enf(x) = X v min(En,,(x, e), Eny(e)) and
=1 ec

Eg(x) = ,_/:\1 e;/E min(He R].(x, e), Hes(e)) in the lower approximation I_Qom (A)(x) And ExA (x) = ,/\1 eé/E min

(Ex, (x,), Exa(e)), Enq(x) = VA max(En, (x,e), Ena(e)) and Ef,’(x) =V A max(He, (x,e), Hea(e)) in
RI j=1leeE R j=1ecE RJ
the upper approximation Egm R i(A)(x).
i
Definition 12. Let (X, E, F, R, B) be a multiple decision-making cloud information system over two universes
and R/ € F(X X E)(j = 1,2, ...,m) is the binary cloud relation between universe X and E. For any A € F(E),

. . . . . . . P . .
e € E and x € X, the pessimistic multi-granularity lower approximation R " R (A)(x) and upper approximation

Egm 1 ri(A)(x) of A with respect to (X, E, F, R, B) are as follows:
L

Zm R,(A)(x) = /\ /\ maX(N(R](x e)),A(e)),x € X,
(20)
Ezr_n ri(A)(x) = _V \Y min(Rj(x, e),Ae)), x € X,
=1 j=1ecE

where R/(x,e) = (Ex,;(x,e), En;(x,e), He, (x,e)) and N(R/(x,e)) is the negation operator of R/(x,e). The
interval set (R, oA, E;m  i(A)(2)) is called pessimistic MGCRS over two universes if R?, (A #
J=1 = j=1

R pi(A)).

Similarly, Eq. (20) can be rewritten as follows:

2'" RA@) = {xlx € X, (x, Exh(x), Enf(x), Helj(x))), on
Rz.r;l:1 ri(A)(x) = {x|x € X, <x, E_xi(x),EZ(x),H_eZ(x)>},

where ExA(x) = J/_\ e/\ max((UY + UL - ij(x, e)), Exu(e)), @g(x) = @ V min(En (x,e), Ena(e)) and

Rsn, R,(A)(x) And ExA(x) = j\_/ e;/E min

(Ex,.(x,e), Exs(e)), EA(X) = /\ A max(En,.(x,e), Ens(e)) and HeA(x) = /\ A max(He .(x,e), Hes(e)) in
RI j=1ecE RI j=1ecE RI

He er A () = V1 VE min((H €p ;(x, ), Hea(e)) in the lower approximation RE
=] e€

the upper approximation I_ng R (A)(x).
J=

Due to space constraints, the relevant theorems and proofs for the optimistic and pessimistic MGCRSs can
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be found in Appendix A. Based on the optimistic and pessimistic MGCRSs, the comprehensive MGCRS is
defined as follows.

Definition 13. Let (X, E, F, R, B) be a multiple decision-making cloud information system over two universes
and R/ € F(X X E)(j = 1,2,...,m) is the binary cloud relation between universe X and E. For any A €
F(E), e € E and x € X, the comprehensive multi-granularity lower approximation EZ’}; zi(A)(x;) and upper

approximation EZ’}L. ri(A)(x;) of A with respect to (X, E, F, R, B) are as follows:

m
Ryn pi(A)0x) = Z W; A max(N(R/(xi.e0)). Alen)). xi € X,
j:

(22)
m
Ryn w(A)00) = > W v min(R)(xi, ), Aler)). xi € X.
j=1
Eq. (22) can be rewritten as follows:
Ryn p(A)x) = bl € X, (xi Ex, (), Eny (30), He, () o

1_32'/.":] ri(A)(x7) = {xilx; € X, <xi’EA(xi),EA(xi)ymA(xi»},

m m
where Ex, (x) = % W, A max((UY +U"—Ex, (xi, er)), Exa(ex)), En, (x;) = \/ 3 Wi( v min(Ex,, (xi, ), Ena(e))’
j:] ere J ere

-1

m
and He,(x;) = \/ 2 Wi \/Emin(HeRj(xi,ek),HeA(ek)))2 in the lower approximation 1_?2,1_,1 ri(A)(x). And
j:] ere j=

- m . - m 2
Exa(x;) = 21 Wje\éEmlﬂ(Eij(xi,ek), Exa(er)), Ena(x;) = \/21 Wi( /\EmaX(EnRj(xi,ek),EnA(ek))) and
= k j:

Jj ere

—_ m —
Hea(x;) = \/Z Wi( /\E max(HeR,.(x[, €r), HeA(ek)))2 in the upper approximation Ry 1R,-(A)(x).
1 s ' =
Therefore, the approximation evaluation value RZ’” R {(A)(x;) of A for x; using MGCRS over two universes
=1
is as follows:

Ry ri(A)xi) = GEZ’};I Ri(AXD) + A= ORgm p,(A)x0), (24)

where 0 is the preference coeflicient and 6 € [0, 1].
The reference cloud A = (Exs(E), Ena(E), Hes(E)) where E = {ey, e, ..., e} can be determined by aggre-
gating all cloud matrixes R/(j = 1,2, ..., m) under criterion b ;- The positive ideal solution (PIS) and the negative

ideal solution (NIS) under criterion b; are defined as follows:

Crt = {Ci, ), O = 1,2, m,
. o . (25)
Clm={C].Cy ... Cp L j=1.2,.m,

where C,{Jr = max{C,{lk = 1,2,...,K} and CI{_ = min{C,{lk = 1,2,..,K}. The jth reference cloud C/ =
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{C{, Cé, s C;(} under criterion b;(j = 1,2, ..., m) can be calculated as follows:
Cl=yCl+(1-y)C7,j=1,2,..m, (26)

where 7 is the risk preference coefficient and y € [0, 1].
Therefore, the reference cloud A = (Exa(E), Ens(E), Hes(E)) is obtained by A = Z’}Ll WjC-’ , which is as

follows:
m .
Exs(E) = ijl WEx/

Eny(E) = \[ ) WiEn)) . 27)
Hea(E) = \/ Do, WiHe!)

The ranking method for EI projects using MGCRS over two universes is shown in Algorithm 2.

Algorithm 2. The ranking method for EI projects using MGCRS over two universes

Input: The cloud evaluation matrixes R/ = (C{}{)nxK where /| = (Ex{k,En{k,He{k), weight set W =
(W1, Wa, ..., W, }, preference coefficient 6, risk preference coefficient y and the effective domain U = [U L uvy.

Output: The approximation evaluation value RZ”‘ #/(A)(xi) with respect to x; and the ranking of EI projects.
=1

Step 1. Determine the reference cloud A. For R/ = (c{}()nxk, determine the PIS C/* and NIS C/~ using Eq.
(25) and obtain the jth reference cloud C/ = {C{ , Cé, C{(} using Eq. (26). The reference cloud A can be
calculated by aggregating C/(j = 1,2, ..., m) using Eq. (27).

Step 2. Obtain the multi-granularity lower and upper approximation of EI projects. Compute the com-
prehensive multi-granularity lower approximation I_iz;n:] ri(A)(x;) and upper approximation I—QZ’}LI ri(A)(x;) of
with respect to x; by Eqgs. (22) and (23).

Step 3. Obtain the approximation evaluation value of EI projects. Compute the approximation evaluation

value RZ’” R [(A)(x;) of A with respect to x; using Eq. (24).
=11

Step 4. Obtain the ranking of EI projects. Determine the final ranking by ranking the approximation
evaluation values RZ’” Ri (A)(x;) of all EI projects in descending order.
=1

5. Case study: the EI project evaluation in the Beijing-Tianjin-Hebei region

5.1. Problem description for EI project evaluation in the Beijing-Tianjin-Hebei region

China’s Beijing-Tianjin-Hebei (BTH) region is actively promoting the construction of the green EI based
on the principles of the circular economy, aiming to facilitate the circular energy transformation of the tradi-
tional power grid industrial system. This transformation focuses on the recycling of resources and sustainable
development, enabling the efficient and green operation of energy systems. As a key economic development
zone and a renewable energy demonstration area in China, the BTH region faces the dual challenges of up-
grading its industrial system and protecting the environment. In June 2024, the BTH Energy Collaboration
Task Force was officially established, and a key work plan was formulated. The objectives include promot-
ing the interconnection of energy infrastructure across provinces and regions, cultivating a green, low-carbon

energy consumption model, constructing a diversified energy supply system, and driving the innovation and
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application of key energy technologies. To support this transition, four representative EI projects were selected
for evaluation. These projects cover solar power generation, wind power generation, multi-energy integra-
tion system optimization, and smart microgrid management, which are the Beijing Haidian North EI Project,
the Zhangbei “Internet+ Smart Energy” Wind Power Demonstration Project, the Tianjin Binhai Smart Energy
Demonstration Project, and the Xiong’an New Area Green Smart Microgrid Demonstration Project. The aim
of evaluating these EI projects is to provide important references for the green energy transition in the BTH
region and help achieve its green and low-carbon development goals. Against this backdrop, four experts
from universities, the Power Grid Federation, State Grid Corporation, and other institutions will conduct a
comprehensive evaluation and analysis of these four EI projects based on ten evaluation criteria. The four EI
demonstration projects are represented by the EI project set X = {x1, x2, x3, x4}. The four experts are proficient
in the fields of technology, management, environmental protection, and policy in the field of EI, and have strong
strategic thinking and decision-making consulting ability for the development of EI. Let E = {e}, 2, €3, e4} be
the set of experts, and V = {vy, v, v3, 4} is the set of experts’ weights, where four experts are given exactly
equal weight. B = {Bj, By, B3} is the set of criteria where B; = {b11, b2, b13, b14}, Bo = {b21,b2,b23} and
B3 = {b31, b32, b33} in Table 2. The evaluation matrixes provided by expert e using FLEs are Mk = (mi.‘j),,x,n,
which are shown in Table B.1 (See Appendix B). Given the domain U = [0, 10] , the linguistic evaluation set
is L = {ly : very poor,l| : poor,l, : fair, I3 : good,ls : very good}. The relative parameters are assumed that

6=0.5 and y=0.5.

5.2. The decision process

In this section, the proposed MCDM framework is used to evaluate several EI demonstration projects. The
decision steps are demonstrated as follows.

Step 1. For the domain U = [0, 10] and the fixed linguistic set L = {ly : very poor,li : poor,ly : fair, I3 :
good, ly : very good}, the basic clouds C; (i = 0,1,...,4) can be calculated using the transforming method
shown in Example 1: Cy = (0,2.8518,0.3950), C; = (2.8892,2.4568,0.2922), C; = (5,2.1357,0.3992), C3 =
(7.1108, 2.4568,0.2922), C4 = (10,2.8518,0.3950). Therefore, the FLEs evaluation matrixes M* = (mf.‘j),,xm
in Table B.1 (See Appendix B) can be transformed into the cloud-FIE matrixes M k= (m’f-‘j)nXm by replacing
linguistic term /; with C;.

Step 2. Each cloud-FLE m’f/- in cloud-FLE matrixes M’¥ can be transformed into a floating-cloud-FIE m{J =
{(C l.l - pl.1 j)’ (C?j, pfj), ves (Cl.Tj, pl.Tj)}, Therefore, the floating-cloud-FLE matrixes M/* = (m'l.’; .k),,Xm are obtained.

Step 3. The cloud evaluation matrixes can be obtained using the programming model in Eq. (12) R* =
(C l’.‘j)nxm are shown in Tables B.2-B.4 (See Appendix B).

Step 4. To determine the weights of 10 criteria, the cloud evaluation matrixes R* are aggregating into a
collective interval-cloud matrix RI¢ = (rij)nxm in Table 3, and the weights of criteria are obtained by Shannon
entropy method in Table 4.

Step 5. To rank these EI demonstration projects, we rewrite the cloud evaluation matrixes R = (C l’.‘j)nXm
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Table 3. The collective interval-cloud matrix RI€.

RI° b1 bin b3 b4 by
X1 [1.4836,11.5958] [1.9801,12.9266] [1.8983,11.7933] [1.6833,10.9297] [0.6927,10.7101]
X [1.9044,11.0021] [1.0387,12.7268] [0.8694,10.6341] [1.7942,10.9980] [1.0403,10.9977]
X3 [1.8147,10.4929] [0.8492,11.1752] [1.8525,11.5137] [1.5980,12.2486] [1.7216,10.9731]
X4 [0.8004,11.1575] [0.6544,12.1694] [0.5135,10.7098] [1.3608,11.7684] [0.3003,12.0447]
by by b3 b3 b33
X1 [0.0702,11.4337] [0.8755,11.0035] [1.3222,11.1971] [1.5835,11.3499] [0.4760,10.9631]
X [1.8908,11.5570] [1.8207,11.7525] [0.3386,11.2949] [0.9073,11.0291] [0.8684,11.5762]
X3 [1.5049,11.4905] [1.2635,10.7625] [1.3292,12.0433] [1.2775,11.1359] [1.5842,11.3049]
X4 [0.8082,11.1398] [1.0702,11.2476] [1.4845,10.8348] [0.4088,11.3638] [0.5489,11.2885]
Table 4. The weights of criteria.
Criteria by b2 b3 b4 by bxn b3 b3 b3, b33
Weight 0.0673 0.1551 0.1284 0.0837 0.1488 0.1375 0.0560 0.1024 0.0517 0.0691

as R/ = (C’{}C),,X k. We can determine the PIS and NIS to obtain the jth reference cloud C/ = {Cj s Cé, - C}.{} in
Table 5. The reference cloud A is shown in Table 6.

Step 6. The comprehensive multi-granularity lower approximation BZ’}LI ri(A)(x;) and upper approximation

EZ}L ri(A)(x;) of A can be calculated as follows:

Ryn w(A)(x1) = (6.1895,1.1633,0.2106),
Ryn /(A)(x3) = (6.1936,1.1398,0.2092),
Ry wi(A)(x1) = (61903, 1.1008,0.2070),
Rsn pi(A)(x3) = (62682, 1.1021,0.2056),

Ryn w(A)(x2) = (6.1895,1.1775,0.2099),
Ryn /(A)(xs) = (6.1895,1.1902,0.2111);
Ry mi(A)(x2) = (6.2601,1.0932,0.2071),
Ry pi(A)(xa) = (62520, 1.1249,0.2040).

Table 5. The reference cloud C/ = {C{, Cé, s C{(}.

el () e3 é4
C'  (6.8995,0.8928,0.2233) (6.4304,0.8788,0.1922) (6.9237,0.8935,0.2247) (4.6237,1.1250,0.1773)
C? (6.1120,1.9820,0.2606) (6.8995,0.8928,0.2233) (6.3618,1.0629,0.179) (6.3880,1.8607,0.2694)
C?  (6.2483,0.9755,0.2240) (5.4142,1.0856,0.1468) (5.8581,0.8637,0.1467) (6.6236,0.9644,0.2127)
C*  (5.4142,1.0856,0.1468) (6.6236,0.9644,0.2127) (6.2483,0.9755,0.2240) (6.8057,0.8734,0.1789)
5 (5.9653,1.1751,0.1589) (5.5752,1.3359,0.2278) (6.9237,0.8935,0.2247) (5.7710,0.9768,0.1692)
C®  (6.9237,0.8935,0.2247) (6.5242,0.8992,0.2341) (5.5888,1.0880,0.2046) (6.8995,0.8928,0.2233)
C7  (6.2483,0.9755,0.2240) (6.9237,0.8935,0.2247) (5.9653,1.1751,0.1589) (6.2483,0.9755,0.2240)
C®  (5.7710,0.9768,0.1692) (6.6236,0.9644,0.2127) (6.9237,0.8935,0.2247) (5.7832,1.2888,0.1961)
C®  (6.6236,0.9644,0.2127) (6.4304,0.8788,0.1922) (6.2483,0.9755,0.2240) (5.5888,1.0880,0.2046)
C'0 (5.7710,0.9768,0.1692) (5.7832,1.2888,0.1961) (5.7832,1.2888,0.1961) (6.9237,0.8935,0.2247)

Table 6. The reference cloud A.

el (%) es ey

A (6.1895,1.2100,0.2071) (6.2772,1.0374,0.2099) (6.2922,1.0045,0.2011) (6.2389,1.1818,0.2130)

Step 7. The approximation evaluation value RZ'" r/(A)(x;) of A with respect to x; are calculated using Eq.
j=1

(24) as follows:

RijLl R

(A)(x1) = (6.1899,1.1325,0.2088),

R

7RI

(A)(x2) = (6.2248,1.1362, 0.2085),

Ry i(A)3) = (6.2309,1.1211,0.2074), Ry 1,(A)(x4) = (6.2207, 1.1580,0.2076).
Jj=1 j=1
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The clouds generated by four EI projects with 3000 cloud drops are shown in Fig. 5. Therefore, the ranking
of four EI projects is: x3 > x» > x4 > x. Based on the decision results, the following policy recommendations
are served as a reference for the future energy integration of the BTH region. The government can prioritize
supporting multi-energy integration projects, such as the Tianjin Binhai Smart Energy Demonstration Project,
which demonstrates the great potential of integrating wind energy, solar energy, and energy storage systems
with smart grids, aligning with the principles of resource efficiency in the circular economy. This outcome is
highly consistent with the strategic goal of promoting cross-provincial and cross-regional energy infrastructure
interconnection in the BTH region, further validating the feasibility of multi-energy integration and connectiv-
ity. The government can promote the research, development, and application of energy storage and smart grid
technologies through financial support and tax incentives, thereby improving system efficiency and flexibility
and promoting the recycling of energy resources. Additionally, the success of the Zhangbei “Internet+ Smart
Energy” wind power project indicates that policy should strengthen support for the wind energy industry and
the integration of smart grid technologies, promoting the efficient integration of wind power into the grid and
increasing utilization rates. The abundant wind energy resources in Hebei should be fully utilized to promote
the sustainable development of the wind power industry and strengthen coordination between the smart grid
and wind power for improved energy efficiency and system stability. From the experience of the Xiong’an New
Area green smart microgrid project, policy should encourage the integration of green energy solutions with mi-
crogrid technologies, promoting the green and low-carbon development of the New Area and remote regions.
Due to its unique geographical and policy advantages, Xiong’an New Area can serve as a demonstration area
for green smart microgrids, utilizing solar and wind energy to promote zero-carbon energy supply systems, fur-
ther advancing regional energy circular economy development. Although the Beijing Energy Haidian project
ranks lower, it still provides valuable experience in the application of smart grid technologies. The government
should continue to support the construction of smart grid infrastructure, especially in the renovation of old
grids, to enhance renewable energy integration capabilities and promote the transformation of energy systems

toward a circular economy model, achieving efficient use of resources.

5.3. Sensitivity analysis

The expectation Ex in the cloud model is the most representative numerical feature, which can reflect the
average level of cloud drops. Therefore, the impact of preference coeflicient 8 and risk preference coefficient
v on the mathematical expectation Ex should be considered. For the EI projects evaluation, the mathematical
expectation Ex of four EI projects varies with different preference coefficients and with different risk preference
coefficients, which are as shown in Fig. 6.

In Fig. 6(a), it can be seen that the mathematical expectation Ex of four EI projects grows in a straight
line with the preference coefficient § when y = 0.5. The expectation gap between the four EI projects becomes
wider as the preference coeflicient increases. The reason is that the increase of 6 makes the proportion of the

upper approximation bigger in the approximate evaluation value. The gap of the upper approximation is more
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Fig. 5. The clouds generated by four EI projects with 3000 cloud drops.
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Fig. 6. The expectation Ex results with different coefficients.

EI projects increasing with 6.

In Fig. 6(b), when the preference coefficient 6 = 0.5, the mathematical expectation Ex of four EI projects

grows in a straight line with the risk preference coefficient y. The gap of the four EI projects is not obvious

when y < 0.4 and begins to widen when y > 0.4. The expectation curves of EI projects x, and x3 coincide,

which means that the difference between the two expectations is small. The gap between EI project x; and x4

gradually increases and then decreases until the expectations of the two basically coincide when y = 1.
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The ranking results of four EI projects with different coefficients are shown in Fig. 7. Fig. 7(a) shows the
ranking results with different preference coefficients when y = 0.5, and it can be seen that the ranking of EI
projects is always x3 > xp > x4 > x; when 6 # 0, and the ranking is x3 > x; > x; > x4 when 8 = 0. This
is because the approximation evaluation value RZ?L R (A)(x) = 1_?27,:] Rj(A)(xi) when 6 = 0. Therefore, the
ranking of EI project when 8 = 0 is consistent with the ranking of the comprehensive multi-granularity lower
approximation. For different preference coefficients, the ranking of EI projects is always x3 > xp > x4 > Xxj,
which reflects that the change of preference coeflicient has little effect on the ranking of EI projects. Fig. 7(b)
shows the ranking results with different risk preference coefficients when 8 = 0.5. The ranking of EI projects
is changing dynamically with the risk preference coefficient. EI project x3 basically ranks first or second and
EI project x4 ranks third or fourth when 6 € [0, 1]. Meanwhile, the ranking of EI project x; is gradually higher

and that of EI project x; is gradually lower with the increase of the risk preference coefficient.
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Fig. 7. The ranking results with different coefficients.

Based on the above analyses, the risk preference coefficient has a significant effect on the ranking of EI
projects. To explore the impact under different preference coefficients, the ranking results when 6 € [0, 1]

are shown in Fig. 8. It can be seen from Fig. 8(a) that there are two inflection points y; = 0.22 and y, =
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0.62 affecting the ranking of EI projects when § = 0. For y < vy, y1 < ¥ < ¥ and vy > 7, the best
El project is x», x3 and xj, respectively. From Fig. 8(b)-(f), the ranking of EI projects is different when
selecting different risk preference coefficients, in which y3 = 0.43 is a critical point affecting the ranking
of x; and x4, i.e., x; ranks fourth and x4 ranks third when y > 0.43. When y < 0.43, the ranking of EI
projects changes fluctuate greatly. When 6 > 0.5, a special point y4 = 0.24 appears when x4 ranks first. In
total, Fig. 8 (a)-(f) differ from each other to some extent, which reflects that the preference coefficient has an
impact on the ranking of EI projects and some inflection points should be concerned. Therefore, determining
an appropriate risk preference coefficient and preference coefficient is critical for ranking these EI projects. In
practical applications, decision-makers can determine the appropriate range for the risk preference coefficient
through extensive discussions or surveys, or estimate the range of risk preference coefficient using existing
case data. Simultaneously, through multiple simulations and experiments, the risk preference coefficient can be
gradually adjusted based on the results under different scenarios. This process can involve expert evaluations,

historical data analysis, and practical experience related to the project, providing decision-making with more

contextually relevant parameter guidance.

5.4. Comparative analyses

To further demonstrate the effectiveness of the proposed method, we conduct a comparison between our
method and the other four MCDM methods for energy system evaluation, including Jiang et al. [24]’s method,
Shang [28]’s method, Zhou et al. [39]’s method and Wu et al. [17]’s method. The ranking results of five methods
for energy system evaluation are shown in Fig. 9 and Table 7.

It can be seen from Fig. 9 that the ranking of x; and x, is more stable than that of x3 and x4. The ranking
of x3 and x4 is sensitive to parameters and MCDM methods, that is, using different parameters and MCDM
methods can lead to two extreme states of the best or worst EI project. From Table 7, the ranking result of
our proposal is not completely consistent with that of the other four methods. However, x| and x; rank second
or third under five methods, and the ranking of x3 and x4 are always first or fourth. The ranking of x; and
x» under our proposed method is consistent with that of Jiang et al.’s method, and the ranking of x3 and x4
under our proposed method is the same as that of Shang’s method and Zhou et al.’s method. This reflects
that there’s basically no difference between our method and the other four methods, which demonstrates the
effectiveness of our proposed method when determining extreme or intermediate EI projects. Based on the
above analyses of preference coeflicient #, the ranking can also be exactly the same as the four methods by
selecting the appropriate preference coeflicient. Therefore, our proposed method not only has the effectiveness

but also has a strong flexibility as the parameters change.

6. Discussion

This section examines the theoretical and management implications of the EI project evaluation framework

in the context of circular economy practice, while also discussing the limitations of the proposal.
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Fig. 9. The comparative results of five MCDM methods for energy system evaluation.

Table 7. The ranking results of five MCDM methods for energy system evaluation.

EI projects Our proposal Jiang et al. Shang [28]’s Zhou et al. Wuetal. [17]’s
[24]’s method method [39]’s method method
X 3 3 2 2 2
X 2 2 3 3 3
X3 4 1 4 4 1
X4 1 4 1 1 4

6.1. Theoretical implications

The proposed MCDM framework provides a substantial theoretical advance in the circular economy prac-
tice. First, a new method for transforming discrete FLEs into continuous cloud information enhances the man-
agement of uncertainty by transforming discrete data into a continuous format, allowing for a more nuanced
and precise integration of assessment criteria. This theoretical advance contributes to a deeper understanding
of how various EI projects impact sustainability, leading to a more accurate representation of their contribution
to circular economy. Secondly, with the support of the Shannon entropy method, a tailored evaluation index
system is developed to expand the theoretical framework for evaluating the different impacts of EI projects. By
using this approach to assign appropriate weight to assessment criteria, the framework ensures that assessments
reflect the multifaceted nature of green innovation and sustainability in the circular economy. This theoreti-
cal refinement improves the ability to capture the effectiveness of projects in improving energy efficiency and
achieving sustainable development goals. Finally, the application of MGCRS and integrated multi-granularity
approximations has introduced significant theoretical advances to the decision-making process. This approach
provides a powerful mechanism for ranking and optimizing EI projects by managing ongoing cloud informa-
tion. The use of optimistic and pessimistic MGCRSs in both areas can improve the accuracy and reliability
of project evaluations. In theory, this innovation provides a more precise and practical basis for optimizing
energy grid connections, thereby supporting the circular economy and advancing energy integration. Totally,

these theoretical contributions collectively strengthen the understanding and evaluation of green innovation
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and circular economy by improving uncertainty management, refining evaluation frameworks, and advancing

decision-making methods.

6.2. Management implications

The proposed MCDM framework highlights several key managerial implications for the circular economy.
(1) Enhanced decision-making accuracy and adaptability for the circular economy: Uncertainty is a key chal-
lenge in circular economy projects, particularly when assessing feasibility and long-term sustainability. Factors
like fluctuating market conditions, technological variability, and unpredictable availability of recyclable materi-
als add complexity to evaluations. The proposed MCDM framework addresses these uncertainties by converting
FLEs into continuous cloud information, offering a more reliable foundation for decision-making. For exam-
ple, uncertainty about the availability of recyclable materials can lead to over-optimistic projections in material
recycling projects. The framework allows managers to assess projects under various scenarios, identify po-
tential risks, and make informed adjustments. By modeling supply chain variations, it ensures resources are
allocated to projects with higher chances of success and sustainability, helping meet circular economy goals
like waste reduction and material recycling. (2) Consistent evaluation of circular economy impact: The tai-
lored evaluation system provides a comprehensive assessment across three key dimensions: grid technology,
green energy, and composite benefits. This multi-dimensional evaluation index system ensures managers can
holistically evaluate projects, addressing both technical performance and broader sustainability impacts. For
example, when assessing a project that incorporates renewable energy, the framework does not only focus on
energy efficiency but also includes factors like carbon emission reductions, the use of recycled materials, and
socio-economic benefits, such as local job creation. This integrated evaluation system enables managers to
understand the full range of a project’s impact, ensuring that decisions are based on a well-rounded assess-
ment of both short-term feasibility and long-term sustainability. By incorporating these diverse dimensions,
the framework helps identify projects that offer the most balanced and impactful contributions to the circular
economy, aligning technical, environmental, and social goals. (3) Optimized selection of high-impact circular
economy projects: The MGCRS method enables precise ranking of circular economy projects based on key
factors such as energy efficiency, carbon reduction, and resource utilization. This method allows managers
to identify and prioritize projects with the highest potential for advancing circular economy objectives, ensur-
ing that resources are allocated where they will have the greatest impact. For example, the ranking system
helps identify initiatives that reduce energy consumption while also utilizing renewable or recycled materials in
projects aimed at improving energy efficiency, maximizing the project’s environmental and economic benefits.
By applying this approach, managers can select projects that not only contribute to energy savings but also
promote the circularity of materials, ensuring that investments are directed toward projects that deliver the most
significant and sustainable long-term outcomes. (4) Strategic resource allocation for the circular economy: The
framework provides clear and actionable insights into which EI projects align best with circular economy goals,

enabling managers to allocate resources efficiently. By focusing on projects with the highest potential for car-

31



bon reduction and resource efficiency, the framework ensures that resources are directed to initiatives that yield
the greatest long-term impact. For example, in projects focused on energy recovery from waste, the framework
helps managers prioritize initiatives that maximize the reuse of materials and reduce carbon emissions, ensuring
that available resources are not wasted on less effective projects. This approach not only minimizes investment
risks but also accelerates the transition towards a sustainable circular economy by ensuring that resources are
efficiently allocated to projects that support both environmental and economic sustainability goals. (5) Practical
application in circular economy initiatives: The framework enables the translation of complex evaluation data
into practical, actionable strategies by systematically processing and analyzing key metrics. This allows man-
agers to make informed decisions and implement carbon-neutral initiatives based on real-world performance.
For example, when evaluating a project that uses recycled materials for product manufacturing, the framework
helps managers track actual material inputs and outputs, enabling adjustments to improve material efficiency
or reduce energy consumption over time. This adaptability ensures that managers can optimize projects in
response to performance feedback, enhancing their long-term sustainability and impact. Ultimately, the frame-
work supports the continuous improvement of circular economy initiatives by providing managers with the
tools to adjust strategies as needed, driving more effective and sustained progress towards circular economy
goals. In summary, this framework equips managers with the necessary tools to make informed decisions,
standardize project evaluations, optimize resource allocation, and ultimately, drive significant progress toward

achieving circular economy through the effective management of EI projects.

6.3. Limitations of the proposal

The proposed framework faces some notable limitations that need to be addressed. Firstly, the dynamic na-
ture of the circular economy, driven by the rapid advancement of technologies, policies, and market conditions,
presents a challenge. The framework may need continuous updates to stay relevant and effective in accommo-
dating new trends and changes in sustainability goals. Secondly, scalability issues may arise when applying
the framework to larger and more complex EI projects or managing a large number of evaluation criteria. As
project scale and criteria expand, the computational demands and complexity of the evaluation process may

increase, potentially affecting the framework’s feasibility and efficiency.

7. Conclusions

El represents an advanced stage in the development of sustainable industrial systems, focusing on enhancing
resource efficiency and supporting circular economy principles through an interconnected energy network cen-
tered around electricity. We propose an MCDM framework with FLEs based on MGCRS to evaluate multiple
El projects. Firstly, converting discrete and continuous information effectively handles uncertainty and ambigu-
ity in evaluating EI projects, mitigating risks associated with inefficiencies, and ensuring the reliable promotion
of sustainable industrial practices. Secondly, by incorporating relevant sustainability and circular economy

factors, a tailored evaluation index system helps managers identify and prioritize resources for projects that
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most effectively contribute to sustainable industrial transformation, enhancing circular economy practices and
accelerating progress toward sustainability goals. The MGCRS method ranks EI projects in detail, ensuring
that resources are allocated to the most impactful initiatives for improving resource efficiency and supporting
circular economy principles. This approach prevents resource waste and maximizes the potential of sustainable
innovation. By systematically processing complex evaluation data, the framework helps managers translate the-
oretical evaluations into practical strategies, ensuring effective implementation and adaptation of plans based
on realistic performance, thus significantly advancing the goals of sustainable industrial transformation and
circular economy. This data-driven management approach supports decision-making and investment strategies,
facilitating the transition to a more sustainable and circular industrial system.

Future development will focus on overcoming the limitations of the proposal to better align with circular
economy principles. Specifically, the evaluation index system could be extended to different EI sub-networks,
allowing for tailored assessments that address the specific service characteristics and demands of various en-
ergy types, in line with the circular economy’s emphasis on resource efficiency and minimizing waste. This
extension would support the upgrading of EI systems to meet evolving needs, ensuring that energy flows and
resources are utilized optimally across sectors, promoting material recycling and reducing waste in the process.
Additionally, further research should explore the network and layout planning of energy systems based on the
ranking of different alternatives. This includes considering investment costs and the energy supply range of
sub-networks to enhance the synergistic interaction between different energy sub-networks. Such optimization
can facilitate closed-loop energy systems, where energy, materials, and by-products are reused and recycled, ul-
timately improving the overall efficiency and sustainability of energy integration in line with circular economy

goals.
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Appendix A. Proof of Theorems

Theorem 1. Let (X, E, F, R, B) be a multiple decision-making cloud information system over two universes and R/ €
F(X X E)j = 1,2,...,m) is the binary cloud relation between universe X and E. For any A,B € F(E),e € E and x € X,
the optimistic MGCRS over two universes satisfies the following theorems:

()RS (A0 = (RS R,f(AC)(x)) and Rzm WA = (RS (AC)(x)) when A is the set of cloud model.

@ RSy, w0 = 05 RS, o (E)) =

()IFACB.thenRY, (A € RS, (B)(x) and Egm ) € Eg,};] o (B)(X).

“) Eom /(AU B)(x) = Zm R,(A)(X) U Rom R B

I‘egm p(AU B)(x) = Rzm R (A URSs pi(B)CY).
®) Bom J(ANB)(x) = 2’" R/(A)X)N ROm R (B

7%%;;1 (AN B)) = RSy p(AY) N R o (B)).

Proof.

_ C (m ) ¢ _ _ _ _
() (RS, w(A)0) = ( AV min(Ri(x, e),AC<e>>) = (i (B (00, (B ()€, (Fege ()€ ), where (E¥ge ()€ =
J=1 =1 ec
m : ¢ m c m
(/\ v_min(Ex, (x, ), ExAc(e))) =¥ A max((Eij(x, e)) (Exic@)) = U A max((UY U= Exg (x.0). Exa(e)) =
Jj=1ee Jj=1
Ex{(x). Similarly, (En Ac(x))c En9(x)and (He 40 ()€ = He(x) can be proved. Therefore, RO,,, M) = (Rzm ri(AC )(x))
is proved. Similarly, we have Rzm ri(A)(x) = ( R, R,(AC )(x))
2) Rzm ri0p)(x) = /\ V min(R/(x, e), 0 (e)), where ﬁ(/) x) = ;n\ V min(Ex (x,e), Exg,(e)) = Exg,(e), EgE(x) =
Eng,(e) and He(,,E(x) = He@E(e) Therefore, Rzm 2i(0p)(x) = (Ex@E(e) Eng,(e), Hep,(e)) = Ox. Similarly, R 2'” r(E)(x) =
v /\ max(N(R/(x, e)), E(e)) = (Exg(e), Eng(e), Heg(e)) = X, therefore Rgm R,(E)(x) = X can be proved.
j=lee
(3) Due to A C B, then Exa(x) < Exp(x), Ena(x) > Eng(x) and Hes(x) > Heg(x). We can obtain 'Vl A max((UY +
J= ee
Ut - xR,(x, e)),Exs(e)) < 'Vl /\E max((UY + UL - ExR,(x, e)), Exg(e)), then Qg(x) Exb,(x) Similarly, Eng(x) <
J=1le€ :
.. =0 =0
En9(x) and He{(x) < He§(x). Therefore, 507:1 WA C 507:1 i (B)(). Similarly, Ryn i (A)(x) € Ry i(B)().
(4) For R, (AUB)(x), Ex_,(x) = @1 A max((UY + U* = Exy (x. ), max(Exa(e). Exa(e)) = @1 A max((UY +
Jj=1 Jj=1e€ j=1ee
U* = Exy(x, ), Exa(e) V Exs(e). Meanwhile, Ex{() = U 4 max((U" + U* = Exy,(x, )
Exa(e)), Ex§(x) = '@1 /\Emax((UU + U = Exp;(x, ), Exp(e)), then Ex{(x) U Ex9(x) = \n; A max(UY + U -
Jj=1ee
X.i(x, ), Exale) V Exg(e)) = EngB(x). Similarly, En§(x) U En§(x) = EnQ ,(x) and HeA (x) U Heg(x) Heb ().
Therefore, Rgm r(AUB)(x) = 2"‘ AU ROM #/(B)(x). Similarly, Rz;n:] rI(AUB)(x) = Rzl;x:l R,(A)()C)URZ,;,:1 ri(B)(x)
can be proved.
(5) The proof is similar to that of (4) in Theorem 1, so it’s omitted.
Theorem 2. Let (X, E, F, R, B) be a multiple decision-making cloud information system over two universes and R/ €
F(XXE)(j=1,2,...,m) is the binary cloud relation between universe X and E. For any A; € F(E)(k =1,2,...,K),e € E
and x € X, the optimistic MGCRS over two universes satisfy the following theorems:
o K o -0 K K0
(DR (N AN = m@zm w4000, and By (N AO) = 0 Rsn w(A0().
0 K o —0 K _K—0
) R n(UADD = O O RS (A0, and Ryn (VAN = URSs p(A0().
K —o0 K m (K —j
B R w(1 AN = O (AR@@)and B (O A0 = A (R (40)
=1 R =1 Jj=1 \k=1 I R | Jj=1 \k=1
Proof.
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K m . m
(D RS, (NAYX) = V A max (N(Rf(x, e)). min{A;(e), Ay(e). ..., Ag(e)}), where Ex (x) = v A max((UY +
=1 k=1 Jj=1ecE N A j=1ecE
k=1

Ut- Ex (X, ), Exp (e)AExa,(e)A...AEXy, (e)). For r_w (Ap(x), n ExA x) = i (\n} A max((UY + U - ExR/(x, e)),

_Zm Ri j=1 ecE

m K
Exa, () = 'V1 /\Emax((UU + UL - Efo(x, e)), Exs, (e) A Exa,(e) A ... A Exa,(e)), ie., QOK (x) = ﬂ xA (x). Simi-
=1 ec A k=1

=~
D

D!’:

larly, @ (x) = m En? Eny, (x) and He x) =
A

ﬂ k k=1

K
He? Hey, (x). Therefore, Rom ,.(knlAk)(x) = kmll_io,,, ri(A(x). Similarly,
= = j=1

k*l
—0 —0
Rzr}x:] Rj(kQIAk)(x) = ,QIRZ}”:l ri(Ar)(x) can be proved.
(2) The proof is similar to that of (1) in Theorem 2, so it’s omitted.
, K
(3) For R/(A)(x), QR,-(Ak)(x) = eé\E max((UY + UL - Eij(x, e)), Exy (e)), then leQRj(Ak)(x) = eé\E max ((UU + UL-

K
ExR,(x, ), Exs, (e) A Exgy(e) A ... A ExAK(e)). Afterwards, we have 6 ( N Efo(A )(x)) = $ A max((UU+UL—Eij(x, e)),
- j=1 k=17 j=1lecE

K ¥ K
Exy () A Exi©) A . A Exag(€) = Ex) (). Similarly 0 (krwl@mk)(x)) = Eng (and (knl&R_f(Ak)(x)) -
j=1 \k= 0 Ay j=1 \k=

k:l k=1

— K m K —j
&‘z (x). Therefore, Rom RJ( nAk)(x) ~ (mR/(Ak)(x)) Similarly, Rgzjn:] R,(kL:JlAk)(x) = ]Ql (kL:JlRJ(Ak)(x)) can be

Theorem 3. Let (X, E, F,R, B) be a multiple decision-making cloud information system over two universes and R/ €
F(X X E)j = 1,2,...,m) is the binary cloud relation between universe X and E. For any A, B € F(E),e € Eand x € X,
the pessimistic MGCRS over two universes satisfies the following theorems:

(D) BP;”:I ri(A)(X) = (I_ng R,»(AC)(x)) and RZ’” ri(A)(x) = ( SR (AC)(x)) when A is the set of cloud model.

@) Ry p@6)) = 0x. RE,, 4 (E)) =

()14 C B, then Ry (AXX) € REy 4 (BYx) and re;ﬁ A € z_eg,},:] o (B)(X).

=X R
“) BPm J(AUB)(x) = (A)(x) U R, v ri(B)X);

2'" R
Egm R(AUBY() = Rzm (A URGy pr(B)(x).
(5) RS (AN B)(x) = (A)X) MRy 1, (B)();

_p —P
Rz';*:l r(ANB)(x) = sz;*:l ri(A)x) N sz;ﬁ:l ri(B)().

Zm Ri

Proof. The proof is similar to that of Theorem 1, so it’s omitted.
Theorem 4. Let (X, E, F,R, B) be a multiple decision-making cloud information system over two universes and R/ €
F(X x E)(j=1,2,...,m) is the binary cloud relation between universe X and E. For any Ay € F(E)(k = 1,2,..,K),e € E
and x € X, the pessimistic MGCRS over two universes satisfy the following theorems:
K —P K K —p
(VRS (DA = NRE, (4000, and Ry w0 ADD = AR w0
) R K P 47 K _ K—p
@) R o (DADM) = ORE, (4000, and Ry (0 A0 = DR w40,
K —p K m ([ K —j
() Row w(NADM = A (A RIAOW) and Ry o0 A0 = G (0 R an).
=1 k=1 j=1\k=1 =1 k=1 j=1 \k=1

Proof. The proof is similar to that of Theorem 2, so it’s omitted.
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Appendix B. The Evaluation information of Experts

Table B.1. The FLEs evaluation matrixes of four experts on 10 criteria.

el bn b bi3 bi4 b b b3 b3 b3 b33
(@03, (01, 1Uo0.1), (@03, (01, (103,
5y BN B0 (hBL0S). (hb10S. (TS (02, Ahbl0S. ko2, G
el (305) W03} A 03) B0V sy sy wmosy B
o (B0A, (G0, (RBI0S). (B (003 (04, ((hBEL0S). (102, (O3, ((03)
P W06)  (0S) (40D T (BOD) W06 (LS BOS)  BOT) (05
(0 D b1 05, 11109, (104, (0, (T w0, e, 00D
A WD (110 05) (LB0) AL 06) (505)  UEOD sy ey RO
105)  (ihta03) B B 000 (b w103y ’ (1115103
o (03, SO 03, B (h108), (102, (03, (104, ((RELOS). ((103)
GOTN(Fom G0S) PP o2l (G0 BT (OO WD) (h0T)
ez b bz bi3 bi4 by b b3 b3 b3 b33
o 05, (04, GEIS KA EROS 05, @m0 @02, (k105 (1S
() 05) (o6) (T OIS G0 AR06) B05)  (hdhos) (Fo2h
L 008, @03, (o9, (I 109, moa TIPS w0, o)
() 06) (ROT)  (b)OD) FUECTE (U (LS WSl (Zoe 05 (:05)
oo D tnspom, 95 om0 a0, w02, woa, M@0,
BRSO a0 P02 aoe) (TIENON (nuoe) kos) woey (RO 1505
Wi 03) “OP sy (1113103 (BHIOOT (B ’ w1003}
B0, B0, (R03. (O3 (03 (LIS (0b10S). (10D, (L10S),
* (051 P (6009) (OS] (05 (0D (0D) (54105 (:05)  (102)
e3 by bz bi3 bi4 by by b3 b3 bz b33
S R0, (04, (04, (0D, (I (004 (04, ((hk)05), (1S
Comy (B0S) (106)  (ELOO) BOS)  (FAT (L6 (06)  (hdhos) (Fo2h
L (0, RS EOS (10,0005, (0 h105). 11103, (03 (LEIOS, (0D, ((102)
> (s 06) 0T BOD (L 1105) (BLI0S) (0T (505)  (02)  (L06) (505)
105)  (1505)

o (B0A, (BBOH (00D, (B0 (02, (T (03 (O (h08),
(06) 102 (:0.7) 06) GOSN GO T (02)
A0, @09, T (03, 04, (b0, (02, (03, [

05) U @eOD) U3 BOS) (L6 (0D (05)  oT) (GRS
ey b bz bi3 bi4 b by b3 b3 b3 b33
L (O3 (04, (RBIOS). (504, (L0, (103, (003, (10D, (I (.02,
LROD)N R4106) (602)  (06) (OS] BODI (05GOS FTh (03)
(01,03, (202, (01, 1o 0.1), (.03, ((1.03)
o (02, (D) (03, (hBLOS). (hBI0S. (TS 102, (02, b HRAS
(5.05) (05)  (hdsd03) (o3 B0V os)  osy (OO AL
o (009 (03, (04 (P (@02 (h04. (U BELOS). (LS. (0D, (.04
TUREOD) OT) GOO) (T GO 106)  (bLIOS) WD (ROD) 106
s, (@0, O 0 h0s). (003 (bb0S, (04, {1002, ((03)
(113,12),0.3)} ({13.14},0.6)} (15.0.5)} ({13,14},0.5)} (13,0.5)} (14,0.2)} ({13,14},0.6)} (s.a}.0.3)) (13,0.5)} (53,0.5)}
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Table B.2. The cloud evaluations of experts under Bj.

€l

b1

bio

bi3

bia

X1
X2
X3
X4

(5.8647,1.4470,0.1289)
(8.1339,0.7398,0.1999)
(7.2460,1.0563,0.2001)
(5.6651,1.1124,0.2445)

(7.1108,2.4568,0.2922)
(6.0644,0.8910,0.1823)
(5.4776,1.0717,0.1551)
(5.1133,1.3217,0.2247)

(5.1133,1.3217,0.2247)
(6.4530,1.2628,0.1626)
(7.3832,0.7357,0.2232)
(6.0371,1.3480,0.2308)

(5.4776,1.0717,0.1551)
(7.2460,1.0563,0.2001)
(3.5823,1.1450,0.0553)
(7.2460,1.0563,0.2001)

€2

b

bip

bi3

b1y

X
X2
X3
X4

(7.3832,0.7357,0.2232)
(6.0644,0.8910,0.1823)
(5.4776,1.0717,0.1551)
(7.0596,1.0719,0.1989)

(8.1339,0.7398,0.1999)
(5.6651,1.1124,0.2445)
(6.4530,1.2628,0.1626)
(7.1108,2.4568,0.2922)

(7.2460,1.0563,0.2001)
(3.5823,1.1450,0.0553)
(5.1133,1.3217,0.2247)
(7.0596,1.0719,0.1989)

(5.1133,1.3217,0.2247)
(5.4776,1.0717,0.1551)
(8.1339,0.7398,0.1999)
(6.0371,1.3480,0.2308)

€3

b1

bip

bi3

by

X1
X
x3
X4

(7.2460,1.0563,0.2001)
(6.0644,0.8910,0.1823)
(8.1339,0.7398,0.1999)
(5.7135,1.1124,0.2470)

(7.0596,1.0719,0.1989)
(7.2460,1.0563,0.2001)
(6.4530,1.2628,0.1626)
(5.4776,1.0717,0.1551)

(8.1339,0.7398,0.1999)
(5.1133,1.3217,0.2247)
(5.6651,1.1124,0.2445)
(3.5823,1.1450,0.0553)

(6.0644,0.8910,0.1823)
(7.3832,0.7357,0.2232)
(7.1108,2.4568,0.2922)
(5.1133,1.3217,0.2247)

ey

by

by

b3

by

X
X2
x3
X4

(5.6651,1.1124,0.2445)
(5.1133,1.3217,0.2247)
(3.5823,1.1450,0.0553)
(5.4776,1.0717,0.1551)

(6.0644,0.8910,0.1823)
(7.1108,2.4568,0.2922)
(5.6651,1.1124,0.2445)
(6.0644,0.8910,0.1823)

(6.4530,1.2628,0.1626)
(7.2460,1.0563,0.2001)
(8.1339,0.7398,0.1999)
(5.1133,1.3217,0.2247)

(8.1339,0.7398,0.1999)
(5.4776,1.0717,0.1551)
(7.2460,1.0563,0.2001)
(7.3832,0.7357,0.2232)

Table B.3. The cloud evaluations of experts under B;.

€1

by

by

by

X
X2
x3
X4

(5.4776,1.0717,0.1551)
(5.6651,1.1124,0.2445)
(6.0644,0.8910,0.1823)
(6.4530,1.2628,0.1626)

(5.7135,1.1124,0.2470)
(8.1339,0.7398,0.1999)
(6.0371,1.3480,0.2308)
(5.7135,1.1124,0.2470)

(5.1133,1.3217,0.2247)
(7.3832,0.7357,0.2232)
(5.4776,1.0717,0.1551)
(5.6651,1.1124,0.2445)

€2

by

by

by

X
X2
X3
X4

(5.1133,1.3217,0.2247)
(5.1133,1.3217,0.2247)
(5.4776,1.0717,0.1551)
(6.0371,1.3480,0.2308)

(6.0371,1.3480,0.2308)
(7.3832,0.7357,0.2232)
(6.0644,0.8910,0.1823)
(5.6651,1.1124,0.2445)

(6.0644,0.8910,0.1823)
(8.1339,0.7398,0.1999)
(5.7135,1.1124,0.2470)
(6.4530,1.2628,0.1626)

€3

by

by

by

X1
X2
X3
X4

(5.7135,1.1124,0.2470)
(7.3832,0.7357,0.2232)
(8.1339,0.7398,0.1999)
(6.0371,1.3480,0.2308)

(5.1133,1.3217,0.2247)
(5.6651,1.1124,0.2445)
(5.7135,1.1124,0.2470)
(6.0644,0.8910,0.1823)

(6.0644,0.8910,0.1823)
(6.0371,1.3480,0.2308)
(5.4776,1.0717,0.1551)
(6.4530,1.2628,0.1626)

€4

by

by

by

X1
X2
X3
Xq

(6.0644,0.8910,0.1823)
(5.4776,1.0717,0.1551)
(5.7135,1.1124,0.2470)
(6.0371,1.3480,0.2308)

(5.6651,1.1124,0.2445)
(5.7135,1.1124,0.2470)
(8.1339,0.7398,0.1999)
(6.4530,1.2628,0.1626)

(6.0371,1.3480,0.2308)
(5.1133,1.3217,0.2247)
(7.3832,0.7357,0.2232)
(6.0644,0.8910,0.1823)

Table B.4. The cloud evaluations of experts under B3.

4!

b1

b3

b33

X1
X2
X3
Xq

(5.4776,1.0717,0.1551)
(5.7135,1.1124,0.2470)
(6.0371,1.3480,0.2308)
(6.0644,0.8910,0.1823)

(5.1133,1.3217,0.2247)
(5.6651,1.1124,0.2445)
(8.1339,0.7398,0.1999)
(6.4530,1.2628,0.1626)

(6.0644,0.8910,0.1823)
(6.0371,1.3480,0.2308)
(5.4776,1.0717,0.1551)
(5.6651,1.1124,0.2445)

€2

b1

b3

b33

X1
X2
X3
Xq

(5.7135,1.1124,0.2470)
(5.1133,1.3217,0.2247)
(8.1339,0.7398,0.1999)
(7.3832,0.7357,0.2232)

(7.3832,0.7357,0.2232)
(6.0371,1.3480,0.2308)
(5.4776,1.0717,0.1551)
(5.7135,1.1124,0.2470)

(5.1133,1.3217,0.2247)
(5.7135,1.1124,0.2470)
(5.7135,1.1124,0.2470)
(6.4530,1.2628,0.1626)

€3

b3)

b3

b33

X1
X2
X3
X4

(8.1339,0.7398,0.1999)
(6.4530,1.2628,0.1626)
(6.0371,1.3480,0.2308)
(5.7135,1.1124,0.2470)

(7.3832,0.7357,0.2232)
(6.0644,0.8910,0.1823)
(5.1133,1.3217,0.2247)
(5.6651,1.1124,0.2445)

(5.1133,1.3217,0.2247)
(5.7135,1.1124,0.2470)
(6.4530,1.2628,0.1626)
(5.4776,1.0717,0.1551)

€4

b3

b3,

b33

X1
X2
X3
X4

(5.7135,1.1124,0.2470)
(5.1133,1.3217,0.2247)
(6.4530,1.2628,0.1626)
(5.4776,1.0717,0.1551)

(5.1133,1.3217,0.2247)
(6.0644,0.8910,0.1823)
(5.6651,1.1124,0.2445)
(5.7135,1.1124,0.2470)

(5.7135,1.1124,0.2470)
(7.3832,0.7357,0.2232)
(8.1339,0.7398,0.1999)
(6.0371,1.3480,0.2308)
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