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ABSTRACT

This thesis investigates the efficacy of advanced numerical methods for solving advection-
diffusion-reaction (ADR) problems, essential for describing transport mechanisms in fluid or
solid mediums. It encompasses a detailed study of variable stepsize, semi-implicit, backward
differentiation formula (VSSBDF') methods up to fourth order and introduces novel 3-additive
linear multistep methods, emphasizing the treatment of ADR models that are typically for-
mulated as partial differential equations. By discretizing these into systems of ordinary
differential equations for numerical analysis, this work addresses the challenges posed by stiff

terms in ADR models.

The first part of the thesis investigates the performance of VSSBDF methods of up to
fourth order for solving ADR models employing two different implicit-explicit (IMEX) split-
ting approaches: a physics-based splitting and a splitting based on a dynamic linearization
of the resulting system of ODEs , which is referred to as Jacobian splitting. We develop an
adaptive time-stepping and error control algorithm for VSSBDF methods up to fourth order
based on a step-doubling refinement technique using estimates of the local truncation er-
rors. Through a systematic comparison between physics-based and Jacobian splitting across
seven ADR test models, we evaluate the performance based on CPU times and corresponding
accuracy. Our findings demonstrate the general superiority of Jacobian splitting in several

experiments.

The second part of the thesis gives a comprehensive analysis of 3-additive linear multistep
methods, designed to separately treat diffusion, reaction, and advection components of dif-
ferential equations that model problems in science and engineering. This approach addresses
the limitations of conventional IMEX methods, which typically combine the three terms with
only two numerical methods. The stability and order of convergence of these new methods are
investigated, and their performance is compared with popular IMEX methods. The findings
reveal that the new 3-additive methods generally offer larger stability regions and superior

computational efficiency compared to the tested IMEX methods in certain cases.

Together, these studies contribute to the field of numerical analysis by offering enhanced
methods for the efficient and accurate solution of differential equations in science and engi-

neering, reflecting significant advancements in the treatment of advection-diffusion-reaction
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systems.
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CHAPTER 1

INTRODUCTION

1.1 An overview

Many important systems modeled by partial differential equations (PDEs) have natural ad-
ditive splittings according to physical contributions, e.g., advection-diffusion-reaction (ADR)
PDEs. ADR PDEs describe the movement of substances from an area of high concentration
to an area of low concentration (diffusion), the chemical transformation of a set of substances
into others (reaction), and the movement of substances from one region to another (advec-
tion). For instance, ARD PDEs are used to model air pollution [44, 66], combustion [11], the
Heston model of financial mathematics [30], tumour angiogenesis and chemo-taxis [35], heat
conduction [9, 10, 45], hemodynamics [22, 56|, blood coagulation [15, 48], cardiac arrhythmias
[19, 54], and atherosclerosis [25, 31].

ADR problems can be mathematically modeled using partial differential equations (PDEs),
which, after spatial discretization, can be represented as initial value problems (IVPs) for

systems of ordinary differential equations (ODE) in the form

(ji_}t,(t) =F(t,y), te€lt,T], (1.1a)
y(to) = yo, (1.1b)

where ¢ € R is time and the function F : R x R™ — R™ represents the right hand side (RHS)
of the ODE.

The concepts of ezistence and uniqueness are crucial in the analysis of IVPs [55]. There
are instances where IVPs may have no solutions, and if there is a solution it may not be

unique. In this work, we assume all IVPs feature a RHS that is continuous in ¢ and exhibits

1



Lipschitz continuity in y; meaning, Vt € R, y; € R™,y, € R™ 3L € R such that ||f(¢,y1) —
£(t,y2)||< L||ly1—y2|| [6], which guarantees the uniqueness of solutions to IVPs. Additionally,
the thesis assumes that the solutions to IVPs are stable, i.e., they are not sensitive to small
changes in the model parameters or initial condition. All these assumptions define a well-

posed problem [55].

Many ADR equations include nonlinear terms, and this leads to difficulties in obtaining
analytic solutions. Therefore, approximating the solution via numerical methods is often the
only feasible option. In general, popular numerical methods for solving ODEs are applied to
the large systems of ODEs that result from the spatial discretization of ADR PDEs by, e.g.,
finite difference methods, finite element methods, finite volume methods, or pseudospectral

methods [35].

A popular and effective approach to obtain a numerical solution to ADR PDEs is through
the application of an implicit-explicit (IMEX) method. In a typical version of this approach,
the diffusion and reaction terms are treated implicitly in time, and the advection terms are
treated explicitly. The idea of IMEX splitting, which was proposed as a partitioned method,
dates back to the late 1970s in [23, 32]. It was proposed as a multistep method in 1980
[20]. After that, many other classes of IMEX methods were studied. For instance, IMEX
linear multistep methods (LMMs) were derived in [7, 51] and were investigated in many
studies, e.g., [5, 21, 34, 35, 51, 58]. The stability properties of IMEX methods are often
studied on the basis of stability regions defined by using complex scalar test equations; see
2, 3,4, 7,26, 51]. Higher-order methods and those with other enhanced numerical properties
such accuracy, error analysis, monotonicity, and boundedness were studied in [35, 38, 47].

Classes of general linear IMEX methods were developed in [16, 17, 64, 65].

When splitting the RHS of IVPs according to their physical properties, this splitting
approach is known as Physics-Based Splitting (PS). Alternatively, the right-hand side of
IVPs can also be divided based on the mathematical characteristics of the problem. In this
work, we introduce Jacobian Splitting (JS) as an alternative to the physics-based approach.
This method is established by linearizing the IVP, allowing the linear and nonlinear terms
to be addressed using different numerical methods [57]. A systematic comparison between
these splitting approaches on a set of ADR models using IMEX Runge-Kutta methods was
performed in [50].



The aim of employing numerical analysis in solving [VPs is to obtain a desirable accuracy
level within a feasible time period. In any numerical method, the chosen stepsize is crucial
in striking a balance between the time needed to produce a numerical solution and its error.
A stepsize that is excessively large can lead to significant errors introduced by the numerical
method. Conversely, a stepsize that is too small may result in unnecessary computations,
rendering the process inefficient and costly. To address these issues, implementing a variable
stepsize can be more effective than using a constant stepsize. In 2008, Wang and Ruuth
proposed variable stepsize implicit-explicit linear multistep methods (VSIMEX-LMMs) for
time-dependent PDEs [59]. The authors showed the performance of the methods using steps
of variable size but not as part of an error-control algorithm. In this work, we use a family
of variable stepsize semi-implicit backward differentiation formulae (VSSBDF') up to fourth
order to solve a set of ADR problems using physics-based and Jacobian IMEX splitting. We
also introduce an algorithm for adaptive time-stepping and error control [28], in which the
local truncation error formula for the VSSBDF methods are derived as an extension of the one
proposed in [62], who only considered the VSSBDF2 method and were more focused on its
stability properties of the error controller applied to the Poisson-Nernst—Planck equations
with generalized Frumkin-Butler-Volmer boundary conditions in computing steady-state
solutions. We develop an adaptive stepping strategy that dynamically adjusts time step
sizes in response to detected changes in the system’s time scales, with the goal of ensuring
computational accuracy to within predefined tolerances. The local truncation errors for
VSSBDF methods up to the fourth order are derived, utilizing a step-doubling refinement

technique for approximation of these errors.

In this thesis, we compare the performance of Jacobian splitting with the physics-based

splitting by applying VSSBDF up to fourth order to the following set of ADR models:

e a one-dimensional advection-diffusion problem with both linear advection and linear
diffusion terms|[35].

e a one-dimensional nonlinear diffusion-reaction-advection problem[43],

e the one-dimensional CUSP problem, which is a diffusion-reaction equation that models
a combination of Zeeman’s “cusp catastrophe” and the Van der Pol oscillator with
linear diffusion and non-linear reaction|35],

e a one-dimensional theoretical model of a combustion front that consists of linear ad-



vection, linear diffusion, and non-linear reaction [11],

e one- and two-dimensional Brusselator problems, which model autocatalytic reactions
with linear both diffusion and non-linear reaction procedure [29],

e a two-dimensional heat transfer model, which model the transfer of heat in a long,

fluid-filled, cylindrical pipe [36].

When using a class of 2-additive methods for dealing with ADR PDEs, this constraint
necessitates a grouping of three physical processes into two, and could be undesirable depend-
ing on the specific problem. For example, if the reaction term is nonlinear and stiff, then
treating diffusion and reaction implicitly together may be much less desirable than treating
them separately. In the later case, the diffusion is often linear, and reaction term usually
leads to a system of uncoupled ODEs; i.e., both of these sub-problems have specialized solvers
associated with them that cannot be taken advantage of when combined. Furthermore, the
relative importance of the terms may change during a simulation, again making the choice of
an IMEX method sub-optimal. In this thesis, we investigate two classes of linear multistep

methods that treat diffusion, reaction, and advection separately, i.e., 3-additive methods.

Consider the initial-value problem (IVP) for a system of ODEs of the form

d
d—f(t) = Ut y) + 8(t,y) + £9(t,y), ¢ €[t T), (1.2a)
y(to) = yo, (1.2b)

where it is assumed that I[VP (2.2) comes from a spatial discretization of an ADR problem
and the functions f! : R x R™ — R™, (i = 1,2, and 3, and dimension m > 1), are assumed

to be sufficiently smooth.

A 3-additive numerical solution of equation (2.2) can be found by writing the exact

integration of the right-hand side from ¢, to t,.1:
tnt1
Vo4l = Yn + / (1, y (1) + £, y (1) + £¥(¢, y (1)) dt
tn

and then using quadrature to approximate the integrals of fl!!, £2 and ¥ by different
methods. For example, if the integral of the first term is approximated by backward Euler

method, the integral of the second term is approximated by trapezoidal method, and the

4



integral of the last term is approximated by forward Euler method, one can obtain the

following formula:

At
Ynt1 = ¥Yn + At f[l] (tn+17 yn+1> + 7 (f[z] (tn+17 yn+1) + f[z} (tm yn)) + At f[g} (tna yn) (13)

The formula (1.3) is an example of 3-additive numerical method.

The functions flI, f2 and ¥ correspond to the spatial discretizations of the diffusion,
reaction, and advection terms, respectively. The function fll is assumed to be a stiff term
that is to be integrated implicitly, whereas fl?! is assumed to be a nonstiff term that is to be
integrated explicitly. The function f? could be stiff or non-stiff and hence could be treated
either implicitly or explicitly, yielding Implicit-Implicit-Explicit (IIE) or Implicit-Explicit-
Explicit (IEE) methods, respectively.

In this part, we compare I[IE-LMMs and IEE-LMMs with IMEX methods, in terms of
stability and performance. We apply IMEX methods to the ODE of the form

Y gty +Ey) (14)

In chapter 3, where ITE-LMMs are compared with IMEX methods, the diffusion and reaction
terms are treated implicitly, and their discretizations are grouped together as part of g(¢,y);
the advection term is treated explicitly, and its discretization corresponds to f(¢,y). In other
words, g(t,y) = fll(t,y) + f2(t,y) and f(t,y) = fBl(¢, y).

In chapter 4, where IEE-LMMs are compared with IMEX methods, the diffusion term is
treated implicitly, and its discretization corresponds to g(¢,y); the advection and reaction
terms are treated explicitly, and their discretizations are grouped together as part of f(t,y).

In other words, g(t,y) = fll(t,y) and f(t,y) = f2(¢,y) + fBl(¢, y).

1.2 Outline of the thesis

The outline of this thesis is organized as follows:

e Chapter 1 presents a briefer introduction to additive numerical splitting methods, and
outlines the objectives and contributions of the thesis.

e Chapter 2 presents efficient VSSBDF up to the fourth order, along with error control

5



algorithms. It then utilizes these methods to compare the performance of two splitting
approaches: Physics-based Splitting and Jacobian Splitting, across a set of tested ADR
models.

Chapter 3 provides the class of k-step IIE linear multistep methods, and study the
stability analysis of ITE methods for a linear ADR PDE. The chapter also derives several
ITE methods up to fourth order, and presents some numerical experiments that verify
the convergence order and illustrate the performance of 3-additive splitting methods
compared to popular IMEX methods.

Chapter 4 provides the class of k-step IEE linear multistep methods, and study the
stability analysis of IEE methods for a linear ADR PDE. The chapter also derives
several IEE methods up to fourth order, and presents some numerical experiments
that verify the convergence order and illustrate the performance of 3-additive splitting
methods compared to popular IMEX methods.

Chapter 5 generalizes the ITE and IEE approaches to N-additive methods.

Chapter 6 contains a summary of this work and proposed future work.



CHAPTER 2

PERFORMANCE COMPARISON OF VARIABLE-STEPSIZE
IMEX SBDF METHODS ON ADVECTION-DIFFUSION-

REACTION MODELS

Consider the initial-value problems (IVPs)

i_i’(t) =F(t,y), tE€lt,T], (2.1a)
v(to) = yo, (2.1b)

where t € R is time and the function F : R x R™ — R™ represents the right-hand side (RHS)
of the ODE.

In 2-additive splitting methods, the RHS of the ODE, F| can be split in the form

F(t,y)=f(t.y) +g(ty), telto,T], (2.2a)

y(to) = o, (2.2b)

where the functions f,g : R x R™ — R™, with dimension m > 1, are considered to be
sufficiently smooth. Here f represents the non-stiff (or mildly stiff) term of the equation,
while g denotes the stiff term, which requires implicit integration. To take advantage of this
structure, 2-additive numerical splitting methods were proposed (e.g., [51, 7]). Specifically,
IMEX methods that treat g implicitly and f explicitly have proven to be of interest in many
studies [51, 7, 37, 57]. In particular, we focus our study on IMEX versions of LMMS based
on backward differentiation formulae (BDF) [51, 7, 8, 42]. These methods have proven to be
highly effective for solving differential equations [60, 59, 62, 63, 61, 33].

7



A common form of 2-additive splitting of the RHS of an IVP (i.e., to determine functions f
and g) is physics-based splitting where the terms are split based on their physical properties,
e.g., advection, diffusion, or reaction.

It is also possible to establish an alternative splitting of the form (2.2) that does not
depend on the physical properties of the problem but rather reflects the numerical properties
of the solution. In this work, we study this approach, hereafter called Jacobian splitting, as an
alternative to physics-based splitting for IVPs. Jacobian splitting is established by linearizing
an IVP so that linear and non-linear terms can be integrated by different numerical techniques

[57]. The Jacobian splitting for the problem (2.1a) is written as

‘31_-‘;' — Ty () + [F(t, y(8) — Ty (1)), (23)

where Jy is the Jacobian of F that is evaluated at a specific t and y(t), usually the beginning
of each step t,. Using the notation of (2.2), g(t,y(t)) corresponds to Jry(t), and f(¢,y(t))
corresponds to F(t,y(t)) — Jey ().

In this chapter, we compare the performance of physics-based splitting and Jacobian split-
ting on a set of seven test ADR models, using 2-additive IMEX-SBDF methods up to fourth
order with a variable stepsize. The performance of the two splitting approaches is evaluated
by comparing the CPU times for given accuracies of the SBDF methods for each model. We
also extend a previous analysis of the second-order VSSBDF scheme to develop an adaptive
stepping and error control strategy for numerical simulations. Our systematic approach al-
lows for the dynamic adjustment of time step sizes in response to detected changes in time
scales, ensuring the maintenance of computational accuracy within predefined tolerances. A
key contribution of this work is the derivation of local truncation errors for VSSBDF up to
the fourth order using a coarse-fine refinement strategy. We include details on the software

framework developed for the implementation of these numerical methods and IVPs .



2.1 General variable stepsize IMEX-LMM

Let y,, represent the approximate solution at ¢,, and let the stepsize At,;; = tyij — tnyj—1,

j=—-k+2,..., 1. The general k-step VSIMEX-LMM for ODE (2.2) takes the form

k—1 k—1 k—1
1
At T Z AjYnp—j = Zﬁjf(tn—an—j) + Z /ng(tn—an—])v (24>
nrli=—1 j=0

j=-1

where a_1,7-1 # 0, and k > 2 The variable coefficients of «;, 87, and ~; are functions of

stepsize ratios w; = Affil fori=n—k—+3,...,n+ 1. These coefficients are assumed to be

bounded and satisfy the order conditions derived in [59]. Because we are interested in the
versions of SBDF methods with variable stepsize, we present the form for these methods up

to fourth order.

VSSBDF methods

The one-step, first-order IMEX VSSBDF method can be given as

Yot1 = Yn + Atnyr (F(yn) + 8(Yns1)) - (2.5)

We refer to this method to as VSSBDF1.

The two-step, second-order IMEX VSSBDF method can be given as

Q_1Ynt1 = ao¥Yn + 1 yn—1 + Aty (Bof(yn) + Bif(yn-1) + 8(Yn+1))

where
14+2 w2
Wn+1 n+1
a1=—— a=14wuy, ag=—"—""""—"—
1+ Wn+1 I+ Wn+1
Bo=1+wny1, P1=—Wny1-

We refer to this method to as VSSBDF2.



The three-step, third-order IMEX VSSBDF method can be given as

Q_1Ynt1 = 0Yn + 01 Yn—1 + ®Yn—2 + Aty (Bof(yn) + Bi1f(Yn-1) + Bof (Yn—2) + 8(¥nt1))

where
Whn+1 WpWn+1

IT+wir 14w, (1+wesr)
oann—&-l (1 + wn—l—l)
1+ w,

9 1
Qp = —Wyyq (Wn + m ;

wpwp 1 (1 + wng1)
(1 + Wn) (1 + wyp + ann-i-l) ’
(1 + wnt1) [1 + wn (1 + wnga)]

60: 1+Wn )

51 = —Wn+1 [1 + wp, (1 + wn+1>] )

8, = W2wni1 (14 Wngt)
2 14w, ’

We refer to this method to as VSSBDF3.

0471:14—

a0:1+wn+1+

I

g =

The four-step, fourth-order IMEX VSSBDF method can be given as

A_1Ynt1 = QXYn + Q1Yp—1 + QYp_2 + Q3Y,_3+

Atpi1 (Bof(yn) + Bif(Yn-1) + Bof (Yn—2) + B3f(yn—3)) + Atpi18(Ynt1),

10



where

Wni41 WnWni1 Wp—1WpWn 41
a =1+ + + :
! 1 + Wnt1 AQ A3
wy, (14w, Wh_1A
050:1+Wn+1 |:1+%(1+ Al 2>:|7
n 1
o= —w Wrt1 twow Az + wn1
1 n+1 1 i Wit n%n+1 1 + W1 )

Ww? I+ wni é
1 )
nend 1+ Wn A2
4 3,,2
_ 1+ Wnt1 éwn—lwnwn—‘rl

oz = ,
’ 1+ wp1 Ay As

W, (1 + wpy1) (14 wnt1) (A + wn1) + el

Qg =

fo = 14w, Ay =
By = —AgAg%;:_l,

52 = wiwnﬂll—:_—w:::l 35

By = et yuon 22,

A1 = 1—|—wn,1 (1—|—wn), A2 = 1—|—wn (1+wn+1), A3 = 1+wn,1A2.

We refer to this method to as VSSBDF4.

2.2 Adaptive Time Stepping and Error Control

Unlike the constant stepsize strategy, the variable stepsize approach determines the time
stepsize of the next iteration based on the previously calculated solutions and time stepsizes.
In particular, it determines the next stepsize At,,; in (2.4) by approximating the local
truncation error (LTE) €5, ,. The target is to choose a At,,; such that €, € (tol —
range, tol + range), where tol is the tolerance giving a maximal allowable numerical error
and range = tol /5.

In this work, we used a step-doubling refinement technique to approximate the local
truncation error [62, 28]. This technique involves initially solving the problem on a coarse
grid, which provides a rough approximation of the solution. We then refine the stepsize by
a factor of two to obtain a more accurate solution on a finer grid. Specifically, the LTE is
approximated by employing a single “coarse” time step, denoted as y;_ |, and two “fine” half

time steps, resulting in yi 415 see Figures 2.1-2.2.  The formulae to approximate LTEs for

11



VSSBDF up to fourth order are derived in A and summarized in Table 2.1.

Yn—2 Yn-1 Yrar W Yot
Coarse Step @ R O At & = = _A_tn::l - — —>@®
U A
o2 Yn-1 y"’% Yn” e Yn+1
i oo & -
Fme Step 1 AL, At, iy >@ O
2 2 7
Yn-2 Kol ey
Fine Step 2 In-2 Yn—1 ". 3 y.n n;z, _______ Y
Aty Aty Aty Aty g
2 2 2 2

Figure 2.1: Step-doubling time-stepping method for the VSSBDF3 method. First, a
coarse time-step uses ¥,—2, Yn—1, and y, to compute y;, ;. After that, a fine time-step

uses yf: 19 (with y,,—1 and y,,) to create yjz 127 and another fine time-step uses yjz 12

(with y,, and y,—_1/2) to calculate nyH.

Yn—3 Yn—2 Yn-1 Yo, "y Yo+l
Coarse Step @ Atn—z. At,_; O At, ® - — - &n; =l
3 R )
Yn—2 y"‘i Yn-1 yn*% Y’ b T Yn+1
Fine Step 1 Atn—1. Aj ® Aty ® Atp4q i ®
5 2 2 2
Y _1 yn+1 F .
Fine Step 2 g Yn-1 n.z % .2: _______ K :\JJn+1
At, Aty Alpyq Atyyq
B 2 2 2

Figure 2.2: Step-doubling time-stepping method for the VSSBDF4 method. First, a

coarse time-step uses ¥,—3,Yn—2-..,¥n to compute y: ;. After that, a fine time-step

uses y£ 12 (with y,—3/2, Yn—1 and y,,) to create yi 12 and another fine time-step uses

y£+1/2 (with ¥n—1, Yn—1/2, and y,) to calculate y£+1-

We use this approximation of €, to test whether to admit the At,; or to coarsen or
refine it. If At,;; is accepted, then we can use y; ., to give better approximation of ¥,
which is y(tn1) = ypi1 — €1

The algorithm of an adaptive time-stepping k-step VSSBDF method is given in Algorithm

12



Table 2.1: The Local Truncation Errors for VSSBDF methods

Method LTE Approximation
VSSBDF1 2(y° —yf)
8(Atpi1+AL) (. ¢
VSSBDF2 —5&”;17&” (y — yf)
VSSBDF3 lﬁ(Atn)(Athrl +Atn+Atn,1)(yc—y'f)

(15 AL2+14 Atn Aty 1430 Aty Aty 11410 Aty 1 Abnp1+11A82 )

VSSBDF4 32(Atn+1 +Atn)(Atn+1 +Atn+Atn71)(Atn+l +AL + AL, +Atn72)(y6_yf) f
C1+Co

f ¢y and Oy are given in A.16 and A.17, respectively.

1. The new time stepsize is updated using the formula given in [28]:

tOl 1/(p+1)
Atn+1 < min | max (?) s NMmin | » T/max Athrla

(2.6)

where p represents the order of the method and « € (0, 1] represents a safety factor. In this

work, we choose a = 0.8, range = tol/5, Nmax = 1.3, and Ny = 0.5. These values are used

throughout this work unless specified otherwise.

Algorithm 1 Adaptive time-stepping method for a single time step of k-step VSSBDF

method

Aty 1 < next At > the initial At,, 1 is next At, computed in the previous time step

accepted < false

while not accepted do > Loop until the error is acceptable
ye 1 < TimeStep(Atyi1, Aty, ..., Aty_ji2) > Coarse step: TimeStep()
yl 1 < TimeStep(22tL, ... At"“{““m ) > Fine time step
€6 < Error(Aty 1, Aty oo, Aty ko, Yoty Yy) > Error() from Table (2.1)
accepted < (€ — tol) < range > Check if At, . is accepted

1/(p+1)
factor <— min <max (a (tgl) 77]min> 5 Umax>

7

if (accepted and |€§ — tol|> range) then > Update next At only if |ef — tol|> range
next At < At, 1 - factor > Update next At for the next time step

end if

if (not accepted) then > At, 1 is updated if error is not acceptable

Aty < Aty - factor
end if
end while

c c
Ynt+1 < Ypy1 — €

13



2.3 Description of the software

All the numerical methods and IVPs have been implemented in software framework using
the C++ programming language. The software framework includes several subclasses to
represent the IVP models, a class to implement the VSSBDF solvers, and a driver program
to perform all numerical experiments.

The driver program instantiates the different classes and calls the methods of the corre-
sponding objects to run the experiments associated with a given IVP model and generate the
numerical errors for both splitting approaches, the execution times, and the solutions at the
final simulation times. In the driver program, the initialization of the intermediate pre-steps
(from the initial conditions), which are necessary to start a particular VSSDF method, are
performed by using the fourth-order explicit Runge-Kutta method with a small stepsize.

The underlying code will be publicly accessible as a GitHub repository with support that

allows its easy and efficient installation on platforms running Linux.

2.3.1 Implementation of the IVP models

The IVPs representing the different mathematical models are implemented using a class
hierarchy. In order to avoid redundancy, each IVP is defined as a subclass of a C++ abstract
class called IVP_ODE (see figure 2.3). Class IVP_ODE defines the virtual functions to be
implemented in the subclasses as well as functions which are common to all the IVPs (to
compute F(¢,y) in (2.2a) from f(¢,y) and g(¢,y), to get the number of ODEs, to initialize

the sparse matrices, etc.).

1 1 1 1 1 I 1

Figure 2.3: Class hierarchy for the IVPs

Each subclass defines the functions that are specific of each particular IVP model:
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e A function to compute the initial conditions y (o).
e The functions required to compute the functions f(¢,y) and g(t,y) (see 2.2a).

e The functions to compute the Jacobian matrix of g and F (see 2.2a).

In the current implementation, the sparse Jacobian matrices that are needed for each
splitting approach are computed analytically by defining a specific function that depends on
the particular IVP. However, we are working on defining an alternative generic function to
approximate numerically the sparse Jacobian matrix without the need to explicitly program
the function for each IVP model. This generic function would analyze the sparsity pattern

of the Jacobian as a preliminary step in the computation.

2.3.2 Implementation of the VSSBDF solvers

We have defined a specific C++ class to implement the VSSBDF solvers with support
for orders 1 to 4. The solvers apply adaptive time-stepping techniques to optimize the
computational process where the accuracy is ensured by error checking (see section 2.2). The

following public functions are highlighted in this class:

e Time_Step function describes the computations necessary to perform a time step of

a kth-order SBDF method. This function has an argument which is a pointer to a
IVP_ODE object and uses a specific argument to choose between physics-based and
Jacobian-based splitting approaches.
This function uses functions of LIS (Library of Iterative Solvers) [46, 39] to perform
certain operations with sparse matrices and iteratively solve linear systems. The func-
tion also calls functions of an implementation of the Basic Linear Algebra Subprograms
(BLAS) library [13] called openblas to perform various vector operations. A modified
Newton iteration method is used to solve the nonlinear system (see (2.4)) at each time
step. To solve the sparse linear systems that arise, we have used the Flexible GMRES
(FGMRES) method [52] using the ILUT preconditioner [53] because we have obtained
good performance with these choices for the LIS iterative solver function.

e Variable_Time_Step function implements one coarse time step and two fine time
steps followed by the approximation of the local truncation error (see Algorithm 1).

e Adaptive_dt_SBDF Integrate implements the entire Algorithm 1.
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2.4 Test suite of problems

In this section, we present seven ADR models that are widely used in the fields of physics

and engineering.

2.4.1 One-Dimensional Advection-Diffusion

The one-dimensional advection-diffusion model is used to describe the transport of a quantity
inside a physical system due to both advection and diffusion processes. Here, we consider
a one-dimensional advection-diffusion equation with constant coefficients. The advection-

diffusion equation for a quantity y is written

2
oy, Oy _ P

ot Ox Ox?’
y(0,z) = sin(27x),

y(tv O) = y(tv 1)a

(2.7)

where € [0,1], and ¢ € [0,1]. a € R and d € R are constant scalars representing the
strength of advection and diffusion, respectively. For the simulations presented here we used
a = {1,10} and d = {1,10}. The spatial domain is uniformly divided into N sub-intervals
with a uniform spacing mesh Az = 1/N; using a second-order centered finite difference

method, the system of ordinary differential equations (ODEs) can be written as follows:

dy; Yir1 — 2Yi + Yi1 Yit1 — Yi-1
=d — o 9 2.
dt < (Ax)? “\Tar ) (28)

where ¢ = 1,2,..., N. Since the boundary conditions are periodic, we impose yo(t) = yn(t)

and yn-1(t) = yi(t).
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2.4.2 One-Dimensional Advection-Diffusion-Reaction Model

We consider the nonlinear ADR model [43]

U + auty = dug, +u+ f(z,t),
u(z,0) = sin(27x), (2.9)

u(0,t) = u(1,1),

where
f(z,t) = cos (2mx + t) + 2amsin (2mx + t) cos (2mx + t) + 4dn? sin (272 + t) — sin 27z + 1)

has been chosen such that (3.24) has the exact solution u(x,t) = sin(27z + t). The scalar
coefficients a and d represent the strength of advection and diffusion terms, respectively. We
study this model in two cases: a = 10,d = 1 and a = 100,d = 10, ¢t € [0,1] and z € [0, 1].
One can rewrite equation (3.24) as u; + (“72)96 = Uze +u + f(x,t). The spatial domain is
uniformly discretized into N points with spacing Az = 1/N; a second-order centered finite

discretization for advection and diffusion terms provides a system of ODEs written as

du; uiy —ui Uir1 — 2U; + Ui—q
=—| - : : L i Az, t 2.1
> ( e )+( (Ao >+u+f(z z,t), (2.10)

where 2 =1,2,..., N.

2.4.3 Combustion models

Combustion models are examples of advection-diffusion-reaction equations that model the
conservation of energy, mass, and momentum [24].
In this work, we consider a simple form for combustion model [12], where a combustion

reaction is represented by a single PDE. The simplified model can be given as

g—i - [1 + Uy sin (%)] (VS—; - %) + f(o), (2.11)

where z € [10, 50], ¢ represents the mass fraction of the reacted products, f(c) is the reaction

model, the parameter Uy € [0, 1] is utilized to regulate changes in the density and velocity
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within the fluid domain, where L denotes the length scale of the domain. The parameters
and [ represent the average diffusivity. Building on the numerical experiments in [12], the
model has been solved for Uy € {0,0.75,0.99} and for the Fisher—-Kolmogorov—Petrovskii—
Piskunov (FKPP), ignition, and general order-m Fisher reaction models. The three reaction

terms are given, respectively, as

fFKPP(C) = 0410(1 - C),
fignition(c) = Oéz(l - C)(C - Cs)+7

fFisher(c) - a3cm(1 - C),

where oy, ag, and ag represent the rates of reaction, ¢, is a reaction threshold, ()T =
max(0, -), and m represents the general Fisher non-linearity [12]. The relation max(f(c)) =
e, given by [12], is used to calculate the values of ay and as, so that each of the three

reaction types has a roughly equivalent magnitude. The calculations are written as follows:

, B s 1 B o ‘
fignition(c) =0 = c= 5 — Q2 = (1—c,)?’
m Qo

fFlsher( ) m -+ 1 3 4(mT_n~_1)m(1 _ mril)

Boundary conditions are periodic. The initial condition of the system is given as

=)

c(x,0) = exp [—
g0

The spatial domain of this model is uniformly discretized into N subintervals, yielding the

ODEs

de; . [(iTA
¢ = |:1 + Uo S (”T l’)} [ 8 (Cz;l + ¢ + Ci+1) + (Ci+1 — Cifl)

1
dt L (Az)? 2Ax

+ f(ci)v
where @ = 1,2,..., N, the boundary conditions are applied as ¢o(t) = cn(t) and cyy1(t) =

c1(t), and initial condition are applied as ¢;(0) = exp[—(z — x;)?/00]. This experiment uses

parameters L =1, a; = 0.1, v = 0.1, ¢; = 0.6, m = 10, and o = 10.
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2.4.4 The CUSP Model

The CUSP model is a combination of Zeeman’s CUSP catastrophe model and the van der
Pol oscillator model [28], resulting three coupled diffusion-reaction equations PDEs with
linear (non-coupled) diffusion and non-linear reactions. The CUSP model is defined over the

domain x € [0,1] and is defined as

dy - Py 1 3

5 = g2~ LW tay+d),

da D%a 0.07(y — 0.7)(y — 1.3)

o o T o= 18 101 (212)
b 0.035(y — 0.7)(y — 1.3)

D e Ll —ab—a—04

gt~ oz TIma)bma=0dyt e T S o

where o represents the diffusivity and the parameter € is used to control the stiffness of
the reaction. It can be noted that the reaction term in y becomes more stiff as € goes to
zero. These PDEs are uniformly discretized into N grid points using second-order centred

differences. They can be represented by the following system of ODEs:

dy; Vi1 — 2Yi + Yin1 1

= — =W iYi + bi),
o 0( (Ar)? - (Y7 + aiy; + bi)
dai ;1 — 2@1‘ -+ A1 OO?(yZ — 07) (yz — 13)
e o bz )

(Az)? (i — 0.7)(y; —1.3) + 0.1
- L — 2+ by 035(y; — 0.7)(y; — 1.

d_bl :O_(bl 1 bz+bl+1) +<1—a2)bz—az_04 ; 0035(?/1 07)(?/1 3)

dt (Az)? ’ (y; — 0.7)(y; — 1.3) + 0.1’
where : = 1,2,..., N and Az = 1/N?. The boundary conditions are periodic and given as
Yo(t) = yn(t), ao(t) = an(?), by (t) = ba(t),
yn+1(t) = (1), an+1(t) = ai(t), by (t) = bi (D).

Initial conditions are given as

y;(0) =0,  a;(0) = —2cos (22%) , bi(0) = 2sin (2%) :

The CUSP problem has been run for 32 spatial grid points, producing a system of ODEs

with 96 unknowns. In this experiment, o = 1/144, ¢ = 10~*, and the final simulation time
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= 1.1.

2.4.5 1D The Brusselator

The Brusselator system, a type of reaction-diffusion equation, was developed by the Brussels
School [40]. This system is specifically designed to analyze the behaviors of chemical sys-
tems that exhibit non-linear oscillation, as detailed in [35]. This model is characterized by
two coupled diffusion-reaction equations, featuring linear diffusion coupled with non-linear

reaction dynamics. They are written as

Qu =aViu+ A+ u*v— (B + 1)y,
gz (2.13)
ETi aV*v + Bu — u?v,

where A and B are parameters controlling the reaction terms and « represents the diffusivity.
In this example, we consider the one-dimensional Brusselator model. If B > 1 + A2, the

solution is oscillatory; otherwise, it approaches an equilibrium over time.

o)

The spatial domain is given by = € [0,1] and V simplifies to 5-. Prescribed initial and

Dirichlet boundary conditions are written as

u(0,t) = u(l,t) =1, v(0,t) = v(1,t) = 3,

u(z,0) =1+ sin(2nx), v(z,0) = 3.

Applying a uniform second-order centered differences with N unknown grid points, the

one-dimensional Brusselator equation takes the form

(i{iquz =a(N +1)*(ui_1 — 2u; + uiq) + A+ uiv; — (B + uy,
C(lﬁl = a(N 4+ 1)*(vi_1 — 2v; + vi41) + Bu; — uiv;,

where 1 = 1,2,..., N. The initial and boundary conditions are written as
uo(t) = uni1(t) =1, vo(t) = vys1(t) = 3,
u;(0) = 1+ sin (NQZ—Zl) : v;(0) = 3.
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In this experiment, A =1, B =3, and « € {1/50,1/500},

2.4.6 2D Brusselator

The two-dimensional form of the Brusselator model closely resembles its one-dimensional
counterpart, but it includes an extra forcing (reaction) term, denoted as f, which influences
u. In the context of the 2D model, the parameters are chosen as follows: A =1, B = 3.4, with
a varying between 1/50,1/500, and both z and y ranging from [0, 1]. The initial conditions

are defined as
u(z,y,0) =22y(1 —y)*?,  v(z,y,0) = 27z(1 — 2)*/2,

and the boundary conditions are considered to be periodic. The Brusselator model is dis-
cretized uniformly into a grid of N x N points, employing second-order centered differences.

The model with N x N unknown grid points is described accordingly.

dui i

d_td = aN? (i 51+ Uim1i — 4w+ Uiprg + wign) + fig(8) + A+ uf v — (B+ Dugy,
d?JZ' i

d_tJ = aN? (Vi1 + Vi1 — 405 + Vi1 + Viger) + Buij — i,

where 1 =1,2,...,N, j=1,2,..., N, and the forcing term f; ;(¢) is written

5 if (z; —0.3)2 + (y; — 0.5)2 < 0.1% and t > 1.1,
fi(t) =

0 otherwise,

where z; = iAz and y; = jAy. This yields to system of ODEs of size 2N2. The initial

conditions on the discretized grid are given by

UZ‘J(O) = 22%(1 — yj)3/27 ’Uz"j(O) = 2713,](1 — (L’i)g/2.

2.4.7 Two-Dimensional Heat Transfer Model

A heat transfer model in a long, fluid-filled, cylindrical pipe characterized by a predefined
velocity distribution is presented in [36]. This model is a two-dimensional linear advection-

diffusion PDE. The heat transfer models is commonly used in the application of mechanical
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engineering. In this model, heat transfer along the pipe by moving with the fluid (advection)
and spreading out (diffusion). Initially, the inside of the pipe is set to a steady, cooler
temperature. The heat entering the pipe is higher, and while we know how easily the pipe’s
walls can transfer heat, the model aims to find out what the temperature will be at the end

of the pipe after a certain amount of time.

The pipe is characterized by a length [ and a diameter (height) h. It is oriented along the
z-direction, setting the domain to x € [0,] and y € [0, h]. The PDE for the temperature T,

along with its initial and boundary conditions, is defined as follows.

orT

— =dV?*T —u- VT,

ot
oT oT
il -2 — 2.14
8y (t7x’0) 8y <t7'x7h) O-’ ( )

T(t,0,y)=Tn, T(0,z,y) =T,

where d is the diffusivity of heat, u represents the flow velocity within the pipe, Ti, is the
input temperature, Tj represents the pipe’s initial temperature, and o describes the heat
transfer through the pipe wall. Note that boundary condition at x = [ is considered as part

of the solution as no prescribed information is given at that border.

The fluid moves along the length of the pipe, implying that there is no movement in the
y-direction and that the movement in the z-direction varies according to the distance to the

pipe wall. The fluid’s velocity, denoted as u, is determined by the average velocity ua.e as

2
3

0

4.806x10~ 8 xh?

where Uavg = 12x8.9x10—4 ~

Equation (2.14) is discretized uniformly on a two-dimensional grid, where the mesh points
being divided into IV, points in the z-direction and N, points in the y-direction. These points
are located at the center-right within each cell. By employing second-order centered differ-
ences for the second derivatives and first-order backward differences for the first derivatives,

we obtain a discretized system that can be described as follows:
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dT;; — Tioy— 2T+ Tigay " Tij1—2T;+T; 511
dt (Az)? (Ay)?

N )

where i =1,2,...,N,, j=1,2,...,N,, Az = Lx and Ay = Niy The boundary values are,

Tij —Ti1
Ax

therefore, written

To;(t) = Tin(t), Tio(t) = Tia(t) = (Ay)o, Tina(t) = Tin(t) = (Ay)o.

The heat transfer problem is evaluated with three sets of spacial grid points: 70x10, 140x20,
and 210x30. The problem parameters are chosen such that d = 1.38 x 1077, Ty = 298.15,
Ty = 303.15, and 0 = 0. The experiment is run with the final simulation time ¢y = 10 and

over the spacial domain [0,0.1] x [0,0.7].
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2.5 Verification of the models

This section discusses the verification of the numerical simulations, integral to ensure the
accuracy and reliability of computational models. As part of the verification, solution for
each of the numerical experiments are presented graphically and compared with the graphs
of reference solutions showing that the models are consistent with physical reality.

The solution plots for the one-dimensional advection diffusion problem defined by (2.7)
using 200 points is presented in Figure 2.4. It can be evident that the initial condition is set
as a harmonic wave. Observe how the advection process shifts the wave, while the diffusion

process make it a smoother appearance.

= === time=0.0 time=0.05 time=0.03 time=0.01

time=0.1 time=0.04 time=0.02

Figure 2.4: Solution plots for the linear advection-diffusion equation defined by (2.7),
spatially discretized using 200 points

Solution plots for the one-dimensional advection diffusion reaction problem defined by

(3.24) using 200 discretized points is presented in the Figure 2.5. This numerical solution
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matches the exact solution u(z,t) = sin(2wz +t). It can be evident that the initial condition
is set as a harmonic wave. Observe how the advection process shifts the wave, while the

diffusion process make it a smoother appearance.

1.5 T T . .

0.5 /A

X

Figure 2.5: Solution plots for the linear advection-diffusion equation defined by 3.24,
spatially discretized using 200 points at ¢t = 1

The solution plots for the combustion model defined by 2.11 are presented in figure 2.6;
The model was solved over a combination of parameters and reaction types. These graphs

match the results of the numerical experiment in [11].

The solution plot for the CUSP model defined by 2.12 is presented in Figure 2.7. This

plot matches results in [29]

Figure 2.9 shows the solution plots of the two-dimensional Brusselator problem defined

by (2.13), which matches results in [49].
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Ignition

FKPP

c(x,t)

c(x,t)

U=0.75 _p_uﬂzo.gg‘

Figure 2.6: Solution plots for the combustion equations defined by (2.11), using 500

discretized points after a transient of ¢t = 15.

Figure 2.7: Solution plot for the CUSP model defined by 2.12, spatially discretized
using 32 points.
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Figure 2.8: Solution plot for the one-dimensional Brusselator model defined by 2.13,
using 200 discretized points.
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Figure 2.9: Solution plot for the two-dimensional Brusselator model defined by 2.13,
using 60 x 60 discretized points and o = 0.01. The function u(z,y,t) is given by the
red surface and the function v(x,y,t) is given by the blue surface

The solution plots for the 2D heat transfer model defined by (2.14) is presented Fig-
ure 2.10. It can be noted that heat moves along the pipe in the shape of the velocity profile
as anticipated. The plots match the results in [49], and they were verified by ODE15s Matlab

function.
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Figure 2.10: Solution plot for the two-dimensional heat model defined by 2.14, using

70210 discretized points.
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2.6 Performance results and discussion of numerical

experiments

This section shows the performance results obtained when the implementations of the IMEX-
VSSBDF methods are applied to the seven problems defined in section 2.4. The results are
given in terms of work-precision diagrams. In the physics-based splitting (PS) experiments,
we treat the diffusion term implicitly and other terms explicitly. The Jacobian-based splitting
(JS) is performed according to (2.3). In the numerical experiments, the runtimes reported
are the minimum of three runs, and the accuracy data reported are the Lg-norms of the
errors computed by comparing the numerical solutions against the reference solutions at the
end of the time interval. The reference solutions have been generated using the fourth-order
explicit Runge-Kutta Method (RK4) with a constant stepsize of le—8. The retirements are

performed with tolerances range from 1072 to 107",

1D advection-diffusion Model

The one-dimensional advection-diffusion model described in Section 2.4 is evaluated for vary-
ing levels of diffusivity and strength of the advection term, using N = 100 over the time in-
terval [0, 1]. In these experiments, the parameters of Algorithm 1 are chosen to be: 9,4, = 5
and 7N = 0.2. The work-precision plots are shown in Figure 2.11. It can be seen that
the Jacobian-based splitting generally have better performance comparing with the physics-
based splitting at a given order, especially when the strength of the advection and diffusion

is increased.
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Figure 2.11: CPU time versus accuracy of IMEX-VSSBDF methods applied to 1D

advection-diffusion model.

1D Advection-Diffusion-Reaction Model

The one-dimensional advection-diffusion-reaction model described in Section 2.4 is evaluated

for different levels of diffusivity and strength of the advection term. The experiments are

run over the time interval [0, 1] for N = 100. The work-precision plots are shown in Figure

2.12. It can be seen that the Jacobian-based splitting for the VSSBDF4 method generally

outperforms all other methods. In addition, the VSSBDF3 solver with the Jacobian-based
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splitting generally provides better performance than the rest of solvers, especially for the case

of a = 100 and d = 10.
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Figure 2.12: CPU time versus accuracy of IMEX-VSSBDF methods applied to 1D
advection-diffusion-reaction model.

Combustion Model

The combustion model was simulated for the three types of reaction models, the FKPP,
ignition, and Fisher models, for a grid size N = 500 and U, € {0,0.75,0.99}. The work-
precision plots are given in Figure 2.13. It can be noted that when the combustion model
is tested with the FKPP or Fisher reactions, the benefits of the Jacobian splitting are more
evident than when the ignition reaction is used. For example, the VSSBDF3 solver using
the Jacobian splitting outperforms its counterpart methods using the physics-based splitting,
and the VSSBDF2 and VBSDF4 solvers with the Jacobian splitting perform comparably with
physics-based splitting for the counterpart methods.

CUSP Model

The CUSP model defined in section 2.4 is run with N = 32 and the final simulation time
t; = 1.1. In this experiment, the parameter of Algorithm 1 are chosen to be: 7., = 5 and

Nmin = 0.2. The work-precision plots are presented in Figure 2.14.
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Figure 2.13: CPU time versus accuracy of IMEX-VSSBDF methods applied to the

set of one-dimensional combustion problems.
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The results show that VSSBDF methods using Jacobian splitting take less CPU time for

a given tolerance than physics-based splitting and are thus more efficient.
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Figure 2.14: CPU time versus accuracy of IMEX-VSSBDF methods applied to CUSP
model.

1D Brusselator Model

The additive splitting methods were tested over the one-dimensional Brusselator model pre-
sented in section 2.4. The one-dimensional model is run with N € {200,400} and the
final simulation time ¢; = 5. In these experiments, the variable time step is calculated for
range = tol/3, Nmax = 5, and Ny, = 0.2. The work-precision plots are shown in Figure 2.15.
The results show that there is no noticeable difference between the type of splitting for the
second- and third-order methods. The Jacobian splitting for first- and fourth-order methods
always takes more CPU time than physics-based splitting to obtain a similar accuracy. The
performance improvement when using physics-based splitting is particularly noticeable in the

case of first-order methods for the case a = 1/50.
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Figure 2.15: CPU time versus accuracy of IMEX-VSSBDF methods applied to one-
dimensional Brusselator model.

2D Brusselator Model

The two-dimensional Brusselator model was evaluated using grid sizes of N = 10 and N = 20
and a final time of ¢y = 1. The results of these simulations are depicted in work-precision
plots in Figure 2.16. Analysis of these results reveals that for the methods of third and
fourth order, the choice of splitting technique —whether physics-based or Jacobian— does

not markedly impact the performance. Interestingly, for first-order methods, simulations
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employing physical splitting techniques outperform those using Jacobian-based splitting.
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Figure 2.16: CPU time versus accuracy of IMEX-VSSBDF methods applied to two-

dimensional Brusselator model.

2D Heat model

The two-dimensional heat transfer model is evaluated on three sets of grids: 70 x10, 140

x 20, and 210 x 30, and with the final time ¢f;,, = 10. In this experiment, the variable
= 0.2. The work-

time step is calculated provided range = tol/3, Nmax = 5, and Nin

precision plots for the three cases are presented in Figure 2.17. In general, the Jacobian
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splitting for the second, third and fourth methods is generally more accurate than the physic-
based splitting. Remarkably, for first-order methods experiments, the physics-based splitting

approach outshine the one using Jacobian-based splitting in terms of accuracy and run time.
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Figure 2.17: CPU time versus accuracy of IMEX-VSSBDF methods applied to two-

dimensional heat model.
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CHAPTER 3

k-STEP IIE LINEAR MULTISTEP METHODS.

In this chapter, we introduce efficient 3-additive splitting method for solving ADR prob-
lems. These methods treat the diffusion and reaction terms implicitly, while handling the
advection term explicitly. To align more closely with this approach, we will adjust the abbrevi-
ation ADR model to a DRA (diffusion-reaction-advection) in chapters 3 and 4. Additionally,

we present a stability analysis and discuss the numerical performance of the derived methods.

3.1 k-step IIE linear multistep methods

In this section, we derive k-step IIE methods for the IVP (2.2), k£ > 1. Let y,, represent the
approximate solution at ¢, = to + nAt, where At is the discretization step size. Then, the

ITE linear multistep method with & steps can be defined by

k-1 k—1 k—1
1 1 1 2
Ayttt A Zajyn—j = Z bﬁ 0t g ynoy) + Z bﬁ (1, yus)

j=0 j=—1 j=-1

k-1
3
+ Z bg ]f[3](tn—j) Yn—j)v (31>

§=0
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where we assume that b[ﬂ, b[f]l # 0. Expanding (3.1) in Taylor series about ¢,, to obtain the

truncation error yields

1 k1 At)P~1 =
N l1+ ] (tn) + !1 Zjag] ) oo b (p))! {H (J)paj] y (tn) =

7=0 Jj=1
k—1 I (1] p—1 | k-1 1 qr-1¢00
(1] ¢[1] g oy | df (A [1] -t | F
PR Zyb T IR ey b_1+;< 2N =i
k—1 i k—1 2] A p—1 [ k—1 i dp_lf[g]
2] ¢[2] 2 2 | a (A?) 2 A p—1,[2]
j:—lb] f(y(tn))+At b5 — ; o » o1 b,1+j:1( D -
il -t (3] Ap)p—1 L dr—1¢13]
3113 A 31 df ) -1l A
_Ob] (y(tn)) tz_jl b . LT '_1( b g Y O((At)P)
J= J J=
(3.2)
Using (2.2) in the truncation error (3.2) leads to the order conditions
k—1
1 + Z aj = 0,
j=0
k—1 k—1 k-1 k—1
— [ _ 2 _ 3]
EWIED D ST o )
j=1 j=—1 j=-1 j=0
R A TR N R R e U 3
S+ ga=b =) by =05 =) b = Zyb :
j=1 j=1 j=
1 k—1 (—j)p b[l] k-1 p 1b[1] b[2] k—1 p 1b[2 k—1 p 1b3]
At T o oo -
j=1 j=1 j=1 j=1
(3.3)

The system (3.3) gives the conditions for a k-step IIE-LMM to have order p. The following
theorem investigates the maximal order for a given k.
Theorem 1. For the k-step IIE-LMM (3.1), we have:

L Ifp <k, then the 3p + 1 conditions of the system (3.3) are linearly independent. So
there exist k-step ITE-LMDMs of order k.
1. The order of accuracy of a k-step IIE-LMM is at most k.
III. The family of k-step IIE-LMDMs of order k has k + 1 free parameters.

Proof. I. Because linear independence for p = k implies linear independence for p < k,
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it is sufficient to prove the case p = k only. The system (3.3) can be represented in

matrix form

WV = U, (3.4)
where
Vo= ag, ... ap_1, b 00 bl e el b B BB )T e R
U=[-1,...,—1;41,0,...,09]" € R¥**
and
A'L' 0 L 0
H:' -DA 0 0
W= |-+ - ,
0'1' A -1 —A 0
0,0, 0 1 A —A
L C 4 (3k+1) x (4k+2)
with ~ _
11 1 1
0 -1 9 1—k
A=|0 1 4 (1—k)? : (3.5)
0 (—1)F1 (=2)k=1 . (1— )kt
L d kxk
1
P
D= : (3.6)
k
L Jd kxk
H-— [ ) _ k] , 3.7
0,(=D%....(L=k)¥| (3.7)
T
L=[0,-1,-2... k| , (3.8)
1x(k+1)

and 1 is a vector of ones with size k. The matrix A is a Vandermonde matrix for
the distinct numbers {0,—1,—-2,...,1 — k}. Because the Vandermonde matrix A is

nonsingular [27], it can be noted that columns 1,k + 2,...,2k + 1,2k + 3, ..., 4k + 2,
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II.

of the matrix W are linearly independent. Thus, all (3p + 1) conditions are linearly
independent, and the system (3.3) admits a (4k — 3p+ 1)-parameter family of solutions
for p < k. Because columns (k + 1) and (2k + 2) of matrix W do not enter into the
above proof, we know b[_”1 and b[_Q}1 can have any nonzero value. This property verifies
that the family of methods is ITE-LMM.

Assume the I[TE-LMM has accuracy O((At)**7), r > 1; then the following conditions

should be satisfied:

k-1 k-1
2] 3
>out=30
j=—1 7=0
k-1 k-1
b+ D (= = D=y
j=1 j=1 (3.9)
k—1 k—1
DD ) =D ()
7j=1 7j=1

Let p; = b£-2] - bg-?’]; then the system (3.9) can be written as

k—1
b2+ =0,
j=0

k—1
2+ (=i =0,
j=1 (3.10)

k-1
b2+ D (=) = 0.
j=1

Writing the system (3.10) in a matrix form yields

11 1 ... 1 o7
1 0 -1 1—k
Ho — 0,
L 1 O ( 1) e (1 k) d (k+1)x(k+1) L Hrk—1 4 (k+1)x1

implying that b[_m1 = 0and b?] = Bg],j =1,2,...,k—1, because the matrix of coefficients

is nonsingular. This contradicts the assumption b[_z]1 # 0.
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II1. Consider a k-step ITE-LMM that achieves the maximal order. Then, as shown above,
the family of such method has exactly (k + 1) free parameters.

O
3.2 Linear stability analysis for IIE-LMMs
Consider the scalar test problem
d
d—‘? = — 1’y + Ay + vy, (3.11)

where u, v € R, A = A\, +1\; € C, and A\, \; € R. The terms in the test problem are meant to
represent typical eigenvalues of the Jacobians of fll, i = 1,2, 3, with respect to the solution
y, assuming they are simultaneously diagonalizable. Specifically, —u?y corresponds to the
diffusion term, Ay corresponds to the reaction term, and iry corresponds to the advection
term.

Applying ITE-LMM (3.1) to (3.11) yields

[1+Atb[ﬂu AP+ Az}ynﬂ

+ [aj — A0 + 0P0) + At — AN, |y, = 0.
=0
Assuming this linear constant-coefficient difference equation has solutions of the form y,, = £,

then the characteristic equation is given by

o) = [1 + ALY 2 — b)) — mtb[_?hi] ¢k

k—1
+ [aj — AP+ 0) + Al - bf])\r)] b=t (3.12)

=0
It can be noted that the stability holds if and only if all simple roots of the equation (3.12)
satisfy |¢;|< 1 and multiple roots satisfy |;|< 1. The region in complex plane that contains
these roots is called the stability region of the method. However, the stability region of
3-additive methods is in C? (~ R?). Tt is not entirely obvious how to characterize the

stability behavior of a 3-additive LMM by adjusting the parameters y, v, and A. To overcome
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this difficulty, we discuss the stability of IIE-LMMs in three cases A = iv, A = —pu? and
A = —pu? +iv. These cases represent the limits of the reaction term having purely imaginary
eigenvalues, purely negative real eigenvalues, and the intermediate case where it has an equal

combination of the two.

3.3 Construction and Stability of ITE-LMMs

In this section, we construct IIE-LMMs by using the coefficients of well-known IMEX methods
for the fi! (diffusion) and £l (reaction) terms, and then derive coefficients of ¥/ (advection)
terms that satisfy the relevant order conditions (3.3). The IIE-LMMs up to fourth order
are presented in table 3.1. The order conditions for ITE-LMMs methods are summarized in
table 3.2. We then also analyze the linear stability of the constructed methods using eq. (3.11)
in the three cases described. The linear stability regions for ITE-LMMs up to fourth order

are presented in table 3.3.

k Methods
1 Vi1 = yn + Atlaf W (i1, yor1) + (1 — @)t (t, ya) E1L
+ Bt (tn1, Y1) + (1= B (6, ) + £ (1, y)].
Ynt+1 + aoyn + a1yn—1 = At (b[_l]1f[1](tn+17 Ynt1) + bé”f[” (tn,yn) + b[flf[l](tnfh ynﬂ))
k=2 + A (B2 b1, y) + 6 (b, y) + 0F 2 (b1, v ) ) TIE2
+ At (b([f]fm(tm o) + B8, y"—l)) :
Yn+1 +a0yn + a1Yn—1 + @2yn—2 =
At (b[_ﬂlf[”(tnﬂ, Yn+1) + b([)uf[l] (tn,yn) + b[lllf[l](tn—h Yn-1) + b[zl]fm (tn—2, Yn72))
s A (B b1, ) + O () + 62 11,y 1) + P (12, ) HES
80 (W81, ) + ) (v 1)+ 08 (0, 2))
Yn+1 + aoyn + @1Yn—1 + a2yn—2 + a3yn—3 =
At (B0 (g1, ys1) + €ty y) + 0 (e, y1) B (b2, ) + OSTE (b, s)
k=4 1TE4

+ At (b([)g]f[?’] (tna yn) + b[13]f[3] (tnflz ynfl) + b[QS]fB] (tn727 Yn72) + b[gs]f[g] (tn737 yn73)> .

+ A (VLR (tg, 1) + 58 (b, ) + O (1, yt) + U (62, y2) + SR (1, ys) )

Table 3.1: IIE-LMMs
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k Order Conditions
1+ag= 0,
k=1 b= bgl * bg’ IIE1 order conditions
1= b2+,
= b,
14+ap+a1 = 0,
l—a, = [1]+b[1}+b[]
1—ay = b2 +of +12,
k=2 1—a; = b[g} + b[ ] ITE2 order conditions
T+a = 2o/ -2l ]
l+a = 2 ] 26[2]
1+a; = —2.
1+ap+a+az= 0,
| ar—2ap = Byl pll ol
1—a;—2a = b + ol + ol 1ol
1—ay —2a2 = bé?’] b[13] + b[zs}7
14ay+4a; = 268 —2pt — 4pl,
k=3 I 2()[2} B 2b[2} B 4b[2] IIE3 order conditions
1 2 -1 1 2
1+ a1 + das = —opl¥ — 4l
1—ay; —8ay= 3o} + 36l 4 120",
1—a;—8az = 30 + 361 + 1261
1—ay —8ay = 3657 + 1207,
l4+ag+a;+as+ag = 0,
1—a1—2a3—3az = b} + b)) + b1+ b5T 4ol
1—a;—2a—3a3 = b + o4 ol ol 4 o,
1~ ay— 2ay — 303 = o) 4+ o B8 4 g3
14a +4ay +9ag = 26 — 2vl'T — 4pl — 6pll],
14a +4as +9as = 262 — 20l — apl3 — 6pl3
k=4| 1+a+4as+9a3= —opl — gl [3] IIE4 order conditions

1—a1 —8as — 27a3 =
1—a; —8ay —27a3 =
1—a; —8ag — 27a3 =
1+ aq + 16as + 8lasz =
1+ a1 + 16as + 8las =
1+ ay + 16as + 8lasz =

3o+ 3ol 4+ 128l + 27b[ ]
30 + bl 4 12612 4 272,
3bl 1267+ 27b[3],

aplt — 4b[1” — 32p5 — 1080},
b — apl? — 32pl — 108p7,
—4pi¥ — 32p8 — 108p,

Table 3.2: I[IE-LMMs Order Conditions
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First-order ITE methods

The two-parameter family of one-step, first-order ITE-LMMs for (2.2) is presented in table 3.1.
The choice (o, 8) = (1,3) in IIE1 yields the formula (1.3), which was used to introduce 3-

additive splitting methods in chapter 1.

Stability analysis

Applying the method ITE1 to the test equation (3.11) yields the stability region {|{(v, A, p)|<
1}, where

_ iAty— Aty +AtA
5(7/7 )\alu) = 1+ 1+At(ap?—BA) (3.13)

— 14+ At(Ar—p2)+iAt(v+N:)
- 1+At(ap2—BAr)—iAtBA;

For simplicity, the stability region can be defined as a region of the parameters (21, 22, 23) =

(—p2At, vAt, AMAt). The choice (o, 8) = (3, 2) in IIE1 yields the ITE method

272

1 1
Y'n,—i-l — y'n, + At 5 (f[l] (tn+17 Yn—l-l) + f[l] (tTU Yn)) + 5 (3f[2] (tn+17 Yn—i-l) + f[Q] (tTU YTL)) (3 14)

+ (L, va) |,

which turns out to have favorable stability properties. We refer to this method as ITE-1. We
discuss the following cases of stability for the method (3.14).

e Case 1 (diffusive reaction term A = —pu?)

The stability function (3.13) is given by

iZQ + 221

=1 )
5(’217 22) + 1— 221

The stability region for this case is presented in table 3.3, and it can be shown that the
method is Ap-stable.
e Case 2 (non-diffusive reaction term \ = iv)

The stability function (3.13) is given by

dizo + 224

S IR I Ml
S(Zb Z2) + 2 — Z1 — 3ZZQ
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The stability region for this case is presented in table 3.3, and it can be shown that
the method is A-stable.
e Case 3: (mixed reaction term \ = —p% + iv)

The stability function (3.13) is given by

dizo + 424

S I st
S z) =14 o 3,

The stability region for this case is presented in table 3.3, and it can be shown that
the method is A-stable; table 3.3.

In addition, we compare the stability of the first-order IIE1 method (3.14) with the
stability of IMEX1 method,

t
. (g(tn-i—la Yn-i—l) + 3g(tn7 Yn)) + Atf(tm Yn)7 (315)

Yn+1 = Yo+ 4

and the semi-implicit BDF (SBDF1),

Yn+1 =Y¥Yn + At (g(tN+1> Yn+1) + f(tnv yn)) . (316>

It can be noted from table 3.3 that the stability region for ITE1 method (3.14) is significantly
larger than the one for SBDF1.

3.3.1 Two-step, second-order IIE-LMMs

Two-step IIE-LMMs for IVP (2.2) is presented in table 3.1. A second-order method is
obtained provided the IIE2 order conditions in table 3.2 are satisfied.

Stability analysis for £ = p = 2 IITE-LMMs

The second-degree characteristic polynomial resulting from (ITE2) applied to the test equation

(3.11) is given by

o(¢) = [1 F o A2 — AE (O + i) €2
+ [ag AP+ 0P )+ A 2 — b2 )\T)] ¢
+ay — Nt OPN + bP) + At — PN = 0.
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IIE-CNLF Method

A two-step, second-order ITE-LMM can be obtained by applying something similar to the
Crank-Nicolson leapfrog (CNLF) method for the implicit terms fI(¢,, 1, y,41) and f2 (41, yni1)

and the leapfrog method for the explicit term fPl(t,,y,) as follows

yn+1 = YTL—l + At (f[l] (tn+1, yn+1) + f[l] (tn—17 Yn—l)) (317)
+ 208 (£ (g1, ynr1) — £ty yu) + E2 (b1, yuo1)) + 288 (£7 (20, y0)).

We refer this method to as ITE-CNLF2.

Stability Analysis

We discuss the stability of the IIE-CNLF2 method (3.17) for three cases.

e Case 1 (diffusive reaction term A = —pu?)
The stability region for this case is presented in table 3.3, and it can be shown that the
method is Ap-stable.

e Case 2 (non-diffusive reaction term \ = iv)
The stability region for this case is presented in table 3.3, and it can be shown that the
method is A-stable.

e Case 3: (mixed reaction term \ = —u? + iv)
The stability region is presented in table 3.3, and it can be shown that the method is
Ag-stable with a band of linear stability around the negative real axis that is larger

than that of Case 1.

In addition, we compare the stability of ITE-CNLF2 method (3.17) with the stability of
the second-order IMEX Modified CNAB (MCNAB2) method,

9 3 1
Ynel = Yn + At <_g(tn+173’n+1) + _g<tmyu) + _g(tn—l)Yn—l))

16 8 16 (3.18)
3 1
+ At <§f(tn7 Yn) - Ef(tn—la yn—l))>
and the SBDF2 method,
4 1 2 4 2
Yn+1 = §Yn - gyn71 + §At (g(thrlJ YnJrl)) + At (gf(tna yn) - gf(tnh}"nl)) . (3'19)
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It can be noted from table 3.3 that the stability region for [IE-CNLF2 method (3.17) is
significantly larger than the stability regions for MCNAB2 and SBDF2 methods for the case

A =1v.

3.3.2 Three-step, third-order ITE-LMMs

Three-step IIE-LMMs for IVP (2.2) is presented table 3.1. A third-order method is obtained
provided the ITE3 order conditions in table 3.2 are satisfied.

Stability Analysis for £ = p = 3 IIE-LMMs

The third-degree characteristic polynomial resulting from (ITE2) applied to the test equation

(3.11) is given by

o) = [1 o AL — AP (O, Mi)} €4 [ao AP N+ 0P) + At — b([f]/\r)] £
+ [al CAALBEN, + by A2l - b%@} ¢

a2 — it + o) + Aol — bfa)| <o,

IIE-MBDF3

A three-step, third-order method can be derived as follows

18 9 2

Yn+1 — ﬁyn + ﬁynq 11

6
V-2 = At (ﬁfm (tnt1, Yn+1)>

1 3 3 1
+ At (ﬁf[ﬂ (tnt1, Yns1) + ﬁfm (tn, yn) — ﬁfm (tn-1,¥n-1) + Efm (tn—2, Yn2)> (3.20)

18 1, 18

6
At [ =fB(t,. v,) — — Bt 1.y — Bt oy o) ).
+ (11 (tn, ¥n) 11 (th-1,y 1)"‘11 (th—2, ¥Yn—2)

Because this method applies the third-order BDF method for the implicit term, we refer this
method to ITE-MBDF3 (modified third-order BDF).

Stability Analysis

We discuss the stability of the IIE-MBDF3 method (3.20) for three cases.

e Case 1 (diffusive reaction term A = —pu?)
The stability region for the method (3.20) is presented in table 3.3, and it can be shown
that the method is Agp-stable.
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e Case 2 (non-diffusive reaction term A\ = iv)
The stability region for the method (3.20) is presented in table 3.3, and it can be shown
that the method is Agp-stable.

e Case 3: (mixed reaction term A\ = —p? + iv)
The stability region for the method (3.20) is presented in table 3.3, and it can be shown
that the method is Agp-stable.

In addition, we compare the stability of IIE-MBDF3 method (3.20) with the stability of
IMEX Adams-Bashforth (IMEX-AB3) method,

4661 324 13 247

n = JYn At | —— ty yyn tna n ann tn—a n—1) = TAAn
it = o+ A ({0t V) + ot gltn ) + (e ia) - o

o tn—a n—
10000 625 g(tn-2,y 2))

23 4 5
8¢ (Bt y0) = 3y + ofllrzy)).

(3.21)

It can be noted from table 3.3 that the stability region for the IIE-MBDF3 method (3.20)
is larger than that of the IMEX-AB3 method.

3.3.3 Four-step, fourth-order ITE-LMMs

Four-step IIE-LMMs for (2.2) is presented in table 3.1. A fourth-order method is obtained
provided the ITE4 order conditions in table 3.2 are satisfied.

Stability Analysis for £ = p = 4 IIE-LMMs

The fourth-degree characteristic polynomial resulting from (IIE2) applied to the test equation
(3.11) is given by

(&) = |1+ At — AP (O, + mi)} et [ag — AN + BE) + A2l — b{fh»] IS
4 ar — int @ + 0Py + Aol — o2y )] ¢

+ [ag — int @2 + 0By + At(uol! — 20| ¢

+ [ag — i@ + 05) + Ar(u2hl — pEN)] = o.
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ITE-MBDF4

A four-step, fourth-order method can be obtained by applying the fourth-order BDF method

for the implicit terms as follows

8, 36 16, o3 a2 )
Yn+1 25Yn 25Yn—1 25Yn—2 25Yn—3 - 25 n+l; Yn+1

12 96
— At <—f[2] (tns1s Yng1) — %f[gl (tn, ¥n)

25
144 96
+ 2—5f[2} (tn—layn—l) - %f[Q] (tn—van—2>
24
+ %fp] (tn—37 Yn—3))

48 72
At [ —f8(t,, y,) — =84, 1,y

48 12
+ %f[g] (th—2, Yn—2) — 2—5f[3] (tn37yn3)) :

(3.22)

We refer this method to IIE-MBDF4. We discuss the stability of the ITE-MBDF4 method
(3.22) for three cases.

e Case 1: (diffusive reaction term \ = —p?)
The stability region for the method (3.22) is presented in table 3.3, where we see a
relatively small linear stability region.

e Case 2: (non-diffusive reaction term A\ = iv)
The stability region for the method (3.22) in this case is presented in table 3.3, and it
can be shown that the method is Ag-stable.

e Case 3: (mixed reaction term A = —pu? + iv)
The stability region for the method (3.22) in this case is presented in table 3.3, where

we see a relatively small region even compared to that of Case 1.

In summary, we get A-stability in many situations for first and second-order ITE-LMMs and
Ag-stability for the second, third, and fourth-order IIE-LMMs. Accordingly, second- and
third-order ITE-LMMs could be highly suitable choices for DRA problems that suffer from
time step size restrictions due to stability. In addition, we compare the ITE-MBDF4 method
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(3.22) with the fourth-order IMEX-SBDF4 method,

48 36 16 3 <12

n —acYn — T Yn— aeYn—2 — Z-Yn— At A tn yYn
Yo+l =5e¥n = 5e¥n-1+ 5o¥a2 = 5e¥a-s + 25g( +1y+1))

(3.23)

48 72 48 12
At | —=f(t — —f(t,— _ —f(t,— _9) — —Tf(¢t,— _ .
+ (25 ( nyYn) 25 ( n—1,Yn 1) + 25 ( n—2,Yn 2) 25 ( n—3,Yn 3))

It can be noted from table 3.3 that the stability region for the IIE-MBDF4 method (3.22) is
larger than the stability region of the IMEX-SBDF4 method for the case A = iv.
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Case 1: A = —p? Case 2: A =iv | Case 3:

A= —pu?+iv

Caset: A=-;2 Case2: A=i v

5
—IIE1
= - IMEX1
s - - ~SBDF1
2
|
N N o
El
&)
-3
-4
-5
5 4 3 2 1 -5 4 3 2 El
Z1 Z1
Case2: \=i v . Case3: A=-p2+i v
—— IEE-MCNAB2
o A S N A AN N I MCNAB2
- - -SBDF2
i
N N o ‘
-1
2
-3
-4 -3 2 -1 -3 25 2 -1.5 -1 0.5 0
Z1 z 4
B Caset: A=-2 N Case2: \=i v Case3: A=-p2+i v
—1IE-MBDF3
- - -IMEX-AB3
-3 2 -1
Z
: Caset: A=-y? ] Case2: \=i v ; Case3: A=-p2+i v
08
L e o A
04
02
NY o
0.2
0.4
T RS B S o ot et ok
0.8 -0.8 -08
-1 1 -1
1 -08 0.6 0.4 -02 1 0.8 -06 04 0.2 1 -08 0.6 04 0.2 o
Z, Z, Z

Table 3.3: Stability regions for [TE-LMMs
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3.4 Numerical experiments

In this section, we test the convergence order of the constructed ITE methods on a spatially
discretized nonlinear DRA problem. Also, we compare the performance of the IIE splitting
methods with some well-known IMEX methods on Brusselator DRA model, which is used
to describe a reaction-diffusion system with non-linear oscillations [41]. All numerical exper-
iments are performed using MATLAB. Highly accurate starting values for the ITE-LMMs as
well as reference solutions for the method-of-lines (MOL) ODEs obtained from spatial dis-
cretization of the PDEs are calculated using the variable-stepsize, variable-order solver odel5s
in MATLAB with an absolute tolerance of (107'*) and a relative tolerance of 2.5 x 107!, The
nonlinear algebraic equations associated with the implicit methods are solved using a modi-
fied Newton’s method and the linear systems arising at each Newton iteration are solved using
the MATLAB mldivide operator (\) [1]. The mldivide operator applied to sparse matrices
implements a specific direct solver depending on the characteristics of the input matrix. For

general sparse matrix, a sparse LU solver is used.

3.4.1 Order of convergence

To examine the convergence order of the constructed ITE methods for solving DRA problems,

we consider the nonlinear problem

Up + Uy = Uge +u + f(2,1),
u(z,0) = sin(27x), (3.24)

u(0,t) = u(1,1t),

where
f(z,t) = cos (2mx +t) + 2mwsin (27x + t) cos (27w + t) + 472 sin (272 + t) — sin (272 + 1)

The problem (3.24) is posed on t € [0,10] and = € [0,1]. We note that the equation (3.24)
is equivalent to u; + (“72)90 = Uze + u+ f(z,t). The spatial domain is uniformly discretized

into IV subintervals with spacing Az = 1/N; a second-order centered finite discretization for
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advection and diffusion terms yields a system of ODEs written as

du; U, —uiy Uip1 — 25 + Uiy
S U : L i Azt 3.25
where ¢ = 1,2,..., N. In this experiment, we also investigate the order of convergence of

the methods constructed in chapter 3 in the maximum norm ||.||, of errors computed by
comparing against a reference solution for equation 3.25 generated using the odelbs solver
in MATLAB, at the end point of the interval of integration as a function of the time step.
Specifically, we calculate the slope of the line of best fit to the log(||error||s)-log(At) data.
The results for the constructed IIE methods are presented in fig. 3.1. We can see that all

methods achieve their expected orders of accuracy.

5 - [—e—1E-1 (stope=1)
—&— IIE-CNLF (slope=1.9965)

IIE-MBDF3 (slope=2.993)
6 = |=%—lIE-MBDF4 (slope=3.9826)

log(Error)

1 1 1 1 1 I 1 | 1
-1
-2.8 -2.6 -2.4 2.2 -1.8 -1.6 -1.4 -1.2 -1 -0.8

log(At)

0

Figure 3.1: log-log plot of error vs. time step and line of best fit for DRA equation (3.25)
solved by IIE splitting methods.

3.4.2 IIE-LMMs Performance Results

This section compares the performance results of the IIE methods introduced in section 3

with some popular IMEX splitting methods derived in [51]. The comparisons are made for
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the following stiff variation of the standard Brusselator problem [18],

uy = a0, V2u — p,Vu+a — (w + 1)u + u’v,

vy = o, V20 — p, Vv + wu — u?v, (3.26)

b—w
Wy = oy Vi — P VW + —— — wu,
€

solved on t € [0, 10] and = € [0, 1] using stationary boundary conditions,
Ut(t, O) == Ut(t, ].) == Ut(t7 0) = ’Ut(t, 1) = U)t(t, 0) = wt(t, 1) = 0,

and initial values
u(0,z) = a + 0.1sin(nx),

b
v(0,x) = o + 0.1sin(7rz), (3.27)

w(0,2) = b+ 0.1sin(rz),
with parameters o, = a, = vy = 1072, py = py = pw = 1072, a = 0.6, b = 2, and € = 1072
The problem (3.26) is discretized uniformly in space using a second-order accurate centered
difference approximation with 100 grid points. The right-hand side of problem (3.26) is split

into three terms as

a,Vu a— (w+1)u+u?v —puVu
fil = | q,v20 |, P = wu — u?v cand £ = | —p Vo | . (3.28)
OéwVQU} b—w WU —pwVw

A reference solution for the MOL ODEs arising from the spatial discretization of equation
(3.26) as described is generated using odel5s with an absolute tolerance of 1072° and a relative
tolerance of 2.5 x 1074, The error is measured by the mixed root mean square (MRMS)

error [14]

1 & Y — vy 2
MRMS = | = -
v (v

i=1
where N is the number of solution points, Y;, and y; denote the reference and numerical
solutions, respectively. Each experiment is performed ten times to mitigate random influences

on it; the minimum time measurement of the ten runs is considered because a minimum
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time gives an indicator of how well a given method performs under ideal conditions. We

. . . . . —-J ..
use a uniform time step size in each experiment, At = 28—0, J=1,2,...,5. Work-precision

diagrams are used to compare the performance of the various methods, where the log(MRMS
error) of the numerical methods are plotted on the z-axis and the log(CPU time) is plotted

on the y-axis.

ITE-LMMs Performance Results

First-Order Methods

We compare the first-order ITE1 method (3.14) with the IMEX1 method (A.17) and the
SBDF1 (3.16).

Second-order Methods

We now compare the IIE-CNLF2 method (3.17) with the second-order IMEX Modified CNAB
(MCNAB2) method (3.18) and the SBDF2 method (3.19).

Third-order Methods

Here, we compare the IIE-MBDF3 method (3.20) with the IMEX Adams-Bashforth (IMEX-
AB3) method (3.21).

Fourth-order Methods

Finally, we compare the IIE-MBDF4 method (3.22) with the fourth-order method IMEX-
SBDF4 (3.23).

The work-precision diagram of these methods is given fig. 3.2, and it shows that the ITE-
MBDF3 and ITE-MBDF4 outperform the other methods tested for small stepsize. The ITE1

significantly outperforms its first-order IMEX counterparts.
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CHAPTER 4

k-STEP IEE LINEAR MULTISTEP METHODS.

In this chapter, we explore efficient 3-additive splitting method schemes for solving DRA
problems. These methods treat the diffusion term implicitly, while handling the reaction and
advection terms explicitly. We also present a stability analysis and discuss the numerical

performance of the derived methods.

4.1 k-step IIE linear multistep methods

In this section, we derive k-step IEE methods for the IVP (2.2). If the implicit method is
applied to fl1(¢,y), whereas the explicit methods are applied to f?(¢,y) and (¢, y), then
k-step IEE-LMMs for (2.2) can be written as

k-1 k-1 k—1

1 1 1 2
At Ay Zajynfj = Z bﬁ» 0t yaey) + Z bﬁ» (L yny)
Jj=0 j=—1 =0 (41)

k—1
3
+ Z bg }f[3] (tn—ja yn—j)7

J=0

where we assume that b[j]l # 0. Expanding (4.1) in a Taylor series about ¢, to obtain the

truncation error yields
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7=0
k-1 E—1 k—1
IR WIS
J=1 Jj==1 J=
k— - k-1
1 j? 1] n_ 2 _ 1 13] (4.2)
TN LR NS LS ST
Jj=1 j=1
1 ke (=) 1] k-1 )P- 1b[1 k—1 )P- 1b2] k-1 )P- 1b[3]
_|+Z A T e
P Jj=1 P 7=1 j=1 p 7=1

The system (4.2) gives the conditions for a k-step IEE-LMM to have order p. The following

theorem investigates the maximal order for a given k

Theorem 2. For the k-step IEE-LMMs (4.1), we have:

L If p < k, then the 3p + 1 conditions of the system (4.2) are linearly independent. So
there exist k-step IEE-LMDMs of order k.
II. The order of accuracy of a k-step LMM is at most k.
III. The family of k-step IEE-LMM of order k has k free parameters.

Similar to the argument in section 3, one can formulate the following proof.

Proof. [. Because linear independence for p = k implies linear independence for p < k, it
is sufficient to prove the case p = k only. The system (4.2) can be represented in the

matrix form

WV = U, (4.3)
where
V = ag, ... ap_y, b 00 el BB BBl B T e R (4.4)
and
U=[-1,...,—1341,0,...,09]" € R¥**, (4.5)

the coefficients matrix is defined as:
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,,,,,,,,,,,,,,,,,,,

L C d (3k+1)x (4k+1)
where 3 )
1 1 1 1
0 —1 —2 o 1—k
A=10 1 4 ... (1-k)? , (4.7)
C1Vk=1 (_o\k—1 k-1
_O (—1) (—2) o (1=k) i
1
2
D= , (4.8)
s
L 4 kxk
H-— [ ) _ k] , 4.9
0. (<D (L= (49)
T
L— [0,—1,—2,...,—4 , (4.10)
1x(k+1)
and 1 is a vector of ones with size k.
The matrix A is a Vandermonde matrix for the distinct numbers {0, —1,—2,...,1 — k}.

Because the Vandermonde matrix A is nonsingular [27], it can be noted that columns
1, k+2,...,4k+1, of the matrix W are linearly independent. Thus all (3p+1) conditions
are linearly independent and the system (4.2) admits a (4k — 3p + 1)-parameter family
of solutions for p < k. Since column (k+ 1) of matrix W does not figure into the above
proof we know b[_l]1 can have any nonzero value. This property verifies that the family
of methods is IEE-LMM.

1. Assume the IEE-LMM method has accuracy O((A#)*™), r > 1; then the following
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conditions should be satisfied:

k—1 k—1
1 _
Yo=Y
j=—1 7=0
k—1 k—1
1 1 3
D+ D T (=ibi =D (=i,
j=1 i=1
k—1 k—1
o+ (=) =

Let p; = bl — bg-g], then the system (4.11) can be written as

J

k—1
=0

k—1
o + > (=i =0,
=1

k—1
o+ (=) =0,
7j=1

Writing the system (4.12) in a matrix form yields

11 1
1 0 -1
10 (~1)F

(1= k)"

(k+1)x (k+1)

ME—1

(k+1)x1

(4.11)

(4.12)

— 0, (4.13)

implying that b[_l]1 =0 and b?] = bg-g], Jj=1,2,... k—1, because the matrix of coefficient

is nonsingular. This contradicts the assumption b[ﬂ # 0.

IIT. Consider a k-step IIE-LMM method that achieves the greatest accuracy. Then, as

shown above, the family of such method has exactly (k + 1) free parameters.

Corollary 1. Any k-step IEE-LMDM of order k reduces to an IMEX-LMDM.
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Proof. Assume the k-step IEE-LMM has order k; then we have

k—1 k—1

2 3
20 =2 b
j=0 j=0
k—1 k—1
g [2 73
ST =S (=,
‘= = (4.14)
k—1 k—1
Nk—17.[2 Nk—117.[3
(=)0 =30 (=)
j=1 j=1

Let p; = 65-2] — bg-g], then the system (4.14) is written as

k—1
§=0
k—1
Z(_j):uj - 07
j=1 (4.15)
k—1
(=) =0
j=1

11 1 1o
o -1 ... 1—-k
Tl =
_1\k AY
0 (=D% ... (1—-k) Lowr L1 ],
implying that bgz] = 653], 7 =1,2,...,k —1, because the matrix of coefficient is nonsingular.
So the method is IMEX-LMM. O]

Therefore, we restrict the analysis to k-step IEE-LMMs of order p = k£ — 1.
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4.1.1 Linear stability analysis for IEE-LMMs

Consider the scalar test problem (3.11). Applying IEE-LMM (4.1) to (3.11) yields

N
—_

1 A 2] gy + D [y — b0 A+ 00) + A = 6PN oy = 0.

[
Il
o

If this linear constant-coefficient difference equation has solutions of the form y, = £”, then
the characteristic equation is given by
k—1
o) = [1 + b[_”lAt;ﬂ] &F+) [aj — DO + 0Py + A 2 — b?]/\r)] ¢FI=1 (4.16)
j=0
Similar to analysis in chapter 3, we discuss the stability of IEE-LMMs in three cases A = iv,
A= —p?and A\ = —p? +iv.

4.2 Construction and Stability of IEE-LMMs

In this section, we construct IEE-LMMs by using the coefficients of well-known IMEX meth-
ods for the fl! (diffusion) and fP®l (advection) terms, and then derive coefficients of fl
(reaction) terms that satisfy the relevant order conditions (4.2). The IEE-LMMs up to third
order are presented in 4.1. The order conditions for IEE-LMMs methods are summarized
in table 4.2. We then also analyze the linear stability of the constructed methods using
eq. (3.11) in the three cases described. The linear stability regions for IEE-LMMs up to

fourth order are presented in table 4.3.
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Methods

Yn+1 + @oYn + a1yn—1 = At (b[,l]lf[l] (tns1,Yne1) + b([)l]f[l] (tn,yn) + b[luf[l] (tn_1,}’n—1)) +

k=2 ( f IEE2
At (bg]fp](tm yn> + b[12]f[2] (tnfla Ynfl)) + At (b([f]f[s] (tn, yn) + b[ld]f[gl(tnfl, ynfl)) .
Yn+1 + a0Yn + G1Yn—1 + @2yn—2 =
At (B (b, y0) + 000, y) + LY (b1, 1) + 0B ) (2, y2) ) +
k=3

IEE3
AL (B8 (b, ya) + P (b1, y1) + B (0, v 2) ) +

AL (W58 (1, y) + 0 1,y 1) + B (1o, )

Yn+1l + a0Yn + @1Yn—1 + @2yn—2 + a3yn—3 =
At (b[_lllf[l] (tn+1a yn+1) + b(gl]f[l] <tnv Yn) + b[ll]f[l] (tnfly Ynfl) + b[gl]f[l] <tn727 yn72) + bgl]f[l] (tn737 Yn73))
+ At (b([)2]f[2] (tn» Yn) + b[12]f[2](tn717 Ynfl) + b[22]f[2] (tn727 yn72) + bg2]f[2] (tn737 Yn73))

At (B9, ) + 0 (1, 1) + O b2, y2) + O (85, v s))

IEE4

Table 4.1: TEE-LMMs
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Table 4.2: IEE-LMMs Order Conditions

k Order Conditions
14ao+ar = 0,
1—ar= b+ o))+,
k=2 | = [ ] [2]’ IEE2 order conditions
1—a; = b”+b[3].
1+ap+a+ax= 0,
1—ay —2ay = b”—l—bm—i—bm+b[]
1—ay —2as = b+ vl 4l
k=3 1—aj — 2as = bE + bl 4 bl IEE3 order conditions
14+ a1 +4ax = b[l] Qbm 4b[21]a
14 ay + dag — —2b — apl,
14 a; 4 4ay = —opt¥ — 4pl,
1+ap+ay+az+az= 0,
1—ay —2ay —3as = b+ b+ ol 4 ol 4 50,
1— a1 — 2as — 3a3 = B 4ol 4 b[2]+b[]
1—ay—2as —3a3 = b[g] + b[g] + b[3} + b[ ]
1+ a; +4as +9as = 2b") — 20l — apll! — 6p)), ]
k=4 14 a1 + 4as + 9as — —2b[2] B 46[2] 61)[2] IEE4 order conditions
1 2 3 1
1+ ay + 4das + 9a3 = —opt¥ — apl¥ — 6pld,
1—ay —8ay — 27as = 361+ 3p! 4+ 1280 + 27,
1—ai — 8as — 27as = 362 + 12657 + 270l
1— a1 —8as — 27ag = 3ol 4 12087 4 270l

One-step, first-order IEE-LMMs

The first-order IEE-LMMs for the IVP (2.2) can be written as

Yo+1 = ¥Yn + At [Oéfm (thrla yn+1) =+ Bfm (tm yn) =+ ’yf[g] (tm yn):| : (417)

For a smooth function y(¢), we expand (4.17) in a Taylor series about ¢, = nAt to obtain

the truncation error. This yields

(At)*

AfW(t,, yn) | (A2 W (t,, y,)
: +

n At.n
Yo AtYn + at 5 a2

+ .. } + AtBEE () + AR, y,).
(4.18)
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Applying (2.2) to the truncation error (4.18) provides:
e Coefficients of flll(¢,,y,): At(1 —a) = 0, implying that a = 1.
e Coefficients of fl?

(t

(tn,yn): At(l — B) =0, implying that 5 = 1.
e Coecfficients of fI%l(¢

(

n, Yn): At(1 — ) =0, implying that v = 1.
Therefore, the method (4.17) turns into an IMEX method, in agreement with the result of

Corollary 1.

Two-step, first-order IEE-LMMs

Two-step IEE-LMMs for IVP (2.2) is presented in table 4.1. A first-order method is obtained
provided the IEE2 order conditions in table 4.2 are satisfied.

Stability analysis for two-step, first-order IEE-LMMs

The second-degree characteristic polynomial resulting from IEE2 applied to the test equation

(3.11) is given by

o) = [1+b[_”1Atu2] €4 [ao — AN + ) + Arl 2 — o) | €
+ar — AP + bv) + At — b)) =0,

ITEE-MCNAB1 method

A two-step, first-order IEE-LMM can be obtained by applying something similar to the
Crank-Nicolson (CN) method for the implicit term fl'/(#,,1, yn41), the second-order Adams—
Bashforth (AB) method for the explicit term £/ (¢,,y,), and a method for f?(t,,y,,) derived
from the solution of the IEE2 order conditions as follows:

At At
Ynri = ¥Yn + 7 (f[l] (tn+17 Yn+1> + f[l} (tna Yn)))+_ (f[2] (tna yn) + f[Q] (tnflv Ynfl))

2
At
+ 7 (3f[3] (tm Yn> - f[g}(tn—la Yn—l))-

(4.19)

We refer this method to as IEE-MCNABI (modified first-order CNAB) method.

Stability Analysis
We discuss the stability of the IEE-MCNABI method (4.19) for three cases.
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e Case 1: (diffusive reaction term \ = —p?)
The stability region for the method (4.19) is presented in table 4.3, and it can be shown
that the method is Agp-stable.

e Case 2: (non-diffusive reaction term A\ = iv)
The stability region for the method (4.19) is presented in table 4.3, and it can be shown
that the method is Ay-stable and appears to capture the negative real axis better than
Case 1.

e Case 3: (mixed reaction term A = —pu? + iv)
The stability region for the method (4.19) is presented in table 4.3. In this case, the
method can be shown to be Ag-stable and captures the negative real axis intermediate

to Cases 1 and 2.

In addition, we compare the two-step, first-order IEE-MCNABI method (4.19) with the
IMEX1 method (A.17) and the semi-implicit BDF (SBDF1) (3.16).

Three-step, second-order IEE-LMMs

Three-step IEE-LMMs for IVP (2.2) are presented in table 4.1. A second-order method is
obtained provided the IEE3 order conditions in table 4.2 are satisfied.

Stability Analysis for three-step, second-order IEE-LMMs

The third-degree characteristic polynomial resulting from IEE3 applied to the test equation
(3.11) is given by

o) = [1 + Atb[_”lﬂ €4 [ao At BN + )+ Ar(pl) — b([)z]Ar)] ¢
(4.20)
n [al At 1 0Py + Ar(p2l) - b[fur)} ¢
n [aQ — AN+ 0P + Ar(p2ol) — b[f]AT)} —0
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IEE-MCNAB2 method

A three-step, second-order method can be derived as follows

1 3 1
Ynt1 —Yn = = At ( f[ ( n+17Yn+1> + §f[1] (tn7y7z)> + At ( f[2 ( n yrz) - §f[2]<tn—layrz—1))

4 1
+ At _f[g] (tna Yn) - _f[B}(tn—la Yn—l) - _f[3]<tn—27Yn—2) .
3 6 6
(4.21)

This method uses the second-order CN method for the implicit term flU(¢,,1,y,.1), the
second-order AB for the explicit term f?(¢,,y,), and a method for f&¥(t,,y,) derived from
IEE3 order conditions. We refer this method to as IEE-MCNAB2 (modified second-order
CNAB).

Stability Analysis

We discuss the stability of the IEE-MCNAB2 method (4.21) for three cases.

e Case 1: (diffusive reaction term \ = —p?)
The stability region for the method (4.21) is presented in table 4.3, from where we see
the stability region is bounded.

e Case 2: (non-diffusive reaction term A\ = iv)
The stability region for the method (4.21) is presented in table 4.3, from where we see
the stability region is smaller than in Case 1.

e Case 3: (mixed reaction term A\ = —p? + iv)
The stability region for the method (4.21) is presented in table 4.3, from where we see

the size of the stability region is intermediate to Cases 1 and 2.

In addition, we compare the stability region of the IEE-MCNAB2 method (4.21) with the
stability region of the second-order IMEX MCNAB2 method (3.18) and the SBDF2 method
(3.19).

Four-step, third-order IEE-LMMs

Four-step IEE-LMMs for IVP (2.2) is presented in table 4.1. A third-order method is obtained
provided the IEE4 order conditions in table 4.2 are satisfied.
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Stability Analysis for four-step, third-order IEE-LMMs

The fourth-degree characteristic polynomial resulting from IEE4 applied to the test equation
(3.11) is given by

) = [1 + o Aty ] ¢

+ lag — iA BN + bP0) + At (2] — bm)\) ¢
+ [ay — iat P + 0P0) + Ar(u2l! - bm)\) ¢?
+ [as — iAt O + BP0) + Al - b[Q])\) ¢
+ [ag — ine (2 x + 0wy + Ar(u2el — b2 )
0

IEE-MBDF3

A four-step, third-order method can be obtained as follows:

18 9 2 6 18
_ 2 2 _ 2 — — ] 22 ¢l2]
Yn+1 11Yn + 11Yn—1 11Yn—2 At (11f (tn+17Yn+1)) + At <11f (tn7Yn)

18

6
— = f (1 yn) + (s, Yn—2>)
1 11 (4.22)

47 69
~rl3] _ 2 ¢l3
+ At (22f (t'ern) 22f (tn—hYn—l)

45 1
=+ ﬁfp] (tn—27Yn—2) - éf[g] (tn—37Yn—3)) .

Because this method applies the third-order BDF method for the implicit term, we refer this
method to IEE-MBDF3 (modified third-order BDF).

Stability analysis

We discuss the stability of method (4.22) for three cases

e Case 1: (diffusive reaction term \ = —p?)
The stability region for the IEE-MBDF3 method (4.22) is presented in table 4.3, from
where we see the stability region is bounded but captures some of the imaginary axis.
e Case 2: (non-diffusive reaction term A\ = iv)
The stability region for the method (4.22) is presented in table 4.3, and it can be shown
that the method is Agp-stable.
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e Case 3: (mixed reaction term A\ = —p? + iv)

The stability region for the method (4.22) is presented in table 4.3, where we see a

bounded stability region that is smaller than Case 1.

Finally, we compare the stability region of the IEE-MBDF3 method (4.22) with the
stability region of the IMEX-AB3 method (3.21).

. _ 2 . 5 . _ 2 ;
k Case 1: A= —pu Case 2: A = Case 3: A= —p* 4w
s Casel: A=-i? . Case2: \=i v Case3: A=-2+i v
- ——IEE-MCNAB1
¢ B i £ e R A | I B R IMEX1
3 > 3k - --SBDF1
2 e 2 I
1 == 1 — o R
-1 = -1 - __,—"/
2 e 2 2 oem=m T
3 i B 3
A=t 4 =
4 4 -5
575 -4 3 2 5,5 4 3 2 5 4 X! z 2 1 0
Z1 Z, 1
N Caset: A=-i2 5 Case2: \=i v 5 Case3: A=-%+i v
—— IEE-MCNAB2
) | ST T O O I MCNAB2
- - -SBDF2
1 1
. . . <P
4 y
2 2 2
3 ! ! ! 3 . 4
3 2.5 2 15 05 -3 25 2 1.5 1 -0.5 -3 25 -2 -1.5 -1 0.5 0
Z, Z, Z,
y Caset: A=-y? ; Case2: \=i v ] Case3: \=-p’+ v
— |EE-MBDF3
08 08 o8 - - - IMEX-AB3
06 06 06
04 04 04 2
02 02 02
NY o NY o NY o
02 02 02
04 04 04 b
06 06 06
-0.8 -08 -08
-1 -1 1
2 15 -1 05 2 15 -1 0.5 2 15 -1 0.5 0
Z 74 4

Table 4.3: Stability regions for IEE-LMMs

4.3 Numerical experiments

In this section, we test the convergence order of the constructed IEE methods on the nonlin-

ear DRA problem (3.25). Also, we compare the performance of the IEE splitting methods
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with some well-known IMEX methods on the Brusselator DRA model defined by 3.26. The
numerical experiments are performed using MATLAB. Highly accurate starting values for
the IEE-LMMs as well as reference solutions for the method-of-lines (MOL) ODEs obtained
from spatial discretization of the PDEs are calculated using the variable-stepsize, variable-
order solver odel5s in MATLAB with an absolute tolerance of (1071%) and a relative tolerance
of 2.5 x 107!, The nonlinear algebraic equations associated with the implicit methods are

solved using the same approach in section 3.4.2.

4.3.1 Order of convergence

The convergence order of the constructed IEE methods is tested using the nonlinear DRA
problems defined by 3.24, and using the metric given in 3.4.1. The results for the constructed
IEE splitting methods are presented in fig. 4.1. We can see that all methods achieve their

expected orders of accuracy.

s —O6— IEE-MCNABH (slope=1.0814)
a —4%— IEE-MCNAB? (slope=2.0016)
S IEE-MBDF3 (slope=3.0698)

11 I I I I I I I I I
-3.2 -3 -2.8 -2.6 2.4 2.2 -2 -1.8 -1.6 -1.4 a2
log(At)

Figure 4.1: log-log plot of error vs. time step and line of best fit for DRA equation (3.25)
solved by 3-additive splitting methods.

4.3.2 ITEE-LMMs Performance Results

This section compares the performance results of the IEE-LMMs introduced in section 4.2
with some popular IMEX splitting methods derived in [51]. The comparisons are made for

the stiff variation of the standard Brusselator problem defined by eq. (3.26). The experiment
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is implemented in the same way as for the IEE methods in section 3.4.2.

First-Order Methods

We compare the two-step, first-order IEE-MCNAB1 method (4.19) with the IMEX1 method
(A.17) and the semi-implicit BDF (SBDF) (3.16).

Second-order Methods

We compare the IEE-MCNAB2 method (4.21) with the second-order IMEX MCNAB2 method(3.18)
and SBDF2 method (3.19)

Third-order Methods

Finally, we compare the IEE-MBDF3 method (4.22) with the IMEX-AB3 method (3.21).
The work-precision diagram of these methods is given in fig. 4.2, and it shows that the

IEE-MBDF3 method outperforms the other methods tested. The ITEE-MCNAB2 method

outperforms the SBDF2 method and is comparable with the MCNAB2 method.

—&A— |[EE-MCNAB1
~ -0~ — IMEX1
SBDF1
—+— IEE-MCNAB2
0 MCNAB2
SBDF2
—6— IEE-MBDF3
- IMEX-AB3

log(CPU time)

! ! ! ! !
10° 108 107 108 10 104 107
log(MRMS Error)

Figure 4.2: CPU time versus accuracy
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CHAPTER 5

N-ADDITIVE LINEAR MULTI-STEP METHODS

In this chapter, we generalize the concept of additive splitting methods to N-additive
splitting methods.

5.1 Extension to IV 'E

Consider a differential equation of the form

dy

(1) = £ y) + £ ) o BV ). (1)

If an implicit method is applied to f(¢,y), f2(¢,y), ... fIN=U (¢, y), while an explicit method
is applied to fIV(¢,y), then the k-step IN"'E-LMM can be formulated as:

k-1 k-1 k-1
1
Ktyn+1 + At Z ajynfj — Z bgl]f[l} (tnijy’n*]) + b‘£2]f[2} (tn*j7 Yn—J) _|_
j=0 j=-1 j=-1 (5.2)
k—1 k—1
+ 0 B y) + 30 g ),

j=—1 =0

where we assume that b[_l]l, b[_z]l, e ,b[_]\;_l] # 0.

Order conditions

The order conditions for k-step IV "'E-LMMs can be derived similarly by substituting the
exact solution to (5.1) into (5.2) and expanding in Taylor series about ¢,, and analyzing the

resulting truncation error. An order-p method is obtained provided
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7=0
k—1 k—1 k—1 k—1
_ ] _ IN-1] _ N ]
1= jaj=> b = b =) b
j=1 j=—1 j=-1 j=0
1 k= I k—1 k—1 k—1
_ [ v-1] S [N-1] V]
5"‘ Eaj_b—l_ jbj  =---=0 7b; - Zjbj ’
7j=1 7=1 7=1 7=1
Y A B Y G )L R ) L MR ) L
- 0 = _ _
| | J — 1! —1)! — 1! —1)! —1)!
ploH b -1 = 1) -1 = -1 = -1
(5.3)

Theorem 3. For the k-step IN"YE-LMM (5.2), we have:

L If p <k, then the Np + 1 conditions of the system (5.3) are linearly independent. So
there exist k-step IN~'E methods of order k.

II. The order of accuracy of a k-step I'N~'E method is at most k.
III. The family of k-step IN~1E methods of order k has (N + k — 2) free parameters.

Proof. [. Because linear independence for p = k implies linear independence for p < k, it
is sufficient to prove the case p = k only.

The system (5.3) can be represented in matrix form

WV = U,
where
V = Jag, ... ap_y, b 00 el N N pIV pINT VT IV T
c RIN+DE+N-1
and
U=[-1,...,—1341,0,...,0v_1y]" € RVFH,
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II.

with the coeflicient matrix defined as

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0 1 A -1 -A

. 0 0 1 A —A
i S J(NE+1)x (N+1)k+N—1)

where A, D, H, and L are defined in (3.5)-(3.8), respectively, and 1 is a vector of ones
with size k.

Because the Vandermonde matrix A is nonsingular, it can be noted that columns
{Lk+2,....2k+1,2k+3,...,4k+2,....,(N—-2)k+ N —-1,...,(N=-1)k+ N —
2,(N—=1)k+N,...,(N+1)k+ (N — 1)} of the matrix W are linearly independent.
Thus, all (Np+ 1) conditions are linearly independent and the system (5.3) admits an
(N(p —k+ 1) + (p — 2))-parameter family of solutions provided that p < k. Because
columns k + 1,2k +2,... (N — 1)k + (N — 1) of matrix W do not enter into the proof,
b[f]l, b[f]l, e ,b[ﬁ_l] can have any nonzero value. This property verifies that the family
of methods is IN"TE-LMM.

Assume the IN"'E-LMM method has accuracy O((At)*+7), » > 1; then the following

order conditions hold:

k—1 k—1
[N-1] _ (N]
Db =200
j=—1 §=0

k—1

N Z N =S (e

j=1 (5.4)

k—1

o +Z DEBN T =37 (=),

j=1
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Let /Lj = bg-N_l] —

ng]; then the system (5.4) can be written as

k—1
N-1
b[—l ] + Z:uj = 07
=0

k-1
b[—]\g_l] + Z(_])MJ = 07
j=1 (5.5)

11 1 1 N
10 -1 1—k
1)k EEAY:
L o ( ]') (1 k) J e+x(k+1) L Fre—1 J4 (k+1)x1

implying that b[ivfl] = 0 and bE.N*H = bE»N],j =1,2,...,k — 1, and contradicting the

assumption b[ﬁ_l} £ 0. So the k-step IN"'E-LMM cannot achieve more than order-k

accuracy.

I11. Consider the k-step IN"'E-LMM that achieves the highest order of accuracy. Then, as

shown above, the family of such method has exactly (N + k — 2) free parameters.

5.2 Extension to IEV!

Consider a differential equation of the form (5.1). If an implicit method is applied to flU(¢, y),

while explicit methods are applied to f(¢,y), f¥(¢,y), ...

LMM can be formulated as:
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k—1

—1 k—1
1 1
A—t}’n+1+KtZajyn_j = Z b[llf[l] by Y +Zb A6t yus) 4
j =0 j=—1 i=0 (5.6)
k—1 k—1
N—-1 _ N
+ 3 oINS TNy ),

j=0 j=0

where we assume that b[_l]l # 0 and bg»l] #+ b?] #* ... # bBN} for some j € {0,1,...,k—1}.

Order conditions

The order conditions for k-step IEY ~1-LMMs can be derived similarly to analysis of IIE-LMM
in section 5.1 by expanding section 5.2 in a Taylor series about ¢,, and applying eq. (2.2) to

the resulting truncation error. An order-p method is obtained provided

k—1
1 + Z aj = O,
7=0

k—1 k—1 k—1
S S 3 W
j=1 j=-1 3=0
= ;2 k—1 k—1 k—1
_ plil 1 _ 22l _ [N]
5t 25 =00 b =—) b= > by,
7j=1 7j=1 7j=1 7j=1
1 k—1 (_])p o b[i]l k—1 (_])p—lbgl] B k-1 ( ])p—lb?] B B k—1 ( j)p—lng]
p! 2 pl (19—1)'JFZ -1 = (- (p—1)!
j=1 j=1 j=1 j=1
(5.7)

It is not difficult to generalize Theorem 2 as follows.

Theorem 4. For the k-step IEN"*-LMM (5.6), we have:

L If p <k, then the Np + 1 conditions of the system (5.7) are linearly independent. So
there exist k-step IEN=1-LMMs of order k.
II. The order of accuracy of a k-step IEN~'-LMM is at most k.
III. The family of k-step IEN"'-LMM of order k has k free parameters.

Similar to the argument in chapter 4, one can generalize the following corollary.
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Corollary 2. Any k-step IEN"1-LMM (N > 3) of order k reduces to an IMEX-LMDM.

Proof. We use induction. The statement holds for N = 3 by Corollary 1. Next, we assume
that the statement holds for some N — 2. Now, an IEN~1-LMM is equivalent to an IEN~2E-
LMM, which by assumption reduces to an IEE-LMM, and consequently by Corollary 1, it
reduces to an IMEX-LMM. O
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CHAPTER 6

CONCLUSIONS AND FUTURE WORK

In this work, A comparison study of the performance of VSSBDF splitting methods with
physics-based splitting and dynamic linearization on diffusion-reaction-advection models is
conducted. In addition, a systematic study for 3-additive splitting methods is implemented,

further exploring their properties and efficiency.

6.1 Contributions of this Thesis

The contributions of this thesis can be summarized as follows:

First, a study of 2-additive LMM splitting methods on IVPs representing the discretiza-
tion of ADR equations is conducted. Specifically, we developed a solver that dynamically
adjusts the time-step size by leveraging IMEX SBDF methods, incorporating newly derived
expressions for the LTEs for VSSBDF methods of up to fourth order based on step doubling.
We evaluate the performance of the IMEX VSSBDF methods by comparing them for two
types of additive splitting, physics-based and Jacobian-based splitting. This comparison is
conducted across a diverse set of advection-diffusion-reaction models.

In general, the results indicate that the VSSBDF methods utilizing Jacobian splitting
outperform those utilizing the physics-based splitting in several experiments in 1D Advection-
Diffusion model, 1D Advection-Diffusion-Reaction models, CUSP, and 2D Heat model (for
the higher order VSSBDF methods). However, performance is comparable between the
both splitting techniques in the combustion model and the 2D Brusselator model, and the
performance is improved when using physics-based splitting in the 1D Brusselator model.
The results support the Jacobian splitting as a worthy splitting strategy for solving ADR
IVPs. Although this approach necessitates computing the Jacobian of the IVP RHSs, it

eliminates the need to split the RHS itself. Moreover, calculating the Jacobian does not
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always pose a significant challenge, especially when leveraging sparse representation and
numerical approximation techniques.

Second, new 3-additive linear multi-step methods are introduced based on two different
approaches: two implicit and one explicit discretizations (IIE-LMMs) and one implicit and
two explicit discretizations (IEE-LMMs). We systematically derive 3-additive splitting meth-
ods up to fourth order and verify their convergence order. A stability analysis is performed on
a prototype scalar linear DRA equation, showing the new methods give satisfactory stability
results and in some cases are A- or Ap-stable. In addition, the stability regions of the new
3-additive methods are compared with some popular IMEX methods, and it is shown that
the new methods have larger stability regions in some cases. Results on maximal attainable
order for a given number of steps are provided, along with corresponding generalizations to
N-additive splitting methods. In particular, we show that the class of k-step, order-k (V-
additive) IEN"1-LMMs reduce to the class of (2-additive) IMEX methods. The performance
of the 3-additive methods is tested by comparing them with some popular IMEX methods
on a stiff variation of the standard Brusselator problem. The experiments show 3-additive
splitting methods can outperform comparable IMEX methods through the combination of
improved stability, improved computational expense per step, and no significant degradation

in accuracy, the results of this part have been published in [43].

6.2 Future Work

Future research could expand upon the current study by extensively testing the efficacy of
both 2- and 3-additive splitting methods across a broader range of ADR models. Additionally,
the performance of variable stepsize algorithms warrants further investigation, particularly
examining how varying algorithm parameters impact outcomes. There is also significant
potential in developing more 3-additive splitting methods, specifically tailored to optimize

stability and enhance numerical performance.
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APPENDIX A
DERIVATION OF THE LOCAL TRUNCATION ERROR

ForMmuLA FOR IMEX SBDF METHODS

In this appendix, the error approximation and extrapolation formula for IMEX-SBDF
methods used in Subsection 2.2 are derived. Derivations are shown up to order four.

A.0.1 VSSBDF1

Consider the ODE

Y Fit) + () (A1)

Substituting y,11 = y(t + At,1) into the VSSBDF1 scheme and apply a multi-variable
Taylor expansion around time ¢, and employing v/ (t) = f(y(t)) + g(y(t)), we obtain the LTE
as follows:

LTE = (/(0) = £(0(0) = (o)) Atwss +  507(0) + 0) /0)) Aty +0(AE,)
(A.2)

For a solution y(t) of the ODE that is twice differentiable, the linear term in At of the
LTE vanishes, simplifying the expression to:

LTE = (310 + SO /(0) ) Ay +0(aE) (A3)
Accordingly, the LTE for the coarse step can be given as

€ = ypy — Y(ta1) = OAL . (A.4)

To obtain the LTE for yg 41, we first calculate the LTE for yi . by replacing At,; in

Equation (A.4) by %. Subsequently, determining the LTE for y,]: 41 Trequires adjusting

At to At;”. The aggregation of these errors leads to the LTE for yji e
f_of Loag
€ = yn+1 - y(tn-',-l) ~ 5 CAtn+1‘ <A5>

Using Equations (A.4) and (A.5), the constant C' can be approximated using of y¢, y/,
At, 1, and At,, which is then used in equation (A.4) to deduce

€€~ 2(yc—yf).

Finally, we subtract € from y¢ ., to create a more accurate approximation of y(t,41). This
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results in the extrapolation formula y(t,41) =~ y5, — €.

A.0.2 VSSBDF2

Making the substitutions y,+1 = y(t + Atny1) and y,—1 = y(t — At,) and performing a
multivariable Taylor expansion about ¢, the local truncation error is found to take the form

LTE = (y'(t) = f(y(t)) — g(y(1))) Atnys + (4" () — f'(y() ¥'(t) — ¢'(y(1)) ¥/ (1)) At:
(G007 + 57000 - G00)) an A
1

(=57 0O) /02 - OO0+ 00) A 0, (A

where O(At*) denotes terms where At and At,, combined appear four or more times. If
y(t) is a three-time differentiable solution of the ODE, the At,.; and A¢2_, terms vanish
and the cubic term can be simplified:

1

LTE = (W) 0F + 3000 - 590 ) Aty

(=500 /02 - OO0 + 390 A, + O (AT)

- (3y<3> () - L) v 0 - Lo it)) y"<t>) A2, (At + At,) + O(ALY),

3 2 2
(A.8)
Thus if y®)(¢) is bounded, the local truncation error for the coarse step is
€ =ypi1 — Y(tn1) = CAtiH (Atpi1 + Aty) . (A.9)

To obtain the LTE for y£ 41, we first calculate the LTE for yi L1 by replacing At,, .1 and At,

in (A.9) by % and %, respectively. We then find the local truncation error for y,]: 41 by

setting both At,,; and At, to %. Adding these errors yields to the LTE for yj; 15

o OBt (At + AL) AL,

tn—i—l
) 8 4

e =yh — (A.10)

Using equations (A.9) and (A.10), the constant C' can be approximated using y¢, v/, At, 11,
and At, in (A.9) to yield

¢ _yf
Y-y

€ r At,iq + Aty,) . A1l

© T At + 1AL, (Ao ) (A.11)

Finally, we subtract € from y¢_; to create a more accurate approximation of y(¢t"1).
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A.0.3 VSSBDF3

SubStituting Ynt+1 = y(t + Athrl)a Yn—1 = y(t - Atn)a and Yn—2 = y(t - (Atn =+ AIfnfl))
in VSSBDF3 method and perform multi variable Taylor expansion about ¢, and employing
y'(t) = f(y(t)) + g(y(t)), the LTE can be written as:

LTE = (y'(t) = f(y(t)) — g(y(1)) Atngr + (4" (1) = £'(y() ' (t) — g’ (y(1)) ¥/ (1)) At

5 (890~ SG0) (0 ~ £ )y ()~ o D) (1) ~ g ((0) (1)) A,
- (200 - OO0 - S GO O 0 + OO
A2 (Atygr + Aty)(Atngr + Aty + Aty1) + O(AF),

where O(At%) denotes terms where At, 1, At, and At, ; appear in combination five or
more times. Given that the solution y(¢) is a four-time differentiable, the terms involving
Atpiq, A2, and A2, in the LTE disappear, and the quartic terms cab be written as:

1

278 == (210 - OGO OF = LI GO OO+ L7 WOV

A2 (Atyir + Aty)(Atpy1 + Aty + Aty_1) + O(A).
Thus if ¥ (¢) is bounded, then the LT E for the coarse step can be given as
€ =yory — Y(tnr1) = CAL L (Atpir + At (Atyiq + Aty + Aty y). (A.12)

To obtain the LTE for y,{ 41, we first calculate the LTE for yf , by replacing At, 11, At,,

and At,_; in equation (A.12) by At”“ At” , and At" , respectively. Subsequently, determining

the LTE for yT{H by adjusting both Ath and At, to %, and setting At, 1 to Agn.

Adding these errors results the LTE for 3/ et

1 1 1
Ef = y:;_l — y(thrl) OAti+1 (5 Athrl —+ 5 Atn) (5 Atn+1 -+ Atn>
(A.13)

1
+- Cmnﬂ (Atnﬂ +3 Atn) .

Using equations (A.12) and (A.13), the constant C can be approximated using y°, y/,
Aty,iq, At,, and At,_1, which is then used in equation (A.12) to deduce

16(y° — y/)

‘ A37

T (14A2 + 16 Aty Dbyt + 27 Aty Abyay + 16 Aty Alyyr +11AE2 )

where ATg = (Atn + Atn+1)(Atn+1 + Atn + Atn—l)-

Lastly, we subtract ¢ from y5 ,, to create a more accurate approximation of y(t,1).

A.0.4 VSSBDF4
Similar to the previous analysis, one can find the LT E for the VSSBDF4 method as follows:
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LTE = (y'(t) = f(y()) — g(y(1))) Atars + (") — F'(w(®) ¥ (t) — ¢'(y() ¥/ (t) Ati iy

(y(?’) () = ")y () = ['(y(0) y"(t) — " (u(®) ¥’ (1) — ¢'(y(1)) y”(t)) Aty

+ 5000 = D) G @)’ =31 w®) - y'(1) -y ) - gD y(®) - (' (1)

—3¢"(y(1)) - ¥/ (8) - " (1) = (f"(w(®)) — ¢"(y()) -y () — (f'(w(1)) — ¢ (WD) - ¥ (1)) Aty

-5 (3990 = LWV O - SO0 0 + 1 W

4
(Athrl + Atn + A.l(:nfl + Atan) + O(At6)a

—y DOy 6 " (y(2)) + §y”(t)2f”( (¢ ))) Aty 1 (Abnpy + Aly) (Atyyr + Aty + Aty_1)

where O(At%) denotes terms where At,, 1, At,, At, ; and At, » in combination six or

more times. Given the solution y(t) is a five-time differentiable bounded solution of the
ODE, then the At,.q, At2,, and At} terms in the LTE disappear, and the quintic term
can be rewritten as:

278 == (550 - OGO 0" - SIOG O 0+ L7 w00

U O O) + 5 O G0 ) + A (Bt + Au) (Bt + Aty + Aty )

(Athrl + Atn + Atnfl + Atan) + O(At6)
(A.14)

Thus if y®(¢) is bounded, the LT E for the coarse step can be given as

€ = y761+1 - y<tn+1)
~ CAL L (Atyir + Aty) (Atyyr + Aty + Aty 1) (At + Aty + Atyq + Aty )
+ O(At%). (A.15)

To obtain the LTE for y,]: 41, we first calculate the LTE for yf by replacing At, 1, At,,

At,_1, and At,_5 in equation (A.15) by %, Al 8l and % respectively. After that,

we obtain the LTE for yn+1 by adjusting both Atnﬂ and At, to Atg“ and At,_1, and At,_»

to At" Adding these errors results the LTE for yn 15

ef = y£+1 —Y(tng1)
9 1 1 1
~ — CAtn+1 5 Atn+1 + 5 Atn - Atn+1 + Atn

1 1 1
(2 Atns1 + Aty + 2Atn_1) +CA (Atn+1 + 2Atn> (Atni1 + Aty) .

Using equations (A.15) and (A.16), the constant C can be approximated using y°, y/,
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and At,, o, At,_1, At,, At, 1, which is then used in (A.15) to deduce

where

ATy = (Atyy1 + Aty (Atyyy + Aty 4+ Aty 1) (Atyq + Aty + Alyy_1 4 Atyy_s),

C1 =28 At} + 32 A2 Aty_o + 62 At2 Aty 1 + 84 At2 Aty y1+

) (A.16)
32 At Aty _oAt,_1 + 64 AtnAtn_gAtn_H + 32 AtnAtnfl
and
Oy =125 Aty Aty 1 Atpi + 79 Atn A2, 1 + 32 Aty_oAty_1Atyi1+ (A.17)

32 Aty o At2 | + 32 A2 Atyiq + 63 Aty A2 +23AE 4,

Finally, we subtract € from y¢_, to create a more accurate approximation of y(t,41).
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