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Induced triangular norms and negations on bounded
lattices

F. J. Lobillo, Senior Member, IEEE, Luis Merino, Gabriel Navarro, and Evangelina Santos

Abstract—Some relevant notions in fuzzy set theory are those
of triangular norm and conorm, and negation, which provide
a systematic way of defining set-theoretic operations or, from
other point of view, logical connectives. For instance, the majority
of fuzzy implications are directly derived from these operators,
so they play a prominent role in fuzzy control theory or in
approximate reasoning. This incites the search of suitable t-
norms, t-conorms and negations for solving each specific problem.
In this paper we propose a procedure, that we call induction,
for designing them on spaces of lattice-valued maps. Concretely,
for each family of operators (t-norms, t-conorms or negations)
indexed in the domain set, we may induce an operator of the
same kind, so that our method offers a great flexibility in the
design task. It may be applied to well-known fuzzy objects as
interval-valued or type-2 fuzzy sets. Nevertheless, the theory is
formally developed for arbitrary bounded lattices.

Index Terms—triangular norm, triangular conorm, negation,
De Morgan triple, lattice-valued map.

I. INTRODUCTION

ALTHOUGH the notion of t-norm may be traced back to
Menger’s paper [1] in 1942, in the realm of probabilistic

metric spaces, its present day definition may be find firstly in
Schweizer and Sklar’s paper [2]. In the context of fuzzy sets,
t-norms and t-conorms are considered in order to generalize
standard set-theoretic operations. This is done, actually, by
Zadeh in his seminal paper [3], and mostly developed since
early eighties. Later, the extensions of standard fuzzy sets
to classes of objects in which the truth values belong to a
lattice related to [0, 1] (as, for instance, interval-valued, set-
valued or type-2 fuzzy sets) originate the search of valuable
t-norms, and design methodologies, on these lattices. See, for
instance, [4], [5] for t-norms on type-2 fuzzy sets, [6]–[8]
for t-norms on interval fuzzy sets, or [9]–[11]. The reader
may also consult, for example, [12] for the ordinal sum
construction, or [13, Chapter 3] for methods based on additive
and multiplicative generators. These operators, in classical or
in extended fuzzy sets, yield a wide and extensive variety
of practical applications in computer sciences-related areas.
For a concrete example, the reader may consult [14], where
the Weber’s parametric t-norms are employed for selecting a
homogeneity measure for color image segmentation, or [15],
where the standard t-conorm is replaced in the fuzzy expert
system for internal medicine CADIAG-2 [16]. Concurrently,
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from the point of view of fuzzy logic, t-norms and negations
(forming a De Morgan triple) have been used for different
interpretations of logical formulas where t-norms, t-conorms
and negations play the role of conjunction, disjunction and
negation operators, respectively, for some truth assignment.
Additionally, most of known implications are derived from
them, allowing to make inferences in the so-called approxi-
mate reasoning, see the survey [17]. The investigation from
this side has been stimulated by its applications in fields as
control systems or artificial intelligence, among many others.
See, for instance, the monograph [18].

In this paper we present a methodology for composing a
t-norm (resp. t-conorm, negation) from a family of t-norms
(resp. t-conorms, negations). Concretely, let us fix an arbitrary
set X and a bounded lattice L (standardly, the lattice [0, 1],
although non necessarily this one). After a detailed recall of
the needed notions and properties (Section II), in Section III,
from a family {Tx}x∈X of t-norms (resp. t-conorms) on L
indexed in X , we construct a t-norm T (resp. t-conorm) on
the lattice of L-valued maps Map(X,L), see Proposition 2.
We have named T the induced t-norm (resp. t-conorm) of
the family. The procedure allows us then to obtain t-norms
(resp. t-conorms) on well-known lattices as, for instance,
the real unit square, that is Map({0, 1}, [0, 1]), see [19], or
Map([0, 1], [0, 1]) for defining set-theoretic operations in type-
2 fuzzy sets. These induced objects are well-behaved from
an algebraic perspective, since they heritage some properties
from the original family. For instance, the property of being
monotone. This yields the possibility of inducing t-norms
(resp. t-conorms) on the sublattice Hom(X,L) formed by the
monotone maps from X to L, see Proposition 13. The idea of
induced t-norms on intervals in [0,1] is described in [6] and
[20], and on n-dimensional intervals in [21].

Since this methodology is highly applicable to other struc-
tural maps, Section V is devoted to study the case of induced
negations. In this case, the induction process is more flexible
and it depends on a variable map σ : X → X , yielding
the σ-induced negations. Again, under a suitable map σ, the
monotonicity is inhered by the induced negation, see Lemma
21, so we may induce negations on the space Hom(X,L), see
[22] for the case of n-dimensional intervals.

Finally, in Section VI, we merge together the topics covered
in the former sections and analyze when a triple formed
by induced structures is, indeed, a De Morgan triple on
Map(X,L), see Theorem 30.

The theory is illustrated by presenting possible scopes of ap-
plication. Actually, in some of them, we generalize previously
published studies about t-norms and negations over fuzzy sets.

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at  http://dx.doi.org/10.1109/TFUZZ.2020.2985337

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



2

In particular, we analyze in depth the case of interval-valued
fuzzy sets, i.e. t-norms and negations on Hom({0, 1}, [0, 1]).

II. PRELIMINAIRES

In this section we introduce the notation and definitions
concerning the theory developed in this paper. For self-
completeness, we provide them in detail.

All along this work X denotes a set. A binary relation ≤
on X (that is, a subset of X×X) is said to be a partial order
if and only if it verifies the properties reflexive, antisymmetric
and transitive. A partially ordered set (a poset, for short) is a
pair (P,≤), where P is a set and ≤ is partial order on P . In
general, if the context is clear, we simply denote it by P .

Let (P,≤) be a poset and a, b ∈ P , a least upper bound
or supremum of a and b is an element c ∈ P verifying that
a, b ≤ c and, if c′ ∈ P with a, b ≤ c′, then c ≤ c′. Dually,
a greatest lower bound or infimum of a and b is an element
d ∈ P verifying that d ≤ a, b and, if d′ ∈ P with d′ ≤ a, b,
then d′ ≤ d. A poset (L,≤) is called a lattice if, for any a, b ∈
L, there exist a supremum and an infimum of them. We may,
equivalently, say that a lattice is a set L with two operations ∧
and ∨, called infimum and supremum, respectively, verifying
the following properties:
i) associativity, for any a, b, c ∈ L, (a∧ b)∧ c = a∧ (b∧ c)

and (a ∨ b) ∨ c = a ∨ (b ∨ c).
ii) commutativity, for any a, b ∈ L, a∧b = b∧a and a∨b =

b ∨ a.
iii) idempotency, for any a ∈ L, a ∧ a = a and a ∨ a = a.
iv) absorption law, for any a, b ∈ L, a ∧ (a ∨ b) = a and

a ∨ (a ∧ b) = b.
Actually, the equivalence between both approaches is given by
the relations a ≤ b⇐⇒ a ∨ b = b⇐⇒ a ∧ b = a.

Again, when the context is clear enough, we do not mention
the operators ∧ and ∨, and we simply denote by L the lattice
(L,∧,∨).

A lattice (L,∧,∨) is said to be bounded if there exist a
maximum and a minimum of L. That is, two elements in L,
usually denoted by 1 and 0, respectively, such that, for every
a ∈ L, 0 ≤ a ≤ 1 or, equivalently, a ∧ 0 = 0, a ∧ 1 = a,
a ∨ 0 = a and a ∨ 1 = 1.

We recall, for instance from [23], that a triangular norm or
t-norm on a bounded lattice L is a map T : L×L −→ L such
that, for each a, b, c ∈ L, the following properties are satisfied:
i) commutativity, T (a, b) = T (b, a).
ii) associativity, T (a, T (b, c)) = T (T (a, b), c).
iii) monotonicity, if b ≤ c, then T (a, b) ≤ T (a, c).
iv) neutral element, T (a, 1) = a.

We shall denote by T (L) the set of all t-norms on the lattice
L. If the neutral element property is changed by T (a, 0) = a
for any a ∈ L, hence T is called a triangular conorm or
t-conorm. As usual, we reserve the letter S for denoting a
generic t-conorm. Analogously, we denote by S(L) the set of
all t-conorms on L.

In [24] it is pointed out that the class T (L) of all t-norms
on a lattice L is endowed with a poset structure provided by
the following partial order: for each T1, T2 ∈ T (L),

T1 ≤ T2 if and only if T1(a, b) ≤ T2(a, b)

for any a, b ∈ L. Actually, T (L) has a minimum for this order,
which is the so-called drastic t-norm, defined as

TD(a, b) =

{
0, if a 6= 1 and b 6= 1,

a ∧ b, otherwise,

and maximum, T∧, given by T∧(a, b) = a∧b for any a, b ∈ L.
It is not difficult to check that, in general, T (L) is not

a lattice with the structure induced from the former order.
Indeed, the infimum and supremum of two t-norms T1 and T2
are defined by the rules (T1 ∧ T2)(x, y) = T1(x, y)∧ T2(x, y)
and (T1 ∨ T2)(x, y) = T1(x, y) ∨ T2(x, y), respectively, for
any x, y ∈ L. Hence, T1 ∧ T2 fulfills the commutative,
monotonic and neutral element properties, but, in general, not
the associativity. For instance, set the t-norms on [0, 1]

TnM (a, b) =

{
min{a, b}, if a+ b > 1,
0, otherwise,

and Tp(a, b) = a · b for any a, b ∈ [0, 1]. Fix now the real
numbers x = 0.8, y = 0.5 and z = 0.6. Thus

(TnM ∧ Tp)((TnM ∧ Tp)(x, y), z) = 0, whilst

(TnM ∧ Tp)(x, (TnM ∧ Tp)(y, z)) = 0.24.

The same can be said about the set of t-conorms on L, S(L).
A t-norm T in a lattice (L,∧,∨) is said to be ∧-distributive

if it satisfies

T (a ∧ b, c) = T (a, c) ∧ T (b, c), for every a, b, c ∈ L,

and, ∨-distributive, if it satisfies

T (a ∨ b, c) = T (a, c) ∨ T (b, c), for every a, b, c ∈ L.

Analogously, we may state the same properties for an arbitrary
t-conorm S. Note that if L is a totally ordered set (that is, for
each a, b ∈ L, a ≤ b or b ≤ a), then ∧-distributivity and ∨-
distributivity are equivalent to T being monotone. In particular,
every t-norm and every t-conorm on the unit interval [0, 1] is
both ∧-distributive and ∨-distributive.

An element e of a lattice L is said to be idempotent for
a t-norm T (respectively, for a t-conorm S) if T (e, e) = e
(respectively, S(e, e) = e). Hence 0 and 1 are idempotent,
which are called the trivial idempotents. Observe that, for the
norm T∧, all the elements are idempotent, whereas the norm
TD has no non-trivial idempotent.

Let n be a positive integer, an element a in the lattice L is
said to be n-nilpotent for the t-norm T if Tn(a) = 0, where
T 1(x) = T (x, x) and Tm(x) = T (Tm−1(x), x) for each m >
1. Finally, a ∈ L is a zero divisor for T if there exists an
element b such that a ∧ b 6= 0 and T (a, b) = 0.

A negation on a lattice L is a map N : L −→ L such that
N(0) = 1, N(1) = 0 and, for any a, b ∈ L, if a ≤ b then
N(b) ≤ N(a) (that is, it is a decreasing map). If, in addition,
N(N(a)) = a for any a ∈ L, i. e. N = N−1, the negation is
called involutive. We denote by N (L) the set of all negations
on the lattice L.

Let T be t-norm on a lattice L and N an involutive negation
on L, the map S : L× L→ L defined by

S(a, b) = N(T (N(a), N(b))
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for any a, b ∈ L is a t-cornorm on L. The map S is known
as the N -dual t-conorm of the T . Similarly, given an arbitrary
t-conorm S on L and an involutive negation N on L, it may
be defined the N -dual t-norm T of S as

T (a, b) = N(S(N(a), N(b))

for any a, b ∈ L. A De Morgan triple D on a lattice L is then
a tuple (S,N, T ), where T is a t-norm on L, N an involutive
negation on L and S a t-conorm on L such that S and T are
dual by N one to each other.

A De Morgan triple D = (S,N, T ) on a lattice L can be
used to obtain an alternative non distributive set operations in
the class of all L-fuzzy sets over an universe X . Indeed, we
may consider the binary operators ∩D and ∪D, and the unary
operator (−)

D
defined by

(A ∩D B)(x) = T (A(x), B(x)),

(A ∪D B)(x) = S(A(x), B(x)),

A
D

(x) = N(A(x)),

for any L-fuzzy sets A,B : X −→ L and any x ∈ X .
Given a map f : X → Y between two sets X and Y , and

A ⊂ X a subset of X , we denote by f|A the restriction of f
to A. A subset A of a lattice L is said to be a sublattice of L
if it is closed for the meet and joint operators. The proof of
the following result is straightforward and left to the reader.

Lemma 1: Let L be a bounded lattice and A be a sublattice
of L containing 0 and 1, then the following assertions hold:
a) If T is a t-norm on L and T (A× A) ⊆ A, then T|A is

a t-norm on A.
b) If S is a t-conorm on L and S(A × A) ⊆ A, then S|A

is a t-conorm on A.
c) If N is a (involutive) negation on L and N(A) ⊆ A,

then N|A is a (involutive) negation on A.
d) If D = (S,N, T ) is a De Morgan triple on L, T (A ×

A) ⊆ A and N(A) ⊆ A then, DA = (S|A, N|A, T|A) is
a De Morgan triple on A.

III. INDUCED T-NORMS

In practice, most of the lattices related to fuzzy sets have the
unit interval [0, 1] as sublattice. Then, an interesting problem,
linked to Lemma 1, is the extension of t-norms on [0, 1] to
that superlattice. That is, in general, given t-norm (t-conorm,
negation) on a lattice L, can we induce a t-norm (t-conorm,
negation) on a superlattice A whose restriction to L is the
original one? In this and the forecoming sections we deal with
this question.

In [25] and [26] it is considered the case where the sublattice
is given by a retraction. Given lattices L and M , M is said to
be a retract in L if there exist lattice morphisms r : L −→M
and s : M −→ L such that r ◦s = idM , the identity on M . In
such a case, s has to be injective and therefore M is lattice-
isomorphic to a sublattice s(M) of L. Hence, if T is a t-norm
on M , it can be extended to a t-norm T on L by considering

T (x, y) = s(T (r(x), r(y))

for any x, y ∈ L. In this construction, the image by T of
every pair of elements in L always belongs to s(M). We aim
to provide a more flexible way to expand t-norms. Our point
of view has been considered before in [21] for t-norms in n-
dimensional fuzzy sets and, in particular, in [27] for interval-
valued fuzzy sets, see Section IV-B.

For a given bounded lattice L and an arbitrary set X , it is
known that the class Map(X,L) of all set maps from X to
L is endowed naturally with a structure of bounded lattice,
induced from the one of L. Indeed, the induced partial order
is given by, for any f, g ∈ Map(X,L),

f ≤ g if and only if f(x) ≤ g(x) for all x ∈ X.

The lattice structure is defined similarly, that is,

(f ∧ g)(x) = f(x) ∧ g(x) and

(f ∨ g)(x) = f(x) ∨ g(x)

for any x ∈ X . Then, the elements 0 and 1 of this lattice are
given by the constant maps 0 and 1, respectively.

Observe that L can be seen as a sublattice of Map(X,L) via
the identification that maps a y ∈ L to the constant map Cy :
X −→ L given by Cy(x) = y for all x ∈ X . In particular,
0 = C0 and 1 = C1. Then, L is a retract of Map(X,L) via
the maps s : L → Map(X,L), given by s(y) = Cy for any
y ∈ L, and r : Map(X,L) → L given by r(f) = f(0) for
any f ∈ Map(X,L). Therefore, by using the techniques of
[25], a t-norm T in L can be extended to

T (f, g) = s(T (r(f), r(g)) = CT (f(0),g(0)),

for any f, g ∈ Map(X,L). In order to increase the diversity
of the extensions, we introduce the following method for
obtaining t-norms on Map(X,L).

Let L be a bounded lattice and X an arbitrary set. Let also
{Tx}x∈X a family of t-norms on L indexed in X . We may
consider the map

T : Map(X,L)×Map(X,L) −→ Map(X,L)

defined by the formula

T(f, g)(x) = Tx(f(x), g(x)) (1)

for any f, g ∈ Map(X,L) and any x ∈ X .
Proposition 2: Let L be a bounded lattice, X an arbitrary

set and {Tx}x∈X a family of t-norms on L indexed in X .
Then the map T defined in (1) is a t-norm on Map(X,L).

Proof: We have to show that T holds the properties that
define a t-norm. Let f, g ∈ Map(X,L). For the commutativity,
note that, for any x ∈ X ,

T(f, g)(x) = Tx(f(x), g(x))

= Tx(g(x), f(x))

= T(g, f)(x),

so T(f, g) = T(g, f). For the associativity, for any x ∈ X ,

T(T(f, g), h)(x) = Tx(T(f, g)(x), h(x))

= Tx(Tx(f(x), g(x)), h(x))

= Tx(f(x), Tx(g(x), h(x)))

= T(f,T(g, h))(x),
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so T(T(f, g), h) = T(f,T(g, h)). Now, whenever f ≤ g then
f(x) ≤ g(x) for any x ∈ X . Hence

T(h, f)(x) = Tx(h(x), f(x))

≤ Tx(h(x), g(x))

= T(h, g)(x),

and thus T(h, f) ≤ T(h, g). So the monotonicity holds.
Finally, in Map(X,L), the neutral element is the constant map
1. Hence it is clear that T(f,1) = f .

Observe that we may see a family β = {Tx}x∈X of t-norms
on L as a map β : X → T (L), mapping each x ∈ X to Tx.
We shall use both descriptions without distinction. Therefore,
in virtue of Proposition 2, we may consider

Φ : Map(X, T (L)) −→ T (Map(X,L)) (2)

defined by

Φ(β)(f, g)(x) = β(x)(f(x), g(x))

for any f, g ∈ Map(X,L) and any x ∈ X . By using the
powerset notation, Φ can be rewritten as

Φ : T (L)X −→ T (LX) (3)

showing clearer the relation between these two posets.
Proposition 3: Let L be a bounded lattice and X an arbitrary

set, the map Φ defined in (2) is injective.
Proof: Let β, τ : X −→ T (L) be two different maps, or,

equivalently, two different families of t-norms on L indexed
in X . Then we may choose an x ∈ X such that β(x) 6= τ(x).
Since both images provide us t-norms on L, there exists a pair
(t1, t2) ∈ L × L such that β(x)(t1, t2) 6= τ(x)(t1, t2). Now,
consider the constant maps Ct1 , Ct2 : X → L. Then

Φ(β)(Ct1 , Ct2)(x) = β(x)(Ct1(x), Ct2(x)) = β(x)(t1, t2)

and

Φ(τ)(Ct1 , Ct2)(x) = τ(x)(Ct1(x), Ct2(x)) = τ(x)(t1, t2),

so Φ(β)(x) 6= Φ(τ)(x) and thus Φ(β) 6= Φ(τ).
Definition 4: A t-norm T on Map(X,L) is said to be

representable if it belongs to the image of Φ, that is, if there
exists a family β = {Tx}x∈X of t-norms on L such that
T = Φ(β).

Remark 5: As usual, t-conorms on Map(X,L) can be
treated dually. That is, if β = {Sx}x∈X is a family of t-
conorms on L indexed in X , analogously to (1) and Proposi-
tion 2, we may define the t-conorm

S : Map(X,L)×Map(X,L) −→ Map(X,L)

given by
S(f, g)(x) = Sx(f(x), g(x))

for any f, g ∈ Map(X,L) and any x ∈ X . Hence,

Ξ : S(L)X −→ S(LX) (4)

given by Ξ(β) = S is well-defined, and a t-conorm on
Map(X,L) is said to be representable if it belongs to the
image of Ξ. Although we will not mention it explicitly, all

the results obtained in this section can be stated and proved
similarly in the realm of t-conorms.

Example 6: In general, Φ is no surjective, i.e. not all t-norms
are representable. This is a consequence of the following
fact: If a t-norm T on Map(X,L) is representable, then
T(χx0

, χx0
) = χx0

, where x0 ∈ X and χx0
: X → L is

the singleton map over x0, that is, the map defined by

χx0(x) =

{
1, if x = x0,
0, otherwise.

Indeed, if T = Φ({Tx}x∈X) then

T(χx0
, χx0

)(x0) = Tx0
(χx0

(x0), χx0
(x0)) = Tx0

(1, 1) = 1

and, for any other element x ∈ X \ {x0},

T(χx0
, χx0

)(x) = Tx(χx0
(x), χx0

(x)) = Tx(0, 0) = 0.

Hence, the drastic t-norm TD on Map(X,L),

TD(f, g) =

 f, if g = 1,
g, if f = 1,
0, otherwise

is not representable, since χx0
6= 1. Thus TD(χx0

, χx0
) = 0.

Example 7 (Representable t-norms and characteristic
maps): By similarity with the latter example, given a set X
and a subset Y ⊆ X , we denote by χY the characteristic map
of Y over X , that is, the map χY : X → L given by

χY (x) =

{
1, if x ∈ Y ,
0, otherwise.

Representable t-norms act over characteristic maps as the
standard t-norm on the lattice of subsets. Indeed, let X be
an arbitrary subset, L a bounded lattice, Y1 and Y2 subsets of
X , β = {Tx}x∈X a family of t-norms on L and T = Φ(β).
Hence, for any x ∈ X ,

T(χY1
, χY2

)(x) = Tx(χY1
(x), χY2

(x))

=

{
1, if x ∈ Y1 ∩ Y2,
0, otherwise

= χY1∩Y2(x)

so T(χY1 , χY2) = χY1∩Y2 .
Proposition 8: Let L be a bounded lattice, X an arbitrary set

and T a t-norm on Map(X,L). Then the following statements
are equivalent:
a) T is representable.
b) T(f, g)(x) = T(Cf(x), Cg(x))(x) for each maps f, g ∈

Map(X,L) and each x ∈ X .
c) Let f, f ′, g, g′ ∈ Map(X,L) such that f(x) = f ′(x)

and g(x) = g′(x) for some x ∈ X , then T(f, g)(x) =
T(f ′, g′)(x).

Proof:
a)⇒ b). Let T = Φ({Tx}x∈X) be a representable t-norm on
Map(X,L) and f, g ∈ Map(X,L). Then, for any x ∈ X ,

T(Cf(x), Cg(x))(x) = Tx(Cf(x)(x), Cg(x)(x))

= Tx(f(x), g(x))

= T(f, g)(x).
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b)⇒ c). Let f, f ′, g, g′ ∈ Map(X,L) such that f(x) = f ′(x)
and g(x) = g′(x) for certain x ∈ X . Then

T(f, g)(x) = T(Cf(x), Cg(x))(x)

= T(Cf ′(x), Cg′(x))(x)

= T(f ′, g′)(x).

c)⇒ a). Given an x ∈ X , we define a map Tx : L× L→ L
as Tx(t1, t2) = T(Ct1 , Ct2)(x) for any t1, t2 ∈ L. Let us first
prove that Tx is a t-norm on L. Since,

Tx(t1, t2) = T(Ct1 , Ct2)(x) = T(Ct2 , Ct1)(x) = Tx(t2, t1),

the commutativity holds. Now,

Tx(t1, Tx(t2, t3)) = Tx(t1,T(Ct2 , Ct3)(x))

= T(Ct1 , CT(Ct2 ,Ct3 )(x)
)(x)

?
= T(Ct1 ,T(Ct2 , Ct3))(x)

= T(T(Ct1 , Ct2), Ct3)(x)

= T(CT(Ct1
,Ct2

)(x), Ct3)(x)

= Tx(T(Ct1 , Ct2)(x), t3)

= Tx(Tx(t1, t2), t3),

for any t1, t2, t2 ∈ L, where ? follows from the equality
CT(Ct2

,Ct3
)(x)(x) = T(Ct2 , Ct3)(x). Thus, Tx is associative.

Tx is also monotone, since, for any t, t1, t2 ∈ L with t1 ≤ t2,

Tx(t, t1) = T(Ct, Ct1)(x) ≤ T(Ct, Ct2)(x) = Tx(t, t2).

Finally, we may set the neutral element to the constant map
1 : X → L. Then,

Tx(t, 1) = T(Ct,1)(x) = Ct(x) = t,

for all t ∈ L. Now, we have that

Φ({Tx}x∈X)(f, g)(y) = Ty(f(y), g(y))

= T(Cf(y), Cg(y))(y)

= T(f, g)(y)

for any f, g ∈ Map(X,L) and y ∈ L. Hence T is repre-
sentable.

As a particular case, we may consider a constant family
of t-norms {T}x∈X on L, where Tx = T for all x ∈ X for
certain t-norm T on L. Hence, a t-norm T on Map(X,L) is
said to be unirepresentable if T = Φ(β) for some constant
map β : X → T (L).

Corollary 9: Let L be a bounded lattice, X be an arbitrary
set and T a representable t-norm on Map(X,L). Then T is
unirepresentable if and only if, for each x ∈ X and each
f, g ∈ Map(X,L), T(Cf(x), Cg(x)) = CT(f,g)(x).

Proof: Let T be unirepresentable with β = {T}x∈X such
that Φ(β) = T. Let x ∈ X and f, g ∈ Map(X,L),

T(Cf(x), Cg(x))(y) = T (Cf(x)(y), Cg(x)(y))

= T (f(x), g(x))

= T(f, g)(x),

for all y ∈ X . Hence, T(Cf(x), Cg(x)) = CT(f,g)(x).
Conversely, as in the proof of Proposition 8, for each x ∈ X ,

we may define the t-norm Tx ∈ T (L) given by Tx(t1, t2) =

T(Ct1 , Ct2)(x) for any t1, t2 ∈ L, and T = Φ({Tx}x∈X).
Obviously, Tx = Ty for any x, y ∈ X .

As an application of Corollary 9, we may show that a
representable t-norm do not need to be unirepresentable.
Indeed, let X = {0, 1} and L = [0, 1]. Consider the drastic
t-norm on L,

TD(r, s) =

 r, if s = 1,
s, if r = 1,
0, otherwise,

and, the infimum t-norm T∧(r, s) = r ∧ s for any r, s ∈ L.
Set T0 = TD and T1 = T∧. Then the induced t-norm
T in Map(X,L) is not unirepresentable. Choose different
r, s 6= 0, 1 in [0, 1], and let Cr and Cs the constant maps
associated to r and s. Then T(Cr, Cs) : {0, 1} → L is given
by T(Cr, Cs)(0) = T0(Cr(0), Cs(0)) = TD(r, s) = 0 and
T(Cr, Cs)(1) = T1(Cr(0), Cs(0)) = T∧(r, s) = r ∧ s 6= 0.
So T(Cr, Cs) is not constant and, following Corollary 9, T is
not unirepresentable.

We provide now some properties that are inherit from the
family of t-norms by the induction process.

Proposition 10: Let L be a bounded lattice and X be an
arbitrary set. Let β = {Tx}x∈X be a family of t-norms on L
indexed in X and T = Φ(β), where Φ is defined as in (2).
Then the following statements are equivalent:
a) T is ∧-distributive (resp. ∨-distributive).
b) For every x ∈ X , Tx is ∧-distributive (resp. ∨-

distributive).
Proof: a)⇒ b). First, observe that the constant map Ct ∧

Cs = Ct∧s in Map(X,L) for any t, s ∈ L. Since T is ∧-
distributive, in particular, for any t1, t2, t3 ∈ L,

T(Ct1 , Ct2 ∧ Ct3) = T(Ct1 , Ct2) ∧T(Ct1 , Ct3).

Thus,

Tx(t1, t2 ∧ t3) = T(Ct1 , Ct2 ∧ Ct3)(x)

= T(Ct1 , Ct2)(x) ∧T(Ct1 , Ct3)(x)

= Tx(t1, t2) ∧ Tx(t1, t3)

for any x ∈ X . The converse implication is straightforward.
The distributivity with respect to ∨ can be proved analogously.

Corollary 11: If L is a totally ordered set then every
representable t-norm on Map(X,L) is ∧-distributive and ∨-
distributive.

Proof: It follows directly from Proposition 10, since
each t-norm on a totally ordered set is ∧-distributive and ∨-
distributive.

Proposition 12: Let L be a bounded lattice and X be an
arbitrary set. Let β = {Tx}x∈X be a family of t-norms on L
indexed in X and T = Φ(β), where Φ is defined as in (2).
The following statements hold.
a) A map f ∈ Map(X,L) is idempotent for T if and only

if f(x) is idempotent for Tx for any x ∈ X .
b) A map f ∈ Map(X,L) is n-nilpotent for T if and only

if f(x) is n-nilpotent for Tx for any x ∈ X .
c) If there exists x ∈ X such that f(x) is a zero divisor

for Tx, then f is a zero divisor for T.
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Proof: a) By definition, f is idempotent for T if and only
if T(f, f) = f if and only if, for any x ∈ X ,

T(f, f)(x) = Tx(f(x), f(x)) = f(x).

b) can be proved similarly. Finally, in order to prove c), if
there exists certain x0 ∈ X such that f(x0) is a nontrivial
zero divisor for Tx0 , then there exists a nonzero y0 ∈ L such
that Tx0

(f(x0), y0) = 0. We define g : X → L by g(x) = y0
if x = x0, and g(x) = 0, otherwise, then

T(f, g)(x0) = Tx0(f(x0), g(x0)) = Tx0(f(x0), y0) = 0

and

T(f, g)(x) = Tx(f(x), g(x)) = Tx(f(x), 0) = 0

if x 6= x0. So, T(f, g) = 0.

A. Application to fuzzy sets on the real unit square
The real unit square [0, 1]2 is bijective with Map(2, [0, 1]),

where 2 = {0, 1} is the two-element boolean algebra (viewed
simply as a set), via the identification which maps f ∈
Map(2, [0, 1]) to the pair (f(0), f(1)). Actually, the product
order on [0, 1]2 considered in [19] coincides via this identifi-
cation with the order induced on Map(2, [0, 1]), so they are
isomorphic as bounded lattices. Formula (1) gives in this case
the map

Φ : Map(2, T ([0, 1])) −→ T (Map(2, [0, 1])) (5)

with associates to every pair of t-norms on [0, 1], T0 and
T1, a t-norm T on [0, 1]2. Indeed, if f, g ∈ Map(2, [0, 1])
with a = f(0), b = f(1), c = g(0) and d = g(1),
then T(f, g)(0) = T0(a, c) and T(f, g)(1) = T1(b, d),
and therefore T((a, b), (c, d)) = (T0(a, c), T1(b, d)). So, the
representable t-norms on [0, 1]2 are the product of two t-
norms on [0, 1]. As a consequence, following [19, Theorem
3.1], or [9, Theorem 7.1], being representable in [0, 1]2 is
also equivalent to the fact that its partial mappings are meet-
morphisms (or, equivalently, join-morphisms).

B. Application to type-2 fuzzy sets
We recall from [28] that a type-2 fuzzy set over X is a

mapping A : X → [0, 1][0,1]. Therefore, type-2 fuzzy sets
can be seen as L-fuzzy sets for the lattice L = [0, 1][0,1] =
Map([0, 1], [0, 1]). It is of interest then to study t-norms on
Map([0, 1], [0, 1]) (see [5] or [29]). By means of the map
Φ in (2), here we provide a t-norm that cannot be obtained
by convolution as in [5], that uses the well-known Zadeh’s
extension principle.

Consider the family of Mayor-Torrens t-norms on [0, 1], see
[13], {TMT

λ }λ∈[0,1] given by

TMT
λ (x, y) =

{
max{x+ y − λ, 0}, λ ∈]0, 1], x, y ∈ [0, λ]

min{x, y}, otherwise.

Then, by using the construction in (1), we obtain the t-norm
T defined as

TMT (f, g)(x) =


max{f(x) + g(x)− x, 0},

if x ∈]0, 1], f(x), g(x) ∈ [0, x],

min{f(x), g(x)}, otherwise.

Observe that, from [5], a t-norm T constructed by convo-
lution from a t-norm T in [0, 1] must verify that, for constant
maps Ca and Cb with a, b ∈ [0, 1], T (Ca, Cb)(x) = a ∧ b
for all x ∈ [0, 1]. Nevertheless, this does not hold for TMT .
For example, set a = 0.5, b = 0.6 and x = 1. Then
TMT (C0.5, C0.6)(1) = 0.1 6= 0.5.

IV. MONOTONE FAMILIES OF T-NORMS

Let us now suppose that X is also a partially ordered set.
We may then consider the set Hom(X,L) ⊆ Map(X,L) of all
poset homomorphisms from X to L, i.e. the monotone maps
from X to L. Observe that the supremum and infimum of two
monotone maps are also monotone, and the constant maps 0
and 1 are monotone. Consequently, Hom(X,L) is a sublattice
of Map(X,L) with the usual lattice structure.

We recall that, by Lemma 1, every t-norm T on Map(X,L)
that is closed in Hom(X,L) gives a t-norm on Hom(X,L).
Let us prove that this remains valid when considering an
induced t-norm.

Proposition 13: Let L be a bounded lattice, X a partially
ordered set, β = {Tx}x∈X a family of t-norms on L indexed
in X and T = Φ(β) the induced t-norm on Map(X,L). The
following statements are equivalent.
a) The family β is monotone, that is, x ≤ y implies Tx ≤

Ty for any x, y ∈ X .
b) T is a t-norm on Hom(X,L).

Proof: a) ⇒ b). By Proposition 2, T is a t-norm on
Map(X,L), so we only need to prove that T(f, g) is a
monotone map from X to L, whenever f and g are so. Let
x, y ∈ X with x ≤ y, then f(x) ≤ f(y) and g(x) ≤ g(y).
Now,

T(f, g)(x) = Tx(f(x), g(x))

≤ Tx(f(y), g(y))

≤ Ty(f(y), g(y))

= T(f, g)(y),

so we are done.
b)⇒ a). Let x, y ∈ X with x ≤ y and t1, t2 ∈ L, then

Tx(t1, t2) = T(Ct1 , Ct2)(x) ≤ T(Ct1 , Ct2)(y) = Ty(t1, t2)

and thus Tx ≤ Ty .
Proposition 13 yields that a map β is in Hom(X, T (L))

if and only if Φ(β) is in T (Hom(X,L)). Therefore, the
restriction of Φ to Hom(X, T (L)) provides a map

Φ̄ : Hom(X, T (L)) −→ T (Hom(X,L)) (6)

Hence, the results described in this section are also valid
whenever we consider the set of monotone maps. For instance,
we may apply the theory to the class of all interval-valued
fuzzy sets.

A. Illustrative toy application

A publisher handles five scientific journals within certain
area of knowledge, say J1, J2, J3, J4 and J5. The journals are
inversely ordered by the handicap of publishing a manuscript,
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J1

J3

J2

J4

J5

T∧

T0.6

Tprod

T0.8

TD

Fig. 1: Hasse diagram of the lattices of journals and t-norms

or their quality, forming a lattice L as described by the Hasse
diagram in Figure 1 (left).

That is to say, J5 is the flagship journal whilst J1 publishes
the lowest quality papers. In this model, J2 is not comparable
with J3 and J4, meaning that either cover different aspects of
the topic, or, simply, it is not clear the order between them.

These journals share the same editorial board and the
authors submit their manuscripts through a common system.
Let us design a decision support system in order to choose
the most suitable journal (if any) for publishing the paper. For
simplicity, we assume that the manuscripts are sent to two
reviewers that provide a value in [0, 1], meaning their opinion
about it. For each journal, the intersection of both opinions are
calculated by the following t-norms: T5 = TD, the drastic t-
norm; T1 = T∧, the minimum t-norm; T2 = Tprod, the product
t-norm; T3 = T1.5 and T4 = T1.7, where

Tα(x, y) =

{
min(x, y), if x+ y ≥ α,
0, otherwise,

for any α ∈ [0, 1] and x, y ∈ [0, 1]. Then, these t-norms are
also ordered following the lattice L, see Figure 1 (right). By
Proposition 13, it is induced a t-norm T on Hom(L, [0, 1]),
i.e. the set{

(x1, x2, x3, x4, x5) ∈ [0, 1]5 | x1 ≤ x2 ≤ x5

x1 ≤ x3 ≤ x4 ≤ x5

}
.

We may now describe the algorithm for deciding the most
suitable journal of a submitted manuscript:

1) The reviewers return their opinions x, y ∈ [0, 1] about the
manuscript.

2) Compute T(/x/, /y/), where /a/ = (a, a, a, a, a) for
any a ∈ [0, 1]

3) Consider D ⊂ L, the elements corresponding to the
coordinates that are greater or equal than 0.5.

4) If D 6= ∅, consider Dmin the minimal elements of D.
Otherwise, reject the paper.

5) Return a journal J in Dmin whose associated coordinate
has the greatest value.

For instance, suppose that the reviewers return the values
x = 0.8 and y = 0.7 for a given manuscript. Hence
T(/0.8/, /0.7/) = (0.7, 0.56, 0.7, 0, 0). So that, we may
only consider the journals in D = {J1, J2, J3}. Hence,
Dmin = {J2, J3} and the output of the algorithm is J3.

Alternatively, the reviewers could also submit different
values for each manuscript following the Hasse diagram of
Figure 1. Observe that the method can be generalized to any
measurement of the evaluation of the manuscript provided by
the reviewers. For instance, they could provide not a single
value but an interval in [0, 1], hence we should consider t-
norms on interval-valued fuzzy sets, see the following section.

B. Application to interval-valued fuzzy sets

The class I of all subintervals of the unit interval [0, 1] may
be endowed with the partial order

[a, b] ≤ [c, d] if and only if a ≤ c and b ≤ d

for any interval [a, b] and [c, d]. The induced lattice structure
is then given by

[a, b] ∧ [c, d] = [a ∧ c, b ∧ d] and [a, b] ∨ [c, d] = [a ∨ c, b ∨ d]

for any [a, b] and [c, d] in I. Therefore, 0 = [0, 0] and 1 = [1, 1]
are the lowest and the greatest element, respectively. That
is, (I,∧,∨) is a bounded lattice. The literature about the
properties and related structures to this lattice is extensive,
since the set of maps X → I is the well-known class of
interval-valued fuzzy sets over the universe X .

Observe first that I is lattice-isomorphic to the lattice
Hom(2, [0, 1]), where 2 = {0, 1} is the two-element
boolean algebra, via the identification that maps any f ∈
Hom(2, [0, 1]) to the interval [f(0), f(1)] with f(0) ≤ f(1).
Or, alternatively, it corresponds to the upper triangle of the unit
square [0, 1]2, as it is explained in Figure 2. By Proposition

1

10

f(0)

f(1)

Fig. 2: A lattice-representation of I in [0, 1]2

13, a t-norm T on I is representable if and only if there exist
two t-norms T0 and T1 on [0, 1] with T0 ≤ T1 such that

T([a, b], [c, d]) = [T0(a, c), T1(b, d)]

for any [a, b], [c, d] ∈ I, see [27, Proposition 5.1]. Furthermore,
in this case, by Corollary 11, T is ∧-distributive and ∨-
distributive. Actually, we may recover the description of a
t-norm being unirepresentable given in [30], and [5] with a
slightly different notation. Namely, T is unirepresentable if
and only if there exist a t-norm T on [0, 1] such that, for
every [a, b], [c, d] ∈ I, T([a, b], [c, d]) = [T (a, c), T (b, d)].

The theory also covers the case of n-Dimensional Fuzzy Set
(nDFS). We recall from [31] that an nDFS over a universe set
X is an Ln-fuzzy set , where Ln is the set of n-dimensional
intervals, that is,

Ln = {(a1, . . . , an) ∈ [0, 1]n such that a1 ≤ · · · ≤ an}.

Now, Ln = Hom(n, [0, 1]), where n = {1, . . . , n} the chain
with n elements, using the standard order. Therefore, by
Proposition 13, a representable t-norm T on n-dimensional
intervals is constructed from n ordered t-norms on [0, 1], T1 ≤
T2 ≤ · · · ≤ Tn, by the rule T((xi)i, (yi)i) = (Ti(xi, yi))i,
which is exactly [21, Theorem 1].
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V. INDUCED NEGATIONS

The nature of the process described in the latter section
allows to explore the method for other structural maps. This
section aims then to develop the theory of induced negations.
Similar results in this sense may be found in [6], [32] for
intervals on [0, 1] and [22] for n-dimensional intervals, see
Section V-A for some details.

Let L be a bounded lattice and X an arbitrary set. Let
{Nx}x∈X be a family of negations on L indexed in X , and
σ : X −→ X a map. We may consider the map

Nσ : Map(X,L) −→ Map(X,L) (7)

given by Nσ(f)(x) = Nx(f(σ(x))) for any f ∈ Map(X,L)
and any x ∈ X .

Lemma 14: Let L be a bounded lattice, X an arbitrary set
and σ : X −→ X a map. If {Nx}x∈X is a family of negations
on L indexed in X , then the map Nσ defined in (7) is a
negation on Map(X,L).

Proof: Observe Nσ(0)(x) = Nx(0(σ(x))) = Nx(0) =
1 = 1(x), for any x ∈ X , and therefore Nσ(0) = 1.Nσ(1) =
0 can be proved similarly. Now, let f, g ∈ Map(X,L) with
f ≤ g. Then, for any x ∈ X , f(σ(x)) ≤ g(σ(x)), so
Nx(f(σ(x))) ≥ Nx(g(σ(x))). Then Nσ(f)(x) ≥ Nσ(g)(x)
for any x ∈ X . Thus Nσ(f) ≥ Nσ(g).

Analogously to those explained in Section III, we may
see a family {Nx}x∈X of negations on L as a set map
β : X → N (L), mapping each x ∈ X to Nx, and we use
both descriptions without distinction. Therefore, for any map
σ : X → X , by virtue of Lemma 14, we may consider

Ψσ : Map(X,N (L))→ N (Map(X,L))

given by Ψσ(β) = Nσ , defined as in (7). Or, by using the
powerset notation, Ψσ can be rewritten as

Ψσ : N (L)X → N (LX)

showing clearer the relation between these two sets.
Definition 15: Let X be a set, σ : X → X a map and

L a bounded lattice. A negation N on Map(X,L) is said to
be σ-representable if there exists a family β = {Nx}x∈X
of negations on L indexed in X such that Ψσ(β) = N.
Additionally, if Nx = Ny for any x, y ∈ X , N is said to
be σ-unirepresentable.

Example 16 (Representable negations and characteristic
maps): Analogously to Example 7, representable negations
act over characteristic maps very closely to the standard
negation on [0, 1]. Let X be a set, L a bounded lattice
and Y ⊆ X and χY its characteristic map. Let us suppose
that N is a σ-representable negation for some map σ with
Ψσ({Nx}x∈X) = N. Then

N(χY )(x) = Nx(χY (σ(x)))

=

{
Nx(1), if σ(x) ∈ Y
Nx(0), if σ(x) /∈ Y

=

{
0, if σ(x) ∈ Y
1, if σ(x) /∈ Y

= (1− χY ◦ σ)(x)

for any x ∈ X . So N(χY ) = 1− χY ◦ σ.

The following result shows that the property of being
representable can be characterized in terms of the constant
maps. As usual in this paper, for any a ∈ L, we denote by Ca
the constant map from X to L whose image is a.

Proposition 17: Let X be a set, σ : X → X a map
and L a bounded lattice. A negation N in Map(X,L) is σ-
representable if and only if

N(f)(x) = N(Cfσ(x))(x)

for any f ∈ Map(X,L) and any x ∈ X . As a consequence, if
N is σ-representable, then it is σ-unirepresentable if and only
if, for any a ∈ L, N(Ca) is a constant map.

Proof: Let us assume that N is σ-representable. Then
there exists a family of negations β = {Nx}x∈X in L such
that N(f)(x) = Nx(f(σ(x))) for any f ∈ Map(X,L) and
any x ∈ X . Hence

Nx(f(σ(x))) = Nx(Cfσ(x)(σ(x))) = N(Cfσ(x))(x).

Conversely, for any x ∈ X , let us define the map Nx :
L → L given by Nx(a) = N(Ca)(x) for any a ∈ L. Firstly,
observe that

Nx(0) = N(C0)(x) = N(0)(x) = 1(x) = 1, and

Nx(1) = N(C1)(x) = N(1)(x) = 0(x) = 0.

Now, if a, b ∈ L with a ≤ b, then Ca ≤ Cb and then N(Ca) ≥
N(Cb). So

Nx(a) = N(Ca)(x) ≥ N(Cb)(x) = Nx(b).

Thus β = {Nx}x∈X is a family of negations on L. Denote
Ψσ(β) by N̂ . Then, for any f ∈ Map(X,L) and any x ∈ X ,
by hypothesis,

N̂(f)(x) = Nx(fσ(x)) = N(Cfσ(x))(x) = N(f)(x).

Thus N = N̂ .
For the last statement, if N is σ-unirepresentable then

N(Ca)(x) = N(Ca(σ(x))) = N(a) for some negation N
in L, so N(Ca) is constant for any a ∈ L. Conversely, for
any a ∈ L and any x, y ∈ X , N(Ca)(x) = N(Ca)(y). Then
Nx(Ca(σ(x))) = Ny(Ca(σ(y))), so Nx(a) = Ny(a). Thus
Nx = Ny .

Theorem 18: Let X be a set, σ : X → X a map and L a
bounded lattice. Let β = {Nx}x∈X be a set of negations on
L indexed in X . Then Ψσ(β) = Nσ is an involutive negation
if and only if the following properties hold:

1) Nx ◦Nσ(x) = idL for any x ∈ X .
2) σ is involutive, that is, σ2 = idX .

Proof: Observe that, for any f ∈ Map(X,L) and x ∈ X ,

Nσ(Nσ(f))(x) = Nx(Nσ(f)(σ(x)))

= Nx ◦Nσ(x)(f(σ2(x))).
(8)

Then Nσ is an involutive negation on Map(X,L) if and only
if Nx ◦Nσ(x)(f(σ2(x))) = f(x) for any f ∈ Map(X,L) and
any x ∈ X . From (8), it is clear that, if the properties 1) and
2) hold, then Nσ is involutive.
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Conversely, let a ∈ L and Ca the constant map in
Map(X,L), then Nσ(Nσ(Ca))(x) = Ca(x) = a and, on the
other hand, by (8),

Nσ(Nσ(Ca))(x) = Nx◦Nσ(x)(Ca(σ2(x))) = Nx◦Nσ(x)(a),

so that, Nx ◦ Nσ(x) = idL. Hence, by (8), f(σ2(x)) = f(x)
for every f ∈ Map(X,L) and any x ∈ X . For every x ∈ X ,
let us then take fx : X → L defined by

fx(y) =

{
0, if y = x,
1, otherwise.

Hence fx(σ2(x)) = fx(x) = 0 and, thus σ2(x) = x.
Corollary 19: Let σ be the identity map in X , Nσ is

involutive if and only if Nx is involutive for each x ∈ X .
Example 20: Let us consider L = [0, 1] with standard lattice

structure, and the negations N0, N1, N2 : [0, 1]→ [0, 1] given
by N0(x) = 1−x, N1(x) =

√
1− x, N2(x) = 1−x2 for any

x ∈ [0, 1]. Observe that N0 is involutive, but N−11 = N2. Let
X = [0, 1] and β : X → {N0, N1, N2} the map defined by

β(x) =

 N1, if x < 1/2,
N0, if x = 1/2,
N2, if x > 1/2,

for any x ∈ [0, 1], and σ : X → X given by σ(x) = 1−x. By
Theorem 18, the induced negation Nσ in Map([0, 1], [0, 1]) is
involutive. Actually,

Nσ(f)(x) =


√

1− f(1− x), if x < 1/2,
1− f(1− x), if x = 1/2,
1− f(1− x)2, if x > 1/2,

for any f ∈ Map([0, 1], [0, 1]) and any x ∈ [0, 1]. Observe, as
well, that for a constant map Ca for some a ∈ [0, 1],

Nσ(Ca)(x) =


√

1− a, if x < 1/2,
1− a, if x = 1/2,
1− a2, if x > 1/2,

is not constant, so, by virtue of Proposition 17, Nσ is not
σ-unirepresentable, as expected.

Let us now suppose, additionally, that X has an ordered
structure. Hence, under suitable conditions, the map (7) may
provide a negation not only in Map(X,L), but also in
Hom(X,L). That is to say, we may restrict (7) to a map

Nσ : Hom(X,L) −→ Hom(X,L) (9)

Lemma 21: Let X and L be bounded lattices. If {Nx}x∈X is
a monotone family of negations on L, that is Nx ≤ Ny if x ≤
y, and σ is a decreasing map on X , then Nσ(Hom(X,L)) ⊆
Hom(X,L) and Nσ is a negation on Hom(X,L).

Proof: By Lemma 1, it suffices to prove that
Nσ(Hom(X,L)) ⊆ Hom(X,L). Let f ∈ Hom(X,L) and
x ≤ y ∈ X . So σ(x) ≥ σ(y) and f(σ(x)) ≥ f(σ(y)). Hence

Nσ(f)(x) = Nx(f(σ(x))) ≤ Nx(f(σ(y)))

≤ Ny(f(σ(y))) = Nσ(f)(y),

so Nσ(f) is an homomorphism of lattices.
As a consequence of Theorem 18, the condition of being

involutive for an induced negation on Hom(X,L) becomes
very restrictive. We shall need the following technical result.

Lemma 22: Let N1 and N2 be negations on L such that
N1 ≤ N2 and N−11 = N2, then N1 is involutive. As a
consequence, N1 = N2.

Proof: Let a ∈ L, by hypothesis, N1(a) ≤ N2(a). Then,
by applying the negation N1, (N1 ◦N1)(a) ≥ (N1 ◦N2)(a) =
a. On the other hand, N1(N1(a)) ≤ N2(N1(a)) = a. Thus
N2

1 = idL. Now, since N1 and N2 are both inverses of N1,
N1 = N2.

Corollary 23: Let X and L be bounded lattices, σ : X → X
a decreasing map and β = {Nx}x∈X a monotone family of
negations on L indexed in X . Then Ψσ(β) is an involutive
negation on Hom(X,L) if and only if

1) N0 is involutive and, for each x ∈ X , Nx = N0.
2) σ is involutive.

Consequently, a σ-representable involutive negation on
Hom(X,L) is σ-unirepresentable.

Proof: Let us denote Ψσ(β) by N. If N is an involutive
negation, by Theorem 18, N0◦Nσ(0) = idL and σ is involutive.
Since, by monotonicity, N0 ≤ Nσ(0), by Corollary 23, N0 is
involutive and N0 = Nσ(0). Now, for any x ∈ X , 0 ≤ σ(x)
and then, since σ is decreasing, x = σ2(x) ≤ σ(0). So N0 ≤
Nx = Nσ2(x) ≤ Nσ(0) = N0. Thus N0 = Nx for any x ∈ X .
The converse implication follows directly from Theorem 18.

A. Application to interval-valued fuzzy sets

We now deal with induced negations on the class all
subintervals of the unit interval I = Hom(2, [0, 1]), see Section
IV-B, where 2 is the two-element boolean algebra. We firstly
show the map described in (7) could not be a negation, if the
map σ is not decreasing.

Example 24: Let σ : 2 → 2 be the identity map, and n :
[0, 1] → [0, 1] the negation defined as n(x) = 1 − x for any
x ∈ [0, 1]. Let {N0, N1} be the family of negations on [0, 1]
indexed in 2, where N0 = N1 = n. Hence the induced map
N = Ψσ({N0, N1}) is not a negation on I. Indeed, given an
interval [a, b] ∈ I,

N([a, b]) = [N0(a), N1(b)] = [1− a, 1− b],

which need not to be an interval.
In the lattice 2 there are only three decreasing maps: the map
n defined as n(0) = 1 and n(1) = 0, which is, in addition,
an involutive negation, and the constant maps 0 and 1.

Lemma 25: Let N1 and N2 be negations on [0, 1] with N1 ≤
N2, then the maps N0,N1,Nn : I→ I defined by

N0([a, b]) = [N1(a), N2(a)],N1([a, b]) = [N1(b), N2(b)]

and Nn([a, b]) = [N1(b), N2(a)],

for any interval [a, b] ∈ I, are negations on I. Furthermore, N0

and N1 are not involutive, and Nn is involutive if and only
if N1 is involutive and N1 = N2.

Proof: It follows by applying Lemma 21 for the decreas-
ing maps 0,1 and n. The last statement follows from Corollary
23.

Let us focus now on the conditions needed by a negation N
on I for being σ-representable. Firstly, we fix some notation.
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Let [a, b] ∈ I, we denote by [a, b] and [a, b] the lower and upper
bound of the interval [a, b], that is, [a, b] = a and [a, b] = b.
Given a negation N on I we consider the maps N(1), N(2) :
[0, 1]→ [0, 1] defined by

N(1)(a) = N([a, a]) and N(2)(a) = N([a, a]).

Both maps are negations on [0,1]. Indeed, clearly, for i =
1, 2, N(i)(0) = 1 and N(i)(1) = 0, and, given a, b ∈ [0, 1]
with a ≤ b, [a, a] ≤ [b, b] and then N([a, a]) ≥ N([b, b])
so N(i)(a) ≥ N(i)(b). The point here is when and how the
negations N(i) on [0, 1] allow us to recover N.

Lemma 26: Let N : I→ I be a negation on I. Then
a) N is 0-representable if and only if N([a, a]) = N([a, 1])

for every a ∈ [0, 1].
b) N is 1-representable if and only if N([b, b]) = N([0, b])

for every b ∈ [0, 1].
c) N is n-representable if and only if N([b, b]) = N([0, b])

and N([a, a]) = N([a, 1]) for every a, b ∈ [0, 1].
Proof: By Proposition 17, N is 0-representable if and

only if N([a, b]) = N([a, a]) for any interval [a, b] in I. So
that, if N is 0-representable, then N([a, a]) = N([a, 1]) for
every a ∈ [0, 1]. Conversely, since [a, a] ≤ [a, b] ≤ [a, 1] for
any interval [a, b], then

N([a, 1]) = N([a, a]) ≥ N([a, b]) ≥ N([a, 1]).

b) and c) may be proved similarly.
As a consequence of Lemma 26, we may obtain [6, Propo-

sition 4.1].
Corollary 27: [6, Proposition 4.1] Let N : I → I be a

negation on I verifying that X ⊆ Y implies N(X) ⊆ N(Y )
for any intervals X,Y ∈ I. Then N is n-representable.

Proof: For any b ∈ [0, 1], [0, b] ≤ [b, b] so N([0, b]) ≥
N([b, b]) and then N([0, b]) ≥ N([b, b]). On the other hand,
[b, b] ⊆ [0, b] so, by hypothesis, N([b, b]) ⊆ N([0, b]) and then
N([b, b]) ≥ N([0, b]) which yields the equality. Similarly, we
may prove that N([a, a]) = N([a, 1]) for every a, b ∈ [0, 1].
Then, by Lemma 26, the result follows.

Example 28: We show an example of a negation on I which
is not σ-representable for any σ. Let N : I −→ I given by

N([a, b]) =

{
[1, 1], if a < 0.5,
[1− b, 1− b], otherwise.

This map is a negation on I. Nevertheless, by Lemma
26, N is neither 0, nor 1, nor n-representable. Observe
that N([1/2, 1/2]) = [1/2, 1/2], N([0, 1/2]) = [1, 1],
N([2/3, 2/3]) = [1/3, 1/3] and N([2/3, 1]) = [0, 0].

Finally, we may recover [32, Corollary 3.4] as a conse-
quence of Corollary 23. [32, Corollary 3.4] is written by using
intuitionistic terminology, so we need a suitable translation.
Each couple (x1, x2), as intuitionistic menbership couple (that
is, x1, x2 ∈ [0, 1], x1 +x2 ≤ 1), corresponds with the interval
[x1, 1 − x2] ⊆ [0, 1]. Conversely, each interval [a, b] ∈ I
provides the intuitionistic menbership couple [a, 1− b]. Thus,
the notation pr1(x1, x2) corresponds with [x1, 1− x2] and
pr2(x1, x2), with [x1, 1− x2].

Corollary 29: [32, Corollary 3.4] Let N : I → I be a
negation on I. N is involutive if and only if there exists

an involutive negation N1 in [0, 1] such that N([a, b]) =
[N1(b), N1(a)] for every [a, b] ∈ I.

Proof: Since the only decreasing map in 2 is n, the
statement is a direct consequence of Corollary 23.

We may apply Lemma 14 in the realm of n dimensional
intervals. Then, an ordered negation N on Ln can be con-
structed from n ordered negations N1, . . . ,Nn on [0, 1] and a
decreasing map σ : n→ n. Concretely,

N(x1, . . . , xn) = (N1(xσ(1)), . . . , Nn(xσ(n))).

Then, in this setting, Lemma 14 covers [22, Proposition 3.1]
since, in [22], it is fixed the map σ : n→ n given by σ(i) =
n+1−i for any i = 1, . . . , n. Other maps could be considered
in order to design negations in Ln. For instance, simply set
σ(i) = n + 1 − i if i 6= 2 and σ(2) = n. Unfortunately, as
commented above, the property of being involutive becomes
quite restrictive. In this case, [22, Theorem 3.3] is exactly
Corollary 23, since no different map σ can be considered.

B. Illustrative example

Related to the latter paragraph, our theory allows us to
extend [22, Proposition 3.1 and Theorem 3.3] to arbitrary
bounded lattice. For instance, let us consider X = {0, a, b, 1}
the lattice with Hasse diagram in Figure 3. Set σ : X → X

1

a b

0

Fig. 3: Hasse diagram of the lattice X

as σ(0) = 1, σ(1) = 0, σ(a) = a and σ(b) = b. Hence σ
is an involutive negation on X , and we may consider the σ-
unirepresentable negation N : L → L, where L = [0, 1]X ,
provided by the standard negation N on [0, 1]. That is,

N(x0, xa, xb, x1) = (1− x1, 1− xa, 1− xb, 1− x0).

By virtue of Corollary 23, N is an involutive negation on

L = {(x0, xa, xb, x1) ∈ [0, 1]4 with x0 ≤ xa, xb ≤ x1}.

A possible application to multi-expert decision-making is
provided in [22, Section V]. By using our theory, an interesting
problem is to develop similar reasonings whenever the lattice
under consideration is not n, the chain with n elements.
Obviously, the technical details are out of the scope of this
paper and this problem is proposed for future work.

VI. INDUCED DE MORGAN TRIPLES

We finish this paper dealing with the development of
De Morgan triples by the induction process. Let then
{(Tx, Nx)}x∈X be a family of pairs indexed in a set X , where,
for each x ∈ X , Tx is a t-norm on a bounded lattice L and
Nx is an involutive negation on L. For each x ∈ X , we may
associate a map Sx : L × L → L defined as Sx(a, b) =
Nx(Tx(Nx(a)), Nx(b))) for any a, b ∈ L. Or, equivalently,
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since Nx is involutive, Nx(Sx(a, b)) = Tx(Nx(a)), Nx(b))
for any a, b ∈ L. Obviously, Sx is the dual t-conorm of the
pair (Tx, Nx), so (Tx, Nx, Sx) is a De Morgan triple. We may
then consider the induced t-norm T and t-conorm S from the
families {Tx}x∈X and {Sx}x∈X , respectively.

Let now σ : X → X be a map such that the negation
induced from the family {Nx}x∈X , say Nσ , is involutive.
Then, by Theorem 18, Nx ◦ Nσ(x) = idL and σ2 = idX
for any x ∈ X . Moreover, since we have assumed Nx to be
involutive, hence Nx = Nσ(x) for any x ∈ X . We may then
guess if the triple (T,Nσ,S) is a De Morgan triple, as well.

Theorem 30: Let L be a bounded lattice, X an arbitrary
set, σ : X → X a map and {Dx = (Sx, Nx, Tx)}x∈X
a family of De Morgan triples on L indexed in X such
that Nσ = Ψσ({Nx}x∈X) is an involutive negation on
Map(X,L). Let T = Φ({Tx}x∈X) and S = Ξ({Sx}x∈X).
Then D = (S,Nσ,T) is a De Morgan triple on Map(X,L)
if and only if Tσ(x) = Tx or, equivalently, Sσ(x) = Sx, for
any x ∈ X .

Proof: Let us first suppose that D is a De Morgan triple
on Map(X,L). So that T(f, g) = Nσ(S(Nσ(f),Nσ(g))) for
any f, g ∈ Map(X,L). Let a, b ∈ L and, Ca and Cb the
constant maps, then T(Ca, Cb)(x) = Tx(Ca(x), Cb(x)) =
Tx(a, b) for any x ∈ X . On the other hand,

T(Ca, Cb)(x) =

= Nσ(S(Nσ(Ca),Nσ(Cb)))(x)

= Nx(S(Nσ(Ca),Nσ(Cb))(σ(x))

= Nx(Sσ(x)(N
σ(Ca)(σ(x)),Nσ(Cb)(σ(x)))

= Nx(Sσ(x)(Nσ(x)(Ca(σ2(x))), Nσ(x)(Cb(σ
2(x))))

∗
= Nσ(x)(Sσ(x)(Nσ(x)(Ca)(σ2(x)), Nσ(x)(Cb)(σ

2(x)))

= Tσ(x)(Ca(σ2(x)), Cb(σ
2(x)))

= Tσ(x)(a, b),

where ∗ is due to the equality Nσ(x) = Nx for any x ∈ X ,
since Nσ is involutive and Theorem 18 applies. Conversely,
we have to prove that Nσ(S(f, g)) = T(Nσ(f),Nσ(g))) for
any f, g ∈ Map(X,L). Let x ∈ X ,

Nσ(S(f, g))(x) = Nx(S(f, g)(σ(x)))

= Nx(Sσ(x)(f(σ(x)), g(σ(x))))

= Nσ(x)(Sσ(x)(f(σ(x)), g(σ(x)))

= Tσ(x)(Nσ(x)(f(σ(x)), Nσ(x)(g(σ(x))),

since (Sx, Nx, Tx) is a De Morgan triple. On the other hand,

T(Nσ(f),Nσ(g)))(x) =

= Tx(Nσ(f)(x),Nσ(g)(x)))
∗
= Tσ(x)(Nx(f(σ(x))), Nx(g(σ(x))))

= Tσ(x)(Nσ(x)(f(σ(x))), Nσ(x)(g(σ(x)))),

where ∗ is due to Tx = Tσ(x).
Since (Sx, Nx, Tx) is a De Morgan triple, it is clear that

Tx = Tσ(x) for any x ∈ X if and only if Sx = Sσ(x).
Finally, analogously the results proved in other sections,

Theorem 30 may be restricted to De Morgan triples on
Hom(X,L).

Corollary 31: Let L and X bounded lattice, σ : X → X a
decreasing map with σ2 = idX and {Dx = (Sx, N, Tx)}x∈X
a family of De Morgan triples on L indexed on X such that
{Tx}x∈X and {Sx}x∈X are monotone families of t-norms and
t-conorms, respectively. Then D = (T,Nσ,S) is a De Morgan
triple on Hom(X,L) if and only if Tx = Tσ(x) for any x ∈ X ,
if and only if Sx = Sσ(x) for any x ∈ X .

Example 32: Let m : [0, 1] → {m1,m2, . . . ,mn} ⊂ [0, 1]
be a map, we may refer to it as a “threshold map”, and let
τ = {Tx}x∈[0,1] be a family of t-norms on [0, 1], where

Tx(a, b) =

{
0, if a < m(x) y b < m(x),
a ∧ b, otherwise,

for any a, b ∈ [0, 1].

1

1m1m2 mi = m(x) mn
0 · · · · · ·

mi

0

a

b

Fig. 4: Representation of the image of Tx

This family induces the t-norm T on Map([0, 1], [0, 1]),

T(f, g)(x) =

{
0, if f(x), g(x) < m(x),
f(x) ∧ g(x), otherwise,

for any f, g ∈ Map([0, 1], [0, 1]) and x ∈ [0, 1]. Let now n :
[0, 1]→ [0, 1] be the involutive negation provided by n(x) =
1− x for any x ∈ [0, 1], and η = {n}x∈[0,1] a constant family
of negations and σ = id[0,1]. Hence, following Section V, the
induced involutive negation N on Map([0, 1], [0, 1]) is given
by N(f) = 1− f for any f ∈ Map([0, 1], [0, 1]).

In this conditions we may get a family of De Morgan triples
δ = {(Tx,n, Sx)}x∈[0,1], where, for any a, b ∈ [0, 1],

Sx(a, b) =

{
1, if a, b > 1−m(x),
a ∨ b, otherwise.

The corresponding induced t-conorm S is then defined as

S(f, g)(x) =

{
1, if f(x), g(x) > m(x),
f(x) ∨ g(x), otherwise,

for any f, g ∈ Map([0, 1], [0, 1]) and x ∈ [0, 1]. We find then
a triple D = (T,N,S) in Map([0, 1], [0, 1]). Actually, by
Theorem 30, since Tx = Tσ(x) for any x ∈ X , D is a De
Morgan triple on Map([0, 1], [0, 1]).

VII. CONCLUSION

We have presented a general scheme for designing set-
theoretic operations (or logical connectives) on spaces of
lattice-valued maps. Although the theory is particularized to
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t-norms, t-conorms and negations, it is feasible to apply the
induction to another operators by a similar procedure. For
instance, in this direction, it seems clear that aggregation
operators are susceptible of being treated in a future work.
Additionally, we have shown that it covers the cases of
interval-valued and type-2 fuzzy sets, nevertheless, we have
worked under quite mild assumptions so the results could be
exported to another objects. The methodology offers a great
flexibility for the design task, so we believe that it could
exploited in practical applications.
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