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A B S T R A C T

This work presents the design, elaboration, analytical calculation and experimental results of laminated beams 
internally reinforced with pultruded carbon fiber (CFRP) of high mechanical performance. During the rehabil
itation of the Chapel Courtyard of the Royal Hospital of the University of Granada (Head Office of the Rectorate), 
three sawn timber beams were found to be completely broken due to a high eccentric load. For this purpose, an 
exhaustive control was carried out to classify the lamellas that make up the laminated beams into three qualities 
according to their longitudinal modulus of elasticity measured by non-destructive tests. Once the beams were 
produced, elastic and non-destructive tests were carried out before and after embedding the reinforcement. 
Finally, one of the beams was subjected to a flexure to failure test as a control element, with the remaining beams 
being placed in the actual construction site. In addition, this work presents a novel method to calculate the static 
global modulus of elasticity with a formulation based on the strains recorded by strain gauges. In addition, an 
analytical formulation estimating the global shear modulus of the element is presented. The results show a 
considerable increase of the global modulus of elasticity due to the CFRP, improving the strength and ductility. 
Finally, the analytical results show a good correlation with the experimental results.

1. Introduction

The first signs of the use of wood in construction date back to the 
Mesolithic (12000–9000 BC), being reflected in the treatise "de Arqui
tectura" by Marco Vitruvio (25 BC), highlighting its beauty, strength, and 
usefulness as a building material and defining the qualities and uses of 
wood [1]. At the beginning of the 20th century, timber construction was 
based on round logs or sawn timber. This is why, structurally, the entire 
world heritage is made up of elements that include the natural imper
fections of wood, such as knots and splits. When renovating a building 
(heritage or otherwise), a first response must be given whether the 
timber elements should be replaced or repaired [2]. In the case of the 
need for replacement, this becomes more complicated in the case of 
protected buildings, such as those included in the highest protection 
classification in Spain (BIC or Bien de Interés Cultural).

Today, structural engineered wood products (EWP) are widely used 

due to their excellent mechanical properties at a low weight [3]. The two 
most widespread products are glued laminated timber (GLT) and 
cross-laminated timber (CLT). These products allow the production of 
elements with greater structural uniformity, and therefore greater 
stiffness and strength [4]. The use of GLT for replacing sawn timber in 
historic buildings is a common practice [2]. However, in certain situa
tions, due to the modifications that buildings undergo during their 
lifetime, structural elements can be subjected to high loads far beyond 
their original design [5]. This means that even the mere replacement by 
a conventional EWP such as GLT may not be sufficient due to the high 
mechanical performance required. In addition, the heritage protection 
limits the beam cross-section in base and height (the latter being the 
most critical as it cannot provide the beam with a higher inertia).

In this situation of high structural performance and section restric
tion of the slab element, new reinforcement solutions are emerging, such 
as the use of composite materials, see [6] for CFRP cords, or [7]and [8]
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for pultruded carbon fiber laminates or CFRP. The CFRP reinforcements 
have traditionally been mainly used in conventional reinforced concrete 
beams and slabs to strengthen and improve the flexural capacity. These 
include the use of discontinuous structural synthetic fibers (DSSF) [9, 
10], CFRP laminates with varying layer numbers [11] and transverse 
anchor strips [12], and CFRP cords [13], which offer improved 
compatibility and flexural performance. Furthermore, these reinforce
ment methods have shown enhanced load-bearing capacity under 
high-temperature conditions, where the mechanical properties of con
crete tend to degrade [9,14]. Therefore, its application to timber is 
straightforward.

In timber the CFRP provides an optimum ratio between the lightness 
and high stiffness contribution, [15]. The introduction of these elements 
in the outer layers of the glued laminated beam [16] increases the 
compressive and tensile behaviour and the overall modulus of elasticity, 
as well as the ductility of the element [17] and [18]. However, visually, 
the fiber is exposed, which is a negative aesthetic aspect that is key and 
unfeasible for use in heritage buildings where the reinforced elements 
are exposed. For this reason, the solution of embedding the reinforce
ment in the production of the laminated beam arises, solving of this 
inconvenience and providing an effective reinforcement solution as 
shown by [19] and in the state of the art [20]. In recent years, the sig
nificant rise in structural loads and spans has led to an increase of the 
bonding length of CFRP, in some cases requiring the implementation of 
anchorage systems to secure the laminates. The studies conducted by 
[21] and [22] have experimentally and numerically confirmed the 
enhancement in load-bearing capacity provided by such anchorages. 
Furthermore, [23] have also demonstrated the structural improvement 
offered by the anchorage systems under dynamic impact loading 
conditions.

The main aim of this work is the structural rehabilitation of the 
historic Head Office of the University of Granada (Royal Hospital of 
Granada) through the use of glued laminated timber beams reinforced 
with carbon fiber-reinforced polymer (CFRP), employing local pine 
wood. Given the status of the building as a Bien de Interés Cultural (BIC), 
which imposes the highest level of heritage protection in Spain, 
dimensional constraints were imposed. In response to these conditions, 
that is, i) high loads, ii) eccentric loading, and iii) strict cross-section 
limitations, the only viable solution that preserved the use of struc
tural timber was the fabrication of high-performance glulam beams, 
internally reinforced with a CFRP plate and composed of high strength 
timber lamellas with optimally distributed along the cross section.

This paper presents the methodology and results of enhancing the 
mechanical performance of four custom-made CFRP-reinforced glulam 
beams, ad-hoc designed for the structural rehabilitation of a protected 
historical building. The reinforcement strategy presented in this work 
introduces two key innovations. First, the structural optimization of 
glulam beams is achieved through the strategic arrangement of lamellas 
based on non-destructive mechanical grading. This enables the place
ment of higher-stiffness lamellas in zones of maximum stress, enhancing 
the overall bending performance of the beam. Unlike previous ap
proaches that rely on mixed-species configurations [24], 2022) or nu
merical metaheuristic optimization of lamella layout without 
experimental validation [25] the proposed method is experimentally 
verified to beams reinforced with carbon fiber-reinforced polymer 
(CFRP). The second innovation involves the development and experi
mental validation of two novel analytical models to estimate the global 
equivalent modulus of elasticity (MoE) and shear modulus (G) in glulam 
beams composed of lamellas with variable mechanical properties. The 
first model is based on the measurement of tension and compression 
strains, incorporating the different mechanical behavior of timber in 
tension and compression. The second model estimates the global shear 
modulus from the individual shear moduli of each lamella, obtained via 
non-destructive testing. Both models provide practical alternatives to 
conventional methods outlined in [26], such as the load-deflection 
approach or the torsion-based span methods.

Given the geometric limitations, the integration of an embedded 
CFRP laminate is essential to satisfy the bending requirements without 
increasing the cross-section of the beam. The process exposed in Section 
3 involved: i) selection and grading of Pinus nigra boards from Anda
lusia via visual and non-destructive methods; ii) classification of la
mellas into three stiffness grades and their optimized distribution in the 
cross-section; iii) fabrication of glulam beams with internal CFRP rein
forcement; iv) full-scale flexural testing, including ultimate failure of 
one specimen and elastic testing of three beams installed on site; and v) 
final installation in the building. Alongside quality control through both 
destructive and non-destructive techniques, the proposed analytical 
models presented in Sections 3.6 and 3.7 provide practical tools for 
improving the accuracy of structural calculations that will help to 
discuss and interpret the results presented in Section 4.

2. General description of the historical building, the structural 
situation and pre-dimensioning

The Royal Hospital of Granada, founded in 1504, is currently the 
headquarters of the University of Granada. It is a building that is 
representative of a period of urban transformation from a Muslim city to 
a Christian city, within the context of the new state established by the 
Catholic Monarchs. From the 16th century onwards, the cross-shaped 
ground plan was introduced in Spain, and it was in the Granada hospi
tal that the cross was completed for the first time with the four large 
courtyards [27].

It is a building with a Greek cross floor plan, inscribed in a square, 
which includes four courtyards in each of its corners, the courtyard of 
the Marbles, the courtyard of the Chapel (the site of the work), the 
courtyard of the Archive and the courtyard of the Innocents. In the upper 
porticoed gallery of this courtyard (east corner), with a clear Italian 
influence, is where the volume that is the subject of this work is located, 
which functionally arises as an access staircase to the outside of the roofs 
and dome of the building.

As shown in Fig. 1-a, this 7 t staircase is eccentric to the floor slab, 
causing a high bending moment and shear to the beams underneath it 
(Fig. 1-b). The three beams under the staircase collapsed, being the span 
between the supports equal to 3600 mm. As a BIC building (Bien de 
Interés Cultural, higher protection of the heritage in Spain), the beams 
could not increase in width (120 mm), and the maximum edge limit 
according to the intervention was 270 mm.

In order to establish the design of the glulam beams, pre- 
dimensioning was carried out using the DLUBAL RFEM v5.30 pro
gram. The calculation showed that beams of strength class GL32c were 
not capable of meeting the required high mechanical performance, 
proving the need for the use of CFRP. In particular, the unreinforced 
beams resulted in a deflection and shear depletion ratio of 1.15 and 1.05 
(1 being the maximum capacity limit). Based on previous work by our 
research group [18], the same calculation was performed for a 
CFRP-strengthened beam, resulting in values of 0.89 and 0.95, 
respectively.

Fig. 1. a) Location of the staircase inside the wall b) Beams under the staircase 
totally fractured.
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3. Materials and methods

3.1. Timber selection and characterisation

It was used wood from Laricio Pine or Pinus nigra of Andalusian 
origin (Monte de Navahondona-Parque Natural de Cazorla, Segura y las 
Villas), approximately 180 years old. Logs of 2500 mm in length were 
obtained, as shown in Fig. 2-a. The logs were transported to a local 
sawmill, where boards of dimensions 50 × 150 x 2500 mm were sawn. 
These boards were dried for 6 months under natural conditions, with 
adequate ventilation and protection from rain and direct sunlight. Once 
the moisture content (MC) was 11 ± 2 %, according to [28], 85 boards 
were visually selected that met the requirements of a visual class ME-1 
according to the Spanish standard [29]. After visual selection, the 
wood was taken to our laboratory for mechanical characterisation using 
non-destructive methods. According to the method described in Section 
3.4, longitudinal resonance acoustic tests were performed to obtain the 
dynamic modulus of elasticity or MoEdyn,L of all boards [30]. The values 
were corrected to 12 % MC according to the standard [28], obtaining the 
normal distribution curve shown in Fig. 2-b.

As can be seen, the MoEdyn,L values vary from 10500 to 18000 MPa, 
the mean value being 13869 MPa with a standard deviation of 
1565 MPa. In terms of tensile strength class [31], variations were ob
tained from T13 to T30 (or higher), with more than 50 % of the boards 
above class T26. In order to verify this strength class, 20 tensile to failure 
tests were carried out on wood from the same batch, obtaining a failure 
strength of 53 MPa, equivalent to a T30 class.

3.2. FRP and epoxy adhesives

DRIZORO® COMPOSITE 1412 carbon fiber laminate (120 mm wide) 
was used as embedded reinforcement. This product is an epoxy matrix 
laminate obtained from a continuous and automated pultrusion process. 
Table 1 shows the main mechanical properties of the CFRP laminate.

MAXPRIMER-C primer was applied at 0.25 kg/m2 to improve the 
wood-CFRP adhesion [32]. After drying the primer (24 h at 20◦ C and 
50 % of relative humidity), the CFRP reinforcement was applied with 
MAXEPOX CS adhesive, applied at 0.6 kg/m2.

3.3. Glulam beams: desing and manufacturing

According to the calculation, the base glulam (without CFRP) was 
required to be of class GL32c. Therefore, the T-class distribution defined 
[31] was employed. Specifically, the combination that differentiates 
between the outer, intermediate and inner laminate zones ([33]- Fig. 7) 
was applied, corresponding to the minimum classes T26, T18 and T11, 
respectively.

A total of 4 beams were produced, 3 to be tested in bending in the 
elastic range and placed on site and 1 to be tested to failure as a control. 

After cleaning the knots and defects, 36 lamellas with a cross-section of 
40 × 140 and a length of 3600 mm were obtained using finger joints.

In order to optimise both the use of wood and the contribution of the 
reinforcement in terms of mechanical performance, two strategies were 
carried out: i) Design in glulam section by differentiating 3 strength 
grades, associated with the zones described by the [33]; ii) Place the 
CFRP reinforcement as close as possible to the face of maximum tensile 
efforts.

Regarding i), a cross-section design was established by differenti
ating 3 lamella qualities (Fig. 3-a) according to their MoEdyn,L. These 
qualities are associated with the stress distribution, with the outer la
mellas being the most stressed and therefore the ones with the highest 
modulus of elasticity or required quality (quality 1). A quality require
ment of quality 2 was assigned to the immediately adjacent lamellas 
and, finally, quality 3 was assigned to the central lamellas. With the 
design and number of lamellae required by quality, non-destructive 
resonance tests were carried out to obtain their MoEdyn,L, associating 
each lamella with a given quality (Fig. 3-b).

The modulus of elasticity ranges obtained were [11113–14674], 
[14729–16051] and [16163–18062] MPa for grades 3, 2, and 1, 
respectively. This translates into classes T14 to T26 for grade 3, classes 
T26 to T30 for grade 2, and class >T30 for grade 1. The 4 lamellas with 
the lowest elastic modulus were discarded, resulting in 32 final lamellas 
(8 per beam). The average value of the lamellae had a slight increase of 
1.2 % (14050 MPa) compared to the values obtained in the sawn board.

As can be seen in Fig. 3-a, the lamella thickness on the maximum 
tensile face (L1) was set at 23 mm, compared to 32 mm for the other 
ones. This is due to strategy ii), allowing the reinforcement to provide 
the greatest possible mechanical improvement without compromising 
the integrity of the lamella itself. The final beam length was 3500 mm. 
In addition, the dynamic shear modulus of elasticity (Gdyn) of each 
lamella was measured by resonance testing, yielding a mean value of 
935 MPa and a standard deviation of 192 MPa.

After grading and final machining of each lamella, the laminated 
beams were produced in two phases (Fig. 4). First, lamellas L2 to L8, 
with a final thickness of 32 mm, were glued and pressed (Phase 1-
Fig. 4a). LOCTITE® HB S709 PURBOND polyurethane-based single- 
component adhesive was used for gluing. This adhesive was tested ac
cording to UNE-EN 15425 and classified as Type I for use in all service 

Fig. 2. a) Cutting of wood b) Normal distribution of the dynamic modulus of elasticity in sawn board. Discontinuous line: MoEdyn,L medium. Continuous line: T 
classes according to [31].

Table 1 
Mechanical characteristics of the CFRP Drizoro Composite.

Modulus of elasticity (GPa) 170

Thickness (mm) 1.4
Tensile strength (GPa) 2.60
Ultimate elongation (%) 1.60
Tensile strength for design (GPa) 1.32
Recommended elongation for design (%) 0.80
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classes. The adhesive has a viscosity of 24000 mPa-s (Brookifield 20 ◦C / 
20 rpm, spindle 6), with resistance to weak alkalis, acids and solvents. 
The pressing was carried out in the STROMAB SL2 hydraulic press with a 
pressure of 1 N/mm2. Finally, both the main body (L2 to L8) and the 
single lamella (L1) were subjected to 4-point bending tests in the elastic 
range (Section 3.5).

Phase 2 (Fig. 4.b): after curing of the adhesive, the CFRP plate and 
the wooden L1 lamella were bonded using MAXPRIMER - C primer on 
the contact faces, followed by MAXEPOX - CS epoxy resin.

Finally, a density of 541, 537, 562 and 545 kg/m3 was obtained for 

beams 1, 2, 3 and 4, respectively. In order to verify the quality of the 
bond between laminae, shear tests of glue line were carried out ac
cording to EN 14080- Annex D, obtaining a shear strength fv of 13.3 MPa 
with a wood failure greater than 98 %. This result comfortably meets the 
standard requirements (minimum shear strength of 6 MPa and mini
mum wood failure of 90 %).

Fig. 3. a) Design of the laminated beam according to the lamella quality. b) Normal distribution of the dynamic modulus of elasticity for the lamellas. c) Association 
with each quality.

Fig. 4. Processing steps of the CFRP internally strengthened laricio pine beams. a) Phase 1. b) Phase 2.

Fig. 5. Setup for the non-destructive resonance test (NDT). a) longitudinal test. b) transversal test.
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3.4. Non-destructive testing (NDT). Estimation of the longitudinal and 
shear moduli of elasticity (MoE and G)

The non-destructive (NDT) acoustic resonance test was used to 
determine the longitudinal and shear moduli of elasticity. The hypoth
esis of the homogeneity of the geometrical and mechanical properties of 
the beam is considered, as well as the basic theorems of the longitudinal 
and transverse vibration dynamics. The tests were performed in longi
tudinal and transverse directions to the sawn timber boards and subse
quently to the lamellas, and finally to the four manufactured beams. 
Fig. 5-a shows the setup for the longitudinal resonance test. Each sample 
(boards, lamellas, and beams) was placed on two elastic supports and 
subjected to free vibrations in the direction of the fibers (longitudinal 
test) or in the perpendicular direction (transversal test). The hit in both 
cases was applied with a timber hammer at one end and the microphone 
captured the elastic wave signal (T-bone MM-1 Thomann) at the other 
end. The signal was acquired by the oscilloscope (Picoscope® 4424 with 
80 Ms/s maximum sampling frequency) from the microphone, and the 
data are analysed using the BING (Beam Identification by Non- 
Destructive Grading) software [30].

The MoEdyn,L is calculated using the Bernoulli model [11] according 
to the following Eqs. (1)-(2): 

Cp = 2 Lm • f1 (1) 

MoEdyn,l = ρm • Cp (2) 

where CP is the propagation velocity of the stationary waves generated 
at the first frequency of resonance f1, Lm is the length of the sample, and 
ρm is the density of the specimen. The moisture content was measured 
for each specimen, and then the MoEdyn,L was adjusted, using a relative 
moisture content of 12 % from [12] as the reference value.

For the transversal test, this software uses the theory proposed in 
[30], which is based on the bending resonance frequency and the Tim
oshenko bending theory to determine the transverse modulus of elas
ticity MoEdyn,T and the shear modulus Gdyn under free boundary 
conditions. To find Gdyn, the resonance motion of a beam as a first-order 
approximation is used in Eq. (3): 

MoEdyn,T
/

ρm = (MoEdyn,T
/
KGdyn)Xn +Yn (3) 

where, MoEdyn,T is the transverse dynamic modulus of elasticity in the 

Fig. 6. Distributions of a section subjected to a bending moment M. a) rectangular timber cross-section with different moduli of elasticity in tension and compression. 
b) strain distribution. c) stress distribution.

Fig. 7. a) Real section of study composed by 8 lamellas. b) homogenous section. c) shear stress distribution in the homogenous section. d) shear stress distribution in 
the real section.
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edgewise position, ρm is the density of the specimen, K is the shear factor 
with a value of K = 5/6 for a rectangular cross-section, and Xn and Yn are 
parameters that depend on the mode of vibration.

To evaluate the real improvement of the CFRP in the glulam beam, 
NDT tests were carried out in the two phases of beam elaboration 
described in Fig. 4. and in reference [18]. From this, the modulus of 
elasticity and shear modulus of the main section (Phase 1, 7 lamellae) 
plus the L1 lamella were obtained. Applying the formulation from [34]
based on the transformed section formulation and the Steiner theorem, 
the total MoEdyn,L of the beams without the CFRP reinforcement was 
estimated.

3.5. Static tests

All the beams were subjected to 4-point bending tests in the elastic 
range (Phases 1 and 2 of elaboration) according to [26], one of them 
being taken to rupture as a control element. The tests were carried out 
on a Microtest EM2/200 machine, which has an electric actuator with a 
maximum capacity of 200 kN. A displacement control speed of 
12 mm/min was set. The distance between the supports and the distance 
between the load application points was established according to the 
standard [26]. The strains of the central section were measured using 
four HBM strain gauges, series K-CLY4–0100–1–120–3–005. Specif
ically, one was placed on the upper face (maximum compression), one 
on the lower face (maximum tension), and two lateral gauges on the L2 
lamella. The latter allowed the position of the neutral fiber to be ob
tained. Of the four beams fabricated in accordance with the design 
conditions, the one with the lowest modulus of elasticity was selected 
and subjected to failure testing as the control specimen (beam 4). The 
remaining three beams were tested at 40 % of the maximum load 
reached by beam 4.

The static global modulus of elasticity MoEst was calculated using the 
force-displacement relationship (F-w) between 10 % and 40 % of the 
maximum force, as prescribed by the standard [26](see Eq. 4). The 
maximum stress fm was also calculated from the standard [26] (see Eq. 
4). Where F is the maximum load of the only beam that could be tested to 
failure, (a) is the distance between the load cell and the nearest support, 
b is the width of the beam, and h is its depth. 

MoEst =
3al2 − 4a3

2bh3

(

2 w2 − w1
F1 − F2

− 6a
5Gbh

) (4) 

fm =
3Fa
bh2 ; σ =

F⋅L
b⋅h2 

3.6. Analytical approach for the computation of the equivalent 
longitudinal modulus elasticity of a timber section with different behaviour 
in tension and compression

The equivalent longitudinal modulus of elasticity MoEeq of a timber 
section with different moduli of elasticity in tension MoEt and 
compression MoEc, (Fig. 6.a) can be computed through the strains 
measured in the tension εt

xmax (bottom) and compression εc
xmax (top) 

areas in the four point bending test (see Fig. 11.b). In an infinitesimal 
volume dV subjected to longitudinal stress σx, its strain energy dU is 
given by Eq. (5): 

dU = 1/2σxεxdV = 1/2σxεxdxdA (5) 

The total energy per unit length in a cross-section of width b and 
height h subjected to a bending moment M that produces the stress- 
strain distributions depicted in Fig. 11. is Eq. (6): 

dU
dx

= 1/2
∫

A
σxεxdA = 1/2

∫

Ac
σc

xεc
xdA+1/2

∫

At
σt

xεt
xdA (6) 

The maximum compression σc
xmax and tension σt

xmax stresses are 

computed according to [35] as function of M, MoEt and MoEc as Eq. (7): 

σc
xmax =

− 3
(

1 +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
MoEc/MoEt

√ )

bh2 M, andσt
xmax

=
3

(
1 +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
MoEt/MoEc

√ )

bh2 M. (7) 

Taking into account that the position of the neutral axis YN can be 
defined according to [35] as a function of the moduli of elasticity in 
tension and compression as YN =

̅̅̅̅̅̅̅̅
MoEc

√

̅̅̅̅̅̅̅̅
MoEc

√
+

̅̅̅̅̅̅̅̅
MoEt

√ h. Therefore, the maximum 
stresses can be expressed as Eq. (8): 

σc
xmax =

− 3
(

1 + YN
h− YN

)

bh2 M, andσt
xmax =

3
(

1 + h− YN
YN

)

bh2 M.

(8) 

And their corresponding distributions are Eq. (9) ~ (10): 

σc
x = σc

xmax
y
YN

, σt
x = σt

xmax
− y

(h − YN)
(9) 

εc
x = εc

xmax
y
YN

, εt
x = εt

xmax
− y

(h − YN)
. (10) 

Additionally, YN can be computed with εc
xmax and εt

xmax as YN =
εt
xmax

εt
xmax − εc

xmax
h. Finally, the integrals in the compression and tension areas, 

and the total energy of the section are evaluated as Eqs. (11), (12):: 
∫

Ac
σc

xεc
xdA =

∫ h− YN

0

σc
xmax εc

xmaxb y2

(h − YN)
2 dy =

− εc
xmax
h

M,

∫

At
σt

xεt
xdA =

∫ 0

− YN

σt
xmax εt

xmaxb y2

Y2
N

dy =
εt

xmax
h

M. (11) 

dU
dx

=
1
2

∫

Ac
σc

xεc
xdA+

1
2

∫

At
σt

xεt
xdA =

εt
xmax − εc

xmax
2h

M. (12) 

The energy of the same section with an equivalent material with 
equal moduli in tension and compression is given by Eq. (13): 

dU
dx

=
1
2

∫

A
σxεxdA =

bM2

2MoEeq I2

∫

A
y2dA =

3M2

MoEeq bh3 (13) 

Equating both energies, substituting the maximum moment of the 
four-point bending test M=Fa/2, the modulus of elasticity MoEeq results 
as Eq. (14): 

Fig. 8. Longitudinal dynamic modulus of elasticity of each beam according to 
the position of the lamella. Discontinuous black line: Mean value.
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MoEeq =
6M

bh2( εt
xmax − εc

xmax
) =

3Fa
bh2( εt

xmax − εc
xmax

). (14) 

Although the computation of this modulus comes from an analytical 
formulation, the authors called it as MoEeq to denote that it is computed 
through the data (strains and moment) from four point bending static 
tests.

3.7. Analytical approach for the computation of the equivalent shear 
modulus G of a composite section

The equivalent shear modulus Ganalytic of a rectangular cross-section 
of width b and height h composed of N lamellas, each having a different 
thickness hi, and shear modulus Gi, (Fig. 7.a), can be computed using the 
Transformed Section Method and the Parallel Axis Theorem, see [36]. 
Considering an infinitesimal volume dV subjected to shear stress τxy, 
then the strain energy dU can be calculated as Eq. (15): 

dU = 1/2τxyγxydV = 1/2τxyγxydxdA (15) 

Where γxy is the shear strain. The total energy in a cross-section 
composed of N lamellas is Eq. (16): 

dU
dx

= 1/2
∫

A
τxyγxydA = 1/2

∑N

i=1

∫

Ai

τi
xyγi

xydAi. (16) 

The shear stress in a section composed of multiple materials is 
computed through the transformed section method converting the real 
section into a fictitious homogeneous section with modulus of elasticity 
MoEh (Fig. 7.b). In the case of reinforced beams. the shear modulus of 
the CFRP laminate (out-of-plane) was obtained using the equations 
described in [37], taking into account a Poisson’s ratio of 0.3 [37]. 
Applying the Collignon-Jourawski formulation [38] to the homoge
neous section (Fig. 7.c), and transforming into the real ones, the shear 
stress τi

xy and shear strain γi
xy in a lamella i with modulus of elasticity 

MoEi and shear modulus Gi are: τi
xy = ni

VyShi
bhiIhi 

(Fig. 12.d), and γi
xy =

τi
xy
Gi

. 
Where ni = MoEi/MoEh is the modular ratio, Vy is the shear force, 
bhi = ni bi is the width, Shi is the static moment and Ihi is the moment 
of inertia, each of lamella i of the homogeneous section. Therefore, the 
energy can be written as Eq. (17): 

dU
dx

=
1
2
∑N

i=1

∫

Ai

n2
i

V2
yS2

hi

Gib2
hiI

2
hi

dAi =
V2

y

2
∑N

i=1

n2
i

Gi

∫

Ai

Sz
hi

2

nibhiI2
hi

dy

=
V2

y

2
∑N

i=1

n2
i

GiArhi
(17) 

Where 1
Arhi

=
∫

Ai

Sz
hi

2

nibhiI2
hi

dy is the reduced area of lamella i in the homoge

neous section. The energy of a section composed by an equivalent ma
terial Eq. (18): 

dU/dx =
V2

y

2G

∫

A

S2
z

bI2 dy =
V2

y

2GAr
(18) 

Equalling both energies, the following relation is obtained from Eq. 
(19): 

Fig. 9. 4-point bending test until failure of reinforced beam 4: a) Load-displacement diagram. b) Stress-strain diagram in tension (orange) and compression (blue).

Fig. 10. Failure of the beam due to compression perpendicular to the grains.

Fig. 11. Diagrams for 4-point bending tests in the elastic range of the reinforced beams 1, 2 and 3. a) Load -displacement curves. b) Stress-strain curves.
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V2
y

2
∑N

i=1

n2
i

GiArhi
=

V2
y

2GAr
, (19) 

and the shear modulus of the equivalent section is Eq. (20): 

Ganalytic =
1

Ar
∑N

i=1
n2

i
GiArhi

. (20) 

4. Results and discussion

Table 2 shows the final section distribution of the 8 lamellas that 
make up each beam, identifying their position of the lamella (PL) and 
assigned quality (Q), dynamic shear modulus Gdyn, dynamic longitudinal 
modulus of elasticity and the corresponding T class (TC) according to 
[33].

The dynamic modulus of elasticity (MoEdyn) of each lamina 
comprising the cross-section of each beam is presented in Fig. 8. and 
Table 2, all beams met the minimum requirements of the combined 
glulam standard to achieve a GL32c strength class. The 4 beams follow a 
similar trend in their MoEdyn,L distribution according to the position of 
the lamella, corroborating the correct design of the beams and the 
quality association. The central lamellas (L4 and L5) have the lowest 
modulus, making them coincide by design with the position of the 
neutral fiber.

For qualities 1 and 2, an average MoEdyn,L of 16569 and 14920 MPa 

was obtained, respectively, which represents an increase of 28 % and 
15 % with respect to the average value of quality 3, respectively. As for 
the dynamic shear modulus, as expected, no differences were observed 
between the qualities, with average values of 952, 949 and 941 MPa for 
qualites 1, 2 and 3, respectively.

Table 3 shows the obtained static (MoEst), resonance (MoEdyn), and 
analytical (MoEeq) moduli of elasticity for the unreinforced and rein
forced beams. In addition, the dynamic and analytical shear modulus 
(Gdyn and Ganalytic, respectively) are included. The properties of the 
beams before strengthening were obtained according to the methodol
ogy described in Sections 3.4, 3.5, 3.6 and 3.7.

These results are in agreement with the design phase presented 
previously (Table 2), with beam 3 being the only one with a T30 grading 
for its L1, L2, L7 and L8 laminae. These laminae represent 48 % of the 
cross-section, with laminae L1 and L2 being in the bottom 22 % 
(maximum tensile) and laminae L7 and L8 in the top 26 % (maximum 
compressive). For the remaining beams, L2 and L7 laminae are graded 
T26/T24 according to design. This shows that a proper pre-section 
design phase with a classification of the laminae allows optimisation 
of the overall mechanical properties of a laminated beam. Looking at the 
average modulus of elasticity values, the three moduli obtained are 
similar, with the equivalent modulus (MoEeq) being slightly higher 
(1.9 % with respect to MoEst). All the beams exceeded the minimum 
value of 13500 MPa established by the standard for a GL32c beam.

In terms of the shear modulus, Table 3 shows that Gdyn is similar 
between the beams, with an average value of 1014 MPa. Here again, this 

Fig. 12. Installation of the beams. a) Aesthetical stepped pieces. b) Placement of the beams on site and installation of the beams under the staircase. c) Bottom view 
of the floor slab after the final finishing of the beams.

Table 2 
Position and quality (POS/Q), dynamic shear modulus Gdyn, dynamic longitudinal modulus of elasticity MoEdyn,L, and strength T class (TC) of each lamella.

Beam 1 Beam 2 Beam 3 Beam 4

POS/Q Gdyn 

(MPa)
MoEdyn,L 

(MPa)
TC Gdyn 

(MPa)
MoEdyn,L 

(MPa)
TC Gdyn 

(MPa)
MoEdyn,L 

(MPa)
TC Gdyn 

(MPa)
MoEdyn,L 

(MPa)
TC

PL8/ 
Q1

728 16570 T30 855 16612 T30 820 16842 T30 1356 14319 T26

PL7/ 
Q2

847 14729 T26 1054 14898 T26 1030 15962 T30 864 13900 T24

PL6/ 
Q3

1236 13354 T21 874 13983 T24 828 14674 T26 1125 12499 T18

PL5/ 
Q3

993 12801 T18 522 12871 T18 724 13284 T21 774 11113 T14

PL4/ 
Q3

999 11921 T16 1110 11319 T14 1098 12706 T18 950 12959 T18

PL3/ 
Q3

841 13424 T21 1026 13551 T24 1167 13646 T24 796 13285 T21

PL2/ 
Q2

1224 14964 T26 943 14838 T26 775 16051 T30 855 14015 T26

PL1/ 
Q1

1088 16163 T30 907 17657 T30 1214 18062 T30 646 16326 T30
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is consistent with the design phase (Table 2), as the laminae were 
randomly positioned for this mechanical property. For the analytical 
shear modulus, a difference of up to 17 % (beam 4) is obtained with 
respect to the dynamic measurement. According to the Collignon- 
Jarowski formulation [36], the internal lamellas have a large influ
ence on the shear modulus of the beam. Note that the individual moduli 
of these lamellas (L3 to L6) in each beam are very similar to the overall 
analytical value obtained. This is clearly marked in beam 2, with a 
difference in Ganalytic of 21 % compared to beam 1 due to the 522 MPa of 
the L5 lamella. For all beams, the G value obtained is higher than the 
650 MPa required at [33]for a GL32c beam.

Table 3 also shows the elastic properties obtained after reinforce
ment and their respective percentage changes compared to the unrein
forced beams. In general, all the moduli of elasticity improve when the 
beams are strengthened. In particular, the static modulus increased by 
up to 21 % (beam 1), with an average value of MoEst for the 4 beams of 
16961 MPa. This value is 26 % higher than the value required by the 
standard [33] for a GL32c beam. Looking at the MoEdyn,L, there is hardly 
any improvement compared to the strengthened beams, with an average 
variation of 5 %. This effect has been previously verified [30], due to the 
fact that the CFRP plate has a small cross-section, making it impossible 
for non-destructive techniques to evaluate the improvement in stiffness 
that it brings to the overall beam. Applying the formulation developed in 
Section 3.6, values very similar to MoEst are obtained, with an average 
variation of only 0.7 %.

Table 4 shows the equivalent modulus of elasticity values given in 
Table 3, the relative position of the neutral fiber with respect to the 
bottom face (YN/h) in %, as well as the respective tensile and 

compressive elastic moduli and their respective variations with respect 
to the overall equivalent modulus for the beams before and after rein
forcement. Compared to the unreinforced beams, in all cases the neutral 
fiber is slightly below the centre of the cross-section (50 %). This is due 
to the symmetry by design carried out in the production of the glulam 
beams (Table 2). In the design phase, Fig. 8 shows that due to the 
symmetry in the quality distribution, the neutral fiber should be around 
50 % of the cross-section, a fact that is corroborated by the results in 
Table 4. In particular, the neutral fiber obtained from the strain gauges 
only shifts downwards by 1.3 % in the unreinforced beams. This sym
metry is observed in the tensile and compressive moduli of elasticity 
obtained using the strain gauges, with a variation between them of 
11 %. Similarly, the variation of the tensile and compressive moduli of 
elasticity with respect to the MoEeq obtained maintains the aforemen
tioned symmetry, with a slight overall difference of less than 6 %.

After applying the reinforcement to the beams, the neutral fiber 
decreases to 44 % of the total cross-section. This effect is logical due to 
the presence of the reinforcement on the tension face. This translates 
into an improvement in the average tensile modulus of elasticity of 
14.5 % compared to the beams before reinforcement. Although lower, 
the compressive modulus of elasticity is improved by an average value of 
5.4 %. The greatest improvement after the application of the compres
sion stiffening occurs in beam 4, with an increase of 15 %. Looking at 
Table 2 (beam design), beams 1–3 have an average MoEdyn,L in the 
compression block (L5 to L8) of 14364, 14591 and 15191 MPa, 
respectively, while for beam 4 this block has an average value of 
12958 MPa, 12 % lower. Therefore, even in compression, carbon fiber 
provides a greater improvement in the case of elements with a lower 

Table 3 
Non-reinforced and reinforced beams. Moduli of elasticity by the four-point bending test MoEst, dynamic longitudinal modulus of elasticity MoEdyn,L, MoEeq with 
formulation from Section 3.6, dynamic shear modulus Gdyn and shear modulus by the analytical formulation from Section 3.7 Ganalytic for the four beams.

Non-reinforced Reinforced (variation respect to NR in %)

Beam MoEst 

(MPa)
MoEdyn 

(MPa)
MoEeq 

(MPa)
Gdyn 

(MPa)
Ganalytic 

(MPa)
MoEst (MPa) MoEdyn 

(MPa)
MoEeq 

(MPa)
Gdyn 

(MPa)
Ganalytic 

(MPa)

1 14367 14530 14721 1012 1010 17424 
(21 %)

14854 (2 %) 17055 
(16 %)

1056 (4 %) 1017 (0,6 %)

2 14626 14642 14983 957 833 17498 
(20 %)

15488 (6 %) 17414 
(16 %)

1017 (6 %) 843 (1,2 %)

3 14996 15325 15606 1043 921 17421 
(16 %)

16066 (5 %) 18075 
(16 %)

968 
(− 7 %)

924 (0,4 %)

4 14068 13668 13897 1044 892 15501 
(10 %)

14651 (7 %) 15782 
(14 %)

1132 (8 %) 893 (0,1 %)

Mean 14514 14541 14802 1014 914 16961 
(17 %)

14854 (5 %) 17082 
(15 %)

1043 (4 %) 919 (0,6 %)

Error 
Std

394 680 708 41 74 974 642 964 69 73

Table 4 
Non-reinforced and reinforced beams. Modulus of elasticity by the formulation of Section 3.6 MoEeq, the relative position of the neutral axis to the total height Yn /h, 
tensile and compressive moduli of elasticity MoEten and MoEcomp, and variation with respect to MoEeq. All these values were computed from the formulation presented in 
[35]and [34]. Mean values and standard deviation.

Non-reinforced Reinforced (variation respect to NR in %)

Beam MoEeq 

(MPa)
Yn/h 
(%)

MoEten 

(MPa)
Moecomp 

(MPa)
ΔMoEten-eq 

(%)
ΔMoecomp-eq 

(%)
MoEeq 

(MPa)
Yn/h 
(%)

MoEten 

(MPa)*
Moecomp 

(MPa)*
ΔMoEten-eq 

(%)
ΔMoecomp-eq 

(%)

1 14721 49.1 15260 14210 3.7 − 3.5 17055 44.9 17876 
(17.1 %)

15403 
(8.4 %)

4.8 − 9.7

2 14983 48.4 16015 14048 6.9 − 6.2 17414 44.8 18779 
(17.2 %)

13745 
(− 2.1 %)

7.8 − 21.1

3 15606 48.6 16510 14774 5.8 − 5.3 18075 44.9 19130 
(15.8 %)

14953 
(1.2 %)

5.8 − 17.3

4 13897 48.6 14718 13143 5.9 − 5.4 15782 43.9 15779 
(7.2 %)

15112 
(14.9 %)

0 − 4.2

Mean 14802 48.7 15626 14044 5.6 − 5.1 17082 44.6 17891 
(14.5 %)

14803 
(5.4 %)

4.6 − 10.9

Error 
Std

708 0.3 794 676 1.4 1.2 964 0.5 1504 730 2.9 6.6

* Variation with respect to the non-reinforced beams
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modulus of elasticity [32]. The asymmetry of the reinforcement is 
highlighted in the variation of the modulus of elasticity in tension and 
compression with respect to the overall modulus obtained, being 4.6 % 
and 10.9 %, respectively.

Beam 4 was designed to be tested to failure as a control element, 
serving as a verification for the rest of the mechanical properties. Fig. 9-a 
shows the load-displacement relationship, showing a clear ductile 
behaviour. On the other hand, Fig. 9-b shows the stress-strain relation
ship recorded by the gauges placed at the maximum tension and 
compression. As expected, the observed ductility is because the carbon 
fiber allows the timber to reach its elastoplastic range in compression, as 
demonstrated in previous works [18,39,40]. Following the [41] stan
dard, the design ductility was calculated and the yield strength was set at 
a load Fy of 140 kN and a displacement Δy of 39.76 mm as seen Fig. 9-a. 
This load translates into a bending strength of 51 MPa, which is 59 % 
higher than the GL32c strength class. After this limit, the beam in the 
elastoplastic range reached a maximum load of 170 kN (62 MPa) as 
observed in Fig. 9-b. The obtained ductility (structural safety) was 2.53, 
obtaining values similar to those of previous works [18]. Finally, the 
beam failed in compression perpendicular to the fiber (Fig. 10) at the 
load application points, even with the use of stress distribution lamellas. 
This is due to the CFRP plate, which allowed the full elastoplastic ca
pacity of the timber to be mobilised in compression.

After the failure test, an elastic range test was carried out on the 3 
beams to be placed on site. Fig. 11-a shows the load-displacement 
measured with LVL at the middle section of the reinforced beams, and 
Fig. 11-b shows the stress-strain relationships of the strain gauges placed 
in the tension and compression sides. Table 5 includes non-reinforced 
and reinforced loads for 12 mm (limit service state according to [42]) 
deflection and initial stiffness for beams 1–4, post-cracking stiffness, 
energy absorption pre-cracking and post-cracking of beam 4. In all cases, 
an expected linear behaviour is observed. The reinforcement increases 
the load capacity in average 23 %, similar increase is obtained for the 
initial stiffness. For the stress-strain slope of the tensile strain gauge is 
slightly higher than its compressive counterpart, thanks to the contri
bution of the CFRP. The beam 4 has energy absorption pre-cracking of 
3198 J and a post-cracking of 148 J, while stiffness is reduced up to 
51 %

5. Installation of the reinforced glulam beams

Subsequent to the mechanical testing in Section 4, two 15 mm 
aesthetical stepped pieces were added to beams 1, 2 and 3 (Fig. 12-a) on 
bottom face. Due to the high heritage protection of the building, the 
bottom face of the beams had to have a similar (but not identical) 
appearance to the existing beams. After this, the loads from the staircase 
were transferred to the perimeter walls by means of slab props (Fig. 12- 
b). Subsequently, the existing broken beams were then removed and the 
wall joints were thoroughly cleaned. After that, the heads of the beams 
were covered with a Divoroll® waterproofing laminae, covering 

400 mm inwards from the head of the beam (according to the technical 
data sheet). Fig. 12-c shows an image of the bottom of the slab after its 
final painting in accordance with the rest of the slabs and beams.

6. Conclusions

In this work, it has been successfully demonstrated that it is possible 
to meet highly demanding structural requirements through two main 
strategies: 1) optimisation of the quality of wood in the cross section, 
and 2) use of carbon fiber embedded in tension. Both technological 
strategies have made it possible to respond to a complex situation in the 
refurbishment of the courtyard of the Royal Hospital, headquarters of 
the Rectorate of the University of Granada, which is key to the proper 
conservation of the architectural heritage, as well as to the valorisation 
of the local timber resource. These strategies enabled the development 
of high-performance beams from Andalusian Pinus nigra, capable of 
meeting strict structural and heritage constraints through enhanced 
flexural stiffness and ductility. Internally reinforced laminated beams of 
Andalusian pine have been developed with a high global elastic 
modulus, improving their tensile behaviour, as well as preventing brittle 
failure thanks to the elastoplastic mobilization of the laminated beam 
block subjected to compression. This solution is particularly relevant in 
historic buildings where dimensional limitations prevent conventional 
reinforcement strategies. Moreover, the use of CFRP reinforcement in 
timber takes advantage of the well-established and long-standing 
experience of fiber-based or CFRP reinforcement in concrete struc
tures, which has been extensively studied under a wide range of 
conditions.

Non-destructive testing has proven to be an ideal technique to 
establish a demanding design in a glulam section. The design with three 
clearly differentiated qualities has allowed optimizing the resource and 
achieving a basic glulam beam that complies with the GL32c strength 
class standard. This design has been corroborated with experimental 
tests and analytical formulations, the latter providing an excellent cor
relation with the experimental section. Moreover, the strong agreement 
between experimental data and the novel analytical models proposed 
confirms their reliability for practical application in structural timber 
engineering. An experimental methodology was carried out using non- 
destructive techniques and 4-point testing in the elastic range that 
allowed the evaluation of the improvement introduced by the applica
tion of CFRP in the same beam before and after being reinforced, 
providing results with greater reliability. The use of CFRP between L1 
and L2 (glue line at maximum tension) improved the maximum load on 
average a 23 %, the flexural behaviour between 10 % and 21 %. In 
addition, the ductility of the laminated beam was increased to a value of 
about 47 %, similar to previous research [39], with respect to the brittle 
behaviour experienced by an unreinforced laminated beam. These 
values highlight the effectiveness of embedded CFRP in achieving not 
only stiffness enhancement but also increased structural safety through 
greater energy absorption.

Table 5 
Non-reinforced and reinforced loads for 12 mm deflection and initial stiffness for beams 1–4. Post-cracking stiffness, energy absorption pre-cracking and post-cracking 
of beam 4.

Loading conditions (kN) for a 12 mm 
deflection (L/300 – [42])

Maximum load conditions

Beam Non- 
reinforced

Reinforced Initial 
Stiffness 
(kN⋅mm)

Post-cracking Stiffness 
(kN⋅mm)

Energy Absorption Pre-cracking 
(J)

Energy Absorption Post-cracking 
(J)

1 46 55 (21 %) 4,6 – – –
2 47 58 (24 %) 5,2 – – –
3 48 62 (29 %) 4,8 – – –
4 45 52 (17 %) 4,5 2,2 (− 51 %) 3198 148
Mean 46 57 (23 %) 4,8 – – –
Std. 

Dev.
1 4 0,3 – – –
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Both the application and the proposed solution have been widely 
disseminated within the sector (architects, engineers, builders). In 
particular, a great deal of interest has been shown in order to be able to 
carry out calculations of wood-CFRP products in a manageable way. The 
observed interest emphasizes the practical need for simplified and ac
curate design tools for CFRP-reinforced timber elements. Therefore, this 
research will be extended by the development of a software using arti
ficial intelligence (AI) in order to make the calculation of these elements 
feasible, to optimise all resources and to adapt to the structural com
plexities of this type of projects. This future development aims to sup
port decision-making in real projects with high structural and cultural 
demands, enabling the broader implementation of optimized timber- 
CFRP solutions.
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