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Abstract. Consider a system of two parallel solid cylinders of equal radius made of a homogenous4
material. We study the stability of a liquid bridge of circular cylinder shape between both solid5
cylinders. It is proved that if the circular cylinder liquid is concave, then it is stable. If the circular6
cylinder liquid is convex, we establish conditions on the radius of the cylinder liquid and the contact7
angle that ensure that long convex circular cylinders are not stable. Estimates for the length of these8
convex cylinders are given.9
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1. Introduction. It is of interest in technology, e. g. textile and paper industries12

or composite materials, the understanding of the wetting and repellency properties13

of a liquid in contact with a set of parallel circular fibers [3, 7, 14, 21, 23, 36]. These14

properties of the liquid are deduced by the shape of the liquid interface connecting15

the fibers. This shape is governed by the capillary and adhesion effects of the liquid16

with the walls of the fibers. Usually when the number of fibers is great, these fibers17

form a symmetric system of parallel circular cylinders obtained by repeating a given18

pattern.19

In the simplest configuration, consider two parallel solid circular cylinders C1 and20

C2 of equal radius, which can be assumed to be 1, and separated by a distance 2d > 0.21

We are interested in the shape of a finite amount of liquid which is spread out between22

C1 and C2. We assume ideal conditions for the materials and the liquid: homogeneity,23

constant density, isotropy and no hysteresis. It is also assumed that the gravity acting24

on the liquid is negligible. This scenario of zero gravity can be thought on microscopic25

scale where the interaction between the liquid and the walls of C1 ∪ C2 is only due to26

capillarity and wetting.27

In equilibrium the air-liquid interface is an extremal of an energy functional E28

which it is now defined. Up to constants, the total free energy is29

(1.1) E(Ω) = |Σ| − c1|Σ̃1| − c2|Σ̃2|,30

where Σ̃i = Ω ∩ Ci is the wetted region by the liquid Ω on Ci, i = 1, 2. The term
|Σ| represents the energy of the free surface Σ and the terms ci|Σ̃i| are the wetting

energies of Σ̃i. The constants ci depend on the wetting properties in each support Ci
and they are given by quotient

ci =
σCiA − σCiL

σLA
,

where σij denotes the surface tensions along the solid (Ci), liquid (L) and air (A)31

phases. The inequality |σCiA−σCiL| < σLA is assumed in order to ensure the existence32

of wetting in a position of equilibrium. It is assumed that the volume of Ω is preserved33

for small perturbations (for example, no evaporation of the liquid), and that the34

contact lines ∂Σ̃i can freely move on Ci.35
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A critical point of the total energy is governed by the Laplace-Young equations.36

These equations describe the balance between the hydrostatic pressure within the37

liquid and the pressure jump across the interface due to surface tension. First, the38

Laplace equation asserts that Σ, viewed as a two-dimensional surface of Euclidean39

space R3, is a surface of constant mean curvature. On the other hand, the Young40

equation says that the contact angle γi ∈ (0, π) between Σ and the supports Ci41

is constant, with cos γi = ci, i = 1, 2. Under such situation, we say that Σ is a42

capillary surface on C1 ∪ C2. Pioneering works on capillary surfaces on cylinders are43

[24, 25, 26], which have generated a considerable literature in physics: see for example,44

[4, 6, 11, 12, 15, 20, 28]. The mathematical theory of capillary surfaces can be seen45

in [8].46

The geometry of the surfaces with constant mean curvature is difficult to describe47

in all its generality. However the family of axisymmetric surfaces are known and called48

Delaunay surfaces [5]. They are planes, catenoids, spheres, cylinders, unduloids and49

nodoids. The profile curves of the Delaunay surfaces are the trace of the focus of a50

conic which is rolled without slipping along a line and rotating this curve around that51

line. Planes and catenoids are the only ones with zero mean curvature everywhere.52

Here we only focus in those configurations of planes and cylinders that make a constant53

angle with two parallel cylinders C1 ∪ C2. In this context, it is assumed that the54

above perturbations to deduce the Laplace equation are of compact support and the55

definitions in (1.1) are taken only on bounded domains of Σ.56

Σ

Σ

C1 C2
C1 C2

Fig. 1. Top view of a circular cylinder liquid column Σ between two cylinders C1 ∪ C2. The
dark region represents the liquid supported on the walls of C1 ∪ C2. There are two types of circular
cylinder liquids: convex (left) and concave (right).

From now on, we will assume that the contact angle between Σ and C1 and C257

coincide, γ1 = γ2 = γ. There are two types of capillary circular cylinders on C1 ∪ C2:58

the cylinder Σ is convex (Fig. 1, left) and the cylinder Σ is concave (Fig. 1, right).59

Another situation occurs when Σ is a plane (Fig. 2 in Sect. 3) which it can be seen60

as the limit case of infinity radius of Σ in Fig. 1.61

In general, capillary surfaces are not minimizers of the energy E. Deciding62

whether a surface is a minimizer is a difficult question to solve. Instead, we will63

consider the stability condition, which means that the surface is a second order min-64

imum of the area under deformations with fixed volume. In this context, we say65

then that Σ is stable. Stable capillary surfaces are of special interest because stable66

configurations would be physically observed [1].67

The purpose of this paper is the study of the stability of planes and cylinders as68

capillary surfaces in contacting with C1∪C2. In the context of liquid bridges between69

parallel circular fibers, some simulations on stability have been obtained [2, 13]. In70
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capillary theory, the stability of cylindrical interfaces dates back to studies of Plateau71

and Rayleigh in the late of 1800s [22, 27]. They proved that a stream of liquid of72

circular radius r > 0 is not stable if its length L satisfies L > 2πr. If the capillary73

surface Σ is a circular cylinder and the support surface is formed by one circular74

cylinder, the author studied the stability of long capillary cylinders on the exterior75

of a solid circular cylinder [16]. It was proved that the liquid bifurcates to create a76

family of periodic constant mean curvature surfaces. Following with the case that the77

support is one circular cylinder, Vogel investigated the stability and energy minimality78

of some types of Delaunay surfaces [35]. In [19], the authors studied capillary surfaces79

on a given circular cylinder proving some results of symmetry when the surface lies80

inside of a hollow circular cylinder. For example, if the mean curvature of the capillary81

surface is zero, sufficient conditions were proved to conclude that the surface is part82

of a plane or a catenoid. In case that the support is a set of two spheres or between83

a sphere and plane, see [17]. Stability of cylinders supported in arbitrary cylindrical84

surface has been recently studied by the author in [18].85

The main the objective of this paper is to determine a criterion of instability86

for long capillary cylinders contacting two given solid cylinders. Taking in mind the87

classical setting of the Plateau-Rayleigh phenomenon, we want to give an estimate of88

the length L of the capillary cylinder that ensures the instability of the liquid. Our89

theoretical approach aims to be as general as possible, i.e. to consider the case where90

the capillary circular cylinder is convex and concave. Also we allow for any separation91

between the two cylinders C1 ∪ C2 and any contact angle between the liquid and the92

two cylinders.93

In Sect. 2 we introduce the Sturm-Liouville eigenvalue problem that facilitates94

the study of the stability of capillary surfaces. The case that Σ is a planar strip is95

studied in Sect. 3 proving that Σ is stable (Theorem 3.1). Section 4 is devoted to96

the case that Σ is a convex cylinder and in Sect. 5 when it is a concave cylinder.97

In the convex cylinder case, the study of stability depends on the contact angle γ98

and the radius r of the circular cylinder liquid. We prove that if r > cos γ, then the99

liquid is stable, independently of the length of the liquid (Th. 4.8). This situation100

includes the case γ ≥ π/2. In contrast, if r < cos γ, then Σ is not stable (Th. 4.2).101

In this case we are able to establish different estimates for the length L of a piece of102

convex cylinder liquid ΣL that ensures instability of ΣL. Some of these estimates can103

be given in terms of the initial data (Cor. 4.3). Other sharp estimates are obtained104

after the calculation of the roots for some equations (Cors. 4.4 and 4.5). Particular105

configurations of liquids have been presented to show the power of our results: see106

Examples 4.6 and 4.7. In each of them, we have established specific lengths L to107

ensure instability. With these examples it is shown that the methods and results108

presented in this paper can be applied easily in explicit configurations of circular109

cylinder liquids.110

2. The Sturm-Liouville eigenvalue problem. In this section we introduce111

the notation for the stability of a capillary surface and we will define the Morse index112

associated to a Sturm-Liouville eigenvalue problem. Let 〈, 〉 be the Euclidean metric113

of R3. Let W be the domain of R3 whose boundary is C1 ∪ C2. Let Σ be a surface114

with boundary ∂Σ and let Ψ: Σ → R3 be an immersion of Σ in R3. Assume that115

Ψ(int(Σ)) ⊂W , Ψ(∂Σ) ⊂ C1∪C2 and that Σ meets transversally C1∪C2. The surface116

Σ together some domains Σ̃i, i = 1, 2, enclose a 3-domain Ω, which represents the117

volume of the liquid connecting C1 and C2. Let N be the unit normal vector field on118

Σ along Ψ pointing towards Ω. Denote by ν the unit exterior conormal vector to ∂Σ119
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4 R. LÓPEZ

in Σ. On C1∪C2, let N be the unit normal pointing outwards Ω and let ν be the unit120

exterior conormal vector to ∂Σ in C1 ∪ C2.121

In the case that is the subject of this article, the surface Σ is an unbounded122

circular cylinder. Then the definition of E(Ω) in (2.1) (or (1.1)) does not make sense.123

Although infinitely long columns of liquid are not (ever) observed, the critical points124

of the energy E will be obtained by doing perturbations of compact support of the125

initial surface Σ, that is, by considering a one-parameter family of surfaces which126

coincide with Σ outside of a compact set of Σ.127

An admissible variation of Σ is defined as a smooth map Ψ: (−ε, ε)×Σ satisfying:128

(i) Ψt(p) = Ψ(t, p) is an immersion such that Ψt(int(Σ) ⊂W and Ψt(∂Σ) ⊂ C1 ∪ C2;129

(ii) Ψ0 = Ψ and; (iii) there is a compact set K ⊂ Σ such that Ψt = Ψ in Σ \K. The130

last condition says that the variation is of compact support. Let E(t) be the energy131

of Ψt defined in (1.1) where c1 = c2 = cos γ. Denote by V (t) the volume enclosed132

by Ψt. The surface Σ is called a capillary surface on C1 ∪ C2 if E′(0) = 0 for any133

volume-preserving admissible variation of Σ.134

The formulas of the first variation of E and the volume V are135

(2.1) E′(0) = −2

∫
Σ

Hu +

∫
∂Σ

〈ν − cos γ ν, ξ〉, V ′(0) =

∫
Σ

u,136

where H is the mean curvature of the immersion Ψ, ξ is the variation vector field of137

Ψ and u = 〈N, ξ〉. As consequence of Eq. (2.1), Σ is a capillary surface if and only if138

Σ has constant mean curvature H and the angle of Σ with C1 ∪ C2 is γ. The latter139

condition writes as cos γ = 〈N,N〉 = 〈ν, ν〉.140

If Σ is a capillary surface, the second variation of E is141

(2.2) E′′(0) = −
∫

Σ

u
(
∆u+ |A|2u

)
+

∫
∂Σ

u

(
∂u

∂ν
− bu

)
,142

where ∆ is the Laplacian on Σ and A is the second fundamental form of Σ. Recall143

that |A|2 = 4H2 − 2K, where K is the Gaussian curvature of Σ. The function b in144

(2.2) is given by145

(2.3) b =
A(ν, ν)

sin γ
+ cot γA(ν, ν),146

where A is the second fundamental form of C1 ∪ C2 with respect to −N : see details147

in [29]. A capillary surface Σ is called stable if E′′(0) ≥ 0 for all volume-preserving148

variation of Σ.149

The expression of E′′(0) in (2.2) defines a quadratic form Q in the space C∞0 (Σ)150

given by Q[u] = E′′(0). Stability of Σ is equivalent to have Q[u] ≥ 0 in the space151

M = {u ∈ C∞0 (Σ) :
∫

Σ
u = 0}. If Σ is not stable, the weak Morse index, denoted by152

indexw(Σ), is defined as the maximal dimension of a subspace of functions of mean153

zero of C∞0 (Σ) where Q is negative definite, that is,154

(2.4)
indexw(Σ) = dim max{V ⊂M : V is a subspace and Q|V×V is negative definite}.155

The weak Morse index indicates the number of directions whose associated variations156

decrease the energy E of Σ.157

In order to understand the Morse index, we establish a Sturm-Liouville eigenvalue158

problem. The parenthesis in the first integral of (2.2) defines the Jacobi operator159
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J = ∆ + |A|2. Consider the eigenvalue problem160

(2.5)


J [u] + λu = 0 in Σ,

∂u

∂ν
= bu in ∂Σ,

u ∈M.

161

The second equation in (2.5) is called the Robin boundary condition. By the ellipticity162

of J , the eigenvalues of (2.5) are ordered as a discrete spectrum λ1 < λ2 ≤ λ3 · · · ↑ ∞163

counting multiplicities. The weak Morse index of Σ coincides with the number of164

negative eigenvalues of (2.5). Thus Σ is stable if indexw(Σ) = 0. In general, it is165

difficult to work with the mean zero condition
∫

Σ
u = 0. Instead of (2.5), we drop the166

condition u ∈M and consider the Sturm-Liouville eigenvalue problem167

(2.6)


J [u] + λu = 0 in Σ,

∂u

∂ν
= bu in ∂Σ.

168

The Morse index of Σ, denoted by index (Σ), is defined similarly169

(2.7)
index (Σ) = dim max{V ⊂ C∞0 (Σ) : V is a subspace and Q|V×V is negative definite}.170

In the literature, the Morse index is also called the strong Morse index. This number171

coincides with the number of negative eigenvalues of (2.6). The numbers indexw(Σ)172

and index (Σ) cannot differ by more than one. In fact, the relation between both173

indices is174

(2.8) indexw(Σ) ≤ index (Σ) ≤ indexw(Σ) + 1.175

Our objective is to find conditions that ensure that index (Σ) ≥ 2 because from (2.8),176

we have indexw(Σ) ≥ 1 and then Σ is not stable. Only when index (Σ) = 1, a177

criteria on the stability of Σ is not immediate. In this situation, we refer to [33, 34]178

to know when to decide whether Σ is stable when index (Σ) = 1: see also the recent179

contributions [30, 31]. If index (Σ) = 0, we say that Σ is strongly stable. In such a180

case, E′′(0) ≥ 0 for any admissible variation of Σ regarding if the variation preserves181

or not the volume of Σ.182

The notion of index for unbounded surfaces can be extended by taking a limit
of the indices of an exhaustion of the surface. Here we follow similar steps as in the
theory of complete minimal surfaces [9, 10]. If Σ is an unbounded capillary surface,
consider any bounded open subset Ω ⊂ Σ. Then we can define the weak Morse
index and the Morse index of Ω as in (2.4) and (2.7), respectively. Notice that for
two bounded open sets Ω1 ⊂ Ω2, if Ω1 ⊂ Ω2, then indexw(Ω1) ≥ indexw(Ω2) and
index (Ω1) ≥ index (Ω2). If Ω1 ⊂ Ω2 ⊂ . . . ⊂ Σ is an exhaustion of Σ by bounded
open sets, the weak Morse index and the Morse index of Σ are defined by

indexw(Σ) = lim
n→∞

indexw(Ωn), index (Σ) = lim
n→∞

index (Ωn).

Both definitions are independent of the choice of the exhaustion of Σ [10]. Both183

numbers can be infinite, but if they are finite, then the relation (2.8) holds too.184
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3. The planar case. In this section, we will study the stability of a planar strip185

as capillary surface supported on two parallel cylinders (Fig. 2). This setting can186

be viewed as the limit case of Fig. 1 when the capillary circular cylinder has infinity187

radius. First, we introduce the following notation, which it will be valid for the rest188

of the paper. Let C1 and C−1 be the cylinders of radius 1 separated 2d > 0 and with189

axes parallel to the z-axis. We can assume that the190

(3.1) Cε : (x− cε)2 + y2 = 1, cε = ε(1 + d), ε ∈ {−1, 1}.191

Σ
C−1 C1

γ

y0

N
Ω N

Fig. 2. Top view of a planar strip Σ as capillary surface on two cylinders C1 and C−1.

Since the angle that makes Σ is the same with C1 and C−1, then Σ is a parallel192

plane to the plane containing the axes of C1 and C−1. We also assume that the liquid Ω193

is the domain determined by C1 ∪ C−1 with the vertical planes of equations y = ±y0,194

y0 ∈ (0, 1): see the dark region in Fig. 2. Consider a connected component Σ of195

the air-liquid interface, which we can assume the domain of the plane y = y0, with196

|x| ≤ x0, where x0 = 1+d−
√

1− y2
0 . The parametrization of Σ is Ψ(x, z) = (x, y0, z),197

z ∈ R. The contact angle γ is given by cos γ = y0. Notice that γ ∈ (0, π2 ). Here198

A(ν, ν) = −1 and b = − 1
sin γ because A = 0 on Σ. Then (2.6) is199

(3.2)


uxx + uzz + λu = 0, in Σ,

∂u

∂ν
+

1√
1− y2

0

u = 0, in ∂Σ.
200

Since Σ is not bounded, and in order to make sense the volume constraint, for the201

unbounded planar strip Σ, consider the cut-off planes Π0 and ΠL of equations z = 0202

and z = L, respectively, with L > 0. Take the part of Σ between both planes and203

we study the stability of rectangles of Σ determined by Σ and the planes Π0 and204

ΠL. Then the surface Σ is replaced by the rectangle ΣL = Ψ([−x0, x0] × [0, L]).205

In this context, the admissible variations are those that preserve the volume of the206

liquid between Σ and the planes Π0 and ΠL. This approach has been used in the207

literature, for example by Vogel in [32, Sec. 2]. In consequence, the part of ΣL given208

by ΣL \ (∂ΣL ∩ (C1 ∪ C2)) must be fixed in the admissible variations. Thus u = 0209

along ΣL \ (∂ΣL ∩ (C1 ∪ C2)), that is, u = 0 when z = 0 and z = L. Recall that ΣL210

makes a contact angle γ along ∂Σ ∩ (C1 ∪ C2).211

This manuscript is for review purposes only.



STABILITY OF A CIRCULAR CYLINDER BETWEEN TWO PARALLEL CYLINDERS 7

To simplify the notation, let

$ =
1√

1− y2
0

=
1

sin γ
.

For the study of the eigenvalue problem (3.2), consider separation of variables, u(x, z) =
f(x)g(z). The Robin boundary condition in (3.2) are

∂u

∂ν
(x0, z) = f ′(x0)g(z),

∂u

∂ν
(−x0, z) = −f ′(x0)g(z).

Thus the eigenvalue problem to investigate is212

(3.3)


f ′′(x)g(z) + f(x)g′′(z) + λf(x)g(z) = 0

f ′(x0) +$f(x0) = 0,

f ′(−x0)−$f(−x0) = 0,

g(0) = g(L) = 0.

213

The last condition in (3.3) reflects that u vanishes on [−x0, x0] × {0, L}. If (3.3)214

has two or more negative eigenvalues, then there is a volume-preserving admissible215

variation of Σ such that E′′(0) < 0, proving that Σ is not stable. If, on the other216

hand, all eigenvalues of (3.3) are positive, then Σ is strongly stable.217

Dividing the first equation of (3.3) by f(x)g(z), we deduce that there is C ∈ R218

such that219

(3.4)
f ′′(x)

f(x)
+ λ = C = −g

′′(z)

g(z)
.220

Solving for g together the boundary condition g(0) = g(L) = 0, we get

g(z) = d sin(
nπ

L
z), d ∈ R,

where n ∈ N and C = n2π2

L2 . From (3.4), the function f satisfies

f ′′(x) +

(
λ− n2π2

L2

)
f(x) = 0.

The solutions depend on the sign of the parenthesis.221

1. Case λ − n2π2

L2 = 0. The solution is f(x) = ax + b, a, b ∈ R. Imposing the222

boundary conditions of (3.3), we have223

$x0a+ (1 +$) b = 0,

$x0a+ (1−$) b = 0.
224

There are non trivial solutions a and b if and only if the determinant of the225

coefficients of a and b is zero. This is equivalent to x0

$2 = 0. This shows that226

this case is not possible.227

2. Case λ− n2π2

L2 = −δ2 with δ > 0. The solution is

f(x) = a cosh(δx) + b sinh(δx), a, b ∈ R.
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The boundary conditions of (3.3) give228

($ cosh(δx0) + δ sinh(δx0))a+ (δ cosh(δx0) +$ sinh(δx0)b = 0

(−$ cosh(δx0)− δ sinh(δx0))a+ (δ cosh(δx0) +$ sinh(δx0)b = 0.
229

Again, there are non trivial solutions if and only if the determinant of the230

coefficients of a and b is zero, that is, if231

(3.5) 2$δ cosh(2δx0) + ($2 + δ2) sinh(2δx0) = 0.232

This equation has no solutions because $ > 0.233

3. Case λ− n2π2

L2 = δ2 with δ > 0. The solution is

f(x) = a cos(δx) + b sin(δx), a, b ∈ R.

The boundary conditions of (3.3) give234

($ cos(δx0)− δ sin(δx0))a+ (δ cos(δx0) +$ sin(δx0)b = 0

(−$ cos(δx0)− δ sin(δx0))a+ (δ cos(δx0) +$ sin(δx0)b = 0.
235

There are non trivial solutions if and only if the determinant of the coefficients
of a and b is zero, that is, if

2$δ cos(2δx0) + ($2 − δ2) sin(2δx0) = 0.

We have two subcases:236

1. Subcase δ = $. Then cos(2δx0) = 0. This implies

2$x0 =
π

2
+mπ, m ∈ Z.

2. Subcase δ 6= $. Then

tan(2δx0) = 2$
δ

δ2 −$2
.

This equation in δ has infinitely many solutions because of the behavior of237

the functions δ 7→ tan(2δx0) and δ 7→ 2$ δ
δ2−$2 .238

In both subcases, the eigenvalues are

λm,n = δ2 +
n2π2

L2
.

Since all λm,n are positive, the surface ΣL is strongly stable for all L > 0.239

We summarize the above arguments.240

Theorem 3.1. Any capillary planar strip supported on two parallel cylinders of241

the same radius is stable.242

Remark 3.2. We compare the result of Th. 3.1 with the situation of a capillary243

planar strip Σ supported in the interior of a cylinder C. This case was studied by244

Vogel proving that Σ is not stable [35]. The difference is that now A(ν, ν) = 1 because245

the normal vector of C points towards the interior of the cylinder. Then b = 1/ sin γ.246

Repeating the computations, the case λ− n2π2

L2 = −δ2 with δ > 0, cannot be discarded247

because now $ is negative and Eq. (3.5) has at least a solution δ0. With this value248

δ0, the eigenvalues are λn = −δ2
0 + n2π2

L2 . Thus for L sufficiently large (for example,249

L > 2π
δ0

), the number of negative eigenvalues is at least 2. Then index (ΣL) ≥ 2 and250

ΣL is not stable. This proves that Σ is not stable.251
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4. The convex cylinder case. In this section we study capillary convex cylin-
ders supported on C1 ∪ C−1. Following the notation (3.1), let Σ be the cylinder of
radius r > 0, d < r < d+ 2 given by

Σ : x2 + y2 = r2.

A parametrization of Σ is252

(4.1) Ψ(θ, t) = (r cos θ, r sin θ, t), θ, t ∈ R.253

The cylinder Σ intersects C1∪C−1 in four vertical straight lines determined when the254

variable θ is θ1, π − θ1, π + θ1 and 2π − θ1. By the sine formula, we have255

(4.2) sin θ1 =
sin γ

c
,256

and c = c1 = 1 + d. See Fig. 3. Notice that the angle θ1 satisfies θ1 < π/2. We257

only consider the parts of the cylinder x2 + y2 = r2 that are capillary surfaces on258

C1 ∪ C−1, that is, when θ ∈ [θ1, π − θ1] ∪ [π + θ1, 2π − θ1]. Thus the capillary surface259

is formed by two connected components. By symmetry, it is enough to take one260

of such as components. Without loss of generality, the piece of cylinder, which we261

denote by Σ again, will be the component corresponding to θ ∈ [θ1, π − θ1]. Let262

Σ = Ψ([θ1, π − θ1]× R): see Fig. 3.263

Σ

C−1 C1

r

2d

1γ
θ1

Ω

N

N

Fig. 3. The convex cylinder case.

The orientations N towards Ω and N outwards Ω are

N(x, y, z) = −1

r
(x, y, 0), N(x, y, z) = −(x− cε, y, 0).

By the cosine formula we have264

(4.3) cos γ =
r2 + 1− c2

2r
.265

Notice that the inequality 1 + r2 < c2 is equivalent to γ > π/2266

We now express the eigenvalue problem (2.6) in (θ, t)-coordinates. The mean267

curvature of Σ is H = 1/(2r). Since the Gaussian curvature K of Σ is 0, then268

|A|2 = 1/r2. The Laplace operator is ∆ = 1
r2 ∂

2
θ + ∂2

t because the first fundamental269
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form of Σ is r2dθ2 + dt2. Let u(θ, t) = f(θ)g(t) be a function on Σ expressed by270

separable variables. The Jacobi operator of u is271

(4.4) J [u] =
1

r2
f ′′g + fg′′ +

1

r2
fg.272

The first equation of (2.6) is273

1

r2
f ′′g + fg′′ +

(
1

r2
+ λ

)
fg = 0.274

We now calculate the Robin boundary condition (2.6). In the cylinder Σ, we275

have A(ν, ν) = 1
r . In the support cylinders C1 ∪ C−1 the second fundamental form is276

A(ν, ν) = −1. Thus277

(4.5) b = − 1

sin γ
+

cos γ

r sin γ
=

cos γ − r
r sin γ

.278

We calculate ∂u
∂ν . The unit exterior conormal vector ν is parallel to Ψθ. Thus

ν(θ, t) = ± 1
rΨθ(θ, t). We also have

∇u =
1

r2
〈∇u,Ψθ〉Ψθ + 〈∇u,Ψt〉Ψt =

f ′g

r2
Ψθ + fg′Ψt.

Thus279

∂u

∂ν
(θ, t) = 〈∇u,±1

r
Ψθ〉 = ±1

r
f ′(θ)g(t).280

Since the unit exterior conormal ν is computed when θ = θ1 and θ = π− θ1, we have

ν(θ1, t) = −1

r
Ψθ(θ1, t), ν(π − θ1, t) =

1

r
Ψθ(π − θ1, t).

The Robin boundary condition ∂u
∂ν − bu = 0 in (2.6) is281

−1

r
f ′(θ1)− bf(θ1) = 0,

1

r
f ′(π − θ1)− bf(π − θ1) = 0.

282

Let

q = rb =
cos γ − r

sin γ
.

A first observation is that q 6= 0. Indeed, if q = 0 then cos γ = r, in particular r < 1.283

From (4.3), we have r2 + c2 = 1, hence sin γ = c. Then the sine formula (4.2) yields284

θ1 = π/2, which it is not possible.285

As in the planar case (Sect. 3) and because Σ is a non compact surface, we286

need to truncate Σ in bounded pieces determined by the z-coordinate. Let ΣL =287

Ψ([θ1, π − θ1]× [0, L]). Then the eigenvalue problem to study is288

(4.6)


f ′′(θ)g(t) +

1

r2
f(θ)g′′(t) +

(
1

r2
+ λ

)
f(θ)g(t) = 0,

f ′(θ1) + qf(θ1) = 0,

f ′(π − θ1)− qf(π − θ1) = 0,

g(0) = g(L) = 0.

289
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Remark 4.1. This stability analysis of the capillary cylinder between two cylinders290

of equal radius can be extended to a configuration of three or more equidistant parallel291

cylinders situated in a symmetric position [26]. Under this situation, the air-liquid292

interface is formed by a finite number of connected components, all them making293

the same contact angle. By the symmetry of the configuration, the investigation of294

stability can be reduced to the case of two cylinders which it is the object of this295

paper.296

We now solve (4.6). Dividing the first equation by fg, there must be a constant
C such that

f ′′(θ)

r2f(θ)
+

1

r2
+ λ = C = −g

′′(t)

g(t)
.

By the boundary conditions g(0) = g(L) = 0, the solution for g is297

(4.7) g(t) = d sin(
nπ

L
t), d ∈ R,298

where C = n2π2

L2 , n ∈ N, n 6= 0. Using this value for C, the function f satisfies299

(4.8) f ′′ +

(
1 + λr2 − n2π2r2

L2

)
f = 0.300

The solution of this equation depends on the sign of the parenthesis. We now do a301

general discussion of the solutions of (4.8) according this sign which it will allow later302

to get results under specific assumptions on the configuration of Σ.303

1. Case 1 + λr2 − n2π2r2

L2 = 0. The solution is f(θ) = aθ + b, a, b ∈ R. The
evaluation of the boundary conditions of (4.6) yields

(1 + qθ1)a+ qb = 0,

(1− q(π − θ1))a− qb = 0.

There are non trivial solutions a and b if and only if the determinant of the
coefficients of a and b is 0. This becomes

2(qθ1 + 1) = πq.

Then304

(4.9) θ1 =
π

2
− 1

q
=
π

2
− sin γ

cos γ − r
.305

In particular, q > 0 because θ1 < π/2. Identity (4.9) establishes a particular
relation between γ and r. Indeed, from the sine formula (4.2), we have

θ1 = sin−1(
sin γ

c
) =

π

2
− sin γ

cos γ − r
.

The eigenvalues are306

(4.10) λn = − 1

r2
+
n2π2

L2
, n ∈ N.307

If L is sufficiently large, then there are many natural numbers n such that λn308

is negative. This proves that index (ΣL) ≥ 2 and thus, Σ is not stable.309
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12 R. LÓPEZ

2. Case 1+λr2− n2π2r2

L2 = −δ2, where δ > 0. The solution is f(θ) = a cosh(δθ)+310

b sinh(δθ), a, b ∈ R. Evaluating the boundary conditions of (4.6), we get311

(δ sinh(δθ1) + q cosh(δθ1))a+ (δ cosh(δθ1) + q sinh(δθ1))b = 0,

(δ sinh(δ(π − θ1))− q cosh(δ(π − θ1)))a+ (δ cosh(δ(π − θ1))− q sinh(δ(π − θ1)))b = 0.
312

Vanishing the determinant of the coefficients of a and b, we have313

(4.11) 2qδ cosh(δ(π − 2θ1))− (q2 + δ2) sinh(θ(π − 2θ1)) = 0.314

As a consequence, if q is negative, there are not solutions of this equation. If315

q is positive, then (4.11) gives316

(4.12) tanh(δ(π − 2θ1)) = 2
qδ

q2 + δ2
.317

We see that this equation has one or two solutions. For δ > 0, define the318

functions319

q(δ) = tanh(δ(π − 2θ1)),

p(δ) = 2
qδ

q2 + δ2
.

320

The function q is increasing in (0,∞) with values from 0 at δ = 0 to 1 as
δ →∞. The function p satisfies

lim
δ→0+

p(δ) = lim
δ→∞

p(δ) = 0.

Moreover, p(δ) is increasing in (0,q) and decreasing in (q,∞) with a maximun321

at δ = q where p(q) = 1. Then (4.12) has one solution η1 or two solutions322

η1 < η2. This will depend whether q′(0) ≤ p′(0) or q′(0) > p′(0) respectively.323

For each of these roots, the eigenvalues are324

(4.13) µj,n = −
η2
j + 1

r2
+
n2π2

L2
, j = 1, 2, n ∈ N.325

If L is sufficiently large, there are many natural numbers n where µj,n < 0.326

This implies again index (ΣL) ≥ 2 and thus Σ is not stable.327

3. Case 1 + λr2 − n2π2r2

L2 = δ2, where δ > 0. The solution is now f(θ) =328

a cos(δθ) + b sin(δθ), a, b ∈ R. Evaluating the boundary conditions of (4.6),329

we get330

(−δ sin(δθ1) + q cos(δθ1))a+ (δ cos(δθ1) + q sin(δθ1))b = 0,

(δ sin(δ(π − θ1)) + q cos(δ(π − θ1)))a− (δ cos(δ(π − θ1))− q sin(δ(π − θ1)))b = 0.
331

There are non trivial solutions if and only if the determinant of the coefficients332

of a and b is 0. This yields333

(4.14)
(
δ2 − q2

)
sin(δ(π − 2θ1)) + 2δq cos(δ(π − 2θ1)) = 0.334

The eigenvalues are

λ =
δ2 − 1

r2
+
n2π2

L2
.

Because we are interesting to find negative eigenvalues, we need the condition335

δ < 1.336
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(a) Subcase δ = |q|. Then cos(δ(π− 2θ1)) = 0. Since δ is positive, there are337

m ∈ N such that Eq. (4.14) becomes338

(4.15) δ(π − 2θ1) =
π

2
+mπ.339

Let δm = δ. The eigenvalues are

λm,n =

(2m+1)2π2

(2π−4θ1)2 − 1

r2
+
n2π2

L2
, m, n ∈ N.

From (4.15), it is clear that δm ≥ 3π
2(π−2θ1) > 1 for m ≥ 1 and thus

λm,n > 0. Consider now m = 0 in (4.15). Inequality δ0 < 1 implies
θ1 <

π
4 provided δ = |q|. This yields

θ1 =
π(2|q| − 1)

4|q|
.

The condition |q| < 1 is equivalent to | cos γ − r| < sin γ.340

(b) Subcase δ 6= |q|. Then Eq. (4.14) becomes341

(4.16) tan(δ(π − 2θ1)) = 2
δq

q2 − δ2
.342

We see that this equation has many infinitely solutions. For δ > 0, define343

the functions344

ρ(δ) = tan(δ(π − 2θ1)),

ϕ(ρ) = 2
δq

q2 − δ2
.

345

The function ρ is increasing in each interval Jm := ( (2m−1)π
2(π−2θ1) ,

(2m+1)π
2(π−2θ1) ),346

m ∈ N, m ≥ 1, with values from −∞ to ∞. In the interval J0 :=347

(0, π
2(π−2θ1) ), the function ρ is increasing from 0 to ∞. The function ρ348

only vanishes at the points mπ
π−2θ1

, m ∈ N. The behavior of the function349

ϕ depend on the sign of q:350

i. Case q > 0. Then ϕ is increasing. Moreover, ϕ > 0 in the interval351

(0,q) with values from 0 to∞. In the interval (q,∞) we have ϕ < 0352

with values from −∞ to 0.353

ii. Case q < 0. The function ϕ is decreasing. In the interval (0,−q),354

we have ϕ < 0 with values from 0 to −∞. In the interval (−q,∞),355

we have ϕ > 0 with values from ∞ to 0.356

By the properties of the functions ρ, there is unique solution δm of Eq.357

(4.16) in the interval Jm for m ≥ 1. The uniqueness of a solution δ0 also358

holds in J0 if the solution exists.359

If δm is a root of (4.16), the eigenvalues are360

(4.17) λm,n =
δ2
m − 1

r2
+
n2π2

L2
, m, n ∈ N.361

If δm < 1, then λm,n is negative for sufficiently large L. Since the362

instability of Σ is assured if index (ΣL) ≥ 2, then the condition λm,2 < 0363

gives instability of Σ. This inequality is equivalent to364

(4.18) L >
2πr√
1− δ2

m

.365
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14 R. LÓPEZ

Since δm < δk if m < k, then we have366

(4.19) λm,n < λk,n, λm,n < λm,r,367

if m < k and n < r. In order to look a sharp inequality (4.18), we need368

to find the least root δm of (4.16) that satisfies the inequality δm < 1.369

Until here we have discussed the solutions of (4.8) according the sign of 1 +370

λr2 − n2π2r2

L2 . Now we will deduce Plateau-Rayleigh results for long convex cylinders371

depending on the sign of q. A type of these results will say that under some hypothesis,372

convex cylinders are not stable. A second type of results will be more interesting373

because we will get estimates of the length L of unstable convex cylinders.374

We distinguish the sign of q. Let us observe that q < 0 (resp. q > 0) if and only375

if cos γ < r (resp. cos γ > r).376

Theorem 4.2. Let Σ be a capillary convex cylinder of radius r on C1 ∪ C−1. If377

r < cos γ, then Σ is not stable. Moreover, ΣL is not stable if378

(4.20) L >
2πr√
1 + η2

2

,379

where η2 is the largest root of (4.12).380

Proof. The assumption r < cos γ implies that q is positive. We have then seen381

that Eq. (4.12) has one or two solutions and this implies that Σ is not stable.382

We now estimate the length L that ensures instability of ΣL. We know that there383

are one or two solutions η1, η2 of (4.12), η1 < η2. To simplify the notation, if there is384

only one solution, we denote it by η2. In (4.13), if µ2,2 < 0, then we have at least two385

negative eigenvalues, and thus index (ΣL) ≥ 2, hence ΣL is not stable. The inequality386

µ2,2 < 0 is equivalent to the inequality (4.20). In case that there are two solutions387

and because η1 < η2, then the inequality L > 2πr√
1+η22

is sharp than L > 2πr√
1+η21

.388

It is possible to estimate the largest solution of (4.20). Notice that the function389

p = p(δ) has a maximum at δ = q. If there is only one solution, then η2 > q; if there390

are two solutions η1 and η2, then η1 < q < η2. In both cases, η2 > q. Thus we have391

proved the following consequence.392

Corollary 4.3. Let Σ be a capillary convex cylinder of radius r on C1 ∪ C−1393

such that r < cos γ. If394

(4.21) L >
2πr sin γ

cos γ − r
,395

then ΣL is not stable.396

Proof. Inequality (4.21) is just L > 2πr√
1+q2

. On the other hand 2πr√
1+q2

≥ 2πr√
1+η22

397

and we now apply Th. 4.2.398

The advantage of the estimate (4.21) is that it is given only in terms of the initial399

conditions and there is no need to solve numerically Eq. (4.12).400

If q > 0, a special case is when the angle θ1 satisfies (4.9). In such a case,401

the condition λ2 < 0 in (4.10) implies index (ΣL) ≥ 2 and ΣL is not stable. The402

condition λ2 < 0 is equivalent to L > 2πr and this estimate for L is worse than of Th.403

4.2. However, the negative eigenvalues of ΣL comes from the solutions of equations404

(4.10) and (4.13). So, it is possible λ1 < 0 and λ2 ≥ 0 which provides one negative405
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eigenvalue. Now λ1 < 0 is equivalent to L > πr. On the other hand, Eq. (4.12) has406

only one solution because (4.9) implies that q′(0) = p′(0) = 2/q. Then other required407

negative eigenvalue to ensure that the index is bigger than or equal 2 comes from the408

inequality µ2,1 < 0. This is equivalent to L > πr/
√

1 + η2
2). Since this inequality is409

consequence of L > πr, we have proved the following result.410

Corollary 4.4. Let Σ be a capillary convex cylinder of radius r on C1 ∪ C−1411

such that r < cos γ. Suppose that θ1 satisfies (4.9). If412

L > πr,413

then ΣL is not stable.414

The estimate (4.20) has been obtained by imposing that µ2,2 is negative. However,415

possible negative eigenvalues may appear by solving Eq. (4.16). Recall that this416

equation has many infinite solutions δ = δm in each interval Jm, m ≥ 1. The existence417

of a possible solution δ0 in the interval J0 = (0, π
2(π−2θ1) ) depends of the behaviour418

of the functions p and q in this interval. Recall that the corresponding eigenvalues419

λm,n are negative if δm < 1. In such a case, the inequality λm,n < 0 is equivalent to420

L > nπr√
1−δ2m

. Since we are looking a sharp estimate of L for the existence of instability421

of ΣL, then we focus in the smallest solution δm of (4.16) satisfying δm < 1. If we422

only work with the eigenvalues λm,n, then index (ΣL) ≥ 2 is assured if λm,2 < 0.423

This inequality is equivalent to L > 2π√
1−δ2m

, which is worse than (4.20). Therefore424

the only case of interest to investigate is that a negative eigenvalue comes is µ2,1 and425

the other is λm,1. In other words, the situation that we have is the following:426

1. If L > πr√
1+η22

, then µ2,1 < 0. This provides a negative eigenvalues to the427

index of ΣL.428

2. If L > 2πr√
1+η22

, then µ2,2 < 0. This provides another negative eigenvalue to429

the index of ΣL and thus the index is at least 2.430

3. If L > πr√
1−δ2m

, then λm,1 and this provides a negative eigenvalue. Since431

πr√
1−δ2m

> πr√
1+η22

, then µ2,1 is negative and the index of ΣL is at least 2.432

As a conclusion, we have the next Plateau-Rayleigh result for convex cylinders.433

Corollary 4.5. Let Σ be a capillary convex cylinder of radius r on C1 ∪ C−1434

such that r < cos γ. Suppose that Eq. (4.16) has solutions less than 1 and denote by435

δm the smallest solution of (4.16).436

1. If 3− 4δ2
m ≤ η2

2, then ΣL is not stable provided L > 2πr√
1+η22

.437

2. If 3− 4δ2
m > η2

2, then ΣL is not stable provided L > πr√
1−δ2m

.438

Proof. It is immediate from the above arguments because the inequality 3−4δ2
m ≤439

η2
2 is equivalent to 2πr√

1+η22
≤ πr√

1−δ2m
.440

We give two numerical examples of Th. 4.2 where the solutions of (4.16) are all441

bigger than 1.442

Example 4.6. 1. Suppose γ = π
10 and r = 0.2. From the cosine formula443

(4.3), the value of c that defines the cylinders C1 and C−1 is c = 0.812. Then444

the sine formula (4.2) yields θ1 = 0.390. Now Eq. (4.12) has two roots whose445

numerical values are δ1 = 2.414 and δ2 = 2.445: see Fig. 4. Taking δ2, we446

deduce that ΣL is not stable if L > 2πr√
1+δ22

= 0.475.447
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In this case, the first solution of Eq. (4.16) is δ1 = 1.890 and thus all eigen-448

value λm,n in (4.17) are positive: see Fig. 4.449

2. Consider γ = π/3 and the cylinder Σ of radius r = 1/4. The cylinders C1450

and C−1 are determined by the cosine formula (4.3), obtaining c =
√

13/4.451

Then the parameter θ belongs to the interval [θ1, π− θ1] where θ1 is given by452

the sine formula (4.2), yielding θ1 = 1.289. With this information, we have453

q = 1
2
√

3
. The equation (4.12) only has one root whose numerical value is454

δ2 = 1.027. Thus ΣL is not stable if L > 2πr√
1+δ22

= 1.095.455

Looking for solutions of Eq. (4.16), the first solution is δ1 = 5.339. This456

implies that all eigenvalue λm,n in (4.17) are positive.457

2.35 2.40 2.45 2.50

0.9992

0.9994

0.9996

0.9998

1.0000

1 2 3 4

-10

-5

5

10

Fig. 4. Case (1) of Example 4.6. Left: the solutions of Eq. (4.12) with two solutions. Right:
the solutions of (4.16) where it can be observe that the first solution is bigger than 1.

Now we show an example where the roots of Eq. (4.16) are less than 1. Following458

with Cor. 4.5, we give the two cases that appear in the statement.459

Example 4.7. 1. Let γ = π/5 and r = 0.2. Then c = 0.846 and (4.2) gives
θ1 = 1.036. The value of q is 1.03. Equation (4.12) only has one solution,
η2 = 1.319: see Fig. 5. However, Eq. (4.16) has a first solution δ0 in the
interval J0, δ0 = 0.86 < 1: see Fig. 5. Then λ0,1 < 1 if and only

L >
πr√

1− δ2
0

= 0.474.

The condition µ2,1 < 0 is equivalent to L > πr√
1+µ2

2,1

= 1.269. Notice that460

the estimate in (4.20) is L > 2πr√
1+δ22

= 0.759 which it is better than πr√
1−δ20

.461

Definitively, if L > 0.759, then ΣL is not stable. In terms of the statement of462

Cor. 4.5, we have 3− 4δ2
0 = −0.019 and η2

2 = 1.740, so 3− 4δ2
0 < η2

2 .463

2. Let γ = π/10 take r = 0.6. Then c = 0.846 and θ1 = 1.036. The value of464

q is 1.136. Equation (4.12) has only one solution, η2 = 1.378. On the other465

hand, Eq. (4.16) has a first solution δ0 = 0.383 ∈ J0. Now 3 − 4δ2
0 = 2.412466

and η2
2 = 1.899. Thus if L > πr√

1−δ20
= 2.040, then ΣL is not stable. Notice467

that in this case, we have 2πr√
1+η22

= 2.213.468

Consider now the case that q is negative. This is equivalent to r > cos γ. In469

particular, this occurs if r ≥ 1 or if γ ∈ [π2 , π).470

Theorem 4.8. Let Σ be a capillary convex cylinder of radius r on C1 ∪ C−1. If471

r > cos γ then Σ is stable.472
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Fig. 5. Case (1) of Example 4.7. Left: the solutions of Eq. (4.12) with one solutions. Right:
the first solution of (4.16) is less than 1.

Proof. Since q is negative, the cases 1 + λr2 − n2π2r2

L2 ≤ 0 are not possible. Let

1 + λr2 − n2π2r2

L2 = δ2 and δ > 0. From the sine formula (4.2) we have

tan2 θ1 =
sin2 γ

c2 − sin2 γ
.

Since r > cos γ and θ1 ∈ (0, π/2), then tan θ1 = sin γ√
c2−sin2 γ

. The cosine formula (4.3)

gives
c2 − sin2 γ = (r − cos γ)2.

Thus473

(4.22) tan θ1 =
sin γ

r − cos γ
= − 1

q
474

and475

(4.23) sin θ1 = − q√
1 + q2

.476

A first case is δ = −q. From (4.15), we have −q < 1 and −q(π− 2θ1) = π
2 . Thus

θ1 = π
2 + π

4q , in particular, q > 1/2. On the other hand, sin θ1 = cos(− π
4q ) and using

(4.23), we have

cos(− π

4q
) =

−q√
1 + q2

.

This equation on q has no solutions in the interval ( 1
2 , 1). This proves that this case477

is not possible.478

Suppose now δ 6= −q. The study of stability requires the analysis of the solutions479

of Eq. (4.16). We will prove that the first solution δm of this equation is bigger480

than or equal to 1. Consequently from (4.17) and (4.19), the eigenvalues λk,n are481

non-negative for all k, n ∈ N. This shows that ΣL is strongly stable for all L > 0,482

hence Σ is stable.483

First we see that δ = 1 is a solution of (4.16). From (4.22), we have

ρ(1) = tan(π − 2θ1) = − tan(2θ1) =
2q

q2 − 1
= ϕ(1).

This proves that δ = 1 is a solution of Eq. (4.16).484

In a second step, we prove that the first solution of Eq. (4.16) is bigger than 1.485

We distinguish three cases.486
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1. Case θ1 < π/4. Since θ1 < π/4, then 1 > π
2(π−2θ1) . Because the inequality487

1 < 3π
2(π−2θ1) always holds, we have 1 ∈ J1. On the other hand, and using488

(4.23), the condition θ1 < π/4 is equivalent to −q > 1. Thus π
2(π−2θ1) < −q.489

By the behaviour of the functions ρ and ϕ, the first root of (4.16) must belong490

to J1. By unicity of the solutions of (4.16) in each interval Jm, we have proved491

1 = δ1 and δ1 is the first solution of Eq. (4.16).492

2. Case θ1 > π/4. Now this inequality is equivalent to 1 < π
2(π−2θ1) . By using493

(4.23), the condition θ1 > π/4 is equivalent to −q < 1. Thus −q < π
2(π−2θ1)494

and this implies that the first root of (4.16) must belong to J0. By unicity495

1 = δ0 and δ0 is the first solution of Eq. (4.16).496

3. Case θ1 = π/4. Then 1 = π
2(π−2θ1) and (4.23) gives −q = 1. Then the first497

root of (4.16) lies in J1, in particular, δ1 > π
2(π−2θ1) = 1. Thus the first498

solution of Eq. (4.16) is bigger than 1.499

From this theorem, it deserves to highlight three special cases of the inequality500

r > cos γ.501

Corollary 4.9. Let Σ be a capillary convex cylinder on C1 ∪ C−1. In the next502

three situations, Σ is stable:503

1. The intersection of Σ with C1 ∪ C−1 is orthogonal.504

2. The contact angle γ satisfies γ > π/2.505

3. The radius r of Σ satisfies r ≥ 1.506

5. The concave cylinder case. Suppose now that Σ is a concave cylinder
supported on C1∪C−1. As in the convex cylinder case (Sect. 4), the air-liquid interface
formed between the cylinders C1 and C−1 has two connected components. We will
consider one of such component Σ. The notation will be the following. Without loss
of generality, Σ is the concave cylinder of radius r > 0 of equation

Σ : x2 + (y + y0)2 = r2,

with y0 > 0 and 0 < r < y0. A parametrization of Σ is507

(5.1) Ψ(θ, t) = (r cos θ,−y0 + r sin θ, t), θ ∈ [θ1, π − θ1], t ∈ R,508

where the value of θ1 is determined by the contact of the cylinder with the supports509

C1∪C−1. See Fig. 6. Given C1∪C−1, the existence of a concave cylinder liquid is not510

assured for any value of y0. For this, it is necessary that
√
c2 + y2

0 − 1 < y0, where511

c = c1 = 1 + d. This is equivalent to c2 − 1 < 2y0. Once we get the value of y0, let512

R =
√
c2 + y2

0 . Then the value of the radius of r of Σ varies in the interval (R−1, y0).513

If r → R− 1, then γ → 0. Notice that 0 < γ < π/2.514

The domain Ω (liquid) is bounded by Σ, the reflection of Σ about the xz-plane
and C1 ∪ C−1. The orientations N towards Ω and N outwards Ω are, respectively,

N(x, y, z) =
1

r
(x, y + y0, 0), N ε(x, y, z) = −(x− cε, y, 0).

The cosine formula and sine formulas give515

(5.2) cos γ =
R2 − r2 − 1

2r
,

R

sin γ
=

1

sin(θ1 − φ)
,516

where the angle φ is given by sinφ = y0/R (Fig. 6).517
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Σ

C−1 C1

r

2d

R

γ

θ1

φ

y = −y0

Ω
N N

Fig. 6. The concave cylinder case.

The difference in the eigenvalue problem (2.6) with respect to the convex case is
the computation of b. Now A(ν, ν) = − 1

r and A(ν, ν) = −1. Thus

b = −cos γ + r

r sin γ
.

Let

q = rb = −cos γ + r

sin γ
.

Notice that q is negative because γ < π/2.518

We now truncate Σ by compact pieces of length L > 0 in the z-coordinate. Let519

ΣL = Ψ([θ1, π − θ1]× [0, L]). First we have520

g(t) = d sin(
nπ

L
t), d ∈ R,521

where C = n2π2

L2 , n ∈ N, n 6= 0. The discussion for f is similar as in the convex case522

given in Th. 4.8. Following the same arguments, the cases 1 + λr2 − n2π2r2

L2 ≤ 0 are523

not possible because the constant q is negative.524

Theorem 5.1. Any capillary concave cylinder on C1 ∪ C−1 is stable.525

Proof. As we have seen, the discussion of the eigenvalues of the Sturm-Liouville526

eigenvalue problem in ΣL reduces to the case 1 + λr2 − n2π2r2

L2 = δ2 and δ > 0. We527

will prove that all eigenvalues λ are non-negative. As in the proof of Th. 4.8, the528

cosine and the sine formulas (5.2) give529

(5.3) tan(θ1 − φ) = − 1

q
, sin(θ1 − φ) = − q√

1 + q2
.530

The first case to consider is δ = −q. As in the proof of Th. 4.8, this case is not531

possible.532

Suppose now δ 6= −q. We need to study the solutions of Eq. (4.16). However,533

from (5.3) and as in the proof of Th. 4.8, we know that the solutions of534

(5.4) tan(δ(π − 2(θ1 − φ))) = 2
δq

q2 − δ2
535
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are bigger than or equal to 1. Notice that the vertical asymptotes of the graphic of536

the function δ 7→ tan(δ(π− 2(θ1−φ))) are displaced to the left direction with respect537

to that of the graphic of the function ρ(δ) = tan(δ(π − 2θ1)). This proves that the538

first root of (4.16) is bigger than the first root of (5.4) and consequently, the first root539

of Eq. (5.4) is strictly bigger than 1. Again all eigenvalues λm,n are positive for all540

m,n ∈ N. This proves that ΣL is strongly stable and thus Σ is stable.541
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