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Abstract: We describe new annular examples of complete translating solitons for the mean curvature flow and

how they are related to a family of translating graphs, the Δ-wings. In addition, we will prove several related
results that answer questions that arise naturally in this investigation. These results apply to translators in

general, not just to graphs or annuli.
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1 Introduction

A translator in R3 is a surfaceM such that

t ↦ M − t e3

is a mean curvature flow, i.e., such that normal component of the velocity at each point is equal to the mean

curvature at that point:
⃖⃖⃗H = −e⊥

3
. (1)

As observed by Ilmanen [1], a surfaceM ⊂ R
3 is a translator if and only if it is minimal with respect to the

Riemannian metric

gi j = e−z𝛿i j.

In [2] (see also [3]), we classified all the translators that are graphs over domains in R2 = {z = 0}. (See also
the survey paper [4]). That classification depends on the fundamental advances in the paper of Spruck and Xiao

[5]. What we learned from that classification led us to a construction of complete annular translators [6]. In this

paper, wewill describe these new annular examples and how they are related to a family of graphs, theΔ-wings.
In addition we present three related results that answer questions that arise naturally in this investigation.

They apply to translators in general, not just to graphs or annuli. The first one is proved in [6] and depends upon

a basic result (Proposition 7.1) that is important to the understanding of the other two theorems.
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Theorem 1.1. ([6, Theorem 18.5]). Let Un ⊂ U′
n
be nested, open, convex regions in R2 such that Un converges to a

bounded open convex set U and such that U′
n
converges to an infinite strip U′. Suppose that

min{|p− q|: p ∈ 𝜕U, q ∈ 𝜕U′} ≥ 𝜋.

Then, for all sufficiently large n, there is no connected translator in {z ≥ 0}whose boundary is Sn := ((𝜕Un) ∪(
𝜕U′

n

)
) × {0}.

Remark 1.2. Theorem 1.1 is a reminiscent of a classical result for minimal surfaces in R
3, a version of which

could be stated as follows: For C0 a closed convex curve in R
2 = {z = 0} ⊂ R

3, let Ct = C0 + te3. Then for t > 0

sufficiently large, C0 ∪ Ct bounds no connected minimal surface.

Theorem 1.3. LetM be a connected translator in {z ≥ 0} that lies in the slab {|y| < B} and has boundary equal to
the two parallel lines {y = ±b} ∩ {z = 0}. Suppose that either there exists a value of c ∈ R forwhichM ∩ {x = c}
is bounded, or that M is simply connected. Then b < 𝜋∕2, and M is part of the the graph of an appropriately

translated grim reaper surface:

z = log(cos y)− log(cos b) on the strip {(x, y): |y| < b}.

See Section 3 for a discussion of grim reaper graphs. If one assumes thatM is a graph, this theorem is well

known. We are not assuming that here.

Theorem 1.4. Suppose M is a properly embedded and connected translator that lies in a vertical slab {|y| < B}.
If there exists a constant c such that M ∩ {x = c} is bounded above, then B ≥ 𝜋.

Remark 1.5. Recently, Gama, Martín and Møller have proved a related result.

Theorem 1.6. ([7, Proposition 9.1]). Let M be a complete, embedded, connected translator with finite genus, finite

entropy and one end. Suppose M lies in a slab of width B. Then B ≥ 𝜋.

Wewere recently informed that in [8], Impera,Møller and Rimoldi obtain, by differentmethods, results related

to Theorem 1.4 for complete translators in a slab. They assume finite entropy, and height satisfying a linear-growth

condition dependent on the width of the slab.

Remark 1.7. In Theorem 1.4, we do not know whether the assumption that M ∩ {x = c} is bounded above for
some c can be removed. Imagine a connected annular surface that is asymptotic to two parallel vertical planes,

and looks like two planes connected by a small, catenoid-like, neck. If the planes are at a distance b from each

other, then a maximum-principle argument using the grim reaper surface will show that b < 𝜋. However, we

do not know at the present time how to rule out the existence of such a surface when the planes are very close

together (see Figure 1.) Such a surface, if it exists, would lie in a slab of width less than 𝜋 andM ∩ {x = c}would
be unbounded for any value of c.

The paper is organized as follows. In Section 2, we define annuloids and state the main existence theorem

for the family  of annuloids that we construct as limits of finite surfaces with boundary. In Sections 3 and 4,

we review the theory of complete translating graphs with special emphasis on Δ-wings as models for the con-
struction of the annuloids. In Section 5 we outline the proof of the existence of the compact annular surfaces

with boundary whose limits in Section 6 are the complete annular translators in. In Section 7, we provide the

proofs of Theorems 1.1, 1.3, and 1.4, above.
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Figure 1: Two vertical planes glued by a small catenoidal neck. We conjecture that such a trans-

lator does not exist.

2 Annuloids

In [6] we construct a two-parameter family of complete embedded annular surfaces that we call

annuloids (see Figure 2).

Definition 2.1. An annuloid is a properly embedded translatorM such that

(1) M is an annulus.

(2) M lies in a slab {|y| ≤ B′}.
(3) M is symmetric with respect to reflection in the vertical coordinate planes.

(4) M + (0, 0, z) converges as z→∞ to four planes {y = ±b} and {y = ±B} for some 0 < b ≤ B.

(5) M − (0, 0, z) converges as z→∞ to the empty set.

(6) M is disjoint from the z-axis Z.

We define thewidth ofM to be the number B = B(M). (One can prove that B is also the smallest B′ such that (2)

holds.) We define the inner width ofM to be the number b = b(M).

To state themain theorembelowprecisely, one needs to specify a notion of necksize of an annulus. There are

various natural definitions, such as: the length of the shortest homotopically nontrivial curve in M; the radius

of the smallest ball containing a nontrivial curve inM; the radius of the smallest vertical cylinder containing a

Figure 2: A capped annular translator in  (left) and an

uncapped one (right). When B > b (see Definition 2.1), the

annuloid is uncapped. When B = b, the annuloid may be

capped or uncapped. The transition from capped to uncapped

is addressed in [6].
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nontrivial curve inM. Our existence result is true for any of those definitions. However, the following turns out

to be most convenient notion of necksize:

Definition 2.2. IfM is a surface, we let x(M) be the distance from the Z axis toM ∩ {y = 0}. We refer to x(M) as

the necksize of M .

In [6], we prove the existence of a collection of annuloids that behaves like a two-parameter family:

Theorem 2.3. There exists a family of annuloids with the property that the map

→ [𝜋∕2,∞) × (0,∞)

given by M ↦ (b(M), x(M)) is continuous, proper, and subjective. Furthermore, for fixed b ≥ 𝜋∕2,

b :={M ∈  : b(M) = b}

contains a closed and connected subset b on which the map

b → (0,∞)

M ↦ x(M)

is continuous and surjective.

The family is defined in Definition 6.2, which refers to Proposition 6.1 and Theorem 5.10.

Corollary 2.4. For each b ≥ 𝜋∕2 and for each 0 < s < ∞, there exists an annuloid in  with inner width b and

necksize s.

Our discovery of the annuloids in Theorem 2.3 was guided by our construction of Δ-wings in [2] as limits
of translates of graphs over finite rectangles in the plane. We produce annuloids as limits of compact, annular

translators whose boundaries consist of pairs of symmetrically placed nested rectangles in a horizontal plane.

Our existence and uniqueness proof for Δ-wings relies heavily on the advances made in the paper by Spruck
and Xiao [5], and the techniques there appear in parts of our construction of annuloids.

To our knowledge, the only properly embedded, annular translators that were known before [6] are the

rotationally invariant surfaces called translating catenoids (Figure 3), discovered by Clutterbuck, Schnürer and

Schulze [9] (see also [10]). They showed that there is a one-parameter family {W(𝜆)}𝜆>0 of such surfaces. The
parameter 𝜆 is the radius of the neck circle. It coincides with our definition of necksize for annuloids. They also

examined the limit as 𝜆→ 0 ofW(𝜆). It consists of two superimposed copies of an entire, rotationally invariant

graph known as the bowl soliton. (See Section 3 and Figure 3.) The convergence is smooth away from the point

on the axis of symmetry where the neck collapses.

Figure 3: (Left) A bowl soliton. (Right) A translating catenoid of rotation in the familyW(𝜆), defined in Section 2.
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Figure 4: AΔ-wing.

As part of our investigation of the annuloids in , we were able to show that if b is fixed and s goes to

zero, the associated annuloids in Corollary 2.4 converge (with multiplicity two) to the Δ-wing defined over the
strip R × (−b, b). (See Figure 4.) The convergence is smooth away from the point where the Z axis intersects the

Δ-wing. We conjecture the following behavior as b→∞:

Conjecture 2.5. Fix s and letMi be an annuloid in, as in Corollary 2.4 with necksize s and innerwidth bi →∞.

Then (after suitable vertical translations) the Mi converge to the rotationally symmetric translating catenoid

W(s), whose neck is a circle of radius s.

3 Translating graphs

The simplest complete translators are vertical planes. In [9], J. Clutterbuck, O. Schnürer and F. Schulze (see also

[10]) proved that there is a unique (up to vertical translation) entire, rotationally invariant function u :R2 → R

whose graph is a translator. It is called the bowl soliton (Figure 8).

The simplest, non-entire, complete graph over a region in {z = 0} is the cylinder constructed over the grim
reaper curve,

u𝜋∕2(x, y) = log(cos y),

y ∈ (−𝜋∕2, 𝜋∕2), x ∈ R. We refer to this graph as the grim reaper surface. It can be tilted and dilated to obtain

a complete translating graph over a strip of width 2b ≥ 𝜋:

ub:R × (−b, b)→ R

(x, y) ↦

(
2b

𝜋

)2

log
(
cos

(
y𝜋

2b

))
+ x tan(𝜃), (2)

where tan(𝜃) =
√
(2b∕𝜋)2 − 1. We call this graph a tilted grim reaper surface. (The slope of the graph of ub is

tan(𝜃). Of course, the graph of ub(−x, y) is also a translator. We refer to this graph as being negatively tilted.)

Remark 3.1. A tilted grim reaper surface M is a cylinder, so its Gauss curvature is identically equal to zero.

Along a straight line on the surface, the Gauss map is constant: the Gaussian image of M is a half circle in the

upper hemisphere. The half circles corresponding to the tilted grim reaper surfaces foliate the upper hemi-

sphere. (We include the grim reaper surface in this collection as a tilted grim reaper surface with tilt angle 0.)

By Massey’s theorem [11], a complete surface in R
3 whose Gauss curvature is identically 0 is a cylinder. Given

Σ, a complete translating graph with Gaussian curvature identically equal to 0, if L is a line on Σ we can find a

tilted grim reaper surfaceM such that (after suitable translation and rotation)M and Σ are tangent along L. By

Cauchy–Kowalevski, Σ = M. So, up to translation and rotation the complete, flat, translating graphs are tilted

grim reaper surfaces. In particular, there are no complete, flat, translating graphs defined over strips of width

less than 𝜋.
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In [5], Spruck and Xiao proved that a complete translating graph has nonnegative Gauss curvature: K ≥ 0.

But since k1∕H satisfies a strong maximum principle on translators [12] it follows that if K = 0 anywhere on

a translating graph then K ≡ 0. (Here, 0 ≤ k1 ≤ k2 are the principal curvatures and H = k1 + k2.) Therefore, in

order to classify complete translating graphs, it suffices to classify the complete translating graphs with positive

Gauss curvature. The bowl soliton is not a cylinder so its Gauss curvature must be strictly positive. (This also

follows directly from a computation.) Do other examples exist? Spruck and Xiao ([5, Theorem 1.5]) showed that

such surfaces, if they are graphs over strips, are reasonably well behaved.

Proposition 3.2. A complete translating graph

u:R × (−b, b)→ R

with K > 0 satisfies u(x,−y) = u(x, y). Furthermore,

u(x + t, y)− u(t, 0)

converges smoothly as t→−∞, to a tilted grim reaper surface (2) defined over the strip of width 2b and, as t→∞,

to the negatively-tilted grim reaper surface of the same width. In particular, b > 𝜋∕2.

Remark 3.3. From the discussion above, we know that there are no complete, flat, translating graphs defined

over strips of width less than 𝜋. From Proposition 3.2 it follows that there are no complete, translating graphs of

any kind defined over such thin strips.

What are these surfaces? Ilmanen, in an unpublished work, described a new family of translating graphs

called Δ-wings: they are defined over strips, and they have strictly positive Gauss curvature at some points.

Hence, as argued in the paragraph before Proposition 3.2, they have positive Gauss curvature at all points. With

Ilmanen, we gave an existence proof for these surfaces and proved the following classification theorem for

graphical solitons:

Theorem 3.4. ([2]). Up to isometries of R2 and vertical translation, the only complete translating graphs in R3 are

the grim reaper surface, the tilted grim reaper surfaces, theΔ-wings, and the bowl soliton.

In the next section, we will outline our construction ofΔ-wings in order to set the stage for the construction
of the annular translators described in Sections 5 and 6. Here is what we know about them at this point.

(1) They must have strictly positive curvature.

(2) They are symmetric with respect to reflection in the coordinate plane {y = 0}.
(3) They are asymptotic to positively tilted grim reaper surfaces as x→ −∞ and to negatively tilted grim

reaper surfaces as x→ +∞. Hence, they are bounded above.

4 𝚫-wings: complete translating graphs that are limits of graphs

over rectangles

Consider a rectangle R in the horizontal plane {z = 0}. Define D(R) to be the translating graph over Rwith zero
boundary values. (As observed in Section 1, a surface M ⊂ R

3 is a translator if and only if it is minimal with

respect to the Riemannian metric gij = e−z𝛿ij.)

For 0 ≤ t ≤ 1, let g(t) be the metric g(t)ij = e−tz𝛿ij. We may use the continuity method to find a graph that

is a g(t)-minimal surface with 0 boundary values. (If t = 0, g(0) is the standard euclidean metric, then R itself is

the required graph. The solutions are bounded below (by 0) and above by a bowl soliton.) Vertical translations

of the g-minimal graph foliate R × R. It then follows from the maximum principle for minimal surfaces that
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D(R) is the unique graphical solution (indeed the unique compact g-minimal surface) with the same boundary

as D(R).

Let RL,b be the rectangle [−L, L] × [−b, b] ⊂ {z = 0} ⊂ R
2. It follows from uniqueness that D(RL,b) is sym-

metric with respect to reflection in the coordinate planes {x = 0} and {y = 0}. Denote by

uL,b: [−L, L] × [−b, b]→ R (3)

the function with 0 boundary values whose graph is D(RL,b).

Limits of the disks D(R
L,b) as L→∞. We want to produce complete graphical solitons by fixing b > 0 and

taking limits as L→∞ of the vertically-translated surfaces

D(RL,b)− (0, 0, uL,b(0, 0)).

It is not hard to show that the maximum value of uL,b is achieved at (0,0). Therefore these surfaces are

bounded above by 0 and contain the origin. In order to insure that one gets (subsequential) limits, we prove

a gradient estimate for uL,b: the norm |DuL,b| is bounded, independent of L, on compact subsets of R × (−b, b).
Therefore subsequential limits exist and give examples of graphical translators passing through the origin and

lying in {z ≤ 0}.
Let Σ be a limit translator. The surface Σ is not complete unless uL,b(0, 0)→∞ in this subsequence. (By the

maximum principle, if L′ > L, then uL′,b(x, y) > uL,b(x, y) on the interior of RL,b. Therefore uL,b(0, 0) is a mono-

tonically increasing as a function of L and a limit exists (possibly infinite).) If, as L→∞, uL,b(0, 0) is finite, the

limit surface is bounded by parallel lines in a horizontal plane. If as L→∞, uL,b(0, 0)
)
→∞, the limit surface is

complete. In both cases, it is symmetric with respect to reflection in the vertical coordinate planes.

Proposition 4.1. ([2, Corollary 3.3]). Suppose limL→∞uL,b(0, 0) = C < ∞. Then b < 𝜋∕2.

Proof. Consider the functions

uL,b(x, y)− uL,b(0, 0):RL,b → R. (4)

Notice that the value of these functions is 0 at (0,0), where the tangent planes to their graphs are horizontal.

As L→∞, a subsequence converges to a graph of a function

𝑣b:R × (−b, b)→ R.

The function has boundary values −C on the lines {z = −C} ∩ {y = ±b}. Applying Theorem 1.3 to the

vertical translation of the surface by (0, 0, C) completes the proof. □

Remark 4.2. It follows from Theorem 1.3 that

lim
L→∞

uL,b(x, y) = log(cos y)+ C,

where C = −log(cos b), when b < 𝜋∕2. It is not hard to prove that in fact, one does not need to take subsequential
limits: all the limits are the same.

What happens when b ≥ 𝜋∕2? The functions

uL,b

in (4) have subsequential limits that produce complete translating graphs. When b = 𝜋∕2, it is easy to show that

in fact all the limits are the same: the grim reaper surface. When b > 𝜋∕2 there are two important questions to
be answered:

(1) If a subsequential limit exists, is it defined over a strip of width 2b, or possibly over thinner strip inside

R × (−b, b) ?
(2) Are there different subsequential limits?
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The answers are the best possible: the limit function is defined over the full stripR × (−b, b) and it is unique. The
fact that the limit functions are defined over the full strip follows from a gradient estimate for uL,b that depends

only on an upper bound for b and a lower bound for b− |y|. Uniqueness is more complicated to prove, but it is
true. We arrive at the following result:

Theorem 4.3. ([2])Let b > 𝜋∕2. Then,modulo translations, there is a unique complete translator fb:R × (−b, b)→
R that is not a tilted grim reaper surface. These surfaces, calledΔ-wings, are symmetric with respect to reflection
in the vertical coordinate planes: fb(x, y) = fb(−x, y) = fb(x,−y). They form a smooth family. As b→ 𝜋∕2 they
converge to the grim reaper surface. As b→∞, they converge to a bowl soliton.

5 Compact translating annuli bounded by convex curves

We producedΔ-wings as the limits of vertical translates of the graphs D(RL,b) for fixed b ≥ 𝜋 and L→∞. (Recall

that RL,b is the rectangle [−L, L] × [−b, b] in the plane {z = 0}.) In Figure 5 we show a picture of such a graph,

but bounded by a smooth convex planar curve. The surfaces in Theorem 2.3 are produced by taking limits of

vertical translates of compact translating annuli bounded by a pair of disjoint, nested, symmetrically placed

rectangles in the plane {z = 0}. In this section and the next one, we will describe how we produce such annuli

with desired neck size.

Definition 5.1. We define  to be the space of compact, properly embedded translating annuli M in the upper

halfspace R2 × [0,∞) such that:

(1) 𝜕M is a pair of disjoint, nested, C2,𝛼 convex curves with strictly positive curvature in R2 × {0}.
(2) M is invariant under reflection in the planes {x = 0} and {y = 0}.

Note that if M ∈ , then the curves in 𝜕M will also be invariant under reflection in the planes {x = 0} and

{y = 0}. We denote these boundary curves by 𝜕innerM and 𝜕outerM. (See Figure 6.)

Remark 5.2.

(1) It is not hard to show that an annulus M ∈  is disjoint from the z-axis and, from that, it follows that a

curve inM is homotopically trivial if and only if its winding number around Z is zero.

(2) For the annuli M ∈  or for smooth limits of these surfaces we have the following area and curvature

estimates [6], [13]: there exists finite constants c1, c2, for which

– area(M ∩ B(p, r)) ≤ c1r
2,

Figure 5: A translating disk boundedby a convex planar curve.

Figure 6: A translating annulus with compact boundary con-

sisting of two nested, planar, convex curves.
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– |A(M, p)| min{1, dist(p, 𝜕M), dist(p, Z)} ≤ c2.

where A is the second fundamental form ofM and B(p, r) is the ball of radius r in R3 centered at p.

Definition 5.3. We denote by C the space of pairs Γ = Γin ⊔ Γout in R
2 × {0} of disjoint, Jordan curves in R2 ×

{0} that are nested, symmetric, C2,𝛼 , convex and have strictly positive curvature.
The mapM ↦ 𝜕M defines a natural projection

Π: → C.

At this point, we do not know very much about the space . Indeed, for a pair of curves corresponding to a

point inC, there may not be any annuli in  with that pair of curves as boundary. Looking again at the example

discussed in Remark 1.2, consider a curveΓ in the plane {z = 0}, and letΓt = Γ + te3 be its translate in the plane

{z = t}. Define Γ(t) = Γ ⊔ Γt. For small t, there is stable a minimal annulus that is close to the vertical ribbon

connecting Γ to Γt. There is also an unstable minimal annulus that looks like the union of disjoint planar disks

joined by a small catenoidal neck. For large enough t, there is no connected minimal surface whose boundary

equalsΓ(t). But there is a smooth familyM(t), of minimal annuli parametrized by an open interval,with 𝜕M(t) =
Γ(t). When compactified, we get a closed interval. The annuli going to one endpoint converge, as sets, to Γ. At
the other end, the convergence is to the disk D bounded by Γ, and that convergence is smooth, of multiplicity
2, away from Γ and the point where the catenoid-like handle collapses. Moreover, the length l(t) of the shortest

geodesic in M(t), is a continuous function on this interval, which implies that all values in the interval (0, l(Γ))
are assumed.

We will take the discussion above for minimal annuli in R3 as a model.

Fix Γ0, a smooth, closed, convex curve in the plane {z = 0}, symmetric with respect to the coordinate axes
and with strictly positive curvature. Let

Γ(t) = Γin(t) ⊔ Γout(t), t ∈ [0, 1] (5)

be a smooth family of pairs of closed, convex, symmetric curves with the following properties:

(1) For t ∈ (0, 1), Γ(t) is a smooth path in C
(2) Γ(0) = Γ ⊔ Γ
(3) Γin(t) is a compact curve for all t ∈ [0, 1]

(4) Γout (1) is the boundary of a strip [−d, d] × R, where d is large enough so that the distance between Γout (1)

and Γin (1) is at least 𝜋, see Figure 7.

In previous sections we defined D(Ω) to be the unique translating graph over a convex planar region Ω. with
zero boundary values. In this section we will abuse that notation and allow ourselves, for a convex plane curve

Γ, to denote by D(Γ) the unique graphical translator with boundary Γ. Our goal is to prove that there exists a

Figure 7: Γ(1) = Γin (1) ⊔Γout (1), an endpoint of the path Γ(t) in (5).
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Figure 8: Left: Lift of a path consisting of pairs of circles Γ ⊔ Γ + te3, as dis-

cussed in Remark 1.2 and before equation (5). Right: A fanciful illustration of,

the lift of the path Γin(t) ⊔ Γout(t), defined in (5).

connected family  ′ of translating annuli in , each one of which has boundary equal to Γ(t) for some value
t ∈ (0, 1). Furthermore, when considered as subsets of R3 the closure of  ′ is compact and is equal to  := ′ ∪
{Γ,D}. In addition, the necksize x(M) (see Definition 2.2) is a continuous function that takes on all values in the

interval (0, x(Γ)), where x(Γ) the distance from the origin to Γ ∩ {y = 0}.
We will do this by using the path-lifting theorem, which follows fromWhite [14]:

Theorem 5.4. Let

 = Π−1(Γ(0, 1)).

If Γ(t) is transverse to
Π: → C,

then has the structure of a smooth 1-manifold. More over the map

t:→ (0, 1), where 𝜕M = Γ(t),

is smooth.

We will use this theorem to find an open, connected component of whose closure consists of the curve

with the addition of Γ at one end and D(Γ) at the other (see Figure 8).

Theorem 5.5. There exists a connected family  ′ of compact translating annuli with the following properties

(1) Each surface M ∈  ′ is a compact annulus in  and there exists a t = t(M) ∈ (0, 1) for which 𝜕M = Γ(t).
(2)  ′ =  ∪ {Γ,D(Γ)} is compact. Specifically, if Mi is a divergent sequence in 

′ then

(a) Either the Mi converge to Γ as sets,

(b) Or the Mi converge to D(Γ). The convergence is smooth with multiplicity 2 on compact subsets of

R
3 ∖{Γ,D(Γ)}.

Moreover, the function M → x(M) takes on every value in the interval (0, x(Γ)).

5.1 The Proof of Theorem 5.5

Wewill use Theorem 5.4 for the pathΓ(t) given in (5). Thefirst step in achieving our goal is to establish properness
for the function t(M) defined on.

Proposition 5.6. The map t:→ (0, 1) is proper and bounded above by a constant c < 1.

Proof. For the familyΓ(t) in (5), we imposed condition (4) in order assert, using Theorem 1.1, that for t sufficiently

close to 1, Γ(t) bounds no connected translator in the halfspace {z ≥ 0}. Therefore, there is a T ∈ (0, 1) such that



84 — D. Hoffman et al.: Annuloids and𝚫-wings

ifM is a symmetric translating annulus withΠ(M) = Γ(t), then t < T . Consequently

⋃
M∈

𝜕M ⊂
⋃

t∈[0,T]
Γ(t)

lies in a compact set K. By Lemma 7.4 (in Subsection 7), it follows that
⋃

M∈M also lies in a compact region of

R
3. Using the curvature and area estimates in Remark 5.2 (2), it follows that the map t:→ (0, 1) is proper. □

Theorem 5.4 and Proposition 5.6 tell us that the only way that a sequence in {Mi} ⊂  with 𝜕Mi = Γ(ti)
can diverge is if ti → 0, and therefore the two curves in Γ(ti) are collapsing to Γ. So we are in a situation similar
to that of catenoidal minimal surfaces in R3 discussed after Definition 5.3.

If t is small, the two plane curves Γ(t) are very close to Γ and the one can show that there is a g-area-

minimizing minimal surface that is a graph over the flat planar ribbon between the two curves in Γ(t), with the
height of the graph going to zero with the distance between the two curves. For such a surfaceM, x(M) will be

close to the distance from the origin toΓ ∩ {y = 0}, a quantitywewill denote by x(Γ). Also one expects that there
will be an (unstable) g-minimal annulus with the same boundary, and that annulus will be close to union of the

two graphical g-minimal disks D(Γin(t)) and D(Γout(t))), together with a small neck joining them. And that small

neck will be close to the z-axis. IfM is such a surface, then x(M) is close to zero. In fact, that is what happens.

Theorem 5.7. Let Mi ∈  be a sequence with 𝜕innerMi and 𝜕outerMi, the boundary components of Mi, both smooth

curves with nonvanishing curvature. Suppose they converge in C2,𝛼 to the same smooth convex curve Γ. Denote by
𝜎(Mi) the length of the shortest homotopically nontrivial curve in Mi.

(1) If 𝜎(Mi)→ 0, then Mi converges to D(Γ), and the convergence is C2,𝛼 away from Γ ∪ (Z ∩ D(Γ)), with multi-
plicity 2.

(2) If infi𝜎(Mi) > 0, then Mi converges to Γ. For large i, Mi is the graph of a function ui on the annular region

between 𝜕innerMi and 𝜕outerMi. Furthermore,

sup |Dui|→ 0.

From Theorem 5.7 we have the following consequence: Suppose ti > 0 is a sequence converging to 0 andMi

is connected translator with 𝜕Mi = Γ(ti). Then after passing to a subsequence, theMi converge, as sets, to either

Γ or D(Γ). Moreover,
(i) If the convergence is to Γ, then for suitably large, i,Mi is a graph.

(ii) If the convergence is to D(Γ), then the convergence is smooth and with multiplicity 2 on compact subsets
of R3 ∖{Γ ∪ (D(Γ) ∩ Z)}.

Proposition 5.8. There exists a 𝛿 > 0 such that if t ∈ (0, 𝛿) then a g-area-minimizing translator with boundary

equal to Γ(t) is a graph over the planar annulus between Γin(t) and Γout(t). Moreover, there is a unique such

translating surface M(t) with these properties (graphical or g-area-minimizing) and the M(t) converge as sets

to Γ.

Proof. Denote by Ωout and Ωin the planar domains bounded by Γout and Γin, respectively Suppose ti → 0 and

M(ti) is a sequence of g-area-minimizing annuli with 𝜕Mi = Γ(ti). Then

areag(M(ti)) ≤ areag(Ωout∖Ωin).

Note that the right-hand side of the above inequality converges to 0 as ti → 0. Hence, areag(M(ti)) converges

to zero. This implies that theMi converge to Γ (in Hausdorff distance). If not it would violate the monotonicity

formula. This means we may use statement (i) above to conclude that for ti suitably small,M(ti) is a graph. One

can now use themaximum principle to show that there is only one graphical translator with the same boundary

asM(ti) □
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For 0 < t < 𝛿 denote byMg(t) the unique graphical translator with boundary equal to Γ(t). Then

 =
⋃

{Mg(t) : t ∈ (0, 𝛿)} ⊂ 

is an end of a component,  ′, of , and that component is a connected 1-manifold. Let Mi be a sequence

diverging to the other end of  ′. By the properness result above (Proposition 5.6), we must have t(Mi)→ 0. For

t(Mi) < 𝛿,M cannot be a graph. By Statement (ii), above, the surfacesMi have the property that as t(Mi)→ 0, the

Mi converge to the simply connected graph D(Γ) and the convergence is smooth, with multiplicity 2 on compact
subsets ofR3 ∖{Γ ∪ (D(Γ) ∩ Z)}. Let =  ′ ∪ {Γ,D(Γ)} and note that from (ii) we have that x(Mi)→ 0.Morover,

the neckwidth x(M) is a continuous function on  , taking the value 0 atD(Γ)} and x(Γ) at Γ.
This completes the proof of Theorem 5.5.

5.2 Compact translating annuli bounded by rectangles

In Definition 5.1, if we remove from condition (1) the requirements that the boundary curves of M ∈  are

smooth and have strictly positive curvature, we may consider annular translators bounded by nested, sym-

metric, convex curves. These are boundaries described in Definition 5.3 of C of the surfaces in  with the

corresponding smoothness and positive curvature requirements removed. Can we still assert the conclusions of

Theorem 5.5 for this expanded class?

Consider a curve of boundaries (5), for t ∈ [0, 1], which are convex but not necessarily smooth or possessing

strictly positive curvature. Approximate them by one-parameter families

t ∈ [0, 1]→ Γn(t) = Γn
in
(t) ⊔ Γn

out
(t),

where all the curves in question satisfy the smoothness and positive curvature conditions of Definition 5.3. We

choose these families so that for each t ∈ [0, 1], Γn
in
(t) converges to Γin(t) and Γn

out
(t) converges to Γout(t). We

may choose Γn(t) to be transverse to the projection Π. Let n, Γn and Dn be as in Theorem 5.5. That theorem

asserts the existence of a compact, connected set n of closed subsets of R3 that have the structure of a compact

curve with endpoints Γn and Dn, and interiors points M, each of which has boundary Γn(t) = Γn
in
(t) ⊔ Γn

out
(t)

for some t = t(M) ∈ (0, 1). Passing to a subsequence, the n converge to a limit set  which is connected and

contains Γ and D(Γ). If M ∈ ∖{Γ,D(Γ)}, then M is the limit of surfaces in Mn ∈ n. Taking subsequential

limits we may assume that t ∈ [0, 1]. By Theorem 1.1, t ≠ 1. By Proposition 5.8 we can conclude that t > 0. We

can approximate convex, symmetric curves by smooth convex curves with strictly positive curvature, so we

have proved Theorem 5.5 for such families. There is one class of such curves that is natural and important for

our construction.

Definition 5.9. We define to be the space of compact, translating annuli with the following properties:

(1) 𝜕innerM are 𝜕outerM are rectangles whose sides are parallel to the coordinate axes, and

(2) M is the limit of a sequence of translatorsMn ∈  such that, for each n, 𝜕innerMn and 𝜕outerMn are smooth

with nowhere vanishing curvature.

For use in the next section, we state the following theorem, an immediate consequence of the discussion above.

Theorem 5.10. For a, b > 0, let Γa,b be the symmetric rectangle that is the boundary of [−a, a] × [−b, b] ⊂ R
2.

Then for every x ∈ (0, a), there exists a compact annular translator Ma,b(x)whose necksize is x and whose bound-

ary consists of two rectangles Γa,b and ΓA,B, where A ∈ (a,∞) and B ∈ (b, b+ 𝜋).

Note that there is no statement of uniqueness forMa,b(x) or for the values A and B.
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6 Annuloids as limits of compact translating annuli with

rectangular boundaries

In Section 4, the Δ-wings were constructed as limits of sequences of graphical disks. Here we take limits of

sequences of compact annular translators,Ma,b(x), whose existence was established in Theorem 5.10.

Let

Mi = Mai,bi
(xi), with bi → b, xi → x̂, and ai →∞.

Define zi = z(Mi) to be the largest value of z such that (xi, 0, z) ∈ Mi.

Proposition 6.1. Let

M′
i
:=Mi − (0, 0, zi).

A subsequence converges smoothly to a complete translator M that has the following properties

(1) M is symmetric with respect to the planes {x = 0} and {y = 0}.
(2) x(M) = x̂, and (x̂, 0, 0) ∈ M.

Proof. First, we will show that

zi →∞. (6)

Note that (xi, 0, 0) ∈ M′
i
. If (6) fails, then (after passing to a subsequence) z(Mi) would converge to a finite

limit ẑ and M′
i
would converge to a translator M′′ in {z ≥ 0}.(By the curvature and area estimates for these

surfaces (Remark 5.2 (2)), the convergence is smooth in {z > 0}.) Moreover, (x̂, 0, 0) ∈ M′′. The boundary ofM′′

is contained in the plane {z = −ẑ} and lies outside the strip {|y| < b}. Therefore M′′ has no boundary in the

slab {|y| < b}, and we are assuming b ≥ 𝜋∕2. By Theorem 1.1,M′′ is disjoint from that slab, which is impossible

since (x̂, 0, 0) ∈ M′′. Thus zi →∞.

It follows now that ,

dist(0, 𝜕M′
i
)→∞. (7)

Consequently, the curvature and area bounds in Remark 5.2 (2) give smooth convergence (after passing to a

subsequence) ofM′
i
to a limit translatorM. By (7),M has no boundary. From the construction, (x̂, 0, 0) ∈ M. Also,

M is disjoint from the strip {0} × (−x̂, x̂) × R. Thus x(M) = x̂. Furthermore, the symmetry of all the surfacesM′
i

is inherited by the subsequential limit surfaceM. □

Definition 6.2. Let 𝜋∕2 ≤ b ≤ B ≤ b+ 𝜋. We define (b,B, x̂) to be the collection of limit surfaces M in

Proposition 6.1 with the property that b(Mi)→ b, x(Mi)→ x̂, and B(Mi)→ B. (See Theorem 5.10 for the definition

of B(Mi)). We let

 :=
⋃
b,B,x̂

(b,B, x̂).

Theorem 6.3. The surfaces in  are annuloids (that is, they satisfy all the conditions of Definition 2.1) If M ∈
(b,B, x̂), it has inner width b, outer width B and necksize x̂. Moreover:

i. M ∩ {x > x̂} consists of two simply connected components, Mlower and Mupper.

ii. M ∩ {y = 0} ∩ {x ≥ 0} is a connected curve that consists of the graphs of two functions, 𝜙lower and 𝜙upper,

both defined on the interval [x̂,∞).

𝜙lo𝑤er(x̂) = 𝜙upper(x̂), and 𝜙lower(x) < 𝜙upper(x) for x > x̂.

The graph of 𝜙lower lies in Mlower and the graph of 𝜙upper lies in Mupper.

As x→∞,

iii. Mlower − (x, 0, 𝜙lower(x)) converges to the negatively tilted grim reaper surface defined over the strip R ×
(−b, b)

iv. Mupper − (x, 0, 𝜙upper(x)) converges to a tilted grim reaper surface defined over the strip R × (−B,B). The tilt
is positive if B > b and can be either positive or negative if B = b.
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Since the annuloids  are symmetric with respect to reflection in the coordinate plane, {x = 0}, there are
parallel statements forM ∩ {x ≤ 0}.

These properties and more are proved in [6]. In the remainder of this section, we describe one of the tech-

niques used in establishing that these limit surfaces are in and have these properties. For example, the next

section indicates how one approaches Property 4 in Definition 2.1 (that the limit of vertical translates are planes)

and properties (iii) and (iv) of Theorem 6.3 above.

6.1 Minimal foliation functions

LetM be a translator. There are a number of standard foliations ofR3 of open subsets ofW ofR3 by translators.

For example,  could be a family of parallel vertical planes withW = R
3, or  could be all vertical translates

of a tilted grim reaper surface or of a Δ-wing, with W equal to a vertical slab of width b ≥ 𝜋∕2. Motivated
by problems in the study of minimal annuli, we developed in [15] general results that allow one to bound the

number of points of tangency (counting multiplicity) of M with the leaves of  in terms of the boundary data

and the Euler characteristic ofM ∩W . Such bounds can be used to prove geometric results.

Definition 6.4. Let  be a foliation of an open subset W of a Riemannian 3-manifold N by minimal surfaces.

For a minimal surfaceM ⊂ N , a critical point of M with respect to  is an interior point p where a leaf of 

is tangent toM butM is not equal to that leaf in a neighborhood of p. The multiplicity of the critical point is the

order of contact ofM with the leaf. We denote by

N( |M)

the total number of interior critical points, counting multiplicity.

Definition 6.5. A minimal foliation function is a continuous function F from an open subset W ⊂ N to an

open interval I ⊂ R such that

– F−1(t) is a minimal surface.

– F−1(t) is in the closures of {F > t} and {F < t}.

We define

N(F|M) = N( |M),

where  is the foliation whose leaves are the level sets of  .

Theorem 6.6. ([15, Theorem 4]). Suppose F:W ⊂ N → I is a properminimal foliation function on an open domain

W of aRiemannianmanifoldN and thatM ⊂ N is aminimal surfacewith finite genus. Assume that (𝜕M) ∩ {F < t}
is empty for some t ∈ I. Let

– Q equal the set of local minima of F|𝜕M (presumed to be finite).

– A equal the set of local minima of F|𝜕M that are not local minima of F|M.

– 𝜒 (M ∩W) be the Euler characteristic of M ∩W.

Then

N(F|M) ≤ |Q|− |A|− 𝜒 (M ∩W), (8)

where | ⋅ | denotes the number of elements in a set.

We want to apply this theorem to the surfaces of Proposition 6.1 by computing or estimating N(F|M) for

finite annuli, and then taking limits. For that we use the following lower-semicontinuity result.

Theorem 6.7. Suppose that Mi are minimal surfaces in a 3-manifold N and that Mi converges smoothly to a min-

imal surface M. Suppose Fi are minimal foliation functions defined on open subsets Wi ⊂ N such that that the Fi
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converge smoothly to a minimal-foliation function F defined on an open subset W of N. Then

N(F|M) ≤ lim infN(Fi|Mi).

In particular, if p is a critical point of (F,M), then p is a limit of critical points pi of (Fi,Mi).

6.2 Minimal foliation functions given by vertical planes and by translating graphs

Wewill use twominimal foliation functions. (Recall we areworking inR3 with the Ilmanenmetric gi, j = e−z𝛿i, j.)

First, if v is a horizontal unit vector in R3, then the function

Fv:R
3 → R,

Fv(p) = v ⋅ p
(9)

is a minimal foliation function on R3. Second, suppose that U is R2 or an open strip in R2 and that h:U → R is a

function whose graph is a complete translator. Then

H:U × R→ R,

H(x, y, z) = z− h(x, y)
(10)

is a minimal foliation function.

Proposition 6.8. The compact translating annuli M = Ma,b(x) of Theorem 5.10 and the complete embedded annu-

loids M ∈  of Theorem 2.3 that are their limits satisfy

(i) For each horizontal unit vector v, the function F
v
in (9) satisfies

N(Fv|M) ≤ 2.

(ii) If H is as in (10), then

N(H|M) ≤ 8.

Proof. We prove the easier case (i) here. For the other case, see Theorem 6.4 in [6]. A compact annulusM in  is

bounded by a pair of strictly convex, nested and symmetric curves. By the definition of strict convexity, on each

one of the boundary curves there is precisely one local minimum of Fv. Since 𝜒 (M) = 0, it follows from (8) that

N(Fv|M) ≤ 2.

Wemay use the lower-semicontinuity property of Theorem 6.7 to assert the same estimate ifM is bounded

by rectangles as in Theorem 5.10. Now taking a limit of compact annular translators with rectangular boundary

curves, and using Theorem 6.7 again, we get the same estimate for annuloids that are limits of these sorts or

compact annuli, as in Proposition 6.1 and Theorem 6.3. (Recall that we have the curvature and area estimates

needed in Remark 5.2.) □

Theorem 6.9. ([6, Theorem 5.4]). Suppose M is a properly embedded translator for which we have estimates (i)

and (ii) of Proposition 6.8 and the area and curvature estimates of Remark 5.2. Suppose pi is a sequence in M that

diverges in R3. Then the sequence of surfaces M − pi has a subsequence that converges smoothly to a limit surface

M′ that is the union of vertical planes and translating graphs. If pi = (0, 0, zi), then the limit surface is the union

of vertical planes.

Proof. We may assume that M is connected and not a vertical plane. By hypothesis Fv has no more than two

critical points. Let U be the set of critical point of Fv|M and define

Mi = (M∖U)− pi.
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Since the pi diverge, the curvature and area estimates of Remark 5.2 guarantee that the Mi converge

smoothly to a limit translatorM′. By lower semicontinuity,

N
(
Fv|M′)

≤ lim infN(Fv|Mi) = lim infN(Fv|(M′ − U)) = 0.

Therefore

N
(
Fv|M′) = 0.

Let Σ be a component of M′ that is not a vertical plane. From the equality above we may conclude that

N(Fv|Σ) = 0 for any horizontal unit vector v. In other words, the tangent plane to Σ is never vertical. It now

follows from Lemma 6.10 below that Σ is a graph. (Alternatively, Corollary 1.2 in [5] implies that Σ is a graph.)

Now letW be the set of critical points ofH onM. Recall that the level surfaces ofH are all graphs of the same type

over the same strip in the plane {z = 0}. For a divergent sequence of points pi = (0, 0, zi) a parallel argument

to the one in the previous paragraph (withW instead of U) shows that the sequence of surfaces

Mi = (M∖W)− pi.

has a subsequence that converges smoothly to a limit translatorM′ with

N
(
Fv|M′) = 0.

Suppose that a component Σ of M′ is a graph. This contradicts Lemma 6.11 below, which asserts that for a

translating graphG, we canfind a grim reaper surface or tilted grim reaper surface so that its associatedminimal

foliation function H (10) satisfies

N(H|G) ≥ 1.
□

Lemma 6.10. Suppose Σ is a connected and properly embedded surface lying in a convex domain of W ⊂ R
3 with

the property that W∖Σ has two connected components. If the tangent planes to Σ are never vertical, then Σ is a

graph over a horizontal plane.

Proof. By assumption, the projection

Π:Σ→ R
2 = {z = 0}

is locally one-to-one. If it is not globally one-to-one, there exists a vertical line L that intersects Σ in two or more

points. Choose p and q in L ∩ Σ with the property that the interval l ⊂ L between q and p contains no other

points in L ∩ Σ. Relabel the points if necessary so that q is above p, i.e. q ⋅ e3 > p ⋅ e3. Now, by assumption,W ∖Σ
has two components. We may orient Σ so that its unit normal 𝜈 points into the component that contains the line

segment l. Therefore,

𝜈(p) ⋅ e3 > 0 and𝜈(q) ⋅ e3 < 0.

Since Σ is connected, there is a path in Σ between p and q. By the intermediate-value theorem, there must

be a point on this path where 𝜈 ⋅ e3 = 0. At this point, the tangent plane to Σ is vertical, a contradiction. □

Lemma 6.11. Suppose G is a complete translating graph. Then there is a grim reaper surface for which the

associated minimal foliation function H in (10) satisfies

N(H|G) ≥ 1.

Proof. According to the classification in Theorem 3.4, we may assume that either G is a bowl soliton or, after a

rotation, G is a grim reaper surface, a tilted grim reaper surface or a Δ-wing defined over a strip {|y| < b} for
some value of b ≥ 𝜋∕2. Both the Δ-wing and the bowl soliton contain a point where the height is maximized.
In these two cases, let H be the minimal foliation function associated with the standard grim reaper surface:

h(x, y) = log(cos y). At these maxima, H|G has a critical point. Therefore N(H|G) ≥ 1.
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Next, suppose thatG is the grim reaper surface. RotateG by a nonzero angle around the z-axis, Z, to produce

G̃, and let H be the minimal foliation function associated with vertical translates of G̃. At the origin, G̃ and G are

tangent. Hence N(H|G) ≥ 1.

The last case to consider is when G is a tilted grim reaper surface. Observe that the Gaussian image of G is

a semi-circular arc in the hemisphere of S2 ∩ {z < 0} with endpoints at (0,±1, 0) on the equator. This arc does
not pass through the point (0, 0− 1). Now rotate the untilted grim reaper surface by a nonzero angle 𝜃 about Z.

Its Gaussian image is a semi-circular arc that passes through (0, 0− 1) and has endpoints at ±(cos𝜃, sin𝜃, 0) on
the equator, for some 𝜃 ≠ 0. These two semi-circular arcs cross. Therefore, there is a translate of the this rotated

grim reaper surface that is tangent to G at some point. Hence, if H is the minimal foliation function associated

with the translated and rotated grim reaper, we must have, again, N(H|G) ≥ 1. □

7 The proofs of the theorems in Section 1

7.1 A gap theorem for translators

In the remaining part of this paper we will prove the three theorems in Section 1. In one way or another they

depend upon Proposition 7.1.

Proposition 7.1. ([6, Theorem 18.1]). Suppose that I is an infinite open strip in R2 = {z = 0} of width 𝜋. Suppose
that M is a properly immersed translator in R3 ∩{z ≥ 0} with no boundary in the slab S := I× R. Then M lies in

the complement of S.

For the reader’s convenience, we provide a proof here.

Proof. We may assume that the strip I is R × (−𝜋∕2, 𝜋∕2). Fix 𝛽 ∈ (0, 𝜋∕2). Define the substrip I𝛽 :=R ×
(−𝛽, 𝛽) ⊂ I and, for L > 0, the rectangle RL,𝛽 := [−L, L] × [−𝛽, 𝛽]. As discussed in Section 4, there is a unique

graphical translator over RL,𝛽 with zero boundary values. By straightforward applications of the maximum

principle,

(i) M ∩ (RL,𝛽 × R) lies above the graphical translator over RL,𝛽 .

(ii) If L′ > L, the graphical translator over RL′,𝛽 lies above the graphical translator over RL,𝛽 .

Vertically translate by −log cos(𝛽) the standard grim reaper surface G, the graph of log(cos(y)) over I.

Restrict attention to {z ≥ 0} to produce a graph G𝛽 over I𝛽 . Note that G𝛽 is graph with zero boundary

values on I𝛽 . Using the maximum principle again,

(iii) For any L > 0, the graph G𝛽 lies above the graphical translator over RL,𝛽 .

From (ii) and (iii) above, we may conclude that the graphs over RL,𝛽 converge smoothly, as L→∞, to a

graphical translator V𝛽 ⊂ {z ≥ 0} over I𝛽 . This graph is zero on 𝜕I𝛽 . Moreover, from (i),

M ∩ (I𝛽 × R) lies above V𝛽 . (11)

This is true for every 𝛽 ∈ (0, 𝜋∕2). We claim that V𝛽 = G𝛽 . Assuming the claim we can conclude the

proof of the proposition from (11) by observing that a point p = (x, y, z) ∈ S = I × R is below G𝛽 provided

|y| < 𝛽 and 𝛽 is sufficiently close to 𝜋∕2.
To prove the claim we will use the following proposition.

Proposition 7.2. ([2, Proposition 3.2]). LetΩ be a bounded, convex domain in Rp. Suppose there is bounded trans-

lating graph W over Rq ×Ω that vanishes on the boundary. Then W is unique, and therefore is invariant under

translation in the first q coordinates translation in the depends only on the second p coordinates.
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With p = q = 1 and Ω = [−𝛽, 𝛽], we have that V𝛽 ⊂ I𝛽 × R is a horizontal cylinder defined over a curve

in {x = 0, |y| < 𝛽}. In particular, it has Gauss curvature identically equal to 0. As argued in Remark 3.1, this

implies that V𝛽 is a portion of a tilted grim reaper surface. Since it contains horizontal lines, it follows that V𝛽

is a subset of a translate of the untilted grim reaper surface G. Hence V𝛽 = G𝛽 as claimed. □

Corollary 7.3. ([6, Corollary 18.3]). If M ⊂ {z ≥ 0} is a translator, then M lies in C × [0,∞), where C is the convex

hull of the projection of 𝜕M to the horizontal plane.

The following lemma follows easily from Proposition 7.1 and the maximum principle.

Lemma 7.4. ([6, Lemma 18.4]). Let M ⊂ R
3 ∩ {z ≥ 0} be a translator such that 𝜕M lies in a compact set K. Then

M is bounded above. In particular, if K lies below a bowl soliton Q, then M also lies below Q.

7.2 Proof of Theorem 1.1 of Section 1

We recall the statement of Theorem 1.1.

Theorem. Let Un ⊂ U′
n
be nested, open, convex regions in R2 such that Un converges to a bounded, open, convex

set U and such that U′
n
converges to an infinite strip U′. Suppose that

min{|p− q|: p ∈ 𝜕U, q ∈ 𝜕U′} ≥ 𝜋.

Then for all sufficiently large n, there is no connected translator in {z ≥ 0} whose boundary is Sn := ((𝜕Un) ∪(
𝜕U′

n

)
) × {0}.

This is Theorem 18.5 in [6]. For the reader’s convenience, we provide the proof from that paper.

Proof. Suppose the result is false. Then (after passing to a subsequence) each Sn bounds a connected translator

Mn in {z ≥ 0}. Passing to a further subsequence, theMn converge as sets to a limit setM. Note thatU′∖U contains

two parallel infinite strips I1 and I2 each of width𝜋. Thus by Proposition 7.1,M is disjoint from I1 × R and I2 × R.

Hence,M is the union of three connected components, where one component,M∗, has boundary (𝜕U) × {0}, and
where each of the other two components is bounded by one of the straight lines in (𝜕U′) × {0}.

By Lemma 7.4, M∗ is compact. Let K be a compact set such that M∗ is in the interior of K and such that

M ∖M∗ is disjoint from K. For all sufficiently large n, Mn contains a point in 𝜕K, and therefore M ∩ 𝜕K is

nonempty, a contradiction. □

7.3 Linear bounds on height

Proposition 7.5. Given b ∈ (0,∞), there is a 𝜆 < ∞ with the following property. If M is a translator in {z ≥ 0}
with boundary 𝜕M contained in

[0,∞) × [−b, b] × {0},

then z ≤ 𝜆x for all (x, y, z) ∈ M.

Proof of Proposition 7.5. By Corollary 7.3,

M ⊂ [0,∞) × [−b, b] × [0,∞).

Let B > b and consider the rectangular box [0,B] × [−B,B] × [0,B]. Let Q be the polyhedral surface consist-

ing of the x = 0 face and the y = ±B faces of the box. Let𝑤:R2 → R be a bowl soliton. By adding a constant to𝑤,

we can assume that 𝜕Q lies below the graph of u. Let S be a surface (locally integral current, say) in the region

K := [0,B] × [−B,B] × [0,∞)
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with 𝜕S = 𝜕Q that minimizes area with respect to the translator metric. Then S is a translator that is smooth

except perhaps at the corners of 𝜕Q. By Lemma 7.4, S has compact support. By the maximum principle, S is not

tangent to 𝜕K at any non-corner point of 𝜕S.

Thus there is an 𝜖 such that S contains the graph of a smooth function

u: [0, 𝜖] × [−b, b]→ R.

with
𝜕u

𝜕x
> 0 at all points in its domain. Hence there is a 𝜆 > 0 for which

u(x, y) ≤ 𝜆x.

We claim that z ≤ 𝜆x for all x ∈ M. Suppose not. Then there exists x̂ ∈ [0,∞) with

x̂ = inf{x: (x, y, z) ∈ M, z > 𝜆x}.

Let

M̂ = M − (x̂, 0, 𝜆x̂)
)
∩ {z ≥ 0}.

Then M̂ satisfies the hypotheses of the Proposition, and

inf{x: (x, y, z) ∈ M̂ and z > 𝜆x} = 0. (12)

Furthermore, by Corollary 7.3,

M̂ ⊂ [0,∞) × [−b, b] × [0,∞). (13)

If S + (0, 0, 𝜁 ) intersected M̂ for some 𝜁 ≥ 0, then therewould be a smallest x ≤ 0 such that S′ := S + (x, 0, 𝜁 )

intersected M̂, and the strong maximum principle would be violated at the point of contact. (It follows from (13)

that the point of contact would be at an interior point of M̂ and of S′.) Thus S + (0, 0, z) is disjoint fromM for all

z ≥ 0.

It follow that M̂ ∩ {x ≤ 𝜖} lies below the graph of u and thus that

z ≤ 𝜆x for (x, y, z) ∈ M̂ with x ≤ 𝜖.

But this contradicts (12). □

Corollary 7.6. If M is a translator in {z ≥ c} with boundary contained in

[a,∞) × [−b, b] × {c},

then z ≤ c + 𝜆(x − a) for all (x, y, z) ∈ M.

IfM is a surface in R3, define

z∗(M, t) = sup{z: (x, y, z) ∈ M, x = t}.

Proposition 7.7. Given B, there is a C = CB with the following property. If M is a translator in M ∩ {x ≥ 0} ∩
{|y| ≤ B} with 𝜕M ⊂ {x = 0}, then for 0 ≤ x ≤ x′,

z∗(M, x′) ≤ z∗(M, x)+ C|x′ − x|.

Proof of Proposition 7.7. Note that the desired inequality is valid if and only if it is valid for all vertical translates

of M. First, let x = 0. If z ∗ (M, 0) = ∞, there is nothing to prove. Otherwise, we may assume, without loss of

generality, that z ∗ (M, 0) = 0. Let M′ = M ∩ {z ≥ 0}. Note that M′ satisfies the assumptions of Proposition 7.5,

so the desired inequality is satisfiedwith C = 𝜆.We nowknow thatM ∩ {x = x′} is bounded above for any value
of x′. Repeating the argument above for 0 < x′ ≤ x′′ completes the proof. □
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7.4 Translating Scherk-like graphs

In the proofs of Theorems 1.3 and 1.4, we will use, as barriers, graphical translators defined over parallelograms

and bounded by four vertical lines at the corners. These are analogs of the classical Scherk minimal surfaces in

R
3, which exist over rhombi.

As in the minimal surface case, it suffices to find solutions defined over a parallelogram with boundary

values +∞ on one pair of opposite sides, and −∞ on the other pair (see Figure 9). We will state the existence

result for Scherk-like translators ([16], Section 3) in the special case we will use here: rectangles (𝛼 = 𝜋∕2 in the
notation of [16]). (The general result is for parallelograms with angle 𝛼 between 0 and 𝜋 and height 𝛽 between

0 and 𝜋.)

Proposition 7.8. Fix 𝛽 ∈ (0, 𝜋∕2) and let RL = RL,𝛽 = (−L, L) × (−𝛽, 𝛽). There exists a length L(𝛽) and a transla-
tor

𝑣𝛽 :RL(𝛽),𝛽 → R

such that

𝑣𝛽 (±L(𝛽), y) = +∞ (|y| < 𝛽),

𝑣𝛽 (x,±𝛽) = −∞ (|x| < 𝛼). (14)

The graph of 𝑣𝛽 is bounded by the vertical lines passing through the four corners of RL(𝛽),𝛽 . By adding a con-

stant to 𝑣𝛽 , we may assume that 𝑣𝛽 (0, 0) = 0. Furthermore, as 𝛽 → 𝜋∕2, L(𝛽)→∞ and 𝑣𝛽 → u, the grim reaper

surface

u(x, y) = log(cos y), (x, y) ∈ R × (−𝜋∕2, 𝜋∕2).

7.5 The Proof of Theorem 1.3: translators in {z ≥ 0}with straight-line boundaries in
{z = 0}

For the reader’s convenience we restate the theorem. Without loss of generality, we may assume that c = 0.

Theorem. Let M be a connected, properly embedded translator in {z ≥ 0} bounded by two parallel lines y = ±b
in the plane z = 0. Suppose that either M ∩ {x = 0} is bounded or that M is simply connected. ThenM is a portion

of a grim reaper surface. That is, b < 𝜋∕2 and M is the graph of the function

u− log(cos b) = log(cos y)− log(cos b), |y| < b.

Figure 9: A Scherk translator, 𝑣𝛽 , as described in Proposition 7.8.
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Proof. First we observe (by Corollary 7.3) that

M ⊂ {|y| ≤ b}

and that b < 𝜋∕2. We will prove the theorem by showing that M lies in the closed region above the graph of

u− log(cos b) and also in the closed region below the graph of u− log(cos b).

Claim 1. IfM ∩ {x = 0} is bounded, then there is a 𝜆 < ∞ such that

z ≤ h+ 𝜆|x| for all (x, y, z) ∈ M. (15)

Proof of Claim 1. Let h = sup{z: (0, y, z) ∈ M}. By hypothesis, h < ∞. By Proposiiton 7.5 applied to (M − h) ∩
{z ≥ 0} ∩ {x ≥ 0} and to (M − h) ∩ {z ≥ 0} ∩ {x ≤ 0}, we see that we have the the linear bound (15). □

Claim 2. IfM is simply connected then we have the linear bound (15).

Proof of Claim 2. Because M is simply connected, a curve 𝛾 in M that begins on one of the boundary lines and

ends on the other dividesM into two components. Each component is bounded by 𝛾 together with two divergent

rays, one in each of the boundary lines. Let M+ be the component whose boundary contains rays diverging in

the positve x-direction, and letM− be the other one. Denote by C+ be the convex hull of the projection of 𝜕M+
onto the strip {|y| ≤ b} ∩ {z = 0}. By Lemma 7.4, M+ lies in C+ × [0,∞]. For suitably small a ∈ R, C+ ⊂ x ≥

a × {|y| ≤ b} ∩ {z = 0}. Hence we may apply Proposition 7.5 to conclude, as in Claim 1, that M+ satisfies (15).

An analogous argument works forM−. □

By Proposition 7.8 for each 𝛽 with b < 𝛽 < 𝜋∕2, there is an L = L(𝛽) > 0 and a function

𝑣𝛽 :RL,𝛽 → R

such that the graph of 𝑣𝛽 is a translator satisfying (14), with 𝑣𝛽 (0, 0) = 0.

By the maximum principle, the minimum value of

(x, y, z) ∈ M ∩ {|x| < L} ↦ 𝑣𝛽 (x, y)− z

must occur on the boundary ofM ∩ {|x| < L(𝛽)}. Thus,

𝑣𝛽 (x, y)− z ≥ min
|x|≤L(𝛽)

𝑣𝛽 (x, b),

or

𝑣𝛽 (x, y)− min
|x|≤L(𝛽)

u𝛽 (x, b) ≥ z.

As 𝛽 → 𝜋∕2, L(𝛽)→∞, and the function 𝑣𝛽 converges to the function u(x, y) = log(cos y) on the strip R ×
(−b, b) between the planes {y = ±b}. (See Proposition 7.8.) Hence M lies in the closed region below the graph

of u = log(cos y)− log(cos b). ThusM lies in the closed region below the graph of u.

Now for a > 0, let𝑤a = ua,b be the translator given in (3), i.e.

𝑤a: [−a, a] × [−b, b]→ R

is the unique translator with boundary values 0.

By the maximum principle,M ∩ {|x| ≤ a} lies in the closed region of [−a, a] × [−b, b] × R above the graph

of𝑤a. Letting a→∞, it follows from Proposition 4.1 and Remark 4.2 in Section 4 that𝑤a converges uniformly

to the function log(cos y)− log(cos b) on R × [−b, b] Hence,M lies above the graph of u. □
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7.6 The Proof of Theorem 1.4: translators in a slab of less than 𝝅

Theorem. Suppose M is a properly embedded and connected translator that lies in a vertical slab {|y| < B}. If
there exists a constant a such that M ∩ {x = a} is bounded above, then B ≥ 𝜋.

Proof. LetM∗ = M ∩ {x ≥ a}. By hypothesis, there exists a real number, c, such thatM∗ :=M ∩ {x ≥ a} ∩ {z ≥
c} satisfies the hypothesis of Corollary 7.6, namely that 𝜕M∗ ⊂ [a,∞) × [−B,B] × {c}. Therefore,

z ≤ c + 𝜆(x − a)

for all (x, y, z) ∈ M∗.

Suppose B < 𝜋∕2. TranslateM∗ horizontally, if necessary, so that a = 0. For any 𝛽 satisfying B < 𝛽 < 𝜋∕2,
we may find a Scherk translator 𝑣𝛽 defined on the rectangle RL,𝛽 = (−L, L) × (−𝛽, 𝛽), (where L = L(𝛽)) with the

property that 𝑣𝛽 equals −∞ on the horizontal sides of the boundary of RL,𝛽 and +∞ on vertical sides. Since

the height of M∗ ∩ {0 ≤ x ≤ L} is bounded above by c + 𝜆x, there exists a constant d so that 𝑣𝛽 + d lies above

M∗ ∩ {0 ≤ x ≤ L}. This violates the maximum principle because the boundary of the Scherk translator (see

Proposition 7.8) consists of the four vertical lines through the corners of RL,𝛽 , and 𝛽 > B. □
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