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RELATIVISTIC EFFECTS IN THE DYNAMICS OF A PARTICLE
IN A COULOMB FIELD

RAFAEL ORTEGA! AND DAVID ROJAS?

ABSTRACT. We prove that Bertrand’s property cannot occur in a special-relativistic
scenario using the properties of the period function of planar centres. We also ex-
plore some integrability properties of the relativistic Coulomb problem and the
asymptotic behavior of collision solutions.

1. INTRODUCTION

The motion of a particle in the plane under the action of an attractive central
force is one of the simplest examples of integrable Hamiltonian system. The energy
and angular momentum are two independent first integrals. In two exceptional cases
there is a third independent integral and the system becomes super-integrable (see
[6] for more details). As it is well known, these exceptional forces correspond to
the harmonic oscillator and Coulomb’s lawf] The property of super-integrability is
related to Bertrand’s theorem on central forces. This result says that the exceptional
cases mentioned above are the only central forces with the following property: all
solutions close to circular motions are periodic. Incidentally we notice that in the
case of Coulomb’s law any of the two components of the Runge-Lenz vector can be
taken as the third integral. This is a classical topic in the study of Kepler problem.

The above discusion is valid within the Newtonian framework but central forces
are also meaningful in a special-relativistic scenario (see [2, B, [4, [B]). Indeed, both
relativistic energy and angular momentum are still conserved and a new class of inte-
grable Hamiltonian systems appears. The goal of this paper is to discuss some prop-
erties of these systems, particularly those in contrast with the Newtonian case. First
we will consider a general attractive central force and we will prove that Bertrand’s
property cannot occur in the relativistic context. The proof of this result will employ
tools from the theory of planar dynamical systems, in particular the properties of
the period function of a centre (see [1, §]). Due to its relevance in electro-dynamics,
the case of Coulomb’s law is of particular interest and the rest of the paper will
be devoted to this case. Explicit formulas for the solutions were obtained in [5]
using a classical Hamilton-Jacobi approach. In [7] it was observed that it is also
possible to solve the system using a generalized Runge-Lenz vector. Although this
quantity is not conserved, its variation has nice properties and it leads to a strong
property of integrability. We will also explore this direction. Finally, we will discuss
the asymptotic behaviour of collision solutions. In the Newtonian framework this
is a very classical topic leading to Sundman’s estimates (see [9]). In particular it
is well known that the velocity tends to infinity at the collision. This is impossible
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in the relativistic world and we will obtain precise estimates of a different nature.
The main tool will be a partial regularization somehow inspired by the classical
Levi-Civita change of variables.

2. STATEMENT OF THE RESULTS

The motion of a relativistic particle of mass m in the presence of a central potential
V' is described by the Lagrangian
. |2 :

L(x,%) =mc* —mc*\[1 = == = V(|x]), (x,%) € R \{0}) x B.(0), (1)
where B.(0) denotes the open ball of radius ¢ centred at the origin. Here ¢ stands for
the speed of light and we use the dot notation for time derivation. The additional
constant term mc? may differ from classical references but we added it for the sake
of simplicity in the forthcoming sections.

The Euler-Lagrange equation associated to L is
d X X
m— | —m—— | = -V'(|x|)—. 2
7| = () 2)

2
Relativistic circular motions are of the type
x(t) = roe™" with 79 > 0 and 0 < row < c.
We will consider real analytic functions V' : |0, +o00[— R satisfying
V'(r) > 0 for each r € ]0, +o00]. (3)

Then it is easy to prove that for each rq > 0 there exists a unique circular motion.
Let us denote the corresponding frequency by w = Q(rg). In the phase space (R? \
{0}) x B.(0), the orbit associated to the circular motion is

Cry = {(ro&,iQ(ro)ro) : € € S'}.
We will say that the potential V' (r) has the Bertrand property if for every ro > 0

there exists a neighborhood U,, C C x C of C,, such that all the solutions of
with initial conditions lying in U,, are periodic.

Theorem 2.1. In the above conditions there is no central potential V(r) with the
Bertrand property.

The proof will be presented in Section [3]

Due to the conservation of energy and angular momentum it is not hard to prove
that circular motions are orbitally stable in the phase space (R?\ {0}) x B.(0).
However these motions are not Lyapunov stable unless the Bertrand property holds.
For this reason the previous result answers in the negative the question posed in [4].

In the case of Coulomb’s law, the potential function takes the form

k
V(x|)=—-—, k>0.
x|
The rest of the paper is concerned with this particular potential. Taking the position
and its conjugated momentum as new variables (q,p) €  := R?\ {0} x R?

oL %
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FIGURE 1. Energy-Momentum diagram. The shadowed area corre-
sponds to the points (¢, h) € R? such that N,y # 0. The boundary is
closed along the curved sections and open along the vertical half-lines
starting from (and including) the points (+k/c, —mc?).

we can deduce from the Lagrangian the expression of the Hamiltonian

2 k
% — — —mdc. (5)
N 1
Here and throughout the paper we use the notation (-,-) for the scalar product of
vectors. The energy H is a constant of motion. A second constant of motion is

given by the third component of the angular momentum

H(q,p) = (q,p) — L(q,p) = ¢/ m? +

L(Cl, P) = <Q> JP> = q1P2 — 42P1, (6)

with J = (% }). It is an standard computation to show that H and L are first
integrals in involution.

In the non-relativistic scenario, an energy-momentum diagram is used to show the
possible values of the constants of motion associated to solutions of the Coulomb’s
law. The first result is a relativistic version of the previous (see Figure . For any
fixed (£, h) € R? let us consider the level set

New =1{(a,p) € Q: H(q,p) = h, L(q,p) = {}.
We also define
k2

g = 1—w

Proposition 2.2. N ) # 0 if and only if
(0,h) € {2 —k* < 0y U{P —k* > 0 and h+mc*(1 — o) = 0} \ {(£k/c, —mc?)}

Moreover, the points {(*c* — k* > 0,h + mc*(1 — o) = 0} correspond to circular
motions.
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The allowed energy and angular momentum are the values in the shadowed area
depicted in Figure 1| where the system is integrable. Notice that the boundary in
the solid line corresponds to circular motion. We refer to Section [4] for more details.

Energy and angular momentum are two first integrals of the system. Let us denote
by

E:={(h0) eR*: 1’ —k* >0 and —mc*(1 —0o) < h <0},
the region on the Energy-Momentum diagram with non-collision bounded motion.
Next result shows there are no more continuous independent first integrals in &.
Let us consider the open subset of the phase space

Q= {(a,p) € (R*\ {0}) x R*: (H(q,Pp), L(q,p)) € &}.
We observe that €2 is invariant under the Hamiltonian flow. Moreover, all solutions

(q(t), p(t)) lying in this set are globally defined.
A continuous function F' : {2 — R will be called a first integral if

F(q(t),p(t)) = F(a(0),p(0)), t € R,
for all solutions (q(t), p(t)) in 2.

Proposition 2.3. Every continuous first integral F : 2 — R is functionally depen-
dent with H and L; that 1is, there exists a continuous function ¥ : & — R such that
F=Yo(HL).

The previous result is, in fact, valid for any relativistic attractive force with cir-
cular motion.
The relativistic Runge-Lenz vector is defined by

R(q,p) = —mlw(p)%1| +p x (q X p), (7)

where .
_ 2,72 2
v(p) —Verm? + Ip| (8)

is the Lorentz factor. Here and throughout the paper we use the notation u x v to
denote the cross product of u with v. In the previous definition we are abusing the
notation of the cross product allowing to act on vectors in R?. Of course, the cross
product is performed with a three-dimensional vector with null third component.
Notice that the vector R is indeed contained in the same plane as q and p, R* x {0}.
Let us consider the mobile reference system {a(t), 3(t)} given by

o= i, 8 =Ja.
ql
Using the argument function of e, 6 = 6(t), we have @ = (cosf,sinf) and so
a =03, B = —60a. In this reference system we express the relativistic Runge-Lenz

vector as
R = Raa + Rﬁ,@,
with R, = (R, @) and Rs = (R, 3).

Proposition 2.4. The relativistic Runge-Lenz vector satisfies the linear differential
equation
d _ 2
{ieRa — 02Ry, -
@R,B - _Rom

where o is a constant depending on the values of the energy and momentum.
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According to Proposition the relativistic Coulomb problem is not super-
integrable. However the above result shows that this system enjoys a property
of strong integrability that can be described as follows. We are in the presence of
an integrable system with two degrees of freedom such that there exists a function
R, on the phase space with the properties below,

e R, is independent with the constants of motion (VR,, VH and VL are
linearly independent),

e R, satisfies a linear differential equation of constant coefficients (for each
solution (q(t), p(t)), the function ¢t — R,(q(t), p(t)) satisfies a linear differ-
ential equation. After a change in the independent variable, § = 0(t), this
equation has constant coefficients.)

This property of strong integrability has been employed in [7] to find explicit
equations of the orbits. Perhaps it could be of interest to analyze this property
and to describe the potentials enjoying it. This refers to both the Newtonian and
Relativistic frameworks.

The final result in this paper is an asymptotic description of both radius and
argument of the trajectory as the trajectory approach the collision.

Proposition 2.5. Let (g, p) € Nyp with 0> < 0 and let g(t) = r(t)e?V. Set the
collision time at t = 0 and assume t > 0. Then the following asymptotics hold fort

small:

2
r(t) = & Z‘“% +o(t),

Wﬂ—9m+5:m@%+dUMﬂM
with limy_o (q(t), p(t)) = w1 # 0 and 6y € R.

(10)

3. RELATIVISTIC OSCILLATOR AND BERTRAND’S PROBLEM
Identifying the plane of motion with C, by writing x(¢) = 7(t)e?®® | the equations
of motion described by the Lagrangian can be written as

d , . 2
m () -

==V, (11)

- omor?
0 = myr?0,

where 771 = /1 — 7'"21—22‘9.2 and /¢ is the angular momentum, which is conserved.
In this case the kinetic energy and the angular momentum are constant,
1
Y= > 1, {=myrgw > 0. (12)
1 riw?
CQ

For each ry > 0 the equation has a unique circular motion satisfying

2 ) mrow?

3 = mayrow = —22
1 rgw
-5

myry

The corresponding angular velocity will be denoted by w = Q(rg) or, sometimes,
w = Qro; V). In view of we also have the function ¢ = L(ro; V) and v =
C(re; V).

V/(To) =

(13)
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Lemma 3.1. The function L(-; V') is constant if and only if
ck
V'(r) = 14
(r) r2Vk 4+ c2m?2r? (14)

or some constant k > 0. In this case, [?> = k.
J )

Proof. First we obtain a formula connecting the functions L(-; V') and V’. From (|12)
we deduce that

I_ mra)
1 — B
Since €2 is positive,
L
Q= < . (15)
roy/ L? + 2m?2rd
Also, from (|13]),
L) = Tovl(ro). (16)
Eliminating ) from the last two identities we obtain
cL?

= V"(ro).

ra\/L? + 2m?rd
Assume now that L > 0 is independent of rq. We obtain the formula with
L? = k. Note that we are using here that there exists a circular motion for every
o > 0.
Conversely, assume that V' is of the type . Squaring the identity ,
27.2
c’k

1202 — 12V (1)? — '
Vi) r2(k + 2m?r?)

Together with , for each r > 0,

LA _ k2
r2(L2 + c2m?2r?)  r2(k + c2m2r?)’
From L%k + L*c®m?r? = L?k% + k2c*m?r?, Vr > 0, we deduce that L? = k and the
function L(-; V') is constant. O

From ((14) we get the potential

V(r) = —cy/ 7% + 2m?,

which appeared previously on [4].
Following [4], using 6 = 0(t) as independent variable and the Clairaut’s change of
variable p = r~!, equation is transformed into

d*p m
e tr= —EV(P,%;E)W/(P), p>0 (17)
with W(p) = v(/l)) and y(p,n; £) = \/1 + Czefnz (p?2 4+ n?). On account of the limit

case ¢ — +00, equation can be interpreted as a relativistic oscillator, although
we notice that it is not a typical second order equation with a potential because ~
depends on %, in contrast with the Euclidean case.

Circular motions of are in correspondence with equilibria of by po =
%, whereas non-circular periodic solutions of correspond to periodic solutions
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of whose minimal period is commensurable with 7. Next result shows that the
previous is a necessary and sufficient condition.

Lemma 3.2. Let x(t) = r(t)e”®) be a solution of and p(0) be a solution of
for some £ # 0. Then x(t) is a non-circular periodic solution if and only if p(0)
is ©-periodic with © commensurable with .

Proof. Indeed, given p(f) a periodic solution of with minimal period ©, we

define
0 dp(, v
- [ D EC0,,

The integrand of the previous expression is O-periodic, so we can write t(f) =
¥(0) + o0, where 1 is a ©-periodic function and

m'Y adg( ) ﬁ)
/ Ep de.

Consequently, t(0 + ©) = t(0) + 0©. The inverse function § = 6(t) will satisfy
O(t+00)=10(t) + 6. Deﬁnlng r(t) = p(6(t))~!, we notice that
1 1 1
r(t+00) = =r(t).

p(0(t+00))  p(0(t) +0)  p(0(t))
That is, r(t) is a 0O-periodic function. Moreover, since 0(t + 0©) = 0(t) + © then
0(t) = U(t) + L, where U is a 0O-periodic function. Therefore, x(t) = r(t)e"® is
periodic with minimal period T'= mo®© if © = 27> with - irreducible. Otherwise
the set {x(t) : t € R} is dense in a topological torus and therefore it is not a closed
orbit. The previous also works in the converse way. U

In view of Lemma [3.2 Bertrand’s property is directly related to prove that the
family of second order equations is a ©-isochronous family near equilibria for
some © > 0 commensurable with 7. Notice that © must be independent of the
parameter 7. The analyticity of V' implies that the local isochronicity must indeed
be global. A more precise statement is given by the next result.

Definition 3.3. Assume first that ¢ > 0 is fized. The system

dp dn m _ ,
0= g =P @ e OW(p) (18)

has an isochronous center at an equilibrium (po,0) with py > 0 if there exists € > 0
such that the solution with initial condition p(0) = po, n(0) = n, 0 < 7 < € has
minimum period © > 0.

Note that © is independent of n. An sketched representation of the previous initial
conditions is given in Figure[JA. From this picture it is clear the the phase portrait
is of the type Figure[9B.

Moreover, notice that if T, is the orbit passing through (po,n,) with n, — 0,
N > 0, then T, converges to {0} in the Hausdorff distance. This is a consequence of
continuous dependence, because the corresponding solution (p,(0),n,(0)) converges
to (0,0) uniformly in the interval [0, ©].

We will say that the equation contains a family of isochronous centers if
there exists a number © > 0, an non-empty open interval [(_, ([, and an analytic
function po(€) such that for each €, (— < { < L, (po(£),0) is an isochronous center
with period ©.
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FIGURE 2. On the left, the vector field of on the vertical
transversal section from (pp,0) according with Definition [3.3] On the
right, the correspondign qualitative phase portrait locally near (pg, 0).

Lemma 3.4. Assume that the potential V(1) has the Bertrand property. Then the
angular momentum function L(-,V') is not constant and the corresponding equa-
tion contains a family of isochronous centers.

Proof. First we prove that the Bertrand property cannot hold if L(-, V') is constant.
We know from Lemma that holds with ¢ = v/k. Then

Wi(p) = —c\/ kp? + ?m?

and the system does not have equilibria unless ¢ = v/k. In this case the set of
equilibria is the continuum

{(p0,0) : po > 0}.

Since any closed orbit must surround an equilibrium, it is clear the no closed orbit
can exist for any /. In consequence the only periodic solutions of are circular
solutions (with positive or negative orientation) and the Bertrand property cannot
hold (see Figure (3)).

Assume now that L(-, V') is not constant. Since this function is analytic we can
select an interval |r_, r[ where it is one-to-one and L'(r) # 0. For each ro €|r_, 74|
we consider ¢ = L(rg, V') and obtain the interval [¢_, ¢, [. Let (p(6,4d),n(0,9)) be the
solution of with initial condition p(0) = po(¢), n(0) = 6. From the Bertrand
property and Lemma [3.2{ we know that this solution is periodic with minimal period
commensurable with 7. Let this period be denoted by © = ©(0, ¢). It satisfies

p(©.8) = po(0).
op

Since 55(0,0) = n(©) = n(0) = > 0 we can interpret the previous identity as an
implicit function problem with unknown © = ©(4, ). This function is analytic and
takes values in 7Q. Therefore ©(4,¢) must be locally constant. We have obtained

the family of isochronous centers. 0

Theorem 3.5. There is no real analytic function V' satisfying the Bertrand property.
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FIGURE 3. Phase portrait of system (I8) with £ = vk and W (p) =

—cy\/ kp? + ¢?m?. For the computation we use m = ¢ = k = 1. Dots
represent equilibria.

Proof. By means of Lemma [3.4] we prove the result showing that there is no an-
alytic function V' different from the type such that contains a family of
isochronous centers.

With the aim of reaching a contradiction, assume that has a family of
isochronous centers. That is, there exists a number © > 0, an non-empty open
interval |¢_, ¢, [, and an analytic function py(¢) such that for each ¢, {_ < ¢ < 4,
(po(£),0) is an isochronous center of with period ©. By Lemma3.1} the function
L(-; V) is not constant. Since L is analytic, we can select the interval |¢_, ¢, [ where
it is one-to-one and consider A := {po(¢) : (- < ¢ < £,}. Then, A is a non-empty
interval and for each py € A, system has an isochronous center at (pg,0) with

0= ZL(py) and Z(po) := L(pio, V). In particular, py satisfies the identity
m
po + W’Y(Poa 0; Z(p0))W'(po) = 0. (19)

From now on we omit the dependence of L on py and V for the sake of simplicity.
For a fixed ¢, the Jacobian matrix of the vector field defined by is given by

(—A(,g,n;ﬁ) —B(;,n;€)>

with
pW'(p) m p
A ) =1 o .
(p,m;l) =1+ o + gﬂ(p,n,ﬂ)W (p),
and
nW'(p)
B N = -
(o,m;6) cAmey(p, m; )

Since (pg, 0) is a center of minimal period © and B(py, 0; -Z(po)) is identically zero,
then A(po, 0; Z(po)) = (%”)2. Invoking the equality we have

_ poZ(po)?

7(po, 0;.Z (po)) = mW(po)
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After the substitution of the previous in the expression of A(py, 0; £ (po)?) and some
algebraic manipulations, we find the equality

1
22 (po)*po

with a := (%)2 — 1> —1. We note that a does not depend on py.
By implicit derivation of with respect to py and taking into account the

identities and we can write
: (14 a)Z(po)(c*m® + p§Z (po)?)
Z'(po) = = 2,2 3 2 :
2¢2m2po + pgZ (po)
Using the previous together with and with the aid of an algebraic manipulator,
we can compute the derivatives

W (po) (MO(PO) + 11 (po) W' (po)* + Mz(PO)W,<P0)4)

W”(po) = —%W’(po) = W (po)?, (20)

(21)

Wlen) = TR Z () 2R + R (o)) 22
and
W) = V(0] (10(po) + 1 (p0) W' (p0)* + 12(P0) W’ (p0)" + m3(p0) W (0)°)
’ S5 (po)°(2¢2m? + p.Z (po)?)?
(23)
with
1o(po) = (1 +a)c' L (po)! (2¢°m® + p3L (po)?),
1 (po) = 2 (po)* (6ac*m? + (=1 + 2a) 3£ (po)?),

6¢*m? + 3052 (po)?,

a1+ ) (2 + )L (o) (2P + L (o)),

2 (po)*(8a(4 + Ta)®m® + 12a(2 + 5a)c*m* p3Z (po)?
+2(=1 + 10a*)c*m?pg.Z (po)* + 3a* pgL (p0)°),
m2(po) = 9¢°ZL (po)*(dac’m? + (=1 + a)pgL (po)*) (2¢*m* + poZ (po)*)?,
n3(po) = 15(2¢*m* + p3.Z (po)?)°.

Now we consider polar coordinates (R,¢) on (18| centred at the equilibrium
(p,m) = (po,0) for a fixed £ = Z(py). That is, p = pg + Rcos(¢), n = Rsin(¢p). We
obtain

=
[\
~~ I/~ —~ —~
e
(=)
~—_— ~— ~— ~— ~—

dR

5 = sn(@)F (R, ¢, p),

do cos(o) .
@ :—1— R F(R7¢’p0)

with

2 2 2
F(R, ¢, p0) = po+ %\/l G 2};{5;205(@)3(;)0) W' (po + R cos(¢)).

For small & > 0 let R(¢, &, po) be the solution with initial condition R(0,&, py) = &
of the differential equation
4R sin(@)F(R, 6, )
Ao 1+ <2 P(R, . po)
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Using the second equation in (24) we have that the period function of the center at
the origin of can be written as

27 1 d
. B .
(5) /0 1+ F(R(¢7 57 p0)7 ¢7 p(]) COS(¢) ¢
R(¢.€, po)

We compute the first terms on the asymptotic expansion of P(£) near £ = 0, the so-
called period constants. To do so, we first compute the first terms on the asymptotic
expansion of R(¢,&, pg) near £ = 0 using the equality

dR cos(¢) _ uin
-%W£M»Q+§@3Efmw@mwmm)— () F(R(6.€, ), 6, o).

Taking R(é, &, po) = Ri(0, po)€ + Ra(, po)&% + O(£3) and on account of the expres-
sions —, with the help of an algebraic manipulator we can compute

vV1+a

(6. p0) = 1+ acos?(9)
and
Ri(¢, po) <)\1(p0) + %(Ag(po) cos(¢) + As(po) CoS(¢)3)>
Ry(¢, po) = 6po(2¢*m* + 302m2p%$(,00>2 + pé.ﬁf(po)4) 7
with

M(po) = —(2ac'm® +3(2 + a)*m® pgL (po)? + (2 + a)ppZ (o)),

Aa(po) = 3952 (po)*(2¢*m?* + p L (po)?),

As(po) = 2a(1 + a)c*m? + 3a(3 + a)®m®p5.Z (po)* + (=1 + 3a + a®) 5L (po)*.
We can now compute the first terms in the asymptotic expansion of P(&) near £ = 0,
obtaining

T Om100) (pgf(po)2>

c2m? 9
N = O T adeam + A2 + AZ PP

with Q(z) = 8(3 —a)a+ 28(3 — a)ax + 2(3 — a) (8 + 19a)z* + (63 + 46a — 25a%) 2> +
(22 + 10a — 8a?)x? + (2 + 2a — a®)x®. Since we are assuming that © is a constant
independent of pg, also a has this property. In consequence, the polynomial Q(x) is
independent of py.

If (po,0) were an isochronous center, the function P(§) should be constant. This
should imply that the function

_ 62 (po)?

o 2m?

will take values in the set of roots of Q(z). This polynomial has degree 5 if a # 14+/3
and degree 4 if a = 14+ +/3. In any case Q(z) has at most five roots. Now we can

deduce that the continuous function o(pg) is indeed a constant independent of pg.
Assume

a(po) :

o(po) = K(a) (25)
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where K(a) > 0 is a positive root of Q(z). The rest of the proof aims to show
that this identity cannot hold for an isochronous center. Indeed, assuming that
holds, by equality we have

mc? K (a)
VIt K@p
Invoking the differential equation , we find
K(a)®>+ (a —1)(1 + K(a))K(a) = 0,

W(po) = —

which produces K(a) = 1%‘“ Evaluating the polynomial,

2(1 4 a)(1 + 6a — 9a* 4 6a*)
iy

Q) - -
Therefore, K(a) = =2 is a positive root of Q(z) if and only if 0 < a < 1 and
1 + 6a — 9a® + 6a®> = 0. Since the polynomial 1 + 6a — 9a® + 64> has no roots on
the interval [0, 1], we have reached a contradiction. This finishes the proof of the
result. 0

Remark 3.6. Although the function £ (po) is implicitly defined by (19)), it can be
explicitly defined since it solves an algebraic equation of low degree. Indeed, from
the formula expressing the angular momentum of circular motions, we have that the
function T'(pg) := F(pio; V) is given by

2 2
~ 1% Z P
( 0) ! 06275120)

Therefore, using , [ satisfies the equation

> 1.

1
2 ”r/ _
7 +02 2p0 (p0)7_1_0

Solving the equation we find

- 1 1 1
L(po) = 5 <—@P0W'(P0) + \/mzcw%W’(po)? + 4) :

where we choose the positive determination of the square root in order to verify
v = 1. With this equation writes

" a ! Po ’ 3
W*(po) poW (p0) 2 (T (po)? — 1)W (po)”.
The previous equation can be integrated to obtain an implicit description of the
possible functions W that could be (but are not) candidate to give a positive answer
to Bertrand’s question. This gives an alternative way of proving Theorem [3.5,
We finally note that, using the above identities, ch(po) — 400 as ¢ — +o0o. The
same holds for ¢*(T'(py)? — 1) and the equation tends to

a
W"(po) = =—W'(po).
Po

The latest equality appeared previously in [8] as the differential equation that
Bertrand’s potential candidates must satisfy in a Newtonian world.
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4. INTEGRABILITY OF THE SPECIAL-RELATIVISTIC COULOMB’S LAW

This section is devoted to prove Proposition 2.2} Let us consider the Lagrangian

L(x,%x) = mc* —mc*| |1 — ‘)c(; + |k¥|, (x,%) € (R*\ {0}) x B.(0), (26)

associated to the relativistic Coulomb problem. As shown in Section 2, the energy
H in (p)) and the angular momentum L in (6] are two first integrals of motion. It is
a computation to show that

VH =

and so

(p,Jp) =0.

That is, H and L are first integrals in involution. Let us study their linear inde-
pendence. Since q # 0, both vectors VH and VL are non zero in R*. Therefore
VH and VL are linearly dependent if and only if there exists A # 0 such that
AV H = VL. From this equality we obtain the system of equations

Ak

Wq =Jp
2 - _Jq'
m2 + %
Using J? = —1,
A 1 A2k
q:_JQq: 2Jp: 2| ’3q
m2 + BL m? + 12 19
Thus,
3 Ip|?
A2 — lal® /. P
3 m= + 2

From this last equality we obtain that the vectors VH and VL are linearly dependent

in R* if and only if
1
k2 2\ 1
Jp=+—= (m2 + @) q.
3 c

1
k2 2\ 1
C:{(q,p)EQ:Jp:iW (m2+%> q}
q2

is closed in 2 and, therefore, the system is integrable on the open subset Q* = Q\ C.
Moreover, we notice that the points in C satisfy ¢ L p and

p2
allpP? = y/m? + 2L
C

In particular, the set C is formed by circular solutions.

The subset
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Proof of Proposition[2.3. Notice that |¢| = |L(q,p)| < |p||a| and the equality holds
if and only if p L g. Let us prove the sufficient implication assuming Ny # 0 and
taking (q,p) € Np). Assume ¢ # 0, using the identity H(q, p) = h we have

The infimum p(¢) is finite when ¢ > % and a straight computation shows that p(¢) =
mc?(o — 1) in that case. Consequently, from h > u(¢) we have h +mc*(1 — o) > 0.
Moreover, the infimum is achieved if and only if [¢| > .

The boundary case when the infimum is achieved corresponds precisely to the

points of C. Indeed, the infimum of ¢,(|p|) is taken when

2
0llp] = iy fm2 + 2L
C

which is satisfied by the points of C since |¢| = |q]|p|.

Let us show the necessity of the condition. Let us take a point (q, p) € €2, q = ey,
p = pez, A > 0, u € R. Therefore L(q,p) = Ap = £ and H(q,p) = ¥e(|p]) = h.
If |¢] # 0, choosing (¢, h) accordingly to the statement implies that a positive value
|p| can be chosen such that the equality holds. Once p is fixed, we obtain A = ¢/p.
The case |¢| = 0 follows from taking q = Ae; and p = pue;. O

5. DEPENDENCE OF A THIRD CONSTANT OF MOTION

Let us consider (h,f) € &. It is a well-known result that solutions for these
constants of motion are periodic or quasi-periodic. As we showed in Lemma |3.2
periodicity happens when © is commensurable with 7, whereas quasi-periodic solu-
tions appear in the other case. Following Landau [5] or Section [3| with V (r) = £,
one find for the relativistic Coulomb problem

/ k?

In particular, © depends on the angular momentum /.

Let us fix (¢,h) € & such that © ¢ 7Q. By Lemma [3.2| the solution x(¢) is dense
in the torus described by the first integrals H = h and L = ¢. In consequence, F
is constant in the set ./\/(M). Since the values of ¢ such that © ¢ 7Q are dense in
&, we have that F' is constant in each (h, () € &. Consequently, F' is a continuous
function of (h,¢).

6. THE RELATIVISTIC RUNGE-LENZ VECTOR

In this section we describe the relativistic Runge-Lenz vector with the aim of
proving Proposition . Similar computations can be found in [7] for a Hamilton-
like vector. From the definition of the Lorentz factor in (8], notice that y(p) > 1
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for any p € R?. Invoking the identity (u x v,w) = (u,v X w) together with the
definition of the Runge-Lenz vector R in @ we obtain

(R,q) = —mkv|q| + |a x p|*,

which implies the relativistic conic equation

1 1
— (R,q) = ——|q x p|? 27
lal + g (Rea) = o la < ply (27)
for any (q,p) € (R?\ {0}) x R?. Let us consider the Hamiltonian system
d d
“qa_pr 49 (28)
dt  my’ dt lq/?

Unlike the Newtonian case, the relativistic Runge-Lenz vector is not a first integral
of motion. However an explicit expression for R can be obtained and from it we can
deduce the expression of the orbits.

We compute the variation of the relativistic Runge-Lenz vector using

d q) q qa . 1 )
| — =— ——=(q,q :—qu Xq
dt(|q| o] "o @Y T qplax @
1 q 1 dp
_m%quka_‘nm%quxdﬁ

Since ¢ = |q x p| is first integral, £ = fe3. Due to the reversibility of the system, it
is not restrictive to consider the curve (q(t), p(t)) being positive oriented. That is,
q X p = lez with £ > 0. Thus,

d (kq 1 dp 1 d
—|l=)|=——4Ex—=——(£ :
dt (|q|) my *at mvdt( XP)
And so we deduce

®R__pDa

dt dt |q|
The vector R is confined in the plane R? x {0}. We consider the mobile reference
system {a(t), 3(t)} given by

(29)

o= i, B :=Ja.
dl

We can write o = (cos#,sinf), where 6 = 6(t) is the argument function of a. In
this reference system the relativistic Runge-Lenz vector is written as

R = Roa + RsB,
with R, = (R, ) and Rz = (R,B). Direct time derivation gives & = 083 and

B = —fa. Taking time derivatives on the previous equality and using we
obtain
. . . dry
(Ra - HRﬂ)a + (Rae + Rg)ﬂ = —mkﬁa,
and we arrive to the system
. dry
R, —0Rg = —mk—,
T
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From now on let us assume ¢ > 0 so that § = 6(¢) is a diffeomorphism between
certain intervals. Taking 6 as independent variable, R = R(6) and denoting with ’
the differentiation with respect to 6, we obtain

o — —mk~ (6
R,a Rﬁ m 7( )7 (30)
From the definition of R,
q 1 9 (>
R, = (R,c) = —mky+(pPA (q/\p),m = —mky + E|q/\p| = —mky + a0

2

and from the conservation of energy h = (y — 1)mc® — %, so we can bind R, and ~

with the expression
€2
Ro = ——(h+me’) + %(6202 — k). (31)
From the previous equality we obtain
;L k
T m(0?c? — k?)

and substituting in we arrive to the linear system

/2
{R;I—a Rs, 52)
RB:_RQ

/
R,

2

k
where 02 =1 — VR The previous discussion proves Proposition .
c

7. A DESCRIPTION OF THE MOTION AT THE COLLISION

In this section we prove Proposition [2.5] The motions of the relativistic Coulomb
problem for angular momentum [¢| < k/c collide with the singularity at the origin
as shown, for instance, in [0]. Let us set the instant of collision at ¢ = 0 and
approaching it from ¢t > 0. Let us consider the map

w: (R*\ {0}) x R? — R?

defined by w(q,p) = ({q,p), {(qd A p,e3)) and let us denote by w; and wy the first
and second component of w, respectively. We notice that the map w is polynomial
and the map

(a,p) € (R*\ {0} x R?) = (q,w) € (R*\ {0} x R?)
is a diffeomorphism with inverse given by

J
p= wli + wQ—q.
lal

q|

It is an straightforward computation to verify the identity
(wl* = |a]*|p[*
Using the previous on the definition of v and the energy, we obtain the identities
|wl?

1 w
v = e el
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and
|w]?

A%
(h+mc?)|q| = *\/m?|q|*> + 2

— k.
The set

M= {(q,w,h) € RZ X R? xR : (h +mc)*|q* = [*\/m?|q]? + 2 — k]*}

is a smooth manifold of dimension four that is invariant under the flow

(d
dw, m2e?
E :h—i—ch——\/rﬁf‘:j’ (33)
\ dt dt
This vector field is discontinuous at q = 0 but it is bounded. Indeed, letting q = re®,
dr Wy
dt m2r? + IWQI27
do Wo ‘ (34)

Notice that the first equation is smooth at r = 0, whereas the second equation
corresponding to the argument is singular. Assume r(t) — 0 as t — 0 with ¢ > 0.
Then, from the second equation of ,

dw1

E = h+m02+0(1),

implying
w (t) = wig + (h +me)t + o(t).
Assume that wyy # 0. Using the previous equality in the first equation of we

obtain
dr  cwyg

% - k, +0(1)7

and so

Consequently,
= o)
—=——+0 .
r(t)  Rwiot
Using the previous equality in the second equation of we obtain

do Wo

== 2 o1/t

dt wwt * O( / )
and, therefore,

0(t) = 0 + —21n(t) + o(| In(t))).
Wio

Observe that the condition wyy # 0 is not restrictive. Indeed, if w;g = 0 then
wy(t) = (q(t),p(t)) — 0 as t — 0. In particular, |w(t)| — ¢ as t — 0. Besides, from
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the conservation of energy, |w(t)| — £ as ¢ — 0 so we have (| = % at the collision,
which contradicts [¢] < k/c.
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