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Abstract

In this paper we study a class of Hardy—Sobolev type systems defined in RY and coupled
by a singular critical Hardy—Sobolev term. The main novelty of this work is that the orders
of the singularities are independent and contained in a wide range. By means of variational
techniques, we will prove the existence of positive bound and ground states for such a system.
In particular, we find solutions as minimizers or Mountain—Pass critical points of the energy
functional on the underlying Nehari manifold.

Mathematics Subject Classification Primary 35J47 - 35J50 - 35J60 - 35Q55 - 35Q40

1 Introduction

Let us consider a family of Hardy—Sobolev type elliptic systems containing critical Hardy—
Sobolev terms with singularities of different orders, namely

2% —1 a—1, B
U u*"'v
_ TN
—Au — )\ e - Ol vah(x) e in RY,
2% 1 a,B—1 (L.1)
v u®v
_ < TN
—Av _A2|x|2 — e = vBh(x) NE in RY,
u,v>0 inRN\{O},
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N —2)?

where A1, A2 € (0, Ay), being Ay = % the best constant in the Hardy inequality,

v > 0 and «, B are real parameters such that

o B
(I,ﬂ> 1 and E‘f’gfl, (1.2)
and s1, 52, 53 € (0, 2) satisfying
o B

> 51— —. 1.3
53_S12§<1 -i-Szz262 (1.3)

The value 2} = % denotes the critical Hardy—Sobolev exponent, whereas 4 > 0 is a

function such that
h e LP? (RV), (1.4)

for appropriate p > 1 and o € (0, 2), which will be defined in (2.3) below. Here L?"* (RM)
denotes the weighted L?-space of measurable functions u such that

1
e / LAY
U, = x| <oo.
b RN |x]S

Systems like (1.1) have been extensively studied in the last years. The case s; = s =
s3 = 0 was addressed in [1], where it is proved the existence of positive bound and ground
states under the assumption h € L'(RY) N L®(RY) if & + B < 2§ (which in turn implies
that h € LI (RN) for everyqg > 1)and h € LR ifoa + B = 2;;- The same non-singular
system, for a wider range of the parameters « and 8, namely | <o <2 < Band Ay < Aj or
1 < B <2 <waand A < Ay, itis considered in [10], where the existence of positive bound
and ground states is derived under the same assumptions on the function 4. The special case
o = 2 and B = 1, arising from the so-called Schrodinger—Korteweg—de Vries model, is
analyzed in [11],where analogous existence results for positive bound and ground states are
obtained. In [23] the presence of the Hardy—Sobolev terms with s; = s = s3 =5 € (0,2)
was recently studied, where the authors refined the assumptions on the function 4. More
precisely, they considered

*
h(x) e LP°(@®RY) with p= _n and o =s.
2% —a—p
The main goal of this work is then to extend these existence results for bound and ground
state solutions for the wider range s1, 52,53 € (0, 2). Let us emphasized that, under the
assumption s; # 0, the concentration phenomena could take place only at 0 and oo as, since
far from these points all the terms are subcritical in the Sobolev sense.

Existence results for nonlinear elliptic systems arising from some particular configurations
of system (1.1) have attracted great attention in the last years due to their connection with
some models of Physics such as Nonlinear Optics models, Quantum Mechanics models or
Bose-Einstein condensates. For instance, the case s = s» = s3 = 0, is closely related to
an important family of nonlinear elliptic systems, namely Schrodinger type systems of the
form

—Au+Viu = pu? N+ ouP P in RV,
—Av+ Vo(x)v = pov?P~l 4+ vuPuP~ ! in RN,
u,v=0 inRY,
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where 1 < 2p < 2§ with N > 3 and the function V (x) represents the role of the potential.
There is a huge amount of literature concerning existence and multiplicity of solutions to
these systems for both subcritical and critical settings so it is complicated to give a complete
list of references. We refer to [2—4, 19, 22, 24, 26, 27]. Let us note that, if one considers
constant potentials and the critical exponent 2p = 27, then the above system has only the
trivial solution (u, v) = (0, 0) due to a Pohozaev type identity. The competitive case, namely
v < 0, has also been extensively studied from a variational point of view in [8, 9, 28].

Elliptic systems involving Hardy type potentials V;(x) = —liﬁ arise in nonrelativistic
Quantum Mechanics, molecular physics or combustion models. In this case the non-trivial
solutions could be singular around the point x = 0. We refer to [5, 12, 14, 16, 30] among
others. By means of an approach based on the moving planes method, some qualitative
properties of the solutions to elliptic systems involving Hardy type potentials have been
recently shown in [13] for the case h(x) = 1 and s; = 0,7 = 1,2, 3. In the special case
A1 = Mo, the authors also obtained a classification criterion of the solutions in terms of the
solutions of the uncoupled equations (see (1.5) below).

In what concerns elliptic systems involving Hardy—Sobolev critical terms the related
literature is much lower. Up to our knowledge, the first work dealing with Hardy—Sobolev
critical singular systems in R is [23], where the authors analyze the system (1.1) by assuming
all the singularities to be of the same order. Elliptic systems involving Hardy—Sobolev critical
terms in bounded domains were analyzed in [6, 25, 29] among others.

We analyze the existence of bound and ground states through a variational approach,
namely, we look for critical points of the energy functional associated to system (1.1) (see
(1.7)). One of the key points of this variational approach is the role of the semitrivial solutions
as critical points of the energy functional. Actually, for any v € R, note that the system (1.1)
has two solutions (z1, 0) and (0, z»), where z; satisfies the equation

Zi !

=>— and gz >0 inRY\{0}. (1.5)

_AZ‘_ —_
TR T Ik

The solutions z; were completely characterized in [15]. Actually, the family of rescaled
functions z,'\j (see (2.6)) related to z% are the extreme functions for the Hardy—Sobolev
inequality (2.9), that is, the functions at which the corresponding Hardy—Sobolev constant
(2.8) is attained. This result, along with the Concentration-Compactness Principle by P.-L.
Lions (cf. [20, 21]) together with the characterization of concentration profiles of the functions
zf‘L (cf. [18]) are pivotal in the variational approach employed in this work.

The concentration phenomenon is a typical issue in critical problems reflecting the lack
of compactness of the corresponding Sobolev embedding at the critical exponent. Since we
are considering s; # 0, for the critical case given by the exponents configuration

o
ZT + Zﬁ* = 1’

S $2
the concentration can only take place at 0 and oo. This is where the function # comes into
play. As we will see the main role of the function 4 will be that of eliminate the possible
concentration at the points 0 or oo with the aid of its summability and its behavior around 0
and oo. Therefore, in order to rule out this concentration phenomenon it is needed to assume
the following hypotheses,

h(x)

|x|*

ﬁ(x) = is continuous at 0 and co and %(0) =0and liIJIrl E(x) =0. (1.6)
X—> 100

@ Springer



131  Page4of29 A. Arroyo et al.

In former works dealing with nonsingular terms, namely s; = 0, the concentration can occur
at various points x; € RY, s0 to rule out the concentration requires additional assumptions,
either on the magnitude of the coupling parameter or by assuming the function 4 to be radial
(cf. [1, 10, 11]). This last assumption not only eliminates the possibility of concentration
at points x; € RY but also ensures the ground states to be radial. We will come back to
this assumption when proving existence of positive ground state solutions which are radially
symmetric.

The role of the function 4 is highlighted by considering different orders s1, s2 and s3. In
particular, the behavior around 0 and oo (see Sect. 2.1) required to % in order to cancel out
the possible concentrations taking place there. On the other hand, considering this difference
in the order of the singularities introduces some extra difficulties as the problem is no longer
homogeneous.

1.1 Main results

Notice first that the problem (1.1) is the Euler—Lagrange system for the energy functional

T, v) 1/ (IVuP + |VoP) d “/ “ ”/ Gy
u,v)=— u v X — — — adx — — —axXx
Y 2 Jrw 2 Jry Ix? 2 Jry |x?

1 Ju | 1 v|® | [v]?
- S dx——* 5 dx—vf h(x) . dx,
2 Jry Jx 2 Jry 12l RV |x]s3

(1.7)

whose domain is the product space D = DLZRN) x DLE(RY) with DI2(RVN) defined as
the completion of C§° (R™) under the norm

et 52y = fRN |Vul? dx.

Along this paper we shall give some results concerning the existence of solutions by the
study of the geometry of 7,. Actually, we can provide some qualitative information about
the minimizers depending on the behavior of the function 4. More precisely, let us assume
that

h is a radial function and non-increasing in (0, 0o). (1.8)

In a first result we are able to relate the energy level to the size of the coupling factor. In
particular, we will see that the minimum level decreases arbitrarily as v increases. Therefore
one can guarantee the existence of a minimizer.

Theorem 1.1 Assume (1.4) and either 5+ + 2% < lor + 2% = 1 satisfying (1.6). Then
Sl 52 .Yl S2
there exists v > O such that the system (1.1) has a positive ground state (i, v) € D for every

v > V. Moreover, if (1.8) holds, such a ground state is radially symmetric.

Next, we establish the existence of the ground states by studying the behavior of the
semitrivial solutions. Let €(%;, s;) be the energy levels of the solutions of the decoupled
equations (1.5) fori = 1, 2, (see (2.17) below). A first configuration is one that the minimum
energy level between (z1, 0) and (0, z») is provided by a saddle point of 7,, therefore the
existence of a ground state of (1.1) follows.

Theorem 1.2 Assume (1.4) and either 5 + 2% < lor5+ 2% = 1 satisfying (1.6). If one
51 52 S1 52

of the following statements is satisfied
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i) €A1, s1) < €Ay, 52) and either B = 2 and v large enough or B < 2,
ii) C€(A1,s1) > €(A2, 52) and either « = 2 and v large enough or o < 2,

then system (1.1) admits a positive ground state (i, v) € D.

In particular, if max{a, 8} < 2 or max{a, B} < 2 with v sufficiently large, then system
(1.1) admits a positive ground state (i, v) € D.

Moreover, if (1.8) holds, the ground state is radially symmetric.

Subsequently, one shall study the reverse setting. For instance, if €(A, s1) > €(X2, 52), the
couple (0, z2) provides the minimum energy between the semitrivial solutions. Actually, if
either « > 2 or « = 2 with v small enough, such a couple becomes a local minimum.
Moreover, one can show the existence of a small enough v > 0 such that the first semi-trivial
solution is indeed a ground state.

Let us stress that the constant (X, s) is decreasing in both A and s (see (2.8) and (2.17)
below). In case of having s;1 = s, then the order of the constants (A1, s) and €(A,, s) is
determined by that of A1 and A, namely, if 21 = 23 then €(A1,5) = €(Aa,s) (cf. [23]).
Nevertheless, in the general case s; # s> we have a wider range of configurations and, for
example, we could have €(A1, s1) < €(A2, s2) evenif A; < A just by choosing properly the
exponents s > 5.

Theorem 1.3 Assume (1.4) and either 5z + 24 < lors+ 24 = 1 satisfying (1.6). Then,
51 K 51 )

i) Ifa > 2and €(A1, s1) > C(A2, $2), then there exists V > O such that foranyQ) < v < v
the couple (0, zf,?)) is the ground state of (1.1).
ii) If B = 2and (11, s1) < €(Ay, $2), then there exists v > 0 such that forany) < v < v
the couple (z,(}), 0) is the ground state of (1.1).
iii) In particular, if a, B > 2, then there exists v > 0 such that for any 0 < v < v, the
couple (0, zl(f)) is a ground state of (1.1) if €(A1, s1) > €(A2, 52), whereas (zf}), 0) is
a ground state otherwise.

Concerning the bound states, we derive its existence by applying min-max techniques. In fact,
J, exhibits a Mountain—Pass geometry for a certain choice of the parameters s, s2, A1 and
A2. In particular, if the values €(A1, s1) and €(A3, s7) verify a certain separability assumption,
we can raise the mountain pass level above that of the semitrivials ones.

Theorem 1.4 Assume (1.4) and either -+ % <lor g+ % = 1 satisfying (1.6). If
i) Either o > 2 and
2&(A2, 52) > €(A1, 51) > €(A2, 52), (1.9
ii) or B > 2and
2&(A1, 1) > €(A2, 52) > (A1, 51),

then there exists v > 0 such that for 0 < v < v, the system (1.1) admits a bound state given
as a Mountain—Pass-type critical point.

Notice that in the above theorems the thresholds v and ¥ depend on all the parameters
involved in the system, namely, A1, A2, @, B, 51, 52, 53, the function & (x) and the constants
of the functional inequalities involved in the variational setting.

The rest of the paper is organized as follows. In Sect. 2 we introduce some preliminaries
concerning the variational structure of the problem and some useful properties regarding the
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semitrivial solutions. In particular, in that section we discuss in detail the role of the potential
h and we deduce its belonging to the appropriate L”:° (R") space. In Sect.3 we study the
validity of the Palais Smale condition. Finally, the existence of bound and ground states and
its symmetry is addressed to Sect. 4.

2 Preliminaries and functional setting

Let us introduce the appropriate variational setting for the system (1.1). Recall that such
solutions are critical points of the functional 7, introduced in (1.7) correctly defined in
D = DL2(RN) x DL2(RN). The energy space ID is equipped with the norm

2 2 2
G, )My = lully, + V15,

u2
||u||§=/ |Vu|2dx—)\/ — dx.
RV ’N |x|?

By applying the Hardy inequality,

2
u 2
AN/ ﬁdxi/. [Vul|”dx,
RN | x| RN

the norm || - ||, is equivalent to || - || p12gwy forany A € (0, Ay), where Ay =
best constant in the Hardy inequality.

where

2
% is the

2.1 Therole of the function h

One of the main difficulties when dealing with critical problems is the lack of compactness
and the possible associated concentration phenomena. Before proceeding, let us comment
on the main role of the function /4 in the concentration phenomena which in turn highlights
the main contribution of this work. As already mentioned, due to the presence of a singular
weight of Hardy—Sobolev type, concentration can only take place at 0 or oo, so the function
h is precisely in charge of avoiding such concentration, namely:

h controls the concentration at 0 and oo through its integrability together with its behavior
around 0 and oco.

The role of the integrability of 4 becomes clear when one tries to bound the coupling term

Ty
/ neoy
RN |x[%3

by relating it to the critical terms arising from u and v. Actually, in view of (1.2) and (1.3),
let us write

S3:‘E+S1i+szﬂ 2.1
%%
for some 7 > 0, so that, using the generalized Holder inequality with exponents
1 y 5
p=me(l,oo], q=?, and r=F
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we get

* - * B
/ PP L de/ B (V3 (e \z
RN |x]s3 AL <2
1 * o * B
B / O / Ju | Pt / v|* PAL:
- RN\ |x|* RN [x]*1 RN |x|%2 '

(2.2)

Thus, the hypothesis
h(x)

x]*

e LP(RY),

with 7 defined in (2.1), appears naturally and allows us to relate the coupling term to the
uncoupled critical ones. Therefore, we require

h e LPo@®RY),

where
53— (s +02)
Sl S2
1 — (% + %)
251 ZS2

Note also that in the critical regime - + 2@ = 1 one has p = oo, so the hypothesis
B | 52

(1.4) reduces to the boundedness of }ll;)‘? in L (R")-norm. To continue, let us briefly discuss

some aspects of the above bound for some particular configurations of the parameters sy, 52
and s3.

2.3)

o =1Tp=

(1) s1 =82 =53 =5 > 0: In this case, analyzed in [23], equation (2.3) reads

T== and p= _ andthus  h e LPS(RY)
p e '

Ifo+p =2 thenoc =0andp = oo,sothat h € L®(RM). Let us also stress that
p =ooifand only if r = 0.
(2) s1 = sp = s and s3 > 0: In this case
1
ot ﬂs and p=

2% 1_01;%/3'

T =53 —

The restriction (1.3) reads now s3 > O‘;ﬁ s. Regarding the integrability of A:

(a) If 53 = %5 Then v = 0 while p < coifa + f < 2F and p = oo if & + f = 2%,
that is '
(i) he LPRY)ifa + p < 27,
(i) h e L°RN)ifa + 8 =27
(b Ifs3 > 42
(1) fa s—|— B < 2}, we have the hypothesis (1.4) witho = 7p > 0 and p < o0.
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(ii) If o + B = 2}, we get p = oo while T = 53 — s > 0, so that the integrability
hypothesis reads

e L¥[RN). (2.4)

Roughly speaking: if the coupling term is of order s3 > s, the function % has
to control such excess, in particular, from (2.4) above,

h(x) ~ |x|®™% forx << lorx >> 1.
In this way,

—1(.,18 a—11,18 a—1y,18
ul* v u v u v
h(x)| 1“7 vl ~|x|s3‘s| o L e

|x|* belssxp

)

so that 7 homogenizes the Hardy—Sobolev singularities at the possible concen-
tration points, namely, 0 and co.
The next diagram summarizes the above discussion

he LP@®RN) heLPo(RN) Mf € L°°(1RN)
s3= 2Ly a+p <2} wtp=2t

S

(3) s1 = s3 = s and s > 0: In this case

Let us take 55 be defined as the extremal case of the above inequality, namely

Ns(2f —a)
BN —s)+sQ2f—a)

*_
55 =

Note that sg > 5. Furthermore, the following relation also holds,

o ,8:(31+5

T2 T 2 TN
2

S
In particular, 5 + 2% = 1 iff « + B = 2}. Regarding the integrability of /:
s S;

(a) Ifsp = s3:
Wehavet—Owh11ep<001f2*+2* <landp—001f2*+2* =1, so that
53 3
(i) heLP(RN)lf%+QT<1.
(i) h e L®@RN)if & 5+ 2* =1.

(b) If 5o < s3:
(i) If & 2 + 2* < 1, we have the hypothesis (1.4) witho = tp > 0 and p < oo.
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(i) If 55 + 24 = 1,thenp = oo (and 55 =), while T = 2%(s —s2) > 0. Inline
s s 52

with (2.4), we have now
3 (s—s2)
h(x) ~ |x|™2 forx << lorx >> 1.

Therefore,

|ul®~ ol |l ol

|x|$ s—%(s—sz)‘
2

x|

h(x)

In particular, if % + 2@ =1, then
s 52

B o p
§———(—8)=85—7+5_—.
2% 2% 2%
In this case h has a double mission: to control two orders of concentration s
and s, at the possible concentration points 0 and co.
The following diagram summarizes the above discussion.

heLPo®N) € L®®Y)  perp®V)
ettt oo DD T

o B o B *

%t <1 =+ = =1 s.

¥ T % T g 2

On the other hand, once the optimal summability of the function % has been established,
it is also necessary to require the hypothesis (1.6). This ensures that while the functions u
and v may concentrate at the points 0 or co the behavior of / around those points cancel out
the concentration values arising from such concentration phenomenon (see Lemma 3.7).

2.2 The scalar equation

As commented before, the uncoupled equations have been studied extensively nowadays. In
particular, if either the system is decoupled, i.e. v = 0, or some component vanishes, u or v
satisfies the entire equation
z 21
—Az—r—=>"— and z>0 inRY\{0}. (2.5)
|x|? lx|®
A complete classification of (2.5) is given in [15] where it is proved that, if A € (0, Ay), the
solutions of (2.5) are given by

N-2

' N2 s (X ) A(N, 1)22=9

Py =p 7 " (—) with 2} (x) = WL R
H* |x |4 (1 + |x|(2_s)(l_ﬁm) o

(2.6)

N —s

where A(N, L) = 2(Any —A) ,ay = /AN —+/An — A and p > Ois a scaling factor.

N
By direct computation, it holds that

=

=5

2*
Iz 13 = Nz 15, = [S G )] 2.7)
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where S(2, s) is given in terms of the Rayleigh quotient

as 2
e} Nzl

n =
2 As 2
DL2RNY |lu
ue u¢6 ) |l ”2:5,5 ||Zp, ”2?’5

S, s) =

Due to [7, Theorem A] with 8 = —2a; and oy s = —(2¥ay + s), we have

2—s

—s N-2 27 Fz(Az’_ﬁ) "
N -2 2(2—S)\/AN——F(%) (2(1\/ ) )

N\Z

S(A,s) =4(AN — A)

(2.8)

Observe that the constant S(X, s) is decreasing in both A and s, so that S(0, 0) > S(A, ).
By definition, S(4, s) is the best constant for the inequality

S ) ull3y o < Null3. 2.9
Taking u(x) = |x|“kzi“s, the equation (2.5) becomes (in a weak sense)
N 251
; —2a; —
—dIV(|X| Vu) = W

Asaconsequence, S(A, s) is the best constant in the Caffarelli-Kohn—-Nirenberg type inequal-

ity,
2
« 2
S(A,s)(/ |x|°‘*~f|u|25dx) 5/ Ix|% | Vu|? dx.
RN RN

Clearly, S(0, 0) = S is the best constant in the Sobolev inequality,

2 2
Sl < [ 1VuPdx.

N—-1

%a;\, we have S(A, 0) = (1 — A’\—N>T S. On the other hand, S(0, s) is

the best constant in the Hardy—Sobolev inequality,

Since ay 0 = —

50, )llull2 , 5/ WVl de.
s RN

Furthermore, one can see that (cf. [7]), lim S(0,s) =
s—>27

The pairs (z1, 0) and (0, zp) satisfying (1.1) will be referred to as semi-trivial solutions.
Here z; solves (2.5) with s = s; and A = A;. Further information is provided in Sect. 2.3.
Our main aim is to look for solutions neither semi-trivial nor trivial solutions, i.e., solutions
(u, v) such that u % 0 and v % 0 in RV

We shall do it by means of variational methods. Let us notice first that the functional 7,
is of class C! (D, R) and it is not bounded from below. Indeed,

Jv(tid, t0) — —00 ast — 00,
for (i1, v) € D\ {(0, 0)}. Next, we introduce a suitable constraint to minimize .7, . Let us set
W (u, v) =(T;) @, v)|(u, v))
Iul"‘l |
|x[*3

=@, v)f - ||u||2* 5 ||vI|2* 5 V(Ot+,3)/ h(x) dx,
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and define the Nehari manifold associated to 7, as
Ny ={@,v) e D\ {(0,0)} : ¥(u,v)=0}.

Plainly, V, contains all the non-trivial critical points of 7, in D. Let us now recall some
properties on N, that will be of use throughout this work. Any (&, v) € N, satisfies

|u|“| G
w40

I I3 = ks, + ol Y2+V(a+ﬁ)/ h(x) (2.10)

so we can write the energy functional constrained to , as

1 1 5
Ty, (0. v) = (7 - T;s) e )13

1 1 1 2
* a+ﬂ B I ”2* st a+/3 o ol s,
2.11)
1 1
= 2 llu ”2* .81 E llv ”2* 52
-2 o B
+v % / h(x)'ul v
2 RN |X|S3

Given (u, v) € D\ {(0, 0)}, there exists a unique value t = t(,,, such that (tu, rv) € N,.
Indeed, ¢ is the unique solution to the algebraic equation

_ _ _ Ju*|v]?
I, w3 = > 2||u||2* o R 2||v||2* oy T+ gyt 2[R hn) = @)

Observe that, by (1.2), we have
(W' (u, v)|(u, v)) <0, (2.13)
since, because of (2.10), for any («, v) € N,,
(W' )|, v) =2 —a =B, v)n%)
+@+p - )IIullz* o Fla+p— )Ilvllz* 5
=2-2 >||u||2* Lre-2 )||v||2* .

Iul”‘lvlﬁ

|x[*

+V(a+ﬁ)(2—a—ﬁ)/ h(x)

Moreover, the couple (0, 0) is a strict minimum since, for the second variation of the energy
functional, one has that

TV 0,0)[p1, 21° = (1, p2) I}, for any (1, ¢2) € N,.

Hence, (0, 0) is an isolated point respect to AV, U {(0, 0)}. As a consequence, N, is a smooth
complete manifold of codimension 1. Also, there exists , > 0 such that

(e, v)|p > ry forall (u,v) €N,. (2.14)
By using (2.10), (2.11) and (2.14) joint with hypothesis (1.2), one can infer that that
Tv(u,v) > C(ry) >0 forall (u, v) € N,.
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131 Page 12 0f29 A. Arroyo et al.

Thus, 7, remains bounded from below on AN, and, hence, we can find solutions of (1.1) as
minimizers of 7, | N

Finally, let us also note that, given (u#, v) € I a critical point of j,,| N there exists a
Lagrange multiplier w such that
(To|p) (w,v) = Ty, v) — 0¥, v) = 0.

Then, a)(\ll’(u, v)|(u, v)) = (jv’(u, v)|(u, v)) = W(u, v) = 0 so that, because of (2.13), we
have w = 0 and, thus, 7, (u, v) = 0. Consequently, N, is a called a natural constraint in the
sense that

(u,v) € D isacritical point of 7, & (u,v) € D is acritical point of 7, ‘N .

Definition 2.1 We say that (u, v) € D\ {(0, 0)} is a non-trivial bound state for (1.1) if it is
a non-trivial critical point of 7,. A non-trivial and non-negative bound state (iz, v) is said to
be a ground state if its energy is minimal, namely

Gy = Jp@@, ) =min{J,(u,v) : (u,v) € Ny, u,v >0}. (2.15)

2.3 Semi-trivial solutions

Let us consider the decoupled energy functionals 7; : D!2(RY) > R,

2%
Aj u? 1 |u| ™

Jj(u) = 1/ |Vu|* dx — dx. (2.16)
’ 2 RN

T T 5 5;
2 Jav 1] 2t Jun Il
Notice that

|u|*|v”

|x|%3

T, v) = J(u) + N - V/ h(x)
RN

The function sz), defined in (2.6), is a global minimum of 7; on the Nehari manifold

N = {u e D'2®RM)\ {0} : <;7]f(u)yu> _ 0]
2
- {u e DM@\ (0} ¢ )}, = ||u||zg_,sj}.
o7
By using (2.7), one can compute the energy levels of szj) , namely, for any i > O we have

N—xj

) 2 — i Nosj
C(Aj,sj):zjj(zfj))zz Y [SGy.sp] T (2.17)

(N —s5)
Then, the energy levels of the semi-trivial solutions are given by
Jo@P.0) =€ s)  and  F,(0,27) = €, 52).
Let us remark that, since S(A, s) is decreasing in both A and s, we have
€(0,0) > €(A,s) fori e (0,An)ands € (0,2).

Next, we characterize the variational nature of the semi-trivial couples on N,,. The proof
follows from [23, Theorem 2.2] introducing conveniently the Holder inequality proved in
(2.2).
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Theorem 2.2 Under hypotheses (1.2) and (1.6), the following holds:

i) Ifa > 2ora =2 andv small enough, then (0, thz)) is a local minimum of J, on N,,.
ii) If B > 2 or B =2 and v small enough, then (z,g), 0) is a local minimum of J,, on N,,.
iii) Ifo <2 ora =2 andv large enough, then (0, thz)) is a saddle point for J, on N,.
iv) If B <2o0r B =2andv large enough, then (zfp, 0) is a saddle point for J, on N,,.

To conclude this section, let us introduce an algebraic result which extends [1, Lemma
3.3], corresponding to 51 = 0 = s7; and [23, Lemma 2.3], corresponding to s; = sp = s > 0,
to our weighted setting dealing with arbitrary sy, s2 € (0, 2).

Lemma23 Let P, O, R > 0, 51,52 € (0,2) and a, B such that (1.2) is satisfied. Consider
the set
o B

2 2
> 75 % T 3%
¥, ={0 € (0,400) : Po®1 + Qo* < (P+ Q)o + Rva¥1 %2},
Then, for every ¢ > O there exists v > 0 such that

info>1—¢  forany0 <v <.

y

Proof We shall consider the function f : (0, c0) — R defined as

2a_ 2-p
flo)=Pa ™ %2 4 Q0%

B

o
* F
) ZS

- 1
(P Qo %
With loss of generality, let us assume that s > s1. By the assumptions (1.2), we can

deduce that 22?" — % < 0. Since f(1) = 0, in the case % — % <0, f is decreasing and

51
then 1 is the unique zero so we arrive at the desired conclusion.

Suppose now 22_*‘9 - 2% > 0. In particular, it holds 1 — 2"‘7 - % > 22_*’3 — 2"‘7 Let us
A'2 s 1 A 1 A'2 \'2 s 1

now consider the function

2 o _a _ B
£3 * £3 £3
g0)=Q0 % ¥ —(P+ Q)0 M .
2B o
P 2?2 ?

Observe that g admits a maximum at 6 = < land g(6) > 0. Since g(o0)

1

P+Q o« _ B
21 F

is decreasing if o > &, we can deduce that function f is decreasing if o > &. Then 1 is also

a unique zero of the function f and the conclusion follows. O

3 The Palais-Smale condition

As it is customary in critical problems, some care has to be taken when dealing with mini-
mizing sequences as the compactness of the Sobolev embedding does not hold for the critical
exponent. This compactes will be ensured by following the nowadays well-known Palais—
Smale approach. We start by recalling some definitions.

Definition 3.1 Let V be a Banach space. We say that {u,} C V is a PS sequence at level ¢
for an energy functional § : V — R if

Fw,) —c and F(u,) — 0 inV' as n— +oo,

where V' is the dual space of V. Moreover, we say that the functional § satisfies the PS
condition at level c if every PS sequence at ¢ for § has a strongly convergent subsequence.
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131  Page 14 0f29 A. Arroyo et al.

The proof of the following results is similar to [10, Lemma 3.2] and [10, Lemma 3.3] respec-
tively, so we omit the details.

Lemma3.2 Let {(u,, v,)} C N, bea PS sequence for 7, |Nv atlevel c € R. Then, {(u,, v,)}
is a PS sequence for 7, in D, namely

To(up,vy) = 0 inD' asn — +oo. 3.1)

Lemma3.3 Let{(uy, v,)} C D be a PS sequence for the energy functional J, at level ¢ € R.
Then, ||(uy, va)llp < C.

Let us point out here that as a consequence of this result, given any PS sequence bounded
in D one can subtract a subsequence {(u,, v,)} converging to (i, v) € D in the sense that

(y, vy)—(it, ¥) weakly in D,
(un, vp) — (@, ) strongly in L1 (RY) x L2 (RY) for 1 < g; < 25 withi = 1,2,
(up, vy) = (i, 0) ae.in RN.

Moreover, by the Concentration-Compactness Principle (cf. [20, 21]), we have (up to a
subsequence if necessary)

im [ Vi dx > Mo¢(0)+/ ViPy dx.
N ]RN

n—0o0 R
u? 02
lim / Ty dx = no¢(0)+/ —5¢dx, (3.2)
n—>00 Jpn |x| RN [ x|
. | i
lim o dx = pop(0) +/ ¢ dx,
n—o00 JpN |x|’1 RN [ X[

for every function ¢ > 0 decaying to O at infinity, where g, po, no > 0 are fixed constants.
On the other hand, the concentration at infinity can be described by the constants

Moo = lim limsup/ IVunl2 dx,
|x|>R

R—0o0 p—oo

2*
51
poo = lim limsup / lunl ™ (3.3)
|x|>R

—00 p—00 |)C|S1

2
L u;
Noo = lim lim sup/ 5 dx.
—00 nooo J|x|=R |X]
Analogous limits are also satisfied for the sequence {v,}, for which we denote the constants
as fLy. Po. g > 0 for the concentration at 0 and [ts, Poos Moo > 0 at infinity.

Next we check that the Palais—Smale condition is satisfied for certain energy levels in both
the subcritical and critical ranges, but before, let us stress that one of the key ideas in both
cases is to test J, (U, vy) With (u, ., 0) (resp. (0, v,¢¢)), Where g, is either g » O Yoo ¢,
two smooth cut-off functions supported in a neighborhood of 0 and near oo, respectively.
More precisely,

) 1 if|x] < §, ith |V |<4
X) = w1 —
©¥0,¢ 0 ifx| > e, P0,e1 =

™

(3.4)
’ with  |Vgsoe| < 2.

0 iflx] <1
X) =
$oo.e () {1 if x> 141,
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Then using the limits in (3.2) we can estimate the quantity

0= lim lim (J\,(un,vn)l(umﬂos,O))

e—>0n—

= lim lim [/ |Vun|2(p08dx+/ un Vi Vg ¢ dx
RN ’ RN ’

£—>()Nn—>00
2 25 ay, B
u [un |1 [ttn|¥|vn |
—A £ dx — dx —va h(x) ————— dx
I/RN lxlzwo,s A‘QN e[l ®0,¢ N (x) e ®0,¢

Ho — 2110 — PO

+ lim U [Vii[2g ¢ dx +f ViV s dx
e—0 RN RN

_)‘/ LZ‘P dx — / il Sltp dx —va llm/ h(x )Mw dx
ey 12?0 RV xS T0F s P0F

N litn|* [vn|P
uo—klno—po—vaggnongm/ h(x) ——— % %0,¢ dx.

WV

Observe that in the subcritical range, one can deduce immediately that the limit in the last
line above vanishes. This is also the case in the critical range, but we have to be more careful
with the estimates. This is done in Lemma 3.7 below.

Analogously for ¢ ¢ using (3.3) we have

0= lim hm (j (ttn, V)| (UnPoo,e, 0))

e—>0n

u ()
2 oo — ANoo — Poo — va lim lim / h(x )M Poo,e dX,
RN

g—~>0n—00 | |

and the last limit vanishes in both the subcritical and the critical range.
Combining this with the inequality (2.9) we get

2 2

2% _2 _ _ _
SO, s1)py " < po — Ao < pos S(r2, 80Py < o — A27p < Po-
2 2 (3.5)
2% _2 _ _ _
S(Ar, sl)pool < Moo — ANoo < Poos S(A2, 52):0002 < Moo — A27oo < Poo-

3.1 Subcritical range -2 + £ <1
2 T

We establish now the Palais—Smale condition for subcritical energy levels of .7,, which will
allow us to find existence of solutions for (1.1) by means of minimizing sequences.

Lemma 3.4 Assume that 5 + 24 < 1 and hypothesis (1.3) holds. Then, the functional 7,
S S2
satisfies the PS condition for any level ¢ such that

¢ < min{C€(\y, s51), €(A2, 52)}. 3.6)
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Proof Let {uy, vy} C N, be aPS sequence for J, |, at level c. Then, by using (2.11), one

has
. 1 1 1 1
Cznlrgo 3 - 2* lu n”g* 5 + 5 2* lv n”z* 5
o
T 0[+,3 1 f h(x)lun| |Un| dx (37)
2 RN |x]%3

. 1 1 % 1 1 2
= ”lggo 5 2* ”un”z* st 5 2?2 lv n||2* 5

Recalling (3.2) and (3.3),

1 1 1 1 28 _

From this it can be deduced that pg = Py = pPoc = Po = 0. On the contrary, let us
assume for example that pp > 0. With the aid of (3.5), we can estimate

2,

00 = S(h,s1) 172, 3.9)

so replacing this above and estimating the rest of the terms by 0 we get

11 11 o,
c=2=——)po> 5—2—* S(r1, 51)> - P =€, 1),

which contradicts the assumption (3.6), so pg = 0. By the same argument, pos = Py = 0o =
0. Then one can deduce the existence of a strongly convergent subsequence in LA RN) x
L%22(RN) such that

tim [ = v0 = DI = (T, Gt 00)| 0 =, 0 = 9)) | =0,

n—oo

and thus the PS condition is satisfied. ]

Now, we shall study the validity of PS condition for supercritical energy levels. First, let
us introduce the truncated problem

+25, 1 +ye—1 ()8
—Au _MLZ — L — Vah(x)w in]RN,
| e il g1 (3.10)
+ 59 +\a + -
—Av _)LZL _ L — Wgh(x)w in RV,
|x|? |x[s2 |x]3
where ™ = max{u, 0}. Note that u = u* + u~ where u~ is negative part of the function u,

i.e., u~ = min{u, 0}. Observe that a solution of (1.1) satisfies (3.10).
Such a system admits a variational structure and its associated energy functional is

1 @ hH)P
ToFu,v) = |(u, v)||]D> - 27||M+||2* . 2* ||U+||2* - V/RN h(x)de,

defined in D. As we did with 7, we can define the Nehari manifold related to Jj . Actually,

= {@,v) e D\ {(0,0)} : (7)), v)|(u, v)) = 0}.
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Lemma 3.5 Assume that % + % <1, a>2and €A1, s1) = €Ay, 52). Then, there exists
v > 0 such that, if 0 < v < v and {(u,, vy)} C D is a PS sequence for jj at level c € R
such that

C(A1,81) < ¢ < E(A1, 51) + C(A2, 52) (3.11)
and

c # L&\, 52) foreveryl € N\ {0},

then (u,, vy) — (i, 0) € D up to subsequence.

Proof Our aim is to show that
Uy, — i inDYZ®RYY  and v, — ¥ in DVERY). (3.12)

In order to do that, we first show that at least one of these sequences converges in D-2(R¥).
Then, in a second step, distinguishing cases we prove that the convergence in D'2(RV) of
one of the sequences implies the convergence of the other, from which (3.12) follows.

To see that (3.12) holds for at least one of the sequences, we start by claiming that

either u,, — # strongly in L% ®RY) or v, — ¥ strongly in L% ®RN).
(3.13)

Indeed, if any of these sequences converges strongly in its corresponding L% (RM), say
{4y }n, then

lim fu, — i3, = lim (T n, vp)|(un — @i, 0)),
n—oo n—o0

from which by the equivalence of the norms || - |5 and || - [| p1.2gwy it follows that {up},

converges in DLZ(RN) as desired.

To check that (3.13) holds, let us assume on the contrary that both {u,} and {v,} do
not converge strongly in L% (RM) and L% (RV), respectively. Then we have p j > 0 and
P > 0 for some j, k € {0, oo}. Repeating the argument leading to (3.8) in the previous
lemma, estimating by O and recalling (3.5) we obtain

(11 (Lo,
F\a T )T T )
11 %) 11 &
= S s) I T A+ (2 = o )S(as)
<2 2?1> (A1, 51) +<2 2?) (A2, 52)

= C(A1, 51) + €(A2, $2),

WV

which is in contradiction with the hypothesis (3.11), and so (3.13) follows.

At this point, we have already shown that at least one of the sequences in (3.12) converges
in DL2(RY). To show that (3.12) actually holds simultaneously for both sequences we discard
the cases in which one of the sequences does not converge.

1. Suppose that u, # i and v, — ¥ in DL2(RY). Arguing as in the proof of the previous
lemma, we recall (3.8) to write

1 1 L 28
¢ > (550 )1l + o0+ o] (3.14)
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If {u,,} concentrates simultaneously at 0 and oo, estimating by O the norm of & and using
the inequalities in (3.5) we get

ki

1
¢z 2<§ - 27>S(k1 SDHT =280, 51) = €L s1) + €. ), (3.15)

where in the last inequality we have used that €(A, s;) > €()\2, s2) by assumption.
Then we get a contradiction with the condition (3.11). Thus {u,} does not concentrate
simultaneously at 0 and oo.

Next, we show that ¥ is not identically zero by contradiction. Assume on the contrary
that ¥ = 0. Then it holds that either u # 0 or u = 0. In the first case, if # > 0, then
U= z#) for some p > 0, and so, by (2.7),

2?1

2*
il 5, = G, s)

Since either pg = 0 or pss = 0, replacing this identity in (3.14) it turns out that the
inequalities in (3.15) also hold, so we reach again a contradiction with the condition
(3.11). On the other hand, if # = 0, since {u, } concentrates at most at one point, then

. 1 1 % 1 1
¢ = lim 7,@un, vp) = 27 ”Mn”z* s =\77 2 P

with j = 0 or j = 00, so {u,} is a positive PS sequence for J; (i) (see (2.16)). Thus by
[18, Theorem 3.1],

23

pj = LS(h, s1) ™17,

for some ¢ € N, so ¢ = ¢&(A1, s1), which is in contradiction with the assumptions
c > C(A1, 51) = €(A2, 52). Indeed, if £ = 1 then the contradiction is clear, on the other
hand, if £ > 2 then ¢ > €(Aq, s1) + €(A2, 52), which contradicts (3.11). Hence v is not
identically zero in RV,

Next we show that the sequence {u,,} converges weakly in D12(RY) to i = 0. For that,
if we assume on the contrary that # = 0, repeating the argument above we find that
V=7z¢ M) for some > 0 and the contradiction follows analogously. Thus # and v are not
identically zero in R¥, so recalling the identity in (3.7) and the fact that {u, } concentrates
at most at one point it turns out that

1 1 2% 1 1 23
€O o0+ €02 2 e= (5= | [1 5 + o]+ 5 = 50 ) 192
! 2 (3 16)

o
+v<ﬂ—1)/ ho) L dx,
2 RN [x |53

where j = Oor j = 0o. Observe that, as a consequence, since nleréo (jv’ (uy, vn)|(ﬁ, 17)) =

0 is equivalent to (i1, ) € N,, by (2.11) we have
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Using the assumption (3.11) and the inequalities in (3.5) as in (3.9), as well as the
definition of €(A, s1) in (2.17), we obtain

2*
. 1 7
Tv(it, v) < €(r1, 51) + (A2, 52) — (2 - 2*) S, s1) %177 = €(ha, 52).

where we have used (3.5). As a consequence,

Cy = ian Tv(u, v) < €Ay, 52),

(u,v)eN,

which in view of Theorem 1.3 contradicts the fact that ¢, = €(A2, s7) for sufficiently
small v. Then u,, — i strongly in D>(R¥) as desired.

2. Suppose that u,, — ii and v, # ¥ in DV2(RV). First we claim that both i and  are
not identically zero. In that case, recalling the identity in (3.7) as in the previous case we

have
1 1 2% 1 1
= (3-% Il + (5 - " (15132, + 70 + o]

a5
+v «tp —1 / X i d
2 RN x|
where at least one of the constants p, and p, is strictly positive. Again by (2.11),

- - 1 1 1 1
Jo@, v) =c— |- - 2 (Po+Po) =c— |5~ 2 Pjs

where j = 0 or j = o0, so by (3.11), the inequalities in (3.5) and the definition of
&(A2, s2) in (2.17), we obtain

2*
. 11 =2
Tv(ut, 0) < €(h1, s1) + €2, 52) — (2 - 2*) S(ha.52)™ 77 < €, 51).

Considering the first equation in (1.1) together with the definition of (2.9) we deduce that

0”.3
~12
S0 sl < by, ”/R h T d
2 3 8
< 1l + vl N, 1905,

where in the second inequality we have used (2.2) with p and o as in (2.3). To esti-
mate the norm of v, we observe that the inequality (3.11) and (3.16) imply that
T, 0) < €y, s51) + €(A2, 52) < 2€(A1, 51), and by (2.11) we can bound

L) % < gt < 2eGaesn =2 (5 — L) seusn
- — v 5 u,v) < s1) = - — — ,81) 71 7,
2 2* 2% 50 — YV 1,91 ) 2;'<l 1,51
SO we obtain
B
B %_% ® 2%'23}612
||17||2;< 5 = 2 I il S(hy, s1) 2 #1777,
5 P
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Replacing above,
S(hi, S1)|IMII2* 1 S IIMIIZ* o HOvlal

for some constant C > 0 depending on £, s, s and 8. On the other hand, since v is not
identically zero, it turns out that

1
(2_) v ”2* 52/ £>0.

Therefore, if we take a sufficiently small ¢ > 0 such that e&€(1,s1) < &, then by
Lemma 2.3, there exists b > 0 in such a way that

- N5
lllag, 5 = (1 = €)S(ht, 51) >

for any 0 < v < V. Putting all these estimates together we get

1 —s]
Jv(u, v) > (1—8)(5—27>8(M,91)2 o4& = (A, 51).

Observe that this is a contradiction with the inequality 7, (it, v) < €(A, s1) obtained
above. Thus v, — ¥ strongly in DV2(RN).

The above discussion shows that both u, — & and v, — ¥ in DV2(RY), which is
precisely our main claim (3.12), so the proof is concluded. O

The following can be shown in an analogous way.

Lemma 3.6 Assume that 2% + 24 <1, B =2and €y, 52) = €(A1, s1). Then, there exists
S] 52

v > 0 such that, if 0 < v < v and {(u,, vy)} C D is a PS sequence for jj at level c € R
such that

C(A2,52) < ¢ < €(Aq, 1) + €(A2, 52) 3.17)
and
c #L&(Ay, s1) foreveryl € N\ {0}, (3.18)

then (uy, vy) — (i, v) € D up to subsequence.
3.2 Critical range 57 + 2@ =1
51 $2

For the sake of simplicity, let us write E(x) = Irx(fi,) . Hence, in view of (2.3), he L®RM).
Recall also that limy_, o0 2(x) = 0 by assumption and ¢ > 0, so lim,_, { E(x) = 0.
However, the continuity of & at 0 with 2(0) = 0 is not enough for our purposes in this case,
and we have to impose the continuity of z at 0 with £(0) = 0. In short, we have to assume
that the function 4 satisfies (1.6), namely

h(x)
x|

h(x)

L°°(]RN) is continuous at 0 and oo and 7¢(0) =0and lim ﬁ(x) =0.
xX——+00
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Lemma 3.7 Assume that 5~ + 2@ = 1 and hypothesis (1.3) holds. In addition, let us assume
51 52

that h satisfies (1.6) for o is as in (2.3). Let {(uy, v,)} C D be a PS sequence for J, at level
¢ € R such that

1. either c < min{€(Ay, s1), €(A3, 52)},

2. orifa = 2 and €(A1, s1) > €(A2, s2) then €(A1,51) < ¢ < €A1, s1) + €2, 52) and
¢ # L&\, 52) for every £ € N,

3. orif B = 2and €(A1, s1) < €(Ay, 52) then satifies €(A2, 52) < ¢ < €(A1, 51)+C(A2, 52)
and ¢ # €&(\1, s1) for every £ € N.

Then, there exists V > 0 such that, for every 0 < v < v, the sequence (uy, v,) — (i, v) € D

up to a subsequence.

Proof As noted at the beginning of this section, we need to show that

o litn|* |va]?
lim lim sup h(x) ————¢@. dx =0 3.19)
=0 p—s100 JRN |)C|S3
forboth ¢ = ¢ ¢ and ¢, = @o ¢ the test functions defined in (3.4), from which immediately
follows that the coupling term does not concentrate mass at 0 and co.
Use the precise value of o given by (2.3) and apply Holder inequality with the conjugate

*

2% 2
exponents ! and —* to obtain
[y |? ) e

/ h(x )|”n| [V e dx = / <h(x) 17 > ( (x )|Un| ) 2<pg dx

RN [x |53 RV |X|‘l [x |52
o o B
2% ) 2%

< (/ h()'“”I dx) ‘(/ h()'””| dx) 2,
RN |x |S1 RN |x[*2

where we have used that /2 (x) = "' (fg) Next we focus on the first integral in the right hand

side (the QEher can be estimated analogously). First, for ¢, = ¢o . we use that 7 is continuous
at 0 with 2(0) = 0 by assumption together with the third limit in (3.2) to obtain

~ 2%

|1 > Jag] ™

lim o) U gy e dx = / R gy, dx < / hoo 2 g
RN | |Y |x|<e |-)C|S1

n—>+00 JgN | [*1

Similarly for ¢, = @0 ¢, We can directly estimate

. =l = Ju |
lim h(x) Yoo,e dX sup h(x) lim L
1 x|

IA

— —
n—-+oo [pn [x |51 x> 1 n—>+00 Jiy|=

= pPoo SUP E(x).

1
|X|>g

Thus, since 7 satisfies the conditions in (1.6), taking limits as ¢ — 0 we obtain (3.19) for
both ¢p . and @eo ¢ m]

4 Proofs of main results
After analyzing the validity of the Palais—Smale condition, we are in position to prove our

main results concerning the existence of solutions for the system (1.1). Let us start by the
case of ground states for large coupling parameters.
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Proof of Theorem 1.1 Consider (u, v) € D \ {(0, 0)}. Then there exists a positive constant ¢
such that (tu, tv) € N, where ¢ satisfies the equation (2.12).

Duetoa 4+ 8 > 2 and 2; > 2,thent =t, — 0 as v — +00. Moreover, one can obtain
the relationship

a+p2, _ I v

ap., B
(a+ﬂ)f h(x )'”' |'”'

lim ¢
V— 400

which implies that the energy of (t,u, t,v) is

1 1 2 2
T(tyu, tyv) = 5 - Tﬁ +o(1) L, Il Cu, U)||]D)~

Then, we point out that

&= inf  Jy(u,v) <min{F, 2, 0), 70,23} = min{€(A1, 51). €(Aa, 52)}(4.1)

(u,v)eN,

for some v > v with v sufficiently large. In the subcritical regime -+ 2@ < 1, the existence
A'l .\'2

of the minimizer (i, v) € D such that J,(u, v) = ¢, is a consequence of Lemma 3.4.
Concerning the positivity of the solution, it suffices to notice that

Tv(lul, 1v) = T (u, ).

This enables us to assume that # > 0 and & > 0 in RY. Indeed & and ¥ are smooth in
RN \ {0} by classical regularity arguments. Let us suppose that, & # 0 and & # 0. By
contradiction, if # = 0, then v > 0 and v verifies (2.5), so v = z( ) which contradicts
the energy level assumption (4.1). Analogously, we deduce v # 0. Fmally, by applying the
maximum principle in RN\ {0}, We get that (i, 0) € M, withit > 0and ? > 0 in RN\ {0},
giving the desired conclusion. If - + 7w = = 1, one derives the same thesis by applying
Lemma 3.7 in a suitable way.

Finally, we shall assume that function /% is radial and non-increasing. In order to prove
the radial symmetry of the ground state, let us set (u, v) the Schwartz symmetrization of
(u, v). Using the standard properties concerning symmetric-decreasing rearrangements (see
Chapter 3 in [17]), we can determine that

[(w, 0)llp < 1@, V) llp,

*

> Nl =

2 u%pf
B, + ol + via + B) /RN e

FITI2 +v(a+ﬂ)/ ™

|x|Y3

where we have used that that 2* = h by our assumptions. Observe that a priori we do not
know if (u, v) belongs to N,. For that reason, consider ¢, > 0 such that z,(u, v) € N, with
t satisfying (2.12). Since (i, v) is a critical point of 7, we obtain that

otnﬂ

= (7@, )| @, ) = w03 - ||u||2* . ||n||§;§,sz—v<a+ﬂ)AN
4.3)
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applying inequalities from (4.2). Now introducing (2.12) in (4.3), one has that
ayp

|x[%3

* * *

22 o 2, 2 5
Nl ol v+ A ho

auﬁ

2*
<||u||2* ot IIUIIZ* 5 TV +/3)/ h(x)

which obviously implies that 0 < 7, < 1. Now, comblmng these expressions, we can estimate
the energetic level of 7, (u, v). Due to (2.12), we can write 7, as

1 1 2v| 2 1 1 2Xz 23
T (1 (u, 0)) = 37 2?1 flu ||2* st 37 27 llo ||2* 5
w
+u(ﬂ—1>t:§‘+ﬁf (o™
2 RN |xc|*3
S N
(57 g 1@+ g 5 1
. W
Havs o 19152 ,, + vie - n/ mm

= (i, v),

which implies that
Tv(t(u, 0)) < J (i1, v) = Cy.

This proves that the ground state is radially symmetric with respect to the origin and non-
increasing. o

Proof of Theorem 1.2 Let us discuss the existence of a positive ground state in case that
assumption 7) holds. If one suppose ii), the proof is analogous. By Proposition 2.2, the
couple (z,()), 0) is a saddle point of 7, on N, . Moreover,

& < Jy(@), 0) = min{€(A1, 51), €(A2, 52)},

where ¢, defined in (2.15). In the subcritical »x % + 2* < 1, Lemma 3.4 ensures the existence

of (i1, v) € N, with ¢, = J,(@, D). By employlng the approach in the preceding theorem,
it follows that (i, v) is a positive ground state of the system (1.1). Regarding the critical
regime, the same conclusion is obtained by using Lemma 3.7.

The radial symmetry of the ground state follows from the approach from the previous
proof. O

Proof of Theorem 1.3 We shall prove the result by assuming i). The proof is analogous for
the hypotheses ii) and iii). Due to the Proposition 2.2, (0, z(z)) is a local minimum for
v sufficiently small. By contradiction, we suppose that there exists {v,} Y\ O such that
Cv, < T, (0, zl(f)) where ¢, is defined in (2.15). In particular, we have

¢y, <min{C€(A1, 51), €(A2, 52)} = €(A2, 52). “4.4)

Due to Lemma 3.4, the PS condition is satisfied at level ¢,, for the subcritical regime. If
7 + 2@ = 1, we infer the same deduction by Lemma 3.7 with v sufficiently small.
S1 52
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For both cases, one obtains the existence of (i, U,) € D such that ¢,, = J,, (ity, Up).
Moreover, Jy, (iin, V) = Tu, (litn], [Us]), then &1, > 0 and v, > 0. Indeed, as we proceeded
in previous results, we can guarantee that iz, > 0 and 7, > 0in R" \ {0}.

Due to the expression (2.11), we have

-~ 1 1 2 1 1 %,
Cyy = T, Uy, V) = 5 2* ”Mn”z* 51 + 5 2* 19, ”2* ™

n —1 h(x
+”< 2 ) ()||

By using (4.4) and (4.5), one has that

1 1 2 1 1 %, 1 1 2 =5
5 - 2* ”“n”z* 51+ 5 2* ”Un”z* o = &2, 52) = 5 2; [S(A2,s2)]°72 .
2
4.6)

4.5)

Note that (it,, vy,) is a solution of (1.1). Then, by combining its first equation and (2.9), we
have

2 N2 2, ~a vﬂ
—5 n
Sy, Sl)””n”z* 51 ' < ”un”z* 1 + Vo / h(x) Zn
RN

IXI“

By the general Holder’s inequality given in (2.2), one gets

ﬁg ﬁf dx < |lh ~ oo ~ B
N X X x < ”p,o””n”z;fl 1 10, ”2:52’52,

where p, o were introduced in (2.3), and then

ul 5’3 4 y=2 N-2
/ P < Cllinlly, -y, 1S, 5217759

Therefore, one obtains that,

% N2

oL N N-2
2 S O s T

*Yl

* N=2
51 N—
S(Aq, S])”un”g 1< ||un||2* 51 +CVna||un||2

*TI

N—sq
Now, let us employ Lemma 2.3 with s; = s, P = Q and 0 = [S(Aq, s1)] *1~ HE ||un||2* S ,in

order to have v = ¥(¢) > 0 such that

2 Nowy
N2t |l 5 > (L= 8)[SG, 5] forany 0 < v, < D. 4.7)
s1°

Since we have assumed that €(A1, s1) > €(A2, 52), one can take some ¢ > 0 with

—5] 2 — N—s)
(1 —8)7[3()»1, 51)] =i > 7[5()»2, Yz)]2 2,
2(N = s1) 2(N = s52)
This inequality combined with (4.7) gives us that Z(Nis)llunllz* 5 > &(A2, 52), which

violates (4.6). Therefore, for v sufficiently small it is satisfied that

1 1 N5
EU = <7 - 7)[8()“25 52)] =0 . (48)
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Let (i1, v) be a minimizer of 7,. Arguing by contradiction, we can state either & = 0 or
v = 0. Actually, if v = 0, we contradict assumption (4.8). So one can deduce that u = 0

with v satisfying the equation
I G R
_AU - )\.272 = m R .
|x] |x]*2

To finish, we show that v = :l:z,(f). Suppose by contradiction that & changes sign so 7% = 0
inRY . Since (0, ¥) € N,, then (0, %) € N, and, by (4.5), we reach a contradiction, namely,

1
5\) = Jv(o’ {)) = (5 - )” ”2* 52

1 1 - - ~
=\5 " 5% lv +||2* Py o~ ”2* s ] = T (0, U+) = Cy.
2 2;‘2 2 2

Then, (0, :i:z(z)) is the minimizer of 7, in N, if €(A1, 51) > €(A2, s2). Finally, we can state
that, under our hypotheses, (0, z;; )) is a ground state to (1.1). ]

Proof of Theorem 1.4 Let us prove the thesis assuming condition i), as the proof follows
analogously under hypothesis ii). First, we shall prove that the energy functional jjr‘ .
admits a Mountain—Pass geometry. Secondly, we show that the PS condition holds for the
Mountain—Pass level. As a consequence, we deduce the existence of (i1, v) € DD which is a

critical point of J," and, therefore, a bound state of (1.1).
Step 1: Let us define the set of paths that connects (z M), 0) to (0, z,(i )) continuously,

v, = {0 = @10, 9200) € Q0. 1L N : 90 = & 0 and (1) = 0,2,
and the Mountain—Pass level

= inf CAG
cMp = ng‘)trengﬁj (¥ ().

Take ¥ = (Y1, ¥2) € Wy, then by the identity (2.10), we obtain that
W @O W @)F J

|x]*3

(1 @), Y2 )l = N1 (t)\lz* o Tl (t)llz* 5 Tvl@+p) /RN h(x)

)

4.9)
and, using (2.11),

TF W) = (l - *)IIW (¢ )|| (1 >I|¢ (t)ll
v 2 1 2* ,S1 2 2 2* .52

o B
) (ot—l—ﬂ _ 1)/' h(x)(wl ) (W5 (1)) d
RN

2 Jx]s3

(4.10)

*

2%
Let us take o (t) = (01(t), 02(t)), with o (t) := IIIp;r O,7 5 Then, by (2.9) and (4.9),
sj°

SGu.sD©1 ) + SO0, 52)(@2() V2 < (W1 (). Y2 )3
=o01(t) +02() 4.11)
WO (s @1)P i

|x[*3

+u(a—|—ﬁ)/ h(x)
RN
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Using Holder’s inequality, given in (2.2), one can bound the previous integral as

+ N (o F (1)) B
/ h(x)(wl (1) (Y, (1))
RN

x5

N-2

2 B N-2
dx < vhllpe(01(@)> V=1 (02(1))2 V2, (4.12)

with p, o defined (2.3).
Note that, from the definition of yr, we have

(D23 2,25,
o(0) = / @) dx,0]) and o(l)= 0,/ (Z‘), dx ).
RN |)C|Sl RN |~x|h‘2

As o (1) is continuous, there exists f € (0, 1) such that

foj

3 r Sk
0O _ 52O here ;= SGs5) T

p1 P2
Taking ¢ = 7 in inequality (4.11) and applying (4.12), we have that
2 2

..,2:?

P15 5 4 & < (p1 + p2)6 + Cv(a + B)&

g
51 52 .

Since ¢ # 0, by Lemma 2.3, for some v > 0 sufficiently small the previous inequality
implies

og>1—¢ forevery 0 < v < v,

which implies
N—s;

]
oj(H) > (1 —e)[Shj,s)]* for every 0 < v < D. (4.13)
As a result, from (4.10) and (4.13), we deduce
graen >a—o (2= LYo sn™ + (L - L) st
max >(1-e - ) - - ) -
refo,1] " 2 23 18 2 2% 22

> 2€(A2, 52)
> Q:()\],Sl).

Then, cyrp > €A1, s) = max{J;F (", 0), 7;+ (0, z{*)}. Thus, J;* admits a Mountain—
Pass structure on NV,,.

Step 2: We consider the path (1) = (¥1(t), ¥2(1)) = ((1 —t)1/2z§”,r1/2z§2>) for
t € [0, 1]. Using the property (2.12), we infer the existence of a positive function y :
[0, 1] = (0, +00) such that y(t) € N;F NN, for every ¢ € [0, 1]. Let us stress that
y(0) = y(1) = 1. As we did above, define

2 2
o (1) = (©1(1).02(0)) = ( [y, [ dx).
RV RN

x|t |x]$2

By (2.7), we have that
N—s N—sp
01(0) =[SOy, s)] 1 and 02(1) = [S(A2, 52)] 772 . (4.14)
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Due to the expression (2.12), one obtains

(=012, 12 (2))” = (1 =01 (0) + t2(1)

51252 (061 0) + 1222522 (00y (1)

a8
(z17) (;1 ) dx
|x|33

==
+ v+ By B2 (1 — 1)¥/24B12 fRN h(x)

implying that, for every ¢ € (0, 1), it holds
(1 = D01(0) + 12(1) > (1 — *12y%1 72 (1)1 (0) + 12y 2 (oa(1). (4.15)

Next, we apply the energy formula (2.11)

1 1
Ty @) = (— - T;s) ly v I3

1 1 1 1
+ ((x +B E) i Ol (t)||2* 81 (m - E) ; (f)“‘/’z(t)llz* 82

1 1
— <, _ 7) Y2 [(1 = D)o (0) + tor(1)]

2 a4+ 8
X o { I\ e o (4.16)
+ (a +B 7) Yy 101 =% 0) + (Tﬁ B T) y22 020y (1)
s

S1

2*

1 1 %) 1
( yro —1) — 7 % OHA -7 )01(0)+ (zyz(t)t 2 =V YZ(t)t 3 )02(1)
;

1
-— (V (O [(1 = )01 (0) + 1o ()] — ¥ ™1 ()1 = 1) 2

pE a10) = y 2 (01 62(1)>-

By using inequality (4.15), the last term of the above expression becomes negative. Then
we can bound the energy as

TSy @) < ( Y21 —1) — 7

51

2 2% )
() (1 =17 ) o1(0)

(1 1 ) (4.17)
+ | sy — ‘2(t)t = o2(1)

252
= g(1)

for every t € (0, 1).
Now, consider the function h(x) = ;xz — zl*x s with s € [0, 2). Its maximum is attained

at 1, then h(x) < k(1) = 2 ZL = 2(%\]5”.
Since we can write

g(t) = h(y @) (1 — 01 (0) + h(y ()1Hor (1),

one infers that

1 1 1 1
jj(]”//(t)) < (5 - 2;>01(0) + <§ - 27)“2(1) = C(A1, 51) + €(A2, 52),

using (4.16) and (1.9). Consequently,
C(A2, $2) < €Ay, 51) < cmp < max. Ty (1) < 3€(h2, 52).
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Then, the Mountain—Pass level ¢y p satisfies the assumptions of Lemmas 3.5 and 3.7. By the
Mountain—Pass Theorem, we can infer the existence of a sequence {(u,, v,)} C N, j‘ such
that

J+(una Un) — Cy and j+|j\[v+(uns vn) — 0.

If % + % < 1, by analogous versions of Lemmas 3.2 and 3.5 for Jj, we get {(u,, vy)} —

(&, V). Indeed, (i, ) is a critical point of 7, on N, so it is also a critical point of 7, defined
in . Moreover, i, b > 0 in RY and by the maximum principle in RY \ {0} we conclude
they are strictly positive. For assumptions ii), the PS condition follows by Lemma 3.5. If
% + % = 1, we follow the same approach using now Lemma 3.7. O
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