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4

aDepartment of Computer Science and5

Artificial Intelligence6

University of Granada, Granada, Spain7

Abstract8

The Naive Credal Classifier (NCC) was the first method proposed for Im-9

precise Classification. It starts from the known Naive Bayes algorithm (NB),10

which assumes that the attributes are independent given the class variable.11

Despite this unrealistic assumption, NB and NCC have been successfully12

used in practical applications. In this work, we propose a new version of13

NCC, called Extreme Prior Naive Credal Classifier (EP-NCC). Unlike NCC,14

it takes into consideration the lower and upper prior probabilities of the class15

variable in the estimation of the lower and upper conditional probabilities.16

We demonstrate that, with our proposed EP-NCC, the predictions are more17

informative than with NCC without increasing the risk of making erroneous18

predictions. An experimental analysis carried out in this work shows that19

EP-NCC significantly outperforms NCC and obtains statistically equivalent20

results to the algorithm proposed so far for Imprecise Classification based on21

decision trees, even though EP-NCC is computationally simpler. Therefore,22

EP-NCC is more suitable to be applied to large datasets for Imprecise Classi-23

fication than the methods proposed so far in this field. This is an important24

issue in favor of our proposal due to the increasing amount of data in every25

area.26

Keywords:27

Imprecise Classification, Naive Credal Classifier, Extreme Prior Naive28

Credal Classifier, lower and upper prior probabilies, non-dominated states29

set30

∗Corresponding Author
Email addresses: seramoral@decsai.ugr.es (Seraf́ın Moral-Garćıa),
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1. Introduction31

Classification [1] is an important task within Machine learning that aims32

to predict, for an instance described via a set of attributes or features, the33

value of a variable under study known as the class variable. The algorithms34

that make such predictions are usually called classifiers. The prediction35

made by a classifier often consists of a single class value. Nonetheless, in36

many situations, it is more appropriate that classifiers predict a set of states37

of the class variable because the available information is not reliable enough38

to point at only one class value. This is known as an imprecise prediction.39

In decision-making, this might imply fewer erroneous decisions that lead to40

negative consequences. Classifiers that make imprecise predictions are called41

imprecise classifiers [2].42

When an imprecise classifier is used, it might obtain a set of states of43

the class variable. This set is composed of those values of the class variable44

not “defeated” by the rest according to a criterion, which is known as the45

dominance criterion. The predicted set of class values is called the set of non-46

dominated states. Intuitively, an evaluation measure of an imprecise classifier47

must take into consideration whether the real class value belongs to the set48

of non-dominated states and how informative is this set of non-dominated49

states, which is measured by its cardinality.50

For building an imprecise classifier, it is more suitable to use models51

based on imprecise probabilities than the ones that use classical Probability52

Theory. Specifically, the Imprecise Dirichlet Model (IDM) [3], belonging53

to the reachable probability intervals theory [4], has been widely used in54

imprecise classifiers [5, 6, 7, 8].55

So far, few algorithms for Imprecise Classification have been proposed.56

The first one of them was the Naive Credal Classifier (NCC) [2, 9], which57

starts from the Naive Bayes algorithm (NB) [10] for standard classification.58

NCC employs models based on imprecise probabilities combined with the59

naive assumption [10], which establishes that all the features are independent60

given the class variable, to provide imprecise predictions. NCC can make61

reliable predictions with fewer data and, thus, it is appropriate to handle62

uncertainty with few data [2, 9].63

Obviously, in many cases, the naive assumption is not satisfied. Despite64

this, in precise classification, the NB algorithm has provided results compara-65

ble with other more sophisticated methods, especially when the correlation66

among the attributes is not very high [11, 12, 13]. Indeed, the NB algo-67
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rithm has been effectively used in practice [14, 15, 16]. Also, for Imprecise68

Classification, NCC has been successfully employed in practical applications69

[17, 18, 19]. Moreover, it is convenient to remark that NCC, due to its naive70

assumption, is much faster than other algorithms for Imprecise Classification71

and requires far less computational cost.72

NCC is based on the Bayes theorem. In NB classifiers, this formula is73

employed with the naive assumption. The estimation of the conditional prob-74

abilities of the attributes given the class variable is crucial in the evaluation75

of the Bayes formula [20, 21]. In [20], the performance of the NB algorithm76

for precise classification is improved by considering the prior probability of77

the class variable in the estimation of the conditional probabilities.78

In this research, we propose a new version of the NCC algorithm called79

Extreme Prior Naive Credal Classifier (EP-NCC). This new method, unlike80

NCC, for the estimation of the lower and upper conditional probabilities of81

the class variable, takes the lower and upper prior probabilities into account.82

We show that, with our proposed algorithm, the non-dominated states set is83

often smaller than with the original NCC. In this way, it solves the drawback84

found in [5] about the NCC method: it is not very informative, i.e it pre-85

dicts too many class values. Since EP-NCC predicts fewer class values than86

NCC, the risk of making erroneous predictions might be higher with the first87

method. Nevertheless, EP-NCC takes the extreme prior probabilities of the88

class variable into account to reduce the number of predicted states and,89

thus, the risk of incorrect predictions is not much higher than with NCC.90

We carry out exhaustive experimentation to compare the performance of91

NCC, EP-NCC, and Imprecise Credal Decision Tree (ICDT), an algorithm92

for Imprecise Classification based on decision trees proposed by Abellán and93

Masegosa in [5].1 This experimental analysis shows that our proposed al-94

gorithm EP-NCC outperforms the already existing NCC and that EP-NCC95

obtains statistically equivalent results to the ones achieved by ICDT. More96

specifically: EP-NCC obtains significantly better results than NCC in the97

metrics corresponding to the number of predicted states; the performance of98

both algorithms is equivalent in the metrics associated with making correct99

predictions; even though EP-NCC is not as accurate as ICDT, the former100

method is more informative than the latter one as it predicts fewer states of101

1This method is not as simple as NCC and EP-NCC because it does not use the naive
assumption, and it is based on a recursive building procedure based on decision trees.
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the class variable. The experimentation also shows that the processing time102

for our proposed EP-NCC algorithm is considerably lower than for ICDT.103

This paper is arranged as follows: Section 2 describes the Imprecise104

Dirichlet Model, the dominance criteria used on this model, and the Naive105

Credal Classifier. The proposed Extreme Prior Naive Credal Classifier is ex-106

posed in Section 3. Section 4 details the experimental study carried out in107

this work. Conclusions are given in Section 5.108

2. Background109

Within this section, we use the following notation:110

Let X be a discrete variable whose set of possible values is {x1, . . . , xt}:111

• Let P (X = xi) denote the probability that X takes the xi value, ∀i =112

1, 2, . . . , t, being P a probability measure.113

• If p is a probability distribution on X, p(xi) indicates the value that p114

takes on xi, ∀i = 1, 2, . . . , t.115

• Let P(X) denote a closed and convex set of probability distributions116

on X, also called credal set.117

• Let Y be another discrete variable. For each i = 1, 2, . . . , t, let P(Y | xi)118

denote a credal set on Y conditioned to X takes the xi value, ∀i =119

1, 2, . . . , t.120

2.1. Imprecise Dirichlet Model121

2.1.1. Probability Intervals Theory:122

Suppose that X is a discrete variable that takes values in {x1, x2, . . . , xt}.123

Probability Intervals Theory [4] establishes that the probability that X takes124

each possible value xi belongs to a given interval [li, ui], ∀i = 1, 2, . . . t. The125

set of probability intervals I = {[li, ui], i = 1, 2, . . . , t} gives rise to the126

following credal set on X [4]:127

P (I) = {p | li ≤ p ({xi}) ≤ ui, ∀i = 1, 2, . . . , t} . (1)

In order to avoid that the intervals are too wide, the concept of reachability128

is introduced in [4]:129
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Definition 1. “A set of probability intervals on X130

I = {[li, ui], i = 1, 2, . . . , t} is said to be reachable if, ∀i ∈ {1, 2, . . . , t} and131

for each vi ∈ {li, ui}, there exists p ∈ P(I) such that p ({xi}) = vi.”132

The following result allows checking the reachability of a set of probability133

intervals [4]:134

Proposition 1. I is reachable if, and only if, the following two conditions
are verified:

ui +
t∑

j=1,j 6=i

lj ≤ 1, ∀i = 1, 2, . . . , t,

li +
t∑

j=1,j 6=i

uj ≥ 1, ∀i = 1, 2, . . . , t.

2.1.2. Probability intervals from the Imprecise Dirichlet Model:135

LetX be a discrete attribute whose set of possible values is {x1, x2, . . . , xt}.136

Suppose that we have a sample of N independent and identically distributed137

outcomes of X.138

The Imprecise Dirichlet Model (IDM) [3] estimates that:139

P (X = xi) ∈ Ii =

[
ni

N + s
,
ni + s

N + s

]
, (2)

where ni is the number of cases in the sample for which X = xi, ∀i =140

1, 2, . . . , t, and s > 0 is a given hyperparameter of the model.141

The set of probability intervals I =
{
Ii =

[
ni

N+s
, ni

N+s

]
, i = 1, 2, . . . , t

}
142

is reachable [22]. It gives rise to the following credal set on X [22]:143

PIDM(X) =

{
p | ni

N + s
≤ p ({xi}) ≤

ni + s

N + s
, ∀i = 1, 2, . . . , t

}
. (3)

An important issue is the choice of the s hyperparameter. The intervals144

are wider as s is higher. This hyperparameter determines the speed of con-145

vergence of lower and upper probabilities for each xi as the sample size is146

larger. Two values are suggested in [3]: s = 1 and s = 2.147
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2.2. Dominance criteria on the IDM148

In Imprecise Classification, we employ a dominance criterion to determine149

the non-dominated states set, i.e the set of values of the class variable that150

are not “defeated” under probabilistic terms by another. For this purpose,151

under the IDM, the interval bounds can be used.152

Let ci and cj be two possible values of the class variable. With the IDM,153

the two following criteria are frequently used:154

• Suppose that [li, ui] and [lj, uj] are the probability intervals correspond-155

ing to ci and cj, respectively. It is said that there is stochastic domi-156

nance of ci on cj if li ≥ uj.157

• When the information about the class variable C is expressed via a158

non-empty credal set P , it is said that there exists credal dominance of159

ci on cj if p ({ci}) ≥ p ({cj}), ∀p ∈ P .160

Stochastic dominance always implies credal dominance, but the inverse is161

not true [23]. Both dominance criteria are equivalent when they are applied162

on reachable probability intervals [23]. Thereby, since IDM probability inter-163

vals are reachable, with this model, credal and stochastic dominance criteria164

always provide the same results.165

2.3. The Naive Credal classifier166

Let C be the class variable and {c1, c2, . . . , cK} its set of possible values.167

Suppose that we have n attributes X1, X2, . . . , Xn, and that each attribute168

X i takes values on a finite set
{
xi1, x

i
2, . . . , x

i
ti

}
, ∀i = 1, 2, . . . , n.169

The Naive Credal Classifier (NCC) [2] is based on the naive assump-170

tion [10], according to which the attributes are independent given the class171

variable:172

P
(
C = cj | X1 = x1

r1
, X2 = x2

r2
, . . . , Xn = xnrn

)
=

P
(
C = cj, X

1 = x1
r1
, X2 = x2

r2
, . . . , Xn = xnrn

)
P
(
X1 = x1

r1
, X2 = x2

r2
, . . . , Xn = xnrn

) ∼

P
(
C = cj, X

1 = x1
r1
, X2 = x2

r2
, . . . , Xn = xnrn

)
=

P (C = cj)P
(
X1 = x1

r1
, X2 = x2

r2
, . . . , Xn = xnrn | C = cj

)
=

P (C = cj)
n∏

i=1

P
(
X i = xiri | C = cj

)
,

∀j = 1, . . . , K, ∀ri ∈ {1, 2 . . . , ti} , ∀i = 1, 2, . . . , n.

(4)
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The proportionality relation indicated via the symbol ∼ is because

arg max
1≤j≤K

(
P
(
C = cj, X

1 = x1
r1
, X2 = x2

r2
, . . . , Xn = xnrn

)
P
(
X1 = x1

r1
, X2 = x2

r2
, . . . , Xn = xnrn

) )
=

arg max
1≤j≤K

(
P
(
C = cj, X

1 = x1
r1
, X2 = x2

r2
, . . . , Xn = xnrn

))
.

Definition 2. Let P (C) be a credal set on the class variable C. For each173

i = 1, 2, . . . , n, k = 1, 2, . . . , K, let P (X i | ck) be a credal set on the X i
174

attribute conditioned to C = ck. These credal sets are called local credal sets175

[2].176

The NCC algorithm considers, for each k = 1, 2, . . . , K, the set of joint177

probability distributions P (ck, X
1, X2, . . . , Xn) obtained from the naive as-178

sumption and making every possible combination of probability distributions179

on the local credal sets:180

P
(
ck, X

1, . . . , Xn
)

=

{
pc(ck)

n∏
i=1

pik | pc ∈ P (C) , pik ∈ P
(
X i | ck

)}
. (5)

Hence, in order to build the NCC, only the local credal sets are required.181

Let D be a dataset with N instances. Let n (ck) denote the number of182

occurences of C = ck in D, ∀k = 1, 2, . . . , K. For each i = 1, 2 . . . , n and for183

each 1 ≤ ri ≤ ti, let n
(
xiri
)

denote the number of instances in D for which184

X i = xiri .185

For obtaining the local credal sets, the IDM is usually employed in the186

literature. According to this model, the credal set on C is the one given by:187

P (C) =

{
p | n (ck)

N + s
≤ p(ck) ≤ n (ck) + s

N + s
, ∀k = 1, 2, . . . , K

}
. (6)

Likewise, under the IDM:188

P
(
X i | ck

)
=

{
p |

n
(
xiri,k

)
n (ck) + s

≤ p(xiri | ck) ≤
n
(
xiri,k

)
+ s

n (ck) + s
, ∀ri = 1, . . . , ti

}
,

(7)
where n

(
xiri,k

)
is the number of instances inD that satisfy

(
C = ck ∧X i = xiri

)
,189

∀k = 1, . . . , K, ∀i = 1, 2, . . . , n.190
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For Imprecise Classification, given a new instance for which X i = xiri ,191

with 1 ≤ ri ≤ ti ∀i = 1, 2, . . . , n, it is needed to obtain the non-dominated192

states. For this purpose, it is started from the credal sets defined above.193

For each k = 1, 2, . . . , K, i = 1, 2, . . . , n, we denote:194

p(ck) = min
p∈P(C)

{p(ck)} , p(ck) = max
p∈P(C)

{p(ck)} ,

p(xiri | ck) = min
pik∈P(Xi|ck)

{
pik(xiri | ck)

}
,

p(xiri | ck) = max
pik∈P(Xi|ck)

{
pik(xiri | ck)

}
.

It is easy to deduce that, ∀k = 1, 2, . . . , K:

min
pc∈P(C),pik∈P(Xi|ck)

{
pc(ck)

n∏
i=1

pik(xiri | ck)

}
= p(ck)

n∏
i=1

p(xiri | ck),

max
pc∈P(C),pik∈P(Xi|ck)

{
pc(ck)

n∏
i=1

pik(xiri | ck)

}
= p(ck)

n∏
i=1

p(xiri | ck).

Since IDM probability intervals are reachable, under this model, the
stochastic and credal dominance criteria are equivalent [23]. In consequence,
in this case, ck dominates cj if, and only if,

p(ck)
n∏

i=1

p(xiri | ck) ≥ p(cj)
n∏

i=1

p(xiri | cj), ∀j, k ∈ {1, 2, . . . , K} .

Under the IDM:195

p(ck) =
n (ck)

N + s
, p(ck) =

n (ck) + s

N + s
, p(xiri | ck) =

n
(
xiri,k

)
n (ck) + s

,

p(xiri | ck) =
n
(
xiri,k

)
+ s

n (ck) + s
, ∀k = 1, 2, . . . , K.

(8)

Consequently, according to NCC, ck dominates cj if, and only if:

n (ck)

N + s

n∏
i=1

n
(
xiri,k

)
n (ck) + s

≥ n (cj) + s

N + s

n∏
i=1

n
(
xiri,j

)
+ s

n (cj) + s
⇔
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n (ck)
n∏

i=1

n
(
xiri,k

)
n (ck) + s

≥ (n (cj) + s)
n∏

i=1

n
(
xiri,j

)
+ s

n (cj) + s
, ∀j, k ∈ {1, 2, . . . , K} .

Therefore, given a new instance for which X i = xiri , with 1 ≤ ri ≤ ti, ∀i =196

1, 2, . . . , n, the non-dominated states set predicted by NCC is the one given197

by:198 {
cj | (n (cj) + s)

n∏
i=1

n
(
xiri,j

)
+ s

n (cj) + s
> n (ck)

n∏
i=1

n
(
xiri,k

)
n (ck) + s

, ∀k 6= j

}
, (9)

where j, k ∈ {1, 2, . . . , K}.199

3. Extreme Prior Naive Credal Classifier200

Let us assume that the probability for each possible value of the class201

variable is strictly greater than 0. Our proposed Extreme Prior Naive Credal202

Classifier (EP-NCC) considers the Bayesian formula with the naive assump-203

tion in the following way:204

P
(
C = cj | X1 = x1

r1
, X2 = x2

r2
, . . . , Xn = xnrn

)
∼

P (C = cj)
n∏

i=1

P
(
X i = xiri | C = cj

)
=

P (C = cj)
n∏

i=1

P
(
X i = xiri , C = cj

)
P (C = cj)

=

P (C = cj)
n∏

i=1

P
(
X i = xiri

)
P
(
C = cj | X i = xiri

)
P (C = cj)

∼

P (C = cj)
n∏

i=1

P
(
C = cj | X i = xiri

)
P (C = cj)

,

∀j = 1, . . . , K, ∀ri ∈ {1, 2 . . . , ti} , ∀i = 1, 2, . . . , n.

(10)

We consider the IDM credal set on the class variable C, P (C), defined205

in Equation (6).206

Now, for each i = 1, 2, . . . , n, and for each ri ∈ {1, 2, . . . , ti}, we consider207

the following conditional credal set on the class variable:208

P
(
C | xiri

)
=

{
p |

n
(
xiri,k

)
+ sp(ck)

n
(
xiri
)

+ s
≤ p(ck) ≤

n
(
xiri,k

)
+ sp(ck)

n
(
xiri
)

+ s
,

∀k = 1, . . . , K} ,
(11)
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p(ck) and p(ck) being respectively, the minimum and maximum values on ck209

among all the probability distributions belonging to P (C) , ∀k = 1, 2, . . . , K.210

They are obtained via Equation (8).211

As NCC, we refer the credal sets P (C) and P
(
C | xiri

)
as local credal212

sets, ∀i = 1, 2, . . . , n ∀ri = 1, 2, . . . , ti. The proposed EP-NCC algorithm213

considers, for each i = 1, 2, . . . , n, and for each ri = 1, 2, . . . , ti, the set of214

joint probability distributions P
(
C, x1

r1
, x2

r2
, . . . , xnrn

)
resulting from making215

every possible combination of probability distributions on the local credal216

sets defined above:217

P
(
C, x1

r1
, x2

r2
, . . . , xnrn

)
=

{
pc

n∏
i=1

piri
pc
, | pc ∈ P(C), pri ∈ P

(
C | xiri

)}
, (12)

Suppose now that it is wanted to classify a new instance for which X i =218

xiri , with 1 ≤ ri ≤ ti.219

The following result shows that the local credal sets P
(
C | xiri

)
are de-220

fined by reachable probability intervals, ∀i = 1, 2, . . . , n.221

Proposition 2. The set of probability intervals222

IC|xi
ri

=

{[
n
(
xi
ri,k

)
+sp(ck)

n(xi
ri)+s

,
n
(
xi
ri,k

)
+sp(ck)

n(xi
ri)+s

]
, k = 1, 2, . . . , K

}
is reachable,223

∀i = 1, 2, . . . , n.224

The proof of this result can be found in Appendix A.225

Therefore, in our case, credal and stochastic dominance criteria are equiv-226

alent. Consequently, we only analyze the relations among the bounds of the227

intervals to obtain the non-dominated states set.228

We denote229

p(ck | xiri) = min
pki∈P(C|xi

ri)

{
pki(ck | xiri)

}
,

p(ck | xiri) = max
pki∈P(C|xi

ri)

{
pki(ck | xiri)

}
,

(13)

∀k = 1, 2, . . . K, ∀i = 1, 2, . . . , n, P
(
C | xiri

)
being the credal set defined in

Equation (11). Clearly:

p(ck | xiri) =
n
(
xiri,k

)
+ sp(ck)

n
(
xiri
)

+ s
, p(ck | xiri) =

n
(
xiri,k

)
+ sp(ck)

n
(
xiri
)

+ s
,

∀k = 1, 2, . . . K, ∀i = 1, 2, . . . , n.
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We may observe that:

min
pc∈P(C),piri∈P(C|xi

ri)

{
pc(ck)

n∏
i=1

piri(ck | x
i
ri

)

pc(ck)

}
= p(ck)

n∏
i=1

p(ck | xiri)
p(ck)

=

p(ck)
n∏

i=1

n
(
xi
ri,k

)
+sp(ck)

n(xi
ri)+s

p(ck)
, ∀k = 1, 2, . . . K.

and

max
pc∈P(C),piri∈P(C|xi

ri)

{
pc(ck)

n∏
i=1

piri(ck | x
i
ri

)

pc(ck)

}
= p(ck)

n∏
i=1

p(ck | xiri)
p(ck)

=

p(ck)
n∏

i=1

n
(
xi
ri,k

)
+sp(ck)

n(xi
ri)+s

p(ck)
, ∀k = 1, 2, . . . K.

Thus, according to EP-NCC, a state ck dominates another one cj if:

p(ck)
n∏

i=1

n
(
xi
ri,k

)
+sp(ck)

n(xi
ri)+s

p(ck)
≥ p(cj)

n∏
i=1

n(xi
ri,j

)+sp(cj)

n(xi
ri)+s

p(cj)
⇔

p(ck)
n∏

i=1

n
(
xiri,k

)
+ sp(ck)

p(ck)
≥ p(cj)

n∏
i=1

n
(
xiri,j

)
+ sp(cj)

p(cj)
,

∀j, k ∈ {1, 2, . . . , K} .

Since we are considering the credal set associated with the IDM for C,
we have that ck dominates cj if, and only if:

n (ck) + s

N + s

n∏
i=1

n
(
xiri,k

)
+ s

(
n(ck)
N+s

)
n(ck)+s
N+s

≥ n (cj)

N + s

n∏
i=1

n
(
xiri,j

)
+ s

(
n(cj)+s

N+s

)
n(cj)

N+s

⇔

(n (ck) + s)
n∏

i=1

n
(
xiri,k

)
+ s

(
n(ck)
N+s

)
n (ck) + s

≥ n (cj)
n∏

i=1

n
(
xiri,j

)
+ s

(
n(cj)+s

N+s

)
n (cj)

,

∀j, k ∈ {1, 2, . . . , K} .
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Summarizing, when it is required to classify with EP-NCC a new instance230

for which X i = xiri , with 1 ≤ ri ≤ ti ∀i = 1, 2, . . . , n, the predicted non-231

dominated states set is given by:232 cj | n (cj)
n∏

i=1

n
(
xiri,j

)
+ s

(
n(cj)+s

N+s

)
n (cj)

> (n (ck) + s)
n∏

i=1

n
(
xiri,k

)
+ s

(
n(ck)
N+s

)
n (ck) + s

,

∀k ∈ {1, 2, . . . , K} \ {j}} .
(14)

3.1. Justification of the new Naive Credal Classifier233

The main difference between the performance of the existing NCC and234

our proposed EP-NCC resides in the determination of the non-dominated235

states set.236

Suppose that, for an instance that is wanted to be classified, the frequency237

of a class value is much higher than the class frequency of another class238

value, the proportion being greater or equal than the proportions of the239

conditioned class frequencies for all attribute values. Let us also assume that240

all conditional class frequencies of the latter class value are greater than zero.241

As we show below, in these situations, if the former class value dominates242

the latter one under NCC, then the same happens under EP-NCC.243

Proposition 3. Suppose that it is wanted to classify an instance for which244

X i = xiri, with 1 ≤ ri ≤ ti, ∀i = 1, 2, . . . , n. Let ck and cj be two class245

values, where k, j ∈ {1, 2, . . . , K}. Suppose that n
(
xiri,j

)
> 0 and n(ck)

n(cj)
≥246

n
(
xi
ri,k

)
n(xi

ri,j
)
, ∀i = 1, 2, . . . , n. If ck dominates cj under NCC, then ck dominates247

cj under EP-NCC.248

Proof:. Under our hypothesis of dominance under EP-NCC:

n (ck)
n∏

i=1

n
(
xiri,k

)
n (ck) + s

≥ (n (cj) + s)
n∏

i=1

n
(
xiri,j

)
+ s

n (cj) + s
⇒

249 (
n (ck)

n (ck) + s

)(
n (cj) + s

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

)
+ s
≥ 1. (15)
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In addition, by hypothesis, n
(
xiri,j

)
> 0 and n(ck)

n(cj)
≥

n
(
xi
ri,k

)
n(xi

ri,j
)
, ∀i =

1, 2, . . . , n. So, it holds that:

n(ck)n
(
xiri,j

)
≥ n(cj)n

(
xiri,k

)
⇒ n(ck)

N + s
n
(
xiri,j

)
≥ n(cj)

N + s
n
(
xiri,k

)
⇒

n
(
xiri,j

)
n
(
xiri,k

)
+
n(ck)

N + s
n
(
xiri,j

)
≥ n

(
xiri,j

)
n
(
xiri,k

)
+

n(cj)

N + s
n
(
xiri,k

)
⇒

n
(
xiri,k

)
+ n(ck)

N+s

n
(
xiri,j

)
+

n(cj)+s

N+s

≥
n
(
xiri,k

)
n
(
xiri,j

) , ∀i = 1, 2, . . . , n.

Thereby:250

n∏
i=1

n
(
xiri,k

)
+ n(ck)

N+s

n
(
xiri,j

)
+

n(cj)+s

N+s

≥
n∏

i=1

n
(
xiri,k

)
n
(
xiri,j

) . (16)

Now, since n
(
xiri,j

)
≤ n (cj) ∀i = 1, 2, . . . , n:

n∏
i=1

n
(
xiri,j

)
+ s

n
(
xiri,j

) ≥
n∏

i=1

n (cj) + s

n (cj)
=

(
n(cj) + s

n(cj)

)n

≥
(
n(cj) + s

n(cj)

)n−1

.

In this way:

n∏
i=1

n
(
xiri,j

)
+ s

n
(
xiri,j

) ≥
(
n(cj) + s

n(cj)

)n−1

⇒

(n(cj))
n−1

n∏
i=1

1

n
(
xiri,j

) ≥ (n(cj) + s)n−1

n∏
i=1

1

n
(
xiri,j

)
+ s
⇒

(n(cj))
n−1

(n(ck) + s)n−1

n∏
i=1

1

n
(
xiri,j

) ≥ (n(cj) + s)n−1

(n(ck) + s)n−1

n∏
i=1

1

n
(
xiri,j

)
+ s
⇒

(n(cj))
n−1

(n(ck) + s)n−1

n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

) ≥ (n(cj) + s)n−1

(n(ck) + s)n−1

n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

)
+ s

.

In consequence:251 (
n (cj)

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

) ≥ (n (cj) + s

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

)
+ s

. (17)
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Hence, we obtain:(
n (cj)

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
+

n(cj)+s

N+s

n
(
xiri,j

)
+ n(ck)

N+s

≥

Equation (16)(
n (cj)

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

) ≥
Equation (17)(

n (cj) + s

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

)
+ s
≥(

n (ck)

n (ck) + s

)(
n (cj) + s

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
n
(
xiri,j

)
+ s
≥ 1,

where the last inequality is due to Equation (15).252

Therefore:(
n (cj)

n (ck) + s

)n−1 n∏
i=1

n
(
xiri,k

)
+ n(ck)

N+s

n
(
xiri,j

)
+

n(cj)+s

N+s

≥ 1⇒

(
1

n (ck) + s

)n−1 n∏
i=1

(
n
(
xiri,k

)
+
n (ck)

N + s

)
≥(

1

n (cj)

)n−1 n∏
i=1

(
n
(
xiri,j

)
+
n (cj) + s

N + s

)
⇒

(n (ck) + s)
n∏

i=1

n
(
xiri,k

)
+ n(ck)

N+s

n (ck) + s
≥ n (cj)

n∏
i=1

n
(
xiri,j

)
+

n(cj)+s

N+s

n (cj)
,

which implies that ck dominates cj under EP-NCC. �253

The following example illustrates a case in which, intuitively, it makes254

much sense that a state dominates another one, and such a dominance case255

is verified with EP-NCC but not with NCC.256
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Example 1. Let D be a dataset with 50 instances and two attributes X1

and X2. Let us assume that each attribute X i takes values on {xi1, xi2}, for
i = 1, 2. Let C be the class variable whose set of possible values is {c1, c2}.
Suppose that n (c1) = 48 and n (c2) = 2. Let us assume the following arrange-
ment of the instances for each one of the possible values of the attributes:

X1 = x1
1 → n

(
x1

1,1

)
= 48, n

(
x1

1,2

)
= 1.

X1 = x1
2 → n

(
x1

2,1

)
= 0, n

(
x1

2,2

)
= 1.

X2 = x2
1 → n

(
x2

1,1

)
= 15, n

(
x2

1,2

)
= 1.

X2 = x2
2 → n

(
x2

2,1

)
= 33, n

(
x2

2,2

)
= 1.

We assume the value s = 1 for the IDM hyperparameter. Suppose that it
is required to classify a new instance for which X1 = x1

2 and X2 = x2
2. Then:

(n (c1) + 1)×
n
(
x1

2,1

)
+
(

n(c1)
N+1

)
n (c1) + 1

×
n
(
x2

2,1

)
+
(

n(c1)
N+1

)
n (c1) + 1

=

49×
48
51

49
×

33 + 48
51

49
= 0.6519 > 0.5605 = 2×

1 + 3
51

2
×

1 + 3
51

2
=

n (c2)×
n
(
x1

2,2

)
+
(

n(c2)+1
N+1

)
n (c2)

×
n
(
x2

2,2

)
+
(

n(c2)+1
N+1

)
n (c2)

.

Hence, c1 dominates c2 under EP-NCC. However, it does not happen
under NCC since:

n (c1)×
n
(
x1

2,1

)
n (c1) + 1

×
n
(
x2

2,1

)
n (c1) + 1

= 48× 0× 33

49
= 0 <

(n (c2) + 1)×
n
(
x1

2,2

)
+ 1

n (c2) + 1
×
n
(
x2

2,2

)
+ 1

n (c2) + 1
= 3× 2

3
× 2

3
=

4

3
.

In this case, the prediction made by EP-NCC about the dominance of c1257

on c2 is intuitively more coherent than the one made by NCC.258

Therefore, the predictions of EP-NCC are more informative than the259

predictions of NCC. It is such an important issue for our contribution. In260

the previous example, we have observed a problematic situation of NCC:261

when only one lower conditional probability of a class value is equal to 0,262

the lower probability predicted by NCC for that state of the class variable263
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is equal to 0, even though the rest of the lower conditional probabilities are264

very high. Thus, this state does not dominate any other only due to that265

conditional lower probability, which is incoherent. This problem is solved266

with our proposed EP-NCC because it considers the lower prior probabilities267

of the class values in the estimation of the lower conditional probabilities.268

Our proposal assumes more risk of making incorrect predictions than269

NCC since its predicted non-dominated states set is often smaller. However,270

this risk is controlled because the probability interval predicted for each class271

value is narrowed by taking the extreme prior probabilities into account. In272

addition, EP-NCC solves some problematics situations of NCC, such as the273

one found in Example 1.274

To summarize, EP-NCC is more appropriate than NCC for Imprecise275

Classification since the former method is more informative than the latter276

without assuming a much higher risk of making erroneous predictions. This277

fact is corroborated in Section 4 with an exhaustive experimental analysis.278

4. Experimentation279

In this experimental research, we aim to compare the performance of the280

existing NCC, our proposed EP-NCC, and the Imprecise Credal Decision281

Tree algorithm (ICDT).282

4.1. Experimental setup283

4.1.1. Datasets284

The three algorithms considered in this experimentation have been ap-285

plied to 34 known classification datasets. These datasets are different in286

terms of sample size, number of continuous and discrete attributes, num-287

ber of values per feature, number of values of the class variable, etc. The288

datasets have been chosen in such a way that they have at least 3 class values289

since, with only two states of the class variable, an algorithm for Imprecise290

Classification always predicts all of them or only one. These datasets can be291

found in the UCI Machine Learning repository [24]. Table 1 shows the most292

important characteristics of each dataset.293

4.1.2. Evaluation metrics294

Consistently with [5], we evaluate the performance of the classifiers using295

the two following evaluation metrics for Imprecise Classification:296
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Table 1: Dataset description. Column “N” is the number of instances in the dataset, column “Attr”

is the number of attributes, column “Cont” is the number of continuous variables, column “Disc” is the

number of discrete features, column “K” is the number of class values, and column “Range” is the range

of values of the discrete variables of each dataset.

Dataset N Attr Cont Disc K Range
anneal 898 38 6 32 6 2-10
arrhythmia 452 279 206 73 16 2
audiology 226 69 0 69 24 2-6
autos 205 25 15 10 7 2-22
balance-scale 625 4 4 0 3 -
car 1728 6 0 6 4 3-4
cmc 1473 9 2 7 3 2-4
dermatology 366 34 1 33 6 2-4
ecoli 366 7 7 0 7 -
flags 194 30 2 28 8 2-13
hypothyroid 3772 30 7 23 4 2-4
iris 150 4 4 0 3 -
letter 20000 16 16 0 26 -
lymphography 146 18 3 15 4 2-8
mfeat-pixel 2000 240 0 240 10 4-6
nursery 12960 8 0 8 4 2-4
optdigits 5620 64 64 0 10 -
page-blocks 5473 10 10 0 5 -
pendigits 10992 16 16 0 10 -
postop-patient-data 90 9 0 9 3 2-4
primary-tumor 339 17 0 17 21 2-3
segment 2310 19 16 0 7 -
soybean 683 35 0 35 19 2-7
spectrometer 531 101 100 1 48 4
splice 3190 60 0 60 3 4-6
sponge 76 44 0 44 3 2-9
tae 151 5 3 2 3 2
vehicle 946 18 18 0 4 -
vowel 990 11 10 1 11 2
waveform 5000 40 40 0 3 -
wine 178 13 13 0 3 -
zoo 101 16 1 16 7 2
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• Discounted Accuracy measure (DACC) [9]. Let NTest denote the297

number of instances of the test set, Ui the predicted states set for the298

ith instance, and |Ui| its cardinality. DACC is defined as follows:299

DACC =
1

NTest

NTest∑
i=1

(correct)i
|Ui|

, (18)

where (correct)i is equal to 1 if Ui contains the real value of the class300

variable and 0 else, ∀i = 1, 2, . . . , NTest.301

• MIC [5]: It is defined in the following way:302

MIC =
1

NTest

( ∑
i:Success

log
|Ui|
k

+
1

k − 1

∑
i:Error

log k

)
. (19)

Furthermore, we use the following measures to separately evaluate how303

informative are the imprecise classifiers considered in this experimentation,304

and their performance in making right predictions:305

• Determinacy: It indicates the proportion of instances for which a306

single state of the class variable is predicted.307

• Single Accuracy: The accuracy among the instances for which a308

single class value is predicted.309

• Set Accuracy: It measures, among the instances for which there are310

at least two non-dominated states, the proportion of instances for which311

the real class value is among the predicted ones.312

• Indeterminacy size: The average size of the non-dominated states313

set.314

4.1.3. Procedure315

We have used the Weka software [25] for this experimentation. We have316

added the necessary structures and methods for using the three algorithms317

considered here. Regarding the IDM hyperparameter, remark that two values318

are recommended by Walley in [3]: s = 1 and s = 2. We have used the value319

s = 1 because it produces more precise predictions than s = 2, requires less320
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computational cost and is the one employed in other experimental analyses321

carried out in the literature about Imprecise Classification algorithms.322

The datasets have been preprocessed as in [5]: missing values have been323

replaced with mean values for continuous attributes and modal values for324

discrete variables. After that, continuous attributes have been discretized325

following the Fayyad and Irani’s discretization method [26]. We have em-326

ployed the Weka’s filters for the preprocessing. The preprocessing has been327

applied to the training set and then, it has been translated to the test set.328

For each dataset and each algorithm considered in this experimental329

study, a 10 times 10-fold cross-validation procedure has been repeated.330

4.1.4. Statistical Evaluation331

Following the recommendations given in [27] for statistical comparisons332

among three or more algorithms, we have compared the results obtained by333

NCC, EP-NCC, and ICDT via the following statistical tests with a level of334

significance of α = 0.05:335

• Friedman test [28]: It is a non-parametric test that ranks the obtained336

results separately for each dataset (the algorithm that attains the best337

result is assigned to rank 1, the one that obtains the second-best result338

to rank 2, etc). The null hypothesis of this test is that all the algorithms339

perform equivalently.340

• If the null hypothesis of the Friedman test is rejected, the algorithms341

are compared to each other via the Nemenyi test [29].342

4.2. Results and discussion343

Tables 2 and 3 allow us to see a summary of the results obtained in the344

DACC and MIC measures, respectively. Specifically, they show the average345

values and the average Friedman ranks obtained by each classifier in each346

one of these metrics, as well as the cases of statistically significant differences347

according to the Nemenyi test. The best results in average values and Fried-348

man ranks are marked in bold. The complete results of these metrics can be349

found in Appendix B.350

It can be observed that both ICDT and EP-NCC perform significantly351

better than NCC in DACC and MIC. In fact, there are three algorithms,352

and the Friedman rank obtained by NCC is higher than 2.6 in both DACC353

and MIC, which implies that NCC obtains the worst results in most of the354
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datasets. In both evaluation metrics, EP-NCC and ICDT perform equiva-355

lently according to the Nemenyi test, although the average values are higher356

for EP-NCC, and the Friedman ranks achieved by EP-NCC are lower than357

the ones obtained by ICDT.358

Algorithm Average Friedman rank Wins Nemenyi
NCC 0.6237 2.6765

EP-NCC 0.7810 1.5882 NCC
ICDT 0.7763 1.7353 NCC

Table 2: Summary of DACC results. The column “Wins Nemenyi” indicates the algorithms outperformed

by the one in the row via the Nemenyi test.

Algorithm Average Friedman rank Wins Nemenyi
NCC 1.3042 2.8235

EP-NCC 1.3529 1.5882 NCC
ICDT 1.7676 1.8235 NCC

Table 3: Summary of MIC results. The column “Wins Nemenyi” indicates the algorithms outperformed

by the one in the row via the Nemenyi test.

For a deeper analysis, Tables 4 and 5 illustrate, respectively, the average359

values and average Friedman ranks obtained by each classifier in Determi-360

nacy, Single Accuracy, Set Accuracy, and Indeterminacy size. The cases of361

statistically significant differences in each one of these metrics according to362

the Nemenyi test can be seen in Table 6. Again, the best results are marked363

in bold. In Appendix B, the complete results of these metrics can be found.364

Metric NCC EP-NCC ICDT
Determinacy 0.6037 0.9150 0.9477

Single Accuracy 0.8692 0.8165 0.8058
Indeterminacy size 4.4537 2.0999 5.3294

Set Accuracy 0.8698 0.8389 0.8999

Table 4: Average results in Determinacy, Single Accuracy, Indeterminacy size and Set Accuracy

We remark the following points about the results obtained in these par-365

ticular measures:366
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Metric NCC EP-NCC ICDT
Determinacy 2.8235 1.5 1.6765

Single Accuracy 1.3226 2.3548 2.3226
Indeterminacy size 2.1875 1.0469 2.7656

Set Accuracy 1.9844 2.3594 1.6562

Table 5: Average Friedman ranks in Determinacy, Single Accuracy, Indeterminacy size and Set Accuracy.

NCC EP-NCC ICDT
NCC - Determinacy, Indeterminacy size Determinacy

EP-NCC Single Accuracy - Set Accuracy
ICDT Single Accuracy Indeterminacy size -

Table 6: Results of the Nemenyi test in Determinacy, Single Accuracy, Indeterminacy size and Set

Accuracy. The algorithm in each column performs significantly better than the one in the row in the

metrics indicated in the cell.

• NCC obtains, by far, the worst performance in predicting a single state367

of the class variable due to the results obtained in Determinacy. In368

this metric, EP-NCC and ICDT perform equivalently; EP-NCC ob-369

tains a lower Friedman rank than ICDT, whereas the second algorithm370

obtains a higher average value than the first one; but there are no371

statistically significant differences according to the Nemenyi test.372

• Regarding Single Accuracy, which measures the accuracy among the373

instances for which a single class value is predicted, NCC obtains sig-374

nificantly better results than the other two algorithms. Nevertheless,375

we should remark that, with NCC, the percentage of instances precisely376

classified is far lower than with the other two algorithms. Again, there377

are no statistically significant differences between EP-NCC and ICDT.378

• The results obtained in Indeterminacy size allow deducing that EP-379

NCC achieves, by far, the lowest average number of non-dominated380

states. It performs significantly better than NCC and ICDT according381

to the Friedman and Nemenyi tests in this metric. There are no statis-382

tically significant differences between NCC and ICDT in this measure,383

even though NCC attains a lower average value than ICDT, and the384

Friedman rank of NCC is also lower.385

• Concerning Set Accuracy, which measures the percentage of correct386
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predictions among the instances for which more than a class value is387

predicted, ICDT obtains the best results according to Friedman rank388

and average values. Furthermore, ICDT significantly outperforms EP-389

NCC via the Nemenyi test. There are no statistically significant differ-390

ences between NCC and EP-NCC, although the first algorithm obtains391

a higher average value and a lower Friedman rank than the second one.392

Also, we aim to compare the computational complexity of the algorithms393

considered in this experimentation. For this purpose, Table 7 shows a sum-394

mary of the processing time, in milliseconds, of NCC, EP-NCC, and ICDT.395

The complete processing time results can be found in Appendix B.396

Algorithm Average Friedman rank Wins Nemenyi
NCC 0.0006 1.5588 ICDT

EP-NCC 0.0005 1.4412 ICDT
ICDT 0.0424 3

Table 7: Summary of processing time results. The column “Wins Nemenyi” indicates the algorithms

outperformed by the one in the row via the Nemenyi test.

We can see that ICDT requires, by far, the highest computational com-397

plexity. Indeed, it obtains the worst result in terms of processing time in398

all the datasets since the average Friedman rank is equal to 3. In addition,399

the average processing time achieved by ICDT is much higher than the ones400

obtained by NCC and EP-NCC. NCC obtains a higher average value than401

EP-NCC, and the Friedman rank achieved by NCC is also higher. However,402

there are no statistically significant differences between these two algorithms403

in terms of processing time according to the Nemenyi test.404

Summary of the results:. It can be observed that EP-NCC outperforms405

NCC. More specifically, EP-NCC performs better than NCC in predicting406

fewer class values and, thus, EP-NCC is more informative than NCC, as407

we argued in Section 3.1. According to the results obtained in Single Ac-408

curacy and Set Accuracy, NCC performs slightly better than EP-NCC in409

making the right predictions. It is because the predictions made by EP-NCC410

are more precise than the ones made by NCC and, consequently, the first411

method assumes more risk of making incorrect predictions than the second412

one. Nonetheless, this is not as important as the fact that EP-NCC is more413

informative since the risk is not far higher, as we commented in Section 3,414

and it is shown in the results obtained in MIC and DACC.415
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Moreover, ICDT and EP-NCC perform equivalently. Both algorithms416

obtain statistically equivalent results in predicting only one state of class417

variable and in the accuracy among precise predictions. Regarding instances418

imprecisely classified, ICDT outperforms EP-NCC in making the right pre-419

dictions, while EP-NCC performs significantly better than ICDT in predict-420

ing fewer states of the class variable.421

The processing times of NCC and EP-NCC are very similar. The ICDT422

algorithm requires a much higher computational complexity than NCC and423

EP-NCC.424

5. Conclusions425

In this research, we have proposed a new version of the Naive Credal426

Classifier, called the Extreme Prior Naive Credal Classifier. It is based on427

the already existing Naive Bayes algorithm for Imprecise Classification, but428

it takes into consideration the lower and upper prior probabilities of the class429

variable in the estimation of the lower and upper conditional probabilities,430

unlike the original Naive Credal Classifier.431

We have shown that our proposed EP-NCC algorithm tends to predict432

fewer states of the class variable than NCC. In consequence, the predictions433

made by our proposed method are more informative. It also implies that,434

with EP-NCC, there is more risk of making erroneous predictions. Never-435

theless, as we have argued, this risk is not far higher than with NCC since436

EP-NCC narrows the conditioned probability intervals by considering the437

bounds of the prior probabilities of the class variable.438

An exhaustive experimental study has been carried out in this work to439

compare the performance of the existing NCC, our proposed EP-NCC, and440

the Imprecise Credal Decision Tree method. This experimental analysis has441

shown that EP-NCC significantly outperforms NCC. More specifically, the442

predictions made by EP-NCC are far more informative than the ones made443

by NCC, whereas the difference between both algorithms in making correct444

predictions is not statistically significant. In addition, ICDT and EP-NCC445

perform equivalently; while ICDT obtains better results than EP-NCC in446

metrics corresponding to Accuracy, the predictions made by EP-NCC are447

more informative. Nonetheless, ICDT requires a considerably higher compu-448

tational complexity than EP-NCC.449

For the reasons above exposed, good performance, and low computational450

cost, it can be concluded that our proposed EP-NCC algorithm is more451
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suitable to be applied on large datasets for Imprecise Classification than the452

existing algorithms for such a task. Due to the increasing amount of data453

used in every area, these characteristics are very important points to take454

into account in favor of our proposal.455

Appendix A. Proof of Proposition 2456

Proof:. (Proposition 2)457

For each i = 1, 2, . . . , n we have that:458
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since sets of IDM probability intervals are reachable.459

Analogously, it can be checked that
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and Proposition 1 allows us to conclude that IC|xi
ri

is reachable.460

�461

Appendix B. Complete results from the experimentation462

In this Section, the complete results of the experimentation are shown.463

We mark the best results in bold.464
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Table 8: Complete DACC results

Dataset NCC EP-NCC ICDT
anneal 0.4636 0.9793 0.9957
arrhythmia 0.1480 0.6756 0.6625
audiology 0.1190 0.6926 0.7887
autos 0.2780 0.6935 0.7817
balance-scale 0.7220 0.7170 0.6961
bridges-version1 0.3112 0.6339 0.6375
bridges-version2 0.3097 0.6456 0.5729
car 0.8575 0.8566 0.9168
cmc 0.5015 0.5001 0.4884
dermatology 0.8764 0.9845 0.9405
ecoli 0.8022 0.8154 0.7993
flags 0.1250 0.5934 0.5554
hypothyroid 0.9257 0.9882 0.9935
iris 0.9287 0.9330 0.9337
letter 0.7431 0.7478 0.7714
lymphography 0.6615 0.8453 0.7275
mfeat-pixel 0.7157 0.9376 0.7702
nursery 0.9027 0.9031 0.9628
optdigits 0.9192 0.9223 0.7716
page-blocks 0.9336 0.9392 0.9619
pendigits 0.8798 0.8814 0.8812
postoperative-patient-data 0.4828 0.6515 0.7104
primary-tumor 0.1539 0.4500 0.3815
segment 0.9092 0.9189 0.9406
soybean 0.8973 0.9386 0.9178
spectrometer 0.1467 0.4489 0.4430
splic 0.9526 0.9553 0.9270
sponge 0.3593 0.9410 0.9293
tae 0.4468 0.4459 0.4678
vehicle 0.6056 0.6104 0.6899
vowel 0.5640 0.5902 0.7635
waveform 0.7996 0.7997 0.7371
wine 0.9378 0.9840 0.9194
zoo 0.8272 0.9347 0.9592
Average 0.6237 0.7810 0.7763
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Table 9: Complete MIC results

Dataset NCC EP-NCC ICDT
anneal 1.0219 1.7811 1.7889
arrhythmia 0.9809 2.5301 2.6901
audiology 0.6736 2.8356 3.1017
autos 0.8748 1.8164 1.8021
balance-scale 0.9365 0.9767 0.9631
bridges-version1 0.4827 1.5929 1.5794
bridges-version2 0.4751 1.6081 1.4061
car 1.3168 1.3314 1.3464
cmc 0.8992 0.9106 0.8763
dermatology 1.5451 1.7797 1.7478
ecoli 1.9154 2.0086 1.9977
flags 0.0000 1.9223 1.7227
hypothyroid 1.2899 1.3816 1.3835
iris 1.0551 1.0731 1.0672
letter 3.2028 3.2249 3.0505
lymphography 0.9886 1.3083 1.2623
mfeat-pixel 1.7206 2.2854 2.0326
nursery 1.5765 1.5779 1.5959
optdigits 2.2685 2.2832 2.0883
page-blocks 1.5708 1.5893 1.5914
pendigits 2.2627 2.2750 2.1863
postoperative-patient-data 0.5699 0.9134 0.9916
primary-tumor 1.8127 2.8668 2.9242
segment 1.8612 1.9226 1.8996
soybean 2.8220 2.9264 2.9161
spectrometer 1.5155 3.6503 3.5774
splice 1.0721 1.0810 1.0538
sponge 0.0631 1.0678 1.0561
tae 0.6435 0.7648 0.9031
vehicle 1.2039 1.2390 1.2614
vowel 2.0967 2.2723 2.2648
waveform 1.0208 1.0243 0.9751
wine 1.0021 1.0913 1.0601
zoo 1.6012 1.8762 1.9346
Average 1.3042 1.7879 1.7676
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Table 10: Complete Determinacy results

Dataset NCC EP-NCC ICDT
anneal 0.0031 0.9916 0.9990
arrhythmia 0.0151 0.7026 0.9429
audiology 0.0027 0.6105 0.9454
autos 0.0000 0.8976 0.9454
balance-scale 0.8543 0.9567 0.9401
bridges-version1 0.1516 0.7890 0.9070
bridges-version2 0.1442 0.8389 0.8263
car 0.9609 0.9893 0.9889
cmc 0.9608 0.9878 0.9322
dermatology 0.8405 0.9863 0.9830
ecoli 0.8626 0.9539 0.9620
flags 0.0000 0.8857 0.8524
hypothyroid 0.8682 0.9988 0.9995
iris 0.9673 0.9980 0.9860
letter 0.9469 0.9957 0.8997
lymphography 0.5305 0.9523 0.9665
mfeat-pixel 0.6452 0.9938 0.8830
nursery 0.9965 0.9994 0.9980
optdigits 0.9732 0.9969 0.9008
page-blocks 0.9717 0.9987 0.9950
pendigits 0.9782 0.9994 0.9487
postoperative-patient-data 0.4111 0.8878 0.9989
primary-tumor 0.0257 0.6519 0.8009
segment 0.9365 0.9984 0.9811
soybean 0.9060 0.9829 0.9834
spectrometer 0.0379 0.6348 0.8271
splice 0.9830 0.9973 0.9788
sponge 0.0000 0.9695 0.9805
tae 0.3546 0.6697 0.9973
vehicle 0.8940 0.9714 0.9723
vowel 0.6535 0.9186 0.9417
waveform 0.9914 0.9980 0.9672
wine 0.8974 0.9972 0.9893
zoo 0.7597 0.9109 1.0000
Average 0.6037 0.9150 0.9477
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Table 11: Complete Indeterminacy size results

Dataset NCC EP-NCC ICDT
anneal 2.2251 2.0000 6.0000
arrhythmia 8.4307 2.5549 3.5072
audiology 15.4544 3.0851 4.8801
autos 3.5564 2.0425 6.5304
balance-scale 2.0000 2.0000 2.1149
bridges-version1 5.0785 2.1801 4.5417
bridges-version2 5.0677 2.2303 5.8016
car 2.0381 2.0115 3.6667
cmc 2.0036 2.0000 2.3263
dermatology 5.0643 2.0000 6.0000
ecoli 3.2957 2.0068 3.8911
flags 8.0000 2.1073 7.3432
hypothyroid 2.0927 2.0000 4.0000
iris 2.0303 2.0000 2.0000
letter 2.4407 2.0075 14.1980
lymphography 2.5067 2.0196 3.2276
mfeat-pixel 6.2712 2.0143 8.9172
nursery 2.0158 2.0000 2.8688
optdigits 2.3625 2.0000 7.8818
page-blocks 2.6810 2.0000 4.5360
pendigits 2.4041 2.0000 8.2314
postoperative-patient-data 2.3641 2.0156 3.0000
primary-tumor 7.0683 2.5082 3.3272
segment 3.6898 2.0000 6.5570
soybean 5.6971 2.0000 6.4303
spectrometer 24.4356 2.5013 17.1857
splice 2.1977 2.0000 2.9897
sponge 2.8443 2.0000 3.0000
tae 2.0000 2.0000 1
vehicle 2.1226 2.0112 2.8442
vowel 2.5287 2.0487 6.8725
waveform 2.0000 2.0000 2.9429
wine 2.6023 2.0000 2.9286
zoo 4.8565 2.0515 1
Average 4.4537 2.0999 5.3294

28



Table 12: Complete Single Accuracy results

Dataset NCC EP-NCC ICDT
anneal 1.0000 0.9821 0.9970
arrhythmia 0.9524 0.8448 0.7028
audiology 1.0000 0.9105 0.8656
balance-scale 0.7815 0.7317 0.7187
bridges-version1 0.9390 0.7191 0.6797
bridges-version2 0.9618 0.7034 0.6604
car 0.8730 0.8608 0.9237
cmc 0.5049 0.5014 0.4983
dermatology 0.9968 0.9912 0.9539
ecoli 0.8734 0.8341 0.8196
hypothyroid 0.9943 0.9888 0.9939
iris 0.9434 0.9338 0.9401
letter 0.7700 0.7498 0.8402
lymphography 0.9305 0.8638 0.7412
mfeat-pixel 0.9875 0.9411 0.8564
nursery 0.9044 0.9033 0.9639
optdigits 0.9341 0.9239 0.8398
page-blocks 0.9515 0.9398 0.9654
pendigits 0.8914 0.8816 0.9197
postoperative-patient-data 0.6143 0.6702 0.7093
primary-tumor 0.7769 0.5702 0.4581
segment 0.9476 0.9197 0.9553
soybean 0.9567 0.9479 0.9265
spectrometer 0.7616 0.5298 0.5128
splice 0.9615 0.9567 0.9399
tae 0.6236 0.5200 0.4697
vehicle 0.6355 0.6165 0.6988
vowel 0.6770 0.6103 0.7953
waveform 0.8022 0.8003 0.7504
wine 0.9994 0.9853 0.9255
zoo 1.0000 0.9788 0.9592
Average 0.8692 0.8165 0.8058
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Table 13: Complete Set Accuracy results

Dataset NCC EP-NCC ICDT
anneal 0.9892 0.9815 1.0000
arrhythmia 0.8937 0.7811 0.3292
audiology 1.0000 0.8734 0.8284
autos 0.8558 0.7503 0.9868
balance-scale 0.8176 0.8432 0.7518
bridges-version1 0.9472 0.7048 0.9673
bridges-version2 0.9446 0.7222 0.9851
car 0.9646 0.9109 0.9973
cmc 0.8363 0.8060 0.8052
dermatology 1.0000 1.0000 1.0000
ecoli 0.9280 0.8534 0.8535
flags 1.0000 0.7359 0.9809
hypothyroid 0.9742 1.0000 1.0000
iris 1.0000 1.0000 1.0000
letter 0.5731 0.6052 0.7926
lymphography 0.8728 0.9739 1.0000
mfeat-pixel 0.9667 0.7495 0.9340
nursery 0.8966 1.0000 1.0000
optdigits 0.8356 0.8094 0.8922
page-blocks 0.7852 0.8794 0.9931
pendigits 0.7923 0.8654 0.9603
postoperative-patient-data 0.8864 1.0000 1.0000
primary-tumor 0.6967 0.5256 0.3530
segment 0.9558 0.8929 0.9920
soybean 0.9277 0.8072 0.9788
spectrometer 0.8988 0.6117 0.6035
splice 0.9405 0.9226 1.0000
sponge 1.0000 0.5614 1.0000
tae 0.7719 0.7815
vehicle 0.7440 0.8372 0.8734
vowel 0.7953 0.7355 0.9387
waveform 1.0000 1.0000 1.0000
wine 1.0000 1.0000 1.0000
zoo 1.0000 1.0000
Average 0.8968 0.8389 0.8999
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Table 14: Complete processing time results

Dataset NCC EP-NCC ICDT
anneal 0.0014 0.0009 0.0112
arrhythmia 0.0009 0.0014 0.0916
audiology 0.0001 0.0001 0.0134
autos 0.0001 0.0001 0.0040
balance-scale 0.0001 0.0001 0.0009
bridges-version1 0.0001 0.0002 0.0007
bridges-version2 0.0001 0.0001 0.0011
car 0.0003 0.0001 0.0020
cmc 0.0001 0.0001 0.0043
dermatology 0.0003 0.0001 0.0039
ecoli 0.0002 0.0001 0.0008
flags 0.0002 0.0001 0.0056
hypothyroid 0.0006 0.0007 0.0090
iris 0.0001 0.0001 0.0002
letter 0.0034 0.0026 0.3676
lymphography 0.0001 0.0002 0.0006
mfeat-pixel 0.0037 0.0037 0.3366
nursery 0.0014 0.0012 0.0328
optdigits 0.0020 0.0021 0.2257
page-blocks 0.0004 0.0006 0.0102
pendigits 0.0016 0.0015 0.0938
postoperative-patient-data 0.0001 0.0001 0.0002
primary-tumor 0.0001 0.0000 0.0065
segment 0.0002 0.0002 0.0114
soybean 0.0002 0.0001 0.0115
spectrometer 0.0005 0.0003 0.0919
splice 0.0010 0.0012 0.0478
sponge 0.0002 0.0001 0.0006
tae 0.0001 0.0001 0.0002
vehicle 0.0003 0.0001 0.0041
vowel 0.0001 0.0003 0.0071
waveform 0.0010 0.0008 0.0436
wine 0.0001 0.0002 0.0003
zoo 0.0001 0.0001 0.0004
Average 0.0006 0.0005 0.0424
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[15] H. Zhang, D. Li, Näıve bayes text classifier, in: IEEE International511

Conference on Granular Computing (GRC 2007), 2007, pp. 708–708.512

doi:10.1109/GrC.2007.40.513

[16] L. M. de Campos, A. Cano, J. G. Castellano, S. Moral, Bayesian net-514

works classifiers for gene-expression data, in: 11th International Con-515

ference on Intelligent Systems Design and Applications, 2011, pp. 1200–516

1206. doi:10.1109/ISDA.2011.6121822.517

[17] B. Zhao, M. Yang, H. Diao, B. An, Y. Zhao, Y. Zhang, A novel approach518

to transformer fault diagnosis using idm and naive credal classifier, In-519

ternational Journal of Electrical Power & Energy Systems 105 (2019)520

846 – 855. doi:10.1016/j.ijepes.2018.09.029.521

[18] M. Zaffalon, K. Wesnes, O. Petrini, Reliable diagnoses of dementia by522

the naive credal classifier inferred from incomplete cognitive data, Arti-523

ficial Intelligence in Medicine 29 (1) (2003) 61 – 79, artificial Intelligence524

in Medicine Europe AIME ’01. doi:10.1016/S0933-3657(03)00046-0.525

[19] R. Bhuvaneswari, K. Kalaiselvi, Naive bayesian classification approach526

in healthcare applications, International Journal of Computer Science527

and Telecommunications 3 (1) (2012) 106–112.528

33

https://doi.org/10.1023/A:1007413511361
https://doi.org/10.1023/A:1007465528199
https://doi.org/10.1023/A:1007465528199
https://doi.org/10.1023/A:1007465528199
https://doi.org/10.1109/GrC.2007.40
https://doi.org/10.1109/ISDA.2011.6121822
https://doi.org/10.1016/j.ijepes.2018.09.029
https://doi.org/10.1016/S0933-3657(03)00046-0


[20] B. Cestnik, Estimating probabilities: A crucial task in machine learning,529

in: Proceedings of the 9th European Conference on Artificial Intelligence530

(ECAI’90), London Pitman Publishing, 1990, pp. 147–149.531

[21] B. Cestnik, I. Bratko, On estimating probabilities in tree pruning, in:532

European Working Session on Learning (EWSL-91), Vol. 482 of Lecture533

Notes in Computer Science (LNCS), Springer Berlin Heidelberg, 1991,534

pp. 138–150. doi:10.1007/BFb0017010.535

[22] J. Abellán, Uncertainty measures on probability intervals from the im-536

precise dirichlet model, International Journal of General Systems 35 (5)537

(2006) 509–528. doi:10.1080/03081070600687643.538

[23] J. Abellán, Equivalence relations among dominance concepts on proba-539

bility intervals and general credal sets, International Journal of General540

Systems 41 (2) (2012) 109–122. doi:10.1080/03081079.2011.607449.541

[24] M. Lichman, UCI machine learning repository (2013).542

URL http://archive.ics.uci.edu/ml543

[25] I. H. Witten, E. Frank, Data Mining: Practical Machine Learning Tools544

and Techniques, 2nd Edition, Morgan Kaufmann Series in Data Man-545

agement Systems, Morgan Kaufmann Publishers Inc., San Francisco,546

CA, USA, 2005.547

[26] U. Fayyad, K. Irani, Multi-valued interval discretization of continuous-548

valued attributes for classification learning, in: Proceeding of the 13th549

International joint Conference on Artificial Inteligence, Morgan Kauf-550

mann, 1993, pp. 1022–1027.551
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