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Abstract

The Nambu–Jona-Lasino model is modified by the inclusion of a running-coupling that was obtained
by a fractal approach to Quantum Chromodynamics. The coupling follows a q-exponential function
and, in the context of high energy collisions, explains the origin of the Tsallis non-extensive statistics
distributions. The parameter q is completely determined in terms of the number of colours and the
number of quark flavours. We study several aspects of the extended model and compare our results
to the standard NJL model, where a constant coupling is used in combination with a sharp cutoff to
regularize the gap equation. We show that the modified coupling regularizes the model in a smooth
cutoff fashion and reproduces the pion mass and decay constant, providing an almost identical Gell-
Mann-Oakes-Renner relation as in the standard NJL model. In both models the relation is satisfied
in similar cutoff scales. An important novelty of this work is the physical explanation, in terms of
the fractal QCD vacuum, for a running coupling that renormalizes the quark condensate.

1 Introduction

Before the quark structure of the hadrons was discovered, many phenomenological models using hadronic
degrees of freedom appeared. Some of them were so successful in explaining new aspects of the strongly
interacting systems that they are studied up to these days. The Hadron Resonance Gas (HRG) [1–3] and
the Nambu-Jona-Lasinio (NJL) [4, 5] models are examples of those phenomenological models.

The NJL model was proposed as a way to describe the nucleon self-energy interaction in a self-
consistent way. The model allowed the calculation of the dynamical mass, and exposed a non-trivial
solution for the ground-state of the hadron which was not apparent in the perturbative approach [4, 5].
This solution is associated with the formation of a condensate state of the pair of fermion-antifermion,
in a process similar to the Bardeen, Cooper and Schrieffer (BCS) pairing. With the NJL model, it
was possible to investigate the effects of the chiral symmetry breaking and to identify the pion as the
Goldstone boson [6–8]. Among the drawbacks is the fact that the theory is not renormalizable, so the
dependence on the regularization procedure is important.

The model has gained attention recently because of the possibility to study the confined/deconfined
regimes of the hadronic matter [9–13]. As the Quark-Gluon Plasma (QGP) reaches the hadronization
point, there must be a reduction in the degrees of freedom of the system. New formulations of the NJL
model include the quark degrees of freedom, approximating the phenomenological model to the Quantum
Chromodynamics (QCD) at the non-relativistic regime. High Energy Physics (HEP) experiments provided
much information about the strongly interacting systems. The Higgs bosons were identified, confirming
the prediction of the dynamical mechanism for mass formation, and the existence of a deconfined regime
of the quark matter, the QGP, was established. The hadronization of the QGP happens at relatively
low energy scales, posing important challenges for the perturbative QCD approach. At high momentum
processes, the asymptotic freedom allows an accurate use of the perturbative calculations to a few orders,
but this is not the case for the transition from confined to deconfined regimes.

The studies on properties of compact stars and the experiments with heavy-ion collisions have
indicated the possibility of having very intense magnetic fields affecting the quark matter. This idea
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inspired some modifications of the standard NJL model in order to access the effects of strong magnetic
fields in quark matter [14–17] and on the pion properties [18, 19]. Deconfinement and chiral phase
transition in quark matter under strong electric field [20], the magnetic field-dependence of the neutral
pion mass in the linear sigma model coupled to quarks [21] and the anisotropy in the equation of state
of strongly magnetized quark matter [22] were also studied recently with effective models.

Asymptotic freedom is a consequence of the scaling properties of the QCD fields and vertices, as
expressed by the so-called Callan-Symanzik [23,24] equations. The scaling properties stem from the more
basic scaling properties of the Yang-Mills fields, and they are responsible for the possibility to regularize
the field theory by imposing cuts at low and high energies, while re-normalizing the coupling, the masses
and the fields. The perturbative method in Quantum Field Theory (QFT) introduces the concept of
effective parton, which carries the effects of self-energy interaction. While this method simplifies the
calculations, it endows the parton with a complex structure, and scaling properties. So this non-Abelian
field holds the necessary characteristics of a fractal system, and it can be shown that a structure similar to
the so-called thermofractals (TFs) [25,26] can be formed in systems with a dynamical evolution regulated
by the Yang-Mills field theory. The concept of fractal structures in hadronic systems is closely connected
to early HRG approaches based on the Hagedorn’s Self-Consistent Thermodynamics (SCT) [27] or on
the Bootstrap Model (BST) proposed by Chew, Frautschi and others [28,29].

The TFs are thermodynamic systems with a fractal structure in their thermodynamic distributions.
It was shown that they follow from the non-extensive thermodynamics proposed by Tsallis [30]. The TFs
and the Tsallis statistics are intertwined in a deeper way: the algebra of the TF transformations group
and the q-algebra associated to the Tsallis non-additive entropy are isomorphic. The TF structure of the
QFT reconciles the quark-gluon structure with the early attempts to describe the high energy collisions by
using self-consistent arguments. The BST and the self-consistent thermodynamics by Hagedorn [27] use
scaling properties to obtain recurrent relations. Hagedorn’s theory can be generalized to a non-extensive
self-consistent thermodynamics [31] that can describe the heavy-tail distributions from the high energy
collisions, but also provides a hadron-mass spectrum formula that can describe the observed hadronic
states up to masses as low as the pion mass. This result is better than that obtained by the Hagedorn
formula.

Tsallis statistics seems to be related to systems with small number of degrees of freedom [32, 33]. In
the mathematical aspects of Statistical Mechanics, this means that the dimension of the phase space is
limited, and q is related to that number of dimensions [34]. This holds for thermofractals but also for
an ideal gas with limited number of particles. In this case, as the number of particles increases, also
the phase space dimension increases because there is a fixed number of degrees of freedom associated
with each particle added. According to this reasoning, any system that keeps the phase space dimension
limited to a finite value in the thermodynamical limit would follow the Tsallis statistics, and the reason
can be traced down to the topology of the phase space [35].

The TF structure of the Yang-Mills fields leads to an analytic expression for the running coupling
constant which is given by

g(εo) =

2∏
i=1

[
1 + (q − 1)

εi
λ

]− 1
q−1

, (1)

with ε > 0 and q > 1, where λ is a scale parameter, q is a parameter associated to the number of degrees
of freedom, and εi is the energy of the ith parton in the interaction. Due to the TF algebra we have
ε1+ε2 = εo, where εo is the total energy of the interacting system. The running-coupling given in Eq. (1)
results from the fact that the partonic momentum distributions are defined at the vertices.

The parameter q, which in the non-extensive statistics is a measure of the non-additivity, can be
calculated in the fractal approach to QFT as a function of the field theory parameters. For QCD, in
particular, those parameters are the number of colors and the number of flavors. The dependence of the
entropic index q with Nc and Nf has been obtained in [36] within the thermofractal approach, leading to

q = 1 +
3

11Nc − 2Nf
. (2)

The theoretical value of the entropic index is q = 1+ 1/7 ≃ 1.143 for (Nc = 3, Nf = 6), which is in good
agreement with the experimental findings that give q = 1.14 ± 0.01. The coupling of Eq. (1) explains
why the Tsallis distribution frequently appears in high-energy multi-particle production. In the present
work, we will adopt the value q = 1 + 3/29 ≃ 1.103 for (Nc = 3, Nf = 2), since we are restricted to the
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SU(2) version of the model as we make use of the Gell-Mann-Oakes-Renner (GOR) relation [37], which
was proved for the low-energy limit using the SU(2) symmetry.

Although the theoretical value for q has been verified in the context of the deconfined regime of the
hadron matter, the result represented by Eq. (2) is a consequence of the renormalization group equation,
and is valid for QCD everywhere. Some investigations for the case of particle production in the confined
regime [38] suggest that the value q = 1.14 remains valid below the critical point, with the differences in
the cross-section being caused by the number of vertices, which changes to accomplish the confinement
constraints.

The success in describing the hadron spectrum allows us to conjecture that the same scaling properties
of the system formed at high energy collisions is found in the hadronic structure. A consequence is that
the running coupling constant described above can be valid in the non-perturbative processes taking
place inside the hadrons. In this work we assume that the partonic interaction is described by the fractal
running coupling constant.

We note that, once the Tsallis distributions emerge from the coupling and with the parameter q
with a value already in agreement with that obtained in experimental data analyses, according to the
thermofractal approach described in Ref. [25], there is no room for other sources of non-extensivity in
the system, and a thermal source of non-extensivity must be excluded. In this work, we assume that
the nonextensive behaviour arises purely from the running-coupling form, excluding thermodynamical
effects.

2 Standard and fractal NJL models

In this section, we briefly review the basic concepts of the NJL model that are relevant in this work, and
then we introduce the extension of the model by incorporating a fractal inspired coupling. We will refer
to this extended model as the fractal Nambu-Jona-Lasinio (fNJL) model.

2.1 Brief review of the NJL model

The NJL Lagrangian density is given by

LNJL = −ψ̄ (iγµ∂µ −m0)ψ +G
[(
ψ̄ψ

)2 − (
ψ̄iγ5ψ

)2]
. (3)

The second term at the right-hand side of the Lagrangian density incorporates the self-energy interaction.
The method proposed by Nambu and Jona-Lasino allows to obtain the self-energy contribution in a self-
consistent way, and leads to the dynamical fermion mass given by the gap equation

m = m0 − 2Nf G ⟨ψ̄ψ⟩ , (4)

where G is constant and ⟨ψ̄ψ⟩ is the quark condensate. In the mean field approximation, this condensate
is given by [6]

⟨ψ̄ψ⟩ = −i trSF (0) , (5)

with the Dirac propagator

SF (x− y) =

∫
d4p

(2π)4
eip·(x−y)

/p−m+ iϵ
. (6)

The physical meaning of Eq. (5) is the interaction between a single fermion with the particles at Dirac
sea with momenta p⃗. The integral in Eq. (6) is divergent and a three momentum cutoff Λ is usually
introduced to regularize the gap equation [6]. In this case, after integration in p0 the resulting integral is

⟨ψ̄ψ⟩ = −Nc

π2

∫ Λ

0

dp p2
m

Ep
, (7)

where p ≡ |p⃗|, and Ep =
√
p2 +m2 is the particle energy. The gap equation in the NJL model is then

m = m0 +
4mNcNf

2π2

∫ Λ

0

dp p2
G√

p2 +m2
. (8)
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Figure 1: Effective two-body coupling as a function of p, cf. Eq. (16). We display the result for zero
(dashed red) and finite (solid blue) dynamical quark masses. We have used the values Gq = 5.22GeV−2,
λ = 0.65GeV and q = 1.103.

In the chiral symmetric regime, m0 = 0, we get the self-consistent relation

1 =
4NcNf

2π2
G

∫ Λ

0

dp p2
1√

p2 +m2
. (9)

There is a critical value of the coupling G below which the quark condensate and dynamical mass vanish:
⟨ψ̄ψ⟩ = 0 and m = 0. From Eq. (9), this critical value turns out to be

Gcrit =
π2

NcNf

1

Λ2
. (10)

When the coupling constant is greater thanGcrit, the vacuum is in a state with a non-vanishing condensate
given by Eq. (5), so that ⟨ψ̄ψ⟩ is considered as the order parameter for the phase transition between the
Wigner-Weyl and Nambu-Goldstone phases. Within the NJL model, the result of the chiral condensate
at large values of the coupling turns out to be

⟨ψ̄ψ⟩ ≃
G≫1/Λ2

− Nc

3π2
Λ3 +

9π2

40NcN2
fΛ

1

G2
. (11)

The GOR relation [37] is a model independent result obtained by considering the SU(2) symmetry
group effects on the low-energy domain of the hadron structure. The relation represents a sum-rule that
relates the pion mass, mπ, and the pion decay constant, fπ, to the current quark mass, m0, and the quark
condensate (scalar density). This relation is

m2
πf

2
π = −Nfm0⟨ψ̄ψ⟩+O(m2

0f
2
π) . (12)

By using
mπ = 140MeV , fπ = 92MeV , m0 = 5MeV , (13)

one gets the physical value of the chiral condensate

⟨ψ̄ψ⟩Phys = −(0.255GeV)3 . (14)

With this value, one gets for the NJL model

GPhys = 5.22GeV−2 , for Λ = 0.65GeV . (15)
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2.2 The fractal NJL model

In order to introduce the fractal structure that emerges from the scaling properties associated to the
renormalization of QCD, we implement a running coupling of Eq. (1) which is a direct consequence of the
fractal structure [25,26]. Therefore, the effects of the fractal structure can be implemented by substituting
the constant coupling G of the NJL model by the fractal running-coupling in the gap equation.

If we consider that one of the particles has zero energy, the effective two-body coupling can be written
as

Geff(p ; Gq, λ , q) = Gq ·

[
1 + (q − 1)

√
p2 +m2

λ

]− 1
q−1

, (16)

where we identify Gq as the strength of the coupling. The behavior of Geff(p) is displayed in Fig. 1, where
we observe that the coupling decreases and approaches zero asymptotically. This is in clear contrast with
the constant coupling, G, of the standard NJL model. In Fig. 1 we display the effective coupling in two
cases: the chiral limit (m = 0) and with broken chiral symmetry using m = 0.35 GeV. In both cases,
the effective coupling asymptotically approaches zero when the momentum goes to infinity. Then, the
effective coupling eliminates the divergences and regularizes the fractal NJL model.

After the introduction of the running-coupling, the gap equation then reads

m = m0 +
4mNcNf

2π2

∫ ∞

0

dp p2
Geff(p)√
p2 +m2

, (17)

for the case where q > 1. The parameter λ in the q-exponential function of Eq. (16) plays the role of
a smooth cut-off and the quark condensate may be computed as −(m −m0)/(2NfGq). Notice that the

integrand of Eq. (17) behaves as ∝ p1−
1

q−1 at large momentum, so that the integral is convergent in the
UV only if q < 3/2. For the case q < 1, the integration in momentum should be performed in the finite
interval

0 < p <

√(
λ

1− q

)2

−m2 . (18)

The upper limit corresponds to the momentum at which the q-exponential function vanishes. Then the
integral in Eq. (17) is convergent also for q < 1.

While the coupling of Eq. (16) plays the role of a regulator, it is important to stress at this point
that beyond phenomenological considerations, this regulator has a physical motivation based on the
thermofractal approach to QCD. Let us mention that other regulators have been introduced in the
literature that are connected to non-local interactions [39–44], as well as proper time regularization
prescriptions, which allow the study of chaotic dynamics [45].

In the fNJL model, the critical coupling in the chiral symmetric regime, m0 = 0, is

Gq,crit =
π2

2NcNf

(2− q)(3− 2q)

λ2
, (0 < q < 3/2) . (19)

For the sake of comparison, in the following we will compare the behaviour of some quantities in the NJL
and in the fNJL models. For this comparison, we choose the parameter λ in such a way that the critical
point for both models coincide, that is, Gcrit = Gq,crit. This leads to the following relation between the
cut-offs

λ = Λ

√
(2− q)(3− 2q)

2
. (20)

Notice that one has λ = Λ/
√
2 for q = 1. More generally Eq. (20) implies λ < Λ for 0.72 < q < 3/2.

With this choice of parameters, we obtain the results in Fig. 2. We observe that the behaviour of the
mass gap, m, and the condensate ⟨ψ̄ψ⟩ for both models are similar near the critical point for the choice
of parameters we used. Therefore, despite that the two models have been defined by different effective
couplings Geff(p), the results are similar in a wide range of the couplings G and Gq. The physical value
for the pion mass is obtained by both the NJL and the fNJL models for similar values of G and Gq. This
result is obtained because the effective coupling of the fNJL model decreases fast near the value of the
cut-off momentum.
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Figure 2: Gap mass (left panel) and condensate (right panel) as a function of the coupling. The critical
value of G is the same in both models: Gcrit = 3.89GeV−2. This is obtained with Λ = 0.65GeV and
λ = 0.388GeV. Here we have considered q = 1.103 and m0 = 0. Note that both models match up to
G ≈ 6 GeV−2. The label G refers either to the coupling G for the NJL model, or Gq for the fNJL model.

It is important to stress that the use of the fractal inspired coupling leads to a q-exponential running
coupling which renormalizes the gap equation. In Ref. [46], a qNJL model was proposed through a
statistical approach, where the Tsallis entropy [30] was used in Eq. (5) to extend the NJL model. This
model was extended to include the Polyakov loop (qPNJL) in Ref. [47]. Other related works include
Ref. [48], where it was introduced an effective coupling from a transport approach by calculating the
thermal mass from semi-classical transport theory inspired by non-additive statistics. In Ref. [49], the
effective mass was computed from another type of qNJL model and its variation was studied along with
thermal and magnetic effects and different values of the entropic index q. It would be interesting to study
the similarities between the qNJL models studied in these references and the fNJL model proposed here.
On the one hand, let us stress that in these references the parameter λ turns out to be connected to
the temperature. However, the fundamental point of the present work is to show how a renormalized
interaction can emerge from a fractal QCD vacuum, an approach that leads to a nonextensive version of
the NJL model as well. On the other hand, in the present work we will follow a different path. Since
our approach allows us to connect the entropic index, q, to the fundamental parameters of the QFT, as
the number of flavours and colours in QCD, we will investigate the behaviour of the fNJL model when
the parameter q changes, and then we will associate this to different QFTs, where the number of flavours
and colours may differ from those of the QCD. A more detailed comparison between our fractal model
and those proposed in Refs. [46–49] will be carried out soon.

Our fractal inspired approach may also be extended to the three-flavour NJL model under the
assumption that all interactions handled in the mean field approximation are affected in the same way. In
this case, we would have two effective running couplings in the three-flavour NJL model. We will present
the fractal three-flavour model in a forthcoming work.

2.3 Behaviour of the fractal NJL model

The fNJL model will present some advantages if it can go beyond the standard NJL model. To verify
how it behaves in different conditions, we now look for the parameters that reproduce the values of
some important physical quantities. Here, we use the pions mass and the GOR relation as the physical
quantities to fix the parameters of the fNJL model. The assumption that the physical values of mπ and
fπ are reproduced in both models, does not lead necessarily to the same critical values for the couplings.
In fact, by using the expressions of Eqs. (10) and (19) we get

Gq,crit

Gcrit
=

1

2
(2− q)(3− 2q)

(
Λ

λ

)2

. (21)
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This formula implies that Gq,crit < Gcrit for λ ≃ Λ and 0.72 < q < 3/2.
In the pursuit for the values of the fNJL parameters that allow to reproduce the physical quantities,

we use the NJL model as a guide. We calculate the condensate density using the NJL model with the
parameters with which the model reproduces the physical values for the pion mass and its decay width,
and then find the best values for Gq, λ and q that reproduce the same condensate density.

The condensate density can be calculated analytically in the asymptotic regime m≫ λ for any values
of 0 < q < 3/2. The asymptotic expression is

⟨ψ̄ψ⟩ ≃
Gq≫1/λ2



−2−
2−q
3−2q π− 3

2
q−1
3−2qN

q−1
3−2q
c (NfGq)

3q−4
3−2q

(
λ

q−1

) 1
3−2q

(
Γ[ 3−2q

2(q−1) ]
Γ[ q

2(q−1) ]

) q−1
3−2q

; (1 < q < 3/2)

− λ
2NfGq

log
(

NcNf

π3/2 Gqλ
2
)
; (q = 1)

1
2NfGq

−(
λ

1−q

)
+
(

π3

2N2
cN

2
fG

2
q

) 1−q
5−3q

(
λ

1−q

) 1+q
5−3q

(
Γ[ 7−5q

2(1−q) ]
Γ[ 2−q

1−q ]

) 2(1−q)
5−3q

 ; (q < 1)

.

(22)

At large value of the coupling the chiral condensate presents a power-law behaviour ⟨ψ̄ψ⟩ ∝ G
3q−4
3−2q
q (1 <

q < 3/2), ⟨ψ̄ψ⟩ ∝ 1/Gq (q < 1) and ⟨ψ̄ψ⟩ ∝ log(Gq)/Gq (q = 1). It turns out that in the large coupling
limit the chiral condensate tends to zero for q < 4/3, while it tends to infinity for 4/3 < q < 3/2. The
value q = 3/2 was found to be a limit for a physical system condensate [50]. In the critical case q = 4/3,
the chiral condensate tends to the constant value

⟨ψ̄ψ⟩ −→
Gq→∞

−27Nc

4π
λ3 . (23)

The chiral condensate in the NJL model also tends to a constant value in this limit, cf. Eq. (11). We
display in the left panel of Fig. 3 the behavior of |⟨ψ̄ψ⟩| in the NJL and fNJL models up to G = 100GeV−2.
Note that, in the range 1 < q < 4/3, even though the condensate decreases as Gq increases, the product
Gq⟨ψ̄ψ⟩ is still increasing with Gq. From Eq. (4), we conclude that the dynamical mass, m, also increases
with Gq. The physical interpretation of this result is the following: for the parameter q in that range, the
effective coupling decreases very fast with p, then the contribution of the high momentum components of
the pair to the effective mass is small, and only less energetic contributions to the self-energy are relevant.
This effect is illustrated in the right panel of Fig. 3, where the behavior of Geff(p), for several values of
the parameter q, has been displayed. Thus, the condensate is restricted to quarks with small momenta,
and high-momentum bound pairs cannot be formed. The effects of this behaviour of the fNJL model will
be discussed in more detail below.

In Fig. 4 top left panel we show the behaviour of the condensate density obtained through the fNJL
model as a function of Gq (as a function of G for the NJL model) for different values of the parameter q,
in the regime of the transition between the Wigner-Weyl and Nambu-Goldstone phases. Observe that the
critical point for the extended model is practically coincident with that for the standard NJL model, as all
curves almost coincide up to Gq ∼ 4.5GeV−2 . Above this value, the curves present different behaviours
showing a clear dependence on the value for q, and they cross the NJL condensate value at different
points. As the value for q increases, the crossing point approaches that of the NJL model. In Fig. 4 top
right panel we see the behaviour of values for q in the fNJL model that results in the same condensate
value obtained by the standard NJL model, that is, the point where the curves cross the horizontal line
in the top left panel of the same figure. We observe that only for q = 1.125 the condensate will be the
same for the two models for Λ = 0.65GeV and for the same values of the couplings, i.e. G = Gq. In the
following we will denote by qmatch the value of q the leads to the same values of the couplings, so that
qmatch(Λ)|Λ=0.65GeV = 1.125.

As discussed previously, the fractal model prediction is of q = 1.103 for Nf = 2, so we have to
change the other parameters in order to obtain the same condensate density in both models when the
expected value for q is used, that is, we will fix the value for q and change the other parameters of the
model. We have checked that the value for qmatch is practically independent of m0, so we keep it fixed
at m0 = 5.0 MeV. The dependence of qmatch with the parameter Λ, where the relation between λ and Λ
given by Eq. (20) is considered, is displayed in the bottom left panel of Fig. 4. From there we get the value
Λ = 0.719GeV that returns the same value of the condensate for both models in the case qmatch = 1.103.
Therefore, the fNJL model is able to reproduce the condensate value given by the NJL model with the
correct value for q calculated according to the fractal approach to QCD.
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Figure 3: Left panel: Condensate as a function of the coupling up to G = 100GeV−2. The horizontal
dotted line corresponds to the asymptotic limit of |⟨ψ̄ψ⟩| in the fNJL model for q = 4/3. We have
considered Λ = 0.65GeV and m0 = 0. The values of λ are obtained for each curve by using Eq. (20).
Right panel: Effective two-body coupling as a function of p, cf. Eq. (16). We display the results for
several values of q: q = 1, 1.103, 1.20 and 1.40. The dynamical mass, m, is obtained for each value of q
from the solution of the gap equation, Eq. (17). In this panel, we have used the values Gq = 5.22GeV−2,
λ = 0.65GeVand m0 = 0.

parameter NJL fNJL
Λ | λ [GeV] 0.719 0.429
G | Gq [GeV−2] 3.703 3.703

Gcrit | Gq,crit [GeV−2] 3.185 3.185
q - 1.103

Table 1: Table of parameters for the NJL and fNJL models that reproduce the same value for the quark
condensate ⟨ψ̄ψ⟩Phys = −(0.255GeV)3 with the condition Gcrit = Gq,crit, for m0 = 5MeV.

Since we modified the value for Λ in the NJL model, we had to recalculate the coupling G that would
give the correct physical value for the quark condensate. The behaviour of G with Λ in the NJL model
is shown in the bottom right panel of Fig. 4. From this plot we get the value GPhys = 3.703GeV−2.

With the method just described, we reproduce the condensate value of the NJL model by using the
fNJL model with the parameter q = 1.103 determined by the fractal approach. We summarize the values
for the parameters in Table 1. In the following subsection we will describe how the pion mass and pion
decay constant, which are physical quantities, are determined in the fNJL model.

2.4 Reproducing the pion mass and the pion decay constant

We proceed investigating the results of the fNJL model for the physical parameters, namely, the pions
mass and the pions decay constant. The pion mass is obtained from the pole of the T-matrix, by the
condition [6]

1− 2GJπ(q
2 = m2

π) = 0 , (24)

where

Jπ(q
2) = iTr

∫
d4p

(2π)4

[
iγ5

1

/p+ /q
2 −m+ iϵ

iγ5
1

/p− /q
2 −m+ iϵ

]
. (25)

In full random phase approximation, the pion mass is obtained as the solution of the following self-
consistence equation [18]

m2
π = −m0

m

1

4iGNcNfI(m2
π)
, (26)
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Figure 4: Upper left panel: Condensate as a function of the coupling for m0 = 5.0MeV. The horizontal
dotted line corresponds to the physical value of |⟨ψ̄ψ⟩| given by Eq. (14). Upper right panel: Physical
value of Gq as a function of q (red line) for Λ = 0.65GeV. We display also the physical value for the
NJL model, which is G = 5.22GeV−2 (dashed blue line). The physical values of G and Gq correspond to
the intersection of the horizontal line with each curve in the left panel. The matching between the NJL
and fNJL results happens at qmatch = 1.125 for Λ = 0.65GeV. Lower left panel: qmatch as a function
of Λ. To guide the eye we have displayed as an horizontal dashed line the value q = 1.103, which is
obtained for Λ = 0.719GeV. Lower right panel: GPhys as a function of Λ for the NJL model. The
horizontal dashed line corresponds to the value GPhys = 3.703GeV−2, which crosses the dashed blue
curve at Λ = 0.719GeV.
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where I is a function which reads

INJL(k
2) =

i

8π2

∫ 1

0

dx

∫ Λ

0

dp
p2

(p2 + m̄2(k2))
3/2

=
i

8π2

∫ 1

0

dx

[
sinh−1

(
Λ

m̄(k2)

)
− Λ√

Λ2 + m̄2(k2)

]
,

(27)
in the NJL model, and

IfNJL(k
2) =

i

8π2

∫ 1

0

dx

∫ ∞

0

dp
p2

(p2 + m̄2(k2))
3/2

[
1 + (q − 1)

√
p2 + m̄2(k2)

λ

]− 1
q−1

, (28)

in the fNJL model. In these expressions

m̄2(k2) = m2 − x(1− x)k2 . (29)

The other observable that can be calculated is the pion decay constant. The quantity is computed in
the NJL model as

f2π,NJL =
Ncm

2

2π2

∫ Λ

0

dp
p2

(p2 +m2)
3/2

=
Ncm

2

2π2

[
log

(
x+

√
1 + x2

)
− x√

1 + x2

]
, x ≡ Λ

m
, (30)

while it is computed in the fNJL model as

f2π,fNJL =
Ncm

2

2π2

∫ ∞

0

dp
p2

(p2 +m2)
3/2

[
1 + (q − 1)

√
p2 +m2

λ

]− 1
q−1

. (31)

Notice that the integrands of Eqs. (28) and (31) behave as ∝ p−1− 1
q−1 at large momentum, so that

the corresponding integrals are convergent in the UV for any value of q > 1. For the case q < 1, the
integrations should be performed in the finite interval in momentum provided in Eq. (18), leading thus
also to convergent results.

We consider the computation of the pion mass and the pion decay constant within the NJL and fNJL
models in the case where the critical values of the couplings coincide: Gcrit and Gq,crit. In this scenario,
the relation between λ and Λ is given by Eq. (20). Note that the value for the dynamical quark mass, m,
runs with the cutoff Λ. So, we maintain the coupling constants fixed, G = Gq = 5.22GeV−2, and study
the dependence of the observables with the scale Λ.

In Fig. 5 we plot the value of the pion mass (left panel) and pion decay constant (right panel) as a
function of the parameter Λ, obtained with the two models. We see that both models give very similar
results, presenting comparable cutoff dependencies. At Λ ≈ 650 MeV, both models give reasonable values
for both the pion mass and pion decay constant. Naturally, fine tuning is possible. However, the idea

Figure 5: Left panel: Pion mass mπ as a function of the cut-off Λ as given by Eq. (26). Right panel: Pion
decay constant fπ as a function of Λ. The results were obtained for G = Gq = 5.22 GeV−2, q = 1.103
and m0 = 5MeV, with the relation between λ and Λ given by Eq. (20).
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Figure 6: Check of the GOR relation for several cutoffs in the NJL (left) and fNJL (right) models. The
results were obtained for G = Gq = 5.22 GeV−2, q = 1.103 and m0 = 5MeV, with the relation between
λ and Λ given by Eq. (20).

here is to show that the fractal inspired coupling leads to similar results as the conventional NJL model
with appropriate values for the parameters q and λ.

One of the strengths of the NJL model is the fact that it satisfies the GOR relation, given by Eq. (12).
This relation is based on general aspects of the SU(2) symmetry, and thus represents fundamental
properties of the hadron structure at low energies. It relates the pion mass and decay constant (hadron
side) to the quark bare mass and to the scalar density (quark condensate). Aside from the pion mass and
decay constant, we can use the GOR relation to check the quality of the results obtained in our model
and if they are similar to the standard NJL model.

In Fig. 6, we display a GOR relation check obtained by computing −2m0 ×⟨q̄q⟩ and m2
π × f2π in both

models compared to physical and experimental values. The left panel shows the cutoff dependence in the
NJL model and the right panel shows the cutoff dependence in the fNJL model. We can observe that
both models give the same Λ-dependence and they match the physical and experimental values at very
close scales.

3 Conclusions and outlook

In this work we have studied the generalization of the NJL model by the inclusion of an effective coupling
inspired in the fractal structure of the Yang-Mills fields. The running coupling constant works as a natural
regularization method for the theory, eliminating the divergences that are present in the standard NJL
model. More explicitly, we have provided in the present work a physical explanation, in terms of a
fractal QCD vacuum, for a running coupling that renormalizes the quark condensate. So, even though
the effective coupling resembles just another non-local NJL model regulator, here it is natural outcome
of the fractal structure of the QCD vacuum.

We studied the fractal model in the scenario where the critical coupling is the same in both NJL and
fNJL models and obtained the pion mass and the pion decay constant. We show that the GOR relation
is satisfied for similar cutoffs in both models.

The physical scenario for the fNJL model results in a different behavior of the condensate, resulting in
a different critical coupling with respect to the NJL model. Also, the physical coupling, that reproduces
the pion properties, is smaller than that of the NJL model, and closer to the critical value than what is
observed in the NJL model.

Since the running coupling constant used is inspired in the fractal approach used in HEP to study the
multi particle production in high energy collisions, the generalization of the NJL model presented here
allows to connect the hadron structure properties to the properties of the hot and dense matter obtained
in those collisions. This model opens the possibility to study, in a unified way, the QCD properties in
the high energy limit and in the low energy limit of the hadron structure. This unified procedure counts
with the consistent fractal approach to the QCD that results in the fractal-inspired effective coupling.
Let us stress that this work is focused on the physics of the fNJL model at zero temperature. It would be
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interesting to extend it to finite temperature. Outcomes similar to those in Refs. [46–49] are expected.
We have seen that in the range 1 < q < 4/3, an interesting phenomenon takes place: while the

condensate density decreases, the hadron mas still increases with the coupling strength. By using Eqs. (2)
and (22), one can see that the behavior of ⟨ψ̄ψ⟩ −→

Gq→∞
0 in the fNJL model, which corresponds to q < 4/3,

is obtained for

Nf <
1

2
(11Nc − 9) , (32)

while values of Nf larger than that lead to ⟨ψ̄ψ⟩ −→
Gq→∞

∞. Then, for Nc = 3 a vanishing value of the

chiral condensate in the large coupling limit is obtained for Nf < 12, while in the case Nc = 1 = Nf the
fNJL model would be in the critical situation q = 4/3.

For any non Abelian field theory with Nf in agreement with the relation (32), only the pairs
quark/anti-quark with low momenta would condensate, but the hadron mass would, nevertheless, increase.
In a field theory with the structure parameters in the range above, we would have massive partons but
no condensate for very large couplings. In this case, we can conjecture that there would be no formation
of a system similar to the QGP, and the high energy processes would result in the direct production of
particles. The coalescence mechanism would be less important, and the particle multiplicity would be
higher, and with more massive particles.

This mechanism might be the responsible for production of dark-matter, in particular it could
constitute a mechanism of dark-matter formation based on the sector of the non-Abelian Yang-Mills
theory. It would be interesting also to perform a more detailed analysis on the Nc and Nf dependence
of the chiral condensate, with applications on the phase diagram of QCD, see e.g. Ref. [51] for a recent
research in this line.

The model introduced in this work opens the possibility to investigate new aspects of the hadronic
matter near the transition between the Wigner-Weyl and the Nambu-Goldstone phases. In particular,
the role of the different flavours and their masses, or the effective number of flavours in the formation
of the condensate. The model allows to study how the critical value, or its existence, depends on the
number of colours and flavours. Also, we may include thermal and magnetic effects in our model and
study the thermodynamics and the phase diagram with the fractal effective coupling.
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state of strongly magnetized quark matter within the Nambu–Jona-Lasinio model,” Phys. Rev. C,
vol. 97, no. 3, p. 035207, 2018.

[23] C. G. Callan Jr, “Broken scale invariance in scalar field theory,” Physical Review D, vol. 2, no. 8,
p. 1541, 1970.

13



[24] K. Symanzik, “Small distance behaviour in field theory and power counting,” Communications in
Mathematical Physics, vol. 18, no. 3, pp. 227–246, 1970.

[25] A. Deppman, “Thermodynamics with fractal structure, Tsallis statistics and hadrons,” Phys. Rev.
D, vol. 93, p. 054001, 2016.
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