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Abstract

This paper presents a prognostics methodology to deal with complex degradation processes for which

condition monitoring data constitute the only available source of physical information. The proposed method-

ology is general, but here it is illustrated and tested using a case study about fatigue crack propagation in

metallic structures. The prognostics method relies on a stochastic damage model based on Markov chains,

which is embedded within a sequential state estimation framework for remaining useful life prediction and

time-dependent reliability estimation. As key contribution, the resulting prediction and updating equations

are shown to be obtained as closed-form expressions, whereby analytical equations for the remaining useful

life and time-dependent reliability are obtained as by-product. Original contributions to the model parameter

inference and the minimum required amount of data for prognostics are also provided.

Keywords: Damage prognostics, Markov chains, Sequential prediction, Time-dependent reliability,

Remaining useful life

1. Introduction1

The degradation of structures and infrastructures is a key problem with profound implications in safety2

and cost. Material degradation processes such as fatigue and corrosion become main ageing factors in many3

critical infrastructures and engineering assets such as bridges, offshore structures, and power plants. The4

onset and posterior evolution of these degradation modes is a complex and partially-understood process5

highly influenced by the uncertainty in the loadings, material properties and environmental conditions. An-6

ticipating the future stages of degradation of such critical structures and infrastructures, and moreover,7

estimating their remaining useful life (RUL) with quantified uncertainty, is a key piece of information for8

safety, maintenance cost reduction, and improved asset availability.9

Over the last decades, numerous material degradation models have been proposed in the literature for10

degradation modes such as fatigue, creep, and corrosion, and a large amount of degradation data have been11
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derived from extensive experimental programs. A thorough overview about these methods can be found in12

a number of research works such as [1–3], to cite but a few. In general, the vast majority of these modelling13

approaches are deterministic physics-based or semi-empirical formulations calibrated for a particular damage14

mode under specific laboratory testing conditions; therefore, their fit to reality becomes limited in many15

cases. In this sense, a number of stochastic degradation models have been proposed in the literature aiming16

at representing the large variability observed in real-life degradation data. Stochastic modelling approaches17

such as Lèvy processes [4] (specially the Wiener process [5] and the Gamma process [6]), Markov models [7, 8],18

autoregressive models [9, 10], and Inverse Gaussian processes [11, 12], among others, have shown efficiency in19

representing complex degradation data for different engineering applications ranging from rotating machinery20

health assessment [13] to degradation and maintenance modelling of wind power systems [14], to cite but21

any. As a general comment, the state transition probabilities and other parameters that characterise the22

stochastic nature of these models are typically derived from historical data collected from large populations23

of identical components; therefore, the resulting stochastic models are able to represent the observed damage24

process in a coherent statistical sense, but once the process has ended. This poses an important limitation25

when the interest is in accurately predicting the future stages of degradation and the remaining useful life26

of a particular component or system during service, based on its actual health state. In this context, we27

find advanced Prognostics and Health Management (PHM) methodologies of major interest here since they28

enable an in-situ assessment of the state of degradation and the estimation of RUL during the process, as29

long as condition monitoring data are collected [15]. Recent literature reviews on this topic can be found30

in [16, 17].31

In this work, an efficient computational framework is proposed for condition-based prognostics of com-32

plex degradation processes for which a physics-based model of such a degradation is seldom known in33

practice. Our assumption is that if condition data about the degraded system are available in real time, this34

information can be used to reduce the initial modelling uncertainty associated with the deterioration process35

as observed from historical data. In this context, the key contribution of this paper is a rigorous Bayesian36

prognostics framework where both sources of information, namely, a stochastic degradation model and con-37

dition monitoring data taken in an on-line fashion, are fused in a rigorous and principled way. This is carried38

out by embedding a stochastic model for damage evolution into a condition-based prognostics framework for39

sequential damage state estimation and damage prognostics [15]. This is typically known as filtering, denot-40

ing that the received condition monitoring data are processed sequentially rather than as a batch, which is41

particularly useful in very long term degradation processes such as fatigue and corrosion. For the problem of42

stochastic modelling of damage propagation, a non-stationary Markov chains damage model is adopted as43

state transition equation within the proposed filtering-based prognostics framework. This model has shown44

efficiency in representing highly scattered sequences of degradation using a reduced set of parameters due45

to a low-dimensional parameterisation proposed in [20]. Given the low dimensional and discrete state space46
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assumptions prescribed by the adopted Markov chains model, the prediction and updating recursive equa-47

tions constituting the basis for prognostics are shown to reduce to closed-form expressions. This is a relevant48

result for the PHM literature which enables a genuine real-time prognostics estimate of the degradation49

process, thus avoiding the computational complexities typically associated to prognostics algorithms such as50

particle filters [16], required when approaching non-linear non-Gaussian degradation processes. Moreover,51

closed-form expressions for the RUL and the time-dependent reliability of the system are obtained as by-52

product from the elementary sequential state prediction and updating equations. A scheme of the proposed53

methodology is depicted in Figure 1.54

The suitability and efficiency of the proposed methodology is demonstrated using a case study about55

stochastic fatigue damage evolution in metals. In particular, the Virkler’s et al. fatigue dataset [22] is56

adopted, consisting of 68 crack growth histories from 68 nominally identical center-cracked aluminium pan-57

els subjected to identical loading conditions. One arbitrary subset of these sequences of damage is used to58

fit the Markov chains model parameters (calibration dataset), while the rest is used for prognostics pur-59

poses (prognostics dataset). To rigorously estimate the minimum required amount of calibration data, a60

methodology is proposed consisting on computing the probability of the model calibrated with a particular61

subset of the data to reproduce the prognostics dataset. This probability was referred to as the prospective62

evidence of the model in [23]. The results show that the prospective evidence tends to reach an asymptote63

by increasing the size of the calibration dataset, denoting that the model has extracted enough information64

from the calibration dataset to make accurate predictions about the unobserved prognostics dataset. For the65

estimation of model parameters, a rigorous Bayesian inverse problem approach, such as the one proposed by66

Chiachío et al. in [20], can be adopted to provide plausible values of the model parameters according to the67

modelling and data uncertainties. However, for the sake of simplicity and better extensibility to practical68

scenarios, a novel and simple approach for parameter estimation is proposed herein based on minimising the69

distance between the empirical and modelled cumulative distribution functions (CDF) of damage, using a70

genetic algorithm (GA) [24] for this purpose. Once the Markov chains model is calibrated, then it is em-71

bedded within the recursive filtering equations for sequential damage state estimation and RUL prediction72

using data coming in an on-line fashion. The results demonstrate good agreement with the prognostics data73

with very low computational cost.74

The paper is organised as follows. In Section 2, the mathematical description of the Markov chains damage75

model together with the methodology for model parameter inference, are presented. The methodology for76

filtering-based prognostics is described in Section 3. Section 4 is devoted to the validation of the proposed77

methodology using experimental data. A discussion about the advantages and limitations of the proposed78

methodology is provided in Section 5. Finally, Section 6 provides concluding remarks.79
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2. Stochastic degradation modelling by Markov chains80

The degradation of structures, and in general, of physical assets, is regarded here as an irreversible81

memoryless stochastic damage process. Based on such observation, the temporal evolution of damage is82

proposed to be represented using a parameterised non-stationary Markov chains model. The reader is referred83

to [20] for specific details about this stochastic model, but for the sake of clarity and better readability, the84

key formulation is reproduced here with an uniform notation.85

2.1. Modelling assumptions and key formulation86

The following modelling assumptions are adopted to mathematically describe the temporal evolution of87

damage:88

a) Damage is represented by a nondecreasing stochastic process {xn, n 2 N} taking values in X = [0, 1] ⇢ R,89

with n being the discrete times (e.g., load cycles, hours, days, etc.) in which damage can be accumulated;90

b) Damage passes monotonically through a finite set of discrete damage states, Xi, where i 2 S =91

{0, . . . , s} ⇢ N, until the absorbing (failure) state s is reached. Each damage state Xi ⇢ X is a subin-92

terval represented by its centre x̄i
n = (2i + 1)/(2s + 2) such that pin , p(x̄i

n) , P [xn 2 Xi] > 0. Thus,93

damage at a particular time n can be represented by the probability density function (PDF) p(xn) =94

Ps
i=0 pin�(xn� x̄i

n), where � is the Dirac delta function which makes unity when xn = x̄i
n and 0 otherwise;95

c) The evolution of damage is governed by the Markov property, which states that the future of the pro-96

cess is conditionally independent of the past states, given the present [25]. In mathematical terms:97

p(x̄k
n+1|x̄i

0, . . . , x̄
j
n) = p(x̄k

n+1|x̄j
n) , pj,kn ; i, j, k 2 S. In the more general case, the transition probabilities98

may change with time, so the process is referred to as non-stationary ;99

d) During time or load cycle n, damage may only go from a certain damage state x̄i
n to the next x̄i+1

n+1 with100

probability p(x̄i+1
n+1|x̄i

n) , pi,i+1
n , and remain in the same state with a probability p(x̄i

n+1|x̄i
n) , pi,in =101

1 � pi,i+1
n . Therefore, damage is described as a cumulative process;102

Under these assumptions, the evolution of damage from time n to m > n 2 N can be modelled using103

Markov chains theory as [7]:104

pm = pn ·
m�1Y

j=n

Pj , (1)

where pn =
�
p0n, p1n, . . . , psn

�
, and {Pj}m�1

j=n is the set of probability transition matrices from time n to105

m � 1. For a certain time or load cycle n, the transition probability matrix stores in its (i + 1, j + 1)106

element the probability of transition p(x̄j
n+1|x̄i

n) , pi,jn , with i, j = 0, . . . , s, so that the whole process is107

completely defined when all possible transition probabilities are known for every time m > n. Note that108
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this model definition would imply determining the value of s · (m � n) unknown parameters to completely109

characterise the proposed Markov chains damage model. To avoid such a high dimensional inference problem110

while preserving the non-stationarity of the model, a model reduction strategy was proposed by Chiachío et111

al. in [20] consisting on introducing an artificial alteration of the time scale of the stochastic process so that112

the transition probabilities remain equal and invariant along the process. To avoid repetition of literature,113

the reader is referred to [20] for details about this methodology. Under such a transformation, Equation (1)114

rewrites as:115

pm = pn · Qg0(m/N)�g0(n) , (2)

where Q is a (s + 1) ⇥ (s + 1) bi-diagonal transition probability matrix given by116

Q =

0

BBBB@

1�p p

1�p p

. . . . . .
1�p p

1

1

CCCCA
, (3)

with p 2 [0, 1] being the probability of transition between consecutive damage states, which remain invariant117

along the process. In Equation (2), g0(n) is a nonlinear function of the time n defined as g0(n) = N ·g(n/N),118

where g : [0, 1] ! [0, 1] is the monotonic cubic Hermite interpolant [26, 27] of the set of coordinates119

{(0, 0), (✓1, ✓01) . . . , (✓j , ✓0j), . . . , (1, 1)}, with 0 < ✓j < ✓j+1 < 1, 0 < ✓0j < ✓0j+1 < 1, and N is a sufficiently120

large amount of time units after which the absorbing state is completely developed. The reduced set of121

parameters ✓ = {p, ✓1, ✓01, . . . , ✓j , ✓
0
j}, taking values in ⇥ = [0, 1]Np with Np = dim(✓), allows for a complete122

description of the non-stationary Markov chains damage model.123

2.2. Parameter estimation method124

As stated before, a complete characterisation of the Markov chains damage model introduced in Sec-125

tion 2.1 implies having the value of model parameters ✓ = {p, ✓1, ✓01, . . . , ✓j , ✓
0
j} as known. A rigorous method126

to infer such model parameters is by Bayesian updating, which provides the posterior PDF of the plausible127

values of the parameters for a given set of data [20]. Besides its rigorousness and correctness, the Bayesian128

inference method is subjected to a number of mathematical and computational complexities which may129

bound the practical scope of the proposed methodology in real life engineering applications. In this section,130

a novel and simple approach for parameter estimation is proposed based on minimising the distance between131

the empirical and modelled cumulative distribution functions of damage. To this end, we assume that a set132

of K experimental sequences of damage D = {y(1)
1:N , . . . , y(j)

1:N , . . . , y(K)
1:N } from K nominally-identical compo-133

nents or physical assets is available, where y(j)
1:N =

h
y(j)
1 , . . . , y(j)

n , . . . , y(j)
N

i
is the j-th sequence of damage134

measured at the set of times or load cycles1 TD = {1, . . . , n, . . . , N}. From this dataset, the empirical CDF135

1The same methodology applies when the data are available at non-regularly staggered times T = {n1, . . . , nk, . . . , nN}.
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of damage at a certain time n 2 TD can be obtained as:136

F (yn) =
1

K

KX

j=1

I[0,yn](y
(j)
n ) , (4)

with yn taking values in X , and I[0,yn] being an indicator function which makes unity if y(j)
n 2 [0, yn], and 0137

otherwise. Next, let F (xn|✓) be the CDF of damage at time n, given by the Markov chains damage model138

parameterised by ✓, defined as:139

F (xn|✓) =
sX

i=0

iX

j=0

pjn · �(xn � x̄i
n) . (5)

Then, a reasonable estimator of ✓ is a value ✓̂ 2 ⇥ that minimises any function C : ⇥! R of the distance140

between the CDFs (4) and (5) for every n in TD, given by [28, 29]:141

dn(✓) =

Z

X

⇣
F (yn) � F (xn|✓)

⌘2
dxn . (6)

The function C can be suitably defined as the `2-norm of the vector (d1(✓), . . . , dn(✓), . . . , dN (✓)), i.e.,142

C(✓) = k (d1(✓), . . . , dn(✓), . . . , dN (✓)) k2 , (7)

therefore the inference problem is reduced to the problem of finding ✓̂ 2 ⇥ that satisfies143

✓̂ = arg min
✓2⇥

C(✓) . (8)

The optimisation problem in Equation (8) can be computationally solved using numerical search methods144

such as gradient based methods, random search, or advanced optimisation algorithm such as genetic algo-145

rithms (GA) [24, 30], or ant/bee colony algorithms [18, 19], among others. In this work, GA are selected for146

their ability to search in large parameter spaces avoiding local minima and for their ease of implementation147

and use. Genetic algorithms assume that the potential solution of any optimization problem is an individual148

or chromosome ✓i belonging to a population  j = {✓1, . . . ,✓Npop} ⇢ ⇥, where each succeeding population149

within the sequence { 1, . . . , Ngen} forms a generation. GA then replicates the idea of natural selection150

in the sense that the stronger individuals in a population are more likely to survive and reproduce under151

several “genetic” transformations along the generations. For the GA-based optimisation problem presented152

here, the goodness of each chromosome ✓i is measured by its "fitness" value given by C(✓i). More details153

about GA optimisation are provided in Section 4 in the context of a case study.154

3. Damage prognostics and reliability155

Damage prognostics is concerned with predicting the future stages of degradation of engineering systems156

or components based on the current degree of wear or damage, and, subsequently, estimating the remaining157
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time in which the system is expected to continue performing its intended function [15]. Having defined a158

stochastic model for the evolution of damage forward in time, as given in Section 2, the next required step159

for prognostics is the sequential prediction and updating of the plausible damage states of the system as long160

as condition monitoring data are collected, referred to as filtering. In this section, a closed-form formulation161

for filtering based prognostics is shown to be obtained by embedding the Markov chains damage model162

presented in Section 2 within the recursive filtering equations for damage prediction and updating. As a163

by-product, closed-form expressions for the time-dependent reliability and the remaining useful life of the164

system are also obtained.

Calibration
data D

Markov chains
damage model
p(xn|xn�1; �)

Prediction Eq. (10)
p(xn|y1:n�1)

Measurement Eq. (13)
p(yn|xn)

Condition data (on-line)
y1:n = {y1, y2, · · · , yn}

Updating Eq. (9)
p(xn|y1:n)

Predictive Eq. (16)
p(xn+�|y1:n)

Reliability Eq. (19)
Rn+�|n

IF P (RULn � �|y1:n) = 1
Eq. (20)

Remaining useful life
RULn � �

(YES)

(NO)` = ` + 1

1

Figure 1: Schematic overview of the proposed prognostics framework

165

3.1. Sequential damage state estimation166

The goal of sequential state estimation is to obtain an updated probability-based estimation of the167

current damage state of the system every time a new measurement is received. In the Bayesian approach to168

sequential state estimation, the required output is the posterior PDF of the damage state xn conditional to169

the available data, namely p(xn|y1:n), where y1:n , {y1, y2, . . . , yn} is the sequence of damage measurements170

collected up to current time or cycle n. This posterior PDF represents the most up-to-date information171

about the damage state given by both the degradation model and the available data, and it is obtained172

by updating the prior PDF p(xn|y1:n�1) using the most recent measurement yn at current time n. This is173

achieved using Bayes’ Theorem, as174

p(xn|y1:n) =

Eq. (10)z }| {
p(xn|y1:n�1) p(yn|xn)R

X p(xn|y1:n�1)p(yn|xn)dxn
, (9)

where the PDF p(yn|xn) is the measurement equation of the system, which relates the (noisy) measurement175

yn to its corresponding damage state xn based on a particular probability model. The prior PDF p(xn|y1:n�1)176
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in Equation (9) is given by Total Probability Theorem as:177

p(xn|y1:n�1) =

Z

X
p(xn|xn�1, ✓̂) p(xn�1|y1:n�1)| {z }

Eq. (9) at n � 1

dxn�1 , (10)

where the term p(xn�1|y1:n�1) is the posterior PDF at previous time n � 1, and p(xn|xn�1, ✓̂) is the state178

transition equation prescribed by a particular model parameterised by ✓̂. The key of the proposed prognos-179

tics formulation is that p(xn|xn�1, ✓̂) is given by the Markov chains damage model introduced in Section 2180

parameterised by ✓̂, as shown further below. Note that the conditioning on ✓̂ in p(xn|xn�1, ✓̂) automat-181

ically conveys the conditioning p(xn|y1:n�1, ✓̂) and p(xn|y1:n, ✓̂) in Equations (9) and (10). However, this182

conditioning is dropped for the sake of simpler notation.183

By continually iterating between Equations (9) and (10), a sequential state estimation of the damage184

state can be obtained every time a new measurement is available. However, this recursive scheme is only185

a theoretical solution, given that the integrals in Equations (9) and (10) are analytically intractable in186

most of the cases. This typically leads to the adoption of specific stochastic simulation methods, such as187

particle filters [31], which provide a sample approximation of the posterior PDF in Equation (9) based188

on "particles" (weighted samples), while avoiding the calculation of the aforementioned integrals. These189

sampling methods are powerful, but they are subjected to well-known computational and algorithmic com-190

plexities [21, 32]. However, we note here an exception to such analytical intractability arising when the state191

space is discrete and consists of a finite number of states, as stated by hypothesis b) in Section 2. Under192

this modelling assumption, the recursive filtering equations (9) and (10) can be shown to be obtained as193

closed-form expressions, given by:194

p(xn|y1:n�1) =
sX

i=0

!i
n|n�1�(xn � x̄i

n) , (11a)

p(xn|y1:n) =
sX

i=0

!i
n|n�(xn � x̄i

n) , (11b)

where !i
n|n�1 and !i

n|n are the prediction and updating probabilities of the i-th damage state x̄i
n, respectively,195

satisfying
Ps

j=0 !j
n|n�1 =

Ps
j=0 !j

n|n = 1. By substituting Equations (11a) and (11b) into (10) and (9)196

respectively, and after some algebraic manipulation explained in Appendix A, the prediction and updating197

probabilities are obtained as:198

!i
n|n�1 =

sX

j=0

!j
n�1|n�1p(x̄i

n|x̄j
n�1) , (12a)

!i
n|n =

!i
n|n�1p(yn|x̄i

n)
Ps

j=0 !j
n|n�1p(yn|x̄j

n)
, (12b)
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where p(x̄i
n|x̄j

n�1) in Equation (12a) is the (j +1, i+1) element of the transition probability matrix Pn�1 of199

the Markov chains damage model defined in Section 2, and p(yn|x̄i
n) in Equation (12b) is the measurement200

equation particularised for damage state x̄i
n. This measurement equation can be conservatively defined201

by assuming that the discrepancy between the damage state x̄i
n and the measurement yn is a zero-mean202

Gaussian variable, i.e., yn = x̄i
n + vn, with vn ⇠ N (0, �n), which is supported by the Principle of Maximum203

Information Entropy (PMIE) [33]; therefore:204

p(yn|x̄i
n) =

1p
2⇡�n

exp

 
� (yn � x̄i

n)2

2�n
2

!
, (13)

with �n being the standard deviation of the measurement error vn.205

From this standpoint, it can be observed that the prediction and updating probabilities in Equations206

(12a) and (12b) can be analytically obtained in one single computational step. This is more easily revealed207

by rewriting those equations as follows:208

pn|n�1 = pn�1|n�1 · Pn�1 , (14a)

pn|n =
pn|n�1 · diag

�
p(yn|x̄0

n), . . . , p(yn|x̄s
n)
�

pn|n�1 · (p(yn|x̄0
n), . . . , p(yn|x̄s

n))T
, (14b)

where pn|n�1 and pn|n are the prediction and updating matrices given by pn|n�1 = (!0
n|n�1, !

1
n|n�1 . . . , !s

n|n�1)209

and pn|n = (!0
n|n, !1

n|n, . . . , !s
n|n), respectively. Note that Equations (14a) and (14b) are simple matrix mul-210

tiplications, so that by continuously iterating between them, an analytical prediction and updating of the211

damage state is sequentially obtained as long as new measurements are collected.212

3.2. Sequential reliability estimation and prognostics213

If a particular damage state ⇠ 2 X is identified as a damage threshold, interpreted here as a functional214

limit beyond which the system is no longer performing its intended functionality, a prediction of the time-215

dependent reliability at future time n + ` can be obtained as:216

Rn+`|n , P (xn+` 6 ⇠|y1:n) =

Z

X
p(xn+`|y1:n)I[xn+`6⇠]dxn+` , (15)

where p(xn+`|y1:n) is a probabilistic prediction of the future damage state `-steps forward in time given217

data up to current time n, and I[xn+`6⇠] makes unity when xn+` 6 ⇠, and 0 otherwise. By Total Probability218

Theorem, the `-step ahead predictive PDF can be obtained as:219

p(xn+`|y1:n) =

Z

X
p(xn+`|xn:n+`�1, y1:n)p(xn:n+`�1|y1:n)dxn:n+`�1

=

Z

X

"
n+Ỳ

t=n+1

p(xt|xt�1)

#
p(xn|y1:n)dxn:n+`�1 ,

(16)
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where p(xn|y1:n) is the updating PDF of the damage state at time n, and p(xt|xt�1) is the state transition220

equation representing the future evolution of the degraded system for times t > n. Replacing p(xn|y1:n) in221

Equation (16) by its discrete-state expression (Eq. (11b)), and by noting that p(xt|xt�1) is given by the222

probability transition matrices of the Markov chains damage model, a discrete state-space expression of the223

predictive PDF can be shown to be obtained as:224

p(xn+`|y1:n) =
sX

i=0

!i
n+`|n�(xn+` � x̄i

n+`) , (17)

where !i
n+`|n is the predictive probability of the i-th damage state at future time n + `, given data up to225

current time n. After some algebraic manipulation analogous to that carried out in Equation (A.2), the226

predictive probabilities can be shown to be obtained analytically as227

pn+`|n = pn|n ·
n+`�1Y

j=n

Pj , (18)

where pn+`|n = (!0
n+`|n, !1

n+`|n, . . . , !s
n+`|n). Therefore, by substituting Equation (17) in Equation (15), the228

time-dependent reliability can be straightforwardly obtained as:229

Rn+`|n =
sX

i=0

!i
n+`|nI[x̄i

n+`6⇠] , (19)

which basically consists on adding the probabilities of the states below the threshold. Finally, it is noted that230

the computation of the time-dependent reliability as given by Equation (19) implicitly conveys a probability-231

based prediction of the remaining useful life (RUL) of the degraded system [34], as:232

P (RULn 6 `|y1:n) = 1 � Rn+`|n . (20)

Therefore, sequential estimations of both the time-dependent reliability and the RUL of the system can233

be straightforwardly obtained using the proposed prognostics approach every time a new measurement is234

collected. The reader is referred to Figure 1 for a schematic overview of the proposed methodology.235

3.3. Minimum required set of data for prognostics236

A typical criticism of stochastic degradation models such as the proposed in Section 2 is that they are237

based on data, and therefore, their predictions will be hardly extensible to other datasets different from those238

used for model calibration. However, Chiachío et al. [20] showed that there exist a case specific amount of239

calibration data beyond which the model parameters do not gain significant information. This observation240

is extended here to investigate the minimum required amount of data for prognostics purposes. This is241

carried out by computing the prospective evidence [23] of the stochastic model, which provides the overall242

probability of the model to predict a set of data different to the one used for model calibration. To this end,243
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let consider a degradation model denoted by M represented by model parameters ✓, which are calibrated244

using a dataset Dk, consisting of k experimental sequences of degradation, i.e., Dk =
�
y(1)
1:N , . . . , y(k)

1:N

 
, such245

that Dk�1 ⇢ Dk. Considering an unobserved set of data D⇤, the prospective evidence of model M calibrated246

for dataset Dk is given by the conditional probability:247

p(D⇤|Dk, M) =

Z

⇥
p(D⇤|✓, Dk, M)p(✓|Dk, M)d✓ , (21)

where p(✓|Dk, M) is the posterior PDF of the model parameters according to the calibration subset Dk,248

and p(D⇤|✓, Dk, M) is the prospective likelihood function, which provides a probabilistic measure of how well249

the model specified by ✓ calibrated using Dk predicts the unobserved dataset D⇤. Both the posterior PDF250

and the prospective likelihood can be obtained using the Bayesian inference methodology explained in [20],251

so it is not repeated here.252

The evaluation of the integral in Equation (21) is not trivial except for some particular cases where253

Laplace’s method of asymptotic approximation can be used [35]. One straightforward way to approximate the254

prospective evidence that is adopted in this paper is by considering the probability integral in Equation (21)255

as a mathematical expectation of the likelihood with respect to the posterior p(✓|Dk, M). This leads to the256

direct Monte Carlo method, as follows:257

p(D⇤|Dk, M) ⇡ 1

Ts

TsX

m=1

p(D⇤|✓(m), Dk, M) , (22)

where the ✓(m) are Ts samples drawn from the posterior p(✓|Dk, M). By evaluating Equation (22) for a258

nested sequence of calibration datasets D1 ⇢ . . . Dk . . . ⇢ DK , a sequence of K values for the prospective259

evidence are obtained, so that the minimum required set of calibration data for prognostics is determined260

as the minimum k such that p(D⇤|Dk+1, M) ⇡ p(D⇤|Dk, M). Further details are provided in the following261

section in the context of a case study.262

4. Application of methodology to fatigue test data263

The proposed prognostics methodology is illustrated here using a case study about stochastic fatigue264

damage evolution in metallic materials. In particular, the Virkler’s et al. fatigue dataset [22] is adopted,265

consisting of 68 crack growth histories from 68 nominally identical center-cracked aluminium panels subjected266

to identical loading conditions. The dataset is represented in Figure 2 for illustration purposes. During the267

test, the number of loading cycles required for the tip of the crack to reach a predetermined increment of268

0.2 [mm] was recorded from an initial crack length of a0 = 9 [mm] to a final length of af = 49.8 [mm]. More269

details regarding the experimental set-up and the measurement procedure are reported in [22]. For this case270

study, the damage state at a particular load cycle n is obtained for the j-th data sequence as a normalised271

crack length denoted by y(j)
n , as follows:272
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y(j)
n =

8
>><

>>:

a(j)
n � a0

af � a0
, if a(j)

n 6 af

1, if a(j)
n > af

(23)

where a(j)
n is the crack length of the j-th specimen measured after n fatigue loads, and a0, af are the initial273

and final crack lengths, respectively, whose values are specified above.

0 0.5 1 1.5 2 2.5 3 3.5

10
5

0

10

20

30

40

50

Figure 2: Experimental sequences of fatigue crack length from Virkler’s et al. dataset [22].

274

Damage data, as given by Equation (23), are split into two disjoint subsets for model calibration and275

prognostics purposes; namely, calibration subset D, and prediction subset D⇤, respectively. As explained in276

Section 3.3, the size of the required calibration dataset is determined by sequentially computing the prospec-277

tive evidence p(D⇤|Dk, M) of the model using a calibration dataset Dk =
�
y(1)
1:N , . . . , y(k)

1:N

 
with an increasing278

number k of damage sequences. To this end, 12 out of the 68 damage sequences are randomly chosen to con-279

stitute the prediction dataset D⇤, while the 56 remaining sequences are randomly distributed into a nested280

sequence of 56 calibration datasets {D1, D2, . . . , D56} such that Dk�1 ⇢ Dk, with k = 2, . . . , 56. There-281

fore, the minimum required set of calibration data for prognostics is chosen as the minimum k such that282

p(D⇤|Dk+1, M) ⇡ p(D⇤|Dk, M). As evident from the results shown in Figure 3, the Markov chains dam-283

age model reaches an asymptotic prognostics performance after having being calibrated with the subset284

D14. In other words, the model has extracted enough information from data just by calibrating it using the285

14/56 = 25% of the available calibration dataset. The model settings adopted to obtain these results are286

specified in the next section.287
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Prospective evidence (average)

Sample realisations

Figure 3: Prospective log-evidence of the Markov chains damage model calibrated using an increasing amount of data. The

subset Dk includes the data in subset Dk�1, for k = 2, . . . , 56. The sample realisations (in gray colour) correspond to different

combinations of the calibration dataset into subsets.

4.1. Model calibration for prognostics288

The minimum required amount of calibration data D14, as explained above, are employed to infer the289

optimal values of parameters ✓̂ for the Markov chains damage model according to the methodology explained290

in Section 2.2. A model parameterisation given by ✓ = {p, ✓1, ✓01, ✓2, ✓
0
2} with a Markov chain assembly of291

s = 40 states is adopted here, which was revealed as an optimal model configuration after some initial292

trials. In addition, a modified time unit is adopted to speed up the model simulations as normal practice293

using this class of models [7], whereby 1 duty cycle in the modified time scale equals to 1000 load cycles in294

the natural scale. With these settings, the optimal model parameters ✓̂ for the calibration dataset are found295

by solving the optimisation problem in Equation (8), resulting ✓̂ = {0.661, 0.094, 0.436, 0.310, 0.716}. For296

this optimisation problem, a general purpose GA from the Optimisation Toolbox of Matlab ® is used with297

the configuration parameters specified in Table 1. In order to investigate the correctness of the parameter298

estimation, the estimated values ✓̂ are compared with those obtained using a full Bayesian inference method,299

as introduced in [20]. This is shown in Figure 5, where it is observed that the estimated values of model300

parameters lay within the region of high probability of the posterior PDF p(✓|D14). To numerically solve the301

Bayesian inference, the Metropolis-Hastings algorithm [36, 37] is applied with a multivariate Gaussian for the302

proposal PDF with identical standard deviation in each dimension. The standard deviation is appropriately303

selected through initial test runs so that the acceptance rate is within the suggested range [0.2, 0.4] [38].304

Moreover, as a proof of accuracy of the parameter estimation, the CDFs of the damage states F (xn|✓̂)305

predicted by the model parameterised by ✓̂ are compared in Figure 4 against their experimental counterpart306

F (yn), for a representative subset of times (load cycles) covering the whole process. As evident from the307
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Figure 4: Cumulative distribution functions (CDFs) of the damage state xn at several times n along the process as given by

the Markov chains model (dotted black line), in comparison with the corresponding experimental CDFs obtained from data

(solid gray line).

results, the agreement between the modelled and empirical damage states is remarkable at the considered308

times, which reveals the suitability of the proposed parameter estimation method.309

4.2. Damage prognostics and reliability310

The Markov chains model given by model parameters ✓̂ is embedded within the filtering framework311

described in Section 3.1 to obtain sequential estimations and predictions about the damage state of the312

structure. To this end, the set of particle weights {!i
n|n�1}si=0 representing the predicted state of damage313

at a particular time n � 1 are sequentially updated using Equation (12b) on the basis of a new available314

measurement at time n. This measurement is taken from the prediction dataset D⇤ (not used for model315

calibration), so as to ensure that the model is working within a proper prognostics framework. The updated316

particles are then used as input to Equation (12a) to make predictions about the future states of degradation317

in absence of new data. This process is repeated every time a new measurement is collected, as depicted in318

Figure 1.319
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Parameter Value

Population size 50

Generations 80

Prob. of crossover 0.80

Prob. of mutation 0.010

Prob. of selection 0.70

Selection method RWS [39]

Crossover method Two points [39]

Table 1: Configuration parameters for the GA-based optimisation problem in Eq. (8).

Figure 5: Posterior PDFs of model parameters obtained using Bayesian inference. The marker (red triangle) indicates the values

for ✓̂ obtained using the parameter estimation method in Section 2.2.

Results for sequential state estimation and future state predictions are shown in Figures 6a to 6c for320

a sample damage sequence taken from the prediction dataset. Observe that the damage prognostics model321

produces increasingly accurate predictions of the upcoming damage states with quantified uncertainty. This322

prediction uncertainty takes into account both the inherent uncertainty of the Markov chains model along323

with the measurement error. For this case study, the degradation process is assumed to start from the non-324

damage state, therefore p0|0 = (1, 0, . . . , 0) in Equation (14a). In regards to the measurement uncertainty,325

the standard deviation of the measurement error parameter is set to �n=0.025, (recall Eq. (13)), taking it326

as known.327

From the prediction of damage ` 2 N steps forward in time, an estimation of the future reliability associ-328

ated to the degradation process is subsequently obtained using the time-dependent reliability methodology329

explained in Section 3.2. To this end, the predicted reliability Rn+`|n is estimated for each ` > 1 as the prob-330

ability of the damage states laying below a predefined damage threshold ⇠, as defined in Equation (15). The331

results are shown in Figures 7a to 7c for selected cycles n = {20, 110, 170}⇥103. For this example, the thresh-332
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(a) Time of prediction: n = 20, 000 cycles
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(b) Time of prediction: n = 110, 000 cycles
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(c) Time of prediction: n = 170, 000 cycles

Figure 6: Sequential estimation and future prediction of damage at several prediction times n along the process. The uncertainty

of the predicted damage states is represented using dashed gray lines for the 25%-75% probability band (darker gray lines) and

the 5%-95% probability band.

old is set to ⇠ = 0.5, therefore Rn+`|n has the meaning of the probability of the predicted damage state at333

time n + ` to take values below the 50% of the absorbing (failure) damage state. In addition, according to334

Equation (20), the computation of the time-dependent reliability Rn+`|n implicitly conveys a probabilistic335

prediction of the remaining time until the degradation reaches the established damage threshold. Therefore,336

the time-dependent reliability curves shown in Figures 7a to 7c can also be read as the complementary337

of the probability P (RULn 6 `|y1:n), as depicted in the right hand vertical axes of those figures. From338

them, probability-based estimations about the RUL of the degraded structure, such as the median and the339

25%-75% percentiles, can be straightforwardly obtained every time a new measurement is collected.340

5. Discussion341

In this paper, an efficient computational and modelling framework has been presented for condition-342

based prognostics of complex degradation processes for which a physics-based degradation model is seldom343
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(c) Time of prediction: n = 170, 000 cycles

Figure 7: Time-dependent reliability updating (square markers) and future reliability prediction (dotted line) at several pre-

diction times n along the process. In the right-hand vertical axis, updated probability distribution of the remaining useful life

(RUL) of the degraded structure.

known in practice. The methodology has been exemplified using the case study presented in the previous344

section based on Virkler’s fatigue damage dataset. As a first interpretation of the results in Figure 6, the345

proposed methodology is able to accurately anticipate the evolution of the future stages of degradation with346

quantified uncertainty after an initial learning stage using limited data. This is reflected in Figures 6a to 6c,347

where the predicted evolution of damage (dotted black line) is shown to be in agreement with the upcoming348

damage data (empty squares) after assimilating a limited amount of condition monitoring data. This early349

correctness of the prognostics results can be interpreted as a consequence of having used enough amount350

of data for model calibration, which is supported by the method presented in Section 3.3. In terms of the351

prediction uncertainty, it is also observed in Figure 6 that the spread of the future damage predictions352

(represented by the 5%-95% and 25%-75% probability bands) tends to decrease as the model is sequentially353

updated with new condition data, as long as it is available.354

The referred dependence on historical data for prognostics may arguably denote a limitation of the355

proposed prognostics methodology; notwithstanding, we emphasise here that the aim of such a methodology356

is to tackle complex degradation processes, for which condition monitoring data constitute the available357
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source of physical information. In fact, this dependence on condition monitoring data suggests the type of358

engineering applications where the proposed methodology can be useful. For example, we can point out as359

potential applications structures or infrastructures subjected to periodic degradation-repair cycles, such as360

wind turbines, railway track assets, and aeronautic structures, among others, where condition monitoring361

data from past maintenance cycles can be used to make predictions about the current maintenance cycle362

according to the proposed prognostics framework. In this context, the methodology for the minimum required363

amount of calibration data presented in Section 3.3 constitutes an useful piece of information, since it enables364

a principled estimation about the amount of data, and, therefore, the minimum number of assets (e.g., the365

number of wind turbines within a wind farm) that need to be monitored to get an accurate predictive model366

for prognostics.367

Finally, in the context of the extensibility of the proposed methodology to a real-life asset management368

scenario, it can be noted as a potential benefit the possibility to incorporate repair and corrective main-369

tenance actions into the prognostics model. These could be effectively implemented by allowing non-zero370

"backward" transition probabilities in the elementary transition probability matrix of the Markov chains371

damage model; e.g., 1 < p(x̄i
n+1|x̄j

n) 6 0 with j > i, meaning that once the j-th damage state is reached,372

there is a probability different to zero to get the system to a lesser state of damage i. These repair probabil-373

ities can be inferred from maintenance data or properly defined by the modeller according to a particular374

maintenance policy. From this standpoint, infrastructure asset management activities such as optimal op-375

eration and maintenance planning can be carried out based on condition-based prognostics results, which376

constitutes an immediate next step of this research.377

6. Concluding remarks378

A condition-based prognostics methodology has been developed in this paper for complex degradation379

processes for which condition monitoring data constitute the only available source of physical informa-380

tion. The prognostics method relies on a stochastic damage model based on Markov chains calibrated using381

historical condition monitoring data, which is subsequently embedded within a filtering algorithm for se-382

quential state estimation and remaining useful life (RUL) prediction. Given the discrete and low dimensional383

state space assumptions prescribed by the Markov chains damage model, the filtering prediction and updat-384

ing equations and the subsequent RUL estimations were obtained as closed-form expressions, which makes385

this method specially suitable for applications within a real-time structural health monitoring context. The386

proposed methodology is general but in this paper it was exemplified using highly scattered fatigue damage387

data taken from the literature. The results demonstrated the efficiency and the accuracy of the proposed388

method for sequentially predicting the future stages of degradation and the remaining useful life of the389

degraded structures after a short model adaptation period using limited data. More research effort is needed390
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to exploit the full potential of the proposed prognostics methodology in the context of predictive asset391

management modelling.392
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Appendix A. Particle filter based on Markov chains400

We use Equations (11a) and (11b) for the prediction and updating equations written as functions of the

state probabilities:

p(xn|y1:n�1) =
sX

i=0

!i
n|n�1�(xn � x̄i

n) , (A.1a)

p(xn|yn) =
sX

i=0

!i
n|n�(xn � x̄i

n) . (A.1b)

From the Total Probability Theorem:401

p(xn|y1:n�1) =

Z

X
p(xn|xn�1)p(xn�1|y1:n�1)dxn�1

=

Z

X

sX

i=0

p(x̄i
n|xn�1)�(xn � x̄i

n)
sX

l=0

!l
n�1|n�1�(xn�1 � x̄l

n�1)dxn�1

=
sX

i=0

sX

l=0

p(x̄i
n|x̄l

n�1) · !l
n�1|n�1�(xn � x̄i

n)

=
sX

i=0

sX

l=0

pl,in�1 · !l
n�1|n�1�(xn � x̄i

n)

, pn�1|n�1 · Pn�1 .

(A.2)

Given Equations (A.1a) and (A.2), it follows that402

!i
n|n�1 =

sX

l=0

pl,in�1!
l
n�1|n�1 . (A.3)

From Bayes’ Theorem:403

p(xn|y1:n) =
p(xn|y1:n�1)p(yn|xn)R

X p(xn|y1:n�1)p(yn|xn)dxn

=

Ps
i=0 !i

n|n�1p(yn|xn)�(xn � x̄i
n)

Ps
i=0 !i

n|n�1p(yn|x̄i
n)

.

(A.4)
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Then given Equations (A.1b) and (A.4) we have:404

!i
n|n =

!i
n|n�1p(yn|x̄i

n)
Ps

l=0 !l
n|n�1p(yn|x̄l

n)
, (A.5)

where !i
n|n�1 was obtained at the preceding cycle n � 1 using Equation (A.3), and405

p(yn|x̄i
n) =

1p
2⇡�n

exp

 
� (yn � x̄i

n)2

2�n
2

!
, (A.6)

as explained in Section 3.1.406
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