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A CHARACTERISATION OF THE DAUGAVET
PROPERTY IN SPACES OF VECTOR-VALUED LIPSCHITZ
FUNCTIONS

RUBEN MEDINA AND ABRAHAM RUEDA ZOCA

ABSTRACT. Let M be a metric space and X be a Banach space. In this
paper we address several questions about the structure of F(M )@WX
and Lip,(M, X). Our results are the following:

(1) We prove that if M is a length metric space then Lipy(M, X)
has the Daugavet property. As a consequence, if M is length we
obtain that .7-"(M)<§A§TrX has the Daugavet property. This gives an
affirmative answer to [I3] Question 1] (also asked in [24] Remark
3.8]).

(2) We prove that if M is a non-uniformly discrete metric space or an
unbounded metric space then the norm of F(M)®,X is octahe-
dral, which solves [6] Question 3.2 (1)].

(3) We characterise all the Banach spaces X such that L(X,Y) is
octahedral for every Banach space Y, which solves a question by
Johann Langemets.

1. INTRODUCTION

In this note, we will focus mainly on the study of Lipschitz mappings
from a metric space M to a Banach space X, that is, we will focus on the
space Lipg(M, X). In particular, we are mainly interested in the Daugavet
property on these spaces since it is known that Lipy(M ) enjoys it if, and only
if, the metric space M is length. The natural question that arises in this
setting is therefore whether the same metric characterisation works in the
vector valued case, that is, whether the space Lipg(M, X) being Daugavet
is equivalent to M being length regardless which X is used as codomain.
This problem has been around since the latter characterisation of Lipschitz
spaces was found in [I3] Theorem 3.5] and it has been explicitly asked in
[13, Question 1] and [24, Remark 3.8]. We give here a complete positive
solution.

1.1. Motivation and background. A Banach space X is said to have the
Daugavet property if every rank-one operator T : X — X satisfies the
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equality
(1.1) 1T+ 1| =1+ [T,

where I denotes the identity operator. The previous equality is known as
Daugavet equation because 1. Daugavet proved in [10] that every compact
operator on C([0,1]) satisfies (LI)). Since then, many examples of Banach
spaces enjoying the Daugavet property have appeared. E.g. C(K) for a
perfect compact Hausdorff space K; Li(u) and Loo(p) for a non-atomic
measure p; or preduals of Banach spaces with the Daugavet property (see
[18, 19} 34] and references therein for a detailed treatment of the Daugavet
property).

The question of determining when the space of Lipschitz functions Lipg (M)
has the Daugavet property has attracted the attention of many researchers
since in [34, Section 6, Question 1] D. Werner asked whether Lipg ([0, 1]?)
has the Daugavet property. As a consequence of succesive works [17), 13} 4]
the following characterisation was obtained: Given a complete metric space
M, then Lipy(M) has the Daugavet property if, and only if, M is length if,
and only if, (M) has the Daugavet property, where F (M) stands for the
Lipschitz-free space over M (also known as transportation cost space). All
the above are equivalent to the absence of strongly exposed points of the
unit ball of F(M).

In the above line, the first result appeared in [13], Proposition 3.11] where,
as a main consequence, it is obtained that Lipy(M, H) has the Daugavet
property when H is a Hilbert space. This result is obtained as a consequence
of a well known result of extension of Lipschitz functions between Hilbert
spaces due to Kirszbraun (see [7, Theorem 1.12]). More general results were
obtained in [31I], where it was proved that Lipy(M, X) has the Daugavet
property for every Banach space X if M is a convex subset of a Hilbert
space or if M is a Banach space whose dual is isometrically Lq(p). In
all of the above cases, it is heavily used that given any finite subset N
of M and any Lipschitz function ¢ : N — M, there exists an extension
¢ : M — M which almost preserves the Lipschitz constant. That is, a
(demanding) property of extension of Lipschitz functions is required as a
tool for making perturbations of given Lipschitz functions f : M — X*
almost preserving their Lipschitz constant.

A feature which explains the difficulty of the aforementioned problem
arises when one considers dual Banach targets. In such case, Lip,(M, X*) =
L(F(M),X*) = (F(M)®,X)*, where F(M)®,X stands for the projective
tensor product of (M) and X. Taking into account the immediate fact that
the Daugavet property passes from a Banach space to its predual, the above
mentioned open question is related to the question of how the Daugavet
property is inherited by taking projective tensor products, which is a long
standing open problem from [34] Section 6].
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In this paper we explore new ideas for the perturbation of Lipschitz func-
tions taking values on a Banach space in order to solve many open questions.
Indeed, we obtain the following main result.

Theorem 1. If M is a complete length metric space and X is a Banach
space then Lipg(M, X) has the Daugavet property.

As a corollary (Corollary B.]) we get that if M is a complete length metric
space and X is a Banach space then F(M)®,X has the Daugavet property
(see the definition below). This solve [13 Question 1] (also asked in [24],
Remark 3.8]) in complete generality.

One of the new tools behind the proof of the above mentioned Theorem [II
is Lemma [2.4] which informally says that given any Banach space X there is
an almost 1-Lipschitz perturbation of the identity mapping which vanishes
at a ball centred at 0 (we thank Richard Smith who pointed us out the
existence of such functions). We also considered in Lemma the “dual
construction”, that is, a function which is the identity on a neighbourhood
of 0 which vanishes out of a bounded subset of X.

Next we continue using the ideas of perturbation of vector-valued Lips-
chitz functions to solve another open problem on the space F(M )@WX .

In order to put the problem into context [6l Question 3.2 (1)], recall that
a Banach space X is said to be octahedral if for every z1,...,x, € Sx and
e > 0 there is y € Sx such that ||z; —y|| > 2 —¢ for every i = 1,...,n (see
Definition and the surrounding paragraphs for background). With the
terminology of octahedral norms in mind, [6, Question 3.2 (1)] asks whether
F(M)®,X is octahedral whenever M is a complete metric space which is
not uniformly discrete and bounded. In Section Ml we give a positive answer
to this question.

Theorem 2. Let M be a metric space. If M is not a bounded and uniformly
discrete space then F(M)®xX is octahedral for every Banach space X .

Recall that a metric space is said to be uniformly discrete if inf{d(z,y) ; x,y €
M, x # y} > 0. Observe that this result constitutes a step forward for the
open question [22] Question 4.4], where it is asked whether X ®.Y is octa-
hedral provided X is octahedral.

We finish Section 4] with Theorem [.4] where we prove that, when M is
a metric space with infinitely many cluster points, then we get the stronger
condition that (F(M)®,X)** is octahedral.

We end the paper with Section [B] which is of independent interest, where
we answer the following question: when does a Banach space X satisfies
that L(X,Y) is octahedral for every Banach space Y7 This question was
posed by J. Langemets in the congress International Workshop on Operator
Theory and its Applications (IWOTA 2022), Krakow, Poland (Sep 2022)).

1.2. Terminology. We will consider only real Banach spaces. Given a
Banach space X, Bx (resp. Sx) stands for the closed unit ball (resp. the
unit sphere).
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We recall that the projective tensor product of two Banach spaces X and
Y, denoted by X®.Y, is the completion of X ® Y under the norm given by

n n
[[ul| := inf {Z zillllyill + n €N,z € X,y; €Y,u= sz ®yi} ;
i=1 =1
forevery u € X ® Y.

We recall that the space L(X,Y™) is linearly isometric to the topological
dual of X®,Y by the action T(z ® y) := T(x)(y). As an immediate conse-
quence of the above identification we get that Byz y = ¢o(Bx ® By). We
refer the reader to [32] for background on tensor product spaces.

Also, since we are mainly interested in the case when one of the fac-
tors is a Lipschitz free space, let us introduce that notion from scratch. A
pointed metric space (M, d,0) is a metric space (M,d) with a selected dis-
tinguished point 0 in M, called the base point. For a pointed metric space
M, we consider the Banach space Lipy(M) formed by all real-valued Lips-
chitz functions that vanish at 0 endowed with the norm given by the least
Lipschitz constant, that is,

[fllzip = mf{C >0 : [f(z) = f(y)| < Cd(z,y) , Yo,y € M},

for every f € Lipy(M). The Banach space Lipg(M) is a dual space and its
canonical predual is our sought space, often called the Lipschitz free space
associated to M, denoted by F(M). It is given by F(M) = span{dp tpem <
Lipy(M)**, where 0, : Lipg(M) — R is the linear functional defined by
dp(f) = f(p) for all f € Lipy(M). Now, if X is a Banach space we de-
note Lipy(M, X)) to the space of Lipschitz mappings from M to X vanish-
ing at 0 endowed with the Lipschitz norm. We are interested in vector-
valued Lipschitz mappings since the isometric identification Lipy(M, X*) =
L(F(M),X*) leads a structure of dual Banach space and its canonical pre-
dual is our object of study F(M)®,X.

We must define now the metric spaces M such that Lipy(M) is Daugavet.
These spaces are known as length spaces (see e.g. [§]). Specifically, a metric
space (M,d) is a length space whenever it is arc-connected and for every
x,y €M,

d(z,y) =inf{l(a) : a:[0,1] = M, a(0) =z, a(l) =y},

where 1(a) stands for the length of the curve . In the proof of the equiva-
lence between M length and F (M) Daugavet the notion of spreadingly local
metric spaces is used and we will need it, too. According to [I7], a metric
space is said to be spreadingly local whenever

Ay =f{meM : il |[flip>1-c)
is infinite for every € > 0 and f € Lipy(M). Following the proof of Proposi-

tion 2.3 in [I7] it is easy to see that every length space is spreadingly local,
regardless it is complete or not.
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In the setting of metric spaces, we are going to make use of the well-known
Mcshane extension of Lipschitz functions. Given a metric space M, a subset
N of M and f € Lipy(XN) there is always an extension g € Lipy(M) of f
to M, often called the McShane extension, such that ||g||rip = ||fllLip- In
general, there is no McShane extension for vector-valued Lipschitz mappings,
which is the main problem that we face.

Let us define now the main geometric properties of Banach spaces we are
going to work with throughout the entire note. A slice S of the unit ball
Bx of a Banach space X is a subset of Bx of the form

S=8(Bx, f,a)={z€ Bx : f(z) >1—a},

For some f € X* and a > 0. If X is a dual space and f belongs to its
predual we call the previous set a w*-slice.

Definition 1.1. Given X a Banach space, we say that X has the Daugavet
property (or simply that X is Daugavet) whenever for every x € Sx, € > 0
and S slice of Bx there is y € S such that ||z —y|| > 2 —c. If X is a
dual space and the latter holds at least for w*-slices we say that X has the
w*-Daugavet property (or simply X is w*-Daugavet).

Notice that this definition of the Daugavet property is equivalent to the
one given at the beginning of the paper [19, Lemmata 2.1 and 2.2].

Now we will present two more definitions closely related to the Daugavet
property.

Definition 1.2. Given X a Banach space, we say that X is octahedral if for
every xi,...,Tn € Sx and € > 0 there is y € Sx such that ||z; —y|| >2—¢
for every i =1,...,n.

Definition 1.3. Given X a Banach space, we say that X enjoys the strong
diameter 2 property (SD2P for short) whenever every convex combination
of slices has diameter 2.

It is worth mentioning that by [, Theorem 2.1], for a Banach space
X it is equivalent being octahedral to its dual X* having the w*-SD2P.
Moreover, it follows that if X is a Daugavet space then both X and X*
have octahedral norms [19, Lemmata 2.8 and 2.12]. For background on
diameter two properties, octahedral norms and their interrelations with the
Daugavet property we refer the reader to [21], 28, [30].

2. LIPSCHITZ FUNCTIONS ON BANACH SPACES

Let us start with the following straigthforward lemmata which will shorten
future arguments.

Lemma 2.1. Let X be any Banach space, A > 0 and f: X — X. If f is
A-Lipschitz when restricted to segments then f is A-Lipschitz.

Lemma 2.2. Let X be any Banach space, a < b < cinR and f : [a,c] — X.
If f\[mb] and f][bd are A\-Lipschitz for some A = 0 then f is A-Lipschitz.
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Proof. Let t, s € [a, c] distinct. We may assume that t € [a,b] and s € [b, ¢].
Then,

1F@&) = F) < @) = FOUHIF®) = F()I] < At = b+ [b—s]) = Alt —s|.

Lemma 2.3. Let X be a Banach space, let 0 < r < R and consider
a function f : X — X. Assume that there are a,b,c > 0 such that

If (@) —f@l If (@)~ f @)
) sup o=l < a, sup ] < b and
YEB(O,7),zy z,y€C(0,r,R),z#y
sup W < c. Then f is Lipschitz and || f|| < max{a,b,c}.

z,y€X\B(0,R),x#y
Proof. A combination of Lemma 2.1l and Lemma does the trick. =

In the following result we will construct a Lipschitz function on a Banach
space which coincides with the identity map out of a ball centred at the
origin and that it is flat at a smaller ball contained. This function, which to
our knownledge appeared in the thesis of Filip Talimdjiosk, was provided to
the authors by his thesis advisor R. Smith. The authors are deeply grateful
to R. Smith for providing them the following proposition and its proof.

Proposition 2.4. Let X be a Banach space and let 0 < a < b. Then the
function f: X — X defined by

0 if |zl < a,
f@) =9 s (1-pir) e o<l <o
" if b < ||zl

is Lipschitz and ||f]] < %.

In particular, it follows that for every xg € X and every pair of positive
numbers R,e there exist § > 0 and a Lipschitz-mapping ¥ : X — X such
that (x) = x holds for every x € X \ B(zo, R), ||¢]| < 1+¢€ and ¥(z) = xo
holds for every z € B(xo, ).

Proof. Let x,y € X with  # y. In virtue of Lemma 23] and since f is
clearly Lipschitz at B(a,r) and on X \ B(0,b), let us assume that x,y €
C(0,a,b). We assume with no loss of generality that ||z| < ||y||. Now we
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compute || f(z) — f(y)||-

1) - 1)1 = 525 o=+ o~ 1o

b H N a a N a a H
=—|y—r+ s -y + =y — —y

b ol Tol? " Tl ™ Tal
<t (( a)n - ey ||)
< = e =yl + | = |

b—a El el Tl

b << a ) allel - )
= 1= ) e =yl + =y
b—a ) 1= = e

< ((1—i>ux—yu+iux—yu)
S a fal fal

= ey
_b—a y?

as desired.

For the second part of the theorem, given g € X and R,e > 0, take § > 0
such that % < 1+ ¢, consider the function above ¢ : X — X, then the
function ¥(z) := zo + ¢(z — o) does the trick. m

In the following result we will construct a function whose behaviour is the
opposite, i.e., a function which is the identity in a neighbourhood of 0 and
that is constantly 0 out of a certain ball centred at 0.

Proposition 2.5. Let X be a Banach space and 0 < a < b. The function
f: X — X defined by

T if © € B(0,a),
fl@):=4 Yy ira e C(0,a,b),
0 ifzeX\B(O,R),

is Lipschitz and || f| < 5% -

Proof. Again by an application of Lemma [2.3] and because f is clearly Lip-
schitz on B(0,a) and on X \ B(0,b), it is enough to prove that, given
z,y € C(0,a,b) with = # y, we get ||f(z) — f(y)|| < pZllz — yl|. Take
such z,y € C(0,a,b) and assume with no loss of generality that ||z| < ||yl
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Then
1£@) = £ = 5= b~ llelhz — 6~ gDy
= = 6~ iz + (ol — el — &~ sy
< 52 ((0— Iy llz — il + Il — )
< =0~ lal)llz ~ yl + Iz ~ sl =]
b
=z -3l

The following lemma shows that the set of Lipschitz functions which is
injective on a given sequence is norm-dense. We establish and prove the
result because we will use it several times throughout the text.

Lemma 2.6. Let M be a metric space and X be a Banach space. Consider
a sequence of pairwise-disjoint balls { B(xy,ry)} in M. Then for every Lip-
schitz function F : M — X and € > 0 there exists a Lipschitz function
G : M — X with the following properties:

(1) |F — G| < e and,

(2) G(xy) # G(zm) holds for every n # m.

Proof. Given n € N we can take, by McShane extension theorem, a Lispchitz
function ¢, : M — R such that ¢, (z,) # 0 for every n € N, ||, || = 1 and
on =0on M\ B(zy,r,). Let F and € as in the hypothesis, and consider
a sequence {e,} of strictly positive numbers such that y > e, < . Take
also r € Sx.
We will construct by induction a sequence {4, } of positive numbers such

that, for every n € N, the following conditions hold:

(1) 0, < &y, holds for every n € N and;

(2) F(x;) + dip(x;)x # F(xn) + () holds for 1 <i < n— 1.
For n = 1 take 61 = ¢1. Now assume 97 ...,d, have been constructed and
let us construct d,41. In order to do so, observe that the set

{F(@n+1) + 0pnt1(znt1)z 1 0 <6 < enyr}
is an infinite set since x is a non-zero vector. Since the set
{F(z;) 4+ d;ipi(xi)x : 1 <i<n}
is a finite set we can find 0 < d,,41 < €41 such that
F(api1) + 0pn1(@ns1)z & {F(xi) + Gigi(wi)r : 1 <i<n}.
Now G = F + Y 7 | dppn ® x satisfies our requirements. To begin with,

the inequality [|F — G| < D07 dnllenllllz]] < D02 en < € holds. On the
other hand, the construction of §,, together with the fact that supp(y,) C
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B(xp, ) implies that G(x,) = F(x,) + onpn(xy)z, from where the proof
follows. m

Now we introduce the following result, whose proof is easy, and which will
save us a lot of notation in the following. The proof is straightforward, but
let us include it for the sake of completeness.

Lemma 2.7. Let M be a complete metric space and X be a Banach space.
Let f,g : M — X be two Lipschitz functions. Assume that there exists
meM and 0 < < R so that

(1) g is constant on B(m, R).
(2) f(x) = f(m) holds for every x € M \ B(m,0).

Then ||f + gl < max{|[f], g} (1 + 7).
Proof. Call M := max{]|f]|,|lg||}- Let x,y € M with z # y. Let us estimate
4. 1T @) +9(@) = (fy) + 9@l _ /(=) — fly) +9(2) — 9yl
' d(z,y) d(z,y) '
Let us observe that if f(x) — f(y) =0 or g(x) — g(y) =0 then A < M.

The unique possibility for the previous condition not to hold is that, up
to relabeling, x ¢ B(m, R) and y € B(m,¢). In that case f(x) = f(m) and
g(y) = g(m). Consequently

< W0) = S+ @) — gl _  dlym) + dr,m)
d(z,y) d(z,y)

Since d(x,m) < d(z,y) + d(y,m) the above inequality yields

d(z,y) +2d(y,m) 2d(y, m)
A<t g (14 5 )

Now using d(z,y) = d(z,m) — d(y,m) > R — ¢ we get

20
A<M (1+-22),
<+R—5>

as desired. =

Let us end by recalling the following criterion of weakly null sequences on
Lipy(M, X) from [9], which will be used several times throughout the text
and whose proof can be found in [9, Lemma 1.5].

Lemma 2.8. Let M be a pointed metric space, let X be a Banach space,
and let {fn} be a sequence of functions in the unit ball of Lipy(M,X). For
each n € N, we write U,, := {x € M: f,(x) # 0} for the support of fn. If
U, N Uy =0 for every n # m, then the sequence { f,} is weakly null.
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3. DAUGAVET PROPERTY IN Lipy(M, X)

In this section we will make use of the previous results to give the prove
of Theorem [II

Proof of Theorem[ll Let f,g € Stip,(um,x), and, in order to prove that
Lipy(M, X) has the Daugavet property, let us prove that for every ¢ > 0
there exists a sequence (f,) C (1+¢)Brip, (v, x) such that (f,) — g weakly
and ||f + fnl| = 2 — € holds for every n € N. This is enough thanks to [31]
Theorem 2.1. (5)].

Since ||f||ip = 1 we can find y* € Sx+ such that y* o f : M — R given
by y* o f(m) := y*(f(m)) satisfies [[y* o fllzip > 1 — 5.

Since M is length, it is spreadingly local (see the terminology section),
that is, the set

A= {m eM : 1I>1£Hy* o fIB(m,r)|Lip > 1 —5/4}

is infinite. Hence we can take a sequence of pairwise distinct points (z,,) C
A. Up to an application of Lemma we can assume, up to a norm-
perturbation argument, that g(x,) # g(x,,) if n # m. Hence we can find,
for every n € N, an element «,, > 0 such that {B(g(xy), o) : n € N} is
pairwise disjoint (observe that since ||g|| < 1 it is clear that {B(xy,ap)} is
also pairwise disjoint).

Consider 0 < 8, < a, for every n € N such that #"Bn — 1 and consider,

in virtue of Proposition 2.4] a Lipschitz function ¢, : X — X such that

len]l < 5225 holds for every n € N, that pn(z) =  holds for every

n

x € X\ B(g(xn),an) and @, () = g(x,) holds for every = € B(g(xy), Bn)-

Now for every n € N write hy, := @, 09 : M — X. It is immediate that
[[n]| = 1 (since [[hall < [lenllllgll < 72257)-

Now we claim that (h, — g) is a sequence of mappings with pariwise
disjoint support. Indeed, it is immediate that, given n € N, it follows that
hn(z) — g(x) # 0 implies g(x) € B(g(zy), ay) which, in other words, mean
that supp(h, — g) C g~ (B(g9(zn),n)) for every n € N. The fact that
supp(hy, — g) is pairwise disjoint is immediate now since B(g(zy,),ay) is
pairwise disjoint. Consequently h,, — g is weakly null in virtue of Lemma
2.8 or, equivalently, (h,,) — g weakly.

On the other hand observe that h, = ¢, o g takes the value g(x,) at
B(xp, Br). Indeed, given z € B(xy,,[,) it follows that ||g(z) — g(x,)] <
llglld(z, zy,) < Bpn, which implies ¢, (g(z)) = g(z,) by the very definition of
Pn-

Now consider a sequence (r,,) of strictly positive numbers such that 7 C”QT,H —

0.
Since {x,, : n € N} C A we can find y,, € M with 0 < d(xy,,yn) < ry such

that
v () =y (f(za)) | &

d(ym $n) 4
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Now define a function s, : M — R with [|s,]| < 1, sp(2) = 0 if z €
M\ B(xp,2ry), sp(zy) =0 and s,(yn) := d(zp,yn). This function may be
constructed as the McShane extension to M of the function

§n M \ B(!En,Z'Pn) U {$n7yn} — R

defined as it was previously stated which is clearly 1-Lipschitz.

Now since [|y*|| = 1 find y € Sx such that y*(y) > 1 — 5. Consider
Sp =8, ®y : M — X. Observe that ||S,| < 1. Moreover S, is clearly
a sequence of pairwise disjoint Lipschitz functions, since the support of S,
is contained in B(zy,r,) C B(x,,ay). Consequently by Lemma 2.8 we get
(Sn) — 0 weakly.

Now define g, := hy, + Sy, and we claim that the sequence {g,} does the
trick. On the one hand, the convergence conditions on h,, and .S,, imply that
gn — g weakly. On the other hand, given n € N, an appeal to Lemma 2.7]
for m = x,,, R = 8, and § = 2r, implies

Qp, 4ry,
Qp — Bn Bn - 2rn
Consequently there exists m € N such that n > m implies g, € (1 +
€)BLip, (M, x)- Finally, given n € N, we have

gl < (1+ ) — 1.

_ () =y (f(2n)) N Y (Sn)(Yn) — ¥ (Sn)(zn)
d(Yn, Tn) d(Yn, Tn)
>1-5+ s”(Z’E;;;:)(x”)y*(y) >1-S+1-2>2-¢

This finishes the proof. m

As a particular case of the above theorem we have the following corollary.

Corollary 3.1. Let M be a metric space and let X be a non-zero Banach
space. If M s length then (F(M)®,X)* has the Daugavet property. In
particular, F(M )@FX has the Daugavet property.

4. OCTAHEDRALITY OF F(M)®,X

In this section we will focus on the proof of Theorem 2l The proof is
splited in two theorems: We first prove in Theorem [4.1] the case in which M
is not uniformly discrete and we then prove in Theorem [4.3] the case when
M is not bounded.

Given a metric space M, for a given point x € M define d, = 0 if x is a
cluster point, otherwise define

dy :=sup{r > 0: B(z,r) = {z}}.

Now we have the following result.
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Theorem 4.1. Let M be a metric space which is not uniformly discrete and
let X be a Banach space. Then the norm of F(M)®,X is octahedral.

Proof. As before let ui,...,pu, € F(M )@WX and € > 0, and let us find

e SF(M)@,rX such that ||p; + pl| > (11+€€ (el + 1).

By a density argument we can assume that, for every 1 < i < ¢, we can
write p; == z;h:l AijOm,; @25, for certain n; € N, Aj; € R\{0},m;; € M\{0}
and z;; € X \ {0}.

By Hahn-Banach theorem we can find, for every i € {1,..., ¢}, an element
fi € (F(M)®-X)* = Lipy(M, X*) such that || fi|| < 1 and fi(u;) > (1 —
&)llpall-

Since M is discrete but not uniformly discrete we can find a sequence
{z,} € M such that d,, — 0.

Given 1 < 7 < ¢ we have two possibilities, depending on whether or not
fi(zn, ) has a Cauchy subsequence:

(1) There exists a subsequence {z,, } of {z,} such that f;(z,,) is norm
convergent.
(2) There exists §; > 0 such that || f;(zn,) — fi(zn,)|| = 6 if k # p.

Thus we will assume that, up to relabeling the sequence {z,}, there exists
d > 0 with the following property: given i € {1,...,q} then either f;(z,) is
norm-convergent or || fi(z,) — fi(zm)| = d if n # m.

The above allows us, in any case of ¢, to assume up to a perturba-
tion argument calling Lemma that there exists some R > 0 such that
| fi(xr) — fi(mi;)|| = R holds for every n € N, every 1 < i < ¢ and every
1<y <n,.

Take r > 0 such that 22 ||fi|| < 1 holds for every 1 < i < ¢ and define

X — X*a ——Llpschltz function such that ¢! (z*) = x* holds for
every z* € X*\ B(fi(zy), R) and ¢}, (2) = fi(wn) if 2 € B(fi(xy), 7). If we
define g¢, := gpnofl M — X* we get that || g || < 1, that g¢ (mi;) = fi(mij)
(in particular g/ (u;) > (1 — ¢)||ps|) and moreover gn( ) = fi(zy) for every
z € B(xp,T).

Now select o > 0 small enough so tha < € and find n large enough
so that d,, < §. Now we consider y, # xn Wlth d(Zn,yn) < § and define,
using the McShane extension theorem and functions of the form s ® v* for
s : M — R, a Lipschitz function S, : M — X™* so that S, = 0 on
M\ B(zn, @) U{zn}, Sp(yn) = d(xn, yn)v" for some v* € Sy« and [|Sy|| = 1.

Then, consider g; := gy, +Sy, whose norm is smaller than 1+ 20‘” <l+e
by applying Lemma 2.7] for m = x,.

t 20{
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Finally, taking v € Sx with v*(v) > 1 — ¢ and putting p = % ® v
we get that
(1 + &)l + pll = gi(a + 1) = gipa) + gi (1)
= gn(113) + Su(h)
> (1—e)llpill + (1 —e)?
> (1= &) (lpill +1),

which implies ||p; 4+ p > (11_42 “(lls]l + 1), and the proof is finished.

Now, we move on to the unbounded case. For that, we first need the
following auxiliary result.

Lemma 4.2. Let M be any metric space and let X be a Banach space.
Let FF C M be a finite set and f : M — X be a Lipschitz function with
lIfIl < 1. Then there exists g : M — X with ||g|| < 1 such that g = f on F
and g =0 on M \ B(0,R), for certain R > 0.

Proof. By Proposition we may assume that f(M) C Bx(0,r) and F C
By (0,7) for some r > 0. Since ||f|| < 1 there must be R > 0 satisfying

7 + | fll < 1. Let us then define A : [0,00) — [0,1] as

1, ift <,
At) =9 L | ifr<t<R,
0, elsewhere.

Consider now A : M — [0,1] as A = Ao d(0,-) and g = X f. It is clear that
g = fon By(0,r) D F and g = 0 on M \ By (0, R) so that it suffices to
compute

.
lgll < IMsup £+ [Iflsup A < — + [I£]] <1.

The last computation holds since clearly ||A|| < [|A] < = by Lemma

Now we are ready to prove the following result.

Theorem 4.3. Let M be a uniformly discrete unbounded metric space and
let X be a non-zero Banach space. Then the norm of F(M)®,X is octahe-
dral.

Proof. As before let uq,...,1q € F(M)®;X and € > 0, and let us find

1—e) ([l +1)—2
1€ Srys, x such that [|p; + pff > %

By a density argument we can assume that, for every 1 < i < ¢, we can
write f1; == D72 Aijom,; @45, for certain n; € N, A;; € R\{0}, m;; € M\{0}
and z;; € X \ {0}.
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By Hahn-Banach theorem we can find, for every ¢ € {1,..., ¢}, an element
fi € (F(M)®&;X)* = Lipg(M, X*) such that ||fi|| < 1 and f;(u;) > (1 —
&)l pall-

By Lemma we can find, for every 1 < ¢ < ¢, a Lipschitz function
gi € Lipy(M, X*) with ||g;|| < 1, such that g; = f; on {m;; : 1 < j < n;} (in
particular g;(p;) = fi(ui)) and g; = 0 on M \ B(0, R) for R > 0 big enough
for every 1 <7 < gq.

Select © € M satisfying that W
is unbounded. Moreover, since M is uniformly discrete there exists a 1-
Lipschitz function h such that h(z) =0 if z # z.

We claim that ||g;+h| < 1+ holds for 1 < i < ¢. Indeed, select 1 < i < ¢

and take u,v € M with u # v. Let us analyse A := lgs (w£h(w) ~(g: )£

d(u,v)

Observe that if u # = and v # x then A = w < 1. Otherwise
assume, up to relabeling, that v = z, which implies g;(v) = 0. If g;(u) =0
then it is immediate that A = W < [[R|l < 1. Finally, if gi(u) # 0
this implies u € B(0, R), from where we get

[ fi(w)[| + [[A(u) — h(z)]| [ fi(u) — fi(O)] (u,0)
A< <l+—————K1
d(u,x) + d(u,x) + d(u,x
Now d(u,x) = d(z,0) — d(u,0) > d(z,0) — R. Moreover since d(u,0) < R
we infer that

< €, which is possible since M

QU

~—

d(u, 0)
d(u, )
from where ||g; £ h|| <1+ ¢ holds for 1 <i < gq.

Now consider p1 € Sz(ypg y such that h(u) > 1 —¢c. We claim now

that ||gi(p)|| < 2e holds for every i. In fact, select o € {—1,1} such that
l9i(1) + oh(w)]| = 1gi(n)] + [h(n)|. Hence

Lt+e > |lgi + ohll = 1gi(p) + oh(w)] = gi()| + [h(p)]| > 1 — & + [gi(p)];

s0 |gi(p)] < 2¢ holds for 1 < i < g. On the other hand, since h vanishes on
B(0, R) we infer that h(u;) = 0 holds for 1 < i < ¢q. Hence
(4l + pll = (i + h) (i + ) = gi(pi) + hlp) + gi(1)
>(1—e)ui+1—3¢
> (1 =e)(flpall +1) — 2e,

1+ <1l+e

A=) (lpill+1)—2

so [|pi + pfl > Tre =, as desired.

To finish this section we will give a stronger property for the case in which
M’ is infinite.

Theorem 4.4. Let M be a metric space such that M’ is infinite and let X
be a non-zero Banach space. Then the norm of (F(M)®,X)** is octahedral.
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For the proof we will use that the norm of (F(M)®,X)** is octahedral
if, and only if, (F(M)®,X)* = Lipg(M, X*) has the SD2P (see Definition
[L3). We will indeed prove something stronger, which is the symmetric
strong diameter two property. Even though we are not explicitly using this
property, let us point out its definition for completeness: A Banach space
X is said to have the symmetric strong diameter two property (SSD2P) if,
for every k € N, every finite family of slices Si,...,S5; of Bx, and every
e > 0, there are z; € S; and there exists ¢ € Bx with ||¢|| > 1 — e such that
x; £ €S, forevery i € {1,... k}.

Observe that the SSD2P implies the SD2P, and the converse does not hold
(see [3]). In spite of being a stronger property, SSD2P is sometimes easier
to check than the SD2P. This happens in the case of infinite-dimensional
uniform algebras or in Banach spaces with an infinite-dimensional centralizer
(c.f. e.g. [I5] and references therein). It is particularly useful in Banach
spaces for which there is not a good description of the dual Banach space (as
spaces of Lipschitz functions), because [15], Theorem 2.1] gives a criterion
for the SSD2P, which only makes use of weakly convergent nets. This idea
was used in |24, Lemma 2.3] where, combining this idea with the Lemma
2.8 a criterion for the SSD2P on Lipy(M, X) is given, and this criterion will
be the key to proving the following theorem, which will give us Theorem [£4]
by simply taking dual targets.

Theorem 4.5. Let M be a metric space such that M’ is infinite and let X
be a non-zero Banach space. Then Lipy(M, X) has the SSD2P.

Proof. Let f1,..., fx € SLip,(m,x)- Let {zn} € M’ be a sequence of different
cluster points. We can assume with no loss of generality that f;(x,) # fi(zm)
for every n,m € N with n # m and every 1 < i < k.

Consequently, for every 1 < i < k and every n # m we can find 7i > 0
such that {B(f;(zn),7%) : n € N} is a sequence of pairwise disjoint balls for
every n € N. Now given 1 < ¢ < k and given n € N we can find Lipschitz
functions ¢! : X — X such that ||¢%|| — 1 (n — o) for every 4, such that
¢l (2) = z holds for every z € X\ B(f;(zy), ! and such that ¢ (2) = fi(x,)
holds for z on a certain ball centred at f;(x,,).

Define g, ; = ¢, o fi : M — X. Observe that lim ||g,, ;|| = 1. On the
other hand observe that supp(gn,; — fi) N supp(gm.; — g) = 0 if n # m for
every 1 <1 < k.

Now observe that g, ; is constant at an open ball centred at x,, so we can
find 7, > 0 such that g, ;(x) = gn,i(zy) holds for every z € B(zp,r,) for
every n € N and every 1 <1 < k.

Now given n € N select 0 < B, < r, such that mﬁ_—”ﬁn — 0 and we
construct a Lipschitz function h,, : M — X with ||h,|| = 1 and h,(x) =0
for every x € {z,} U X \ B(zy, 5n)-

It is immediate that supp(hy) N supp(h,) = 0 if n # m. Now we claim
that ||gf, & hy| — 1 for 1 <i < k.
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Indeed, given 1 < i < k and given n € N, we get by applying Lemma [2.7]
to m = x,, R =ry, and § = S, that ||g}, £ hy|| < [|gnl|(1 + %) — 1.

Now we have that the sequences (gy ;) and (hy,) satisfy the requirements
of [24] Lemma 2.4], so applying the above result we get that Lipy(M, X) has

the SSD2P, and the proof is finished. »

5. UNIVERSALLY OCTAHEDRAL DOMAINS

In [29] the question of when a Banach space X satisfies that L(Y, X) is
octahedral for every Banach space Y is addressed (these spaces are called
universally octahedral, 29 Definition 3.1]). The following result is proved.

Theorem 5.1. Let X be a Banach space. The following are equivalent:

(1) For every Banach space'Y and every subspace H C L(Y, X)) contain-
ing the finite-rank operators, the space H is octahedral.

(2) X is universally octahedral.

(3) For every finite dimensional Banach space Y, the space L(Y,X) is
octahedral.

(4) For every finite dimensional uniformly convexr Banach space Y, the
space L(Y, X) is octahedral.

(5) For every 1 < p < oo and every n € N the space L(£;, X) is octahe-
dral.

(6) For every e > 0, for every finite dimensional subspace Z of X and
for every n € N, there exists an element T : £, — X with ||T|| < 1
and such that

lz+ Tl = @ =)=l +lyl)
holds for every y € £, and every z € Z.

A natural question in view of the previous result is to ask for “universal
octahedral domains” in the following sense: when a Banach space X satisfies
that L(X,Y) is octahedral for every Banach space Y7

The following gives a complete characterisation.

Theorem 5.2. Let X be a Banach space. The following assertions are
equivalent:

(1) For every Banach space Y, H is octahedral for every subspace H C
L(X,Y) with F(X,Y)C H.

(2) For every Banach space Y, L(X,Y") is octahedral.

(3) X* is universally octahedral, i.e. for every Banach spaceY, L(Y, X*)
is octahedral.

(4) For every € > 0, for every finite dimensional subspace Z of X*
and for every n € N, there exists an operator T : {3, — X* with
IT|| <1 and such that

Iz + Tl = @ =)=l +llyl)
holds for every y € €3, and every z € Z.
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Proof. (1)=(2) is immediate, and (3)<(4) is precisely Theorem BI1 To
prove (2)=(3), take a Banach space Y. We want to prove that L(Y, X™)
is octahedral. But this is immediate since the identification L(Y,X™*) =
L(X,Y™) is isometric (c.f. e.g. [32, pp. 24]), so the conclussion is immediate
from (2).

Let us prove (3)=-(1). To this end take Y an arbitrary Banach space and
H C L(X,Y) containing F(X,Y). In order to prove that H is octahedral,
take T1,...T, € Sy and € > 0, and let us find T' € Sy such that

| T+ T|| >2—e.

To this end, consider adjoint operators 7} : Y* — X* for every 1 <@ < n,
which are norm-one operators since taking adjoint is an isometric action.
Since X* is universally octahedral, an inspection in the proof of [29, Theorem
3.6] allows to find a finite rank operator G : Y* — X* with ||G|| = 1 and
T+ G| >2—¢cfor 1 <i<n. Forevery i € {1,...,n}, find an element
y; € Sy+ such that

1T (yi) + Gyl > 2 —eVI<i<n

Let n > 0. Applying [27, Theorem 2.5] for F' := span{yj,...,y;} C Y* and
7, there exists an operator T' € F(X,Y) C H such that ||T|| — |G| < n
and

T*(y;) = G(yi)
holds for every 1 < ¢ < n. In particular, given 1 < i < n, we have
2 —e < |73 (i) + Gyl = 77 (i) + T ()| < |5 + T = || T3 + |-
Since 1 —n < ||T|| < 1+ n we have T/||T|| € Sy and
>2—ec—(14+n)—

1—n’

and the conclusion follows from the arbitrariness of ¢ and 7. =

<
<

T |7 -1
T——|>2—c— )2l
1] H 1Tl

n

T
e Dl s
T '
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