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We investigate the O(N)-symmetric ¢° theory in three spacetime dimensions using dimensional
regularization and minimal subtraction. The predictions of other methods are scrutinized in a large-N
expansion. We show how the tricritical line of fixed point emerges in a strict N — oo limit but argue that it
is not a physical manifestation. For the first time in this explicit manner, we compute the effective potential
at next-to-leading order in the 1/N-expansion and discuss its stability. The Bardeen-Moshe-Bander
phenomenon is also analysed at next-to-leading order, and we demonstrate that it disappears without
breaking the scale invariance spontaneously. Our findings indicate that the UV fixed point found by

Pisarski persists at large N.
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I. INTRODUCTION

In this work, we reinvestigate a theory of N real scalar
fields exhibiting an O(N) symmetry in d = 3 spacetime
dimensions. The most general renormalizable action is
given by the Lagrangian

1 m o, A4 N
£250ﬂ¢kaﬂ¢k_7¢ —I¢ —aﬁbv (1)

where ¢* = ¢, with k =1, ..., N. In three dimensions,
the coupling 7 is classically marginal, while both m? and A
have positive mass dimension. The model (1) plays a key
role in understanding tricritical phenomena, such as those
occurring in *He-*He mixtures [1,2] or the nematic to
smectic-A transition in binary liquid crystal mixtures [3,4].
Moreover, (1) is a rare example of quantum field theories
(QFTs) in which a nontrivial UV fixed point can be reliably
identified using perturbative methods [5-7]. Other such
instances include purely fermionic models in three [§—10],
and certain gauge-Yukawa theories in four spacetime
dimensions [11-15].

In the following, we are interested in the limit where N is
very large, allowing for the extraction of nonperturbative

“Contact author: skvedaraite @ugr.es
"Contact author: tom2.steudtner@tu-dortmund.de
Contact author: max.uetrecht@tu-dortmund.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2025,/112(5)/056004(17)

056004-1

results through a 1/N-expansion. An analysis of the
phase structure has been conducted long ago, see,
e.g., [5,6,16—18], and is displayed in Fig. 1 in the tree-level
approximation. The interaction potential is bounded from
below atlarge field valuesify > 0.Its O(N) symmetry (light
gray surface for fixed #) may spontaneously break down to
O(N —1) (light blue surface) via a second-order phase
transition at m? < 0 (solid blue line) or a first-order one for

m?2>0 and A< —/87/5|m| <0 (dashed blue line).'
Along the line of the first-order phase transition, the
O(N)- and O(N — 1)-symmetric phases coexist, culminat-
ing in a tricritical phase boundary at the intersection with the
line of second-order transitions (# axis of Fig. 1).

In this work, we are mostly interested in this phase
boundary at m> = A = 0 for positive values of 7 > 0. There
are two accounts of the large-N UV behavior of this theory
that appear contradictory at a first glance. On the one hand,
Ref. [5-7] identified a single UV fixed point using
perturbation theory. In particular, Pisarski [7] demonstrated
that this fixed point is guaranteed to exist in a systematic
1/N-expansion (see also [23,24]). On the other hand, it has
been argued that in a strict N — oo limit, all points m? =
A =0 exhibit scale invariance [19-21]. This suggests a
tricritical line of UV fixed points for all values # > 0 (red
line in Fig. 1). Reference [22] showed that this line
terminates due to the Bardeen-Moshe-Bander (BMB)
phenomenon, which generates a mass scale through non-
perturbative effects. This picture is corroborated using
saddle point techniques and auxiliary fields in cutoff

'Note that transition orders are exchanged in the convention
of [16].
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FIG. 1. Schematic overview of the phase diagram for the theory
(I). On a slice of a fixed value of 7, the unbroken O(N)-
symmetric phase (light gray surface) and broken O(N —1)
symmetry phase (light blue) are shown at tree level. A sec-
ond-order phase transitions occurs at 4 > 0, m? = 0 (solid blue
line) and a first-order one at A <0, m? =34?/n (dashed blue
line). Taking quantum corrections into account, a tricritical line of
fixed points for m?> = 1 = 0 and 5 > 0 is reported [19-21] in a
strict N — oo limit (red line). However, the line terminates at the
BMB end point (red) [22]. Beyond that line, there is a potential
UV fixed point (yellow) found in a 1/N expansion [5-7,23].

schemes; see, e.g., [19,20,22,25-28] as well as the func-
tional renormalization group (FRG), see, e.g., [21,29-32].
Pisarski’s fixed point (yellow in Fig. 1) lies beyond the
BMB end point where scale invariance is broken.
Therefore, these nonperturbative arguments appear to
suggest that the fixed point does not exist. However, the
line of fixed points along with the BMB end point
disappears as 1/N corrections to the strict N — oo limit
are considered [19,20,25,30,32]. Pisarski’s solution on the
other hand survives 1/N corrections, but it is unclear if
nonperturbative effects still eliminate the fixed point as they
do in the N — oo limit. In addition, the methods and
schemes used to access the tricritical line, BMB phenome-
non, and Pisarski’s fixed point are quite different and often
opaque on a technical level. This makes it difficult to draw a
consistent picture about the large-N limit.

In this work, we approach the problem from an acces-
sible, purely diagrammatic angle. Contrary to most pre-
vious works, we employ dimensional regularization and the
modified minimal subtraction scheme [33-36]. This allows
us to make better contact with the high-loop corrections of
the renormalization group equations [7,23]. We evaluate
the f function and effective potential in a consistent 1/N
expansion, which involves resumming large families of
diagrams in perturbation theory.

With these tools at hand, we investigate the disappear-
ance of the tricritical line, push the expansion of the

effective potential to next-to-leading order, and study the
implications of the BMB phenomenon.

The remainder of this work is structured as follows:
Sec. II reviews Pisarski’s fixed point and establishes a
controlled large-N expansion. In Sec. III, we argue that the
tricritical line is spurious and only exists as an artifact of the
N — oo limit. We also compute the effective potential at
next-to-leading order. To the best of our knowledge, this is
the first complete result of its kind in the literature. The
BMB phenomenon is scrutinized in Sec. IV, and we
demonstrate how it is replaced by stability as 1/N
corrections are considered. Finally, we collect some con-
cluding remarks in Sec. V.

II. RENORMALIZATION GROUP EQUATIONS

We first consider the renormalization group (RG) evo-
lution in the large-N limit. Note that for dimensional
regularization in d = 3 — 2¢, odd loop orders do not exhibit
UV divergencies [37]. Thus, f and y functions in (modi-
fied) minimal subtraction schemes only receive contribu-
tion at even orders, starting at two-loop. The MS f function
of the marginal scalar sextic coupling # has been computed
by Pisarski at two and four loops [7] and later extended to
six loops in [23]. Retaining only the leading-N terms at
each loop order, it reads

NI’]2 ”2 N3 ,13

N4I’[4
S(r)?  7200(4n) T

 lam)®

By = +0(r). (2)
where cg is a six-loop constant independent of N; see [23].
We have verified (2) explicitly up to four-loop order.
Analyzing the coefficients in (2), we find that in order
to absorb the leading powers of N into the coupling # and
obtain a finite § function, the sextic coupling should be
rescaled [6] as

N3/2y 1
7] , while €e=— 3
"=y w @
can be treated as a small expansion parameter. This
means that only the four-loop term is leading, while both
two- and six-loop contributions are suppressed by a factor
of e. In fact, the only diagrams capable of generating the
leading-N contributions are”

o< N33

oc N6ps

(4)

*We are indebted to Ian Jack and Hugh Osborn for pointing out
missing eight-loop diagrams.
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and appear every four loop orders, while all other orders are
suppressed. Keeping only leading-N terms at each loop
order, the rescaled f function reads

€ 7T2

LIPS P 4 A5
B 5T~ 75007 + ecell + g + ... (5)

Due to the signs of two- and four-loop terms in (5), a
nontrivial UV fixed point emerges [7]

1440

i = e+ 0). (©

In the limit N - oo (¢ — 0), the fixed point becomes
increasingly small and asymptotically free. The coupling
7i(e) can be systematically expanded as a power series in ¢,
where each coefficient is completely determined by f; up to
a certain loop order. Thus, higher loops are increasingly
suppressed and do not spoil the existence of the fixed point.
The coefficient « ¢ in (6) vanishes, while next coefficient
x €’ requires both the six- and eight-loop parts of the f
function, the latter being currently unavailable. This is
because the corresponding terms in (5) both give contri-
butions O(e”) at the fixed point.

Furthermore, we provide the eigenvalues of the stability
matrix 9, , 3 and field anomalous dimension’ vy atthe UV
fixed point

288

191 = ——26 + O<€4),
P s
8v3
93 = q:\ﬂ/_e+0(€3),
96
vy == 2€ +0@), (7)

where 9, corresponds to the # direction and is UV
attractive, while 8,3 are a mixture of the super-renorma-

lizable couplings m? as well as 1« NA revealing one
attractive and one repulsive direction.

Since the coefficient « ¢ in (6) is positive, we have
i7" > 0, which implies that the classical potential is
bounded from below. In order to check if this stability
persists at the quantum level, we calculate the effective
potential next.

III. EFFECTIVE POTENTIAL

In the following section, we compute the effective
potential, which incorporates quantum corrections to the
classical potential. We start out by briefly reviewing the
formalism behind the effective potential [38—40] before
proceeding with its determination in the large-N expansion.

SWe  follow

the convention @pye = /Zyp and yy =
ldlogZ,/dlogp.

Technical aspects of this loop calculation are collected in
the Appendix.

A. Definition

The effective potential V. is defined as the generating
functional of all one-particle irreducible (1PI), zero-
momentum Green’s functions. Following the procedures
outlined in [38-40], we obtain the generating functional of
all 1PI Green’s functions I" by shifting the N-component
scalar field ¢ = (¢) —l—g?) around a constant background
field (¢), along with integrating out the quantum fluctua-
tions; i.e.,

oTl)] — /@&eifd-*x[ﬁ((f/»w(?))ﬂ(?)]. (8)

By construction, taking the nth functional derivative of
I'[(¢)] with respect to (¢) and setting (¢) =0 yields
the corresponding n-point 1PI Green’s function. All one-

point tadpoles in ¢ are subtracted by the source term
J = —T(($)]/5(¢).

Performing the path integral in (8) leads to the 1PI
effective action

wwn:/h%&wmw»+owwm, 9)

whose zero-momentum term is given by the effective
potential V. On a practical level, (¢) can be assumed
as constant and absorbed into masses and couplings of the

quantum field ¢. The effective potential is then obtained via

i 3
= Vall) =5 [ cgsloe det i (k. (9)

+ <0 T exp (i / d3x£,im> ‘0>. (10)

Here, V is the classical potential appearing in the
Lagrangian, & is the inverse propagator of the quantum
field qAS and L;, is the interaction Lagrangian containing
cubic and higher self interactions in 43 Diagrammatically,
the tree-level term corresponds to the classical potential, the
logarithmic determinant to the one-loop vacuum tadpole,
and the last term comprises all two- and higher loop
contributions. Equation (10) allows for a systematic com-
putation of V., equivalent to the standard perturbative
loop expansion. In general, the action may contain several
scalars, each of which has to be decomposed into a
background field and one or more modes of quantum
fluctuations. Equation (10) generalizes to

Verr ((#))

1
Vet = Va = Ezm?/' + Vipr (11)
@
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in three spacetime dimensions, where the second term sums
over all scalar quantum fluctuations, and the third term
stems from all 1PI vacuum diagrams at two loops and
higher. They correspond to the second and third terms
in (10).

B. Large-N limit

Now, we compute the effective potential for the theory
(1) with vanishing mass and quartic coupling, i.e.,
m = A =0, at leading order (LO) in large N. We shift
the scalar field ¢p = (¢) + ¢ around a constant background
field (¢), which can be rotated into a single component ¢
using the global symmetry transformations. The explicit
construction

$(x) = (¢ + H(x),Gi(x), ... Gy ()T (12)

breaks the global symmetry down to O(N — 1), and the
shifted quantum field ¢ consists of a Higgs mode H as well
as a (N — 1)-component Nambu—Goldstone mode G with
components labeled by G; with i=1,...,N—1. The
single field H does not contribute to the effective potential
at LO in the large-N limit. Only interactions of the G, are
relevant, which are described by the potential

1np*
2120

Ve = b +

1 2
-2 NP Ga  gs o (13)

GZ
+ 4! 10 6!

with G?> = G;G,. The first term represents the classical

potential, and the second is a mass term for the quantum

field G;, followed by a quartic and sextic interaction. This

leads to the LO effective potential

o_NM sy _N |1
V“'ff6!(p[1 47\ 30

} e ()

where the second term arises from the one-loop contribu-
tion to (11), which sums over the masses of all real scalar
modes in the theory, and Vh‘?l denotes all higher loop terms.
They are given by the tadpole diagrams

8@8@@@@@0()

For the effective potential to remain finite in the large-N
limit, we proceed to discuss the large-N scaling of the LO
contributions (15). Consider an #-loop graph G consisting
of p propagators and including ng sextic as well as ny
quartic interactions. Due to being a vacuum diagram, the
relation

p = 3ne+2ny (16)

holds. Moreover, the mass dimensions of the potential
implies

[V]=3=3-2p+ny. (17)
Each of the LO diagrams (15) fulfills

=14 ny4+ 2ng. (18)

Overall, the leading-N contribution of the graph reads
G x ann6+n4—p+3f/2 6 anl+f/2(p6‘ (19)
Note that (19) also holds for the one-loop term in (14).
Thus, the leading large-N scaling of the effective potential
remains the same for all loop orders, if the sextic coupling

1s rescaled via

N211
47)?5!°

1 (20)
(

with additional factors for later convenience. This means

that the effective potential is suppressed by an overall factor

of N72.

Before computing the LO effective potential (14), let us
address the apparent discrepancy between the leading-N
contributions to the f# function and the effective potential,
which are captured by the rescalings (3) and (20), respec-
tively. To be precise, # = 1/120/Ni. It is no contradiction
that both quantities require a different scaling of the
coupling # to be finite but nonzero in large-N limit.

The effective potential is obtained from the finite terms
of 1PI vacuum graphs. At LO in large-N, all contributions
stem from the tadpole graphs displayed in (15), which
warrant the rescaling (20). On the other hand, the  function
is extracted from 1/¢ poles in dimensional regularization.
The tadpoles (15) neither exhibit such poles nor contribute
as subgraphs to diagrams that do. In mass-independent
regularization schemes, this can be readily understood:
scalars can be treated as massless when computing UV
poles, and tadpoles vanish altogether in this case. Even in
regularization schemes where massless tadpoles do not
vanish, they do not enter in the renormalization of the sextic
interaction, but rather of the scalar mass and quartic
operator. This is evident in cutof -schemes, where 7 does
not require a counterterm; see, e.g., [16]. In consequence,
leading-N contributions to the f function take the shape of
(4), which are captured by the rescaling (3).

The RG evolution of 77 at 1/N is

247 = 22277

O (1)

By

Thus, the UV fixed point still prevails
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12
7"=—=+ON")~x12159+O0ON"). (22)
T

As before, the leading correction of (22) is already
determined with two- and four-loop f functions, and its
N~! correction requires both six- and eight-loop RGEs.
Note that (22) does not appear to be under strict perturba-
tive control as it approaches a finite value for N — oo. This
is merely an artifact of the rescaling (20); its existence is
still guaranteed to all orders of the f function, as demon-
strated in Sec. II.

In contrast, taking the naive limit N — oo in (21) leads to
the conclusion that the theory can be treated as conformal
for all values of 7, revealing a line of fixed points that
extends until it is broken by other means [21,31,41,42].
This interpretation does not actually capture the leading
large-N dynamics (4) of the RG evolution. The line of fixed
points is an artifact of employing a large-N rescaling,
which renders the entire # function subleading, and then
dropping it entirely before analysing for fixed points. In
consequence, the line cannot be justified in a consistent
1/N expansion (21) and breaks down as soon as subleading
contributions are included to the f functions [19,20,25].
Furthermore, a continuous line in # cannot simply emerge
at “N = oo0” as this would mean that the theory is non-
interacting due to 7 « ij/ N> = 0.

In [30,32], it has been argued that the line of fixed points
can be approached in dimensional continuation around
d =3 — ¢ via a combined N — oo and € — 0 limit. In this
case, two fixed points

ﬂz
;‘h(a):%(l; 1—%0:)—1-(9(N‘1) (23)

emerge [7,43] where

a=1imeN with 0<a< g (24)
ity T

is a free parameter that describes how the double limit
is taken. Each valid choice of a corresponds to a fixed
point, forming a line that lies asymptotically below three
spacetime dimensions. However, the hard limit d = 3 with
large N stipulates a=0, where only the trivial (7_(0)=0)
and UV fixed point (77, (0) = 77*) are retained.

Instead of a line of conformal fixed points, there is
merely an accidental scale invariance in the LO large-N
contributions to the effective potential. Once subleading
terms are included, this scale invariance is broken and only
recovered at the UV fixed point (22). An analogous picture
should also emerge using the FRG when the expansion of
the flow equation and the large-N limit are interchanged.
Note, however, that consistent results beyond leading-N
might require a departure from the local potential
approximation.

Next, we devise a strategy to resum all LO loop diagrams
(15) contributing to the effective potential. A direct
summation of vacuum graphs (15) is complicated to
generalize without double counting. However, all LO
contributions take the form of repeated tadpole insertions
—Q_ and —&— into scalar propagators. Thus, all LO terms
can be resummed by introducing a dressed propagator —=—

= + Q +~8+ . (25)

The tadpoles of (25) factorize and are finite when integrat-
ing over loop momenta. Thus, their resummation is
equivalent to introducing a dynamical mass parameter
M? of the quantum field in addition to its mass
m? = 1/120n¢*, recursively defined via a gap equation

) Nng*’M  N*nM?

M?* = . 26
2407 192072 (26)
We find two solutions [17,44,45]
4z (p2
=——. 27
N1+ @7)

It is straightforward to verify that only M, corresponds to a
perturbative expansion of the gap equation by recursively
inserting (26) into its lhs up to a finite power of m and
comparing with (27) expanded as a power series in 7. On
the other hand, M_ does not reproduce the perturbative
expansion and is negative for small values of 7, though the
sign changes for #7 > 1. Whether this solution is non-
perturbative or rather spurious shall be addressed later.

All leading large N, quantum corrections are resummed
by inserting the dynamical mass parameter M (27) in the
propagator of the quantum field G; in place of the tree-level
mass. Thus, the naive expectation would be that all LO
contributions to the effective potential (15) can be
resummed by inserting M, into the one-loop term (11)
of the effective potential

N

9 ;/I
ng(f):a(/’(’—mMi, (28)

and not include any explicit higher-loop diagrams.
However, this approach does not reproduce the perturbative
expansion of (15). The 1PI effective potential is inadequate
for resummation techniques that rely on insertion of
bilinear operators, such as a dynamical mass term. The
ansatz (11) integrates out all tree-level bilinears and
assumes that all two-loop and higher contributions are
due to operators that are at least cubic in the field. To
compute the effective action, the diagrams in (15) either
need to be resummed without relying on the dynamical
mass, or the formalism needs to be extended to keep track
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of both (¢) and bilinears (¢)*) separately [46]. We opt for
the latter option, which we will review in the next section.

C. Composite operator effective action

In this section, we review the formalism developed
in [46]. For ease of notation, we will work in an example
theory with a single scalar field ®, for which we formulate
an effective action I'[¢, y| in terms of the classical field
¢(x) = (®(x)), but also the composite bilinear operator
x(x,y) = (TO(x)®(y)). To this end, the generating func-
tional of all connected Greens functions is defined with two
source terms

WKl — /Dq)exp{i/d3x {E(¢(x))+](x)(l>(x)
o5 [ @owren| . 29

which is then shifted by a double Legendre transformation

L. x| = W[J,K] _/dSXJ(x)gb(x)
L [ Exy00p0) +xte K. GO

yielding the effective action of all connected, two-particle
irreducible (2PI) Greens functions I'[¢, y]. Roughly speak-
ing, the effective action I'[¢,x] is obtained by shifting
scalar fields around a classical background ® - @ + ¢ as
well as all connected two-point correlators by y before
integrating out ®. Writing the original action as
Slg) = [ d*xL(¢p(x)), the effective action is obtained via

2

j 58
Ll x| = S[$] + éTr [log)(‘l + 5

] + SopLint; (31)
where Tr|...] includes a spacetime integration but in
general also a trace of global indices and different species
of scalar fields. S,p;,; contains all two-particle irreducible
graphs at two-loop or higher, with y being used as a dressed
propagator, and all cubic and higher order interaction
vertices obtained after shifting @ around ¢. The one-
particle irreducible effective action

lg] =T, x0] (32)

is recovered by inserting y = y at a stationary point of the
action

o[, x|
ox X=X0

=0, (33)

which corresponds to classical solutions of the path integral
such as ground states. Note that the condition (33) is
equivalent to a gap equation for the field ®.

Analogously to the effective potential of the scalar field
¢ (10), the composite effective potential V,p; is obtained as
the generating functional of all zero-momentum ?2PI
Green’s functions; i.e.,

Flgz] = / Exl=Van(doz) + O@p.ap)).  (34)

D. Leading order potential

We now apply the composite-operator formalism (31) to
compute the effective potential at leading order at large N.
As before, we employ the decomposition (12), which shifts
¢ around a constant background field ¢. We also utilize that
only the Nambu-Goldstone mode G; gives corrections at
leading order in large N and that these can be resummed
into a mass parameter M for this field via (25). Thus, the
formalism [46] can be condensed into a more practical
shape: instead of dealing with a dressed propagator, which
also resums loop corrections that are explicitly momentum
dependent, it is sufficient to keep track of a dynamical mass
parameter M. Concretely,

ddp e_ip(x_y>
e

£5(2.3) = (TG,(x)G, () = oy
is a suitable ansatz for the dressed propagator.

Using the vertex rules stemming from (13), we compute
(31) and collect all nonderivative terms of the 2PI effective
action in an effective potential V,p;. The one-loop correc-
tions, dimensionally regularized in d = 3 — 2¢, read

Sl =—gro° [ @

‘p
log(pz—Mz)/d3x,

Trflogz~']], = (N —1) /

(2m)
525 _ ddp pZ_%zon(p4 ;
Tr{wg} (ﬂ_(N_l)/(br)d Py /d x,  (36)

when evaluated at ¢»(x) = ¢. Thus, we obtain

n 6
Vopy = L g —
®=61? T T 8r

NM? NM (ne*

I <m - M?* ) 4+ Voprin.  (37)
where the first three terms correspond to the ones of (31) in
the same order. The last term V,p;,, marks the sum of all
2PI vacuum graphs with the dressed propagator (35). It
reads

N2pne?M?  N3pM3
2PLint 8 <:8 3840m2 4608073 38)
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Overall, we find
n({ , NM\3> NM
M = — _—— _—

at leading order in large N. Note (39) assumes M > 0 as M
should be taken as the absolute value of the mass, since it
stems from tadpole integrals

&Ep 1 i\M|
= . 40
/ (2r)3 p*—=M?*  4n (40)

The result (39) has also been obtained using a variational
method in the literature [19,20,22]. The 1PI effective
potential is retrieved at stationary points in M; i.e.,

9V apr _
oM

0, (41)

which yields the gap equation (26), and we recover the
solutions M (27). They are extrema of V,p; as depicted in
Fig. 2. The perturbative solution M , indeed corresponds to
a stable local minimum of the effective potential. The other
solution M_ is invalid for # <1 as M_ <0 and has a
singularity for 7 = 1. For # > 1, M_ is a maximum of
Vopr(M), while M is a minimum [45]. Thus, M, and M_
represent distinct vacua of the effective potential, though
only M, corresponds to the ground state as the effective
potential is deeper than for M_. However, both solutions
M become degenerate at ¢ = 0.
Inserting M, into (39) yields the LO 1PI potential

(4n)%° 7
N 6(1+ i)

The effective potential typically contains higher-dimen-
sional operators, which are summed up as logarithms
log ?/u, where p is the renormalization scale. Such
contributions are subleading in the large-N expansion
and hence absent in (42). This can be readily understood
since the effective potential is overall RG invariant, so the
explicit RG dependence in terms log @*/u needs to be
canceled by the running of # and ¢, which are both
subleading. Furthermore, (42) naively implies that the
effective potential is always stable for any value of the
coupling #. In particular, that would render the UV fixed
point (22) valid. However, it is commonly believed that the
nonperturbative BMB phenomenon impedes this conclu-
sion. We will turn to this phenomenon in a later section.
Next, we extend the effective potential to order o 1/N3.

Veff = 2 + O(N_3)' (42)

E. Next-to-leading order potential

We are now in a position to compute the next-to-leading
order (NLO), ie., 1/N 3 corrections to the effective

FIG. 2. V,p(M) for a fixed value ¢ > 0 and 77 < 1 (top panel),
77 =1 (middle panel), and # > 1 (bottom panel). Only values
M > 0 (solid blue line) are valid arguments of V,p(M), while
Vop (M < 0) (dashed blue line) is only drawn for convenience.
The extrema M. (27) are indicated by blue dots. The minimum
M | always exists, while the maximum M_ is only found for
i1 > 1. At @ = 0, both points are shrunk together at M, = 0, and
V,pr becomes flat for 77 = 1. The plot is adapted from [45].

potential. To this end, we must also include interactions
of the Higgs mode H with the potential (13)

Lng* 1 n¢? 1 n¢?
V=Vit+-L g2y g3y TV g4

cta Ty T

1 1 1 ng?

—noH> + —nH% + ~——G*H
AT R TR ET)
+1@62H2+i@G2H3 JriﬂG2H4

410 125 485

L ne In

— 2 G*H+—~-G*H?, 43
tas *185 (43)

where G = G;G;, and the tadpole term « H was removed
by the source term in the effective potential. In particular,
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the Higgs mode exhibits a mass > = np*/24 and gives
rise to multiple interactions « #.

We shall now lay out a strategy to compute the effective
potential at NLO. At LO, we adopted a practical version of
the 2PI formalism [46] to properly resum tadpole graphs
into a mass parameter, cf. (25). This was possible because
all LO contributions factorize. At NLO, this is not the case:
Dressed propagators for both G; and H include loop
corrections that depend explicitly on the momentum routed
through the propagator. As a result, dynamical mass
parameters cannot resum all NLO corrections. Therefore,
it is not possible to define V,p; in terms of dynamical mass
parameters alone at NLO. Nevertheless, we will retain
dynamical mass parameters in order to resum all tadpole-
type contributions. Other contributions to V. are com-
puted explicitly. In this sense, we employ propagators ;(g
and y for the fields G; and H that are half-dressed by
dynamical mass parameters M and M, respectively.
Explicitly, for ;(3, we use the ansatz (35), while the
Higgs propagator reads

d?p e~iP(x—y)
Pe " (44)

25y) = (THWHO) = [ GRS,

A careful analysis of all possible Feynman graphs
reveals that all LO and NLO contributions to the effective
potential can be decomposed as

6
ne
Vg‘%o = ? +ViL+ Vi + Vring + Ve (45)

The first term is the classical potential, while Vi1 g sing ct
are all quantum corrections from integrating out both
Goldstone and Higgs modes. The Vi and V4 contain
all one-loop and 2PI tadpole diagrams, yielding both
contributions at LO and NLO. V,, contains additional
diagrams that are purely NLO, while V are LO diagrams
with counterterm insertions that render them NLO. We now
compute (45) piece by piece.

V41 is obtained by applying (36) for both Goldstone and
Higgs mode, yielding

B (N-1)M*> (N-1)M [ng* 5
Vi = 127 87 120 M
M (net .
e Ly /oA (46)
127 8z \ 24

The tadpole contributions are

B Qe

n s N+3__ . 37 ,-
= Do — 22 me 4+ 20 e —
o (PM) = N

v
81

(47)

when expanded up to NLO. Here, the dashed lines
represent propagators of the Higgs, the solid lines corre-
spond to the Goldstone mode, and crosses denote dressed
propagators in either case. This leads to the intermediate

result
N—-1)M* 87°f MN\3
( ) n ;7 -2
247 3N ¥
M 2z , MN\?
— —— ) M+M
24n N2< 471)( +M)

%( 2—A;1—7][V>cp2(M—2M). (48)

Vit + Vi =

Tadpoles are resummed when inserting the M at the
stationary value

O(ViL + Vi)

=0, 49
Y, (49)

which yields the gap equation

Computing (50) explicitly, we obtain

_ n NnMg?> N*nM?
M? = —¢* - : 51
24% T T 80r 192022 (51)

Inserting the leading-order mass M = M (27), this sim-
plifies to

= drgp? m (52)

N 1470

Similarly, computing the stationary value of M via the
condition

O(ViL + Vi)
——=0 53
yields the NLO corrections 6M to Goldstone mass; i.e.,
M = M_ +0M. However, the value of oM does not
contribute to the NLO effective potential as such a term
would read
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a( VIL + Vtad)
oM

oM ~ 0. (54)

M=M,

Now we consider the correction V. in (45). It is a sum
of two families of ring diagrams; i.e.,

o] [Se]

Vring = ZRn + an (55)

The ring diagrams R, and R, each consist of subgraphs of
the sort

Q- O+ (56)

The first family, R,, only involves the Goldstone and

consists of n pieces
n—1
& -

such that the connection between each piece is a quartic or
sextic vertex. For instance,

ano.

We relegate the details regarding the computations to the
Appendix and present the results here. The first two
diagrams R, and R; are UV divergent. We obtain

R2,3,4,5,... =

_ A M (g — )’
2 N2
4 2M2 NM M
w [1 —log?2 — log]
N H
8> M (¢* — %)2 M
+ N2 {4 —~5log2 -3 log;] . (59)
and
2743 (02 — NM)3
Ry = TN ((,0 . 47[)
3N°¢e
N A (@ =) [ 4% 5 log 2M?
3IN3 " €3
M (p* - 5 M
Gl (¢2 ) [1 “log2 — log—]. (60)
N H

For n > 4, the R, are finite and read

2M3 drp*\ 1" [ arctan”(z)
R, =——— 15| 1- ———=dz. 61
" 7*n {”( NM )} A 2 (61)

Diagram summation and momentum integration may be
exchanged if the results are convergent, and we obtain

Sr 2 (4) @

n=

with the function

© 1
flx) = / dz {xz arctan(z) —|—§x2arctan2z
0
x3ar§tan3z 4 2log (1 _ xarctan zﬂ ()
< z

which can be evaluated numerically within its radius of
convergence x < 1. The second family R, consists of
several sequences of subgraphs (56); i.e.,

-3 e )
=<:>+@:>+<§}+Q§X+<:>C>+~-,

(64)

such that they are connected by r lines of the Higgs field

R, = [@] . (65)

In the following, we first consider the diagrams belonging
to R,, which contain a single Higgs line. We divide them
into a subfamily I?u, where [ labels the number of
insertions of the blob (56)

Only the graphs R, are UV divergent
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Ru= @B *

167':2 =2 2 tp
64t 2(<,o NM Y2 1 lf2MH
N3 2 & u
16TE 72M M
i (cp [1—log2—logM],
N2 u
(67)
while the remaining ones are finite and simply read
- SM*p? [ _ drp*\ 1! [ arctan’(z)dz
Rii=- - 127
N NM 0 (2% +4M2)
(68)

for [ > 2. Returning to the superfamily R, all graphs n > 2
are UV finite as well. Inserting (27) and (52), they can be
written as

P 25677/ 2 ¢°
T (VPN

x/mdzi{ 2/ii(1 + \/ij) arctan z "
0 (422 + 5+ 4/if) (y/farctan z + z)

(69)
Summing the results of (61), (68), and (69) gives
- - 12877732 ¢p°
R, + ) (Ri,+R,) = F(Vi),  (70)
2 Rt 2 (Rt R) =1

where F(1/7) is a function that can be evaluated numerically

o xz(1 +4z%)arctanz ~ x°
Fio) = [ dz|- X arctan?
) A Z[ 5+ 4x + 477 oy arcane

x? x
— ——arctan’z — 7’ log (1 + ~arctan z)
3z Z
x(3 4 2x + 4z%)

422 log (142220
g( 25+ 4x + 42

arctan z)] . (71)

Finally, all UV divergencies arising at NLO are sub-
tracted minimally by computing LO vacuum graphs with
counterterm insertions. The scalar field variable ¢ has a
counterterm 8¢ = O(N~2), which only contributes to the
effective potential at N>LO in large N. On the other hand,
the sextic coupling is renormalized via 77 — 77 4 677/ with

71.2
5 = 6]'\7, (1—ﬂ >+O(N—2), (72)

which includes two- and four-loop contributions [7], while
higher loops and higher poles are of order O(N~2). This
implies a counterterm from the tree-level potential
onp®/(6!e) as well as mass, quartic, and sextic couplings
to G;, marked as @ below. The counterterm potential reads

(4rr)2<p6 57 g {%
o U5 5T
(47T)2
6 (Lpz_ 47[) N2

57M >
N 4n u

(73)

The expression (73) exactly subtracts the 1/¢ poles in the
UV divergent ring diagrams (59), (60), and (67). The finite
term of (73) stems from the product of the counterterm and
the O(e) contributions of the diagrams. The logarithmic
terms log u in (59), (60), (67), and (73) exactly cancel the
RG running of (42) as expected.

Overall, the effective potential explicitly depends on the
renormalization scale u at NLO, which signals the breaking
of scale invariance by quantum fluctuations. As the potential
is overall invariant under a renormalization group trans-
formation, we choose to relate its scale to the field value

A

N —g*. (74)

//[ =
This choice resums higher order operators, usually contained
in logarithmic terms log¢”/u into the coupling 7. In
consequence, evolving the effective potential to a different
field value ¢ involves an RG transformation of 7j(4z¢?/N).
Due to (21) being positive until the UV fixed point, studying
the potential at higher values of 7j(4z¢*/N) is surrogate to
evaluating Vg /¢° at larger field values ¢.

Thus, we obtain the effective potential at NLO

(4n)*0° 7§ (4n)’g® i
6N> (1+y7)? N (1+7)
1 7
—3(5+ 4V =350 +4n(1 - 2log2)

) 2

75201 —log2) —dvi( 1= o L
+357 (1—log2) 4¢ﬁ<1 12n>10g<1+\/,=7>
+4\/ﬁ(l+\/1:7)10g<2+\/5+4\/’:7)

—i—%F(\/ﬁ)] +O(N™%), (75)

Vetr =

=
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P s R S b
0.04 >, 1
| %'%\0 NHOO
& o
T 0.02 f T=2
N r /%
<=
S
o L
L~
= —0.02 1
0 H
—0.04 |
r E"_)P,MP, 0"
—0.06 e T b b
0 0.10203040506070809 1 1.1 12 13
= (4n 2
i (F¢%)
FIG. 3. Sextic term of the classical (solid gray) and next-to-

leading order effective potential (75) as a function of the rescaled
sextic coupling as a function of 7, evaluated at the renormaliza-
tion scale u = 4zp*/N, for various choices of N. The limit
N — oo (blue) singles out the LO effective potential (42), which
has a smaller but stable sextic coupling compared to the classical
case (solid gray). With decreasing N, the potential remains stable
(green) until it turns unstable at integer values N < 8 (yellow).
However, the large-N expansion might not be reliable in this case.
The BMB end point #gyp = 1 (gray dashed) and Pisarski’s UV
fixed point (22) 77* &~ 12/7° (red) are also shown.

where F(,/7) is defined in (71). Equation (75) is one of the
main results of this work and also displayed in Fig. 3. For
integer values N > 8, the potential is stable in the sense that
it is both bounded from below and that ¢ = 0 is an absolute
minimum. At N < 8, the potential is still bounded from
below but develops a deeper minimum ¢,,;, # 0, hinting at
spontaneous symmetry breaking. However, as (75) has
been obtained in a large-N expansion, the prediction might
not be reliable in this case.

The effective potential can be extended naively to
Pisarski’s UV fixed point ij* ~ 12/7° (22), marked red
in Fig. 3. All curves appear to be converging at this point as
the NLO corrections are numerically small. While the UV
fixed point is stable for sufficient large N, it has been
argued that an instability occurs through the nonperturba-
tive BMB phenomenon already at #jg\g = 1 [22], shown as
gray dotted line in Fig. 3. We will turn toward this effect in
the next section.

IV. BARDEEN-MOSHE-BANDER PHENOMENON

The BMB phenomenon [22] is a nonperturbative effect
that breaks the scale invariance spontaneously through
dimensional transmutation at sextic coupling values

fismB = 1. (76)

This terminates the line of accidental scale invariance
at leading order large N. Moreover, the proper UV fixed
point (22) lies in the affected parameter region #* > fjgmp-
The spontaneous breaking of scale invariance at the BMB

point gives rise to a massless Nambu-Goldstone boson,
the dilaton [22]. In the following, we review the BMB
phenomenon at LO and extend its analysis to NLO in the
1/N expansion.

A. Leading order

Capturing the onset of the BMB is challenging in
perturbation theory and especially dimensional regulariza-
tion. Nevertheless, the generation of a dynamical mass .#
by quantum effects of the initially massless field ¢ can be
understood from a gap equation

— + % (77)

which encodes the resummation of all leading large-N
contributions to the two-point function (T¢;(x)¢;(y)).
Here, the uncrossed lines denote the massless propagators
of ¢, while the crossed ones represent dressed ones with
a putative mass .#. This gap equation yields a self-
consistency condition

M =i M7, (78)

which for 7 <ijgyg has only the solution . = 0.
However, for 77 = ijgpmp, the condition is also valid for
any .# # 0, and a dynamical mass is generated at loop
level. This leads to the formation a scalar condensate as
evident from the two-point correlator

&k N
Qr) k> —.a*

N|.|
dr

(T (x)he(x)) = / (79)

while the global symmetry remains unbroken as (¢) = 0.
Accounting for the formation of a condensate by shifting
¢* around (¢?) yields a trivial gap equation

s o M a0 Np 2
M=+ 5 )~ 0w )
N?n )
+ 192072 M, (80)

as the last three terms cancel against each other.

The actual value of the condensate (¢*) or equivalent the
dynamical mass scale .# are determined by minimising the
effective potential. To this end, we return to the 2PI
potential Vop(@, M) (39). In Sec. III, we used this
formalism as a vehicle to obtain the effective potenital
Veir(@) = Vopr(@, M (¢)) by inserting the minimum
M (¢); see (27). Here, we retain Vpi(@, M), thus treating
the field ¢ and the Goldstone dynamical mass M as
independent quantities. This allows us to identify a differ-
ent set of vacua.
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The potential V,p; (39) is shown in Fig. 2 with various
values of 7 and fixed ¢. For 7 < 1, there is a minimum
@ = M = 0, which is bounded from below and hence a
stable ground state. At # = 1, the minimum turns into a
saddle point as the potential becomes flat in the direction of
M. This is most obvious when projecting V,p; onto the
section ¢ = 0, which yields the expression

NM?
247

Vori (0. M) = (1 =1). (81)
which was also obtained in [26] and is displayed in Fig. 4.
At =1, (81) is flat, and any value of M = ./ is a valid
ground state into which the system can transition, dynami-
cally generating a scale .# and thus breaking scale
invariance. As the scale is arbitrary, we were unable to
determine a fixed value in (77). The composite field

D) = 3 (0 () (52)

acts as a dilaton mode that shifts the ground state to
different values of .# and is massless at the BMB due to
the flatness of the 2PI potential (81). The masslessness can
be seen explicitly from the LO dilaton propagator [22] in
the O(N) symmetric theory

(0ID(PID(—p)I0) = Z%
n=0

_ l6mn.# (83)
[1 n— arctan 52 ]
192n  4°
= = +0(p*)
N p2+m;

with Euclidean momentum p. We read off the dilaton mass

m2 = 12(] ; )//2 (84)

k Vaopr( =0, M)

FIG. 4. Leading-order 2PI potential (81) at ¢ =0 and as a
function of M. For 7 < 1, the potential is bounded from below
and has a minimum at M = 0, while it is unstable for 77 > 1. At
1 =1, Vopi(0, M) is flat, and the BMB phenomenon occurs.

which indeed vanishes at ## = 1. The effective potential at
the BMB point, i.e.,

2w 872
%2 2 _///¢4+3N2§0’

eff - N (85)

has a stable ground state at ¢ = 0. Thus, the vacua for each
value M = ./ are all degenerate. Moreover, the potential is
bounded from below. This is in agreement with the FRG
results [21], though the exact shape of the potential differs.
This is to be expected as this detail appears to be scheme
dependent already within the FRG [21].

At# > 1, the former ground state M = ¢ = 0 becomes a
saddle point unstable in the M direction, and the potential is
not bounded from below. In the next section, we will find
that this is not a sign of sickness but is merely an artifact of
the LO approximation.

We close our LO discussion by pointing out that each
point of 7 corresponds to a separate theory since there is no
RG evolution. Thus, there is no transition from a stable
(7 < 1) to an unstable regime (7 > 1). In particular, while
the true UV fixed point (22) lies in the unstable regime, one
cannot determine whether the BMB phenomenon impedes
the RG evolution toward this fixed point at LO in large N.
To do so, next-to-leading accuracy is required.

B. Next-to-leading order

Now, we investigate the BMB phenomenon at NLO in the
large-N expansion by computing corrections to Vop; (81).
For simplicity, we work at the field minimum ¢ = 0 where
the BMB instability occurs. This restores the full O(N)
symmetry, and we can treat all components of ¢; on equal
footing. In general, the 2PI potential V,p; is a functional of
the dressed propagator y;; with k,/ = 1, ..., N. Both of them
can be expanded in the large-N limit

S
Van= ViR + VOG0 e 2B ol (s

where Tr[...] is understood as a combined summation of
indices and integration of momenta. Starting from V,py, the
effective potential is obtained by inserting the stationary
value of y

oV 2PIb{] A 2PIb(L ]
0= = + O(NLO 87
5% 5XL1 ) ( ) ( )

which suggests that the third term in (86) is actually of order
N2LO. Inserting the LO propagator

0y

- (88)

i (p) =

into the 2PI potential yields an effective potential V_, for the
mass parameter .#. Explicitly, we obtain
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N.#®

Vi = gan {8 {%JFZR

where ® marks the insertion of a counterterm (72), and the
last terms have been computed in (59), (60), and (61).
Putting all pieces together, we arrive at the potential

. (89)

_o

301 _ 5 3
A

24rn * 24

+ 127 <3 —4log?2 — 210g///> + 21457
u

2-3
_rn (1 —210g2—410g///> +
u

. 2sm). oo

where f(x) is given in (63). For the sake of discussion, we
write it in the compact shape

=%#mwmwwﬂ. 1)

At LO, the logarithmic term is absent, i.e., ¢; = 0, such that
the BMB phenomenon occurs when c((ijgmg) = 0, where
the minimum at .# = 0 is lifted. This yields #7gyg = 1 and
renders V , exactly flat at the BMB point. At NLO, ¢,
obtains corrections, but still has a zero ¢y(779) = 0 at

7> 48
no=1+-—2log2 -1 —f(1
Mo +2N( og )+7er()

3(10 + 7¢5 — 16 log 2)
N

90584 + O(N7?). (92)

+O(N7?)

~1+

However, 7, is not simply the generalization of 7gyp at
NLO. The stability of (91) around the ground state .#Z = 0
does not hinge on ¢ (77) but rather on the sign of ¢ (7), as
depicted schematically in Fig. 5. Concretely, because
log # /u — —c0 as .# — 0, the ground state is stable for
c; < 0. As evident from (90), the coefficient is related to the
p function

ci(in) = =5 < 0. (93)

forall 7 < 7%, cf. (21). This suggests that .# = 0 remains a
minimum of V ,, and there is no breaking of scale
invariance for 0 <# <#*; i.e., the UV fixed point (22)
exists. The appearance of f; in (90) is rooted in the overall
RG invariance of the potential; i.e.,

d 0 0
p— —_— —_— - — . 4
(dlogﬂ tra olog ./ + by 6;‘7) Vi (94)

Thus, its logarithms may be resummed via

;<0
=
~
N \
M|
FIG.5. Schematic dependence of the effective potential at next-

to leading order in large-N (91) on the sign of ¢;. For ¢; > 0,
there is a global minimum at .# # 0, and V_, is bounded from
below. With ¢; < 0, there is a local minimum . = 0, the global
maximum lies at .# > 0, and V_, is not bounded from below
for A [u - oo.

log(4£
= M3 exp 26
L=v.u

hﬁ+m%”%@,wﬂ

where y , = O(N~2) [7]is the anomalous dimension of the
mass operator .7 and only contributes at N’LO in the large-
N expansion. As a consequence, the logarithmic term arises
solely from the LO expression ¢y = N(1 —#)/(24x).

To argue that the theory remains well defined for#; < 1, we
scrutinize the radius of convergence of the effective potential
V. A complication arises due to the series of ring diagrams
(61), which are summed into logarithmic series contained in
the function f(7) as defined in (63). The radius of con-
vergence for the sum of diagrams is 77 < 1, which, strictly
speaking, does not permit the exchange the summation and
integration as was done to obtain (63). Doing so regardless,
we find that f(7) does not exhibit a pole but remains finite as
7 — 1. Instead, f(77) develops an imaginary part for 77 > 1
and so does V_,. Imaginary parts of effective potentials are
known to be related to their nonconvexity and hint at the
coexistance of several ground states. To be precise, the
imaginary part is interpreted as a decay rate between well-
defined, localized ground states [40,47]. The emergence of
an imaginary part in our case can be understood from the fact
that we have identified two vacua corresponding to the
dynamical masses M, (27), in agreement with [45]. For
i < 1,only M, is valid, and there is no imaginary part. M_
becomes a viable vacuum for 77 > 1, though it is a maximum
of the V,p potential. Thus, M . coexist, but M | corresponds
to field configurations with lower energy. Thus, there is no
imaginary part for Vg computed with ¢ # 0 in (75), as
expected by [17]. On the other hand, V , is determined at
@ = 0 where M, become degenerate, thus introducing an
imaginary part when both vacua coexist at 77 > 1. Note that
this imaginary part of V_, vanishes at the ground state,
. = 0, which does not suggest an instability. Furthermore,
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the real part of (90) is a smooth function for the coupling
values 0 < # < #*. Thus, the imaginary part does not pose a
problem to our conclusion.

The consequence of our finding is profound: Scale
invariance cannot be broken by the BMB phenomenon,
as it is inherently broken by quantum fluctuations, con-
cretely by the logarithmic term in (91). Quantum correc-
tions fix the ground state to .# = 0, and the effective
potential of the mass parameter .# cannot be rendered flat
for any value of #. Thus, no dimensional transmutation
occurs, and the BMB mechanism utterly disappears in the
face of NLO corrections.

A similar conclusion can be drawn by considering the
gap equation. At NLO, it reads diagrammatically

(96)

where the small dots denote arbitrarily many insertions of
the same shape, and ® denotes the sextic tree-level
counterterm insertion. The last family of diagrams in
(96) yields an explicit dependence on the external momen-
tum. Hence, the gap equation at NLO does not merely
describe a dynamical mass parameter but rather a more
complicated dressed propagator.

Setting aside this complication, the dynamical mass
parameter .7 gains additional contributions with respect
to the LO condition (77)

M= M* l_1+ﬁﬁlog/ﬂ//+... , (97)

which only permits the solution .Z « u as well as the
ground state .# = 0.

As V_, is not a flat function of .#, the composite field
(82) ceases to be a dilaton. We will not compute explicit
corrections to its LO mass (84) as it will vanish due to
A = 0. Note that the authors of [28] have employed
saddle point methods to argue that for .# # 0, the mass is
tachyonic at 7# = 1. A cross-check of this result is beyond
the scope of this work.

V. CONCLUSIONS

In this work, we revisited the O(N) model with ¢°
interactions using perturbation theory, dimensional regu-
larization, and minimal subtraction. Through resumma-
tions, we derived exact expressions in a systematic 1/N
expansion, which we used as a guardrail into strongly
coupled regimes. We also employed composite-operator
effective-action techniques to track possible competing
vacua. This set of tools allowed us to reconcile and extend

various literature results, including those obtained via
saddle point approximations or the FRG.

Each of our findings supports the conclusion that the UV
fixed point found in [5-7] exists and is accessible within a
weakly coupled regime for realistic QFTs at large N.
Concretely, we demonstrated that the fixed point becomes
vanishingly small in a N — oo limit, which ensures its
persistence to higher-loop orders in the f function. This is
an extension to the arguments brought forth in [6,7], which
leaves no room for doubt about the viability of the
perturbative expansion. Moreover, we computed the first
complete expression for the effective potential at NLO in
the 1/N expansion, superseding any partial attempts in
prior literature [16,44]. Our results suggest that for suffi-
ciently large N, the fixed point is stable as spontaneous
breaking of the global O(N) symmetry does not occur.
Furthermore, we showed that the tricritical line of con-
formality does not interfere with the existence of the UV
fixed point; its well-known disappearance [19,20,25,30,32]
is the consequence of a consistent 1/N expansion. Finally,
we brought forward new arguments that show the absence
of the BMB instability [22] at NLO. Thus, there is no
evidence for any obstructions to the UV fixed point.

Our findings suggest that both the tricritical line of
conformality, as well as the BMB phenomenon at its end
point, are ephemeral products of a strict N — oo limit. They
are based on an accidental scale invariance only present at
LO in the 1/N expansion, which is broken by quantum
fluctuations in realistic large-N QFTs. We interpret this LO
scale invariance as a relict of the classical scale symmetry.
Once quantum corrections are fully accounted for, the scale
invariance is broken and only restored at the UV fixed
point [5-7].

We expect that the results of this paper, including the
persistence of Pisarski’s fixed point, can be corroborated
using the FRG, provided a sufficiently nuanced truncation
is employed. We leave this exploration to future work.
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APPENDIX: DETAILS ON MULTILOOP
INTEGRALS IN LARGE N

In this appendix, we collect the relevant techniques and
provide further details on the multiloop integrals that
appear in the main text. We always work in the minimal
subtraction scheme and regularize loop integrals in d =
3 — 2¢ dimensions. To evaluate the integrals, we employ
the MaRTIn [48] framework, which in turn uses
QGRAF [49] for diagram generation and FORM [50] for
the symbolic computations.

|

d?k 1 i|m|

As we compute the effective potential at leading order
(LO) and next-to-leading order (NLO) in a 1/N expansion,
an infinite amount of loop diagrams has to be resummed.
The LO contributions take the form of tadpoles (15), which
factorize and are finite. They can be resummed by
introducing a dynamical mass parameter that can be
determined via a gap equation (25). Explicitly, the tadpoles
7T are finite and read

_QO_
T="= (2m)d k2 —m?2

At NLO, there are sets of ring diagrams R, (57) and R,
(65), which cannot be resummed by the same means. They
incorporate chains of subgraphs (56), which contain one-
loop bubble diagrams that explicitly depend on the
momentum routed through them from external legs. In
general d dimensions, each of these bubbles B reads

dik 1
B={ 3= f @m)d (k2—m2)((k+p)2 —m2)’

Using Feynman parametrisation, Wick rotation, and stan-
dard integration methods, we arrive at

(A2)

B

arctan (5—E) + O(e),

m

p— A
4rpr (A3)

where pp is the Euclidean momentum. We find this
expression to be in agreement with [51].

The diagrams R (67), R, (59), and R; (60) are UV
divergent and can be directly obtained by combining the
respective two-loop [52], three-loop [53], and four-loop
integrals [54] and factorizing LO tadpoles (Al). The
remaining diagrams R,., (61), RUZQ (68), and anz
(69) are finite. We have opted to sum them as the common
expression > %, R, + >.2, (R, + R,) in (70), introduc-
ing the function F(x) as defined in (71), which encapsu-
lates the integration over the bubble momentum pg from
(A3). In the effective potential at NLO (75), the evaluation
of F(x) is performed numerically.

To obtain the result for V_, (90), merely a resummation
of R4 is required, which is abbreviated as (62) introduc-
ing the function f(x) in the same manner as before (63).
This function f(x) has a finite the radius of convergence
for positive arguments x < 1, which stems from the sum
>, R, being divergent. Thus, f(x) is only well defined
within this radius of convergence, as it relies on

- (4m)/2

(A1)

u?
|m|?

|

exchanging the summation of diagrams and individual
loop integrations. As before, f(x) is evaluated numerically
to discuss (90).

While we have found the numerical evaluation of the
summed expression » % , R, (62) to be more practical, we
could have chosen to compute each of the contributions R,
(61) analytically. For n > 4, they can be written as

e“‘) F(s—l): M+(’)(£).
2 4r

2M3 drp*\ 1"
R,=——— 171l 1- I, A4
L (| P!
where the integral /,, defined as
o arctan”(z)
L, _A Zn—2 dz (AS)

can be obtained recursively. After repeated integration by
parts, we can write down /,, in terms of base integrals J,,,
which are defined below and can be integrated more easily.
As expressions differ slightly depending on whether 7 is
odd or even, we use superscripts 799 and 7¢'*" to discrimi-
nate between the two cases. The integral /,, can reduced in a
recursion

1999 = 2 (19 + (1) DRI 4+ S (n = ).
n>>5, (A6)
I = (198 + (=128 + 53 (n - 5)].
n>4, (A7)

which is terminated at the lowest cases of n, where the
integrals read
5
and Is =-J,.
5 =574

14 = 4‘]3’ (AS)
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Here, S, are recursive sums defined via

(m—l)/Z(_U(m—zk—m/zn

Smy= Y (DT + 89 (26)).

(A9)

(=DA% + 83 (2k - 1),
(A10)

After performing all recursions, only base integrals
J, remain, which can be computed directly and are
defined as

7o dd_ / o arctan”
0 1+z

(n-1)/2 n—2m (22m _ 1) yé'
4 n:6om41
+ E =-1)" = All
=1 (2) 24m - (n=2m)!’ (Al1)

for odd values of n, whereas J,, for even n is related to
the J9%¢ by

o arctan”(z) 1 AN
Jeven — dz = — ad Jedd
=), 20+2)° " (n+1) (2> e

(A12)
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