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THE ROLE OF THE BOUNDARY IN THE EXISTENCE OF BLOW-UP
SOLUTIONS FOR A DOUBLY CRITICAL ELLIPTIC PROBLEM

SERGIO CRUZ-BLAZQUEZ

ABSTRACT. In this paper we consider a doubly critical nonlinear elliptic problem
with Neumann boundary conditions. The existence of blow-up solutions for this
problem is related to the blow-up analysis of the classical geometric problem
of prescribing negative scalar curvature X = —1 on a domain of R"” and mean
curvature H = D(n(n — 1))~'/2, for some constant D > 1, on its boundary, via a
conformal change of the metric. Assuming thatn > 6and D > /(n+1)/(n — 1),
we establish the existence of a positive solution which concentrates around an
elliptic boundary point which is a nondegenerate critical point of the original
mean curvature.

1. INTRODUCTION

Let (M,0M, g) be a compact Riemannian manifold of dimension n > 3 with
scalar curvature S, and boundary mean curvature H,. Given two smooth func-

tions S and H, a classical geometric problem consists in asking whether for some
4

conformal metric § = u»-2g, with v a smooth and positive function, these func-

tions can be achieved as the scalar and boundary mean curvatures of M with

respect to §, respectively.

From the analytical point of view, this problem is equivalent to finding a pos-
itive solution of the following elliptic equation, which has a double critical non-
linearity (see [12]):

n—2
204 4 [y = Hun-? on J0M,

n—2 v

DA 4 Sy = Sunz in M
(1.1) { I I ’
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where A, stands for the Laplace-Beltrami operator associated to g and v is the
unit outer normal to 9.

The study of (1.2) was initiated with [12], wherein first criteria for the existence
of solutions were established up to Lagrange multipliers. A particular case that
has attracted considerable attention is the so-called Escobar problem, consisting
of prescribing constant curvature functions S and H. Partial existence results
depending on the dimension or the geometry of M were given in [3,19, 26-28]
for the case S = 0, and in [9,20] for the case of minimal boundary H = 0. The
complete problem with constant curvatures different from zero has only been
treated when S > 0, see e.g. [11,21,23,24].

Regarding the case of nonconstant functions, most of the results available con-
cern the case in which one of the curvatures is identically zero: the works [6,7,25]
study the problem with ' = 0 on the half-sphere, while [1,8,18,31] considered
the case S = 0 on the unit ball of R".

On the other hand, the case of variable S and H has been comparatively much
less studied. We mention the works [4, 5], in which the authors prescribe small
perturbations of constant functions on the n—dimensional unit ball, [10] for the
case of negative curvatures on manifolds of negative conformal invariant, the
problem on the three dimensional half sphere treated in [17] with S > 0, and
the case with S < 0 on manifolds of nonpositive conformal invariant that has
been recently studied in [14]. The blow-up analysis performed in the latter work
shows that the existence of blow-up solutions for the problem (1.1) with S < 0 is
ruled by the scaling invariant function D : M — R given by

__H@p)
P =150

with bubbling of solutions possibly occurring only at points p € dM with D(p) >
(n(n —1))712.

Motivated by this analysis, in this paper we consider the following doubly crit-
ical elliptic problem posed in a smooth bounded domain €2 of R™:

%Au + pu = —yns in Q,
(1.2) N
%% + H({L’)U =D un—2 on (9(2,

n(n—1)

where H(z) denotes the mean curvature of 0§, v its unit normal vector pointing
outwards, p is a positive and large parameter and D > 1.

Our goal is to construct solutions of (1.2) that blow-up around boundary points
as p — +00. We prove the following result:

Theorem 1.1. Let Q) be a smooth bounded domain of R", and let H denote the mean
curvature of 0S). Suppose that n > 6 and there exists an elliptic point p € 02 which is a
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nondegenerate critical point of H. Then, for every D > +/(n+1)/(n — 1), the problem
(1.2) admits a solution that concentrates around p when yu — +o0.

In fact, this is a counterpart of Theorem 1.1 (b) in [29] (see also [2]), which was
dealing with the case of positive interior curvature and homogeneous Neumann
boundary conditions, that is,

n+2

{ %Aujﬂw =wun—2 in €,

%:0 on 0f).

(1.3)

In the aforementioned work, the author constructs solutions of (1.3) in dimension
n > 6 that concentrate around boundary points p that are nondegenerate critical
points of H and satisfy H(p) > 0. In comparison, our result imposes an additional
condition on the geometry of 9 near p, which is equivalent to saying that () is
locally on one side of the tangent plane at p. This condition becomes imperative
for defining our approximating solution. As opposed to what happens in [29],
the solutions of the limiting equation in the entire space R" are not suitable to
build an effective ansatz in our case. This limitation arises from our nonlinear
boundary condition, and prompts the use of solutions of a problem in the half-
space, as detailed in Section 3.

Once we have established our ansatz, we argue following a classical Ljapunov-
Schmidt reduction. This then leads us to find a critical point for the reduced energy
€ : (0,400) x R*' — R associated to the Euler-Lagrange functional of (1.2),
which has the following expansion after a suitable choice of the parameters:

€(d, &) =E + % <<5n(D)H(£)d + A;dQ) +0 (%) :

where E and A are constants and C, : (1,+00) — R is a continuous function

satisfying
>0 if 1 <D< /24,

C.(D) < =0 if D=,/

n—1"

<0 if D> /mt

for all n > 5. In view of the above expansion, it is natural to conjecture that the
existence of solutions may be recovered in the case H (p) < 0 by choosing 1 < D <
V/(n+1)/(n — 1), even if the approach presented here can not be applied. We
believe this can be accomplished by placing our approximating solution on the
boundary of 2 using the Fermi coordinates, in the spirit of [15,16]. On the other
hand, the case with D = /(n+1)/(n — 1) poses a greater level of complexity,
requiring the computation of the expansion to higher orders and the refinement
of the ansatz. Both subjects will be the focus of future research.
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Finally, it is worth noticing that the extension of these results to the case n = 5
needs techniques that are specific of that dimension, as illustrated in [30] for the
problem (1.3).

The rest of the paper is organized as follows. Section 2 is devoted to notation
and preliminaries. In section 3 we find an adequate ansatz and rewrite (1.2) as
a system of equations, in a standard Ljapunov-Schmidt fashion. For the reader’s
convenience, we divide the resolution of these equations into sections 4 and 5,
obtaining a clean proof of Theorem 1.1 in section 6. In the appendices A and B
we collect the most technical results of this procedure.

2. PRELIMINARIES

2.1. Notation. Throughout this paper, we will distinguish the last coordinate of
R™ from the rest, by means of the notation = = (z, z,,), with € R", z € R and
z, € R. B'(£, p) will be used to denote the n — 1 dimensional Euclidean ball in z
centered at £ € R"! of radius p > 0. Moreover, we denote by C(&, p) the cylinder

C,p)={zeR": z€ B (&p) N0 <z, < p},

and A(&, p) = C(& p)\C (&, 5). To lighten the notation, we often omit the center
when this is the origin of coordinates.

Given 2 C R” and § > 0, the notation £ represents the subset

gz{f:xeg}.

) )

For D >1and 0 <m <n+ 1 weset
+o00 Tn_2+m T (nferl) T (n+m71)
(D) *Jo (r?+D?—1)" ’ (D% —1) 2+12F(n)

For notational convenience, sometimes we omit volume or surface elements in
integrals: we will also denote by C positive constants that may vary from line to
line, or also within the same one.

2.2. Setting of the problem. Let p € 02 be an elliptic point, that is, a boundary
point at which all the principal curvatures are positive. We know that in a small
neighborhood of p the domain € lies on one side of the tangent plane. Up to
rotating and translating (2, we can assume that p = 0 and there exist p > 0 and a
smooth function ¢ : B'(0, p) — R{ such that »(0) = 0, V¢ (0) = 0 and

QN C(0,p) = {(z,2) € C0,p) : 20 = p(2)}.

Therefore, without loss of generality, we have the following expansion for ¢
around 0:

(24) p(@) =D _kiw* + 0 (j2f), € B(0,p),
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with k; > 0 for every i = 1,...,n — 1. Notice that, with this notation,
9 n—1
H(0) = k;.
(0) n—1 Z

We also define the interspace set X = C'(0, p) \ €2, which we can write as
(2.5) Y={(Z,z,): € B(0,p) N0 <z, < p(T)}

Finally, let us introduce the energy functional associated to (1.2), defined for
every u € H'(Q):

2 _1 —2 *
E(u):M/Nu\QJrH/uszn—/MZ

—2)D
(n—2) W+ (n—1) [ Hu?

- vn(n—1) Jao o0

Clearly, critical points of (2.6) provide solutions of (1.2).

(2.6)

3. THE LINEAR THEORY

Since > 0, we can endose H'(2) the following norm, which is equivalent to

the standard one:
A(n—1) 2 2
= Vu|” + }
Jull, = —— /Ql ul u/gu

By the well-known Sobolev embedding theorem and trace inequality, we have
the following continuous embedding maps:

* 2
iq : HY(Q) — L¥ (), with 2 = ”2,
n_
2n—1
ion : HY(Q) — L¥(9Q), with 2 = (:_2).

Let if, and ¢}, denote the adjoint operators. Then, by definition, given | € Lt (Q),
i&(f) is the unique solution in H*(Q) to the boundary value problem
—4(n—1) o .
{ ——Au+pu=7f in €,
ou __
2(n—1)

Analogously, if g € L (092), i%,(g) denotes the solution of
—4(n—1 .
%Au +pu =0 in §,
% =g on 0f).

Therefore, u solves (1.2) if and only if

(3.7) U — i (—uz_tg) — i3 (n ; 2 < n(f— 1)u"_7—12 - H(a:)u)) = 0.
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3.1. The Ansatz. We will construct a solution of (3.7) as ¢ — +oo that looks
like a bubble centered at the origin. More precisely, we define for z = (z,x,) €
R™! x R*:

n—2

0,0 2

3.8 Use(x) =
38) ) = e e 4 (on £ 0DP )

where £ € R"! and § > 0 are parameters and «,, = (4n(n — 1))"". When
D > 1, this n—dimensional family represents all the solutions of the problem in
R? (see [13]):

_47551)Au — —yn2  in R™,
(39) 2 Ou D

n—2 ov

un=2 on OR.

n(n—1)

We highlight the following scaling property of the family of functions Us ¢, which
will be used continuously for our computations:

1
Use(dy) = XI?ULg—lg(y), for every y € R}

We set

(3.10) Wie(x) = x(2)Use(),

where §(11) — 07 and y is a cut-off function with support on C(0, p). Without loss
of generality we can assume that y = 1in C (0, %) and

C C
(3.11) VX[ < —, [Ax| <5 on A(0,p).
|| ||
Moreover, we define
Wie = Wye + Pug,

where ® is chosen in K+, defined as follows: let {J; : j = 1,...,n} be the functions
generating the space of solutions of the linearized problem

—4(n—1) nt2rrts, ; n
{ ——Av+ 2= U—20=0 in RY,
n—2 ov n—2V n—lUn *v=0 on aR-l—’

which are given by the formulas

~ oU, an(2 —n)x;
z( )_8—675 (.T}): 9 ( ) 5 [OR)
vl (R (D) — D)
fori=1,...,n—1,and
- oU. an(2—n 2?2 +1—-9,(p)?
Jn(l’): a:;{ (SL’) (2 ) ~2| | (2) -
= (7P + (2 + Da(p)) — )
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(see [15, Th. 2.1]), and define

Zi(x) = 5;& (x ; 5) x(z).

2

Finally, let K denote the vector space K = span (Z;:j = 1,...,n), and let K* be
its orthogonal space with respect to the scalar product that induces the norm |- ,,
that is,

KL:{UEHl(Q): M/VUV~Zj+u/ij:0, ijl,...,n}.
n—2 Q Q

Let us denote by II and IT* the projections of H!(2) to K and K+, respectively.
Then, (3.7) results equivalent to solve the system of equations

3.12) 1I (u — i (_ulﬁ—fi> — i3 (n ; 2 ( n(f— 1)uﬁ - H(x)u))) =0,
(3.13) 1II* (u — i <_u1ﬁ—_§> — i5q (n ; 2 ( n(f— 1)uﬁ — H(x)u))) = 0.

In all the notations above, we omit the dependence of £ when £ = 0.

4. SOLVING THE AUXILIAR EQUATION

First, we find a choice of ®,, so that W, solves (3.13). This is achieved by
means of a classical fixed point argument, so the most standard proofs will be
postponed to the appendix for the sake of brevity. To simplify the notation, we
sometimes omit the dependence on &, 1« or both.

Let us rewrite the equation (3.13) as
L(P)+N(®)+E =0,
where L is the linear operator
(4.14)

+ 2 4 n D 2 n— 2
L =TI | & — 4! <—n—W"—2q)>—i* - W2 — H® )
() ( Q n—2 o0 | 5 w(n—1) 5

N is a nonlinear term given by
(4.15)

n+2 n+2 2
N(gp)zni(—z’g (—(W+c1>)n—fz +Wn—fz+Zf2

D n—2 n n—2 n n 2
— 45 W+d)yn2 — ——Wn2 — —Whrn20 ,
3o n<n_1>( ey - . )))

W <1>)
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and £ is the error, defined as
(4.16)

=TI (W ZQ( W ) zaQ< 5 ( n(n—l)W HW))).

The main result of this section is the following:

Proposition 4.1. For any compact subset & C (0, +00) x R"™! there exists j19 > 0 such
that for any p > po and any (d, &) € R there exists a unique function ®, € K=+ that
solves (3.13). Moreover, the map (d, &) — @, is of class C* and

C(,u52+5) if n>T,

@], < P
C (,ué [log §|3 +5) if n=6.

The most important steps of its proof are collected in the following lemmas.
First, we show that the linear operator £ defined in (4.14) is invertible in K.

Lemma 4.2. For any compact subset & C (0, +0c) x R"™, there exist positive constants
C > 0and ey > 0 such that, for every (d,&) € R, it holds

I£@), = Clléll, Ve e K-

In establishing this result, we follow the ideas presented in [22, Lemma 8], mak-
ing the necessary adjustments to tailor them to our specific problem. The detailed
proof is provided in Appendix A.

The next lemma shows that the nonlinear term N acts as a contraction when
restricted to a suitable ball of H'(12).

Lemma 4.3. There exists a small » > 0 such that the nonlinear operator N given by
(4.15) is a contraction on B,.(0) C H'(M), that is to say, there exists a constant 0 < v <
1 such that

IN(¢1) = N(@2)|l, < Cllgr — ¢2ll,
for every ¢; € H' (M) with ||¢i],, <7, i=1,2.

The proof of this technical lemma is analogous to that of [22, Remark 10], so we
postpone it to Appendix B.

Finally, we need to estimate the size of the error term &£ defined in (4.16). Here
again we follow the methodology of [22, Lemma 9], estimating each integral term
in the spirit of [29]. To obtain accurate enough estimates, we split 2 N C(0, p) as
C(0,p) \ £, where X is the set defined in (2.5). As can be seen throughout the
paper, the mean curvature of 92 appears naturally when studying the integral
terms in X..
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Lemma4.4. Let n > 6. For any compact subset & C (0, +00) x R" ! there exists o > 0
such that for any (1 > po and any (d, §) € R it holds

C (,u52 + 5) if n>T,
€ >
i1, C (,u52 llog 8|3 + 5) if n=6.

n+2

Proof. Letus denote yq = i, ( W n—2 ) and oo = 5 ("T_Z <\/n(n—1Wn 2 — HW))
Integrating by parts, it is easy to see that

nmi:%/ﬁvav—m—mmW+ﬂjkw=mﬂ—%m2
Q Q

:/an(<_A)<W—’VQ_”YaQ)—F,u(W—’VQ—”Yag))c‘:—l—cn/ 6(W_79—79)5

o0 on
:/<MAW+WM 2)5+M/W5
Q n—2

+2(n—1)/<2 w___D Wn"z)5+2(n—1) HWE.
0N

n—2 0n n(n—1) G

Let us call 1§, 13, I}, and I3, the integral terms from above, maintaining the
order. By means of Holder’s inequality:

2n "2—-;2 5
%scwm(/(qu+wW) ) Ol ||eaw Wi L,
Q Ln+2(Q)
Observe that
H—anW + WZ“ "*2 / ‘—anW W w2 dx
2n_

n+2 n+2

= / —cnAx Us — 2¢, (Vx, VUs) + Ug'~ 2 (Xn 2 — X) dx
A(p)\Z

IN

2n

Jr(5U1(?/)%g "

n(n—2)

dy < Co ¥z,

of M0 | DY) DO W x0T
AGGNF
VUL(y)

5 52 52
< C/
A(2) |y

To obtain the last line, we have estimated the terms involving the derivatives of
x using (3.11). We conclude that

1y < C gl 0%

Ul(g) .

Similarly,
I < CpllE], W 2,

Ltz (Q)’
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with
n+2
2n o C6? if n>7
W 2 <62 / Ui(y)iedy | < , e
L7 (Q) c(0,2) Co? [logé|® if n=6.

'S

As for the boundary terms, first we have

2(n—1) 2(nn—1)
2 oW D =)
I}, <C|E / - e

2 OW D n_
=Cliel, | —55- - v .
K n(n—1) L5 00)
We reason as follows:
2(n—1)
2 oW D n "
n—20n 1 W
n n(n —1) EES P
2(n—1)
— ——U + 7Un_2 — n—2 dS
/ag<n—25‘n " Valn—1) ° (X * >>
U( ) 2(n—1)
Yy _n_ _n_ "
< C/ ( =2 U (y) e (X(5y) - x(5y)"-2>) ds
anA(g) \y\
2(n—1)
()" 1
< C/ =5 T dy
(%)

N
<
T

+
/~
‘6
S
S/\
+
>
~——
(V)
|
—_
~~
w‘.

N
<
T

+
/~
‘6
[SE1 %)
S
+
T
~——
[NV
|
—_
~
M|

417) <|y|2 - () - 1) E
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and

—1—1 ——1 2
—-2)D > kiy;
|y| m— 5(” - 2) |y|2 Ezyz 4 O (52) )
(lg]* + D2 = 1) (lg]" + D? = 1)>

Using (4.17), (4.18) and the symmetry of the integral terms with respect to inter-
changing the variables y;, fori = 1,...,n — 1, we obtain

2(n—1)

2 oW D .
TL—28’I7 n(n—l)

2(n—1)
L™ (09)

—1—1
< C/ : 1 ] Kl _
&\ (P +D>=-1)*  (jgP+D2—1)

2(n—1)

5|7 j ! nin
9l Y |y|2 _ 1y < C5"2
(g +D2—1) =  (gF+D*=1)

Hence,
Iyo < C €], 67 .
An analogous reasoning yields:

2(n—1) Q(nn—l)

2(n—1) D " s dz B
</ (HW) " ) = H(SL’) (n—1)(n—2) dz
. PO (@ + (p(@) + DR - )

2(n—1) dﬂ
—o |t [ e
B(5) (jgf + D2 —1) -~

12 71—

K 5(5) (ly|> + D2 — 1)

n72+%

We are now able to complete the proof of Proposition 4.1.

Proof of Proposition 4.1. By Lemmas 4.2 and 4.4 there existc > 0and 0 < v < 1
such that

1L N(@) + Elw < c(Ylldllu + €11, -
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Now, if ||¢]| < 2¢||€]|, then the map
T(¢):=LTN(9) +€)
is a contraction from the ball ||¢||,, < 2¢||£]|,, into itself by Lemma 4.3.
Finally, the fixed point theorem guarantees the existence of a unique solution
of (3.13), &, such that ||, ||, < 2¢[|£]|,. O
5. LJAPUNOV-SCHMIDT REDUCTION

Here we introduce the reduced energy associated to the energy functional (2.6),
given by

(5.19) &(6.d) = E (Wes + @),
with @ as in Proposition 4.1 and

d
(5.20) o(u) = —,

1

for some d > 0 that will be chosen in the proof of Theorem 1.1.

Proposition 5.1. If (d,£) € Ry x R"" ! is a critical point of the reduced energy (5.19),
then W + ®,, is a critical point of E, and so a solution of (1.2).
Proof. Take s =1,...,n — 1. Since (d, §) is a critical point for &, then

(5.21)
0

o€
_i39<n;2< = (W+<I>u)ﬁ—H(W+<I>u)>>,8(WT;%)>.

n(n —1)

0=

€(d,§) = <W + &, — iy (—(W 4 @M)Z—fi)

Using equation (3.13), we can write

W+ ®, — i, (—(W + @M)Z—fi)

5.22 _ n
o —i39<n22< n<D (W+q>u)ﬁ_H(W+q>u)>>=chzj.

n—1)

The proof concludes if we show that ¢;; — 0 ase¢ — 0 for every j = 1,...,n.
Using (5.22), we can rewrite (5.21) as follows

N2 W N N~ [ N E
(5.23) 0=> ¢ <ZJ, 3 +8€8>u_;c] <z], 3§S>u <ags’q)“>u’

j=1

where for the last identity we have used that ®. € K, so

0 9L0)) 0Z:
%z =z, 9% 0, ).
0= 3¢ (2 Pul <J’a§s>+<a£s’ >
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The following estimates can be easily verified by direct computation (see [15,
Lemma E.1]):

oW 4(n—1)
(2 >u:5jg " ||wj||p<m)+0<ua>,

7 ags
5.24
( ) H%Q_lzln—lH ad; O(M)
858 M 52 TL - 2 8ZE8 LQ(Rn '
Then, by (5.23) and (5.24):
0=cs ”vﬁsHi?(Ri) +0 (N52) :

This proves ¢, — 0 as u — +oo for every s = 1,...,n — 1. By taking derivatives
with respect to d and reasoning as before, we can also prove that c,, = 0as  — 0,
finishing the proof. O

In the next proposition we compute the energy of the approximating solution
W, which will be the key part of the reduced functional (5.19).

Proposition 5.2. Assume n > 4. Then the following expansion holds

B - { B+ G(D)H(E)5 +} (fiy U2) 10* + O () o2
E + €1(D)H(£)0 + of nd* [log 8| + O (62 |log d|) if n =4

(5.25)

where

©u(D) = —(n — 1)(n = 2)ay,(D*B(D) + B,(D)) — 62( )

(5.26) -
+ (n = 2)/ a2 D*BA(D) + (n — )a28)_,(D),

and IE is a constant representing the energy of U, in R’}

Proof. By definition (2.6),

B = 2" /\VW|+
—2)D
— 7(71 ) W2 + (n—1) HW52
n(n —1) Jaa N o0
Eq Es

Let us address (FE3) first:

foe = v o
Q C(p) by
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On one hand,

Joo =
C(p) o(

Uiy = [ Ui dy+0 @)

5)
On the other hand,
»(Z) n
/ Us? =a? / / 0 dx, | dz
) :L’n+5D) 52)"
1
( (191> + (yn + D)2 — 1)n )
By Taylor expansion and (2.4).
»(69)
5 1 6> kiy?
(5.27) / — ——dy, = — 2 Y 0(s?)
o (g + n+ D) —1) (ly]" + D* = 1)
Then,
92
/ U2 = a2 / D2k g0 ()
. w(3) (G + D2 — 1)
—12
:(SafjH(O)/ 40
2 Je(z) (g + D2 = 1)
= 603:@@3@) +0 (%)
Finally,
n—2
(5.28) (Bs) = — / U, - 52( VH(0) + O (6?)
+
As for (Ey),

2t en—1
az

Wi :/ Us* = / 9 .
00 Cp)noQ B(p) (|7]" + (p(Z) +dD)* — 62)n!

/(g) ([ + (552 + D)2 — 1)1 !

By Taylor expansion,

o . o?
/ p(s) (9P + (B2 + D — 1yt /B'(z) (19 + D* — 1)

22
_§(n — 1)2Da® / _ 2Ry 0 ()
B (%) (|y]" +D? = 1)

_ / _ Ui(@,0)%dg = 5(n = )Dag B (DYH(0) + O (5°)
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Hence,

2t ”__1a2ﬁ 2 22 2
(5.29) (Ey) = — \/ﬁ/fmn UZ +6(n—2)y/ - > D?*B2(D)H(0) + O (8%)

We continue studying (£,). It is easy to see that
/|VW5|2 = [ VU] —/ IVU;* + O (6%)
Q R™ =

Reasoning as before,

/\VU5| =a2(n—2) / / 5" + (4 + D)’ dy,dij
B'% |y| + yn+D) 1)n
2 S
g(2) (9" + D?— 1)
ag(n —2)? (lg]° + D?) ||

— féH(O) /B/(g) F T D - 1)ndgj+ O (6%)

2

az(n —2)? 2 02 ‘§|4 _ 2
= 2l =2 () <D (D) +/B/(§) T 1)ndy> +O()

Sa2(n — 2PH(0)(DPB(D) + SL(D))S + O (8) if n >4
0 (6 log ) i -3

Briefly,
(5.30) (B\) = [ |VU[" = (n—1)(n—2)alH(0)(D*B2(D) + B(D))s + O (6%)
R}
forn > 4.
(E5) can be addressed similarly to (5.29).

2 _ a2dy
aQH(yc)m =9 B’(?)H(éy)ﬂ 7 (29 1 Dy _ 1y

— o2 dy
= a;H(0)d </B,(§) (9P + D? — )2

l9I* dy 2
—0(n — 2)H(0)D/B/<§> T +0 (0 ))

ZH(0)3_,(D)3 + O (82) if n > 4
O (5 |log 8]) if n=3

Then,
(5.31) (E5) = (n— 1)a2H(0)3°_,(D)§ + O (52)
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forn > 4.

Finally, let us consider (Es).

[vi=[ i [
Q C(p) by

We study the two integral terms separately. One one hand,
2 2 :
) fRi U: if n>5
/ Uz :52/ Ui(y)’dy = { O (6?|logd]) if n=4
C(p) o(

>
~—

O (9) if n=3.
On the other hand,
v(g@) &2
/ U; =6 / — L dy,dy
S w()lo (G + (ot D — 1)
a i
:—"H053/ dy + O (&*
2 HO% | TP om0
(S H(0)8%62_,(D) if n>6
O (82 [log d]) if n=>5
O (6%) if n=4
\ O (5) lf n=3
Putting all together,
1
(5.32) (E2) = pd” / Ut + po(6?)
L
forn > 5. O

Proposition 5.3. Assume n > 4. It holds:
E(W +@,) = EW) + O (|@,]2)

Proof. To prove this result we need to repeat some estimates from the proof of
Proposition 4.4, so many details will be skipped for the sake of brevity.
By Taylor expansion, there exists o € (0, 1) such that:

(W +®,) ~ E(W) = B(W)[®,] + 5 (W + 0 ®,)[0., 2.

4 —]_ n+2
_4r )/VWVCI)HjLu/W(I)H—l—/Wn_J—r?@u

n—2 0 9 9

2D(n —1)

Wa2d,+2(n—1) [ W,

vn(n —1) Joo 00
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n+ 2

1 2 2 4 -9
+—|]<I>HHM+(n—1)/8 <I>M+72(n_2)/g(w+acbu)nzcb“
2D\/ —1
n(n (W +0d,) 7702,

o0N

By the Sobolev embeddings, we 1mmed1ately have
2
[ o<l
o0
|07+ 00,)75202 < @, W + 00, i S B
[0+ o0) P8 < 2 W+ 00y, < Ol
o0 7 (09)

On the other hand, integrating by parts,

4 —1 n+2
M/vqu>“+u/wq>u+/wn—f2q>u
Q Q Q

n— 2

2D(n —1 n
_ 2D 1) W, 20— 1) | W,
nin—1) Jas o9
4
:/ <_MAW+W7L 2)(1) +,u/W<I>
Q n—2
2 oW D n
+2 n—l/ — Wn=z | &, + HW®
( ) an(n—2 on n(n —1) ) " Jon g
4(n—1) n+42
SC”(I)MHM<H—ﬁAW+W”—2 b TRV 2 L83 (@)
Ln+2(Q)
2 oW D n
N — - Wn—2 +HWH 2(n— 1)(8Q)>
Ui n(n —1) L2 o
=0 (Ileul).
and the claim follows. O

6. PROOF OF THEOREM 1.1

According to Proposition 5.1, a critical point of the reduced energy (5.19) yields
a corresponding critical point of £ and thus a solution to (1.2). Using Propositions
4.1 and 5.2, along with the definition (5.20), we obtain the subsequent expansion

for n > 6:
1 d2 1
¢(d, &) =E + - <‘5n(D)H(§)d+ o) /ﬁ Uf) +0 (?) ,
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where C,(D) and E are defined on (5.26). At first order, we have

(6.33) Vﬂ¢§%:l<%xDﬁH®+d/“

u Uz, %6,(D)d VH(g)) .

n
+

Let p € 012 be such that VH (p) = 0 and H(p) > 0. Then, in view of (6.33),
(—%(D)H@) p>

A
is a critical point of € which is stable under C perturbations. The proof of the
Theorem concludes by showing that €, (D) < 0 whenever D > /%, in order to

have d > 0. This fact follows directly from the lemma below, the proof of which
involves straightforward calculations executed using mathematical software.

Lemma 6.1. Let %, : (1,+00) — R be the function defined in (5.26). The following
statements are valid for every n > 6.

(n%ﬂn:@§%7+000—nﬂwp—uﬂmm%>a
(2) 6, (D) =0ifand only if D = 1/2—2, and
3

APPENDIX A. PROOF OF LEMMA 4.2

Suppose, by reductio ad absurdum, that there exist sequences s, — 400, d,, —
d > 0and ¢,, € K* such that

L(¢m) = m, with [[¢nl, = 1and [[¢,]], — 0.
Let us denote W,,, = W (i, dp), as defined in (3.10). For convenience, we set

Gun(y) = 0n Su(Gtt) X(Orm)-

The fact that [|¢,,[|, = 1 implies that ¢,, are bounded in D'?(R?), as it can be
deduced from the following inequalities:

A /%M@ V6’

N /%m(g) 16ul”

and the fact that $Q N C (£) goes to the whole half-space R” as § — 0. It follows
that ¢,, — ¢ weakly in D**(R%) and L* (R") and ¢,, — ¢ strongly in L} _(R").

loc
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By the definition of £, we are able to write
(1.34)

v [(N+2 n D 2 —~
Y — b — ity (n W 2%) +ig (2ﬁwn2¢m—ﬂ¢m> =Y CLz,
i=1

n—1

for some coefficients C, € R. We will show that C, — 0 as m — —+oo for every
i =1,...,n. Consider the scalar product in H(Q) of (1.34) and Z, to obtain

~ i % 7’L+2 _4
> CiLi(2i2,), = <ZQ <—n — 2Wn2gz5m> ,Zq>
1=1 m

W (n_ D
+<Zag<2 n<n_1>W Om H¢m>>u.

Integrating by parts, one can easily show that (i (f), Z,), = (f, Z¢) 12(q

and (i3 (9), Z,), = — 2D (g, Z,) 12(96)- Therefore,
2D - 1)
ZCZ (Zi,2,), = n+2/Wn_ PmZq — + Wﬁ(bmzq
(1.35) =1 o8
4n—1
n— 2 o0

Using the orthogonality of J; in H'(RR"), one can easily deduce that

(1.36) (Zi, 2,), = 6" ||3q||§{i(Ri) = 0" O (1 + py02) forn > 4.
Next, we estimate the last term in the right-hand side of (1.35) as follows
1 N T
HpnZ2, = = H(z)pm(z)J, <—) dx
00 d 2 Jaanc(o,p) Om

(1.37) i
~ 57 0(7)) 3, (7, 202 47 —
B O [ a0 3, (5 285 ) dr=otr).

Integrating by parts and using (3.9), one can notice that

(1.38)
—4(n—1 4(n —1
0:<¢mazq>um:%/S)Azngm‘l“,u/ggbmzq+ 57/—2)/39 ayq¢m
_ ”*2/ W3 Ty + O (u5”)
n—2 C(Op

2D\/ 'I’L — ]_ L,, _
/ n72\jq¢m
B'(0,p)
Using equations (1.36), (1.37) and (1.38) in (1.35) and rescaling as before, we ob-
tain
Cl — 0, forevery1l <gq <n,
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as desired. Now, fix any ¢ € C*(R") with compact support and a cut-off function
x and define

on(a) = =50 (5) (o)

We multiply (1.34) by ¢,,, to obtain

om(1) = <7/}m790m>um — {(bm, @m)u / W” 20mPm

2D\/n(n —1) 2 4(n—1)
SV W, + )
o0

n+2

Hompm
n—2 OM

(1.39) :4(n—1)/ v V¢+n+2/ Uitid,
n=2 Jicon n=2Jicon

2D\/ —1
n /B(O 72¢ g0+0m()
"(0,p)

Since ¢ was arbitrary, passing to the limit in (1.39) we find that ¢ is a weak solu-
tion of (3.9). Using [15, Th. 2.1], we have ¢ € span (J;: i =1,...,n). However,
the orthogonality of ¢, with respect to every Z; in H'(Q) implies after rescaling
that ¢ = 0. Then, multiplying (1.34) by ¢,,, and proceeding as before, we see that

n -+ 2 4 —9 2Dy/n(n-1) 2 _ o
e P e U2 + on(1)
1o(0,0) n $B/(0,p)

= om(l).
This contradicts the assumption (¢, [, = 1.

APPENDIX B. PROOF OF LEMMA 4.3

First of all, let us put F(t) = ¢+ and G(t) = n"2¢72 to simplify the notation.
By the continuity of 15, and 13, we have

IN(61) = N(@2)ll,, < [|1F(W + ¢2) = F(W + 1) + F'(W)[1 — o]l 22,

D !
m [G(W + ¢2) — G(W + ¢1) + G'(W)[p1 — ¢2]|| ZCES

Expanding F(W + ¢5) and G(W + ¢,) around W + ¢;, we obtain 0 < o, < 1
such that
(2.40)

IN(¢1) = N ()|, < [[(F'(W) — F' (W + agi + (1 — a)p)) [¢1 — &3]
D ! I
+m [(G'(W) = G' (W + B + (1 — B)d2)) [¢1 — <Z52]HL@(BQ) :
We remind a well-known inequality: for every a,b € R and ¢ > 0, it holds
min{[b|?, a7t ||} if ¢ <1,
(|a|q*1 b + |b|q) if ¢ > 1.

()

_2n_
Ln+2(Q)

(2.41) lla + 0" — a?] < c(q) x {
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By (2.41), we have
(2.42)
W12 = [W + gy + (1= X)ga| 72
< ¢(n) x { |04¢1+(1—04)¢2|f - if n > 6,
lady + (1 — a)go| 2 + [W|2 |agpy + (1 — )py| if n=4,5,
and
@43) | WITT = W+ B+ (1= B)6al 72| < [B6n + (1= B)nl ™7

On one hand, given the fact that ¢; € = (), by (2.42) and Holder’s inequality:
(2.44)

[(F'(W) = F'(W + agr + (1 — a)¢2)) [¢1 — ¢2]| ,=¢ [¢1 — 2],

2n_
Ln+2(Q

_4
|agr + (1 — a)da||" 2 if n > 6,
% Lz—Q ()

6—n
+(1— 2 WA +(1— on if n=4,5.
o+ (1= @)l 3, HIWITZ, lads+ (1= a)gall an, i

n
2
Ln—2

On the other hand, since gzﬁiw € L=-2(dQ), by (2.43) we obtain
(G'(W) = G'(W + Bd1 + (1 — B)2)) [d1 — 2]

< Cllén = b, 186+ (1 = )l "2
(09)

I 2 (09)

(2.45) _
L n=2
In view of (2.44) and (2.45),
IN(@1) = N (@)l oy < 7l = @l 0<7 <1,

provided ¢; and ¢, are small enough.
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