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Abstract—This article presents the hybridization of a multi-
conductor transmission line (MTL) solver, implemented using
the finite-difference time-domain method, with the circuit solver
ngspice to treat the terminations and interconnections of trans-
mission lines. Transient analysis and crosstalk in MTLs have been
widely studied, but the line terminations and the connections be-
tween lines are mostly restricted to lumped resistors, inductors
and capacitors (RLC) components. However, realistic systems, such
as power distribution or communication systems, typically involve
more complex and a priori unknown connections. By integrating
the MTL solver with a circuit solver, the proposed approach en-
ables the inclusion of any component for which a circuit model
can be written or already exists, i.e., dispersive elements, such
as ferrites, and electronic components, such as diodes, amplifiers,
or transistors. This capability makes it possible to simulate the
MTL networks with complex, including nonlinear, terminations
and interconnections modeled by circuits. The proposed method
is validated through comparison with experimental laboratory
measurements.

Index Terms—Circuit simulators, computational modeling,
finite difference methods, multiconductor transmission lines
(MTLs), time-domain analysis.

I. INTRODUCTION

MODERN industries, from automotive and aerospace to
communication and power distribution, use sophisti-

cated cable systems composed of networks of cable bundles
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interconnected by electrical and electronic circuits. These
systems play a crucial role in electromagnetic compatibility
(EMC) assessments, both as victims of interferences that
might affect connected equipment and as potential emitters of
interferences. The increasing speed, bandwidth and complexity
of the electronic components used in cable systems, along with
higher operating frequencies, make them even more critical
components that cannot be neglected in full-wave simulations
of large-scale systems.

The finite fifference time fomain (FDTD) method [1], [2]
is one of the most powerful and widely used numerical meth-
ods to simulate 3-D electromagnetic problems. Cable networks
can be represented as a series of multiconductor transmission
lines (MTL), the currents and voltages in the MTL being de-
scribed using transmission line theory, which can be solved
using FDTD method as well. There are many successful ex-
amples of the hybridization of full-wave FDTD solvers with
MTL solvers [3], [4], [5], [6], [7]. However, the modeling of
terminations and interconnections of the TLs are not adequate
to describe the behavior of the electronic systems in realistic
cable networks. The general solution, and the particular solution
for resistive loads, has been studied in detail [8]. For transmis-
sion lines connected by loads consisting of combinations of
resistors, inductors and capacitors, solutions make use of the
state-variable formulation [9], [10], [11] or the modified nodal
analysis [12]. The inclusion of dispersive elements can be done
using the Prony method [13], [14] or recurring to the piecewise-
linear recursive convolution method [15]. This limitation of
state-of-the-art MTL solvers hinders the simulation of realis-
tic transmission line networks with arbitrary terminations and
interconnections.

There are two main strategies to simulate transmission lines
connected by circuits with electronic components. One is includ-
ing TL equations into circuit solvers [16]. This approach suffers
from a simplistic TL description, constrained to the capabilities
of the circuit solver and is not suitable to be hybridized with a
3-D full-wave solver. The other strategy entails coupling the TL
solver with an external circuit solver. The issue with the latter is
that electromagnetic solvers with this capability use dedicated
circuit solvers that do not offer the possibility of including
arbitrary components and are proprietary software that cannot
be modified to include more components [6], [17], [18], [19].
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To tackle these shortcomings, in this article we propose the
hybridization of an FDTD MTL solver (MTL-FDTD, from
now on) with a SPICE-based open-source simulator for electric
and electronic circuits, ngspice [20]. SPICE is the origin of
most modern electronic circuit simulators, its successors being
widely used in the electronics community. In ngspice, models of
electronic components (netlists), easily accessible and provided
by both the manufacturers and the open-source community, can
be used to simulate discrete circuits [21]. Thus, most existing
electronic components but also new components can be simu-
lated. Coupling the MTL-FDTD solver with ngspice offers the
possibility of including nonlinear and active components in the
connections between the MTLs, and of simulating the effect of
external perturbations, such as plane waves, which MTL-FDTD
naturally incorporates as distributed voltage sources, on the
electronic components. The core idea of the hybridization is the
following: at each time step, the MTL-FDTD solver computes
the current at all points of the transmission lines, and the voltages
at all points except the extremes. The circuit solver is passed the
currents at the extremes of the transmission lines, and produces
the voltages at said points. It should be stressed that albeit
the MTL-ngspice solver can be used on its own, this solver is
integrated into an open-source 3-D full-wave FDTD solver [22]
(3-D-FDTD, from now on), allowing to simulate the interaction
of MTL networks with transient electromagnetic fields in a 3-D
domain. However, the description of the whole hybridization,
3-D-FDTD/MTL-FDTD/ngspice, lies beyond the scope of this
article, where we focus on the implementation details of the
interface between the MTL solver and the circuit solver.

The rest of this article is organized as follows. Section II
describes the MTL-FDTD model and the hybridization with
ngspice. Section III presents the validation of the hybridized
approach comparing simulations against measured data in three
different cases: a single conductor transmission line terminated
with a diode, a single conductor transmission line terminated
with an operational amplifier, and a two conductor line, where
one line is excited, and the other line is terminated with an
operational amplifier. Finally, Section IV concludes this article.

II. MTL MODEL AND INTERFACING PROCEDURE

The MTL theory relates the voltages and currents on each
conductor of a MTL under the assumption that the conductors
have a constant cross-section and that the propagation mode
is quasi-TEM. For a multiconductor line with N + 1 lossy
conductors (N conductors plus a reference conductor), those
relations can be written in the following form:

∂ {V}
∂z

+ [R] {I}+ [L]
∂ {I}
∂t

= 0 (1a)

∂ {I}
∂z

+ [G] {V}+ [C]
∂ {V}
∂t

= 0 (1b)

where [L] and [C] are the per-unit-length inductance and ca-
pacitance between all conductors and [R] and [G] are the per-
unit-length losses: resistance (along conductors) and conduc-
tance (between conductors). {V}(z, t) = [V1V2. . .VN ]T is the
vector of the voltages of each conductor with respect to the

reference conductor, and {I}(z, t) = [I1I2. . .IN ]T is the vector
of the currents on those conductors. [L], [C], [R], and [G] can
vary along the line length without varying the cross-section,
describing a nonhomogeneous transmission line. To a greater
or lesser extent all the per-unit-length parameters are frequency
dependent: [R] and [L] through the skin effect, [C] and [G] due
to dielectric losses [23]. Since it will not affect the discussion of
the interfacing with ngspice, for the sake of simplicity we will
assume that the lines are uniform and homogeneous, and that
their properties are frequency independent.

The equations in (1) are discretized using the finite-difference
time-domain technique applied to transmission lines (MTL-
FDTD) described in [24]. The solution time is divided into Nt

segments of length Δt and the transmission line is divided into
Nz segments of length Δz . There are Nz + 1 voltage nodes
(at the extreme of the segments) and Nz current nodes (at the
center of the segments). The final discretized voltage and current
equations are

{I}n+3/2
k = F−1

I+ [FI− · {I}n+1/2
k − ({V}n+1

k+1 − {V}nk+1)]

(2a)

for k = 1, 2, . . . , Nz and (2b)

{V}n+1
k = F−1

V+[FV − · {V}nk − ({I}n+1/2
k − {I}n+1/2

k−1 )]

(2c)

for k = 2, 3, . . . , Nz . Thus, (2b) is only valid for internal voltage
nodes of the line. In the equations above

FV ± =

(
Δz

Δt
[C]± Δz

2
[G]

)
(3a)

FI± =

(
Δz

Δt
[L]± Δz

2
[R]

)
. (3b)

Equations (2) are solved in a leapfrog fashion, i.e., first the
voltages along the line are obtained (2b) at time step n+ 1 in
terms of the previous time steps (V n, In+1/2). Then, the currents
are obtained (2a) in terms of the voltages obtained from (2b)
(V n+1) as well as previously obtained values (V n, In+1/2). The
solution starts with an initially relaxed line having zero voltage
and current values.

A. Ngspice Interface for Terminations and Interconnections

The equations above describe a single MTL, not taking into
account its terminations or the connections to other transmission
lines. Hence, the terminal conditions have to be incorporated.
We will use the term junction to refer indistinctly to terminations
and interconnections since their treatment is the same. As can be
seen in Fig. 1, the essential problem in incorporating the terminal
conditions is that in the MTL-FDTD discretization the voltage
and current of the first ({V1, I1}) and last ({VNZ+1, INZ

}) node
of the transmission line are not collocated neither in space or
time. However, the terminal conditions relate the voltage of the
first node to the current of the source (V1, IS) and the voltage of
the last node to the current of the load (VNZ+1, IL), and these
pairs of voltage and current are collocated in time and space.
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Fig. 1. Discretized transmission line showing source and load currents, collo-
cated in time and space with the voltages at the extremes of the line.

Fig. 2. Equivalent circuit of the extreme of a transmission line.

If we apply the spatial discretization to (1b) at the extremes
of the line (source and load, respectively), we obtain

I
n+1/2
1 − I

n+1/2
S

Δz/2
+ C

∂V
n+1/2
1

∂t
+GV

n+1/2
1 = 0 (4a)

I
n+1/2
L − I

n+1/2
Nz

Δz/2
+ C

∂V
n+1/2
Nz+1

∂t
+GV

n+1/2
Nz+1 = 0. (4b)

In the discretization of the spatial derivative, the denominator
is Δz/2 because the source (load) current is on the first (last)
voltage node, and hence, separated onlyΔz/2 from the adjacent
current segment. From this discretization, the update relations
for the current at the source and the load can be derived

I
n+1/2
S = I

n+1/2
1 + C

Δz

2

∂V
n+1/2
1

∂t
+G

Δz

2
V

n+1/2
1 (5a)

I
n+1/2
L = I

n+1/2
Nz

− C
Δz

2

∂V
n+1/2
Nz+1

∂t
−G

Δz

2
V

n+1/2
Nz+1 . (5b)

Since, we want to hybridize with a circuit solver, we will
describe (5a) and (5b) in terms of their circuit equivalent. Each
of (5a) and (5b) represents a node equation with four currents: the
current at the source (load), the current of the first (last) segment
of the transmission line, the current through a capacitor with
valueC ′ = CΔz/2 and the current through a resistor with value
R′ = (GΔz/2)−1 [25]. Fig. 2 shows the circuit equivalent of the
extremes of the transmission line, where ZS and ZL represent
the impedance of the terminations connected at source and load
ends of the line, respectively. To avoid confusions between the
voltages and currents shared between the MTL and the ngspice
domains, we will refer to the latter as V̂ and Î . The currents in
the circuit are defined as

Î ′1 =
1

2
CΔz

∂V̂1

∂t
(6a)

Fig. 3. Extrapolation of the discretization procedure to more than one trans-
mission line. (a) Discretization of the extremes of three interconnected trans-
mission lines. (b) Equivalent circuit of the interconnection of three transmission
lines.

Î ′′1 =
1

2
GΔzV̂1 (6b)

Î ′Nz
=

1

2
CΔz

∂V̂Nz+1

∂t
(6c)

Î ′′Nz
=

1

2
GΔzV̂Nz+1. (6d)

Now, that we have a circuit description of the TL, we can
use the circuit solver to update the voltages on the circuit nodes
(V̂1 and V̂Nz+1) that correspond to the voltages of the extremes
of the line (V1 and VNz+1). The circuit represented in Fig. 2 is
defined in ngspice, with ZS and ZL any user-defined circuits.
At each time step, the value of the current sources (Î1 and ÎNz

)
are modified to the value of the corresponding current segment
from the MTL-FDTD simulation. Then, the circuit is evolved
to next time step, producing the voltages corresponding to the
line extremes, which are read and passed to the MTL-FDTD
algorithm.

This procedure is easily scalable to interconnections between
transmission lines. In that case, the procedure is the same but
each junction circuit is connected to a circuit representing a
transmission line, one for each transmission line connected
to the interconnection. Fig. 3(a) shows an example of three
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interconnected transmission lines, analogous to Fig. 1, where
IC is any interconnection between the transmission lines. For
lines beginning (ending) at the IC, it will be equivalent to the
source (load) in Fig. 1. In Fig. 3(b) we have represented the
three circuits connected to the same ZIC, where ZIC represents
the impedance of the interconnection between the transmission
lines. This connection could represent any kind of connection
between the circuits, i.e., they could be connected to the same
inner point through lumped components, or they could be con-
nected to a three-port electronic component. Dispersive elements
whose properties are complicated to model using combinations
of resistors, inductors and capacitors (RLC) elements (such as
ferrites) can be included using a netlist description. In this way,
ferrite beads and chokes around the wires can be simulated as
well, using an interconnection to split the MTL at the position
of the component.

B. Algorithm

Using the discretization of the MTL equations in (2) in com-
bination with the circuit representation of the extremes of the
transmission line provided by ngspice, a solution for MTLs with
arbitrary interconnections and terminations can be constructed.

At each time step the current source representing the current
at the extreme of the transmission line, Îi,k, is updated. Then,
the circuit advances a time step and the corresponding voltage
(V̂1 or V̂NZ+1) is returned. The inner state of the circuit is
maintained between time steps; otherwise, components, such as
capacitors, inductors, and other nonlinear components, whose
behavior depend on the time evolution of the circuit could no be
simulated.

The iterative procedure to update currents and voltages is as
follows.

1) Advance {V }n+1
k (k = 2 . . . Nz) for each transmission

line using the discretized expression in (2b);
2) Advance{V }n+1

1 and{V }n+1
Nz+1 for each transmission line

solving all ngspice circuits follows:
� for each TL attached to a junction, update the cor-

responding current source Îi,k, using the current of
the transmission line segment attached to that node,
I
n+1/2
i,k , with k = 1, k = Nz , and i corresponding to

the TL;
� advance the transient ngspice simulation by Δt;
� assign each V̂i,k to the corresponding voltage on the

transmission line V n+1
i,k (k = 1 or k = Nz).

3) Advance {I}n+3/2
k (k = 1 . . . Nz) for each transmission

line using the discretized expression in (2a).

III. VALIDATION

The proposed method is validated against simulations and
measurements. The MTL solver should reproduce the results
of benchmark simulations performed with other simulators, and
whose results are well known. Since the goal of the MTL solver
is to be eventually integrated into a 3-D-FDTD solver, we have
chosen to compare it against simulations performed with [22].
We will use a setup consisting of a thin wire over a ground plane.

Fig. 4. Experimental setup. (a) Top view of the wire panel. (b) Side view of
the wire panel.

For the experimental validation, the measurements were per-
formed at the GCEM-UPC laboratory [26]. The validation uses
three different setups: a one-conductor transmission line termi-
nated with a diode (Section III-D1), a one-conductor transmis-
sion line terminated with a operational amplifier (op-amp, from
now on, Section III-D2), and a two-conductor transmission line,
where we measured the crosstalk between the excited line and
the receptor line, which is terminated with an op-amp (Section
III-D3).

To facilitate the reproducibility of our method, the imple-
mentation of the solution along with the measured data and the
necessary framework to reproduce the validation cases can be
found at [22].

A. Code Implementation

The MTL solver is written in Fortran and integrated in a
broader open-source electromagnetic suite, opensemba [22].
This suite contains, among others, a 3-D-FDTD solver, SEMBA-
FDTD [22], a state-of-the-art, general-purpose time-domain
simulator developed and validated by the GEG team [27] for
various applications [28], [29], [30].

B. Measurement Setup

The measurement setup consists on an aluminum sheet with
two L-shaped profiles. Two wires connect the two profiles,
attached to N-type ports (Fig. 4). The wires are 40 cm long,
separated 10 cm and positioned 4 cm above the ground plane.
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Losses in the wires are considered to be negligible, and the
per-unit-length inductance and capacitance matrices, referred
to the sheet below them, are as follows:

L =

[
938.95 39.87

39.87 938.95

]
nH (7a)

C =

[
11.87 −0.504

−0.504 11.87

]
pF. (7b)

These values have been computed using a dedicated elec-
trostatic solver, and their values match those of the theoretical
expressions for two wires over a ground plane [31]. The type N
ports at the end of the lines can be left open, can be connected
to 50Ω loads, or can be connected to a circuit. With this setup,
propagation in a single wire and cross-talk between the wires can
be measured. For data acquisition a Rhode & Schwarz RTC1002
oscilloscope was used [32]. In Sections III-D1 and III-D2 the
signal generator integrated in the oscilloscope was used. In Sec-
tion III-D3 a signal generator reaching higher frequencies was
needed, and a Agilent 33220 A signal generator was used [33].

C. Validation Against Simulations

First, we have validated the MTL-FDTD solver against a
3-D-FDTD solver with a different implementation of wires.
In the 3-D-FDTD solver opensemba, wires are modeled using
Holland’s thin-wire formalism [34]. The experimental setup in
Fig. 4 was reproduced [see Fig. 5(a)], with the simulation domain
composed of 24× 24× 24 cubic cells, each with a size of
Δl = 4 cm, truncated by PML boundary conditions. The ground
plane is a PEC surface. A wire is left open on both ends, while
the other is excited with a voltage source and terminated with
50Ω resistors at both ends. The voltage source is a sinusoidal
waveform with a frequency of 100 kHz and an amplitude of
10V. Since one wire is open at both ends, the effect of the
L-shaped profiles will be that of closing the current loop on the
connected wire. Thus, for the sake of simplicity, we simulated
the profiles as two vertical segments at the ends of the excited
wire, which should have the same effect. The simulation runs
for 2× 105 steps with a time step of Δt = 10ps.

In the MTL-FDTD simulation, the domain is 1-D and com-
posed of 24 segments with Δz = 4 cm. Instead of simulating
the ground plane, the MTL-FDTD solver uses the inductance
and capacitance matrices of the system. The setup with only
one wire connected to the ground plane can be represented
as a one-conductor transmission line, whose inductance and
capacitance are given in (7).

In both simulations, we probe the current at the end of the
excited wire. Fig. 5(b) shows the results obtained with the 3-D-
FDTD solver and the MTL-FDTD solver, which are in perfect
agreement.

D. Validation Against Measurements

1) Diode: To validate this scenario, we have used the setup
shown in Fig. 6(a). One wire is excited with a sinusoidal wave-
form with amplitude equal to 5 V and frequency 50 kHz in
series with a 50Ω resistor (inner resistance of the source). A

Fig. 5. FDTD simulation setup and results using the 3-D-FDTD solver and
the MTL-FDTD solver. (a) Experimental setup simulated in FDTD. (b) Current
at wire end.

zener diode is connected to the other end of the wire, which
is grounded. To simulate the zener diode we have used the
model for diodes included in ngspice with the following param-
eters: breakdown voltageVB =3.966V, saturation current Is =
193.4 fA, resistance R = 0.1Ω, zero-bias junction bottom-wall
capacitance CJ0 = 239.5 pF, breakdown emission coefficient
N = 13 and current at breakdown voltage IBV = 64.74mA.
These parameters are adapted from the parameters found for
zener diodes with breakdown voltage 3.9V found at [35], [36].

Fig. 7 shows the voltage drop at the diode, compared with the
simulated values. Both the clipping at � 0.7V characteristic of
silicon diodes, and the clipping at the reverse breakdown voltage
can be observed.

2) Operational Amplifier: The use of op-amps is widespread.
In this work, we use them as a benchmark for the inclusion of
electronic components in the terminations of transmission lines.
Op-amps can be saturated, which introduces nonlinearities in
the problem. This is particularly interesting since it represents a
phenomenon customarily found in electronic circuits, which is
absent in TL solvers. To validate the simulation of op-amps, we
have used a commercially available operational amplifier from
Texas Instruments, model TL071cp [37], in a setup as that shown
in Fig. 6(b). The wire is excited on one end with a sinusoidal
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Fig. 6. Schematic of measured circuits. (a) Single wire terminated with a
diode. (b) Single wire terminated with a op-amp. (c) Two-conductor line. One
wire is connected to the source and acts as the interference generator. The
receptor wire is terminated with an op-amp.

waveform with frequency 50 kHz and two different amplitudes.
The op-amp is at the other end, where we measure its input and
output. The op-amp is powered with ± 15V and configured to
work as a inverting amplifier with an amplification factor of 10.
To simulate the op-amp we have used the model provided by the
manufacturer [38]. This model emulates the performance of the
device included its nonideal behavior, such as output saturation
and frequency-dependent gain.

Fig. 8 shows the simulated and measured input and output
voltages of the op-amp, for two different input voltages. When
the amplitude of the input voltage is 0.2V, the op-amp works
in the linear regime. However, when the amplitude of the input
voltage is 2V, the amplified voltage would be 20V, so the op-
amp should saturate at 15V.

3) Cross-Talk: Transmission line solvers typically include
the capability to compute the cross-talk between conductors
of a transmission line. However, the capability to compute the
interferences caused in an electronic component due to the signal
carried by a nearby wire is a novelty incorporated thanks to
the coupling with ngspice. To validate this scenario, we have
used the setup shown in Fig. 6(c). A two conductor line was

Fig. 7. Voltage drop at zener diode terminating the transmission line.

Fig. 8. Input and output voltage of a Texas instruments TL071cp operational
amplifier [37] connected to the end of a transmission line. (a) Op-amp voltage
out of saturation regime. (b) Op-amp voltage in saturation regime.
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Fig. 9. Effect of cross-talk from a line excited by a sinusoidal or a pulse signal
on a line terminated on a Texas instruments TL071cp operational amplifier [37].
(a) Op-amp output voltage with the line excited by a sinusoidal signal. (b) Op-
amp output voltage with the line excited by a pulse wave.

excited with a source on the extreme of one of the wires, and
the output voltage of an op-amp attached to the other wire
is measured. The op-amp is mounted on a breadboard, where
there are soldered tracks and some other components. Hence,
a 1.75-n F capacitance has been added to represent the total
parasitic capacitance between the breadboard with the op-amp
and ground, which is not present in the component model.

Two different excitation signals were used: a sinusoidal signal
and a pulse train, to have a case more representative of signals
in digital systems. Since the induced voltages are proportional
to the amplitude and the frequency of the source signal, we used
a frequency of f = 1MHz and an amplitude of Vpp = 20 V in
order to achieve a measurable cross-talk. With the signals used
in the previous sections the op-amp output voltage would have
been below the sensitivity of our instruments. In the case of the
pulse train, the pulses had a rise time, fall time, duration and
frequency of τr = 75 n s, τf = 75 n s, τd = 250 n s, and f =
1MHz, respectively. Fig. 9 shows the output voltages of op-amp,
compared to measured data.

IV. CONCLUSION

We have presented an MTL solver that interfaces with the
circuit solver ngspice to treat line terminations and interconnec-
tions. Using a circuit simulator to treat the connections in the
network allows to simulate connections made with nonlinear
components and electronic components, whereas conventional
FDTD MTL solvers restrict to a series of lumped connections
with RLC elements. Both the MTL solver and the interface are
open source and part a 3-D FDTD full-wave electromagnetic
simulator, allowing to study the interaction of transient fields
with cable bundles. We have validated this approach by compar-
ing the simulation results with measurements in three different
scenarios: a single line terminated with a diode, a single line
terminated with an operational amplifier, and two-conductor
line, where the receptor line is terminated with an operational
amplifier. In all cases, the simulation results match the measured
data. The proposed method enables the simulation of networks of
MTLs, where the terminations and interconnections of the lines
are not just lumped RLC components, but are electronic circuits.
The latter is a better representation of real connections in wiring
networks. Even though the MTL-ngspice solver can be used as a
standalone simulator, its power lies in being integrated in a 3-D
full-wave solver, allowing to study the interaction of transient
fields with realistic cable systems embedded in transport and
communication infrastructures. The explanation and validation
of the full-wave solver coupled with the MTL solver subject of
this work will be part of a future publication.
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